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Abstract

In this thesis we study the boundedness of a generalization of the Hardy-
Littlewood maximal operator, involving rearrangement invariant Banach func-
tion space and indices of the spaces. We first consider a classical proof of
boundedness of the Hardy-Littlewood maximal operator on rearrangement
invariant Banach function spaces. After establishing necessary and sufficient
conditions for the boundedness of the Hardy-Littlewood maximal operator,
we consider a generalization of the Hardy-Littlewood maximal operator intro-
duced by C. Pérez. We investigate and slightly improve the known sufficient
conditions under which this more general maximal operator is bounded on a
rearrangement invariant Banach function space. After which we search and
find necessary conditions for boundedness in a general setting. In the final
section we study Boyd indices and fundamental indices, especially how they
are related to boundedness of the more general maximal operator. We also
introduce weak fundamental indices and investigate some of their properties
and uses. Finally we show how under certain assumptions we can state equiv-
alent necessary and sufficient conditions for boundedness on Lorentz spaces
LP% and Orlicz spaces LY.



Introduction

The Hardy-Littlewood maximal operator is a classical operator used in real
and harmonic analysis. We know a lot about the classical operator, for
example its boundedness from L! into weak L', or the fact that it is bounded
on IP for 1 < p < oo. A well known proof by G.G. Lorentz & T. Shimogaki
states sufficient and necessary conditions for boundedness on rearrangement
invariant Banach function spaces. In Chapter 2] we will investigate this proof
for a better understanding of the Hardy-Littlewood maximal operator.

There are a lot of generalizations of the Hardy-Littlewood maximal op-
erator, like the fractional maximal operator or a maximal operator based
on a general set function [6]. One such generalization is a maximal opera-
tor based on different rearrangement invariant norms, studied in [§]. They
give sufficient conditions for boundedness on rearrangement invariant Banach
function spaces. The result yields a condition for boundedness on weighted
L? spaces. In this paper we investigate this generalization further, in hopes
of gaining a better understanding and finding more results.

Boyd indices prove useful in the theorem for boundedness of the Hardy-
Littlewood maximal operator. They will also be useful when studying the
more general maximal operator. They will however not be enough. Another
index of rearrangement invariant space is the fundamental index, which was
shown to not always be equal to the Boyd indices by T.Shimogaki. These
indices not only help us state the conditions for boundedness in a more read-
able fashion, they also improve the intuitive understanding of the results.
We will state the sufficient and necessary conditions for boundedness of the
general maximal operator in terms of Boyd, fundamental and weak funda-
mental indices. The weak fundamental indices are introduced in section
where we discuss and explore their properties.
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Chapter 1

Preliminaries

Notation

e Let (R, ) be a measure space.
e L(R, ) is the set of u-measureable functions.
o [%(R,u) C L(R,p) is a set of p-a.e. finite functions.

e For any function space L containing functions mapping into [—oo, 00|,
we denote the subset of functions mapping into [0, oc] as L™ C L.

e We use RT as (0, 00).

e We use #(X,Y) to denote the set of operators bounded from X into
Y, for convenience we write Z(X, X) = A(X).

o Weuse [ f*(s)dep(s) = limgyo f*(s)e(s)+ [, f s)ds for a Riemann-
Stieltjes mtegral

e We say a function f : R — R is locally in a Banach function space
X when for all compact sets £ C R, fxg is in X. We denote the
collection of function that are locally in X by Xj,.. Additionally, we
say f is locally integrable if f € L}

loc*



In this chapter we first introduce the reader to Banach function spaces,
discussing under which assumptions we work in this paper, and stating some
fundamental theorems. In second section we introduce the reader to rear-
rangements and rearrangement invariant Banach function spaces. We investi-
gate some useful tools like the elementary maximal operator, the Luxemburg
representation theorem and the fundamental function. Along the way we
also give examples of rearrangement invariant Banach function spaces.

1.1 Banach function spaces

Definition 1.1.1. Suppose||-||yx s a norm and let

X={fe LR n):|Iflly < oo}

Then (X, || - ||x), or just X, is called a Banach function space, if the following
properties hold for all f,g, fn,(n =1,2,...), in L°(R, u) and all measurable
subsets E of R.

(i) (the lattice property) If |g| < |f| p-a.e. and f € X, then g € X and
lgllx < 1fllx-

(i1) (the Fatou property) Suppose f, € X, fn > 0,(n=1,2,...), and f, 1 f
po-ace. If f e X, then || fullx T ||fllx whereas if f & X, then ||fullx T

00.
(111) Every indicator function xg of a set E of finite measure belongs to X.

(iv) To each set E of finite measure there corresponds a constant 0 < Cg <
oo such that

/E Fldu < Collfllx

Note that, if we were to replace L°(R, u1) with L(R, 1), we would find that
X C LY (see for example |1, Lemma I.1.4]). Intuitively this makes sense, as
we are only excluding f that are valued oo on positive measure sets. From
Fatou’s property, we get

Corollary 1.1.2 (Fatou’s lemma). If f, € X, (n =1,2,...), fn» = f p-a.e.
and iminf,_, || fu|lx < 00, then f € X and || f||x < lminf, o || foll 5 -

Fatou’s lemma is then used to show that X is complete ([1, Theorem

1.1.6]).



Example 1.1.3. Some familiar Banach function space are the Lebesgue spaces
associated with 1 < p < oo, denoted by LP. Let

(fr | £1Pdi)?, (1< p < o0)

1l = fe LR, p)
ess sup| f1, (p = 0)

Indeed, property (i) follows from the linearity of the integral, (ii) from the
monotone convergence theorem, (ii) follows from the fact that charactaristic
functions on finite measure space have a finite integral and (iv) follows from
Holder’s inequality.

Before we continue with rearrangements, it is useful to first consider some
properties of general Banach function space. We first look at the associate
space of a Banach function space for a useful representation of the norm.
Later, the associate space will be useful in getting a better understanding
of fundamental functions, which can tell us a lot about the Banach function

spaces they belong to (see Definition |1.2.13]).

Definition 1.1.4. Let X be a Banach function space. The associate space
of X, denoted by X', is also a Banach function space. Its norm is given by:

lgll . = sup { /R Foldu: f e Xl < 1}

In the case of L? spaces, when 1 < p < oo, (L?)" = L¥ is the associate
space, with p’ satisfying % + z% = 1. A classical inequality that goes hand in
hand with the definition of the associate space is Holders inequality:

/R Foldu <If 19l

Though Hoélder’s inequality is very useful and well known in analysis, we
won’t be using it all too often in this paper.

Theorem 1.1.5. Fvery Banach function space X coincides with its second
associate space X". In other words, a function f belongs to X if and only if
it belongs to X", and in that case || f|x =fll x»

For a proof, see [1, Theorem 1.2.7]. This gives us

£l = sup { [ gl g € Xlgl < 1}
R



which is a useful representation, especially for proving the Luxemburg rep-
resentation theorem. Finally, we consider separability and the absolutely
continuity of the norm, which is a useful property, as it implies density of
the simple functions in some classes of function space.

Definition 1.1.6. A Banach function space X is said to have absolutely
continuous norm if for all f € X, ||fullx — 0 for every sequence {f,} =,
satisfying fn 4 0 p-a.e.

Example 1.1.7. A familiar space that does not have an absolutely continuous
norm is L*°. Indeed, we see that for f,, = xpg,, where E,, has positive but
finite measure for all n, such that f,, | 0 y-a.e. Then we have|xg,|/; =1
for all n.

We call a Banach space X separable when it contains a countable subset
that is dense. For Banach function spaces defined on a separable measure,
separability coincides with having an absolutely continuous norm (for proof,
see |1, Corollary 1.5.6]). Note that for our purposes, only the first condition
will matter, as we only use separability when discussing spaces defined on
subspaces of R? with the Lebesgue measure, which are indeed separable.

Theorem 1.1.8. Let X be a Banach function space on a separable measure
space (R, ). If X is separable, then the simple functions are dense in X.
That s, for all f € X and € > 0 there exists a simple function g € X such
that |f — glly < =.

This is a result of [1, Theorem 1.3.11] and the fact that X has an absolute
continuous norm when it is separable. Going back to example [I.1.7] we see
that indeed a function like f = xr with R of infinite measure. Then if
fn 1s a sequence of simple functions f,,, we have u({f, > 0}) < co. Then
| fn = fll e > 1, thus there does not exist a sequence of simple functions that
approaches f in L*°.

1.2 Rearrangement invariant Banach function
spaces

Now we are finally ready to introduce rearrangements, rearrangement invari-
ant norms and their properties. From this point on we will assume (R, )
to be a o-finite measure space. We say a measure space is o-finite when all
element of its o-algebra, including R itself, can be represented as a count-
able union of sets of finite measure. The following definition will be useful
for making “rearranging” a function a more rigorous process.
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Definition 1.2.1. The distribution function uy of a function f in L°(R, )
15 given by

V) = (e € R: |f(@)] > A}), (A=0)

Note that pi; only depends on |f|, similar to norms of Banach function
spaces. Observe that we do allow for pf to be 400, as we are working in a
o-finite measure space rather than a finite one.

Definition 1.2.2. Two functions f € L°(R,u) and g € L°(S,v) are said to
be equimeasurable if they have the same distribution functions, i.e.

pi(A) =vg(A), (A= 0)

Note that we require equality for all A > 0, but due to the right con-
tinuity of the distribution this is equivalent to being equal a.e. To better
understand the distribution of a function we introduce some basic properties
in the following proposition:

Proposition 1.2.3. Suppose f, g, fn, (n = 1,2,...), belong to L°(R, p), let
A, B C R be disjoint and let a € R\ {0}. The following hold:

[y is non-negative, decreasing and right continuous on [0, 00)
gl <If] ae. = g < iy

A
o) =y (7 )+ (420)
fprg( M+ A2) < pp(A) + pg(A2), (A1, A2 = 0)
|f| <liminf|f,| p-a.e. = py <liminf py, (1.1)
n—00 n—0o0
tpxaos(A) = Bpxa(A) + 1y (A) (A2 0) (1.2)

We only give a proof for (1.2)), for the other properties a proof is given in
[1, Proposition 11.1.3].

Proof.

tixaus(A) =p({z € R [fxaus| > A})

n({z € R |fxal+ |[fxsl > A})

p{z e A:[f(z)| > AUf{z e B:[f(z)| > A})
=u({z € A:|f(2)] > A}) + u({z € B:[f(z)| > A})
=Hxa(A) + Hpxs (A)

11



Ezxample 1.2.4. To understand how a distribution function works, it will help
to compute the distribution function of a nonnegtive simple function f. Let

f = Z a;XE;
=1

be such that F; are pairwise disjoint and all a; distinct and such that a; >
as > -+ > a, > 0. Then for a; < X we have ps(A) =0, but for as <\ <y
we have that p17(A) = p(E7). Similarly we find for a3 < X < ay that p(\) =
p(Ey) 4+ p(Esy). Then we have

n i

pr(A) = Z n(E;) X[(Mﬂ,ai)()‘) = Z/’L(Ei)X[Ovai)<)\)

i=1 \ j=
where a,11 = 0.

Definition 1.2.5. Suppose f belongs to L°(R, j1). The decreasing rearrange-
ment of f is the function f* defined on [0,00) by

Fr@) =if {x:pp(N) <t}, (£>0) (1.3)

We make use of the convention that inf @ = oco. However, when f €
L°(R, 1) we have that f is finite y-a.e. Thus f*(t) = oo can only happen for
t = 0, when f is an element of a Banach function space. An interesting iden-
tity for equation follows from the right continuity of j1f, the decreasing
property of ps and the definition of distribution functions:

F4() = supfs  ig(s) > £} = Ay (1) (1.4)
where A is the Lebesgue measure.

FEzample 1.2.6. Let f be as in example [1.2.4] and let m; = 23:1 w(E;). By
definition we find f*(¢) = 0 when t > m,,, f*(t) = a,, when m,, >t > m,_;.
We find

f*(t) = Z aiX[mi—l,mi)(t)'
i=1
This makes sense intuitively, as we now have that f*(t) = a; for 0 <t < |E|,
etc. such that f* is indeed a decreasing function on R™ such that it is
equimeasurable with f.

Another interesting example to build some intuition is f(z) = 1 —
for t € (0,00). Its distribution function is simple to compute: ps(\) =
for 0 < A < 1 and pp(A) =0 for 1 < A Then f*(t) =1 for t > 0. This
example shows that rearranging a function may throw away some information
of a function. However, we will study exactly those spaces for which such
information is irrelevant.

1
t+1
00
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Some more interesting properties of rearrangements will be introduced in
the next proposition.

Proposition 1.2.7. Suppose f, g, and f,,(n =1,2,...), belong to L°(R, ),
let a be any scalar and let h(t) : [0,00) — [0,00) be a strictly increasing func-
tion that vanishes in 0. The decreasing rearrangement f* is a non-negative,
decreasing, right-continuous function on [0,00). Furthermore

gl < [f| prace. = g" < f* (1.5)
(af)" = lalf*
(f+9) t+t2) < f () +9" (t2), (f,1220) (1.6
If] < linlinf |fo] p-a.e. = f*< linl)inf I (1.7)
i particular,
\ful Tl p-ace. = ot [T (1.8)

wr (F0) <t, (f(t) <o)

f and f* are equimeasurable (1.9)

(1) =(f)", (0<p<oo) (1.10)

(fg)"(t) < f*(t)g"(t) (1.11)

Vt € [0,00),3X € [0,00) : h(t) f*(t) < Ah(ps(N)) (1.12)

Proof. Proofs for (1.5)-(1.10) can be found in [1, Proposition II1.1.7], (1.11)
can be found at [5, pg.67, 10°].
For ([1.12]), we use the identity in equation (1.4)) to get

FH() = supA: ig(N) > 1} (1.13)

Then assume that there exists a t € [0, 00) such that h(t)f*(t) > A(ps(N))
for all A € [0, 00), we will show this leads to a contradiction. we find that

h(t) f*(t) > sup{Ah(ps(N)) : A € [0,00)}
> sup{ (s () () > LA € 0,000 (L14)

Now, if (L1.14]) is equal to 0, our assumption on h tells us that there is no
A > 0 such that ps(A) > t. By (L.13) we find that f*(¢) = 0, which is a
contradiction. Now assume that (1.14]) is not equal to 0, then we get:
h(t)f*(t) = sup{Mh(ps(N)) = pp(A) >t}
> sup{Ah(t) : pp(A) >t} = h(t) f(t)

Note that the last inequality is strict due to h(t) being strictly increasing.
This is again a contradiction, concluding the proof. O]
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Consider an inequality by Hardy & Littlewood,

/ Faldp < / " ()9 (s)ds (1.15)
R 0

for a proof, see [1, Theorem I1.2.2]. An intuitive way to look at the inequal-
ity would be to see the difference between the two as how “resonant” two
functions are. The more resonant they are, the smaller the difference. In this
analogy the right side would be like a forced perfect resonance by rearrang-
ing both functions to have their peaks at the same point. This idea becomes
more rigorous in the following definition:

Definition 1.2.8. A o-finite measure space (R, i), is said to be resonant if,
for each f,g in L°(R, 1), the following identity holds

[ 5w = s { [ isalan:ge 2R, o= Mé}-
0 R

Trivial examples like a measure space with zero measure are clearly res-
onant. It is hard to see when a space in general is resonant. We will not
delve into the proofs of the following results, as they are not relevant to this
paper. They can be found in |1, Section I1.2]. We will be using |1, Theorem
I1.2.7], which states: a o-finite measure space is resonant if and only if it is
one of the following two types:

(i) nonatomic;
(ii) completely atomic, with all atoms having equal measure.

An atom is a single element z € R with positive measure p({z}) > 0, a
nonatomic space is a space without atoms. An example of a resonant measure
space which we will be using a lot, is R? with the Lebesgue measure. In our
pursuit for defining more general maximal function, we first introduce an
elementary maximal function.

Definition 1.2.9. Let f belong to L°(R, ). We call f** the mazimal func-
tion of f defined by

=g [ e @>0

We will later find that the boundedness of this maximal function is equiv-
alent to that of the Hardy-Littlewood maximal function (see [2.1.7). Some
elementary properties of f — f** are the following:

14



Proposition 1.2.10. Suppose f, g, and f,,(n=1,2,---), belong to L°(R, 1),
and let a be any scalar. Then f** is non-negative, decreasing and continuous
n (0,00). Furthermore, the following properties hold:

=0 <« f=0pu-ae

9] < |fl p-a.e. = g™ < f*
(af)™ = lalf~

[ful T1f p-ace. = f5 1 F

A proof is given in [l Proposition 11.3.2]. Applying the inequality in
(1.15) to functions f and g = xp we find that

5 / [l < £ (u(E))

for all measurable sets E. If we have a resonant measure space we may take
the supremum over sets E of equal measure to find equality:

sup / Fld = £(0)

E:pu(E)= e

For a proof, see |1, Proposition I1.3.3]. Then on a resonant measure space
(R, ) we find for ¢ in the range of u that f — f** is subadditive:

100 = s s [ gl < sup e 171 lgldn < £ @)™ 0

E|=t p(E
(1.16)
Now that the rearrangements of functions have been well-defined and
understood, we are ready to define the spaces we will use throughout this

paper.

Definition 1.2.11. Let X be a Banach function space. We say X is rear-
rangement invariant(r.i.), when equimeasurable functions are equal in norm.
That is,

A>0, (N = () = lfllx =lgllx-

r.i. Banach function spaces is a very general class of Banach function
spaces, including L”, Lorentz Spaceﬂ LP% and Orlicz spaces LY. We will

'Note that we use a slightly different norm from the usual norm. This is because the
usual norm is actually only a quasi-norm and does thus not define a Banach function
space.

15



introduce latter two later. From [1, Proposition 11.4.2] we find that, when X
is r.i., X' is also r.i. and the associate representation of the norm is equal to
the following representation:

£l = sup { |5 @as sl < 1} |

As a result, we find that on r.i. spaces that:

/ Faldy < / F(9)6" (55 < 1l ol
R 0

for f € X and g € X'. The following result is the final norm representation
we will discuss in this paper. It shows that every r.i. norm may be represented
as an equivalent norm on R*. We will use this representation frequently.

Theorem 1.2.12 (Luxemburg representation theorem). Let X be a r.i. Ba-
nach function space over a resonant measure space (R, u). Then there is a

(not necessarily unique) r.i Banach function space X over (R, \) such that

Ifllx =1 5. (f € LR, w)

Furthermore, if Y is any r.i. Banach function space over (R*, \) which
represents X, in the sense that

Il =11y (f € LR, w)

then the associate space X' of X is represented in the same way by the asso-
ciate space Y' of Y, that is,

lgllx =llg"lly:, (9 € LR, 1))

We refer to [1, Theorem II1.4.10] for a proof. An interesting result of
the Luxemburg representation theorem is that r.i. spaces over a resonant
measure space (R, u) are determined by r.i. spaces over (R*,A). Note that,
the space X is unique when restricted to [0, u(R)). Thus, X is represented
uniquely if R has infinite measure, like R?. One could also say that X on
(R, i) is generated by X. A well known representation that is of this form
is of LP(R, u) for 1 < p < oo:

0

/ fPdu = / (&) = £]1% (1.17)
R

16



For a nonnegative simple function f = Zle app(Ey) with a; in decreasing
order, we indeed have:

K

/R FPdn =S (B = S A (n(Ber). 1(Ex) = / IO

k=1

where Fy = & and A is the Lebesgue measure. Using the monotone con-
vergence theorem and properties ((1.7), (1.1)) then gives the result for all
f € LP(R,u). For L> we have a more obvious representation:

11l = ess sup |[f(2)] = inf{A: pp(A) = 0} = £7(0).

A useful way to characterize r.i. Banach function spaces is by how their
norm acts on characteristic function. Especially because characteristic func-
tions on sets of equal measure are equal in norm.

Definition 1.2.13. Let X be a r.i. Banach function space on a resonant
measure space (R, ), then for t in the range of u we have

px(t) =lxallx, nA)=t

15 called the fundamental function of X. The function is well defined on X
as it is r.4., so when we have A, B C R for which p(A) = p(B) we get that
x4 and xp are equimeasurable so that||xallx =||xBl -

Some useful things we know about the fundamental function are as fol-
lows:

Proposition 1.2.14. Let X be a r.i. Banach function space over a resonant
measure space (R, ). Then the fundamental function px of X satisfies:

wx 18 increasing; ¢x(t) =0 iff t =0
t >t tox(t) is decreasing (1.19)
px 1S continuous, except perhaps at the origin.
t 0
SOXT() > a(px(t) for a.e. t >0 (1.20)

Proof. We only prove property ([1.20]), for the proof of the other properties
we refer to |1, Theorem I1.5.2, Corollary I1.5.3]. Note that px is a monotone
continuous function and therefore differentiable almost everywhere on (0, o),

see |10, Chapter 7]. Using property (1.19) we get

0> O[] (ﬁwmt); ~pxlt)

17



then since ¢t > 0 this is equivalent to:

02 (ex(0)e - ox(t)

ox(t)
t

0
>
> atSOX(t)

Note that we have the inequality for exactly the ¢ where px(t) is differen-
tiable, which is exactly where we will be using it.
O

Two r.i. Banach function spaces can be equivalent in the sense that
they have the same functions, but not have equal norm. For example, if
I fllx = 2[[flly, then f € X <= f €Y. Two spaces and their norms are
called equivalent when the spaces contain exactly the same functions. We
only say two spaces are equal when their norms are equal. Using the following
lemma, we find that even though a r.i. Banach norm isn’t necessarily such
that its fundamental function is concave, there always exists an equivalent
r.i. Banach norm such that it has a concave fundamental function. Note that
we do know the fundamental is always quasi-concave |1, Corollary I1.5.3].

Lemma 1.2.15. Let X be a r.i. Banach function space over (R*, )\). Then
X can be equivalently renormed with a r.i. norm such that the resulting
fundamental function is concave.

For a proof, see |1, Proposition I1.5.11]. Using The Luxemburg represen-
tation theorem, we find that any r.i. Banach function space over a resonant
measure space may be renormed in such a way.

Definition 1.2.16. Let X be a r.i. Banach function space over (R+, )\) and
suppose X has been renormed as in Lemma so that its fundamental
function px is concave. The Lorentz spaces AN(X) and M(X) are defined as
follows. The space M(X) consists of f in L°(R*, ) such that the following
norm is finite:

1 /llas) = sup {f*(t)ex®)}

The space A(X) consists of all f in L° (R*, )\) for which

fllsco = [P (s = timpx() )+ [ 7 (s)k(s)ds (120

s finite.

18



Theorem 1.2.17. Let X be a r.i. Banach function space over (R+, )\) and,
suppose X has been renormed to have concave fundamental function @x.
Then the Lorentz spaces A(X) and M(X) are r.i. Banach function spaces
and each has fundamental function equal to px. Furthermore

AX) = X — M(X)
and each of the embeddings has norm 1

For a proof, see [1, Theorem I1.5.13]. Due to the fact that these Lorentz
spaces only depend on the fundamental function of X we sometimes write

M,, = M(X) and A,, = A(X).

X
Remark 1.2.18. On the definition of the norm of A(X). We note that when
¢x is continuous on [0, 00), we don’t have to consider the limit. This limit
is only necessary for when ¢x is discontinuous in 0. Then the derivative
¢y only represents ¢y on (0,00). The integral on the right side of
acts as || fllacx) = Jy f*(s)d@x(s), where ¢x is equal to ¢x on (0,00) and
¢x(0) = px(0+).

A good example of when the limit is nonzero is L*, where the Riemann-
stieltjes integral is defined as follows: a partition P, of [0,n] is of the form
P, ={0=zg,2q, -+ 2%} with 0 < |z; — z;41| < %, then define

k

S(Pa, f*,0x) = Y (@) lpx () — ox (i)

=1

then we have that
| rehexs) = lim S 17 00)
0 n o
Then since @ (t) = X(0,00) We find that

| £ 6ox(s) = im S(P. £ x)

= lim f*(21)X(0.00)(71)

n—o0

:lggl f*(s)pre
—lim F(Sewe + [ £ ()¢90

where the last equality is due to ¢} (s) =0 on (0, c0).
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Definition 1.2.19. Suppose 1 < p < oo and 1 < q < oo. For f € L°(R, p)
we define:

1

{Frrore) a<o<w
11,0 =
sup {tl/l’f** (t)} (q _ OO)

0<t<oo
Then LP4(RY) with its norm defined byll-[l,, is a r.i. Banach function space.

For a proof of the last statement, see |1, Theorem IV.4.6]. For 1 < p <
oo we have that LPP is equivalent to LP(see [1, Lemma IV.4.5]). We also
introduce the following

{Ferrore} asq<o)
Poa(f) = (1.22)
sup {t/Pf*(t)} (¢ = 00)

0<t<oo

Note the subtle difference with the norm of LP4 we use f* instead of f**.

By |1, Lemma IV.4.5], we get that
p
pp#](f) S ||f||p,q S p— 1pp,¢I(f)'

Ppq is easier to work with, but it does not always define a norm.

Q=

807’ *%
1 lhariem = L /f’ (s)ds = sup L0 =1l o

0<t<oo
It is a norm in the case that 1 <q<p< oo (see [l, Theorem I1V.4.3].
Ezample 1.2.20. For L', with o;1(t) = t, it’s easy to see that A(L') = L1 =
M(L"). Indeed, for f € LO:

£ s = [ 605 =17l =sup [ @0 =1 ey (129
For L” with 1 < p < 0o, we have pr» = t%,
* 1 9 ! *
1 W ar ey = sup s? frds
s>0 0

Hence we find that for f* = t_%x[l ) we have f* € M(LP) but f* ¢ L», so
that M (LP) # L? but rather M (LP) = LP>®. For A(LP) we find:

1 llacam) = / Fderny =1 /0 (g

We see that [|-[| y;») has an equivalent norm to .
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Chapter 2

Maximal Operators on
Rearrangement Invariant
Banach Function Spaces

Now that we have all the necessary knowledge of (r.i.) Banach function
space, we are ready explore maximal functions. Of course we already saw
the seemingly more elementary maximal function defined on rearrangements,
but in practice it can be challenging to compute the rearrangement of a
function. In this chapter we first look at the Hardy-Littlewood maximal
operator, which is more naturally defined on functions.We also find how the
boundedness of the Hardy-Littlewood operator is equivalent to that of f** in
r.i. Banach function spaces. Finally find necessary and sufficient conditions,
as in [1, Theorem I11.5.17], for when the Hardy-Littlewood maximal operator
is bounded on a r.i. Banach function space defined on R? In the next
section we generalize the idea of a maximal operator, in which the Hardy-
Littlewood operator is seen as a maximal operator defined using the L!-norm.
We find sufficient conditions for boundedness of these generalized maximal
operators using a result from [8]. These sufficient conditions include the
sufficient conditions found for the Hardy-Littlewood maximal operator in the
first section. Additionally, we find necessary conditions. We then show under
which hypotheses the necessary and sufficient conditions are equivalent.

2.1 Maximal operators

From here on, when we say X is a r.i. Banach function space on R?, we use
the Lebesgue measure.
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Definition 2.1.1. Let f be a locally integrable function on RY. The Hardy-
Littlewood maximal function M f of f is defined by

1 )
(M) () = sup /Q FWldy, @ e RY,

where cubes () are assumed to have their sides parallel to the coordinate azes
and of equal length. The operator M : f — M f is called the Hardy-Littlewood
mazximal operator

Notice that M is sublinear:
M(f+g)<Mf+Mg, MAf)=|\MFf.

Clearly M is bounded on L>:

M fll e <1l =1l o -

Lo

2,
sup—- dy
Q3x |Q| Q

However, for f # 0 p-a.e., (M f)(x) never decays faster than |x|~¢:

C

(Mf)(z) = e ([ > 1).

This shows that M is not bounded on L!. The Lebesgue Differentiation
theorem will be of use in bounding a function by a maximal operator:

Theorem 2.1.2 (Lebesgue’s differentiation theorem). If f is a locally inte-
grable function on R?, then

1 -
%30@/62 |f(y) — f(x)|dy =0,

for almost every x in R

A proof can be found in 1, Lemma III.3.4]. The Lebesgue differentiation
theorem is a central result in analysis, which we will be using to show a
fundamental property of the maximal function M f:

Corollary 2.1.3. If f is locally integrable in R?, then

|f(@)] < (M]) (),

for almost every x in R
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Proof. Using Theorem and the triangle inequality, we find

. 1 .
i /Q F@)ldy = ().

Taking the supremum instead of the limit gives us the result. O]

We would like to get an idea of the size of M f relative to f for f € L'(R%).
To do that we will need the following Vitali covering lemma:

Lemma 2.1.4. Let Q) be an arbitrary measurable subset of R? of finite mea-
sure. Let .F be a collection of cubes Q) that covers Q2. Then there exist finitely
many disjoint cubes, say Q1,Qa, ..., Qk, from F such that

K
> 1@k =470
k=1

For a proof, see [1, Lemma II1.3.2]. Note that 47¢ is not the largest
constant for which this statement is true, it works when we replace 4 with
any constant ¢ > 3. However, for our purposes, 4~¢ is sufficient, as we require
it to be a constant depending only on the dimension, d.

Theorem 2.1.5. If f belongs to L' (R?), then

LML) () <A fllpe, (¢>0) (2.1)

Proof. We begin with f € L' compactly supported, for which it is clear that,
for A > 0, the set Ey := {z € R? : (M f)(x) > A} has finite measure. For
each x € E), we find by definition of M f that there exists a cube @, > =
such that

QL < [ 17wy (22)
Qx
Since is it clear that UmeEA Q. 2 FE,, Lemma produces a finite
sequence of disjoint cubes 1, Qs, - - - , Qi such that
k
> 1Qul = 479 By (2.3)
n=1

Hence, combining ({2.3]) and (2.2), we find
. k gd P 4d
EAEED SLAEES Sy MIUTVES < T/ FENCY)
n=1 n=1 n
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Notice that |FE,| is the distribution function of M f, thus by property
(1.12)) we get that for every ¢ > 0 there exists a A > 0 such that t(M f)*(¢t) <
A|Ey|, which implies the required estimate. In the general case of an inte-
grable function f, we may select an increasing sequence of non-negative sim-
ple functions f; 1 |f| a.e. Then the monotone convergence theorem yields
Mf, + Mf a.e., property then tells us that (M f)* + (M f)". Since
|| fillzr TI Sl 1, we see that the required estimate holds for f, completing the
proof O

We claim that an interesting consequence of ({2.1)) is that M f is bounded
from L' into weak L', denoted by L. Its norm is usually defined by
1
1Sl ppoe = sup tug(t).

0<t<oo

However, for our purposes we will use the following deﬁnitionﬂ :
1o
[ fllpee = sup tvf*(t), fe L
0<t<oo

Then we indeed find:

IMFllpre = sup ((MF)"(t) < 47 fll
0<t<oo
showing that M : L' — L is a bounded operator. Another interesting
observation is

. 4T e,
<y [ res

revisiting the rough estimate in gives rise to the suspicion that M f
is bounded by f**. That suspicion is correct, in fact, M f is an element of
X exactly when f** is an element of X, which we will see in the theorem
following another covering lemma.

Lemma 2.1.6. Let Q) be an open subset of R with finite measure. Then there
15 a sequence of dyadic cubes QQq, Qa, ..., with pairwise disjoint interiors, that
covers § and satisfies:

L Qunr4o, (k=1,2--")

2.19] < 1Q] < 29|
k=1

For more information on this definition see |1, Definition 1V.4.1]
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For a proof, see |1, Lemma I11.3.2] on page 122. The reason that the the
Vitali covering Lemma [2.1.4] wont suffice, or any finite covering lemma, is
that we will need to cover an arbitrary set of finite measure entirely with
cubes. A good example of a set of finite measure that we can’t cover with
finite sets of finite measure is

A= U Ay, with A; = [i,i+27).
ieN
A dyadic covering lemma gives us exactly the control we need to cover sets
like that. It allows us to cover any set of finite measure with countably many
cubes so that the union of the cubes has finite measure, additionally the

cubes are also pairwise disjoint. Note that countability comes from the fact
that a dyadic grid is a made up of a countable set of cubes.

Theorem 2.1.7.

(M) (t) Sa f(t) Sa (Mf)"(}), (¢>0)
for every locally integrable function f on R?

Proof. We fix t > 0, then for the left-hand inequality, we may assume that
f**(t) < oo, else there would be nothing to prove. |1, Theorem I1.6.2] gives
for t > 0 and f € L°(R?)L

inf t|h||Le =tf(t).
nt {llglls + b=} = ¢ ()

Note that the infimum may depend on ¢, so for t > 0 and € > 0 we know
there exist functions ¢, € L', h, € L* such that f = g, + h; and

Igell o1+ tllhell oo < TF(2) +-e.

Then since g; + hy = f for all £ > 0 we may use the triangle inequality for
rearrangements ((1.6) and the sub-additivity of M, so that for all s > 0 we
obtain:

(M) (s) < (Mge)"(s/2) + (Mh)"(s/2)
and then by Theorem [2.1.5 and the boundedness of M on L, for all s > 0
we get

(Mge)" (s/2) + (M~e)" (5/2) < = (lgill o + sllhll )

Setting s =t gives
(M) (t) <tf=(t) +e
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letting € — 0 gives the first of the inequalities. For the right-hand inequality
we may again assume (M f)*(t) < oo. We consider

Q:={z e R": (M[)(x) > (M[)"(t)}

and take z € Q. Then since (M f)(z) > (M f)*(t), we know that there exists
a cube @), 2 z such that

1 \
10 Jo. |f(y)|dy > (M f)"(2),

hence  is open. Then since M f and (M f)* are equimeasurable by ((1.9),
12| < t. Applying Lemma [2.1.6, we obtain (1, Qs, - - disjoint such that

L. QN #2, (k=1,2,--+)
2. 301Qul < 2%
k=1
With F = (U, Qx)°, we set
9=>_ fxa. h="fxr
k

so that f = g + h. The sub-additivity of f — f**, (1.16)), gives

f()

IN

g (1) + h™ (1)

t 1 t
/ gt + 2 / B (t)dt
0 t 0
0 1 t
| ot [ a
0 0

g1l + 17 e - (2.5)

| = = | =

IN

Now, using that Q; N Q¢ # @, that is, there is a x € @ such that z ¢ Q, we

find that 1

— [ 1f@W)ldy < (M[f)*(t), (k=1,2,---)
Qxl Jo,

by the way that €2 is defined. Then the following

wm:Z/u@MSZ@wwm>
k /@ k
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gives us

lgll < 2°6(M£)"(2) (2.6)
On the other hand, F' is completely contained in Q¢ so on F' we have
M f(x) < (Mf)*(t). Then we have

12l oo SN Xl oo <M F)xp|| e < (MF) ().
Putting this, (2.6) and (2.5) together finalizes the proof. O]

We will later see that this equivalence of boundedness is an essential piece
in finding equivalent sufficient and necessary conditions for the boundedness
on a r.i. Banach function space X. We define the following operator in
preparation of finding those conditions.

Definition 2.1.8. Let P,, 0 < a < 1, be the integral operator defined on
LY(R*, A) by

PO =[5 0<t<x)

S

Note that for a = 1 we have an identity f**(t) = P,f(t). While P,
has more uses, we use it because it is such a generalization and due to the
following lemma.

Lemma 2.1.9. If P, is a bounded operator on X, that is
1 Pall sy = sup {1Pufll 5 <l fllx < 1} < o0,
then there exists € > 0 such that || Po—s|| 5%y < 00 for all § < e

Proof. Let € > 0 be such that €[[F,| 4y < 1. Then the operator I —eF,

belongs to Z(X), is invertible, and since X is a Banach space the following
Neumann series is convergent in the norm of A(X):

(1-<P,) Z P,
The operator
T =P, (I—¢P,) Zs”P"“ (2.7)

is therefore also in Z(X). Take f € X, we claim that the iterate P"*! of P,
may be written in the closed form

Pn+1 / f IOg 1/5> a—l (28)



The proof proceeds by induction on n. The case n = 0 follows immediately
from the definition of P,, so suppose (2.8) holds for n =0,1,2,..., N. Then

(PY*1r) (0 = P (PY) (1) = / Rt

/(/ £(s logl/s) “‘1ds> ra=Ldy

so making the change of variable u = rs, we have

(P(f\’“ /(/f 10g7“/u) ald)ir

Interchanging the order of integration and making the change of variable
v = r/u, we obtain

(Res) o= [ < / “gN—/,‘”Nd—> flutyudu

' (log 1/u)N+! ot
:/0 —( (g];\[ii)' flut)u® du

This completes the induction and hence establishes (2.8)) for all n. Combining
[2.7), (2.8), and using the monotone convergence theorem, we obtain, for non-
negative functions f in X

wnw- [ (Z%) slotse-tas = [ stans<-ias

n=0

By the usual device of splitting a function into its positive and negative parts

we obtain this identity for all f in X. Hence, T'= P, .. clearly it extends

to 0 < 4 < ¢ as then we also have || P[4, 0 < 1, this concludes the proof.
[

Note that, even if we find that P, is bounded for all a > b, that does not
necessarily mean P, is bounded, since the e found using this lemma depends
on a. The use for this lemma will become clear in Theorem 2.I1.14 We
will want to define the upper Boyd index, before that we have to define the
following operator:
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Definition 2.1.10. Let s € (0,00) and f € L°(R?). Then the anti-dilation
operator Dy : L° — L° is defined by:

Dsf(x) = f(sz).

The anti-dilation operator will be useful in obtaining the final result
in this section, sufficient and necessary conditions for boundedness of the
Hardy-Littlewood operator on r.i. Banach function spaces. Furthermore, in
section D, will play a central role. It will therefore be useful to better
understand the anti-dilation operator, so we prove some of its properties in
the following proposition.

Proposition 2.1.11. Let X,Y be a r.i. Banach function space on (0,00)
and R? respectively. Let ¢ > 0, f be in L° (]Rd) and g € X, then

ppe s (N) =t~y (N) (2.9)
(Dif)" =Dy f (2.10)

1
[ Dt]] 5 x) <cmax{l, ;} (2.11)
(Dsg)"(t) =Dsg"(t) (2.12)
1 Dstll vy I Dsll sz I Pell vy (2.13)

Proof. We observe that
(V) = p({z € RY: | (t2)] > A}) = u({at ™ € RY: |f(2)] > A})

Then by the dilation property of the Lebesgue measure: ,u({(Sx ST € A}) =
§%u(A) for A € B(RY),§ > 0, we get:

() = p({at™ € RY: |f(@)] > A}) =, (0)
giving us (2.9). Then for (2.10) we obtain

(Def) (s) = sup{A < ppys(A) > s} = sup{A: iy (A) > st} = Dyaf*

For (2.11)) we use [1, Theorem II1.2.2] , which tells us that X is an exact inter-
polation space between L! and L, then since Dj is an admissible operator
for all s € (0, 00) we get

||Dt||,0)9(X) < cmax {HDtH,%(Ll(Rﬂ) >||DtH§5(L°°(R+))} :
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Clearly HDtH,@(Loo(RJF)) = 1, and

/0m|th(3)|d3=/OOO|f(ts)|ds: %/Ooo|f(8)|ds’

thus || Dl ) < cmax(1,1). The constant ¢ comes from renorming X with
a constant multiple of its original norm. For we observe that ¢ is a
function on R that is 0 on (—o0,0), and then simply apply property (2.10).
For property we point out an identity of the anti-dilation operator:
Dyf=DyDf = D;D,f. Then we may simply write

1Dall sy =50 {IDDf Ny 11y < 1}
<50 {1 Dl 1Py 1y < 1} =10, g | PelL -
O

Definition 2.1.12. Let X be a r.i. Banach function space on (R, ), then
the upper Boyd index is given by:

logHDt—lﬂ%(;{) ~ lim 1OgHDt—1H,@(X)
1<i<oo log ¢ oo log ¢ '

Xx =

For a proof of the last equality, see [1, Proposition II1.5.13]. &x is one
of two Boyd indices, for now we will only need the upper one. Inspection of
the definition tells us that ax is “the largest” number a such that
t* S| Di-1llgx)- In L' we find for example that &, = 1, we even have
| Di-1 f*|| ¢ = t|| f*|| ¢, which is a property we don’t have for every r.i. Banach
function space X.

A more interesting case could be LP. Recall that for 1 < p < oo we have

(1.17), then for f € LP(RY):

HDtlf*an:( / f*(s/t)pds)pz( / tf*(s)pds)p:tinf*nm

Thus we get that &;» = %. For p = oo, we get:
IDf = = f7(0) =1 f"llz=,  (f € L¥(RY)
Giving that a;~ = 0.

Lemma 2.1.13. For X a r.i. Banach function space on R? with the Lebesque
measure. Let 0 <a<1,0<s<1andge X :|g|ly <1, then

/0 (D () g (£)dt = / (st (0t < as | Puf*
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Proof.

/OOO f*(st)g*(t </Ooo )dt) (/O u“_ldu>
/(/ F(ut)g ) udu
= qs° / T ( / f*(ut)ua—u>dt
<ose [7o (/ r utu_>dt
S <t><t [ >ij’>dt

~ as™ / g () (Paf) ()t < as™[| Puf* ¢

in the first inequality we use that f* is a decreasing function and therefore
f*(ut) > f*(st), in the second one the fact that f* > 0 and s < 1. This
is followed up by a change of variables, and finally we use the Luxemburg
representation theorem in the last inequality O

Lemma 2.1.13] shows that there is a connection between the boundedness
of P, and the upper Boyd index, this will become more clear in the proof of
the following theorem, where we make explicit use of this property.

Theorem 2.1.14. Let X be a r.i. Banach function space on Re. P, is a
bounded operator on X if and only if xx < a < 1.

Proof. Suppose first that P, is bounded on X. Let f and g be functions in
X and X’ respectively, with

Ifllx <1, llgllg <1 (2.14)
Using (2.12)), which says (D, f)*(t) = Dsf*(t), and Lemma [2.1.13| we get for

t>1
/ F(t15)g" (5)ds < at*|| Pall s,

Taking the supremum over all f and g satisfying (2.14)) gives us
1Dl ) < at™ || Fall gz, (6> 1)

Thus,
log|| Dy ||@(X) log a||Pa||gg()‘()

logt logt
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as t — oo Now by Lemma we find that there exists a ¢ > 0 such that

_ . 10gHDt*1||,%(X
axy =llm ——— <a—e<a
t—o00 logt

Now assume a > &x and let f, g be such that they satisfy (2.14]). Then

/0 (R <t>g<t)dt] < / ) (t—a / t If(S)IS“‘1d8> lg(t)lat
-/ ) ( / 1 If(st)|8“‘1d8) g(t)]dt
_ /01 (/OOO DL f(B)g(t)] dt) s 1ds

1
< [ 1Dl as
0

1
< [ 1D 50

< [ 1D gy s
1
. . log”Dt*ngg(X) ~
Now, using lim;_, — gt We find that for e > 0 such that a — &x >
e > 0 there is a 00 > T" > 1 such that for all s > T we have || Ds-1| 5y <
X1 oiving

T oo
< [0 lgsys s [T s <o
1

where, in the last step we know that the first integral is bounded since
[ Ds1| gy < cmax{1,t}, by (2.11). Taking the supremum over f and g
satisfying (2.14)), we find [| F, || () < o0

]

Theorem 2.1.15. Let X be a r.i. Banach Function Space on R¢. Then the
Hardy-Littlewood maximal operator M is bounded on X if and only if the
Boyd inder ax < 1.

Proof. Tt follows from Theorem that M is bounded on X if and only if
P, is bounded on X. Lemma [2.1.14| then concludes the proof O

Using the Boyd indices we found for LP, &p» = ;lw we immediately find

that M is bounded on LP(R?) for 1 < p < oco. Similarly, by for example |1,
Theorem IV.4.6], we get that the Boyd indices of LP? are both equal to %.

Thus M is bounded on LP4(R%) for all 1 < p < oo and 1 < ¢ < oo.
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2.2 Maximal operators based on r.i. spaces

From this chapter on, if we don’t specify the measure on R? or RT we use
the Lebesgue measure. When looking at the Hardy-Littlewood maximal
operator, see that we may write

(Mf) (x —Sup’Q‘/lf )|dy

Q>

—swr [ 1 Wle(
Q32 |@Q)
=sup|| D) (x@)| s
Q>
Where 1(Q) is the side-length of a cube @. This is the essential inspiration

for generalizing the maximal operator in the following way.

Definition 2.2.1. Let Y be a r.i. Banach function space on R, For f € Yi,.
the mazximal operator based on Y is given by

My f(x) := supl| fll oy = sup|| Do) (Fxa)lly
Q>3 Q>

Where @Q is any cube in R with its sides parallel to the azes and all side
lengths equal.

This operator was first introduced by C. Pérez, and later studied further
in [8] by W. Mastylo and C. Pérez. As before, My is still a sub-linear
operator:

My (f+9) < Myf+Myg; My(\f)=[\Myf, fe LR
and for f € L°(R?) we have:
[My (D] e WAl oo [ My () || oo = oy D111 e

so that all maximal operators based on r.i. Banach function spaces are
bounded on L*(R?).

We can obtain an analogous result to Theorem for general My quite
easily:

Theorem 2.2.2. Let f € Y., then there exists a ¢ > 0 only dependent on
the norm of Y such that

M f(x) < cMy f(x)

and in particular
|f ()] < eMy f(x)

for almost every x € RY.
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Proof. Using [1, Theorem I1.6.6] we find that for some ¢ > 0, ||| ;1 100 <
c||ly- By [l Theorem I1.6.4] we have that

1
s = | 100
Using (2.10) we find

cMy f(x) =supc
Q>ox

Dyg)(fxq) HY

Digi(fxe)”

=supc
Q>
1 *
= SUP/ Digi(fxq) (t)dt
Q3z Jo

1 /Ql(f )*( )d
= sup — X t)dt
Q3 |Q| 0 N

Notice that (fXQ)*(s) is 0 for s > |Q|. We refer to (1.17) for the equality in
@15).

1 [ .
=Sup@/0 (fxq) (t)dt

Q>x

=sw o [ 1 Wle()dy (2.15)

Qo

1

—sup o [ 1£0)ldy = (M ()
@z |Q| Jg

The first statement is then proved, as M is the Hardy-Littlewood maximal

operator. The second statement follows from Theorem [2.1.3] O

To work towards the main result, we begin by looking for sufficient condi-
tions for boundedness of My on X. Firstly we view || f||, ;- as a restriction of
a function F : B(R?) — R to cubes, where F is such that F(Q) = 1 £llo.y-
We call a function that maps B(R?) into RT a set function, where B(R?) is
the smallest o-algebra containing the open sets. To make use of the theorem
presented in [6], we need the following definition.

Definition 2.2.3. A set function F' is called pseudo-increasing if there exists
a ¢ > 0 such that for any finite collection of pairwise disjoint cubes {Q;} with
Q =, Qi we have

miinF(Qi) < cF(Q)
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In the following lemma we use MF : R? — R* given by MF(x) =
supF(Q) as in [6]. The supremum is taken over cubes @ in RY with sides
o>

parallel to the axes and all side lengths equal.

Lemma 2.2.4. Let F be a pseudo-increasing set function with constant ¢ > 0
as in the preceding definition. Then, for any t > 0

(MF)'(t)<c sup F(E)

o0o>|E|>4—d¢

where the supremum is taken over all sets E € B(RY) of finite measure
|E| > 47%.

A proof can be found in [6]. Note that the constant 4~¢ originates from
our Vitali covering, Lemma [2.1.4]
The following lemma follows 8, Lemma 3.4].

Lemma 2.2.5. Let Y be a r.i. Banach function space on R? such that its

fundamental function is concave, Let E be the r.i. Banach function space
on R generated by A(Y). Then for f € Ej. we define the set function

F(A) = HD‘AII/deAHE' Then F' is pseudo-increasing with constant ¢ = 1

Proof. Let Q = {Q; : 1 < i < n} be a finite set of cubes in R%. Note that
the following equation holds (see |5, formula (5.4)]):

1 llary = / T ov(is(9)ds, £ € A(Y).

Let A, B C R be pairwise disjoint, using property (2.9) and the fact that
f and f* are equimeasurable we get

F(AUB) :HD(|A+|BI)1/deAUB . = HDIAIHB\(fXAuB)*HA(Y)

> foAUB(S)>
= SD dS
/0 Y( Al + (B

> Ppya(s)  |A] fyxs(s)  |B] )
= © + ds
/0 Y( Al Al +|B| |B|  |A]+|B]
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Note that, since A and B are disjoint we have piry, » = firrn + s DY (1-2)-
Now using that ¢y is concave we find

> quAcs)) 1Al <ufxB<s>) 1B|
> + d
—/0 W( Al )T+ 1Bl TP\ Bl 1A+ 1B

Al | B
|A|+|B|H [A]| (fxa) ||A |A|+\B|H |B] (fxB) HA
A peay+ 1Bl pBy > min{F(A), F(B

Notice in the last step that we replace either F'(A) or F'(B) with the other,
depending on which is smaller. Choosing B = Q1 and A = Q \ @, gives

F() > min(F(Qy), F(\ Q1))

We may reapply the inequality finitely many times to find

FI) > win(Qumin(F(@a), F(O\ (Q1UG:)) ) = -+ min F(Q).
O]

The following lemma will give us a result analogous to the left bound of
Theorem in a more general setting.

Lemma 2.2.6. Let Y be a r.i. Banach function space on R? with a concave
fundamental function @y. Let E be a r.i. Banach function space on R? be
generated by A(Y), then for f € Ej,. we have

(Mgf)'( <H Dy-arf*)X10,1) HA (2.16)

for every t > 0.

Proof. Let F(A) = HD‘AP/JXA

we find

, then combining Lemma|2.2.4|and Lemmal2.2.5
E

(MF)*(£) < sup {F(A) 00> A > 42} (2.17)

Since we have (f¢)* < f*¢* by (LII) and (Dof)" = Dyaf* by [@10) for f

on R?
A) = Duapsatxal], =P FxaY lagr

< HD\A| (f*x014p) HA(Y) = H (Dyarf*) X10,1)

(2.18)
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Combining the inequalities (2.18)) and (2.17)) and using the fact that D, f*(t)

is decreasing in a, we find

(1) (0) = 017 0 <5 {| (DLar )

< H (Da-arf)X10,1) HA(Y)

t
Al > —
A(Y) 4] 4d}

]

This lemma is a small improvement over |8, Lemma 3.4], as we do not

require @y (04) = 0. Recall from (1.23) that A(L') = LL. If we apply (2.16)
to Y = L'RY), then £ = L'(RY) and we obtain the discussed, slightly

sharper bound than the one given in Lemma [2.1.5

(M f) (1) < 4° /  p(s)ds

instead of ~
(M f) (1) < 4 / £*(s)ds = 49 |

Note that, for Theorem the rougher inequality was sufficient. In Theo-
rem [2.2.8 however, we see that the sharper inequality makes a real difference
as we only need the integral to be bounded around 0, but not as it tends to
0o. In the following lemma and proof we write Hf(s)’ Yis) = | flly for clarity.

Lemma 2.2.7. Let X be a r.i. Banach function space on RT, then if 1 is
an increasing continuous function on [0,00) then

H JRCERCITE

< [l o)

X(t)
The following proof follows |5, Lemma I1.4.7].

Proof. In the following inequality we use that D, f*(¢) is decreasing in s. Now
for 6 > 1 we find:
5k+1

/0 T D) = S / D, f*(#)dui(s)

6k+1

<Y Dar [ duts)

k=—00 o+
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Then, using the triangle inequality for norms, we get

H | D

P LURC R

X(t)

= 2 D5 f* )]l () = $(8")

k:(;oo .
= X Der Ol [, vl

Where in the first equality we use that v is increasing. Now using properties

and of anti-dilations we get
1Ds=r5 £ ()] ey <OlDasror f7(0)]]
giving
6k+l

> 1D £l / dv(s)  (2.20)

5k

H | D

<4
)

X(t k=—00

On the other side we have

/0 OOHDsf*a)HX(t) dy(s) =§w /5

5k+1

[Df* ()] gy (5)

.
5k+1

> > [ rol,, [ @, eay

k

where we again use that HDS f*(t)” X(1) is decreasing in s. Combining the
inequalities in (2.20]) and (2.21)) we find:

| prwan)| <6 [0 )]0
0 X(t) 0

since 0 > 1 is arbitrary we find that (2.19)) is satisfied. O]

This lemma is the last essential piece of the puzzle, as it helps us bound
the operator found in Lemma with the norm of f and || Dl as a
function in A, .

The following theorem follows [8, Theorem 3.6] closely.
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Theorem 2.2.8. Let Y, X and E be r.i. Banach function spaces on R?, such
that X is generated by X on (0,00), E is generated by A(Y) and

[ 1y rts) <
Then the following statements hold:

1. there exists a constant C > 0 such that

HMYfHX < CHfHXa f € Eloc (2'22)

2. if Ejoe N X s dense in X, My is bounded on X.

Proof. 1. By Lemma|l.2.15/we find the Y may be equivalently renormed such
that its fundamental function is concave, so without loss of generality we may
assume it is concave. Then by Theorem we have that for f € F:

1Al =15 sy 2 17 e = 1F1ly

So that we have Mgf > My and (Mgf)" > (My f)*. By Lemma [2.2.6| for
all f € Ej,. we find

My fllx =||(My )|

<||(Mgf)*

5 < /0 DyDy-af*(s)dey (s)

X(t)

< /0 D.Dyaf*(£)dpy (s)

X(t)

We define ¢y (t) to be equal to ¢y (t) for all £ € (0,00), and define ¢y (0) :=
lim, | @y (t). Note that this limit exists since ¢y is monotone and bounded
near 0. Now ¢y is continuous on [0, 00) so that we may use Lemma [2.2.7]

= lim v (5)(Dureaf /DD4 o f*(£)dBy (5)

X(t)

/ D.Dy-af (A (s)|| (2.23)

(
X(t)

= [lim ey (s)(Daa-a f*(£)

X(t)

Notice that (2.22)) is as follows:

1 1
1Dy v () = Dy ev(5)+ [ 1D o (s < .
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Note that for every n € N we have oy (1/n)(D1Dy—af*(t)) € X since py(1/n)
is a positive constant and Dy is a bounded operator by (2.11)). Using Fatou’s
lemma we find:

X(t)

18%1 ey (8)(DsDy-a f*(t))

ligirolf @y(l/n)(DiD4—df*(t))’

<timinf||oy (1/n) (D3 Dyaf* @)

< Dac Ly liminf oy (1/m)|| D

>

SI1Da-ll ) [ 1]x imm oy ()| Dsl

By property Lemma [2.2.7 we find

| PDcer @z s <1l [ 1057 0] 5 8

X(t)
1
< C|fl / D4l ) Ay (5)

Combining these two bounds with (2.23)) gives:

/0 DDy f(£)dy (5)

lsiﬂ)l oy (8)(DsDy-a f*(t))

+
) —

X(®)

1
§||D4—d||@(X)||f||x <1iigl¢Y(3)||Ds||z(X) "’/ ||Ds||@(X) d@Y(S))
5 0

X(t

1
1 Ds-all s Il / 1D4ll ) diov (5) < 0.
0

property (2.11)) finishes the proof for all f € Ej,..
2. Note that My is a positive sublinear operator and so, for all f, g € Y.,

we have

|My f — Myg| < My(f —g), ae.

Since Ej,. N X is dense in X, the above estimate allows us to extend the
inequality obtained in 1. for all f € X by density. O

Remark 2.2.9. Suppose X is separable, then by Theorem [1.1.8| we have that
the simple functions are dense in X. Since E and X are both r.i. Banach

function spaces, they contain the simple functions. Thus, Fj,. N X is dense
in X.
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Theorem is a slight improvement over [8, Theorem 3.6] in that we
don’t require py (0+) = 0, which is due to the improvement in Lemma m
over [8, Lemma 3.4]. Additionally, the requirement that Ej,. N X is dense
is slightly weaker as well. An example of this would be L' =Y, which we
discuss after Corollary[2.3.6] An interesting note is that, if My is bounded on
X, it is necessary to have X C Yj,.. Indeed, if f € L° such that f ¢ Y., we
find there exists a compact set A of positive measure such that || fx 4|y = oo,
then My f ¢ L° giving My f ¢ X.

Having established one of the main results, sufficient conditions for bound-
edness, we will now state a necessary condition in a general setting.

Theorem 2.2.10. Let X,Y be r.i. Banach function spaces defined on RY.
If My is bounded on X, then

where y (t) is the fundamental function of Y.

< o0

X

. 1
¢y (min{1, Z})

For convinience’s sake we will write max{|z1|, -, |z4|} =7 , © € R?
in the following proof:

Proof. Let f := x(_1,1y¢, then using (2.10) we find the following:

HDl(Q)(fXQ)Hy: Diq) (X[—l,l)dXQ)* B
Y

- D|Q\X[0,>\([71,1)40Q)>

Xoa(-romne)iei) ||

We now try to find an appropriate (). Let @, be a closed cube such that
one of its corners is the origin with side length {(Q) = ||z[|,~. Then, we
require x € (.. Note that this gives multiple but finite options for @), any
will suffice. For clarification: Say that x = (2,1) in R?, then there is only
one closed cube such that it has one corner in the origin, side length 2 and
contains z. If z = (2,0), the cube there are 2 closed cubes containing z.

If||z|| o > 1, then @, has one corner at the origin and a side length larger
than 1, we find |[-1,1)¢N Q| = 1, and

LD N Qul1Qu| ™ = 1Qul ™ =]l
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If ||| ;0 <1 we find that Q, C [—1,1)%, then

-1, )% N Qul|Qe| ™ = 1Q||Q.| ™ = 1.

Then we find that

oz Hx[o,mm{l,nxnzo‘i})

Taking the supremum over () > x gives

Hx[m([1,1>de1)|@$|—1) %

My f(x) = sup
Q>

‘)7

. —d
gy <m1n {1, ||x||€m}>
Y

Xoa(=1nn@)i@1)

= Hx[o,min{l,mn;oi 1)
We define the following two functions
g: R RY
o(a) = o (i {1 o1}
h:RT — R
h(t) = py (min {1,t_1}>
Now by definition,
re{reR:glx) > s} < |z|l € {t e RT : h(t) > s}.
Now notice h(t) is decreasing and continuous on (0, c0), then
{t e R* : h(t) > s} = (0, \({t € RT : h(t) > s})).
Thus for s > 0
A(s) =A({z €RY: g(2) > 5})
:/\({x eRY:||z||% € {t € RT : h(t) > s}}>
:/\({x eR:|zl|% < A ({t € RY : h(t) > s})})
=2\({t € RT : h(t) > s}) = 29\,(s)
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Using property (12.9) we find:
Ag(8) = Ap,_,n(s)
Thus, have that g and D,-ah are equimeasurable, and thus:

MY(X[—1,1)d)*<t) > Dy-ahl(t)

Note the fact that for r.i. Banach function spaces we have x[_; 1y« € X, then

7

by the boundedness of My on X we have that <My X[-1,1)4 ) € X, finally
(2.11)) concludes the proof. O

Due to the abstract definition of a r.i. norm, it will be hard to formulate
when exactly ||y || is finite for a given r.i. Banach function space Y. It
will however, be easier to formulate this condition for a given X: Suppose
1 < p < oo, then recall we have the r.i. norm of L? in explicit form (|1.17)).
Theorem gives the following necessary condition for boundedness of
My on LP:

1 oo
/ oy (s)Ps 2ds = / oy (1/t)Pdt < 0o
0 1

This is equivalent to the necessary condition for boundedness of My on LP
shown in [8, Theorem 3.9]:

c p
/ 240 ds < oo
0

s2

In the next section we will show that under some assumptions, this necessary
condition is equivalent to the sufficient conditions given in Theorem [2.2.8

2.3 Indices on rearrangement invariant Ba-
nach function spaces

In this section we look at how the Boyd indices and fundamental indices ef-
fect boundedness of the generalized maximal operator defined in section
We also introduce weak fundamental indices and prove some useful proper-
ties. Finally we show under which assumptions we can formulate equivalent
necessary and sufficient conditions for boundedness of a maximal operator
My on Lorentz spaces LP4, and Orlicz spaces LY. We begin by defining all
indices, we also restate the definition of both Boyd indices for completeness’s
sake.

43



Definition 2.3.1. Let X be an r.i. Banach function space on R? and let

Oy (t) = sup “;’;(ét) , The upper and lower Boyd indices are given respectively
0<s<o0
by:
_ log|| Dy ||g?()‘() log|| Dy ||g5>(X)
Xy = in , and, Xy = sup
1<t<oo logt 0<t<1 logt

Secondly we define
(2.24)

Which are called the upper and lower fundamental indices. Lastly, the upper
and lower weak fundamental indices are given by:

1 t 1 t
Yx = liminf OgLX(), and, y . = limsup 0g ¢x(t)
t—o0 logt 42X £10 log t

Notice that the weak fundamental indices are defined with lim sup and
lim inf rather than the supremum and infimum themselves. This is due to the
fact that ¢x lacks some of the properties that ®x and || Dy 55, have. We
will need the following definition to formulate some properties of the indices.

Definition 2.3.2. We say a function ¢ : (0,00) — [0, 00) is submultiplicative
near 0 when there exist c,e > 0 such that for all ¢ >t > 0 we have

p(st) < cp(s)p(t), (s €(0,00)).

Stmilarly, we say ¢ is submultiplicative for large t when there exist T, c > 0
such that for allt > T we have

p(st) < cp(s)p(t), (s €(0,00)).

A function is called submultiplicative if there is a ¢ > 0 such that the in-
equality holds for all t. We can interchange submultiplicative with supermul-
tiplicative when the same holds with the inequalities turned around.

We see that both @y and || D¢[| 4 g, are submultiplicative. For fundamen-
tal functions ¢y this is not necessarily the case. We first show some useful
properties of @y and ¢y:
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Proposition 2.3.3. Let X be an r.i. Banach function space on R?, then

Dy (ts) < Px(t)Px(s) for all 0 < s,t < 00 (2.25)
B (1) =t G (2.26)
px(t) <px(1)®x(t) (2.27)

Oy (t) <cpx(t) near 0 or for large t when px is submultiplicative

with constant ¢ > 0 near 0 or for large t respectively. (2.28)
Proof. We first note that

x(st) = sup LXMW g, ex(tox(sw) g g ()

O<u<oo QOX(U) O<u<oo SOX(SU) @X(u)

giving us property (2.25)). Consider the following identity, which we obtain

using ([1.18):

t tox (3 1
Oy (t) = sup px(st) = sup 240 =1 sup ex (1) =Dy (—)
0<s<o0 SOX(S) 0<s<ooS0X’(3t) 0<s<oo ‘PX’(S) 13

giving us 12.26j
Property ([2.27) follows from:

_ su px(st) _ ex(Dex(t)
px(M®x(t) = ox(D) swp "5ry 2 =)

For property ([2.28]) we suppose ¢x is submultiplicative near 0 and for large
t. Then there is a T',c,e > 0 such that

Oy(t) = sup px(st) < sup px(s)cox(t) cox(t), (oo >t > T,)

0<s<00 SDX(S) T 0<s<oo 80)((8) e>t>0

this shows both cases for the inequality in(2.28), concluding the proof. [

In the following proposition we will see what effect the submultiplicativity
of ¢y has on the indices. We also prove a lot of useful properties for the
indices in general.
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Proposition 2.3.4. Let X be an r.i. Banach function space on R?, then

By, =1-Bx, Bx=1-B, (2.29)

B, = %% (2.30)

Bx = ﬂ%ﬁ% (2.31)

0<ay <P, <Px<ax<l1 (2.32)

&y = lim logHthlH@(;{)’ o = lim 108?”@*”@()‘() 933

t—o0 logt - t10 logt (
If ox(t) is submultiplicative near 0, theny, =B (2.3
If px(t) is submultiplicative for t large enough, yx = Bx  (2.35
By <¥x, Yyr ¥x» Yy < Bx (2.3

Proof. From ([2.26) we immediately get

log @x(t) _  _log®x({)
logt log %

Combining (2.37)), (2.24) and the fact that X” = X( Theorem [1.1.5)) gives

us both identities in (2.29).
For the next property we refer to [1, Lemma III1.5.8], which states that

an increasing subadditive function w on (—o0,00) for which w(0) = 0 we
have that w(s)/s tends to a finite limit a = lim %2 = inf*) Then due to

t—oo s>0 ¢

the submultiplicativity of ®x(¢) and the fact that ®x(1) = 1 we get that
log ®x(e') is such a function and thus

log ®x(t) _ — Ox(e’) _ o 108 x(e”) o 108 Px(1)
t—oo  logt 5—00 S s>0 S t>1  logt

, (0<t <o) (2.37)

This gives us . Then combining this result with and the second
equation in (2.29)) we obtain (12.30)).

For the fact that 0 < o, < &xx < 1 we refer to [1, Proposition I11.5.13]
Now notice that we have

Oy (t) = sup px(st) _ su M

= <Dyl <
0<s<oo SOX(S) 0<s<oo @X(S) _H ! HZ(X)

We find that log @x(t) < log||Di-1]| 4k, since log is an increasing function
on R*. Plugging this inequality into our definitions we get fx < &y since
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log¢ > 0 for ¢ > 1, similarly, ay <, since log¢ <0 for 0 <t < 1. Finally,
using the submultiplicativity of ®y(¢) we find 1 = ®x(1) < Px(t)Px ().
Hence, for all ¢ > 1,

log ®x (1) log <$()> _ log ®x (1)

log % logt —  logt

Letting t — oo and using both and then gives us f, < Bx,
giving us property . For property we refer to [1, Proposisition
I11.5.13].

From now on in this proof we will use (2.30]) and (2.31)) interchangeably with
the definition of the fundamental indices. To prove we assume that
©x (t) is submultiplicative near 0 with £, ¢ > 0. Then, using properties
and , for 0 < t < ¢ we have

@X(t) = sup SOX(St)
0<s<oo SOX(S)

< cpx(t) < cpx (1)Px(t).

Notice that for all ¢ > 0 we have

log c® x (t log®x(t) 41 log ®x(t
hmogc—x() — 0g Px(t) +loge — 1imog—X<> (2.38)
tlo  logt t10 logt tlo  logt
, the same is true for px and the lim sup. Then indeed
o log @x(1)
EX N ltli%l log ¢
1
S lim sup 28 PX ) _
tl0 logt =X
> Jim log cox (1)Px (%) _p
£10 logt =X

giving B =y . The proof of (2.35)) is similar, and will be left as an exercise
for the reader. For (2.3G), we first show By > yx and B < <V, By (2.27)

we obtain that
log px (1)Px(t) < log ox ()

O<t<1

et S ey (0<1<D

1 1Oy (t | t

og ox (1)Px(t) > 0g x )’ (o0 > > 1)
logt logt

Using (22.38)), we find that:
log @ (t | DOy (t 1 t
T L2 QNP 12 {0120 g s 12 40
—X o logt t0 logt 10 logt Ix
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Similarly we find

Yx = liminf log px(*) < lim inf log px (1)®x(#) =

Y t—00 logt T oo logt t—00

. log @ x (t) By
logt

Now what is left to do is to show BX > Yy and EX < ¥x. Using
¢X<t>90X’ (t) =t, " we find

1 1
f —log x(t) = lim inf 0ePx\E) ( t)

S —Timi
Yx = ahe logt t10 log %
g(sw(i)) log (1 (1) )
= liminf ———* = liminf ————+ (2.39)
t10 logt t10 logt
Then using ([2.26]) we find
1
log ®x (1) log<t(I>X/(;)>
lim ——— =lim ———*~
tlo  logt t10 logt

now using that ¢ x/(1)®x/(t) > px/(t) (2.27), the fact that log is increas-
ing and that logt < 0 for 0 <t < 1 we find

log ®

=lim 0g Px(t) = lim inf

=X o logt 0 logt
o ogt X

Using the same trick for vy as we did in (2.39) for yx we find

log (t(pX/ (%))

Y, = limsup gt

- t—o0

and we similarly obtain

- log ®x(t
Bx = lim Og—XO = lim sup
t—oo  logt t—00 logt
oy log(tg;X,(%))
> limsup —5 =" =¥
Note that the inequality is the other way because log¢ > 0 for ¢ > 1. This
concludes the proof.
[
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We see that we don’t yet have y - < yx when ¢x is not submultiplicative.
Note that to obtain this ¢ x need only be submultiplicative on one side for
this inequality to hold. As if it were submultiplicative either near 0 or for

large ¢, one of the bounds in (2.36)) would yield equality by (2.34)) or (2.35)).

Lemma 2.3.5. Let Y, X be r.i. Banach function spaces on R? such that @y
1s concave. Then

|1p.

(%) X[o,l)(t)HA(Y) <o = vy, > &x (2.40)

1Dz, X[O,U(t)HA(Y) <oo =y, > Ay (2.41)
Proof. For (2.40)), consider

1
. . /
il Dy 2(8) <l Dilagsy v () + [ 1D (51

=125y xo 1), < o0

Then by (2.32) we have thatay = limg %, giving

log1/t

. ~ T Yo —&
lgfélHDtH@(X) py(t) = ltlfgltfy ¥ <o

Py (t)
t

so that indeed &x <y,,. By Proposition |1.2.14) we have that ¢y (t) <
for almost every t. Then,

1

Dill s tH — Y| Dyl oy (¢ Dyl sy e (5)d
[ 12y X @], <UDy 38+ [ 1Dy o4 (s)ds
1
. & ey (s)
<lim ¥y =X D 4% d
Slm e | 1Dsl gy —, s
Then since
log|| D ¢ 1 t
m | tHl@(X) — &y <y, = limsup og py (t)
0 log + - 10 logt

we get that for € > 0 with ax +¢e <y, —e¢, there exists a 7" < 1 such that

log D B(X 1 t
| tHlﬁ(X) <@y te<y, —¢< og y (t)
log ¢ - logt
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for all t < T. Then

1 T 1
s = 1
/ ||D5’|%(X) SOYS( )dS S / Szy—a—(ocx—‘ra)—lds HDTH@(X)/Y; SOYS( )dS <
0 0

Note that ¢y (t) < py (1) for t < 1 since gy is increasing. This concludes the

proof of (2.41])). ]

These statements are close to being equivalent, however, we have the
following counter examples to show that such an equivalence is false: X =
Y = L* has that 0 = az=~ >y, , and A(L>) = L>( see Remark [1.2.18).
Then indeed

H HDtH,@(L&)X[OJ)(’f)H L) :HX[OJ)HLOO < 0

A(

showing that (2.40) cannot be improved to a strict inequality. On the other
hand, for L' we have y , = 1 = &1 and by Example we have

1
1
H ||DtH,@(L’1) X[O’l)(t)HA(Ll) = /0 ;dt = 00.

which shows us that the strict inequality in (2.41]) cannot be relaxed.

Corollary 2.3.6. Let Y, X and E be r.i. Banach function spaces on R,
with E generated by A(Y). If Ej,. N X is dense in X and

IY > 0y Or EY > Ky, (242)
My is a bounded operator on X.

Proof. For y,, this follows directly from Lemma [2.3.5, Lemma [1.2.15 and
Theorem [2.2.8, For B, this follows from ([2.36)) and the same argumentation.
m

For a space with submultiplicative ¢y, like LP, the inequalities in (2.42))
are the same. However, in general we don’t know if (y is submultiplicative.
The following is an example of how we can formulate equivalent sufficient
and necessary conditions. The sufficient conditions given in Corollary
include the sufficient conditions we found in Theorem [2.1.15|as the particular
case of Y = L', since we have

ﬁlochl_'_Loo 2X7

so that the density condition is always satisfied. Then indeed since v , =1
we again find that M1 is bounded on X if and only if ax < 1.
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Corollary 2.3.7. Suppose 1 < p < 0o, 1 < q < oo and let LP4(RY) be as
in. Definition [1.2.19. Let Y, E be r.i. Banach function spaces on R such
that y is submultiplicative near 0 and E is generated by A(Y). Then My
is bounded on L™ if and only if B, > 113.

Proof. Notice first that by [4, Theorem 1.4.13] we find that simple functions
are dense in LP? for 0 < ¢ < o0, since all r.i. Banach function spaces
contain the simple functions we find that Ej,. N LP? is dense in LP?. As
mentioned before, the Boyd indices of LP are given by o, , = &, ; = i. By
Corollary 2.3.6, B, > a4 is a sufficient condition for boundedness of My on
LP4. Now suppose that My is bounded on L4, then by Theorem we
find that ||y (min{1, 1/t})||p,q < 00. Recall for p, 4, as in (1.22), we have

p

pnq(f) < ||f||p,q < ]:pp,q(f)'

Then since py is submultiplicative near 0, by ([2.28]) we find there is a ¢ > 0
and 1 > ¢ > 0 such that
Dy (1) < coy ()

for all 0 <t <e. Then by definition of B, we get for all 0 <t < ¢ that

log oy (1) _ log @y (1) _ sup log &y (s) _
logt =  logt = o<s<1 logs =Y

We use that log is an increasing function and logt < 0 when ¢ < 1. Now see
that

Ahalevmin{1,1/6) = [0y min{1, 1/

> [ 1Preryop

—1

o 1 B, dt
> [ =1/ )=
> [t
>i Oo[tl/P*Ey]qg
T o

The observation that this last integral diverges to oo when 3, < 117 combined

with the fact that p,4(f) <[ fl,, then concludes the proof for ¢ < oco.
[l

o1



Note that for ¢ = 0o, a proof of this kind fails to hold, since

sup tY/P By =1
0<s<o0o

when 1/p = B,
Lemma 2.3.8. Let Y, X be r.i. Banach function spaces. If My is a bounded
operator on X, then the weak fundamental indices satisfy:

Yx <Yy,

Proof. Using Theorem [2.2.10] and Theorem [1.2.17] we get that there exists
some ¢ > 0 such that

00 > ¢ @y(min{l,t_l})HX > Hcpy(min{l,t_l})HM
PX
P

= sup —QOX()/ @y(min{l,sfl})ds
0<t<oo t 0

> sup gox(t)goy(min{l,t_l})
0<t<oco
; -1 ; Yx—Y

= tliglo ox (t)py (t ) = tliglot -

Then indeed this limit is only finite when yx <7,
O

Lemma may give more extensive results when combining it with
Proposition [2.3.4] Note that the inequality in Lemma [2.3.8] cannot be im-
proved to a strict inequality in the general case, for example take M~ which
is bounded on L* itself. Then indeed Yz~ =0 ="y Lo For our final result,
we introduce Orlicz spaces, a generalization of LP.

Definition 2.3.9. Let v : [0,00) — [0, 00] be increasing and left-continuous,
with ¥(0) = 0. Suppose on (0,00) that v is neither identically equal to 0
or 0o, that is, there exists x € (0,00) such that 0 < ¢(z) < oo. Then the
function \IJE| defined by

U(s) = /Osw(u)du, (s >0)

1s said to be a Young’s function.

2Usually we use ® to represent the Orlicz space, but to avoid confusion with ® defined
for the fundamental indices we use V.
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Definition 2.3.10. Let ¥ be a Young’s function. The Orlicz space LY (R™),
with its norm given by:

ey = im0 e < 1)

In [9, Theorem 2.6.9] it is shown that this is a Banach function spaces,
in [7, Page 120] it is shown that this norm is r.i. Then using [1, Theorem
I1.4.9] we find that the following norm is r.i. and produces a Banach function
space:

HfHL‘I’(Rd) = Hf*HL‘I’(R'*‘) :

In the sense of the Luxemburg representation theorem we have W(Rd_):
LY(R*). From now on we will use LY to denote a space on R? and LY a
space on RT. Consider the following:

Definition 2.3.11. Let U be a Young’s function, then we call
U H(t) = sup{s: U(s) <t}
the right continuous inverse.

Now let sp = sup{s : U(s) = 0} and s, = inf{s : ¥(s) = oo} then by
its definition we find that W is strictly increasing and continuous on [sg, Seo)-
Then we find that:

s=UHt) = Us)=t, (50<5<500)

In other words, ¥ is bijective from (sg, Soo) to (0,00). The following lemma
gives a useful explicit form for the fundamental function of an Orlicz space.

Lemma 2.3.12. Let ¥ be a Young’s function, then the fundamental function

of LY is given by

w(t):m, (0<t< o)

Additionally, oy is submultiplicative for large t when W1 is supermultiplica-
tive near 0 and vice versa.

Proof.



Then we have by definition:

pu(t) =[x ||« = inf{k: T < 1/t}
=(sup{k~": U(k7") < 1/25})_1
1

=(sup{k : (k) < 1/t}) " = U1ty

Furthermore, if ¢y is submultiplicative for large ¢ we have the following:
there exists a co > 7" > 0 such that for all ¢ > T" and all s € (0,00) we have

1 1
U (1/(st)) = > = U (1/s)TU N (1/).
(1/(st)) PN R E e e (1/s)W™(1/1)
The other way around is shown the same way. O

Note that we still have ¢g(0) = 0. For the final proof we will need the
following theorem:

Theorem 2.3.13. Let ¥ be a Young’s function, and define:

g(t) :sup{;}%((;)) 1S € (O,oo)}, t € (0,00)

Then the upper and lower Boyd indices of LY are given by:

—1 —1
dp = lim —10890) oy = lim 0g g(s)
s—0+ logs s—oo  logs

A proof is given in |2]. For our purposes we rewrite this to:

By = i —10890) _yp loeg(s) o Tosg(l/s) oy 4o
s—0+ logs 50+ logl/s  s—o0  logs
—1 1 1 1
oty = lim —10890) _ oy Jogg(s) o loeg(/s) g
s—oo  logs s—oo logl/s  s—=0+  logs

Then notice that ®;v(t) as defined in Definition can be written as
follows by Lemma [2.3.12;
pu(st) V(1)) V(s)

d,;u(t) = su = sup ——————~- = sup ——— =qg(1/t
() = s S T o u(1/s) oS Wi(s 1) g((/ ) |
245

Corollary 2.3.14. Let VU be a Young’s function, then

o4



Proof. Tt follows directly from combining Theorem [2.3.13] with equations

E1). @) and @) 0

Now we are ready to present the theorem for boundedness on Orlicz
spaces:

Theorem 2.3.15. Let Y, E be r.i. Banach function spaces on R such that
vy 1s submultiplicative near 0 and E is generated by A(Y). Let ¥ be a
Young’s function such that W=Y(t) is supermultiplicative near 0, Soo = 00
and such that Ej,. N LY is dense in LY. Then My is bounded on LY(RY) if
and only if B, > aty.

Proof. Sufficiency follows by applying Corollary [2.3.6] For necessity we use

Lemma [2.2.10] Firstly, note that by Lemma and properties (2.34) and
(2.35) from Lemma [2.3.4) we have that By < EY is necessary. It will thus

suffice to show that By = B, leads to My not being bounded. Now by
Lemma [2.3.12} ¢g(t) is submultiplicative for large ¢, thus we find that there
are constants ci,co > 0 and 1 > €1, 9 > 0 such that:

(I)y(t) < Clwy(t), (I)q;(s) < CQQO\I/(S), (0 <t< €1, 1/62 < s < OO)

Set ¢ = max{cy, 2} and € = max{ey,e2}. Since log is strictly increasing on
(0,00) and logt < 0 for t € (0,1) we obtain

log cpy (t)  log @y (t) log ®y(s)
< < — L = t
logt = logt — 0251 log s By (0<t<e)

Similarly, for ¢ > 1 we have log¢ > 0 and thus:

log cpy (t) > log Py (t) > inf log Py (s) _g
logt = logt — s>1 logs

We consider :

/0 Wy (1))dt + / Wy (1/0))dt

—1

z/; \If(gpy(l/t))dtJr/:O\P(M)dt

c
o)
g1 ctby

In the last inequality, we use cpy (u) > uby for 0 < u < & < 1 and that ¥
is increasing. Additionally we use that W is a nonnegative function in both

/OOO U (py (minf{1,1/¢}))dt
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inequalities. Similarly we find that cog(u) > uPv for 1 < ¢!

using Lemma [2.3.12] we obtain

< u < 00,

e 1w
cho\p(u) c

[ Joes o000

Let k € RT, then since s, = 0o, we know that there exists an oo > 05, > 0
such that ¥~1(d;) > ck. Using the submultiplicativity of oy for t > 71 we
find:

Then we we get

\I/’l(l/t) 1 1 1
= > > U (1/t
k? k@y(t) - Ck’(,Oy((skt)gOy((Sk_l) - ( / k)
giving
& \If_l(l/t) 1
vl ——~27 > —dt =
‘ll( WY gz [™ Lar= o
Then we find

oy (min{L, 1/6) ||z = [|xie-1.00 ¥ (1/D) ||z = o0
O

By [3, Theorem 2.1] we find that we may drop the requirement of density
for LY with By, >0, as LY is separable in this case.

Remark 2.3.16. In general we cannot yet state an if and only if statement,
we can, however, state the following: In general, for two r.i. Banach function
spaces on R? X and Y, we know from Lemma and Lemma that
for boundedness of My on X, that Y, = Yx is necessary, and that Y, > ox
is sufficient given that for Ej,. on R, generated by A(Y), Ej,. N X is dense
in X.

While in many spaces we have Yy = Bx = &y, like LP?, these lemmas
still don’t lead to an if and only if statement. Indeed, as we saw in Theo-
rem and Corollary [2.3.7] we used Theorem to show that, under
some assumptions, boundedness of My on restricted X is only attainable for
Y such that Y, > %x.

Acknowledgements. I thank both my supervisors and especially E.
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