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A hybrid submicroscopic-microscopic traffic flow
simulation framework

Freddy Antony Mullakkal-Babu, Meng Wang, Member, IEEE, Bart van Arem, Senior Member, IEEE,
Barys Shyrokau, and Riender Happee

Abstract—Current lane-based microscopic traffic simulators
combine car-following and lane changing logic to describe the
(often discrete) lateral vehicle motion on multi-lane road seg-
ments. However, the simulated lateral trajectories are physically
unplausible and inside-lane behavior such as lane-keeping and
curve negotiation cannot be modelled. In this work, we integrate
lateral vehicle dynamics and yaw motion into a traffic simulation
framework, aiming to describe lateral motion and vehicle inter-
actions with more precision. The resulting framework consists of
two coupled layers, an upper tactical level that plans maneuvers
such as lane-changing; and a lower operational layer with a
control module (steering and acceleration control) that operates
in a closed loop with the bicycle model of vehicle dynamics.
The feedback mechanism between the layers allows for dynamic
trajectory re-planning. Unlike the microscopic traffic models,
the proposed framework accounts for lateral vehicle dynamics
and yaw motion; provides additional variables such as vehicle
heading and front wheel steering angle; and is hence termed as
submicroscopic. Case study results demonstrate the power of the
framework to include lateral maneuvers such as curve negotia-
tion, corrective steering, lane change abortion and fragmented
lane changing. The framework was operationalized to model
multi-lane traffic flow consisting of human-driven vehicles. At
the macroscopic level, the traffic flow simulation can reproduce
phenomena such as capacity drop. Thus the framework preserves
the properties of the component models and at the same time
describe the continuous 2-D planar movement of vehicles.

Index Terms—Traffic model, submicroscopic, microscopic, hy-
brid, multilane.

I. INTRODUCTION

M ICROSCOPIC traffic models aim to describe the move-
ment of individual vehicles in traffic. Microscopic

models for longitudinal vehicle dynamics mostly use follow-
the-leader logic. Such models describe the longitudinal vehicle
motion as an outcome of dynamic interaction with the pre-
ceding vehicles [1]. They have been applied to analyze the
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properties of single-lane traffic flow such as motorway capac-
ity and platoon stability. In a multi-lane traffic environment,
vehicles perform a planar motion (longitudinal, lateral and yaw
motion). Therefore a longitudinal model must be combined
with a counterpart lateral model to describe maneuvers such
as lane-changing and lane-keeping. Microscopic models of
lateral movement mostly focus on the lane change decision
(LCD). LCD models describe the decision-making process as
an outcome of interactions with ambient traffic and driver's
intrinsic preferences [2], [3]. A typical microscopic traffic
simulator for multi-lane traffic integrates a longitudinal car-
following model and a lateral lane-change decision model
to generate 2-D vehicle trajectories. It employs a simplified
vehicle model to efficiently simulate a large number of ve-
hicles necessary to test traffic management strategies and to
evaluate the traffic flow impacts of longitudinal automation
systems such as Adaptive Cruise Control. The simplified
vehicle models employed by microscopic simulators, how-
ever, do not necessarily yield plausible trajectories of lateral
maneuvers, during which the dynamic constraints of vehicle
motion come to play. Considering that the lateral maneuvers
such as lane changes are frequently observed on multi-lane
motorways, realistically modeling them is relevant to ensure
accurate results, especially regarding traffic safety [4], [5].

The simplified representation of lateral vehicle dynamics
reflects four methodological deficiencies. Firstly, an explicit
vehicle model is not included in the modeling framework;
instead, the driver and vehicle are treated as a single unit [6].
Hence, such simulators do not ensure that the driver-vehicle
unit respects the nonholonomic constraints of the vehicle
motion [4]. Moreover, they do not differentiate the motion
behavior of vehicles based on physical properties such as mass
and inertial properties. The second deficiency is the absence
of a steering angle which is an essential control variable
for lateral maneuvers such as lane-changing. Alternatively,
most of the simulators interpolate the lateral vehicle position
during the lane change event, which is typically treated as
an instantaneous event [7] upon which the vehicle jumps
from one lane to the other or as a fixed-duration process
within which the vehicle achieves a lateral displacement [8],
[4]. Considering that the number of positive lane change
decisions depends explicitly on the simulation time-step and
the lane change duration, this approach can influence the
number of simulated lane changes. Moreover, this treatment
regards lane-changing as an open-loop process. Once a lane
change decision is made, neither the lane change decision
nor the movement is re-evaluated. On the contrary, behavioral
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studies on human-steering control report that lane changing is
a closed-loop process in which drivers use visual feedback to
regulate the steering operation [9], [10]. The major problem
with this approach, however, is that the dependency between
lateral and longitudinal vehicle state variables is not accounted
for.

The aforementioned deficiencies restrict or detriment the
applicability of such simulators for safety assessment of traffic
involving lateral vehicle maneuvers. Safety metrics such as
the surrogate safety measures are directly quantified from the
simulated trajectories [4], [5]. If the trajectories are unrealistic,
the safety assessments are prone to be inaccurate. Besides, lat-
eral maneuvers such as aborted lane changing and interrupted
lane changing cannot be described by existing microscopic
simulators, as they involve feedback between the steering
operation and the lane change decision. Inaccurate modeling
of lane changes can detriment the validity of estimation of
lane change-induced impacts. Moreover, current microscopic
simulators, which lack a steering angle description, do not
allow direct modeling of steering controllers and are not
suitable to assess their impacts.

Recently, modeling frameworks that integrate an explicit
vehicle dynamic model with microscopic models have been
proposed. Due to their detailed description of vehicle dy-
namics, they are known as submicroscopic or nanoscopic
models [1], [11]. Compared to microscopic simulators, sub-
microscopic simulators improve the realism of simulated tra-
jectories. Kumar et al. [12] proposed a multi-level modelling
framework based on bond-graphs incorporating detailed lon-
gitudinal dynamics. Dedes et al. [13] proposed a framework
that integrates the vehicle dynamics and GNSS-INU errors.
Moreover, PELOPS [14] is a commercial software package
that allows detailed modeling of longitudinal dynamics. Such
submicroscopic models, however, do not explicitly model
vehicle dynamics in the lateral maneuver. So et al. [4]
proposed an approach to generate more realistic lateral ma-
neuver trajectories. In this approach, targeted for traffic safety
assessment, lateral trajectories from a microscopic model are
post-processed by a high-fidelity commercial vehicle model
[4], [15]. However this approach is not adequate to analyze
the effects of lateral maneuvers on traffic flow characteristics.
Kaths et al. [16] proposed a co-simulation framework wherein
a single test vehicle is modeled by a high fidelity commercial
vehicle model, and the surrounding vehicles are simulated by
the microscopic model. None of the reviewed works attempts
to model the multi-lane traffic flow wherein all the simulated
trajectories respect vehicle dynamic constraints.

The objective of this work is to propose and operationalize a
framework to model multi-lane traffic flow with 2-D trajectory
descriptions of vehicles by integrating driving-task-specific
models (decision-making and operation) with an explicit ve-
hicle model. Such a framework is envisioned to improve
the accuracy of traffic safety assessment. The framework
adopts a modular architecture to allow implementing and
testing of independent models specific to various driving sub-
tasks. This paper focuses on modeling human-driven vehicles,
while future publications will address mixed traffic with hu-
man driven and automated vehicles. The resulting framework

consists of two coupled layers: an upper tactical level that
generates dynamic maneuver plans; and a lower operational
layer with explicit control module (front road-wheel steering
and acceleration control) that operates in a closed loop with the
bicycle model of vehicle dynamics. The simulator employs a
hybrid scheme to reduce the computational load. To enhance
computational efficiency, it activates the maneuver planning
and steering control only during lateral maneuvers such as lane
changing and curve negotiation, and performs as a microscopic
simulator otherwise.

In this work, we propose a means to integrate lateral vehicle
dynamics into the traffic simulation framework. In comparison
to the typical simulation approaches, the presented framework
has three advantages: 1) by incorporating the bicycle model for
lateral dynamics in traffic simulation, the proposed framework
captures the effects of vehicle model parameters on lateral
dynamics and yaw motion and thereby improves the realism
of the simulation 2) the framework can model a wider set
of vehicle maneuvers: the steering control module allows
modelling curve negotiation, corrective steering; and closed-
loop interconnection between tactical and operational layer
allows modelling aborted and fragmented lane changes 3) the
submicroscopic variables such as front road-wheel steering and
vehicle heading angle allow examinaing the feasibility of the
behavioral sub-models.

The mathematical formulations of the framework are pre-
sented in Section II and the framework is operationalized
using existing behavioral models in Section III. The integrated
performance of the framework and the results of traffic flow
simulations are presented in Section IV. The limitations and
possibilities of the framework are discussed in Section V, and
finally, the conclusions are presented in Section VI.

II. MODEL FRAMEWORK

In order to meet the research objective the framework design
should meet three requirements: 1) it should be generic to
include human-driven and automated vehicles; 2) it should be
modular to allow testing of multiple models that independently
focus on specific driving tasks, such as lane change decisions
or car following; 3) it should be able to describe front road-
wheel steering and acceleration variables subject to vehicle
dynamics.

A. Framework

The framework consists of two coupled layers: an upper
tactical plan layer and a lower operational control layer as
shown in Figure 1. The constituent layers were conceptually
proposed by Michon et al. [17]. The proposed framework
complements the conceptual framework by laying a solid
mathematical foundation that operationalizes on-road driving
tasks accounting for feedback in and between different lay-
ers. Besides, this framework is consistent with the decision
and control system architecture applied for highly automated
vehicles [18] and therefore satisfies requirement 1.

To meet requirement 2, the framework adopts a modular
architecture. The influence of strategic plans such as route
and destination choices is beyond the current research scope
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and therefore the strategic plan layer is omitted. The upper
tactical layer generates dynamic decisions and plans pertaining
to the vehicle maneuvers. For the longitudinal driving task, the
tactical layer sets the parameters such as desired velocity and
desired time headway to desired values. The dynamic decision
pertaining to lateral maneuvers is the desired lane which is
generated by the desired lane module. The vehicle performs a
lane change maneuver if a lane other than the current lane is
desired. In this case, the reference trajectory module generates
the reference plan to facilitate the lane-changing maneuver.
This can be a static plan over a time horizon or a dynamic plan
updated at each time step. For lane-changing, the horizon is in
the order of few seconds (typically < 10 s). Additionally, the
tactical commands governing the lane change should ensure
the safety of a prospective lane change. Most of the behavioral
lane change decision models serve this purpose as they include
a safety check prior to accepting a gap in the desired lane. In
automated vehicles, this safety check is typically performed
by the reference trajectory module.

The operational layer generates control commands (i.e.
acceleration and front road-wheel steering angle), respecting
the tactical decisions, to operate the vehicle along the reference
trajectory. This layer consists of a steering control module
and an acceleration control module which generates the front
road-wheel steering and acceleration commands respectively,
thereafter the vehicle state is updated subject to the dynamic
behavior described by the vehicle model module. The opera-
tional control commands are usually updated at the fraction
of one second, a frequency much higher than the tactical
layer decisions. The tactical and operational functions will be
specifically formulated later in this section.

Fig. 1: Framework for hybrid submicroscopic-/microscopic
simulation, the red box indicates the scope of this work

In this framework, the information is circulated between

the two control layers and the vehicle system (represented by
the system dynamic model) in order to model the revisions in
maneuver plans, eg, trajectory replanning or aborting a lane-
change. The tactical plan is updated at a time-step ∆tu and
the operational actions are updated at time-step ∆tl such that
∆tu ≥ ∆tl. The kinematic states and properties of ambient
traffic entities such as vehicles, road markings, and road
characteristics enter the framework as environmental inputs
at the tactical and operational layers.

The presented framework differs from most microscopic
frameworks on two aspects: 1) the existence of an explicit
vehicle model and steering control, 2) the existence of a feed-
back mechanism between the tactical and operational layers.
The component modules in the framework allow modeling
the lateral and longitudinal dynamics and yaw motion of
individual vehicles in multi-lane traffic flow. Even though the
two-layered structure is a well-known conceptual framework,
in this contribution, we establish the component modules and
construct the relationship between the component modules.
This allows the modeling of driver-vehicle behaviors that
cannot be captured in the microscopic framework such as
dynamic trajectory planning and maneuvers such as curve
negotiation, corrective steeting, fragmented lane change and
lane change abortion. We demonstrate the operations of the
framework as a prototype simulator for human-driven vehicles.

B. Vehicle Model

In this section, we specify the vehicle model used in
the framework. The vehicle motion is modeled as a loosely
coupled combination of two linearized models describing the
longitudinal; and lateral and yaw motion.

1) Model for Longitudinal Vehicle Dynamics: Let (x) de-
note the longitudinal position of the vehicle based coordinate
system as shown in Figure 2, then its longitudinal dynamics
can be expressed as

mẍ = FT − FA − FG − FD (1)

where m denotes the physical mass of the vehicle, FT denotes
the traction force, FR denotes the aerodynamic drag, FG
denotes grade resistance and FD denotes the mechanical drag.
The longitudinal dynamics expressed in (1) can be modeled
in a linear form by employing exact linearization. We refer
to [19] for its detailed mathematical derivation. The following
set of differential equations describe the linearized longitudinal
model

d

dt

 x
ẋ
ẍ

 =

 vx
ax

ux−ax
τ

 (2)

where vx denotes the longitudinal velocity and ax denotes
the actual longitudinal acceleration. The longitudinal motion
is controlled by the desired acceleration command ux. The
desired acceleration is executed with a lag: τ representing
the finite time needed by the engine actuators to generate
the desired acceleration. The physical limitations of vehicle
motion are implemented as a set of constraints: we model
strictly forward motion and feasible velocity limit by setting
0 < vx < vmax; we bound the acceleration representing
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the powertrain limitations and braking systems as −abrake ≤
ax ≤ aacc.

2) Model for Lateral Vehicle Dynamics: The classical dy-
namic ‘bicycle’ model [20] is chosen to model the lateral
vehicle dynamics. This linear time-invariant model has been
widely used in the design of steering controllers [21], [22] and
has been shown to demonstrate a good modeling accuracy
[23]. First, the equation for the translational motion of the
vehicle can be derived from Newton’s second law of motion
as follows

m
(
ÿ + ψ̇vx

)
= Fyf + Fyr (3)

where m denotes the mass of the vehicle. The inertial ac-
celeration of the vehicle's center of gravity in the y-direction
(see Fig. 2) is the algebraic sum of the acceleration ÿ along
the y-axis and the centripetal acceleration ψ̇vx; ψ is the
heading angle of the vehicle in the global X-Y coordinate
system. The two front wheels and the two rear wheels are
represented by a single front and rear wheel, and Fyf , Fyr
are the lateral tire forces of the figurative single front and
rear wheels respectively. The equation for yaw dynamics is
obtained by the moment balance about the z-axis as

Izψ̈ = lfFyf − lrFyr (4)

where Iz denotes the moment of inertia about the z-axis; lf ,
lr denotes the respective distances of the front and rear axles
from the center of gravity. The lateral tire forces in (3) are
approximated by linear functions of slip angles [20] as

Fyi = 2Ciαi, i ∈ {f, r} (5)

where f and r denote the front and rear axle respectively, Ci
is the cornering stiffness of lumped tires for the axle i, and
αi is the slip angle of lumped tire i. At small angles, αi can
be approximated as

αf = θf −
ẏ + lf
vx

, αr =
lr − ẏ
vx

(6)

where θf is the front road-wheel steering angle. The small an-
gle approximation is reasonable for typical highway operating
conditions. Substituting (5) and (6) into (4) and (3), the state
space model for lateral motion can be written as

Fig. 2: The two coordinate systems and the motion variables

ṡy = Asy + Bθf (7)

where

sy=


y
ẏ
ψ

ψ̇

 ,B =


0

2Cαf
m
0

2lfCαf
Iz



A =


0 1 0 0

0 − 2Cαf+2Cαr
mvx

0 −vx − 2lfCαf−2lrCαr
mvx

0 0 0 1

0 − 2lfCαf−2lrCαr
Izvx

0 − 2lf
2Cαf+2lr

2Cαr
Izvx


According to this model, the lateral vehicle position y and

the heading angle ψ is controlled by the front road-wheel
steering input θf .

C. Formulating Tactical Functions

In this section, we specify the tactical functions and for-
mulate models to represent them. Figure 3 depicts the tac-
tical planning process in the framework. The function of
the tactical layer is to generate the reference input vector
R =

(
vd, T d, ξ (t) , k(t)

)T
. The first two elements are lon-

gitudinal reference inputs: vd denotes the desired velocity
during unconstrained driving. The second input, T d denotes
the desired time gap with the preceding vehicle on the desired
lane σ∗. Here, vd and T d are dynamic variables that are revised
to describe the temporary behavioral changes. For instance,
vd is revised to reflect the change in speed limit or T d is
reduced to reflect acceptance of shorter time headways during
lane-changing. We select these two variables as the tactical
reference signals governing the longitudinal motion, as they
are commonly present in a wide range of phenomenological
car following models [24] and longitudinal control systems
such as Adaptive Cruise Control [25]. The third and fourth
elements are the lateral reference inputs. ξ (t) denotes the
direction of lane change i.e. {−1,−0.5, 0, 0.5, 1} := change
to the center of the left lane, move to left boundary, no
change, move to the right boundary, change to the center
of the right lane. Here, ξ (t) = ±0.5 represents the driver’s
decision to temporally pause the lateral maneuver by driving
roughly along the lane boundary. Such fragmented maneuvers
are executed by human drivers [26] and are applied as a lane
change strategy in highly automated driving systems [18]. For
human driven vehicles, the ξ (t) can be modelled by existing
lane change decision models, and their detailed review can
be found in [27]. k(t) denotes the curvature of the reference
trajectory plan as follows

k(t) =

{
kσ , if:ξ(t) = 0

k(t)∀t0 ≤ t ≤ t0 +D , if:ξ(t) 6= 0
(8)

where kσ is the curvature of the center line of the current lane,
σ; t0 is the current time, D is the lane change duration. The
models to describe the aforementioned tactical inputs will be
specified in Section III.
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Fig. 3: Flowchart of tactical planning

D. Formulating Operational Functions

The function of the operational layer is to generate front
road-wheel steering θf and acceleration commands ux. The
block diagram of the adopted control structure is shown in
Fig. 3. The control problem is divided into two subproblems
and we deploy two interconnected controllers to solve each
problem. The longitudinal controller generates the acceleration
command ux to track the longitudinal reference input and
lateral controller accounts for the velocity change induced
by the longitudinal control and generates front road-wheel
steering command to regulate the vehicle to track the reference
path specified by the reference curvature input.

Fig. 4: Control structure implemented in the framework

III. OPERATIONALIZATION OF THE FRAMEWORK
WITH BEHAVIORAL MODELS

In this section, we operationalize the framework to describe
trajectories of human-driven vehicles on a multi-lane road
stretch. Towards this, we select a set of established behavioral
models to be applied as component modules of the framework.

A. Models of Tactical Functions

This section details the chosen behavioral models to de-
scribe tactical reference inputs.

1) Longitudinal Parameters: The two tactical inputs gov-
erning the longitudinal dynamics are: vd denoting the desired
speed and T d denoting the desired time headway. The value
of vd is fixed for each driver and is bounded by the maximum
feasible speed vmax. Similary, T d is a fixed value, and is
temporarily adjusted during a mandatory lane change. During
a mandatory lane change, the lane-changing vehicle (c) and
the following-vehicle on the target lane (f) accepts a shorter
headway to facilitate the lane change and subsequently relaxes
to the normal headway within a finite time horizon [28]. In
this work, the variation of T d during the relaxation horizon is
modelled as a linear rise [2].

2) Lane Change Decision: The lane change decision is
described by the model: Minimising Overall Braking Induced
by Lane changes (MOBIL). The model description and vali-
dation can be found in [3]. This model specifies compact rules
that govern the lane-change decisions of human drivers. This
model derives the utility and risk of a lane change from a car-
following model and is compatible with a wide range of car-
following models. This model accounts for the car-following
acceleration of three vehicles: the lane changing vehicle c,
follower vehicle in the current lane o and potential follower
in the target lane f . In this model, the utility of a lane change
is defined as

U = Ãc −Ac + p
[
Ãf −Af + Ão −Ao

]
(9)

where Ac is the acceleration of c in the current lane and Ãc is
its acceleration after the prospective lane change. Similarly, the
current and prospective accelerations of the original follower
o and potential follower f are included in the model. The
parameter p denotes the politeness parameter representing the
degree of cooperation while considering a lane change: p = 0
implies egoistic behavior without considering the implication
to neighboring vehicles and p > 1 implies an altruistic one.
The lane change decision is then made based on the following
rule

ξ (t) =


+1 : Uright > ∆Ath −Abias & Uright ≥ Uleft
−1 : Uleft > ∆Ath +Abias & Uleft > Uright

0 : otherwise
(10)

where Abias implements the keep-right directive on lane usage,
Ath the threshold of overall acceleration gain.

3) Reference Plan for a Lane Change Trajectory: In order
to generate k(t) when ξ(t) 6= 0, a reference trajectory planner
should be deployed. Since the tactical layer operates in a
closed loop with the operational layer, the reference trajectory
plan should allow dynamic updates. We use a time-based
polynomial function to formulate the reference trajectory.
This function has been used to formulate reference plans in
automated lane change control systems [22]. The reference
trajectory is planned as an independent time series of the



6

vehicle global lateral and longitudinal positions as follows

Y (t) = a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t+ a0
X(t) = b2t

2 + b1t+ b0
(11)

The reference lateral trajectory is chosen to be a quantic
polynomial as it allows a continuous curvature and is dif-
ferentiable to the third degree. The reference longitudinal
trajectory is chosen to be a quadratic polynomial so as to
represent the constant longitudinal acceleration generated by
the longitudinal controller. The above functions include nine
unknown coefficients which can be determined by solving
for the boundary conditions of the lane change process in
(12), thereby smoothly connecting the preceding and following
driving period.

X (t) = X0, Ẋ (t) = VX,0, Ẍ (t) = AX,0

Y (t) = Y0, Ẏ (t) = VY,0, Ÿ (t) = AY,0

Y (D) = YD, Ẏ (D) = 0, Ÿ (D) = 0

(12)

where X0, VX,0, AX,0 are the current global longitudinal po-
sition, velocity and acceleration; Y0, VY,0, AY,0 are the current
global lateral position, velocity and acceleration; YD is the
final lateral position and D is the remaining time duration to
complete the lane change. Applying the boundary conditions
in (14) to (13), the nine unknowns can be formulated as
a function of D and YD. The curvature of the reference
trajectory can be derived as a function of time as follows

k(t) =
Ÿ (t)Ẋ(t)− Ẍ(t)Ẏ (t)

Ẋ(t)
3

(
1 +

(
Ẏ (t)

Ẋ(t)

)2) 3
2

(13)

The tactical variation in desired lane change direction ξi (t)
governed by (10) will be reflected in YD as follows: YD(t) =
Yσ+Wξi(t), where Yσ is the lateral position of the centerline
of the current lane, σ; W is the lane width; and as we model
lane changes as fixed duration maneuvers, we set D = D− t.

4) Lane Change Duration: The duration of each lane
change event is treated as a variable that is derived from the
traffic conditions at the start of the lane change. We choose
the model proposed by Toledo and Zohar [29] to describe
the lane change duration of a vehicle. This model guarantees
a non-negative lane change duration but does not constrain
its maximum value. Therefore, the lane change duration is
restricted to maximum value Dmax

D̄n = min(eβEn , Dmax) (14)

where En denotes the vector of explanatory variables includ-
ing traffic density and relative kinematic states of the subject
vehicle with respect to the follower and leader in the target
lane. β is a vector consisting of the weights assigned to each
explanatory variable.

B. Models of Operational Functions

This section details the chosen behavioral models to de-
scribe the acceleration and front road-wheel steering com-
mands.

1) Acceleration Control: To describe the acceleration con-
trol of human drivers, we employ the behavioral model:
Intelligent Driver Model [30] with descriptive parameters. The
IDM acceleration of a vehicle is a continuous function of space
gap and velocity difference of n with the preceding vehicle
n− 1.

ux = a

1−

(
Ẋn

vd

)4

−

(
s∗(Ẋn,∆Ẋn)

sn

)2
 (15)

where a denotes the maximum acceleration, vd is the desired
velocity obtained as the reference command , sn = Xn−1 −
Xn − L denotes the space gap, L denotes the length of the
n− 1, ∆Ẋ denotes the velocity difference of n with respect to
the preceding vehicle n−1 . s∗ denotes the desired minimum
gap as follows

s∗ = s0 + ẋT d +
ẋ

2
√
ab

(16)

where T d is the desired time headway that is obtained as the
reference sigal from tactical layer, s0 denotes the minimum
space gap, and b is the comfortable braking.

2) Steering Control: We choose a steering controller with
state feedback to describe the steering control [20], [31]. The
controller regulates the front road-wheel steering angle by
tracking the error: e described as follows

e =

[
e1
e2

]
∈ e1 = y − yref ; e2 = ψ − ψref (17)

where yref is the vehicle based lateral coordinate of the
reference trajectory (during lane changing) or the centerline of
the current lane (during lane keeping ), ψref is the reference
heading angle which is the angle between the horizontal axis
and the tangent of the reference path at y. The front road-
wheel steering signal is obtained by a state feedback vector
K in combination with a feedforward term θff providing
feedforward control of the desired curvature as follows:

θf = −Ke + θff (18)

where θff is derived from the steady state steering angle for
zero lateral position error as given in [20]. By inserting the
steering control law to the vehicle dynamics model in (7), we
can derive the closed loop state feedback system as:

d

dt
{e} = [Ac −Bc

1K] {e}+ [Bc
2] ψ̇ref + [Bc

1] θff (19)

where ψ̇ref is the reference yaw rate is derived from the
reference curvature command from (13) using the relationship
ψ̇ref = vxk. Ac, Bc

1, Bc
2 are the closed loop system matrices

parameterized by the vehicle static vehicle parameters as
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follows

Ac =


0 1 0

0 − 2Cαf+2Cαr
mvx

2Cαf+2Cαr
m

0 0 0

0 − 2lfCαf−2lrCαr
Izvx

2lfCαf−2lrCαr
Iz

0

− 2lfCαf−2lrCαr
mvx
1

− 2lf
2Cαf+2lr

2Cαr
Izvx



Bc
1 =


0

2Cαf
m
0

2lfCαf
Iz

 ,Bc
2 =


0

−vx − 2lfCαf−2lrCαr
mvx

0

− 2lf
2Cαf+2lr

2Cαr
Izvx


(20)

Applying the optimal state feedback vector K in (18) min-
imises the performance index J defined as

J =

∞∑
K=0

eT(K)Qe(K) + θTf (K)Rθf (21)

where J is a quadratic measure of future behavior with origin
as the target. Here, Q is the weight of deviation of the state
from the target and R is the weight of the control activity.
The optimal feedback K in (21) is derived from S which is
solution of the associated algebraic Ricatti equation by setting

K = R−1(Bc
1
TS) (22)

The solution of K in (22) is obtained by a Linear Quadratic
Regulator algorithm. The global coordinates of the vehicle can

be estimated as X =
t∫
0

vx cos(ψref )dt−e1 sin(e2+ψref ) and

Y =
t∫
0

vx sin(ψref )dt+ e1 cos(e2 + ψref ) [20].

IV. SIMULATION EXPERIMENT AND RESULTS
The framework and the selected formulations of the compo-

nent models of the prototype simulator were presented in the
previous section in a continuous time form. In this section, we
numerically implement the hybrid framework using discrete
time simulations. The tactical layer is updated at ∆tu = 0.1
s and the operational layer is updated at ∆tl = 0.01 s. To
reduce the computional load, the acceleration commands are
estimated at an interval of 0.1 s. We evaluate the performance
of the integrated framework and prototype traffic flow simula-
tion by two separate sets of simulation experiments performed
in MATLAB. In the first set, the modeling framework is
evaluated based on the simulation results of scenario case
studies consisting of few vehicles. In the second experiment,
the prototype is evaluated by simulating the human-driven
traffic flow comprised of 2000 vehicles on a two-lane freeway
section with an onramp bottleneck.

A. Evaluating the Modelling Framework
To verify the performance of the modelling framework, we

designed three test cases. First, we evaluate the sensitivity

of uncontrolled lateral vehicle dynamics towards the vehicle
model parameters. In the second test, we evaluate the steering
operation in two scenarios: curve negotiation and corrective
steering. Finally, in the third test, we evaluate lane change
trajectories including dynamic reference replanning such as
aborted lane change and fragmented lane change. The default
vehicle model parameters are set as follows: m = 1573 kg;
Iz = 2873 kg.m2; Cαf = Cαr = 80000 N/rad; lf = 1.1 m; lr
= 1.58 m. These values correspond to a passenger sedan [20].
The results are compared to a similar experiment reported in
[32].

1) Evaluating the Sensitivity of the Vehicle Model: Fig. 5
depicts the vehicle yaw dynamics under an initial steering
input θf = 0.1 rad. This illustrates the sensitivity of the
vehicle yaw dynamics to the vehicle parameters of mass, the
moment of inertia, the center of mass and velocity. An increase
in the mass of the vehicle reduces the steady-state yaw rate
and reduces its damping in transient response (see Fig. 5(a)).
Thereby, this model will represent heavier vehicles as less
steerable, which is intuitive. An increase in the moment of
inertia increases the settling time indicating a slower time
responses (see Fig. 5(b)). This behavior is also intuitive, for
example, sports cars are designed with a low moment of
inertia for faster time response. As the center of mass moves
toward the vehicle front, the time response is seen to be
quicker (see Fig. 5(c)). Finally, the forward velocity is a key
parameter that influences the vehicle handling (see Fig. 5(d)).
The steady-state vehicle yaw rate increases with an increase in
velocity until a critical point (around 40 m/s for the selected
vehicle parameters), and the steady state response decreases
with increase in the velocity beyond the point. The modeled
behavior is consistent with empirical observations and with
previous studies [32]. The selected parameters are capable
of modeling a representative vehicle operating at freeway
conditions.

2) Evaluating the Performance of the Operational Layer:
Inaccurate steering control is a major factor contributing to
single-vehicle accidents on motorway horizontal curves, and
corrective oversteering can lead to vehicle crashes [9], [33].
Even though this aspect has been being reported in accident
studies, conventional microscopic traffic simulation models are
incapable to capture them. In this context, we evaluate the
ability of the framework to model control related errors. In
this experiment, we simulate two distinct steering operational
tasks: curve negotiation and corrective steering. The tactical
reference vector for the curve negotiation is as follows vd =

30 m/s; k(t) =

{
0 ∈ 0 < t < 0.5
1/750 ∈ t ≥ 0.5

.

The change in reference curvature k(t) reflects the change
in road geometry: from a straight stretch to a horizontal curve
of radius 750 m when t ≥ 0.5 s. The initial vehicle state is as
follows: X(0) = Y (0) = 0;VX(0) = 30;VY (0) = 0;ψ(0) =
0; ψ̇(0) = 0.

The simulation results in Fig. 6 show that the operational
model is able to capture the control related error while
negotiating a horizontal curve. It can be seen, that negotiating
the curve at higher velocities induces a larger position error
(see Fig. 6(a)) and heading angle error (see Fig. 6(b)) defined
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(a) Model response to varying vehicle mass (b) Model response to varying moment of intertia

(c) Model response to shifting the center of gravity away
from the front wheel

(d) Model response to varying velocity

Fig. 5: Step response of the vehicle model with varying model parameters

(a) Heading error with varying velocity (b) Position error with varying velocity

Fig. 6: Simulated steering operation during curve negotiation
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(a) Heading error with varying initial heading angle (b) Position error with varying initial heading angle

Fig. 7: Simulated steering operation during corrective steering

in (17). Therefore, the modelled curve negotiations at high
velocity result in a larger tracking error, which is consistent
with the empirical observation that over-speeding is a common
characteristic underlying single vehicle accidents at motorway
curves [33], [34], [35].

The corrective steering is the maneuver undertaken when the
vehicle has (perhaps inadvertently) disoriented itself with the
road center line and has to steer back in order to realign with
the road centerline. Here, we consider a straight road stretch
and vehicle’s tactical reference input is vd = 30 m/s. The initial
state of the vehicle except for the heading angle (varied) is as
follows: X(0) = Y (0) = 0;VX(0) = 30;VY (0) = 0; ψ̇(0) =
0. The initial heading angle is varied from 0.1 to 0.5 rad.

The simulation results in Fig. 7 show that steering amplitude
and the settling time (see Fig. 7(a)) increase with initial head-
ing error. This is consistent with human corrective steering
performance examined in driving simulators [9].

3) Evaluating the Lane Change Simulation: The ability of
the framework to model lane changes, is evaluated by three
different scenario simulations resulting in different types of
lane change execution. All three scenarios involve a subject
vehicle (right lane), leader and preceding vehicles (left lane).

The first scenario describes a normal lane change to a slower
lane. Initially, the subject vehicle moves at 30 m/s and the
two neighbouring vehicles are at 20 m/s. The leader in the
target lane applies a constant deceleration of -1 m/s2 till 5 s.
Meanwhile, the subject vehicle initiates a lane change at 4 s,
simultaneously decelerating to follow the leader (see Fig. 8(a)
and Fig. 8(b)). It can be seen that the vehicle sucessfully
completes the lane change in the next 5 s (see Fig. 8(c)),
re-align with the target lane (ψ = 0 from 9 s in Fig. 8(e)), to
continue driving on it (see Fig. 8(d) and Fig. 8(f)).

The second and third scenarios describe an aborted lane
change and a fragmented lane change respectively. These ma-
neuvers present interesting examples of maneuver replanning
by human drivers [26]. To meet the objective of this test, we
define exemplary rule-based decision-making logic that allows

(a) (b)

(c) (d)

(e) (f)

Fig. 8: Simulated lateral and longitudinal dynamics during a
normal lane change to the slower lane
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(a) (b)

(c) (d)

(e) (f)

Fig. 9: Simulated lateral and longitudinal dynamics during an
aborted lane change

to abort or interrupt a pre-initiated lane change as follows

ξi (t) =

 ξi (t0) if : AX,i(t), AX,i+1(t) > A∗

0.5ξi (t0) if : AX,i+1(t) < A∗

0, if : AX,i(t) < A∗
(23)

where ξi (t0) is the desired lane change direction of the vehicle
i at the start of the lane change, i denotes the lane changing
vehicle, i + 1 and i − 1 denotes the rear and leading vehicle
in the target lane respectively. AX,i(t) is the acceleration
signal provided by the longitudinal controller of i to follow
i − 1, and AX,i+1(t) is the acceleration signal generated by
the longitudinal controller of i + 1 to follow i, A∗ denotes
the deceleration threshold which is set as -2 m/s2. The logic
of the rule (24) is as follows: if the longitudinal acceleration
input of both i and i + 1 remain in the comfortable range
( > A∗), then the lane change is sustained uninterrupted; if
longitudinal acceleration input of i + 1 drops lower than the
comfortable range ( ≤ A∗) at some point, then i temporarily
pauses the lateral maneuver and waits for i + 1 to cooperate
by decelerating, and proceeds with the lateral maneuver when
the demanded AX,i+1(t) is comfortable; if the longitudinal
acceleration input of i drops lower than the comfortable range
at some point, the maneuver is aborted and i returns to its

(a) (b)

(c) (d)

(e) (f)

Fig. 10: Simulated lateral and longitudinal dynamics during a
fragmented lane change

original lane. Besides, when the lane changing is temporarily
paused, i.e. ξi(t) = ±0.5, the D has to be extended to
D
∗

in order to accommodate the intermediate delay, where
D
∗

= D + tp . Here tp denotes the intermediate pause time.
In the second scenario, we consider an aborted lane change.

Initially, all three vehicles move at 30 m/s. The leading vehicle
in the target lane applies an abrupt deceleration of -4 m/s2

starting after 10 s (see Fig. 9(a) and Fig. 9(b)). The subject
vehicle initiates the lane change at 11.5 s; however, as its
longitudinal acceleration drops below A∗ at 12.7 s (see red
dotted line in Fig. 9(a)), its tactical layer commands to abort
the lane change based on (23) and consequently swerves back
to the original lane. Fig. 9 shows the detailed description of
the maneuvre provided by the proposed framework. It can be
seen that the vehicle moves back to the original lane (see
Fig. 9(c)), and re-align with the original lane (ψ = 0 from
15 s in Fig. 9(e)), to continue driving on it (see Fig. 9(d)
and Fig. 9(f)). In a typical microscopic simulator, the lane-
changing vehicle moves with constant lateral velocity of 1
m/s without dynamic maneuver replanning. This would result
in the blue-dashed trajectory in Fig. 9(c). It can be seen that
without maneuver replanning, the simulation outcome of this
situation would be different, and the lane-changer would end



11

up in the target lane. Moreover, the lateral acceleration along
this trajectory is discontinuous at the start and endpoint of the
lane-changing due to a step-change in lateral velocity.

In the third scenario, we consider fragmented lane changing.
Initially, all three vehicles move at 35 m/s. Initially, the leader
applies constant deceleration of -1 m/s2 till 10 s and thereafter
applies an acceleration of 1 m/s2. Additionally, we set the
following vehicle acceleration as 0 m/s2 till 10 s, implying
that it does not react to the decceleration of the subject vehicle
till that point. Thereafter its longitudinal controller is engaged
and it begins to follow the subject vehicle (see Fig. 10(a) and
Fig. 10(b)). Meanwhile, the subject vehicle initiates the lane
change at 10.5 s. As the desired acceleration of the follower
is below A∗, its tactical layer commands a temporary pause in
lane change based on (23). After a pause of 3.3 s, the desired
acceleration of the follower is above A∗ at 13.7 s (see red
dotted line in Fig. 10(a)), and the tactical layer commands to
resume the maneuver to the right lane based on (23). Fig. 10
shows the detailed maneuver description. It can be seen that
the vehicle reaches the target lane (see Fig. 10(c)), aligns with
the target lane (ψ = 0 from 18 s in Fig. 10(e)) and continues
driving on it (See Fig. 10(d) and Fig. 10(f)). Fig. 10(c) shows
the simulation of this situation without maneuver replanning.
As the time consumed by the intermediate pause cannot be
modelled, the lane changer ends up in the target lane earlier,
similar to a continuous lane change.

B. Evaluating the Prototype Traffic Flow Simulation

In this section, we evaluate the prototype traffic flow sim-
ulation specified in section III. To this end, a two-lane road
section of 9.2 km long with open boundary conditions was
simulated. The inflow at the upstream boundary was kept
constant at 1,600 vehicles/h/lane. The lane width is 3.5 m, a
standard for Dutch motorways. Furthermore, the road stretch
consists of an on-ramp (merging length 200 m) at the location
x = 7.2 km with a constant inflow of 800 vehicles/h. In
order to simplify the analysis, we omit heavy vehicles in
the simulation which can introduce distinct effects on traffic
flow characteristics. As specified in section III, the modules in
the prototype traffic flow simulation are described by existing
behavioral models, which have been empirically validated. The
prototype does not include models for aborted and fragmented
lane changes. The simulation period is 1800 s. The parameter
values used in the simulation are listed in Table 1. The vehicle
parameter values are the same as detailed in section IV. A.
To reduce the computational load, the prototype traffic flow
simulation, employs a hybrid scheme, wherein the trajectory
planning and steering control modules (updated at a high
frequency of 0.01 s) are activated only when a lane change
is initiated, otherwise, it functions as a normal microscopic
simulation.

1) Macroscopic Variables: Fig. 11 shows the simulated
macroscopic flow characteristics. The flow and density were
calculated using Edie’s definitions [36] for a stretch of 1 km
and time interval of 30 s. The diagram captures well known
macroscopic traffic flow properties. Fig. 11 shows both the
free flow regime and congested traffic state. It can be seen

Fig. 11: Macroscopic traffic flow with varying density

that the traffic on the road stretches downstream (green dots
in Fig. 11) and further upstream of the bottleneck (green
circles in Fig. 11) are in a free flow state. The stationary
congested traffic occurs around the bottleneck and stop and go
waves propagate upstream with a velocity of -14 km/hr. This
is observed in road stretches in the upstream vicinity of the
bottleneck (black dots and circles in Fig. 11). The transition
from free flow state to congested state occurs approximately
at 20 veh/km, which can be considered as the critical density.
The values of stop and go wave velocity and critical density
are consistent with empirical observations [24]. It can be
seen in Fig. 11 that near the maximum flow the points are
arranged in the shape of an inverse λ, implying the existence
of both free and congested states around the critical density.
The corresponding reduction in the maximum flow is around
10% and is consistent with the empirical observations of 5 -
20% [37], [24].

2) Microscopic and Submicroscopic Variables: The vehicle
trajectories near the onramp section are shown in Fig. 12.
The simulation resulted in 1178 lane changes. It can be seen
that the number of lane changes increases in the vicinity of
the onramp entrance (7000 - 7200 m). The number of lane
changes is relatively higher on the road segment immediately
downstream (7200 - 7500 m) of the bottleneck, caused by
vehicles moving to the right lane after the bottleneck. This
could be the result of right lane bias implemented in the
lane change decision model. The number of lane changes is
relatively lower on the road segment further away from the
merge (7500 - 8500 m) as the traffic here is predominantly in
the free flow state (see Fig. 11).

Fig. 13 shows the distribution of steering angle with varying
longitudinal velocity. It can be seen that at high-velocity
regimes the front wheel steering angle remains within ±10◦

and at lower velocity, distribution of steering angles scatters
to higher value. These outliers shall be addressed in future
model versions.

V. DISCUSSION
We presented the framework to model human-driven traffic

flow by operationalizing the component modules with existing
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Fig. 12: Simulation results; blue lines indicate vehicle trajectories and black lines indicate lane boundaries

Fig. 13: Distribution of front wheel steering angle with varying
longitudinal velocity

behavioral models. The longitudinal vehicle dynamics was
described using the IDM car-following model, which has been
empirically validated [30]. In order to preserve the properties
of the behavioral car-following model, the actuator lag τ was
set to zero. This parameter may be assigned a finite value
to represent the vehicle motion by automated acceleration
controllers such as Adaptive Cruise Control [25], [38].

Few lane change trajectories in the simulation were found to
be infeasible, i.e θf > ±70◦. These trajectories were observed
when the longitudinal velocity dropped to 0 - 1 m/s. Since
the safety concerns at this velocity range are marginal, such
lane change trajectories were overridden with linear interpo-
lations of lateral positions during the lane change duration. A

possible reason is that the lane change duration used in the
reference plan is estimated from a behavioral model that does
not explicitly account for the trajectory feasibility. Moreover,
the steering commands were not explicitly constrained. This
highlights the necessity for further empirical research on path
planning by the human drivers at such low velocities.

The present framework could be improved by adding be-
havioral parameters characterizing the human drivers such as
(variable) response time and perception error [39]. Van Lint
et al. [40] proposed a theory to model the perception and
response processes at tactical and operational layers. They
implemented this theory for car-following dynamics. Zheng
et al. [41] modeled the changes in car-following behavior
induced by lane changing. The presented framework describes
lateral interactions during lane-changing. However, to describe
interactions over a longer horizon such as during weaving
and merging maneuvers in congested traffic [7], [2]. Such
interactions can be incorporated in the framework by extending
the planning horizon and reformulating the tactical planner
with corresponding models.

Even though detailed trajectory descriptions are beneficial
for traffic applications, the high computational demand is a
major obstacle to its real-time application. In this study, we
reduced the demand by employing a hybrid scheme, wherein
the high-frequency update was only performed during lane
changing. Besides we selected linear models for lateral and
longitudinal dynamics. Thereby, the simulator could operate
at real-time speed (run-time = 1 s, meaning that the simulator
takes 1 second to simulate 1 second of traffic flow) with up
to 100 active vehicles on the road. The run-time increased
to 5 s with 440 active vehicles and further up to 10 s
with 900 active vehicles. The run-time can be lowered by
operating the simulator in a parallel or distributed computing
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system. Another possible step is to restrict the submicroscopic
simulation to complex segments such as crossroads or merging
sections.

In this study, the parameters of the component models were
selected from their original papers. However, the parameters
should be calibrated based on the simulator application. The
level of detail to be considered in the calibration should
depend on the objective of the analysis. In a safety assessment
study, the surrogate safety metrics are extracted directly from
the simulated trajectories and therefore the calibration might
be restricted to microscopic variables [5]. High resolution
trajectory datasets such as the one by Wagner et al. [42]
provide opportunities for such calibration attempts. On the
contrary, if one is interested in the performance evaluation
of a steering control system, then the parameters related to
submicroscopic variables should be calibrated.

The presented simulation framework has several potential
applications: 1) Assessing the safety impacts of driving ap-
plications such as Automated Lane-Changing Systems and
Automated Lane Keeping Systems. This can be done by
formulating the tactical planner and operational control with
respective modules of the systems. 2) Investigating the effects
of lateral vehicle control on traffic characteristics, such as the
capacity drop at motorway horizontal curves. This can be done
by operationalising the steering control module with a human
steering model which can be developed from driving simulator
experiments [9]. 3) Examining the relationship between road
design parameters and traffic safety at traffic facilities such as
motorway discontinuities and intersections which are typically
characterised by frequent lane changes including fragmented
and aborted lane changes [26]. 4) Comparing the performance
of alternative crash-avoidance applications in different vehicle
types in uncontrolled traffic situations involving dynamic
vehicle interactions.

Even though the modelling framework is not restricted
to highway traffic, for other traffic scenarios the selection
and parameterisation of constituent models might have to be
adapted. For instance, urban traffic features distinct driver be-
haviour for which the model parameters should be calibrated,
and the tactical layer must be reformulated to generate low
speed maneuver plans entailing large steering angles and to
account for the anticipatory behaviour while approaching a
traffic signal.

VI. CONCLUSIONS

We presented a method to integrate vehicle lateral dynamics
and yaw motion into the traffic modelling framework, and
thereby to enhance the simulation detail with submicroscopic
variables such as vehicle heading and front wheel steering
angle. We mathematically formulated the functions and depen-
dencies of the various models within the framework. The re-
sults of simulation case studies in Section IV provide a proof-
of-concept demonstration of the benefits of the framework. At
the macroscopic level, the multi-lane traffic flow simulation
could reproduce well-known traffic flow properties such as
critical density and phenomena such as a capacity drop.
Simulation examples demonstrate the limitation of typical

TABLE I: Parameter values in the prototype traffic flow
simulation

Parameter (description) Value

a (IDM maximum acceleration) 1 m/s2

b (IDM comfortable braking) 1.5 m/s2

vmax (IDM maximum speed) 160 km/hr

vd (IDM desired velocity) 108 km/hr

T d (IDM desired time headway) 1 s

s0 (IDM minimum space gap 2 m

Dmax (maximum lane change duration) 8 s

τ (actuator lag) 0 s *

Abias (MOBIL bias parameter) 0.2

p (MOBIL politeness parameter) 0.15

∆Ath (MOBIL acceleration threshold) 0.2

* τ = 0 to preserve the behavioral properties of IDM

microscopic simulation approaches to describe lateral maneu-
vers involving dynamic trajectory replanning. In contrast, the
proposed submicroscopic framework can simulate such lateral
maneuvers: curve negotiation, corrective steering, fragmented
and aborted lane-changing. Thus the framework preserves the
properties of the component models and at the same time
describe the 2D planar movement of vehicles.

As detailed in the discussion section, there exist multiple
prospects to improve the framework, such as incorporating
the behavioral aspects of human-driven vehicles and devising
an appropriate computational paradigm to allow real-time
simulation. Our future work will focus on the aforementioned
tasks.
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