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Abstract

Randomized benchmarking techniques have been an essential tool for assessing the per-
formance of contemporary quantum devices. The goal of this tutorial is to provide a
pedagogical, self-contained, introduction to randomized benchmarking. With this in-
tention, every chapter is also supplemented with an accompanying Python notebook,
illustrating the essential steps of each protocol. In addition, we also introduce more re-
cent trends in the field that bridge shadow tomography with randomized benchmarking,

namely through the gate-set shadow protocol.
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About this tutorial

The goal of this tutorial is to provide an overview of the main principles behind randomized
benchmarking techniques (often abbreviated simply as RB). While there are several compre-
hensive reviews on the subject (Refs. [1,2] are two examples), a newcomer to the field still
faces the challenge that a considerable amount of background knowledge is required to get
familiar with the topic. Our purpose is then to ease this process by aiming at a pedagogical
introduction to RB. With this intention, every chapter is supplemented with an accompanying
Python notebook, illustrating the essential steps of each protocol.

A myriad of different RB variants are now available in the literature [2], most of which
are not covered in this tutorial. Instead, we have chosen to focus on four RB techniques:
Standard RB [3] (chapter 1), simultaneous RB [4] (chapter 2), correlated RB [5] (chapter
3), and interleaved RB [6] (chapter 4). The focus on standard RB and interleaved RB was
motivated by the fact that these are protocols widely-used in practice [7,8]. Simultaneous RB
and correlated RB were chosen for their relevance in the context of characterizing crosstalk
errors, which is a pressing issue for multi-qubit systems.


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

More recently, and in parallel to the development of the RB techniques, classical shadow
tomography emerged as powerful tool for characterization of quantum states and processes [9,
10]. These techniques have, in fact, a profound connection to RB. This connection has been
formalized via the recently proposed gate-shadow estimation protocol [11]. The method al-
lows for capturing multiple RB variants within the same framework, and serves as a powerful
approach for learning several key aspects of a noisy gate-set. Here, we cover it in chapter 5.

Whether you are a student wanting to learn about RB from scratch, or a seasoned experi-
mentalist who wishes to learn more about foundations behind the RB techniques these notes
are for you. There are two modalities of using them:

1. You want to understand fundamentally why and how RB works: Read each section in full,
then open an accompanying notebook and walk through the numerical implementation.
Since this subject is mathematical, we included the key derivations and explanations in
full aiming to make them as clear and transparent as possible.

2. You want get up to speed quickly and start using RB in your numerical or physical ex-
periments, and you’d rather skip the math: First section of each chapter is a general
description of an RB method we’ll be discussing in that chapter. You can read that sec-
tion and then jump straight to the accompanying notebook. After you have completed
it, you can return to the text and look at the Discussion section of the chapter.

1 Standard randomized benchmarking

The accompanying notebooks for this section can be found at:

Standard RB protocol example: https://gitlab.com/QMAI/papers/rb-tutorial/-/
blob/main/StandardRB/StandardRB.ipynb.

Probing effects of finite sampling in standard RB: https://gitlab.com/QMAI/papers/
rb-tutorial/-/blob/main/StandardRB/RBandSampling.ipynb.

Benchmarking a real device: https://gitlab.com/QMAI/papers/rb-tutorial/-/blob/
main/StandardRB/Benchmarking a real device.ipynb.

The goal of standard randomized benchmarking (RB) is to quantify the average error rate of
a set of quantum gates, as, for example, a Clifford gate-set [3,12]. The protocol is a widely
employed technique, with two features contributing particularly to its success: (1) it allows
for constructing estimates in a sample efficient manner, (2) it hosts immunity against state
preparation and measurement errors (SPAM errors) [3]. But with its simplicity, also comes
several assumptions. These are hidden in the fitting model. In this section, we will give an
overview of how the protocol works, as well as what are the key assumptions giving rise to its
simple exponential decay model.

1.1 General description of standard RB and noise assumptions

When the implemented gate operations deviate from their intended set of transformations,
the quantum circuit will collect errors. The goal of standard RB is to provide an estimate for
the average error, occurring due to imperfect gates. RB accomplishes this goal by simulating
a quantum operation that, in the noise-free case, is globally equivalent to the identity (see
fig.(1)). More precisely, imagine selecting at random a set of Clifford gates and implementing
them sequentially. Let’s say that we choose m of these gates. Then, the set of sequential
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Ideal scenario
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Figure 1: When the gates correspond to their ideal implementations, the RB circuit
becomes equivalent to an identity operation.

transformations on the input p can be represented as the composition of Clifford operations:

p—(CproCpio-0Cy)(p). (1)

To get back to the initial state, we need to perform an inversion gate at the m + 1 step, i.e.
implement the Clifford gate defined as follows:

Crus1 = (C© Cg 0-+-0Cy)'

— C"r T 2
=Cjo---0Cl.
Since the Clifford gates form a group [13,14], the gate resulting from the previous composition
is also a Clifford gate. However, rather than selected at random like the rest, it is now built
specifically to restore the quantum state back to its original form.
When implementing quantum gates in practice, each operation will carry some associated
error. This means that instead of the sequence in Eq.(1), one is actually applying some process
resembling the following sequence of operations:

+1
=l joC 3)

where A, ; is the error gate assoc1ated to each Clifford operatlon Hence, S;  denotes the pre-
cise sequence of transformations on the input state. The index i, is an ordered list of numbers
that specify the applied Clifford gates. There are in total m randomly selected independent
gates,! drawn from the Clifford group. Consequently, for every sequence of m selected gates,
we can get a different ordered list iy, = (iy,...,i,). An element in this list is labeled as i;: It
identifies the specific Clifford gate that is applied to the state, at step j of the sequence. The
index j can then be interpreted as a time step. The indexes on the error map imply that the
noise channel not only can be gate dependent (A depends on i;), but also time-dependent (A
depends on j). This means that Eq.(3) represents a broad class of noise models. Nevertheless,
there is an assumption being made about the noise, namely that it does not depend on the
content of previous gate operations. This translates to assuming that the noise is Markovian.

Despite the broad form of Eq. (3), the results in Refs. [3,12] are developed under tighter
noise assumptions. Namely, it is often assumed that the errors are both time and gate inde-
pendent or, equivalently, we assume A; j = Ain Eq.(3). One could think of this model as a
case where the errors deviate negligibly with respect to the their mean value A. This condition
may be relaxed to allow for weak gate dependent noise, i.e. small gate-dependent fluctuations
around the mean error A. Although weak gate dependent errors are out of the scope of this
tutorial, we refer the reader to Refs. [2,15] and references thereof.

!The last gate is completely determined by the sequence of m Cliffords.

4
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Figure 2: The noisy implementation of the gates is modeled by replacing their ideal
action by the composition with an error map A; ;. Here i; labels the specific gate to
which the noise channel is applied to, and j denotes the time instant in which it is
applied. Note that for the sequential circuit depicted in the figure, the time instance
coincides with the position of the operation in the circuit. The input state is denoted
by po. The state p is the output state, which will differ from p, due to the noisy
gates.

Under the assumption that the noise is time and gate independent, the average fidelity as
a function of the sequence length acquires a simple formula: Fo(m,vy) =By +A, p™ [3,12].
This model can then be compared with actual experimental data and, when providing a good
fit, allows for estimating the average gate error in the system. The standard RB procedure can
be summarized by the following set of steps:

Step 1: Randomly choose m Clifford gates from the Clifford group, with each Clif-
ford having an equal probability of being selected (uniform sampling). Construct the
(m + 1)th operation as the inverse operation to the sequence (Eq.(2)).

Step 2: For each sequence generated in step 1, apply it to the input state p = |[y)(Y].

At the end of the RB sequence, the original state has been transformed by the sequence of
(m + 1) Clifford operations. The probability of a measurement yielding the same state as the
input state can then be assessed. This is expressed in the POVM? formalism as:

pi, () =Tr(EyS;, (p)) , 4)

with E, being the POVM element associated with the desired measurement outcome. The
POVM element is assumed to take into account possible measurement errors. In the ideal
error-free case, E,, = |4)(v|. Note that the probability defined above will typically depend on
the particular gate sequence due to the fact that, in general, the quantum circuit will depart
from the identity operation in fig.(1). Thus, in order to estimate the probability of measuring
the system to be in the same state as the input state, we need to resort to the average value
of p; (). This requires generating a sufficiently large number of random sequences, and
evaluating Eq.(4) many times. In Ref. [3], p; (v) is referred to as the survival probability.

Step 3: Measure the survival probability (Eq.(4)), for each sequence of Clifford gates.
Step 4: Repeat steps 1 to 3, sufficiently many times, keeping the value of m fixed.
Step 5: With the collected data, compute the average sequence fidelity, defined as fol-
lows:

Foeq(m, ) =Tr (EyS,(p)) (5)

2For a good introduction to the POVM (Positive Operator-Valued Measure) formalism, see Ref. [16], box 2.5,
page 91.
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where S, is the average sequence operator,

1 [{im}|

" lig)] 4 i
m

(6)

The index iy, is going to run over all the sampled sequences, and |{iy, }| corresponds to
their total number.

Step 6: Repeat steps 1 to 5 for different values of the sequence length m.

Given the particular structure of this quantum circuit, plus the assumptions on the noise,
it is possible to find an analytic expression for the average sequence fidelity, Fyeq(m,v).
This allows to compare the outcomes of step 6 with a theoretical model, entailing the
last step of the RB procedure.

Step 7: Fit the results from step 6 to the theoretical predicted model. When the model
provides a good fit to the data, use the extracted parameters to retrieve the average
error-rate in the system.

Looking ahead, determining the average sequence fidelity requires us to be able to evaluate
the average sequence operator S,,. It turns out that, due to the simplified error model, and
the presence of the inverse sequence gate, this task becomes greatly simplified. As we will see,
under the assumption of gate and time independent noise, the circuit in fig.(2) is equivalent
to the one in fig.(3). Since the gates are selected from a finite group (namely, the Clifford
group), the average over all sequences reduces to an average over the group, and we will be
able to express Eq.(6) as:

om
s,,;AO(ﬁ > c"fvoc) .

cec,

The group average of the term C' o A o C is called the twirling channel. This channels takes
in an operator (in this case A), and outputs the resulting average operator, arising from the
transformation C' o (operator) o C. In the next section, we will introduce a more formal
definition of the twirling channel, starting first from its definition as an average over the set
of all unitary operations, and then analysing its restriction to the Clifford group. Taking this
more abstract route serves the purpose of highlighting how the average sequence fidelity in
RB relates to the broader concept of average gate fidelity: How well, on average, a channel
approximates a unitary operation. Establishing a direct link between these concepts allows us
to have a better grasp on how the RB sequence fidelity can relate to the average error rate over
a gate set.

r—{a (s Ha Ao Ha H e H =

Figure 3: Under the assumption of gate and time independent errors, the RB circuit
is equivalent to the one show in the figure above. Because each Clifford gate C; is
followed by its inverse CiT, the sequence is called “motion reversal sequence” [17].
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1.2 Average gate fidelity, twirling and the depolarizing channel

When using standard RB, our goal is to estimate the average error-rate. To do so, we have
to find a way to compute this error rate from the output of the RB circuits. This is possible
because the average sequence fidelity is related to one of the basic quantum information noise
models: The depolarizing channel.® In this section we provide some background required to
establish the link between the sequence fidelity in RB and the emergence of a depolarizing
channel.

The channel fidelity is a commonly used measure for gauging the similarity between two
quantum channels [12], €; and €,:

Fo o (p)= (Trw \/el(p)ez(p)\/el(p)))

We assume that the two channels are linear and CPTP (completely positive and trace preserv-
ing) maps. Furthermore, let us consider the case where the channels are acting on a pure
state p = |¢){¢|, and where €, is a unitary operation, while €, remains an arbitrary quantum
channel,

2

(7)

e(P)=U(P)=Ulp)(pIUT,  exlp)=el¢p)(d]). (8)
In this case, the channel fidelity acquires a much simpler form, and is named gate fidelity [12]
(see appendix A for further details):

Fe,e,(0) = Fy (16)(p]) = (91U e(p) (¢ )T1g) - 9
If we define a new map A, such that A = U' o€, then its action on some state p reads:
A(p)=U(e(p))) = U'e(p)U, (10)
and, therefore, we can re-express the gate fidelity in the following manner:
Fuo(19) = (@1A(e) e DI®) =Tr(AUD) 1) (o)) :=Fr(¢), (11)

where 7 represents the trivial map, i.e. the identity operation. Note that if € = U, then
e(p) = UpUT, and, from Eq.(10), the map A becomes equivalent to Z. Hence, the gate
fidelity F7 5 can be thought of as a metric quantifying how much e departs from a true unitary
operation.

To be able to relate the gate fidelity with the RB protocol, we need to evaluate the average
gate fidelity. This is because RB can only make statements regarding average quantities. The
average gate fidelity can be obtained from F7 , by integrating over all possible pure states [12]:

FI,AIJ Tr(AU) (P 19)(¢1) dlp). (12)

Up until now, the quantum map A has been kept fairly general, but to proceed any further, we
need to specify more details regarding this operation. Let us first consider the case where A is
the depolarizing channel. In this scenario, the gate fidelity remains a constant for all possible
pure states. As a result, also the average gate fidelity is constant:

A= Agey =(1=P)7 + pp = T(Aaey(18)(8D 19)(91) = (p+ ~—2) Ti(1)(9)
=1
_ — - (13)
= FI,A=(p+%)Jd|¢>=p+¥,
=1

3An introduction to the depolarizing channel, along with other elementary noise channels, can be found in
Ref. [16], chapter 8, section 8.3.
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where d = 2V is the dimension of the Hilbert space representing our system.

A second case of interest is when A is replaced by the twirling channel. In the previous
section, we briefly introduced the twirling channel as the average operator resulting from the
operation: (group element) o (operator) o (inverse group element). There, the group elements
were taken explicitly from the Clifford group, but the same concept applies for other groups.
In particular, twirling of a quantum channel A over the unitary group is defined as:

Arlp) = f A () O A (0p07) 0 e

The integration generalizes the concept of average over group elements in a finite group,
and duy(U) denotes the Haar measure. For more information on the Haar measure see, for
example, Ref. [18].

Let us now address what happens to the gate fidelity under the twirling of a quantum
channel.

Statement 1: The average gate fidelity is invariant under twirling.

Ref. [19] gives a simple and clear proof of this statement. We replicate it in appendix B for
the sake of completeness. Note that statement 1 means that learning the average gate fidelity
of the channel A is equivalent to learning the average gate fidelity of its twirling channel Ar.
In fig.(3), we have illustrated the fact that, under the simplified noise assumptions, the RB
circuits are equivalent to motion reversal sequences. When averaging over all these sequences,
the result is the composition of m twirling channels. But these twirlings are defined over the
Clifford group, and statement 1 is made in the context of the larger unitary group. This brings
us to the second statement:

Statement 2: The n—qubit Clifford group, C,,, is a unitary 2-design, meaning:

ICl
1 Ay Ay A AN A A AL A

EZCQ“A(Cipcj)c,. = J duy(U) UTA(0p0") 0, (15)
nlj=1

where C; is the matrix representation of an element in the Clifford group, and |C,| stands

for the order of the group, i.e. the total number of distinct elements in C,,.

An explicit derivation of this result can be found, for example, in Ref. [20]. We will not
attempt to prove this mathematical statement. Instead, let us provide some further motivation
on the meaning of unitary designs.

To simplify notation, let us think of the integration term U'A (U Jo) IAJT) U as some polynomial
function f (IAJ, U T). The integral we are trying to compute can be seen as assessing the average
value of the function, over the space of unitaries. Suppose we would really like to compute
this integral, but did not know how to solve it analytically. We could try to think of a suitable
discretization that would allow us to evaluate it numerically, for example:

K
fduH(U)f(ﬁ, 0") - I%Zf(ﬁi, 01, (16)

where K would be the total number of unitary matrices contributing to the sum. This is the
spirit of unitary t-designs [20]: How to best approximate the average value of a polynomial
function, defined over the entire space of unitaries, by a finite sum, using only a sub-set of

8
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unitaries. In fact, unitary t-designs are more ambitious than the previous description - to be
a unitary t-design* means that the finite sum reproduces the average value of the intended
function exactly [20]. Still, we need to know how to choose the correct sub-set of unitary
matrices, such that this endeavor is possible. It is here that the Clifford group comes into play.

The Clifford group is a subgroup of the unitary group [13,14]. Hence, it not only provides a
possible sub-set of unitaries, but also endows them with a group structure. It turns out that the
Clifford group is a successful choice of sub-set for the goal of constructing a unitary 2-design.
This is indeed the statement made in Eq.(15).

The last bit that is required for the RB procedure is the direct link between twirling and
the depolarizing channel, namely:

Statement 3: The twirling of a quantum channel is a depolarizing channel,

(1-p) i

7 (17)

Ar(p)=pp+

The proof of this statement can also be found in Ref. [19], and we have also reproduced it
in appendix D for completeness.

The combined implications of statement 2 and 3 are that the twirling channels emerging
from averaging the sequences in fig.(3) yield simple depolarizing channels. Since the average
gate fidelity does not change under twirling (statement 1), the average fidelity over our gate-
set is given by Eq.(13), and the average error rate of the set becomes simply r = 1 —Fdep [12].

The goal of this section was to provide more context on the origins of some of the analytical
results used in the RB procedure. In the next section, it will become clear how all the three
statements give rise to RB’s fitting model.

1.3 Average sequence fidelity and the definition of the average error rate

In the absence of gate and time-independent errors, the error map simplifies to Ajj=AIn
this case, step 1 of the RB procedure leads to the sequence:

Si,, =AoC;  oAoC; --0AoCy . (18)

We want to eventually translate the operator S; into something resembling a twirling map,
since we know that in that case there is a clear relation with the depolarizing channel. To help
in this task, a new set of gates, denoted Dij, are introduced. These are constructed from the
Clifford operators recursively, as follows:

Dil = Cil 5

(19)

i1 Sl oDij :
Given that the Clifford gates form a group, and the composition of Cliffords yields another
Clifford, the new set of gates D;, are also elements of the Clifford group. Note that we are at
liberty of introducing any number of compositions with the trivial map, Z, in the sequence S; .
This map is defined as:

T=CoC = I(p)= (cij o C;Z)(p) =G, ClpCyCl =p. (20)

“The t, in unitary t-design, has to do with the degree of the polynomial, which needs to be < t. More precisely,
in this context, it means that f(.) is a polynomial of degree at most 2 in the matrix elements of both U and U".
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It is also possible to write the trivial map in terms of the D gates. This statement is obvious for
D;, . For the remaining D gates, it follows by induction:

T T T T
D;, ODl.2 =Cj, oDy ODl.1 OCl.2 =G, OCl.2 =7,
T T T T
Dj,oD; =CjoD;oD; oC; =C;,0oC, =1,
(21)
T T T T
Dik+1 ° Dikﬂ - Cik+1 oD, © Dik,l ° CikH - Cik+1 ° Cikﬂ =I.
With this in mind, we can re-write the sequence as a series of composition of terms of the form
D' oAoD;:
lj j
Sim =A0Cim+1 OAOCim '..OAocil
=Ao---0C; 0C; oCl oAoD;
2 1 i 1

A
:Ao"'OCiZOCilo(Di;voDil)
——
:Ao---OCi4OA0Ci30Di2O(Dl:zvoDiz)o(DlTlOAODi1) (22)
~—
T

_ T
_Ao--~oCi4voCl-3oDizo(Di'zvoDiz)o(DilvoDil)
—_——

Dy,

:Ao(DiTmvoDim)o---o(D;';oAODil).

Step 5 in the RB procedure requires us to compute the average sequence operator, S,, (see
Eq.(6)):
1 {im }| ' '
= T CECEY T .
S = 1oyt 3 (A0 (0] oo, )o-o(0] onoD, )). 2

im

This sum can be further simplified in the limit where a large set of sequences are generated.
To be precise, ideally, the total number should be such that we cover all possible ways of
generating a sequence of m Clifford elements. Recalling that the Clifford group has in total
|C,,| elements, the total amount of distinct random sequences (of length m) we can generate
is |C,|I™.

~ 2 ... 2 = Total Number = |C,| X |Cp| X - x |Cy| = |C,|™. (24)

m times

Suppose m = 1. Then, the total number of distinct ways of selecting a single Clifford element
at random is the same as the total number of elements in the group. When we want to generate
a sequence of m > 1 elements, at each position of the sequence we always start fresh and have
the same amount of elements to choose from. Therefore, the total amount of distinct sequences
becomes the total number of different ways we can generate m independent sequences of

10
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length m = 1, as depicted in Eq.(24). This allows us to write S, as:

Sm = |C:|m Z(AO(DZHOAoDim)o...o(DivoDil))
Im

|Cyl |Cyl
1 " 1 "
=Ao| — E D]IOAODk 0+-+0 EDIIOAODk s
|Cn| k=1 |Cn| k=1 (25)

m times

Sp=AoApo---oA;r < |S,=AcA]",

where we have set
1 IC,|

Ar=—=>DioAoD;. (26)
|Cn| k_l

Recall that, in the previous section, we referred to At as the twirling operator of a map A.
There, we defined it with respect to its action on an arbitrary state p (see Eq.(14)), but we
could had equivalently wrote itas Ay = f duy(U) UToAoU, where U denotes a representation
of the unitary group. Since U acts on a state p as U(p) = UpUT, the two expressions are
interchangeable. The same is true for the elements of the Clifford group (a subgroup of the
unitary group). Note that we had previously stated that the Clifford group is a unitary 2-design
(Eq.(15)). Hence, Ay is indeed a twirling map. In particular, this means that the action of Ay
is equivalent to the depolarizing channel (see Eq.(17)). Hence, the composition of m twirls is
the same as the composition of m depolarizing channels:

1
Ar(p) =Ngep(p) =pp +(1 —p)g ;
1
AC}Z(P) = Adep (Adep(p)) = PZP + (1 —PZ)E )
(27)

o . 1
A7 (p) = (eirel \Aaep ) (0) = p"p + (1= ™).

The last stage in step 5 entails the computation of the average sequence fidelity, which we are
now able to express as:

Foeq(m, ) = Tr (EyS,,(p))

=Tr(E;A(A7"(p)))
=T (Ew (P’"A(p) +(1—p™A (%)))
e e R )

Fseq(m: TP) =4 pm + By

This equation is at the heart of the RB protocol, and in practice, together with Eq.(17), it is all
that is needed to estimate the average error rates in our gate-set. The result in Eq.(28) holds
exactly in the limit where the number of generated sequences K is K = |C,|™. However, the
Clifford group is quite large. For instance, for a system of just 2 qubits, the group has already
11520 elements [14]. Eq.(28) should then be interpreted as the limit where the number of
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sequences K — oo, and one expects to observe a convergence to a similar behaviour trend in
the data for K sufficiently large. To distinguish between the average sequence fidelity obtained
in practice and the theoretical prediction in Eq.(28), the latter is referred to as Fg(m, ),

Klingo Fyeq(m, ) = Fo(m,vp) = Ao p™ + By. (29)

But how large is large, so that Fy, is a reasonable estimator of F,? It is possible to obtain
an estimate of K that guarantees a desired accuracy, and is independent of n (the number of
qubits) [12,21,22]. In Ref. [12], Hoeffding’s variance-independent inequality was used to esti-
mate the number of sampled sequences (K), compatible with a given level of accuracy for Fyq.
The estimated lower bound for K still would require evaluating a larger number of sequences
than typical RB experiments do [12,21]. Tighter bounds for K are now available and provide
a proof that a reduced number of sample sequences is needed for a fixed level of accuracy in
Fyeq [22]. Tt is crucial to note that none of the aforementioned bounds depend directly on the
number of qubits in the system. These results support RB as an efficient experimental protocol
for characterizing the average noise level in a gate set.

Let us return to the form of F,. The definition of the POVM element E,;, is set to encode pos-
sible measurement errors. State preparation errors can occur if p deviates from the intended
input state. As it is clear from Eq.(28), all terms that can be affected by state preparation or
measurement errors (called SPAM errors) are defining the constants Ay and B,. Thus, Fg is
said to be independent of SPAM errors. This can be understood by the fact that, as long as
A # 0 and p lies within the interval p € ]0, 1[, the parameter p can be estimated from the
fitting model, regardless of the specific values taken by A, and B, [12].

We have covered almost all the crucial ingredients in the standard RB protocol. Step 6
consists of a repetition of the previous steps to obtain a functional relation between the average
sequence fidelity and the sequence length m. The final step rests in comparing the attained
functional dependency with F,. From that comparison, it is possible to estimate the value
of the parameter p. The final observation we need to make has to do with how to actually
estimate the average error rate, commonly denoted by r [3,12]. Since the average gate fidelity
is given as a composition of m twirlings, the average error rate is defined to be the error per
twirling. As we have seen in the last section, the twirling yields the depolarizing channel, and
the average gate fidelity is invariant under twirling. Hence, r is defined to be:

r=1-— Fdep = (30)

Eq.(13)

_(p+?) - r:(l—p)d(d—l).

Estimating p is then all that is required in order to evaluate the average error rate. The average
error rate, its relation to the average gate fidelity and the RB sequence fidelity (Eq.(28)) are
key results for the RB protocol.

1.4 Benchmarking a real device

When benchmarking a real device, the most unbiased assumption we can make is that we do
not know what the underlying error sources are. This will be true both for the errors affecting
the gates, as well as for SPAM errors. As we have seen in this chapter, the reliability of the
standard RB protocol depends on the gate errors being at least approximately the same for all
possible gate operations in our gate-set.” However, even if there are good reasons to assume

>Here we have used the gate-independent noise assumption in the derivation of the RB sequence fidelity (see
Eq.(28)), yet it is known that the resulting decaying profile holds true even in the presence of gate dependent
errors, whenever the error rates are bounded to be small. A formal proof of this statement can be found, for
example, in Ref. [2]. In this seance, as long as the device is not too noisy, the RB framework remains valid even
for more general noise cases.
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Figure 4: Average sequence fidelities as a function of the number of Clifford gates
for all six individual qubits. Each decay profile corresponds to the result of the stan-
dard RB applied to benchmark the single-qubit elementary gates applied to one of
the qubits in the system, as indicated in the legend. The legend also includes the
corresponding single-qubit average fidelity for the operations implemented on the
corresponding qubit together with the 20 margin of error of each fidelity estimate.

this statement to hold true, there are still a wide range of different error models fulfilling this
requirement. In the absence of a reliable error model, we rely solely on statistical tools to judge
the quality of our fidelity estimates. In this section, we outline what the post-processing phase,
i.e. the fitting procedure, would look like for real device data. The link to the accompany
Python notebook can be found at the beginning of this chapter.

Spin qubits formed in semiconductor quantum dots are one of the currently available ways
to realise quantum processors [23]. In particular, we will be looking at RB sequence fidelities
collected from a 6-qubit linear quantum dot array in a silicon quantum well embedded in a
Si/SiGe heterostructure. This device is described in [24]. The goal is to benchmark the el-
ementary single-qubit operations, forming the building blocks for more complex single-qubit
operations in the device. More concretely, these are given by single-qubit 7 and 7t/2 rotations
about the X and Y axis® (see table 1). Recall that for each random circuit, we measure the
fidelity with respect to the input state (also known as the survival probability), and for the
same circuit length we repeat the previous step multiple times (step 3 and 4 in section 1.1).
We then proceed with computing the average sequence fidelity for every experimentally tested
circuit length (step 5 in section 1.1). The final outcome is then a set of data points describing
how the sequence fidelity decays as a function of the circuit length: Often in practice, as a
function of the number of implemented random Clifford gates. For this experiment, each data
point represents the average of 15 survival probabilities, each obtained from a different ran-
dom circuit of fixed length. We can then employ a non-linear fitting algorithm [2] to retrieve
an estimate for our desired fidelity. For a particular experiment on the 6-qubit device [24],

5These axes are the same as in the Bloch sphere: The positive Z axis aligns with the qubit state |0), its negative

orientation aligns with the qubit state |1), while the positive orientation of the X axis aligns with the qubit state
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Figure 5: Schematic illustration of the RB fitting procedure. A non-linear fitting
algorithm can be used to extract directly the gate-set sequence fidelity, by fitting the
data to Eq.(31). Such algorithms typically provide an estimate for the covariance
matrix, which can then be used to provide error bounds for the estimated value of
the single-qubit fidelity, as described in the text.

performing standard RB on each individual qubit results in the RB decay profiles presented
in figure 4. Note that the data scatters around the best-fit curves more widely, compared to
our simulated RB data in the standard RB notebook. In that case, we considered a SPAM-free
scenario and our average sequence fidelities were the outcome of averaging over more sam-
ples. Finite sampling can lead to increased uncertainty in the fidelity estimates, but also the
variance of the data is affected by SPAM [22]. Note that this does not contradict the state-
ment that RB is robust to SPAM errors, just that they play a role in the margin of error for
our estimates and might justify more or less sampling. The figures of merit here are the single
qubit fidelities, listed in the legend of figure 4. In Ref. [24], the reported single-qubit fidelities
were between 99.77 £ 0.04% and 99.96 & 0.01%, which are superior to our estimates. Even
though our data was taken from experiments on the same device, they were not measured
under the same conditions as those reported in Ref. [24], which illustrates the importance of
environment control for high performance quantum processors.

Let us return to the fitting procedure that renders the estimates in figure 4. From Eq.(28),
the sequence fidelity is expressed in terms of the effective depolarizing parameter p. How-
ever, p is not typically the quantity reported in RB experiments. Instead, it is customary to
directly report the fidelity. As established through Eq.(13) and Eq.(17), these two quantities
are directly related, so estimating one automatically leads to an estimate of the other. Alter-
natively, we may re-write the sequence fidelity directly with respect to the average fidelity of
the gate-set, and use that instead as our fitting model:

Foeq(m) =Ao(2F —1)" +By. (31)

The set of average gate-set fidelities F are still not quite yet the fidelities shown in figure 4
(and also not those reported in Ref. [24]). Recall that the goal here is to benchmark the ele-
mentary single-qubit operations. These are given by the single-qubit rotations listed in table 1.
Inspection of this table reveals that each Clifford requires at least one single-qubit rotation and
a maximum of three single-qubit rotations, but the majority of single-qubit Cliffords are imple-
mented using two single-qubit rotations. If we then explicitly calculate the average number of
single qubit gates required per Clifford, figq, we arrive at an average that is indeed close to
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two operations per Clifford:

ﬁSQC=214+2;—2+3£i4=1.875. (32)
In the calculation of 715, what we are doing is a weighted average. We see from table 1 that of
all possible 24 Clifford operations, 7 of them require one single-qubit rotation to implement, 13
of them require two single-qubit rotations, and the remaining 4 require 3 single-qubit rotations.
Thus, the possible number of single-qubit operations required per Clifford is either 1, 2 or 3.
The set {1, 2,3} is our set of outcomes. Each of these outcomes is then weighted by the fraction
of the total number of Clifford gates corresponding to that outcome. Note that the number
figoc depends on our choice of gate-set, since more complex operations will require adding
new operations into our elementary set of single-qubit rotations. Under the assumption that
all single qubit gates experience (at least on average) the same error rate, the average error
rate over our Clifford gate-set, r¢, , directly relates to the average error rate for the elementary
single-qubit rotations:

rcl = ﬁSQC T’SQ — FSQ =1-— I”SQ (=1 FSQ =1-— E—— (33)

Hence, the non-linear fitting procedure allows us to get an estimate for F, and by appropriately
re-scaling its value, we arrive at the desired fidelity Fs,. In figure 5 we have summarized
schematically the fitting procedure.

Any of the average fidelities we can estimate is, nevertheless, just an approximate value to
an unknown ground-truth fidelity. Since we do not know what this reference value is, we also
cannot easily judge how far-away we are from it. It is therefore important to be able to estimate
a plausible range of values for our fidelity estimates. Typically, non-linear fitting algorithms
will also provide an estimate for the covariance matrix, where the diagonal elements represent
the variance of the estimated parameters. This allows us to get an error estimate for the gate-
set fidelity based on the standard deviation retrieved from the estimated covariance matrix.
The error margins reported in figure 4 were obtained following this procedure, and represent
20 standard errors. For single exponential decaying models, this approach will generally be
good enough, but we note that there exists more robust approaches for estimating confidence
intervals, such as the method implemented in the Python library LMFIT.

1.5 Discussion

The standard RB procedure employs a quantum circuit that, in the ideal error free case, just
provides an identity operation. For this reason, an output not coinciding with the input state
signals the imperfect implementations of the intended gates. This mismatch can be inferred
from the fidelity, that will tend towards zero the more the output is dissimilar to the original
input state. The relation between the output of this procedure and the average error rate r is
rooted on the mathematical properties of twirling maps, and in particular on their relation with
the depolarizing channel. The emergence of a twirling map depends on several aspects. On
one hand, it is linked to the way the circuit is built: Applying a set of gates and then undoing
them, by tacking the inverse operation, leads to a quantum map that can be directly related
to twirling (Eq.(26)), whenever we select the gates uniformly from a set that forms a group.
However, this direct relation also relies on the assumptions made on the noise model, namely
that it is time and gate-independent, and Markovian. This is, of course, a simplified noise
model. We may then wonder if, and how, the validity of the fitting model survives beyond this
family of noise models. In general, this remains an open question, but further progress has
been made in the case of gate-dependent errors [2,26,27]. When only the gate-independence
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Table 1: Decomposition of the single-qubit Clifford group elements as single-qubit
rotations (table from Ref. [25]). The notation is as follows: I represents the idle op-
eration, X denotes a 7 rotation around the X axis, i.e. the operation exp (—in / Z&X),
Y denotes a 7t rotation around the Y axis, i.e. the operation exp ( —in/ 2c“7y), X/2is
a m/2 rotation around the X axis, and so on. Note that &, and &, denote the stan-
dard Pauli matrices. In practice, these rotations are implemented by 7 (7t/2) pulses
around the corresponding axis.

Clifford Gate Single-qubit rotations

1 I
2 Y/2&X/2

3 —X/2 & =Y /2
4 X

5 Y/2 & X/2

6 X/2 & Y/2

7 Y

8 Y/2 & X/2

9 X/2 & Y/2

10 X&Y

11 Y/2 & X/2

12 X/2 & Y/2

13 Y/2 & X

14 X/2

15 X/2 & Y/2 & X/2
16 Y/2

17 X/2

18 X/2 & Y/2 & X/2
19 Y/2 & X

20 X/2 &Y

21 X/2 & Y/2 & X/2
22 Y/2

23 X/2 &Y

24 X/2 & Y/2 & X/2

restriction is lifted,” and the sampling of the gates remains uniform, it is possible to establish
that the RB fitting model remains a linear combination of exponentials,® and only deviates
from it by a small error [2]. This result relies on the condition that the gates implementing the
elements of the group are, on average, close to a representation of the ideal gates [2], and so
loosely speaking, is valid for weakly gate-dependent errors. While this statement supports the
exponential decay profile commonly observed in RB experiments, the direct correspondence
between the RB decay rates and the average gate fidelity presented here becomes much more
subtle, when gate-dependent errors are present. In particular, the case of gate-dependent
errors highlights the gauge dependence of the average gate fidelity. Consequently, this quantity
depends on the choice of representation for the gates [15], while the decaying parameters
estimated from the RB fitting procedure remain insensitive to the gauge choice. We refer the
reader to Refs.([2,15,26,27]) for a thorough discussion on this issue.

7It still assumes the noise to be Markovian and time independent.

8In this sense, Eq.(28) is a particular realization of a more general RB fitting model of the form >, Tr(AAIV[f),
where the sum is over the irreducible representations of the group, to which our gate set belongs to. See, for
example, Ref.( [2]) for a more thorough discussion on this topic.
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In addition to questions regarding the assumptions made on the noise model, the group
from which the gates are sampled from also plays a prominent role on the type of fitting model
that is associated with the RB procedure. Here the fact that the gates were assumed to be in
the n—qubit Clifford group allowed for a very simple model of the form Ajp™ + B,. In the next
section, we will see that choosing gates from the direct product group between local Clifford
groups’ already yields a model that is a linear combination with more decaying parameters.
This example will also illustrate more clearly how the irreducible representations of the group
influence the exact type of exponentially decaying profile that is associated to the RB proce-
dure. One question that may then arise is what happens when we wish to benchmark gates
outside of the Clifford group. A prototypical example would be the desire to benchmark T
gates, since the gate set formed by Clifford+T gate is a commonly used gate-set for achieving
universal quantum computing. Benchmarking T-gates requires extending the RB procedure
to other finite groups, beyond the n—qubit Clifford group, or designing appropriate RB inter-
leaved schemes that can still retain a group structure [28-30].

1.6 Key results in chapter 1

Here we summarize the main takeaways for the standard RB protocol.

* The Standard RB protocol provides an estimate of the average error-rate over the
gate-set, r, and the average gate fidelity, F. These two quantities are directly
related to each other:

r=1—F.

The RB estimates are robust to SPAM errors.
* The standard RB protocol assumes that the noise is Markovian, time-independent

and weakly gate-dependent. This will also apply to the other variants of RB found
in these lecture notes.

* The gates should be chosen from a set of gates that form a unitary 2-design. The
Clifford group is the prototypical example.

* Averaging over the RB random gate sequences results in an effective depolarizing
channel. For this reason, the sequence fidelity acquires the form:

Fseq(m) =Aop™ + By,

where p is the effective depolarizing parameter, and the constants A, and B, ab-
sorb any dependence on SPAM errors. The effective depolarizing parameter, p,
is related to the average gate fidelity, F, allowing this quantity to be estimated
directly:

_ 1—
F:p+Tp, with d=2".

 Estimation of the effective depolarization parameter also provides an estimate of
the average error rate over the gate set:

r=(1—p)d(d—1)'

°For example, C; x C;, where C; is the single qubit Clifford group.
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Figure 6: The simultaneous RB protocol applied to two qubits entails three exper-
iments: Single-qubit RB only on qubit 1 (experiment 1), single-qubit RB only on
qubit 2 (experiment 2), single-qubit RB on both qubits simultaneously (experiment
3). Comparing the outcomes of these three experiments allows us to extract infor-
mation on the errors induced by crosstalk [4].

W D DD DD

2 Simultaneous randomized benchmarking

The accompanying notebook for this section can be found at: https://gitlab.com/QMAI/
papers/rb-tutorial/- /blob/main/Simultaneous%20RB/SimRB.ipynb.

In standard RB the goal was to quantify the average error rate. This, nevertheless, does
not yield any information on the degree to which crosstalk errors are contributing to it. When
a quantum operation is devised, it is often intended to act only on a selected subset of qubits.
Furthermore, this operation would ideally be carried out in the exact same manner, regardless
of the specific surroundings of the target qubits. However, when interactions between the
different qubits remain, the notion of performing a set of local and independent operations on
a specific subset of qubits gets spoiled, and leads to the presence of non-local and correlated
errors. The ability to efficiently perform quantum operations is then crucially dependent on
our capacity to identify and correct crosstalk errors. This imperative is a core motivation for the
simultaneous RB method, introduced in Ref. [4]. In this section, we will see how adaptations
of standard RB can be made to furnishes us with a more targeted metric for correlated errors.

2.1 General description of simultaneous RB

Simultaneous RB requires looking at the system as a collection of subsystems, and addressing
how the operations performed in one sector impact the others, and vice-versa. Let us then be
more precise with the notion of subsystem. Given a system of n qubits, we can always think of
it as the union of distinct parts, each being a unique subset of qubits. For example, if we have a
3—qubit system, we could imagine partitioning it into three subsystems, each of them contain-
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ing one of the qubits. A generic n—qubit system can be partitioned in many different ways. In
simultaneous RB, there is, in theory, quite some freedom in how the smaller subsets of qubits
are chosen. This allows the partition to be tailored to the specific needs. In [4], the system is
viewed as a bipartite system. The idea is to apply the standard RB protocol to each individual
subsystem, and compare it to the case where RB is performed simultaneously on both sectors.
This leads to a protocol requiring the execution of the following three experiments:

Experiment 1: Perform standard RB only on the first subsystem, leaving the other un-
perturbed. The set of Clifford gates required for this experiment are of the form C; x Z:¢
randomly chosen Clifford gates act solely on the qubits of the first subsystem, while the
second subsystem is left untouched. This step is meant to estimate the depolarizing pa-
rameter and the error rate intrinsic to subsystem 1.

Experiment 2: Repeat experiment 1, but now for subsystem 2. The chosen set of Clif-
ford gates are then of the form Z x C;. The depolarizing parameter and error rate are
estimated for subsystem 2.

Experiment 3: Perform standard RB on both subsystems, simultaneously. This now
means the chosen set of Clifford gates are of the form C; x C;. As we will see, this leads
to a fidelity that is a linear superposition of different depolarizing parameters. These
can be used to define a measure quantifying the amount of correlations between the two
subsystems.

97 represents the trivial group, containing only the identity element.
P group g only

Additionally, just comparing the behaviour of the survival probabilities, as a function of the
sequence length,'® may be instructive for inferring the presence of crosstalk. This is because,
in the absence of crosstalk, the survival probability measured in experiment 3, for example for
subsystem 2, should be equivalent to the one measured in experiment 2 [4].

In the following sections, we will delve into the mathematical details that yield the various
depolarizing parameters, and on how they can be used to quantify the degree of correlations
in the system. We note that all results in Ref. [4] are obtained assuming a time and gate inde-
pendent error model, and the same assumption will be made here. At the end of this section,
we introduce a simple example meant to illustrate how simultaneous RB aids in detecting the
presence crosstalk errors. The numerical implementation of this example can be found in the
Python notebook introduced at the beginning of this chapter.

2.2 Deriving the sequence fidelity

Simultaneous RB builds on top of the standard RB method. As such, we can import many of
the key results of the standard method into simultaneous RB. The biggest difference between
the two protocols is in the groups from which each experiment samples the gates from. While
in standard RB the gates would be chosen from the n—qubit Clifford group C,,, in experiment
3, for example, they are sampled from the direct product group C,,, X C,,. The group C,, refers
to the n;—Clifford group, where n; is the total number of qubits in the ith subsystem. Except
for the group sampling, the remaining steps follow exactly the standard RB procedure. For

19Recall that the survival probability corresponds to the probability that the output state is the same as the input
state, and that the sequence length is the number of randomly selected Clifford gates executed during the RB
protocol.
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this reason, we know what the average sequence operator should look like (Eq.(25)):11

Sm=MAoAS", (34)

with A the average error map and Ay the twirling operator,

ZcTvoc (35)

ch

As it will become clearer in this section, the fact that we are now twirling over a different group
will alter the type of channel produced by the twirling operator. Recall that, in standard RB,
A simply yield the familiar depolarizing channel. This relation will now be slightly different.

The ability to carry out the sum in Eq.(35) benefits from the knowledge of some key results
in representation theory of finite groups. Given that we are only considering objects that are
linear maps, it is not surprising that suitable representations can be chosen to be matrices.
Hence, it will be instructive to express the sequence operator in matrix form. This sets the
stage as to why now the notation changes to the Liouville representation of superoperators.'?
An introduction to the Liouville representation can be found in appendix E. There, we also
re-express the twirling channel in this new notation, and make use of some key results in
appendix C to further simplify it. We will make use of these results to gather further insight
on how simultaneous RB works.

2.3 Theoretical predictions for the sequence fidelity
2.3.1 Experiment 3

During experiment 3, both subsystems are simultaneously assessed via RB. This implies
twirling over the tensor product group C,,, XC,,. As discussed previously, the average sequence
operator is given as a composition of the error map with m compositions of the twirling chan-
nel. In appendix E.0.1, the Pauli transfer matrix associated to the twirling superoperator is
shown to decompose as a sum of projectors:

Tr (RA\P; )

- Z Tr (IF’ ’ (36)

J

These projectors map onto the invariant subspaces that define the irreducible representations
of the group. This require us to address what are the invariant subspaces in this context. Once
those are specified, we have all the information needed to explicitly write down the form of
the twirling superoperator, construct the average sequence operator as a superoperator, and
finally obtain the corresponding fidelity.

Suppose we were twirling over the n—qubit Clifford group, C,. Given our normalized
Pauli basis for H,2, and recalling that the action of the Clifford group is simply a (signed)
permutation of the elements in the Pauli group (see Eq.(E.11)), it follows that the action of C,
over our basis vectors fragments 42 into two distinct subspaces:

(i) Subspace W,, spanned by the set of vectors {|o;))} => 1—dimensional vector space.

(ii) Subspace W;, spanned by the set of vectors {|o))} = (d? — 1)—dimensional vector
space.

11n Eq.(35), G denotes the group from which the gates are selected from. In the case of performing simultaneous
RB in a 2-qubit system, G can either be C; x Z (experiment 1), Z x C; (experiment 2) or C; x C; (experiment 3).

12This was not a necessity in standard RB, since the relation between the twirling map and the depolarizing
channel followed directly from the result that the n—qubit Clifford group was a unitary 2-design. Consequently,
there was never a need to explicitly perform the sum in Eq.(35).
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This can be understood as follows. The identity always gets mapped onto itself by the action
of the Clifford group, and consequently also its vectorized version |o)). No other element in
the Pauli group (that is not a multiple of the identity) gets mapped to the identity under the
action of C,. It follows then that W, is an invariant subspace, since the action of 7A€CW0 =W,.
It is also easy to see that, in this case, W, does not contain any further non-trivial subspaces
of its own. Hence, the subrepresentation of 7@6 on W, yields an irreducible representation.
For W;, we start by clarifying the meaning of the notation {|o))}: This refers to the set of all
the vectors that can be generated from % {ﬂ,f( Y, 238\ {60} through vectorization. This

leads to a vector subspace spanned by (d? — 1) vectors. The action of the Clifford group on
Pauli elements, other than the identity, is to re-shuffle them (apart from the addition of phase
factors). Therefore, the vectors in W; always get sent back to some other vector in the same
subspace. It follows then that also W; is an invariant subspace, and the subrepresentation
of 7A€C in this subspace provides the other irreducible representation. Hence, there are two
irreducible representations: A one-dimensional representation, which we denote by 7A2(CO) =1,

and a (d? — 1) matrix representation, which we label by 7%‘,(01) [4].

For the direct product group C,, x C,, (with n; + n, = n), we can construct represen-
tations for the corresponding Pauli transfer matrices by taking the tensor products between
the irreducible representations of C,; and C,,. As in Ref. [4], we will limit ourselves to the
specific case of a two-qubit system, and so C,, = C,, = C;, with C; the one-qubit Clifford

group. Since the irreducible representations of C, are {R(O) R(l)} we can construct the set

of 4 representations from it: {R(O) ® R(O) R(O) ® 72(1) R(l) ® R(O) R(l) ® R(l)} These new
found representations turn out to be the 1rreduc1b1e representatlons of the problem. This state-
ment can be motivated along the same lines as before. Because only the identity gets mapped
onto itself by all elements of the Clifford group, the vector space spanned by the single vector
{log ® 0¢))} is an invariant subspace. Let us point out that, in the superoperator language,
the tensor product of linear maps can be written in the standard way (Eq.(E.6)) with a corre-
sponding Pauli transfer matrix given by the tensor product of the individual 7% matrices. Thus,
the representation 7%8) ® 7%(6(1) is an irreducible representation (also equivalent to 1). Next,

we consider the representation 7@8) ® 7@8) Recall that the tensor product between two arbi-
trary matrices, A and B, with corresponding dimension n x m and p x g, yields a new matrix
with dimension np x mq. Therefore, 7@2) ® 7A€(Cll) is a matrix representation with dimensions
1%(d?—1)x 1% (d? —1) = 3 x 3 (with d; = 2). Note that an element of the group C; x C;
maps a Pauli element of the form 0; ® 0 to (é 4,C T) ® (é (o ¢ r) This just follows from the
property discussed in Eq.(C.15). Let us then consider the subspace spanned by the set of vec-
tors {|oy ® )}, which we call W;. It is clear that the action of the group C; x C; should map
it onto itself, because oy — 0 and the set 0 — o (C; can only do sign permutations between
the elements in o). Therefore, W; is an invariant subspace, of dimensionality (d; —1) =3. A
matrix representation that is only defined in W; is then an irreducible representation, and will
necessarily be a 3 x 3 matrix. Thus, we arrive at the irreducible representation R(O) ® R(l)
Similar arguments hold for the invariant subspace W, = Span(|o ® o))), but now leadlng to
the 3 x 3 irreducible representation R(cll) Rg). Finally, the subspace W5 = Span(|o ® 0))) is
also mapped onto itself by C; x C;. This invariant subspace has now dimensionality 9, and so
its corresponding irreducible representation will be a 9 x 9 matrix, respecting the underlying
group structure: R(U R(l)

Having 1dent1ﬁeél the 1rreduc1ble representations, we have all the information required to
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explicitly determine 7A€AT. By Eq.(36), we can readily write:

) Tr (RA\P;)
Ry =S —~ ANV p _p ot P +a, Py +as P, (37)
ATZ:OTr(}}».)]O112233
J_
with
1=Tr(R\Py), and P =0, ®00)){{0o®0gl,
Tr(RA\P
a1:¥’ and ]P’lz Z |O'0®O'J>>(<O-0®O.]|;
O'j:{o'x,ay,o-z}
Tr (RAP,) (38)
aZ:T’ and P, = Z loj® o)) {(o;®oyl,
O’j:{O'x,Uy,Uz}
Tr (R APs)
@=—7—, and P;= Y. loieo))oi®al.

LOi=
O-l 0} {GX)Uy’UZ}

Note that the Pauli transfer matrix for the error map, 7@,\, is given by:

(ﬁA)ij,kz = Tr((aj' ® GD Ao, ® 01)) = (7@,\)00’00 = ({09 ® To|Rploo ® )
=Tr (7%,/\]?0) (39)
= Tr((ag ® O'g) A(op® 00))
=Tr(A(op®00)) =1,

for a trace preserving map.

In the case where the errors in the system are truly uncorrelated, the error map should be
given as the tensor product A; ® A,, with A; only affecting the qubits of the first subsystem,
and likewise for A,. In this regime, the three a coefficients simplify to:

Tr(R\P;) = Z((Uo ® Uj|7%A|Uo ®0;)) = Z (QA)OJ-,W
gj j
= > T((o) @ o])(A 8 A0 ® 7)) ZTr () ®a)(A1(00) @ Ay(0)))

gj gj

—ZTr (iAo @ (0] As(0))) = ZTr(o Ai(09)) Tr(o]Az(0)))

gj =1

B Tr(a;.rAz(aj))
- 4 A=A, ®A, ; 3 ’

Tr(R\P,) = Z((Ui ® 0g|Rlo; ® o)) = Z(ﬁA)io,io

i

= ZTr (0 ® 00)(A1 Q®Ay)(0;® 00)) ZTr((o ® 00)(A1(0 )® A2(00)))

—ZTr (CHMCHEICHNCE ZTr(o Ax(00) Te(oTAy(0)

=1

N _ Z Tr(UjAl(Ul))

a
2 A=Aj®A, = 3 ?

i
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Tr(7A2A]P’3) = Z {{o; ®O-j|7éA|O-i ®0;)) = Z(ﬁ’/\)ij,ij

0,0 i,j
= > . T((o] @oD)(r @ A)(0;@0) = > Tr((0] ® o))(A(0) @ Ay(0)))
= Z Tr((al.TAl(Ui)) ® (O';.rAz(O'j))) = Z Tr(aj.'Az(aj)) Tr(O'jAl(O'i))

Tr(oT A (o)) Tr(0 T Ay(o )
N P Z ( iM l) ( jtr2 ]):a1a2, (40)
A=A,®A, 9

0,0

which means that any deviation from the uncorrelated regime can be assessed through:

da=az—a,a,. (41)

Thus, the quantity @ works as a proxy to quantify the level of correlations between the two
subsystems. We should be able to estimate it from the outcomes of experiment 3. This is one
of the main results of the simultaneous RB protocol.

To arrive at the theoretical prediction for the sequence fidelity, it is convenient to explicitly
compute the twirling superoeperator. Given the decomposition in Eq.(37), Ay assumes the
same form

/A\T = PO + al]P)]_ + az]P)z + a3P3 . (42)

Recall that our average sequence superoperator, and thus the resulting fidelity, consists of a
composition of m twirling maps. This composition becomes a m—times matrix multiplica-
tion of twirling superoperators. However, the product of any two distinct projectors is zero
P;P; =0, i # j, and thus:

Sm:AOA;‘m - S‘m:AATAT"'AT
~——
m times (43)

§m=APO+aTAP1+a2m/A\]P’2+OL'3n/A\]P’3,
which leads to the average sequence fidelity
Fyeq(m, E, po) = Tr(E,, S u(p))
= ((Ep0|§m|p0>>

= ((Ep, A AT Ipo))

= ((Elp{"™) + al (Elpf"™)) + o (Elp™)) + e (Bl )

& | Foq(m, By po) =Araf +Azal +Aza +By.

Just as in standard RB, the sequence fidelity in Eq.(44) is central to the protocol, as it represents
the new fitting model from which we can extract estimates fro the three parameters a;, a,
and as.
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We have defined |p,)) to be the initial state, and used its decomposition onto the invariant
subspaces, as follows

e = 2, T((of@0]) po)loi@ay)

0;,0€{og}Uo

= Tr((ag ® og) po)loo®op)) + Z Tr((ag ® oj) po)loo® o))

ST T y
=1p") (45)
+ Z Tr((o] ® o)) po)lo; ® og)) + Z Tr((azr ® GD po) lo;®0;))
;€0 O'i,O'jG(T
= P(()Wz))) :=|p(()W3)))
(Wo) (W) (W)

W,

=lpg ™)) + 105" ) +1pg ")) +lpg™)) -

As pointed out in Ref. [4], the coefficients a; can be estimated in the usual RB way, conditional
to the ability of preparing states, and measuring operators, belonging to a unique invariant
subspace. Yet, this approach does not guarantee robustness against SPAM errors [8]. It is pos-
sible to recover SPAM independence with modifications to the protocol, as is done in character
RB [30].

2.3.2 Experiments 1 and 2

Experiments 1 and 2 perform a single subsystem twirl, i.e. twirl over the group C; x Z, or
T xCq, respectively. We consider in detail the case Z x C;, since the steps required for the other
twirl are essentially the same.

Just as in the previous section, explicit computations for the sequence fidelity require us
to examine the question regarding invariant subspaces in our Hilbert space. For this task, it is
useful to recall the action of the direct product group in the Pauli basis, namely:

CEIX01: C(O'I®O'J)—>é'l®(é/é']é”), élecl.

Under this action, it is then clear that the 1D subspace W, and the 3D subspace W; remain
invariant subspaces. Yet, W, will now host 3 non-trivial invariant subspaces of its own. To
see this, consider what happens to the vector |o; ® o)) - because only the second qubit is
affected by the group in a non-trivial way, the vector remains invariant, regardless of the par-
ticular choice for o; € o. This then means the three possible choices for o; decompose into
three invariant subspaces, since there is no way to move from one sector to the other, using
only operations that preserve the group structure. A similar process happens to W5. The issue
that now complicates a straightforward use of Eq.(E.22) is that the decomposition into smaller
subspaces does not lead to an increase in the number of distinct irreducible representations.
Let us motivate this by considering, for instance, the action of all the elements in Z x C; on the
set of vectors {|og® 7)), |0; ® 0y))}. Clearly, all the elements in the group are performing an
identity operation for each of the vectors in the set. The only (irreducible) representation that
acts in the same way, for all elements in the group, is the trivial representation. This group
then contains 4 copies of the trivial irreducible representation. Using a similar argument, it
also follows that for the set of vectors {|c,®0;)),|0;®0;))}, the group elements perform iden-
tical signed permutations of the second qubit for the the two vectors. However, the subspace
spanned by {|o, ® 0;))} is disjoint from that generated by {|o; ® 0;))} (i,j # 0). This origi-
nates from the fact that the elements in Z x C; can never map |0, ® 0;)) to |o; ® 0;)). Hence,
the group contains 4 copies of the non-trivial representation, and each copy corresponds to
a 3D subspace. While Eq.(E.22) can be generalized to the case where the same irreducible
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representations occurs multiple times, we opt instead to proceed with the approach used in
Ref. [4]. This requires looking directly at the matrix elements of the twirling superoperator:

A 1 A A A
(RAT)ij,kl = HX—CHC;C (Rcf)ij,mn (RA)mn,pq (Rc)pq,kl
xCy

=1 2 (61 e6))(Gnecio.e))

=

x (6], @ ) (6, ®6,)) Te((676%) @ (67 Gioncl))] o)

_ 1 S Tr((ag‘am (61¢l6,8,) (67 0y)

7= (on=troy¢)  (op=0%)

T

x Te(61¢,6,¢]) T ((67, @ 61) A (6,96,))
(04=C10:C])

- ﬁ > 1((6fe(Goje]))a(sre(Gonc)))).

¢, eCy

Let us consider what happens when o; # o, and at least one of them is not the identity. To

illustrate this more clearly, let us imagine the case where 0; =0, and 0; =0:

j
+0,, +0,,
AA AT A A A /\-'u n
C16,C) =4 £6,, C¢,6,C] = {6y, 47)
:I:GZ’ :to-Z

The particular sign and Pauli onto which o, is mapped on, for example, depends on the specific
choice for the Clifford element C;. However, as we sum over all elements in the group, all
possible sign configurations are generated in an uniform way. This is because all of them
preserve the trace and commutation constraints, and so are allowed under the group action.
Hence, if 0; # 0y, the matrix elements in Eq.(46) vanish. The only option is then to have

0] = 0, which results in (RAT)ij,kl =6 j’l(RAT)ij,kj (see appendix F for further details). For

the surviving matrix elements, we can distinguish two separate cases, j = 0 and j # 0. This
distinctness is again due to the fact that the identity is left invariant by the Clifford group, and
all remaining Pauli elements are just re-shuffled among themselves. The final form for the
matrix elements is then expressed as follows:

(7%/\)1'0’](0 =Tr((o;®0g)A(0r®0p)) = af’ok) ,
3 3
A 1 R 1
(Ra, )ij,kl - (dlz——l) Z (RA)ij,kj - m ZTr((Ui ®0;)A(0r®0;))= aE’lk) , (48)
j=1 j=1
0, otherwise.
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The resulting twirling operator is then

A 0 1
Ar= >, aQloieo)(oreaol + D, ) Dlloieo)){(oreol

o;,0e{o U0 o;,0re{oo}uo o1€0

(49)
— (0) R(0) (1) (1)
= Z A Pig Z PRATE
o;,0e{oo U0 o;,0c€{og U
written in terms of the linear operators:
0
Pfk) =lo;®0g)){{or® 00,
1 50
IF’Ek) = Z lo;®0;)){{or® ol (50)

O'jEO'

The operator ]P’(l) is responsible for coupling two subspaces, i and k, representing the same
irreducible representation [. Note that when i = k, IF’(I) can be directly recognized as the
projector onto the subspace related to the ith copy of the irreducible representation [. Fur-
thermore, since the set of vectors {|o, ® 0;))} forms an orthonormal basis, ]P’(I)IP’(Z ) =5 L ]P’(l)
Thus, the m successive applications of Ay simplify to:

Am _ OMNG MY p)

AT_ Z ( 1k) ]Pi,k + Z ( 1k) ]Pi,k'

o;,0e{og U o;,0r€{og U

Twirling over subsystem 2 leads to an average sequence fidelity with possibly many more
decaying parameters. Indeed, if before Fyq(m, E, po) decomposed into 3 decaying parameters,
now, we may have as many as 31 terms contributing to the decaying of the average sequence
fidelity as a function of the circuit’s length (m):

Fseq(m’ E’ pO) = TI‘( m(p)) = p0|‘§ |Po>>
= ((E, IAA’”Ipo)> ((EIAT1po))
W—/

=((E|
0 = (0 D\™ = (1
= > (a9 CEE Qoo+ DT («)" (ERDpe)) 5D
o;,0ce{og}Uo T 0;,0ce{og}Uo T
lk 1k
_ .(0) (0) (0) (1) (1)
_CO,O + Z ( lk) i,k + Z ( lk) 1k’
(0i,0ke{og}uo)/oi=0=0, o;,0ce{og U

where we have used the fact that a = Tr((ao ®0y)A(0y® 00)) ! Tr(A(ﬂ ® ﬂ)) =1,with A

a trace preserving map. All the other a(z will, in general, be smaller than one, and therefore

will foster a decaying fidelity with the circuit’s length. Note that while the functional form of
the sequence fidelity appears now more complex, this feature is in line with more general RB
models that are not a twirling over the full Clifford group [2].

The sequence fidelity in Eq.(51) defines the fitting model for experiment two. It is therefore
of direct practical importance for the implementation of the full protocol.

2.3.3 Simultaneous randomized benchmarking: Example

To bring more clarity on how simultaneous RB can shed light on the presence of crosstalk, let
us consider an explicit example, based on the following toy model for the error model A:

Ap)=¢;(po1 1®1Dp(1®1)+p;; X@1Dp(X ®1)+py; (18X)p(1®X) )
+e3(Po2(1®1)p(1®1)+p1, (18X)p(1®X)+pys X@1Dp(X®1)) (52)
+p' (Z®Z)p(Z®Z).
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Note that this simply corresponds to expressing A in terms of a specific set of Kraus operators,
using the Pauli basis.'®> In doing so, we end up with what is known as the process matrix
representation, i.e. A(p) = Zi i Xik PipPy [31]. It’s readily visible that the resulting y —matrix

is positive semi-definite.'* This guarantees that A is a CP map. The trace preserving (TP)
property is fulfilled if the probability distributions satisfy the constraint:

2

Z €jpij=1.

2
j=11i=0

In Eq.(52), both €; and €, are binary parameters, i.e. €; = {0, 1}, whose choice of values are
meant to represent the error map for different experiments:

1. €1 =1 and €, = 0: Corresponds to an RB experiment only on the first qubit, with the
second qubit idle.

2. €5, =1 and €; = 0: Corresponds to an RB experiment only on the second qubit, with the
first qubit idle.

3. €1 =1 and €, = 1: Simultaneous RB experiment on both qubits.

The choice of notation is the following. For €; # 0 and €; = 0, the term p, ; is the probability
of no errors occurring, p; ; is the probability of errors occurring on qubit j, while successfully
maintaining qubit i idle. Then, the probability p, ; corresponds to the idle qubit being affected
by operations on the target qubit j. The term p’ represents an always-on interaction term
between the two qubits.

Let us assume that our input state is py = |00)(00|. In the Liouville representation, p, is
vectorized and can be expressed as follows:

|00){00| — |00)) = %UUO ®0g)) +|og®0,)) +|o,®00)) +|0,®0,))) . (53)

Since we have an explicit model for the error map, we have all the information required to
evaluate all parameters of the expected average sequence fidelity, as a function of the circuit
length. Let us start with computing this object for the case where both qubits are each simul-
taneously undergoing an RB experiment (€; = €, = 1). Recall that this RB experiment entails
selecting gates from the direct product group C; X C;. As seen previously, the resulting average
sequence fidelity is then (see Eq.(44)):

= W, = w- = Ww. = Ww.
F&(m, E, po) = (Elpg™)) + al{(Elpg ™)) + a3 {(Elpg ) + af{(Elpg ™)

W, W, W- W-
= ((EIAIpS")) + a(EIAIpS™)) + al ((EIALpY™)) + o ((E|AIp ™))
Eq.(53)

= ({polA(oo ® 0¢))) + a'{{polA(oy ® 0,)))
+ arzn“polA(o-z ® OO))) + a?<<pO|A(O-z ® Gz))) s

where we have assumed the absence of SPAM errors, so that we may write E = p,. This is a
simplification that, in general, will not hold true. We have chosen it in the spirit of keeping
this example as simple as possible. The resulting average sequence fidelity reads:

C2

1 ¢ c
Fs(ecqlxcl)(m:E,PO)ZZr+zla'1“+zagl+23agij (54)

3For an introduction to Kraus operators, see Ref. [16], chapter 8, section 8.2.3, where there they are referred
to as the operator-sum representation.

14Qur simplified choice for the error map leads to a y—matrix that is diagonal in the Pauli basis, with all entries
being real valued and > 0.
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Table 2: The following table illustrates how A acts on all possible states (o; ® 0;).
The lines denote particular choices for (o; ® o), which are then fed into the channel
A to produce the resulting A(c; ® ;). These results are displayed in the second
column of the table.

A()
00 ® 0 00 ® 0
Op®0y (1-2p)(0p®0y)
0g®0y, (1—2(egp1 o+ €1P21 +P)) (cp®0y)
Oo®0, (1 —2(€1p1 + €2P1,2)) (op®0;)
0, ®0 (1—-2p") (0, ®0p)
0y, ®0 (1 —2(€1p11 + €2P22 +P’)) (o0, ®00)
0,09 (1 —2(€1p11+ Ezpz,z)) (o0, ®00)
0, ®0, 0, ®0,

0,®0, (1—2(€2P1,2+61P2,1)) (c,®0y)
Ox®0, (1—2(62P1,2+€1P2,1 +Pl)) (0x®0y)
0, ®0, (1—2(e1py1 + €2p22)) (o,®0,)
o,®0, (2(€1P0,1+62Po,2 +p)—1) (c,®0,)
oy, ®0, (2(€1po,1 + €2P02) — 1) (o,®0,)
0, ®0, (1—2(€1P1,1+€2P2,2 +p)) (0, ®0,)
0,80, (2(e1po1 + €2P02) — 1) (0, ®0,)
0,80, (2(e1po1+ €002 +p)—1)(0,®0,)

where:
c1=1-2(p12+p21),

o =1—2(p11 +P22), (55)
¢3=2(po,1 +poz+p)—1.
To arrive at Eq.(55), we made used of the TP constraint on the probability densities, as well as
knowledge on how A acts on the set of states (0; ® 0';). Below we provide a table summarizing

the action of the error map on the states (0; ® 0;): Using table 2, we can compute the set of
{a} coefficients for the simultaneous RB experiment (¢; = €, = 1):

1 \
a, = gTr(RA}P)l)

:% > (008 0;A0, @) (56)

j={x,y,2}

S |agp= %(1+2(c1—2p’)),

1 A
az = gTr(RApz)

=2 37 ((0;@00lA0;00p) (57)

3 j={x,y.z}

& |ay,= %(1 +2(c; —2p"),
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1 X
O3 = §Tr(RAP3)

=2 S (oi@0jlA0;@0)) (58)

i,j={x,y,2}

1 /
= a3=§(1+2(c1+c2+2c3—4p )).

Note that if we were to numerically simulate the simultaneous RB experiment, we would be
required to fit our average sequence fidelity data to a model with multiple decaying parameters
(Eq.(54)). This makes the fitting task much more complex compared to the case of standard
RB. Since we are operating under the assumption of no SPAM errors, we could circumvent this
challenge by also keeping track of the expectation values (z;) := (0, ® 0¢), (25) := (Ty ® T5)
and (zz) := (0, ® 0,). This is fruitful because each of them belongs to a unique irreducible
subspace, and thus retains only the a—coefficient related to that same subspace, namely:

(=) =Tz A(AT(p)) ] = (0, @ oolAATIpo)) = 2 af,

o A c
() =T 2 A(AT(p)) | = ({00 @ 0, 1AAT o)) = 5 o', (59)
o A c
(s2) = Trf 52 A(AT(p)) | = ({0, @ 0 IAAT po)) = 5 o
We still need to gather information on the parameters for the single subsystem RB experiments.
This requires us to evaluate the twirling operator over the groups C; xZ and Z xC;, representing
the RB experiments only over qubit 1 and 2, respectively. Let us start with qubit 2, for which
we have already constructed As (Eq.(49)). Using Eq.(48), and our knowledge of A, we can
U) coefficients. Note that due to the simplicity of our error map,

9%
Ao;®0j) o< (0;®0;)) = a(kj)k, o< &y ;. Moreover, the action of AT on the input state

loo)) further reduces the number of {a} coefficients we need to evaluate. We are left with the

(0) (0) (1) (1)
0,00 %3,3 %9 00 & 3}, where:

directly evaluate all the a

set {a

ag’)lz = Tr[(ak ® o)A (0 ® 00)]
{1 , k=0, (60)
Po2+P12—P22+D, k=3 (= o,),

3
1
1
ag(’lz =3 ZTr[(ok Q0 )A(0} ® 01)]
=1

1 / (61)
_ {5((1_2P )+2(po2—Dp12 +P2,2)): k=0,
(Po,z—Pz,z)—%(P/"‘PLz), k=3
This simplifies the average sequence fidelity to (Eq.(51)):
Fs(é‘;Cl)(m’ E:Po) — C(0) + C(O) ( (0)) + C(l) ( gl()))m n C:(g’lg (a(g(’)% m, (62)
with . )
0= {(polA(Go® o)) =7,
1 1
iy = 5 ({polA(0, ®00) = 2 (1=-2ps5),
1 1 (63)
1
cho =5 ((Pol Ao @ 0.))) = 7 (1—2p15),
1 1
iy =5 ((PolA(0, ®0.)) = 7 (29 +2pos —1).
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To obtain information only on qubit 2, it would be useful to trace out quibt 1. Recall that the
sequence fidelity is nothing more than the (average) probability of retrieving p, as output.
Likewise, the quantity ((10|/A\/A\’T”| Po)) is the (average) probability of getting the state |10)(10]
as output. Thinking in these terms is helpful, because it allows us to effectively trace out qubit
1, according to the law of total probability. Denoting qubit 1 by Q; and qubit 2 by Q,, we can
extract the probability of qubit 2 ending up in the state |0)(0| according to:

Pr(Q, =1) = Pr(Q; =1 NQy =1) + Pr(Q; =1 NQy =1) = ({pol AAT o)) +({10]AAT o))
~—_——

=F G,V m.E,po)
(1—2p;5) (1))m
2 0,0 :
—_—
:=¢;/2

& Pr(Qy=M= % +

(64)
Analogously, this same probability can also be computed in the case where the gates are ex-
tracted from the direct product group C; x C; (i.e. in experiment 3),

1
pququzzTy:§+J§aT. (65)

Below, we compare the coefficients contributing to the respective probabilities side by side,

Table 3: Coefficients contributing for the probability Pr(Q, =T) for the benchmarking
groups Z x C; and C; x C;.

IxC €1 xCy
¢&1=01—-2p;15) c1=1-2(p12+p21)
1
ally=3(1+2(b;—2p"), by=1-2p1» a;=3(1+2(c;—2p)), ¢ =1—2p12+p21)

Thus, we expect exactly the same RB decaying profiles for Pr(Q, =T) in both experiments, if
P21 = 0. Note that this doesn’t translate into an absence of crosstalk, since p’ contributes to
both probabilities in an equal manner. In the context of our noise model, it means that if there
is no extra noise on qubit 2 due to operations on qubit 1, we will not be able to differentiate
the RB curves for Pr(Q, =1), even if there are other sources of crosstalk in the system.

In a similar way, we can construct Pr(Q; =7), but now using the group C; x Z. As before,
it is instructive to compare Pr(Q, =7) evaluated from simultaneous RB and when only Q; is
twirled:

Table 4: Coefficients contributing for the probability Pr(Q; =1) for the benchmarking
groups C; x Z; and C; x Cy.

C1xT C1 xCy
b
Pr(Q; =D =3+ 3(af))" Pr@=D=3+%(a)"
by =1-2py, ¢ =1—2(p1,1+Pp22)

afo=3(1+26:—2p")  az=3(1+2(c;~2p")

The two RB experiments yield the same RB curve for Pr(Q; =1), if py, = 0. The condition
P2 = 0 implies that operating on qubit 2 induces no errors on qubit 1. Hence, for both
Pr(Q; =17) and Pr(Q, =T1), if an interaction term is always present in the background, and
this is the dominate source of errors (p’ >> p, 1, P, »), simply looking at the RB curves is not
enough to flag the degree of crosstalk in the system. Yet, the presence of a non-zero p’ impacts
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the value of the correlation coefficient 6a, and a non-zero value should raise suspicion for
possible qubit-qubit interactions as sources of errors. On the other hand, if the dominant errors
arise from accidentally driving the idle qubit, then we expect to observe a mismatch between
the RB decay profiles, obtained from simultaneous RB and sub-system RB. In this case, such
a mismatch should also be accompany by a §a # 0. This illustrates both the usefulness and
the limitations of da as a crosstalk metric: While it is simple to evaluate, and instructive as a
warning for the presence of crosstalk, it does not provide further insight on the identity of the
crosstalk errors.

2.4 Discussion

Simultaneous RB addresses two limitations of standard RB: The ability to characterize errors
in a subset of qubits, and the task of quantifying the degree of cross-talk in the system. For the
former, the technique relies on partitioning the full n—qubit system into smaller subsystems.
These can then be assessed to estimate their intrinsic error metrics [4]. The second goal of
simultaneous RB is to provide insight on the issue of crosstalk. To attain this information,
standard RB is performed on all individual sub-systems, simultaneously. From the point of view
of group twirling, this task requires twirling with the direct product group C,, ®C,,, ®---®C(,,
where C,, denotes the Clifford group of n; qubits. The result is the prediction of a sequence
fidelity with many distinct contributing decaying parameters. As seen here, these can be used
to flag the presence of correlations in the system. While this is a clear improvement to the
case where only knowledge on the average error rate is retrieved, some hurdles still remain.
One of these difficulties is due to the multi-parameter fitting problem that naturally arises
when probing all subsystems at the same time. One alternative procedure, is the use of a
framework like character RB [30]. Another limitation has to do with the fact that the metric
used for signaling correlations does not allow for identifying the weight or locality of these
errors. To this end, correlated RB [5] offers a possible route to dissect this information from
the simultaneous RB data (this will be discussed in the next section).

It is crucial to be able to examine larger multi-qubit systems. This is specially the case
because decomposing the circuit into the smaller native gates, and benchmarking only those,
might not be enough to provide an accurate picture on the degree of crosstalk. But doing
simultaneous RB in larger systems might not always be a straightforward task. In particular,
with larger sub-systems, the number of invariant subspaces will increase. Neglecting possi-
ble technical difficulties related to the ability of identifying all irreducible representations, we
stumble again with a multi-parameter fidelity. These factors combined corroborate the state-
ment that detecting all possible forms of crosstalk is generally hard, because, as the system
size grows, we will unavoidably stumble onto an exponentially growing number of partitions
that need to be tested [32].

2.5 Key results in chapter 2

Here we summarize the main takeaways for the simultaneous RB protocol.

* Simultaneous RB allows error characterization for a subset of qubits (qubit sub-
system) and provides insight into the presence of crosstalk errors.

* The simultaneous RB protocol requires us to define partitions in our qubit system,
where we focus on performing qubit operations only on these subsets.

* The simultaneous RB protocol involves three experiments: Running RB in the first
qubit subsystem; running RB in the second qubit subsystem; and finally running
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RB on both qubit subsystems simultaneously.

* The resulting RB sequence fidelities can be projected onto each qubit subsystem.
This allows three separate effective fidelities to be calculated for any desired sub-
system, each from one of the three experiments. Comparing the resulting fidelity
decay profiles for Experiment 1 and Experiment 3, and then Experiment 2 with
Experiment 3, can serve as a witness to crosstalk errors. For example, operational
crosstalk errors, where operations in the first qubit subsystem inadvertently lead
to unintended operations in the second qubit subsystem, cause the fidelity in the
third experiment to decay much faster than in the first.

* For a two-qubit system, the sequence fidelity in the third experiment is given by:
Feeq(m) =Aqa]' +Ayay +Asas + By,

where A;, A, and B, absorb all SPAM dependent error terms. In this way, simul-
taneous RB is also robust to SPAM, but requires solving a harder fitting problem
to extract reliable estimates of the desired parameters a;, o, and as.

* A quantitative crosstalk metric can be constructed from the estimated parameters
in experiment 3. For the case of a two-qubit system, this metric, denoted as da,
is given by:

oa=as;—a;a;y.
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3 Correlated randomized benchmarking

Simultaneous RB provides us with a metric capable of flagging the presence of crosstalk (o «,
Eq.(41)). Yet, even for our very simple example, it is not obvious how to use da to distill
different sources of crosstalk. In this section, we will explore an extension of simultaneous
RB, designed precisely to improve on this issue: Correlated randomized benchmarking [5].

3.1 General description of correlated RB

The ultimate goal of correlated RB is to provide a tool for better characterization of crosstalk
errors. More concretely, the method aims to measure and classify the average noise in the
system, based on weight and locality features. To introduce these concepts, it will be instruc-
tive to think in terms of coherent errors: Errors that are described by unitary error channels.
For example, we can think of ideal spin qubits that do not interact with each other, unless
a pulse implementing a gate is applied. For example, we can picture this pulse as a uni-
tary time evolution operator, U = e {0/ Hin  coupling two target spins through a spin-spin
interaction Hamiltonian and effectively leading to the execution a particular two-qubit gate
operation [33]. However, we can also imagine a less ideal situation in which the spin qubits
retain residual interactions with nearest neighbouring spins. This would mean that even if
the pulse was implemented perfectly, the result would no longer be an operation that only
changes the state of the target spins. Instead, it would also have effects on the state of nearby
qubits. Conversely, we can think of ideal spin qubits, but faulty pulses, where the implemented
interaction Hamiltonian actually leads to the coupling between a higher number of spins. In
all these situations, knowing the number of unintended qubits affected (i.e. weight) and the
extent to which this interaction is felt beyond the nearest neighbour qubits (i.e. locality) be-
come crucial diagnostic information to characterize and hopefully mitigate crosstalk errors in
the system. The question then becomes how to extract this information.

Correlation

weight N

L ]
L]
?
[ ]
= Error terms
56(5&0 6,®o0, 6,0, 0,80,

Correlation #\

weight

'
=>» Error terms

0y®o0, 0,80, 0,0,

Figure 7: The figure depicts an illustrative example of the difficulty in inferring
from 6 a whether correlations are arising due to inadvertently driving the idle qubit
(0p® 0, or o, ® 0y), or due to qubit-qubit interactions (o, ® o, term).
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Let us imagine the simultaneous RB circuit, using the gate-set from the group G = C; x C;.
To simplify the discussion, let us constrain the length of this circuit to a single random operation
from G. Now suppose that instead of the perfect implementation of these gates, their action
was plagued by crosstalk errors. If our input state is the tensor product state |py ® pg)) (with
po = 10)(0]), then from the previous discussion it is clear that the output state, right before
measurement, can no longer be expressed as another product state'® [32]. To make this more
transparent, consider a measurement with E = Z ® Z. Following the same notation as in last
chapter, the effects of the crosstalk errors will be encoded by the error channel A. After a single
random Clifford in G, our sequence fidelity (see Eq.(44)) reads:

((ZoZIAArlpo®po)) = (zezlp))=Tr(pz@Z)=(Z®Z),  (66)
16))=AAr]po®p0))

where the last equality just follows from the definition of expectation value of an observable
in quantum mechanics [16]. Note that to simplify the discussion, we have neglected the effect
of SPAM errors. The observable (Z ® Z) will depend on the state of the two-qubits in a non-
trivial way, since crosstalk errors induce couplings between qubit states. Suppose instead that
the errors in the system preserve locality and independence of operations. For example, the
pulse that implements two-qubit gates is faulty, but only results in an imperfect version of the
gate on the target qubits, without changing the state of other qubits in the system, or without
introducing unintended inter-dependencies in the states of the target qubits. In this case, the
same circuit run would yield a product state, and we could express our observable (Z ® Z) as:

(ZzeZ)=T(pZ20Z)=Tr((p1®p2) Z®Z) =Tr(p1Z) Te(p22) = (21)(Z,), (67)

where to distinguish the expectation value of the Pauli-Z on each qubit, we label it accordingly.
The observable (Z ® Z) is now a product of two independent expectation values. This factor-
ization was impossible to attain in Eq.(66). Indeed, we could devise the following strategy to
flag the presence of crosstalk errors:

0, no crosstalk errors,
(Z®Z)—(21)(Z) = (68)

#0, crosstalk errors are present.

The right-hand side of Eq.(68) bares very close resemblance with the definition of covariance
between two random variables X and Y:

Cov(X,Y) = (XY) — (X)(Y). (69)

The covariance measures the linear association between random variables [34], and is zero
if X and Y are independent. Hence, like (XY), (Z ® Z) represents a correlator (sometimes
also called correlation function), and contains important information for diagnosing crosstalk.
Correlated RB uses this feature, but goes beyond the simple estimation of correlators.

Just like the methods presented so far, correlated RB makes use of the Clifford gate-set.
It essentially works by borrowing experiment 3 of simultaneous RB, and appending further
post-processing steps to it. The system will then be partitioned into different subsystems, each
containing a sub-set of qubits. Note that the number of qubits in each subsystem does not
need to be the same. For a 3—qubit system, we could consider any of the following partitions:
3—subsystems, with one qubit each; 2—subsystems, where subsystem one contains one qubit
and subsystem two contains two qubits, or the reverse. The partition can then be tailored
to the specific needs of the problem. The next step is the simultaneous implementation of

15This is equivalent to saying that the error channel is not a tensor product of single-qubit operations, i.e.
A#A ®A,.
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standard RB to each of the subsystems. This stage entails gathering enough data to estimate
observables like the averaged sequence fidelity. Recall that this quantity is simply measuring
the probability of retrieving the initial state as the final output of the circuit, and depends on the
sequence length (m) of applied Cliffords. As argued here, in correlated RB the shift changes
from directly measuring the fidelity to focusing on measuring Pauli correlators, (£;). These
two quantities are, nevertheless, intimately connected. In the end stage of the RB protocol,
the input state p is transformed into a new state, call it p’, by the composition of m twirling
channels. At the same time, the expectation value of any operator, if measured at the end of
the RB circuit, will be given by:

(B) =Te(p'B;) = ((Plp")), (70)

with p” = A" p.1® As we have seen, simultaneous RB leads to a decomposition of the twirling
channel in terms of projectors onto the different irreducible subspaces. Each of these projectors
is built from the set of Pauli matrices that are mapped into one another other by the action
of the direct product Clifford group. For example, for a 2—qubit system, partitioned into two
1—qubit systems, the sub-set of Pauli matrices {o(®0,0(,®0,,0,®0,} was always mapped
onto itself by the action of all the elements of the group C; x Cy; for this reason, it provided
a basis for one of the subspace projectors. Furthermore, given that P, is a Pauli operator, it
will necessarily belong to one of the invariant subspaces. All these ingredients result in an
expectation value that, in the Liouville representation, has the simplified form:

(B) = ((PIAT1p)) = D {(P | P p))

S

:;a;"((Pilps)) = ag ((Pilps,)) (71)

= | (B) =ag ¥i,

where D¢ denotes the sum over invariant subspaces. Thus, just as the sequence fidelity, these
correlators will manifest an exponential decay, as a function of the sequence length. Unlike the
average sequence fidelity, each correlator is expressed in terms of a single exponential decay.
It is, however, sensitive to measurement errors.

By fitting the data to Eq.(71), one can estimate the value of the a parameters. If we were to
continue following the simultaneous RB scheme, an extra step would be required to quantify
the magnitude of correlations in the system. This would involve comparing the a values, in a
similar fashion as in Eq.(41). It is on this step that correlated RB most significantly departures
from the simultaneous RB method. In Ref. [5], a new parametrization scheme is proposed, in
which the twirling map is re-written as a composition of fixed-subspace weight error channels.
More concretely,

AT:CS)AS’

. ) (72)
AS(P)—(l—fs)P"‘W P+;PPP ;

and basically translates to re-expressing the original twirling channel as a composition of maps,
each living on a unique invariant subspace. The reason why this aids in classifying crosstalk,

15We have argued that the average sequence operator is given by Eq.(25). In Liouville representation, this would
suggest the expectation value {P,) to be written as (P,) = ((Pl-lf\f\’#l p)). As was done previously, we could absorb
the final error channel into the Pauli operator, and the quantity {(B; |/A\;l| p)) could be interpreted as evaluating the
desired expectation value in the presence of measurement noise. In this sense, the method developed here is not
SPAM robust, and a more general approach would be to combine it with a framework like character RB [30].
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in terms of weight and (geometric) locality, is because these attributes are already known
for each of the invariant sectors. For example, let us again return to the case of a 2—qubit
system. Suppose that, after employing this scheme, we would learn that the largest € coef-
ficient was the one related to the invariant subspace generated by the Paulis {o ® ¢}, with
0,0’ € {o,, 0y,0,}. This would then imply that weight two terms were dominating in the
error map, and were probably the most significant source of crosstalk. In order to determine
the coefficients €, one needs to invert Eq.(72), and find an algebraic expression relating the
set of {a} parameters with the unknown {e} set. Hence, correlated RB can be summarized as
follows:

1. Perform simultaneous RB on all the predefined subsystems. This stage includes
collecting sufficient data on all relevant Pauli correlators, as a function of the cir-
cuit’s length m. At the end of this step, one should be able to estimate the set of
parameters {a}.

2. From the knowledge of {a}, determine the unknown {e¢} parameters.

Let us point out that Eq.(72) assumes that it is always possible to express the twirling map
as a composition of fixed-subspace weight error channels. Indeed, this is not a given, and
Ref. [5] also provides a toy model as counter example. In the next section, we will discuss
how to relate the two sets of parameters, {a} and {¢}. As a main takeaway, we note that
Eq.(72) is central to the correlated RB protocol, as it establishes the relationship between the
{€} parameters and the characterization of the locality and weight of crosstalk errors.

3.2 How to relate the {a} and {€} parameters

We start by writing down the Pauli transfer matrix, corresponding to the fixed-subspace weight
error channel:

(7@,\5)1.’]. =Tr(olAg(0)))

5T €s At A G567
=Tr[(1—65) 6.6 +dlm(PS)+1( 165 +Z )]

o€S

€s 5T 5661
=(1—e€g)6;; + 0;j Tr G6,66;6"
(1=€s)0i; + Gimee) 100 dlm(IP’S)+1GZG; )

€s €s AT oA
=6;:1 (11— 1)'9:%! T ;
i,j (( 65)+dim(Ps)+1)+dim(P5)+1UZ:( ) i r(a O'J)
_ €s €s (o,04)
=6 (1—eg)+ + —1)lo
Lj (( )t GimEy) +1 T dim(P,) + 1 ;5( ) )

s [0 {1 0

€S

(73)

(== (7—\3’/\5)1',]' = 51',]' ((1 - 65) +é€g (Rdepol)i’i) .

Note that we are using the notation whereby (o, o;) = 0, if the two commute, or (o, 0;) =1,
if they anti-commute. A channel composition becomes a matrix product in the Liouville rep-
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resentation, which means that Eq.(72) translates to the product of 7A3AS matrices:

ATZQAS_),]%'ATZI—[ Rag» (74)
s

and since both R A, and all the R A, Matrices are diagonal, the equality becomes an element-
wise statement, which allows us to express each a; coefficient in 7A2AT in terms of the {e}

parameters as
a; = l_[ I:]. + €g ((RdEPOI)i,i — 1)] . (75)
S

Then by inverting Eq.(75), we can determine the {¢} parameters, from the set of measured
values {a}. Therefore, Eq.(75) is central to the correlated RB protocol as it provides a practical
way to estimate the {€} parameters.

As a concrete example, let us consider the familiar example of a 2—qubit system, parti-
tioned into two 1—qubit subsystems. We already know the resulting form of the twirling Pauli
transfer matrix (see Eq.(37)). We will then explicitly compute R As for each invariant sub-
space. Recall that, in this case, there are four invariant subspaces: W,, = Span{|o, ® g;))},
W, = Span{|o, ® o))}, W, = Span{|o ® o))} and W5 = Span{|o ® o))}. This then leads to
four distinct scenarios for the matrix elements (Rdepol)i’i:

1
S=Wy = (R =314 3 001,

oEW,

1’ O-iEWO:

1 0 o;eW;

S=W — R e 1+ _1<U:O-i) — ’ L ’
1 (Raspr) 4( o;vl( : ) 1. oiew,

0’ aiEWBJ

1, O-iGWOJ (76)

1 1 O"EWl

S =W S R =21+ —1)o0) | = > i s
2 ( depol)l’l 4( GGZWZ( ) ) { 0, o, € WZ,

0’ O-iEWB:
1, o, eEW,,
S:W — R L= — 1+ _1 (O',O‘l-) — 5» 1 b)
T O B e
%, O'l'EW:;.

These results arise because of the commutation relations between the Pauli elements, namely
* W, only contains the identity, which commutes with every element.
* Every element in W; commutes with any given element in W,, and vice-versa:
(60®6)(6;®60)=(6;®6;),
(6;©60)(6o®6;)=(5;©06;).
* Pick any two elements from W;, they will only commute if they are the same.

In every other case, these elements anti-commute. Since there are 3 elements
in W;, only one term contributes positively to the sum in (Rdepol) , yielding

i,i

> sew, (=100 =1 (o; € W;). The same for any two elements belonging to W,.
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* Choose an element in W, and consider its commutation relations with the elements in
Ws,

>

S

>

)

[
5).

N S
Il

i®6)=(6:6;®
i®60)=(6;6,®
These elements only commute in the case where &; = ;. Hence, for any given element
belonging to W,, there are 3 elements in W5 commuting with it. There are 9 elements
in W5, which leads to ZUEW3 (=1){e91) =3 -6 = —3 (0; € W,). The same conclusion

holds if we replace W, with Wj.

* For any given element in Wi, there is only one element belonging to W, with
which it commutes. The same is true with elements in W;. This results in
Yo, (1 =—1 (0; € Wy) and 3,y (1) = 1-1—1=—1(0; € Wy).

* Two elements in W5 only commute if,

they are the same, or if 6; # &; and 6; # &y. For any fixed element in Wj,
there are then five elements with each it commutes. The resulting sum yields
Yo, (1 =5-4=1 (0; € Wy).

Using then Eq.(76), it follows that each 7A2AS is given as

Ry, =1,
(1 0 0 0
7%, 0 (1_61)1W1 0 0
R N0 0 1w, 0 ’
\O 0 0 (:I.—e]_)ﬂw3
[1 0 0 0
N _ 0 ﬂwl 0 0 (77)
Raw,=|0 0 (1—ex)ly, 0 ’
\O 0 0 (1_62)j]'W3
[1 0 0
A 0 (1_%)1W1 0 0
RA == 6¢e >
w= o 0 (1-% )1y, 0
\0 0 0 (1-22)1y,

where we have defined 1y, to be the identity matrix on the reduced subspace, i.e. the identity
matrix with dimensions dim(P;) x dim(P;). The diagonal structure of the matrices X Ay, allows
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us to write:

RAT = 7zz\wo RAwl RAWZ 72/\W3

1 0 0 0
0 ayly, O 0
“lo 0 aly, 0
0 0 0 aly,
1 0 0 0
0 (1—e)(1-58)1y, 0 0
= 6
0 0 (1—e)(1— % )1w, 0
4
0 0 0 (1—e)1—e)(1— % )1y,

From the resulting set of equations, we can begin the task of retrieving the set of {e} parame-
ters. Assuming that all a; > 0,

a (1—¢€q)

a0zl o o liona-e
<) (1—€y)
~—

=Ya
6 1 2
5371 ¢, 5373731y
1 2a
a3=Ya(1_€2)2(§+3(1—_2€)) & Bay=1,(1-6) +2ay1,(1—e) (78)
2 —

=Y2

2 O3
= y2+2(x2y2—3—20

a

— Al g2 1233

=4 Yo=—ayEt\|a;+3—,

Ya
e=1+ayF\|a2+32 € 25(1— % ) e =1—L(1—ey)
2 2 2 e °T6 (1—e€))’ ' a2 2

So far, we have always been operating under the assumption that all the linear maps are
CPTR!7 In order for this property to also hold true for the fixed-subspace weight error channels,
some constraints on the {¢} parameters arise:

(Positivity condition): (¢|Ag(p)|¢) >0, vV {lp)},

€g ;

=€) lPle)+ Gy <¢|p|¢>+;<<€|z>|pp||¢>> >0,
=\ep =lep
. €s €s

<¢|fo|¢>((1 )" Gy 1) e T el 20

B =0

€s
- (1—€S)+W20, and €3=>0
dim(Pg) + 1

& |0<eg< —am(e) (79)

7CPTP map = Completely Positive and Trace preserving map.
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which for the previous example means €4, €, € [0, %] and €5 € [0, %]. The trace condition is
automatically satisfied, adding no further constraints,

(Trace condition): Tr(AS (p)) =1,

(1—65)Tr(p) Im (IP’ 1 (Tr(p)+ZTr(PpP ))

PesS
= dim(Py)

(—dim(Pg) — 1+ 1+ dim(Ps)) = 1.

(80)

1+ s
dim(Pg) + 1

We see that the condition in Eq.(79) might lead to cases where it is not possible to find a pa-
rameterization of the twirling map in terms of CPTP fixed-subspace weight channels. In those
cases, correlated RB cannot offer any further insight beyond what simultaneous RB already
provides.

As a final remark, let us return to the 2—qubit example, and examine what happens to
the e parameters in the presence of uncorrelated errors. Recall that this scenario requires
a3 = a,ay. This implies:

(1—61)(1—62)(1—%)=(1—61)(1—62)(1—%)
= (1—4ﬂ)=(1—%)2 (81)
5 5
& 6,=0 V € —E
3= 3= 9-

The solution €3 = 0 has a clear interpretation. Recall that when the errors are uncorrelated,
the matrix elements of R, acquire a simplified form,

(ﬁAT)ij,kl =Tr ((oj ® UD D (or® O'l))

=AMA)
=Tr ((0;r ® O']T.) (AY (o) @ AP (ol)))

=Tr((0]) AV (o) T ((07) AP (o))
- (ﬁA(Tl))i,k (ﬁA(TZ)) i’

where we denoted A®) the error map in subsystem i. We then see that 7A€AT =R AL ® R AD-
T T

The solution €3 = 0 allows us to similarly express T:’,AT as the tensor product of the weight-1
error channels, in the 1—qubit basis

7?,(1 qumt) =|og)){({ool +(1— Ei)z loi)) ({o;

R(l qubit) R(l qubit) __

Aw,

=100®00)) ({00 @ 7ol + (1—€1) 3 loo @ 7)) (oo ® 0
+(1—€2)Z|01®00>)<<0i®00| (82)

+(1—e)(1—€) D o @0 )){{o; @0l
i,j

A __ A (1-qubit) 4 (1-qubit)
Ry, =R @ Ry

wy ’
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with a; = (1—e;) and a, = (1—€,). This clarifies that the twirling channel has no correlations,
since it can be expressed in terms of disjoint and uncoupled channels, each with support on
a unique subsystem. Thus, reading €5 = 0 from an experiment in a 2—qubit system allows us
to automatically conclude on the absence of correlated noise. Note that, in general, even if
the twirling map admits a parametrization in terms of fixed-subspace-weight channels, it will
differ from the tensor product of independent error maps. In that case, the extra e parameters
introduce interactions between subsystems, with the weight and locality features specified by
the corresponding subspaces.

3.3 Discussion

Correlated benchmarking shares many similarities with simultaneous RB, but differs from the
latter in that it allows a more direct characterization of crosstalk errors. Attaining this goal
requires measuring a series of correlators, of the form given in Eq.(71). If we partition our
system into K subsystems, the number of required Pauli correlators to measure scales as 2K [5].
This number corresponds to the total number of invariant subspaces. Since each of these has its
own a parameter, we need to measure at least one correlator per invariant subspace. Without
the set of all {a}, solving for the {¢} parameters cannot be carried through. Furthermore, there
might be cases where the mapping to the {e} set might not be possible, in which case correlated
RB will not yield any further insight compared to simultaneous RB [5]. Given the shared steps
between correlated and simultaneous RB protocols, both also suffer from the same type of
drawbacks. While some of these might be circumvented, the exponential growth (with system
size) of the number of subsystems required to evaluate is a persistent problem. However, for
characterization of low-weight crosstalk errors, correlated RB is a favourable choice, since it
provides further insights on the errors, when compared to simultaneous RB.

3.4 Key results in chapter 3

Here we summarize the main takeaways for the correlated RB protocol.

* The aim of correlated RB is to extract information on the weight and locality of
crosstalk errors.

* To extract weight and locality information, correlated RB uses a new parameteri-
zation of the twirled error channel as a composition of error channels belonging
to different irreducible subspaces. Since these different subspaces have distinct
weight and locality features, comparing the parameters in different irreducible
subspaces allows us to identify where the dominant crosstalk errors lie. Recall
from Chapter 1 that the twirling channel preserves average fidelity, so this analy-
sis allows us to identify the most dominant contributions to crosstalk, on average.

* The individual channels contributing to the new parametrization of the twirled er-
ror channel are called fixed-subspace-weight channels. The relationship between
the original twirling channel and the fixed-subspace-weight channels is defined

as:
AT:OA55
S
€g +
A =(1- +—— + > PpP'|.
s(p)=(1-eg)p dim(PS)H(p 2.7 )

A7 is the original twirled error channel and each Ag is a fixed-subspace-weight
channel. The different Ag are expressed in terms of Pauli operators that span
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different irreducible subspaces.

* The experimental implementation of correlated RB is similar to the third exper-
iment in simultaneous RB, except for the choice of POVM elements. These are
now given by Pauli operators, belonging to different irreducible subspaces. If our
qubit system has been decomposed into k subsystems, then we have to choose 2*
different Pauli operations from different irreducible subspaces.

* Using the modified third experiment of simultaneous RB allows us to estimate the
different a; parameters. The key insight of correlated RB is then to use these esti-
mates to extract the set of e; parameters. This is done by inverting the equation:

a; = l:[ [1 +é€s ((Rdepol)i,i - 1)] ’

(Rdepol)i,i = dlm([P’S) +1 (1 + Z( 1) s )

where dim(Pg) denotes the dimension of the corresponding irreducible subspace,
o belongs to the set of normalized Pauli matrices spanning that particular irre-
ducible subspace, and where (o, o;) = 0, if the two normalized Paulis commute,
or (o, 0;) = 1, if they anti-commute.

42


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

D

*
(Cm+1=ClToC#oCZTQCTo'_'QC’:_IOCTOC'LOCT}

Figure 8: The goal of interleaved RB is to benchmark a specific gate (here denoted
by €). This protocol requires us to build new sequences, where the gate we wish to
characterize is interleaved in between randomly selected gates. We denote by C the
noisy implementation of the ideal gate C.

4 Interleaved randomized benchmarking in a nutshell

The accompanying notebook for this section can be found at: https://gitlab.com/QMAI/
papers/rb-tutorial/- /blob/main/Interleaved%20RB/InterleavedRB.ipynb.

In this section we give an overview of the interleaved randomized benchmarking protocol,
introduced in Ref. [6]. The essence of this method is to build an estimation of the error rate
associated to a particular gate of interest. In practice, it is often the case that benchmarking a
specific gate is more relevant than just estimating the average error over the whole gate set [8].
We will see how modifying the standard RB sequences for interleaved sequences (see fig. 8)
will be an important strategy for providing us with an error metric for the desired benchmark
gate.

4.1 General description of interleaved RB

Standard randomized benchmarking tries to quantify the average error rate over a gate set
(typically the n—qubit Clifford group). As such, it can, at best, provide only a coarse-grained
information regarding the errors in the system. The goal of interleaved RB is to gain more de-
tailed information, namely, it is designed to quantify the error of an individual gate of interest.
This error characterization is accomplished by considering the following modified sequence
operator'® (see also fig.(8)):

i bes) Ajny © Cipy 0 Ay 0 Cy 0---0 A 0Cy oA oCy (83)

— Sim=Ainv°Cinv°C°AC°AimOCimo"'OCOACOAiZOCiZOCOACOAi1OC'

0

where C denotes the particular Clifford gate one wishes to characterize, A denotes its noise
channel, and Ay is the error channel associated with a randomly chosen Clifford gate. The S;
operator emerges from constructing sequences where each randomly selected Clifford gate is
interleaved by the specific Clifford C we want to benchmark. More precisely, the first gate is
chosen uniformly at random from the Clifford group, and is followed by the specific Clifford
gate C; next, we again randomly select an element form the Clifford group, and follow it by
the deterministic choice for C, and proceed in this fashion until a total of m random gates have

18We are writing the sequence operator with possible gate-dependent errors, but not time-dependent errors.
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been implemented. The last step is the implementation of the inverse sequence operator Cj.
The gate C;,, is defined, just as before, as:

cinv=(Cocl-mo--~oCoCi2oCoCil)T=clf:ocTocl?';och--ocT oCt. (84

Im

The full interleaved RB protocol entails two main steps:

(i) Implementation of the standard RB protocol over the suitable n—qubit Clifford
group. From this experiment, we estimate the depolarizing parameter p, associ-
ated with the average error map A.

(i) Implementation of a similar scheme as the one outlined for the standard RB proto-
col, but now with each sequence defined as in Eq.(83). This allows us to estimate a
new depolarizing parameter, p, associated to the average error channel (AC o A).

The goal is to retrieve a quantitative metric that estimates the error rate associated with
the gate C. If r¢ denotes the true error rate of C, rg* refers to its estimate. The latter is given

by:
w_@-D(-%)

re = q ; (85)

with d = 2". In [6], it is proven that the true value of r. is bounded to the interval
[ret —E,rg + E], with E:

{ (d=1)[(1—p)+Ip—(pe/p)I]
d
E =min

2d>—1)(1—p) |, 44/T-pVd—1 (86)
pd? + P )

Eq.(85) and Eq.(86) are the key results of the interleaved protocol, allowing us to estimate
the average error rate and also bound its error. In the next section, we provide a re-derivation
of Eq.(85), but refer to [6] for a proof of Eq.(86).

4.2 Estimation of r¢

We start from the sequence operator S; in Eq.(83). Just as in standard RB, this operator can
be more concisely expressed if we preform a change of variables to the new gate set Dy;. These
are constructed recursively from the old gates as:

(i) Dk1 = Cklz

(i) Dy,, = Cy,, ©CoDy, = D =D/ oD"oC]

i+1 i i+1

In terms of the new gates, the sequence operator reads:

Sim =Ajv 0 ( Z'nzl [D;;_ oAco Akj o ij]) . (87)

Under the assumption of gate-independent noise, Ay, = A. This allows the average sequence
operator (defined in Eq.(6)) to be written in terms of the twirling channel as follows:

sm=(AcoA)o( rlol (ACoA)oDkD
=AC°( ] 1 |C1|[D' oAg oDy, ])=Aéo(A"lC:wirl)°m’
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where |C,,| denotes the order of the n—qubit Clifford group. The new gates Dy, are equivalent
representatives of the Clifford elements. We can then move directly to the superoperator for-
malism, in which the compositions become matrix products, and where the twirling channel
can be explicitly constructed in terms of the irreducible representation of the n—qubit Clifford
group (see Eq.(36)):

PSRN ]
AT = |50)) (ool + pe D lo ) (o] = (AMH)" = |oo) (ool + P2 Y lod){(oyl. (89)
i#0 i#0
In this notation, the sequence fidelity is expressed as the inner product:

Foea(m, po) = ((EIR(AZ) " [0o))

= ((EI(A2) " p,)) (90)
=By +A4o P,

which once again demonstrates the exponential decay profile characteristic of RB methods.
Hence, we can determine p from the experimental fit, in the usual manner. Since p would
be retrieved from performing standard RB in stage 1 of the protocol, all parameters required
to evaluate the estimate rg* are then defined.

The origin of Eq.(85) arises from extracting a bounded domain for r.. This can be obtained
by assessing the difference in the average gate fidelity between the error maps A¢ = Ac o A
and As = Ac o A4, where A, is the depolarizing channel. Recall that the average gate fidelity
is defined as:

Fps =J do Tr(|¢) (] Alp){(#1)).
Haar

With this definition, plus the fact that Az(|¢){¢|) = plp) (| + (1 — p)%, it follows that:
(1—p)

Fped =DPFp 1+ q 91
Let us then denote E as the upper bound of:
Fp. —Fp.
|Fazr = Fagil <E, (92)
p
which allows us to write:
Fy. 1— _ Fyr. 1—
“rel  (1-p) —E<F, ;< fel (1-p) +E. (93)
p pd p pd

Note that FAC’I is the average gate fidelity of the error map for gate C, which is precisely
what we aim to find. Letting r be defined in terms of the corresponding infidelity, i.e.
rc:=1—F A,I» and noting that F g, 18 equivalent to the average gate fidelity of a depolarizing
channel, with depolarizing parameter pg,

1—-pe

Fres =pot+—25. 94)

Eq.(93) can be re-arrange to read:

(d-1a-£) (d-1-£)
?—ESrCSE+f,

which leads to the definition of the estimate of r. as in Eq.(85).

4.3 Key results in chapter 4

Here we summarize the main takeaways for the interleaved RB protocol.
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* The goal of interleaved RB is to be able to estimate the average gate fidelity (or
the average error rate) of a particular gate.

* The interleaved protocol requires running two separate experiments: First run-
ning a standard RB experiment, and then running a similar experiment, but where
the sequences of random gates are modified such that each randomly selected gate
is interleaved by the specific gate we want to benchmark.

* Like the standard RB protocol, interleaved RB requires us to select gates from a
unitary 2-design, including the gate we want to characterize.

* The estimated error rate for the gate of interest is given by:

@-n(1-%)
c — d >

est __

where d = 2", p is the effective depolarizing parameter estimated from the stan-
dard RB experiment and p¢ is the effective depolarizing parameter estimated from
the experiment running the interleaved sequences.

* The error rate of the desired gate is proven in Ref. [6] to be bounded to the interval:

rc € |:r§St —E,rg* + E] ,
(d—D)[(A—p)+|p—(pc/p)I]
d

B

E = min 2(d?—1)(1—p) N 4,/Tpv/d>—1
pd? p :
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5 Gate-set shadow protocol

The accompanying notebook for this section can be found at: https://gitlab.com/QMAI/
papers/rb-tutorial/- /blob/main/Gate%20set%20shadows/ GateSetShadowProtocol.
ipynb.

By now, we have explored four RB variants. All of them were designed to infer particular
aspects of the gate noise. They required us to run different experimental protocols.!” This
approach can become inefficient, if we wish to learn multiple different noise aspects.

More recently, classical shadow tomography has emerged as an efficient tool for charac-
terization of quantum states [9]. Its main goal is to efficiently estimate multiple expectation
values from the same set of randomized experiments. This efficiency is accomplished by guar-
anteeing that a desired level of accuracy is attained by collecting a total number of samples
that grows proportionally with log(M), M being the total number of observables we wish to
evaluate [9]. The question, then, arises: Can the same philosophy be employed to randomized
benchmarking protocols? The gate-set shadow protocol provides an affirmative answer to this
question.

The main goal of the gate-set protocol is to provide a method for extracting knowledge on
many different observables from the same dataset, in a sample-efficient manner. This means
that the protocol should yield information on an large number of desired quantities, at the
cost of performing measurements on a number of samples, growing only polynomially with
the intended number of observables [11]. The advantage of the gate-set method [11] is that
it requires a single phase of data collection, from which estimators belonging to different
classes of experimental protocols can be gauged. This obliterates the need for running different
tailored experiments to learn specific quantities. In the next section, we will describe the
different stages of the protocol, and which estimators should be computed from the data.

5.1 Generic description of the method

There are two main stages of the gate-set protocol: (1) a data-collection phase, and (2) a
post-processing phase. These are sequential, but independent steps. The first step entails the
experimental setup, implementing different random circuits. The properties of the circuits,?’
as well as the measurement outcomes provide the data. For a fixed initial state, different
realizations of the random circuit will give rise to different outcomes, in a predefined compu-
tational basis. More precisely, step (1) encompasses the execution of the following ordered
tasks:

(a) Prepare an initial state p. This could be, for example, the state p = |0)(0].%

(b) Draw, at random, a sequence of gates from a given group G. This sequence is re-
ferred to as g. The way these gates are selected follows a certain probability distri-
bution. In RB techniques, the default is using a uniform distribution, but in principle
we could imagine performing this selection according to a different distribution.

(c) Apply the random sequence to the prepared state p.

19With the exception of correlated RB, which simply supplements simultaneous RB with a more targeted post-
processing phase to learn correlated errors.
20properties like which random gates are used, in which sequence, and how many gates in total are employed.
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Po '""'"_{45(81)}’—{45(82)} - r¢(gm) X

! \
Measurement in a
No inversion gate. pre-defined

computational basis.

Figure 9: Like standard RB, the gate-set shadow protocol requires us to implement
random sequences of gates. In the figure, ¢(g;) denotes the noisy implementation
of the gate g;. Unlike standard RB, the random sequences in the gate-set shadow
protocol do not require a sequence inversion gate at the end. Instead, the ran-
dom gates are followed directly by a measurement in a computational basis. For
each random sequence, the protocol will keep track of: Which gates were performed
{p(g1), P(g2),-..,9(g)}), and what outcome was measured (x).

(d) Choose a computational basis. Without loss of generality, let us refer to it as |x)),
with x a bit string, i.e. x € {0,1}®".> This defines a corresponding set of POVM
operators {E, },., for each possible measurement outcome x. Hence, this step entails
performing a measurement of the system and registering the observed outcome x.
By the end of this step, we know which sequence of random gates was performed,
and what outcome it yield. We have then produced the tuple (x,g). This tuple is
denoted as the gate-set shadow.

(e) Repeat steps (b) to (d) for different gate sequences, chosen randomly from G. These
sequences should still all have the same length m. Each of them will produce a tuple
(x;,8i)- Suppose then that we undergo steps (b) to (d) K times. By the end of this
step, we collected information on a series of tuples {x;, g;} ;.

(f) Repeat steps (b) to (e) for different sequence lengths.

“Which in the Liouville representation reads [p)) = |0)).
bThis means x can be any string of n values that can be constructed from choosing n elements from the
binary set {0, 1}.

If in total we have measured S samples, then the set of tuples {(x;, gi)}iS:1 creates the data-
set. Let us point out that the experimental phase of the protocol has a significant overlap with
the approach followed in standard RB. Assuming the gates are selected uniformly at random,
the major points of contrast are the absence of an inversion gate in each g;, and the fact that
one does not constraint itself to measure exclusively the probability of retrieving the input
state as output. What follows next is the post-processing phase, done in a classical platform.
In this stage, one computes a series of functions, defined for each quantity we wish to learn,
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and based on the data-set collected on stage (1). These functions are defined as follows [11]:

m—1
falx, ) =aTr (Exo(gm) ]_[Aa(gi)(p))
i=1
m—1
=a ((Edo(g) [ [ao(g)le)),

i=1

(95)

where a is a normalization factor, o(.) is an irreducible representation of G and A is a matrix
(named probe superoperator). The precise nature of the matrix A depends on which quantity
we wish to estimate. In practice, the essence of the postprocessing phase is to construct the
right correlation functions and take their averages to estimate the quantities we are interested
in. Therefore, the evaluation of Eq.(95) is an important step in the protocol.

The functions f,4(.) serve as the building blocks for the (statistical) estimators of the ob-
servables we wish to learn. They are referred to as correlation functions and they give rise to
the final estimator through the median-of-means:

J+N—1
k,(m) = median - > Al g) 1T €{LN+1L,2N+1,...,(K—DN+1|,  (96)
i=J

where we assume that on stage (1) a total of S = NK samples, with the same length m, were
measured. Note that N and K are meant to be both integers. This is not the first time we
come across correlation functions. Indeed, in section 3.1 we have argued for their usefulness
in characterising crosstalk. While that made sense for the specific purpose of correlated RB,
correlators have a more broader value in revealing properties of the underlying probability
distribution [34]. We can think of the functions f,(.) as the expectation value of the sequence
operator in the computational basis, encoding information on the probability density over the
set of possible outcomes. The sequence operator is now given as:*!

Sg. = 0(gm)Ac(gm-1)A0(gm—2) - -Ac(g2)Ac(g1)- (97)

Its expectation value can be seen as a correlator, since for m > 1 it depends on an increasing
number of product of irreducible representations of the gate-set (which are chosen at random).
The resulting probability density depends not only on the gate-set, but also on the choice of
probe superoperator A. Alternatively, since the range of values for f,(.) will be bounded, we
can view it as random variable, whose probability distribution corresponds to the probability
of measuring outcome x, as a result of the action of the noisy gate sequence g over the input
state p. The resulting expectation value of f4(.) gives rise to the desired estimator IA<A. Later on,
we will see how a particular choice for the probe-operator and gate-set G leads to an estimator
IAcA that coincides with the sequence fidelity in standard RB.

In practice, to determine the estimator lAcA, Eq.(96) needs to be assessed for different se-
quence lengths, and compared to the theoretical model (k) for the same quantity.>?> Hence,
stage (2) of the protocol can be summarized as performing the following set of (ordered) steps:

21We follow the notation of Ref. [11], but note that this sequence operator has essentially the same structure
as the one introduced in Eq.(18) for standard RB. The only difference is that now the sequence interleaves the
probe-operator A, instead of the noise channel, and we directly think in terms of the Liouville representation of
superoperators, where composition is replaced by multiplication.

22 Just like in standard RB, where we compare the average sequence fidelity with the theoretical prediction for
the same fidelity.
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(a) Compute f, for all S entries (x;, g;) in the dataset, having the same sequence length
m.

(b) Take the median-of-means over the previously generated set {f4(x;, gi)}f:1 to eval-
uate the estimator I%A(m).

(c) Repeat (a) and (b) for different values of m.

(d) Compare the estimators IAcA(m) with the theoretical model k,(m), i.e. the theoretical
model is fitted to the {k,(m;)} data, in order to estimate the desired parameters in
the model. Note that the model is dependent on the quantity we wish to learn.

In [11], one can find a thorough analysis of how the gate-set protocol is sample-efficient.
For the purpose of these notes, we choose to focus on how the procedure allows to estimate
familiar quantities.

5.2 The theoretical model for lAcA(m)

On the actual experimental setup, the implementation of the gates corresponding to elements
in the group G are likely to be faulty. Hence, if the idealized operation we want to perform on
same state p is given as:

w(g)(p)=U,pU}, Uy €G, (98)
then the noisy (more realistic) version of the same operation is:
$(g) = A w(g)Ar, (99)

with the quantum channels A; and Ay representing gate-independent noise channels. The
sequence of gate operations is then given by the product of the noisy gate channels in Eq.(99),

e(®)=] ¢
i=1

= ALW(gm)AAR/{\k W(gm—1)Ag - A w(g2)ArALW(&1)AR (100)
S=ARAL

m—1
= ALw(gm) (l_[ AW(gi)) Ag.

i=1

Let us point out that w(g) corresponds to a reducible representation of the group G. This is also
the case in standard RB, where the Clifford gates are implemented by noisy super-operators,
whose matrix versions encode a reducible representation of the Clifford group. In this sense,
while the functions f,(.) are already defined with respect to the irreducible representations of
G, the sequence operations are kept more generic. In what follows next, we assume that the
gates are randomly selected from G with a uniform distribution.

The object k,(m) is estimating the expectation value E(f,) from the sampled data, and
deviates from it up to a certain accuracy ¢ (see appendix in [11], egs.(41)-(42)):

lkya—E(f)l <, (101)

with the value of ¢ in part controlled by the total number of collected samples during the
experiment.?® In the limit of infinite samples, the value of the estimator k, converges to the

BThe magnitude of ¢ is also controlled by other parameters that depend on the type of observables we want to
measure, but loosely speaking one expects that, keeping the other parameters fixed, the more samples we use, the
more ¢ decreases.

50


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

true expectation value, and it is this relation that defines its theoretical model, k,:

ka=E(f)=E D>, falx.g)p(x.8), (102)

x€{0,1}n

where p(x,g) corresponds to the probability of measuring outcome x, as a result of the ac-
tion of the gate sequence g over the input state p. Note that Eq.(102) aligns with the usual
definition of expectation value. This is because the probability of obtaining a particular value
for f, is equivalent to the probability of obtaining a specific realization of the tuple (x, g). We
can view the latter event as the result of two independent random events: First the selection
of m elements from the group G, which is assumed to follow a uniform distribution; second,
measuring a particular outcome x. Given that both state preparation and measurement er-
rors (SPAM) affect the value of the measured outcome, it is reasonable to encode this into the
probability of measuring x. All these factors combined, lead to the probability distribution:

p(x,8) = ((E, | e(8) | p)), (103)

where €(g) is the sequence operator given in Eq.(100), | 5)) stands for a state | p)) with prepa-
ration errors, while | £,)) is the POVM element, subjected to measurement errors. Inserting
Eq.(103) into Eq.(102), it is possible to show that the theoretical model k4 reads (see appendix
in[11]):

ka(m) = Tr[© ({E, }, p) (B(A, A" ], (104)

where © ({E, },, p) is a matrix that encodes all SPAM dependency, while ®(A, A) encodes the
information on the decaying parameters in the model. The latter are the typical features
one wishes to estimate from an RB protocol. Note that Eq.(104) defines the practical way to
estimate the desired decay parameters: It will be our fitting model. This equation is therefore
central to the protocol.

The matrix elements of ® are given by:

o, = Tr(P;AP;A ), 105

b dim(P;) ( e ) (105)
with P; the projector onto the jth irreducible representation contained in w, and dim(P;) stands
for the dimension of the subspace onto which this projector maps on.

5.3 Example: Standard RB as a gate-set shadow

In standard RB, the gates are randomly selected from the n—qubit Clifford group. This group
has two irreducible representations, corresponding to two invariant subspaces: A trivial one
spanned by {|o))}, and a non-trivial one, spanned by all the normalized and vectorized Pauli
operators that do not match the identity. Let us name the trivial and non-trivial subspaces
as W, and W;, respectively. Consider then that A € W;, namely A is the projector onto this
subspace: A=P,. Then, from Eq.(104), the theoretical model k,(m) reads:

Tr(P,A) )’“_1 |

-1 (100)

kp,(m) = ¢ (

with ¢; capturing all the SPAM dependency. Hence, kp, (m) has a familiar form: It is intimately
related to the fidelity in standard RB. The theoretical prediction for fidelity in the latter protocol
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is given by:
Feeq(P) = ((E,[AATIP))
- Tr(IPlRA) " -
= {EpIPolp)) + | —5—7— | {EplPaled)
=€y =€
5 Tr(IPlRA) " 5

=C |\ T2y | v

where again the pre-factors é; encode all the SPAM dependency. We recognize the depolarizing

(P R
parameter as being %. Indeed, this is the same as the one in Eq.(106). To make this

statement more obvious, recall that the Pauli transfer matrix is defined as:

Te(P1RA) = Y, (tIRAlE) = D (Ra), . = > Te(zA(®)) = D ((z]Al7)) =Te(P,A).  (108)
TEW, TEW; TEW, TEW,
Retrieving the effective depolarizing parameter for standard RB exemplifies of how the gate-
set shadow is able to reconstruct the figures of merit of existing RB protocols. However, it is
far from making justice to the full potential of this method. The protocol presents a general
framework to reconstruct any RB protocol via the appropriate choice of sequence correlation
functions f, [11].

5.4 Key results in chapter 5

Here we summarize the main takeaways for the gate-set shadow protocol.

* The gate-set shadow protocol is a versatile and sample efficient protocol aimed at
characterizing gate noise.

* The protocol consists of two main phases: A data collection phase followed by a
postprocessing phase. The data collection phase consists of an RB-like experiment,
except that no inverse gate is applied at the end, and we measure in a computa-
tional basis. The data set consists of all pairs {(x;, gi)}le, i.e. all the sequences

of gates g; and corresponding measurement outcomes for all S experiments.

* The versatile quality of the protocol comes from the possibility of estimating many
figures of merit in the postprocessing step, from the same data set. This is done by

appropriately choosing probe operators, A, and using them to construct sequence
correlation functions, defined as:

m—1

falx,8) = a ((Elo(gn) | [Ao(gle)),

i=1

where o(g;) corresponds to an irreducible representation of the gate g;, a is a
normalization constant, and E, is the POVM element, measuring the probability
of obtaining outcome x.

* The figures of merit are the expectation values of the sequence correlation func-
tions, over all S = NK samples:

J+N—1
IAcA(m) = median[ﬁ Z falxi,g)lJe{l,N+1,2N+1,...,(K—1)N+1]|.
i=J
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The median of means is used to prove the sample efficiency of the protocol.

* In principle, we can choose our gates from any gate set G. However, different
gate sets lead to different sequence correlation functions, so our choice of gate set
should be guided by the quantities we want to estimate.

* Each choice of probe operator leads to a different theoretical model for IAcA(m),
which in general will have the form:

ka(m) = T ©({E, ), p)(2(4, 1)) |,

1

‘I’i,j = m TT(PIAIPJA) 9

where ©({E, },, p) is a matrix that encodes all SPAM dependency, while ®(A, A)
encodes the information on the decaying parameters in the model. Similar to
standard RB, we fit the theoretical model to the sample mean (median of means)
over the correlation functions to estimate the decay parameters in the model. The
physical interpretation of the decaying parameters depends on the underlying the-
oretical model and thus on the choice of the probe operator A. Like the standard

RB protocol, the gate-set shadow protocol produces figures of merit that are robust
to SPAM errors.
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Table 5: Summary of the main features for the four commonly used RB protocols:
Standard RB, simultaneous RB, correlated RB and interleaved RB.

Protocol

Primary Goal

Main Assumptions

Figure of Merit

Standard RB

Estimate the aver-
age error rate of a
gate-set.

Gate  errors are
time  independent
and weakly gate

Average error rate
r (Eq.(30), or av-
erage gate fidelity

dependent. Noise is F=1-—r.

Markovian. Gate-set

forms a unitary-2
design.
Simultaneous RB Flag the presence Gate errors are Crosstalk metric
of crosstalk errors. time independent o6a (Eq.(41)).
and weakly gate Individual  sub-
dependent. Noise system fidelities.

is Markovian. Pro-
tocol’s efficiency is
reliant on crosstalk

errors being low-
weight.
Correlated RB Discern the weight Same as simultane- Estimation of the
and locality of ousRB. {e}  parameters

that relate to the
weight of crosstalk
errors (Eq.(72)).

Error rate associ-

crosstalk errors.

Interleaved RB Estimate the error The errors are time

rate of a specific independent and ated to the target
gate. weakly gate de- gate (Eq.(85)).
pendent. Noise is
Markovian.

6 Conclusions

In this tutorial we took hands-on, user-friendly approach to the theory and practice of ran-
domized benchmarking techniques. We only focused on the most foundational, and, at the
same time, most frequently used methods covered in Refs. [3-6]. Table 5 summarizes the
main features of these protocols. We also contextualized randomized benchmarking in the
more contemporary context of shadow tomography [11].

There are many more specialized RB methods, as for example: Leakage RB [35,36], RB
beyond the Clifford group [28-30,37,38], RB using approximate sampling of the group [39],
cross-entropy benchmarking [40], logical randomized benchmarking [41], direct RB (bench-
marking native gates) [42], RB for quantum channel reconstruction [43], RB for estimating the
coherent contribution to the error channel [44], RB for benchmarking universal gate sets [45],
benchmarking analog quantum simulators [46], or binary RB (scalable protocol that does not
rely on the inversion sequence gate) [47]. Similarly, the field at the boundary of shadow to-
mography and RB is growing fast. Useful references include: Shadow tomography adapted for
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a faulty gate-set [48,49], or even the development of shadow process tomography [10]. These
works, combined with the approach proposed in the gate-set shadow protocol, offer promis-
ing avenues for the characterization of multiple features of a quantum channel. We hope this
tutorial can serve as a friendly entry point to the subject of randomized benchmarking, and
that, at the same time, it may spark the interest for exploring the new developments in this
growing field.
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A Gate fidelity evaluated for pure states

The definition of gate fidelity in Eq.(9) came from the more complex expression giving the
channel fidelity, Eq.(7). We would like to provide more clarity on how the channel fidelity
simplifies to the gate fidelity, when p is a pure state:

2
(Tr(\/ \/el(p)ez(p)\/el(p))) L (910e(6)($N019).

Recall that we have set €; as a unitary operation, while €, is remains a general quantum
channel that we label by €. Being linear maps, we can choose to represent the two quantum
channels by matrices. Additionally, a unitary operation can only map a pure state into another
pure state:

e1(p) = Ulp) U™ = ) (1. (A1)

Let us then set A to be the matrix representation of the state |)(v|. The matrix B is said to
be the square root of A if:
BB =A. (A.2)

Since A needs to be a hermitian matrix in a finite Hilbert space, it is diagonalizable in its
eigenbasis: A= VDV~ where V is the matrix whose columns are the eigenvectors of A and D
is a diagonal matrix storing the eigenvalues of A. Furthermore, since p is a hermitian CP map,
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A needs to be a hermitian positive semi-definite matrix. This implies that the eigenvalues of A
are positive and real. All these features reassure us that we can write B to be:

B=vDV2V1, (A.3)

A

which automatically satisfies Eq.(A.2). Equivalently, we can express B as:
B =3 VA M) (A4l WithA{\/ A;}i and {|A;)}; the set of eigenvalues and eigenvectors, re-
spectively. But, given that A is a pure state, it follows that A; = 1 and |A;) = |[¢), and so for
pure states it holds that B = A. This then allows us to simplify Eq.(7) greatly,

vV Ve@eeVeae) = o Viwwheere i)
o o/ tle(8) @ Nl 9w )
H(/wle(o)@ D) 1)

(Wle(lp) (p1)l) (1) (1)

(Wle(1p) (1))
le(1¢) (1))
UTe(lp) (¢ N0I).

B

:1‘I>

Il
< < 4

(A4)

= Fy(I¢) (o))

I
T <

B Average gate fidelity under twirling

We follow closely the argument provided in Ref. [19]. Combining the definition of a twirling
channel, Eq.(14), with the definition of average gate fidelity, Eq.(12), we get:

_ [
Fra, = ] d|¢) Te(Ar(Ip)(¢]) [9)($1)

[ R N
- | d|¢)Jd,uH(U)Tr(UTA(U|¢>(¢|Ur)U|¢>(¢|)

= duH(U)Jdlqb) (pIUTA(U19) (910U |9) (B.1)

24

= deH(U)Jd|w> (WIAC) (P DIp)
l)=Ul¢$)

=Fr f dug(U)=Fr,.

Thus, the average gate fidelity is invariant under twirling.

24The measure d|¢) defines the integration over pure states. Recall that two quantum states are unique up to a
U(1) phase. Thus, the integration measure over quantum states should also reflect this property, and be unitarily
invariant. More rigorously, the integration measure d|¢) is given by the Fubini-Study measure [12]. See Ref. [50]
for more technical details.
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C Poor man’s group theory: Short and simplified overview of some
useful results

A group G is a set of elements plus a binary operation (denoted generically as “.”*°) that
together fulfill the following requirements [16]:

1. For all g4, g, € G, then g;.g, € G (closure).

2. For all g4, g4, 83 € G, then (g,.22).83 = g1-(g2-83) (associativity).

3. There exists an element e € G, such that e.g = g.e = g for all g € G (identity).
4. For all g € G there exists an element, such that g.g7! = g7 '.g = 1 (inverse).

For example, the set of all n x n invertible matrices, in an n—dimensional vector space V,
forms a group under matrix multiplication, called the general linear group GL(V) [51]. Here
matrix multiplication is the binary operation, and this set can be easily understood as forming
a group. The product of two invertible matrices yields another invertible matrix € V, hence
closure is satisfied; being a set of invertible matrices, the inverse matrix of every element is
necessarily contained in the set; the identity matrix is also invertible, hence belongs to the
set; the associativity property holds for matrix multiplication. Thus, all group properties are
satisfied.

A group homeomorphism is a map, call it ¢, between two groups, G and H, that is defined
to respect the group structure, i.e. ¢ : G — H, such that [52]:

1. ¢(g1-82) = ¢(g1)-0(g2), forall g,,8, €G.

2. If e; is the identity element in G, and ey is the identity element in H, ¢(e;) = ey.

3. (g H =y Y(g)forall g €G.

The group homomorphism ¢ mapping a group G to GL(V) is called a linear representation
[51]. This map provides an implementation of G as a set of linear transformations on V. A con-
crete choice for ¢, in this case, can be to fix it as a matrix representation. Then, to every group
element g € G, there corresponds a square matrix D in V, such that D(g;.g,) = D(g,)D(g,).
Given that these matrices are themselves elements of GL(V), the identity, the existence of
inverse, plus the associative property are all necessarily satisfied. In this way, the properties
that define G are now reproduced in the vector space V, by the set of matrices D. From now
on, we will restrict ourselves to linear representations (most often, concretely using matrix
representations), and will refer to them simply as representations.
Two representations, D; and D,, are said to be equivalent if one can find a matrix A: V — V,
such that [53]:
Di(g)=AD,(g)A™!, forallged. (C.1

The linear transformation D(g) — AD(g)A™! is called a similarity transformation. Any set of
matrices that differ only by a similarity transformation are valid representations of a group. If
this similarity transformation is implemented by a unitary matrix, then A=t = A"

Suppose our vector space V contains a non-trivial vector subspace W .2 If all the vectors
in W are mapped back to W by the action of the representation D, meaning

D(gw; = w;, forall g€ G andallw;,w;eW, (C.2)

Z5These can be, for example, addition or multiplication.
26Meaning that W is vector space containing more than the null vector, and W is not just V itself.
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then we can define a subrepresentation Dy, which corresponds to a lower dimensional matrix
(dim(W) x dim(W)), defined only over the subspace W. Because W gets mapped back onto
itself by D, it is called an invariant subspace [54]. Note that if W itself also contains a non-
trivial subspace, then we are at liberty to define yet another subrepresentation that would
be restricted to the new found subspace of W [54]. This sets the stage for the concept of
irreducible representations.

Given a vector space V and a representation ¢ of G in V, if the only invariant subspaces
of V are the trivial ones, i.e.

Trivial invariant subspaces of V: W = {0} and W=V, (C.3)

then ¢ is said to be an irreducible representation [54]. On the other hand, when we do find
non-trivial invariant subspaces W; C V, then ¢ is said to be a reducible representation. For
example, suppose that V could be written as the sum of three disjoint invariant sub-spaces,
V = W; + W, + W3, then we could proceed by creating sub-representations for each of the W;
subspaces. Let us then assume that we cannot further identify any remaining invariant sub-
spaces in each of the W;. This would then mean our subrepresentations are actually irreducible
representations. For a representation D, defined over V, this representation will be reducible
under the previous definition, and only the representations restricted to the subspaces W; are
irreducible. However, V is the larger vector space, so the information regarding the irreducible
representations must be encoded in D. This motivates the following result. Whenever D(g)
is a reducible matrix representation, it is possible to find a similarity transformation A that
transforms D(g) into block diagonal form, for all g € G [53]:

- Di(g) 0 0
AD()AT = 0 Dyg) O |, (C.4)
0 0  Ds(g)

where we have limited ourselves to our example of 3 irreducible representations. In gen-
eral, the block diagonal matrix will contain as many matrices along the diagonal as the total
number of irreducible representations, and the same irreducible representation may appear
multiple times. Thus, a general reducible representation can be expressed as the direct sum
D(g) = n1D1(g) ® nyDy(g) ® - -+ ® n,, D, (g), with n; denoting the number of times the irre-
ducible representation i is contained in D [53]. When all n; = 1, we refer to D as a multiplicity-
free representation.
A very important result in group theory is Schur’s lemma:

Schur’s lemma (1): Take D and I" to be two irreducible representations of G in the corre-
sponding vector spaces W and W. If A is a linear transformation A : W — W, obeying:

AD(g)=T(g)A, forallgeg, (C.5)
then two cases apply [54]:
1. If D and [ are inequivalent representations, A = 0.

2. If D and I' are equivalent representations, A= A 1 (with A a constant and 1 the identity
matrix).

Schur’s lemma (2): If D is a reducible representation in V, and H is some matrix H : V - V
that commutes with D, i.e.

HD(g)=D(g)H, forallged, (C.6)
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then H has the form [52]

C]_ﬂ]_ 0 6
n 6 Czﬂz 6
H= ] ] ) . , (C.7)
0 0 - ¢,

with each ¢; a constant and 1; the identity matrix (on the reduced invariant subspace i). The
total number of constants equals to the total number of irreducible representations in V.

We will not prove Schur’s lemma (1) here (see for example Refs. [53,54]), but we will pro-
vide a proof for part (2) in the multiplicity free case, since this result is avidly used throughout
this tutorial. Let us start by the fact that if D is reducible, it can always be written in block
diagonal form (Eq.(C.4)). This then means we can decompose the vector space V into the sum
V =W; +W,+...+W,, and we can define a set of projectors {P;, P, .., P,} mapping onto each
invariant subspace G1ven that Z P, = 1, we can express the matrix H as:

=i

n
H:ﬂﬁﬂ: ﬁlﬁﬁ)EZHl,]‘ (C.S)

If we denote {|q5l(i))} as the set of orthonormal vectors that span the subspace W;, then they
provide a suitable basis for the corresponding projectors. Hence,

dim(w;) dim(W;)

Hy= > > (e 1167 190) 0. (C.9)
=1 k=1
At the same time, D(g) being a block diagonal matrix, can be expressed in the same basis as:
D(&) =D Pubu(@)Br =D > (o ™ID()IG™) [6™) (o™ (C.10)
m=1 m=1 Lk

We can then explicitly compare D(g)H with HD(g), and determine what constraints arise in
H, in order to satisfy the commutation relation.

D=, (¢"ID@Iey™) @PIAI) 16]™) (& 165 ($?)
~————

m,Lk,i,j,p.q

Om,ikp
= ; (¢ ID()g ™) (b IHI9) |¢>§’“’><¢>§D|’ |
mikia
=mZ]§(Z SIS ISP ) 16760 @11
_;J%:(Z(ﬁm(g))l,k(ﬁm,j)k,q) 6™ (@9
—ijg( (), 19 (6D,

Note that D,,(g) and I—AIm’ j denote matrices, and not matrix elements. Their product results in
a new matrix, from which we extract the matrix element on line [, column q, (ﬁm(g)ﬁm j)z
“/1q

Likewise,

AD(8) D (A Di(8), 16N, (C.12)

m,j l,q
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Hence, in order for D(g) and H to commute, we need:

H, Di(g) = Dn(g)H,, . (C.13)

When m # j, the above constraint implies an equality relating two distinct irreducible repre-
sentations. From Schur’s lemma, it follows that ﬁm,j =0, for all m # j. On the other hand,
when m = j, Schur’s lemma tells us that H ;j = ¢; 1, with ¢; some constant. Furthermore,
1 is the identity matrix in a reduced space, more precisely it is the unitary matrix defined
only on the subspace W;. Thus, we conclude that H has the diagonal form given in Eq.(C.7).
This result will be very handy, when simplifying the twirling map, as we will seen in the next
section.

Another useful result from group theory is how to construct direct product groups. If
G and H are two groups, then the direct product group G x H has elements of the form
{(g,h) | g € G,h € H}. Labeling the binary operation of G and H respectively as “¢” and
“x”_ then the group G x H has a binary operation (“.”) defined as [53]:

(81,h1).(82,hy) = (g1 % gy, hy xhy). (C14)

Thinking concretely in terms of their linear representations, let us set the binary operation of
G X H to be the Kronecker product ®, and * and * to correspond to a matrix multiplication.
Additionally, let us denote D(g) to be a representation of G, and M (h) that of H. Furthermore,
if the representation D was previously expressed in terms of the basis vectors {|v;)} € V, while
M was given in terms of the basis vectors {|w;)} € W, then we can think of a representation
for G x H as being the set of appropriate matrices in the vector space V x W, with basis vectors
{lvi) ® [wj)}. For this reason, a natural representation becomes D ® M, acting in the basis
vectors in a similar way as in Eq.(C.14), thus in line with the group structure:

(Bg) @ M(hy) (v} @ [wi)) = (Bg)Iv) ) @ (M(hy) @ [wy) ),

(C.15)
(B(g2) @ M(hy))(D(g1) ® M(hy) )(Iv) @ Iwi)) = (D(82)D(g1)Ivi) ) @ (W (hp )1 (hy)wic))

If we know the irreducible representations of G and H, a way to construct representations
for G x H is to consider all possible Kronecker products between the two sets of representa-
tions [53].

The final concept we will borrow from group theory is the definition of a subgroup, and in
particular of what characterizes a normal subgroup. This will be import when introducing the
action of the Clifford group on the Pauli group.

Given a group G, if there is a subset of its elements satisfying all group requirements (1)-
(4), then that subset is itself a group, and it is referred to as a subgroup of G. For example,
the Clifford group is a subgroup of the unitary group, and the Pauli group is a subgroup of the
Clifford group. A subgroup N is called a normal subgroup of G, if and only if [55]:

gng'eN, forallgeGandneN. (C.16)
Hence, a normal subgroup is mapped onto itself by the action of the group G. The above
relation does not imply that an element n € N is sent onto itself by g, just that it can be
mapped onto any other element in N, and it will never be mapped outside that set.

D Twirling channel and the depolarizing channel

Let us bring more clarity on how the twirling channel yields a depolarizing channel. We
again follow the arguments given in Ref. [19]. Given a unitary matrix V, and using Eq.(14),
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VA7(p)VT can be written as follows:

A ()T = J Qg (U) VO (0p 0 071

27

= f dug(W) WA (W (VpVT) W)W (D.1)

W=0vt
= Ar (Vp7).

If we define P to be a projector onto some subspace, then Q = 1 — P is the projector onto
the orthocomplementary space. Since V is a unitary matrix, it is a representation of the uni-
tary group. Even if this representation is not irreducible, we can always bring it into block
diagonal form by some similarity transformation, with the irreducible representations filling
in the diagonal (see Eq.(C.4)). Because the subspaces onto which ? and Q project on are, by
construction, disjoint subspaces, the irreducible representations will also split into represen-
tations that live on one of these subspaces. Therefore,  will be a block diagonal matrix with
respect to the subspaces of P and Q, without loss of generality.

Taking P to be a 1D projector, we may write V as follows:

V=|¢>(¢|+Zci,j|80i>(¢j|: (D.2)
Lj

where |¢) generates the 1D subspace onto which P projects on. The (higher dimensional)
orthocomplementary subspace is spanned by the set of orthonormal vectors {|¢;)}. The co-
efficients are kept general, but in reality they are constrained by the fact that V has to be
unitary, i.e. VV' = 1. Since (qblgoj) = 0, V is indeed a block diagonal matrix in the basis
{lo), 1), ..., @, }. It is then straightforward to check that V and P commute:

VPV T =V]p)(p|VI =P (D.3)

With this knowledge, plus Eq.(D.1), we can conclude that also A;(P) commutes with V:
UAr (P)V0T = Ap (VDVT) = Ay (). (D.4)
Note that V can be any arbitrary unitary matrix. Hence, the previous conclusions imply that

Ap (}A’) needs to commute with every representation of the unitary group. By Schur’s lemma,
this means that Ay (13) needs to be a constant diagonal matrix (see Eq.(C.7)). This allows us
to write:
Ar(P)=aP+BQ = (a—P)P+B1=yP+p1. (D.5)
G=1-P

Note that these results are independent of P. To see this, imagine picking a different 1D
projector P’ = UPU'. Then, by Eq.(D.1),

Ar(B)=Ap (UPUY)=UA; (P)UT =y UPUT+p 1=y P +p 1. (D.6)
Given that Ay is a linear map, we have already all the required information to deduce its form
for a generic input state p:

p =Pl (il = Ar(p) =D o Ar(1) ()
Ar(p) =D pi (YR (il + 1) =1 D o) (il +1 D pi (D7)

Ar(p)=rp+pB1,

27The Haar measure is both left and right invariant under unitary transformations [18,19].
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where we have assumed Tr(p) = 1. The values of the coefficients y and 3 are subjected to the
constraint that A should be a CPTP map. This means that both y and 8 need to be > 0, and

1
Tr(Ar(p))=1 & y+pd=1 & y=1-—4d = ﬂsa. (D.8)
Therefore, we may write 3 = (1%1’), with p € [0,1]. With this parametrization, we arrive at
last to the depolarizing channel:
1—
AT(p):pp+%ﬂ. (D.9)

Hence, statement 3 is fulfilled.

E Superoperators in the Liouville representation

The average sequence operator, S,,, is a linear operator that acts on the space of density matri-
ces: It takes in a density matrix, performs some linear transformation on it, and returns back
some other density matrix. Hence, it maps matrices into matrices. For this reason, S,, can
also be referred to as a superoperator, and we can defer the term operator to linear maps that
send vectors onto vectors. Being a linear superoperator, it must be possible to express it as a
matrix. A common way of providing an explicit matrix representation for superoperators is
the Liouville representation, which makes explicit use of the Pauli basis. More precisely, just
as we often seek an orthonormal basis in which we can express any vector state |v), we can
also look for an orthonormal basis that will allow an explicit matrix realization of any given
superoperator. For two vectors, the orthonormality condition is expressed in terms of the inner
product: (v;|v;) = 6, ;. The concept of inner product can be extended to operators through
the Hilbert-Schmidt inner product [18], (A, B) = Tr(A'B). We, therefore, seek an operator
basis {B;} for which Tr(ﬁjﬁj) = 6; ;. The set of normalized n—qubit Pauli matrices, {&, 0},

provides an explicit example for a such a basis:2®

Ao 1 = 9n
Uo—ﬁﬂ, d=2",
e ED)
an:ﬁ{ﬂ,X,Y,Z} \{O-O}:

as can be seen by the fact that, for any two Pauli matrices in the set {G, 0, }, the Hilber-
Schmidt inner product satisfies the orthonormal condition,
— T —
(O'i,O'j)—Tr(O'in)—&,j. (EZ)
We can then use this basis to compute an explicit matrix form for a superoperator. To accom-
plish this, we pick any (normalized) Pauli matrix in the set {G(, 0,} and consider its vector-
ization &; — |0 ;)). For example, in the 1-qubit basis,

0

1 (0 1 o

5 = — = ‘/E
0

Proceeding in this way allows us to map the orthonormal matrix basis to an orthonormal vector
basis. Effectively, what we are doing with this mapping is to move from a d dimension vector

28We are using the notation that the set {1,X,Y,Z} corresponds to the usual 2 x 2 Pauli matrices.

62


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

space to a d? vector space, so that density matrices are reduced to vectors in the new space.
Hence, a density matrix p will be mapped onto the vector |p)), which may equivalently be
expressed in terms of the complete basis vectors?’

)= >, T(o]p) loy)). (E4)

Uje{é-O:o'n}

In the Liouville representation, the POVM operators are also mapped onto vectors. This allows
us to express the probability of measuring a given outcome a, simply as:

Prob(a) = Tr(E.p) = ((Ealp)) - (E.5)

A superoperator mapping density matrices to density matrices needs to be a matrix in this new
vector space, since it needs to now map vectors to vectors. Hence, let £ be one of these linear
maps:
i= Z o)) {{(o;| (completeness relation)
0;€{60,0,}
= £-E6=1€1
Z ((oil€los)) o) {(o;
~—_——
70N o i) (E.6)
>, TeolE(@)) lod)io)l

0,0;€{50,0}

o €= > (Re), loayl,

Ui,UjG{éo:Un}

where 7%5 is a matrix, known as the Pauli transfer matrix [4], and whose matrix elements we
repeat below:

(ﬁg)i,j = Tr(O'l.TS (O'j)) . (E.7)

The matrix elements of the superoperator £ are then given by the matrix elements of the Pauli
transfer matrix. One convenient property of working in this basis is that the composition of
any two linear maps is transformed into the product of their superoperator counterparts:

(&1 08E)(p) = 1&(E(P)) = |51(P/)>> = €1|P/>>
= > (Re),; loN) (o o)

O'i,O'j

=&lp))
=2, (Re),; lo)ol (Re,)es |ak>><<az|p>>)
=, 2 (Re) (Red 1o (oon)oley 2
=( > (Re),(Rey);, |oi>><<oz|) o))

= éléz lp)) =~ |E10E— 5192-

2%1If we were expressing a normal vector in an orthonormal basis, the coefficients could be equivalently expressed
in terms of the inner product with the basis vectors, [v) = > ¢;le)) = (e;|[v) = >, ciejle;) = ;. The same
principle applies here, except we use the Hilbert-Schmidt inner product.
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A channel that is of particular interest is the twirling channel. A natural question then becomes
how to express it in the language of superoperators. Following the definition in Eq.(35), the
twirling channel can be seen as a linear superposition of map compositions. Since map com-
positions become matrix products in the Liouville representation, we can immediately write:

|g| &
~ gl CZQ . Z (e (Rae(Re),, |ol->><<aj|ak>><<a;|am>><<an|
729019 msOn \W—/éj)k *W—-’l’m
=2, (|g| 2 2. (Rer) o (Ra);(Re), ) N {{anl (E.9)
0i,0n CeGoj,0;

:(R/\T )i,n

e |Ar=D7 (Ry),, lolol.

Gi,0n

All the important properties of the twirling map are hidden in the matrix elements (ﬁf\r)i,n'
Note that these are given by of the matrix product of three Pauli transfer matrices, and entail
the sum over all (Clifford) group elements. To simplify the matrix elements further, we need
to make use of some fundamental results in group theory, as well as some properties of the
Clifford group.

E.0.1 The Clifford group and the implications to the twirling map

Let us then address how the twirling channel is simplified, when the underlying group is the
Clifford group. With this goal in mind, we first go over the definitions of the Pauli and the
Clifford group. Next, we address how the representations of the Clifford group are expressed
in the Liouville representation, and then conclude on the implications to the twirling channel.

Let us start by defining the Pauli group. The n—qubit Pauli group, P,, is a subgroup of
the unitary group, whose elements can be represented using the set of 2 x 2 Pauli matrices
{1,X,Y,2} [16,56]:

p=iP@P,®---®P, € P,, with k={0,1,2,3}, P;e{1,X,7,2}, (E10)
with the following properties [56]

1. The elements in the Pauli group square to £1.

2. Any two elements in the Pauli group either commute, [ﬁ,ﬁ’ 1 = 0, or anti-commute,
{P,P’} = 0. Furthermore, every non-identity element commutes with exact half of the
elements in the group, and anti-commutes with the remaining half.

3. Being a subgroup of the unitary group, the unitary condition is satisfied PP = 1.

4. Only the elements P oc 1®" have non-zero trace; all the remaining elements have a
vanishing trace.

The Pauli group is also the normal subgroup of the Clifford group, and this property is the
most defining characteristic of the Clifford group [14]:

C,={Ceu@m| Pl ep,}, (E.11)
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meaning the Clifford group is usually introduced as the subgroup of the unitary group
that maps the Pauli group onto itself, via conjugation. In the definition above, C,, and U(2")
denote the n—qubit Clifford group and the n—qubit unitary group, respectively. The way that
the Clifford group re-shuffles the elements in P, is constrained by the fact that it needs to
preserve the commutation relations between Paulis:

A

[CDET,Ep'ET)= ¢ [B,P'] 67, and {CPET,EPET}=¢ (B,P} ET,  (E12)
and also the trace:
pr=¢pCT = Te(P)=Tr(P). (E.13)

Thus, given a pair of commuting Paulis, the elements in C,, are required to map it onto
another commuting pair, and likewise for an anti-commuting pair. Consequently, for any two
distinct non-identity Paulis (P, # P,), there will always be a C € C, for which CP,CT = P, and
CP.CT = —P, (or vice-versa). Of course, via the same argument, there will also be an element
¢ e ¢, for which CP,CT = £P, and CP, C" = £P,. Furthermore, since only the identity (and
related) has non-zero trace, a non-identity Pauli will never be mapped to the identity.

The set formed by the vectorization of the normalized n—qubit Pauli matrices {G, 0} is
an orthornormal basis for the Hilbert space H42. Envisioning the Clifford elements as linear
operations on density matrices, makes it reasonable to see them as superoperators in Hg2.
This allows us to write:

¢= > (R, leNloyl, E14)
0,0€{60,0,}

with

(Re)i, = Tr(ogf(oﬂ).) (E.15)
=Tr(6/C6;CT).

Note that all the relevant group properties are contained in the Pauli transfer matrix 7A2C; the
term |o;))({o ;| simply supplies a basis for the matrix representation. Thus, we can look at R

as the effective representation of the Clifford group. If 7A€C is a suitable representation, then
Rer =R, and if this holds true it should follow that R¢R¢+ = 1, which we verify below:

(7%7%1—)1.’1 = ZTr(o;.’LC(ak)) Tr(aZCT(ol))
Ok
=T (6]¢6+CT) T(67C76,C) =5, (E.16)
Ok

= RReoi=1.
The result follows from the fact that the only way the first trace is non-zero is if C&,C" = &,
— 6;£ = C’Téjé == Tr((%;zéTé'lCA’) = Tr(éjél) = &;;. Another property we require from
the representation R is that R¢,c, = R, R, :
(Reye, )i = Tr(0]C2(Croscy))
=Tr(67¢,6,6,¢1¢)) (E.17)
=Tr(¢j61¢,8,6,¢]),
(Re,Re,);,; = > T (676,64C)) Tr(616,6,5C)
o =8 claica (E.18)

== Tr(é;@'ltézélé']éir) = (QCZCI)I',]' .

30This is just the requirement that the representation should keep the group structure, ¢(g™') = ¢ !(g).
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Now that we have motivated the Pauli transfer matrices as representations of the Clifford
group, we can more easily establish a relation between Ky, and Schur’s lemma (2) (Eq.(C.7)).
Let us first prove that this matrix commutes with any arbitrary representation of the Clifford
group, R¢:

LSRR Re,
ceg

IQI

ReRy,pt = ZRCR RARe
=Reci (E.19)

Z RERAR e
Cc'eGg
— Z QT,QAQC/ 7,\?,@ == 7%’AT7§’C~' .

cct: —(C')r 1G]

Indeed, 7%/\7 is a matrix that commutes with every representation of the Clifford group. Note
that this commutation follows from general group requirements, and not on more strict con-
straints requiring the representations to be irreducible. Then, assuming the generic case were
7A€C is a reducible representation, it follows immediately from Eq.(C.7) that R A, is a diagonal
matrix, of the form:

Cl/\ﬂl 6 (?
A A A 0 Czﬂz 0
Ra, = |g|ZR RaRe=| . L =20y (E.20)
Ceg oL j
O 0 - cpl,

Recall that 1; is a short hand notation for a identity matrix on the reduced space of the corre-
sponding irreducible representation j. This, in turn, allows the matrix to be written using the
projectors onto the corresponding invariant subspaces (P;). We can re-express the constants
¢; in a similar fashion as in Ref. [4], by taking the trace on both sides of Eq.(E.20):

Tr (R, ) |Q|ZTr RARCR)) = ZcTr(IP’

Ceg
= Tr(RAJ/)zzchr(Pj)
:ZjPJ‘ j
. (E.21)
e > (Tr(RyB;)—¢Tr(P;) ) =0
j
Tr (RAP;
o TRy
Tr (P))

Hence, the Pauli transfer matrix for the twirling channel, over the Clifford group is given by:

R, =3 AT Tr(RAIF’)

(E.22)
T (P)

J

F Action of the single-qubit Clifford group on the Pauli group

In Eq.(46), the twirling operator is defined with respect to the direct product group Z x C;.
When averaging over all the elements of this group, the only surviving matrix elements for
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the Pauli transfer matrix of the twirling channel are those in which the Clifford elements are
applied to the same Pauli element (see Eq.(48)). This has to do with the fact that the Cliffords
act like a set of signed permutations over the Pauli group. Here we complement this argument
by explicitly computing the matrix elements in Eq.(46). To simplify notation, let us define:

Te| (6,0 (C6,CT))A (6,8 (C6,CT)) |=T| (6,0 6))A(Gr®8) |=f, @D

with € € C;, and taking o; and o, to be fixed. We then compute all possible values of the fips
and list them in the tables below. This requires not only evaluating f;; for all elements in C;,
but also for all possible pairs of Paulis (¢ ,,, 0,,). In the tables below, the last column represents
the sum over a subset of Clifford elements, for a fixed pair (o,,,0,). All the other entries in
the tables correspond to the matrix elements arising from the action of specific Cliffords on the
specified pair (o,,,0,,). For example, located on the second line and second column of table
6 is the end result of the matrix element Tr[ (c“ri ® (I‘AIO'OI'AIJ")) A (ék ® (H&IIQIT)) ], where H is
the Hadamard gate. This gate maps o, to itself, while sending o to o3, so the resulting matrix
element is f; 3, which is the result displayed in the table. Additionally, located in the first line
and last column of table 6 is the sum of all values of f;; along this line, evaluated for fixed
o, = 0, = 0, and for the subset of Cliffords {I,H,S,HS,SH,SS,HSH,HSS,SHS,SSH,SSS,
HSHS}. All tables follow this notation. The matrix elements (7A2T)ij ;, are then given in terms
of the f;; as: ’

A 1 1 1
(RT)if;kl - H(ij’l)Table A + @(ij’l)Table B + @( ij’l)Table C

f0,0) J:l:O’ (F2)
%(fu +f2,z+f3,3), (G=D#0,
0, otherwise,

which is precisely Eq.(48).

67


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

Table 6: Resulting matrix elements f; ;, evaluated for the subset of Cliffords displayed
in the columns. Each line corresponds to a different choice for the pair (o,,, 0,,).

I H S HS SH SS HSH HSS SHS SSH SSS HSHS ij,z
(Uo: 00) fo,o fo,o fo,o fo,o fo,o fo,o fo,o fo,o fo,o fo,o fo,o fo,o =12 fo,o
=3fo3

(00,04) fO,l f0,3 fo,z —fo,z fo,3 _fO,l fO,l —fo,a fo,1 fo,3 —fo,z fo,3 +2f01— foa

(Uo’Uy) fo,z —fo,z —fo,l _fo,a f0,1 _fo,z f0,3 fo,z _f0,3 fo,z f0,1 _fO,l :fo,z_fo,s
(00,0,) foz fon  fos foa  fo2 fos —foz for  Sor —fo1  Sfoz  —fo2 =4fost2fon

(0x,00) fio  fa0 foo  —foo fzo —fio fio —fio  fio fao  —foo  fap +2?1ifi’(}2 o
(0x,0%) fir fas fa2 fa2  fzz  fin fin fa3 fia fa3 fa2 f3 +5f=3 :J}?:fzz
(o4, Uy) fiz —fz2 —fa1 faz  fz1 fie fis —faz —fiz fzx —fa1 —fa1 :_5212 ;{2332

(0x,02) fis  fa1 foz  —fo1 fz2 —fiz —fiz —fan fiz —fs1 —faz —fi2 =—fo1—fa1
(Uy,ao) fz,o —fz,o _fl,o _f3,0 fl,o —fz,o f3,0 fz,o —f3,0 fz,o fl,o —fl,o :fz,o_fs,o

(Uy’o-x) for —faz —fi2 fi2  fiz fan fax  —faz —fis1  foz —fiz —fis :)2{221_}22:12

(0y,0,) faz fo2 fi1 fsz  fix fao fa3 fap f33 fa2 fia fia - Sj_ci’;f—::fl’l
=—f 31,1
(Uy, o) f2,3 —f2,1 —f1,3 —f3,1 f1,2 —fz,s —f3,2 fz,l —fs,z —f2,1 f1,3 f1,2 _fz,l
+2(f12—f32
(0:,00) fzo fio f30 fio fao fso —foo  fro foo  —fio fao —f20 jzzjglg
(Gz: Ux) f3,1 f1,3 f3,2 _f1,2 f2,3 _f3,1 _f2,1 _f1,3 f2,1 _f1,3 _f3,2 _f2,3 :_;2’2
(o, Uy) f3,2 —f1,2 —f3,1 —f1,3 f2,1 —f3,2 —fz,s f1,2 —f2,3 —fl,z f3,1 f2,1 z_zf(lfj’l_;;;’;)
(0;,0,) f3,3 f1,1 f3,3 f1,1 f2,2 f3,3 f2,2 f1,1 fz,z f1,1 f3,3 f2,2 - 4(_{}’;:)_f2’2

Table 7: Resulting matrix elements f;;, evaluated for the subset of Cliffords
{HSSHHSSS,SHSS,SSHS,HSHSS,HSSHS}. Each line corresponds to a different
choice for the pair (o,,, 0p,)-

HSSH HSSS SHSS SSHS HSHSS HSSHS ij,l
(00,00)  foo foo fo,0 foo foo foo =6f0,0
(00,0%) fo1 fo2 —fo,3 foz2 —fo1 —fo2 = fo2—fo3
(00, Uy) —fo,1 f0,3 _fO,l _fo,s _f0,3 _fo,1 = _3fo,1 —fo,s
(09,07) —fo3 fox foz2 —fo1 —fo,2 —foz3 =—2fg3
(04,00) fl,o fz,o _fs,o f2,0 _fl,O _fz,o = f2,0 _fs,o
(0x,0%)  fin fo2 faz3 fo fin fo2 =2f1,1+3f22+ f33
(0x,0y)  —fi2 fa3 fan —fa3 fis fan =fo1—fizt+fistfan
(0x,0.)  —fis for  —fis2  —far fr2 fo3 =fia—fi3+foz—fa2
(Uy7 O9) —fz,o f3,0 _fl,O _fs,o _fs,o _fl,O = _2f1,0 _f3,0 _fz,o
(0y,0.) —fan faz fis3 —f32 f31 fiz =fia—fo1t+fistfaa
(oy,00)  fao fa3 fi1 faz3 f33 fi1 = fo2+2f1,1+3f33
(0,,0,)  fa3 faa —f1,2 fan1 f32 fis =2fs1+fos—fiatfaotfis
(03,00) —f30 fi0 S0 —f10 —f2,0 —f3,0 =—2f39
(04,04)  —f31 fiz —faz  —fi2 fan faz2 =—fs1—fastfo1+fa2
(05,0y)  faz fiz —fo1 fis —fa1 fa1 =—fant+foztfia—fizs—fa1—fa2
(0:,0,)  f33 fia fa2 fia faz f33 =2(f11+ fo2+ f33)

68


https://scipost.org
https://scipost.org/SciPostPhysLectNotes.97

SC|| SciPost Phys. Lect. Notes 97 (2025)

Table 8: Resulting matrix elements f;;, evaluated for the subset of Cliffords
{SHSSH,SHSSS,SSHSS,HSHSSH,HSHSSS,HSSHSS}. Each line corresponds to
a different choice for the pair (o,,,0,,).

SHSSH SHSSS SSHSS HSHSSH HSHSSS HSSHSS ijl
(09,00) fo fo0 fo fo fo0 fo0 =6f0,0
(00,0%) fo,z _fo,l _fo,s _fo,z _fo,3 _fO,l = _2(f0,1 + fo,a)
(o9, Uy) f0,1 f0,3 _fo,z f0,3 f0,1 fo,z = 2(fo,1 +f0,3)
(00:02)  —fo3 foz2 —fo1 —foa —fo,2 —fo,3 =—2(fo1 + fo3)
(04,00) fa0 —f1,0 —f30 —f20 —f30 —f1,0 =—2(f1,0 + f3,0)
(0x,04) foz fia fa3 foz fa3 fia =2(fi1+fa2+tf33)
(ox,0y) fan —fi3 fa2 —fa3 —f31 —fi2 =for1—fia—fiz—fsnt+fs2—fas
(0x,0,)  —fa3 —f1,2 f31 fan f32 fis =fistfantfoi—fiatfso—fas
(Uy:O'o) f1,0 f3,o _fz,o f3,0 fl,O fz,o = 2(fl,o +f3,o)
(Uy>0x) f1,z —f3,1 f2,3 —fs,z —f1,3 —f2,1 :fl,z—fz,l +f2,3—f3,2—f3,1—f1,3
(0y,04) fia fas fa2 fas fia foz =2(f11+fa2t+f33)
(0y,0,)  —fis fa2 fan —f31 —fi2 —fa3 =for1—fiat+fso—faz—f31—fi3
(0:,00)  —f3p fo0 —fi0 —f10 —fa,0 —f30 ==2(f10+ f30)
(0:,04)  —f32 —fa1 fi3 fia fa3 f3a =fa1tfiztfos—faatfio—far
(0,,0,)  —f31 fa3 f12 —f13 —fo1 —f32 =fa1tfiztfos—faat+fia—for
(05,0,) f33 fop fia fi1 fo2 fa3 =2(fi1+fo2t+ f33)
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