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ARTICLE INFO ABSTRACT
Keywords: Magnetic hyperthermia is a promising cancer treatment method that involves complex multiphysics phenom-
Magnetic hyperthermia ena, including interstitial tissue fluid flow, magnetic nanoparticle (MNP) transport, and temperature evolution.

Interstitial tissue flow However, these intricate processes have rarely been studied simultaneously, primarily due to the lack of

a comprehensive simulation tool. To address this issue, we develop a comprehensive numerical framework
in this study. Using this framework, we simulate a circular-shaped tumor embedded in healthy tissue. The
treatment process is examined under two scenarios: one considering gravity and the other neglecting it. Without
gravity, the interstitial tissue flow remains stationary, and hence MNP transport and temperature evolution
are determined solely by diffusion. The optimal treatment time, when the tumor cells are completely ablated,
decreases with both the Lewis number and the heat source number, following a power law. When gravity is
considered, treatment efficacy deteriorates due to buoyancy-induced MNP movement, significantly extending
the time required to completely ablate the tumor cells. This required time increases with both the buoyancy
ratio and the Darcy ratio, also following a power law. The results from this study could provide valuable
guidelines for practical magnetic hyperthermia treatment.

Heat and mass transfer
Thermal dose

1. Introduction

Hyperthermia treatment or thermaltherapy is a cancer therapeutic
treatment procedure emerging in recent decades in which tumor tissues
are locally heated to approximately above 43 °C [1-6]. With the
potential of only heating tumor cells to death while protecting the
surrounding healthy tissue, hyperthermia can effectively avoid side
effects encountered in conventional cancer treatment and therefore
alleviate suffering. Among various hyperthermia modalities, magnetic
hyperthermia is a promising one, in which magnetic nanoparticles
(MNPs) are directly injected into the tumor tissue and generate con-
trollable heat by applying a high-frequency alternating magnetic field
(AMF) so that the target temperature can be achieved to ablate tumor
cells [7,8]. Magnetite (Fe;0,) is a widely adopted MNP candidate due
to its excellent magnetic properties and low toxicity [9-12]. The heat
generated by MNPs is primarily associated with relaxation losses when
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exposed to the AMF, which can be predicted using the Rosensweig’s
model [13,14].

To guide the process before the actual treatment, a reliable model-
ing tool is required for fast predicting the treatment efficacy. Currently
the most popular model is the Pennes bio-beat transfer equation (PB-
HTE), which was proposed by Pennes in 1948 based on laboratory
observations of human muscle. It considers thermal energy balance,
heat convection through blood perfusion and heat generation induced
by MNPs. Due to its ease of implementation, PBHTE has been widely
adopted in predictive studies of magnetic hyperthermia treatment [15—
17]. However, it overlooks the interstitial tissue flow and actual mass
transfer of MNPs. To enhance the prediction accuracy, therefore, re-
searchers have been keen in incorporating other key factors into the
model.

MNP concentration determines the distribution of heat source [18].
Some studies have incorporated the mass transfer of MNPs into the
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Nomenclature

Abbreviations

AMF Alternating magnetic field

CFD Computational fluid dynamics
LBM Lattice Boltzmann method

MNP Magnetic nanoparticle

MRT Multiple-relaxation-time

PBHTE Pennes bio-beat transfer equation
REV Representative elementary volume

Greek Letters

a Thermal diffusivity, m2/s
Pc Solutal expansion coefficient, 1
Pr Thermal expansion coefficient, 1/K
Xo Equilibrium susceptibility
Ho Magnetic permeability of the vacuum, Tm/A
¢ Porosity
W Dimensionless concentration
p) Density, kg/m>
c Thermal capacity ratio
og Electrical conductivity, S/m
TR Effective relaxation time, s
0 Dimensionless temperature
Kinetic viscosity, m?/s
t Dimensionless time

Roman Letters

(X,Y) Dimensionless Cartesian coordinate

(x,y) Cartesian coordinate, m

m Mass flow rate of perfusing blood, kg/m3-s

Fy Magntic Lorentz force, kg/m?-s?

F Total external body force, kg/m?-s?

f Particle distribution function for fluid field

G Gravity force, kg/m?-s

g Particle distribution function for temperature field

h Particle distribution function for concentration
field

i Unit vector in the x direction

j Unit vector in the y direction

U Dimensionless velocity

u Velocity, m/s

B, Magnetic induction amplitude, T

C MNP concentration

c, Specific heat, J/(kg-K)

Cem Coefficient, a function of temperature

CEM43 Cumulative equivalent minutes at 43 °C, min

PBHTE model, recognizing its crucial role in therapies [19,20]. The dif-
fusion or convection-diffusion equations typically govern the temporal
and spatial evolution of MNP concentration [21-23]. Soltani et al. [24]
discussed the impact of MNP transfer, compared temperature profiles
at various instants, and concluded that MNP diffusion reduces the
maximum temperature while expanding the ablation region in a tumor.
Moreover, as confirmed by Salloum et al. [25] in their experiment, the
distribution of MNPs can be controlled through well planned injections
especially when the injection flow rate is sufficiently low.

Interstitial tissue flow is a crucial factor during magnetic hyper-
thermia treatment. Researchers, such as Tang et al. [26,27], have

D MNP mass diffusivity, m?/s
d, Mean pore diameter of porous media, m
dium Diameter of circular tumor, mm
Da Darcy number
f Frequency, Hz
F, Forchheimer coefficient of porous media
g Acceleration of gravity, m/s?
H Magnetic field intensity, A/m
H, Magnetic field intensity amplitude, A/m
Ha Hartmann number
K Permeability of porous media, m?
k Thermal conductivity, m?/s
Length of healthy tissue, mm
Le Lewis number
N Buoyancy ratio
P Dimensionless pressure
p Pressure, Pa
Pe Peclet number
Pr Prandtl number
Q Heat release rate induced by MNPs, J/m>-s
o, Heat source number
r Ratio for parameter variation
Repmas Percentage ratio of area for CEM43 > 60 min
Rp, Darcy ratio of tumor and healthy tissue
Ra Rayleigh number
S Area, m?
T Temperature, °C
t Time, min
Subscripts
b Blood
e Effective value
f Interstitial tissue fluid
h Healthy tissue
h Higher reference value
) Lower reference value
max Maximum value
n Nanoparticles
nf Nanofluid
opt Optimal value
req Required value
s Porous solid
tum Tumor tissue

investigated the interstitial flow field using the Brinkman equation,
demonstrating that the velocity of interstitial tissue flow directly im-
pacts the distribution of MNP concentration and, consequently, the tem-
perature profile. Similar studies have also been conducted, where the
Darcy equation is employed [28-31]. These investigations unveiled the
significant influence of the interstitial flow on the treatment efficacy.
The understanding of flow through porous media has been evolving be-
yond the conventional Darcy and Brinkman models, leading to several
alternative approaches. Nithiarasu et al. [32] proposed a generalized
non-Darcy model that considers both linear and non-linear resistant
force components, convection, inertia, and external body forces [33,
34]. This model can be mathematically incorporated into the Navier—
Stokes equations [35], and has been shown to provide more reliable
information about velocity [36]. Despite these advantages, this model
has never been employed in the simulation of magnetic hyperthermia
treatment.
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Fig. 1. Schematic of the two-dimensional magnetic hyperthermia problem in this study. The orange circular area denotes the tumor, whereas the outside gray region represents
the healthy tissue. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The density of MNPs is typically several times that of the tissue
fluid [37,38]. Additionally, temperature difference also slightly in-
fluences the local flow density, which is commonly estimated as a
buoyancy force using the Boussinesq approximation [39-42]. Conse-
quently, the effect of gravity is significant in treatment [43-45]. The
presence of gravity drives the interstitial tissue flow, thereby influenc-
ing the distribution of MNPs and temperature in the tumor tissue and
healthy tissue, ultimately impacting the efficacy of treatment. However,
this significant external force was often neglected in simulations of
magnetic hyperthermia.

Ablation on tumor cells is a heat accumulation process, which is
affected by both temperature level and duration of exposure. Dewhirst
et al. [46] underscore the importance of these two factors, particularly
in evaluating cell death where the temperature distribution is spatially
and temporarily non-uniform. To quantify the thermal dose received
by cells, a quantity termed cumulative-equivalent-minutes-at-43 °C
(CEM43) is utilized. It accounts for both the temperature level and
the duration of exposure, providing a standardized measure of thermal
dose. Originally introduced by Sapareto and Dewey [47], CEM43 has
been widely adopted in various studies to assess the efficacy of cell
ablation during magnetic hyperthermia treatments [15,48,49].

In this study, we aim to develop a more accurate, holistic simu-
lation framework for magnetic hyperthermia treatment, and use it to
evaluate the treatment efficacy. This framework couples the Navier—
Stokes equations for the interstitial tissue flow, a PBHTE variant for
the heat generation, transfer and dissipation, and a concentration equa-
tion for the evolution of MNP distribution. The treatment efficacy
is assessed using the CEM43 criterion. To demonstrate this frame-
work, the treatment process on a simple tumor model, i.e., a tumor
of circular shape surrounded by a block of healthy tissue, is simulated
under various conditions. Results from two scenarios are presented
and discussed, depending on whether gravity is considered. These find-
ings have significant implications for practical magnetic hyperthermia
treatment.

2. Methodology
2.1. Physical model

A schematic of the present two-dimensional magnetic hyperthermia
problem is shown in Fig. 1, where a simple circular tumor is located

at the center of a tissue block, subjected to an external high-frequency
AMF of strength H. The diameter of the tumor is d,,, = 10 mm, which
falls in the range of 90% observed tumor sizes [50]. The dimension of
outside healthy tissue is chosen as L = 10d,,,, which is large enough
for the study (as confirmed in Appendix A). To facilitate the following
analysis and discussion, a Cartesian coordinate system is defined at the
center of the tumor, with the x-axis pointing to the right and the y-
axis pointing upward. We investigate the effect of gravity in this study,
which is defined in the negative y direction.

Both tumor and healthy tissues are porous media with the same
porosity ¢ = 0.26 but different permeability K [51,52]. They are filled
with the interstitial tissue fluid, which is assumed stationary before
the treatment and remains incompressible and laminar throughout
the process. Due to the small size of the tumor, the MNP is deemed
to be injected into the tumor in one shot, uniformly occupying the
entire tumor with a volume fraction of 0.01. Meanwhile, the initial
temperature is set at 37 °C across the entire computational domain.
The Boussinesq approximation is adopted due to the minor density
variations in the interstitial flow. Additionally, we neglect the effects
of Brownian diffusion and thermophoresis, as well as the influences of
chemical reactions, metabolic heat, radiation, and viscous dissipation.
We also assume local thermal equilibrium during the heat transfer
process.

2.2. Governing equations

The multi-physics problem described above is studied numerically
using a holistic simulation framework. Based on the mentioned assump-
tions, this framework is built upon the following set of equations [27,
35,40,53]

V.-u=0, (1a)

Bt @ (8) =--L9@p +0, Vur (1b)

ot ¢ Pug Pus

O'E +u-VT =q, V2T + ——— iy, (T, = T) + C Q , (1)
ot (pCpns (pCp)ns

¢% +u-VC=D,VC, ad)
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where V = %H 0% j is the gradient operator. i and j are the unit vectors
in the x and y directions, respectively.

Eq. (1) includes the continuity equation, the momentum equation,
the energy equation (a variant of PBHTE), and the concentration equa-
tion, respectively, applied in two-dimensional space to both tumor and
healthy tissues. u is the flow velocity vector, with components u and
v along x-axis and y-axis, respectively. T and C are the temperature
and MNP concentration (i.e., volume fraction), respectively. p, p, <,
and v are fluid pressure, density, specific heat, and kinetic viscosity,
respectively. o = [(pc,), s $ + (pc,)(1 — §)1/(pc,),, is the heat capacity
ratio. a, = k,/(pc,),, is the effective thermal diffusivity, where k, =
k,r@+k,(1—¢) [54,55] represents the effective thermal conductivity of
porous media. Here, the subscript “¢” denotes the effective properties,
“nf” denotes the properties of nanofluid, which is a mixture of the
interstitial tissue fluid and the injected MNPs, and “s” denotes the prop-
erty of porous solid. In addition, the subscript “b” in Eq. (1c) denotes
the properties of perfusing blood. Note that the thermal properties are
identical for interstitial tissue fluid, perfusing blood, and the porous
solid in both tumor and healthy tissue, due to the minor differences
among them [27,36,37,51]. The effective concentration diffusivity of
MNPs in porous media is given by D, = ¢ D [55], where D represents
the concentration diffusivity in the pure fluid.

F in the last term of Eq. (1b) represents the total external body force,
including the resistance forces from porous media, the buoyancy force
induced by temperature and concentration gradients, and the Lorentz
force induced by the AMF [40]

_¢pnfvnf u— ¢Pan¢
K VK

The two resistance forces in porous media (the first two terms on
the right-hand side, known as the Darcy and Forchheimer terms, re-
spectively) are evaluated using the representative elementary volume
(REV) scale method [40,56]. Here, F, = 1.75/4/150¢3 denotes the
Forchheimer coefficient of porous media, K = (¢3d§)/ [150(1 — ¢)?]
denotes the permeability, and d, is mean pore diameter. Since the
tumor and healthy tissues have different permeability, we use K,,,, and
K, to denote their respective permeability.

The buoyancy force G is given by [57]

F= [ulu + ¢G + ¢Fy;. )

G = gl(pPr)f (T = T)) + (pBc) s (C = i, ®)

where g is the gravitational acceleration. (pfr),, and (pf¢),, represent
the nanofluid’s thermal expansion coefficient and concentration expan-
sion coefficient, respectively. 7, and C, represent the lower reference
temperature and concentration, respectively.

Fy is the unsteady Lorentz force induced by a high-frequency AMF
applied along the x direction, which, for simplicity, can be represented
by an equivalent steady force as (see Appendix B for the detailed
derivation and verification)

1 .
Fy = —EaEnfng, 4

where og,, is the electrical conductivity of nanofluid. B, is the am-
plitude of magnetic induction, which is proportional to the amplitude
of the magnetic field intensity H,, i.e., B, = uyH,, where p, is the
magnetic permeability in vacuum.

Eq. (1c) is a variant of PBHTE, which includes the heat sink caused
by blood perfusion ric,, (T, — T) and the heat source induced by
the MNP exposed to AMF, CQ. T, = 37 °C is the temperature of
the perfusing blood and m, is its mass flow rate. According to the
experimental data of Lang et al. [58], m, is a temperature-dependent
variable and can be evaluated as

In healthy tissue:

_ 0.45 + 3.55 exp[—(T — 45.0)2/12.0], T <45.0 °C
my, = 5)

4.0, T >45.0 °C.
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Table 1
Properties of nanofluid.

Tissue fluid properties Value MNP properties Value

Py (kg/m?) 1052 [37] p, (kg/m?) 5200 [38]

k; (W/m K) 0.5 [37] k, (W/m K) 6 [38]

c,r (J/kg K) 3800 [37] ¢, (J/kg K) 670 [38]

bry (I/K) 2.1x107* [38] Pr, (1/K) 1.3x107° [38]
opr (@' m™) 0.7 [60] 6py (@1 m) 2.5x 10* [38]
uy (Pas) 6.92x 107 [61] - -

In tumor:
0.833, T <37.0°C
iy, = 40.8333 — (T — 37.0)*3/5438.0, 37.0<T <42.0°C (6)
0.416, T > 42.0 °C.

The heat release rate Q is evaluated as the MNP power dissipation
and can be calculated using Rosensweig’s model [14]

2z ftR
1+ Qafrr)?
where f is the frequency of the AMF and y, is the equilibrium suscep-
tibility. 7z denotes the effective relaxation time, which is determined
by both the Neel and Brownian relaxation time [11].

The effective properties of tissue fluid can be obtained by consider-
ing the MNP distribution, as [38,59]

o= ”Ho){ngf )

Py =Cp,+(1=Cpy, (8a)
_ Hy

T A= CPS (8b)

(pey)ny = Clpe,), + (1 = C)pc,) s (8c)

0Py = CloPr), + (A = C)pPr)ys, (8d)

ky + 2k = 2C(k ) — k)
Knr =Kk, v Ok, — Ky
ogs+20p;—2C(ogy —opy)
0pr+20g, +Clogs —0gs)

(8e)

OEnf = CEf (8
where the subscript “f” denotes pure fluid and “n” denotes Fe;0,
nanoparticles. Their proprieties are listed in Table 1.

If we choose d,,,, a, py, T, — T, and C, — C, as the repeating
variables (T, = 47 °C, T, = 37 °C, C;, = 0.01, C; = 0.), Eq. (1) can
be nondimensionalized as

V.- U=0, (9a)

%+(U-V*)<%)

p 0, . v, F,
= 2Ly gpy+ Prlyy gl Py _ g 2 /[OU
Puf or vy Da V/Da
+ {¢ 2L Rapr | OPTns g PPy 1 s p—fHazPrU}j
Pnf (PﬁT)f (ﬂﬂc)f OFEn Pnf ’
(9b)
(pcp) (pcp)
62 yu.vio= Zeyg Y peg 7 o, (90)
Jt ar (pcp)nf (pcp)nf
P)
d’a_f +U-Vig= L%v*z(p, (9d)

where the original dimensional parameters appear in either Capital
letters or Greek letters as

ud ta
X = X,YZ y’U: tum’T: 2/”
drum dtum af dtum (10)
2
Pzpdtum 9=T_TI’¢= C_C/

2’ T,-T,

pray C,—-C
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and V* = %H % j- From Eq. (9), this present problem is characterized
by the following eight key dimensionless parameters:

=

Pr (113)
ar
Da = 2£ (11b)
dlum
T, — T))d>
a= M 11c)
D/-(Xf
= PG =) 11d)
PrsT,—=T))
Ha = pyHyd,,, En , (11e)
Prby
e, d?
Po= Pt Tum (116
(pey)pay
QL*C, - C)
0, =—" " (11g)
(pcp)faf(Th -1
a
s
Le= L. 11h
=7 (11h)

Pr, Da, Ra, N, Ha, Pe, Q, and Le are the Prandtl number, Darcy
number, Rayleigh number, buoyancy ratio, Hartmann number, Peclet
number, heat source number and Lewis number, respectively. Pr is
the ratio of momentum diffusivity to thermal diffusivity. Da reflects
the effect of the permeability of the porous media. Ra quantifies
the stability and behavior of fluid flow in the presence of buoyancy-
driven convection. N is the ratio of the MNP buoyancy force to the
thermal buoyancy force. Ha characterizes the influence of a magnetic
field on the flow of a conducting fluid. Pe presents the importance
of the convective and diffusive transport process in a fluid flow. Q;
specifies the heating ability of the MNP. Le denotes the ratio of thermal
diffusivity and MNP mass diffusivity.

Since some properties differ between the tumor and the healthy
tissue — such as the permeability K and the blood mass flow rate s,
— Da and Pe have different values in these two tissues. To address
the influence of the difference in Da, we define a ratio of the Darcy
numbers, as

Ry, = Daum _ Kun 12)
Day, K;,

Note that, Pe is linked to 1, a temperature-dependent variable (see

Egs. (5) and (6)). This means that Pe is temporarily varying and

spatially non-uniform during the treatment.

Eq. (1) is solved using the multiple-relaxation-time Lattice Boltz-
mann method (MRT-LBM), with the D2Q9 (i.e., two-dimensional nine-
discrete velocity) scheme applied on the fluid field and the D2Q5
(i.e., two-dimensional five-discrete velocity) scheme applied on the
temperature and concentration fields [40]. More details about the
numerical method of the LBM scheme and the adopted boundary
conditions can be found in Appendix A.

2.3. Thermal dose

To evaluate the treatment efficacy, we adopt the widely accepted
cumulative-equivalent-minutes-at —43 °C (C EM43) model to evaluate
the thermal dose, as

i
CEM43 =) Cpyy*Tiot, 13)
i=1
where T; is the averaged temperature in °C at the ith time step, 67 is the
time interval, and / denotes the total number of time steps. The coeffi-
cient Cp,, is 0.5 when T; > 43 °C and 0.25 otherwise [47]. As CEM43
reaches 60 min, cells are regarded as completely ablated [15,46]. The
higher the treatment temperature, the shorter the treatment time [62].

International Journal of Heat and Mass Transfer 245 (2025) 126982

Table 2

Dimensionless parameters in baseline case [27,37,51,52].
Parameters Value
Pr 5.26
Da, 2.00 % 107
Ra 2.50 x 10°
N -18.78
Ha 0.43
0, 5.73
Le 125
Ry, 4.84

With CEM43, we can further assess the therapeutic efficacy using an
ablated area ratio for the tumor or surrounding healthy tissue, i.e.
SCEM43260 min

R =
CEM43 S
tum

14

Apparently, the optimal Rcgyy3 is 1 in the tumor and 0 in healthy
tissue, respectively, in accordance with the expected hyperthermia
treatment efficacy - killing all the tumor cells while leaving the healthy
tissue unharmed.

Compared with the method adopted in our previous work [63],
where the treatment efficacy is evaluated based on the time-frozen MNP
distribution-determined temperature field, the current C EM43 model
is more realistic, addressing the evolution of the MNP distribution and
temperature during the treatment.

3. Results and discussion

In this study, we consider two scenarios: in one scenario the gravity
is not considered, denoted as the “no-gravity” case, and in the other
scenario the gravity along negative y direction is considered, denoted
as the “with-gravity” case. According to Egs. (1) and (2), the existence
of gravity can induce the buoyancy force as a consequence of spatial
difference in temperature or MNP concentration, which then drives the
interstitial fluid flow. This induced flow may in return influence the
MNP concentration and temperature distribution, and hence influence
the treatment efficacy.

In each scenario a baseline case is chosen to facilitate analysis and
comparison. The properties of the baseline cases are listed in Table 2,
which are in the non-dimensional form and derived from typical values
obtained from medical cases.

In this study, we mainly focus on the effects of four important
parameters, namely Le, Q,, N, and Rj,. The considerations are as
follows. Le is a parameter related to MNP diffusion and hence in-
fluences the distribution of the MNP during the treatment [64]. O,
reflects the heat generation capability of MNPs when exposed to AMF,
affected by MNP effective relaxation time, the AMF amplitude and fre-
quency [14,17,65]. These two parameters are closely related to the in-
jected MNP and heat source distribution. N compares the temperature
inhomogeneity-induced buoyancy force and the MNP concentration-
induced buoyancy force. The negative sign indicates the opposite di-
rections of these two buoyancy forces. R, describes the permeabil-
ity difference between tumor and healthy tissues, which affects the
porosity-related resistance according to Eq. (9b). As such, these two
parameters are closely related to gravity and are hence important when
buoyancy is involved.

For the convenience of comparison, four corresponding ratios of the
value in studied cases to that in the baseline case, i.e., r7,, g, 'y, and
Frpa> are used to describe the variation of these four parameters.

3.1. No-gravity scenario
When there is no gravity, no interstitial tissue flow will be induced

according to Eq. (1). As such, only thermal and solutal diffusion is
involved in the system dynamics. Fig. 2 presents the evolution of
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Fig. 2. (a) Evolution of MNP and temperature at the tumor center (point A, by solid lines) and tumor boundary (point B, by dashed lines), with distribution at some specific
instants for baseline case. (b1)~(b3) denote MNP concentration distribution at # = 10 min, # = 18.7 min, and 7 = 60 min, respectively; (c1)~(c3) denote the temperature distribution

at t+ =10 min, ¢ = 18.7 min, and 7 = 60 min, respectively.

MNP concentration and temperature at the tumor center (point A) and
boundary (point B), as well as their contours at + = 10, 18.7 and
60 min for the baseline case. As shown in Fig. 2(a), at point A, the
MNP concentration maintains its initial value (C 0.01) for about
10 min, and then significantly decreases due to mass diffusion. As the
result, its temperature rises very rapidly from 37 °C in the first 10 min,
reaches the peak of 46.7 °C at about ¢ = 18.7 min, and then gradually
decreases. On the contrary, at point B, the MNP concentration rapidly
drops to about 0.0044 within 1.2 min due to the largest concentration
gradient across the boundary, which is then followed by a much mild
decrease. Consequently, the temperature only rises to its peak 43.7 °C
in the first 25.6 min, then almost maintains this value for quite a long
time. When the treatment time is long enough, e.g., at r = 60 min, the
MNP concentration at point B is only 47.1% of that at point A, whereas
its temperature is 2.4 °C lower.

Since there is no induced flow, all the concentration and tempera-
ture contours appear in circles, which are centered at the tumor center,
and evolve uniformly in all radial directions, as revealed in Fig. 2(b)
and (c). Le = 125 for this case means that the thermal diffusion is
about two orders of magnitudes faster than the solutal diffusion. This
is clearly evidenced by the contours. For example, if we define 10% of
the initial value as the boundary of the C contour (i.e., the C = 0.001
line) and the 10% temperature increase in the range of 37 °C to 47 °C
as the boundary of the T contour (i.e., the T = 38 °C line), the diameter
of the C contour is only 40.0% that of the T contour at 10 min.

Fig. 3(a) illustrates the time history of Ripj43 in the tumor and
healthy tissues. It is found that Ropp43 = 0 in both tissues before
t = 11.7 min (dash line (b)), where no ablation occurs. At ¢ 11.7
min, CEM43 = 60.0 min right at the tumor center, as revealed in Fig.
3(b), indicating that the ablation starts from this place. After that, the

ablation region gradually expands until + = 46.6 min (dash line (c)),
when the entire tumor is destroyed meanwhile the healthy tissue is
unharmed (see Fig. 3(c)). The 34.9 min difference between the start
and end of the ablation is due to the spatial temperature difference in
the tumor, which is 3.1 °C (46.5 °C at the tumor center and 43.4 °C at
the tumor boundary) at + = 11.7 min. In this baseline case, the treatment
shall be terminated at + = 46.6 min, where Ry 43 = 1 for the tumor
and R¢ 43 = 0 for the healthy tissue, otherwise the healthy tissue will
be ablated, as revealed in Fig. 3(a). As such, this instant is defined as
the optimal treatment time ¢,,,.

Fig. 4(a) presents the variations of the optimal treatment time 7,
against the Lewis number Le and the heat source number Q,, while
the other parameters are kept the same as in the baseline case. It is
seen that in general 1,, reduces with Le and Q,, but is more sensitive
to Q; than Le. Specifically, the variation of 1,, against r;, for a given
constant rp, = 1.0 is presented in Fig. 4(b). It appears that ¢, follows
a power law with r;, (data fitting with R? 0.998 gives 1,, =
2586Le~'2* + 40.0 min). As Le approaches 0, 1,, approaches infinity
since the MNP diffuses immediately and cannot generate meaningful
heat for the treatment. In this extreme case, the temperatures at both
the tumor center (point A) and the tumor boundary (point B) remain
at 37 °C, as depicted by the bottom horizontal line in Fig. 4(d). Even
though when Le is non-zero but a small value, the treatment is very
inefficient. For example, at r;, = 0.2, 14% of tumor cells still survive
after a treatment lasting for 150 min.

As Le approaches infinity, #,, approaches 40.0 min since the MNP
is “frozen” and its generated heat can completely kill all the tumor cells
within 40.0 min. In this case, the temperature at the tumor center will
reach within 0.1 °C of its final asymptotic value (47.5 °C) in 28.5 min,
and the temperature at the tumor boundary will reach within 0.1 °C
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Fig. 3. (a) Evolution of Rip,.4; in the tumor and healthy tissue for baseline case. (b) and (c) denote the distribution of CEM43 at t = 11.7 min and 46.6 min, respectively. The

white region denotes the ablation part.

of its final asymptotic value (44.1 °C) in 28.2 min, both forming the
upper bound of their respective groups as depicted in Fig. 4(d). Note
that, the 40.0 min appearing here and the power law is obtained under
the condition that all the other parameters are fixed at the baseline
values, and it may change with the chosen baseline values.

The variation of 1,, against ry for a given constant r;, = 1.0 is
presented in Fig. 4(c). Similar to the trend of varying Le, t,, also
follows a power law with ry, (data fitting with R?> = 0.976 gives
ly = 40544073%% min). It is obvious that as Q, approaches 0, 7,
approaches infinity since no heat will generated for the treatment. In
this case, the temperatures in the entire tumor remain at 37 °C, as
depicted as the bottom horizontal line in Fig. 4(e). As Q, approaches
infinity, on the other hand, 7,,, approaches 0 since the infinite heat can
immediately enhance the temperature of the tumor to a very high level.
In this case, the tumor cells can be completely killed in almost no time
according to the CEM43 criterion. However, in practice Q, cannot be
too large, since the product of frequency and amplitude of magnetic
field should not exceed 5 x 10° A/m-s in order to ensure the comfort of
patients during the treatment [66]. Note that, the corresponding value
for f H, equals 1.28x 10° A/m s at Q, = 5.73 in the baseline case [7]. As
illustrated in Egs. (7) and (11g), (Q),..x can be 85.1 when increasing
H, with unchanged f, 15.2 times the baseline Q; value, which leads
to the optimal treatment time of only #,,, = 0.6 min.

To account for the combined influence of both Le and Q,, a two-
dimensional fitting function is obtained. The optimal treatment time
1, follows a power law relationship with the variation of both r,
and ry,. The data fitting results in R?> = 0.946, yielding an equation
lor = (4097386Le™!35 + 20714)0;3%% min. It indicates that as both
Le and Q; approach 0, the optimal treatment time #,, tends towards
infinity. Conversely, as Le and Q, both increase towards infinity, 7,,
approaches 0. This behavior is consistent with the practical treatment
expectations.

From Fig. 4(d) and (e), one can see that a temperature peak (7),,,,)
appears during each treatment. Since an extremely high temperature
treatment may cause serious inflammation [67], T,,,, shall be moni-
tored during the treatment. The T,,, . values at the tumor center, which
represent the peak temperature over the entire tumor, and their occur-
rence time are listed in Table 3. As already mentioned at the beginning

Table 3

Temperature peak 7,,,, and occurrence time ¢ at tumor center (Point A).
Tre Thax> °C t, min Tos Tpaxs °C 1, min
0.2 45.3 11.0 0.7 45.1 21.4
0.6 46.4 15.7 0.8 45.9 19.9
1.0 46.7 18.7 1.0 46.7 18.7
2.0 47.0 23.2 1.2 48.3 16.9
4.0 47.2 29.3 1.4 49.8 159
8.0 47.3 36.1 1.6 51.4 15.3
16.0 47.4 43.5 2.0 54.5 14.6

of this section, in the baseline case (r;, = ro, = 1), T,,,, = 46.7 °C and it
occurs at t = 18.7 min. As r;, increases, T,,,, increases but occurs later.
This is not surprising because fast diffusion (low Le) leads to a fast drop
in the MNP concentration in the tumor, resulting in an early but low
temperature peak. On the contrary, although T, also increases with
ros; its occurrence time reduces, which is straightforward since large
heat generation (high Q) leads to a fast and high temperature peak.
It is also observed that T,,,, depends more on Q;: doubling ry; to 2.0

max
leads to a much higher T, of 54.5 °C.

ax

3.2. With-gravity scenario

When the gravity is introduced along the negative y direction, a
buoyancy flow will be induced due to the MNP concentration difference
(as the ideal MNP material magnetite is substantially heavier than
interstitial tissue fluid [10,11]) and temperature difference. In the
selected baseline case the buoyancy ratio is N = —18.78, which means
the solutal buoyancy force is opposite in direction to the thermal
buoyancy force, and the former outweighs the latter [57,68,69]. As
such, the interstitial tissue fluid will be driven downward according
to Eq. (1). This buoyancy flow can affect the treatment efficacy and is
hence discussed in this section.

Fig. 5 presents the evolution of MNP concentration and temperature
at four selected locations: the tumor center - point A, the rightmost
point of the tumor - point B, its top point - point C, and its bottom point
- point D, as well as the concentration and temperature contours at two
selected instants: + = 18.1 and 60 min. It is evident from the contours
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in Fig. 5(c) to (f) that the spatial differences in MNP concentration lead
to differences in temperature. They collectively generate downward
buoyancy forces and cause a very slow flow (approximately 107 m/s),
accompanied by a pair of counter-rotating vortices. The downward flow
concurrently pulls the MNP, leading to the gradual downward move-
ment of the concentration and temperature peaks. Furthermore, the
combination of this slow convection with isotropic diffusivity of heat
and MNP mass transfer produces slightly non-concentric patterns of the
MNP concentration and temperature distribution, as also reported by
Vijaybabu [70].

As a result, the MNP concentration and temperature at the tumor
center become slightly smaller (about 0.2 °C at r = 80 min) if compared
with those in the no-gravity scenario. The influence can be more
obvious on the tumor boundary. For example, at ¢ 80 min, the
temperature at the top point (point C) is about 0.6 °C lower, whereas it
is about 0.5 °C higher at the bottom point (point D). Moreover, unlike
in the no-gravity scenario, the temporal and spatial peak temperature
no longer appears at the tumor center. Instead, a slightly (0.1%) lower

=40544073% min, respectively. The series of values for r;, in (d) and ry, in (e) are used to clarify the lines in the

peak value appears 0.5 mm (5% of the tumor diameter) below the
tumor center at a slightly (1.6%) later time.

Fig. 6 presents the evolution of Ry 43 in the tumor and healthy
tissues for the baseline case. It clearly reveals that, different from the
no-gravity scenario, the gravity-induced downward MNP movement
makes it impossible to achieve a perfect treatment (i.e., 100% tumor
cells killed and no healthy tissue cell harmed). The tumor tissue starts
to be ablated since r = 11.7 min, the same instant as that in the no-
gravity scenario. However, as the treatment progresses to 7 37.7
min, the healthy tissue starts to be ablated from the bottom side of
the tumor, while only 85.0% of the tumor cells are killed. When the
tumor cells are just completely ablated at + = 63.4 min, about 21.3%
healthy tissue cells have already been killed. It is also noted that the
complete ablation time is 36.1% longer than the 46.6 min used in the
no-gravity scenario. Therefore, obviously, the gravity effect deteriorates
the treatment efficacy.

Fig. 7(a) and (b) present the distribution of required time for com-
plete tumor cell ablation, #,,, and the corresponding ratio of damage
in the healthy tissue, Rcppq3,, respectively, in a parameter space
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power law functions, i.e., 1,,, = 47.25 +9.35 X 10| N|*>> min in (c), ¢

req

req req
spanned by the buoyancy ratio N and the Darcy ratio Rp,, while
the other parameters remain unchanged as in the baseline case. It
is seen that in general both t,,, and Rcppyas ), increase with N and
Rp,. If plotting the variations along the rgp, = 1.0 line, Fig. 7(c) and
(e) both show an obvious concave up, increasing curve. Along these
curves, data fitting gives power laws to #,,, and Rcgpus, against N
as t,,, = 47.25 + 0.00935| N[> min (with R? = 0.987) and Rcppqs =
0.011 + 0.00200| N |8 (with R? = 0.999), respectively. The y-intercepts
of these fitted curves suggest that, when | N | approaches 0 meaning that
the solutal buoyancy force diminishes, #,,, = 47.25 min and Rcppa3p =
0.011. Under this condition, only the mild thermal buoyancy force plays
the role, 1,,, is slightly greater than #,, = 46.4 min obtained in the no-
gravity scenario, meanwhile R4, slightly deviates from zero. On
the other hand, infinite | N| leads to infinitely large #,,, and pronounced
Rcppasps Since a very large solutal buoyancy force drives all MNPs
away from the tumor almost immediately.

If plotting the variations along the rp = 1.0 line, Fig. 7(d) and
(f) both show a slightly concave down, increasing curve. Along these
curves, data fitting gives power laws to 1,,, and Rc g 43 , against Ry, as
trog =46.6 + 6.05R%63 min (with R? = 0.998) and Rep 43, = 0.12R%3
(with R? = 0.992). As Rp, approaches 0, the flow resistance in the
tumor is extremely large, resulting in no interstitial flow. As such, 7,,,
and Rcpp43,, are identical to the results obtained in the baseline case
for the no-gravity scenario. In this case, we have t,,, = 7,, = 46.6
min, and no injury occurs in the healthy tissue. As Rj, increases,
however, the interstitial fluid moves in the tumor under the gravity
effect, so do the carried MNPs. This movement results in the unbalanced
MNP distribution (as can be confirmed later in Fig. 9(h)) and is hence
responsible for the increase of ¢

If considering the combined influence of the buoyancy ratio N and
the Darcy ratio Rj,, more general power laws can be obtained as

req and RCEM43,h'

and (b) the corresponding injury Rcpp43,- (¢) and (d) denote ¢,
1.0 and rgp, = 1.0, respectively. The dash lines in (c)~(f) denote the corresponding fitting curve in the
=46.6+6.05R%> min in (d), Reppss = 0.011+2.00x 107 [N | in (e), and Repppss = 0.12R%Y in (6.

10

req @t ry = 1.0 and rgp, = 1.0,

treg = 0.00165| N> R080 + 46.6 min (with R? = 0.990) and Rep s =
0.00143|N|"47R%43 (with R? = 0.998).

Fig. 8(a) presents the evolution of Ryppu; in both tumor and
healthy tissue at three selected buoyancy ratios, i.e., ry = 0.4, 1.0, and
1.6. The deviation among these three cases becomes pronounced after
about 30 min. As r increases, the tumor killing process slows down,
and the time required to destroy all the tumor cells is significantly
lengthened from freg = 51.4 min (atry = 0.4) to 104.0 min (at ry = 1.6),
more than doubled. Meanwhile, the ablation of healthy tissue starts
earlier, from 43.9 min at ry = 0.4 to 34.2 min at rp = 1.6, reduced
by 22%. These observations are not surprising since the increase in
solutal buoyancy force makes the downward drift of MNPs faster and
their moving across the bottom side of the tumor earlier. This influence
is also reflected by the temperature evolution presented in Fig. 8(b),
where the temperature difference between the top and bottom points
(i.e., points C and D) becomes more and more obvious with the increase
of ry.

Fig. 8(c)~(k) further compare the MNP concentration, tempera-
ture, and CEM43 distributions among the three selected buoyancy
ratios at t+ = 50 min, when the deviations are pronounced. It is seen
that, as ry increases, the contour patterns of the MNP concentration
and the resulting temperature move further downwards. These down-
ward movements result in the deterioration of the treatment efficacy,
i.e., Reppgs in tumor reduces from 0.996 (at ry 0.4) to 0.923
(at ry = 1.6), while Rcgpq3, in healthy tissue increases from 0.056
to 0.117. Interestingly, the downward movement of MNPs induces a
secondary flow, i.e., a pair of vortices, which also slightly affects the
MNP and temperature distributions in the horizontal direction.

Similarly, Fig. 9 presents the evolution of R 43 in the tumor and
healthy tissues and temperature at monitored points, as well as the
distributions of MNP concentration, temperature, and CEM43 at t = 50
min for three different Darcy number ratios, i.e., rpp, = 0.5, 1.0 and
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2.0. It is seen that, compared to ry, rgp, has a similar but less effect
on the above quantities. Therefore, the treatment efficacy worsens as
rrpq iNcreases. Specifically, by increasing rgp, from 0.5 to 2.0, the time
required 7,,, for complete ablation of tumor cells extends by 22.7%,
while the time for starting ablation of the healthy tissue is advanced
by 8.1%.

4. Conclusion

In this study, we established an LBM based computational frame-
work for the simulation of magnetic hyperthermia treatment. This

11

framework is capable of simulating multiphysics phenomena involv-
ing flow in porous medium, heat and mass transfer, magnetics and
nanofluid. The simulation can reveal the temporal and spatial evo-
lutions of MNP concentration and temperature, as well as interstitial
tissue fluid flow in both tumor and surrounding healthy tissue. The
efficacy of magnetic hyperthermia therapy is assessed via the CEM43
model, wherein cell death is determined by both temperature and
duration of heating.

With this framework, a simple tumor model, i.e., a tumor of circu-
lar shape surrounded by healthy tissue, was simulated under various
conditions. The discussions of simulation results are grouped in two
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scenarios, depending on whether the gravity is considered or not. In the
scenario when the gravity is ignored, the tissue flow remains stationary,
and hence both the MNP concentration and temperature concentrically
spread from the tumor center. The optimal treatment time 7,,, decreases
with both the Lewis number Le and the heat source number Q,, which
follows a power law, i.e., 7,, = (4097386Le~!3 + 20714)07** in the
unit of minute. Note that in our previous work [63] we treated the
MNPs as “frozen” due to a high Le value of 125 being adopted. Our
present study suggests that, although the effect of Le is relatively small,
especially at large values, the MNP diffusion during the heating process

12

should be taken into account for more accurate assessment of magnetic
hyperthermia treatment.

In the scenario where the gravity is introduced, the treatment effi-
cacy deteriorates due to the buoyancy flow-induced MNP movement. It
significantly extends the time required ¢,,, for completely killing the tu-
mor cells and meanwhile causes unignorable damages in healthy tissue.
It was found that #,,, and the corresponding damage in healthy tissue
Rc 43, Doth increase with the buoyancy ratio N and Darcy ratio Rp,,
also following useful power laws, i.e., #,,, = 0.00165|N[*®R%50 + 46.6
in the unit of minute and Regpz43 5 = 0.00143| N |47 RO,
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The results highlight the significant impact of gravity, which should
be considered when planning magnetic hyperthermia treatments. In
practice, the influence of gravity can be mitigated through MNP coating
techniques, such as using chitosan and natural organic polymers, to
reduce both MNP sedimentation [45] and toxicity [9,71,72]. Typically,
the treatment duration for magnetic hyperthermia is around several
tens of minutes [11,73]. A duration that is too short can complicate the
accurate operation of the treatment, while an excessively long session
is inefficient and may lead to operator fatigue. Therefore, precise
operation and time consumption need to be well balanced.

Although multiphysics models have been integrated into the frame-
work, magnetic hyperthermia remains a highly complex procedure that
requires further development. Due to simplifications in configuration
and limitations in length, numerous practical investigations should be
addressed in the near future, including the variations in properties in
the tissues, the spatially nonuniform initial distribution of MNP, and the
irregular shape of tumors. Despite the two-dimensional configuration,
the study provides valuable insights and a deeper understanding of
the heating mechanism and tumor ablation in magnetic hyperthermia
treatment, offering significant predictions and recommendations for
therapy. Furthermore, it is noteworthy that clinical treatment data
should be incorporated soon. Although finding the related medical
experiments is challenging, comparisons with them are crucial for
further framework development.
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Appendix A. Lattice Boltzmann method

The LBM is a relatively new computational fluid dynamics (CFD)
approach for simulating fluid flow and heat/mass transfer. Unlike
traditional CFD methods, which numerically solve the conservation
equations of macroscopic properties, LBM models fluid particles by
distribution functions through consecutive streaming and collision pro-
cesses over square lattices [74-76]. Zhang [37] was probably the first
to apply the LBM to solving PBHTE, successfully demonstrating the
capability of LBM in simulating bioheat problems. This mesoscopic
approach was then widely applied to bioheat studies [20,77,78]. In the
present work, D2Q9 (i.e., two-dimensional nine-discrete-velocity) and
D2Q5 (i.e., two-dimensional five-discrete-velocity) MRT (i.e., multiple-
relaxation-time [79]) LBM schemes are employed to solve the vector
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field (flow field) and scalar fields (temperature field and concentration
field), respectively, governed by Eq. (1) [40,57].

The discrete D2Q9 MRT-LBM equation for fluid field with second-
order accuracy is written as

£(x; +€6,,1, +6,) =0y, 1,) = =M Alm —m@@]| )+ M™'5,(1 - %)s,
(A1)

where f(xi,1,) = (fo(ptn)s F1 sty - » fs(xprt,))T is particle distri-
bution function vectors at time 7, and node x; for fluid field. m and
m(® are the vectors for the distribution function and the responding
equilibrium distribution function, respectively. e denotes unit velocities
along 9 discrete directions

(0,0), i=0
e; =1 (cos[(i — D)z /2],sin[(i — )z /2])c, i=1~4
(cos [(2i = 9)x /4], sin [(2i — 9)7r/4])\/5c, i=5~38,

(A.2)

where ¢ = §,/6, is the lattice speed, which is 1 since 5, = §, in the
present MRT model. M is a 9 x 9 orthogonal transformation matrix, as

1 1 1 1 1 1 1 1 1
-4 -1 -1 -1 -1 2 2 2 2
4 -2 =2 =2 =21 1 1 1
0 1 0 -1 0 1 -1 -1 1
M=]|0 -2 0 2 0 1 -1 -1 1 (A.3)
0 0 1 0 -1 1 1 -1 -1
0 0 -2 0 2 1 1 -1 -1
0 1 -1 1 -1 0 0 0 0
0 0 0 0 0 1 -1 1 -1
A is a diagonal relaxation matrix and defined as
A =diag(1,1.1,1.1,1,1.2,1,1.2, 1/7,,1/7,), (A4

in which 7, can be recovered to the viscosity of nanofluid by Chapman-
Enskog analysis on Eq. (1) as

v,y = ¢z, —0.5)8,. (A.5)

S represents the external force in the momentum space and is
directly related to the body force F in the governing Eq. (1)(b).

The discrete D2Q5 MRT-LBM equations for temperature and con-
centration fields are formulated as

8(x; +ed,.1, +6,) — g(x;.1,) = -N"'@[n, — nfj’”]kxk,,n) +N715,%, (A.6a)

h(x, +e,.1, +6) —h(x;.1,) = -N"' L, —n Y| . (A.6b)

where g(x;,1,) and h(x;,t,) are distribution function vectors at time 7,
and node x,, for temperature and concentration, respectively. n and n‘¢?
denote the vectors for the distribution function and the corresponding
equilibrium distribution function, respectively, where subscribe “g”
represents the temperature field and “h” denotes the concentration

field. e describes unit velocities along 5 discrete directions

0,0), i=0
=4 @0 _ ' (A7)
(cos[(i — Dz /2], 8in[(i — Dz /2], i=1~4.
N is a 5 x 5 orthogonal transformation matrix, as
1 1 1 1 1
0 1 0 -1 0
N=|0 O 1 0o -1]. (A.8)
-4 1 1 1 1
0 1 -1 1 -1
© and Y are the diagonal relaxation matrix
© =diag(1,1/zp,1/77,15,1.5), (A.92)
Y = diag(1, 1/7¢, 1/7¢, 1.5, 1.5), (A.9b)
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Table A.1
Sensitivity studies on computational domain size, grid number, and time step.
L/d,,, t, min T,, °C Ty, °C Erry, % Errp, %
5 30 46.40 43.56 0.09 1.28
. 60 45.64 43.29 0.03 1.61
Domain size 10 30 46.44 4412 013 0.13
60 45.65 44.00 0.12 0.12
20 30 46.38 44.06 - -
60 45.59 43.95 - -
NXXxNY t,min T, °C Tp, °C  Erry, % Errp, %
30 46.38 44.32 1.46 0.44
X b 200 x 200 60 45.56 44.14 1.94 0.33
Grid number 400 x 400 30 46.44 4412 0.02 0.05
60 45.65 44.00 0.01 0.04
30 46.44 44.10 - -
600 %600 4, 4564 4398 - -
dt, x10™* s t, min T,,°C T, °C Erry, % Errp, %
19.0 30 46.34 44.29 0.22 0.38
: . 60 45.53 44.12 0.26 0.27
Time step o5 30 46.44 4412 0.06 0.16
: 60 45.65 44.00 0.09 0.11
4.8 30 46.47 44.05 - -
. 60 45.69 43.95 - -

where 7; is associated with the effective thermal diffusivity (in the
temperature field), while 7 is linked to the effective concentration
diffusivity (in the concentration field), as

a, = oc.(zp — 0.5)8,, D, = ¢c’ (rc = 0.5)8,. (A.10)

The vector ¥ denotes the heat source, which corresponds to the
heat source term Q in the governing equation (1) (c). More details
about the D2Q5 MRT-LBM can be found in [40,57].

In this study, the halfway bounce-back scheme is applied to the
stationary wall, while the anti-bounce-back scheme is adopted for the
constant values of the thermal and solutal boundaries. Continuous
velocity, temperature, and concentration are imposed at the interface
between the healthy tissue and the tumor.

A spatial and temporal resolution test was conducted, encompassing
the categories of computational domain size, grid number, and time
step. The baseline case with gravity was chosen as an example, and tem-
perature values at specific points (Point A and Point D) were monitored.
The results are presented in Table A.1, indicating that a computational
domain size of 10d,,, x 10d,,,, a grid number of 400 x 400, and the
time step 9.5 x 10~* are suitable in this study.

Since the magnetic hyperthermia problem governed by Eq. (1) can
be viewed as a double-diffusive convection problem in porous media, a
validation study was conducted using a typical porous double-diffusive
convection scenario. The comparison of velocity and temperature pro-
files with those obtained from Ref. [57] on the variation of buoyancy
ratio N is presented in Fig. A.1. The results demonstrate a good
agreement between the present framework and the reference study,
indicating the validity of the current framework.

Appendix B. Alternating Lorentz force

The external Lorentz force induced by the AMF is an alternating
force. However, due to the significant difference in time scales between
the magnetic field (approximately 100~400 kHz) and the flow field
(with the reference frequency v,/L? being much less than 1s7') in
this study, direct calculation can lead to an overwhelming amount of
computational workload. Therefore, it is necessary to simplify this al-
ternating Lorentz force into a steady model. The derivation is presented
as follows.

A homogeneous sinusoidal AMF at an angle « to the x-axis is
considered. The angular frequency is denoted by », and the magnetic
intensity is B = (B,, B,) (with its amplitude represented as B, =
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(Byo» By))- Therefore, the alternating Lorentz force acting on the x-axis
can be expressed as

_ 2
Fyy = —0g,Bju+0g,s BBy
= _GEnfBio sin” et + 6Ensr BxoByo sin” otv

= sin® (=0, By + 0., Byo Byov). (B.1)

We assume a period of [0, nT'], where n cycles of magnetic oscillation
are included and the velocity (u,v) is approximated as constant. The
integration of the Lorentz force over this period is given by

nT nT
/ Fy dt = / sin® (=0, Blyu + 0., p Byg Byov)dt
0 0
2 " 2
= (=0gus Byo” +0pny onByOU)/O sin” wtdt

nT

= (—5EnfB§0u + aEnfooByOU)/O %(1 — cos 2wt)dt
1

= (=0puy Bjyu + 01, By Byov) - 31T

1

nT
=5 / (=0 ns Bjgu + 05,y By Byv)dr. (B.2)
0

Consequently, the alternating Lorentz force in Eq. (B.1) can be
substituted by

2 2
Friy = —Opps <%BO> sin® au + o, <%BO> sin & cos av. (B.3)

This means that the alternating Lorentz force can be considered equiva-
lent to a steady Lorentz force, where the amplitude of steady magnetic
intensity is 1/ V2 of that in the alternating magnetic field.

Similarly, the alternating Lorentz force on the y-axis is given by

2
Fyry=—6g,sBiv+o0g, B Bu
= _O'EnfBio cos? wtv + SEns BxoByo sin? wru

= sin® ot (=0, Biov + 6 gn s BroByow)- (B.4)

The same process can be carried out along the y-axis to establish the
corresponding equivalence relation.

A validation process, which consists of two steps, is conducted to
test the feasibility of this approach. The first step aims to validate
the Lorentz force exerted by the steady magnetic field. The second
step aims to confirm the equivalence relation between the steady and
alternating Lorentz forces.

The schematic shown in Fig. B.1(a) is used in the first step. This is a
buoyancy-driven natural convection problem influenced by a uniform
steady magnetic field [80]. The homogeneous nanofluid, a mixture of
water and Al,O; nanoparticles, fills the square enclosure with all the
boundaries fixed. The horizontal walls are adiabatic, while the left and
right walls maintain constant temperatures (7}, and T}, respectively).

The velocity and temperature profiles are presented in Fig. B.1(b)
and (c), respectively, with the fixed Rayleigh number (Ra = 10°)
and nanoparticle volume fraction (¢ = 0.03). The simulation results
demonstrate good agreement with the reference study [80] for different
Hartman numbers.

Next, the velocity and temperature fields obtained from the natural
convection simulation with the steady magnetic field are extracted and
imported into an identical enclosure but with an AMF. Specifically, the
intensity amplitude of the AMF is V2 times greater than that of the
steady magnetic field. As revealed in Fig. B.2, the flow and temperature
fields remain unchanged after 2 x 10° cycles of magnetic oscillation.
This observation confirms the suitability and efficiency of the proposed
equivalent model. Therefore, in the present work, the steady magnetic
Lorentz force model is employed to substitute for the calculation of the
alternating Lorentz force.
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Fig. A.1. Validation of LBM framework on double-diffusive convection problem in porous media. (a) the schematic of the problem; (b) temperature profile at x/L = 0.5; (c)
horizontal velocity profile at x/L = 0.5; (d) vertical velocity profile at y/L =0.5.
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Fig. B.1. Validation on steady Lorentz force by the natural convection problem. (a) Schematic of the problem; (b) the vertical velocity profile on y/L = 0.5; (c) temperature on
y/L=0.5.
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4

Fig. B.2. Validation on the high-frequency alternating Lorentz force. (a) vertical velocity at y = 0.5, (b) horizontal velocity profile at x/L = 0.5, (c) temperature profile at y/L = 0.5,
(d) temperature profile at x/L =0.5.

Data availability

Data will be made available on request.
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