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Abstract 
In this paper, the structure of the turbulent wake behind the inner tube of a suddenly expanding annular jet flow is studied. The 
flow field is measured using tomographic particle image velocimetry and analyzed using proper orthogonal decomposition 
(POD). It was found that both the instantaneous and time-averaged central wakes behind the inner pipe are highly asymmetric 
despite the axisymmetric structure of the geometry. This asymmetry is the result of a bifurcation at low Reynolds numbers 
which persists up to the turbulent regime. The asymmetry induces a pair of counter-rotating vortices in the jet which are 
aligned with the main flow direction. Moreover, the asymmetry also induces a highly dynamical flow field. Analyzing the 
flow structures using POD shows that the wake oscillates around the asymmetric equilibrium position at a very low Strouhal 
number in the order of 0.01. On top of this motion, the inner shear layer oscillates with Strouhal numbers in the range of 
0.1-0.3. This oscillation causes an asymmetric shedding of vortices of the hairpin type in the inner shear layer. As such, a 
local asymmetric region of very intensive mixing is induced near the stagnation point.

Graphical Abstract

1 Introduction

Annular jets are encountered in many industrial applications 
involving bluff-body combustors, where they are applied in 
order to achieve a high degree of mixing, flue gas recircula-
tion and flame stabilization (Beér and Chigier 1983; Gupta 
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and Lilley 1984). The annular jet geometry is a very simple 
one with only two concentric tubes: one outer round tube 
with diameter Do and one closed inner one with diameter 
Di , which acts as a bluff-body to the flow (figure 1). Moreo-
ver, this bluff-body can also be used to inject fuel in either 
cross-flow or co-flow mode (Dinesh and Kirkpatrick 2009; 
Vanierschot et al. 2009). Despite the simple geometry, the 
flow field is very complex. Two shear layers exist, one in 
the region between the jet and the environment, called the 
outer shear layer, and one in the region between the central 
recirculation zone (CRZ) behind the inner tube and the jet, 
called the inner shear layer (Dahm et al. 1992; Sadr and 
Klewicki 2003; Wawrzak et al. 2019). These shear layers 
interact with each other and their momentum thickness has a 
large influence on the dynamics of the CRZ (Wawrzak et al. 
2019). This highly dynamical behavior of the CRZ origi-
nates from a nonlinear feedback mechanism of the position 
of the stagnation point back toward the nozzle tip, which 
alters its position, inducing large fluctuations in both space 
and time (Vanierschot and Van den Bulck 2011; Vanierschot 
et al. 2014).

Although the annular jet geometry is axisymmetric, 
under some conditions the flow exhibits a spontaneous 
break in symmetry if the Reynolds number is above a cer-
tain threshold value, which is around 150 for the annular 
jet geometry used in this study (Vanierschot 2019). This 
break of symmetry has also been observed for similar 
axisymmetric bodies, like for instance spheres for Reyn-
olds numbers above 250 (Fabre et al. 2008; Tiwari et al. 
2019). The break of symmetry in annular jets was also 
confirmed by Del Taglia et al. (2009) who reported that 
for laminar, zero-swirl, incompressible annular jets, the 
break of symmetry is controlled by the Reynolds number 
and the blockage ratio which can be combined into a state 
parameter � , defined as � = lnRe + 4.02D2

i
∕D2

o
 . At a cer-

tain critical value of the state parameter �c , the flow sud-
denly breaks symmetry (Del Taglia et al. 2004, 2009). This 
asymmetry also remains present in the turbulent regime at 
high Reynolds numbers (Vanierschot and Van den Bulck 
2011; Ryzhenkov et al. 2019). The spatial aspects of the 
asymmetry can be studied using proper orthogonal decom-
position (POD). POD is well capable of decomposing the 
velocity fluctuations into a part induced by the large-scale 
oscillation of the CRZ and a part attributed to turbulence 
as shown in the studies of Danlos et al. (2013) and Patte-
Rouland et al. (2001). Reconstruction of the flow field 
using the two most energetic POD modes showed that 
mode 1 corresponds to the motion of the stagnation point, 
which is correlated with a significant asymmetry of the 
recirculation zone. However, since these 2D-PIV measure-
ments were not time-resolved, no temporal information on 
this motion was available.

An annular jet can be seen as the limiting case of a coax-
ial jet with a velocity ratio (ratio between the velocity of 
the outer and the inner jet) of infinity. For coaxial jets in the 
laminar regime, Rehab et al. (1997) found that if the veloc-
ity ratio was higher than around 8, an unsteady recirculation 
bubble appeared, which oscillates at a low frequency and 
high amplitude compared to the Kelvin-Helmholtz mode, 
which was also present. They reported a Strouhal number 
of St = fDi∕Uo = 0.035, where Di is the diameter of the 
inner jet and Uo is the mean velocity of the outer jet. This 
frequency corresponds to the precession of the central bub-
ble around the jet axis. Several other studies have reported 
similar frequencies (Segalini and Talamelli 2011; Buresti 
et al. 1994).

In view of this lack of temporal information, the main 
objective of the current study is to explore the dynamics of 
the three-dimensional flow structures in the CRZ via tomo-
graphic particle image velocimetry (tomographic-PIV). The 
experimentally obtained three- dimensional information 
allows to identify flow structures and dynamics which have 
not been reported previously in the literature. POD was used 
to extract the large-scale flow features, and it proved to be 

Fig. 1  Schematic view of the dimensions of the annular sudden 
expansion (top) and photograph of the tomographic PIV setup (bot-
tom)



Experiments in Fluids           (2021) 62:77  

1 3

Page 3 of 12    77 

capable of separating the dynamic motion of the wake from 
the turbulent fluctuations in the flow field.

2  Experimental setup and measurement 
procedure

The experiments were conducted in a water tank facility at 
the Aerodynamic Laboratories of Delft University of Tech-
nology. The geometry of the annular jet is schematically 
shown in Fig. 1a. The pipe has an inner diameter Di = 18 
mm and an outer diameter Do = 27 mm. The Reynolds num-
ber based on the mean axial velocity ( Uo = 0.88 m/s) and the 
hydraulic diameter of the annular jet ( Dh = 9 mm) is 8000. 
The symmetry axis of the jet is aligned with the (vertical) 
y-axis in the measurement coordinate system with the origin 
located at the annular pipe exit. The sudden expansion is 
located at the bottom wall of an octagonal water tank (600 
mm of diameter and 800 mm of height), which is made of 
Plexiglass to enable full optical access for illumination and 
tomographic imaging (Percin and van Oudheusden 2015). 
The top of the tank has an overflow creating a constant recir-
culation of fluid with seeding particles in the system, which 
enables also seeding of the environment to avoid biased 
measurements in the shear layer.

Neutrally buoyant polyamide spherical particles of 56 μm 
mean diameter were employed as tracer particles at a con-
centration of 0.65 particles/mm3 . The flow was illuminated 
by a double-pulsed Nd:YLF laser (Quantronix Darwin Duo, 
2 × 25 mJ/pulse at 1 kHz) at a wavelength of 527 nm. The 
light scattered by the particles was recorded by four LaVi-
sion HighSpeedStar 6 CMOS cameras (1024 × 1024 pixels, 
5400 frames/s, pixel pitch of 20 μm). The recording was 
done in a double-frame mode with a recording frequency of 
50 Hz, and a total of 2728 samples were collected, giving 
a total sampling time of 54.4 seconds. The sampling fre-
quency was chosen such that the low-frequency dynamics 
of the wake could be captured, while still having a sufficient 
amount of periods measured. Based on the dimensions of 
the measurement volume and the average jet velocity, the 
measurements last for around 980 flow through times to 
ensure a complete dataset of instantaneous velocity fields 
for the POD analysis. Image pre-processing, volume calibra-
tion, self-calibration, reconstruction and three-dimensional 
cross-correlation-based interrogation were performed in 
LaVision DaVis 8.1.6, and the flow fields were analyzed 
using in-house developed software. The measurement vol-
ume was calibrated by scanning a calibration target through 
the measurement volume. A third-order polynomial was 

fitted as the mapping function that provides the relation 
between the image coordinates and the physical coordi-
nates for each camera. The initial calibration was refined by 
means of the volume self-calibration technique (Wieneke 
2008), resulting in a misalignment of less than 0.05 pix-
els. The raw images were pre-processed with background 
intensity removal and particle intensity normalization. The 
tomographic reconstruction was performed by using MLOS 
initialization (Atkinson and Soria 2009) and 10 CSMART 
iterations with Gaussian smoothing after each iteration. The 
particle images were then interrogated using an iterative, 
multigrid correlation with a window deformation procedure. 
Interrogation volumes of final size 48 × 48 × 48 voxels with 
an overlap factor of 75 % yielded a vector spacing of 0.56 
mm in each direction. Spurious velocity vectors are removed 
by the universal median test, and a second-order polynomial 
regression in time and space was applied to reduce the noise 
in the resultant vector fields. A detailed analysis of the qual-
ity of the measurement data can be found in the work of 
Percin et al. (2017).

3  Data processing and analysis

The large scale flow structures obtained from the PIV meas-
urements are extracted using proper orthogonal decomposi-
tion (POD) (Lumley 1970). In this study, we apply the snap-
shot POD variant proposed by Sirovich (1987), including all 
velocity components. The velocity field is decomposed into 
a set of spatial modes �i(x) and temporal coefficients ai(t) as

where v is a velocity vector with components u, v and w. 
The overbar denotes time-averaged quantities, and hence, 
only the fluctuating velocity field is decomposed. For the N 
snapshots in time obtained by Tomo-PIV, the temporal coef-
ficients ai = [ai(t1), ai(t2), ..., ai(tN)]

T and mode energies �i 
can be obtained by solving the eigenvalue problem

where the elements of the correlation matrix R are given by

As spatial inner product ⟨, ⟩ , the L2 norm is usually taken. 
The spatial modes are obtained by the projection of the fluc-
tuating velocity fields onto the temporal coefficients as

(1)v(x, t) = v̄(x) + v
†(x) = v(x) +

N∑

i=1

ai(t)�i(x),

(2)Rai = �iai; �1 ≥ �2 ≥ ⋅ ⋅ ⋅ ≥ �n ≥ 0,

(3)Ri,j =
1

N

⟨
v
†(x, ti), v

†(x, tj)
⟩
.
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The flow field can be reconstructed as in Eq. 1 using a num-
ber of selected modes.

An important aspect in the flow field analysis and decom-
position using POD is the identification of linked modes. 
For instance, the dynamical behavior of periodic coherent 
structures is usually described by a mode pair. A mode pair 
is defined as two modes in the decomposition which have 
the same spectral content and a constant phase difference of 
±�∕2 . As such, reconstructing the flow field with a mode 
pair describes the precession of a coherent structure in the 
flow. A linked mode pair ai(t) and aj(t) can be identified by 
looking at the harmonic correlation of the eigenvectors of 
the DMD decomposition of the temporal coefficients. More 
detailed information on the identification of mode pairs can 
be found in the work of Sieber et al. (2016).

4  Results and discussion

4.1  Statistical flow field characterization

The time-averaged velocity fields are shown in Figs. 2 and 
3. Despite the axisymmetric geometry of the experimental 
setup (both tubes were aligned by an in-house designed posi-
tioning mechanism, making it possible to center them within 
an accuracy of 0.004Do . (Vanierschot and Van den Bulck 
2011)), the wake behind the inner pipe is asymmetric. Anal-
ysis of the 3D structure shows the existence of one stationary 
plane-of-asymmetry aligned with the flow direction (Fig. 2), 
in which the wake is asymmetric and one plane-of-symmetry 
(Fig. 3), in which the wake is symmetric. Both planes are 
perpendicular to each other. This axisymmetric nature is 
the result of a bifurcation at a threshold Reynolds number 
of 150 for the current geometry (Vanierschot 2019). This 
induces a ’locking’ of the flow field toward an asymmetric 
state. Instantaneous asymmetric wakes were also reported 
for spheres and axisymmetric afterbodies, but there is no 
preferential direction of locking if the setup is well alligned 
with the flow (Grandemange et al. 2012, 2014; Gentile et al. 
2016). However, a slight pitch of the axisymmetric body 

(4)�i(x) =
1

N�i

N∑

j=1

ai(tj)v
†(x, tj).

can make the wake asymmetric and locking it in a fixed 
position. This is also confirmed in this study as for a given 
alignment of the inner tube, the position of asymmetry is 
constant even if the flow is switched off and on. Hence, in 
this experimental study, the locking is induced by slightly 
asymmetric conditions of the setup, while numerical studies 
confirm locking of the flow to the grid topology (Del Taglia 
et al. 2009; Ryzhenkov et al. 2019; Ogus et al. 2016). With 
respect to both planes, the velocity vector is decomposed 
into three components: two inside the plane: a component 
in the flow direction ( Vx , Figs. 2a and 3a) and one compo-
nent perpendicular to the flow direction ( Vr , Figs. 2c and 
3c) and a velocity component perpendicular to the plane 
( Vt , Figs. 2e and 3e). The normal Reynolds stresses of these 
velocity components, ( v′

x
v′
x
 , v′

r
v′
r
 and v′tv′t  ) are shown in 

Figs. 2b, d, f and 3b, d, f. Large values for all stresses can 
be found in the inner and outer shear layer of the jet, with 
the highest values for the radial and azimuthal stresses in a 
very local region near the stagnation point of the wake (see 
Fig. 2b). Several authors reported high values in this region 
which are attributed to the motion of the stagnation point 
(Patte-Rouland et al. 2001; Danlos et al. 2013; Grandemange 
et al. 2012) and depict the highly dynamical behavior of the 
CRZ. Comparison with the same jet geometry at a Reyn-
olds number of 180 shows a remarkable similarity between 
both profiles of Reynolds stresses (Ogus et al. 2016). This 
similarity indicates a large contribution to the second-order 
statistics of coherent flow structures with length scales much 
larger than the turbulent eddies.

Figure 4 reveals the structure of the flow downstream 
of the stagnation point of the central wake. The location of 
the middle measurement plane corresponds to the farthest 
location of the stagnation surface in figures 2 and 3. Vortex 
identification based on the Q-criterion (Jeong and Hussain 
1995) shows the existence of a pair of counter-rotating vor-
tices which is aligned with the main flow direction. These 
vortices are also identified by the in-plane streamlines shown 
at various cross-sectional planes in the flow. They originate 
from the envelope of the asymmetric central recirculation 
zone near the stagnation point due to the inward motion of 
the jet. These features have also been observed for laminar 
flow conditions (Ogus et al. 2016), but this study is the first 
one to identify them occurring in turbulent flow as well. A 
closer look at the vorticity vector, i.e., � = � × v , in Fig. 5 
shows that the amplitude of the axial vorticity is maximal 
in the center of each vortex of the pair and that the most 
dominant component is in the y-direction. This shows that 
the rotation is mainly in that direction and the sense of the 

Fig. 2  Velocity contours of the time-averaged flow field in the plane-
of-asymmetry of the flow. The recirculation zone is depicted by the 
red isosurface of zero axial velocity. The in-plane streamlines clearly 
reveal the asymmetry of the wake in this cross-sectional plane

◂



 Experiments in Fluids           (2021) 62:77 

1 3

   77  Page 6 of 12



Experiments in Fluids           (2021) 62:77  

1 3

Page 7 of 12    77 

vectors also shows a counter-rotating pair. However, the 
vorticity vector is not completely aligned with the y-axis, 
meaning there is still some rotation in the other directions. 
These other components get larger when moving away from 
the vortex centers indicating the spiraling motion of flow 
near the vortex pair.

4.2  Flow field dynamics

To study the dynamical features of the flow, the velocity 
fields were decomposed using POD (Sirovich 1987). Analy-
sis of the spectral content of the time coefficients, shown in 
Fig. 6, reveals the existence of several dynamic structures in 
the flow field with specific frequency ranges. These struc-
tures can be categorized in three types based on the Strouhal 
number (defined on the basis of the diameter of the central 
bluff-body and mean axial velocity of the jet) at which the 
peak in the frequency spectrum is situated: structures which 
have a peak around St = 0.01 (e.g., mode 1), 0.3 (e.g., modes 
2-5) or around 0.13 (e.g., modes 6-7), see Fig. 7. Each dis-
tinct frequency range (except for mode one) involves mul-
tiple POD modes which have the same amplitude and are 
arranged in mode pairs according to their harmonic cor-
relation and the examples given in Fig. 7 are the ones with 
the lowest mode number. Reconstructing the velocity fields 
using the mean flow field and the specific mode pair can 
be represented by a reconstruction with the maximal and 
minimal time coefficient of one mode of the pair as the other 
one is zero since the phase shift between both coefficients is 
�/2. The reconstruction for the first type of dynamic struc-
tures (where St is in the order of 0.01) is shown in Fig. 8. 
This mode describes the rotation of the wake around the 
central axis of the jet. This motion is not a precession, but 
an oscillation around the asymmetric equilibrium position 
(shown in Fig. 4) with an azimuthal amplitude of 25◦ . This 
oscillation induces an asymmetry in the strength of each 
vortex of the pair. On a time-averaged basis, the strength of 
both vortices is equal, but instantaneously at maximal rota-
tion angle (Fig. 8a), one vortex is stronger compared to the 
other one. In the minimal position of the oscillation, this is 
reversed (Fig. 8b). The study of Vanierschot et al. (2014) 
reported similar structures and associated frequencies and 
the stereoscopic PIV measurements also showed the lack 
of a precession. However, the study of Rehab et al. (1997) 

for a coaxial jet of infinite velocity ratio reported a higher 
Strouhal number of 0.035 and showed that the recirculation 
zone precesses around the central axis. This mechanism was 
explained as the result of a coupled perturbation of the inner 
shear layer by recirculation from the stagnation point. Most 
likely the difference with this study is caused by the absence 
of a closed inner tube in the latter one, changing the struc-
ture of the inner shear layer perturbation.

The reconstructed velocity fields (using the mean flow field 
and the specific mode pair consisting of modes 2 and 3) for the 
second type of dynamic structures (St is in the order of 0.3) 
are shown in Fig. 9. The velocity field is reconstructed using 
the maximum and minimal temporal coefficient of mode 2 as 
mode three is �∕2 radians out of phase, and hence, the corre-
sponding coefficient is zero at those time instants. This mode 
pair describes the formation and axial convection of hairpin 
vortices in the inner shear layer. This asymmetric vortex shed-
ding can also be found in the laminar regime and is a result of 
the asymmetric wake and associated shear layer (Ogus et al. 
2016). Moreover, the shedding frequencies of the laminar and 
turbulent flows are equal within measurement accuracy and 
are similar to typical values for bluff-body wakes of similar 
axisymmetric objects like spheres and discs (Fabre et al. 2008; 
Roshko 1954; Dousset and Pothrat 2010; Tiwari et al. 2019; 
Tomboulides and Orszag 2000; Robertson et al. 2015). How-
ever, in the before mentioned papers, these frequencies are 
associated with Kelvin-Helmholtz instabilities of the shear 
layer. They can exist next to the hairpin vortex shedding and 
start for a sphere for instance at a Reynolds number of 800 
(Tiwari et al. 2019). This study shows that the shear layer roll-
up also results in the formation of hairpin vortices.

The reconstructed velocity fields (using the mean flow 
field and the specific mode pair) for the third type of dynam-
ical structures (where St is in the order of 0.13) are shown in 
Fig. 10. Similar like the structures at St = 0.3, the velocity 
field is reconstructed using only the maximum and minimal 
temporal coefficient of the lowest mode number, which is 
mode 6 in this case. Similar to the second type, this mode 
also describes the formation and convection of hairpin vor-
tices in the inner shear layer. Note that the hairpin vortex in 
Fig. 10b is about to form as it is located very close to the 
stagnation point’s position. This hairpin shedding can also 
be found in other bluff-body flows like in spheres (Tiwari 
et al. 2019) or square cylinders (Dousset and Pothrat 2010) 
and is attributed to von Karman shedding in the wake flow.
This coincides with the high fluctuating velocity region in 
Fig. 2b and as such, the hairpin vortices have a large contri-
bution to the asymmetric profile of the fluctuating velocity 
near the stagnation point. Giving the same spatial structure 

Fig. 3  Velocity contours of the time-averaged flow in the plane-of-
symmetry of the flow. The recirculation zone is depicted by the red 
isosurface of zero axial velocity. The in-plane streamlines clearly 
reveal the symmetry of the wake in this cross-sectional plane

◂
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and the almost double frequency, one might think that the 
second type of structures is second harmonics of the third 
type. However, the scatter plots of the temporal coefficients 
of the two modes (not shown here) do not show the typical 
eight shape as what would be expected from Lissajous fig-
ures for second harmonics. Nevertheless, plotting the phase 

portrait might be corrupted by intermittency and phase dis-
tortion, and therefore, a more detailed statistical analysis is 
given in Fig. 11. If mode 2 would be a second harmonic of 
mode 7, the statistical histogram of the variable 2�7 − �2 , 
where � is denoted as the phase angle of the time coefficient, 
should give one clear peak. Figure 11 shows that there is no 
statistical correlation and hence it can be concluded that both 
modes are not harmonics of each other. This confirms that 
the origin is a different physical mechanism, i.e., Kelvin-
Helmholtz instabilities for structures with a Strouhal number 
around 0.3 and von Karman shedding for the structures with 
Strouhal number around 0.13.

5  Conclusions

This paper studies the structures in the wake of an annular 
jet geometry, representative of a bluff-body combustor. 
It was found that the time-average flow field was asym-
metric, resulting from a bifurcation at lower Reynolds 
number. This asymmetric state induces a counter-rotating 

Fig. 4  Time-averaged asymmetric equilibrium position of the wake. 
The counter-rotating vortex pair is visualized by the isocontour of Q 
= 0.001. The in-plane streamlines at several cross-sectional planes 
show the counter-rotating motion of the vortex pair, while the arrows 
in the figure indicate the rotational direction of the vortex pair

Fig. 5  Vorticity vectors in the upper measurement plane shown in fig-
ure 4. The contours show values of Q and the color levels are cut to 
visualize the center of the vortex pair

Fig. 6  Characteristics of the first 40 POD modes
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vortex pair which is aligned with the main flow direction. 
Analysis of the dynamic structures in the wake shows that 
these can be categorized in three types dependent on their 
frequency peak in the spectrum: type one which are modes 
with a Strouhal number in the order of 0.01, representing 
the oscillation of the wake around the central axis, type 

two containing modes having a St in the order of 0.13 and 
type three containing modes with St in the order of 0.3. 
The latter ones describe the shedding of hairpin vortices 
in the inner shear layer. These vortices originate near the 
stagnation point, and as such, the hairpin vortices have a 
large contribution to the asymmetry of the high fluctuating 
velocity region near the stagnation point.

Fig. 7  Spectral content of the time coefficients of selected POD 
modes as representative for the three specific frequency intervals

Fig. 8  Reconstructed velocity fields using mode 1. The red surfaces 
are isosurfaces of Q = 0.001. The big arrow denotes the oscillating 
motion of the wake, while the small arrows indicate the direction of 
rotation of the counter-rotating vortex pair
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Fig. 9  Reconstructed velocity fields using mode 2. The red surfaces 
are isosurfaces of Q = 0.001, which visualizes the hairpin vortex shed 
from the inner shear layer

Fig. 10  Reconstructed velocity fields using mode 7. The red surfaces 
are isosurfaces of Q = 0.002, which visualizes the hairpin vortex shed 
from the inner shear layer
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