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Abstract

In this paper, we derive improved expressions for the harmonic correction to gravity and, for the first time, expressions for the
harmonic correction to potential and height anomaly. They need to be applied at stations buried inside the masses to transform
internal values into harmonically downward continued values, which are then input to local quasi-geoid modelling using
least-squares collocation or least-squares techniques in combination with the remove-compute-restore approach. Harmonic
corrections to potential and height anomaly were assumed to be negligible so far resulting in yet unknown quasi-geoid model
errors. The improved expressions for the harmonic correction to gravity, and the new expressions for the harmonic correction
to potential and height anomaly are used to quantify the approximation errors of the commonly used harmonic correction
to gravity and to quantify the magnitude of the harmonic correction to potential and height anomaly. This is done for two
test areas with different topographic regimes. One comprises parts of Norway and the North Atlantic where the presence
of deep, long, and narrow fjords suggest extreme values for the harmonic correction to potential and height anomaly and
corresponding large errors of the commonly used approximation of the harmonic correction to gravity. The other one is located
in the Auvergne test area with a moderate topography comprising both flat and hilly areas and therefore may be representative
for many areas around the world. For both test areas, two RTM surfaces with different smoothness are computed simulating
the use of a medium-resolution and an ultra-high-resolution reference gravity field, respectively. We show that the errors of the
commonly used harmonic correction to gravity may be as large as the harmonic correction itself and attain peak values in areas
of strong topographic variations of about 100 mGal. Moreover, we show that this correction may introduce long-wavelength
biases in the computed quasi-geoid model. Furthermore, we show that the harmonic correction to height anomaly can attain
values on the order of a decimetre at some points. Overall, however, the harmonic correction to height anomaly needs to be
applied only in areas of strong topographic variations. In flat or hilly areas, it is mostly smaller than one centimetre. Finally,
we show that the harmonic corrections increase with increasing smoothness of the RTM surface, which suggests to use a
RTM surface with a spatial resolution comparable to the finest scales which can be resolved by the data rather than depending
on the resolution of the global geopotential model used to reduce the data.

Keywords RTM correction - Harmonic correction - Quasi-geoid modelling - Least-squares collocation - Least-squares

1 Introduction

Local quasi-geoid modelling has become a routine task
despite the fact that the mathematical theory is still incom-
plete (e.g., Sanso and Sideris 2013). Reducing the data for
the contribution of a global geopotential model (GGM) and
for the gravitational signal of the topography (and, if appli-
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cable, the bathymetry) appeared to be necessary to obtain an
accurate local model. The former ensures that the long wave-
lengths have less energy, which makes it possible to ignore
data far outside the area of interest when computing the local
quasi-geoid model. The latter ensures that the energy of short
wavelengths (ideally those which cannot be modelled) is sig-
nificantly reduced, and the residual field, being harmonic in
a larger domain, is smoother than the original one.

There are several types of topographic reduction, depend-
ing on the method used in local quasi-geoid modelling, see
Tziavos and Sideris (2013) for a review. The subject of this
study is the so-called residual terrain model (RTM) reduc-
tion, which has been introduced in (Forsberg and Tscherning
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1981). This type of topographic reduction is part of the
remove-compute-restore approach and frequently used in
the framework of Molodensky’s theory of the quasi-geoid
(Denker 2013; Tziavos and Sideris 2013). Given the fact that
in local quasi-geoid modelling, the data are always reduced
for the contribution of a GGM, the aim of the RTM correc-
tion is to reduce the data for the gravitational signal of the
masses, which are not captured by the GGM. To do so, the
real Earth’s topography (including bathymetry if applicable)
is replaced by a smoother topography (the RTM topogra-
phy), and the data are reduced for the gravitational effect of
the mass deficit between the two topographies. In the past,
this idea was implemented in different ways (cf., Forsberg
and Tscherning 1981; Forsberg 1984; Denker and Wenzel
1986; Vermeer and Forsberg 1992; Hirt et al. 2014); see also
the review paper (Tziavos and Sideris 2013).

In this study, we follow the implementation in (Fors-
berg and Tscherning 1981). The body with RTM topography
is referred to as the RTM-reduced earth and its surface
is referred to as the RTM surface (cf. Fig. 1). A well-
known conceptual problem of this implementation arises for
data points located below the RTM surface, a situation fre-
quently encountered in or close to areas of strong topographic
variations. After RTM reduction, the gravity field function-
als neither represent boundary values nor values inside the
harmonic domain of the gravitational potential of the RTM-
reduced earth. To address this conceptual problem, Forsberg
and Tscherning (1981) suggested an additional correction to
be applied to gravity anomalies at those stations, which they
refer to as the harmonic correction. After RTM and harmonic
correction have been applied, the reduced gravity anoma-
lies are consistent with a harmonically downward continued
gravitational potential of the RTM-reduced earth. The down-
ward continuation is not done strictly, but comprises several
approximations. The most important one is that for every
buried data point the action of the masses encompassed in
the RTM body is modelled as a Bouguer plate of a thickness
equal to the vertical distance of the data point to the RTM
surface. That is, to every data point a planar Bouguer plate
is assigned with its own vertical position and thickness. The
advantage of this simplification is that the harmonic correc-
tion can be computed easily (cf. Sect. 2). The downside is that
errors in the reduced gravity anomalies are introduced, which
among others, depend on the deviation of the RTM surface
from a planar surface, in particular in some neighbourhood of
the data point. The deviation depends on how the RTM sur-
face has been constructed from a high-resolution model of the
topography and bathymetry. A common approach is to apply
alow-pass filter, and to relate the cut-off frequency of this fil-
ter to the maximum spherical harmonic degree of the GGM.
Then, the higher the maximum degree is, the more the RTM
surface differs from the surface of a Bouguer plate. Errors
in the reduced gravity anomalies are also introduced if the
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Bouguer plate is replaced by a finite Bouguer plate, a spheri-
cal shell or a spherical cap. (e.g., Kadlec 2011). Forsberg and
Tscherning (1981) do not apply a harmonic correction to dis-
turbing potential or height anomaly (see also Forsberg 1984).
They argue that if the RTM surface is smooth and does not
differ much from a Bouguer plate in the neighbourhood of
the station, the harmonic correction for potential and height
anomaly are close to zero, and may be neglected.

The main objective of this paper is twofold. First, for sta-
tions located below the RTM surface, we derive new formulas
for harmonically downward continued gravity and potential
values referring to the RTM-reduced earth bounded by the
RTM surface. Second, we use the new formulas and investi-
gate (i) the approximation error of the harmonic correction
to gravity as suggested in (Forsberg and Tscherning 1981),
and (ii) the magnitude of the harmonic correction to poten-
tial and height anomaly, which were neglected until now. We
do this numerically for two areas with different topographic
regimes.

The paper is organised as follows. In Sect. 2, we briefly
summarise and elaborate on the harmonic correction to grav-
ity in (Forsberg and Tscherning 1981). In Sect. 3, we derive
the new formulas and extract from them new expressions for
the harmonic correction to gravity and potential and compare
them with the harmonic correction in (Forsberg and Tschern-
ing 1981). In Sect. 4, we describe the results of experiments,
which aim at a verification of the formulas derived in Sect. 3,
and a quantification of (i) the approximation error of the
harmonic correction to gravity in (Forsberg and Tscherning
1981) and (ii) the magnitude of the harmonic corrections to
potential and height anomaly. In Sect. 5, we provide a sum-
mary and some concluding remarks.

2 Harmonic correction of Forsberg and
Tscherning

The RTM correction in (Forsberg and Tscherning 1981)
reduces an Earth gravity field functional to the corresponding
functional of a RTM-reduced earth, which is bounded by the
RTM surface, s. A point P € S located above the RTM sur-
face hangs in free air whereas a point P € S located below the
RTM surface is buried inside the masses of the RTM-reduced
earth (cf. Fig. 1). Hence, a reduced gravity field functional
at a point P € S located below the RTM surface represents
a functional inside the masses of the RTM-reduced earth.
The harmonic correction of (Forsberg and Tscherning 1981)
aims at a transformation of this internal gravity field func-
tional into a harmonically downward continued gravity field
functional. Forsberg and Tscherning (1981) apply this trans-
formation only to gravity.

Let P € S be a point on the Earth’s surface (i.e., on the
topography or the sea surface); let Q be the intersection of
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the ellipsoidal normal through P with the RTM surface, i.e.,
Q € s. As we assume that P is located below the RTM
surface, the ellipsoidal height difference Ah = hg — hp is
positive. The transformation from an internal gravity value to
a harmonically downward continued gravity value according
to Forsberg and Tscherning (1981) is done in four steps (e.g.,
Gerlach 2003, p. 71).

Step 1 Add 2 GpoAh to the gravity at P, g(P). This cor-
responds to the removal of a Bouguer plate of thickness Ak
and mass density pg, which is located on top of point P.
Step 2 Use a model of the free-air gravity gradient along the
ellipsoidal normal through P, and upward continue gravity
from P € Sto Q € s. This provides gravity at Q, g(Q).
Step 3 Restore the Bouguer plate of step 1; this increases
g(Q) of step2 with 27t G pg Ah. Note that steps 1 to 3 are com-
parable to the Poincaré and Prey reduction used in Helmert’s
theory ( Heiskanen and Moritz 1967, Sect. 4.3).
Step 4 Downward-continue g(Q) of step 3 using the free-air
gravity gradient of step 2. This provides a gravity value at P,
which is consistent with a harmonically downward continued
potential of the RTM-reduced earth with boundary s.

After step 4, gravity g(P) has increased with

8gLT(P) =4mGpoAh. 8

Equation (1) is the harmonic correction to gravity in (Fors-
berg and Tscherning 1981). Note that although it is called
a correction, it is added to the RTM-reduced gravity value
to obtain a harmonically downward continued gravity value,
whereas the RTM correction is subtracted from measured
gravity. In this paper, we follow the sign convention in (Fors-
berg and Tscherning 1981) for the harmonic correction. The
increase of Eq. (1) is twice the effect of a Bouguer plate of
thickness A/ and density pp. The same result is obtained if in
step 3 the Bouguer plate is not restored but condensed on an
infinite plane through point P. This interpretation is used in
(Forsberg and Tscherning 1981). Applying the same proce-
dure to a height anomaly is meaningless as the gravitational
potential of a Bouguer plate is not defined. However, Fors-
berg and Tscherning (1981) argue that if the RTM surface is
smooth enough in some neighbourhood of the data point, the
harmonic correction to potential (likewise to height anomaly)
at this point is very small and may be neglected. Ignoring the
harmonic correction to potential implies that no difference is
made between the potential inside the masses and a harmon-
ically downward continued potential.

Note that Eq. (1) still applies if the Bouguer plate is
replaced by a spherical shell. This follows directly from the
formulas derived in Kadlec (2011) and is a result of potential
theory (Martinec 1998). However, in case of a spherical shell,
the harmonic correction to height anomaly is well-defined
and given by

AR?,
(2)

41 G pg ( 3 3) 27 G po ( 2 2) . 2nGpo
ro—Tp)— ro=rp) R ————
3roy Y Y

where y is normal gravity at P (cf. Kadlec 2011). Assuming
po = 2670 kg/m3 and Ah = 500 m, this is about 2.8 cm,
i.e., not negligible in cm-accuracy quasi-geoid modelling.
The effect is below 1 cm if |[Ak| < 300 m. This simple
example already indicates that depending on the situation, the
harmonic correction to height anomaly may not be neglected.

The harmonic correction to gravity in (Forsberg and Tsch-
erning 1981) is an approximation, and to our knowledge, the
approximation error has not been investigated yet. A major
conceptual weakness of this approximation is that the verti-
cal position of the Bouguer plate differs per data point. Even
if two data points are just a few kilometres apart, the verti-
cal positions of the two Bouguer plates may differ by tens
or hundreds of metres. This introduces inconsistencies in the
reduced gravity values, in particular between neighboured
data points.

There are several attempts in literature to address the con-
ceptual weakness of the harmonic correction in (Forsberg and
Tscherning 1981). For instance, Kadlec (2011) suggested to
replace the (infinite) Bouguer plate by a finite one or a finite
spherical shell (i.e., a spherical cap), and writes the RTM cor-
rection as the difference between the complete effect of the
topography and the complete effect of the RTM topography.
However, this does not provide gravity field functionals con-
sistent with a harmonically downward continued potential
field. Therefore, this idea should not be used in the context
of local quasi-geoid modelling. Omang et al. (2012) sug-
gested to upward continue inside the masses observed gravity
field functionals to the RTM surface ignoring the horizon-
tal components of the gravity gradient vector. After RTM
reduction, the gravitational potential of the RTM-reduced
earth fulfils Laplace’s equation, i.e., AV(P) = —4rxGpp,
and assuming vanishing horizontal gravity gradients, it is
V.. = —4m G pp. Therefore, the upward continuation to the
RTM surface changes gravity by —4mw G poAh. In this way,
they obtain gravity field functionals at points on the RTM sur-
face, and avoid the problem of a harmonic correction. The
main disadvantage of this approach is that errors in the verti-
cal gradient of gravity, specially due to variations of density,
directly propagate into the upward continued gravity anoma-
lies proportional to the height difference Ah.

3 The complete RTM correction
Here, we follow a different approach for data points located

below the RTM surface. The approach is applicable to all
methods used in local quasi-geoid modelling which do not
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require data located on the boundary of the harmonic domain.
The approach does not move terrestrial data to the RTM sur-
face. This is important, because moving data from the Earth’s
surface (land topography or sea surface) to the RTM surface
may introduce significant errors in areas where the distance to
the RTM surface is large (e.g., the Norwegian fjords) due to a
lack of knowledge of the external potential field. This applies
in particular to gravity anomalies due to uncertainties in the
free-air vertical gravity gradient. Furthermore, the approach
provides harmonically downward continued data referring to
a RTM-reduced earth which is bounded by the RTM surface
like the harmonic correction in (Forsberg and Tscherning
1981) does, but with a much higher accuracy and not limited
to gravity anomalies. This aspect is very important if gravity
data are combined with other gravity field functionals in local
quasi-geoid modelling as only then the reduced datasets are
consistent in the sense that they all refer to a harmonically
downward continued field.

Intrinsically, the new equations not only comprise the
RTM corrections but also improved harmonic corrections.
We refer to them as the complete RTM corrections. The equa-
tions are derived for two types of gravity field functionals, i.e.,
for gravity g and potential W. Dividing the equation for W
by the normal gravity at the telluroid point provides the equa-
tion for height anomaly. The derivation of the corresponding
equations for other gravity field functionals is out of the scope
of this study, but straightforward. We find it appropriate to
note that for all other points (i.e., points located above the
RTM surface), the complete RTM correction is identical to
the RTM correction in (Forsberg and Tscherning 1981).

We assume that the data point P is located on the land
topography or the sea surface. As before, a point Q is the
intersection of the ellipsoidal normal through P with the
RTM surface. €2 denotes the volume between the Earth’s sur-
face (i.e., the topography on land or the bathymetry at sea)
and the RTM surface. The part of the volume €2 that is located
above the RTM surface is denoted Q7T; likewise, the volume
below the RTM surface is denoted 2. The RTM-reduced
earth is mass-free in volume Q™ and is filled with masses of
constant density pp in volume 27, where pp is commonly
set equal to a mean crustal density (cf. Figs. 1, 2).

sVE, and 8gf denote the gravitational potential and
gravitational strength, respectively, of the masses inside the
volume Q*. Likewise, §V,,, and gy, denote the gravita-
tional potential and gravitational strength, respectively, of
the masses added to the volume 7.

Note that when computing 8g;f. , gu,,» 8 Vily,» and 8V,
we need to distinguish between the five cases depicted in
Fig. 2 and listed in Table 1. Three of them require to compute
two tesseroids per grid cell (Heck and Seitz 2007; Grombein
et al. 2013).

@ Springer

3.1 Complete RTM correction for points located
below the RTM surface

Letég...(P)and 6 W,,,(P) be the complete RTM correction to
measured gravity and potential, respectively. Then, we define
the reduced gravity g,..,(P) and reduced potential W, ,(P) as

8ea(P) = g(P) = 88.u(P) 3
Wea(P) := W(P) — W.n(P) . “

Note that g,.,(P) and W, (P) refer to a RTM-reduced earth,
which is mass-free outside the RTM surface; moreover, they
represent harmonically downward continued potential field
functionals at points P € S located below the RTM surface.
Whenever convenient, the value of a function f at a point P
is either written as f (P) oras fp. All equations are provided
with error terms. The factors appearing in the error terms are
derived for an isotropic potential field for which applies

9’g 0% 6g

— = — and

g PW W 6w
on2 "~ or2

— = =——. 5
r2 oh3 ar3 3 )
The complete RTM correction requires four steps to be taken:

Step 1 Move the masses inside Q" to infinity and correct
gravity and potential for the gravitational effect this has. If
the effect on gravity is denoted g7, (P) and the effect on
potential is denoted § V.1, (P), we obtain reduced values of
gravity, g7 (P), and potential, W+ (P), respectively, i.e.,

g (P) = g(P) = 8835 (P) . ©)

W*(P) = W(P) = 8V, (P). @
Note that all evaluation points P are located on the Earth’s
surface (land topography or sea surface), i.e., P € S
(cf. Figs. 1, 2).
Step 2 For points P € § located below the RTM surface
(i.e., points for which Ah = hg — hp > 0, where & is
the ellipsoidal height), upward continue gravity and potential
obtained in step 1 to the corresponding points Q € s; data at
all other points P € § are left unchanged:

9 +
5@ =gt (P)+ S| Ah 435506, ®)
IWT 192w+
T(Q)=WH(P Ah+ ———
WHQ) = WHP) + | bt 3|
AR? — WEO(e?), )

where R is the mean radius of the Earth and ¢ = ATf’. Terms
of the order of O(g2) and O(e3) are neglected in the expan-
sion of gravity and potential, respectively. Note that %g—; in
Eq. (8) and 32‘2/; in Eq. (9) have step discontinuities across
the surface bounding the masses. Therefore, it is appropriate
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Earth surface S

b
RTM surface s

Quasi-Geoid

Fig. 1 Mass distribution of the earth (a) and the RTM-reduced earth (b)

coastline Earth surface S

e

RTM surface s

sea surface

case 3 case 4 case 5

case 2 |

Fig. 2 Cases to be distinguished when computing the complete RTM
correction

Pw
P anZ
air gradients which apply to a modified Earth which has no

masses in Q7, i.e.,

. agt oW
to mention here that =-| , %~

and are free-

dgt (P — gt (P
8 _ gr(P)—g"( )’ (10)
oh P 5§50+ )
oWt WP —wt(p
— lim ) ( ), (11)
oh P §—0+ )
2w+ Wt pry _ oWt p 5ot
LA [ it B AR B P
ohZ 1P 50+ 8 oh |p

where P’ is a point on the ellipsoidal normal through P
with ellipsoidal height & p 4+ §. Using the difference quotient,
Egs. (10) and (11) may be approximated by

gt g P)—gt(P) L IWT
ah lp "~ Ah ah lp
wWt(P) —wt(p
LW —whey 03
Ah
respectively.

Step 3 Fill the volume 2~ with mass so that the mass density
equals pp, and correct gravity and potential for the gravita-
tional effect this has (cf. Figs. 1, 2). For data that have been
upward continued in step 2, the gravitational effect has to
be computed at the points Q € s. If g, (Q) is the effect

Earth surface S

_——

-~
RTM surface s

Quasi-Geoid

on gravity and 6V, (Q) the effect on potential, we obtain
reduced values of gravity and potential, respectively, i.e.,

8a(Q) == g7 (Q) + 88 (0),
Woi(Q) := WH(Q) + 8V, (0).

(14)
(15)

Note that for all other points, the reduced values of gravity
and potential refer to points P € S.

Step 4 Perform a harmonic downward continuation of the data
referring to points Q € s (i.e., data that have been upward
continued in step 2) to their original locations P € S on the
Earth’s surface (i.e., land topography or sea surface) along
the ellipsoidal normal through P:

8l P) 1= () + J(~A) +38..(0) O,
(16)
Was(P) i W) + |y L0 W] 2
oh 10 2 K% lg
+ W (Q)O(ED). (17)

The gradients in the last two equation are free-air gradients
which apply to a RTM-reduced earth bounded by the RTM
surface, i.e.,

0 ) — g
S| _ i 8(2) —2(Q) s
oh 1o 50+ )
y —
a‘/Vred — llm Wred(Q ) Wred(Q) , (19)
oh 1o -0+ )
82W OWreq 7y _ OWreg 9
red — lim oh (Q) oh (Q) ~ gred , (20)
dh? 1o s—0+ 8 oh lo

and Q' is a point on the ellipsoidal normal through Q with
ellipsoidal height /o + §. Hence, for points P located below
the RTM surface, g...(P) and W,,(P) represent harmonically
downward continued quantities.

@ Springer
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T?b.l el .Cases to be . Case # Tesseroids Contributes to Density contrast DTM-RTM harmC
distinguished when computing
the complete RTM correction 1 2 Qt, ot 005 Pw hg—hg. hp —hp No

2 2 Q. Qf Ap, pw ho —hg,hp —hg = —Ah Yes

3 2 Q7,Q~ Ap, po hp —hp,hg —hp = Ah Yes

4 1 Q- £0 hg —hp = Ah Yes

5 1 Qt £0 hp —hg No

hp denotes the ellipsoidal height of a point on the bathymetry. Column harmC indicates whether the case
contributes to the harmonic correction or not. Ap = pg — pw

Inserting Eqgs. (6), (8), and (14) into Eq. (16) yields

0810
gu(P) = g(P) —[ g, (P) — Sg;M(QH( agh
_ 98" ) Ah]
h |,
+3(gT(P) + 2(0)O(e?) . 1)

Likewise, inserting Eqs. (7), (9), and (15) into Eq. (17) yields

Wi

Wea(P) = W(P) - [BVJMUJ) Ve @) + (5

Q

aw+ 1[/0%W,y
- Ah— - ;
oh |, 2\ an? |,
*w 2 + 3
+7‘ AR |+ (Wo(Q) — WH(P)O(E?) .
on? Ip

(22)

In Eq. (21), the term proportional to Ak can be simplified.
To do so, we take the partial derivative with respect to i of
Egs. (14) and (8), respectively, and obtain,

9 gt
< gred _ g )Ah
on |, on |,
959
— D8xm| Ap 4 6t (PYO(E?). (23)
on |,

Inserting the last equation into Eq. (21) gives

_ 00 gxru
gred(P) = g(P) - [ RTM(P) SngM(Q) + T Ah:|
0
+3[g,ed<Q) - g+<P>}O(ez>. (24)
From Egq. (14),
8a(Q) — g1 (P) = 887 (0) + O(e), (25)

@ Springer

Table 2 Norway test area: statistics of the heights of (i) the digital
topographic/bathymetric model (DTM)), (ii) the two RTM-surfaces, and
(iii) the two RTM tesseroids. Units are in m

Min Max Mean RMS Std
DTM —1108 2507 223 597 554
RTM; —557 1871 223 575 530
RTM3q —351 1375 219 539 492
DTM-RTMs —1404 1036 0 139 139
DTM-RTM36 —1825 1252 4 204 204

which allows to simplify the error term of Eq. (24) and pro-
vides the final form of Eq. (21):

a4
8wa(P) = g(P) — [582%4(1’) 88em(Q) + 8g;:m Ah
Qo

—36g;TM(Q>O<eZ>} : (26)

The term in brackets on the right-hand side of Eq. (26) is
the complete RTM correction to gravity as defined in Eq. (3).
Ignoring the error term provides the approximation

08
58un(P) = g5 (P) — 88y (Q) + g”MQAh. 27)

oh

Equation (22) can be simplified. First, taking the first and
second partial derivative of Eq. (15) with respect to i, we
find

8VVA'ed 18 W’ed 2
ah o™ 2 an? o
aW+ 8V
=——| Ah+—%| Ah
dh 19 dh 1o
192w+ 2 19%8V, )
- = —™ Ah%. 28
2 9h? ‘Q 2 an? o (28)

Inserting this result into Eq. (22) gives

8V,
We(P) = RTM(Q)] [

W(P) — [SVRTM@) - o

0
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~1000 0

(b) RTM;

: : m] f : . .
1000 2000 ~1000 0 1000 2000

(¢) RTM36

Fig.3 Norway test area: Digital topographic and bathymetric model (a), RTM-surfaces RTM5 (b) and RTM3¢ (c)

Al — l% N

2 a2 |,
[3W+ 132w+ , AWt

_ - _ov
o |, 2 02 |, an |,
192w+

Ah Ah?
2 on? |,

+ (W (Q) — WH(P)O(e?) (29)

A Taylor series expansion of W about P and Q, respec-
tively, shows that in Eq. (29) the last term before the error term
is of the order of 4W 1 (Q) (’)(84), i.e., itcan be neglected. Fur-
thermore, the error term in Eq. (29) can be simplified. From
Eq. (15), it follows that

Wei(Q) = WH(P) = Wi (Q) = WH(Q) + Ole)

=8V () + O(e), (30)
hence,
(W Q) = WH(PY)O(E3) = 8V, (Q)O(?), (1)

which provides the final from the Eq. (22):

W P) = W(P) = [8Vir, (P) = 8V, (0) + Ve | ap
red — N o ah Q
1028V, ) B .
a 5 ah? ‘Q Ah” — SVRTM(Q)O(e ):| . (32)

The term in brackets on the right-hand side of Eq. (32) is the
complete RTM correction to potential as defined in Eq. (4).

Ignoring the error term provides the approximation

38V,
SWoo(P) = BVIL(P) = 8V, (Q) + =t | A
1928V, s
—————| Ah". 33
2 9h? o (33)

We may achieve the same results within error in just three
steps. This is shown in “Appendix A”.

3.2 Complete RTM correction for arbitrary data
points

So far, we derived new formulas for the complete RTM cor-
rection for data points located below the RTM surface. For all
other data points, the well-known RTM correction in (Fors-
berg and Tscherning 1981) applies. Hence, we obtain the
following formulas for arbitrary data points P € S:

(1) Gravity For gravity at a point P € § with Ah =
ho —hp < 0 (i.e., P is located above the RTM sur-
face and therefore in free air after mass redistribution),
the reduced value of gravity at this point is

8us(P) = 8(P) = [865,(P) = 83 (P)] . AR <0.
(34)

The term in brackets is identical to the RTM correction
given in Forsberg and Tscherning (1981) (see also Fors-
berg and Tscherning (1997)). At a point P € S with
Ah =hg—hp > 0(i.e., P islocated inside the masses
of the RTM-reduced earth), the reduced value of gravity
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Fig. 4 Norway test area: harmonic correction to gravity, 4 guum(P)
(Eq. (37)), the difference between &g, (P) and the harmonic correc-
tion in (Forsberg and Tscherning 1981), 8 guum (P) — 8g[.L (P), and the
harmonic correction to height anomaly, 8¢, (P) (based on Eq. (41)).
The areas where topography or sea surface is located above the RTM
surface are shown in white
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up to terms 36g];M(Q)(9(82) is

2085
8us(P) = 8(P) = [38i50(P) = 65 (0) + 22| Ah].
Ah > 0. (33)
We re-write Eq. (35) as
gra(P) = 8(P)=[Sgit (P) — S (P)
9885
+[ 35 (P) + (@) — =] Ak An>0.

(36)

The first two terms on the right-hand side of Eq. (36)
represent a gravity value inside the masses of the RTM-
reduced earth. Hence, the last term in brackets reduces
this internal gravity value into a harmonically downward
continued gravity value, i.e., it is the new formula for
the harmonic correction to gravity:

Sgharm(P) = _Sgl:I‘M(P) + 8gR_TM(Q)

088
_ D% | Ap. AR >0 (37)
oh 1o
Equation (37) is correct up to terms 38glgM(Q)(’)(82).
(ii) Potential For apoint P € S with Ah =hg —hp <0,
the reduced value of the potential is

Waa(P) = W(P) = [8V,(P) = Vi (P)] . A < 0.
(38)

If P € SwithAh = hg—hp > 0, theimproved expres-

sion for the reduced potential up to terms § V-, (Q) O(e?)
is

98 Verm
oh

Wes(P) = W(P) = [8Vih (P) = 8V (Q) -

Q

1 328 Vi )
X (~AR) = 3 = A ] AR >0,
= W(P) = [0V (P) = 8V (Q) = 8 (@) A
1 928 Vi 5
- AR*|, A .
3| A7) Ak >0 (39)

Formally, Eq. (39) may be re-written as

Wa(P) = W(P) = [8V,(P) = 8V, (P)]

_ _ sV
+[ - 6VRTM(P) + 6VRTM(Q) - TRTM 0
1928V
=5, Ah2], AR >0, (40)
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where the second term in brackets is the new formula
for the harmonic correction to potential, i.e.,

a8V,
BViam = Vi (P) + 8V, (@) — =2 |
_ 18Vl a2
2 a2 g
Ah >0. @41)

Equation (41) is correct up to terms & VR;M(Q)(’)(E3 ).

Equations (37) and (41) involve the terms 35‘5% Ah and
1 8%8Viru ¢
2 9n?
magnitude of these terms, we consider a volume 27, which
consists of a spherical cap of radius ¥y and thickness Ah.
We locate the point Q at the top centre of the spherical cap to
maximise the magnitude of the two terms. We use Eq. (2.134)
on p. 50 of Kadlec (2011). If vy9 = 5/, Ah = 1000 m, and the
density contrast of the masses in 7~ is 2670 kg/m>, we find

e P
a value ofdsg% ~ —% 0 = 0.012 mGal/m. Hence,

QAhz, respectively. To obtain an idea about the

988xrm
oh

i
Ah = 12mGal,and  ZY823 | AR2 = 0.06 m%/s2.

0 2o g

The former is much larger than the accuracy of today’s

gravity anomaly datasets; the latter is below the accuracy

level achievable today in local gravity field modelling. If Ak
is halved to AR = 500 m, the term 355% Ah reduces
by a factor of four to about 3.0 mGal. This is still above

the noise standard deviation of today’s terrestrial gravity
anomaly datasets. From this, we expect that in moderate

2y—
terrain, only the term %a Xg{ Y ’QAh2 in Eq. (41) may be

neglected.

3.3 Approximation error of the harmonic correction
of Forsberg and Tscherning

The complete RTM correction according to Forsberg and
Tscherning (1981), 6g™T (P) and W[ (P), respectively, is
the sum of RTM correction and harmonic correction, with
the understanding that the latter is only applied to gravity at
points located below the RTM surface and is assumed to be

zero for potential, i.e.,

_ 8g (P), Ah>0
(ngoTn(P) = Sg;';M(P) - SgRTM(P) - !0,] N < 0 s
(42)
SWIT(P) = 8V i, (P) — 8V (P) (43)

where Al = hg —hp,and 8gE T (P) is the harmonic correc-
tion of Eq. (1) proposed in (Forsberg and Tscherning 1981).

If Ah > 0, there is a difference between the complete
RTM correction §g.,.(P) of Eq. (27) and 8g"" (P) of Eq. (42).
Assuming that the approximation error of §g...(P) is much
smaller than that of §gT (P) (this is confirmed by the numer-
ical results of Sect. 4), we may refer to the difference as the
approximation error of the harmonic correction to gravity in

(Forsberg and Tscherning 1981):

e (P) 1= 8g.n(P) — 85T (P) = 8g, (P) — 881 (Q)

058

+8h

QAh +4nGpoAh . (44)

Likewise, if Ah > 0, there is a difference between the com-
plete RTM correction to potential, § W,,.(P) of Eq. (33) and
SWIT(P) of Eq. (43). This difference is equal to the new for-
mula for the harmonic correction to potential as (Forsberg
and Tscherning 1981) assumed that the harmonic correction

to potential is negligible for smooth RTM surfaces:

eV )(P) i= 8V, o(P) — SVET(P) = 8V, (P) — 8V (Q)

harm

sV 1928V
— R Ap KM AR2 45
+ oh lo 2 9h? lo (45)

4 Experiments

The experiments are divided into two parts. First, semi-
analytical investigations are carried out to clarify the nature
of the harmonic correction and to verify the equations derived
in Sect. 3. Second, numerical investigations are carried out in
two regions with the goal to quantify the approximation error
of the harmonic correction to gravity and potential in Fors-
berg and Tscherning (1981). Here, we present the results of
the numerical experiments; the semi-analytical experiments
are presented in “Appendix B”.

Numerical experiments were done for two regions with
different topographic regimes. The first region is located
between 1°E-10°E and 56°N-63°N and comprises parts of
Norway and the Atlantic ocean. Here, we expect significant
approximation errors of the harmonic corrections to gravity
and potential in Forsberg and Tscherning (1981) as height
differences between the Earth’s surface and the RTM sur-
face are large and change quickly, in particular around the
fjords. The second region is located in the centre of France
between 1°W-7°E and 43°N—49°N. This area is referred to
as the Auvergne test area as it has been used in the past to
compare different methods of local quasi-geoid modelling
(cf. Duquenne 2006). It is a moderate mountainous area with
heights varying from less than 150 m in the north-west where
the Bassin de Paris starts to 1886 m at the Puy de Sancy in the
middle south. In this test area, we expect smaller approxima-
tion errors of the harmonic correction to gravity in (Forsberg
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and Tscherning 1981) and smaller harmonic corrections to
potential and height anomaly.

Each RTM surface is computed by applying a low-pass fil-
ter to the high-resolution digital topographic and bathymetric
model (DTM). We use a spherical Gaussian low-pass filter,
which is truncated at a spherical distance v¢. The spherical
distance v is also the distance at which the Gaussian filter
has dropped to half of it maximum value. We refer to v as
the radius of the Gaussian filter. We relate the choice of ¥ to
the maximum degree N of the GGM which is used to reduce
the data for long-wavelength signals, as ¥y = %, i.e., Yo is
set equal to the half-wavelength resolution of the GGM. This
filter is in fact a weighted moving average filter, where the
size of the window is equal to the half-wavelength resolution
of the GGM and the weights are determined by the Gaussian.
The filter operation is implemented in the frequency domain
using a 2D planar FFT.

For each test area, two RTM surfaces with different
smoothness were computed. The first one assumes that the
data were reduced for the contribution of an ultra-high-
resolution GGM complete to degree 2160 (e.g., EGM2008,
Pavlis et al. 2012). The corresponding radius of the spheri-
cal Gaussian filter is ¥/9 = 5’. The second one assumes that
the GGM is complete to degree 300 (e.g., Pail et al. 2011;
Bruinsma et al. 2014; Forste et al. 2019); the corresponding
radius of the spherical Gaussian filter is Yo = 36’. We refer
to the two RTM surfaces as RTMs and RTM3¢, respectively.

Applying a low-pass filter to a local DTM causes edge
effects along the boundaries of the DTM due to missing data.
Therefore, RTM effects were always computed over a spher-
ical patch which was smaller than the area of the DTM by
one degree in all four directions.

In Sects. 4.2 and 4.4, we focus on the harmonic correction
to gravity, potential, and height anomaly. An analysis of the
individual contributors to the complete RTM correction to
gravity and potential is provided in “Appendix C” for the
Norway test area and in “Appendix D” for the Auvergne test
area.

4.1 Norway test area

The DTM for the Norway test area is based on EuroDEM
(Eurogeographics 2008) and has a half-wavelength resolu-
tion of 2”7 x 2”. A characteristic feature of this area are the
long, deep and narrow fjords. Hence, we can expect signif-
icant positive and negative height differences between the
DTM and each of the two RTM surfaces. These height differ-
ences are referred to as RTM tesseroid heights (cf. Fig. 3). The
RTM tesseroid heights range from —1404 m to 1036 m for
RTM5 and from — 1825 m to 1252 m for RTM3¢ (cf. Table 2);
the corresponding RMS values are 139 m and 204 m, respec-
tively. In the vicinity of extreme tesseroid heights, we can
expect large approximation errors of the harmonic correc-

@ Springer

tion to gravity in (Forsberg and Tscherning 1981) and large
harmonic corrections to potential and height anomaly.

4.2 Norway test area: harmonic correction

In the Norway test area, the harmonic correction was evalu-
ated at the 800,000 nodes of an equal-angular 18" x 18” grid,
which formed a subgrid of the DEM. About 32% (RTM5) and
29% (RTM3¢) of the evaluation points were located below the
RTM surface. Figure 4 shows a geographic rendition of the
improved harmonic correction to gravity and height anomaly,
and the approximation error of the harmonic correction to
gravity in (Forsberg and Tscherning 1981). It appears that
their distributions are asymmetric with a one-sided long tail,
which is the reason why we prefer percentiles and median
above RMS, mean, and standard deviation in the summary
statistics of Table 3.

Referring to Table 3, there are a few observations worth
to be mentioned. First, the harmonic correction to gravity of
Eq. (37) can be negative unlike the correction in Forsberg
and Tscherning (1981). The latter is always non-negative, as
it assumes that all masses of the RTM-reduced earth inside
the volume Q~ are located above the level of the evaluation
point. In reality, however, some masses in 2~ may be located
below that level. Overall, this reduces the magnitude of the
harmonic correction, but may also lead to negative values
at particular evaluation points in extreme situations (e.g., if
the RTM surface has lows in the neighbourhood of the eval-
uation point). In the Norway test area this only happened
for the smooth RTM surface, RTM3¢, at just 0.03% of the
evaluation points. No negative values were noticed for the
rougher RTMj5 surface. We explain this by the fact that then
the volume 27 is smaller so is the amount of mass added
to this volume, and the effect of masses located below the
level of the evaluation point and close-by is very small and
not enough to make the harmonic correction negative.

Second, it is an over-simplification to state that the
smoother the RTM surface the smaller the harmonic cor-
rection to gravity. For the Norway test area, all statistics of
Table 3 point to a larger harmonic correction for the (smooth)
RTM3¢ surface, compared to the (rough) RTMj5 surface. This
can be explained by the fact that for a smooth RTM surface,
the volume 27 increases so does the amount of mass added
to that volume resulting in larger harmonic corrections to
gravity.

Third, the approximation error of the harmonic correc-
tion to gravity in Forsberg and Tscherning (1981) is very
large in the Norway test area. It ranges from —126.9 mGal
to 13.1 mGal (RTM5) and —284.8 mGal to 191.5 mGal
(RTM36). Hence, the range of the approximation error of
the harmonic correction to gravity in Forsberg and Tsch-
erning (1981) is comparable to the range of the harmonic
correction of Eq. (37). Most of the approximation errors are
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Table 3 Norway test area:
statistics of the harmonic

(a) RTMs, 253, 388 evaluation points

correction to gravity, 8 gnum of Unit Range Percentiles Median
Eq. (37) and height anomaly
(8&harms based on Eq. (41)) and of Min Max 25% 75% 95%
the harmonic correction to
gravity in Forsberg and 8 &harm (P) mGal 0.0 148.2 8.4 38.6 72.5 19.7
Tscherning (1981) (8g/.7) 8gFT (P) mGal 0.0 246.2 8.8 48.0 105.6 2.3
8 ghum(P) — 8ET (P) mGal —126.9 13.1 0.5 8.8 37.0 2.3
8 Lham (P) cm 0.0 7.8 0.0 0.4 1.8 0.1
(b) RTM3¢, 222, 892 evaluation points
Unit Range Percentiles Median
Min Max 25% 75% 95%
8 8ham (P) mGal —82.9 346.4 13.6 56.4 109.4 30.2
sgkT(P) mGal 0.0 263.0 14.3 68.4 161.0 33.7
88hm(P) — 8gLT (P) mGal —284.8 191.5 0.8 11.9 52.5 32
8 Lham (P) cm 0.0 11.5 0.6 0.9 4.4 0.2

Note that percentiles and median are given for the absolute values if the range comprises both negative and
positive values, which is the case for §gp,m (P) — Sglf:rfl(P) (RTM5 and RTM3¢) and 8 gpam (P) (RTM36)

Fig.5 Norway test area: 0.7
histogram of the harmonic 0.7
. . g 0.6
correction to height anomaly,
6g‘harm(})) 06/ 0.5
0.5
0.4
0.4
0.3
0.3
0.2 02
o e | B
o 1 2 3 4 5 6 7 8 0123 456 7 8 9 1011

[cm]
(a) 6Chaml(P)= RTMS

negative (about 81% for RTMs and 77% for RTM3¢), i.€., the
harmonic correction to gravity in Forsberg and Tscherning
(1981) is often too large. We explain this by the fact that Fors-
berg and Tscherning (1981) assumed that all masses of the
RTM-reduced earth are located above the level of the evalu-
ation point, whereas in reality there are also masses located
below that level.

Fourth, the harmonic correction to height anomaly (like-
wise to potential) is non-negative for both RTM5 and RTM3g,
except a few points with slightly negative values of magni-
tudes not exceeding 0.1 cm. We explain this by the higher
smoothness of this correction compared to the harmonic cor-
rection to gravity. This results in some cancellation of positive
and negative contributions to the harmonic correction gener-
ated by the mass redistribution inside the volume Q2 as also
mass redistributions in areas further away from the evaluation
point still contribute.

[em]
(b) 6m(P), RTM3¢

Fifth, the harmonic correction to height anomaly is not
negligible as also indicated by the histogram of Fig. 5. Peak
values are 7.8 cm (RTMs) and 11.5 cm (RTM3g). About 12%
(RTM5) and 23% (RTM3g) of all harmonic corrections are
larger than 1 cm, though the majority of 77% (RTM5) and
65% (RTM3e) of the corrections are smaller than 0.5 cm. The
95% percentiles are 1.8 cm (RTMs) and 4.4 cm (RTM3e).
Whereas the former is comparable to the reported quality of
the Baltic Region and Nordic Area (NKG2015) gravimet-
ric quasi-geoid model of 1.5-1.8 cm (95% confidence level)
based on a comparison with GPS-levelling (cf. Eshagh and
Berntsson 2019), the latter is significantly larger than the
95% confidence level.

Sixth, the approximation error of the harmonic correction
to gravity in Forsberg and Tscherning (1981) has a non-zero
mean: —7.6 mGal (RTM5s) and —10.2 mGal (RTMsg). This
introduces a bias in the reduced gravity anomalies when using
the harmonic correction to gravity in Forsberg and Tschern-
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Fig.6 Auvergne test area:
DTM-surface (a), location of
the 133, 615 gravity stations in
red (b), and the two RTM
surfaces used in the numerical
experiments, (¢) and (d)
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(a) DTM
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(b) Gravity stations

-1° 0 1° 2 3
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(c) RTM5

ing (1981). This bias introduces long-wavelength errors in
the computed quasi-geoid model. When computing a correc-
tion surface in support of GNSS-levelling, most of the bias
will be absorbed.

4.3 Auvergne test area

The DTM of the Auvergne test area is based on SRTM3
(Jarvis et al. 2008). It is given for an area of 42°N-50°N and
2°W-8°E at the nodes of a 3" x 3” grid. To reduce the com-
putational costs, we use a data window covering an area of
44°N-49°N and 1°W-7°E. We still refer to this smaller area
as the Auvergne test area (cf. Fig. 6a). Likewise, the data area
was reduced accordingly comprising 133,615 of the original
244,009 gravity values. Different from the Norway test area,
the RTM corrections were not computed at the nodes of an
equal-angular grid but at the gravity stations.

The statistics of the DTM- and RTM-surfaces as well as
of the tesseroid heights are given in Table 4.
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Table 4 Auvergne test area: statistics of the DTM surface, the RTM
surfaces, and the tesseroid heights

Min Max Mean RMS Std
DTM 0 4740 404 608 455
RTM;5 0 2741 404 592 433
RTM3¢ 16 1880 397 540 367
DTM-RTM;5 —1185 2125 0 116 116
DTM-RTM3¢ —1209 2994 7 201 200
Units in m

4.4 Auvergne test area: harmonic correction

In the Auvergne test area, the harmonic correction had to be
computed at about 59% (RTMs) and 71% (RTM3¢) of all
evaluation points. These percentages are significantly larger
compared to those for the Norway test area. As already found
in Sect. 4.2, the smooth RTMj3¢ surface increases the num-
ber of evaluation points which are located below the RTM
surface, i.e., for which harmonic corrections need to be com-
puted, in the Auvergne test area. Figure 7 shows a geographic
rendition of the harmonic correction to gravity of Eq. (37)
and height anomaly (based on Eq. (41)), and the approxima-
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Fig.7 Auvergne test area:
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tion error of the harmonic correction to gravity in Forsberg
and Tscherning (1981). The corresponding summary statis-
tics are given in Table 5.

There are a few aspects which we would like to mention
when comparing the results with those for the Norway test
area presented in Sect. 4.2.

First, all harmonic corrections to gravity are non-negative;
for the Norway test area, we found that at some evalua-
tion points, the harmonic correction to gravity is negative
for the relatively rough RTMs surface, which we explained
by strong variations of that surface in the neighbourhood
of these points. Obviously, these extreme situations do not
occur in the Auvergne test area as topographic variations in
this area are not that extreme.

0 50 100
(f) 6Charm7 RTM36

Second, the peak approximation error of the harmonic
correction to gravity in Forsberg and Tscherning (1981)
appears to be very large again with —118.5 mGal (RTMs) and
—109.6 mGal (RTMas¢). However, the low 95% percentiles
of the absolute approximation errors, which are 4.1 mGal
(RTM5) and 5.2 mGal (RTM3¢), indicate, that there is only
a small number of points where such extreme values occur.

Third, the statistics of the harmonic corrections to grav-
ity and height anomaly are overall smaller in the Auvergne
test area compared to the Norway test area. This is a con-
sequence of the moderate topography in the Auvergne test
area, which implies smaller tesseroid heights compared to
the Norway test area. The harmonic corrections to height
anomaly are very small, though the peak values of 10.9 cm
(RTM5) and 13.6 cm (RTM3¢) are even larger than the peak

@ Springer



39 Page 140f 25 R. Klees et al.
Table5 Auvergne test area: - -
statistics of the harmonic (2) RTMs, 78,950 gravity stations
correction to gravity (8gnam. Unit Range Percentiles Median
Eq. (37)) and height anomaly
(8 &harms based on Eq. (41)) and of Min Max 25% 75% 95%
the harmonic correction to
gravity in Forsberg and 8 8ham (P) mGal 0.0 191.7 1.9 9.8 26.7 4.6
Tscherning (1981) (8g/:1) sgkT(P) mGal 0.0 245.3 1.9 10.4 30.4 4.7
8 ghum(P) — 8ET (P) mGal —118.5 12.0 0.0 0.6 4.1 0.2
8 Charm (P) cm 0.0 10.9 0.0 0.0 0.2 0.0
(b) RTM3¢, 95,360 gravity stations
Unit Range Percentiles Median
Min Max 25% 75% 95%
8 8harm (P) mGal 0.0 223.6 7.8 30.7 67.6 18.7
sgkT(P) mGal 0.0 263.3 8.0 31.3 72.7 19.2
88hm(P) — 8gLT (P) mGal —109.6 22.7 0.1 1.0 5.2 0.4
8 Charm (P) cm 0.0 13.6 0.0 0.2 1.1 0.1

Note that percentiles and median are given for the absolute values if the range comprises both negative and
positive values, which is the case for 8gym(P) — gL T (P) (RTMs and RTMzg)

values found in the Norway test area. The large peak val-
ues may be caused by the location of the gravity stations,
which in the mountains often follow the roads; correspond-
ingly, tesseroid heights at these stations may become pretty
large (remember that in the Norway test area, the evaluation
points are located on a equal-angular grid and are not related
to gravity stations). However, larger harmonic corrections to
height anomaly only occur at a very small number of grav-
ity stations. This is supported by the histograms of Fig. 8.
About 98% (RTMs) and 90% (RTM3g) of all corrections are
smaller than 0.5 cm and only 1% (RTMs) and 6% (RTM3¢)
of all corrections are larger than 1 cm. The 95% percentiles
are just 0.2 cm (RTMs) and 1.1 cm (RTM36) compared to
1.8 cm (RTM5) and 4.4 cm (RTM3e) in the Norway test
area. From this we conclude that the harmonic correction
to height anomaly is not critical when computing a quasi-
geoid model in the Auvergne test area. When looking at the
published results of the Auvergne quasi-geoid test, standard
deviations of the computed height anomalies based on a com-
parison with GPS-levelling data between 2.9 and 6.7 cm are
reported; the median is 3.5 cm (Forsberg 2010). Only about
0.2% (RTMs) and 0.8% (RTM3g) of the harmonic correc-
tions for height anomaly are larger than this median.
Fourth, the harmonic correction to gravity in Forsberg
and Tscherning (1981) introduces a bias in the reduced
gravity anomalies as already observed in the Norway test
area (cf. Sect. 4.2). However, in the Auvergne test area,
the magnitude of the bias is much smaller: —0.87 mGal
(RTM5) and —0.97 mGal (RTM3¢). Still, it will introduce a
long-wavelength bias in the computed quasi-geoid model. A
suitable chosen correction surface estimated from the differ-
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ences between gravimetric and geometric height anomalies
at a set of GNSS-levelling points will absorb most of the
long-wavelength errors.

5 Summary and concluding remarks

We derived new (approximate) equations for the harmonic
correction to gravity and potential which apply to points
located below the RTM surface, and provide harmonically
downward continued gravity and potential values referring
to a RTM-reduced earth bounded by the RTM surface. We
showed that the approximation error of the simple harmonic
correction to gravity as suggested in Forsberg and Tscherning
(1981) can be as large as the harmonic correction itself.

The new equations allow for the first time to compute the
harmonic correction to potential and height anomaly. This is
important if these types of gravity field functionals are used as
datainlocal quasi-geoid modelling (e.g., Farahani etal. 2017,
Slobbe et al. 2019). We showed that in both test areas, the
harmonic correction to height anomaly can be larger than the
target accuracy of today’s quasi-geoid models (i.e., one cen-
timetre) with peak values close to or even exceeding the one
decimetre level at some points. Overall, however, the results
indicate that the harmonic correction to height anomaly may
be critical mainly in areas with strong topographic variations
like the Norway test area, whereas in flat or hilly areas such
as large parts of the Auvergne test area, the one-centimetre
threshold will only be exceeded at a few points.

We also showed that the choice of the RTM surface
has a significant impact on the magnitude of the har-
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Fig.8 Auvergne test area: 1
histogram of the harmonic
correction to height anomaly, 08"
8§harm(P)
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monic corrections. Overall, a smooth RTM surface provides
larger harmonic corrections to gravity, potential, and height
anomaly. Likewise, the errors of the harmonic correction
to gravity in Forsberg and Tscherning (1981) increase with
increasing smoothness of the RTM surface. Therefore, we do
not recommend to use very smooth RTM surfaces. From a
theoretical point of view there is no need to relate the reso-
lution of the RTM surface (i.e., its smoothness) to the spatial
resolution of the GGM used in data reduction. It is suffi-
cient to choose the smoothness of the RTM surface such that
the high-frequency signals in the gravity datasets that cannot
be resolved for a given data distribution and accuracy are
reduced as much as possible. For some areas of interest, this
may allow the choice of rougher RTM surfaces.

One of the main concerns related to the harmonic cor-
rection to gravity in Forsberg and Tscherning (1981) is the
bias this correction introduces in the reduced gravity anoma-
lies. This bias causes long-wavelength errors in the computed
quasi-geoid model.

The new equations for the harmonic correction to grav-
ity and potential involve Taylor series expansions, and the
dominant term of the remainder is of the order of O(g2)
and O(&3), respectively. Using the results provided in Tables
2,4, 6, and 7, we can estimate this term. For instance, the
largest tesseroid height in the Norway test areais Ah = 1825
m (cf. Table 2, RTM3¢), hence ¢ = 2.9-10~*. When we com-
bine this value with the largest value of §g.,,,(Q), which is
123.3 mGal (cf. Table 6), the dominant term of the remainder
of Eq. (26) is 3.1 - 107> mGal. Likewise, the largest value
of 8V, (Q) is 28.76 m?/s? (cf. Table 7, RTM3¢); hence, the
dominant term of the remainder of Eq. (32) is 6.8 - 10~10
m?/s2. A comparison of these error estimates with the dif-
ferences between the new harmonic corrections and the ones
in Forsberg and Tscherning (1981) indicates how substantial
the improvements are which the new harmonic corrections
provide.

The complete RTM correction presented in this paper
can easily be implemented in existing RTM software. The

0.8

0.6

0.4

0.2
.- iiiiiiiii
0123456 7 8 91011121314

[em]

(b) 6ium (P), RTM36

numerical complexity is about a factor of two higher than
the traditional RTM correction in Forsberg and Tscherning
(1981). In fact, the modified code has to be run twice; first,
to compute the effect of removing the masses in the volume
QT second, to compute the effect of adding masses to the
volume 7.

Finally, we would like to mention that the harmonic cor-
rections to gravity, potential, and height anomaly must not
be restored in the remove-compute-restore approach. They
are only needed to transform values inside the masses into
harmonically downward continued values and do not reflect
mass re-distributions.
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Appendix A: Complete RTM correction: three-
step procedure

In Sect. 3, we derived the equations for the complete RTM
correction in four steps. Here, we suggest a three-step pro-
cedure and show analytically that from a theoretical point
of view both provide the same results. The difference with
respect to the four-step procedure is that points P € S which
are located below the RTM surface are upward continued
(in the Earth’s gravity field) to the RTM surface before the
masses in Q7 are removed and masses are added to Q7.

Three-step procedure

Step 1 Upward-continue data at points P € § located below
the RTM surface to the corresponding points Q € s using
the free-air vertical gravity gradient; all other data are left
unchanged.

§(Q) = g(P) + 25| ah+3g,06), (46)
aw 12w 5 3
W(Q) = W(P) 4+ o | Ah+ S| AR = WpO(E),
(47)
where the inner gradients are defined as
d Py —g(P
981 _ iy 8D — & )’ 48)
ohlp  §—0+ )
aw W(P")y — W(P
KL T A R iAC (49)
doh 1P §—0+ 8
2w Wy -y 9
27— im dh( ) dh( ) 98 (50)
oh2 lp s>0+ b) ~anlp

and P’ is a point on the ellipsoidal normal through P with
ellipsoidal height 2 p + §.

Step 2 Move the masses inside Q7 to infinity assuming that
their mass density is pg, and fill the volume 2~ with mass
to achieve a mass density of pg. Compute the effect this has
on gravity and potential, respectively, at Q:

8e(Q) 1= g(Q) — 88 (Q) + 88 (Q) (51)
Weu(Q) = W(Q) — 8V () + 8V, (0) . (52)

Step 3 Downward-continue harmonically the data that have
been upward continued in step 1 to their original locations
on the Earth’s surface (terrain or sea surface), i.e., from Q to
P along the ellipsoidal normal through P:

8u(P) = gus(Q) — gf“‘ LA 38,06, (5)
aw,ed 1°Wy
Wea(P) = W (Q) — 0 Ah + EW QAh
+ Wmd(Q)O<s3) , (54)

@ Springer

agred

92 0" Wi
where o and

Ton?
Eq. (20), respectively.
Inserting Egs. (46) and (51) into Eq. (53), we find

0 are defined as in Eq. (18) and

8a(P) = g(P) — [agRtM(Q) — 38 (Q)

<ag,ed ag ) Ah]
ah oh
+ (3g(P) +38.(0)O(?) . (55)

Using the partial derivative of Eq. (51) with respect to /1, we
re-write Eq. (55) as

BI)
8uslP) = 8(P) = [0, (P) — 5 (@) + “oms

Ah] .
(56)

Q

This is identical to Eq. (26), the result of the four-step pro-
cedure derived in Sect. 3.1.

Inserting Egs. (47) and (52) into Eq. (54), and observing
Egs. (46) and (51), we find

W P) = W(P) = [8Vi£,(0) = 8V, (0)

(% 10) 38VhV )Ah

1/3°W,, 2w )
B 5( a2 Q+W‘P)Ah ]
+ (We(Q) — W(P)O(e?) . (57)

Using the partial derivative of Eq. (52) with respect to &, we
can simplify Eq. (57) to

Wl P) = W(P) = [8Vih(P) —

RTM

8V (Q) — 88 (@) AR

1928V

__ ~ RIM

2 an?

, Ahz] . (58)

This is identical to Eq. (32), the result of the four-step pro-
cedure derived in Sect. 3.1.

From a practical point of view, there is a minor difference
between the four-step and the three-step procedure. This dif-
ference is in the upward continuation operation. Take as an
example a measured gravity value. In the four-step proce-
dure this gravity value has to be upward continued to the
RTM surface using the free-air gravity gradient referring to a
modified Earth which is mass-free inside Q% (step 2). In the
three-step procedure, the upward continuation uses the free-
air gravity gradient of the real Earth. Note that the gradient
to be used in the upward continuation of the three-step pro-
cedure is likely rougher than the gravity gradient used in step
2 of the four-step procedure. The reason is that the removal
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of the masses inside QT likely has a smoothing effect on the
gravity gradient.

Appendix B: Semi-analytical experiments

In the first semi-analytical example, we consider the Earth to
be a non-rotating homogeneous sphere of radius R and con-
stant density p. The gravity measurement point P is located
on the surface of that sphere, i.e., 7p = R. The RTM-surface
is assumed to be a sphere of radius r9 = R + h as depicted
in Fig. 9a. The complete RTM correction to gravity follows
from applying Eq. (26) and neglecting terms of the order
O(e?):

Sgcon(P) = gP - gred(P)

_ 08g -
= [SgRtM(P) _8gRTM(Q) + §RTM
—— r

h]. (59)
0

=0
For a spherical shell, a power series expansion yields

, 4 R+h)?3—R3
58ma(0) = dgihell = 27 Gp BN — R

3 (R + h)?
ho 4 (h\?
=47Gph |1 — —+ - —= 3
%Gp [ R+3(R) +0<s>]
(60)
hence,
38ge 4 R+h)>—R3
998k =—2—71G,0L,
ar lo 3 (R + h)3
P p (61)
= 87Gp— |1 -2—=+ 0|,
. pR[ =+ 06 )}
Inserting the last two expressions into Eq. (59) yields
59u(P) = —dmGph |14+ L 2 (] 2+O(3)
. = —4x —— == e .
g(/()l'l' p R 3 R
(62)

With measured gravity at P,

GM 4 R3
gP)=— =znG

4
72 3 -7GpR,

PR173

we find

4 h
8e(P) = gp — 38n(P) = gnGpR [1 + 3}

h\? h\? 3
+3 <E) -8 <E> } + 0. (63)

Gravity g..(P) corresponds to the harmonically down-
ward continued gravity of our RTM-reduced earth, which is
ahomogenous sphere of radius R + 4. Therefore, g,.,(P) can
easily be computed exactly. For this, we consider the differ-
ence between g(P) and g,.,(P), which is caused by the mass
M~ = pQ~ of a spherical shell with inner radius R and
outer radius R + A, i.e.,

M = gnp((R +h)? — R3>, (64)

Hence,

GM™

g(P) - gred(P) = - R2

(65)

If M denotes the mass of a homogenous sphere of radius R
and density p, the exact value of g.,(P) is

GM GM~

*(P) = _ 2 GoR
AN )—FWL =-nGp

R2 3
13]13]12 ny’ 66
+35+3(3) () | (©0

Equations (63) and (66) are identical up to terms O(e?).
This s less than 1 ;Gal for any shell of thickness |#| < 9 km.
The application of the derived complete RTM reduction leads
to a corrected gravity value at P, which is now a boundary
value of the external gravity potential caused by the mass
MT=M+M = %np(R + h)3. Ttis no longer an inner
potential gradient and can be upward continued by the use of
afree-air reduction. If necessary to apply, the free-air gradient
is now based on M. For the gravity potential of the RTM-
reduced earth, we find

4 h
W (P) = Wp — 8V...(P) = 5nGpR2 [1 +35

3= - @) . 67
+(R> +<R)+ <8>} (67)
The correct analytical result of a homogeneous sphere with
radius R + h and density p is

(R + h)?

W*(P) = inGp
red 3 R

(68)
Equations (67) and (68) agree up to terms of 0.

The second semi-analytical example uses a spherical cap
with opening angle ¥, to model the RTM-masses in the
region Q27 (see Fig. 9b). In this more specific example, the
presented precise harmonic correction formulas are also con-
firmed analytically.

We assume that the Earth consists of a non-rotating homo-
geneous sphere of radius R + h with constant density p

@ Springer



39 Page180of25

R. Klees et al.

Fig.9 Semi-analytical
experiment

(a) Spherical shell.

with a conical mass element with symmetry axis through
P and opening angle ¥ < 7 removed (cf. Fig. 9b). The
RTM-reduced earth, which results after the complete RTM
correction has been applied, is a homogeneous sphere of
radius R + k. With this assumption it follows directly that
rp = R, i.e., the point P is located on the sphere of radius R
at a depths & below the RTM surface. For this geometry, it is

4 .
g(P) = gﬂGpoR +38gp (69)
3gmu(P) =0, (70)
88 (Q) = 887, (71)
008 . 205g%¢ 72)
ah lo— an lo
Hence, Eq. (35) reads
gred(P) = gP - agcon(P)
4 35g" (73)
— G R (S sSc 5 sc _
3TOPOR A+ 08P + 080 — ]

The analytical expressions for the gravity effect of a spher-
ical cap, chSQ” , are given in Kadlec (2011, Eq. (2.106)) or
Heck and Seitz (Eq. (54), 2007). Using the approximations
Ve < 1°, siny. = Y, cosy. ~ 1 — 1//02/2, it is up to terms
of O(?),

h—1¢

dgy +38g% =2nGph ﬁ +2 (74)
P Q 0 R ’
with the Euclidean distances
= r2+r12—2rrlcosw, = r2+r22—2rrzcosw,
(75)

@ Springer

(b) Spherical cap.

and the spherical distance i between the geocentric vectors
of P and Q,

cos Y = sing sing’ + cos¢ cosd’ cos (A —1) .  (76)

For the last term of Eq. (73), we find ( Kadlec 2011,
Eq. (2.134)) up to terms of O(g?)

|

When inserting the last expressions into Eq. (73) the eval-
uations lead to the gravity value including the harmonic
correction which is in accordance with the expected value
(cf. Eq. (66)) on the approximation level of O(&?).

For the potential the results of this thought experiment are
based on Kadlec (2011, Eq. (2.98)) or Heck and Seitz (2007,
Eq. (52)):

a(sgSC
ar

2nGph
6

=21 Gp,
—2mGph

h> Ry
h< Ry~
(77)

0 h

Ry

(i) The gravity potential W(P) at a point P € S:
4 2 2 2 _
W(P) = 3nGpR® +21Gp((R + )’ = R?) = 8Vl

(i) The expected value of the harmonically continued
potential is

4 R+ h)3
—nGpu,
3 R

(k3 (2))

w* =
P

4 GpR?
= =TT
3 1%
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(iii) Gravity potential at P after applying harmonic RTM
reduction according Eq. (39):

4 i
Weu(P) = Wp = 8Von(P) = 37 GpR? [1 3l
h 2
+3 (E) +0E% | . (78)

(iv) Items (ii) and (iii) are equal on the approximation level
O(&3). The application of the derived harmonic RTM
reduction leads to a corrected gravity potential at P,
which is now a boundary value of the external gravity
potential caused by the masses M*.

Appendix C: Complete RTM correction for the
Norway test area

Figures 10 and 11 show a geographic rendition of the con-
tributors to the complete RTM correction to gravity and
potential, respectively, in the Norway test area. The statistics
of the contributors are presented in Table 6 for gravity and
Table 7 for potential. All contributors have distributions with
a long, one-sided tail. Therefore, Tables 6 and 7 show next
to range, the 25%, 75% and 95% percentiles and the median
instead of mean, RMS and standard deviation. Both tables
reveal that the complete RTM correction is dominated by
the mass re-distribution related term, §gt (P) — 8¢, (Q)
and 8V} (P) — 8V, (Q), respectively. Their contribution
to the complete RTM correction is about 75% for grav-
ity and about 90% for potential. Among the two remaining
terms of the complete RTM correction to potential, which
are only relevant at evaluation points located below the RTM

surface, the term % Ah is the largest; its range is
[0}

0.82 m2s~2 (RTMs) and 1.29 m2s~2 (RTM3g). The term
1 828 Vi
T2 a2

Sect. 3.2 already indicated, but with a range of 0.25 m
(RTMs) and 0.35 m?s~2 (RTM3) still not negligible in cm-
accuracy local quasi-geoid modelling.

0 Ah? is indeed small as the rough estimate in
242
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Fig.10 Norway test area: contributors to the complete RTM correction
to gravity according to Eq. (27). Units in mGal. The contributors in
Figures e and f are only computed at evaluation points which are located
below the RTM surface
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Fig. 11 Norway test area: contributors to the complete RTM correction to potential according to Eq. (33). Units in m?s~2. The contributors in
Figures ¢, d, g, and h were only computed at evaluation points which are located below the RTM surface
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Table 6 Norway test area:

statistics of the contributors to (2) RTMs, 253, 388 evaluation points

the complete RTM correction to Range Percentiles Median
gravity according to Eq. (27) B —
Min Max 25% 75% 95%
Sgrm(P) —23.1 16.4 —2.7 —0.4 0.0 —1.2
38k (Q) 0.1 83.2 5.9 24.0 46.0 12.7
8gim(P) — 8 (Q) -92.1 0.0 —26.6 —6.8 —2.0 —14.3
LETA N ~15.8 42.7 0.1 3.4 14.2 0.9
0
Complete RTM correction —380.4 0.0 —22.9 —6.4 -2.0 —-12.9
(b) RTM3¢, 222, 892 evaluation points
Range Percentiles Median
Min Max 25% 75% 95%
Sgrma(P) -32.9 16.2 —2.6 —0.4 0.0 —-1.2
3grmm(Q) 0.1 123.3 9.8 353 74.7 19.5
Sgiia(P) — 8grrn(Q) —125.5 —0.1 —38.1 —11.4 —3.8 -21.5
Bsxm Y ~16.0 48.9 0.0 4.4 24.9 1.0
Complete RTM correction —120.6 —0.1 —33.4 —10.9 -3.8 —19.8

The statistics were computed for all evaluation points which are located below the RTM surface. Units in

mGal

Table 7 Norway test area:

statistics of the contributors to (2) RTMs, 233, 388 evaluation points

the complete RTM correction to Range Percentiles Median
potential
Min Max 25% 75% 95%
SV (P) 7.72 19.29 11.94 16.00 18.00 13.83
Verm(Q) 5.62 17.44 9.93 13.41 16.01 11.57
8V (P) — 8 Vi (Q) —0.24 5.16 1.64 2.69 4.08 2.07
B | . Ap —0.82 0.00  —0.05 0.00 0.00  —0.01
0
e
—1 & ‘Q - AR? ~0.19 0.06 0.00 0.00 0.00 0.00
Sum —0.97 0.00 —0.05 0.00 0.00 —0.01
Complete RTM correction —0.79 5.16 1.60 2.65 4.06 2.04
(b) RTM3¢, 222, 892 evaluation point
Range Percentiles Median
Min Max 25% 75% 95%
SV (P) 14.08 29.96 19.24 23.92 26.73 21.56
8Verm(Q) 7.95 28.76 14.46 18.80 24.85 16.45
SV (P) — 8 Vi (Q) —4.45 11.37 3.40 6.37 8.35 4.97
B | . Ap ~1.22 0.00 ~0.10 ~0.01 0.00 —0.03
0
e
—1 ‘Q - AR -0.27 0.08 ~0.01 0.00 0.00 0.00
Sum —1.44 0.00 —0.11 —0.01 0.00 —0.03
Complete RTM correction —5.74 11.37 3.29 6.32 8.28 4.92
Units in m2s—2
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Appendix D: Complete RTM correction for the
Auvergne test area

Figures 12 and 13 show a geographic rendition of the contrib-
utors to the complete RTM correction to gravity and potential,
respectively, over the Auvergne test area. The associated
statistics are provided in Tables 8 and 9, respectively. The
share of the mass redistribution related contributors to the
complete RTM correction is comparable to the one found for

Fig.12 Auvergne test area:
contributors to the complete
RTM correction to gravity
according to Eq. (27). Units in
mGal. The contributors in
Figures e and f were only
computed at evaluation points
which are located below the
RTM surface

the Norway test area, though in absolute terms, the contribu-
tors are a bit smaller now. When comparing the results for the
two RTM surfaces, we notice again that the complete RTM
correction and its contributors are larger for the smoother
RTM3¢ surface compared to the rougher RTMj5 surface for
both gravity and potential.
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Fig. 13 Auvergne test area:
contributors to the complete
RTM correction to potential
according to Eq. (33). Units in
m?s~2. The contributors in
Figures e, f, g, and h were only
computed at evaluation points
which are located below the
RTM surface
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Tab.Ie.S Auvergne tgst area: (a) RTMs, 78, 950 evaluation points
statistics of the contributors to
the complete RTM correction to Range Percentiles Median
gravity
Min Max 25% 75% 95%
Sgim(P) —16.7 0.1 —0.1 0.0 0.0 0.0
38grrm(Q) —0.1 89.5 1.0 52 14.1 2.4
8gami(P) — 88 (Q) —95.9 0.0 -53 ~1.0 -0.3 —25
LETA N —20.1 46.0 0.0 0.2 1.5 0.0
Complete RTM correction -97.8 0.0 =5.1 -1.0 -0.3 —24
(b) RTM3¢, 95, 360 evaluation points
Range Percentiles Median
Min Max 25% 75% 95%
Sgrm(P) —37.5 0.1 0.0 0.1 0.1 0.0
38grmm(Q) 0.1 106.3 4.1 15.7 34.5 9.7
8grm(P) — 8grm(Q) ~110.2 0.0 —15.8 —4.1 ~0.9 97
as(g% Ah —-32.3 50.4 0.0 0.3 1.8 0.1
Q
Complete RTM correction —114.6 0.0 —15.5 —4.1 -0.9 -9.5
Units are in mGal
Tab.IeI9 Auvergne te{st area: (a) RTMs, 78, 950 evaluation points
statistics of the contributors to
the complete RTM correction to Range Percentiles Median
potential
Min Max 25% 75% 95%
SV (P) 4.33 20.31 6.62 10.19 13.78 8.44
3Verm(Q) 4.38 21.57 6.67 10.26 14.13 8.50
8V (P) — 8 Vi (Q) —1.97 0.95 —0.14 —0.02 0.07 —0.08
B | . Ap 0.00 0.96 0.00 0.00 0.02 0.00
Qo
pe
—1 ‘ - AR? —0.09 0.22 0.00 0.00 0.00 0.00
g [
Sum 0.00 1.18 0.00 0.00 0.02 0.00
Complete RTM correction —1.51 0.95 —0.13 —0.02 0.08 —0.08
(b) RTM3¢, 95, 360 evaluation points
Range Percentiles Median
Min Max 25% 75% 95%
SV (P) 9.15 45.85 14.16 21.48 27.17 18.57
3Verm(Q) 7.86 37.45 13.78 24.14 30.47 19.61
SVt (P) — 8V (0) —6.68 20.86 -2.99 0.28 1.76 -0.59
B Y 0.00 1.24 0.00 0.02 0.11 0.01
ye
—1 0 ’ - AR? —0.11 0.28 0.00 0.00 0.00 0.00
Qo
Sum 0.00 1.40 0.00 0.02 0.11 0.01
Complete RTM correction —6.34 20.87 —2.96 0.29 1.77 —0.58
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