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Abstract

We study lattice spin systems and analyze the evolution of Gaussian concentration bounds
(GCB) under the action of probabilistic cellular automata (PCA), which serve as discrete-
time analogues of Markovian spin-flip dynamics. We establish the conservation of GCB and,
in the high-noise regime, demonstrate that GCB holds for the unique stationary measure.
Additionally, we prove the equivalence of GCB for the space-time measure and its spatial
marginals in the case of contractive probabilistic cellular automata. Furthermore, we explore
the relationship between (non)-uniqueness and GCB in the context of space-time Gibbs
measures for PCA and illustrate these results with examples.

1 Introduction

In this paper we are interested in proving concentration inequalities for certain measures far
from product measures. Concentration inequalities imply that if a function of many weakly
dependent random variables only weakly depends on each of them individually, then the
function concentrates around its expected value. A key aspect of this concentration phe-
nomenon is its non-asymptotic nature, distinguishing it from classical limit theorems, where
results emerge only as the number of random variables tends to infinity. Recall that the three
main types of limit theorems are the law of large numbers, the central limit theorem, and
large deviations. Another crucial advantage of concentration inequalities is their flexibility:
they apply to arbitrarily defined functions of random variables, provided these functions are
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sufficiently regular (e.g., Lipschitz or bounded differences), whereas classical limit theorems
primarily address sums of random variables.

Concentration inequalities have led to a paradigm shift in probability and statistics, extend-
ing their impact to discrete mathematics, geometry, and functional analysis (see, e.g., [1, 12,
19, 29, 30]).

For functions of independent random variables satisfying the bounded-differences prop-
erty, a fundamental result is McDiarmid’s inequality, which exhibits a Gaussian-type of
concentration. In the setting of Gibbs measures in lattice spin systems, McDiarmid’s inequal-
ity can be seen as the high-temperature limit of a more general Gaussian concentration bound
(GCB), which applies to all local functions. As the temperature tends to +o0o, interactions
become negligible, and the system approaches a product measure, recovering McDiarmid’s
result as a special case. GCB indeed holds under high temperature conditions, such as the
Dobrushin uniqueness [16] and its extensions, including complete analyticity [11]. In finite-
range lattice spin systems, complete analyticity is known to be equivalent to the log-Sobolev
inequality [28], which, in turn, implies GCB [19]. Various applications are given in [2].

In this paper, we investigate the GCB property in the setting of probabilistic cellular
automata (PCA) — both for their stationary measures and their space-time Gibbs measures
[18]. PCA are a class of models where an infinite collection of cells, each positioned at
the vertex of a lattice (here it will be Z?), evolve over discrete time steps according to
stochastic dynamics. Each cell can occupy one of a finite number of states. The evolution of
these cells is governed by Markov chains, where the state of a cell at any given time depends
probabilistically on the states of its neighboring cells at the previous time step. This framework
combines the spatial structure of cellular automata with the probabilistic transitions of Markov
chains, enabling the study of complex systems with inherent randomness [22]. More precisely,
we study and partially answer the following key questions:

1. Time evolution of GCB: If a PCA starts from a measure u satisfying GCB, is this property
preserved over time? How does the associated concentration constant evolve? Does GCB
hold in the limit for stationary measures? Furthermore, can GCB provide insights into
the speed of convergence to equilibrium?

2. GCB and space-time measures: How is the GCB property of a stationary measure related
to the GCB property of the corresponding space-time (Gibbs) measure ?

3. GCB and uniqueness: How does the GCB property of a stationary measure relate to
uniqueness and GCB of the corresponding stationary space-time Gibbs measure?

These questions naturally extend those studied in the context of spin-flip dynamics in
continuous time in [4]. They also relate to the connection between GCB and uniqueness of
translation-invariant Gibbs measures in lattice spin systems [5, 8]. Moreover, they fit into
the broader framework of space-time Gibbs measures developed in [18], where stationary
(translation-invariant) measures are seen as restrictions of space-time Gibbs measures to
temporal layers. The interplay between the GCB property of such restrictions and that of
the original measure is, in general, subtle. For instance, in the low-temperature Ising model,
non-uniqueness and GCB of restrictions can coexist, as we will illustrate with an example.

Beyond its theoretical significance, another motivation for studying GCB in this context
is to establish concentration properties for measures that are not available in an explicit form
(e.g. via their finite dimensional distributions, or via a Gibbsian potential) but which can be
obtained as a time evolution or as limiting stationary distributions. In non-equilibrium sys-
tems where detailed balance or reversibility does not hold, explicit descriptions of stationary
measures are rare (e.g., in the form of a Gibbs measure). Consequently, their concentration
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properties cannot necessarily be inferred from standard high- temperature criteria, making
alternative approaches necessary.

Organization of the Paper. In Section 2, we introduce the fundamental definitions and
concepts. In Section 3, we prove the conservation of Gaussian concentration under PCA evo-
lution and establish the equivalence between space-time GCB and concentration of spatial
marginals for contractive PCA. Additionally, we provide a result on the speed of relaxation
to equilibrium under a weaker contraction property (less restrictive than exponential con-
traction). Outside the contractive regime, the picture remains incomplete. In Section 4, we
explore further links between (non-)uniqueness and GCB. In particular, we show that if a
PCA has a translation-invariant Gibbs measure p that is both stationary and satisfies GCB,
then © must be the unique stationary measure.

2 Setting and Basic Notions
2.1 Configuration Spaces and Function Spaces

We consider two state spaces:

i Qs={-1, +1}Zd, representing spatial (Ising) spin configurations,
(i) Qsr ={-1,+1 }Zd xN, representing space-time spin configurations, where we adopt the
convention N = {0, 1, 2, ...} for discrete time.

For o € g, the spin value at lattice site x € Z¢ is denoted by o, € {—1, 1}. Similarly, for
o € Qgr, the spin value at site x € 74 at time n is denoted by oy, € {—1, 1}.

When stating definitions and results that apply to both Qg and Qg7, we will simply use
the notation €.

We write A € Z9 to mean that A is a finite subset of Z4. For A € Z¢, we denote by Fa
the o -algebra generated by the spin evaluations o > o, for x € A, with analogous notation
for A € Z¢ x N.

Finally, for a function f : 2 — Rand A € 74, we write f € Fp if f is measurable with
respect to F.

A probability measure p on Qg is a probability measure defined on the Borel o -algebra
of Qg, where Qg is endowed with the standard product topology, making it a compact metric
space. The same definition applies to probability measures on Qg7.

We denote by 14 the restriction of u to the o -algebra F, . With a slight abuse of notation,
we use o to refer both to the restriction of a configuration o to A and to the cylinder set in
Fa consisting of all configurations whose restriction to A matches that of . For o € Qg,
we denote by 7,0 the shifted (or translated) configuration, defined by

(tx0)y = 0Oxyy, forallx,ye A

A real-valued function f defined on either Q25 or Qg7 is called local if it depends only on a
finite number of coordinates, that is, there exists A € Z< such that f € Fa.(When A is the
smallest such set, it is called the dependence set of f.)

By the Stone-Weierstrass theorem, the set of local functions is dense in the Banach space
of continuous functions C(£2) equipped with the supremum norm.

For a function f : @ — R, we denote by 7, f the function defined by

o f(m) = f(mn).
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The “discrete gradient” of a function f : Q5 — R is defined as
Vef(0) = fl@™) — f(o)

where ¢ ™ denotes the configuration obtained from o by flipping the spin at lattice site
x € Z2. We further define

5 f = sup Vif(o) and 8f = (8xf)cezd-
o€

We can think of §y f as the oscillation of the function f at site x. For a local function we call
its dependence set the finite set of those x € Z for which 8, f # 0.
For p > 1, we define the £7(Z%) norm of 3 f by

I8£15 =D @G f)P.

xezd

2.2 Relative Entropy

For two probability measures 1, v and A € Z¢ we define their relative entropy in volume
A € Z¢ via

Zer{fl,H}/\ wu(oa)log l:égj:)) if pa K va,
00

otherwise.

Sa(nv) =

For the sequence of cubes C,, = [—n, n]d NZ4, n > 1, we define the lower relative entropy
density

S v
imint S BV _ o).
n—00 |Cal
In case the limit exists, we write
S v
lim M = s(u|v).
n—00 |Cal

for the relative entropy density. This limit exists, for instance, when v is a Gibbs measure
with respect to a translation-invariant, absolutely summable potential (see [15], Chapter 15).
More generally, it holds when v is a translation-invariant probability measure satisfying the
so-called asymptotic decoupling property (see [24]).

2.3 Gaussian Concentration Bound (GCB)

We can now define what we mean by a Gaussian concentration for a given probability measure
on 2. Remember that 2 means either Qg or Q7.

Definition 2.1 (Gaussian Concentration Bound)
A probability measure p on 2 is said to satisfy the Gaussian concentration bound with
constant C > 0, abbreviated GCB(C ), if for every local function f : Q2 — IR, we have

C
log/ef‘ffd“ dp < 18f13. (1)
For non-local continuous functions, inequality (1) is meaningful only when ||§ f ||> < +o0.

It is immediate from (1) that the inequality can be extended to all uniform limits of local
functions (i.e., continuous functions) with ||§ f||» < 4-o00.
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Remark 2.1

1. If p is a Dirac measure concentrating at some configuration o € €2, then (1) holds for
all C > 0. In fact in this case we can take C = 0. Conversely, since we always have
f e/ =/ fdu du > 1 (by Jensen inequality), if (1) holds for C = 0, then necessarily
1 = &4 is a Dirac measure concentrating on a single configuration o.

2. A product measure satisfies GCB (c) with a constant ¢ not depending on the marginals,
see [1, Theorem 6.2, page 161]. One can choose ¢ = 1/4.

We have the following equivalent reformulation of (1) as a tail estimate, which follows
from standard arguments starting from the exponential Chebychev inequality, see e.g. [29,
Proposition 2.5.2].

Proposition 2.1 A probability measure |1 on Q2 satisfies GCB(C) if and only if for all con-
tinuous f : 2 — R such that |8 f||» < +00, we have

u2
u(f — /f dp > u) < e_QC"””%, Yu > 0.
We recall a result from [5, 8] which we will use in Section 3.3 below.

Theorem 2.1 If w is a translation-invariant probability measure which satisfies GCB(C )
then, for any translation-invariant probability measure v we have

. 12
S, = (TM)

where d(-, -) is the Dobrushin distance [10] defined on the set of translation-invariant prob-
ability measures by

ty(v,u)=sup{/fdu—/fdlfi N6 f1 < 1’.
In particular v # w implies S . (vin) > 0.

Remark 2.2 The Dobrushin distance coincides with the so-called “d-bar” distance or Ornstein
distance used in ergodic theory [7, 26].

2.4 Probabilistic Cellular Automata (PCA)

We consider discrete-time Markov processes on the configuration space Q2. We denote by
o, the configuration at time n, and oy , the value of the configuration at time 7 at lattice site
x € Z%. Hence (0,)eN € S2s7-

We use the notation and framework of [18]. Conditional on 7 at time n € IN, the config-
uration one step later is distributed as a product measure p(do|n) with marginals at site x
given by

1
px(m) = p(oxns1 =+1 |0, =1n) = 5(1 + nehy(m)).

Here |h,(n)| < 1is given by
he(D =Y ranate 0))

A€z

@ Springer



169 Page60f18 J.-R. Chazottes et al.

where 174 =[], ny. For the coefficients r4 € R we assume moreover that

D Il < oo, ©)

Aczd

which immediately implies the absolute convergence of the sums appearing in (2). The r4’s
may be viewed as the parameters that govern the PCA. We say that the PCA is of finite range
R if r4 = 0 whenever the diameter of the set A exceeds R.

We define the transition operator corresponding to a PCA as the operator acting on con-
tinuous functions defined by

Pf(n) = / f(@) pdaln) = E(f(on)loo = 1),

where f : Q5 — R is a continuous function. Notice that by (3), P f is continuous whenever
f is continuous. The corresponding operator acting on probability measures is then as usual
defined via uP(do) = [ p(do|n) u(dn), and satisfies [ Pf du = [ f duP. The form (2)
of the functions &, ensure that the process is translation invariant, i.e., the transition operator
P commutes with translations {z,, x € Z4}.

We say that a probability measure 1 on Qg is stationary if it satisfies P = . By the
compactness of the space of probability measures on Qg (equipped with the topology of
weak convergence), the set of stationary measures forms a non-empty, compact, and convex
set, whose extreme points are known as ergodic measures. In this work, we primarily focus
on stationary and translation-invariant probability measures which also form a non-empty
compact convex set. We denote by Zp the set of such measures, and by Z D Zp the set of all
translation-invariant measures.

When v € Ip is a stationary translation invariant measure, the corresponding path-space
measure P, is a stationary process and can thus be extended to negative times, yielding a
stationary and translation invariant space-time measure on Q441 = {—1, 1}Zd+1 . As proved
in [21], this space-time measure is a translation invariant Gibbs measure for a Hamiltonian
derived from the transition probabilities. An important consequence is that for vy, v, € Ip,the
corresponding (two-sided) path-space measures B, , B, have zero relative entropy density.
Another consequence is that the stationary measure v is therefore the restriction of the space-
time measure Gibbs IP,,. The space-time Gibbs measures of a PCA are not “generic” Gibbs
measures due to the normalization condition of the transition probabilities [18, Section 1.5].

We denote by [P, the path-space measure of the process {n,,n € IN} starting from ng
distributed according to w. For a local function & : Qs — IR, we define similarly, as in
Section 2, the oscillation éx ,/, and the Gaussian concentration bound where now ||§A ||% =

Z(Xyil)€Zd xIN (ax,nh)z.

2.5 Contraction Properties
The following lemma is taken from [18, Lemma 2, p. 136)].

Lemma 2.1 Let f : Qs — R be a local function. Then

S(PFY< Y Y Iralsy(f), ¥Yx e Z°. “)

yezd Adx—y

The following corollary gives an estimate of the £2-norm of §(Pf).
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Corollary 2.1 Define ¥ (x) = Y 45, Iral, x € Ze. Let f : Qs — R be a local function.
Then we have the estimate

ISCPANE < ¥ I3 18 £113, )
where
Iyl =Y v =Y |Allral.
xeZd Acz4d

As a consequence, we have
I8CP" 115 < I 17" 18 £113, ¥n > 1.

Proof Notice that by the definition of ¥, the right-hand side of (4) reads ZyeZd Yx —
)8y f = (¥ x4 f),. Because 8, (Pf) > O for all x, we then have the estimate

ISCPAIZ =D (P> < Y (W87 =1y =*8f15 < IVITISIZ,
xeZd xeZzd
where in the last step we used Young’s convolution inequality. We then obtain
lli= > vy =YY Iral= Y IAllral.
xezd xeZd Asx A€Z4

The last statement follows by iteration:

I8CP" A5 < I ITISCP" I < -+ < IWIF" 18715

For later convenience we abbreviate

2
K=yl = ( > Al |m|) , (6)

AE€Z4

which by (5) can be thought of as a contraction coefficient. When ¥ < 1 we say that the PCA
is contractive, which implies uniqueness of the stationary measure p and exponentially fast
convergence to u in the course of time.

3 GCB and Time-Evolution Under a PCA
3.1 Propagation of GCB

The first result shows that if we start from a probability measure satisfying GCB(C ), then
this property is conserved under the PCA evolution, with the associated constant evolving in
time in a controlled manner, determined by the contraction coefficient « in (6).

Theorem 3.1 (GCB is conserved under PCA evolution)
Let 11 be a probability measure on Qg satisfying GCB (C ), and P the transition operator of
a PCA, as in Section 2. Then we have the following.
(a) WP satisfies GCB(Cl) with
Ci =c+ Ck,

where c denotes the constant of the Gaussian concentration bound for a product measure
(see Remark 2.1, item 2). In particular we can choose ¢ = 1/4.
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(b) As a consequence, for alln € IN, uP" satisfies GCB (Cn) with

AT+ O if K #1,
cn+C ifk =1.
(¢) If « < 1, then uP" — v where v, the unique stationary probability measure, satisfies
GCB(Coo) with
c

Coo = .
e 11—«

(d) Non-interacting case. When hy(oy,) = hx(0y x), we say that the PCA is non-interacting.

In that case, GCB is conserved, and the unique stationary measure is a product measure,
hence also satisfies GCB.

Remark 3.1 The implication “6 < 1 = 3'u € Zp such that uP" — v”, stated in (c), is a
well-known result whose proof can be found in [18].

Remark 3.2 The existence of a PCA with x > 1, admitting a unique invariant measure,
remained an open problem until recently. In [6], the authors exhibit PCA over {0, 1} with
this property. In our notation, it corresponds to having ko () = % (m=1m0 — 1).

Proof Let f : Q25 — R be alocal function. We have
/ WP (o) el @)= f@uPEo) ™

_ / L(do) / p(dilo) ef D] FP@Ia) o FOp@nio)=[f fnpniayde)

Now we use that p(dn|o) is a product measure and as a consequence of GCB (c) we have,
uniformly in o:

f p(nlo) e/ M=[ SO p@nle) < exp (S8 £|13) . ®)
Next, using the fact that u satisfies GCB (C), combined with Corollary 2.1 and (6), yields

/M(do) eJ Fnp(nlo)—[f £ pdnlo)u(do)

- [ (do) exp (Pf(o) - / Pf(a)u(da))

<exp($18(PHI3)
<exp (5Ckl8(HI3). )
Combining (8) and (9), we find

/ P (o) el @ HPUF@) < exp (L4 Cio) 5 13).

which proves the first statement of the theorem. The second statement follows by iteration,
and the third one by taking the limit » — oo which is possible when x < 1. In case the
PCA is non-interacting, a product measure is mapped to a product measure. Moreover, by
the non-interacting property, we have for all k € IN and x € Z¢ that (8P f), < &, f and
SoPXisa product measure for all k € IN. Therefore, in that setting we can repeat (7), (8),
(9), replacing P by P¥ to conclude that 1 P* satisfies GCB with constant Cy = C +¢. O
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3.2 GCB of the Space-Time Measure

Our second main result shows that for a contractive PCA, i.e., when k < 1, a space-time
measure P, satisfies GCB(C) if and only if the starting measure y satisfies GCB(C’). One
direction of this equivalence is obvious, because the Gaussian concentration bound for I,
immediately implies the Gaussian concentration bound for the single-time (at time zero)
marginal u. The other implication is less obvious and shows that space-time Gibbs measures
associated to PCA’s are special (i.e., not like generic Gibbs measures, see Section 4.1 below).

Theorem 3.2 Consider a contractive PCA with transition operator P, that is, suppose that
k < 1(see(6) for the definition). Let . denote a probability measure on Qs and let P, denote
the corresponding path-space measure. Assume that p satisfies GCB (C ) Then there exists
C’ such that B, satisfies GCB (C ¢ ) As a consequence, for the unique stationary measure v,
the corresponding path-space measure P, satisfies GCB (C ! )

Proof The consequence follows immediately from the fact that in the contractive regime
k < 1, the unique stationary measure satisfies GCB (C) for some C > 0 by Theorem 3.1. We
start by considering a local function f (o9, o1) depending on the space-time configuration at
times zero and one and estimate its centered moment generating function. This example will
make clear how to deal with a local function depending on the space-time configuration at
times zero up to n. We first fix some notation. We define for a function f : Qs — R its
oscillation vector at time n € IN by

1f= sup (f@™™)— f(0)).

0’6937

We think of this as a vector indexed by n, and with x the “running” index. We have obviously

IBfI3="" &N =D 18"fI3,

xeZ4 nelN nelN

where, with small abuse of notation,

18" £15 = @4 f)?

xezd

denotes the ¢2-norm of the vector 8" f.
Let f : Qsr — R be of the form f (09, o1). Then we write

/CXP <f(00, o1) — / deF’u> dB, (09, 01) =
f/ wn(dog) p(doy|og) [GXP (f(cfo, o1) — / p(dot|oy) f (oo, 01))

exp (/ p(dailoo) f (00, 01) — // M(dao)p(dallao)f(Uo,Ul))]- (10)

Using that p(do|op) is a product measure which therefore satisfies GCB (c), we start then
by estimating

/P(dmlao) exp <f(00»01)—/P(d0]|00)f(00,01)>

<exp (3ells f 113) . (11)
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where f,, : s — R is the function defined by f,;,(0) = f (00, o). As a consequence, we
have for all oy € Qg the estimate 6, fo, < 8)1 f, and therefore,

18 fo 13 < 118" £115.-
Next, using the fact that p satisfies GCB (C ) we tackle the second factor in (10) as follows:

/M(dcfo) exp (/ p(doy|oo) f (00, 01) —// M(dffo)p(dallcfo)f(ao,m))

=/u(dao)exp (F(Go)—/F(Go)M(dGO))
<exp(SI8FI3), (12)

where we denoted F (o) = f p(doy|o) f (o, 01). Then we are left with estimating ||8F||%.
We have

F(o™) — F(o)
= / p(daylo™) (f(cr(”, o1) — f(o, 01))

+ / p(ailo™) f(o, 1) — / p(doilo) f(o,01)
<8c0f + (P(fo D™= (P(f)[o],

where fy : @ > R :n— f(o,n), and as a consequence,

Plo(n) = / fo &) pldEln) = / £(0.8) p(dEln).
Therefore, using Lemma 2.1, we obtain

(P(fo))(0D) = (P(fe))(0) < (Y %8 f5)x < (Y 8" f)s. (13)
Combining then (11), (12), (13), we obtain

log/exp (f(oo,m)—/deP’M> dB, < < |8 £]2 + %(|}50f+w*51f||§).

Considering now a function f (o9, o1, . . ., 0,), thatis, a function of the configuration at times
0 up to n, we can iteratively proceed as before by writing

/exp(f(cro,...,on)—/deP’M>dIP’M
:/M(dUO)/P(dUl|GO)'"/p(donwnfl)

|:exp (f - f p(doylon—1) f(00, ..., 041, Gn))
eXp (/p(d6n|011—l)f(007 <oy Op—1, Un)

- / p(doy—ilon—2) p(doyl|ou—1) f (o0, ..., On-1, Gn))

"’exp(/faodﬂ—/fdpu>]-
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Then we estimate the different factors, from inner to outer, by using GCB (c) for product mea-
sures, and for the final (outer) integral GCB(C ) for the measure p. This gives the following
estimate

210g/exp (f(ao,al,...,o,,)—/fdPM> dP,(c0,01,...,00)
<clo"f13

A L AT L

+c H81f+1//*82f+...+(w*)n71 *5”f||§

FC|80f + Y %8 f - @ 8" f3

(14)

where (y*)* denotes the k-fold convolution power of . We are now left with estimating the
rhs of (14).
Now recall the notation (6), then we have, by iterative application of Young’s inequality,

)k % 7 Hlla < 115167 Ol = 2117 )l (15)

As as consequence, combining (15) with by Minkowski inequality || f +gll2 < | fll2+ g2,
we can estimate the terms appearing in the rhs of (14) as follows

[+ 875 < (1877 Fla+ VRIS £],)°

|80 F + 9 %82 f + -+ @ w8 f3

< (18" 7l + Ve |2, + -+ iy~ o 1])

2

As a consequence, the sum in the rhs of (14) can be estimated by ||AU||%@+1 where || - [[ga+1
denotes Euclidean norm in R™*! and where v is the vector with elements v; = ||§¢ f ||, for
i=0,1,...,n,and A is the lower triangular (n + 1) x (n + 1) matrix whose elements are
given by
Ain—j =" 0<i<n—1, 0<j<i
Apn—j=vC /" 0<k<n
Ay = 0 otherwise. (16)

The Euclidean norm ||Av||% can therefore be estimated by ||A||% |lv]|2. The matrix norm of
A can in turn be estimated by
2
IANZ < [Alloo Al

where

1Al = sup Y Ai I, Al =sup ) |A; jI.
1 / J i

Using (16) and the fact that « < 1, which implies that, for all j, Z,‘jzo (W) < 1%, we

N3
obtain

NG
Ale = 22V
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whereas

n
ol = > 16" £13 = 1813

k=0
As a consequence we obtain as a final estimate for the sum in the rhs of (14)
2
jAR I < (Y v Ve 18515
2 “\1—k  1-Uk 2
which shows that we have the Gaussian concentration bound with constant
2
o — Jeva/C
11—k |-

The proof of the theorem is complete. O

Remark 3.3 In the proof of Theorem 3.2 we used the contractive property « < 1 only in the
estimation of the norm of the matrix A. As a consequence, we have that, if i satisfies GCB (C),

GCB (5,1) with 5,, = ||A||%, with A the matrix given in (16). If ¥ < 1, then the matrix norm
can be bounded uniformly in 7, and therefore in that case we indeecL can consider the “limit”
n — oo, i.e., conclude that B, satisfies GCB(C’), with C' = sup,, Ch,.

Remark 3.4 Because we have proved that the equivalence “w satisfies GCB with P, satisfies
GCB?” only in the contractive regime, we cannot exclude that there are examples where . (a
stationary measure) satisfies GCB, but I}, does not satisfy GCB, and possibly there are other
stationary measures. As we will see below, in that case we can conclude that at least one of
these stationary measures is non-Gibbs.

3.3 Relaxation to Equilibrium Via GCB and Contraction Estimates

In the contractive regime « < 1, there is a unique stationary measure v, and from any initial
measures ¢ we have that wP" — v exponentially fast. In this section we show how to
quantify the convergence to u, in terms of a distance (giving a stronger convergence than
weak convergence), under abstract locality and a contraction conditions. We start by defining
these locality and contraction conditions.

Definition 3.1

1. We then say that the PCA is local with propagation speed a € IN if for all n, k € IN and
f € Fc,, we have P"f € Fc,,a- Here as before, C,, = [—n, nl4nzd.

2. We say that the PCA is contractive with contraction speed v, : Z¢ — R™ if for all
n € IN we have

B(P"f)) <Y x38f, an

where the inequality has to be interpreted point-wise, i.e., (P" f)x < (Y * 8 f)x, for
all x € 7.

The condition on locality is satisfied for finite range PCA’s.
In order to formulate our result, we need the following pseudo-distances.
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Definition 3.2 For A € Z¢ we define

Doo,A(/L»V)=Sup{/fdM_/de:fEan”af”l51}7

DZ,A(M’V):SUP{/fdM_fde:f€-7'-A»||5f||2§1}-

Notice that Dog A (1, V), D o (@, v) > 0if and only if pp # va.
The Cauchy-Schwarz inequality immediately gives |8 f||1 < +/[A]||8 f||2 and, as a con-
sequence,
Do A

[A]

< Doo,A~

For v, u translation-invariant probability measures we have (see [7])

lim Do A (v, 1) = d(v, p).
A1 Z4

The d-distance is well-known and widely used in ergodic theory, see e.g. [26]. Convergence
in this distance is stronger than weak convergence and conserves, for instance, ergodicity,
mixing, and the relative entropy density w.r.t. a translation-invariant Gibbs measure is a
continuous function w.r.t. this metric. Additionally, we prove in [7] that

. Do
lim 1

n— 00 |Cn|

=d(v, p).
Then we have the following result.

Theorem 3.3 Assume the PCA has contraction speed v, is local with propagation speed
a € N, and has a stationary measure u € Ip which satisfies GCB (C ) Assume additionally
that p has “finite energy”, i.e., there exists p > 0 such that

ulopa) = e P Vo e Qg A € Z°.

Then, for every probability measure v, and for all n, k € IN, we have

D%, ¢ (wPK, ) <2C s¢,, 0 010) I3, (18)
and
D3¢, (WP* ) <2Csc,, I ¥l (19)
As a consequence, for all n, k € IN,
D3, ¢, WP*, ) <2Cp [Cpparlllvl3. (20)

If v is a translation-invariant probability measure, then for all k € IN
d*(wP*, ) < 2Cp ¥kl @
As a consequence, if |y |l] = 0 as k — oo, then vP* — 1 in d-distance.

Proof First observe that by the finite energy condition, for every probability measure v we
have the upper bound
N
Av|p) - 22)
|A]
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We then start with the variational formula for the relative entropy combined with the locality
condition, the stationarity of w, and (17) to obtain

$Cpon V1) > sup (/ P"fdv—/PkfdM—IOg/ePkf_ffd“du>

feFe,

c
> sup </fvak—/fdM—§|Wk*5f||%)-

feFe,

Now we use

I %8 £15 < I3 18117
Replacing then f by A f and optimizing over A we obtain (18). If on the other hand we use

e+ 813 < Il 18 £113,

and proceed with the same optimization, then we arrive at (19). The result (20) then follows
immediately via (22), whereas (21) follows by first dividing both sides of (19) by |C,| and

then taking the limit n — o0, using once more (22), combined with the fact that forall k € IN
|Cn+ak|

— lasn — oo. O
[Cl

we have

Remark 3.5 Noticethatifx < 1(cf.(6))then|¢| < « and by iteration of Young’s inequality
we have

e * 8 £113 < kX 18 F13.

This then leads to exponential convergence in d-distance, i.e.,
c?(ka, w) <2Cp Pl

The exponential convergence in d-distance for a class of PCA’s and interacting particle
systems was obtained in [27] using coupling methods.

4 GCB and Uniqueness

In [5] we provided a link between GCB and the uniqueness of translation-invariant Gibbs
measures in the context of lattice spin systems with translation-invariant potentials, see also
[8] for a generalized setting beyond Ising spins. Here we prove some connections between
GCB and uniqueness in our current setting of PCA’s for the space-time stationary measures
and the stationary measures. Since we use relative entropy density, in this section our results
are necessarily restricted to translation invariant stationary measures.

Theorem4.1 If v € Ip is such that the corresponding path-space measure B, satisfies
GCB(C), then Ip = {v}. Moreover the measure v is (temporally) mixing for the PCA,
i.e., for all v-centered local functions f we have

nlLII;O/f(P"f)dv —0. 23)

Proof If v' € Ip is another stationary translation-invariant measure, then the corresponding
path-space measure [, has zero relative entropy density w.r.t. B;,, because both are Gibbs for
the same translation-invariant potential (cf. [17]) . This fact, combined with the fact that P,
satisfies GCB (C) by assumption, and using Theorem 2.1, gives P,y = IB,. As a consequence,
by restriction to the time zero layer, we obtain v = v’. The mixing property (23) follows
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from the space-time mixing property of B, which in turn follows from the GCB property of
P, (see [5, Proposition 2.2]). m]

Remark 4.1 Within the framework of Theorem 4.1, even if the stationary measure v is unique,
we cannot directly conclude the convergence uP" — v. Moreover, it remains unclear
whether there exist examples of B, satisfying GCB(C) outside the contractive regime.

The next result proves that certain forms of non-uniqueness are not compatible with GCB.
In particular, starting from a “low-temperature phase” one cannot arrive at measure satisfying
GCB in finite time.

We call the transition operator of a PCA non-degenerate if for all i, v probability measures
on Qg we have u # v implies wP" # vP" for all n € IN. This is satisfied, e.g., when the
range of P”" is uniformly dense in the set of continuous functions.

Theorem 4.2

1. Assume P is non-degenerate. Let . # p' denote two translation-invariant probability
measures with relative entropy density S (u|u') = 0. Then for alln € IN, i/ P" does not
satisfy GCB(C) forany C > 0.

2. Letv,V' € Ip. If v satisfies GCB(C) then §(V'|v) > 0. In particular, v and v’ cannot
be Gibbs measures for the same translation-invariant potential.

3. Let p be a translation-invariant Gibbs measure w.r.t. a translation invariant potential
which is also stationary for the PCA. Assume u satisfies GCB (C ) Let v be a translation-
invariant probability measure with zero relative entropy production w.rt. u, i.e., such
that

slu) =SsWP|w), (24
then v = u. As a consequence Ip = {u}.

Proof For item 1: §(u|u') = 0 implies §(uP"|u'P") = 0 for all n € IN, and therefore, if
w' P" satisfies GCB(C ), wP" = u' P" which is impossible by the assumed non-degeneracy.

Item 2) From Theorem 2.1 it follows that for v/ # v, §,(V'|v) > 0. As a consequence
v and v’ cannot be Gibbs measures for the same translation-invariant potential, because this
implies s (V'|v) = 0.

For item 3: in [9] it is proved that (24) implies that v is a Gibbs measures for the same
translation-invariant potential, and therefore, § (v|) = 0 which implies v = p because
satisfies GCB (C ) by assumption. In particular when v € Ip we have (24), and therefore
V= U O

4.1 Two Examples

Finally, we provide two examples.

The first example illustrates that outside the context of PCA’s, it is possible to have two
different “space-time Gibbs measures” and at the same time restrictions which satisfy GCB.
The second example shows that in the context of PCA’s one can have one invariant measure
satisfying GCB, and another one which is both non-Gibbs and does not satisfy GCB.

Example 1: Restrictions in the low-temperature Ising model
Item 3 of Theorem 4.2 implies that if there exists a stationary measure u satisfying GCB (C)

and it is not unique — more precisely, if there exists another stationary, translation-invariant
measure v — then u cannot be a Gibbs measure for a translation-invariant potential.
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As discussed in Section 2.4, a stationary (translation-invariant) measure of a PCA is
the restriction of a translation-invariant space-time Gibbs measure to the time-zero layer
{(x, 0):x ez } (or any other time layer). Consequently, if a stationary measure is both
a Gibbs measure and satisfies GCB (C), then it must be unique. The ability to conclude
uniqueness from the Gibbs and GCB properties of a restriction is specific to PCA space-time
Gibbs measures, as we will illustrate with the following example.

Consider the decimation of the plus and minus phases of the low-temperature Ising model
in dimension d = 2 and decimation parameter b > 3, i.e., the restrictions of the plus and
minus phases to the sublattices bZ4 with b > 3. Let PT and P~ denote these two translation-
invariant measures. Their restrictions to the horizontal axis denoted vt and v, are Gibbs
measures with exponentially decaying interactions and therefore satisfy GCB (C ) (see [20],
[23], and [3] for the resulting GCB property). However, the full measures P* and P~ do not
satisfy GCB, as their relative entropy satisfies S (P™|P~) = 0 and they are distinct measures,
Pt £ P, By Theorem 4.2, Item 3, such a situation cannot arise for space-time Gibbs
measures of a PCA. In fact, in this example, both P™ and P~ are non-Gibbsian measures
[13].

Finally, since v satisfies GCB(C), we also obtain § (v"|v™) > 0, meaning that vt and
v~ cannot be Gibbs measures for the same potential.

Example 2: Cellular automata with totally asymmetric noise

An important class of PCA’s including well-known models such as Toom’s model (ind = 2),
Stavskaya’s model (in d = 1) are studied in [14]. For the class of models considered in this
work, the authors prove that in the “high-noise” regime, the unique invariant measure is
84 (the Dirac measure concentrating on the all-plus configuration), and in the “low-noise”
regime, there exist multiple invariant measures (including §.). For each of these invariant

measures ( one can prove that
1

d—
ntc,) =e ", (25)
where 4, denotes the event to see the all-plus configuration in the cube C,. In [25] a
complementary upper bound is proved. From (25) we conclude that s, (64 |n) = 0
If w e Ip, u # 64 satisfied GCB(C ) then, by Theorem 2.1 we would conclude

Sx(B4lp) >0,

which contradicts (25). Therefore, in the regime of non-uniqueness for all these examples,
from the set of invariant measures only the Dirac measure § satisfies GCB, and all other
invariant measures do not satisfy GCB. Moreover, when starting from the all-minus con-
figuration, in all these examples one converges exponentially fast to an invariant measure
1~ which does not satisfy GCB. Le., the path-space measure starting from the measure §_
(which trivially satisfies GCB) does not satisfy GCB, even if at every positive time k > 0,
the measure 5’1‘3 does satisty GCB (by Theorem 3.1).
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