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ARTICLE INFO ABSTRACT

Keywords: We consider the context of molecular motors modelled by a diffusion process driven by the
Large deviations gradient of a weakly periodic potential that depends on an internal degree of freedom. The
Switching Markov process switch of the internal state, that can freely be interpreted as a molecular switch, is modelled as

Hamilton-Jacobi equation
Viscosity solutions
Comparison principle

a Markov jump process that depends on the location of the motor. Rescaling space and time,
the limit of the trajectory of the diffusion process homogenises over the periodic potential as
well as over the internal degree of freedom. Around the homogenised limit, we prove the large
deviation principle of trajectories with a method developed by Feng and Kurtz based on the
analysis of an associated Hamilton-Jacobi-Bellman equation with an Hamiltonian that here, as
an innovative fact, depends on both position and momenta.

1. Introduction

In biochemical and biophysical processes occurring in a cell, an important role is played by several classes of active enzymatic
molecules, generally called motor proteins or molecular motors. These motors are protein molecules that convert chemical energy
into mechanical work and motion (see [17-19,33] for more details). In the last decades, such biological phenomena have been
largely investigated and this analysis was partly possible due to the contribution of the analysis of particular Markov processes
called “switching Markov processes” (see for instance [3,4,17,27,34]).

The process that we will consider is such a process. It is a two-component process (X,, I;) where the first component X, is a
drift-diffusion process and the second component 7, is a jump process on a finite set. In the context of molecular motors, the spatial
component X, models the location of the motor, for example on a filament, while 7, models the molecular configuration. The two
processes together evolve in accordance with the following stochastic differential equation

dX, = —Vy(X,, 1,)dr + dB,, (1.1)
]P’(I(t YA = I =i X(1) = x) =1y (X) A+ O4P)  as At — 0,

with y € C*R? x {1,...,J}), r; ; € C*(R?) and V is the gradient with respect to x and B, is the Brownian motion.

It is clear that the two processes are linked by their rate functions. This means that I, stays in a first discrete state for a random
duration while the diffusion component X, evolves following a stochastic differential equation with a particular drift. Then, when
a switch of the configurational component occurs, the potential y changes and therefore X, diffuses according to a new equation
up to another switch of I, (see Fig. 1 for a typical behaviour of this type of processes). For more details about the construction of
such switching hybrid diffusions see [34].
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Fig. 1. A typical evolution of a process (X (1), I(1)).

To allow more flexibility to separate the local dynamics as caused by the internal switching, and macroscopic effects,
e.g. modelling the presence of energy molecules in the solution, we will work with y, and r, instead of y and r, and we will
typically assume that {y,,r,}, exhibit a separation of scales. The simplest instance of this separation of scale is that

W (x, i) = wi(ex, i) + wy(x, i),
re(x,i,j) = ri(ex, i, j) +ry(x, 1, j),

i.e. w; and r; model the global macroscopic scale while y, and r, correspond to the local dynamics. We will also assume that
v, is 1-periodic. Moreover, the most general context that we will consider is such that the sequences of functions y, and r, are
actually given by two functions y € C*(R? x R? x {1,...,J}) and r;; € C*(RY x R?) as

v (x, 1) = w(ex, x,i),
re(x,i,j) =r(ex,x,i, j). (1.2)

The process arising from the stochastic differential equation with y, and r, as drift and rate function will be called (X}, I}). However,
we are interested in the macroscopic motion of the molecule. Therefore, we work with the rescaled process or ‘“zoomed out” process
that we obtain by scaling in space and time by the positive parameter ¢ > 0. More precisely, we look at (Y, ff ) 1= (eX E_][, IEE—I;)

that evolves according the stochastic differential equation
YE
F -
dyf = —Vy <Yf, ?,1,> dr + /e dB,
P(if(z YA =j | @) =i, Y() = x) =L, (x, f) A+ OAR) as At — 0
13 13

with y and r;; given by (1.2), and we are interested in the limit ¢ — 0.

Intuitively, looking from far away at the process the periodicity becomes smaller and smaller as £ decreases and the internal flip
rate diverges. Thus, we expect the periodicity and the internal dynamics to homogenise, effectively obtaining a deterministic limit
X,. The numerical simulation in Fig. 2 confirms our intuition. It shows sample paths of numerical approximations of a particular
switching process (Y, I¥) for various e. The figure suggests that for small ¢, the spatial component Y tends to concentrate around
a limiting path that, in the case of the simulated process, is a path with constant velocity.

The aim of this work is to investigate large deviations around such deterministic limit of this kind of process. Showing a large
deviations principle, we then will be able to characterise the limit path using a Lagrangian rate function. Indeed, we will show in
the main theorem, Theorem 2.8, that there exists a non negative rate function I : Cga[0, o) — [0, oo] with which {Y"},,, satisfies a
path-wise large deviation principle in the sense of Definition 2.5 below. Intuitively, it means that

P(Y¢ mx)~e 10/ g0,

with 7 written in terms of a Lagrangian function. This means that Y* has a limit path ¥ € Cps and this limit is the unique minimiser
of the rate function Z. Moreover, for any path x # % such that Z(x) > 0, the probability that Y* is close to x is exponentially small in
e~1. In Corollary 2.10, we characterise the minimum of 7 by finding a representation of 9,% in terms of the drift y similar to what
one would expect from an averaging principle.

Our work falls into a long tradition of studying the dynamical large deviations around limiting trajectories starting with [15]
for small noise diffusions, and [25] for two-scale systems. Then, in the last decades it has been used for the study of different
kind of processes (see for instance [13] or [23]). Regarding jump-diffusion, there are very few large deviations results but see
for example [24,29]. More recently, in [26], the authors prove large deviations for a class of switching Markov processes and
apply their result to examples, including the molecular motors model. Regarding this example, our work diverges from [26]
primarily due to two distinctive improvements: the transition from a compact to a non-compact setting and the introduction of
the global macroscopic effects in rates with the two components y, and r;. These two facts complicate the proof of large deviations
principle. Most important, but without going into details, we need to prove the comparison principle for a spatially inhomogeneous
Hamilton-Jacobi-Bellman equation where the two above generalisations introduce non-trivial complications.
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Fig. 2. Sample paths of a numerical simulation of the spatial component Y of a switching process for different values of . We chose a drift y! equal to the
periodic part y, for all i € {1,...,4}. We took wz(f,i) equal to sin(x/e), cos(x/e), —sin(x/e) and —cos(x/e) for i = 1,2,3,4 respectively and a rate equal to 1.
The jump process switches from a value i € {1,2,3} to the value i+ 1 and from 4 to 1. In this way, the process starts diffusing around a minimum of sin(x/e)
(i = 1). The first horizontal part of the “stair” corresponds to this evolution. Then, a switch of ff takes place, so the value of i becomes i = 2, and then the
spatial component goes to diffuse around a minimum of cos(x/¢), that is the second horizontal part, until another switch.

Indeed, we prove the large deviations property using a method due to Feng and Kurtz [14] in which a central role is played
by associated Hamilton—-Jacobi-Bellmann equations. We will explain in more details the main innovations compared to [26] of our
work in Section 6.

The work is organised as follows. We give some preliminary contents and the statement of the large deviations theorem in
Section 2. In Section 3 we give an overview of the theory behind the method that we use for showing the large deviations result,
proved in Section 4, for the switching process modelling molecular motors. Finally, in Section 5 we are able to extract the main
mathematical structures that we use in the previous section and use them in a large deviations result for a more general class of
Switching Markov processes.

2. General setting and main theorem

In this first section we describe the setting and give some basic notions for the statement of the main theorem. First of all, the
following are frequently used notations.

+ C(U,V) the space of continuous functions from a set U C R to a set V C R%;

« CKU,V), with k integer, the space of k times differentiable functions from U C R? to V C RY;

« C®(U,V) the space of infinitely differentiable functions from U C R? to ¥ C R¢;

+ AC(U,V) the space of absolutely continuous functions from U C R? to V C R?;

* N flleo = supseg 1S (XI5

* [x]ge = {y €R? : x—y e Z%)} the equivalence class of x with respect to the relation defined by Z%;
* P(X) is the set of probability measures on a space X;

+ Cg[0, o0) is the space of functions defined on [0, ) and taking value in a metric space E.

2.1. Preliminaries

We begin with the definition of the process that we are going to study. It is a two component Markov process (X}, I7) to which
we refer in all the work with “molecular motors model” or “motor proteins model”.
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Definition 2.1 (Molecular Motors). Given an integer J, we consider the setting E = RY x {1,...,J}. For all i,j in {1,...,J}, let
rij € C®(RY x R?; [0, 0)) denote nonnegative smooth maps, y' € C*°(R? x R?) a smooth and Vy/ its gradient with respect to x.
We suppose that y' grows at most linearly in the first component and is periodic in the second one. Finally, given the following
operator
1 J
A f(x,i) 1= =Vy'(ex,x) - V f(, D)(x) + EAXf(',i)(X) + z rij(Eex, x) [f(x,j) = f(x,D],
j=1
we define the E-valued Markov process (X}, I7)|,»( as the solution to the martingale problem corresponding to A,. More precisely,
(X7, I7) is such that for all f € D(4,),

t
JXE®, 1) — f(X*(0), I°(0)) _/0 A f(X(9), I°(s) ds

is a martingale.
Remark 2.2. In our case r;; is regular enough that the martingale problem associated to A, is well posed (see [12,31]).

Remark 2.3. It is straightforward to see that the above defined process solves the stochastic differential Eq. (1.1) given in the
introduction.

We firstly study the above particular model for which we prove the large deviations property. Then, using this model, we lead
to a theorem for a general class of processes called Switching Markov process (see Section 5).
As mentioned in the introduction, we will work with the rescaled process (Yf,I_f) =

= (ex e L If ) Then, by the chain rule, the generator becomes

t/e’ "t]e
-
N = —Vu' x L £ i 2 . x i) — i
Acf0e) = =Yy (% 2) Vo f (D6 + SASC D00 + E;r,, (x2)Lreed - ree @1
We will assume in the main theorem that the matrix (R;;(x));; := (supyepa ry;(x, »));; is irreducible. Here we give the rigorous
definition.

Definition 2.4. We say that a matrix A = (4;;(x));;e(1,... s).xerd 1S irreducible if there is no decomposition of {1,...,J} into two
disjoint sets J; and J, such that A;; = 0 on R? whenever i € J; and j € J,.

The main goal of this work is to prove that the spatial component Y* of the above Markov process verifies the large deviation
principle. Here we give the main definitions which are written down in terms of a general Polish space X but will later on be applied
for e.g. X = RY or X = Cpa([0, )).

Definition 2.5. Let {X,},,, be a sequence of random variables on a Polish space ¥. Given a function I : X — [0, o], we say that

(i) the function I is a good rate function if the set {x | I(x) < ¢} is compact for every ¢ > 0.
(i) the sequence {X,},. satisfies the large deviation principle with good rate function I if for every closed set A C ¥, we have
limsup eloglP[X, € A] < —inf I(x)
-0 x€A

and, for every open set U C 7,
liminf € logP[X, € U] > — inf I(x).
-0 xeU

We recall the definition of exponential tightness and the compact containment condition, typical properties that come out in a
large deviations context.

Definition 2.6 (Exponential Tightness). A sequence of probability measures { P} on a Polish space ¥ is said to be exponentially tight
if for each a > 0, there exists a compact set K, C X such that
limsup e log P.(K;) < —a.
-0
In the next we will consider for the above definitions the space ¥ = Cpa[0, ).
A sequence {X,} of E-valued random variables is exponentially tight if the corresponding sequence of distributions is
exponentially tight.

Definition 2.7. We say that the processes (Z,(¢)) satisfy the exponential compact containment condition if for all T > 0 and a > 0
there is a compact set K = K(T,a) C E such that

limsupelogP [Z, (1) & K for some 1 € [0,T]] < —a.
=0
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2.2. Statement of the main theorem

Now we state the main theorem in which we prove sufficient conditions for the large deviation property for the spatial component
of the switching process defined in Definition 2.1.
Theorem 2.8 (Large Deviation for the “Molecular Motors Model”). Let (X}, 1) be the Markov process of Definition 2.1. Suppose that
the matrix R;; = (sup,erda 7;;());; is irreducible. Denote Y = eX f/& the rescaled process. Suppose further that at time zero, the family of
random variables {Y*(0)}, satisfies a large deviation principle in R with good rate function I, : Cga[0, ) — [0, c0]. Then, the spatial
component (Y} satisfies a large deviation principle in Cga [0, c0) with good rate function I : Cga[0, ) — [0, co] given in the integral form

1) Ly(x(O0) + f;° £ (x(0), x(0)) dt  if x € AC([0, 00); RY),
X) =
o0 else,

with L(x,v) = sup,{p-v—H(x,p)} the Legendre transform of a Hamiltonian H(x, p) given in variational form by

H(x,p) = sup [/ Vep(@duz) = I ,(1)] , (2.2)
uerEn LJE
where E' =T x {1,...,J},

) 1 i
Vo) = 50" = p- Yoy (5, 9)

and themap I, : P(E") = [0, o0] is the Donsker-Varadhan function, i.e.
LW = ~inf /E, e L, (e?)dp,

where the infimum is taken over vectors of functions ¢(-,i) € C*(T?), and L, , is the operator defined by

J

L, yu(z,i)= %Azu(z, D+ (- ny/i(x, z)) - V,u(z, i)+ 2 rij(x, 2) [u(z, j) — u(z,i)]. (2.3)
j=1

Remark 2.9. E’ captures the periodic behaviour and the internal state. In the homogenisation context described in the introduction,
E' is exactly what is being homogenised over while L, , describes the dynamics on it.

2.3. Law of large numbers and speed of the limit process

The following corollary characterises the limit process.

Corollary 2.10. Consider the same assumptions of Theorem 2.8 for the Markov process (Y, I}). Then, the spatial component converges
almost surely to the path with velocity given by

0,x = 0, H(x,0) = — / Vo' (x, ) di(y),
E!

with y the unique stationary measure of the operator L, given in (2.3).

Proof. By Theorem A.1 of [26], the spatial component Y converges almost surely to the set of minimisers of the rate function.
More precisely,

dYf {I=0})—>0 as.ase—0

where {7 =0} = {x € Cra[0,0) : I(x) =0}. We now prove that this set is actually a singleton and then characterise the unique
element.

With this aim, note that by [30, Theorem 23.5], v is a minimiser of L if and only if v € 9,7 (x,0). Moreover, by [16, Theorem
4.4.2],

9,H(x,0) = co{ U 0 [/ Viodu—1I,o(u)| for all u s.t. H(x,0) = / Viodu— Ix,o(ﬂ)} ,
HEP(E") E' E'

where with co we refer to the convex hull of a set and 0 [/, V, o du — I o()] is the differential of the convex functions [, Vipdu—
I, ,(u) for p=0.
We know that H(x,0) =0 and V, o(z) = 0 for all z € E’. Then, if 4 is the optimal measure for (x,0), we have that

0=H(x,0) = / VoD dit = L) = I (k).
E/
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We can conclude that the optimal x} is the unique stationary measure of L, (see Proposition Appendix A.1 in the appendix for
existence and uniqueness of x). We thus find that 9,H(x,0) = { %H(x, Dl p=0} and hence I(x) =0 < J,x = %H(x,O) for almost
all + and

IV, p(2)
ax = LH(x,0)= / ——
dp E'

S|, dd)

p=0

=—/ Vow(x,2)du(z). O O
E’'

Remark 2.11. The above corollary confirms the suggestion of Fig. 2 that, when there is no dependence on x in the drift, the spatial
component is converging to a path with constant speed. Indeed, for small ¢, Y tends to concentrate around a path with a constant
velocity v = 9,H(0).

3. Connection with Hamilton-Jacobi equations and strategy of proof

We will now present a brief overview of the technical aspects of the Hamilton-Jacobi approach introduced by [14] to the
path-space large deviations theory for Markov processes. In the next we give an outline of the main steps of this argument.

Feng and Kurtz in [14, Theorem 5.15] used a variation of the projective limit method [8,9] to prove that the large deviations
property can be obtained as a consequence of the large deviations of the finite dimensional distributions and the exponential tightness
of the process. By Bryc’s theorem and the Markov property, large deviations for the finite dimensional distributions follows by the
convergence of the conditional “cumulant function” that forms the semigroup

V.()f(x) = elogE [/ XD/ | x(0) = x] = elog/ VP (1, x, dy), (3.1)
E

with P (1, x, dy) the transition probabilities of X;. Note that V,(r)f = elog S, (H)ef /¢, where S, is the linear semigroup associated to
the generator A,. Computing V, and verifying its convergence is usually hard. In analogy to results for linear semigroups and their
generators, the convergence of V, follows from the convergence of the nonlinear generators H,. Formally applying the chain rule to
V,(t) in terms of the linear semigroup .S, (r) yields the following definition, that can be put on more rigorous grounds as exhibited
in [14,22].

Definition 3.1 (Nonlinear Generator). Let A, the generator of a process X;. The nonlinear generator of X; is the map defined in the
domain D(H,) = {f € C(E) : e/V/¢ € D(A,)} by
H, f(x) = ge™/0/e 4 el /e, (3.2)

More precisely, the problem comes down to two steps. First one needs to prove the convergence of the generators H, — H
in a suitable sense. Then, one has to show that the limiting operator generates a semigroup. The sufficient conditions are, using
Crandall-Liggett Theorem [6], the range condition and the dissipativity property.

Definition 3.2 (Range Condition). Let E be an arbitrary metric space and H : D(H) C C,(E) - C,(E) a nonlinear operator. We say
that H satisfies the range condition if

Jig>0 : D(H)CRU — AH) for all 0 < A < 4.

Definition 3.3 (Dissipative Operator). We say that an operator (H, D(H)) is dissipative if for all 1 > 0,

(1 = AH f1) = (f, = AH f)|| = || f1 = 12|
for all 11, f, € D(H).

The range condition corresponds to existence of classical solutions for the equation (1 — AH)u = h. Hence, we can conclude that,
in order to prove large deviations, we need the convergence of the nonlinear generators to a dissipative operator H such that the
existence of classical solutions for (1 — AH)u = h holds. However, it is well known that the existence of classical solutions is a too
strong condition to make this method work in most cases. As observed by Crandall - Lions in [7], the use of viscosity solutions allows

to overcome this problem. These weak solutions are defined in order to create an extension A of H that automatically satisfies the
range condition and that is still dissipative. Below the definitions for both single and multi-valued operators.

Definition 3.4 (Sub- and Supersolutions for Single Valued Operators). Let H : D(H) C C(E) — C(E) be a nonlinear operator. Then
for 4> 0 and h € C(E), define viscosity sub- and supersolutions of (1 — AH)u = h as follows:

(i) We say that u : E — R is a viscosity subsolution if it is bounded and upper semicontinuous and, for every f € D(H), there
exists a sequence x, € E such that

liTm u(x,) — f(x,) = supu(x) — f(x),

fim u(x,) = AH £ (x,) = h(x,) <0.
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(ii) We say that v : E - R is a viscosity supersolution if it is bounded and lower semicontinuous and, for every f € D(H), there
exists a sequence x, € E such that

lim v(x,) — f(x,) = inf v(x) — f(x),
ntoo X
liTm v(x,) — AH f(x,) — h(x,) > 0.
nloo
A function u € C(E) is called a viscosity solution of (1 — AH)u = & if it is both a viscosity sub- and supersolution.

Definition 3.5 (Sub - and Supersolutions for Multivalued Operators). Let H C C(E)x C(E X E') be a multivalued operator with domain
D(H) C C(E). Then for h € C(E) and 4 > 0, define viscosity solutions of (1 — AH)u = h as follows:

(i) u : E - R is a viscosity subsolution of (1 — AH)u = h if it is bounded and upper semicontinuous and, for all (f,g) € H, there
exists a sequence (x,,z,) € E X E’ such that

liTm u(x,) — f(x,) = supu(x) — f(x),

limsup u(x,) — Ag(x,, z,) — h(x,) < 0.

ntoo

(i) v : E — R is a viscosity supersolution of (1 — AH)u = h if it is bounded and lower semicontinuous and, for all (f, g) € H, there
exists a sequence (x,, z,) € E X E' such that

1iTm o(xy) = f(x,) = inf o(x) - f(x),
lin% inf v(x,) — Ag(x,, z,) — hy(x,) > 0.

A function u € C(E) is called a viscosity solution of (1 — AH)u = h if it is both a viscosity sub- and supersolution.

Remark 3.6. Consider the definition of subsolutions. Suppose that the test function f € D(H) has compact sublevel sets, then
instead of working with a sequence x,, there exists x, € E such that

u(xg) — f(xp) = supu(x) — f(x),
u(xg) — AH f(xq) — h(xy) < 0.
A similar simplification holds in the case of supersolutions.

In the classical context, the range condition, combined with the dissipativity of the operator can be shown to imply unique
solvability of the equation u — AHu = h. However, for viscosity solutions this argument does not work anymore. The main reason is
that viscosity solutions are in general not in the domain of H. In order to address this issue, an option can be to suppose that the
following comparison principle (implying uniqueness) holds.

Definition 3.7 (Comparison Principle). We say that a Hamilton-Jacobi equation (1 — AH)u = h satisfies the comparison principle if
for any viscosity subsolution u and viscosity supersolution v, u < v holds on E.

For two operators H., H; C C(E) x C(E x E’), we say that the comparison principle holds if for any viscosity subsolution u of
(1 = AH;)u = h and viscosity supersolution v of (1 — AH;)u = h, u < v holds on E.

The theory above was made rigorous in [14,22]. We present the key result in our context and notations.

Theorem 3.8 (Adaptation of 7.18 Of [14] to Our Context). Let (X¢, I*) be a Markov process with generator A, and nonlinear generator
H, as in Definition 3.1. Consider the semigroup V, defined in (3.1) and suppose the following

() 3H st H, converges to H in the sense of Definition 4.2,

(ii) YA > 0,h € C(E), the comparison principle holds for (1 — AH)u = h,
(iii) X¢ is exponentially tight,
(iv) X*(0) satisfies large deviation principle with rate function I,.

Then, there exists a unique viscosity solution R(A)h to (1 — AH)f = h and a unique semigroup V (t) : C,(E) — C,(E) such that
1. lim,,_ R(i)mf(x) =V @) f(x) for every f € C,(E),t >0 and every x € E,
2. V, converges to V in the sense that for any sequence of functions f, € C(E) and f € C(E),
. e—=0 e—>0
if Wfe=fllg——0 then |V.)f, = V®O)fllp— 0.

Moreover, X, satisfies the large deviation principle with rate function I : Cg[0, o) — [0, co] given by
k
I(x) = Ly(x(O) +sup sup D" I, (x(t)lx(t;-p) (3.3)

keN (ty,....t) =1

with 1,(z]y) = sup sec(p)[f(2) = V(@) f(y)] and the supremum above is taken over dall finite tuples 1y =0 <t} <t, < <t;.

7
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4. Proof of the main theorem
Using the discussion of the previous section and Theorem 3.8, we can prove Theorem 2.8.

Proof of Theorem 2.8. We claim the following five facts:

1. The nonlinear generators H, f = ge™//¢A,e//¢ of Yf converge to a multivalued operator H := {(f,H 1o) 1 fECHRY),
H;,€CR?!xE') and ¢ € C(E")},

. there exists @ such that H  ;(x, z) = Hy(x,p,z) = H(x,p) for all z € E' and p=V/f,

. the comparison principle for (1 — AH)u = h holds,

. Y€ verifies the exponential tightness property,

. the rate function (3.3) can be represented in the following integral form

g b~ wN

I(x) = Iy(x(0)) + / L (x(t), x(2)) dt
0
with L(x,v) = Sup,epd [p - v —H(x, p)] is the Legendre transform of H(x, p) in (2.2).

We prove the above claims respectively in Propositions 4.3, (4.2), 4.16, 4.22, 4.25 in the following subsections. Then, once the
above facts are proved, we can apply Theorem 3.8 and the required large deviation property follows. []

4.1. The convergence of generators and an eigenvalue problem

The first step of the proof of large deviations is based on operator convergence. Since the process and its limit do not live in the
same space, we cannot work with the usual definition. In the following, we introduce a new definition of limit for functions and
multivalued operator on different spaces.

Definition 4.1. Let f, € CRY x {1,...,J}) and f € C*(R?). We say that LIM f,, = f if

Ife = foncllmaxq,...0y = sup  |fe— fon | —>0 ase—0,

where 7, : R? x {1,...,J} = R? is the projection

1 (x, i) = x.

Definition 4.2 (Extended Limit of Multivalued Operators). Let H, C C(R? x {1,...,J}). Define ex — LIM H, as the set
ex— LIMH, =

={ (f, H) € CPC(RY)x CR?Y x T4 x {1,...,J})|3f. € D(H,) : f=LIMYS,

where ] : RO x (1,....J} = R X T4 x {1,.....J} is the function n/(x.1) = (x.[£]  .7)-
The following basic example gives the idea of the intuition behind the definitions above.
Example: Let H, f(x,i) = V f(x) + eAf(x). Then, for every f € C2(R?) and ¢ € C%(T¢), we define
S =f@+ep(Si0)  and  Hxi) = 40'0).
Then, (f,H) €ex— LIMH,.

Proposition 4.3 (Convergence of Nonlinear Generator). Let E = R? x (1,...,J} and let (xs, I_f) be the rescaled Markov process
with generator A, from (2.1) and let H, be the nonlinear generators defined in Definition 3.1. Then, the multivalued operator H C
CRYYx CRY x T4 x {1,...,J}) given by

H:={(f.H;,) : f€C*RY), H;,e CRx E"Yandp € C*(E')},

where the images H, , : RYxT?x({l,...,J} > Rare

. . 2 . .
Hy o) = 24,6000+ 3V 0+ V,0 0] = Vo o)V 700 + V,6/ )
J

+ 2 rij(x,y) [e(p(y,j)—(p(y,i) _ 1] .
=1
is such that H C ex — LIM H,. Moreover, for all ¢ parametrising the images we have a map H, : R* xR? x T¢ x {1,...,J} — R such

that for all f € D(H) and any x € R?, the images H, , of H are given by

@

H;,(x,2)=H,(x,Vf(x),2)), forallz eT?x({1,....J}.
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Proof. We want to prove that H, converges to H in terms of Definition 4.2. With this aim, note that, by the definitions of A, and
H,, we have

i i 1 i i i
H, f(x,i)= %Axf W+ 5 |Vof W -vy (x, Z) V. /i)
&
X X,j)—f(x,i))/€
+ Yy (x,;) (eSS /e _ )
Choosing functions f,(x,i) of the form

feen=f@+ee([3] )= ronxi+en([Z] 1),

we obtain,

[l
) (H 1] ,

H(fe 0 = £a70+ 34,60 ([2] )+ 3[vreo+ v, (|

LIRS

X
€

—Vy' (x,x/¢) (Vf(x) + Vygoi ([;—C]Zn)> + i rij (x,x/€) [ew([

where V, and 4, denote the gradient and Laplacian with respect to the variable y = x/e. We can conclude that
Ifon. = felle = If () = fe(x. Dllg = ellpllp — Oas e — 0,

and

IH, on, —H follp = sup
(x.)EE

=0
=% swp [4f@|—0. O O
(x,))EE

(5[], )~ in

Remark 4.4. Note that for all f € D(H) the image H, has the representation
H,(x,p,z) = e P [Bx,p +Vipt RX] e?(z)

with p = Vf(x) and
(Boyh0.) 1= SA,G. 0+ (p= Vo' (5,3)) -V (3, 1)

(Vo) 1= (372 = b V') (2.,
J

(Ry (1) 1= ) 1y, 0 TA(Y, ) = h(p, D]
j=1

Proposition 4.5 (Existence of an Eigenvalue). Let E' = T¢ x (1,...,J} and let H, : R? x RY x E' — R the images of H given in
Proposition 4.3. Then, for all p € RY there exists an eigenfunction &p € CX(E'x{1,...,J}) with gi’p > 0 and an eigenvalue 4, , such that

[Bx,p + Vx,p + Rx] 8xp = Ax,pgx,p‘

Proof. We want to solve the following eigenvalue problem

[Le,+R ] &p=Aip8up 4.1)

J

where L, , is a diagonal matrix with (L, ,);; = (By,); + (Vy,); and (R,);; = r;; for i # j and (R,); = Z,:] rije

Guido Sweers showed (see [32]) that there exists Yxp and 8p>0 such that
[_Lx,p - Rx] gx,p = yx,pgx,p
when L, , is a diagonal matrix with (L, ,); of the type —A + p- V + c. Hence, in our case, the equality (4.1) is verified by taking
}'x,p = _yx,p- D

In the next proposition we prove that the images H,, depend only on x and p.

Proposition 4.6. Consider the same setting of Proposition 4.5 and let H(x, p) be the constant depending on p and x given in (2.2). Then,
for all x,p € R? there exist a function ¢, , € C*(E') such that

H, (x.p.z)=H(x.p) fordlze E'. (4.2)

Proof. By Proposition 4.5, there exists a function g, , and a constant 4, , that satisfy the eigenvalue problem for the operator
Ly, +R,, defined in (4.1). By the variational representation established by Donsker and Varadhan in [10], the eigenvalue is
equal to the constant H(x,p) defined in (2.2). Then, equality (4.2) follows from Remark 4.4 and Proposition 4.5 by choosing
@xp=logg,,. O
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4.2. Regularity of the Hamiltonian

Before proving the comparison principle, we first show that the map p — H(x, p), constructed out of the eigenvalue problem in
Propositions 4.5 and 4.6, is convex, coercive and continuous uniformly with respect to x.

Proposition 4.7 (Convexity and Coercivity of H). The map H : (x, p) — H(x, p) in (2.2) is convex in p and coercive in p uniformly with
respect to x. Precisely,

lim inf H(x,p) = o0
|p|—>o0 x€K

for every K compact set. Moreover, H(x,0) = 0 for all x € R.

Proof. By Proposition 4.6 the eigenvalue H(x, p) admits the representation

H(x,p) = —sup inf {ﬁ [(—Bx,p ~Vip— Rg] (Z/)}

g>0 2/ €E’

. 1
=inf s — [B,,+V,, + R !
g s { 5 o Vg 0

=inf sup {e—V‘(Z') [(B,, + Vi, + R)e?| (z/)} =: inf sup F(x,p, )z,
¢ zeE! ’ ’ ? z'eE’

where the map F is given by

FOup,)(n) = 346/ + 31960+ 517 = Vo 30V ) + )

J
+ z rij(x’ ) [eq)’(y)—w’(y) _ 1] .
Jj=1

Note that F is jointly convex in p and ¢. By Proposition 4.6, for every x, p there exists ¢, , such that equality holds, i.e. for any
z! € E’, we have H(x, p) = F(x, p, (pxwp)(z/ ). Therefore, we obtain for ¢ € [0, 1] and any p,, p, € RY with corresponding eigenfunctions
e?! and e?2 that

H(x,&py + (1= &)py) = inf sup F(x,ep; +(1 - &)p,, 0)
<supF (x.&p1 + (1 =Opy. 0y + (1 = O)gy)
< sup [6F(x, pro@p) + (1 = OF (x, 3, 02)]
< 5sz_lpF(x,p1,<p1)+ 1-9 SE,pF(x’Pza(ﬂz)

=EH(x, pp) + (1 = HH(x, py).

Regarding coercivity of H(x, p), we isolate the p? term in V, p» to obtain

2
H(x,p) = L + inf sup {e"” [Bxp -p-Vyy+ RX] e‘”} .
2 (2 ”

Any ¢ € C?(E') admits a minimum (y,,, i,,) on the compact set E’, and with the thereby obtained uniform lower bound
I'(x,p, ) = sup {e—tﬂ(zm) [Bx,p —p-Voy+ Rx] etﬂ(Zm)}
E/
> e %(m) [Bx.p -p- Vo + Rx] ®Gm)
1 . 1 . i .
= 54,00n t,,,)+§I V@ i) I+ (0 = Vo' (5, 9,)) - V0 Wys i)
—_—— —_——
+ iy (% ) [P0 OO 1] —p -V (. y,) 2 —p - V(5 ).
# —_—
>0
Using the lower bound I'(x, p, ) > —p - V yin(x,y,) > inf g (—p - V,y), it follows that, if K is a compact set

[pl—c0

2 . .
inf Hx, p) 2 & = sup sup(p - V., (x, 1)) 2 +p? = sup sup [V, (x, »)I s oo
xek 2 xeK E' 4 x€K E’'

Regarding H(x,0) = 0, note that I'(x, 0, ¢) < 0 for all x and ¢. Then we have the first inequality H(x,0) > inf » T'(x,0,9) 2 0. For the
opposite inequality we choose the function ¢ = (1, ..., 1) in the representation of H. []

Proposition 4.8 (Continuity of H). The map H : (x,p) € RY x R - H(x, p) € R is continuous.

10
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We will prove the continuity of H by showing that it is lower and upper semicontinuous. For that, we need the following auxiliary
results. In particular, for the lower semicontinuity we will make use of the I'-convergence in the sense expressed in the following
lemma in which we prove that property in a general context. Later, we will use it for J(x, p,0) = I, ,(6).

Lemma 4.9 (I'-Convergence). Given two sets U,V C RY and a constant M > 0 we define Ouyy.m as

Ovymw= |J 10€6lT(xp0 <M}
xeU,peV

Let J : RY xRY x © — [0, oo] satisfy the following assumptions:

(i) The map (x, p,0) —~ J(x, p,0) is lower semi-continuous on R? x R? x O.
(ii) For every x and p fixed and M > 0, there exist U, and U, open and bounded neighbourhoods and a constant M’ such that

J».q.0) <M forallyeU,, g€ U, and 0 € O,y () m-
(iii) For all compact sets K, C R? and K, C R and each M > 0 the collection of functions {J (-, -, 9)}QE@K1'K2<M is equi-continuous.
Then if x, — x and p, — p, the functionals J, defined by
J,0) 1= T (x,,, . 0)
converge in the I'-sense to J. (0) := J(x, p,0). That is:
1. If x, » x, p, —» p and 0, — 6, then liminf,_  J(x,,p,.0,) = T (x,p,0),
2. For x,, » x and p, — p and all § € O there are controls 6, € O such that 6, — 6 and limsup,_, ., J(x,, p,.0,) < T (x,p,0).
Proof. Let x, — x and p, — p in RY. If §, — 6, then by lower semicontinuity (i),
li;lliorolf J(x,, Pp0,) = T (x,p,0).

For the lim-sup bound, let 6 € . If J(x, p,0) = oo, there is nothing to prove. Thus suppose that J(x, p,0) is finite, i.e., 0 € O4).(p) M
for some M. Then, by (ii), there exist a bounded neighbourhood U, of x, a bounded neighbourhood U, of p and a constant M’ such
that for any ye U, and g € U,

J(.q.6) < M'.

Since x, — x and p, — p, the sequences x, and p, are, for n large, contained in U, and U, respectively. Taking the constant
sequence 6, := 6, we thus get that J(x,, p,.0,) < M’ for all n large enough. By (iii), the family of functions {J(,, 9)}9660 - is
equi-continuous, and hence !

nlir{go |T x5 Pys 0,) = T (x, p,0)| <0,
and the lim-sup bound follows. []
We can now prove that the function I, , in (2.2) is I'-convergent.

Proposition 4.10 (I'-Convergence of I, ,). Let I, , : © — [0, 0] the function defined in (2.2). If x, — x and p, — p, the functionals
1,0) =1, , (0) converge in the I'-sense to 1,(0) := I, ,(0).

Proof. Using Lemma 4.9, we only need to prove that I, , verifies the assumptions.
Assumption (i). For any fixed function u € D(L, ) such that u > 0, the function (L, ,u/u) is continuous. Thus, for any such fixed
u > 0 it follows that

L, . u
(x,p,0) > / P 46
E!

u

is continuous on R? x R¢ x ©. As a consequence I(x, p,6) is lower semicontinuous as the supremum over continuous functions.

Assumption (ii). Fix x, pand M > 0. Let § € O, pM- Then, I,,0) = I(x,p,0) < M. It follows from [28, Theorem 3] that
the density % exists. Moreover, by the same theorem, for all y and ¢ there exist constants c,(y,q),c,(y,q) positive, depending
continuously on y and ¢, but not on 6, such that

I,,00) < (y, q)/l [Vegl* dz +es(y. ),
E

where g, = (d0/dz)'/? is the square root of the Radon-Nykodym derivative. As the dependence is continuous in y and g, we can
find two open neighbourhoods, U € R? of x and V C R¢ of p, such that there exist constants c;,c, positive, that do not depend on
0, such that forany ye U and g € V:

1,0 <¢ /E Vel dz+cy := M,

11
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obtaining then (ii).

Assumption (iii). By the continuity of r; T and y, assumption (iii) follows from Theorem 4 of [28]. []

The following technical lemma will give us the upper semi-continuity of H.
Lemma 4.11 (Lemma 17.30 in [1]). Let X and Y be two Polish spaces. Let ¢ : X — K()), where K(Y) is the space of non-empty compact

subsets of V. Suppose that ¢ is upper hemi-continuous, that is if x, — x and y, - y and y, € ¢(x,), then y € ¢(x). Let f : Graph(¢) > R
be upper semi-continuous. Then the map m(x) = sup ey f(x,y) is upper semi-continuous.

We can finally prove the continuity of H(x, p).
Proof of Proposition 4.8. We have already showed that I, ,(u) is lower semicontinuous and, since V,(x,i) is continuous and
bounded, f g Vxpdu is continuous. Then, f(x,p, u) := f g Vxpdu — I ,(u) is upper semi-continuous.

Let x,p € RY. We know, by Proposition Appendix A.1 in the appendix, that there exists a unique stationary measure 6‘2[) such

that for all g € D(L, ),

/ L,,8(z, i)degp =0. (4.3)
E' k

Let L} = 4(A— L, ,)"'L,, the Hille-Yosida approximation of L, ,. Then we have

i (U -L >u
- / —Lx*"”dag =- / Bty / AT
E' u P E' u x.p E' u x-p

Lipu 0 1 h
<- —do, + Ly —L
<= [ = = Ll

J! 0
< _/E’ Lx’plogua'ex’p+o(l).

Sending 4 — 0 and using (4.3) we have that Ix,p(ag,p) = 0. Then, H(x,p) > [ & deeg,p. Thus, it suffices to restrict the supremum
over 0 € ¢(x, p) where

$(x.p) 1= {0 € P(E") |1, ,(0) < 2| (x, p, Mpeen } -

where ||-||pgr, denotes the supremum norm on P(E') and we called for simplicity IT(x, p,0) = /| o Vi pdo.
Note that [|II(x, p, 8)||pgr, < oo by definition of V, ,. It follows that

H(x,p)= sup [/ Vipdu—1. (W]
oepx.p) LJE

¢(x, p) is non-empty as Gg'p € ¢(x, p) and it is compact because any closed subset of P(E’) is compact. We are left to show that ¢ is
upper hemi-continuous. Let (x,, p,,0,) — (x, p,0) with 6, € ¢(x,, p,). We establish that 6 € ¢(x, p). By the lower semi-continuity of I
and the definition of ¢ we find

L p(0) <liminf I, (6,) < liminf 217 Cxs pys llpcery = 2T Cx, P )llpe)

which implies indeed that 6 € ¢(x, p). Thus, upper semi-continuity follows by an application of Lemma 4.11.

We proceed with proving lower semi-continuity of H. Suppose that (x,, p,) = (x, p), we prove that liminf, H(x,, p,) > H(x, p). Let
0 be the measure such that H(x, p) = I1(x,p,0) — I, ,(6). By Proposition 4.10, there are 6, such that §, — 6 and limsup, Iy 5,0 <
I, ,(0). Moreover, I1(x,, p,,0,) converges to II(x, p,§) by continuity. Therefore,

liminf H(x,, p,) > liminf I1(x,, p,.0,) = I, , (6,)
n—oo n—oo n*Fn
> liminf I1(x,, p,,0,) — limsup I, , (6,)
n—0o0 n—00 nn
2 I (x,p,0)— I, ,(6) = H(x, p),

establishing that H is lower semi-continuous. []
4.3. Comparison principle

In this section we prove the comparison principle for the Hamilton-Jacobi equation in terms of H by relating it to a set of
Hamilton-Jacobi equations constructed from 7/ (Fig. 3). We introduce the operators H;, H, and H,, H,. In both cases, the new
Hamiltonians will serve as natural upper and lower bounds for Hf (x) = H(x, Vf(x)) and H respectively, where H and H are the
operators introduced in Propositions 4.6 and 4.3. These new Hamiltonians are defined in terms of a containment function Y, which
allows us to restrict our analysis to compact sets. Here we give the rigorous definition.

Definition 4.12 (Containment Function). A function Y : R? — [0, o) is a containment function for Ve, in (2.2),ifY e C 1(R?) and
it is such that

12
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H comparison H
Supk; super

Hy super 1y

sub
G sub

Fig. 3. An arrow connecting an operator A with operator B with subscript ‘sub’ means that viscosity subsolutions of (1—1A4)f = h are also viscosity subsolutions

of (1 = AB)f = h. Similarly for arrows with a subscript ‘super’. The box around the operators H; and H, indicates that the comparison principle holds for
subsolutions of (1 — AH,)f = h and supersolutions of (1 - AH,)f = h.

» Y has compact sub-level sets, i.e. for every ¢ > 0 the set {x|Y(x) < ¢} is compact ;
* SUPyeprd ep Vivy(x)(2) < 0.

Lemma 4.13. The function Y (x) = % log (1 +|x|?) is a containment function for V, ,.

Proof. Firstly note that ¥ has compact sub-level sets. Regarding the second property, by the definition of V,
xeRand z=(y,i) e T¢ x {1,...,J},

p» we have for every

X
201+ x|

Recalling that y grows at most linearly in x, we can conclude that sup, , V, yy(2) < c0. []

X
1+ |x]?

VivremOsi) = - V.yi(x,y)

Using the above lemma we are now able to define the auxiliary operators in terms of Y. In the following we will denote by
C>(E) the set of smooth functions on E that have a lower bound and by C*(E) the set of smooth functions on E that have an
upper bound.

Definition 4.14. Fix 5 € (0, 1) and given Y (x) = % log (1+1x]?), Cy :=sup, . V, yy((2) and Hf (x) = H(x, V f(x)), we define
* For f € Cf"(E),
fli=A=nf+nY,
H (x) 1= (1= nHf(x) +nCy,
and set

Hy = {1 H] )| f eCRELEO. D}

* For f € C°(E),

fl=A+mf—ny,
H (x) := 1+ mnHf(x) =nCy,

and set

H, = {(f_,:’,Hg’f)lf € C®(E),n € (0, 1)}.

Definition 4.15. Fix n € (0, 1) and given Y(x) = % log (1+1x]%), Cy :=sup, . V, yy((2) and Hf (x) = H(x, V f(x)), we define
« For f € C°(E), ¢ € C2(E"), n € (0, 1) set

=0 =nf+nY,
HI, (x.2) 1= =nHj,(x,2)+1Cy,

and set
H, = {(f", H )| f€CX(E).peCHE)n €, 1)} .
« For f € C®(E), ¢ € CXE"), n € (0,1) set

F= S —nY,

13
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n -
H,  ,(x.2) 1= (L +mH ,(x,2) = nCy,

and set
Hy = {1}, )| [ € C(E).g € CAENLnEO D],

We now prove the comparison principle for f — AH f = h based on the results summarised in Fig. 3.

Theorem 4.16 (Comparison Principle). Let h € C,(E) and A > 0. Let u and v be, respectively, any subsolution and any supersolution to
(1 — AH)f = h. Then we have that

sup u(x) — v(x) < 0.

Proof. Fix h € C,(E) and 4 > 0. Let u be a viscosity subsolution and v be a viscosity supersolution to (1 — AH)f = h. By Fig. 3, the
function u is a viscosity subsolution to (1 - 4H,)f = h and v is a viscosity supersolution to (1 — AH,)f = h. Hence by the comparison
principle for H., H; established in Theorem 4.17 below, sup, u(x) — v(x) < 0, which finishes the proof. []

The rest of this subsection is devoted to establishing Fig. 3. More precisely, we establish Fig. 3 in results 4.17, 4.18, 4.19 and
4.24.

The next theorem contains the comparison principle for H; and H.. The proof follows standard ideas that can be found for
instance in [2,5]. In order to be able to use both the subsolution and supersolution properties in the estimate of sup, u(x) — v(x), we
use the following strategy based on the introduction of double variables.

1. First of all, note that the supremum over x of u(x) — v(x) can be replaced, sending £ — 0, with the supremum over x and y of
the double variables function u(x) — v(y) — (2¢) 1 (x — y)?
2. Once the supremum (x,y) is found, we are able to use the sub-super solution properties in the following way:

- fixing y and optimising over x, it can be used in the application of the subsolution property of u
- fixing x and optimising over y, it can be used in the application of the supersolution property of v.

Theorem 4.17. Let h € C,(E) and 4 > 0. Let u be any subsolution to (1 — AH)f = h and let v be any supersolution to (1 — AH;)f = h.
Then we have that

sup u(x) — v(x) < 0.

Proof. Following the above steps we define the double variables function

ux) o) Ix=—yP s B
D, p(x,y) = ———————Y( )——— Y.
—-p 1+p 2¢e 1-p 1+p
Note that the containment function Y is introduced in order to be able to work in a compact set, and the positive constant g will
allow us to use the convexity of . Since @, ; is upper semicontinuous and lim, ;|- P(x,y) = —o0, for every ¢ € (0, 1) there exists

(x,,y,) such that

D, p(x.,y) = sup D p(x,y). 4.4
R xRd
Suppose by contradiction that § = u(%) — v(X) > 0 for some %. We choose f such that m)f(x) <6/2 and ( [~ + CY) <§/2.
Then,
b, s(x,.,y,)>D (i,i)>5—LY(i)>é>0, (4.5)
efite el = Tep A=-pa+p 2
and

B B u —v
LA L £ - .
=5 (x)+1+ﬂ (¥e) sup(l_ﬂ)+sup<l+ﬂ><oo
Therefore there exists R; > 0 such that x, and y, belong to B(0, Ry).
Next we observe that by Lemma 3.1 of [5],
ng — Ve |2
I3

-0 as € - 0%,

and, as a consequence, |x, — y,| = 0 as € - 0*. Define the functions (pi’ﬂ € D(H;) and (p;’ﬂ € D(H;) by

£,/ _ (ys | _ys|2 B [/ _ _ 2
P ) =>0-§ [1 T —25 + -3 _ﬁY(X)+ T+3 +ﬁY(yg)+(1 A(x—x,)
Y we) e =y BB Ly

S M=>0+p [ ~ % ] _ﬂY(xg) 1 +ﬂY(y) A+pHy—-y)"] -
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B

Using (4.4), observe that u — (pi attains its supremum at x = x,, and thus

sup(u - @) = -7 )xp).

Moreover, by addition of the (I — f)(x — x,)? term, this supremum is the unique optimiser of u — goi‘ﬂ . Then, by the subsolution and
supersolution properties, taking into account Remark 3.6,

e~ Ve

u(x) = 2 [(1 = pH (x, )+8Cy| < hixo).

With a similar argument for u, and ¢}, we obtain by the supersolution inequality that

o) = A [+ P2 (3, =25 ) = pCy | 2 ). 4.6)

By the coercivity property obtained in Proposition 4.7 on Section 4.2 and by the inequality (4.6), p, := x‘s;y‘ is bounded in ¢,
allowing us to extract a converging subsequence p, . We conclude that for each

liminf ®(x,. y,)
=0

< lim mf uxe) _ v0ye)
=0 ﬂ 1+ ﬁ
B
<11mmf ( k,p5k>+—ﬁCY AH (ygk,pfk) mCY
h(xék) h(ye,)
1-p 1+p
o h(xg,) — h(ye,) 28
ghgloro)u[ﬂ (xfk,pgk)—H(ygk,pgk)] = = (Al + Cy)
2p
< h|l+Cy).
g (Ihl+cy)
As p is chosen such that (||h|| + CY) < §/2, we obtain a contradiction with (4.5), establishing the comparison principle. []

Below, we complete the figure by proving the left-hand side of Fig. 3.

Lemma 4.18. For all h € C(RY) and A > 0, viscosity subsolutions of (1 — AH)f = h are viscosity subsolutions of (1 — AH,)f = h, and
viscosity supersolutions of (1 — AH)f = h are viscosity supersolutions of (1 — AH,)f = h.

Proof. Fix A >0 and h € C,(E). Let u be a subsolution to (1 — AH)f = h. We prove it is also a subsolution to (1 — AH,)f = h. Fix
ne 1), g C¥E)and f € C(E), so that (f], HF/ ,) EH with f]" and H;’M) as in Definition 4.15. We will prove that there
are (x,, z,) such that

limu(x,) = f(x,) = supu(x) = £} (x), 4.7

limsupu(x,) = AH (%, 2,) = hx,) < 0. (4.8)
n

Given M :=y~! supy u(y) = (1 =) f(y) < oo, as u is bounded and f € CX(E), we have that the sequence x, along which the limit in
(4.7) is attained, is contained in the compact set K := {x|Y(x) < M }. We define y : R — R as a smooth increasing function such

that
r ifr<M,
y(r) = .
M+1 ifr>M+2.

Denote by f, the function on E defined by
Sy =v(A =nfx)+nY(x) = J/(fl”(x)).

By construction, f, is smooth and constant outside a compact set and thus lies in D(H). We conclude that (f,, H (1= —np) € H. As
u is a viscosity subsolutlon for (1 — AH)u = h, there exist x, € E and z, € E’' with

limu(x,) = f,(x,) = supu(x) = f, (),
limsupu(x,) = AH ;. (1_yp(Xy» 2,) = h(x,) < 0. (4.9)

Since fI” equals f, in K = {x|Y'(x) < M}, we also have that

limu(x,) - f/(x,) = supu(x) - £ (),
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establishing (4.7). Convexity of H 70(x:2) = H,(x,Vf(x),2) in p and ¢ yields for arbitrary (x, z) the elementary estimate
Hp (1-pp(:2) =H(1_pe(x, (1 =mV f(x) + nVY (x), 2)
<A =mH,(x,Vf(x),z)+nHy(x, VY (x), z)

=0 =mH,x,Vf(x),2) + 1V, vy (2
n
< Hl,f,w(x, z).
Combining the above inequality with (4.9), we have
lim sup u(x,,) — /lef ,(6:2) = h(x,) <Timsupu(x,) = AH (1%, 2,) = h(x,) <0,
n e n
establishing (4.8). The supersolution statement follows in the same way. []

Lemma 4.19. Fix 4> 0 and h € C,(E).

(a) Every subsolution to (1 — AH,)f = h is also a subsolution to (1 — AH;)f = h.
(b) Every supersolution to (1 — AH,)f = h is also a supersolution to (1 — AH;)f = h.

The definition of viscosity solutions, Definition 3.5, is written down in terms of the existence of a sequence of points that
maximises u— f or minimises v— f. To prove the lemma above, we would like to have the subsolution and supersolution inequalities
for any point that maximises or minimises the difference. This is achieved by the following auxiliary lemma.

Lemma 4.20. Fix A > 0 and h € C,(E).
(a) Let u be a subsolution to (1 — AH,)f = h, then for all (f,g) € H, and x, € E such that
u(xg) — f(xp) = SgP u(x) — f(x)
there exists a z € E’ such that
u(xg) — Ag(xg, z) < h(xgp).
(b) Let v be a supersolution to (1 — AH,)f = h, then for all (f,g) € H, and x, € E such that
v(xg) — f(xg) = ir}(f v(x) = f(x)
there exists a z € E’ such that
v(xg) — Ag(xg, z) = h(xg).

For a proof of the above Lemma see Lemma 5.7 of [23].

Proof of Lemma 4.19. We only prove the subsolution statement. Fix A > 0 and h € C,(E). Let u be a subsolution of (1-AH)f = h.
We prove that it is also a subsolution of (1 — AH,)f = h. Let fl” =(1-nf+nY € D(H,) and let x, be such that

u(xg) = f(xg) = supu(x) — £7(x).

For each & > 0, since H(x, p) is a principal eigenvalue for L, , + R, (as remarked in Proposition 4.6, there exists a function g such
that

H(xq, Vf(xg) =8~ (on,v i) T RXU) g (4.10)
As
(ff,(l —-mg™! (on,Vf(xo) + Rxo) g+ WCY) € Hy,
we find by the subsolution property of u and that there exists z such that
hx) 2 ux) = A ((1=mg™ (L v + Ry ) 84 1Cy )
= u(xg) — 4 ((1 = YH(xq, V.f(x0)) + nCy )
where the second inequality follows by (4.10) and it establishes that u is a subsolution for (1 — AH.)f = h. [

We conclude this subsection proving the right part of Fig. 3.
Proposition 4.21. Let the map H : R? x RY — R be the eigenvalue (2.2) and let H : D(H) C C'(R?) — C(RY) be the operator
Hf(x) := H(x,Vf(x)). Then, for all 2> 0 and h € C(R?), every viscosity subsolution of (1 — AH)f = h is also a viscosity subsolutions of
(1 - AH)f = h and every viscosity supersolution of (1 — AH)f = h is also a viscosity supersolution of (1 — AH,)f = h.
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Proof. Fix A > 0 and h € C,(E). Let u be a subsolution to (1 — AH)f = h. We prove it is also a subsolution to (1 — AH.)f = h. Fix
n>0and f € CP(E) and let (fF, H;’f) € H; as in Definition 4.14. We will prove that

(4= 17) 0 = sup (w0 = 1)
implies

u(x) — AHZ,f(x) —h(x) <0. (4.11)
As u is a viscosity subsolution for (1 — AH)f = h and f. f € D(H), if

(1= r1) = sup (w0 = 1))
then,

u(x) — AH f:(x) — h(x) <0. (4.12)
Convexity of p — H(x, p) yields the estimate

Hf, () = H(x, Vf,(x))
<A =nH(x, V(X)) +nH(x, VY (x))
SA=nHE Vf(x)+nCy = H:’f(X).

Combining this inequality with (4.12), we have
u(x) — ﬂHff(x) — h(x) < u(x) = AHf(x) = h(x) 0,

establishing (4.11). The supersolution statement follows in a similar way. []
4.4. Exponential tightness

To establish exponential tightness, we first note that by [14, Corollary 4.19] it suffices to establish the exponential compact
containment condition. This is the content of the next proposition.

Proposition 4.22. For all K C E compact, T > 0 and a > 0 there is a compact set Ky 1, C E such that

lim sup € log P U {Ye(t) ¢ Kx 1.4} # 9| < max{—a,limsupelogP(X,(0) & K)}. (4.13)
e—0 1€[0.T] =0

Remark 4.23. Note that, since Y¢(0) satisfies the large deviations principle by assumption, inequality (4.13) gives the searched
compact containment condition.

Proof of Proposition 4.22. First of all let us consider ¢ = 0. Note that, by Lemma 4.13, we have sup, , Hy(x,VY,z) =
sup, . Vyvy(»(2) £ Cy. Choose f > 0 such that TCy — f < —a. Since Y is continuous, there is some ¢ such that the set
G = {x|Y(x) <c+p} is non empty. Note that G is open and let G be the closure of G. Then, G is compact. Let f(x) := 10Y
where : is some smooth increasing function such that

r ifr<p+ec,
r) =
2+c¢ ifr>p+c+2.

It follows that (oY equals Y on G and is constant outside of a compact set. Set fe = fon., g = H,f, and g = H, ,. Note that
g(x,2) = H,(x,VY(x),2) if x € G. Therefore, we have SUP, G .cpr 8(x,2) < Cy. Let T be the stopping time 7 := inf {t >0|Ye(r) & 5}
and let

t
M, (1) :=exp { é <f(Y£(l)) - f(Y4(0) - /0 8 (YE(s), I_E(t))dS> } .
By construction M, is a martingale. Let K C E be compact. We have
P [ U {roe¢c}+ ﬂ]
1€[0,T)

< IP’(Y‘(O) ek. | {Yé(z) gE}) FP(YE(0) & K)

t€[0,T]

=FE [I(YE(O)EK}]I{U,E[QT]{Y‘(T)QE}}ME(T)ME(T)_I] +P(Y4(0) ¢ K)
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<exp {_% ( inf_f(n) = S(Y(O)

Y1
-T  sup  g(n, i)>}
y,€Gi€(l,....J}

xXE H(YL(O)GK}l{UIEmT]{W(%@}}Mﬁ(f)] +PX*(0) € K).

Since sup (x,2) < Cy, and g is the limit of g, for ¢ — 0 in the sense of Definition 4.2, we obtain that the term in the

xeG.zeE' 8
exponential is bounded by é (CyT-8) < —éa for sufficiently small e. The expectation is bounded by 1 due to the martingale

property of M,(r). We can conclude that
limsup € log P [ U {Yg(t) & KT,a} # ﬂ] < max{—a,limsupelogP(Y*(0) ¢ K)}
£—0 1€[0,T] -0

where Ry 7,=G. [
4.5. Action-integral representation of the rate function

In this section we establish a representation of the rate function as an integral of a Lagrangian function £. We refer to this
representation as the ‘“action-integral representation” of the rate function 7. We argue on basis of Section 8 of [14] for which we
need to check the following two conditions.

Lemma 4.24. Let H : R xRY — R be the map given in (2.2) and H : D(H) C C'(R?) - C(RY) the operator Hf (x) := H(x,V f(x)).
Then:
(i) The Legendre-Fenchel transform L(x, v) := sup,ega (p-v—H(x, p)) and the operator H satisfy Conditions 8.9, 8.10 and 8.11 of [14].
(ii) For dll A> 0 and h € C(R?), the comparison principle holds for (1 — AH)u = h.

Proof. To prove the first aim, we will show that following items (a), (b) and (c) imply Condition 8.9, 8.10 and 8.11 of [14]. Then,
the proof of (a), (b), (c) is shown in [26, Proposition 6.1].

(a) The function £ : RY x R? — [0, o] is lower semicontinuous and for every C > 0, the level set {(x,v) € R xR? : L(x,v) < C}
is relatively compact in RY x RY.
(b) For all f € D(H) there exists a right continuous, nondecreasing function vy 1 [0,00) — [0, 0) such that for all (x, v) € R xR9,

V/G)-0l SypLe)  and  lim 2 “

r—-oo r

(c) For each x, € R? and every f € D(H), there exists an absolutely continuous path x : [0, c0) — R? such that x, = x(0) and

1 t
/ H(x(s), Vf(x(s)) ds = / [V (x(5)) - %(s) = L(x(s), x(5))] ds.
0 0

Then regarding Condition 8.9, the operator Af(x,v) := Vf(x)- v on the domain D(A) = D(H) satisfies (1). For (2), we can choose
I =T¢ xR, and for x, € T, take the pair (x, A) with x(t) = x, and A(dv X dr) = §,(dv) X dt. Part (3) is a consequence of (a) from
above. Part (4) can be verified as follows. Let Y the containment function used in Definition 4.14 and note that the sub-level sets
of Y are compact. Let y € AC with y(0) € K and such that the control

/OT Ly(9),7(s)ds <M
implies y(z) € K for all < T, with K compact. Then,
Y@y () =Y 0) + /OI (VY (r(s), 7(5)) ds
SY@O)+ /0 t L(y(5),7() + H(y(s), VY (r(s))) ds

T
<supY(W+ M + / sup H(z, VY (z))ds
yeK 0 z

=C < 0.

Hence, we can take K = {z € RY|Y(z) < C}.

Part (5) is implied by (b) from above. Condition 8.10 is implied by Condition 8.11 and the fact that H1 = 0, by Proposition 4.7
(see Remark 8.12 (e) in [14]). Finally, Condition 8.11 is implied by (c) above, with the control A(dv x dt) = 830 (dv) X dt.

The comparison principle for H follows from Proposition 4.21 and Theorem 4.17. []
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In the following, we prove the integral representation of the rate function. Firstly, let us recall that Theorem 3.8 gives the
existence of a semigroup V' (r) and a family of functions R(4) and let V(¢) : C(R?) — C(R?) be the Nisio semigroup with cost function
L, that is

t
Vo f(x)= o [f(}'(t))—/0 £(}’(t)»f/(5))d5]~
7€ACR [0.00
y(0)=x

Let R(A)h be the operator given by
S t
R(A)h(x) = sup / Alei T [h(y(z» - / c(y(s),y(s»] dr.
yEAC JO 0

7(0)=x

The proof of the result below is based on the following four main steps.

Fig. 3 on Section 4.3 shows that R(A)h is the unique function that is a sub- and supersolution to the equations (1 — AH;)f = h
and (1 — AH;)f = h respectively.

R(A)h has been proven to be the unique viscosity solution to (1—AH)f = h. Then, again by Fig. 3, we must have R(A)h = R(1)A.
Starting from the equality of resolvents we work to an equality for the semigroups V (r) and V(7).

Recalling that the rate function in Theorem 2.8 is given by,

k

160 = Io(x(O) +sup sup Y I,y (x(0)Ix(t;-1)
KeN (11,...1%) i=

with I,(z]y) = supsecp)lf(z) — VOS], it is not difficult to realise that, if V(f) = V(), it follows that [,(y|z) =
inf 0 fy L(s), 7(s)) ds.

y()=y

Theorem 4.25 (Integral Representation of the Rate Function). The rate function of Theorem 2.8 has the following representation
1(x) Iy(x(0) + [y~ £ (x(), (1)) dt if x € AC([0, ); RY),
xX) =
oo else,

where L(x,v) = SUpege [p - v — H(x, p)l is the Legendre transform of H.

Proof. Following the above mentioned steps, we recall that, as stated by Theorem 3.8, there exists a family of operators R(4) :
Cy(R?) — Cy(R?), such that for A > 0 and 2 € C,(R?), the function R(4)h is the unique function that is a viscosity solution to
(1 - AH)f = h and such that
m
lim HR (i) f-vsll=0  forall fina dense set D C C,(R). (4.14)
m

m—co

See also [21, Theorem 7.10] or [14, Theorem 7.17] for the construction of the operators R(1). By [23, Proposition 6.1] (or [14,
Chapter 8]), R(4) is the unique viscosity solution to (1 — AH)f = h. Then, Fig. 3 on Section 4.3 shows that it must equal R(A)h.
Moreover, we find by [14, Lemma 8.18] (whose assumptions are implied by Lemma 4.24 above) that for all f € C,,(]R" ) and x € R?

lim R (%)m £ =V £(x). (4.15)

We conclude from (4.14) and (4.15) that V(r)f = V(1)f for all r and f € D. Now recall that D is sequentially strictly dense so
that equality for all f € C,(R?) follows if V(r) and V(¢) are sequentially continuous. The first statement follows by Theorems [20,
Theorem 7.10] and [21, Theorem 6.1]. The second statement follows by [14, Lemma 8.22]. We conclude that V (¢)f = V(¢)f for all
f € C,(R?) and ¢ > 0. Using Theorem 8.14 of [14] and the convexity of v = L(x,v) we get the integral representation. []

5. A more general theorem

Analysing the proofs in the previous sections, we can state the following facts:
» In the proof of large deviations principle, the main steps are:

1. Convergence of the nonlinear operators H, to a multivalued operator H,
2. comparison principle for (1 - AH)f = h.

+ The existence of an eigenvalue H(x, p) and its convexity, coercivity and continuity are crucial for our approach to comparison
principle and

- the arguments for existence, convexity and coercivity (proofs of Propositions 4.1 and 4.7) are based on the fact that H(x, p)
is the eigenvalue of an operator of the type B, ,+V, ,+ R, with the three operators that verify particular properties such
as coercivity and the maximum principle,
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— to show the continuity of H the representation (2.2) is needed. In particular, some properties of V and I, like I'-
convergence, are necessary.

The above observations allow for a straightforward generalisation in Theorem 5.3 and justify the assumptions of the next subsection.
In this section we indeed prove the large deviation principle for a general switching Markov process. In particular, we will study
the Markov process (Y, I?), that is the solution to the Martingale problem corresponding to the following operator

J
Acf i) 1= AD £ D) + Yy G x/e) G ) = fx.D] (5.1
j=1

with Ag) : D(Ag)) C C(R%) — C(RY) be the generator of a strong R?-valued Markov process, with domain D(Ag)).

5.1. Assumptions

Here we give the assumptions needed.

Assumption 5.1. The nonlinear generators H, f = ee™//¢A,e//¢ admits an extended limit H C ex — LIM H, with H of the type
H:={(f,H;,) : f€CRY), H;,€ CRx E') and ¢ € C(E")}.

For all ¢ there exist a map H, : R? x RY x E' — R such that for all f € D(H), x € R? and z € F’, H, ;(x,2) = H,(x,Vf,2).
Moreover, the image H,, has the representation

H(p(x’pv z) = e [Bx,p + Vx,p + Rx] e?(2)

with p=Vf(x) and B, ,.V, ,. R, such that

x.p> ¥ x.p>

(i) For all p € RY there exists an eigenfunction 8p € C2(RY x J) with gi,p > 0 and an eigenvalue H(x,p) such that
(B, + Vi, + R g, = H(x. D)2, .
(i) T, = B, , + R, verifies the maximum principle :
if (i, y,,) = argmin ¢ then e~ ¢m¥m)T, e®lin¥n) > 0,
(iii) p » V,, is coercive uniformly with respect to x.
(iv) p~ B, , and p— V, , are convex uniformly on compact sets.

The above assumption implies the convergence of the nonlinear operators and the existence of the principal eigenvalue H.

Moreover, it will imply convexity and coercivity of H(x, p).

Assumption 5.2. The eigenvalue H is of the type H(x, p) = sup,cp(gry [ACx, p. ) — I ,(w)] with

. (Bx’p + R )u
A(x, p, u) = Vipdnu, and I, ,(u) = —inf ——dy,
E' E'

u>0 u

and the following properties hold

® I, satisfies the assumption of Lemma 4.9,

(i) A(x,p, p) is continuous and || A(x, p, u)|lg < oo,
(iii) there exists a containment function Y for A in the sense of Definition 4.12,
(iv) for all x, there exists a unique measure g} such that I, ,(u}) = 0.

Assumption 5.2 implies the continuity of H.

5.2. Large deviation for a switching Markov process

We are ready to state the general theorem.

Theorem 5.3 (Large Deviation for a Switching Markov Process). Let (Y, If) be the solution of the Martingale problem corresponding to the
operator given in (5.1). If Assumptions 5.1 and 5.2 hold and suppose further that at time zero, the family of random variables {Y*(0)},(
satisfies a large deviation principle in R? with good rate function I, : RY — [0,c0]. Then, the spatial component (Y} satisfies a large
deviation principle in Cya [0, ).

The proof of the above theorem follows the same lines of what is done in Section 4.3.
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6. Conclusions and comparison with previous works

To conclude our work, in the following we summarise all the main novelties of our results.
1. We prove large deviations principle for the Markov process defined in Definition 2.1. The main steps of the proof are:

(a) Convergence of the nonlinear generators H, (3.2).

(b) Proof of continuity of the Hamiltonian H.

(c) Comparison principle for (1 — AH)u = h.

(d) Proof of exponential tightness for X¢.

(e) Proof of the integral representation of the rate function.

2. We prove the Law of large numbers for the path characterising the limit process by calculating its speed. To do so, we also
prove existence and uniqueness of the stationary measure of the operator (2.3).
3. We give a general result for a Switching Markov process.

The first result can be seen as an extension of part of the work [26]. We elaborate on the primary distinctions between our work
and the previously cited one and how these distinctions contribute to the increased complexity of the proof of large deviations.

+ We work on R and not on the torus T¢. This transition from a compact to a non-compact set leads to the following significant
consequences:

(i) Firstly, in order to prove comparison principle, i.e step 1c, we need to construct four Hamiltonians in terms of a
containment function that allows us to restrict part of our analysis on compact sets. Hence, we need to prove diagram
3. In [26], they only need two additional operators defined as multivalued limit of the Hamiltonian H.
(ii) Secondly, in a compact setting step 1d is trivial. Indeed, the exponential tightness is implied by exponential compact
containment condition that is always verified in a compact set.
(iii) In the proof of the integral representation of the rate function, step 1le, some details are not needed in a compact setting
as part of condition 8.9 in [14].

» We introduce a spatial component x in the rates of the process that forces us to work with a Hamiltonian depending on both
variables x and p. For this reason, we need to work with a spatially inhomogeneous Hamilton-Jacobi equation. In particular:

(i) Proving comparison principle one usually wants to bound the difference between sub-solution and super-solution
supg u; — u, by using a doubling variables procedure and typically ends up with an estimate of the following type

sup(u; — u,) sililgn i(I)lf [H(xg, alx, —y.)) — Hy,,alx, — ye))] (6.1)
E =
+ sup(h| — hy).
E
If the Hamiltonian does not depend on x, the final estimate is
stép(ul — ) <Alim inf [H(a(x, — y) — H(alx, — )] + stgp(hl - hy)
= sup(hy — hy),
E

that gives immediately comparison principle. This means that step 1c is partially immediate.

(ii) To bound (6.1) in the non-spatially homogeneous case, we instead need to prove some regularity of the Hamiltonian.
In particular, we need to prove continuity of H using some notions as I'-convergence. If the Hamiltonian depends only
on p, continuity, that is step 1b, follows immediately from convexity in p.
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Appendix. Uniqueness of the stationary measure

We give here the proof of the existence and uniqueness of the stationary measure.
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Proposition Appendix A.1. Under the assumptions of Theorem 2.8, there exists a unique stationary measure of the operator

J

Lx,pu(z, )= %Azu(z, i+ (p-— ny/i(x, z)) - V,u(z,i) + Z rij(x, z) [u(z, j) —u(z,i)].
j=1

Proof. First of all, note that L, , is of the type T , + R, where T, , is a diagonal matrix with diagonal elements (T, ,);; of the type

A+p-V+cand (R, =X 7y

Let us consider, for some 6 € R, the operator 7, , + R, + . For the latter operator, Conditions 1, 2 and 3 of [32] hold. Then,
by [32, Theorem 1.1], there exists a unique function ¥ > 0 such that (Typ+ R+ =¥ for some A > 0. It follows that A =6
and ¥ is the identity function. Hence, ker(T, , + R,) is one-dimensional and it is spanned by the identity function, i.e., it consists of
constants. Let P, be the semigroup associated to the generator L, ,. By [11, Corollary V.4.6], P, is mean ergodic, that means that

the Cesaro mean

1 r
C(r)=—/ P, ds,
rJo

has a limit P : C,(E’) — C,(E’) for r — co. Moreover, by [11, Lemma V.4.2], Pf € ker(L, ,) for every f € C,(E").

LetT : cl € ker(L, ,) = ¢ € R. Then, ToP : C,(E") — R is a linear continuous function on C,(E’). Then, by Riesz-Representation
theorem, there exists a unique measure u such that (ToP)f = (f, u). We show now that x is the unique invariant measure for P,.
For all f € C,(E") we have

(Pifsp) = (ToP)P f)=(ToP)f =(f.u)

where in the second equality we used that P = P,P = PP, = P2 (see [11, Lemma V.4.4]). Moreover, if 4* is an invariant probability
measure for P, let O be the projection O : f € Cy(E') » (f,u*) € ker(L, ,). We show that P = QP = Q, obtaining then the
uniqueness. On one hand, for f € C,(E")

OPf =(Pf,u"y={fm)u*)=(f,u) = Pf.
On the other hand,

OPf = rlifglo(c(r)f»ﬂ*) = rlifglo<fs C'(nu*)y=(f.u"y=0f. O
References

[1] C.D. Aliprantis, K.C. Border, Infinite Dimensional Analysis: A Hitchhiker’s Guide, third ed., Springer, Berlin, 2006.

[2] M. Bardi, I. Capuzzo-Dolcetta, Optimal Control and Viscosity Solutions of Hamilton-Jacobi-Bellman Equations, in: Modern Birkh&user Classics, Birkhduser
Boston, ISBN: 9780817647544, 2008, URL https://books.google.td/books?id=WQ_ON1IBI1YC.

[3] M. Chipot, S. Hastings, D. Kinderlehrer, Transport in a molecular motor system, ESAIM Math. Model. Numer. Anal. Modél. Math. Anal. Numér. 38 (6)
(2004) 1011-1034.

[4] M. Chipot, D. Kinderlehrer, M. Kowalczyk, A variational principle for molecular motors, Meccanica 38 (5) (2003) 505-518.

[5] M. Crandall, H. Ishii, P. Lions, User’s guide to viscosity solutions of second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992) 1-67.

[6] M.G. Crandall, T.M. Liggett, Generation of semi-groups of nonlinear transformations on general Banach spaces, Amer. J. Math. (ISSN: 00029327, 10806377)
93 (2) (1971) 265-298, URL http://www.jstor.org/stable/2373376.

[7]1 M.G. Crandall, P.-L. Lions, Viscosity solutions of Hamilton-Jacobi equations, Trans. Amer. Math. Soc. 277 (1) (1983) 1-42.

[8] D.A. Dawsont, J. Gértner, Large deviations from the mckean-vlasov limit for weakly interacting diffusions, Stochastics 20 (4) (1987) 247-308.

[9] A. de Acosta, Exponential tightness and projective systems in large deviation theory, in: Festschrift for Lucien Le Cam: Research Papers in Probability and
Statistics, Springer New York, New York, NY, ISBN: 978-1-4612-1880-7, 1997, pp. 143-156, http://dx.doi.org/10.1007/978-1-4612-1880-7_9.

[10] M. Donsker, S. Varadhan, On a variational formula for the principal eigenvalue for operators with maximum principle, Proc. Natl. Acad. Sci. USA 72
(1975) 780-783.

[11] K.-J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer-Verlag, 2000.

[12] S. Ethier, T. Kurtz, Markov Processes: Characterization and Convergence, in: Wiley Series in Probability and Statistics, Wiley, ISBN: 9780470317327, 2009,
URL https://books.google.nl/books?id=zvE9RFouKoMC.

[13] A. Faggionato, D. Gabrielli, M. Ribezzi Crivellari, Non-equilibrium thermodynamics of piecewise deterministic Markov processes, J. Stat. Phys. 137 (2009)
259-304.

[14] J. Feng, T. Kurtz, Large Deviations for Stochastic Processes, in: Mathematical Surveys and Monographs, American Mathematical Society, ISBN:
9780821841457, 2006, URL https://books.google.nl/books?id=VYvzBWAAQBAJ.

[15] M. Freidlin, A. Wentzell, Random Perturbations of Dynamical Systems, second ed., Springer-Verlag, 1998.

[16] J.-B. Hiriart-Urruty, C. Lemaréchal, Fundamentals of Convex Analysis, in: Grundlehren Text Editions, Springer-Verlag, Berlin, ISBN: 3-540-42205-6, 2001.

[17] F. Jiilicher, A. Ajdari, J. Prost, Modelling molecular motors, Rev. Modern Phys. 69 (1997) 1269-1282.

[18] A.B. Kolomeisky, Motor proteins and molecular motors: How to operate machines at the nanoscale, J. Phys.: Condens. Matter (2013).

[19] A.B. Kolomeisky, M.E. Fisher, Molecular motors: A theorist’s perspective, Annu. Rev. Phys. Chem. 58 (1) (2007) 675-695.

[20] R.C. Kraaij, A general convergence result for viscosity solutions of Hamilton-Jacobi equations and non-linear semigroups, 2019, arXiv.

[21] R.C. Kraaij, The exponential resolvent of a Markov process and large deviations for Markov processes via Hamilton-Jacobi equations, Electron. J. Probab.
25 (2020).

[22] R.C. Kraaij, Flux large deviations of weakly interacting jump processes via well-posedness of an associated Hamilton-Jacobi equation, Bernoulli 27 (3)
(2021) 1496-1528, http://dx.doi.org/10.3150/20-BEJ1281.

[23] R.C. Kraaij, M.C. Schlottke, A large deviation principle for Markovian slow-fast systems, 2020, arXiv:2011.05686.

[24] R. Kumar, L. Popovic, Large deviations for multi-scale jump-diffusion processes, Stochastic Process. Appl. 127 (4) (2017) 1297-1320.

[25] R. Liptser, Large deviations for two scaled diffusions, Probab. Theory Related Fields (ISSN: 1432-2064) 106 (1) (1996) 71-104.

[26] M.A. Peletier, M.C. Schlottke, Large-deviation principles of switching Markov processes via Hamilton-Jacobi equations, 2019, arXiv:1901.08478.

22


http://refhub.elsevier.com/S0304-4149(24)00007-3/sb1
https://books.google.td/books?id=WQ_0N1IBl1YC
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb3
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb3
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb3
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb4
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb5
http://www.jstor.org/stable/2373376
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb7
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb8
http://dx.doi.org/10.1007/978-1-4612-1880-7_9
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb10
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb10
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb10
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb11
https://books.google.nl/books?id=zvE9RFouKoMC
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb13
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb13
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb13
https://books.google.nl/books?id=VYvzBwAAQBAJ
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb15
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb16
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb17
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb18
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb19
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb20
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb21
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb21
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb21
http://dx.doi.org/10.3150/20-BEJ1281
http://arxiv.org/abs/2011.05686
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb24
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb25
http://arxiv.org/abs/1901.08478

S. Della Corte and R.C. Kraaij Stochastic Processes and their Applications 170 (2024) 104301

[27]
[28]
[29]

[30]
[31]

[32]
[33]

[34]

B. Perthame, P. Souganidis, Asymmetric potentials and motor effect: A large deviation approach, Arch. Ration. Mech. Anal. 193 (2007).

R.G. Pinsky, Regularity properties of Donsker—Varadhan rate functional for non-reversible diffusions and random evolutions, Stoch. Dyn. 07 (2007) 123-140.
L. Popovic, Large deviations of Markov chains with multiple time-scales, Stochastic Process. Appl. (ISSN: 0304-4149) (2018) http://dx.doi.org/10.1016/j.
spa.2018.09.009, URL http://www.sciencedirect.com/science/article/pii/S0304414918300942.

R.T. Rockafellar, Convex Analysis, in: Princeton Mathematical Series, (no. 28) Princeton University Press, Princeton, N.J., 1970, pp. xviii-451.

D. Stroock, S. Varadhan, Multidimensional Diffusion Processes, in: Grundlehren der mathematischen Wissenschaften, Springer Berlin Heidelberg, ISBN:
9783540903536, 1997, URL https://books.google.nl/books?id=DuDsmoyqCy4C.

G. Sweers, Strong positivity in C() for elliptic systems, Math. Z. 209 (2) (1992) 251-272, URL http://eudml.org/doc/174363.

A. Y.C. Fung, R. R.L. Huston, Introduction to bioengineering, Appl. Mech. Rev. (ISSN: 0003-6900) 55 (2) (2002) B39, http://dx.doi.org/10.1115/1.1451233,
arXiv:https://asmedigitalcollection.asme.org/appliedmechanicsreviews/article-pdf/55/2/B39/5439015/b23_1.pdf.

G.G. Yin, C. Zhu, Hybrid Switching Diffusions, Vol. 63, Springer New York, New York, NY, ISBN: 978-1-4419-1106-3, 2010, http://dx.doi.org/10.1007/978-
1-4419-1105-6.

23


http://refhub.elsevier.com/S0304-4149(24)00007-3/sb27
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb28
http://dx.doi.org/10.1016/j.spa.2018.09.009
http://dx.doi.org/10.1016/j.spa.2018.09.009
http://dx.doi.org/10.1016/j.spa.2018.09.009
http://www.sciencedirect.com/science/article/pii/S0304414918300942
http://refhub.elsevier.com/S0304-4149(24)00007-3/sb30
https://books.google.nl/books?id=DuDsmoyqCy4C
http://eudml.org/doc/174363
http://dx.doi.org/10.1115/1.1451233
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanicsreviews/article-pdf/55/2/B39/5439015/b23_1.pdf
http://dx.doi.org/10.1007/978-1-4419-1105-6
http://dx.doi.org/10.1007/978-1-4419-1105-6
http://dx.doi.org/10.1007/978-1-4419-1105-6

	Large deviations for Markov processes with switching and homogenisation via Hamilton–Jacobi–Bellman equations
	Introduction
	General setting and main theorem
	Preliminaries
	Statement of the main theorem
	Law of large numbers and speed of the limit process

	Connection with Hamilton–Jacobi equations and strategy of proof
	Proof of the main theorem
	The convergence of generators and an eigenvalue problem
	Regularity of the Hamiltonian
	Comparison principle
	Exponential tightness
	Action-integral representation of the rate function

	A more general theorem
	Assumptions
	Large Deviation for a Switching Markov process

	Conclusions and comparison with previous works
	Declaration of competing interest
	Acknowledgments
	Appendix. Uniqueness of the stationary measure
	References


