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Abstract
Low-temperature sintering technology of Ag

nanoparticles is widely used in high-power electronic
device packaging. Utilizing simulation methods to
comprehend and control the microstructure and properties
of Ag sintering materials has emerged as a prominent
research area. This work uses the General Form PDE
module in COMSOL to simplify the implementation
of the phase field method. A two-particle model was
established to explore the effects of different particle
sizes and temperatures on the sintering neck of Ag
nanoparticles. The two-particle model was expanded to
multi-particle models and 3D models flexibly. This work
presents the potential and limitations of these phase-field
models, preparing for further multiphysics analysis and
optimization of Ag sintering materials.

1. Introduction
Low-temperature sintering technology has been widely

used in high-power device packaging in recent years,
especially Silver (Ag) and Copper(Cu) sintering materials
[1], [2], [3]. For instance, Ag sintering materials are com-
posed of micro/nano-sized particles, allowing particles to
be sintered at low temperatures (150 - 300 oC) below the
melting point of bulk Ag (961 oC). The sintering process
of nanoparticles involves complex diffusion effects at
the nanoscale and is also affected by factors such as
particle size, surface energy, temperature, and atmospheres
[4], [5]. Understanding and controlling these processes is
essential for adjusting the properties of metal sintering
materials to suit various applications.

Simulation methods have become an indispensable tool
for studying sintering processes and provide insights
into multiscale sintering mechanisms from atomistic to
macroscopic [6]. Molecular dynamics simulation is based
on Newton’s equations of motion, which can reveal the
atomic-scale sintering mechanism from the atomic trajec-
tories of particle diffusion and rotation [7], [8]. However,
due to high computational costs, the size of nanoparticles
is limited to a few nanometers to tens of nanometers.

At the microscopic level, the discrete elements method
(DEM), Monte-Carlo method (MCM), and phase field
method (PFM) have been used to simulate the sintering
process. DEM is based on Newton’s second law and
rigid body dynamics so that it can describe interactions
between a large number of particles, such as contact,

collision, and fracture. While, DEM cannot take into
account microstructural changes inside the particles during
the sintering process [9], [10].

The Monte-Carlo method can capture pore migration
and grain growth during sintering and is as applicable
to multi-particle systems as DEM [11], [12]. It needs to
define the interaction energy of different particle sites and
the total energy of the system. The Metropolis algorithm
is used to implement the random exchange between the
site and adjacent sites so that its system evolves in the
direction of reducing the total energy, such as the Q-state
Potts model [13]. Due to this method’s random sampling
process, grain diffusion’s randomness can be described,
but the demand for computing resources is expensive.

The phase field method is a powerful tool based on
thermodynamics for investigating phase transformations
and microstructure evolution and is closer to the spatial
and temporal scale of practical applications [14], [15].
In recent years, this method has received more attention
from materials science and industrial applications. In this
method, the sintering process under different conditions
can be simulated by controlling parameters, which makes
this method have certain versatility and flexibility [16],
[17], [18]. This method has a more complex mathematical
expression than other methods, with commonly utilized
software including MOOSE, Pace3D, and others [19],
[20].

This study focuses on simulating Ag nanoparticle sin-
tering using the phase field method. By using the Gen-
eral Form Partial Differential Equation (PDE) module in
COMSOL Multiphysics software [21], the mathematical
implementation is simplified. A two-particle model was

Figure 1. Schematic of phase field parameters setting in the two-particle
model.
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established to explore the effects of different particle sizes
and temperatures on the sintering neck of nanoparticles.
This will pave the way for further combination with
COMSOL multi-physics field analysis, and help the devel-
opment and application of low-temperature nanoparticle
sintering materials.

2. Methodology

A. Solid-state sintering by phase field method

In PFM, the sintering process is derived by minimizing
the system’s total free energy, F .

F =
∫

V

[
f (ρ,η1...i)+

κρ

2
(∇ρ)2 +∑

i

κη

2
(∇ηi)

2

]
dV (1)

where κρ and κη are the gradient energy coefficients for
concentration and grain boundary energies, respectively.
The chemical free energy function f (ρ,η1...i) in Equation
(1) is given by a Landau-type polynomial potential, as
shown in Equation (2), where A and B are model
constants.

The phase field method uses two types of field vari-
ables to represent the microstructure. The first one is the
conserved concentration field, denoted as ρ, following the
Cahn-Hilliard equation:

∂ρ

∂t
= ∇ ·

(
D∇

δF
δρ

)
, (3)

where D is the microstructure-dependent diffusivity. The
conserved concentration field, ρ, takes 1 within the Ag
particle and 0 outside the Ag particle, as shown in Figure
1.

The second is the non-conserved order parameter, ηi,
which is used to distinguish the different particle types,
following the Allen-Cahn Equation:

∂ηi

∂t
=−L

δF
δηi

. (4)

L is the order parameter scalar mobility. In Figure 1, the
i in ηi is used to denote different types of particles. The
particle on the left is denoted as η1 = 1, the particle
on the right as η2 = 1, and everywhere else, except
the particle itself, as 0. There is no material property
difference between η1 and η2 in this work, but it can be
used to distinguish different particle crystal orientations
or particle rotation directions in further work.

B. Implement two-particle model in COMSOL

The two-particle model of sintering simulation is an
essential benchmark to establish the phase-field model
successfully. The General Form PDE module in COMSOL
was used to realize the simulation of the sintering process.
The general equation form in this module is:

ea
∂2u
∂t2 +da

∂u
∂t

+∇ ·Γ = f (5)

where ea and da are mass coefficients, u is dependent
variables. Γ is Conservative Flux, and f is Source Term.

In fact, Equation (3) is a fourth-order Cahn-Hilliard
equation, so commonly split the equation into two second-
order equations to fit the general equation form in this
module, as Ref. ([22], [23]) did. Here, we introduce a
field variable µ, and there are two second-order equations
for the Cahn-Hilliard equation:

∂ρ

∂t
= ∇ · (D∇µ) , (6)

µ =
δF
δρ

=
∂ f
∂ρ

−κρ∇
2
ρ. (7)

So we have 4 dependent variables, u = [µ,ρ,η1,η2]
T , and

governing equations are:

∇ ·
(
κρ ·∇ρ

)
= ∂ f

∂ρ
−µ

∂ρ

∂t −∇ · (D ·∇µ) = 0

∂η1
∂t −∇(L ·κn∇η1) =−L ∂ f

∂η1

∂η2
∂t −∇(L ·κn∇η2) =−L ∂ f

∂η2

(8)

In this way, the forms of the conserved flux and source
terms are obvious.

According to the analysis in Ref. ([24], [25]), the
relationship between parameters A, B, κρ and κη in the
total free energy F can be given as :

γs f =
√

2
6
√

κρ +κη

√
A+7B

γgb =
2√
3

√
Bκη

δgb =
√

4κη

3B

or



A = 12 γs f
δs f

−7 γgb
δgb

B =
γgb
δgb

κρ = 3
2 γs f δs f − 3

4 γgbδgb

κη = 3
4 γgbδgb

(9)
where γgb, γs f , δgb and δs f are the grain boundary energy,
surface energy, grain boundary width, and surface width,
respectively. These parameters are related to materials’
properties, and their values are listed in Table 1. Normally,
we assume δgb = δs f as 2 nm. The order parameter scalar
mobility L in Equation (4) can be defined as[26]:

L =
ϑgbγgb

κη

(10)

All model parameters we need are calculated and listed
in Table 2.

All simulations were performed based on the physics-
controlled mesh, with the element size set to "Finer"
or better. Zero flux boundary conditions were applied
at all four boundaries. The Time-Dependent study type
with default settings was selected, and the implicit solver
type and the default convergence criterion were adopted.
The time step is 0.1 s, and different simulation durations
are set according to specific cases. After the run, the
concentration field is visualized.
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f (ρ,η1..p) = Aρ
2 (1−ρ

2)+B

ρ
2 +6(1−ρ)∑

i
η

2
i −4(2ρ)∑

i
η

3
i +3

(
∑

i
η

2
i

)2
 (2)

Table 1. Materials properties for Ag

Propery Value Units Ref.
ϑgb 10−16 J m4 J−1 s−1 [27]
γgb 0.79 J m−2 [28]
γs f 1.14 J m−2 [29]
Qs f 3.84×10−19 J [30]
Ds f

o 100 m2 s−1 [30]
Qvol 3.15×10−19 J [27]
Dvol

o 0.67×10−4 m2 s−1 [27]
Dgb

e f f 0.1Ds f
e f f

Dvap
e f f 0.1Dvol

e f f

Table 2. Model parameters in sintering phase field simulation

A (kg/(nm · s2)) B (kg/(nm · s2)) κρ (kg/(nm · s2))
4.08 0.39 2.24

κη (kg/(nm · s2)) L (nm · s2/kg) γsf/γgb (J/m2)
1.19 6.64 1.44

C. Materials parameters

In this section, parameters related to the material’s
properties are determined. In Equation (3), D is assumed
to be:

D =Dvolϕ(ρ)+Dvap[1−ϕ(ρ)]+

Ds f ρ(1−ρ)+Dgb ∑
i

∑
i ̸=m

ηiηm. (11)

where Dvol is the bulk diffusivity, Dvap is the diffusivity of
vapour transport diffusivity, Ds f is the surface diffusivity,
and Dgb is the grain boundary diffusivity. The interpola-
tion function ϕ(ρ) is taken as ϕ(ρ) = ρ3

(
10−15ρ+6ρ2

)
.

The effective diffusivity obeys the Arrhenius equation:

De f f = D0e−
Q

kbT (12)

where T is the temperature, kb is Boltzmann constant,
D0 is a temperature-independent diffusivity and Q is the
activation energy. According to Table. 1 and Equation
(12), the effective diffusivity variation of Ag at different
temperatures can be calculated as shown in Figure 2.

3. Results and Discussions
A. Size effect

The two-particle model simulated in COMSOL is com-
pared with the result of the in-situ TEM experiment [31],
as shown in Figure 3. The diameter of the simulated
sintering neck length is smaller than the experimental
result. θ is the dihedral angle between two particles, and
it follows:

γs f = 2γgbcos
(

θ

2

)
. (13)

As measured, the dihedral angle in Figure 3(b) is 76o.
According to Equation (13), γs f /γgb is 1.576, higher

Figure 2. Effective diffusivity of Ag at different temperatures.

(a) (b)

Figure 3. Stable sintered neck formed at 400oC of 40 nm particles in
in-situ TEM of Ref.[31] (a), and that in phase field simulation (b).

than the preset value 1.44 in Table 2, which due to the
gap between the adopted diffusivity at 400oC and the
experimental data.

To investigate the size effect, we simulated the sintering
process of the two-particle model with different diameters
(20 nm, 40 nm, 80 nm) at 400oC as shown in Figure
4, and the changes of the sintering neck is recorded in
Figure 5. The sintering neck X forms rapidly in the early
stage of the sintering and increases slowly. At the same
temperature, the larger the particle diameter D, the smaller
the X/D ratio.This is because larger particles have smaller
specific surface areas and require larger sintering driving
force [5].

B. Temperature effect

The stable sintering neck of 20 nm particles at different
temperatures(200 oC, 300 oC, 400 oC) are shown in
Figure 6. The values of four diffusivities at different
temperatures are listed in Table 3. The surface diffusivity
of particls increases by 2 to 3 orders of magnitude when
the temperature increases by 100 oC. It can be found that
for particles of the same size, higher temperatures provide
a higher diffusivity to promote the growth of the sintering
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(a) (b) (c)

Figure 4. Stable sintered neck formed at 400oC of (a)particles with 20 nm diameter, (b) 40 nm diameter, and (c) 80 nm diameter.

Figure 5. Changes of sintering neck for different particle diameters.

(a) (b) (c)

Figure 6. Stable sintered neck of particles with 20 nm diameter (a) sintering at 400oC, (b) 300oC, and (c)200oC.

Table 3. The effective diffusivity for Ag at different temperatures

Temperature
(oC)

Surface Diffusivity(
nm2/s

) Volume Diffusivity(
nm2/s

) Grain Boundary(
nm2/s

) Vapour Transport(
nm2/s

)
200 6.770×10−4 9.991×10−6 6.770×10−5 9.991×10−7

300 1.066×10−1 6.339×10−4 1.066×10−2 6.339×10−5

400 21.1 0.127 2.11 0.0127

neck, following the Arrhenius relationship.

C. Unequal-size particles

By adjusting the Geometry and increasing the model’s
dimensions in COMSOL, the two-particle model can be
flexibly extended to the unequal-size particle model, the
multi-particle model, and even the 3D sintering model.

In this unequal-size particle model as Figure 7, the
original diameter of one particle is 20 nm, and the other
is 10 nm. However, the two particles didn’t melt into one
circle particle. We attempted to consider the influence of
the particle surface layer (thickness 1 nm) when modeling,
as shown in Figure 7(b), but the result is the same as that
not adding a surface layer. According to the literature, the

(a) (b)

Figure 7. Stable sintering neck of two unequal-size particles. (a) No
surface layer. (b) A 1 nm surface later.

reason could be the effect of surface projection tensor or
not considering the rotation of particles during sintering
[16], [17]. In future work, adjusting effective diffusivity
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(a) (b)

Figure 8. Stable sintering neck of (a) four-particle model, and (b) multiparticle model.

Figure 9. 3D two-particle model of sintering phase field simulation.

and considering particle rotation are solutions worth ex-
ploring.

D. Multiparticles

As for the multi-particle model as shown in Figure 8(a),
we added order parameters describing the type of particles,
so that the dependent variable of this model is expanded
to u = [µ,ρ,η1,η2,η3,η4]

T . Here, the diameter of all
four particles is 20 nm, and the sintering neck is formed
between two adjacent particles similar to that in the two-
particle model as shown in Figure 4(a). It is not necessary
to use a separate order parameter description for each
particle. As shown in Figure 8(b), disconnected particles
can also be described by the same order parameter, which
in more complex models would mean that they have the
same physical properties, such as crystal orientation or
direction of translation or rotation. This can be seen as
an advantage of the phase field method to simulate multi-
particle systems flexibly.

E. 3D sintering model

Here, the two-particle model was extended to simulate
the sintering process of 3D particles at 400 oC, as shown
in Figure 9. All material parameter settings are consistent
with the 2D two-particle model. The diameter of the 3D
particles is 20 nm. In the 3D model, the section along the

particle diameter shows the same sintering neck length as
Figure 4(a).

4. Conclusions

This study demonstrates the potential and limitations
of implementing the phase field method by the general
form PDE Module in COMSOL to simulate the sin-
tering process of Ag nanoparticles. The size effect and
temperature influence on the sintered microstructure are
discussed using a two-particle model. And more complex
multi-particle sintering models and 3D sintering models
were implemented. We found that many factors affect
sintering simulation, including particle geometry (equal
or unequal), selected material property parameters (diffu-
sivity, γs f /γgb ratio), and phase field model parameters (A,
B, L, κρ and κη).

At present, this model has not introduced the influence
of particle translation and rotation during the sintering
process. Moreover, we believe that it is worth discussing
whether there are differences in microstructure evolution
between 2D and 3D models. Further verification of the
simulation through in-situ sintering experiments and pa-
rameter optimization is also advocated to provide a more
accurate microstructure evolution, which will contribute
to the development of Ag sintering materials and process
optimization.
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