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Graph states are a powerful class of en-
tangled states with numerous applications
in quantum communication and quantum
computation. Local Clifford (LC) opera-
tions that map one graph state to another
can alter the structure of the correspond-
ing graphs, including changing the num-
ber of edges. Here, we tackle the asso-
ciated edge-minimisation problem: find-
ing graphs with the minimum number
of edges in the LC-equivalence class of
a given graph. Such graphs are called
minimum edge representatives (MER) and
are crucial for minimising the resources
required to create a graph state. We
leverage Bouchet’s algebraic formulation
of LC-equivalence to encode the edge-
minimisation problem as an integer lin-
ear program (EDM-ILP). We further pro-
pose a simulated annealing (EDM-SA) ap-
proach guided by the local clustering coef-
ficient for edge minimisation. We identify
new MERs for graph states with up to 16
qubits by combining EDM-SA and EDM-
ILP. We extend the ILP to weighted-edge
minimisation, where each edge has an asso-
ciated weight, and prove that this problem
is NP-complete. Finally, we employ our
tools to minimise the resources required
to create all-photonic generalised repeater
graph states using fusion operations.

1 Introduction

Graph states are a powerful yet tractable class
of multipartite entangled states that have been

Hemant Sharma: h.sharma-1@tudelft.nl

extensively studied in quantum science. Be-
yond their theoretical significance [1, 2|, they
support a wide range of applications, including
measurement-based quantum computation |3, 4,
5, 6, 7, 8|, all-photonic quantum repeaters |9,
10, 11, 12, 13, 14], loss-tolerant error-correcting
codes [15, 16, 17|, and quantum metrology |[18|.
Significant efforts have been directed toward both
their experimental realisation [19, 20, 21, 22,
23, 24, 25, 26, 27, 28] and theoretical optimisa-
tion, encompassing photonic graph state genera-
tion [29, 30, 31, 32, 33|, general graph state con-
struction [34|, and state distribution [35].

A graph state |G) is represented by a graph G
with vertices that correspond to qubits initialised
in the |+) state, and edges that correspond to
controlled-Z (CZ) gates applied to pairs of qubits.
Graph states can also be defined by Pauli stabi-
lizers, and thus constitute a subset of the sta-
bilizer states. By applying local Clifford (LC)
gates, i.e. single-qubit Clifford unitaries, one can
transform a graph state |G) into a different lo-
cal Clifford equivalent (or LC-equivalent) graph
state |H) with possibly fewer edges in its graph.
It was shown in Ref. [36] that two graph states
are LC-equivalent if and only if their graphs are
related by a sequence of graph operations called
local complementations.

A natural goal is to identify LC-equivalent graph
states with the fewest edges—referred to as
minimum edge representatives (MERs). These
serve as canonical representatives of LC-orbits,
the equivalence classes under local complemen-
tation [37]. MERs have been studied as a
means to reduce the physical resources needed for
graph state preparation [34]. However, identify-
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ing MERs is challenging due to the convoluted
structure of LC-orbits, as shown in Ref [37]. Ex-
isting methods typically rely on brute-force enu-
meration of the entire orbit via local complemen-
tations, which quickly becomes intractable since
the number of orbit elements can grow exponen-
tially with the number of qubits. As a result,
prior work on MERs has been limited to graphs
with up to 12 qubits [34, 37].

In this work, we introduce three algorithms to
address the edge-minimisation problem: given a
graph G, find an LC-equivalent graph H with
the minimum number of edges. Our first algo-
rithm, EDM-SA, uses simulated annealing [38| to
obtain approximate solutions for graphs with up
to 100 qubits. The second algorithm, EDM-ILP,
is an integer linear program based on Bouchet’s
algebraic characterisation of LC-equivalence [39].
While EDM-ILP guarantees globally optimal so-
lutions, its runtime scales exponentially in the
worst case. Combining both approaches, our
third method, EDM-SAILP, uses EDM-SA to
precondition the input to EDM-ILP, yielding a
significant constant-factor speed-up. This hybrid
approach enables us to compute exact MERs for
graphs with up to 16 qubits. Moreover, we extend
EDM-ILP to tackle the weighted-edge minimisa-
tion problem: finding LC-equivalent graphs that
minimise the total edge weight. We prove this
problem is NP-complete via a reduction from the
vertex-minor problem [40].

To demonstrate the practical utility of our ap-
proach, we use EDM-SA to optimise the resources
required for the creation of all-photonic gener-
alised repeater graph states (gRGS) [14]. These
states can be utilised for sharing multiple units
of entanglement in a quantum network. More-
over, they can be constructed using single-photon
sources and fusion operations [41]. However, the
probabilistic nature of fusion and photon loss
leads to a high number of required single photons
and fusion operations, with the fusion order crit-
ically affecting generation efficiency. To reduce
resource requirements, we identify a sub-graph of
the gRGS and construct its corresponding MER,
which contains fewer edges and is therefore more
efficient to create. LC gates are applied at the
start of the protocol to transform the MER into
the desired sub-graph, allowing for an optimised
fusion order. Using the tools from Ref. [31], we

quantify the resources needed and determine the
optimal fusion sequence. Our method achieves
more than an order-of-magnitude reduction in re-
source usage under realistic high-loss conditions.

In Section 2, we provide a description of EDM-SA
and EDM-ILP algorithms we use to find MERs.
In Section 3, we study the performance of our al-
gorithms. Next, in Section 4, we demonstrate the
applications of our framework for edge minimi-
sation. We conclude with an outlook for future
work in Section 5.

2 Algorithms for edge minimisation

2.1 Simulated annealing

Here we discuss a heuristic approach for edge
minimisation based on simulated annealing
(SA) [38]. Due to its flexibility, simulated an-
nealing has been widely applied in various do-
mains, including the optimisation of resource
states in measurement-based quantum computa-
tion [6, 8|, and the distribution of graph states in
networks [35].

SA is an iterative algorithm that runs for a given
number of iterations (kmax) while trying to ap-
proximate the optimal solution. At each iter-
ation k, SA may move from a state s; to an-
other potential ‘neighbouring’ state spo; with a
certain acceptance probability. In our implemen-
tation, states correspond to graphs, and the state
Spot 1s sampled from a set of neighbouring states
S(sk). Here, S(s) denotes the subset of graph
states that differ from the graph state s, by one
local complementation. A local complementation
L, is an operation on a graph G that acts on a
vertex v by complementing the edges in the neigh-
bourhood of v, as shown in Fig. 1. We construct
the set S(si) based on a metric called the local
clustering coefficient [42], and the degree D, of a
vertex v. Details for finding S(sy) are discussed
in Appendix C.

Each state has an energy associated with it,
which reflects its quality, with lower energy states
considered to be better candidate solutions. The
energy of a state is defined as the number of
edges in the graph. The acceptance probability
of SA is controlled using the temperature param-
eter (T'(k)). Transitions from a low- to a high-
energy state are more likely at higher tempera-
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tures. Thus, starting from a high temperature
and slowly cooling down following a defined tem-
perature schedule, SA initially explores a wide
range of states and gradually converges to a state

close to the ground state (state with minimum
energy).

Figure 1: Local complementation on the red vertex
removes (or adds) an edge between the neighbours of
the vertex if they were connected (or disconnected)
prior to its application

For efficient SA, the temperature schedule, i.e.,
the temperature T'(k) at each iteration k, must
be properly defined. We consider a logarithmic
cooling schedule [43]: at the k’th iteration, the
temperature is given by T'(k) = T(1)/logy(k+1),
for a given initial temperature 7'(1). Logarithmic
cooling schedule is slower compared to other cool-
ing schedules. This allows EDM-SA algorithm to
explore the states for longer time before converg-
ing to a solution. In principle, the initial temper-
ature and kpax can be tailored for specific prob-
lem instances. However, we found 7'(1) = 50 and
T'(1) = 100 to be good enough in practice to find
approximate MERs.

2.2 Edge minimisation using Bouchet's algo-
rithm

We leverage Bouchet’s LC-equivalence between
graph states to find the exact solutions to the
edge-minimisation problem. By definition, it can
be written as follows:

n
min 3" Apli.Jj),
1>)

s.t. G =LC H,

where Ag (Ap) represents the adjacency matrix
of G (H). We use Bouchet’s algorithm for LC-
equivalence [39] to express LC-equivalence in a
form amenable to (integer) linear programming.
For completeness, we describe Bouchet’s algo-
rithm in Appendix A. The algorithm takes as

input the adjacency matrices Ag and Ag of n-
vertex graphs G and H respectively, and is based
on the binary/symplectic framework (see for ex-
ample [44, 45| and Appendix A for further infor-
mation) to find the following equation describing
LC-equivalence of graphs G and H,

AgpAH —i—AgQ—i-AHR—i-S =0 mod 2 , (1)
pisi+rigp=1. (2)

Here, p;,q;, i, s; are binary entries of n X n di-
agonal matrices P,Q, R, S, respectively. These
matrices P, @, R, S arise in the binary framework
of LC operations, where local Clifford operations
can be represented by non-singular 2n X 2n ma-
trices M

P Q
wfd e
such that the condition in Eq. (2) corresponds to
the symplecticity. We express the LC-equivalence
of G and H by setting Eq. (1) and (2) as con-
straints. Furthermore, we convert Eq. (1) from a
binary constraint to a integer one, by introducing
a matrix B of integer variables such that:

AgPAp + AcQ + AyR+ S =2B.  (4)

We then linearise the equations by introducing
constraints to convert products of integer vari-
ables into linear systems. This is done for prod-
ucts of variables originating from the terms PAgy
and AgR in Eq. (4) and terms PS and RQ in
Eq. (2). The approach outlined above produces
the full set of constraints; since these are rather
unwieldy, we defer the complete derivation of the
EDM-ILP algorithm to Appendix B. We note
that Eq. (1) form n? equations in terms of 4n
variables, but with the non-linear constraint in
Eq. (2). Bouchet showed in [39] that one only
needs to check a small number of solutions, to
certify whether there exists a solution that also
satisfies Eq. (2). In particular, if U forms any ba-
sis of the vector space V of solutions to Eq. (1),
then there exists a solution in V that satisfies the
constraint in (4) if and only if there exists an ele-
ment in the set {u + v’ | u,u’ € U} that satisfies
the constraint. Note that this latter set has size
at most linear in n, while V' can in principle be of
size exponential in n. Unfortunately, we were not
able to exploit this structure for the ILP, which
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has the potential to reduce the number of con-
straints and thus the runtime significantly. One
obstacle encountered is the fact that bases are not
naturally expressed in terms of ILPs, making it
hard to exploit the above structure. On the other
hand, given access to U, it is possible to express
the set {u + «’ | u,u’ € U} naturally in terms of
an ILP.

The runtime of the EDM-ILP algorithm depends
on the number of constraints, which in turn de-
pend on the number of vertices and edges in the
input graphs. Therefore, we employ EDM-SA
to find the approximate MER of a given graph
before inputting it into EDM-ILP. This prepro-
cessing step reduces the number of constraints in
the corresponding EDM-ILP thus improving the
runtime. We refer to this combined algorithm
as EDM-SAILP. We use the MOSEK optimiser
API for Python [46] to run EDM-ILP and EDM-
SAILP. Since EDM-ILP is an exact optimisation,
the results obtained are global minima, i.e. MERs
of their corresponding LC-orbit. In Section 3, we
benchmark the performance of our algorithms for
different graph models.

2.3  Weighted-edge minimisation

Our formulation of Bouchet’s algorithm as an
optimisation problem can be easily extended
to include weighted-edge minimisation of LC-
equivalent graph states. The optimal solution for
our case is thus the one that minimises the sum of
these weights of LC-equivalent graph states. The
optimisation problem then becomes

n
i>7
s.t. G =LC H

where W is a weighted adjacency matrix encoding
the weights Wi, j] of each edge possible pair i, j.
These weights could represent, for example, the
cost of creating edges, thereby enabling a more
realistic analysis of the resource requirements for
generating graph states, similar to the simulated
annealing based approach of Ref. [35]. We allow
the weights Wi, j] to be real numbers, since an
ILP only requires the variables to be integers, not
the cost function. Note that the weights Wi, j]
are separate from the weights of weighted graph
states, studied in e.g. [47, 48|, which are not the
subject of our work.

The decision problem for arbitrary weights can
be proved to be NP-complete by reducing the
so-called wvertez-minor problem to the weighted
edge-minimisation problem. The vertex-minor
(or qubit-minor) problem plays an important role
in quantum information theory [49, 50]. A graph
state |H) that can be obtained from |G) under
local Clifford unitaries and Pauli measurements
is called a qubit-minor of |G) [49, 50]. Accord-
ingly, the graph H is called a vertex-minor of
graph G [51]. We consider the labelled version
of the vertex-minor problem, where the resultant
graph after measurements and local complemen-
tations needs to be exactly H (not up to graph
isomorphism). While local equivalence of two
graphs G and H can be decided efficiently, de-
ciding whether H is a vertex-minor of G is NP-
complete, for both the labelled [50] and unla-
belled case [40].

The vertex-minor problem can be formulated us-
ing the weighted-edge minimisation problem as
follows. Assume that the graph H = (V' E')
has no isolated vertices . We define the weights
Wi, j] according to the following rule:

—1 if {i,j} ek
Wli,jl =< +1 if i,jeV' A{i,j} ¢ E . (5)

0 else

The smallest weight possible is -|E’|, which is
achievable if and only if G is LC-equivalent to
a graph G such that G [V'] = H, i.e. when H is a
vertex-minor of G. In other words, an efficient al-
gorithm for deciding whether the minimum score
equals — | E’| would also yield an efficient method
for determining whether H is a vertex-minor
of GG, and vice versa. Since the vertex-minor
problem is known to be NP-complete in gen-
eral [40], it follows immediately that the decision
problem for weighted-edge minimisation is NP-
complete as well. We note that this still leaves
open whether the minimisation problem remains
NP-complete when restricting to uniform /non-
negative weights.

TFor the case of H containing isolated vertices, assign
a weight of 0 to any of the edges incident to an isolated
vertex.
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Figure 2: In (a) and (c), we compare the number of edges in the input graphs and the outputs from EDM-SA and
EDM-SAILP for Erdés-Rényi graphs and bounded-degree graphs respectively. The solid lines denote the average
value, and the shaded bands indicate the maximum and minimum. (b) shows the runtime of the EDM-SAILP
algorithm as a function of edge inclusion probability for ER graphs with 13 vertices. (d) compares the runtime
between EDM-ILP and EDM-SAILP for bounded-degree graphs. The solid line indicates the average runtime, and
error bars show the 95th percentile around the mean. For ER graphs, the runtime and the MER edge count are
highest around p ~ 0.5. From (d), we observe that EDM-SAILP achieves a constant-factor reduction in runtime
compared to EDM-ILP on average. This improvement can be attributed to the EDM-SA preprocessing step,
although the runtime remains exponential in the size of the input graph. The average runtime of EDM-SAILP for
graphs with 16 vertices is smaller than that for graphs with 15 vertices, which we attribute to a better EDM-SA

performance.

3 Edge minimisation of LC-equivalent
graph states

In this section, we first characterise the runtime of
EDM-SA. We then empirically evaluate: (1) the
runtime of EDM-ILP and EDM-SAILP, and (2)
the reduction in edge count achieved by EDM-SA
and EDM-SAILP. We focus on two graph models:
(1) the Erdss-Rényi model, which is a standard
model for creating random graphs, and (2) the
bounded-degree model, which encompasses real-
istic hardware constraints. Our algorithms ran on
each input graph by allocating them on 20 cores
of Intel(R) Xeon(R) CPU E5-2620 v2 @ 2.10GHz,

each with 32GB of memory.

We first benchmark our algorithms for the Erd&s-
Rényi (ER) graph model [52, 53]. An ER graph
G(n,p) is a random graph on n vertices, where
each of the @ possible edges is included in-
dependently with a probability p. The expected
number of edges in the initial graph increases as
the probability p increases. We can thus con-
trol the sparsity (or density) of edges in the gen-
erated graphs by changing the value of p. We
first characterise the runtime of the EDM-SA al-
gorithm by running it for different numbers of
maximum iterations. The initial temperature is
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Figure 3: (@) demonstrates the fusion order for creating an RGS with eight qubits, obtained using OptGraphState
from Ref. [31]. The elliptical boxes show the required fusions, labelled by numbers next to them. These numbers
allow the tracking of fusions after LC-gates are commuted to the beginning. The order corresponds to the graph
H+L with LC-gates applied at the beginning. Graph states (shown with blue vertices and solid edges) may
transform into non-graph states when acted upon by LC-gates (represented with red and yellow vertices). The
resulting state might also be a non-graph state if such a qubit is involved in fusions, indicated using dashed edges.
(b) shows: (1) the sampled gRGS state capable of sharing three ebits across a quantum network, (2) the central
graph G (with 46 edges), and (3) its approximate MER H, which contains 23 edges.

set to T'(1) = 50 for a set of 100 Erdds-Rényi
graphs with 100 vertices and 2971.2 edges on av-
erage. For kpna.x = 50, EDM-SA had an average
runtime of 0.94 seconds, and the number of edges
obtained in the output graphs was 2367.26 on av-
erage. Increasing kpax to 1050 increases the run-
time to 18.82 seconds, and the number of edges
obtained was 2310.73. This suggests that larger
values of kpyax might allow for better performance
of EDM-SA. However, in the rest of the bench-
marking, we set the value of kpax and T'(1) to
100.

We generate graphs for increasing values of p with
n = 13 vertices using the ER graph model. We
generate 100 ER graphs for each value of p, and
we apply EDM-SA and EDM-SAILP to minimise
the edges in each graph generated for a p value.
From Fig. 2(a), we find that the number of edges
obtained from EDM-SA is on average 1.07 times
larger than the MERs for ER graphs. The ex-
pected number of edges is concave in p, with a
maximum at around p ~ %, and EDM-SA ap-
proximations are slightly worse near this regime.
Moreover, we observe that dense graphs (p > 0.6)
are LC-equivalent to graphs with relatively fewer
edges, shown by the large gap between the input
edge count and MER edge count. In Fig. 2(b),
the correlation coefficient between the logarithm
of runtime of EDM-SAILP and the number of

input edges is 0.94, confirming an exponential
runtime dependence on the size of input graph.
Thus, we omit running the EDM-ILP algorithm
for ER graphs in Fig. 2(b) since the number of
edges grows to a large number (~ 70) for higher
values of probability p.

We also benchmark our algorithms using the
bounded-degree graph model, which incorporates
hardware constraints that caps the maximum de-
gree of edges like restricted qubit connectivity.
We generate random graphs with n vertices and
bounded degree of dji,, by sampling a set of n pos-
itive integers where all elements are < djj,, and
constructing simple connected graphs using the
Havel-Hakimi algorithm [54, 55]. In our simula-
tions, we fixed the value of dj;, to 5 and generated
graphs with n ranging from 6 to 16. We gener-
ated 100 graphs for each vertex number; however
for n = 6 only 63 such graphs were generated.

In Fig. 2(c), we benchmark the edge minimisa-
tion performance of EDM-SA against the MERs
obtained from EDM-SAILP for bounded-degree
graphs. The number of edges obtained from
EDM-SA is on average 1.04 times larger than
the MERs. We observe that the performance of
EDM-SA declines slightly as the number of ver-
tices increases, likely due to the increased sparsity
of the input graphs. In addition to edge count
comparison, we compare the runtime of EDM-
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ILP and EDM-SAILP in Fig. 2(d). To find the
dependence of runtime of EDM-SAILP, we calcu-
late the correlation coefficient between the loga-
rithm of its runtime and the number of edges and
vertices input to the EDM-ILP part of the algo-
rithm. The correlation coefficients between the
logarithm of runtime and input edges (vertices)
were 0.96 (0.89). Moreover, the addition of EDM-
SA as a pre-processing step to EDM-ILP reduces
the runtime of the EDM-SAILP algorithm by a
factor of two compared to EDM-ILP alone for
bounded-degree graphs. Thus, EDM-SAILP is a
faster algorithm than EDM-ILP but it still has an
exponential runtime dependence on the number
of edges and vertices in the input graphs.

4 Creation of generalised
graph states

repeater

To demonstrate the utility of our algorithms,
we consider the generation of photonic repeater
graph states for long distance quantum commu-
Repeater graph states (RGS) [9] are
a key component of all-photonic quantum re-
peaters, enabling the distribution of a single unit
of bipartite entanglement, known as an ebit over
long distances. The implementation of such all-
photonic repeaters has been extensively stud-
ied [29, 30, 56, 57| but often comes with a large
overhead in the number of required single pho-
ton sources. A more general class of all-photonic
states called generalised repeater graph states
(gRGS) was introduced in Ref. [14], which offers
a better scaling between photon overhead and the
number of shared ebits. Here, we apply our MER
algorithms to further minimise the number of sin-
gle photons and optical fusion operations for the
creation of gRGS.

nication.

Fusions are probabilistic operations that join two
graph states into a larger graph state upon suc-
cess [41]. The success probability of a standard
implementation of a fusion is upper-bounded by
50%. However, in practice the success probability
is often lower than 50% due to hardware losses.
The fundamental resource we consider for creat-
ing graph states is a 3-qubit GHZ state (resource
state). Such a state can be created probabilisti-
cally but in a heralded fashion by fusing six single
photons [58].

The probabilistic nature of fusions necessitates a

significant amount of resources to construct prac-
tically useful graph states. Creating all-photonic
graph states involves multiple rounds of fusions
starting with resource states that are fused to
create intermediate graph states, which are in-
crementally fused to construct the final graph
state. For a given graph, Ref. [31] constructs a
so-called fusion network, indicating the order in
which fusions should occur. In general, it is de-
sirable to fuse two graph states of similar sizes
to mitigate the effects caused by fusion failure.
Moreover, multiple fusion networks may exist for
a given graph, each potentially requiring different
amounts of resources. Ref. [31] addresses these
challenges and reduces the resource overhead for
photonic graph state creation by optimising (1)
the number of required fusions, (2) the number of
resource states, and (3) the fusion order. More-
over, they provide a numerical tool for this pur-
pose called the OptGraphState.

Here, we exploit the structure of generalised re-
peater graph states to optimise their experimen-
tal creation. Such graphs consist of a densely-
connected central graph (G) and leaves (L) that
are attached to each vertex of G. We find an ap-
proximate MER (H) of the central graph G us-
ing our EDM-SA algorithm. Naively, one could
fuse resource states to create G+ L directly. How-
ever, a more resource-efficient method for cre-
ating a gRGS could be: (1) creating the graph
H using fusions, (2) applying LC-gates to con-
vert the graph H to G, and (3) adding leaves
L to G. We will refer to this way of construc-
tion as Intermediate-LC. However, the addition
of leaves at the end constrains the order of fusions
which could affect the probability of creation of
the gRGS. We propose commuting the LC-gates
to the beginning of the protocol that lifts this
constraint and allows for an optimal fusion order.
We refer to this protocol as Commute-LC. In con-
clusion, the Commute-LC protocol has two steps:
(1) apply the LC-gates to the resource states at
the beginning of the protocol, (2) follow fusion
order to create the graph H-+L using fusions.
The LC-gates here correspond to the conversion
of the graph H to G. We should note that fu-
sions involve the application of single-qubit Pauli
correction operations, but they can be commuted
through Clifford gates since these are Pauli cor-
rections.

Accepted in { Yuantum 2026-01-07, click title to verify. Published under CC-BY 4.0. 7



10124 Method
- Naive
Commute-LC

£ 1014
1010 |
10° 4
1084
107
108 ]

Average GHZ states required

105 4

104 4

01 0.2 03 0.4 05
Success probability

(a)

12 |
10 Method

1011 ] -= Naive
2 Commute-LC

u

=

o
e
S

10°4
108 ]
107
1064
105
1044

Average fusions require

0.1 0.2 03 0.4 05
Success probability

(b)

Figure 4: (a) and (b) show the required number of resource states and fusions, respectively, for creating a single
instance of G+L gRGS with 64 edges and 36 vertices (see Fig. 3(b)). We compare the naive approach of direct
gRGS construction (blue curve) with the Commute-LC protocol (orange curve). The Commute-LC protocol requires
nearly two orders of magnitude fewer resources than the naive approach, especially at lower fusion success
probabilities. The savings decrease to less than an order of magnitude for relatively higher success probabilities.

We illustrate the construction of G+L using
the Commute-LC protocol in Fig. 3(a). Fol-
lowing the steps in Commute-LC, we first ap-
ply LC-gates to the appropriate qubits, followed
by fusing states according to the order obtained
for creating H+L. Applying LC-gates converts
the resource states into LC-equivalent non-graph
states. The Commute-LC protocol fuses these
non-graph states following the order of H+L to
obtain the desired graph state G+ L. Appendix D
details how to determine locations of LC-gates
and how following the order for H+L constructs
the G+L graph. We note here that Ref. [31] also
applies LC-gates to their qubits during their op-
timisation. However, these LC-gates only convert
a fully-connected sub-graph (clique) into a star.
In contrast, by applying EDM-SA to the cen-
tral graph G in Protocols 1 and 2, we generalise
the use of LC-gates to simplify the fusion pro-
cess not just for cliques but for arbitrary densely
connected sub-graphs.

In Fig. 4, we compare two methods: (1) the naive
approach of creating G+L directly, and (2) cre-
ation following the Commute-LC protocol. We
use the Python package OptGraphState to es-
timate the required resources. We consider a
gRGS that can share 3 ebits across a network 2,
shown in Fig. 3(b). This gRGS has a central
graph G with 18 vertices and 46 edges, shown
in Fig. 3(b). We find an approximate MER of

“Similar to Ref. [14]

this graph with 23 edges using the EDM-SA algo-
rithm (with kmpax = 10000 and 7'(1) = 100). We
observe that commuting LC-gates to the begin-
ning and following fusion order for creating H+L
significantly reduces the required resources. This
reduction is nearly two orders of magnitude for
fusions in high-loss conditions.

5 OQutlook

We have proposed three algorithms to address the
edge-minimisation problem. First, a simulated
annealing (EDM-SA) approach efficiently finds
approximate MERs for graphs with up to 100
qubits. Second, we introduce an integer linear
programming (EDM-ILP) formulation that yields
exact solutions, albeit with potentially exponen-
tial runtime. Third, we combine both methods
into a hybrid EDM-SAILP algorithm, enabling
exact MER identification for graphs with up to
16 qubits.

We benchmark all algorithms on two graph mod-
els: bounded-degree and Erdgs-Rényi. Addition-
ally, we extend the ILP to handle weighted-edge
minimisation and prove that this variant is NP-
complete. Importantly, we show that the scalable
EDM-SA approach manages to find approximate
MERs with less than 10% more edges on average
than the actual MERs for a large set of randomly
sampled graphs. Moreover, the performance of
EDM-SA could still be improved by tailoring the
initial temperature and maximum iterations for
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specific problem instances.

We have applied our EDM-SA algorithm to min-
imise the required resources for all-photonic gen-
eralised repeater graph states (gRGS) demon-
strating its practical utility for long distance
quantum communication. Specifically, we have
proposed to apply LC-gates corresponding to lo-
cal complementation to the resource states before
fusing them to create the gRGS states. We then
demonstrate that EDM-SA can be combined with
existing methods from Ref. [31] to reduce the re-
quired number of single-photon sources and fu-
sion operations by more than an order of magni-
tude for realistic lossy implementations.

Our results open up a number of future direc-
Finding the MER can reduce the num-
ber of required CZ gates for creating a desired
graph state between qubits following the idea in
Ref. [34]. However, there are examples of graph
states where the minimum number of edges up to
local complementations is greater than the mini-
mum number of two-qubit gates needed to create
the state |59, 60, 61]. It would be interesting to
further investigate the exact connection between
MERs and the minimal number of CZ-gates for
generating qubit graph state generation

tions.

Furthermore, we have focused exclusively on
transformations between graph states that are
allowed with local Clifford unitaries. In prac-
tical scenarios, however, one might consider
arbitrary local unitaries (LU), which define a
strictly coarser equivalence relation on graphs
than the LC-equivalence relation, as was first
shown in [62]. Graph states under local unitary
equivalence are significantly less well-understood,
but this topic has seen recent investigations [63,
64, 65|, closely relating this equivalence to the
Clifford hierarchy. One natural follow-up ques-
tion is whether edge minimisation of graphs un-
der local unitaries can similarly be phrased as an
ILP (using, for example, the algorithm from |65]),
and, if so, to what extent this coarser equivalence
can reduce the edge count.
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A LC-equivalence algorithm for graph states

We will now briefly recap Bouchet’s algorithm, using the stabilizer formalism (as was done in [68]).
In particular, we will focus on the commonly used symplectic framework of the stabilizer formal-
ism [44, 68]. In the symplectic framework, Pauli strings are mapped to elements in F3" through a
map ¢. Furthermore, conjugation of Pauli strings by Clifford unitaries correspond to symplectic trans-
formations of F3". That is, for each Clifford C' there exists a 2n x 2n binary matrix M such that

10) (CSCT) = M¢ (s), for every Pauli string s. The matrix M being symplectic means that

MTQOM = Q. where Q — [? é] , (6)

and I is the n X n identity matrix. This encodes the fact that Clifford transformations need to
preserve the commutation relations between Pauli strings. In fact, every matrix that satisfies the
above symplectic condition corresponds to some Clifford transformation. In what follows, we will
identify Pauli strings and Clifford unitaries and their images under ¢.

The generator sets of the two graph states |G) and |H) under consideration are given by

404

where [ is an nxn identity matrix, and Ag and Ay are the adjacency matrices of G and H, respectively.
Indeed, the i’th column of each tableaux corresponds to the ¢’th stabilizer generator.

In the symplectic framework, G and H are L.C-equivalent if and only if there exist M and W such that

= 7]
M= lg g] , W € GLy, (Fy) . (9)

Here M represents single-qubit Clifford gates, and the P,Q, R,S submatrices are n X n diagonal
matrices with binary entries p;, g;, 7, s; such that

PiSi +1iq; = 1, (10)

which corresponds to the symplectic constraint. The W matrix encodes the fact that the generating
sets need not be equal, but should span the same space. That is, the resulting generator matrices only
need to be equivalent up to invertible linear transformations.

As was noted in [68], one can get rid of the degree of freedom of W. This is since the columns of
two matrices K1, Ko of rank n generate the same stabilizer group if and only if K{ QK; = K{ QKo =
KTQK, is the zero matrix. It thus suffices to check whether there exists an M such that

[4¢ 1) oM lAIH] =0. (11)
Expanding Eq. (11) yields:
AcPAg + AgQ + AgR+ S =0. (12)
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A solution vector (p;, qi, i, si) of the above linear system corresponds to an LC operation if and only
if it follows the constraint in Eq. (10).

Eq. (12) is a set of n? equations in 4n variables (p;,q;,7i,s;) with a constraint (Eq. (10)) that is
non-linear, so in principle not easily solvable. However, through an ingenious argument, Bouchet [39]
proved that only a small number of solutions to Eq. 12 have to be checked to verify if there exists one
that also satisfies Eq. (10), making the total runtime polynomial [39]. However for edge minimisation,
we have unfortunately not been able to exploit this extra structure with our ILP (see the main text).
As such, we just use Egs. 12 and 10 to construct our ILPs.

B Derivation of EDM-ILP

In this section, we show how we formulate an ILP for edge minimisation inspired by Bouchet’s algo-
rithm.

Let us first formally state our optimisation problem. The input is a single graph G and the output is
an LC-equivalent graph H with a minimal number of edges. Mathematically it is framed as follows:

n
min > Auli gl
1>]

s.t. G =1¢c H.

We now utilise the formulation of LC-equivalence found in Egs. (12) and (10). Moreover, since the
matrices have binary entries we put that as constraints. This leads to the following equivalent formu-
lation,

min ZAH[i,j], (13)
i>7

st. AgPApg+ AgQ + AgR+ S =0 mod 2,
AH S {0, 1}n><n7
Apli, j] = Anlj, i,

Agliyi] =0,

Pli,q)S[i, i) + R[3,4|Qli,i] = 1,

Pli, j], Q[i, j], Rli, j], S[i, j] = 0,1 # j,
Pli, j], Q[i, i, R[i, 5], S[i, ] € {0, 1},

where we write the (7, j)th element of a matrix M as M][i,j]. While this is an integer program, it is
not an integer linear program due to the products of variables as well as the modular constraint. To
turn this into an ILP we first remove the modulo 2 constraint by introducing a matrix B € Z™*" of
integer variables and demanding that

AgPAg + AgQ + AgR+ S =2B .
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The optimisation problem can thus be written as:

n
min Y Agli, j, (14)
1>]
s.t. Agli,a|Pla,blAglb, j] + Agli, a]Qla, j]+
Pli,i])S[i,i] + R[:,4]Qli, i = 1,
Agli,i] =0,
AH[Zvj] € {07 1}7
Pli, j], Qi, j], R[i, 5], S[i, j] = 0,4 # j,
Pli, j],Qli, 51, R[4, j], S[i, j] = 0.
We then turn the quadratic constraints (i.e. terms corresponding to AgPApg, AgR, PS and RQ)
into linear constraints by introducing extra variables. For each term, we first replace each product
xz of binary variables x and z with a single binary variable y. We then add the following constraints
Dy <z (2)y <=z, (3)y >x+2z—1. One thing to keep in mind is that Ag is a constant, so quadratic
terms with Ag do not need to be linearised. We replace each product of the form Pla,b]Aglb, j] and
A i, a|R[a, j] with new corresponding variables Zﬂj and Zﬁj, respectively. For terms of the form PS
and RQ we introduce new variables Z5 and Z%?, respectively. Applying these changes to Eq. (14)
we obtain our EDM-ILP:

min Y Agli, jl, (15)
i>7
st Agli,alZh,; + Agli, dQla, j]+
Z%%: + S[i, j] = 2Bli, j],

aij
Zﬂj < Aglb, ],
Zhi < Pla,b],
Z4i > Aulb, j] + Pla,b] — 1,
ZR: < Agli,al,
ZE; < Rla, jl,
Zgt; > Anliya) + Rla, j] - 1,
zP5i,4) < Sli, ],
zP5[i,4) < Pli, i),
ZPS[z,i] > S[i,i] + Pli,i] — 1,
ZEQ[i 4] < RJi, ],
ZEQli 4] < Qli, i),
ZBQ[i, 4] > Ri,i] + Q[i, 4] — 1,
Apnli,j) = Anlj, i,
Anliyi] =0,
Apli,j] € {0, 1},

P[Z,j],Q[l,j],R[’L,]],S[Z,j] =0,1 # J,
Pli, 5], Qli, 5], R[4, j], S[i, j] € {0, 1}

Using the ILP, we can thus find LC-equivalent graphs to a given graph that have minimum number of
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Figure 5: Here we plot the average edges in the initial graphs (blue line) and the edges obtained from EDM-SA
using metric M, (orange) and random vertex choice (green). In the random vertex choice method, a potential
solution syt is found by applying local complementation to a vertex chosen uniformly at random. Initial edges are
the edges in the input ER graph. For this run, ky.x and T'(1) were both set to 100.

edges. We note here that better ways of solving the edge-minimisation problem using ILP might exist
that could allow us to go beyond graph states with 16 qubits.

C Choice of neighbouring states in EDM-SA

In our implementation of SA, the state s; at the k’th iteration is given by a graph. A natural
choice for the set S(sg) of neighbouring states is the set of graphs that differ from s; by a single
local complementation. This set could have a maximum size equal to the number of vertices (n) in
the graph. However, sometimes there are vertices where local complementation does not have any
effect. Moreover, there could also be vertices that lead to isomorphic graphs after applying local
complementation, as one could observe in the work of Adcock et al. [37]. If the neighbouring states are
chosen at random, these vertices could affect the performance of the SA algorithm. Therefore, we use
a graph metric called the local clustering coefficient [42] to guide the SA algorithm to decide where
local complementation should be applied, thereby improving the efficiency of SA algorithm.

The local clustering coefficient C(v) of a vertex of a graph (which will always be clear from the
context) provides information on the connectedness of its neighbourhood. Specifically, it is the ratio
between the number of edges connecting the neighbours of the given vertex and the total number of
possible edges. This metric has a maximum value of 1 (when the neighbourhood is fully connected)
and minimum value of zero (when the neighbours share no other edges). That is,

Number of edges between neighbours

Ca(v) (16)

Possible connections between neighbours’

A local complementation (L,) on a vertex v affects its local clustering coefficient C(v) in the following
way,

Cr,(v) =1-Cg(v). (17)

Therefore, applying a local complementation to a vertex v with Cg(v) > % (i.e. a more connected

neighbourhood) changes the local clustering coefficient to be smaller than % (i.e. a less connected
neighbourhood). Thus, applying local complementations to vertices with a high value of Cz(v) reduces
the local edge density. Moreover, to bias vertices that have a larger number of neighbours, we multiply
Ca(v) with the degree of the vertex, leading to the heuristic quantity M, = Cg(v)D,, similar to [69].
Based on this heuristic, we decide on the set of states S(sy) from which the SA algorithm could choose

the potential solution spe¢. Thus, we bias SA into choosing vertices that have a higher value of M,,.
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Figure 6: (@) shows the order of fusions for constructing an RGS with 8 qubits following the Intermediate-LC
protocol. This order can be used to derive the fusion network shown in (b). The fusion network enables the
tracking of the LC-gates relative to fusions for each resource state. To track each fusion operation, we label each
fusion with a number next to it. These numbers allow us to keep track of the fusion operations after we commute
the LC-operations through the fusions. Applying LC-gates to resource states in the beginning, as shown in the
fusion network, allows the fusions to be reordered flexibly. This reordering can be optimised to reduce the resource
requirements. An example of such reordering is the creation of the graph H+L, as shown in (c).

The algorithm finds the set S(sx) at the k’th iteration based on the values of heuristic M,, k and
kmax. We first construct a set with values of M, of each vertex in the state s;. We then find a subset
of this set with unique values of M,. Then, we sample a value from the set of these unique values
based on a cutoff. The cutoff is given by ¢ = k/kmax X [, where [ is the number of elements in the set
of unique values. We randomly select a value from the set of unique values that is greater than the
value corresponding to the cutoff; let us call the selected value M,. Since M, is in the set of unique
values, multiple vertices could have their metrics equal to M,,. Therefore, we find all the vertices that
have M, as their metric value. The graphs obtained by applying local complementation once to these
vertices then constitute the set S(sx). We then sample a state from this set uniformly at random to
find the next candidate state spot.

We benchmark this procedure of sampling vertices using the metric M, against a procedure where ver-
tices are chosen uniformly at random. We run simulated annealing for ER graphs G(n,p) with 15 ver-
tices for increasing probability p in Fig. 5. We generate 100 graphs for values of p = {0.1,0.2,0, 3, ..., 1}
and we apply the SA procedure to each graph. We find that by using M, as our guiding metric, SA
can find better solutions compared to sampling at random.

D Generalised repeater graph states

Here, we discuss our method for creating all-photonic generalised repeater graph states (gRGS). We
consider using single photon sources and optical fusions [41] to create the desired graph state. To find
the optimal number of resources required for creating gRGS, we use the protocol from Ref. [31]. We
combine our algorithms with their work to find an improvement in the number of required fusions and
the number of resource states (3-qubit GHZ states) for efficiently creating gRGS.
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A gRGS has an n-vertex central graph G with leaves L connected to each vertex, as shown in Fig. 3(b)—
we will refer to this graph as G+ L. Using the EDM-SA algorithm, we can reduce the number of edges in
the graph G by finding an approximate MER H. Thus, one way to create a gRGS is the Intermediate-
LC protocol where we first create the graph H, followed by the application of LC-gates to convert H
to G. The leaves are then fused to the central graph G to create G+L.

The above approach is suboptimal, however. This is because the order in which fusions are performed
is restricted to first performing the fusions that generate the graph H, while the fusions that involve
attaching the leaves need to happen at the end. Attaching individual leaves at the end, one by one,
to the central graph G will lead to an exponentially decaying success probability with the number of
leaves due to the probabilistic nature of fusions. In general, probabilistic fusions of two graphs of very
different sizes are considered suboptimal.

To find a better fusion order, we propose applying LC-gates corresponding to the H to G conversion
to the resource states before beginning the fusion process. This leads to the following steps: (1) apply
LC-gates, (2) follow fusion order to create H, and (3) fuse leaves L. We observe that fusions commute
with each other as they act on different qubits. Therefore, we can combine the construction of H
and the addition of leaves L into a single step. This simplifies our protocol into two steps: (1) apply
LC-gates to suitable qubits of the resource states, (2) follow the fusion order for creating H-+L using
these modified resource states. The final state from this fusion order is G+L due to the LC-gates
applied at the beginning.

Commuting the LC-gates to the beginning of the protocol can be understood by stepping away from
the graph state picture and considering the circuit of the protocol. Consider the steps in construction
of G+L following the Intermediate-LC protocol: (1) construct the graph H, (2) apply LC-gates to
convert H to G, and (3) fuse leaves L to the graph G. We make the following observations from
the circuit picture: (1) the target qubits for LC-gates have not been involved in any fusions until that
point in time (otherwise they would have been measured out). As a result, the LC-gates can be pushed
to the beginning of the protocol as they commute with the fusions implemented to construct H. (2)
Pauli corrections may be required on qubits adjacent to those involved in fusions. If an LC-gate acts
on such a qubit, the corrections can be modified accordingly. This is possible since the Clifford group
normalises the Pauli group, which allows us to commute the LC-gates through the Pauli corrections.
Notably, Ref. [31] also applies LC-gates corresponding to local complementations. These gates must
also be accounted for when commuting LC-gates to the beginning.

In Fig. 6, we demonstrate the construction of an RGS by commuting LC-gates to the beginning. We
first find the suboptimal fusion order for creating G+ L using Intermediate-LC, shown in Fig. 6(a).
We then construct the fusion network (similar to Ref. [31]) to determine the location of each LC-
gate. A fusion network depicts the order in which each resource state has to be fused. We show the
fusion network corresponding to Intermediate-LC in Fig. 6(b). The fusion network also details the
information about the LC-gates in the context of the required fusions. We use this information to
apply the LC-gates to the appropriate qubits of the resource states at the start. This allows us to
reorder the fusions to optimise the number of resources.

The LC-gates corresponding to a local complementation operation on a node v correspond to the
application of the HSH gate on the qubit corresponding to node v and the S gate to all the qubits that
correspond to the neighbours of node v. These gates altogether convert a graph state into another
graph state. Applying a subset of these gates to the graph state will result in a state that is not a
graph state but is LC-equivalent to a graph state: a mon-graph state. When we commute LC-gates
corresponding to the conversion of graph H to G, we distribute these gates among multiple resource
states, as shown in Fig. 6(c). Thus, the resource states become non-graph states (but are still LC-
equivalent) after the application of these LC-gates. We then fuse these non-graph states following the
fusion order for creating H-+L to obtain our desired graph state of G+L. Thus, the final equality in
Step-4 of Fig. 6(c) takes a non-graph state (LHS) to a graph state (RHS).
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In conclusion, the Commute-LC protocol enables the creation of G+L by following the procedure for
constructing H+L. Importantly, applying LC-gates to the resource states converts them into LC-
equivalent non-graph states. The locations of the LC-gates can be identified from the fusion network
for creating G+ L via Intermediate-LC. This approach has two main advantages: (1) it reduces the
number of required fusions and resource states by creating H+ L, and (2) it enables obtaining the
optimal fusion order using OptGraphState from Ref. [31].

E Example of MERs

In this section we illustrate the difference between the edge minimisation performance of EDM-SA and

EDM-SAILP.
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Figure 7: We sample ER graphs G(n, p) with increasing n from 11 to 16 and p = 0.8. We run EDM-SA and
EDM-SAILP on these graphs, with ky,.x and T'(1) set to 100. We illustrate a set of three graphs, namely: (1) input
graphs, (2) approximate MERs obtained from EDM-SA and (3) the exact MERs obtained from EDM-SAILP. Each
row has two such sets with the same number of vertices, and the number of vertices increase from 11 to 16 over all
rows. We can observe that both the algorithms provide significant reductions in the number of edges, this is partly
be due to the input graph being dense. We also observe that in some cases the number of edges in the approximate
MERs obtained from EDM-SA are a little higher than the MERs.
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