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In this thesis we numerically investigate the performance of logical measurements on
the toric quantum error correcting code using the ancilla construction of Cohen et al.[ 1],
both with and without the morphing circuit design technique. We simulate the mea-
surement of the logical Z; observable on the toric code under circuit-level noise using
the STIM package, exploring the effects of the number of ancilla layers and QEC rounds
on the logical measurement and idle error rates.

We find that for the toric code, a single dual layer performs best and that additional lay-
ers only increase the measurement error rate without improving the idle error rate. Re-
garding the number of QEC rounds, we find that performing at least as many rounds
as the code distance is necessary to ensure the measurement error rate scales with the
code distance rather than the weight of low-order measurement errors over different
QEC rounds. Beyond this threshold, additional rounds improve the measurement error
rate at the cost of a higher idle error rate, presenting a tunable trade-off.

Finally, we compare the morphing and standard versions of the circuit. Despite the mor-
phing version using half as many physical qubits, it achieves better logical measurement
error rates and similar idle error rates relative to the standard circuit, leading us to con-
clude that the morphing version outperforms its standard counterpart.
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1.1.

The list of problems that can be solved more efficiently with a quantum computer than
with a classical computer keeps growing with examples in cryptography [”], chemistry
[2], machine learning [*], to name a few. The challenge of realising a quantum computer
to perform these algorithms, however, still remains one to be solved [5]. The inherent
susceptibility of quantum states to noise remains one of the central issues. However
through the use of quantum error correction (QEC) it is possible to take multiple noisy
qubits and combine them into fewer logical qubits with less noise. It is even possible to
run any quantum algorithm with arbitrary precision at the cost of increasing the total
qubits and amount of timesteps thanks to the threshold theorem [].

The threshold theorem does however come with the constraint that the starting physical
qubits already need to have a noise-level below a certain threshold. This threshold de-
pends on what QEC code is used [©]. Constructing physical qubits that meet this thresh-
old is not trivial and the list of QEC codes that have been successfully implemented is
still on the short side. A QEC code for which this threshold already has been achieved is
the surface code [/].

Besides its threshold, the surface code has some other nice properties. It requires each
physical qubit to participate in four parity checks, and each parity check to only check
four qubits [¢]. The surface code can also be embedded in a two dimensional surface.
Additionally, some crucial two qubit interactions, like logical parity measurement and
logical CNOT’s between different logical qubits encoded across different surface codes
are possible through a technique called lattice surgery [*]. However, one impractical as-
pect of the surface code is the fact that each encoded logical qubit requires a total num-
ber of physical qubits that scales with the square of the number of errors it can correct.
The BPT bound [ ! (] shows that this holds for all QEC codes that can be embedded in two
dimensions.

Another family of QEC codes that shows great promise is the family of Bivariate Bicycle
(BB) codes [ |]. Its threshold is close to that of the surface code. It does however require
the physical qubits to partake in a total of six parity checks and each parity check to
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work with six qubits. It does however break the BPT bound and therefore achieve the
same number of logical qubits with the same number of errors corrected, using fewer
physical qubits. This efficiency comes at the cost of not being able to embed it in two
dimensions, but instead requires two separate planes of connectivity. This property is
referred to as biplanarity.

The recent paper by Shaw and Terhal [!”] further explored the capabilities of the BB
codes by combining it with the code design technique they call morphing. Morphing
had previously been used to lower the connectivity requirements of the surface code [ ].
With it Shaw and Terhal managed to lower the connectivity requirement of each qubit in
the BB codes from six down to five whilst maintaining similar numerical performance,
and consequently making the embedding task easier.

The logical qubits in different BB codes cannot directly be operated on together, but in
Ref. [11] Bravyi et al. take the ancilla structure from Cohen et al. [!] to show that
the logical state of the BB code can be teleported to a surface code for computational
purposes, thereby showing that the BB codes could function as a memory element in
a quantum computer with computation done using the surface code. More recently in
Ref. [14] it has also been shown that different instances of BB codes can be connected
with each other using code surgery. This result has also been used in Ref. [15] for the
construction of a quantum computing architecture based on the BB codes.

Shaw and Terhal also showed in their paper in appendix F [ ”] how to combine both the
ancilla structure from Cohen et al. [!] and the morphing design technique. This again
allows for the logical qubits to be measured and teleported to a surface code for compu-
tation while still preserving the reduction in the connectivity requirements of the QEC
code thanks to morphing. The question whether this application of the morphing tech-
nique maintains the logical performance compared to the version without morphing, is
still left open.

The construction by Cohen et al. [!] can be applied to measure any one or two qubit
Pauli observable on low-density parity check (LDPC) QEC code, making it widely appli-
cable. By theorem 1[!] the ancilla construction has been shown to maintain the code
distance when total size is scaled with the square of the distance. This is however a suf-
ficient condition, meaning that there is a possibility that fewer layers might also suf-
fice. Cohen et al. also suggest that the number of rounds of QEC needed to perform the
measurement should at least equal the code distance. The exact effects of both these
parameters depend on the underlying code and can be explored more extensively with
simulation.

One simpler code family that is closely related to the BB codes, is the toric code. The toric
code has a comparable rate to the surface code [! ] and encodes an additional qubit
compared to the surface code. Furthermore, the morphing technique from [/ ] can also
be used on this code family, making it an excellent starting option for investigation into
the effects of morphing with the construction from Cohen et al. [!].

In this thesis we will numerically investigate the performance of the toric code with the
ancilla structure from Cohen et al. [!] both with and without morphing. With these nu-
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merical results we will explore the effects of layers and rounds in the ancilla construction
and compare the performance of the morphing version with the standard version.

1.2.

When you leave the ideal world of quantum information theory for the messy world that
is our reality, one quickly finds out that perfect qubits, gates, and measurements are in-
deed just idealised abstractions. During experiments involving quantum mechanics, no
matter what technology, there are plenty of things that can go wrong: Photons go miss-
ing, pure states decohere into mixed states, etc. [17]. In this section we will give a brief
introduction to one way to correct these mistakes, namely quantum error correction.
A basic familiarity with quantum information and computation is assumed and some
elementary knowledge of (classical) error correction is helpful. For a more complete in-
troduction we can highly recommend "Surviving as a Quantum Computer in a Classical
World" by Daniel Gottesman [! ], which at time of writing has not been finished but
already proves to be an invaluable resource.

1.2.1.

In this subsection we will introduce the general concepts needed for QEC and build up to
the full definition and capabilities of stabiliser codes. We will start defining some basic
errors that a quantum computing system can undergo. Then we will explain how to
perform checks on the quantum information in the system using stabilisers to find these
errors. Afterwards we will combine multiple of these stabilisers to form a stabiliser code,
followed directly by some examples. Then we will show how to correct the errors and
introduce the notion of distance and the [[#, k, d]] notation. With the elementary picture
of QEC completed we will briefly talk about logical operators and logical measurements
on the newly constructed code space. Lastly we will introduce the Toric code with its
code space and operators.

In classical error correction, the most common errors are characterised by bit-flips. These
bit-flips, as the name suggest, flip the values of 0’s to 1’s and vice versa on particular lo-

cations. In the quantum world these errors also occur but because the state can consist

of a superposition of several values, they are instead described by a Pauli operator acting

on the whole superposition.

Definition 1.2.1 (Bit-flip error). A bit-flip error on position i on the space C2" is the Pauli

string: [[®---®X;®---® 1

The phase of the state in quantum computing also holds valuable information. It would
therefore be wise to also consider errors to the phase of the state. In a similar fashion to
the bit-flip, there exists the phase-flip.

Definition 1.2.2 (Phase-flip error). A phase-flip error on position i on the state space
C?" is the Pauli string: [} ® - ®Z;®---® 1,

When both of these errors happen after each other on the same position, we get the
XZ = iY Pauli operator, which up to global phase is equivalent to the Y Pauli operator.
More generally when considering errors that consist of multiple phase-flips and bit-flips
on several locations one ends up with the full group of Pauli strings, which are referred




to as Pauli errors.

Definition 1.2.3 (Pauli strings). A Pauli string P on the state space C2" is a tensor product
consisting of n elements of {I, X,Y, Z} multiplied by a global phase c € {1,i,—-1,—i}. Its
weight w(E) is equal to the amount of non-identity Pauli elements in its product. The
group of Pauli strings with matrix multiplication is denoted with P. To shorten notation
we will usually write down only the non-identity elements and at which position they act
eg iX1Z3Y,tomeani- X®I®Z0Y®I®---®1.

With some basic errors defined, we will now introduce the way we check for errors. In
classical error correction bit-flips are detected by parity checks. By either adding or re-
moving a one, the bit-flip changes the parity from even to odd, which is detected by par-
ity checks working on that particular location. Analogously one can also detect bit-flips
in quantum information by also checking the parity. This check is done by measuring an
observable that is a Pauli string consisting of Z and I. For the phase-flips one can also
perform parity checks by instead measuring observables that is a Pauli string consisting
of X and I. More generally one can take any Pauli string as an observable to perform a
parity check that is sensitive to a mix of bit-flips and/or phase flips.

Sadly, one cannot simply take a set of checks and call it a day. A bit more work is needed
to combine them into a full QEC code. First of all it is preferable if the checks are mea-
surable without affecting one another. This directly implies that all the checks should
commute. Secondly, there should also be states for which all checks pass simultane-
ously. By treating our set of checks as the generators for a group, we get all the possible
checks we could extract. The existence of a state, which passes all the checks, is equiva-
lent to checking whether —I is not in the group it generates. All together this leads to the
following definition.

Definition 1.2.4 (stabiliser code). A stabiliser code is defined by a commutative sub-
group S of P that does not contain —I, together with a subspace called the code space
C(S) = {|p) € C*" : VS €S, S|¢) = |¢)}. Independent generating sets are usually denoted
by G. Elements of the S are called stabilisers. When measuring a stabiliser an output of 1
is considered a pass and —1 is considered a fail. In particular if there is an independent
generating set, where each stabiliser consists of either X or Z Pauli observables, then it
is called a Calderbank-Shor-Steane (CSS) code.

Because not all technologies allow for observables consisting of multiple Pauli operators,
most of stabiliser are indirectly measured through the help of ancilla qubit. The general
idea is to use CNOT'’s to entangle the state of the ancilla qubit with the outcome of the
stabiliser. In figure | .| one can see two example circuits measuring Z; Z, and X; X,. One
can check that the ancilla’s outcome indeed corresponds to the observable by calculating
the results for the states consisting of |0) and |1) for Z; Z, and |[+) and |-) for X; X». Sup-
port on more qubits can be added by performing more CNOT’s with the desired qubits.

Now with initial definitions out of the way, let’s have a look at a basic example. Taking
G =1{Z12,, Z, Z3} as the generators of the subgroup. We find that Z; Z, forces the first and
second qubit to both be 0 or 1 and Z, Z3 forces the second and third qubit to both be 0 or
1. Thus the code space is spanned by C(S) = {|000),|111)}. Those familiar with classical
error correction might have already recognised this as the repetition code. Now if the
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Figure 1.1: Two circuits showing the indirect measurement of stabilisers on two qubits. In both circuits the
third qubit is the ancilla qubit that is used to perform the measurement. The circuit on the left measures Z; Z»
and the circuit on the right X7 X».
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bit-flip X; happens to the state |¢> € C(S), then we find the following

Z1Zp- X1 |p)=-X1- Z1 22 |p) = - X1 |p). (1.1)

This shows that Xj¢ is an eigenvector with eigenvalue —1 of the stabiliser Z; Z,, and
that when the stabilisers get measured, the stabiliser Z; Z, will give outcome —1 which
is a fail. Because the error X; always makes one of the stabilisers fail, it is considered
detectable. It turns out that for the errors X» and X3 a similar story holds. When looking
at Z; however, we see that it commutes with the stabilisers and therefore causes none of
them to fail. This consequently means that the state is not protected from phase-flips.
Because in general all Pauli strings either commute or anticommute, all Pauli errors are
deterministically either detected or undetected by the stabilisers.

Definition 1.2.5 (detectability). A Pauli error E € P is detectable by a stabiliser code S,
if 3S € S which anticommutes with E. The set of undetectable errors is given by N(S) =
{PeP:VSeS, PSP €S}, where N stands for the normaliser of the group, and the set of
detectable errors is the remaining errors usually given by P\ N(S).

In the previous example we saw that only bit-flips could be detected, because the sta-
bilisers consisted only of Z Paulis which commute with phase-flips. To correct this, one
can take the encoded qubits and encode them again with a repetition code but this time
protecting the phase. This gives rise to the stabiliser code with G = {Z, 2, Z, Z3, Z4 Z5, Z5 Zs,
Z773, 7879, X1 -+ Xe, X4 -+ - Xo} with the code space spanned by {$(|000)+|111))®(|000>+

[111)) ® (J000) +[111)), Z\L@(IOOO) —[111)) ® 000y —[111)) ® (|000) —[111))}. This codes de-

tects or includes as stabiliser all weight 1 and 2 Pauli errors and was one of the first QEC
codes discovered by Shor in 1995 [19].

So far we have only talked about detecting errors, but they also need to be corrected.
When the stabilisers are measured, a list of successful and failed checks gets produced
and this list is referred to as the syndrome in the error correction terminology.
Definition 1.2.6 (Syndrome function). The error syndrome function is a functiono : P —
7' such that VE€ P, VS € G:

0 E and S commute
1 E and S anti-commute

U(E)s={




The syndrome of a stabiliser code has some useful properties, derived from the commu-
tations relations of the Pauli strings.

Proposition 1.2.1. For a stabiliser code the syndrome function o is a group homomor-
phism, meaningVE,F € E:

0(EF) =0(E)+0(F) mod?2.

For each syndrome, the set of errors that could have caused this is syndrome is equal
to a coset of the kernel of the syndrome function. In this case the kernel is N(S). To
correct the state one needs to decide which of the errors in the coset is the most likely
culprit. It is sensible to assume that bit-flips and/or phase-flips are uncommon events,
and therefore Pauli errors with a lower weight are more likely to have happened than
higher weight Pauli errors. So for each coset of S the most likely culprit is the error with
the least weight. This strategy is called minimum weight decoding.

Minimum weight decoding can however be computationally expensive depending on
the underlying code. In those cases other decoders are available such as belief propaga-
tion [~ 0].

Going back to the repetition code one could find the following likely errors:

0,0)—1 (1.2)
(1,00 — X3 (1.3)
0,1) = X3 (1.4)
1,1)— Xz (1.5)

We could have just as easily taken the Y Pauli errors as culprits here, under the assump-
tion that they are equally likely to X Pauli errors. Taking the X Pauli errors as the culprits
does however mean that if ¥; were to happen and we correct for X; by applying it again
to correct the state, we would be left with the state

X\ |p)=iZi|p)=Zi|p). (1.6)

So in this case the state is erroneously corrected and accidentally was changed by an op-
eration. If we were to later measure the code in the X basis, then the measurement would
give the opposite result. This is of course undesirable, so it is good to know which errors
are corrected. This is sadly computationally quite intensive for larger codes. There are
however some assurances for which errors are correctable, using the following property
of our QEC code.
Definition 1.2.7 (Code distance). The distance d of a stabiliser code is given by
min w(E).

EeN(S)\S
For the repetition code, we see that d = 1 as Z; is undetectable and not a stabiliser. For
the Shor code we find that d = 3 with X; X, X3 as an example of an undetected error. The
distance is a useful measure for seeing which class of errors are corrected, as can be seen
by the next proposition.
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Proposition 1.2.2. A stabiliser code S with distance d correcting using minimum-weight
decoding will correctly correct all errors E with

HE) < a-1
w = —.
2

Although the distance of a quantum error correcting code does not give a complete pic-
ture of what errors are corrected, it does provide a clear lower bound on the order at
which errors can be expected. With this lower bound it becomes easier to quickly com-
pare QEC codes with one another. Together with the total number of qubits used n and
the number of qubits encoded k =log, (dim(C(S))) = n —|Gl, the qualities of a stabiliser
code are denoted as [[n, k, d]]. When working with a family of QEC codes [[n, k, d]] is
usually used to refer to a specific member of that family.

Now that the basics of finding and correcting errors are clear, the next step is to assign
meaning to the code space. The choice of basis takes the form of an isomorphism be-
tween the encoded state space c?" and the physical state space C(S). In this thesis we
will denote encoded states with a bar, e.g. |6>, and the underlying physical state without
a bar.

For some codes there is an obvious choice in isomorphism. The repetition code has an
easy one namely:

a|0)+ B|1) — al000) + BI111).

In other cases like the Shor code the choice of logical basis becomes a lot less clear. One
method for CSS codes, that will be used in this thesis, is to take the all-zeroes state in
the physical state space and to perform a syndrome measurement on it. This does not
guarantee that the stabilisers featuring Z will pass, but the state will collapse into one
of the eigenspaces of those stabilisers featuring Z through the measurement. In the fol-
lowing rounds the state remains in that eigenspace if no noise occurred. This does mean
that if the state collapsed into the —1 eigenspace of the stabiliser then it will keep failing.
It is however possible to change our perspective and replace the failing stabiliser S € G
with —S. This will give rise to a new stabiliser code for which the current state passes all
stabilisers and that has the same distance and N(S). The current state can then be taken
as the all-zeroes state of the encoded space. The other encoded states are left undefined.
This method also serves as a way to prepare the code in the logical all-zeroes state.

With an isomorphism between the physical state space and the logical code space it also
becomes possible to see how operators and observables from the physical space act on
the encoded space. This is only well-behaved if the operator A maps the state space to
itself, meaning it is invariant under the code space C(S). For stabiliser codes and a Pauli
operator A this is equivalent to A € N(S). For an observable A it is also must be able to
be measured simultaneously with the stabilisers, which implies that it should commute
with all the stabilisers.

Let us once again look at the repetition code and see how some operators and observ-
ables act on it. Take for example the operator X; X» X3, on the physical state space it




maps |000) to |111) and vice versa. For the encoded space this would mean it maps |5>
to |1), which would make it the X operator.

Or take for example the observable Z; Z, Z3. It commutes with all stabilisers and after
measurement it results in_ 1 for the state |000) and in —1 for the state |111), meaning it is
equivalent to the logical Z observable in the code space.

It is possible to invert this relation between the isomorphism and the logical operators.
One can define the isomorphism by taking one physical state to be \ﬁ), as for exam-
ple found with the method for the CSS codes, and then assign a set of representative Pauli
operators from the cosets of S in N(S) to be the operators on the encoded space. For this
assignment to be valid it also needs to respect the operator product of both groups i.e.
be a group isomorphism and the physical operators assigned to logical operators with
|ﬁ> as eigenvector should also have the corresponding physical state as eigenvector.
Then one can apply the logical operators to the state vector representing the |ﬁ> state
to find the other encoded states.

To illustrate this method, we will apply it to find an alternative encoding for the Shor
code. We will start with the state [000000000), which already passes all the Z based sta-
bilisers. When measuring X; --- Xg and Xy --- X9 we will get a random outcome, but let’s
suppose both pass. From the wave function collapse we then find that the state collapse
to

- 1
|0> = E(IOOOOOOOOO) +(111111000) +1000111111) +[111000111)), (1.7)

if we then take X = X;---Xg and Z = Z; --- Zy as our representative logical operators,
which respects our choice for |0), we can find |1) through

1) = X10) (1.8)
1
= X3+ X5,(1000000000) + 111111000} +[000111111) +111000111) (1.9

1
= E(Illlllllll) +(111000000) +]000111000) + |000000111}). (1.10)

Importantly the choice of representative operators does not need to change if different
outcomes were measured for Xj --- Xg and Xj - - - Xg, because N(S) remains the same after
fixing the failed X stabilisers. So in essence when using this method, the exact underlying
code might change but the preparation of all-zeroes state and logical operators remains
the same.

With the basics of QEC covered, let us continue with the CSS code that will be used in this
thesis, namely the toric code. The toric code is defined visually by placing a square lattice
on a torus and putting qubits on the edges of the lattice. On each vertex a generating
X stabiliser is placed with support on the connecting edges (also called a star) and on
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Figure 1.2: Example of a lattice that can be imposed on a torus, with a star and a plaquette stabiliser. The edges
on the top and bottom are connected, as are the left and right side. Taken from [ 1].

each face a generating Z stabilisers is placed with support on its edges (also called a
plaquette). A visualisation can be seen in Figure

The lattice is usually taken to have the same number of divisions, L, in the horizontal
and vertical direction. The total number of qubits in the code becomes then 2L? and
the total number of generating stabilisers is also 2L2. This set of generating stabilisers
is however not independent as ¥,y Xy = I and ¥ rep Z¢ = I, but by removing one X
stabiliser and Z it does become independent. The QEC therefore encodes a total of n —
|G| = 212 - (21 - 2) = 2 logical qubits.

In Figure |.2 one can also see another representation of the toric code with the choice
of logical operators that will be used in this thesis. In general we see that all undetected
errors take the form of a loop that passes around at least one of the boundaries. The
smallest of such loops is exactly a straightloop oflength L. Loops that do not pass around
the boundary are the product of stabilisers contained in that loop. Therefore the Toric
code is family with parameters [[2L3,2,L]].

Closely related to the toric code is the rotated toric code. It is created by imposing a
square lattice with a rotation of 45° on a torus. On each vertex a generating X stabiliser is
placed with support on the connecting edges (also called a star) and on each face a gen-
erating Z stabilisers is placed with support on its edges (also called a plaquette). Because
the lattice is not aligned with the torus each division top-left to bottom-right crosses the
division top-right to bottom left twice. This leads to twice as many qubits, X stabilisers,
and Z stabilisers. With the same number of divisions L in both directions this leads to
the parameters [[4L2,2, L]].

It is also possible to forgo the torus and construct QEC codes on a 2D surface it self.
In [7”] Bravyi and Kitaev extend their work of lattices on the torus to 2D surfaces by
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Figure 1.3: A visualisation of the toric code using dots to represent the qubits, blue shapes to represent Z
stabilisers, red shapes to represent X stabilisers, and dashed lines to indicate the logical operators. The corners
of the shapes indicate that the stabiliser has support on that qubit. The logical operator has support on the
qubits it crosses. Top and bottom boundary are connected, as are the left and right boundary.

a) b)

Figure 1.4: Lattices with different boundaries. a) Z boundary. b) X boundary.

introducing the notion of boundaries as can be seen in figure | /. Instead of the sides
connecting, one can add boundaries to the toric code to find the surface code. The same
can be done for the rotated toric code to find the rotated surface code. In figure 1.5 one
can see both the unrotated and rotated surface code. The surface code has parameters
[[2L2 = 2L+ 1,1, L]] and the rotated surface code [[L2,1, L]].

1.2.2.

In the last section, we only dealt with Pauli errors and while they already cover a broad
range of errors, they are only a finite set in the continuous set of possible operators on
the state space. The picture becomes even bleaker when we generalise errors to open
quantum systems. In this subsection you will see that luckily all hope is not already lost
and that correcting Pauli errors also allows for correcting Pauli Error channels. Lastly,
the error model used in the simulation will be introduced.
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Figure 1.5: A visualisation of both the rotated and unrotated surface code using dots to represent the qubits,
blue shapes to represent Z stabilisers, red shapes to represent X stabilisers, and highlighted lines to indicate
the logical operators. The corners of the shapes indicate that the stabiliser has support on that qubit. The
logical operator has support on the qubits it crosses.

In open quantum systems an error can be any operator on the state space. For density
matrices this means the following:

Definition 1.2.8 (Error channel). An error channel E: of — of is a completely positive
trace preserving map that maps density matrices to density matrices. Meaning VA € of,
Try (A) =Trg(E(A)) and Vr € N, E® I, is a positive map.

These error channels are as general as we can get with open quantum systems and of
note is that not all of them can be recovered. Take for example the channel that maps all
states to the |0...0) state. Physically this would look like losing all energy in the system,
and collapsing to the ground state. After it gets applied, all states are the same and no
information from the original state can be recovered. For there to still be a chance to
recover the original state we will need to focus on a more manageable set, namely the
Pauli error channels.
Definition 1.2.9 (Pauli error channel). An error channel E on €?" is a Pauli error channel
if it can be written as:

E(p)= Y ppPpP! (1.11)

PeP

where pp € [0,1] and }_pep pp = 1.

From theorem 2.6 in [| 2] we know that QEC codes with distance d can still correct Pauli
error channels featuring only Paulis with weight less or equal to %. This is because
the moment the ancilla qubits get measured, the resulting syndrome has to project onto
one of the values. Consequently the mixed error also has to project onto set of Pauli
errors with that syndrome. This then means that if the channel only features Pauli error
with different syndromes, that the state becomes pure again and can be corrected by the
stabiliser code.

One example of a Pauli channel, which appears a lot in the literature, is the depolarising
channel. It applies no error with probability 1 - p and the other Pauli errors with uniform
probability. The one qubit version of this error channel is usually written as

p p

E(/o):(l—p)/o+gx,oxugyloyugz,ozT (1.12)

In the simulation for this thesis we will be using Circuit-level noise as our noise model.
This error model emulates the susceptibility of quantum computers to noise through
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the entire execution without bias towards particular states or operations. It is also most
commonly used in QEC literature for threshold computation under more stringent con-
ditions. More precisely it applies the following error channels during execution.

During a reset to a state, with probability p, the orthogonal state is reached (e.g.
|0) becomes |1) and |+) becomes |—)).

During a measurement, with probability p, the opposite result is reported.

After a 1-qubit gate a 1-qubit depolarizing channel is performed with parameter
p.

After a 2-qubit gate a 2-qubit depolarizing channel is performed with parameter
p.

1.3.

This section covers the challenge of measuring logical observables that are encoded in
a QEC code. We will first illustrate the problem by showing that direct measurement
of physical qubits affects stabiliser in the QEC code. Then we will show an alternative
to this approach that can work within a QEC code. Finally we will introduce a larger
construction that is used in this thesis from [ ] and further illustrate its direct application
to the toric code.

As seen in section , logical observables in a QEC code take the form of observ-
ables on several physical qubits. As measuring observables on multiple qubits is with
some technologies not directly possible, one could instead directly measure each phys-
ical qubit separately and then use classical parity to find the result of the logical observ-
able. This comes with the downside of collapsing the state of those particular physical
qubits. This collapse results in the state leaving the code space of the QEC code. So direct
separate measurements on individual physical qubits is not a good solution if quantum
computation needs to continue beyond that measurement.

Instead of measuring directly and then computing the parity classically, the logical ob-
servable can also be measured indirectly. This involves getting an ancilla qubit entangled
with all the relevant qubits to connect its state with the parity of the measurement and
therefore the result of the logical observable. To measure Z; 7, for example, one could
perform the following circuit shown in figure | .. The advantage of this approach is that
the physical state does not collapse to a state outside of the code space, leaving the code
space intact. The downside is that the connectivity requirements for the ancilla qubit
scales with the size of the logical, which is at least d. So,in some sense a different con-
struction is needed to effectively perform these logical observables without dramatically
increasing the connectivity requirements.

In their milestone paper Cohen et al. [!] provided a general construction allowing for
the measurement of logical observables consisting of Pauli strings through attaching an
ancilla structure to the QEC code. Conceptually what this construction does, is expand
the QEC code to also include the logical observable as one of the stabilisers through the
addition of an ancillary surface. This way the logical measurement is performed simul-
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Figure 1.6: Quantum circuit for indirect measurement of Z; Z, using an ancilla qubit.
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Figure 1.7: Measurement of alogical X observable of a QEC code. (a) The QEC code visualised as a square with
only the relevant qubits in the support of X shown as dots and Z stabilisers with overlapping support shown
in red squares. The lines connecting the dots and square represents support of the stabiliser (b) The dual layer
that is used to measure the operator indirectly. Each qubit in the support of X is replaced with a X stabiliser
and each overlapping Z stabilisers replaced with an ancilla qubit that is prepared in the |0) state. (c) The QEC
code with the attached ancilla structure consisting of two dual layers. In between each dual layer, a primal
layer similar to that of the support on the QEC code is added. The lines again represent support, with support
also going up and down layers. the product of all the X stabilisers in the complementary layers cancels out on
the qubits in the ancilla structure and becomes the logical X observable, meaning that the classical parity of
the measurement of these stabilisers also gives the logicalf observable. Taken from [/].

taneously while doing rounds of QEC. The additional benefit of this structure is that it
maintains the code distance of the original code. Although the structure requires quite a
large number of ancilla qubits, it only alters the needed connectivity of the original QEC
code slightly, by adding additional qubit connection to the qubits and stabilisers that are
overlapping with the logical operator. The overview of the construction can be seen in
figure

As in figure 1.7 the construction works by adding alternating primal and dual layers of
qubits and stabilisers on top of the desired logical in such a way that the combined parity
of all the stabilisers in the dual layers is the logical operators that is to be measured. An
example of a primal layer for a logical X can be seen in part a of figure /.7 and the dual
layer in part b. In this thesis when referring to the number of layers, we mean the total
number of dual layers. For a more formal description we recommend reading [!].

In this thesis we will simulate measuring the logical Z, on the toric code. Figure
shows what the addition of the Cohen et al. construction for Z; looks like on top of the
toric code.
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Figure 1.8: A visualisation of the toric code with ancilla system from [!] using dots to represent the qubits,
blue shapes to represent Z stabilisers, red shapes to represent X stabilisers. The corners of the shapes indicate
that the stabiliser has support on that qubit. The ancilla system is placed on top of Z; and consists of two
layers. The classical parity of all the Z Pauli stabilisers is Z;. The boundaries with same number of arrows are
connected.
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1.4.

This section discusses how the quantum circuits in this thesis will be simulated. First we
will discuss the general hardness of simulating quantum computing on classical devices.
Then we will present a solution to the particular case of Clifford circuits. Afterwards we
will discuss how to deal with the simulation of error channels and use it to find error
rates through the Monte Carlo method.

The original motivation for quantum computers was to tackle the simulation of quan-
tum systems [~>]. This was necessary because the overhead to simulate arbitrary quan-
tum systems with a classical computer grows exponentially with the size of the quantum
system. This would seem to imply that it would be hard to explore the different proper-
ties of quantum computers and algorithms through simulation before going through the
effort of implementing them. Fortunately not all quantum systems are hard to simulate
and the Gottesman-Knill (GK) theorem [”/] provides a solution:

Theorem 1 (Gottesman-Knill theorem). Any quantum computer performing only:

1. Clifford group gates
2. Measurements of Pauli group operators

3. Clifford group operations conditioned on classical bits, which may be the results of
earlier measurements

can be perfectly simulated in polynomial time on a probabilistic classical computer.

The stabiliser measurement circuits, encoding circuits, and measurement circuits used
in this thesis are of this type, allowing us to efficiently simulate them on classical com-
puters.

What this does not account for however is the error channels that the circuit-level noise
model requires. There is luckily however a way to work around the computational com-
plexity of the error channels. In essence each error channel in circuit-level noise applies
a set of possible Pauli gates with each certain probability factor and only during the final
measurement of all the qubits does the channel project onto a mix of the Pauli gates lead-
ing to the same measurement outcome. By forcing all error channels to directly choose
a Pauli to apply instead of waiting for the final measurement, the entire circuit becomes
Clifford again allowing for fast simulation. It does however mean that the simulation
does not directly find the exact probability of the QEC code correcting the error. Instead
the average result of the probabilistic simulation coincides with the error rates of the
QEC code. The Monte Carlo method enables us to estimate the error rates of the QEC
code, through the repeated simulation of the entire circuit and tracking the number of
successes and failures.

All these techniques for simulation have been implemented in the STIM package [”5].
Using STIM we will approximate the error rates of various realisation of the toric code
with the ancilla system for our analysis.
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In this section we will present a comprehensive summary on the morphing design pro-
cedures presented in [1”], [13], [26], and [77]. We will start by first reimagining the de-

tecting properties of stabilisers by looking at the whole measurement process from reset
of the ancilla qubit to the final measurement. Then we will use this new perspective to
redesign QEC codes with the morphing design technique by splitting the stabiliser mea-
surements in several contraction rounds and performing the measurements without the
need for ancilla qubits.

1.5.1.

In this subsection we will cover the concept of detecting regions, which identifies the
places in a quantum circuit where errors would trigger the related stabiliser to fail. Then
we will explain how to find these detecting regions by propagating stabilisers backwards
in time through the circuit. Finally to illustrate and apply the theory, the detecting re-
gions of the repetition and toric code are given. In this subsection we will stick again to
using only Pauli errors.

In section we shortly covered the circuit-level noise model, which places errors after
all the gates and resets and before measurements, but did not consider how errors in the
middle of the circuit affect the stabiliser measurement. To find the effects of the Pauli
error on the stabilisers measurement, it is usually easier to find the equivalent circuit
with a Pauli error right before the measurement. The equivalence rules for quantum
circuits that are needed to propagate Pauli errors to the ancilla qubit measurement in
this thesis are given in figure | .9 and figure
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Figure 1.9: Propagation of X errors through CNOT's.

With these rules for the CNOT and treating Y Pauli operators as a product of a X and Z
Pauli, all the Pauli errors accumulated during the execution of the circuit can be prop-
agated through the circuit. With an X error just before a Z measurement flipping the
result and vice versa. What you can see from these rules, is that the place and time step
of the error has a significant impact on how large the error is at the stabiliser measure-
ment. It could even be that one single qubit error could expand into an error that is no
longer correctable.

While these rules are nice for checking what stabilisers are triggered for one Pauli error,
they do not provide us with a way to find the potential Pauli errors given a triggered
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Figure 1.10: Propagation of Z errors through CNOT’s.

stabiliser. We could calculate the effects of all the different Pauli errors but this would be
rather tedious. Instead of propagating errors through the circuit, we can also approach
the problem through the lens of moving the stabiliser measurement backwards through
the circuit as discussed in [?/]. This change of moving the observable instead of the state
is similar to switching from the Schrédinger picture to the Heisenberg picture. If we have
our state |gb>, operation U and observable S, then measuring S after applying U would
be the same as just measuring the observable Ut SU because

(SU|p), U|p)y =UTSU|p), |¢p)). (1.13)

When working with CNOT’s the equivalence rules for observables fortunately coincides
with figure and . Keep in mind that the stabiliser is still a parity measurement
here, so if the stabiliser has support on multiple locations, then it will only trigger if there
are an odd number of errors (X errors for Z stabilisers and vice versa) happening at those
space-time points. All the possible space-time locations, which could lead to triggers in
the stabiliser measurement, together are called the detecting region.

With the basic equations covered, let us continue with an example from [12]. In figure

, an example circuit for the bit-flip repetition code with distance five is given in b).
The circuit is performed a total of four cycles and the detecting regions are illustrated
with different colours. Important to note is that instead of checking each stabiliser by
itself, the parity of the measurements of the current and last stabilisers are performed in
this circuit to check if errors occurred between the two cycles. The result is a contracting
and expanding pattern that repeats throughout the code.

The STIM package[”"] also allows for visualisation of detecting regions. STIM produces
separate diagrams after each time step with the qubits on fixed positions in the plane.
Each of diagrams will show the operators that were performed during that time step and
the resulting detecting regions drawn as coloured shapes. The colour of the shape indi-
cates the type of stabiliser with blue for Z' and red for X and the corners of the shape
indicate support on that qubit. An example of this can be seen in figure

1A helpful mnemonic to keep in mind is BlueZ.
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Bit-flip Repetition Code

a) Detecting regions during a cycle

Expanding Contracting

PR i

b) All detecting regions for a distance-5 code run for 4 cycles

Figure 1.11: All locations of all highlighted regions shown here are of Z Pauli stabilisers. a) Two neighbouring
detecting regions of the bit-flip repetition code (blue, purple), shown over three cycles. Each detecting region
covers two cycles: In the first cycle, it emerges from a reset on the measure qubit and expands to cover the code
stabiliser. In the second cycle, it contracts from the code stabiliser down to terminate on a measurement. Dur-
ing the middle cycle, where the two shown regions co-exist, time-slices of the detecting regions are shown. b)
All detecting regions for a distance-5 bit-flip repetition code. The detection regions overlap such that all loca-
tions in the circuit are covered by two detecting regions, except the boundaries which are covered by one. Note
the smaller detecting regions at the start of the code that emerge from resets on both measure and data qubits.
On cycles three and four, the circuit elements are omitted to emphasise that the detecting region shapes alone
are sufficient to understand the implementation. Note the final detecting regions terminate on measurements
on both the measure and data qubits. Taken from [12].
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Figure 1.12: One round of error correction with the surface code visualised by STIM. From the reset new sta-
bilisers emerge and expand to cover the qubits while at the same time the stabilisers from the previous round
are contracted to the ancilla for measurement.
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1.5.2.

In this section we will explain how the morphing design principle works and what the
motivation behind the principle is. Then we will show a couple of examples to familiarise
the reader with the structure. Afterwards we will combine the morphing design principle
together with the construction from [!] to end up with the complete circuit that will be
performed in this thesis is given.

When looking at the detecting regions of the stabiliser circuits, one can see that all space-
time points are covered by both X and Z detecting regions. This is necessary for the
circuit to be able to detect all types of errors in the execution. One could design error
correcting circuits based on just detecting regions and then check that all errors up to a
certain weight are covered, but doing this from scratch is complex.

Before going further into the technique of morphing, let’s more closely examine the
structure of the error detecting regions of the standard stabiliser code. During the execu-
tion of each QEC cycle, there is a group of expanding stabilisers and a group of contract-
ing stabilisers. The CNOT’s in the QEC cycle contract the contracting stabiliser down to
the ancilla for the final measurement, whilst simultaneously expanding the expanding
stabilisers to the beginning shape of the contracting stabilisers. Then the measurement
removes the contracted stabilisers and the reset creates a new wave of expanding sta-
bilisers and we have ended up at the start of the QEC cycle again.

When looking at this QEC cycle for the rotated surface code McEwen, Bacon and Gid-
ney [12] noticed that in the middle of the QEC cycle, the surface code turned into the
unrotated surface that also covered the ancilla qubits. By examining the QEC cycle with
that midpoint as the home base, the QEC cycle looks like contracting half the stabilisers
and then expanding the new stabiliser in such a way that the remaining stabilisers are
moved into the position of the previous set of contracting stabilisers. McEwen, Bacon
and Gidney realised that to end back up at the middle of the QEC cycle after contracting
and measuring the stabiliser, they could also reverse the contracting circuit that was just
performed. This however left the other half of the stabilisers unmeasured, so they de-
vised a second different contraction circuit for the other half of the stabilisers. Then to
perform QEC they would alternate the two contracting circuits and called it the hex-grid
circuit. The hex-grid circuit achieved comparable performance to the standard circuit
under their SI1000 noise model [1°] and by designing the other contraction circuit to
use the same CNOT connections as the first contraction circuit, they did manage to re-
duce the number of different two-qubit interactions needed from four per qubit down
to three per qubit. The hex-grid circuit they came up with can be seen in figure and
the standard surface code version is given in figure

In general, the morphing design principle tries to generalise this process of working from
the middle of the QEC cycle. The morphing design principle splits the set of stabilisers
into several subsets. Each of these subsets will individually be contracted and then ex-
panded back to its starting shape. This middle point, from which each subset is con-
tracted, is referred to as the mid-cycle code. The code after a particular contraction
round is called the end-cycle code. The general shape of a correction circuit can be seen
in figure



1.5. 21

Figure 1.13: The hex-grid circuit for the surface code with both contraction circuits performed after one an-
other. The stabilisers emerging from the reset in step 2 are marked with an x, the other set of stabilisers is
unmarked. In step 3 and 4 are the stabiliser with an x are expanded back to the mid-cycle. In steps 5 to 10
the unmarked stabilisers are contracted and expanded to the mid-cycle state. In steps 11 and 12 the stabilisers
with an x are contracted. Taken from [ | 3]
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Figure 1.14: Graphical representation of the morphing design technique with two sets of stabilisers. F; and
F, are the contracting circuits with the FIr and F; being their inverse. C is the mid-cycle code and Cj, C, the
end-cycle codes after their respective contraction circuits. Taken from [!”]
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Now that the general idea of morphing is hopefully clear, let us get more detailed with
some tips on how to find these groups of contracting stabilisers and how to design cir-
cuits for them. The contraction circuits that can be made heavily depend on the under-
lying mid-cycle code but as a guideline try to have CNOT’s work for Z and X stabilisers
at the same time; try to use as many qubits as possible in each time step; and try to play
around with the steps and see if it is possible to combine the initial steps of two different
contraction circuits. We consider it best to have two sets of contracting stabilisers, to
reduce the amount of time between stabiliser measurements. A general lower bound for
the depth of a contraction circuit is log, (w(S)) of the largest stabiliser in the set.

Morphing design also does come with some downsides. The end-cycle codes that you
end up with after contraction, are not guaranteed to have the same distance. This could
be problematic if for example one of the cycles in your morphing circuit is significantly
worse than the others and brings down the entire performance of the circuit. The dis-
tance is however lower bounded by ci,- where d is the distance of the mid-cycle code and
¢ the depth of the contraction circuit i [!”].

In section the ancilla structure from [ ] is discussed to measure the encoded logical
qubits of the code by adding an additional structure to the code. In this thesis we will take
the same ancilla structure and combine it with the morphing technique. To do this, we
design both a morphing circuit for the toric code with and without the ancilla structure
attached. Because the toric code without the ancilla system is very similar to the surface
code, McEwen, Bacon and Gidney [! ] also came up with the hex-grid circuit for it and
put it in their supplementary document. This hex-grid circuit can be shown in figure

The morphing circuit for the toric code with the ancilla structure can for the largest part
remain the same, only the circuit for the stabilisers in the ancilla structure and the toric
code stabilisers in contact with the ancilla structure needs to be changed. But the prob-
lem lies now in the fact that the toric code stabilisers in contact with the ancilla structure
have support on an additional qubit from the ancilla structure increasing their weight to
5, so 3 layers of CNOT’s are needed for a contraction circuit. The contraction circuits for
the toric code with ancilla structure we came up with are in figure . The contraction
circuit works by first detaching the ancilla from the toric code and partially contracting
the stabiliser of the ancilla structure and then running the hex-grid circuit as normal on
the toric code and collapsing the remaining part of the ancilla stabilisers as well.

To go between the two different morphing circuits only a small step is needed. Because
the contracting subsets on the toric code line up with each other, it is possible to add the
ancilla system during the reset. The reset is replaced with the reset of the circuit with the
ancilla system and the other uninitialised qubits in the ancilla structure are reset to |+),
as not to affect X stabilisers that will be in contact with them. Then the morphing circuit
with the ancilla system can be performed for as long as desired. To split off the ancilla
structure measure the remaining qubits in the ancilla structure in the X basis during the
measurement phase and then continue the morphing circuit without the ancilla struc-
ture using the results of the additional measurements for the stabilisers that had support
on the ancilla structure.
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Figure 1.15: The hex-grid circuit for the toric code [[72,2,6]] with both contraction circuits performed after one
another. The mid-cycle code is reached in the 4th and 12th step, which coincides with figure | 2. The different
end cycles are shown in the 8th and 16th step. Only a couple of stabilisers are shown as there is a lot of overlap
from the underlying toric shape. Taken from [ ]
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Figure 1.16: Visualisation of the morphing circuit for the toric code [[32,2,4]] and 2 dual layers of ancilla struc-
ture and 1 primal layer. The upper three rows of qubits are the ancilla structure and the lower eight rows are
the toric code. Not all stabilisers are shown to avoid clutter. The mid-cycle code is reached on tick 25 and 33.



To get an understanding of the probabilities of a measurement error happening through
the use of the ancilla structure as defined in [!] on toric code with morphing, we will
simulate it with varying code distances, amounts of QEC cycles, and numbers of layers
used in the ancilla structure.

To perform these simulations we will make use of the STIM python package [”"] together
with sinter and ldpc [20] packages. The STIM package allows us to describe the circuits
in detail with detectors and errors, after which it can efficiently simulate the noisy execu-
tion. Then, thanks to the workflow in the sinter package, we can automate the execution,
decoding of the final measurement, and save the results to a csv file. The BP_OSD de-
coder, provided by the LDPC library, will be used to decode the final outcome.

Figure shows the circuit we want to perform on the logical qubits in the toric code.
The firstlogical qubit will be prepared in the |5) state and will then be measured with the
ancilla structure in the Z-basis under circuit-level noise. By repeatedly performing this
simulation and the Monte-Carlo method we can estimate the probability of a success-
ful measurement. We will not be running the variations with the X-basis measurements
on the first qubit, since the probability of a successful measurement is identical due to
the underlying symmetry between the X and Z stabilisers. The second qubit will be set
to either |5> or |I> and will be left to collect noise during the measurement of the first
qubit. After the measurement on the first qubit is performed, the second qubit is mea-
sured without noise to see if it has experienced any logical errors whilst idling. Before we
can expand these logical circuits into circuits for the physical qubits, we must first set a
couple of parameters relating to the underlying QEC code, the ancilla structure and the
noise model. Namely:

Code distance, d
Number of complementary layers in the ancilla, n,
Number of QEC rounds with ancilla structure attached, n;

Error probability for the uniform circuit-level noise, p

25
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Figure 2.1: Logical level overview of the circuits simulated in this thesis

In appendix /. the code that generates the corresponding circuit, can be found. An ex-
ample with two rounds of QEC, together forming the full figure-8 morphing circuit, with
a code of distance 4 and 2 layers can be seen in figure

For this thesis project we decided to explore a wide range for each of the parameters to
allow us the freedom to create several plots without having to wait for data. The complete
CSV data set that can be imported with sinter for each experiment can be found in the
attachments.



This chapter is split up into three sections, each answering one of the following ques-
tions:

1. What number of dual layers should be used in the ancilla system?
2. What number of rounds should be used?
3. Does the morphing version outperform the standard version?

As the data generated from the simulations is high dimensional, one figure representing
all the data would be illegible. The reader is encouraged to explore the data sets or extend
them themselves, if they feel there are more interesting plots to be seen that are not
shown here.

3.1.

The construction by Cohen ef al. [!] comes with a degree of freedom with how many
layers should be used. In their paper Cohen ef al. recommends adding at least d dual
layers to the code, where d is the distance of the original code. In figure >.| one can see
the different measurement and idle error rate based on the number of dual layers used.

One can see that additional layers seem to have degraded the success probability of the
measurement whilst not affecting the fidelity of the idle state much. This is in line with
the theory from [!], in which Cohen et al. states that the additional layers are needed
to protect the code distance from potential logical errors that start at the top layer of
the ancilla system and that work their way down the ancilla to finally terminate in the
underlying code. Luckily it is not possible to terminate in the toric code without having
performed a full loop around the boundary, which has the same weight as in the original
code, or looped back to the top of the ancilla structure, which is a product of stabilisers.
Therefore the toric code does not need such protection.

Because the logical observable is the result of the parity of all the stabilisers in the dual
layers, a single measurement error on one of the stabilisers already affects the result of

27
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Figure 3.1: Numerical performance of the morphing version of the Cohen et al. construction with varying
layers on a toric code with parameters [[72,2,6]] after 6 rounds of QEC with respect to the uniform circuit-level
depolarizing noise model and decoded using BP-OSD. The left two graphs are from the |00) based experiment
and the right two graphs are from the |[0+) based experiment

the logical observable. Having additional layers means that there are more stabilisers
that could have potentially undergone an error affecting the final logical observable. So
for the specific case of the toric code, the additional layers increase the measurement
error while providing no significant improvement in idle error rate.

3.2.

Although the measurement of the logical observable is performed every round, the sus-
ceptibility of the final result to one stabilisers having undergone an error, makes it nec-
essary to perform multiple rounds of QEC with the ancilla system. The question of how
many rounds is not clear cut. In figure 2.2 one can see the different measurement and
idle error rates n, based on different numbers of rounds.

One can see that there is not a clear best candidate for the number of rounds, that is best
in both measurement and idle error rate. The central conflict lies in the fact that doing
more rounds of QEC decreases the measurement error rate but increases the idle error
rate. The measurement system benefits from the additional measurements as they give
the decoder more chances to detect potential measurement errors and correct for them.
On the other hand, performing additional cycles of QEC creates additional chances for
errors to occur in both the toric code and the ancilla system.
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Rounds 2 4 6 8
Measurement errors needed 1 2 3 4
Power 1.018 | 2.771 | 4.245 | 5.0711

Table 3.1: Table showing the power scaling of the logical measurement error rate based on a least square fit of a
power law on the data between 5-10~3 and 1072 of the morphing version of the Cohen construction with one
layer on a toric code with parameters [[72,2,6]] from both the ZZ and Z X experiment. The second row shows
the amount of measurement errors needed to flip the final measurement, which is the expected theoretical
power scaling.

What can also be clearly seen in figure 2.7 is that doing fewer rounds than the distance
of the code is very detrimental to the gradient of the graph. To illustrate this effect more
concretely we fitted the power law b- x% to the middle section of our measurement er-
ror rate data and the results can be seen in table 2.1. The theory of fault tolerance tells
us that this effect stems from the fact that fewer QEC cycles leaves the code vulnerable
to measurement errors happening on some stabiliser in the ancilla structure on multi-
ple different cycles, leaving the code open to lower weight measurement errors. By per-
forming more rounds of QEC, the total number of measurement errors needed to flip the
result of the final measurement also increases. Because measurement errors are consid-
ered unlikely, requiring more measurement errors makes the measurement error of the
total process more unlikely. The fact that these measurement errors over multiple cycles
are lower in weight than the types of errors in one cycle, forces the measurement error
rate to scale with their weight instead of the distance. To make sure that these errors do
not dominate the distance, one can make sure that the number of measurement errors
needed is just as large as the distance by performing at least as many rounds. Going be-
yond the distance in the number of rounds still improves the logical measurement error
rate but does not seem to increase the gradient of the graph.

We would recommend performing rounds at least equal to the distance but depending
on the situations one might choose to lean more towards measurement error rate or
logical idle error rate. The trade-off between measurement and idle error rate can also
be viewed as a Pareto front in figure

3.3.

Choosing to run the morphing version over the standard version introduces more cir-
cuit complexity compared to the standard version. To determine whether the morphing
version justifies this trade-off, we compare its logical measurement and idle error rates
against those of the standard circuit under the same noise model and decoder.

In figure ° ./ one can see the results for one specific set of parameters. The morphing ver-
sion out performs the standard version of the circuit when it comes to logical measure-
ment and achieves similar performance when it comes to idling error rates under these
parameters. For other parameters, that we have managed to explore, similar graphs were
found.
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Figure 3.2: Numerical performance of the morphing version of the Cohen construction with one layer on a
toric code with parameters [[72,2,6]] after varying rounds of QEC with respect to the uniform circuit-level
depolarizing noise model and decoded using BP-OSD. The left two graphs are from the |00) based experiment
and the right two graphs are from the |0+) based experiment. The error bars on the logical measurement rate
for 2 rounds is too small to be seen on these figures.
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Figure 3.3: Pareto front showing the trade-off between logical measurement error rate and idle measurement
error rate for the morphing version of the Cohen construction with one layer on a toric code with parameters
[[72,2,6]] with circuit-level noise with p = 0.005 for different numbers of rounds.
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Figure 3.4: Numerical performance comparison between a morphing version of the toric code [[72,2,6]] and
the standard toric code [[72,2,6]] with both one layer of the Cohen construction and 6 rounds of QEC with
respect to the uniform circuit-level depolarizing noise model and decoded using BP-OSD.

This comparison is however not a clean apples to apples comparison. Firstly, the stan-
dard version of the toric code uses twice as many qubits in comparison to the morph-
ing version. This doubling stems from the fact that the standard version needs ancilla
qubits for stabiliser measurement but the morphing version instead collapse the sta-
bilisers down onto already existing qubits to measure the stabilisers, foregoing the need
for ancilla qubits entirely.

A more direct comparison could be made if the morphing version of the toric code would
be compared to the standard circuit on one of end-cycle codes. This way the extra an-
cilla qubits are accounted for in the half of the qubits that were measured to reach the
end-cycle code. With this comparison the starting point and end point of the entire mea-
surement would also be the exact same. In the case of the toric code that would be the
rotated toric code.

These differences, however, work in favour of the standard toric code, meaning that
despite the disadvantages the morphing version managed to out perform its standard
counterpart. We therefore conclude that the morphing version outperforms the stan-
dard circuit.
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