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The realization of multiqubit entangling gates is essential for efficient, scalable, and fault-tolerant
quantum information processing, reducing algorithmic complexity and circuit depth. We demonstrate a
native three-qubit entangling gate implemented by simultaneously driving all qubits at a common fre-
quency, exploiting engineered interactions to realize multicontrol operations in a single coherent step.
By optimizing the conditional dynamics originating from drive-induced nonlocal contamination, desired
interaction channels are selectively enhanced while spurious terms are suppressed, ensuring robust per-
formance within the computational subspace. This gate enables key applications, including deterministic
GHZ-state generation, Toffoli-class logic with a shortest gate duration of 90 ns and a highest fidelity of
99.72%, and a controlled-ZZ gate tailored for fast surface-code quantum error correction. Simulations
based on realistic IBM device parameters indicate that the gate maintains high fidelity and resilience
under increasing excitation numbers and larger Hilbert-space dimensions. Our results establish a founda-
tion for co-designing circuit architectures and control strategies that harness native multiqubit interactions
as fundamental building blocks for next-generation superconducting quantum processors, thereby enabling

improved gate performance with more flexible tuning of circuit parameters.

DOI: 10.1103/6d5v-vrm4

L. INTRODUCTION

Multiqubit entangling gates are essential for enhancing
the efficiency and scalability of quantum information pro-
cessing. Instead of decomposing multiqubit operations into
lengthy sequences of two-qubit gates [1-3], higher-order
entangling gates can directly generate complex correla-
tions, such as Greenberger-Horne-Zeilinger (GHZ) states
or the iToffoli gate, in a single step. These native multiqubit
interactions offer a compact representation of nonlocal
transformations and enable more efficient implementations
of quantum error-correcting codes, variational ansitze, and
many-body simulations. Exploiting intrinsic multibody
couplings in platforms such as trapped ions [4—7], Rydberg
atoms [8—11], or superconducting circuits [12—15] further
improves fidelity and execution time, making the control of
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genuine multiqubit entanglement a key milestone toward
large-scale, fault-tolerant quantum computation.

Multipartite entangled states, such as GHZ, W, and
Dicke states, serve as fundamental resources for a wide
range of quantum information protocols, including quan-
tum teleportation, superdense coding, and measurement-
based quantum computation. The capability to effi-
ciently generate, manipulate, and preserve such entan-
glement is therefore essential for achieving scalable and
fault-tolerant quantum technologies. Recent experimental
progress includes the generation of a 10-qubit W state with
a fidelity of 91.3% and a double-excitation Dicke state with
a fidelity 0f 92.6% [16], as well as the reported largest 120-
qubit GHZ state with a fidelity of 56% demonstrated on
IBM quantum processors [17].

Direct multiqubit gates can substantially reduce circuit
depth, thereby mitigating cumulative errors, minimizing
decoherence, and enhancing computational efficiency. One
approach is to synchronize interactions, for example, align-
ing spin-orbit coupling and orbital magnetic fields to real-
ize a C*R, () gate on spin-qubit platforms [18]. Another
practical route is through simultaneous two-qubit opera-
tions, such as the controlled-controlled-Z and controlled-
ISWAP gates, realized via parallel two-qubit operations on

Published by the American Physical Society
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different qubit pairs [19-21] on superconducting circuits,
as well as the one-step three-qubit parity gate [22] and
the iToffoli gate [12], implemented via concurrent cross-
resonance (CR) microwave drives applied to all qubits
[23-28]. Typically, these multiqubit gates would require
at least six two-qubit CNOT-like operations if decomposed
sequentially; leveraging the simultaneous-gate approach
markedly reduces gate count and execution time, thereby
improving overall circuit robustness and efficiency.

However, simultaneous-gate approaches trade off
unwanted parasitic couplings to enable the joint implemen-
tation of multiple gates, limiting achievable fidelities and
demanding careful circuit optimization. To overcome these
challenges, we develop and benchmark a general proto-
col for synthesizing a single-shot parity cross-resonance
(PCR) gate characterized by a direct three-qubit ZZX
interaction in fixed-frequency transmon circuits [29]. In
contrast to Refs. [12,22], which rely on simultaneous
two-qubit interactions, this method combines perturbative
design with gradient-free, nonperturbative optimization to
realize a one-step three-body interaction beyond the dis-
persive regime, while automatically identifying optimal
static operating parameters and suppressing stray interac-
tions. Applied to a representative three-qubit layout based
on IBM parameters, the protocol identifies broad oper-
ating regions supporting strong ZX -like rates, enabling
high-fidelity GHZ-state preparation and single-shot CCNOT
and iToffoli gate implementations. It also extends naturally
to quantum error correction by adapting the controlled-
ZZ (CZZ) gate for direct parity mapping, enhancing both
speed and fidelity.

The paper is organized as follows: In Sec. II, we out-
line the principles of the three-body interaction quantum
logic gate and its applications to GHZ state preparation
(Sec. IT A 1), ccNoOT-like implementation (Sec. IT A 2), and
error-correction-oriented controlled-ZZ gates (Sec. 1T A 3),
followed by their individual implementations (Sec. 11 B).
In Sec. III, we describe our gradient-free optimization
framework for modeling and tuning the gate parame-
ters. Finally, Sec. IV presents performance validation for
the three main examples: GHZ triplet state (Sec. IV A),
CCNOT-like gate (Sec. IV B), and CZZ gate (Sec. IV C).

I1. PRINCIPLE

The ZZX interaction, typically arising as a higher-
order by-product of two simultaneous CR gates, is often
neglected in standard gate synthesis procedures. Yet,
under specific operating conditions—detailed later in the
paper—this three-body term can be significantly amplified.
When acting on three qubits with all-to-all connectivity,
the ZZX interaction implements a Z-parity check between
the first two qubits while simultaneously flipping the state
of the third. This flexibility makes the ZZX interaction
a valuable fundamental building block for quantum error

detection schemes [20], and leads us to introduce it as the
parity cross-resonance (PCR) gate.

Native multiqubit interactions constitute a founda-
tional asset in quantum logic synthesis, as they permit
the direct implementation of otherwise composite opera-
tions—operations that, in their conventional form, require
sequences of two-qubit gates interspersed with single-
qubit rotations. Harnessing such intrinsic couplings not
only compresses circuit depth but also suppresses spu-
rious Hamiltonian terms, thereby improving both the
fidelity and resilience of entanglement generation on noisy
intermediate-scale quantum (NISQ)-era superconducting
platforms. Inspired by these benefits, we now proceed
to investigate how the PCR gate can be leveraged to
streamline quantum circuit design and to realize efficient,
hardware-native multiqubit operations.

A. Quantum logic

We now present practical protocols that exploit the
Ugzzx () interaction to enable efficient entanglement gen-
eration via the PCR gate. The associated unitary action on
computational basis states |q19293) (91,92,93 € {0,1}) is
given by

0
Uzzx (0) 1919293) = cos (§> l919293)
i 1D ; o -
—i(=1) sin { 5 l919293) . (1)

For the case of 7 rotation, the operator returns the follow-
ing values:

ifgr=q
ifgr =7

—1|919293)

Uzzxy () lq19293) = i -
+i1919293)

A 2 rotation returns the state back on itself, which indi-
cates that by negating the rotation angle w — — the gate
is inverted. Moreover, the gate at 7 /2 rotation creates a
conditional superposition on the third qubit:

T
Uzzx (5) l919293)

7 @) (g3) —i1@3)  ifq1 = g
%2 l9192) (Ig3) +ilg3)) ifgqi =q2

These capabilities are particularly valuable for three
key purposes: (1) the preparation of Greenberger-Horne-
Zeilinger (GHZ) entangled states, and (2) the implementa-
tion of a CCNOT-like multiqubit gate, (3) the realization of
controlled-ZZ (CZZ) gate.
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1. GHZ state preparation

A GHZ state is a maximally entangled multiqubit state
of the form |GHZ) = % (J000---) 4+ [111---)). Such

states serve as fundamental resources in quantum infor-
mation processing [30], playing critical roles in nonlo-
cality tests [31], quantum error correction [32,33], and
entanglement-based protocols [34,35]. Mitigating errors
during GHZ state preparation involves reducing the effects
of decoherence, gate imperfections, and crosstalk encoun-
tered during entangling operations. Recent advancements
include the use of quantum autoencoders, which are trained
to compress and reconstruct entangled input states, offering
a data-driven approach to error mitigation [36].

Since the ZZX interaction can be regarded as a three-
qubit analog of the two-qubit ZX gate, we begin by
recalling the preparation of a Bell state using the CR
mechanism. Bell states constitute a subset of maximally
entangled two-qubit states and admit natural general-
izations to multipartite settings, such as GHZ states.
The two-qubit Z;X, interaction of CR gate enables
the creation of the maximally entangled Bell state via
the following gate sequence: SyH Uz, x,(7w/2)H; [00) =
(|00) + [11)) /+/2, where S; and H; represent the phase
and Hadamard gate, respectively, acting on qubit 7, and
the Uzy rotation is defined as Uz, x, (0) = cos (0/2) 11, —
isin(6/2) Z1.X.

By analogy with the two-qubit CR gate, the three-
qubit ZZX interaction can be harnessed to directly
generate a GHZ state. In particular, we consider the
following protocol. S3;H,H, Uz,2,x, (7w /2)H1 H, [000) =
(]000) + [111)) / V2. Here, the central operation—Uz, z,x,
(7w /2)—=corresponds to evolution under the ZZX Hamilto-
nian for a time corresponding to a 7 /2 rotation. The gate
sequence H,Z;H; transforms the Z; operator into X;, and the
inclusion of the phase gate S; compensates for the acquired
phase. This composite circuit consists of five single-qubit
gates (typically ultrafast and high-fidelity) in conjunction
with a single three-qubit entangling gate. The resulting
operation effectively realizes an interaction Uxyxy (7/2),
which entangles all three qubits and maps the initial prod-
uct state [000) to a GHZ state. This construction highlights
the utility of native three-body interactions in reducing
circuit complexity. Compared to the conventional GHZ
state preparation protocol—typically requiring two CNOT
gates—the ZZX -based protocol provides a compact alter-
native by replacing both entangling gates with a single
three-qubit unitary. The prerequisite for this replacement
is that the three-qubit gate is applied in one go on three
all-in-all interacting qubits, thus the chain structure is not
favorable.

2. A three-qubit CCNOT

Another natural application of the PCR gate is the
implementation of multiqubit logic gates. In particular,

the three-qubit Toffoli gate—also known as the CCNOT
gate—plays a central role in quantum information process-
ing. As a universal gate for reversible classical computa-
tion, it enables the realization of arbitrary Boolean func-
tions on quantum registers [37]. Conventional synthesis of
Toffoli-like gates typically requires at least 2n CNOT gates,
resulting in substantial resource overhead [38]. Recent
developments have shown that simultaneous application
of two CR gates combined with the Pancharatnam-Berry
geometric phase [39], can produce more efficient gate con-
structions with durations as short as 353 ns [12]. As an
alternative, directly harnessing the native PCR interaction
based on ZZX; 4, supplemented by two-qubit ZX opera-
tions, offers a compelling route toward reducing CNOT gate
depth. Within this framework, the ideal Hamiltonian for
realizing a CCNOT-like gate can be expressed as

T
Hecnor = _g(ll —Z1)h — Z))(5 — X3)

_ % [(IZI + ZIT + 1IX) + ZZX

—(ZZI + IZX + ZIX + II)]

1000000 0
0100000 0
00100000
00010000

=10 000100 0 )
00 000T1U00
000000 0 1
000000 T1 0

In this construction, all contributing Pauli terms com-
mute, enabling coherent evolution under their simultane-
ous action. Applying the associated unitary operator to a
computational basis state |q;¢»g3) yields

U(Heexor) [919293) = €™% e ™55 |q1q0q3)

where the phase coefficient is given by m=1+
(=1)91+92 — (=1)91 — (=1)%2. It is straightforward to ver-
ify that m = 4 if and only if ¢, = ¢, = 1, corresponding
to control state |11); for all other control states (]00),
|01), |10)), one finds m = 0. Hence, m can be equiva-
lently written as 4q,q», leading to the simplified unitary
transformation:

Ucevor 1919293) = (1 — q192) 1919293) + 9192 1919293) -

This expression shows that for all control states except
[11), the unitary reduces to identity. When q; = ¢, =1,
the third qubit flips, thereby implementing the standard
CCNOT operation. To realize this gate via Hamiltonian
engineering, one can construct an effective three-qubit
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interaction satisfying:
Qzz1 = Qzxy = Qzixy = —0zzx .

Under this condition, the CCNOT gate is implemented
as a single-shot evolution under the resulting effective
Hamiltonian, possibly supplemented by local single-qubit
rotations.

In many practical scenarios, it is advantageous to con-
sider a variant known as the iToffoli gate, which omits stray
Z7 interactions and admits a simpler form:

b4
Hitoffoli = 3 [UIX 4+ ZZX) — (IZX + ZIX)]

1 0000 0 0O

01 0 00 0 00

0 01 00 0 0O
100 0 1 0 0 0 O 3)
~—]10 0 0 01 0 0 O

0000 0OT1TO0UO0

00 00 0 OO0 i

0000 0O O0 i O

Applying the associated unitary yields

Urtotoli 1919293) = (1 — q192) 1919293) — i9192 1919293) -

As before, this expression implies that the gate acts as iden-
tity unless both control qubits are in the |1) state. In the
[11) configuration, the third qubit undergoes a bit flip with
an additional —i phase, consistent with the definition of an
iToffoli operation.

3. A CZZ gate for surface-code QEC

Quantum error correction (QEC) is essential for achiev-
ing fault-tolerant quantum computation. In surface-code
architectures, stabilizer measurements are typically imple-
mented through sequences of two-qubit gates, which can
limit operation speed and introduce additional errors.
Recent advances have proposed a three-qubit controlled-
Z-Z (CZZ) gate that enables direct parity mapping of two
data qubits onto a measurement qubit in a single step,
thereby achieving higher error thresholds and lower log-
ical error rates compared to the standard CZ-based readout
[20,21]. In addition to its interpretation as two simultane-
ous CZ gates, the CZZ operation can also be realized via
a direct three-body interaction, with the ideal Hamiltonian

given by
1 0000 O 0 O
01 000 O O O
001 00 O O0 O
Hepy = 00010 0 0 O
00001 0 0 O
00000 -1 0 O
00 000 O -—-10
00 000 O O 1

~ =T =2 20 =~ (122~ 722). (4)

The action of the corresponding unitary operator on a
computational-basis state is

ig (=192 t3 T
1= 2 |919293) -

Uczz |919293) = e
It is straightforward to verify that when the first qubit
(measurement qubit) is in the control state [1), the odd-
parity states of the last two qubits (data qubits), [101)
and |110), acquire a nontrivial +/2 phase shift, while
the even-parity states, [100) and |111), acquire a —m/2
phase shift. This gate serves as a parity-check measure-
ment primitive in the surface code, enabling the readout of
Z-, X -, and Y-type stabilizers. Moreover, the Hamiltonian
in Eq. (4) can be implemented via the PCR gate through
the decomposition

v

+ i
Uczz = S{H3Upzx <—> Uzzx ( >

Hi, 5
. Vi )
which requires the corresponding Pauli coefficients to sat-
isfy azzy = —ayzy, while all other undesired terms are
suppressed.

B. Implementation of ZZX

We have demonstrated that utilizing the PCR gate can
effectively reduce circuit depth, as both the GHZ state and
the iToffoli gate can be implemented in a single shot. We
now turn to the realization of the core three-qubit ZZX
interaction underlying the PCR gate.

To implement this key mechanism, a minimal supercon-
ducting circuit requires only three qubits. In this work, we
adopt the coupling strategy used in IBM Quantum’s Eagle
processors, which employ a heavy-hexagonal qubit layout.
In this architecture, each qubit except those at the edges
is coupled to two or three neighbors, forming a lattice
reminiscent of tessellated hexagonal edges and vertices.

We focus on a representative three-qubit unit cell com-
posed of qubits Q;, 0,, and Qs, extracted from the archi-
tecture of the 1bm_sherbrooke quantum processor, as
illustrated in Fig. 1. Within this cell, each pair of neigh-
boring qubits is connected through both a fixed capacitive
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FIG. 1.

Left: Physical layout of IBM’s 127-qubit Eagle quantum processor, ibm_sherbrooke. Right: Circuit-level representation

of a selected three-qubit segment (Q;, Q0,, Q3) from the Sherbrooke device.

coupling of strength g; (i,j € {1,2,3},i #/) and a tun-
able intermediary coupler C, (r € {12,23}) with coupling
strengths gjc, and gjc,. Notably, the terminal qubits O} and
(03 do not have dedicated tunable couplers and interact
solely via their static capacitive link.

In the dispersive regime, where gjc, < |oc, — wg, | with
wc, denoting the coupler C, frequency and wg, the qubit
Q; frequency, the circuit Hamiltonian can be reduced to
the multilevel qubit basis as (b = 1)

ST Eg )l

0;={01,02,03} nj
+ >0 Y Ji+ D+ 1)
0;,0; (i#] ) mi.nj
X leQ, (|mi’ nj + 1><ml + l’nj| + HC) ) (6)

Hcir =

where m; and n; are two energy levels in the qubits Q; and
O;. The quantity g, (n;) is defined as the effective tran-
sition frequency between levels n; and n; + 1, J)Qj () =
EQj (nj +1) — EQj (n;). The term le.Qj denotes the set of
effective coupling strength between qubit Q; in state m;
and qubit Q; in state n;. When either m; > 1 or n; > 1,
we explicitly indicate the excitation levels using index
notation: interactions confined to the computational sub-
space are denoted as Jy,g, , those involving higher excited
states as J@, and mixed-state interactions as JQiQT‘ This
notation extends naturally to higher excitation levels; for
instance, interactions involving the third excited state are

marked with a double overline, such as J= . . For concise-

0i0;
ness, we sometimes omit the “Q” label and/refer solely to
the qubit indices. Further details are available in Ref. [40].
The implementation of the three-qubit interaction fol-
lows a protocol analogous to the CR gate. For instance,
qubits Q) and Q5 serve as control qubits, while O, is des-
ignated as the target. To induce the desired interaction,
microwave drives are applied to all three qubits. Each qubit
is driven at the dressed frequency of the target qubit O,
enabling effective control through higher-order interaction
pathways. The general form of the drive Hamiltonian is
expressed as

Hy = Z Q; cos (war + ;) (iJJ + i?j) ) (7

=123

with €; is the driving amplitude applied on the qubit Q;
with the frequency wq, and the phase ¢;. The operators 3}

(i)j) is the creation (annihilation) operator for the qubit Q.

The total Hamiltonian is given by Hiyt = Hir + Hg. To
extract the effective interaction relevant for quantum gate
implementation, we move to a rotating frame defined by
the dressed frequency of the target qubit O, and apply
the rotating-wave approximation (RWA) to eliminate fast-
oscillating terms [41]. In this frame, the Hamiltonian
becomes time-independent to leading order and is sub-
sequently block diagonalized in the computational basis
{In1,n3,n2)}, where n; € {0,1} indicates the occupation
number of qubit ;.
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TABLE I. Comparison of the proposed PCR gate with existing three-qubit cross-resonance-based gates.

This work (PCR) Ref. [12] Ref. [22]
Model validation Simulation Experiment Experiment
Target operation GHZ/iToffoli/cCNOT/CZZ iToffoli gate SCRP gate
Topology K3 (complete graph) P53 (chain) P5 (chain)
Interaction type ZZX (ZIX ,1ZX) ZIX , IZX ZIX , IZX
Operating regime Strong/nondispersive Dispersive Dispersive
Optimization strategy Search-based algorithm Berry phase assisted Echo pulse
Stray interaction suppression Yes No Yes

Overhead Static parameter search

Complex pulse sequences Simultaneous calibration

Following block diagonalization, the effective Hamilto-
nian is then rewritten in the Pauli basis as

Hoa= Y, aucA®B®C. (8)

ABe{l,7)
Ce{lX,Y,Z}

Here, each coefficient o4pc quantifies the contribution
of the corresponding Pauli operator 4BC in the effec-
tive Hamiltonian. Among these terms, particular attention
is devoted to the ZZX component, which represents a
genuine three-qubit interaction and constitutes the central
focus of our engineering efforts. The objective is to modu-
late the strength of «zzxy while minimizing the amplitudes
of all other undesired components. A perturbative analysis
based on the Schrieffer-Wolff transformation (SWT) [42],
truncated at first order in the drive amplitude €2, allows for
analytical derivation of these effective interaction terms.
The details of this derivation are provided in Appendix A.

In the dispersive regime, the intrinsic strength of the
three-body ZZX interaction typically scales as J2Q/A?,
rendering it significantly weaker than two-body cross
terms like ZIX and IZX, which scale more favorably as
J/A. This hierarchy reflects the general suppression
of higher-order terms predicted by many-body localiza-
tion theory [43—45], where multiqubit interactions arise
perturbatively and thus appear with reduced amplitude.
As a result, engineering strong ZZX interactions requires
deliberate circuit design strategies that go beyond the
standard dispersive approximation. These include the fol-
lowing: (i) ensuring all three qubits are appreciably cou-
pled, (ii) tuning pairwise detunings into the straddling
regime, and (iii) precisely biasing the couplers to access
the desired interaction manifold. Recent proposals offer a
promising alternative to single-mode tunable couplers: by
employing multimode coupler architectures, one can sig-
nificantly enhance effective multiqubit interactions within
more sophisticated circuit layouts [46]. Table I com-
pares the proposed PCR gate with previously demonstrated
three-qubit gates based on simultaneous cross-resonance
drives. The key distinction is that the proposed method
exploits a strong direct three-body ZZX interaction beyond
the dispersive regime, whereas the other gates operate

in the dispersive regime and rely solely on simultaneous
two-body interactions.

ITII. GRADIENT-FREE OPTIMIZATION
FRAMEWORK

To enable high-fidelity three-qubit PCR gate, this
section introduces a practical optimization framework
designed to selectively amplify the ZZX interaction
while suppressing undesired terms. The methodology inte-
grates phase calibration, perturbative initialization, and
a gradient-free nonperturbative optimization routine to
shape the interaction profile within experimentally acces-
sible constraints.

The procedure begins with calibrating the drive phases
@1, ¢, and @3 to either 0 or ;r. This phase configuration
ensures that all Y-type terms in the effective Hamiltonian
are eliminated, thereby simplifying the underlying inter-
action structure and facilitating both analytical tractability
and numerical stability.

Following phase calibration, a perturbative analysis is
employed to generate an initial estimate for the circuit
parameters that favor the emergence of the ZZX term. This
initial configuration, derived from analytical expressions
valid in the weak-coupling regime, serves as a guided start-
ing point for the subsequent nonperturbative optimization
process. Together, these steps establish a robust foun-
dation for efficiently engineering the desired three-body
interaction.

Nevertheless, perturbation theory becomes inade-
quate in regimes where higher-order effects are signifi-
cant—yparticularly near the optimal working point, where
nonlinear interactions can no longer be ignored. To over-
come these limitations and achieve high-fidelity perfor-
mance, we adopt a nomperturbative numerical block-
diagonalization method, based on the principle of least
action [28,47], which has been modified and implemented
in our software package CirQubit [48]. In our simu-
lations, qubits and couplers are modeled with a maxi-
mum total excitation number of four, since results are
unchanged for higher excitation numbers, see details in
Appendix A. This setting is sufficient for the current
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three-qubit plus two-coupler configurations, and results
remain stable under variations in the excitation cutoff.

When selecting the optimization strategy for variational
parameter tuning, we systematically compare four rep-
resentative methods: the gradient-free Powell algorithm,
Bayesian optimization, the Nelder-Mead simplex method,
and the gradient-based L-BFGS-B algorithm. This com-
parison aims to assess both the convergence efficiency
and the accuracy of the resulting quantum states. To pro-
vide a quantitative evaluation, we compute the GHZ-state
fidelity obtained using the optimized parameters across all
unit cells (see details in Sec. IV A). The numerical results
and fidelity distributions corresponding to different fidelity
thresholds are summarized in Fig. 2. All optimization
procedures are performed under identical computational
conditions on an Apple MacBook Pro (2024) equipped
with an Apple M4 Pro chip (14-core CPU, 20-core GPU),
24-GB unified memory, and running macOS 15.5.

Figure 2 presents a comparative analysis of the four
optimization methods in terms of GHZ-state fidelity dis-
tributions across all unit cells. For quantitative reference,
the proportions of unit cells achieving fidelities above
50%, 90%, and 99% are as follows: Powell (69.6%,
31.9%, 8.7%), Bayesian optimization with 200 evalua-
tions (34.8%, 11.6%, 0.0%), Nelder-Mead (75.4%, 31.9%,
10.1%), and L-BFGS-B (66.7%, 27.5%, 8.7%). Among
these, Bayesian optimization exhibits the weakest over-
all performance, while the gradient-free Powell algorithm
achieves a comparable fidelity distribution to Nelder-Mead
and L-BFGS-B.

Of note, the Powell method attains this level of perfor-
mance with the shortest runtime, averaging approximately
3.5 min per optimization, in contrast to the substan-
tially longer runtimes of the Nelder-Mead (35 min) and
L-BFGS-B (84 min) methods.

Given its favorable trade-off between computational
efficiency and accuracy, we adopt the gradient-free
conjugate-direction Powell method as our primary opti-
mizer. Its low computational overhead and robustness to
stochastic noise make it particularly effective for mitigat-
ing the barren plateau problem, especially in near-resonant
regimes where gradient-based optimizers often suffer from
vanishing signal gradients.

Therefore, the optimization loop employing the Pow-
ell algorithm proceeds through the following sequence of
steps:

(a) Initialization from perturbative estimates: The
process begins with perturbative analysis of a targeted
Hamiltonian by estimating circuit parameters such as cou-
pler frequencies and driving amplitude. These estimates
provide an informed starting point that guides the opti-
mization toward parameter regimes conducive to strong
target interactions.

Fidelity distribution across optimizers
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FIG. 2. Comparison of GHZ-state fidelities obtained using
different optimization methods: gradient-free Powell, Bayesian
optimization, Nelder-Mead, and gradient-based L-BFGS-B. The
panels display the fidelity distributions for (1) the full range of
F,2)F >0.5,(3) F > 0.9, and (4) F > 0.99. All optimization
runtimes were benchmarked on an Apple MacBook Pro (2024)
equipped with an Apple M4 Pro chip (14-core CPU, 20-core
GPU), 24 GB unified memory, and macOS 15.5.
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(b) Gradient-free exploration: A gradient-free heuris-
tic optimization algorithm Powell is used to efficiently
navigate the search in the high-dimensional parameter
space. The goal is to increase the strength of the desired
Pauli term, such as the ZZX interaction, while simultane-
ously suppressing all unwanted components in the effective
Hamiltonian.

(c) Nonperturbative Hamiltonian evaluation: At
each step of the optimization, the effective Hamiltonian
is reconstructed using the nonperturbative technique. This
method accounts for higher-order effects and nonlineari-
ties that are not captured by perturbation theory, ensuring
accurate characterization of the system’s dynamics [48].

(d) Cost-function-driven refinement: The optimiza-
tion search model iteratively updates the circuit parame-
ters by minimizing a tailored cost function. This function
penalizes contributions from undesired Pauli terms and
rewards configurations that reinforce the target interac-
tion, thereby guiding the system toward an optimized
Hamiltonian structure.

This optimization is guided by a carefully designed cost
function that balances the enhancement of the wanted
terms with the suppression of unwanted interactions:

Ltotal = Lwanted + Eunwamed + Lconstrainta (9)

where Lyanted promotes strong, nontrivial desired interac-
tions, Lynwanted penalizes the presence of undesired Pauli
components, and Lonstraine €NSUres that the circuit parame-
ters remain within a physically valid regime.

Algorithm 1 outlines the workflow and structure of the
Powell search method, with the output corresponding to an
optimized set of circuit parameters.

It is worth noting that our search-based approach differs
conceptually from quantum optimal control methods, such
as GRAPE [49], CRAB [50], and GOAT [51]. Quantum
optimal control treats control amplitudes as continuous
functions of time and typically employs gradient-based
algorithms to maximize gate or state fidelity under phys-
ical constraints. In contrast, the present framework focuses
on identifying optimal static operating parameters, specifi-
cally the tunable coupler frequency and driving amplitude,
by exploring the space of experimentally accessible con-
ditions. We regard quantum optimal control as a comple-
mentary and natural extension of our approach, which can
be applied after suitable operating points are identified to
further refine the control protocol and enhance fidelity.

IV. VALIDATION OF THE OPTIMIZATION
ALGORITHM

To ensure the reliability and effectiveness of the pro-
posed optimization framework, we conduct a detailed
validation using two representative applications: the gen-
eration of a three-qubit GHZ state and the implementation

ALGORITHM 1. Powell optimization algorithm.

1: Input: Target Pauli term (e.g., ZZX), initial circuit pa-
rameters xo € R", loss threshold €, maximum iterations

2: Initialization: Estimate x¢ from perturbative analysis
3: Set direction set: {di,...,dn} < {ei1,...,en} (standard
basis)
4: while not converged and iteration count < max itera-
tions do
5: X < Xo
6: for i <~ 1 ton do
7 Define cost function: ¢;(a) < Leotar(x + ad;)
8: Find optimal step: «j < argming ¢; ()
9: Update parameters: x < x + o d; A
10: Evaluate effective Hamiltonian: Heg —
CirQubit.NonperturbativeSolver(x)
11: end for
12: Compute displacement: u < x — Xo
13: Define: ¢y () < Liotal(x0 + au)
14: Find: o + argming ¢ ()
15: Update point: Xnew < X0 + a*u
16: Identify longest step: j < argmax; ||a;d;||
17: Replace direction: d; <~ u
18: if || Xnew — Xo|| < € then
19: break
20: else
21: X0 < Xnew

22: end if

23: end while

24: Output: Optimized parameters Xpew realizing strong
target interaction

of an iToffoli gate. These benchmarks illustrate the prac-
tical advantages of the optimized PCR gate in realistic
settings. For each case, we simulate the time evolution of
the system governed by the effective Hamiltonian derived
from the optimized circuit parameters. The simulations
incorporate each single-qubit gate duration of 30 ns and
include decoherence effects modeled using the experimen-
tally measured coherence times of the target quantum pro-
cessor. The results therefore do not include SPAM errors or
other experimental imperfections such as calibration errors
or TLS defects.

To further validate the method under device-specific
conditions, we apply the optimization algorithm to the
ibm_sherbrooke quantum processor, leveraging its
scalable architecture to organize qubits into optimized
three-qubit unit cells. In particular, we assume a virtual
nonzero direct coupling g3 to enhance the three-qubit
interaction; details are provided in Appendix A. Each unit
cell is indexed by » and labeled according to its central
qubit, as illustrated in Fig. 1.

While IBM’s Eagle-generation processors utilize fixed-
frequency harmonic resonators to mediate qubit interac-
tions, the newer Heron architecture introduces tunable
couplers, offering greater flexibility in engineering interac-
tion strengths. Accordingly, in our simulations, we adopt
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Benchmarking GHZ state preparation on the ibm_sherbrooke processor. (a) Normalized optimization loss versus major

iterations, where each iteration updates all parameter search directions once. (b) GHZ fidelity for selected three-qubit unit cells using
optimized PCR gates (ZZX, ,) under realistic noise. The colorbar shows evolution time; the red slash marks the coherence limit. Error
bars reflect 2% drive parameter and £5 MHz coupler frequency perturbations. O, is selected as the target qubit to satisfy the ZX -like

constraint.

the following assumptions: qubit frequencies and anhar-
monicities are held constant, and static coupling strengths
are inferred from calibrated ZZ interaction values reported
in the processor properties. Under these constraints, the
optimization is performed over a reduced set of control
variables, namely the drive amplitudes 2, €2,, and 23,
along with the coupler frequencies wc,, and wc,;.

To further simplify the optimization landscape, we fix
Q/2mr = 60 MHz and treat the drive amplitudes of all
three qubits in terms of relative scaling factors, defined as
A = Q1/Q, Ay = Qy/Q and 43 = Q3/ Q2. This reparam-
eterization reduces the dimensionality of the search space,
facilitating a more efficient and tractable optimization pro-
cess. The corresponding initialization procedure is detailed
in Appendix B.

A. Example 1: GHZ state fidelity

To generate a three-qubit GHZ state, the desired inter-
action is exclusively of the ZZX type, while all other
terms are considered unwanted. We evaluate a total of
69 distinct three-qubit circuit configurations, applying the
optimization procedure independently to each, using the
basis ordering |01, 03, 02). Here, we define the target
interaction as Lyaned = Lzzx, and the resulting training
loss across all configurations is summarized in Fig. 3(a).

To assess the fidelity of the generated GHZ state, we
first validate the optimization results by substituting the
optimized parameters back into the nonperturbative frame-
work to recalculate the effective Pauli coefficients using
our software CirQubit [48], corresponding result is pre-
sented in Fig. 8. These coefficients are subsequently used
to reconstruct the full effective Hamiltonian as defined in
Eq. (8). We then simulate the time evolution of the initial

state |000) under the reconstructed Hamiltonian using cor-
responding pulse sequences. The PCR gate is implemented
using a flat-top Gaussian pulse of duration 7, with 10-ns
rise and fall times. Thus, the total implementation time
is tguz = (2 X 30 + 1) ns, where the two 30-ns single-
qubit gates are applied before and after the PCR gate.
The fidelity of the resulting state is evaluated by solving
the Lindblad master equation. Note that although the opti-
mization is performed under a fixed driving amplitude €2,
the targeted cost function may still hold as long as the
Pauli coefficients scale linearly with the drive amplitude
[52]. Therefore, the simulation is repeated over a range
of Q values, and the maximum fidelity is extracted from
the evaluated steps. This protocol provides a quantitative
assessment of the effectiveness of the ZZX -based entan-
gling operation and identifies the optimal parameters for
high-fidelity GHZ state preparation.

Figure 3(b) shows that more than one third of the 69
evaluated unit cells achieve GHZ state fidelities above
90%, with 6 unit cells exceeding 99% fidelity, demonstrat-
ing that the optimized PCR gate consistently enables high-
fidelity entanglement. Notably, these high-fidelity states
are realized within a total evolution time of 250 ns, under-
scoring the protocol’s robustness and efficiency across
diverse hardware configurations. The dominant source of
infidelity arises from parasitic stray interactions; however,
for unit cells attaining fidelities above 99%, dynamic ZZ
cancellation effectively eliminates such parasitic effects
[53], resulting in a nearly parasitic-free gate [52].

To assess the protocol’s robustness against experi-
mental imperfections, we introduce random perturbations
of £2% to the optimized drive parameters and +5
MHz to the coupler frequencies, with fidelity variations
depicted as asymmetric errorbars. The results indicate that
only configurations with slightly lower baseline fidelities
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exhibit sensitivity to these perturbations, while the major-
ity remain largely unaffected. These findings validate the
feasibility of implementing native three-qubit gate synthe-
sis on current superconducting quantum hardware.

After generating the GHZ state using the optimized ZZX
interaction and corresponding pulse sequence, we evalu-
ate the stability and quality of the resulting entangled state
under realistic post-preparation conditions. Once the driv-
ing amplitudes are turned off, the system is left to evolve
under residual static interactions and decoherence. These
parasitic effects, if not properly accounted for, can lead to
fidelity degradation [53—58].

To assess the impact of residual coherent interac-
tions, we consider the static part of the effective Hamil-
tonian derived from the optimized parameters Hgpgie =
oy ZZI + oz ZIZ + apz127 + az;;ZZZ. The time evo-
lution of an ideal GHZ state under this static Hamiltonian
Hgaiic 1eads to the following state after a duration 7,,:

e~i02227|000) + e@z22%|111)

GHZ(1,)) = =

(10)

Interestingly, two-body terms such as ZZI, ZIZ, and [ZZ
contribute equally to both |000) and |111), resulting in a
global phase that does not alter the quantum state. This is
due to the even parity of these operators with respect to
the GHZ basis states. In contrast, the ZZZ term introduces
a relative phase between the |000) and |111) components
due to its odd parity, leading to coherent phase accumula-
tion. Therefore, characterizing and, if necessary, correcting
for the ZZZ-induced phase shift is essential for main-
taining high-fidelity operation in downstream quantum
information processing tasks.

One practical approach to mitigate the coherent phase
accumulation caused by the ZZZ term is to apply a com-
pensating time-dependent phase correction. This can be
achieved, for instance, by implementing a single-qubit Z
rotation on any one of the three qubits. Specifically, apply-
ing a Z rotation of angle azzt effectively cancels the
relative phase between the |000) and [111) components,
restoring the ideal GHZ state. This correction is especially
useful when the accumulated phase is deterministic and the
interaction strength o7z, is well characterized.

B. Example 2: ccNOT-like gate fidelity
1. iToffoli gate

To enable fast and efficient implementation of the
iToffoli gate, we employ a single-shot pulse proto-
col wherein circuit parameters are optimized to satisfy
the symmetry condition azzy = oy = —oziy = —azy,
while simultaneously suppressing all undesired Pauli terms
in the effective Hamiltonian. This engineered interaction
realizes a native three-qubit gate in the computational basis

ordered as |01, O3, 02), where qubit O, acts as the target
and Q;, Os serve as the controls.

The optimization procedure mirrors that used for GHZ
state generation, except that the cost function is replaced
with Lirofoli, designed specifically to enforce the desired
ZX -like interaction structure. The optimization loss tra-
jectory is presented in Fig. 4(a), and verification of
the extracted Pauli coefficients for effective Hamiltonian
reconstruction is shown in Fig. 9. The gate is imple-
mented using a flat-top Gaussian pulse envelope, with total
duration froffli DS.

2. CCNOT gate

The presence of a direct capacitive coupling g;3 intro-
duces a parasitic ZZ interaction. While this term can impair
iToffoli fidelity, it enables an alternative route to imple-
menting a CCNOT gate. In addition to the symmetry condi-
tions required for the iToffoli gate, the CCNOT construction
imposes ozz = azy and requires calibrated single-qubit
rotations on both control qubits, as specified in Eq. (2). The
total gate duration is extended to #ccnor = (T + 30) ns.

To take advantage of this interaction structure, we
retrain unit cells that did not achieve high-fidelity iToffoli
gates, now targeting CCNOT gate optimization. The cor-
responding training losses and reconstructed Hamiltonian
coefficients are shown in Figs. 5(a) and 10, respectively.

Our benchmark spans 69 three-qubit unit cells on the
ibm_sherbrooke architecture. For the iToffoli gate, 16
configurations reach fidelities exceeding 90%, with over
half completing within 200 ns—well within superconduct-
ing qubit coherence times, as shown in Fig. 4(b). In cases
where parasitic ZZ interactions degrade iToffoli perfor-
mance, we repurpose those cells for CCNOT gates. Under
an additional symmetry constraint and with postprocessed
single-qubit rotations, 15 configurations achieve fidelities
above 90%, as illustrated in Fig. 5(b). Notably, 3 unit cells
for the iToffoli and 4 for the CCNOT exceed 99% fidelity.

In both cases, the gates exhibit robustness to exper-
imental imperfections: random perturbations of +2% in
drive amplitudes and +5 MHz in coupler frequencies lead
to only marginal fidelity reductions. These results under-
score the versatility and resilience of ZX -like interaction
engineering for realizing high-fidelity, low-latency native
multiqubit gates in superconducting quantum processors.

C. Example 3: CZZ gate

To realize a fast and efficient CZZ gate, we adopt
a single-shot pulse protocol in which circuit parameters
are optimized to satisfy the symmetry condition azzy =
—ayzx, while simultaneously suppressing all other unde-
sired Pauli terms in the effective Hamiltonian. The result-
ing interaction implements a native three-qubit gate in
the computational basis ordered as |Q1, O3, O>), where Q,
serve as measure qubit, O, and Qs act as the data qubit.
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FIG. 4. Benchmarking three-qubit iToffoli gate on the ibm_sherbrooke processor. (a) Normalized optimization loss versus
major iterations, where each iteration updates all parameter search directions once. (b) iToffoli gate fidelity for selected three-qubit unit
cells using optimized ZX -like interaction under realistic noise. The colorbar shows evolution time; the red slash marks the coherence
limit. Error bars reflect £2% drive parameter and +5 MHz coupler frequency perturbations. Qubit Q; is the target.

The optimization procedure follows that of the CCNOT-
like gate, but with the cost function replaced by Lczz,
which is tailored to enforce the desired ZZX and IZX inter-
action structure. The optimization loss trajectory is shown
in Fig. 6(a), while Fig. 11 presents the extracted Pauli coef-
ficients from effective Hamiltonian reconstruction. The
gate is driven by a flat-top Gaussian pulse envelope with
a total duration fczz = (t + 2 x 30) ns, where Hadamard
and S gates are applied before and after the PCR gate, each
with a duration of 30 ns.

Benchmarking results indicate that 11 out of 69 unit
cells are capable of implementing the CZZ gate with
a fidelity exceeding 90%. The average gate duration is
approximately 350 ns, which is slightly longer than that
of the CCNOT gate. The dominant error contributions
arise from parasitic interactions, notably ZZI and ZIZ.
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Furthermore, random parameter drifts do not significantly
affect the performance, demonstrating that the protocol is
robust against such variations.

Although this work is primarily based on simulation,
the proposed PCR gate is designed using realistic device
parameters relevant to current superconducting qubit archi-
tectures, without requiring alternative circuit designs or
extreme power levels. Challenges such as microwave cal-
ibration, power limitations, and frequency crowding are
common to multiqubit processors [59,60], but they do not
preclude the possibility of implementing the PCR gate
experimentally.

The proposed method benefits from increased connec-
tivity, as stronger direct multiqubit interactions can be
realized in modular or highly connected architectures
where qubit modules are coupled via common resonators
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Benchmarking three-qubit CCNOT gate on the 1bm_sherbrooke processor. (a) Normalized optimization loss versus major

iterations, where each iteration updates all parameter search directions once. (b) CCNOT gate fidelity for selected three-qubit unit cells
using optimized ZX -like interaction under realistic noise. The colorbar shows evolution time; the red slash marks the coherence limit.
Error bars reflect 2% drive parameter and £5 MHz coupler frequency perturbations. Qubit Q; is the target.
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FIG. 6. Benchmarking three-qubit CZZ gate on the ibm_sherbrooke processor. (a) Normalized optimization loss versus major
iterations, where each iteration updates all parameter search directions once. (b) CZZ gate fidelity for selected three-qubit unit cells
using optimized ZZX and IZX interaction under realistic noise. The colorbar shows evolution time; the red slash marks the coherence
limit. Error bars reflect 2% drive parameter and &5 MHz coupler frequency perturbations. Q; serves as the measure qubit while O,

and Qs act as the data qubits.

or waveguides. The search-based optimization provides a
flexible framework for identifying optimal static operat-
ing points and suppressing stray interactions, suggesting
that the PCR gate can be extended to larger systems and
alternative coupling topologies while maintaining high
fidelity.

The dominant sources of error in this work arise from
parasitic couplings and decoherence effects. Further per-
formance improvements can be achieved by combining the
approach with quantum optimal control techniques, which
can effectively suppress leakage to higher-energy levels.

V. CONCLUSION

We have introduced and validated a native three-
qubit entangling gate—the parity cross-resonance (PCR)
gate—that selectively amplifies the intrinsic ZZX interac-
tion in fixed-frequency superconducting qubit platforms.
In contrast to conventional approaches that decompose
multiqubit operations into sequences of two-qubit gates,
the PCR gate performs control-control-target and related
unitaries in a single coherent step, reducing circuit depth
and error accumulation.

A hybrid optimization framework, combining analyti-
cal perturbative modeling with nonperturbative, gradient-
free tuning, enables selective enhancement of the desired
ZZX term while suppressing spurious couplings. This
approach yields robust performance across computational
and higher-excitation subspaces, making the gate suitable
for diverse applications: GHZ triplet state preparation,
Toffoli-class logic, and a native controlled-ZZ (CZZ) oper-
ation that directly maps the parity of two data qubits onto
a measurement qubit for faster, higher-fidelity stabilizer
measurements in surface-code quantum error correction.

Simulations on selected 69 unit-cell configurations from
IBM’s heavy-hex architecture show that multiple subsets
of unit cells achieve fidelities above 90%, several exceed
99%, and operate within sub-400 ns durations—well
within coherence limits. Moreover, the achieved fideli-
ties are not fundamental limits of the architecture. Fur-
ther improvements are expected for circuits composed
exclusively of fully tunable devices when combined with
advanced optimal control techniques, which can more
effectively suppress crosstalk and mitigate control imper-
fections.

These results demonstrate that higher-order interactions,
often regarded as parasitic, can be repurposed into reli-
able, scalable primitives. This work lays the foundation
for co-designing circuit architectures and control protocols
that natively exploit multiqubit interactions, advancing the
scalability and efficiency of next-generation superconduct-
ing quantum processors.
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APPENDIX A: CIRCUIT HAMILTONIAN

In the circuit design, qubits are represented by circles
and labeled as Q;, where j € {1,2,3}. The lumped LC
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series symbolize the couplers, denoted by C,, with r =
{12,23}, indicating the two qubits they mutually couple.
The coupling strength between a qubit O; and a coupler
C, is represented as gjc,. Qubits interact indirectly through
their shared coupler, while they can also experience direct
interactions, such as capacitive coupling. The direct cou-
pling strength between qubit Q; and another qubit Q; is
denoted by g;; .

For simplicity in our analysis, we assume that all cou-
plers behave as harmonic oscillators, similar to transmis-
sion lines or cavity modes. In the model for Fig. 1, we
neglect weak interactions between qubits and distant cou-
plers as well as coupler-coupler interaction. Specifically,
we set g1¢,, /27 = gac3/27 = g3¢), /27 = 90 MHz and
g12/2m = gr3/2m = g13/27 =9 MHz. While the direct
coupling between the outer qubits is negligible in the
IBM_ sherbrooke layout, we assume that g;3 is engi-
neered to be as strong as the capacitive couplings between
adjacent qubits, in order to enhance the three-body ZZX
interaction. Under this assumption, the circuit Hamiltonian
can be expressed as follows:

N R T At n
Hiys =Y @;bjby + Sk, (bjby = 1) + 3wl
j r

+Y g, (b — b)(@, — af)

J
+ > gy (bi — b (b — b))
i#]

(AT)

with w; being qubit bare frequency, §; qubit anharmonicity,
and w¢, coupler frequency. In order to obtain the analytical
Hamiltonian between qubits in the computational subset,

Cell 2 [1,2,3]

—— trun=4
----- trun=5
061 ——-trun=6
N
T
= 0.4 A
>
N
N
0.2 H
0.0
0 10 20 30 40 50 60
Q,/21 (MHz)
FIG. 7. ZZX values for different maximum excitation numbers

in unit cell 2 during GHZ state implementation.

TABLE 1II. Initial parameters used in the optimization
algorithm for GHZ state generation, iToffoli and CZZ gate imple-
mentation in unit cell 2 ([1, 2, 3]), as well as for CCNOT gate
realization in unit cell 3 ([2, 3, 4]).

GHZ iToffoli CCNOT CzZZ

state gate gate gate
e, /27w [GHz] 5.321 5.301 5.301 5.301
We,, /27 [GHZ] 5.725 5.611 5.003 5.649
Ay 0.060 —-0.311 0.174 —0.061
A> —0.007 0.015 0.010 0.005
A3 1.500 —-1.213 —0.016 —1.500

first we restrict circuit parameters within the dispersive
regime, i.e., gjc, < |oc, — w;j|, and using rotating-wave
approximation (RWA), which helps to make the Hilbert
space of harmonic couplers separable from qubit subset,
therefore couplers can be safely eliminated and their effect
renormalizes bare qubit frequency into their dressed values
w; (nj) = Ej (m+1)— Ej (n;), with dressed state energies
Ej(n;) defined as

2
8ic, M

_ ni(n—1)
E;(n)) = mjwy + ~———=4; —Zm,
)\

2

r

with » summing over those resonators that interact with
qubit Qj via &giC,» and Aer (nj) = we, — W — n_,»(Sj.

Two qubits O; and Q; that share the same coupler C,
and couple to it by the strengths g;c, and gjc,, effec-
tively interact with one another by the following effective
strength:

.8, 1 1

2 \dgim) " Ag, (nj>> A2
with g;; being direct coupling strength between the two
qubits and the second term being the perturbative indirect
coupling strength via the shared coupler.

By block diagonalizing the total Hamiltonian, the off-
diagonal Pauli coefficients are evaluated perturbatively to
first order in the drive amplitudes £2;. To further streamline
the expressions, we introduce an overline notation to dis-
tinguish detunings and interactions involving noncompu-
tational states: interactions confined to the computational

TABLE III.  Physical constraints of parameters.
Constraint
e, /2 [GHz] [4.9,7.0]
Weyy /2 [GHZ] [4.9,7.0]
Ay [—1.5,1.5]
Ay [-0.1,0.1]
A; [—1.5,1.5]
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subspace are denoted as J;, those involving higher excited
states as Ji;, and mixed-state interactions as Jj. This
notation extends naturally to higher excitation levels; for
instance, interactions involving the third excited state are

marked with a double overline, such as J-. In particu-

lar, qubit-qubit detunings are denoted with overlines when
they correspond to transitions outside the computational

subspace, e.g., Ay or A;j, more details can be found in
Ref. [40].

In this analysis, we assume 2, < 1 (23), reflecting the
fact that the target drive primarily serves to cancel classical
crosstalk [27,54]. Under these conventions, the perturba-
tive expressions to the first order in 2 for all relevant Pauli
terms are given by

1 J- J JzJz J=J5 JzJ J=J57
OZZ[XZ—|:91005¢1<£—£ 13732 1332)+Q3cos¢>3< 13/12 13 12)]
2 . A AplAyp ApAjy ApAn Ay
Q 2 J5\* Jind s
+ 22 cos o (i) + (i) Rl bl (A3)
4 ATz Aﬁ A12A1§
1 Jr J JzJx J=Jx JzJ J=J7
oy = — [Q] sin ¢, (i _Jz 13v32 _ Y1332 >+Q3 sin s ( 13712 1312 >i|
2 12 Ay A13A§2 A1§A§2 A§2A12 A§2AT2
Q . I\ (e, nds
[ (Y () 2t "
4 i Ay ApAs
J JzJ57 J=J57 Ja - J=J5
a,ZX——[Qgcos@(i—i 1312 Y13 12)+Qlcos¢1< 13732 1332)]
5 An  AzAy  ApAy, Ap Az ApAz,
Q Jo N> (5 \ . Tt
+ 22 cos ¢ (i> + (i) —p 22 (AS)
4 32 A3§ A32A3§
Jz J JzJ7 J=J5 J7aJ- J=Jx
alzy_—[93sin¢3(i—i 32 Y13 12)+lein¢1< 13732 1332)}
A’2 Az AlEA§2 ATzAiz AT2A32 AT2A§2
2 2\ (S, I
B[] 4 (L) a el o
4 Az, Ay ApAs;
1 Jr J=Jz J=z J=J5
oy = — [Qz CcoS ¢2 — Ql COS(]51 (i — ﬁ) — Q3 COS(]53 (i A)] (A7)
2 A ApAxy, Az, ApAxy,
1 Jr J=Jx Jz J=J)5
P [92 Sindy —  sin (i _ M) _ Qysinds (i ﬁ)] (A3)
2 ATz AT2A§2 Aiz AT2A§2
o = 2 cos gy (ﬁﬂ s s &&)
2 A3 Ay A3y ATZ A§2 A A§2 ATZ
+ 5 s iy (ﬂﬂ_ﬂﬁ_ﬂﬂ ﬁ&) (A9)
2 Ap Ay ApAy Ap Ay Ap Ay
2 J3o Ji3 J3n Jt J7 Jiz Jz, J=
azzy=—5m¢l (——_—L_ii iﬁ)
2 A3y App Az A1, Az, Ay Az, A7,
Q Jin J Jin J Jry J7 i
+ % Gin g <ii_ii_ii 2 A) (A10)
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FIG. 8. Verification of Pauli coefficients for GHZ state generation using optimized parameters, with Q; and Qs serving as control
qubits and (), as the target qubit. The title of each panel indicates the labels of the evaluated qubits. The inset shows the optimized
parameters in the form [, ,, ®¢,;, A1, 42, A3], Where 4; = Q; /2, and € is the drive amplitude plotted along the x axis. In selected
panels where GHZ state fidelity exceeding 90%, the star marks the drive amplitude at which the GHZ state reaches its maximum
fidelity.

Numerical simulations remain stable for maximum exci- APPENDIX B: ALGORITHMIC FRAMEWORK

tation numbers above four, as illustrated by unit cell 2 in This section describes the selection of initial tun-

the GHZ state implementation shown in Fig. 7. able parameters for the optimization algorithm and the
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FIG. 9. Verification of Pauli coefficients for generating iToffoli gate using optimized parameters, with O and Q3 serving as control
qubits and Q, as the target qubit. The title of each panel indicates the labels of the evaluated qubits. The inset shows the optimized
parameters in the form [w,,,, ®c,;, 41,42, 43], where A; = @;/Q, and Q is the drive amplitude plotted along the x-axis. In selected
panel where iToffoli gate fidelity exceeding 90%, the star marks the drive amplitude at which the iToffoli gate reaches its maximum
fidelity.

cost-function definition. Throughout the protocols for a;gt = 0.5 MHz. Qubit Q, is consistently the target qubit
GHZ state preparation, iToffoli (CCNOT), and CZZ gate for GHZ and iToffoli gates, while for the CZZ gate, QO acts

implementations, we fix the target interaction strength as  as the measurement qubit, with O, and Qs as data qubits.
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FIG. 10. Verification of Pauli coefficients for generating CCNOT gate using optimized parameters, with Q; and Qs serving as control
qubits and Q, as the target qubit. The title of each panel indicates the labels of the evaluated qubits. The inset shows the optimized
parameters in the form [w,,,, @c,,, 41,42, 43], where A; = Q; /%, and € is the drive amplitude plotted along the x-axis. In selected
panel where CCNOT gate fidelity exceeding 90%, the square marks the drive amplitude at which the CCNOT gate reaches its maximum

fidelity.

Given five control parameters, wc,,, ®c,;, A1, A2,
and A3, the number of independent constraints does
not exceed this count. For GHZ state generation, the
protocol assumes ozy & azy &~ —agy and enhances
ozzx to a;?X, while suppressing undesired terms. For
the iToffoli gate, symmetry conditions impose ojzx ~
oziy X —ozzy ~ oqyx. The CCNOT gate requires ojzy &
azix N azz X —agzzy ~ —ayy. For the CZZ gate, the
key relation is «jzy = —ozzy, with other terms sup-
pressed.

Representative initial parameters satisfying these con-
ditions for unit cells 2 ([1, 2, 3]) and 3 ([2, 3, 4]) are
summarized in Table II.

The optimization algorithm is performed subject to the
parameter constraints listed in Table III.

APPENDIX C: VALIDATION OF PAULI
COEFFICIENTS

To confirm the effectiveness of the optimization pro-
cedure, we validate the reconstructed Pauli coefficients
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FIG. 11. Verification of Pauli coefficients for generating CZZ gate using optimized parameters, with Q; serving as measure qubits,
0, and Q; as the data qubit. The title of each panel indicates the labels of the evaluated qubits. The inset shows the optimized
parameters in the form [ ,, ®¢,;, 41,42, 43], where 4; = €; /2, and 2 is the drive amplitude plotted along the x-axis. In selected
panel where CZZ gate fidelity exceeding 90%, the diamond marks the drive amplitude at which the CZZ gate reaches its maximum
fidelity.

associated with both GHZ state generation and the iToffoli ~ from the nonperturbative Hamiltonian reconstruction using

gate implementation using our software CirQubit [48].  the optimized parameters for the GHZ state and the iToffoli
Figures 8 and 9 display the extracted coefficients obtained  gate, respectively.
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