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Abstract

This thesis introduces two improvements in trajectory planning on uneven terrain with dy-
namic obstacles: the Dynamic Traversability-based Hybrid A* (DT Hybrid A*) algorithm
and the Safety Direction Velocity Obstacle (DSVO) replanning method. The DT Hybrid A*
differs from traditional path-planning approaches by adopting a less conservative strategy,
incorporating vehicle momentum into terrain traversability in order to more accurately re-
flect the vehicle’s capability to navigate uneven terrain. Based on dynamic traversability, the
DT Hybrid A* is developed by leveraging a kinematic bicycle model for steering, allowing
variable travel lengths between adjacent nodes, and incorporating both distance and time
heuristics. These enhancements significantly reduce CPU time costs during the planning
process, resulting in shorter path lengths and faster planning times.

This thesis incorporates a collision detection mechanism within the global path planning
framework, enabling the system to replan if a potential collision is predicted in the future.
The replanning process initializes the global path to avoid all static obstacles. With the
movement of dynamic obstacles, if a potential conflict is recognized, the vehicle discards the
current global path and replans from its current location. To ensure that the replanned path is
free of dynamic obstacles, the collision detection mechanism incorporates Safety and Direction
Elements based on a Velocity Obstacle (VO) cost term into the global path algorithm (DSVO).

The DSVO algorithm enhances collision avoidance by integrating Safety and Direction Ele-
ments based on a VO cost term, surpassing traditional methods that use Euclidean distance
penalties. DSVO avoids collisions by considering obstacle velocity and direction over time.
It enhances the rate of successful replans for dynamic obstacle avoidance, producing the
shortest collision-free paths with minimal computational overhead and completion time. The
effectiveness of these approaches highlights the balance between computational efficiency and
dynamic obstacle management, paving the way for more reliable path replanning solutions.

DSVO surpasses methods that use Euclidean distance as a penalty for dynamic obstacles
because it considers the obstacle’s velocity and direction over time. It also outperforms the
Safety Element based on a VO cost term, which only ensures collision avoidance within a
short time frame and provides the optimal velocity for that period but does not account for
longer-term safety, potentially leading to collisions over extended durations. Additionally,
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since these are cost terms within global path planning algorithms, there can be conflicts
between obstacle avoidance and achieving the goal. The DSVO algorithm, which incorporates
Safety and Direction Elements based on a VO cost term, mitigates conflicts between obstacle
avoidance and goal achievement. Additionally, DSVO effectively adjusts the path to navigate
around dynamic obstacles while maintaining a direct route toward the goal, balancing safety
and efficiency.
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Preface

This document serves as my Master of Science thesis, centered on the emerging field of real-
time trajectory planning for uneven terrain with dynamic obstacles. In this emerging field,
mature and well-developed approaches are limited, and there lacks a structured framework
suitable for navigating dynamic obstacles on uneven terrain. This technology is perceived as
a frontier in autonomous driving, poised to extend the capabilities of autonomous vehicles
to navigate through complex, unstructured, and uneven terrains, gradually advancing into
maturity.

The inspiration for this thesis arose from the realization that trajectory planning on uneven
terrain with dynamic obstacles represents one common case that has not received adequate
analysis or resolution. This intriguing aspect deeply captivates my interest, and I am enthu-
siastic about contributing to the advancement of autonomous navigation in complex environ-
ments, starting with this graduation thesis.
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“Courage doesn’t always roar. Sometimes courage is the quiet voice at the end of
the day saying, 'I will try again tomorrow.”’

— Mary Anne Radmacher






Chapter 1

Introduction

In recent years, autonomous vehicle technology has witnessed significant advancements. Pi-
oneering efforts from traditional car manufacturers like Google and Tesla have propelled the
boundaries of self-driving technology. Google commenced its autonomous vehicle project in
2009, accumulating over 8 million physical kilometers and extensive simulated testing. In
parallel, Tesla introduced the ’Autopilot’ software function, allowing drivers to temporarily
disengage from steering.

Today, the focus is on achieving full autonomy, enabling cars to navigate freely on uneven
terrain. This evolution has extended into more complex environments, leading to the necessity
for ground robots to navigate unstructured or uneven terrain autonomously. The challenge
lies in the intricate physical characteristics of the terrain, including slope, roughness, and
dynamic obstacles, directly influencing the behavior of car-like robots [28]. Real-time path
planning on large-scale uneven terrain with dynamic barriers is essential for applications such
as search and rescue missions.

While conventional 2D indoor navigation techniques are mature and widely used, their short-
comings become evident when applied to unpredictable outdoor terrains [47]. Designed for
controlled environments, these techniques need more adaptability to the complexities of un-
even terrain with dynamic obstacles. Effective real-time path planning is fundamental for
autonomous navigation, requiring on-the-fly decisions considering the robot’s state, the envi-
ronment, and dynamic changes—critical for ensuring mission safety and success in challenging
terrains.

Traditional approaches assume a flat surface or overlook the active height changes of ground
robots, aiming to extend 2D navigation methodologies to uneven terrain [41]. While simpli-
fying the terrain model aids in finding trajectories for car-like robots, it imposes limitations
on motion capabilities. Such restrictions, especially in managing both passive and active
height variations, significantly constrain the capabilities of ground robots, thereby limiting
their potential applications.

The introduction of autonomous ground robot navigation on uneven terrain introduces a vi-
sionary concept poised to revolutionize the field of robotics. These advanced systems are an-
ticipated to integrate cutting-edge technologies, including path-planning algorithms, dynamic
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2 Introduction

obstacle detection and avoidance strategies, and an MPC solver [24]. The process, rooted in
terrain perception outcomes that provide knowledge and characterization of terrain, initiates
path planning on uneven terrain. Emphasizing the vital role of dynamic obstacle detection
and avoidance strategies, this approach aims to generate real-time collision-free trajectories.
The MPC framework then formulates an optimization problem by incorporating the planned
trajectory and predicting the robot’s future states over a defined horizon. It computes opti-
mal control inputs that guide the robot toward the goal pose while accurately following the
planned path and adhering to physical constraints, ultimately completing the navigation task.

Traditional obstacle avoidance on 2D plane can be approached in two main ways: one method
integrates obstacle constraints directly into the optimization problem, while the other con-
ducts collision checks either after optimization or during the execution of a search-based
algorithm. Both methods require defining conditions under which a collision occurs.

Currently, research on dynamic obstacle avoidance in uneven terrain remains limited, with
few well-developed frameworks available. This challenge is largely due to the limitations of
2.5D motion planning. The common approach in 2.5D planning is to first create a 2D motion
plan using a traversability map, then apply a perception model to map that path onto uneven
terrain. This approach simplifies 2.5D motion planning by converting it into a 2D problem,
allowing the use of existing algorithms. However, this method introduces issues for dynamic
obstacle avoidance because a 2D collision check may not capture all potential collisions in
2.5D environments. Complex terrain features, such as caves or multiple layers at the same
2D spatial location, can lead to inaccurate collision detection. Additionally, collisions detected
in 2D may not actually occur in 3D if the terrain’s structure causes discrepancies between
the 2D path and the real-world distance on uneven ground.

Another challenge is the lack of research on geometric modeling for collision detection based
on the shape and size of dynamic obstacles. Without accurate geometric analysis, ensuring
reliable obstacle avoidance in 3D terrain becomes difficult. In 2D environments, a common
strategy is to approximate the obstacle region using a 2D convex shape, then formulate
convex constraints based on the boundaries of this shape, which helps in solving non-convex
optimization problems [18]. However, when dealing with uneven terrain, the situation is more
complex. A three-dimensional convex shape is required to encapsulate the dynamic obstacle
region, which significantly increases the difficulty and can lead to computational challenges
that may render the problem unsolvable.

Qingyi Ren Master of Science Thesis



Chapter 2

Overview of Motion Planning
Techniques

2-1 2D Motion Planning

2D trajectory planning involves charting a course for a car-like robot to travel from its starting
position to a designated endpoint on a two-dimensional surface while adhering to specific
constraints. Two common advanced techniques used in this process are Sampling-Based
Motion Planning and Optimization-Based Motion Planning.

Optimization-Based Motion Planning [45] is proficient in producing optimal solutions by
minimizing an objective function. However, it may face challenges when dealing with high-
dimensional spaces, requiring substantial computational resources for real-time applications.

On the other hand, Sampling-Based Motion Planning [14] proves effective in navigating high-
dimensional spaces and adeptly handling complex environments with obstacles. Yet, it may
struggle to identify the absolute optimal path.

In many motion planning tasks, the car-like robot must navigate around both static and dy-
namic obstacles to ensure safe movement. By strategically combining these two approaches
to leverage their strengths and incorporating obstacle avoidance, the comprehensive frame-
work of Hybrid Motion Planning encompasses global planning, local path optimization, and
obstacle avoidance.

The specific implementation of Hybrid Motion Planning can vary depending on the approach
to obstacle avoidance, such as conducting obstacle checks after optimization or integrating
obstacle constraints into the optimization problem within Search-based Algorithms.

2-1-1 Global Planning
Global Planning adopts a sampling-based motion planning method to explore high-dimensional
state space and generates the shortest piece-wise linear sampled path from the current posi-

tion to the goal as the initial path. Sampling-based algorithms rely on a collision-checking
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4 Overview of Motion Planning Techniques

module to evaluate the viability of potential paths. This module helps generate a collection
of points from the obstacle-free space, which are then connected to form a roadmap of feasible
trajectories. This roadmap offers a flexible and adaptable approach for navigating complex
environments. By bypassing the need to explicitly account for obstacles during construction,
sampling-based methods can significantly reduce computational overhead [14].

In the realm of motion planning, two widely-used algorithms are Probabilistic Roadmaps
(PRM), pioneered by Steven M. LaValle and James J. Kuffner Jr. in the late 1990s, and
Rapidly-exploring Random Trees (RRT), introduced by Steven M. LaValle in 1998.

Probabilistic Roadmaps (PRM) employ a probabilistic sampling approach to construct a
roadmap of the configuration space, enabling efficient path planning by connecting sampled
configurations with feasible paths. This method is particularly effective for high-dimensional
spaces and complex environments with obstacles.

Rapidly exploring Random Trees (RRT), on the other hand, aims to efficiently explore the
configuration space by progressively growing a tree structure from the starting configuration
towards the target. RRTs are well-suited for problems with complex, continuous spaces and
dynamic environments, as they can quickly generate feasible paths.

2-1-2 Local Path optimization

Local Path Optimization involves taking the piece-wise linear sampled path and the initial
state, creating an optimization problem to enhance the sampled path. This optimization task
incorporates specific criteria, including but not limited to time efficiency, smoothness, and
energy efficiency [46], and formulates the motion planning problem as a nonlinear optimization
problem (OCP) [43]. The goal is to iteratively improve the path originally generated by the
sampling-based method through this refined optimization process.

Nonlinear optimal control problems (OCP) have two main categories of optimization algo-
rithms: numerical optimization techniques like Sequential Quadratic Programming (SQP)
and Differential Dynamic Programming (DDP) inspired by numerical optimal control. Riccati
Recursion and Condensing Solvers, including those in Model Predictive Control (MPC) frame-
works like ACADOS [40], are vital for addressing KKT(Karush-Kuhn-Tucker) conditions and
optimizing decision variables, reducing computational costs for large state dimensions.

DDP methods, exemplified by iterative Linear-Quadratic Regulator (iLQR) and its modifi-
cations (CROCODDYL [21] and ALTRO [11}), offer practicality for complex dynamic sys-
tems, showcasing proficiency in handling nonlinear constraints. In the realm of optimiza-
tion solvers, ACADOS stands out with efficiency and compatibility, CROCODDYL utilizes
Feasibility-driven Differential Dynamic Programming (FDDP) for computing state trajec-
tories, ALTRO integrates iLQR for constrained optimization with rapid convergence, and
FATROP [39] leverages nonlinear solvers for accelerated, robust trajectory optimization in
complex robot scenarios. These solvers collectively contribute to advancing the field of tra-
jectory optimization for car-like robot systems, offering diverse approaches and capabilities
to meet various requirements and constraints.
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Figure 2-1: Three common implementations of Hybrid Motion Planning with different strategies
of obstacle avoidance (a) Collision check post-optimization. (b) Collision check during a Search-
based Algorithm. (c) Obstacle Avoidance by Constraints in the Optimization

2-1-3 Obstacle Avoidance

In motion planning, effectively navigating around obstacles is paramount. There are two
primary methods for obstacle avoidance: the first involves incorporating obstacle constraints
into the optimization problem, while the second entails performing collision checks either after
the optimization process or during the execution of a search-based algorithm.

The first method involves directly incorporating obstacles as constraints within an optimiza-
tion problem. This integration can be achieved within the cost function by penalizing prox-
imity to obstacles or representing the shape of obstacles within the constraints through a
process of successive convexification [8], [16], [37], [27], [26] and [18].

The second method involves collision checks during the execution of a search-based algorithm
that employs a search-based algorithm for local path re-planning enable effective avoidance of
dynamic obstacles. However, it is imperative to minimize the length of the re-planned path
[17], [32], [15], [48], [34] and [25]. Conducting collision checks follows the optimization process,
where stitched polynomial trajectories, guided by multiple waypoints obtained through search-
based methods such as [6], [23], and [36], are utilized.

In Figure (2-1), three common implementations of Hybrid Motion Planning are shown with
different approaches to avoid obstacles.

e To address collision checking and post-optimization, straight-line RRT* is employed to
select waypoints from the optimal path. Nevertheless, this method overlooks dynamic
constraints and may produce a path that does not align with the intended objective
function. To achieve a minimum-snap trajectory, a set of polynomials is jointly opti-
mized based on these waypoints.

e Collision check during a Search-based Algorithm creates the initial path using a search-
based algorithm to navigate around static obstacles. If a dynamic obstacle emerges in
proximity to the initial path, the dangerous region of the initial path is recognized by
dangerous node detection. The adjustments to the initial path are made to circumvent
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6 Overview of Motion Planning Techniques

the dynamic obstacle effectively. The key strategy of this method involves retaining
the unaffected segments of the path that avoid known static obstacles, with re-planning
focused solely on the potentially hazardous region.

¢ Obstacle Avoidance by Constraints comprises two methods: by directly incorporating
obstacles as constraints in optimization, often by penalizing the distance to obstacles in
the cost function, or by representing obstacle shapes within constraints using techniques
such as successive convexification or a convex decomposition of the environment.

2-2 2.5D Motion Planning

When guiding a car-like robot across rough terrain, the preferred approach is 2.5D motion
planning. This method permits restricted variations in the third dimension while predomi-
nantly functioning within a two-dimensional plane.

2-2-1 Terrain Pose Mapping Based 2.5D Motion Planning

Uneven terrain has a changing altitude and curvature with a car-like robot’s spatial location
and heading direction, which directly influences the car-like robot’s pose. Xu et al. proposed
terrain pose mapping to evaluate how the uneven terrain impacts the robot [47]. In this
method, three assumptions are made to simplify the problem

Assumption 1: The car-like robot maintains contact with the terrain throughout the
entire trajectory.

Assumption 2: Wheel slip is not considered in the analysis.

Assumption 3: Obstacles and dynamic changes in terrain are not taken into consid-
eration.

Based on these assumptions and the static property of uneven terrain, they preprocessed the
point cloud data of the whole uneven terrain to obtain a one-to-one correspondence mapping
from a 2D spatial position and heading direction to the car-like robot’s 3D spatial location
and altitude. Also, the 2D heading direction significantly enhances the uniqueness of the
mapping results. This is because even within a small region of the same 3D spatial location,
the uneven terrain’s height and curvature can vary considerably based on different spatial
orientations which can be projected onto unique 2D heading directions.

For Terrain Pose Mapping based Motion Planning shown in Figure (2-2), it makes full use of
point cloud data to establish a direct correspondence from 2D spatial positions to 3D locations
and orientations. By adopting this strategy, the optimization problem’s variables can exist in
a 2D space. Simultaneously, 3D objective functions that evaluate the quality of the generated
3D trajectory, such as jerk and surface orientation, can be defined using the 2D projected
location. Furthermore, in the context of 2.5D trajectory planning, constraints on 3D factors,
including speed, acceleration, and curvature, can be effectively imposed. These constraints are
akin to those applicable in a 2D navigating scenario, but they are established solely through
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2-2 2.5D Motion Planning 7

Figure 2-2: Visual representation of Terrain Pose Mapping based Motion Planning

the utilization of 2D projected locations. Acknowledging that physical variables might not
consistently align with the 2D XY plane, yet recognizing that points on the 2D XY plane can
uniquely define all corresponding 3D physical factors, this methodology guarantees a more
comprehensive and effective trajectory planning process.

2-2-2 Energy Efficiency Based 2.5D Motion Planning

The Energy Efficiency-Based 2.5D Motion Planning [7] involves applying sampling-based
motion planning to navigate uneven terrain. Guiding a car-like robot across rough terrain
presents a dilemma in optimizing between achieving the shortest path and ensuring energy
efficiency. The challenge stems from the realization that the shortest path on uneven terrain
may not be energy-efficient, given the presence of uphill and downhill sections incurring
additional energy costs compared to moving on flat surfaces. While energy-optimal paths
prioritize energy consumption, they often demand an extended traversal time. The novel
search algorithm named NAMOA* builds a multi-objective path planning problem comprised
of both distance and energy usage between two chosen waypoints on a grid-based elevation
map. The grid-based elevation terrain map can be converted into a weighted digraph G
made of 8-connected neighborhoods [7]. The nodes of the digraph represent the grid center
connecting with 8 neighboring grids.

Based on distance and energy cost considerations, two cost functions are created. These
functions are constrained by a maximum inclination angle, causing them to tend to infinity
if this angle is exceeded. A path selection policy is then established by comparing the cost
functions for different trajectories. Through this process, along with the implementation of
monotone conditions for setting heuristic cost, a practical path selection algorithm is provided.
This algorithm becomes particularly valuable when selecting the shortest or most energy-
efficient path is impractical, all without the necessity for a complete re-planning process.
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8 Overview of Motion Planning Techniques

2-2-3 Safety Penalty Field Based 2.5D Motion Planning

Safety Penalty Field-based 2.5D Motion Planning [41] introduces additional safety consider-
ations compared to 2D Motion Planning. On a 2D ground plane, employing collision-free
constraints is typically sufficient to ensure safe navigation. However, when navigating uneven
terrain, relying solely on collision-free constraints is inadequate for guaranteeing the safety of
the entire trajectory. For instance, a trajectory adhering to collision-free constraints might
lead a vehicle dangerously close to the edge of a cliff. Additionally, when selecting trajec-
tory points, it is crucial to ensure that the neighboring areas are sufficiently flat to prevent
collisions or toppling.

The identified hazards can be further categorized as follows:

o Collision between the car-like robot and an obstacle.
e The car-like robot standing at a very steep angle.

o The robot experiences significant positional shifts, such as falling off a step or undergoing
dramatic changes in its posture.

This approach constructs safety penalty functions on a grid map. The Euclidean Signed Dis-
tance Functions (ESDF) [49] is employed to ensure collision-free navigation between the car-
like robot and obstacles. Additionally, RANSAC [44] is utilized to prevent the car-like robot
from assuming a dangerously tilted position and undergoing substantial positional changes.
By incorporating the ESDF and RANSAC, this method extends beyond the limitations of
relying solely on collision-free constraints on uneven terrain, effectively addressing a broader
range of potentially unsafe scenarios. This enhancement establishes a robust strategy for
guaranteeing the safety of the trajectory in diverse and challenging environments.

2-3 Conclusion

This Chapter begins by introducing traditional 2D motion planning methods, focusing on
global planning, local optimization, and obstacle avoidance. These techniques serve as the
foundation for understanding motion planning in simple, two-dimensional environments.

However, our work also considers the more complex scenario of dynamic obstacle avoidance
on uneven terrain, which leads us to the introduction of 2.5D motion planning. In navigat-
ing uneven terrain, particularly for car-like robots, 2.5D motion planning is the preferred
approach. Three existing studies that focus on terrain pose mapping, energy cost, and the
safety of the entire trajectory are introduced to provide an overview of 2.5D motion planning.

In the following chapter, we adopt terrain pose mapping as the perception model. We will
introduce all the essential components needed for dynamic obstacle avoidance on uneven
terrain. This includes vehicle dynamics, terrain pose mapping, trajectory optimization, and
model predictive control (MPC). Each concept will be explained in detail, with formulas
provided to enhance understanding of the work.

Qingyi Ren Master of Science Thesis



Chapter 3

Background

In the preceding chapters, the scope, objectives, and focus of this thesis were outlined, along
with an overview of motion planning. The terrain perception framework proposed by Xu
et al. was adopted, and the details of terrain pose mapping were presented. The concepts
of vehicle dynamics, terrain pose mapping, trajectory optimization, and MPC control were
then introduced in sequence, offering a comprehensive foundation for understanding motion
planning on uneven terrain.

3-1 Vehicle Dynamics

The bicycle kinematic model is a simplified representation of a vehicle’s motion and is used
to describe and predict the movement of wheeled vehicles. This model captures the essential
geometry and constraints of steering and movement without the complexities of a full dynamic
model.

The control input u = (a, ) is represented as a combination of acceleration a, which is
longitudinal control input, and steering input ¢ as lateral control input. The vehicle state
space x,, including location x and y, orientation 6 and velocity v, can be represented as

Xy = [‘rv Y, 0, U]T

e When ¢ # 0, the turning radius corresponding to each ¢ can be calculated as tan ¢/r.
The change in successive vehicle states when ¢ # 0 can be represented as:

Az rcos 0 sin Af + rsin 6(1 — cos Af)
Ay|  |rsinfsin A§ —rcosf(1 — cos Af) (3-1)
AO| d/r i

Av alt

where d represents the travel length between successive vehicle states.
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10 Background

e When ¢ = 0, the turning radius is infinite, which means the vehicle moves in a straight
line. The difference between successive vehicle states can be represented as:

Ax dcos0

Ay|  |dsin®

AN B () (3-2)
Av alt

When a vehicle is navigating on uneven terrain, the state includes the spatial position de-

v
noted as p = [ac Y z] in the global frame and the robot’s altitude described by R =

{xb Y zb} € SO(3). Here, xp, y;, and z, represent the car-like robot’s body frame, a
3-dimensional vector with respect to the global frame’s z, y, and z coordinates. It is worth
mentioning that the body frame of a robot refers to a coordinate system fixed to the robot
itself, and it is related to the terrain’s orientation. The body frame could be used to describe
the motion of the robot’s position and orientation by the following equations:

P=Xp Vg (3-3)

R =R|v,] (3-4)

In these equations, v, denotes the magnitude of the robot’s forward velocity in the direction
of x; axis, which aligns with the x-direction of the body frame and the |v,,| converts angular
velocity vector v, in the body frame into a skew-symmetric matrix. (3-3) describes the rate
of change of the robot’s position, denoted as p, which represents the robot’s forward velocity
along the body frame x;,. (3-4) signifies the alteration of the robot’s altitude over time, driven
by the angular velocity rate. By using the forward velocity along the body axis v,, steering
angle ¢, and wheelbase length of the robot L., the angular velocity [35] could be further
represented as

v, tan ¢
Ly

The spatial location and orientation can be projected onto a 2D plane as the 2D state s, =

Vi = Zp

T
[x Yy 9} € SE(2), where x and y denote the spatial coordinates, and € represents the
projected heading direction on 2D plane.

3-2 Terrain Pose Mapping

As discussed earlier in Chapter 2-2-1, the impact of uneven terrain on the robot’s pose has
been a critical aspect of terrain navigation. Xu et al. introduced the concept of terrain pose
mapping [47], which evaluates how variations in terrain height and curvature, in conjunction
with the robot’s spatial position and heading direction, affect the vehicle’s pose.

To simplify the problem, three key assumptions were made:

Assumption 1: The car-like robot maintains contact with the terrain throughout the
entire trajectory.

Assumption 2: Wheel slip is not considered in the analysis.
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3-2 Terrain Pose Mapping 11

Assumption 3: Obstacles and changes in terrain dynamics are not considered. This
means the terrain is obstacle-free and remains static, with no variation in its structure
or characteristics.

These assumptions allow for a more tractable analysis of the terrain’s influence on the robot,
focusing on static terrain characteristics while excluding dynamic effects and wheel slip. This
simplification is beneficial for initial analyses and models where the complexity of real-world
interactions needs to be controlled.

Building on these assumptions and the static characteristics of uneven terrain, Xu et al.
preprocessed the point cloud data to establish a one-to-one correspondence between the 2D
spatial position and heading direction and the car-like robot’s 3D spatial location and altitude.
Notably, the 2D heading direction greatly guarantees the uniqueness of the mapping results.
This is because, even within a small region of the exact 3D spatial location, the height
and curvature of the uneven terrain can vary significantly depending on different spatial
orientations, which can be projected onto distinct 2D heading directions.

The terrain pose mapping is then shown as follows:
F:SE(2)— R xS, (3-5)

where elements in SFE(2) represent car-like 2D state, elements R and those in S represent
car-like robot’s height z and body axis z,. It is important to note that we restrict our use
to the upper hemisphere Sy C S = {x € R3|||x||2 = 1}, rather than the entire 3D sphere S.
This restriction is due to the practical need to ensure that z, remains in the upper half-plane.
Otherwise, it would necessitate rapid speeds and introduce safety hazards in common tasks to
keep z; oriented toward the lower half-plane. For the sake of safety, the body axis z; should
be constrained as:

St = {x e R?||x[2 =1, x-b3 > 0}

where bg = [0 0 I}T.

The terrain pose mapping enables the determination of the car-like robot’s unique height,
denoted as z, and its body frame’s vertical component, denoted as z;,, based on the robot’s

&
2D state represented by s, = [w Y 6} . The terrain pose mapping can be represented as:

z = fi(sp) (3-6)
zp = f2(sp) (3-7)

Based on height z and body frame vertical component z;, the position p and altitude R of
robot can be calculated as follows:

p=[z,y, fi(sp)] (3-8)
Zy X Xyquw f2(sp) X Xyaw
Yo = = (3-9)
b 1z X Xyawl| [f2(sp) X Xyawll
Xp =y X 2p =Yy, X fa(sp) (3-10)
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12 Background

Algorithm 1: Get the result of F at a SFE(2) state

Input: state s, € SE(2), Iteration times Nj.,,
Ellipsoidal parameters (e, €,,e.)

Output: z;,, z

begin

Zy < b3;

z ¢ FindNearestXYPointZ(s, )

for each i € N;;., do

(pi, R;) + CalculateSE3(s,., z,Zp);

G'; < FindEllipsoidPoints(p;, R;, e, e, €. );

Pmean < GetMeanPosition(G;);

Cov < ZeroSquareMatrix3();

for each p; € G; do

\\ Pe Pj — Pmeans

Cov < Cov + pepe;
Pmean < pmmn/NumOf(A[,),
Cov + Cov/NumOf(M;):

z;, < GetMinEigenVec(Cov);
z pmcan-GetZ();

return z;, z;

Figure 3-1: Algorithm of terrain pose mapping F

where Xyq, = [cos 6, sin 6, ()]T represents the 2D heading direction vector in the global frame,
the body axis vectors xp, y, and 2z, are unit vectors. In (3-1), the process of deriving the
terrain pose mapping function F is depicted. This algorithm is developed from point cloud
data using a repetitive plane-fitting approach, taking into account the robot’s dimensions and
orientation. The input to the algorithm consists of point cloud data representing the uneven

terrain and the robot’s 2D state s, = [a: Y Q}T. The output is the elevation height z and
the body axis z;. The process begins by extracting the point cloud data around the 2D point
(x,y), initializing z to the height at (x,y) and setting z;, to bs. Using (3-9) and (3-10), the
SE(3) state is then computed. Next, a 3D ellipsoidal region is defined to include point cloud
data points within the region. The size and altitude of this ellipsoidal region are determined
by the robot’s physical size, position, and orientation. Within the ellipsoidal region, the center
point is initially calculated as the mean of all points inside the region. The covariance matrix
is then computed based on the distribution of points relative to this mean. The difference
from the mean point is calculated and used to update the covariance matrix for each point
inside the ellipsoidal region. After this step, the mean of all covariance matrices is taken as
the final covariance matrix. The smallest eigenvalue of the covariance matrix defines z;, while
the mean point’s elevation height determines z. This process is iteratively refined, leading to
the final values for z and zy.

A noteworthy aspect is the ability to represent the 3D state trajectory and dynamic states
using only the 2D state trajectory through terrain pose mapping. This mapping allows each
point s, = [z, , 0]" on the 2D trajectory to yield unique values for height z and body axis z.
Consequently, according to the work [47], the 3D dynamic states—essential components of the
optimization problem’s constraints—such as longitudinal velocity v, longitudinal acceleration
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3-2 Terrain Pose Mapping 13

az, lateral acceleration a,, angular velocity w,, curvature «, and steering d, can be expressed
as:

(%

Ve = COS @y (3-11)

ay = cothv + gsin @, (3-12)
o) cocsbtqby +gsing, (3-13)
we= o (3-14)

K= Z’Ui (3-15)

d = arctan(Ly, - k) (3-16)

where a; and a,, are projected 2D tangential acceleration and centripetal acceleration in XY
plane respectively; L,, denotes length of vehicle’s wheelbase;

v = /32 + g2 (3-17)

a; = & cosf + gsind (3-18)
ap = —isin€ + jjcosf (3-19)
w =6 (3-20)

COoS ¢y = bexyaw (3-21)
COS By = V1 Yyauw (3-22)
sin @, = x; bs (3-23)

sin gy = yy by (3-24)
cosé =z, bz (3-25)

Then, the focus is put on calculating the gradients of terrain variable vector syar,

T
Svar = [cos ¢r cosgy sing, sing, cos 5}

explicitly by using the chain rule. Since these terrain variables play a crucial role in the
objective function and are essential for transforming the current velocity v and pose of the
vehicle into other physical quantities, such as v, a, ay, w., &, and ¢, which are subject to
the optimization constraints.

According to (3-9) and (3-10), the cos ¢, can be further written as

COS ¢y = XbTxyaw = (yp X zb)T - Xyaw
= (yb X Zb)T * Xyaw
. (Zb X Xyaw X Zb)TXyaw

125 X Xyau|
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14 Background

Given that ||zs|| = ||Xyaw|| = 1, we assume z, = [a,b,¢] ", Since z, is unit vector, it follows
that ¢ can express as ¢ = v/1 — a? — b2. By following the vector triple product identity, the
cross product zp X Xyqw X Zp can be written as:

Zy X Xyagw X Zp = (Zb : Zb)xyaw - (Zb : Xyaw)zb = ”ZbH2 Xyaw — (Zb : Xyaw)zb
= Xyaw — (Zb . Xyaw)zb

cosf a cos

a
= |sinf| — | |b] - |sinf b
| 0] c 0 c
[cos 6] a
= |sinf| — (acosf + bsinh) - |b
| 0] &
[cos 6] a(acos@ + bsin0) cos — a(acosf + bsin 0)
= [sinf| — |b(acosf +bsinf)| = |sinh — b(acosf + bsinf)
0] c(acosf + bsin§) —c(acosf + bsin @)

As we have zj, X Xyq = [—csinf, ccos 6, asin — bcos H]T and ¢ = V1 — a? — b2, the norm of
the cross product can be written as:

|26 X Xyauw|| = \/(—csin9)2 + (ccos0)? + (asin® — beosh)?
=V + a2sin? 0 + b2 cos? 6 — 2absin  cos 0

= V1 —a? — b2 + a?sin? 0 + b cos? 0 — 2absin 0 cos 0

= \/1 —a2(1 —sin?6) — b2(1 — cos2 §) — 2absin § cos §

=1 —a2cos?f — b2sin® 0 — 2absin f cos § = \/1 — (acosf + bsin 9)?
Then cos ¢, can be further written as:

(Zp X Xyquw X zb)Txyaw

S P
cos @ — a(acos + bsin 6) Y 1
= |sinf —b(acosf + bsinh) | - |sinf| ———
—c(acosf + bsin 0) 0 2 > Xyauw|
~ cosf(cos — a(acosf + bsinf)) + sin O(sin § — b(a cosd + bsin))
- 125 X Xyauw |

cos2 0 — a2 cos?h — absinf cos O + sin? @ — absin 6 cosf — b2 sin? 9

\/(—csinﬁ)2 + (ccos 0)* + (asin @ — beosf)>

_ 1—(acosf+bsinh)* o 2
a V1 — (acosf + bsin 6)2 o \/1_ (acosf +bsinf)? = \/1_(Zb'xy‘“”)

Assuming 7 = acos + bsin = zy, - Xyqu, COS Py = V1 — 12
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For sin ¢, it can be written as:

(Zb X Xyaw X Zb)Tbg

1z X Xyawl|
Y

sin g, = X;—bg =

cosf — a(acosf + bsin 0) "o
= |sinf — b(acosf + bsinb) | - |0] -
—c(acosf + bsin @) 1
 —c(acos® +bsinf) —cr
VT —(acosf +bsinf)2  /1— 2

1

125 X Xyaw|

Similarly, cos ¢, can be written as:

(zb X Xyaw ) Tyyaw

125 X Xyau |

T
cos ¢y =Y Yyaw =

—csin T —sind
= ccosf - | cosf | -
asinf — bcos b 0

1

126 X Xyaw|

csin? 6 + ccos? 6 c

V1—1r2 :\/1—r2

Then sin ¢, can be denoted as

(Zb X Xyaw)Tbg

16 X Xyawl|
Y
ke

sin ¢, = bebg =

—csinf
= ccosf
asinf — bcos b

1

b x Xyauwll

- o O

asinf —bcos s
Vi—r2 12

where s = asinf — bcosf. Finally, the cos& can be simplified as:

cosé =z, by =c

(3-26)

(3-27)

(3-28)

(3-29)

By doing the above simplification, the components of terrain variable vector sya, are converted
in the form of using the combination of ¢, r = acosf + bsinf, and s = asinf — bcos . Then
the terrain gradients with respect to time can be denoted as Vy cos ¢, Vx cos ¢y, Vxsin gy,

Vxsin ¢, and Vi cos§ respectively:

r
Vxcospy = VeVl —12 = ———_Vyr
¢ V1—r2

C

V1—r?
. —cr r
Vxsin g, = me = —mvxc

Vx sin Py = VX%TZ

Vi cospy = Vyx

—(1- TQ)_%CVXT

Vxcosé = Vge

Master of Science Thesis
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In the terrain pose mapping algorithm, the derivatives of a and b, which are components
of vector zp,, with respect to the pose p = [z, v, O]T, can be calculated as Vxa and Vb by
trilinear interpolation method [42].

e Adjust pose- Adjust the current pose p by half of the resolution.
Pm =P [AZE‘/Q, Ay/27 A9/2]T
where Ax, Ay and A6 are grid map resolution in z, y and 6 respectively.

o Convert pose to index and compute differences- For pose p,,, we first determine its
corresponding index ¢ in the grid map. This index ¢ represents the discrete grid cell
that contains the pose p,,. Next, we use this index ¢ to retrieve the actual pose p;g,
corresponding to the grid cell’s center indexed by i. (p,, adjusted from p represents
a pose within the discrete grid cell ¢, while the corresponding p,,, denotes the center
pose of the same grid cell.). Then, the difference between the original pose p and the
indexed pose p,4, is scaled by the inverse of the grid resolution.

diffy = P — Piax
diff, (0)
. —
di A
. diff, (1)
diffy, = Ay

sin(p(2) — Piax(2))
cos(P(2) — Piax(2))

1
diffy = — arctan(

Al )

o Interpolate along the x-axis- For pose p, considering its surrounding 8 grid points, Pggo,
Poo1, Po1o, Po11, P1oo, P1o1, P110 and Pj11, the interpolated values along x-axis can be
obtained as:

voo = Pooo(1 — diffy) + P1godiffy
vo1 = Poo1(1 — diffy) + Po1diffy
v10 = Po1o(1 — diffy) + Pyiodiffy
v11 = Por1(1 — diffy) + P11 diffy

o Interpolate along the y-axis

Vo = ’Uoo(l — dlﬁy) + 7)01diffy
v = 1)01(1 — diffy) + Ulldiffy

o Interpolate along the yaw-axis
v =vp(1 — diffy) + v diffy
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3-3 Trajectory Optimization 17

e Calculate gradients

_ U1 — o
8y = Af
_ (7)10 — 1)00)(1 — diff@) + (1)11 — UOl)diffg
& = Az
gz :((1 — diff@)(l — diffy)(Ploo — Po()o) + (1 — diﬁ@)diﬁy(Pllo — P010)+
=+ diff@(l — diffy)(Plol — P001) + diff@diffy(Plll — Pon))/Ay

Then the terrain gradients can be written as

Vza Vya Vga
8. 8, 8| = |Vab Vyb Vb (3-30)
Ve Vye Ve
where Vya = (Voo Vya Va|, Vib=[Vab Vyb Vgb| and Vie = [Voe Vye Voe|.

The derivative of ¢ with respect to the state x can be represented as:

—2aVya — 20V b
Ve = VyxV1—a2 - b2 = Qi‘/&ﬁ = —(aVya + bVyb)/c (3-31)

The derivative of r with respect to the state x can be denoted as:
Vxr = Vx(acosf + bsin0) = cos OVxa + sin OVb (3-32)
The derivative of s with respect to the state x can be denoted as:

Vxs = Vx(asin@ — bcosf) = sin Vxa — cos OV b (3-33)

3-3 Trajectory Optimization

Quintic piecewise polynomials are employed to describe trajectories in the SE(2) space. Each
trajectory segment can be expressed as:

C

N

zi(t) = c;y(t), t€[0,T)]
yi(t) = ¢y (t), t€[0,Ty] (3-34)
O(t) = cg (1), tE[0,Ty]

where N;, N;, N denote the number of trajectory segments, and T;, T; and T}, represent
the time durations for each segment in dimensions x, y and 6, in that order; For simplicity
the N; and N; are set to be the same; the natural basis for the polynomial is given by
y(t) = [1,t, 82, 83,4, 2] T; ¢, € ROX! with % € i, j, k is the coefficient vector of polynomial.

The remarkable aspect lies in the ability to encapsulate the 3D state trajectory and dynamic
states using only the 2D state trajectory through terrain pose mapping. Through this map-
ping, each point s, = [z,¥, H]T on the 2D trajectory yields distinct values for height z and
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body axis z;. The optimization problem can be formulated as:

Ts

im0 4 prera (e(e)dt + pr T (3-35)
s.t. &sinf —ycosh =0 (3-36)
GoyCoy = bay, Gpcy =Dy (3-37)
T,y =0, Typ=0 (3-38)
Uy~ Upaa <0 (3-39)
5 — Gpon <0 (3-40)
dy — Ay <0 (3-41)

2 2
v Qj_z5+ B tanngmaa: <0 (3-42)
Cmin — c0s€ <0 (3-43)
0(X) — Omaz <0 (3-44)

where the smoothness of trajectory can be represented by the square term j(¢)'j(t), with
trajectory’s jerk j(t) = x3)(¢); o(x(t)) is the surface variation which can be computed in the
process of generating terrain pose mapping F based on the current point on the trajectory
X(t), prer is a constant; cgy, ¢y are the coefficient matrix of trajectory segments,

Clay Cz1 Gy
Cozy Cxo Cyq T
6M x2 6Qx1
Coy = . = eR , Cp=|co, Co, .. ceﬂ] eR
CMzy Cznr Cym

T,, € RM and Ty =€ R represent the time vectors, with each component of these vectors
being non-negative and || T,[|;, = ||Tsl|; = Ts; Goy and Gy are constraint matrices while by,
and by are corresponding constraint vectors; Dynamic inequalities conditions include limits
on Uy, Gz, Gy, K, attitude cos{ and terrain curvature o(x). The constants involved in these
inequalities are Vmaz, Gmions Amiats Omazs Cmins Omaz-

3-3-1 Constraints in the Optimization Problem

(3-36) ensures that the vehicle follows the non-holonomic constraint. This constraint arises
from the kinematic model of the car, which limits the motion to a direction aligned with the
wheels’ orientation. According to Assumption 2, wheel slip is not considered. Then the
component of the velocity perpendicular to the heading direction must be zero

vy sinf = vycosf —  dsinf —ycosf =0 (3-45)

To ensure a smooth trajectory, the condition of being continuously differentiable four times
at the segmented points, along with boundary conditions for the trajectory, is incorporated
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3-3 Trajectory Optimization 19

into the constrain (3-37). For example, the segment 4, the  and y can be represented as

P(t) = cizyy(t) = cio + cint + ciot? + ci3t® + cut* + ci5t°

dzf) = ¢;1 + 2¢iot + 3cist? + deiat® + begst?

diﬁgt) = 2¢i2 + 6cigt + 12ci4t* + 20c;5t> (3-46)
dzfzgt) — 63 + 24ciat + 60cist?

diﬁp — 24cyy + 120¢;5t

In order to ensure that the trajectory is four times continuously differentiable at the segment
boundaries, the constraints should be built as follows:

Pi(t) =1, = Pit1(t) |i=0

dp; (1) _ dpi+1(t)‘
dt t=T; dt t=0
d?p,(t) _ d?p; 4 (¢)
a2 l=m dz =0 (3-47)
d®p;(t) _ d*p;4 4 (1)
de?  li=m, de3  li=o
d*p;(t) _ d'p; (1)
dt* =1 dtt =0

Also, the start and the endpoints of the trajectory should align with the ego vehicle’s initial
pose and the set goal pose,

{Pl(o) p1(0) 1'51(0)} = [pinit Pinit I“)init}

3-48
[PM(TM) Py (Tvr) I")M<TM)} = [pﬁnal Pfinal I“)ﬁnal} (48)

where piir and Papals Pinit @04 Papal, a0d Pinie @nd Pgp. are the initial and goal spatial
locations, velocity and acceleration respectively. By combining (3-47) and (3-48), the equality
G,yCyry = byy can be further represented as:
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Gy =
1 0 0 1
01 0
00 0 6 24 602 0 0 0 -6 0 0
00 0 0 24 1200 0 0 0 0 =24 0
1 ¢t 2 3 ¢4 to 0O 0 0 0 0 0
1t 2 B ¢ t -1 0 0 0 0 0
0 1 2t 32 42 5¢* 0 -1 0 0 0 0
00 2 66t 12¢2 202 0 0 -2 0 0 0
O6x6 A
O6x6 Osx6 A
O6x6 O6x6 Osx12 A
L B |
where
T0 0 0 6 24 602 0 0O 0 -6 0 07
00 0 0 24 12006 0 0 0O 0O —-24 0
Ao |1t 2 ¢ ¢ B 0 0 0 0 0 0
I A S B t® -1 0 0 0 0 0
0 1 2t 3t2 43 5* 0 -1 0 0 0 0
L0 0 2 6t 122 202 0 0 -2 0O 0 O
1 ¢t 2 3 ¢t o
B=1|0 1 2t 3t2 4t b5t
0 0 2 6t 1262 2083
066 represents zero matrix with the size 6 x 6. Then by, can be represented as
T
. .. T . ..
bwy = [pi—lr—lit pi—ll—lit pi—lr—lit E pf—li—nal pf—irnal pf—'irnal}
E' = [Buit Bwid Buia - Bina
where Eij; = [PiTnit Pinit  Dinit }, Enia = [Ole 02x1 IgT 0251 0241 02><1} and

Efna = [ prmal prmal I.janal }, 1, is the expected pose at the end of segment ¢, which can
be obtained from the initial path. The first three rows Ggyczy, = by, constrain the initial
conditions shown in (3-48).

p;(0) = Clxy’)/(t)‘tio = (c10 + et + c1ot® + ci3t® + et + 015755)‘ = C10 = Pinit

P1(0) = (c11 + 2c19t + 3eigt? + deiat’® + 5c15t4)‘ = C11 = Pt

P1(0) = (2¢12 + 6¢13t + 12C14t2 + 20C15t3)’t70 = 2¢12 = Dipnit (3-49)
1 0 0 0 0O Pinit
01 0 0 0 OfCizy= |Pinit
002000 Binit
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Similarly, the last three rows constrain the goal conditions,

pM(TM) = (CMO +cynt + CM2t2 + CM3t3 + CM4t4 + CM5t5)‘ = Pfnal

—iMm

P (Tar) = (carn + 2carot + 3carst? + depat® + 5earst?) ’t = Pfinal

Pyu(Tu) = (QCM2+6CM3t+12CM4t2+20CM5t3)‘t . = Dfinal (3-50)
=4iMm

1 ¢ 2 8 Pfinal

0 1 2t 3t* 482 5t* | cyrey = Beyay = | Phinal

0 0 2 6t 12t2 2083 Pfinal

The middle rows correspond to the trajectory having continuous fourth-order differentiability
at the segment junctions, taking segment ¢ as an example:

o First row in Matrix A:
dgpz‘(t)‘ _ dgpi+1(t)‘
de3  li=m; de3  li=o
— (63 + 24cigt + 6001'5152)’ - = (6C(i+1)3 + 24C(i+1)4t + 60C(i+1)5t2)‘t_0

=1;

— 6¢i3 + 24T + 60cis T = 6¢(;41)3

—>[0 0 0 6 24t 60t2 0 0 0 —6 0 O}l Cizy ]:0
Clit+1)zy

e Second row in Matrix A:

d*p;(t) ‘ _ d'p,1(t) ’
dtt li=m dtt li=o
s (24ci + 120ci5t)‘t_T_ — (2c(is1ys + 120c(i+1)5t)‘t_0

— 24Ci4 + 120Ci57—% = 24C(i+1)4

—>{000024 1206 0 0 0 0 —24 0} Cizy | =
Cli+1)zy

e Third row in Matrix A:

pt)|_ =1

— (cio +cat + ciot? + cist® + ciatt + ci5t5) ’t_T =1,

— cio + caT; + cT} + cisT) + cuT) + cisT) =1,

s[1 e #0000 0 0] =l
Cli+1)zy
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e Fourth row in Matrix A:

pi(t)‘ = pi+1(t)’

t=T; t=0

— (cio + it + ciot? + cizt + et + Ci5t5)‘ B

= (C(i+1)0 + C(i+1)1t + C(i+1)2t2 + C(i+1)3t3 + C(i+1)4t4 + C(Z‘+1)5t5) ’t:()
— cio + e T} + TP + cisT) + cuTy + 5Ty = civiyo

—>{1tt2t3t4t5—100000} Cizy | _
C(H—l):py

o Fifth row in Matrix A:
dp;(?) dp; ;4 (t)

dt t=T; - dt ‘t:()
— (Cil + 2ciot + 3Ci3t2 -+ 4Ci4t3 + 5Ci5t4)’

= (C(ir1)1 T 2G4 1)2t + 3€(r)at’ + deirat’ + 5C(i+1)5t4)’t:0
— ¢i1 + 20T + 3¢isT? + dei TP + 5eis Ty = C(i+1)1

—>[0 1 2t 32 43 5 0 -1 0 0 0 0][ Cizy ]:0
Ci+1)zy

e Sixth row in Matrix A:
dQPi(t)’ _ d2pi+1(t)‘
dt?  li=m dt2  li=o
— (2C2‘2 + 6¢;3t + 12Ci4t2 + 20Ci5t3)’

= (2¢(i11)2 + 6c(ip1)3t + 12C(41)at” + 200(i+1)5t3)‘t20
— 2¢ci2 + 6¢,3T; + 12Ci4T2-2 + 20Ci5Ti3 = 2C(i+1)2

—>[0 0 2 66 122 2063 0 0 —2 0 0 O}LCW ]:0
(i4+1)zy

The PHR Augmented Lagrange Multiplier method (PHR-ALM) [1] effectively integrates con-
straints into the optimization problem. Given a set of equality constraints h(x) = 0 and
inequality constraints g(x) < 0, the method augments the objective function with additional
terms that penalize constraint violations. For each equality constraint h;(x) = 0 and inequal-
ity constraint gj(x) < 0, the augmented cost functions A(h,\) and A(g, ) can be defined
as:

A(h,A) = (X + gh)

Ag, ) = g(p + gg)

where A is the Lagrange multiplier for the equality constraint. It is a vector whose dimen-
sion corresponds to the number of equality constraints; u is the Lagrange multiplier for the
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inequality constraint. It is a vector with a size N, equal to the number of inequality con-
straints; p is the penalty parameter. The gradients of the augmented cost functions with
respect to the constraint variables h and g are:

VA(h, \) = ph+ A
VA(g, 1) = pg +

For each constraint h;(x) or g;(x), first, we compute the augmented cost for each constraint
and incorporate these costs into the total objective function. Next, we calculate the gradients
of the augmented costs and utilize these gradients to update the trajectory parameters during
the optimization process. The Lagrange multipliers for the equality constraints and inequality
constraints A and p can be updated as:

A<= A+p-h(z)
pj 4 max (i +p - gj(x),0) Vi€ {1,2,..., Npec}

This approach ensures that the constraints are integrated into the optimization problem. By
penalizing any violations, the solution is driven toward feasibility, effectively balancing the
original objective and the satisfaction of constraints.

3-3-2 Cost in the Optimization Problem

The objective function includes terrain jerk cost, surface variation cost, and time efficiency
cost. The terrain variation cost derives from one of the terrain variables from the terrain pose
mapping process. The time efficiency cost represents the total duration of the trajectory. In
practice, each segment of the trajectory is allocated an equal portion of the total trajectory
time. As mentioned before, the trajectory is in the form of piecewise polynomials, taking
dimension x of i-th segment of the trajectory as an example; the trajectory jerk can be
represented as:

. PBri(t)  03(co+ et + cat? + cst® + eqtt + cstP)
.]l(t) = 8t3 = atg

= 63 + 24cqt + 60c5t> (3-52)

where j;(t) is the first element of j(t); ¢z, = [co,c1,ca,¢3,¢4,¢5]7. Then j{ (£)j;(t) can be
expanded as:

i1 (0§ (t) = 32(t) = (6¢3 + 24cqt + 60c5t>)? (3-53)
= 36¢2 4 288czeqt + 57652 + T20c3c5t> + 2880c¢yc5t> + 36002t (3-54)

Then, the integral of j| (¢)j;(t) with respect to time t is given by

T
i1 (Wi (t)at

Ts
= / (36¢2 + 288czcqt + 576¢3t2 + T20c3¢5t + 2880csc5t> + 3600c2t)dt
0

= 36¢3t + 14dczeqt® + 192¢5t + 240c3e5t”® + T20cqcst* + 720ct°
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In essence, through the creation of terrain pose mapping—establishing a one-to-one corre-
spondence between the car-like robot’s 2D spatial position, heading direction, and its 3D
spatial location and altitude—an optimization problem is formulated. This optimization
problem leverages the 2D space trajectory and trajectory coeflicients as control inputs for
optimization. Concerning 3D state constraints, each dynamic state uniquely corresponds
to the projected 2D state on the trajectory, serving as explicit feasibility constraints in the
optimization framework.

3-4 MPC Control

Model Predictive Control (MPC) is an advanced control strategy used to manage systems
optimally while respecting certain constraints. It relies on a system dynamics model to
predict future behavior and optimize control actions over a specified time horizon. The
process involves minimizing an objective function and meeting a set of constraints, producing
an optimal series of control inputs for the given horizon. A distinctive feature of MPC is its
iterative, receding horizon approach. At each time step, an optimization problem is solved
over a prediction horizon, yielding a sequence of control inputs. Only the first input is
implemented, and the process repeats at the next time step with updated system states. This
continual re-optimization allows MPC to adjust to new information and correct for prediction
errors.

In motion planning, once the optimal trajectory is provided by the optimization block, the
MPC block transforms this trajectory into a constrained, finite-time optimal control problem.
This problem is then solved in real-time at each sampling instance using the most recent data.

T
The state of the vehicle at any time ¢ is represented by x(t) = [iL‘ Y 6} . The control inputs

.
are u(t) = [vx 5} by using the Ackermann Steering Mode. Here, x and y denote the 2D
spatial coordinates, and 6 represents the orientation. The variable v, signifies the longitudinal
velocity of the vehicle, § indicates the steering angle, and L represents the wheelbase of the

vehicle.
Tp+1 = T + vy cos(by) At

Yk+1 = Yk + vz sin(0x) At
v tan(d)

A
i t

Op+1 = 0 +

We linearize the system around the current state and input to facilitate MPC. The linearized
system can be written as:

Tg41 = Az + Bug +c¢, k=0,1,....,T—1

Where:

o A is the state transition matrix

1 0 —u,sin(0)At
A=10 1 wgycos(f)At
00 1

Qingyi Ren Master of Science Thesis



3-4 MPC Control 25

e B is the control input matrix

cos(0)At 0
sin(f) At 0
= 0 At tan(0)
v, LAt
0 LC§SQ(5)
e c is the constant term due to linearization
-
c= [o 0 0}

The objective of the MPC optimization problem is to minimize a cost function while con-
sidering system dynamics and constraints. The cost function generally takes the following
form:

T-1
T =3 (@ = wret) " Q= rer) + (1, — trer) " Rlug = tyer) )
k=0

Where zpo and wuger represent desired state and input at time step k respectively; @ and R
are weight matrices for state error and control input, respectively. The constraints include:

o State constraints: Tmin < T < Tmax

e Control input constraints: umin < g < Umax

Then the overall steps of the MPC control are:

e Linearization: The LinearModel function takes the current state x; and control input
ug, and returns the matrices A, B, and vector ¢ that define the linearized system
dynamics:

LinearModel(z, ur) — (4, B, ¢)

This step approximates the nonlinear system around the current operating point (g, ux),
simplifying the control problem.

o State Transition: Using the A, B, and c obtained from the linear model, the StateTransition
function computes the next state xx1 based on the current state xj and control input
U -
StateTransition(xg, uy) — Trr1 = Azg + Bug + ¢

This step uses the linearized model to predict the future state of the system.

¢ Predict Motion: The PredictMotion function predicts the sequence of future states
{zx}}_, starting from the initial state zo and using a sequence of control inputs {u };_o:

PredictMotion(zo, {us} p—o) — {Tk}hes

This step involves simulating the future behavior of the system over a finite time horizon
based on the current state and a sequence of planned control inputs.
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e Solve MPC Optimization Problem: The SolveMPC function solves the Model Pre-
dictive Control (MPC) optimization problem. It takes the initial state z¢, the reference
trajectory s, weight matrices Q and R, and an initial sequence of control inputs
{uk}g;ol, and returns the optimized sequence of control inputs:

SolveMPC (20, Zref, @, R, {up}1—0) — {uj}i =4

This step involves formulating and solving an optimization problem that minimizes a
cost function. This function usually incorporates components for tracking error and
control effort, while adhering to system dynamics and constraints.

3-5 Conclusion

In this chapter, we introduced the key concepts of vehicle dynamics, terrain pose mapping,
trajectory optimization, and MPC control, providing a comprehensive overview of motion
planning on uneven terrain and the mathematical foundation for all relevant approaches. In
the next chapter, we will focus on the two main contributions of this thesis: improvements in
global path planning and the development of enhanced obstacle avoidance methods.
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Chapter 4

Proposed Approach and Methodology

As discussed in Chapter 2, motion planning for navigation on uneven terrain involves de-
signing a path for the ego vehicle to travel from a starting point to a target location while
avoiding obstacles. This thesis adopts the common structure of Hybrid Motion Planning,
which incorporates various obstacle-avoidance strategies. The motion planning system can
be broken down into three key components: Global Path Planning, Collision Check, and
Local Trajectory Optimization [29)].

e Global Path Planning: This process involves generating an initial path for the vehicle
to follow from its starting point to its destination. The goal is to create the shortest
possible path, typically represented as a piece-wise linear path that is sampled across the
vehicle’s environment. This initial path accounts for static obstacles in the environment
but does not consider moving obstacles at this stage, so it is only free of static obstacles.

e Collision Check: Considering dynamic obstacles, when such an obstacle starts moving,
the initial path generated by global path planning may not be sufficient to ensure a safe
and collision-free route. The collision check process involves monitoring for potential
collisions with dynamic obstacles. If a collision risk is detected, the path is adjusted
in real time to avoid the dynamic obstacle, thereby ensuring the safety of the vehicle’s
movement.

e Local Trajectory Optimization: After establishing a collision-free global path, the next
step is to refine this path into a smooth and time-efficient trajectory that ensures safety.
The global path, which is a piece-wise linear sequence of waypoints, serves as the initial
state for local trajectory optimization. The primary goal is to convert this path into
a continuous trajectory that is smoother, more dynamically feasible for the vehicle,
minimizes travel time, and ensures safety by optimizing the trajectory parameters.

Together, these three components shown in Figure 4-1 form a cohesive motion planning
framework that enables a vehicle to navigate on uneven terrain and avoid both static and

dynamic obstacles.
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Figure 4-1: Three components in Motion Planning (a) Global Path Planning. (b) Collision
Check. (c) Local Path Optimization.

4-1 Traversability Maps in Motion Planning

Traversability maps provide critical information on how easily a vehicle can pass through dif-
ferent areas. This information is essential for autonomous vehicles navigating uneven terrain,
as such terrain varies significantly in its properties. By identifying smoother, more navigable
areas and highlighting regions that are difficult to traverse, these maps enable vehicles to
optimize their routes, ensuring safer and more efficient travel.

Common traversability maps of uneven terrain could be defined according to terrain slope,
roughness, and curvature [22]. Most of them only consider the static properties of terrain
geometric characteristics and materials. The common metrics of traversability, including
definition, mathematical expression, and whether to use in our traversability definition, are
shown in Table 4-1.

4-2 Dynamic Traversability-Based Global Path Planning

In Chapter 3-2, Terrain Pose Mapping is introduced as a powerful tool that leverages point
cloud data to establish a direct correspondence between 2D spatial positions and 3D loca-
tions and orientations. This technique simplifies the complex task of 3D global path planning
by transforming it into a 2D problem. Essentially, the goal of finding a 3D global path is
converted to finding an equivalent 2D global path, which then maps back to the 3D space.
This transformation not only reduces computational complexity but also enables more effi-
cient and effective path planning in uneven terrain environments. Accordingly, Terrain Pose
Mapping provides detailed 3D terrain information by mapping 2D spatial locations to their
corresponding 3D orientations. This data enables the creation of traversability maps, which
summarize the terrain’s traversability in a 3D context and represent this information in a 2D
grid map format. By encapsulating 3D properties of the terrain, such as curvature and static
obstacles, within the 2D grid, these maps facilitate a more comprehensive planning process.

Traditional global path-planning algorithms often prioritize the safety of the planned paths,
which means they try to schedule the path to avoid hard-to-traverse regions according to
traversability maps. While ensuring the plan’s safety, it may obtain a conservative path route
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Table 4-1: Common criterion for terrain traversibility

Metrics Description Mathematical Expression

Slope measures the steepness local terrain slope around x:
of the local terrain sur- ¢,/¢m, where ¢, represents the
face inclination angle of local plane

around X, ¢,, represents the max-
imum inclination angle that the
vehicle can overcome [19].

Curvature measures the deviation In the ellipsoidal region near x, sur-
of the terrain surface face variation [31] can be computed
from being flat as 0(x) = Xo/(X7 \i), where Ao,

A1, and A2 are the eigenvalues of
the covariance matrix for the ellip-
soidal region. These eigenvalues sat-
isfy )\0 S )\1 < /\2.

Roughness quantifies irregularities Fit a smooth surface model around
or unevenness of the ter- x using k& neighborhood points.
rain surface Then, calculate t£1e sum of the abso-

lute residuals %, where 7maz
represents the maximum roughness
value, dj represents the distance
from point k to the fitted plane [19].
Sparsity represents the extent of A\ = —2=min_ where S, and Spaz

vacant or unoccupied
areas within a given ter-
rain, indicating the po-
tential presence of de-

Smaz —Smin

represent the lowest and highest ac-
ceptable vacancy ratios respectively
[13]. r indicates the fraction of the
plane that has defects.

fects such as pits and
depressions.

that has a longer path length and lower time efficiency, for example, designing a detour to
follow the edge of a flat hill region instead of going directly across the flat hill region.

When a vehicle traverses on uneven terrain, the vehicle with significant momentum can more
effectively traverse rough regions and steep slopes on uneven terrain due to its greater kinetic
energy. This increased momentum allows the vehicle to overcome the resistance posed by
rough surfaces and inclines, enabling it to maintain stability and traction even in challenging
regions. As a result, such a vehicle is better equipped to handle abrupt changes in elevation
and rough patches that are recognized as hard-to-traverse regions in the traversability map. If
we consider the kinetic properties of the vehicle, like velocity and acceleration, in the context
of terrain traversability, the traversability of uneven terrain could dynamically change based
on the vehicle’s velocity and acceleration.

The concept of dynamic traversability is then introduced: it is defined based on factors of
slope and curvature. Table 4-1 presents the criteria for terrain classification based on slope
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and curvature. The terrain slope is expressed as the ratio of the inclination of the local plane
to the maximum inclination angle that the vehicle can navigate. An increase in velocity or
acceleration may enhance the vehicle’s ability to traverse specific regions, thereby increasing
the maximum allowable inclination angle. Thus, by considering the vehicle’s momentum, the
terrain slope criteria are dynamic, depending not only on the static properties of the terrain
but also on the current states of velocity and acceleration that the vehicle possesses. In
contrast, terrain curvature is a static term derived directly from terrain pose mapping.

It is assumed that the terrain slope is constant of local planes on uneven terrain and t The
terrain pose map [47] has been obtained which describes the corresponding correspondence
from location and orientation on X-Y plane x = [z,y,60]" to height z, representing spatial
coordinates long z-axis and pose of vehicle R = [x3,¥,25] € SO(3) in X-Y-Z global frame.
Also, the map offers terrain information, including the inclination and curvature of the local
plane corresponding to point x = [z, v, O]T. Figure 4-3 illustrates a specific local plane, shaded
in grey, showing the relative position of the body axes and spatial coordinates. The direction
Zpro, Which lies on the X-Y plane, represents the projected heading direction of the vehicle
on this plane, corresponding to its actual heading in the X-Y plane. The angle between the
body axis x; and xpr, is interpreted as the slope of the local plane.

To better describe the dynamic traversability considering different velocities and acceleration
of the vehicle, the force analysis of the vehicle on a certain slope is given according to analysis
[2] and is shown as follows:

L P .
F=Fu+—T+ Mg+ Ni—uNT (4-1)
v

where F;, is the aerodynamic force, P is the vehicle’s power output, v is the speed along the
body axis x;, Mg is the gravitational force with g denoting the acceleration due to gravity,
N is the normal force along the body axis zp, and p is the dynamic friction coefficient. The
schematic diagram of the forces on the slop is shown in Figure 4-2.

Within a short time interval on uneven terrain, the vehicle’s traversal route can be approxi-
mated to be a straight line with a constant inclination angle, assuming we ignore aerodynamic
forces and the inclination angle of the local plane is ¢,. By analyzing the vehicle’s traversal
in uphill and downhill scenarios separately, and under three cases of acceleration a,,qz, O,
and —amqz, We can determine the maximum inclination angle that the vehicle is capable of
traversing.

According to Newton’s second law, the net force along the direction of motion is equal to the
mass M of the vehicle times its acceleration

= dv
F=M— 4-2
i (4-2)
When the vehicle is going uphill, the term Mgsin(yp,) acts as a negative force component,
opposing the vehicle’s motion and thus reducing the net force. By combining (4-2), (4-1) can

be represented as:
dv P .
ME = Mgsin(pz) — pMgcos(ps) (4-3)
By considering three different acceleration scenarios and the vehicle’s maximum available
power FPp,q;, we can calculate the maximum inclination angle, denoted as ¢, that the vehicle

can traverse based on this power. The calculation is as follows:
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e When a = aymqq, (4-3) can be represented as:

P .
M2 =Mames = — = Mgsin(py) — uMg cos(ps)
P .
= Mamar = — = Mgsin(pz) — pMg cos(¢.)
P .
:>; _ Mamax = Mg(SHl(gOz) + MCOS(SDI))
P Amazx Sin((pl’) NCOS(SOJ;)
- - = /14 p?- +
Mgv g \/7 VIitur 12
1 < P Omazx

TV \Mge g )ZSm(%Jrﬁ)’
tan (8) = p

. 1 P Umaz
=, = arcsin Jie \Aigo -, — arctan (4)

The maximum inclination angle determined by the maximum motion power of the
vehicle in this scenario can be represented as

¢f = py = arcsin ! < Finae _ am‘lI) — arctan (u)
f=¢a T e g [

using maximum vehicle power Pp,q;.

o When a = 0, (4-3) can be then represented as:

d P
ME —pm0=" - Mgsin(p,) — pMgcos(ps)
v

dt
P .
= Mgsin(py) — pMgcos(pz) =0
P :
= = Mg (sin(pz) + pcos(¢s))

P
:>M7gv=\/1+uzsin(%+ﬁ), tan () = p

. ( P
=, = arcsin

—— | —arctan
\/1—|—u2Mgv> )

The maximum inclination angle determined by the maximum motion power of the
vehicle in this scenario can be represented as

Pmax

br= Pr = arcsin [ —————— | — arctan 1%
/ ¢ <\/1+,u2Mgv> ( )
with maximum vehicle power —Pma$-
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e When a = —aqq, (4-3) can be represented as:
d P
Md—: =— Mamgz = — — Mgsin(pz) — uMgcos(py)
v

P .
i; + Mamar = Mg(sin(ez) + pcos(¢z))
1 ( P Umazx
= +
V14 p? \Mgv g

tan (8) = p

N . 1 ( P + amam) ¢ ( )
= arcsin — arctan
v VIt p2 \Mgv g a

The maximum inclination angle determined by the maximum motion power of the
vehicle in this scenario can be represented as

1 P
¢y = arcsin < LA amam) — arctan ()
V14 p? \ Mgy g

with maximum vehicle power Py,q-

)ZSin(soerﬁ%

When the vehicle is going downhill, the term M gsin(p,) acts as a positive force component,
aligning with the vehicle’s motion and thus increasing the net force. By combining (4-2),
(4-1) can be represented as:
dv P .
ME = + Mgsin(py;) — uMgcos(p,) (4-4)
In a similar way, the maximum inclination angle determined by the maximum motion power
of the vehicle under three different accelerations can be represented as:

e When a = a4, the maximum inclination angle determined by the maximum motion
power of the vehicle in this scenario can be represented as

¢ = arccos L ( o amax) — arctan (1)
V14 p? \Mgv g 1%

using maximum vehicle power Pp,q.

e When a = 0, the maximum inclination angle determined by the maximum motion power
of the vehicle in this scenario can be represented as

P

= arccos | ————
o1 <\/1 + p2Mgv

) — arctan (v)

with maximum vehicle power Py,qz.

e When a = —aqz, the maximum inclination angle determined by the maximum motion
power of the vehicle in this scenario can be represented as

P,
maz | Gmas )) — arctan (7)

1
¢f = arccos (
/ Vit \Mgv ' g

with maximum vehicle power Pj,q.
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For a detailed description of the calculation steps, please refer to Appendix A-1.

The maximum inclination angle that the vehicle can overcome is determined by the maximum
motion power of the vehicle and traction loss threshold:

Om = min(oy, o) (4-5)

where ¢,, represents the maximum angle of inclination that the mobile vehicle can successfully
overcome; ¢y represents the maximum inclination angle determined by the maximum motion
power of the vehicle; To avoid an-isotropic traction loss, the inclination angle should have the
traction loss threshold [38],

¢s = arctan(ps — p) (4-6)

where g is static friction at the contact point; u is dynamic friction coefficient. Considering
that defining the maximum inclination angle when upper bounding by ¢s in (4-5) is too
conservative, and at the same time, we want to ensure the vehicle can move within safe
limits, especially when encountering sudden changes in slope, the safe extension factor a can
be applied to (4-5):

$m = min(¢f, o - Ps) (4-7)

where « is a user-defined constant value. By combining surface variation [31], which is used
to approximate terrain curvature, the dynamic terrain variance can be further depicted as:

T(x,v,a) = mo(x) + mas(x,v,a), 0<7(x,v,a) <1 (4-8)

where 7(x,v,a) is the terrain traversability of point x = [z,y,0]; o(x) represent the surface

variation on the point x, the smaller of surface variation can lead to flatter regions which are
easier to traverse (low traversability); s(x, v, a) represents slope compatibility of point x with
velocity v and acceleration a, it assessed terrain slope relative to the maximum inclination
angle (beyond this the vehicle is unable to move or rollover ); m; and mg are weighting
vectors.

2 1 if 0, < b
s(x,v,a) = 7 <1+€?f>ff ee <0 (4-9)
1 if pz > ém

where v = (1 +¢e72)/(1 — e72) is a scaling factor used to adjust the dynamic traversability,
ensuring it lies within the range [0, 1] in the case ¢, < ¢y,. In function s(x, v, a), the point x
defines ¢, and velocity v and acceleration a define ¢,,. When ¢,, is closer to ¢,,, meaning the
slope is closer to the upper bound slope, then larger slope compatibility is generated, which
increases the terrain traversability (hard to traverse).

4-2-1 Combination of Dynamic Traversability and Global Path Planning

In this thesis, we adopt the Hybrid A* algorithm [3] as the baseline for Global Path Planning.
Unlike traditional A* algorithms, Hybrid A* accounts for the kinematic constraints of the
vehicle. It expands the search tree using steering functions based on vehicle kinematics,
allowing it to plan feasible, smooth, and realistic paths that avoid sharp turns and satisfy the
non-holonomic constraints of the vehicles. This approach addresses the limitations of the A*
algorithm, particularly in scenarios where the generated path may not be feasible for tracking
due to the car’s kinematic model.

Master of Science Thesis Qingyi Ren



34 Proposed Approach and Methodology
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Figure 4-2: Force analysis on a certain slope.

Figure 4-3: 3D representation of body frame x,-y,-2;, global frame X-Y-Z and inclination angle
. of local plane.
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Search Space

In the Hybrid A* algorithm, the search is conducted within a 3-dimensional grid defined by
the variables X, Y and #. This grid represents the vehicle’s position (x,y) in the 2D plane
and its orientation #. The trajectory generated by Hybrid A* is discretized into N + 1 nodes
and denoted as x = {0¢,01....,0N}.

Each node o; within this trajectory corresponds to a specific position, orientation, and time
stamp of the vehicle and is expressed as:

o; = [z(t:), y(t:), 0(t:), t:] = [x(t:), ti]

where x(t;) = [z(t;),y(t;), 0(t;)] represents the state vector of the vehicle at time ¢;, including
its position (z(t;),y(t;)) and orientation 6(t;). The search space thus includes not only the
spatial and angular dimensions but also the temporal dimension, allowing the algorithm to
generate time-parameterized trajectories that satisfy the vehicle’s kinematic constraints.

Motion Primitives

Most terrain cars are four-wheeled drive vehicles and have the advantage of maneuverability
to rotate easily in place. Also, the timestamp of the generated trajectory is vital because
the time stamp allows the path planner to continuously update the planned path based on
the current positions and velocities of the dynamic obstacle. If we use a simplified bicycle
model that takes velocity and steering inputs, it is important to note that this model does
not account for the vehicle’s ability to rotate in place. Additionally, when using this model,
uniform time sampling cannot be used as a timestamp. This is because the fixed time intervals
between consecutive nodes only allow for branching between them, without providing accurate
time information. In other words, there is no guarantee that the vehicle’s velocity remains
constant between successive nodes or that the vehicle will traverse the same distance in any
fixed time interval.

Based on these considerations, the bicycle kinematic model introduced in Section 3-1, which
uses acceleration and steering as inputs, is employed to describe motion primitives. The
control input u = (a, ¢) is represented as a combination of acceleration a which is longitudinal
control input, and steering input ¢ as lateral control input. The vehicle state space, including
location x and y, orientation # and velocity v, can be represented as x, = [z,y,0,v]. The
bicycle kinematic model (introduced in Section 3-1) is used to generate the steering function.
The travel length d between successive vehicle states is constrained by minimum value d,,;y,
and maximum value dpqz [12]. Thus the time duration At¢ between the branching of a node
o; and its subsequent node is regulated by d;,;, and maximum value d,,q;. The d can be

computed as
d = v; At + aAt3 )2 (4-10)

where Atg is a fixed time interval.

o If d < dpin, we assign d;, to d, the At can be represented as:
( (2admin + v7) — vi> /a (4-11)
(this result is obtained from solving the equation d = dpin = v;At + aAt?/2.)
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Figure 4-4: Motion primitives from node o;.

o If d > dpasz, we assign dpqq to d, similarly At can be represented as
( (2admas + v?) — vi) /a (4-12)

o If diin < d < dppaz, the time duration At between the branching of a node o; and its
subsequent node is At = Aty.

Here it is assumed that the time interval for generating a path between adjacent nodes will
be adjusted during the optimization process. Initiating expansion from the current node

o; to meet the kinematic constraint, expansion is constructed considering both accelera-
tion and steering inputs, with acceleration bounds a € [amin, @maz] and steering bounds ¢ €
[—®maz, Pmaz]. Expansion is possible from any acceleration input within the set { —amaz, 0, Gmaz |,
where —amqr and e, denote the minimum and maximum acceleration respectively; a = 0
means the vehicle keeps the constant velocity. Additionally, expansion can occur from any
steering input within the set

{_¢maxa _(z)maa:/Qa 07 ¢max/27 ¢ma:r:} (4-13)

where —@,00 and ¢iqe. represent the minimum and maximum curvature for turning left and
right respectively; while ¢ = 0 signifies maintaining a straight line.

In Figure 4-4, the Motion primitives from node o; are shown. The shortest movement between
any two nodes o; and 0,41 can be analytically computed with Dubins path [30] which represent
feasible trajectories for a vehicle with a fixed turning radius [5].
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It is worth mentioning that a higher penalty is put on turning movements, the higher curvature
will lead to higher movement cost. Also the penalty can be put on current velocity and the
velocity change. The higher the current velocity and the greater the magnitude of velocity
change compared with the previous velocity, the higher the energy costs. Additionally, the
time at the goal node represents the time efficiency, the shorter the time to achieve the goal
node, the greater the time efficiency.

Search Strategy

non

The algorithm employs three distinct states for nodes: "open," "closed," and "abandoned."
During the exploration of the X-Y-6 grid field, the algorithm expands by opening adjacent
grids around the current node to generate new potential paths [4]. Nodes that have been pro-
cessed and whose neighbors have been explored are marked as "closed" and are not revisited.
Nodes that are yet to be processed are considered "open" and are available for exploration in
future steps. Nodes that encounter static obstacles or exceed the map boundaries are marked
as "abandoned" and are excluded from further expansion. At each step, the algorithm com-
bines previously visited nodes to generate new paths and selects the optimal, obstacle-free
path based on cost functions.

Cost functions

The cost functions of hybrid A* consist of cost-so-far and cost-to-goal. The cost-so-far function
represents the lowest cost between the start state oy and the current state o;. When a vehicle
navigates on uneven terrain, the terrain properties and equality of the resultant 3D trajectory
are implemented into the cost-to-go functions. The cost-to-go functions consist of path length,
steering cost, energy cost, and traversability cost.

It would be computationally consuming to directly calculate the length of a stretched 3D
trajectory on a terrain surface from a generated 2D trajectory by geometry transformation.
To approximate the 3D path length, we compute the squared Euclidean distance between
points on uneven terrain, which are projected onto the X-Y-60 grid field. For node o; with
coordinates x;, y;, and orientation 6#;, the corresponding height z; can be determined using
the terrain pose mapping as described in (3-6). Specifically, the height z; is calculated as
zi = fi(sp), with s, = [z;,i,6;] . The 3D path length is then calculated as:

i—1

Woo,00) = Y (g1 — )% + (Yja1 — ¥5)* + (241 — 25)° (4-14)
=0

The steering cost indicates the smoothness of the path. A path with small steering changes is
generally smoother, as it avoids sharp turns in direction. The steering cost can be computed
as é;}) wy - (0(tj41) — 0(t;))?, where w; is a constant weighting value. This cost imposes
a higher penalty on turning movements, with curvature —@;qp Or VYmar compared to the
straight movement with 0 curvature.

Then, the energy cost can be described based on acceleration and current velocity. Greater

acceleration within a motion primitive, and larger current velocity increase energy consump-
. i—1 2 2

tion. The energy cost can be represented as ijo wy - aj + w3 - vj,, where wy and w3 are

constant weighting values.
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Finally, the traversability cost is accumulating terrain traversability along the motion primi-
tives to evaluate path feasibility,

7 (00,04) = Z s(x(t)), v, a ) (4-15)
§=0

Overall, the cost-so-far function can be represented as:

i—1
f ((70,0'1_1) :fo + Zwl : (9(75]'4_1) - H(tj))Q + wa - CLJQ- + wsg - ’U?_H (4—16)
J=0

Fws - (2501 = 2)° + (Y1 — )" + (1 — 2)?) + ws - s(x(t7), 05, a5)
(4-17)

where wi, ws, w3, wy and ws are the constant weighting values and

fo = w3v} + wss(x(to), vo, ag)

The cost-to-goal function represents the current cost and the heuristic difference between the
current node and the end node. According to thesis [33], the cost-to-goal function contains
2D path length heuristic and time heuristic. The time heuristic measures the predicted time
from the current node to the end node to reduce the time cost of searching.

The 2D path length heuristic aims to optimize the search tree by accurately measuring the
shortest Dubins curve length from the current node to the destination, prioritizing efficient
traversal without consideration of static or dynamic obstacles. If we assume the first three
elements of the current node’s state are (0,0,0), and those of the end state are (x,y,0), the
Dubins curve length can be represented as s,. This heuristic ensures precise representation
of Dubins curve which represent the shortest distance between current and end nodes [30],
and thus helps expand the search tree with the heading towards the goal node.

The time heuristic evaluates the time cost from the current node to the end node by following
the obtained Dubins curve based on the velocities of the two nodes and the maximum velocity
constraint. Assume that the vehicle at the current node has the velocity vy, and the vehicle is
expected to reach the end node with velocity vg. Simplifying the calculation of time along the
Dubins curve, even though the curve exists in two dimensions, can be achieved by treating
it as a one-dimensional problem, that is, using a trapezoidal speed profile to calculate time
spent traversing from (vg,0) to (vg, sq). There are 6 modes of trapezoidal speed planning if
we consider the velocities of the current and end nodes based on the same acceleration or
deceleration in Figure 4-5. Each of these six modes can be utilized depending on the values
of vy, vy, and s4.

The second heuristic, denoted as ¢4, represents the minimum time required for the vehicle to
travel from the current node to the end node, ensuring that it approaches the goal node at
the desired velocity v,.

h(o(ti)) = husg + hatg (4-18)

where h; and h; are constant heuristic parameters.
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Termination Condition

Most terrain cars are four-wheeled drive vehicles and have the advantage of maneuverability
to rotate easily in place. The termination condition is to find a collision-free trajectory from
the start node to the goal node. Here only the current position serves as a reference point for
measuring the distance to the goal state.

len(pi7pgoal) < lmin (4—19)
where p; = [z, 4] and Dgoar = [Tgoal, Ygoal]; lmin is a constant value to define the safety

distance. If the distance between the current node and the goal node is smaller than shotrange,
the current node is viewed as close to goal and the termination of the algorithm occurs.

Overall, integrating dynamic traversability into the Hybrid A* algorithm as its cost function
to evaluate feasibility of path brings the Dynamic Traversability-based Hybrid A* algorithm
(DT Hybrid A*).

4-3 Safety and Direction Elements based Velocity Obstacle(Velocity
Obstacle (VO)) Algorithm in Collision Check

In this thesis, a collision detection mechanism is integrated into the global path planning
algorithm to ensure that the system can replan if a potential future collision is detected. The
process begins with the global path planner generating an initial path that avoids all static
obstacles. As dynamic obstacles move, if a potential collision is identified, the vehicle discards
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the current global path and its associated optimal path, initiating a replanning process from its
current location. To ensure the new path is free of dynamic obstacles, the collision detection
mechanism incorporates Safety [9] and Direction Elements based on a Velocity Obstacle (VO)
cost term into the global path algorithm. The Safety element, based on VO, represents the
minimal distance between the current velocity of the ego vehicle and the boundary of the
VO region, indicating the safety of the chosen velocity. The Direction element, introduced in
this thesis, assesses whether the chosen velocity will lead to a collision in a longer time frame
than the one considered in the VO model. More details about replan mechanism can refer to
Section 4-5.

Most approaches use Euclidean distance as a penalty cost for dynamic obstacles relative to
the global path to identify whether it would lead to a collision. While this method is simple
and straightforward, it can overlook the velocity and direction of dynamic obstacles, poten-
tially leading to paths that are not truly collision-free. This is because Euclidean distance
only accounts for the current locations of obstacles and without accounting for their future
movement or trajectory.

In contrast, the VO method introduces a penalty term based on the distance to the VO region.
This region represents the set of velocities that could result in a collision, taking into account
both the speed and direction of the obstacles [9]. By penalizing velocities that are close to
or within the VO region, the ego vehicle is effectively guided to select safer trajectories that
proactively avoid potential collisions. A simple graphical example is shown in Figure 4-6 to
illustrate this concept. In this figure, two velocities, v, and v/, are considered at the ith node.
Both velocities result in the same Euclidean distance to the obstacle. Therefore, during node
selection, branches corresponding to both velocities are retained. In the next step of node
branching, the endpoints of these branches become new nodes for further expansion. By not
discarding nodes that may later result in a collision, there’s a risk of generating an infeasible
global path that, when the obtained nodes on the global path are connected in a straight
line, could collide with a dynamic obstacle at a future time step. This issue is demonstrated
in the simulation results where Euclidean distance is used as the baseline for collision check,
as shown in Section 5-3-2. In contrast, the VO based method would discard the branch
corresponding to v/ at this step, preventing further expansion in a direction that could lead
to a future collision.

In the collision check module, it is assumed that the location, orientation, and velocity of the
dynamic obstacle can be continuously monitored and updated in real-time, and are repre-
sented as

X (1) = [2(2), 5 (1), 0°°(1)| (4-20)

and v°(t) at time t.

According to the VO algorithm [9], the velocity vector is built to make sure the vehicle remains
in the region VO where there is no collision between the vehicle and dynamic obstacle.

VO = {v]EIt C(p +ot) N (P + vt) # 0} (4-21)

where p = [z,y] and pt = [w"b,y"b} represent the location of the vehicle and dynamic

obstacle, respectively. It is worth mentioning that the velocity v and v®® are vectors and
contain orientation # and 6° as direction.
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Dynamic Dynamic
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Figure 4-6: An example demonstrating the effectiveness of the VO algorithm in comparison
to the Euclidean distance method. (a) Euclidean based penalty term, v] or v; have the same
Euclidean distance at the current node i. During node selection, branches corresponding to both
velocities are retained for future node expansion. (b) VO based penalty term, v} has a larger
distance to VO region than v). The VO based method discards the branch corresponding to v}’

According to node expansion in Hybrid A* discussed in Section 4-2-1, the set of acceleration
a and steering ¢ inputs from current node o; is determined and could be represented as pairs

of (a, ).

Assume the vehicle is currently traversing from node o;_1 to o; with velocity v and orientation
6. The VO region can be constructed according to the definition (4-21). Through the steering
function, with different inputs (steering and acceleration), we can get different poses and
velocities at a set from which to choose node ;. To ensure the velocity at node o; not lying
in VO region, the safety element (SA) is adopted from [9]. The robot is deemed completely
safe if it cannot reach the nearest obstacle within the specified time frame. In this case,
increasing the distance further would not enhance its safety status. The safety element (SA)
can then be represented as:

SA(v:) = min(1, Plwvoevo |t = tvolly (4-22)

Umax * Tmax

Here, T},q, denotes a predefined parameter that specifies the maximum time interval, while
vy o represents the nearest point to velocity v; at node o; within the VO cone, as illustrated
in Figure 4-7.

If we only use the SA element as an evaluation of the cost function to avoid dynamic obstacles,
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Dynamic
obstacle

Current node %

Figure 4-7: Graphic representation of SA. For the current node i, the SA value of the planned
velocity v; is represented by d, which denotes the minimum distance between v; and the VO
region of a dynamic obstacle moving with velocity v°°.

it could cause a possible collision in a longer time span compared with 7;,,,. Here is one
example in Figure 4-8, from current node o;, the steering function could help to generate two
velocities v} and v}. The distance between the VO cone and the velocity v and v}’ is the same
d = d". If we only rely on SA as our cost function to avoid the dynamic obstacle, it would
cost us equally to choose whether v} or v/. However, the case could become different when
having different velocity options. Figure 4-9 shows choosing velocity v, can cause a collision
while choosing v/ can help avoid the dynamic obstacle.

We assume the dynamic obstacle moves in a straight line at a constant velocity. In Figure
4-10, four different cases show that chosen v; can easily cause a future collision with respect to
the current location of the velocity of the dynamic obstacle. d., denotes the relative position
vector from the ego vehicle’s current location toward the goal position, while d., represents
the relative position vector from the ego vehicle’s current location toward the obstacle. A
logic table is made in Figure 4-11 to summarize these four scenarios. The four logic conditions
are then listed as:

o a4 =deoXdeg >0, if de, s to the the left of deg, this condition is true. (x is cross-product
operation)

o b=dey x v > 0, if deg is to the the left of v°?, this condition is true.

e ¢ =0 < 0y, if the dynamic obstacle is closer to the goal than the ego vehicle, c is true.
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Figure 4-8: One example to show two velocities having the same SA values. For the current
node 4, two tree expansions I’ and " can be generated using motion primitives. The velocities at
current node 4, v}, and v/ are obtained by selecting different motion primitives. Both velocities
have the same minimal distance to VO region, denoted as d’ and d” respectively. The straight
line combination of nodes preceding node i defines how the nodes are connected leading up to

node ¢ and the direction of node i.
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Goal Goal
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Figure 4-9: Choosing different velocities v} and v’ leads to different collision outcomes at the
same future time.

o d=dey xv; >0, if deg is to the the left of v;, this condition is true.

Overall the collision direction element can be defined as:
CD(vi) = (a==Db) A (c == (a==4d)) (4-23)

If CD is true, the possible collision would happen. The cost functions for the safety element
(SA) and collision direction element (CD), derived from a VO, are integrated into the global
path algorithm (DT Hybrid A*) to avoid dynamic obstacles. This replanning algorithm is
referred to as DSVO. The cost functions of this algorithm use the safety element (SA) and
collision direction element (CD) to select the node o;:

—SA(vi) : D) —
_ {e . if CD(v;) = false (4.24)

eSAM) - if CD(vy) = true

In (4-24), if a velocity is detected to potentially cause a collision in the future, the collision
direction element is set to true. Regardless of the corresponding SA value, this velocity is
assigned a relatively high cost, making it less likely to be selected during the node selection
process in the DT Hybrid A* algorithm. In this process, nodes with higher costs are unlikely to
be chosen for expansion from the available node options. Conversely, if a velocity is deemed
beneficial for avoiding future collisions, it is assigned a lower cost. When the SA value is
higher, the cost is reduced further, indicating that the velocity is safer and more likely to be
selected. This approach not only avoids dynamic obstacles over a short time span but also
in a longer time interval by selecting an optimal direction based on the predicted motion of
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Figure 4-10: 4 different cases to show chosen v; can easily cause future collision.
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Case oo X dog >0 | dpy X v°? >0 0, <0, deg Xv; >0
Easy collide 1 True True True True
Easy collide 2 False False True False
Easy collide 3 True True False False
Easy collide 4 False False False True

Figure 4-11: A logic table to summarize four different easy-collision cases.

the obstacle. Tree expansion is guided more effectively by assigning higher costs to velocities
that are more likely to lead to future collisions. As a result, nodes associated with these risky
velocities are less likely to be selected during the node expansion process, effectively filtering
out less desirable paths and prioritizing safer, collision-free options.

4-4  Artificial Potential Field based Optimization

In Chapter 3-3, the structure of the trajectory optimization problem is discussed, including
the representation of the trajectory, the formulation of the optimization problem, and the
development of both inequality and equality constraints.

The cost function of the initial optimization block in Chapter 3-3 includes terrain curvature,
trajectory jerk, and total time, which helps generate a static optimal trajectory. While this
approach ensures that the optimal path is similar to any given initial path with the same
start and end points, it primarily focuses on avoiding static obstacles. However, it is crucial
to incorporate a dynamic obstacle-related cost term to achieve a truly dynamic obstacle-free
trajectory. This addition is essential to account for moving obstacles, ensuring that when the
optimization block receives the dynamic obstacle-free global path, the optimized trajectory
not only avoids collisions with static elements but also converges to the collision-free global
path and adapts to avoid the dynamic obstacle, thereby enhancing the safety and reliability
of the path-planning process.

Then the Artificial Potential Field (APF) [20] concept is introduced and explaining how it
generates repulsive forces from dynamic obstacles and attractive forces from the global path
to guide the vehicle toward an optimal trajectory.

The cost functions of trajectory optimization of each piece of trajectory in this project can
be designed as

7=§" (8)i(t) + prer - 0 (x(t)) + Urep(P(t), Pop) + Uate(P(1), 1) (4-25)

Here j(t) = x®)(t) represents the third derivative of the trajectory state x(t) which is the
jerk of the trajectory, as derived from the terrain pose mapping in the perception model; Uy,
is the repulsive force field that penalizes the distance between the current trajectory state
p(t) = [2(t),y(t)] " and the dynamic obstacle position p,, = [2°°(t),y°*(t)]", helping to avoid
collisions. The dynamic obstacle’s position is predicted using a model that assumes straight-
line motion at a constant velocity; U is the attractive force field to minimize the distance
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4-4 Artificial Potential Field based Optimization 47

between optimal trajectory and global path; 1, is the global path from DT Hybrid A*. It
is worth mentioning that when integrating the global path into the optimization process as
an initial guess, the number of trajectory states that will be optimized is the same as the
waypoints of the global path. Therefore, we can use the index to find the corresponding
waypoint on the global path of the current trajectory state.

Then the optimization problem can be constructed as follows:

Ts N
min /0 (.]T(t)j(t) + pterU(X(t)) + Uatt(p(t)a 19))dt + Z Urep(p(ti)a pob)

Czy,C0,Tay,To =1

+ prTs
s.t. &sinf —ycosh =0
GyyCry = by, Gygcg = by
T,y =0, Ty=0
Vi — Vg <0 (4-26)

—a? <0

2
T mlon
2 2
ay — Qplat <0
2 2
wr tan® dmax <0
v2+0 L2 -
T + w

Cmin — COS§ < 0

a

0(x) — omaz <0

here N is the number of segments in the trajectory, and Ty represents the total duration of
the trajectory; The term N | Uyep(p(ti), Poy) calculates the sum of repulsive forces exerted
by obstacles at the endpoints of each trajectory segment, relative to the obstacle positions at
those time points. The integral fOTS Uatt(p(t),14)dt represents the time integral of the attrac-
tive force field, penalizing the distance from the current trajectory position; The repulsive
forces are summed rather than integrated over time because their expression, which involves
the reciprocal of a polynomial of the highest order raised to the power of ten, makes time
integration computationally challenging; c;,, cg are the coefficient matrix of trajectory seg-
ments; Ty, € RM and Ty € R? are the time vectors; Dynamic inequalities conditions include
limits on v, az, ay, k, cos& and o(x) with constants Vmaz, @mion, @miats Omazs Cmin, Tmaz;
t; with ¢ € {1,2,--- N}, corresponds to the time intervals associated with each trajectory
segment. It is important to note that when the dynamic obstacle remains stationary, the cost
function still operates, but the objective function becomes static. However, if the dynamic
obstacle is in motion, the repulsive force exerted by the obstacle on the optimal path changes
based on the obstacle’s location.

As mentioned before, the trajectory is in the form of piecewise polynomials, taking dimension
x of i-th segment of the trajectory as an example. Repulsive force field U, can be defined
as the reciprocal of the squared Euclidean distance,

1
Urep(P(t), Popy) = { (p(t)—pob)g(p(t)—pob)

IP(t) — Poplly < do

4-27
Ip(t) = Poplly > do (4-27)

Since the trajectory has the same number of segments in both the x and y dimensions, the
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first two dimensions of the trajectory can be combined as:

z;(t
lyzgtg = Puy(t) = CiayV(t) = co + c1t + cot® + ct® + cat® + c5t° (4-28)
(2
where ¢, € R?*! is coefficient vector taking from coefficient matrix Cay, With x € {0,1,2,...,5}

.The squared Euclidean distance can be firstly written as:

. 2
Euclidean (p(t), Pop)” = (P(t) — Pop) ' (P(t) — Po)
= (cot + c1t + cot? + c3t> + cyt? + c5t° — p,y) | (cot 4 c1t + cot® + c3t?
+ cat + c5t° — Pyy) = €5 €0 — €0 Pop — PoyC0 + PoyPos
mg

T T T T T T T T T
+ () €0+ €y €1 — PppC1 — €1 Pyp)t + (€3 €o + €1 €1 + €5 €2 — PyyC2 — Co Py )t

2

mi m2

T T T T T T 3
+ (c3co+cycy + ¢ ca+cyc3 — PpyCs — €3 Pyy)t

ma2

T T T T T T T 4
+ (cycot+cgc1+cyCa+ € €3+ CyCs— PupCs — €4 Pop)t

my

T T T T T T T T 5
+(c5co+c e +cgca+cyc3+ ¢y CytCyCs — PyyCs — C5 Pyt

ms

T T T T T T T T T
4 (caci+cjcatcyes+cgcs+cfcs)td + (cdco+cics+cgeq+cges)t’

me mr
T T T T T T 1
+ (c5c3+cyca+c3 C5)t8 + (c5cq+ ¢y C5)t9 +cyest 0
——
ms mg mio

= mg + mit + mot® + - - 4+ mot? + myt!? = e(t)

where mj,ma,...,myo are constant values. Then, the gradients of 1/(mg + mit + mat? +
oo+ mgt? + myot'?) with respect to coefficient vectors cg, ¢y, 2, €3, ¢4 and c5 and time ¢
can be calculated. Taking the gradient to coefficient vector ¢; and time ¢ as examples, the
gradient of 1/(mg 4+ mqt + mat? + - - - + mgt® + myot'?) with respect to coefficient vector c;
is represented as:

d 1 d 1
dc; (mo + myt + mat? + - -+ mgt? + m10t10> " dcy (e(t))
o 1 de(t) 1 <dm0 dm1 . dmg t2 NI dmg t9 4 dm10 t10>

62(t) dC1 - _62(t) d01 + d01 dC1 dC1 dC1

1
= ———(2¢cot — 2ppt + 2¢1t? + 2¢ot> + 2¢c5t* + 2¢4t° + 205t6)

e*(t)

the gradients 1/(mg + mit + mat® + -+ + mgt? + myot'°) to cg, c2, c3, ¢4 and c5 can be
calculated in a similar way. The gradient of 1/(mq + mit + mat® + - - - + mgt? + mqot'?) with
respect to time ¢ is represented as

1

d 1
— =— 2mat + - - - + Imot® + 10mot”
dt (mg—|—m1t+m2t2+---+m9t9+m10t10> ez(t) (m1+ mat + + 9mgt” + 10myg )
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Uu is the attractive force field to minimize the distance between optimal trajectory and
global path,

Uatt((p(t),1,)) = Euclidean (p(t),15)* = (p(t) — 1g) T (p(t) — 1) (4-29)

where 1, is the global path point from DT Hybrid A* having the same index as p(t). Similarly,
we can obtain Ug((p(t),1,)) with the same form as mg + mqt + mat? + - - + mgt® + myot'°.
And the time integral can be obtained as the form mot +mit?/2 +mat3/3 4+ - +mgt'?/10 +
miot'! /11. The gradients of mot +m1t2/2+mat®/3+- - - +mgt'? /10 +myot'! /11 with respect
to coefficient vectors ¢ can be calculated as follows:

d
-— (mot + m1t2/2 + m2t3/3 4+t mgtlo/l() + mlotll/ll)
1

dma dmg dmig
=t —— 224+ =334+ 21010+ —
+ / + dCl / + + d01 / + dC1

= cot? — pyt? + 2¢1t3/3 + cot? /2 + 2¢3t° /5 + c4t® /3 + 2¢5t7 /7

t1/11

The gradients of mot + m1t?/2 + mat3/3 + -+ 4+ mgt'?/10 4+ mqot'!/11 with respect to co,
Co, €3, ¢4 and c5 can be calculated similarly. The gradient of mgt + mqt? /2 + mat3 /344
mgt'?/10 4+ mqot'! /11 with respect to time ¢ can be represented as:

d
N (mot + myt? )2+ mat3 /3 + - + mgt'®/10 + m10t11/11>

= mg + mit + mot® + - - - + mgt® + mygt'°

4-5 Replan Mechanism

Initially, the global path planner generates a path upon receiving the goal pose on the Rviz
platform, ensuring all static obstacles are avoided. This initial path is then passed to the
optimization block, where an optimal trajectory is produced. Once optimization is complete,
MPC commands are generated to guide the ego vehicle along the planned trajectory.

Simultaneously, a collision detection mechanism continuously monitors potential collisions
between the ego vehicle and dynamic obstacles. The collision condition is primarily based on
the Euclidean distance between the ego vehicle and dynamic obstacles—if the distance falls
below a defined safety threshold, a collision is predicted. Additionally, the condition checks
if the vehicle’s velocity lies within the VO region of a dynamic obstacle and assesses whether
the dynamic obstacle is dangerously close to any waypoints on the current global path.

If a potential collision is detected, the current global path and its corresponding optimal
trajectory are discarded, triggering a replanning process from the ego vehicle’s current posi-
tion. The replanning algorithm, DSVO, integrates the cost function for safety and directional
elements based on the VO to effectively avoid dynamic obstacles, as illustrated in Figure
4-12. The replanned path is then sent to the optimization block to generate a new optimal
trajectory, which provides the reference for the MPC block to obtain updated commands.
This process continues until the ego vehicle reaches the goal pose.
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Figure 4-12: Replan mechanism.
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4-6 Conclusion

In this Chapter, two novel algorithms are proposed the Dynamic Traversability-based Hybrid
A* (DT Hybrid A*) algorithm and the Safety Direction Velocity Obstacle (DSVO) replanning
method. The DT Hybrid A* incorporates vehicle momentum into terrain traversability in
order to more accurately reflect the vehicle’s capability to navigate uneven terrain. Meanwhile,
the DSVO method combines Safety and Direction Elements with a Velocity Obstacle (VO)
cost term. This approach not only helps avoid dynamic obstacles in the short term but also
considers their predicted motion to optimize path planning over a longer time horizon. In the
next chapter, we will describe the simulation environment setup and present the simulation
results to verify the effectiveness of the two proposed approaches.
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Chapter 5

Simulation Environment Setup and
Results

In preceding chapters, the trajectory planner has been devised utilizing a terrain pose mapping-
based perception model through the LIDAR-based SLAM algorithm. An iterative planning
fitting strategy has been employed as a pipeline for determining the elevation height, denoted
as z, and the robot’s pose in contact with irregular terrain. The entire experimental setup
is established on ROS (Robot Operating System) Noetic, utilizing C++ and Python pro-
gramming languages. The integration of Point Cloud Library (PCL) packages enhances the
efficiency of Point Cloud data processing and offers a wide range of algorithms and tools for
point cloud manipulation from raw data. Moreover, PCL could facilitate the conversion of
processed data into Msg (message) ROS format combined with sensor_msgs library, ensuring
compatibility with ROS’s message-passing framework.

5-1 Simulator

In this thesis, conducting real-world tests on a car-like robot is impractical due to time
constraints and limited physical equipment. Therefore, a high-fidelity simulation framework
has been developed to evaluate the effectiveness of the proposed algorithms.

5-1-1 Gazebo

In this thesis, given the presence of dynamic obstacles, two car-like robots employing bicycle
kinematic models are considered: one serving as the ego vehicle, while the other is regarded
as a dynamic obstacle. Both robots utilize the same robot_description.xacro file, which
describes their models and captures the kinematic and geometric characteristics in XML
format, adhering to the URDF (Unified Robot Description Format). This file is processed
by Gazebo during the launch process, generating and visualizing the robot models within
the simulation environment. Furthermore, to differentiate the two robots’ state publisher

Master of Science Thesis Qingyi Ren



54 Simulation Environment Setup and Results
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Figure 5-1: The tf tree of the simulation environment. The ego vehicle and obstacle vehicle
have different tf_prefix parameter values, racebot_tf and racebot_ob_tf respectively. The
base_footprint serves as the base link of the robot, acting as the reference frame for other links
and connecting to the simulation frame header 'world. base_link represents the main body of
the robot and includes a visual representation using an STL model. base_inertia defines the
inertia properties of the robot's base, specifying mass and inertia values. left_steering_hinge
and right_steering_hinge represent the steering mechanism for the left and right wheels,
allowing them to rotate around the z-axis. The left_front_wheel, right_front_wheel,
left_rear_wheel, and right_rear_wheel represent the robot’s front and rear wheels, fea-
turing visual and collision geometry, as well as inertial properties. left_steering_hinge_joint
and right_steering_hinge_joint are revolute joints connecting the steering hinges to the
base link, with defined limits for the range of motion.

and controller and show the motion of the two robots synchronously, the <group ns> tag
is used to organize nodes into separate namespaces, in this case, namespaces \racebot and
\racebot_ob respectively. At the same time, tf_prefix is configured differently for the
two robots to uniquely prepend a prefix to all frames published by the tf (transform) library
which represents the spatial relationship between different coordinate frames in the simulation
environment.

Then under different namespaces and tf_prefix parameters, robot_state_publisher pub-
lishes the state of a robot’s joint configuration to the corresponding ROS tf tree, shown in
Figure (5-1). Finally, the robot controller configures PID gains for the right rear velocity con-
troller, left front velocity controller, right front velocity controller, left rear velocity controller,
right front steering position controller, and left front steering position controller. These gains
are employed to regulate the velocity of individual wheels and the position of steering joints.
This configuration is facilitated by the Gazebo ROS Control package, which seamlessly inte-
grates ROS control functionalities with the Gazebo robot simulation environment.

5-1-2 RViz

In the RViz (ROS Visualization) platform, the trajectories can be published as nav_msgs: :Path
messages, allowing for visualization of trajectories within a 3D space. These messages con-
tain a timestamp, frame ID, and elements of PoseStamped which could represent 3D pose
(position and orientation) along with its header information. Then to directly visualize the

Qingyi Ren Master of Science Thesis



5-2 Motion Planner 55

point cloud data in a 3D space in RViz, sensor_msgs: :PointCloud2 message type is used to
store and transmit data between ROS nodes or over ROS topics.

5-1-3 Perception Model

In this thesis, the terrain pose mapping model is adopted as the perception model upon
which the implemented algorithms are based. Within this model, five distinct world maps
representing diverse terrains—hills, forests, deserts, mountains, and volcanoes—have been
constructed and stored as pcd type files. These maps are then processed using the integrated
PCD reader function in PCL packages to convert into point cloud data. By using spatial
queries for 2D search by sampling 2D coordinates, the corresponding 3D point cloud data
point could be obtained by performing a nearest neighbor search using KD-trees. Moreover,
employing terrain pose mapping algorithms, the perception model is constructed to enable
direct conversion from any provided spatial coordinates and heading direction to a compre-
hensive 3D pose and elevation height. This conversion encompasses terrain gradients, spatial
angles, terrain geometry variables, and grid map indexing.

5-2 Motion Planner

Once the simulation environment is established, the task involves determining an appropriate
method for navigating the car-like robot within the simulated environment. In this thesis,
manual control using external keyboards is used to control the two robots’ movements. Con-
sidering the operator’s driving proficiency can influence the quality of generating trajectory
of dynamic obstacles and the operator’s control skills may not ensure adherence to expected
trajectories, particularly over extended paths, the switch control mode can be chosen as au-
tonomous control to make the obstacle robot follow the user-intended trajectory. Also for the
ego vehicle, the autonomous movement is expected to follow the optimized trajectory derived
from optimization processes, the autonomous control is equally applicable for the ego vehicle.

5-2-1 Keyboard Control

In manual keyboard control, the current control node can be switched between the ego vehicle
and obstacle vehicle by using keyboard inputs ‘1’ and ‘2’ respectively. This ensures that the
control command is stored under the namespace of the currently controlled vehicle. Once
the robot to be controlled is specified, the keys ‘w’, ‘a’, ‘s’, and ‘d’ correspond to providing
the vehicle with maximum velocity, negative velocity, positive steering, and negative steering
angles, respectively. The control command is stored as a Twist message, encapsulating both
linear and angular velocity along the x, y, and z axes. Lastly, pressing ‘q’ quits the keyboard
control mode. The Tkinter library is used to create a GUI (Graphical User Interface) window

with a frame containing a label, shown in Figure (5-2).

5-2-2 Autonomous Control

As previously discussed, both the ego vehicle and obstacle vehicle require autonomous control
to meet distinct needs: the ego vehicle necessitates autonomous navigation while ensuring the
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* O LA OB |2

Focus on this window
Press 1 to control robotl
Press 2 to control robot2
Use WASD keys to move the selected robot.
Press Q to quit

Figure 5-2: GUI window of Keyboard control in Gazebo environment.

obstacle vehicle is easily controllable to generate trajectories of high quality aligned with user
intent.

User-intended Trajectory

After the user sets the control model as autonomous and designs the desired trajectory of
an obstacle, the commands to control the obstacle switch to listening to different topics. A
set of commands is designed to dictate the duration of control actions for the obstacle ve-
hicle, ensuring it adheres to the user-intended trajectory. This is achieved by utilizing the
rospy.Timer () function in conjunction with rospy.Duration() to establish specific time
intervals. The first function initializes a ROS timer to continuously publish control com-
mands with a certain interval, accomplished by invoking rospy.Timer () with the duration of
rospy.Duration(0.2). If the vehicle is expected to stop after a certain time interval, setting
oneshot=True can trigger the robot stop function (both linear and angular velocity being set
to zero) once after the designated duration.

2D Navigation Goal in RViz

The functionality of "2D Navigation Goal" in RViz can help set a goal position and orientation
for navigation in a 2D environment. Once a goal is set using the tool of "2D Navigation Goal",
RViz sends the corresponding navigation goal message to the /move_base_simple/goal topic.
In maneger node, the callback function of receiving the message to the topic of navigation
goal contains the functions of generating global path planning, location path optimization,
and Model Predictive Control (MPC) controller with position feedback enabling the ego
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robot to accurately track a given trajectory. Global path planning is triggered once the
goal’s position and orientation are received. By transmitting the global path to location
path optimization, location path optimization is subsequently activated. After Obtaining the
optimized trajectory, the MPC controller is then triggered accordingly. Finally, The MPC
function publishes the Twist command for the ego vehicle. This command is then remapped
to the same node as the keyboard control node to control the movement of ego vehicle.

5-3 Simulation Results

In this section, we present simulation tests to evaluate the effectiveness of the DT Hybrid A*
Algorithm and Dynamic Obstacle Avoidance. Additionally, an analysis of the results from
these tests is provided. The parameter values used in the simulations are listed in Table 5-1.

Table 5-1: Values of parameters used in the simulation experiments.

Parameter Value Unit Parameter Value Unit
Umaz 0.5 m/s w1 10.0 -
Gmax 5.0 m/s? Woy 0.2 -
Pz 5.0 AW w3 1.0 -

1 1.0 - Wy 25.0 -
s 1.2 - ws 20.0 -
« 1.2 - hy 1.0 -
m 0.7 - hy 1.0 -
my 0.3 - lm'm 1.0 m
Ly, 2.6 x107!  m Trnax 1.0 s
Amin 0.0 m Dter 1.0 -
dmaz 37.5x1072 m oT 100000.0 -
Ato 0.3 S Clo 0.8 m
¢max 0.5 rad - - -

5-3-1 Effectiveness of the DT Hybrid A* Algorithm

To verify the effectiveness of the proposed DT Hybrid A* algorithm, the comparative test is
made in the absence of obstacles. One lightweight Hybrid A* algorithm adopted in Thesis
[47] is chosen as the baseline of the Hybrid A* algorithm, which use simplified bicycle model
as its steering function.

The baseline Hybrid A* cost functions account for steering effort, path length, velocity
changes, variations in steering angle and heuristic cost. Given that the search tree is ex-
panding from the start pose o, towards the goal pose 0,4, the current node is denoted as o;
with inputs [v;, §;], the cost functions can be represented as:

f(os,0i,04) = g(0s,05) + Ah(04,04) (5-1)

where g(o,,0;) is the cost-so-far function and h(o;,04) is the cost-to-goal function; the
weighted sum of g and h functions comprise the overall cost f(os,04,04). The DT Hybrid A*

Master of Science Thesis Qingyi Ren



58 Simulation Environment Setup and Results

algorithm differs from the standard Hybrid A* algorithm in several key aspects. Firstly, the
DT Hybrid A* algorithm utilizes a kinematic bicycle model for steering, while the baseline
Hybrid A* employs a simplified bicycle model. Additionally, the DT Hybrid A* algorithm
incorporates the 2D Dubins curve length and time-based heuristic costs, whereas the baseline
Hybrid A* relies on a heuristic that stretches the 2D straight-line distance as its cost estimate.

To more accurately assess the effectiveness of dynamic traversability, an intermediate algo-
rithm was introduced, which replaces the static traversability in the baseline Hybrid A* with
dynamic traversability while keeping the rest of the baseline structure and parameters un-
changed. This allows for a clear comparison to determine the impact of dynamic traversability
on performance and whether the structural modifications in the DT Hybrid A* further en-
hance the planning behavior.

The simulation test is conducted by selecting the same start and end nodes in RViz and
applying consistent physical limitations, maximum longitudinal velocity 0.5m/s, maximum
longitude and latitude acceleration 5m/ s?, maximum steering angle 0.5. The control inputs
[v,d] of steering functions of Baseline Hybrid A* and Baseline Hybrid A* with dynamic
traversability take values under the bounds of maximum longitudinal velocity and maximum
steering angle, respectively, v € {—0.5,0.5} m/s and § € {—0.5,0.5} rad. Then the DT Hybrid
A* algorithm adopts acceleration a € {—5,5} m/s* and steering angle § € {—0.5,0.5} rad as
the control inputs of steering function.

In Figure (5-3), a simulation result in a hilly environment is displayed on the corresponding
2D traversability map in RViz. The terrain traversability ranges from [0, 1]; the smaller
the traversability value at a certain location on the traversability map, the easier it is for
the vehicle to traverse that point. A color bar represents the terrain traversability range.
Regions with traversability between 0 and 0.1 are shaded light red, between 0.1 and 0.3
are vivid orange, and between 0.3 and 0.5 are lime green. Areas shown in white on the
map indicate non-traversable regions with terrain traversability 1, typically corresponding
to the steepest parts of the hills. The green, blue, and red lines indicate the global paths
generated by the Baseline Hybrid A* Algorithm, the Baseline Hybrid A* Algorithm with
dynamic traversability, and the DT Hybrid A* Algorithm, respectively. To display global
paths three-dimensionally, the corresponding gazebo simulation result is shown with a solid
hill environment, including terrain material information in Figure (5-4). This allows for a
clear view of how the global paths interact with the terrain surface.

Then, four metrics, Mean Static Terrain Traversability, Path Length, Path Planning Comple-
tion Time, and CPU Time Cost, are used to evaluate the effectiveness of the three global path
algorithms. The mean static terrain traversability takes the mean of the static traversability
of waypoints on the global paths. It reflects the global paths’ overall static smoothness; the
smaller the mean static terrain traversability, the smoother the path. Path Length calculates
the sum of 3D Euclidean distance between adjacent waypoints on the global path; planning
completion Time measures the total duration required to complete the planned path by fol-
lowing the steering functions, and CPU time cost evaluates the computational expense of the
algorithm. It is worth mentioning, that the Baseline Hybrid A* only uses the static terrain
curvature as its terrain traversability, which is the static component of dynamic traversability.
Meanwhile, the Baseline Hybrid A* and DT Hybrid A* use dynamic terrain traversability,
which may result in a slight decrease in terrain traversability compared to using static ter-
rain traversability. At some locations of the terrain traversability map, the dynamic terrain
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Baseline Hybrid A*

Baseline Hybrid A* with
dynamic traversability

DT Hybrid A*
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Figure 5-3: Testl: Comparison of the three algorithms in a hilly environment on the 2D
traversability map.

traversability can be smaller than the static terrain traversability. That means for one global
path, the mean static terrain traversability may be larger than the mean dynamic terrain
traversability, and smaller mean static terrain traversability could only verify better static
smoothness of the path when we consider the movement of the ego vehicle, the difference
between static smoothness and dynamic traversability can be possibly compensated. Table
5-2 shows the comparison results of three algorithms based on metrics.

Table 5-2: Testl: Comparison of four metrics: Mean Static Terrain Traversability Tra,,, Path
Length Len, Path Planning Completion Time T},., CPU Time Cost Ty, across three algorithms:
Baseline (Baseline Hybrid A*), Baseline with DT (Baseline Hybrid A* with dynamic traversability),
and DT Hybrid A*,

Algorithm Tram (m™1)  Len(m) Tpe(s) Tepu (ms)
Baseline 8.2300 x 10~*  6.2257  12.8621 43
Baseline with DT 1.4033 x 1073 6.0827  12.0834 187
DT Hybrid A* 3.2857 x 1072 5.6698 5.3655 18

First, we compare the Baseline Hybrid A* with and without dynamic traversability. By
incorporating dynamic traversability, the Baseline Hybrid A* with dynamic traversability
achieves a slightly shorter overall path length. As shown in Figure (5-4), the global path
generated with dynamic traversability tends to move closer to the hill region. This results in
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s Baseline Hybrid A*

Baseline Hybrid A*with
dynamic traversability

DT Hybrid A*

_End node

Start node

Figure 5-4: Testl: Comparison of the three algorithms on the 3D hill terrain. The 3D path length
of the DT Hybrid A* is the shortest. This path closely aligns with the hill edge and minimizes
elevation changes. In contrast, the paths generated by the Baseline Hybrid A* with and without
dynamic traversability take detours that do not align as closely with the hill edge or experience
greater elevation changes.

a slightly shorter path planning completion time, indicating that the ego vehicle would reach
its goal more quickly.

However, the Baseline Hybrid A* with dynamic traversability incurs a higher CPU time
cost. This is because the algorithm requires additional computational resources to assess
traversability dynamically based on the planned movement of the ego vehicle at the current
node. Consequently, the CPU time cost for the Baseline Hybrid A* with dynamic traversabil-
ity is significantly higher than that of the standard Baseline Hybrid A*.

Moreover, when using static traversability to evaluate these algorithms, the mean static ter-
rain traversability of the Baseline Hybrid A* with dynamic traversability is found to be higher
than that of the standard Baseline Hybrid A*. This aligns with the earlier discussion on the
evaluation of dynamic traversability-based algorithms using static mean terrain traversability.

The DT Hybrid A* algorithm significantly improves performance across several metrics, in-
cluding Path Length, Path Planning Completion Time, and CPU Time Cost. The Path
Length achieved by DT Hybrid A* is shorter than that of the Baseline Hybrid A* with dy-
namic traversability, and its Path Planning Completion Time is less than half that of the
Baseline Hybrid A* with dynamic traversability.

This improvement can be attributed to the use of the kinematic bicycle model as the steering
function in DT Hybrid A*. Unlike the simplified bicycle model, which assumes constant
velocity across branches due to its lack of acceleration information, the kinematic bicycle
model allows for acceleration and deceleration between adjacent nodes. This capability helps
significantly reduce the overall planning completion time.

Additionally, the CPU Time Cost for DT Hybrid A* is dramatically lower than both the
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Baseline Hybrid A* with dynamic traversability and the standard Baseline Hybrid A*. This
efficiency gain is likely due to the heuristic cost structure employed by DT Hybrid A*. By
using the 2D Dubins Curve to calculate the distance heuristic and incorporating trapezoidal
velocity planning to estimate time heuristic cost, the algorithm can optimize the time required
to move from the current node to the goal while respecting constraints on acceleration, ve-
locity, and travel distance based on the planned current node’s movement state.

This heuristic structure effectively guides the search tree by considering the current node’s
state to plan an optimal path and generate a realistic velocity profile that smoothly transitions
between adjacent nodes. In contrast, the simplified bicycle model-based steering function
assumes that the vehicle maintains a constant velocity to reach the next node, which results
in abrupt and unrealistic velocity changes when transitioning to a new node.

Moreover, the DT Hybrid A* does not rely on Spatial Parameter Discretization, meaning that
the travel length of each segment can vary. This flexibility allows the algorithm to generate
path segments of different lengths, adapting to the specific needs of the terrain. In contrast,
the Baseline Hybrid A* uses Spatial Parameter Discretization, where each segment is of
equal length. This uniform segment length can lead to inefficiencies, particularly if a segment
intersects a non-traversable region. In such cases, the entire segment must be discarded, and
planning must restart from the previous node, increasing computation time. On the other
hand, DT Hybrid A* can more effectively navigate around obstacles by choosing shorter
segments, reducing the likelihood of encountering non-traversable regions, and optimizing the
overall path-planning process.

Finally, the Mean Static Terrain Traversability of DT Hybrid A* is higher than that of
the other two algorithms. This suggests that DT Hybrid A* tends to choose steeper, less
conservative paths, indicating a more aggressive approach to terrain navigation.

There are two other tests that verify the effectiveness of DT Hybrid A*. Test 2, shown in
Figure (5-5) and (5-6), a simple example of global path planning where the direct connection
between the start and end poses does not cross a large non-traversable region, and the distance
between the start and end poses is relatively short. The global path generated by the DT
Hybrid A* is the most straight compared with the other two algorithms. In Table 5-3, the
mean static terrain traversability of the DT Hybrid A* is even smaller than that of the Baseline
Hybrid A*, which means in this case, DT Hybrid A* can achieve the smoothest global path
based on static terrain traversability. This is likely because, in smooth regions, the static
traversability is relatively small. When using dynamic traversability, which accounts for the
vehicle’s momentum, the traversability can become even smaller, to the point where it has
little impact on the cost functions. As a result, the cost term associated with path length
becomes more significant, and the global path generated by DT Hybrid A* tends to be shorter.
Moreover, the Baseline with DT Hybrid A* using dynamic traversability consistently produces
shorter global paths compared to the Baseline without it, further verifying this characteristic.
The path length and path planning completion time for the three algorithms are ranked in
the following order: DT Hybrid A*, Baseline Hybrid A* with dynamic traversability, and
Baseline Hybrid A*. This demonstrates the same characteristics in both metrics as observed
in Test 1. Although the Baseline Hybrid A* has the shortest CPU time, with DT Hybrid A*
also performing efficiently at just 2 ms, this suggests that when the planned global path is
relatively short and lies in a smooth region, the computation cost of dynamic traversability
can be significant. This is evident as the Baseline Hybrid A* runs extremely fast, nearly
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Figure 5-5: Test2: Comparison of the three algorithms in a hilly environment on the 2D
traversability map.

approaching zero computation time.

Test3 is shown in Figure (5-7) and (5-8). On the 2D traversability map, the global path
generated by the DT Hybrid A* does not pass closest to the hill region. The Baseline Hybrid
A* incorporating dynamic traversability, circumnavigates the hill with the shortest distance,
closely following the hill’s edge. However, as shown in Table 5-4, the DT Hybrid A* results
in a shorter path overall compared to the other algorithms because the shortest path in 2D
does not necessarily correspond to the shortest path in 3D. The global path generated by
the Baseline Hybrid A* with dynamic traversability involves more waypoints with high static
traversability but also carries more risks. In (5-8), the significant changes in the z-axis of
the path indicate substantial elevation variations, leading to large ups and downs along the
global path. These elevation changes are reflected in the mean static terrain traversability
value, where the DT Hybrid A* shows a much lower value compared to the Baseline Hybrid
A* with dynamic traversability. This suggests that the Baseline Hybrid A* with dynamic
traversability selects more waypoints that are not statically smooth. This indicates that the
DT Hybrid A* tends to converge towards the 3D shortest path by considering both static
terrain traversability, which captures the smoothness of the local terrain, and the 2D path
length, which is one of the cost functions in the DT Hybrid A* algorithm.

In summary, the effectiveness of dynamic traversability is demonstrated by comparing the
Baseline Hybrid A* with and without dynamic traversability, using the same cost functions,
search algorithms, and parameters. The Baseline Hybrid A* with dynamic traversability
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dynamic traversability
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Figure 5-6: Test2: Comparison of the three algorithms on the 3D hill terrain. The DT Hybrid A*
algorithm chooses a more direct and straightforward path compared to the other two algorithms.
It avoids detours and maintains minimal elevation changes.
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Figure 5-7: Test3: Comparison of the three algorithms in a hilly environment on the 2D
traversability map.
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Table 5-3: Test2: Comparison of four metrics: Mean Static Terrain Traversability Tra,,, Path
Length Len, Path Planning Completion Time T},., CPU Time Cost Ty, across three algorithms:
Baseline (Baseline Hybrid A*), Baseline with DT (Baseline Hybrid A* with dynamic traversability),
and DT Hybrid A*.

Algorithm Tram (m™1)  Len(m) Tpe(s) Tepu (ms)
Baseline 1.2438 x 1073 7.5592  7.9078 <1
Baseline with DT 2.7616 x 1073 7.1573  7.2754 49
DT Hybrid A* 1.10646 x 10~%  6.8866  3.5477 2
- % f \ \ \ AN
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Figure 5-8: Test3: Comparison of the three algorithms on the 3D hill terrain. On the 2D
traversability map, the Baseline Hybrid A* with dynamic traversability has the shortest 2D path
length. However, the path by DT Hybrid A* connects the points with similar elevation heights
when navigating around the hill region from the start node side to the end node side. However,
Baseline Hybrid A*, with dynamic traversability, chooses a steeper path with greater elevation
changes, resulting in a longer 3D path.

outperforms the version without it in terms of path length and path planning completion
time. However, the introduction of dynamic traversability incurs additional computational
costs.

To address this drawback, the DT Hybrid A* leverages a kinematic bicycle model as its
steering function, allows for variable travel lengths between adjacent nodes, and incorporates
both distance and time heuristics. These enhancements significantly reduce CPU time costs,
producing shorter path lengths and faster planning times.

In straightforward global path planning scenarios, where the path between start and end
poses is relatively short and avoids large non-traversable areas, the DT Hybrid A* generates
the most direct route compared to other algorithms. However, it incurs higher CPU time
compared to the Baseline Hybrid A*. This indicates that, even for short and smooth paths,
the computational cost of dynamic traversability can be significant, as reflected by the Baseline
Hybrid A*’s minimal computation time.
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Table 5-4: Test3: Comparison of four metrics: Mean Static Terrain Traversability Tra,,, Path
Length Len, Path Planning Completion Time T},., CPU Time Cost Ty, across three algorithms:
Baseline (Baseline Hybrid A*), Baseline with DT (Baseline Hybrid A* with dynamic traversability),
and DT Hybrid A*.

Algorithm Tram (m™1)  Len(m) Tpe(s) Tepu (ms)
Baseline 1.93615 x 1073 9.0549  12.2372 31
Baseline with DT 1.2846 x 1073 8.8250  11.0779 359
DT Hybrid A* 9.4836 x 107%  8.7822  3.8674 13

Furthermore, while the Baseline Hybrid A* with dynamic traversability may opt for more
waypoints that are not statically smooth, potentially increasing elevation variations and then
3D path length, the DT Hybrid A* is designed to converge more effectively towards the 3D
shortest path. It achieves this by balancing static terrain traversability, which addresses local
terrain smoothness, with the 2D path length, one of its key cost functions.

5-3-2 Effectiveness of the Dynamic Obstacle Avoidance

In this section, the effectiveness of the Dynamic Obstacle Avoidance method is validated
by comparing the Safety and Direction Elements-based VO algorithm (DSVO) against the
Safety Element-based VO algorithm and the Euclidean distance method for collision check.
In Section 4-3, the differences among the three algorithms are introduced, highlighting how
they incorporate various cost functions into the DT Hybrid A* algorithm to address potential
collisions with dynamic obstacles during path replanning. DSVO incorporates an exponential
function based on the shortest distance to the dynamic obstacle’s VO (Velocity Obstacle)
region, adjusted by the sign of the direction element. This adjustment helps in assessing the
collision risk more accurately by considering both the safety for velocity of each waypoints
not in the VO region and the direction to be away from the dynamic obstacle in a longer time
span than that to construct VO region and. Safety Element-based VO Algorithm only adds
an exponential function to the shortest distance to the VO region of the dynamic obstacle.
This approach is exemplified by the existing SATG algorithm [9], which applies this concept
to assess and mitigate collision risks. Euclidean Distance Method calculates the Euclidean
distance from the dynamic obstacle to each waypoint on the replanned path. It directly
measures the spatial distance for collision risk assessment.

In this thesis, we focus exclusively on the straight-line motion of the dynamic obstacle at a
constant velocity. To isolate the impact of the dynamic obstacle’s movement on the replanning
process, we use the same initial and goal positions and the same initial pose for the dynamic
obstacle. The dynamic obstacle remains stationary at the start, ensuring it does not influence
the generation of the initial global path, since it is positioned outside the vicinity of any
potential connections between the start and goal poses. This setup allows the initial global
path to be free of dynamic obstacles. The obstacle then begins moving at time ¢t = 1s, with
different velocities and directions tested in various scenarios.

As the maximum longitudinal velocity is set to be 0.5m/s, three different velocity magnitudes
of 0.2m/s, 0.3m/s, and 0.4m/s are selected for testing at heading directions —1.81rad and
—1.51rad respectively.
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Then, four metrics are used to evaluate the effectiveness of the three replanning algorithms:
Path Length, Re-planning Completion Time, CPU Time Cost, and Success Rate. Path Length
measures the total 3D Euclidean distance by summing the distances between consecutive
waypoints on the replanned path, reflecting how efficient the replanned path is. Re-planning
Completion Time is the estimated total duration required to follow the replanned path, in-
dicating how quickly the vehicle can reach its destination. CPU Time Cost assesses the
computational resources consumed by the algorithm. Finally, the Success Rate determines
whether the vehicle successfully avoids collisions with dynamic obstacles while following the
replanned path, highlighting the algorithm’s ability to ensure safe navigation.

Test 1: Dynamic Obstacle Moving at 0.2m/s in the Direction —1.81rad

In Test 1, the dynamic obstacle starts moving at time ¢ = 1s with a velocity of 0.2m/s in the
direction of —1.81rad. Figures (5-9) show the replan results of the three replan algorithms:
Baseline (Euclidean distance-based replan algorithm), SATG, and DSVO. It can be observed
that the replanned path generated by the Baseline algorithm fails to avoid the dynamic
obstacle, whereas both SATG and DSVO successfully navigate around it. The likely reason
is that the Euclidean distance-based replanning algorithm considers only the sum of the
Euclidean distances from the dynamic obstacle to all waypoints on the replanned path. As
a result, it may generate a path that minimizes the distance to the obstacle but fails to
account for the obstacle’s velocity. Consequently, the algorithm might produce a path that
still intersects with the moving obstacle. By comparing the replanned paths of SATG and
DSVO, it is observed that the path generated by DSVO is shorter than that of SATG, while
the path replanning time for SATG is shorter than that of DSVO. This difference may be
attributed to DSVO using a relatively smaller acceleration during the node branching process
when safety and directional elements cannot be optimized simultaneously, requiring a balance
between the two, resulting in a more conservative node branching strategy. In terms of CPU
time, the Baseline and DSVO algorithms take the same amount of time 2ms, which is slightly
less than the time required by SATG 3ms shown in Table 5-5.

Table 5-5: Test 1: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Tp., CPU Time Cost Tcp, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu (ms) Success Condition

Baseline 4.8055  2.6105 2 Fail
SATG 49431 1.2314 3 Succeed
DSVO 4.4912 1.7215 2 Succeed

Test 2: Dynamic Obstacle Moving at 0.3m/s in the Direction —1.81rad

Test 2 sets the dynamic obstacle to start moving at time ¢ = 1s with a velocity of 0.3m/s
in the direction of —1.81rad. Figures (5-10) show the replan results of Baseline (Euclidean
distance-based replan algorithm), SATG, and DSVO.
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Figure 5-9: Test 1: Replan results in a hilly environment on the 2D traversability map (a)Baseline
(Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and brown arrows
indicate the direction of movement of the dynamic obstacle and ego vehicle, respectively.
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In this case, the replanning process for all three algorithms successfully produces a collision-
free path. Among them, DSVO generates the shortest route and has the quickest path
replanning completion time shown in Table 5-6. The CPU time for DSVO is slightly higher
than that of the other two algorithms, but this difference is minimal and can be considered
negligible.

Table 5-6: Test2: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Tp., CPU Time Cost Tcp, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu (ms) Success Condition

Baseline 4.7703 2.7521 5 Succeed
SATG 4.8056  1.2013 5 Succeed
DSVO 4.4973 1.1730 6 Succeed

Test 3: Dynamic Obstacle Moving at 0.4m/s in the Direction —1.81rad

In Test 3, the dynamic obstacle starts moving at time ¢ = 1s with a velocity of 0.4m/s
in the direction of —1.81rad. Figures (5-11) show the replan results of Baseline (Euclidean
distance-based replan algorithm), SATG, and DSVO.

In this case, the three algorithms’ replanned process successfully achieves a collision-free
replan path. DSVO achieves the shortest replanned path length and requires the least CPU
time compared to the other two algorithms. Table 5-7 shows that SATG has a shorter path
replanning time than DSVO. This discrepancy can be attributed to DSVO’s use of smaller
acceleration during the node branching process. When safety and direction elements cannot
be simultaneously optimized, DSVO adopts a more conservative strategy, balancing these
factors and leading to the observed difference in replanning time.

Consider the following example: a larger acceleration results in a higher velocity, which in
turn leads to a larger SA value. Conversely, a smaller acceleration leads to a lower velocity
and a correspondingly smaller SA value. According to Equation (4-24), when the collision
direction boolean element is false, a higher SA value results in a lower cost, favoring the
selection of a higher velocity. However, the situation changes when the collision direction
boolean element is true. The lower velocity with a smaller SA value becomes more likely to
be selected. So, based on this case, when the direction boolean element is true, a smaller
acceleration leading to lower velocity is easily chosen, which would further cause a longer
path replanning completion time.

Test 4: Dynamic Obstacle Moving at 0.2m/s in the Direction —1.51rad

In Test 4, the dynamic obstacle moves at a velocity of 0.2m/s in the direction of —1.51rad.
Figures (5-12) show the replan results of Baseline (Euclidean distance-based replan algo-
rithm), SATG, and DSVO. It is evident that the replanned paths generated by both the
Baseline algorithm and SATG fail to avoid the dynamic obstacle, while only DSVO success-
fully navigates around it. Table 5-8 demonstrates that, although DSVO results in the longest
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Figure 5-10: Test 2: Replan results in a hilly environment on the 2D traversability map
(a)Baseline (Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and
brown arrows indicate the direction of movement of the dynamic obstacle and ego vehicle, re-

spectively.
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Figure 5-11: Test 3: Replan results in a hilly environment on the 2D traversability map
(a)Baseline (Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and
brown arrows indicate the direction of movement of the dynamic obstacle and ego vehicle, re-
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Table 5-7: Test3: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Tp., CPU Time Cost T, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu (ms) Success Condition

Baseline 4.7472  1.6688 9 Succeed
SATG 5.0687  1.2670 7 Succeed
DSVO 4.4455  1.4497 7 Succeed

path length, it achieves the fastest path replanning completion time, the lowest CPU time
cost and the only success replanning process among the three algorithms. This highlights the
advantage of the DSVO algorithm: the portion of the path near the replanned section stays
well clear of the dynamic obstacle, adapting to the obstacle’s movement by bending away
from it. Meanwhile, the portion of the replanned path farther from the obstacle takes the
most direct route toward the goal position. This approach ensures safety by curving the path
around the dynamic obstacle in the opposite direction of its movement while also selecting
the shortest route that maintains a safe distance from the obstacle.

To better visualize the process of the ego vehicle following the replanned path and either
successfully avoiding or failing to avoid dynamic obstacles, , Figures 5-13, 5-14 and 5-15
capture snapshots of the vehicle’s movement at some time points. Time is measured starting
from the moment the ego vehicle begins moving, designated as t = 0s. In these pictures, the
blue arrow indicates the direction of the moving obstacle, while the brown arrow shows the
moving direction of the ego vehicle at the time the snapshot was taken.

Table 5-8: Test4: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Ty, CPU Time Cost Tcp, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu(ms) Success Condition

Baseline 4.2590 2.6692 8 Fail
SATG 4.7944  15.6039 7 Fail
DSVO 4.8296 1.2049 7 Succeed

Test 5: Dynamic Obstacle Moving at 0.3m/s in the Direction —1.51rad

Test 2 sets the dynamic obstacle to start moving at time ¢ = 1s with a velocity of 0.3m/s
in the direction of —1.51rad. Figures (5-16) show the replan results of Baseline (Euclidean
distance-based replan algorithm), SATG, and DSVO.

In this scenario, both the Baseline and DSVO algorithms successfully generate collision-free
replanned paths, whereas the SATG algorithm fails to avoid the dynamic obstacle. As shown
in Table 5-9, although DSVO has a slightly higher CPU usage compared to the other two
algorithms, it consistently produces the shortest collision-free path. Moreover, it completes
the path replanning process in the shortest time.

Master of Science Thesis Qingyi Ren



72

Simulation Environment Setup and Results

—|nitial Global Path

m—— |Nitial Optimal Trajectory
Replan Path (Baseline)

£ [

i/ [N

Dynamic Obstacle  Ego Vehicle

End node

N

Start node

End node

| nitial Global Path
s |nitial Optimal Trajectory
Replan Path (SATG)
(T [
(" Er g (3

Dynamic Obstacle Ego Vehicle

Start node

Initial Global path
Initial Optimal Trajectory

Replan Path (DSVO)

L
[

Dynamic Obstacle Ego Vehicle

Start node

Figure 5-12: Test 4: Replan results in a hilly environment on the 2D traversability map
(a)Baseline (Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and
brown arrows indicate the direction of movement of the dynamic obstacle and ego vehicle, re-

spectively.
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Figure 5-13: Test4: Snapshots of the vehicle’'s movement as it follows the replanned path
generated by the Baseline replanning algorithm. The snapshots are taken at the following time
points: (a) t = 19s (b) t = 21s (c) t = 23s. The blue and brown arrows indicate the movement
directions of the dynamic obstacle and ego vehicle at the time the snapshot was taken, respectively.

Figure 5-14: Test4: Snapshots of the vehicle’'s movement as it follows the replanned path
generated by the SATG replanning algorithm. The snapshots are taken at the following time
points: (a) t = 17s.(b) t = 20s (c) t = 23s. The blue and brown arrows indicate the movement
directions of the dynamic obstacle and ego vehicle at the time the snapshot was taken, respectively.

Table 5-9: Test5: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Tp., CPU Time Cost T, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu (ms) Success Condition

Baseline 5.0777  6.5861 3 Succeed
SATG 4.6483  5.8943 3 Fail
DSVO 4.6898  1.2539 5 Succeed

Test 6: Dynamic Obstacle Moving at 0.4m/s in the Direction —1.51rad

Test 6 sets the dynamic obstacle to start moving at time ¢ = 1s with a velocity of 0.4m/s
in the direction of —1.51rad. Figures (5-17) show the replan results of Baseline (Euclidean
distance-based replan algorithm), SATG, and DSVO.

In this test, all three algorithms successfully generated collision-free replanned paths. As
shown in Table 5-10, the DSVO algorithm produced the shortest replanned path length, with
the smallest completion time and CPU usage. It can be observed that, due to the relatively
fast movement of the dynamic obstacle, DSVO effectively predicts that the obstacle will cross
the original path from the other side. As a result, the replanned path does not need to
deviate significantly from the initial global path, unlike the paths generated by Baseline or
SATG, both of which involve noticeable detours that take them farther away from the original
route. This demonstrates that DSVO, by considering the dynamic obstacle’s movement and
its relative position to the waypoints on the replanned path, can generate a more efficient
path with a shorter overall length, faster completion time, and lower CPU usage.
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Figure 5-15: Test4: Snapshots of the vehicle’s movement as it follows the replanned path
generated by the DSVO replanning algorithm. The snapshots are taken at the following time
points: (a) t = 16s (b) t = 17s (c) t = 18s (d) t = 19s (e) t = 21s (f) t = 22s. The blue and
brown arrows indicate the movement directions of the dynamic obstacle and ego vehicle at the
time the snapshot was taken, respectively.

Table 5-10: Test 6: Comparison of four metrics: Replanned Path Length Len, Path Re-planning
Completion Time Ty, CPU Time Cost Tcp, and Success Condition across three algorithms:
Baseline (Euclidean distance based replan algorithm), SATG, and DSVO.

Algorithm Len (m) Tpe(s) Tepu (ms) Success Condition

Baseline 4.9398 6.8223 13 Succeed
SATG 5.0788  4.5422 5 Succeed
DSVO 4.7249  2.0128 5 Succeed

Test of Replan Success Rate

The replan success rates of the three algorithms were compared through a series of controlled
tests. In each test, an obstacle was placed at a fixed location and began moving at time
t = 1s. To introduce variability in the goal position, a uniformly distributed random value
within the range [—0.5,0.5]m was added to both the z and y coordinates. The obstacle’s
movement direction was set at a fixed angle of —1.51rad, with its velocity magnitude randomly
selected from a uniform distribution in the range [0.2,0.4] m/s. A total of 100 test trials were
conducted, and the replan success rates s, for each algorithm are summarized in Table 5-11.
The replan success rate s, is the ratio of the number of successful avoidance instances by the
ego vehicle during the replan process to the total number of tests. The results in Table 5-11

Table 5-11: Replan Success Rate s, of three algorithms: Baseline (Euclidean distance based
replan algorithm), SATG, and DSVO.

Algorithm Baseline SATG DSVO
S 53% 61% 4%

demonstrate that the DSVO algorithm achieved a replan success rate of 74%, significantly
outperforming the SATG algorithm, which had a success rate of 61%, and the Baseline,
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Figure 5-16: Test 5: Replan results in a hilly environment on the 2D traversability map
(a)Baseline (Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and
brown arrows indicate the direction of movement of the dynamic obstacle and ego vehicle, re-

spectively.

Master of Science Thesis

Qingyi Ren



76

Simulation Environment Setup and Results

Initial Global path
Initial Optimal Trajectory
Replan Path (Baseline)
A [
\5) ) 0t

Dynamic Obstacle Ego Vehicle

End node

Start node

End node

Initial Global path
Initial Optimal Trajectory
Replan Path (SATG)

(TN [

L/ [

Dynamic Obstacle Ego Vehicle

End node

Start node

Initial Global path
Initial Optimal Trajectory

Replan Path (DSVO)

tr
it

Dynamic Obstacle Ego Vehicle

Start node

Figure 5-17: Test 6: Replan results in a hilly environment on the 2D traversability map
(a)Baseline (Euclidean distance based) replan algorithm. (b) SATG. (c) DSVO. The blue and
brown arrows indicate the direction of movement of the dynamic obstacle and ego vehicle, re-

spectively.
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which achieved a rate of 53%. This indicates that the DSVO algorithm is more effective at
generating safe, dynamic obstacle-free replan paths compared to the other tested algorithms.

In Tests 1, 2, 3, and 6, both SATG and DSVO successfully generated dynamic, obstacle-
free replanned paths. The replanned path lengths of DSVO were 6.9%, 12.1%, 6.4%, and
9.1% shorter than those of SATG, respectively, while maintaining a similar CPU time cost.
Additionally, the estimated time for the vehicle to complete DSVO’s replan path was generally
shorter or slightly longer than SATG’s. The slightly higher completion time for DSVO’s
replanning in certain cases may be due to its use of lower acceleration during node branching
when safety and direction elements cannot be optimized simultaneously, leading to a more
conservative node branching strategy.

Tests 2, 3, 5, and 6 demonstrate successful dynamic obstacle avoidance by both Baseline
and DSVO. The replanned path lengths of DSVO were 5.7%, 6.4%, 8.5%, and 4.4% shorter
than those of Baseline. Additionally, the estimated time for the vehicle to complete DSVO’s
replanned path was significantly shorter than Baseline’s, while maintaining a similar CPU
time cost.

Tests 1 and 4 show the failure of the Baseline and show relect the similar character and
verify the comparison of the Euclidean distance method and Velocity Obstacle (VO) method
in Figure 4-6. This figure demonstrates that the VO method helps discard nodes that may
lead to future collisions during the node selection process. It prevents the risk of generating
an infeasible global path, where connecting nodes in a straight line could cause a collision
with a dynamic obstacle at a later time step. VO stops further expansion in directions that
may lead to a collision. In contrast, the Euclidean distance method may retain nodes based
solely on their distance to the goal, allowing them to be expanded and potentially leading
to future collisions. This behavior is evident in the simulation tests, where sections of the
replanned path near obstacles align with the movement of dynamic obstacles, intersecting
their movement trajectory and causing collisions.

Tests 4 and 5 reveal the failure of the SATG method. Unlike the Baseline, which fails because
it retains unwanted nodes based solely on Euclidean distance, SATG fails because it does not
maintain sufficient distance from moving dynamic obstacles. Although SATG discards nodes
that could lead to future collisions and directs the replanned path away from the moving
obstacle, it does not adequately consider the relative positions and velocities of the nodes and
dynamic obstacles. As a result, SATG fails to generate a path that effectively curves around
dynamic obstacles.

Tests of Replan Success Rate show that DSVO has a significantly higher replan success rate
compared to the other two algorithms, Baseline and SATG. While SATG has a replan success
rate of 61%, the DSVO achieves a rate of 74%, which represents a 21.3% increase. The reason
DSVO does not achieve an even higher replan success rate is related to the time input in the
obstacle prediction model. In this model, the time input is based on the predicted duration
between adjacent nodes in the global path planning algorithm. We estimate the ego vehicle
will reach each node in a certain number of seconds and assume the dynamic obstacle will
follow a similar timeline. However, due to limitations in Optimization and the MPC, we
did not implement velocity profile planning. This means the ego vehicle does not adjust its
velocity according to the reference path to ensure that the predicted and actual time durations
between nodes align. This can lead to inaccurate pose estimates of dynamic obstacles, which
in turn may cause the ego vehicle to fail in avoiding them. Additionally, there is a discrepancy
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between the velocity and pose of the obstacle as received from ROS messages and the actual
dynamic obstacle movement.

In summary, DSVO shows a significant advantage by achieving a high replan success rate and
generating the shortest collision-free paths while maintaining low completion time and CPU
usage. In the replanned section of DSVO, the path carefully bends away from the dynamic
obstacle, adapting to its movement, while the portion farther from the obstacle takes the
most direct route to the goal. This approach ensures safety by curving around the obstacle
while also selecting the shortest safe route.

When a dynamic obstacle moves rapidly, DSVO accurately anticipates its trajectory, allowing
the replanned path to stay close to the original route with minimal deviation. In contrast,
other methods, such as Baseline or SATG, result in larger detours. DSVO’s effectiveness lies
in its ability to adapt to the obstacle’s movement and its position relative to key waypoints,
optimizing both path length and overall performance.

5-4 Conclusion

This chapter introduces the simulation setup and results for two proposed algorithms: global
path planning DT Hybrid A* and replan algorithm DSVO.

Dynamic traversability enhances the Baseline Hybrid A* by improving path length and plan-
ning time, though at the cost of increased computation. DT Hybrid A* addresses this by
using a kinematic bicycle model, variable travel lengths, and time-distance heuristics, reducing
CPU time and generating shorter, faster paths.

DSVO achieves high replan success rates and short, safe paths while adapting efficiently to
moving obstacles. Compared to the Baseline, which relies on Euclidean distance, and the
SATG algorithm, it takes shorter detours, resulting in more efficient replanning.
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Chapter 6

Conclusions and Future Directions

This thesis makes two significant contributions: first, the development of the Dynamic Traversability-
based Hybrid A* (DT Hybrid A*) algorithm for global path planning, and second, the in-
troduction of the Safety Direction Velocity Obstacle (DSVO) algorithm for replanning. The
subsequent sections present conclusions drawn from simulation tests and discuss future re-
search directions. These future directions address the limitations and assumptions associated

with both algorithms, aiming to guide further advancements in path planning and replanning
techniques.

6-1 Conclusions

The DT Hybrid A* algorithm deviates from traditional global path-planning approaches,
which often prioritize safety by avoiding hard-to-traverse areas based on traversability maps.
Instead, the DT Hybrid A* employs a less conservative path selection strategy. It adopts
the principle that a vehicle with substantial momentum can more effectively navigate uneven
terrain, including rough surfaces and steep slopes, due to its increased kinetic energy. By
incorporating dynamic traversability, which takes into account the vehicle’s kinetic properties
such as velocity and acceleration, the dynamic traversability more accurately reflects the
vehicle’s ability to handle challenging terrain.

This thesis incorporates a collision detection mechanism within a global path planning frame-
work, enabling the system to replan if a potential collision is detected in the future. The
replanning process initializes the global path to avoid all static obstacles. With the move-
ment of dynamic obstacles, if a potential conflict is recognized, the vehicle discards the current
global path and replans from its current location. To ensure that the replanned path is free
of dynamic obstacles, the collision detection mechanism incorporates Safety and Direction
Elements based on a Velocity Obstacle (Velocity Obstacle (VO)) cost term into the global
path algorithm (DSVO).

DSVO surpasses methods that use Euclidean distance as a penalty for dynamic obstacles
because it accounts for the obstacle’s velocity and direction over time. It also outperforms
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the Safety Element based on a VO cost term, which only ensures collision avoidance within
a short time span and provides the optimal velocity for that specific period, but does not
account for longer-term safety. This limitation means that collisions could still occur over
longer time durations. Additionally, since these are cost terms within global path planning
algorithms, there may be instances where avoiding obstacles conflicts with achieving the goal.

The simulation results highlight the advantages of these two algorithms by comparing the
quality of the generated paths, which are summarized as follows:

¢ The effectiveness of dynamic traversability is assessed by comparing the Baseline Hybrid
A* algorithm with and without the dynamic traversability feature, ensuring that the
algorithm’s structure and parameters remain unchanged in both cases. The version of
Baseline Hybrid A* that includes dynamic traversability shows improvements over the
one without it, in terms of both path length and planning completion time. However, in-
corporating dynamic traversability results in increased computational costs. To address
this drawback, the DT Hybrid A* leverages a kinematic bicycle model as its steering
function, allows for variable travel lengths between adjacent nodes, and incorporates
both distance and time heuristics. These enhancements significantly reduce CPU time
costs, producing shorter path lengths and faster planning times.

e In typical global path planning scenarios where the route between the start and end
points is relatively short and free of significant non-traversable areas, the DT Hybrid A*
algorithm tends to produce the most efficient path compared to alternative methods.
However, it comes with higher computational demands compared to the Baseline Hybrid
A*. This suggests that even when dealing with straightforward and smooth paths, the
computational overhead associated with dynamic traversability can be substantial, as
evidenced by the Baseline Hybrid A*’s lower computational costs.

o Additionally, while the Baseline Hybrid A* with dynamic traversability might select
more waypoints that can lead to greater elevation changes and an increased 3D path
length, the DT Hybrid A* algorithm is designed to more effectively converge on the 3D
shortest path. This is achieved by striking a balance between static terrain smoothness
and the 2D path length, which are key factors in its cost function.

e« DSVO demonstrates notable advantages by achieving a high rate of successful replans
and producing the shortest collision-free paths with small computational overhead and
completion time. The DSVO algorithm skillfully adjusts the path to avoid dynamic
obstacles, steering away from them while ensuring the route remains as direct as possible
toward the goal. This method effectively balances safety and efficiency by navigating
around obstacles and maintaining a streamlined path.

e When a dynamic obstacle moves rapidly, DSVO effectively predicts its future trajectory,
enabling the replanned path to remain close to the original route with minimal deviation.
This is because by the time the ego vehicle follows the replanned path, the obstacle has
already moved out of the area where the vehicle is traveling, reducing the need for
significant path adjustments. In contrast, other methods like Baseline or SATG result
in larger detours. DSVQ'’s effectiveness lies in its ability to adapt to the obstacle’s
movement and its position relative to key waypoints, optimizing both path length and
overall performance.
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6-2 Future Directions

Building on the strengths of the DT Hybrid A* and DSVO algorithms, as well as addressing
their limitations and assumptions, future research should concentrate on several key areas to
further enhance these two techniques.

e More Accurate depiction of dynamic traversability: the dynamic traversability in this
thesis is built on the kinematic force analysis of a car climbing on uneven terrain without
considering the turning dynamics such as lateral forces, torque, and inertia. This means
that dynamic traversability would only describe how easily the vehicle can travel in a
straight line, without accounting for more complex maneuvers like turning or navigating
curves. In the future, a more detailed dynamic force analysis could be incorporated, al-
lowing the traversability map to be represented as a transfer function that accounts for
factors such as initial velocity, longitudinal and lateral acceleration, turning radius and
varying heading directions. With this approach, the traversability can be dynamically
adjusted based on the initial pose and the target pose, considering different heading
directions, turning radius and motion dynamics. As a result, the traversability assess-
ment would more accurately reflect the difficulties of reaching a target location through
various motion strategies.

o Considering different dynamic obstacle movement strategies, this thesis assumes that
dynamic obstacles move in a straight line. In future work, various movement patterns
could be explored, and the dynamic avoidance method, DSVO, could be validated for
effectiveness or further optimized as needed like including detailed terrain information
and related uncertainty.

e Future work could focus on advancing the MPC framework by integrating detailed ter-
rain information and incorporating additional costs such as rollover risk and bump costs
[10]. This enhancement aims to produce smoother and safer control inputs, ultimately
enabling the generation of feasible and reliable motion plans for the vehicle.
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Appendix A

The Back of the Thesis

A-1 Maximum Inclination Angle in Downhill Case

dv P
Md*: = — + Mgsin(ps) — pMgcos(¢z) (A-1)

o When a = aymqq, the (A-1) can be represented as:

dov P .
M- =Mamaq = — + Mgsin(pz) — pMg cos(ps)

P )
=Mamee = b + Mgsin(pz) — pMgcos(pz)

P .
:>; — Mapar = Mg(—sin(p,) + pcos(py))
1 < P Amax

jm - >:COS<9036+7)’

Mgv g
tan (7) = -
an(y) = —

7

e (s~ 22)) ()
Py = arccos — — arctan (| —
; T+p2 \Mgv g [

The maximum inclination angle determined by the maximum motion power of the
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o When a =0, (A-1) can be represented as:
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with maximum vehicle power Py, q-
e When a = —aqz, (A-1) can be represented as:
dv P .
Ma =— Mamaz = " + Mgsin(pyz) — uMgcos(py)

P .
:>; + Mamar = Mg(—sin(py) + pcos(pz))

1 P amax)
= = cos +7v),
tan (7) = +
an(y) = —
W

N 1 ( P n ama:,;) tan ()
= arccos — arctan
Pz 112 2 \ Mgu g Y

The maximum inclination angle determined by the maximum motion power of the
vehicle in this scenario can be represented as

1 P,
¢ = arccos ( == + amax) — arctan (7)
V1+p? \Mgv g

with maximum vehicle power Py,q.
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List of Acronyms

ESDF
OCP
SQP
DDP
MPC
iLQR
FDDP
VO

Euclidean Signed Distance Functions

Nonlinear optimal control problems

Sequential Quadratic Programming

Differential Dynamic Programming

Model Predictive Control

iterative Linear-Quadratic Regulator
Feasibility-driven Differential Dynamic Programming

Velocity Obstacle
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