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1. Introduction 

The paper of Krylov [1] demonstrates that radiation of plane Rayleigh waves excited by a constant load moving on a beam with 
discrete, periodic supports that rest on an elastic half-space can take place at speeds of the moving load smaller than the Rayleigh-wave 
velocity and at angles that are different from the conventional Mach angle. This discussion paper presents an expression for the 
frequency-dependent radiation angle as well as conditions for the existence of the plane Rayleigh waves, it further clarifies the 
mechanism of the radiation of the waves, and it demonstrates their physical significance. First, an alternative closed-form represen
tation for the response in the space-frequency domain is presented to reveal expressions for the wavenumbers in horizontal directions 
(and thus for the angles of the radiated waves) as well as the conditions for existence based on those. Then, by comparing with the wave 
field excited in the canonical case of an harmonically varying load moving directly on the surface of the half-space (at sub-Rayleigh 
velocity), it is found that the basic mechanism of plane-wave generation is not fundamentally different. In both cases, the plane 
Rayleigh waves are radiated due to the time-periodic nature of the loading moving/progressing on the half-space surface. More 
specifically, all harmonic components representing the set of sequentially exerted sleeper forces continuously radiate Rayleigh waves 
leading to the occurrence of plane waves, just like the harmonic load moving directly on the half-space surface creates them. It is 
therefore claimed that the plane Rayleigh waves demonstrated in [1] are not unconventional; they are simply the elementary com
ponents of the well-known curved Rayleigh-wave pattern excited by the harmonic load moving directly on the half-space surface, as 
well as of the very similar Rayleigh-wave pattern excited by the set of sleeper forces. The radiated plane waves do not add up to the 
classical Mach cone – which is indeed due to the frequency dependence of the radiation angle [1] – but together constitute the curved 
wave patterns. The destructive interference of the plane Rayleigh waves is therefore only partial and their physical significance is 
evident. 
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2. Radiation angles and conditions for existence of the plane Rayleigh waves 

To arrive at the alternative expression for the space-frequency domain response (to that shown in Eq. (A.6) of [1]), we first rewrite 
the space-frequency domain expression for the loading on the half-space (i.e., the set of forces sequentially exerted by the sleepers, Eq. 
(A.5) of [1]) using the Fourier series representation of a Dirac comb (for later reference, the time-domain expression for the loading is 
also given here): 

p̂(x, y,ω) = p̂(ω)δ(y)eiωv x
∑∞

n=− ∞
δ(x − nd) = p̂(ω)δ(y)1

d
∑∞

n=− ∞
eiω− ωn

v x
, ωn = n

2πv
d

,

p(x, y, t) = P(t − x/v)δ(y)
∑∞

n=− ∞
δ(x − nd) = P(t − x/v)δ(y)

1
d

∑∞

n=− ∞
e− iωn

v x
.

(1)  

Here, x and y denote the longitudinal and transversal horizontal coordinates, respectively, t denotes time, ω the angular frequency, 
while v denotes the vehicle velocity and d the sleeper spacing; i is the imaginary unit. Furthermore, P̂(ω) denotes the Fourier transform 
of the force P(t) exerted by the sleeper support at x = 0, and ωn denotes the sleeper passing frequency together with its integer 
multiples (|n| > 1). Contrary to the notation in [1], the symbol p (lower case) is used in the left-hand side of Eq. (1) to discriminate it 
from P (capital) in the right-hand side, as the quantities have slightly different physical meaning; in addition, the hat symbol is used in 
the current paper to indicate that the quantity belongs to the frequency domain. Finally, we note that ω ≥ 0 is considered throughout 
the paper, which is sufficient for real-valued time-domain signals. 

The response of the half-space to the loading can be derived by applying the Fourier transform over x and y, solving the transformed 
elastodynamic equations of motion (i.e., a set of ordinary differential equations that only depend on the vertical coordinate z) ac
counting for the boundary conditions at the surface as well as for the radiation condition, and subsequently evaluating the inverse 
Fourier integrals (the boundary conditions at z = 0 are zero shear stresses and non-zero normal stress; the latter is equal to minus the 
loading specified in Eq. (1)). This is a well-known method detailed in many textbooks [e.g., 2–5], and therefore only the main steps are 
shown here for brevity. For simplicity, we assume material damping to be absent. 

When Fourier-transformed over x and y, the expression for the loading (Eq. (1)) reads as follows (the tilde indicates that the 
quantity lives in the frequency-wavenumber (ω,kx,ky) domain): 

p̃
(
kx, ky,ω

)
= 2π p̂(ω)

d
∑∞

n=− ∞
δ
(
kx − kx,n

)
, kx,n =

ω − ωn

v
. (2)  

The following frequency-wavenumber domain representation for the particle velocity at the surface of the half-space can be obtained: 

ṽz
(
kx, ky, z=0,ω

)
= 2π iωP̂(ω)k2

S
Gd

qP

F(k)
∑∞

n=− ∞
δ
(
kx − kx,n

)
, (3)  

where F(k) denotes the Rayleigh determinant (see [1]), k2 = k2
x + k2

y and qP =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − k2
P

√

; kP and kS denote the wavenumbers of the 
compressional and shear waves, respectively, and G the shear modulus of the half-space. The inverse Fourier integral over kx can be 
evaluated employing the shifting property of the Dirac delta function, and the inverse Fourier integral over ky can be evaluated 
subsequently using Cauchy’s residue theorem. For y > 0, this entails 

v̂z(x, y, z = 0,ω) =
1

4π2

∫∞

− ∞

∫∞

− ∞

ṽz
(
kx, ky, z = 0,ω

)
ei(kxx+kyy)dkxdky

=
1
2π

iωP̂(ω)k2
S

Gd
∑∞

n=− ∞

∫∞

− ∞

qP

F(k)

⃒
⃒
⃒
kx=kx,n

ei(kx,nx+kyy)dky

≈ −
ωP̂(ω)k2

SkRqP(kR)

Gd dF/dk|k=kR

∑∞

n=− ∞

1
ky,n

ei(kx,nx+ky,ny),

(4)  

where dF/dk|k=kR
= dF/dk|kx=kx,n ;ky=ky,n 

(note that kx,n and ky,n combine to the Rayleigh wavenumber kR in F(k) and in qP), and 

ky,n =

⎧
⎪⎪⎨

⎪⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2
R − k2

x,n

√

, k2
R > k2

x,n,

i
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2
x,n − k2

R

√

, k2
R < k2

x,n.

(5)  

Note that, in full correspondence with the analysis in [1], only the Rayleigh-pole contribution has been taken into account in the 
evaluation of the inverse Fourier integral over ky (it dominates the response far from the source); the contributions of the loop integrals 
along the branch cuts, yielding compressional and shear waves [e.g., 3,6], have been ignored. 
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The alternative expression for the frequency-domain response (Eq. (4)) has been obtained using double Fourier transformation. 
This method is somewhat different from that employed in [1]. To show that the same result can be obtained with that method, in 
Appendix A we evaluate the convolution of the modified expression for the loading (Eq. (1)) with the Green’s function of the half-space 
in an approximate manner; the result in Eq. (A.3) confirms Eq. (4), but it is only valid for real-valued ky,n, and we therefore base our 
interpretation on Eq. (4). 

The latter expression clearly shows that the frequency-domain response contains plane Rayleigh waves that propagate away from 
the track (in positive y direction) for ky,n > 0. If ky,n is imaginary (i.e., for k2

R < k2
x,n), the frequency-domain response does not consist of 

propagating plane waves but of waves that are evanescent in y direction. This confirms the numerical findings presented in [1], 
although these were not related to the nature of ky,n. It also confirms the following observations made from Fig. 2, 3 and 5 of [1], 
respectively:  

• For ω > ωn, the phase propagation is in positive x direction as kx,n > 0.  
• For ω < ωn, the phase propagation is in negative x direction as kx,n < 0.  
• For ω = ωn, there is no phase propagation in x direction as kx,n = 0. 

However, Eq. (4) also reveals the following aspects:  

• The direction of propagation of the plane waves is defined by the radiation angle θn = θn(ω)= arctan(ky,n /kx,n) (measured from the 
positive x axis), which is indeed frequency (ω) dependent.  

• The bounds of the frequency bands around ωn in which the radiation of plane Rayleigh waves takes place can determined from the 
fact that ky,n should be real-valued, leading to 

ωn
cR

cR + v
< ω < ωn

cR

cR − v
, for ωn > 0,

ωn
cR

cR − v
< ω < ωn

cR

cR + v
, for ωn < 0,

(6)  

where cR denotes the Rayleigh-wave speed. The first condition essentially explains why in Fig. 4 of [1] the plane Rayleigh waves are 
not observed. The second condition states that Eq. (4) yields plane Rayleigh waves for a range of negative frequencies. As 
mentioned earlier, negative frequencies are not considered, and the second condition can therefore be ignored. 

3. Mechanism of plane-Rayleigh wave generation 

To further clarify the mechanism of plane Rayleigh-wave generation, we consider an harmonic load moving directly on the half- 
space surface at sub-Rayleigh velocity, with oscillation frequency being the sleeper passing frequency (it could also be a multiple of 
that): 

p̂(x, y,ω) = δ(y)
∑

n=− 1,1

Pn

v
eiω− ωn

v x
,

p(x, y, t) = 2P1δ(x − vt)δ(y)cos(ω1x/v) = δ(x − vt)δ(y)
∑

n=− 1,1
Pne− iωn

v x
,

(7)  

where P1 = P− 1 denotes half of the force amplitude; note that the cos(ω1x/v) in the expression for p(x, y, t) could be replaced by 
cos(ω1t), but the former facilitates the comparison (below) with the loading composed of the set of sleeper forces. The frequency- 
domain response associated with Eq. (7) can be derived in the same manner as in Section 2. The result reads 

v̂z(x, y, z=0,ω) ≈ −
ωk2

SkRqP(kR)

Gv dF/dk|k=kR

∑

n=− 1,1

Pn

ky,n
ei(kx,nx+ky,ny), (8)  

where the wavenumbers kx,n and ky,n are defined in exactly the same manner as before (Eqs. (2) and (5), respectively), and so is 
dF/dk|k=kR

. 
Comparing Eq. (8) with Eq. (4), the resemblance is obvious. Clearly, the harmonically varying moving load also radiates plane 

Rayleigh waves in a specific frequency band (i.e., only in the frequency band around the sleeper passing frequency), while it creates 
evanescent waves outside. As compared to the response of the half-space to the set of sleeper forces (Eq. (4)), the same conclusions can 
be drawn regarding the direction of phase propagation in x direction, the frequency-dependent angle of radiation, and the frequency 
band of existence. This is actually not a surprise given the similarity of the loadings in both the frequency and time domains, see Eqs. 
(1) and (7) (the latter consists of only one harmonic while the former consists of infinitely many). Hence, we conclude that the 
mechanism of plane Rayleigh-wave generation by a constant load moving at sub-Rayleigh velocity on a beam with discrete, periodic 
supports that rest on an elastic half-space is not fundamentally different from that in the canonical case of a harmonic load moving (also 
at sub-Rayleigh velocity) directly on the half-space surface. In both cases, the plane Rayleigh waves are radiated due to the time- 
periodic nature of the loading moving/progressing on the half-space surface. More specifically, all harmonic components 
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representing the set of sleeper forces (Eq. (1)) continuously radiate Rayleigh waves (in their own frequency bands) leading to the 
occurrence of plane waves, just like the harmonic load moving directly on the half-space surface creates them (in a single frequency 
band). Hence, it is claimed that the plane Rayleigh waves demonstrated in [1] are not unconventional. 

It should be noted, however, that even if infinitely many harmonic components are taken into account for the load that moves 
directly on the half-space surface (i.e., that loading will be periodic in time, not harmonic), 

p̂(x, y,ω) = δ(y)
∑∞

n=− ∞

Pn

v
eiω− ωn

v x
, p(x, y, t) = δ(x − vt)δ(y)

∑∞

n=− ∞
Pne− iωn

v x
, (9)  

with P− n = Pn, the response will not be exactly the same as that induced by the set of sleeper forces, because the energy distribution 
over the frequencies is different. This is clear from the difference in P̂(ω) and Pn in Eqs. (1) and (9), respectively, and implies different 
weights of the various wavenumbers kx,n and ky,n which depend on frequency, and thus of the plane Rayleigh waves radiated in various 
directions; the difference in weights can already be observed from the comparison of Eqs. (4) and (8) (see also Section 4 for an 
illustration). Related to that, the periodic load moving directly on the half-space surface is only present for infinitesimally short 
duration at a single location, while the forces exerted by the sleepers generally have a finite duration. The loadings are exactly same 
only if P̂(ω) = P1d /v and Pn = P1, leading to (compare Eqs. (1) and (9)) 

p̂(x, y,ω) =
P1

v
δ(y)

∑∞

n=− ∞
eiω− ωn

v x
,

p(x, y, t) = P1δ(x − vt)δ(y)
∑∞

n=− ∞
e− iωn

v x
= P1dδ(x − vt)δ(y)

∑∞

n=− ∞
δ(x − nd).

(10)  

In that case, both loadings consists of the same infinitely short Dirac pulses at the sleeper locations (note the difference between P(t 
− x /v) and δ(x − vt) ∼ δ(t − x /v) in Eqs. (1) and (10)), and the energy distributions over the different frequencies/plane Rayleigh 
waves are therefore exactly the same. 

4. Physical significance of the radiated plane Rayleigh waves 

Ref. [1] states that “in contrast to the conventional Mach angles, values of pseudo-Mach angles do depend on frequency, which 
means that waves radiated at different frequency components will propagate at different angles, causing the destructive interference 
that would suppress radiated plane waves”. To verify this statement, Fig. 1 presents snapshots of the space-time domain Rayleigh-wave 
field induced by the set of sleeper forces as well as that induced by the harmonic load moving directly on the half-space surface; for 
reasons of comparison, only the first harmonic has been taken into account for the former (i.e., n = 1 and n = − 1). The responses were 
obtained by numerical evaluation of the inverse Fourier transform of Eqs. (4) and (8), respectively (the integrable singularities were 
handled analytically). 

Starting with the response to the harmonic load moving directly on the half-space surface as shown in Fig. 1a, it is noted that the 
radiated plane waves are simply the elementary components of the generated well-known Rayleigh-wave pattern (it can be verified 
that this pattern is symmetric with respect to the path of the moving load). The plane waves, radiated in different directions, together 
constitute the curved wave pattern. As for the response induced by the set of sleeper forces (Fig. 1b), which is a very similar, the 
radiated plane waves are simply the elementary components of that generated Rayleigh-wave pattern too. Hence, the physical 

Fig. 1. Snapshots of the Rayleigh-wave field (vertical particle velocity) induced by the harmonic load moving directly on the half-space surface 
(panel a) and induced by the set of sleeper forces (only the contributions of n = 1 and n = − 1; panel b). The load position is: x ≈ 22 m, y = 0. 
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significance of the plane waves described in [1] is evident and their destructive interference is only partial. On the other hand, Fig. 1 
confirms that the radiated plane waves do not add up to the classical Mach cone, which is indeed due to the frequency dependence of 
the radiation angle (which was specified in Section 2). 

When comparing the responses shown in Fig. 1, it is confirmed (see Section 3) that the energy distribution over directions in the 
generated Rayleigh-wave fields is different as the various plane waves have different weights. In Fig. 1a, the magnitude of the field 
radiated in forward direction is largest, while the magnitude of the backward radiated field is largest in Fig. 1b. The latter is due to the 
decay of P̂(ω) with increasing ω [1], which suppresses the higher frequencies in the band of propagating waves around ω1, and thus the 
waves radiated in forward direction relative to the backward-radiated ones. 

The complete response induced by the set of sleeper forces obviously includes the response to a static load (n = 0) as well as to the 
higher harmonics (|n| > 1). One can verify that the latter give rise to similar wave patterns as shown in Fig. 1b but have shorter wave 
lengths. However, these short wave-length contributions are not necessarily energetic; the frequencies in the bands around higher ωn 

are suppressed due to the above-mentioned decay of P̂(ω). 

5. Conclusions 

This discussion paper presented an alternative closed-form representation (to that shown in Eq. (A.6) of [1]) for the 
space-frequency domain response of the half-space surface to reveal expressions for the radiation angle of the plane Rayleigh waves 
excited by the set of sequentially exerted sleeper forces as well as conditions for existence of the waves. Furthermore, by comparing 
with the wave field excited in the canonical case of a harmonically varying load moving directly on the surface of the half-space, it was 
found that the basic mechanism of plane-wave generation is not fundamentally different. All harmonic components representing the 
set of sleeper forces continuously radiate Rayleigh waves leading to the occurrence of plane waves, just like the harmonic load moving 
directly on the half-space surface creates them. It is therefore claimed that the plane Rayleigh waves demonstrated in [1] are not 
unconventional; they are simply the elementary components of the well-known curved Rayleigh-wave pattern excited by the harmonic 
load moving directly on the half-space surface, as well as of the very similar Rayleigh-wave pattern excited by the set of sleeper forces. 
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Appendix A 

Eq. (4) presented the alternative expression (to that shown in Eq. (A.6) of [1]) for the frequency-domain response obtained using 
double Fourier transformation. To show that the same result can be obtained with the method employed in [1], we here derive an 
approximation of the convolution integral of the modified expression for the loading (Eq. (1)) with the Green’s function Gzz of the 
half-space (i.e., the Rayleigh-wave contribution to the Green’s function, which is Eq. (A.2) of [1]). 

To this end, we can write (see also Eq. (A.1) of [1]) the following for y > 0: 

v̂z(x, y, z = 0,ω) =

∫∞

− ∞

∫∞

− ∞

p(xʹ, yʹ,ω)Gzz(x − xʹ, y − yʹ,ω)dxʹdyʹ

=
P̂(ω)

d
∑∞

n=− ∞

∫∞

− ∞

eikx,nxʹGzz(x − xʹ, y,ω)dxʹ =
P̂(ω)D(ω)

d
∑∞

n=− ∞

∫∞

− ∞

eiφ(xʹ)y
̅̅̅̅̅̅̅̅̅̅̅̅

r(xʹ)y
√ dxʹ,

(A.1)  

where 

φ(xʹ) = kx,n
xʹ

y
+ kRr(xʹ), r(xʹ) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
(x − xʹ)2

y2

√

. (A.2)  

The integral over x́  in Eq. (A.1) can be approximated using the method of stationary phase [5]. The result reads, for y being large and 
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positive, as follows: 

v̂z(x, y, z=0,ω) ≈
̅̅̅̅̅̅̅̅̅̅̅
2πkR

√
P̂(ω)D(ω)

d
eiπ4

∑∞

n=− ∞

1
ky,n

ei(kx,nx+ky,ny), (A.3)  

where we used (xś denotes the stationary point; kx,n and ky,n have been defined in Section 2) 

xʹ
s = x −

kx,n

ky,n
y, r

(
xʹ

s
)
=

kR

ky,n
, φ

(
xʹ

s
)
= kx,n

x
y
+ ky,n,

∂2φ

∂xʹ2

⃒
⃒
⃒
⃒
xʹ=xś

=
ky,nk2

y,n

k2
Ry2 . (A.4) 

Using the expression for D(ω) taken from [1], it can easily be verified that Eq. (A.3) is identical to Eq. (4), which confirms that 
result. However, strictly speaking, the result in Eq. (A.3) is only valid for real-valued ky,n, in other words for k2

R > k2
x,n; otherwise, the 

stationary point becomes complex and does no longer lie on the xʹ path of integration (see Eq. (A.1)). Hence, Eq. (A.3) only confirms the 
propagating-wave parts of Eq. (4), not the evanescent-wave parts. In relation to that, the different components (n) of Eq. (A.3) in fact 
have different frequency (ω) ranges of validity. 
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