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Summary
The current change of the Earth’s climate necessitates actions to strongly reduce the hu-
man carbon footprint. For the energy sector, this implies moving to renewable energy
sources like wind. The wind resource is spatially heterogeneous, where wind speeds and
power densities are particularly favourable offshore. The favourable offshore wind re-
source, together with the limited availability of onshore land area for wind energy, moti-
vates the move to offshore wind energy generation. Economic, spatial and environmental
considerations suggest clustering wind turbines offshore into wind farms.

Wind turbines clustered in a wind farm operate on average at a lower efficiency than
they would achieve in isolation. One major source of this efficiency loss is wake interac-
tion. As wind turbines extract kinetic energy from the wind, they leave behind a region of
lowwind speed, the so-calledwake. Whenwakes generated by upstream turbines impinge
on downstream turbines in the farm, they reduce their power output and thus the overall
farm efficiency. In the design phase, the wind farm layout is optimised to minimise wake
losses; however, even in an optimal layout wake losses are significant. From the desire
to further mitigate the remaining wake losses, the field of wind farm flow control (WFFC)
arose, which aims to reduce wake losses by farm-wide coordinated control of the wind
turbines.

Wind farm flow control strategies differ based on their working mechanism, e.g. con-
trol strategies aim to either reduce the initial wake deficit of upstream turbines by reduc-
ing the turbine thrust or redirecting wakes past downstream turbines by intentionally
misaligning upstream turbines with the incoming wind direction. A newer category of
strategies for WFFC is active wake control (AWC). Compared to the former quasi-steady
strategies, AWC strategies are inherently dynamic as their working mechanism relies on
unsteady actuation, which aims to trigger underlying instability modes of the wake flow.
One of the most recently developed AWC strategies is helix active wake control. It makes
use of the individual pitch control capabilities (IPC) of modern wind turbines in order to
intentionally force the first instability mode of the wake.

This thesis is concerned with high-fidelity modelling of helix active wake control using
large-eddy simulation (LES) of the atmospheric flow, where the effect of IPC is captured
by representing the turbine in the LES by means of the actuator line model (ALM). Judging
the potential of helix active wake control requires (i) quantifying the arising power-load
trade-off, (ii) comparing it to established WFFC strategies like wake steering, and (iii) ul-
timately testing it in realistic transient atmospheric boundary layers. To this end, the
overall objective of this thesis is to

“Assess the performance of helix active wake control in quasi-steady atmo-
spheric boundary layers and develop actuator line model capabilities for its study
in coarse grid real weather large-eddy simulations.”



xii Summary

In a first step, the sensitivity of helix active wake control to the amplitude of the pitch
actuation is quantified for a full wake overlap scenario. It is found that the activation
of the control leads to a trade-off between power gain and additional turbine loading in
terms of the incurred damage equivalent loads (DEL).While the power gainmonotonically
increases for pitch amplitudes between one and six degrees, the same trend is observed for
the DELs of the actuated turbine. Hence, the value of activating the control and selecting
its pitch amplitude setpoint will need to be determined based on a higher-level metric like
the current electricity price.

In a second step, the sensitivity of the power gain achieved with helix active wake con-
trol to varying degrees of wake overlap and turbine spacing is compared to wake steering.
It is found that wake steering outperforms the helix except for dense spacing combined
with full wake overlap. However, when considering a varying wind direction around full
wake overlap without an immediate control response, the results suggest that the power
gain achieved by the helix control setpoint is more robust.

The previous finding suggests that time-varying wind directions are important for se-
lecting the best control strategy. Hence, in a third step, an actuator line model is im-
plemented into an atmospheric LES code, which allows for driving microscale LES with
mesoscale forcing derived from numerical weather prediction models in order to include
additional time scales in the problem. The correctness of the ALM implementation is
verified with reference to results from four other research LES codes. Additionally, the
emphasis is on ensuring accurate thrust and power predictions on coarser LES grids. To
this end, the filtered lifting line correction is included in the ALM implementation.

Current corrections for coarse grid ALM-LES, e.g. the filtered lifting line correction,
do not consider the complete unsteady problem. Thus, as a last step, we take the IPC
actuation underlying helix active wake control as an opportunity to formally investigate
unsteadiness in theALM for scenarios corresponding to unsteady attached flowbelow stall.
By deriving a semi-analytical solution for the two-dimensional “ALM” its connection to
Theodorsen theory is established. Further, this solution allows for determining the optimal
kernel width for the unsteady ALM, which is approximately 40% of the chord length and
determining bounds of its validity. Importantly, we find that even when using the optimal
kernel width, the magnitude of the unsteady force cannot be accurately captured anymore
by the ALM if the reduced frequency exceeds 𝑘 > 0.2.

In summary, this thesis contributed to the understanding of under which circum-
stances the application of helix activewake control for themitigation ofwake effectsmight
be a viable option. Given that the benefits and drawbacks of the helix are at least partially
complementary with wake steering control, both control strategies could be seen as pieces
of a more comprehensive toolbox of wind farm flow control strategies. The activation of
a respective control strategy would then happen only during periods corresponding to
its identified favourable conditions. Hence, the model development conducted in the sec-
ond part of this thesis aims towards building a simulation environment — spanning from
mesoscale effects down to airfoil aerodynamics — within which such a selection process
of WFFC strategies can be studied in realistic weather conditions.
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Samenvatting
De huidige verandering van het klimaat op aarde maakt maatregelen noodzakelijk om de
menselijke CO2-voetafdruk sterk te verminderen. Voor de energiesector betekent dit een
overstap naar hernieuwbare energiebronnen zoals wind. Het windklimaat is ruimtelijk
heterogeen, waarbij de windsnelheden en vermogensdichtheden op zee bijzonder gunstig
zijn. Het gunstige windklimaat op zee, in combinatie met de beperkte beschikbaarheid
van landoppervlak voor windenergie, motiveren de overstap naar windenergie op zee. Bo-
vendien pleiten economische, ruimtelijke en milieuoverwegingen voor het clusteren van
windturbines in windparken op zee.

Windturbines die in een windpark zijn geclusterd, werken gemiddeld minder efficiënt
dan wanneer ze afzonderlijk zouden staan. Een belangrijke oorzaak van dit rendements-
verlies is het zogeffect. Wanneer windturbines kinetische energie uit de wind halen, la-
ten ze een gebied met lage windsnelheid achter, het zogenaamde zog. Wanneer het zog
dat door bovenwinds gelegen turbines wordt gegenereerd in aanraking komt met bene-
denwinds gelegen turbines in het park, verminderen ze het vermogen van deze turbines
en daarmee het totale rendement van het park. In de ontwerpfase wordt de opstelling
van het windpark geoptimaliseerd om zogverliezen tot een minimum te beperken, maar
zelfs bij een optimale opstelling zijn de zogverliezen aanzienlijk. Vanuit de wens om de
resterende zogverliezen verder te beperken, is het onderzoeksgebied van windparkstro-
mingsregeling ontstaan, dat tot doel heeft zogverliezen te verminderen door middel van
een gecoördineerde regeling van de windturbines in het hele park.

De strategieën voor stromingsregeling in windparken verschillen op basis van hun
werkingsmechanisme. Zo zijn er bijvoorbeeld strategieën die erop gericht zijn het ini-
tiële zog van bovenwindse turbines te verminderen door de stuwkracht van de turbine
te verlagen of door het zog om benedenwindse turbines heen te leiden door de boven-
windse turbines opzettelijk niet goed uit te lijnen met de inkomende windrichting. Een
recentere categorie strategieën voor windparkstromingsregeling is actieve zogregeling. In
vergelijking met de vroegere quasi-stationaire strategieën zijn strategieën voor actieve zo-
gregeling inherent dynamisch, aangezien hun werkingsmechanisme berust op tijdsafhan-
kelijke aandrijving, die tot doel heeft de onderliggende instabiliteitsmodi van de stroming
te activeren. Een van de meest recent ontwikkelde strategieën voor actieve zogregeling
is helix actieve zog regeling. Deze maakt gebruik van de individuele bladhoekregeling
van moderne windturbines om opzettelijk de eerste instabiliteitsmodus van de stroming
te forceren.

Dit proefschrift gaat over modellering van helix actieve zogregeling met behulp van
large-eddy simulatie (LES) van de atmosferische stroming, waarbij het effect van de in-
dividuele bladhoekregeling wordt meegenomen door de turbine in de LES weer te geven
met behulp van het actuator line model (ALM). Om het potentieel van helix actieve zo-
gregeling te beoordelen, is het nodig om (i) de ontstane trade-off tussen vermogen en
belasting te kwantificeren, (ii) deze te vergelijken met bestaande strategieën voor wind-
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parkstromingsregeling zoals zogsturing, en (iii) deze uiteindelijk te testen in realistische
transiënte atmosferische grenslagen. Daartoe is het algemene doel van dit proefschrift
om:

“Het potentieel in kaart te brengen van helix actieve zogregeling in quasi-
stationaire atmosferische grenslagen en om een actuator line model te ontwikke-
len voor grove resolutie large-eddy simulatie van realistisch weer.”

In een eerste stap wordt de gevoeligheid van de helix actieve zogregeling voor de am-
plitude van de bladhoekactivering gekwantificeerd voor een scenario met volledige zog-
overlap. Er wordt vastgesteld dat de regeling leidt tot een trade-off tussen energiewinst en
extra turbinebelasting in termen van de opgelopen equivalente belasting (damage equiva-
lent loads). Terwijl de energiewinst monotoon toeneemt voor bladhoekamplitudes tussen
één en zes graden, wordt dezelfde trend waargenomen voor de equivalente belastingen
van de geactiveerde turbine. Daarom moet de waarde van het activeren van de regeling
en het selecteren van de instelwaarde voor de bladhoekamplitude worden bepaald op basis
van een andere maatstaf, zoals de huidige elektriciteitsprijs.

In een tweede stap wordt de gevoeligheid van de energiewinst die wordt bereikt met
helix actieve zogregeling bij verschillende mate van zogoverlap en turbineafstand vergele-
ken met zogsturing. Er is vastgesteld dat zogsturing beter presteert dan de helix, behalve
bij een dichte afstand in combinatie met volledige zogoverlap. Wanneer echter rekening
wordt gehouden met een variërende windrichting rond om de richting van volledige zog-
overlap en het feit dat de reactie van de zogregeling niet instantaan is, suggereren de
resultaten dat de energiewinst die wordt bereikt met de helix regeling robuuster is.

De hierboven beschreven bevinding suggereert dat tijdsafhankelijke windrichtingen
belangrijk zijn voor het selecteren van de beste regelstrategie. Daarom wordt in een derde
stap een ALM geïmplementeerd in een atmosferische LES code, waardoor het microschaal
LES model kan worden geforceerd met mesoschaal data afgeleid van numerieke weermo-
dellen om grotere tijdschalen in het probleem op te nemen. De juistheid van het geïm-
plementeerd ALM wordt geverifieerd aan de hand van resultaten van vier andere LES
codes. Daarnaast ligt de nadruk op het waarborgen van nauwkeurige voorspellingen van
stuwkracht en vermogen op grovere resolutie LES. Daartoe wordt de benadering van de
zogenaamde filtered lifting line correction opgenomen in de implementatie van de ALM.

Huidige correcties voor grove resolutie ALM-LES zoals de filtered lifting line correc-
tion houden echter geen rekening met het volledige tijdsafhankelijke probleem. Daarom
nemen we als laatste stap de activering van de individuele bladhoekregeling die ten grond-
slag ligt aan helix actieve zogregeling als een kans om de tijdsafhankelijkheid in de ALM
formeel te onderzoeken voor tijdsafhankelijke aangehechte stroming. Door een semi-
analytische oplossing voor de tweedimensionale “ALM” af te leiden, wordt het verband
met de theorie van Theodorsen vastgesteld. Verder maakt deze oplossing het mogelijk
om de optimale kernbreedte voor de tijdsvariante ALM te bepalen, die ongeveer 40% van
de koorde bedraagt, en om de grenzen van de geldigheid ervan te bepalen. Belangrijk
is dat we vaststellen dat zelfs bij gebruik van de optimale kernbreedte de omvang van
de tijdvariante kracht niet meer nauwkeurig kan worden vastgelegd door de ALM als de
gereduceerde frequentie 𝑘 > 0.2 overschrijdt.

Samenvattend heeft dit proefschrift bijgedragen aan het inzicht in de omstandigheden
waaronder de toepassing van helix actieve zogregeling voor het verminderen van zogeffec-
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ten een haalbare optie kan zijn. Aangezien de voor- en nadelen van de helix ten minste ge-
deeltelijk complementair zijn aan zogsturing, kunnen beide regelingsstrategieën worden
gezien als onderdelen van een uitgebreidere toolbox van strategieën voor de regeling van
de stroming rond windparken. De activering van een bepaalde regelingsstrategie zou dan
alleen plaatsvinden tijdens periodes die overeenkomen met de geïdentificeerde gunstige
omstandigheden. Daarom is de modelontwikkeling in het tweede deel van dit proefschrift
gericht op het bouwen van een simulatieomgeving — variërend van mesoschaaleffecten
tot aerodynamica van vleugelprofielen — waarin een dergelijk selectieproces van strate-
gieën voor windparkstromingsregeling onder realistische weersomstandigheden kan wor-
den bestudeerd.
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Introduction

W orldwide greenhouse gas emissions continue to rise and challenge the goal of lim-
iting long-term average global warming to 1.5∘C compared to pre-industrial levels.

Despite this danger, current national policies are insufficient to achieve this goal, as there
is a disparity between ambition and the actions taken. However, there is the chance of
closing this gap by realising the mitigation potential across all major sectors, including
the energy, agriculture, forestry, industry, transport and building sectors, by taking firm
action. In particular, the energy sector holds great potential for reducing greenhouse gas
emissions by deploying solar and wind energy plants [1]. The key role of these two re-
newable energy sources is also highlighted by the International Energy Agency (IEA) in
their Net Zero by 2050: A roadmap for the global energy system strategy [2]. As of now,
wind energy stands at an installed capacity of 1000 GW with additions of 116 GW in 2023,
whereof 107 GW were achieved by onshore projects [3]. Further expansion on a similar
scale is expected for 2024, with an estimated capacity increase of 119 GW [4]. At the
United Nations COP28 climate summit, about 130 countries also agreed to triple contri-
butions from renewable energy [5], and wind energy is a crucial puzzle piece to achieve
this goal [3]. The feasibility of this goal is challenging since growth models for the expan-
sion of wind and solar energy in countries across the globe do not support these assumed
growth rates. National growth rates were found to follow S-curves, and the correspond-
ing maximum growth rates are insufficient to realise scenarios compatible with the 1.5∘C
goal. In particular, later adopting countries of the new technology did not achieve higher
growth rates than the early adopting ones [6]. Nevertheless, there are also more optimistic
studies which show that the optimised large-scale deployment of wind and solar energy
can achieve net-zero targets in 2040 [7]. While this thesis is concerned with technological
improvements to both improve the absolute production and the efficiency of wind energy
in support of the outlined deployment goals, it is also worthwhile to consider that achiev-
ing the net-zero CO2 strategy in 2050 goes way beyond a sole focus on the supply side.
An increasing focus on sufficiency and efficiency measures on the electricity demand side
aids the climate ambitions and mitigates the risk of a sole focus on the transformation of
the supply side [8].

When considering the scale of the required wind energy deployment, a first natural
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question might be the one of how large the global wind resource actually is. Global wind
resource estimates vary since, for example, the assumed rated power (and height) of the
hypothetical turbines extracting the power varies between studies. In fact they were of-
ten assumed to be of sizes like 1.5MW turbines in [9], 2.5 & 3.5MW turbines in [10] and
5MW turbines in [11], which are all significantly smaller than today’s wind turbine stan-
dard. Further accounting for changes of power curves with altitude and excluding regions
because of factors like accessibility, missing grid connection or sea ice concentration in-
fluences the estimates [12]. Despite these variations between the estimates, the former
studies suggest that from a global perspective, the wind resource is abundant [9, 10, 11,
12]. However, the availability of the wind resource is spatially heterogeneous, where
topography and climate are important factors. Offshore sites feature lower surface rough-
ness, which leads to higher wind speeds [9] and mean power densities, where the latter is
proportional to the mean air density and the mean of the cube of the wind speed [13]. A
map of the mean power density at 100m above ground for central and western Europe is
shown in Figure 1.1. The map displays that the potential for wind energy lies especially
offshore, where the mean power densities are distinctly higher than onshore, which is
visually demonstrated by the fact that the coastlines can be identified solely by the gra-
dient of the colour map without any need for explicitly marking them. While selecting
this specific region for demonstration purposes, the offshore potential is not limited to Eu-
rope and extends worldwide, e.g. to California [14] and China [15]. Beyond the raw wind
resource, there are also additional arguments for offshore wind energy. Given the rapid
growth of wind energy in general, it increasingly has to compete for land surface with

Figure 1.1: Mean power density at 100m above the surface for central and western Europe. The raw data is taken
from the global wind atlas (https://globalwindatlas.info/en/). Regions without data are shown in white.

https://globalwindatlas.info/en/
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all other stakeholders in our society and economy. Thus, offshore wind energy unlocks
additional surface for energy generation purposes [16]. Moving offshore also alleviates
onshore transportation constraints, which allows for the design and deployment of larger
wind turbines with higher rated power [17].

1.1 Wind farms —The enabler of offshore wind energy
When moving offshore, economic [18, 19] and environmental [20] considerations suggest
the clustering ofwind turbines in proximity to each other, thus forming awind farm. These
considerations include cabling costs for the intra-turbine and land connections; construc-
tion cost; maintenance cost; and the constraint of the surface dedicated to wind energy
generation, since offshore, different stakeholder interests need to be balanced, too (e.g.
shipping routes, fishing, natural reserves). Modern offshore wind farms contain from a
few dozen up to more than a hundred wind turbines, where each wind turbine on its own
constitutes one of the largest rotating machines built by humankind to date. For reference,
it takes two to three times the wingspan of an Airbus A380 to cover the rotor diameter
of these wind turbines [17]. In the following two sections, we present the physical scales
which impact the performance of these gigantic farms and introduce an unfortunate draw-
back of clustering wind turbines into farms.

1.1.1 The scales impacting wind farm performance — From the air-
foil to the mesoscale weather system

Wind farms operate in the turbulent winds occurring in the lowest part of the Earth’s at-
mosphere, where they are impacted by physical processes spanning a very wide range of
spatial and temporal scales [21]. The wind energy-relevant scales of the atmospheric flow
cover processes from the mesoscale down to the Kolmogorov microscales. The latter char-
acterise the smallest turbulent motions in the flow, which dissipate energy, i.e. transform
kinetic energy into internal energy [22]. Their length scale, 𝜂, in the turbulent atmospheric
flow is on the order of one millimetre with a corresponding time scale, 𝜏𝜂, on the order
of a fraction of a second [23]. In contrast, towards the upper end of the relevant range,
mesoscale atmospheric systems span distances from a few up to several hundred kilome-
tres with temporal dynamics on the order of hours. These larger mesoscale dynamics then
force the microscale atmospheric flow and provide the boundary conditions for its tem-
poral evolution [24, 25]. However, not only the atmospheric physics, but also the scales
of the human-made wind energy extracting machinery span several orders of magnitude
from a small airfoil up to the length of an entire wind farm. To build an intuition for this
coupled natural-technical system, it helps to divide it into four characteristic scales, where
we use the geometric scales of the turbine/farm as a guide. These scales of course merge
into one another and interact, but they are still helpful to structure the system (Figure 1.2):

• Airfoil scale: Airfoils are the two-dimensional cross sections from which a turbine
blade is made up. They are a crucial part of the wind turbine since they harness the
forces of thewind, which turn thewind turbine’s rotor. The airfoil dimensions are on
the order of the chord length 𝑐 (the length of the airfoil), which for airfoils near the
blade tip is 𝒪(𝑐) ≈ 1m. Airfoils located at the outer part of the blade towards the tip
experience local flow speeds of up to 𝑈𝑐 ≈ 100m/s such that the local characteristic
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time scale, 𝜏𝑐 , is on the order of 𝒪(𝜏𝑐) = 𝑐/𝑈 ≈ 0.01s (the time it takes an air parcel
to travel across the airfoil). The airfoils leave behind a wake in the flow with vortex
structures of similar size to the chord length.

• Turbine scale: The kinetic energy extracted from the wind is converted to electric-
ity at the scale of an individual turbine. A modern offshore wind turbine reaches
diameters, 𝐷, on the order of 𝒪(𝐷) ≈ 200m where the time for one revolution of the
turbine rotor is on the order of 𝒪(𝜏𝐷) = 10s. A large coherent vortex system forms
immediately downstream of the wind turbine, consisting of tip and root vortices
originating from the outer and inner ends of the turbine blades.

• Wind farm scale: A large offshore wind farm can contain on the order of ten rows
of wind turbines, where turbines are spaced typically 5 − 10D apart. Hence, the
length (and also width) of such a wind farm is on the order of 𝒪(𝐿) ≈ 10−20km. The
incoming wind in front of the farm attains speeds of 𝒪(𝑈∞) ≈ 10m/s and thus the
time it takes the flow to cross the farm is on the order of 𝒪(𝜏𝐿) ≈ 1000 − 2000s, i.e.
tens of minutes.

• Wind farm clusters and mesoscale: The actual atmospheric microscale condi-
tions encountered by a wind farm are the result of forcing from the larger mesoscale
weather systems introduced above, which span up to several hundred kilometres.
These spatial scales are also encounteredwhen considering clusters of multiple wind
farms.

The performance of a wind farm is impacted by all four of the scales described above.
Hence, we return to them in Section 1.3, where suitable modelling approaches will be
discussed.

Figure 1.2: The range of characteristic scales impacting wind farm performance: airfoil scale, turbine scale, wind
farm scale and wind farm cluster/mesoscale.

1.1.2 Efficiency losses — The cost of clustering wind turbines into
wind farms

In this section, the goal is to introduce the drawbacks of clustering wind turbines into a
large farm from a phenomenological and intuitive standpoint. Each wind turbine in the
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farm converts parts of the kinetic energy contained in the incoming wind into electrical
energy. Since the overall energy is conserved (the sum of kinetic energy in the wind,
electrical energy and losses due to energy conversion), this implies that a positive electri-
cal power output of the turbine results in a reduction of the kinetic energy contained in
the wind behind the turbine, which translates to a reduced wind speed. What does this
imply for the power output of a very long column of wind turbines? Would the wind,
as it moves through the column, eventually slow down to a standstill? Fortunately, this
is not the case, as the air moves downstream between two turbines, its kinetic energy
is partially replenished. This is due to turbulent fluctuations in the wind, which act to
transport kinetic energy from the more energetic surrounding winds from above and the
sides back to the region between the turbine. If we now consider many long columns
of turbines stacked next to each other, the neighbouring winds are depleted of energy,
too, and hence energy is mostly replenished from the top, except for turbines which are
located towards the front or side of the farm. Nevertheless, the replenishment of kinetic
energy implies that the wind not only slows down as it passes each turbine, but it also
accelerates again afterwards. That the atmospheric winds are indeed influenced on such
a fundamental level by the wind turbines/farm is beautifully visualised by an image taken
from the Sentinel-2 satellite on the 16th April 2018 (top panel of Figure 1.3). The image
captures the Sandbank and DanTysk wind farms operating within a cloud cover at the
border of the Danish-German North Sea. While the actual turbines can hardly be spotted
(the very small white dots in the inset), the low wind speed regions behind them are very
prominent due to the distinctly different structure of the cloud cover. These structures also
evidently impinge on the downstream turbines and superpose. Further, the fine-grained
topology of these structures indicates a second property of the low-speed regions behind
the turbines, which are elevated levels of velocity fluctuations, i.e. an elevated level of
turbulence intensity added by the turbines. These two properties — the wind speed deficit
and the higher levels of turbulence — are the two defining properties of the region behind
each turbine, which is called the wake [26]. While it would be speculative what caused
the “atmospheric wake visualisation” in this specific case, it certainly requires suitable
atmospheric conditions [27].

The wind speed deficit of wakes gradually recovers as they move downstream, where
the exact process and rate depends on the ambient turbulence level in the atmosphere,
the boundary layer height, the wind shear, the stratification and the wind veer (the last
two terms refer to the vertical variation of temperature and wind direction in the ABL,
respectively) [28, 29, 30, 31, 32]. However, wake recovery takes time, which translates
to streamwise distance. This distance is limited within a wind farm. Hence, downstream
wind turbines generally encounter lower wind speeds than front row turbines, resulting
in a reduced power output. The efficiency losses depend on the wake recovery rate (see
above) and the effective turbine layout (which is a function of the wind direction), where
field experiments found that wake losses on the order of 10% can occur [33, 34, 35, 36].
Wakes are only one component of the entire wind farm flow topology (see mid panel of
Figure 1.3). The entirety of the turbines in the farm presents an obstacle to the incoming
flow. The flow thus slows down in front of the farm and partially deflects around the farm.
This phenomenon is called global blockage and causes even front row turbines to pro-
duce less power than one would expect from an individual turbine [37]. Furthermore, in a
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Figure 1.3: The Sandbank and DanTysk wind farms in the North Sea observed from the Sentinel-2 satellite on
the 16th April 2018 (top panel). Credit: European Union, contains modified Copernicus Sentinel data (2025).
Qualitative visualisation of the flow physics associated with a large wind farm operating in the atmospheric
boundary layer (mid panel, adapted from [26]). Qualitative visualisation of the global blockage effect, the turbine
power output, and the streamwise evolution of row-averaged wind speed in the wind farm (bottom panel).
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stratified atmosphere, the flow deflection around the top can cause gravity waves. These
gravity waves induce additional pressure gradients in the wind farm, which superpose
onto the driving large-scale background pressure gradient. These additional pressure gra-
dients cause local flow acceleration and deceleration, which modify the turbine’s power
production, too [38]. Another wind farm flow feature is the development of an internal
boundary layer above the farm, which could reach a fully developed state for a very long
wind farm [39, 38, 26]. All these features together result in a case-dependent evolution
of the mean streamwise velocity and turbine power output through the farm, which are
shown qualitatively in the bottom panel of Figure 1.3. Its important features are the major
deceleration in the first few rows and the recurring acceleration/deceleration pattern of
the wakes in between turbines. The resulting overall lower wind speed across the farm
results in, on average, reduced efficiency of the clustered turbines compared to their coun-
terparts operating in isolation. The quantitative attribution of these efficiency losses to
either large-scale farm-atmosphere interaction (blockage, gravity waves and limits to the
vertical replenishment of kinetic energy in the farm from faster winds above) and inter-
nal turbine interaction via wakes is still the subject of ongoing research [40, 41, 42, 43].
However, wakes are certainly a big piece of the puzzle.

1.2 Wind farm flow control — The quest for increasing
farm efficiency

The preceding section detailed the sources of efficiency losses encountered in wind farms.
From there, the question arises whether these losses need to be accepted as they are or if
there is potential for mitigation using optimised design and control. The former is done
during the wind farm planning stage to identify farm layouts which minimise wake losses
and thus is inherently static in the sense that it considers the statistical distribution of the
wind speed and direction at a site [44]. The latter is employed during the operation of a
wind farm with a given layout. In fact, the degrees of freedom of modern three-bladed
variable pitch wind turbines provide a large playground to exploit them for dedicated
actuation, which aims at controlling and enhancing the recovery of the wake flow. From
this opportunity, the research field of wind farm flow control (WFFC) arose. It should be
noted that the objectives ofWFFC go beyond an elevated energy extraction. Objectives can
also reduce structural loading, power tracking, O&M services and mitigate environmental
impact [45]. Furthermore, there is also an effort to optimise energy extraction beyond
the sole focus on wakes by accounting for wind farm-atmosphere interaction [46]. In this
thesis, we are, however, concerned with WFFC in the narrow sense of increasing power
extraction via the reduction of efficiency losses due to wakes.

1.2.1 An overview of wind farm flow control strategies — Derived
from the turbine’s degrees of freedom

Let us consider a wind turbine of radius, 𝑅, sweeping across an area, 𝐴 = 𝜋𝑅2, while oper-
ating in an incoming air flow with speed, 𝑈∞, and density, 𝜌. The turbine experiences a
force normal to the rotor, which is the thrust force, 𝑇 , and extracts the power, 𝑃 , which
in terms of the local wind speed normal to the rotor, 𝑈𝑟 , is given by 𝑃 = 𝑇 ∗ 𝑈𝑟 . Using
the characteristic scales of the system (𝑈∞, 𝑅, and𝜌) one can define the rotor induction
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𝑎𝑟 = 1−𝑈𝑟 /𝑈∞ and the non-dimensional power, 𝐶𝑃 , and thrust, 𝐶𝑇 , coefficients

𝐶𝑃 = 𝑃
1
2𝜌𝐴𝑈 3∞

, 𝐶𝑇 = 𝑇
1
2𝜌𝐴𝑈 2∞

→(1−𝑎𝑟 )𝐶𝑇 = 𝐶𝑃 . (1.1)

Theory can now relate 𝐶𝑇 and 𝐶𝑃 to the induction in the rotor plane and predict maxi-
mum 𝐶𝑃 with the corresponding 𝐶𝑇 setpoint [47, 48]. The 𝐶𝑇 setpoint can be adjusted
utilising the degrees of freedom of modern wind turbines, namely the pitch angle, 𝛽 , the
yaw angle, 𝛾 , and the generator torque, 𝑄, where the last one can be used to regulate the
rotational speed, Ω, which is expressed as the non-dimensional tip-speed ratio 𝜆 = Ω𝑅/𝑈∞.
A turbine which is agnostic of its neighbours acts in a greedy manner; thus, it aims to
maximise its own extracted power. To this end, the greedy turbine controller adjusts the
tip speed ratio and blade pitch angle to adjust 𝑎𝑟 to the setpoint of maximum 𝐶𝑃 [47]. For
simplicity, this assumes the case of uniform inflow and thus 𝛾 = 0∘ to be optimal. The
resulting relationship between 𝜆, 𝛽 , 𝐶𝑇 and 𝐶𝑃 is shown in Figure 1.4 for the IEA 15MW
reference turbine.
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Figure 1.4: Thrust coefficient (left) and power coefficient (right) of the IEA 15 MW reference turbine as a func-
tion of the blade pitch angle, 𝛽 , and the tip-speed ratio, 𝜆 [49]. The stars indicate the setpoint (𝛽,𝜆), which
maximises 𝐶𝑃 .

Within the interval 𝑎𝑟 ∈ [0,1] (corresponding to the windmill and turbulent wake
states), the relation between 𝐶𝑇 and 𝑎𝑟 is a monotonically increasing one [48, 50]. Hence,
thrust and induction are interlinked and an increasing thrust force results in an increased
initial wake deficit. Conversely, when speeding up the recovery of the wake deficit is the
goal, the modification of the thrust is the required actuator to do so. Deviating from the
optimal greedy thrust set-point implies power losses on the actuated turbine (left panel
of Figure 1.4), which need to be compensated for by increased power extraction of down-
stream turbines. Any successful WFFC strategy then needs to find a favourable balance
between additional power loss due to actuation and power gain due to an enhanced wake
recovery. An overview map of WFFC strategies can be intuitively derived from the dif-
ferent available turbine degrees of freedom, which can be exploited to modify the turbine
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thrust. Such an admittedly subjective map is presented in the following (see Figure 1.5).
For an extensive literature review, the interested reader is referred to [51].

For the greedy turbine, the thrust coefficient is given by 𝐶𝑇 (𝜆,𝛽,𝛾 = 0∘). Hence, the
most simplistic strategy one could think of would reduce the rotor induction and thus
𝐶𝑇 in a static manner by adjusting either the tip-speed ratio or the collective blade pitch
angle. This strategy is called static induction control and was already proposed in 1988 by
Steinbuch et al. [52]. However, the potential gains of this strategy have turned out to be
small across numerical, wind tunnel and full-scale studies [45]. When also the turbine’s
yaw angle is considered, one obtains 𝐶𝑇 (𝜆,𝛽,𝛾 ). Misaligning the rotor with respect to the
incoming flow (𝛾 ≠ 0∘) results in yaw angle offsets. These offsets were observed to cause
wake deflection (lateral displacement of the wake) in experiments [53] and LES [54]. The
cause for this deflection is a lateral force exerted onto the flow by the turbine operating
with yaw offsets. Larger yaw offsets lead to decreased 𝐶𝑇 , 𝐶𝑃 and wake velocity deficit,
but increase the wake deflection. Further, a counter-rotating vortex pair forms behind the
misaligned turbine and leads to a characteristic kidney-shaped wake [55]. The intentional
use of yaw offsets on wind turbines in a farm allows then to steer wakes past downstream
turbines, which provides them with larger inflow wind speed and thus increases their
power production. The resulting WFFC strategy is called wake steering, and the potential
for power gains was already demonstrated in multi-month field experiments at a utility-
scale wind farm [56].

The two strategies above — static induction control and wake steering — can be clas-
sified as quasi-steady control in the sense that the control set-points are only adapted to
slow temporal variations of the mean wind speed and direction. Therefore, the efficacy
of these strategies does not inherently rely on dynamic actuation. In contrast, there is a
relatively new branch of control strategies with working principles which inherently rely
on the dynamic system response. The umbrella term for these strategies is active wake
control (AWC). In order to define the time scale of AWC, 𝜏𝑎 , a non-dimensional frequency
known as the Strouhal number is convenient. It is defined as 𝑆𝑡 = 𝑓𝑎𝐷/𝑈∞, where 𝑓𝑎 = 1/𝜏𝑎
is the actuation frequency. It is also noteworthy that the Strouhal number for an actuation
frequency which matches the rotor’s rotational speed 𝑓𝑎 = 𝑓𝑟 = Ω/(2𝜋) is directly related
to the tip-speed ratio as 𝑆𝑡𝑟 = 𝜆/𝜋 .

Active wake control strategies can target two different Strouhal regimes. The first
regime is on the order of 𝒪(𝑆𝑡𝑟 = 𝜆/𝜋) ≈ 3 and includes strategies which aim at trigger-
ing/accelerating the tip vortex instability in the turbine near-wake [57, 58, 59, 60]. These
strategies are motivated by the observation that the tip vortex system inhibits wake recov-
ery [61] and thus its destabilisation could benefit the power production of downstream
turbines.

The second regime concernsAWCactuationwith lower frequencies of𝒪(𝑆𝑡) = [0.1,0.5],
which create large coherent structures in the wake with spatial scales on the order of the
rotor diameter. As such, this kind of actuation aims to artificially force phenomena which
are already naturally present in wind turbine wakes or forced by the incoming ABL turbu-
lence [62]. An example is wake meandering, a term denoting the slow lateral oscillation of
the wake due to large-scale turbulent structures in the incoming ABL flow and instabilities
of the wake shear layer [63, 64]. By imposing an oscillatory yaw angle signal (which is not
in response to a changing wind direction), the thrust coefficient is now time-dependent ac-
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Figure 1.5: An overview of wind farm control strategies classified by the time scale of the actuation.

cording to 𝐶𝑇 (𝜆,𝛽,𝛾 (𝑡)). ThisWFFC strategy is called dynamic yawing and actively forces
downstream wake meandering [65]; however, the power gains diminished in conditions
with higher ambient turbulence intensity [66].

Even in the absence of atmospheric turbulence, studies conducted in water/wind tun-
nels with negligible to small inflow turbulence levels detected sustained low-frequency
motions in thewake. Thesemotions corresponded to the precession of a helical vortex [67]
and were linked to an unstable helical mode predicted by linear stability analysis [68].
Linear stability analysis of wind turbine wakes revealed that both the zeroth (vanishing
azimuthal dependence) and the first (azimuthal wavelength corresponds to full circle, i.e.
360∘) instability modes of a wind turbine wake have significant growth potential, whereby
their deliberate excitation offers the potential to enhancewake recovery through increased
turbulent transport of mean kinetic energy into the wake [69].

The zeroth instability mode can be actively forced by applying a time-varying thrust
force 𝐶𝑇 = 𝑓 (𝜆(𝑡),𝛽(𝑡),𝛾 = 0∘) through actuation of the rotor speed and/or the collective
pitch angle. This leads to the WFFC strategy of dynamic induction control (DIC). Adjoint
optimisation allowed to identify DIC actuation signals which maximise wind power ex-
traction by optimising the turbine-ABL interaction [70, 71]. Analysis of these actuation
signals allowed to derive a simplified DIC strategy by parameterising the 𝐶𝑇 (𝑡) variation
with a sinusoid. As a result, optimising DIC does not require finding the optimal time
series for 𝜆(𝑡) and/or 𝛽(𝑡), but only selecting the optimal amplitude and frequency (in
terms of 𝑆𝑡). Applying this parameterised DIC actuation leads to the periodic excitation
of large-scale vortex rings in the wake, which increase wake recovery [72]. Due to this
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flow feature, the parameterised DIC is also colloquially referred to as the pulse.
Modern wind turbines with individual pitch control (IPC) capabilities also allow for in-

tentionally forcing the first instability mode. This requires the creation of an azimuthally
non-uniform thrust distribution which additionally rotates as time progresses. In contrast
to any of the aforementioned wind farm flow control (WFFC) strategies this requires in-
dividual blade pitch actuation 𝛽𝑖(𝑡) with 𝑖 ∈ {1;2;3} and hence 𝐶𝑇 = 𝑓 (𝜆,𝛽𝑖(𝑡), 𝛾 = 0∘). In
this manner, the first instability mode manifests itself as a helical coherent structure in
the wake [73]. This WFFC strategy is called helix active wake control — also referred to as
the helix approach or simply the helix. It is one of the newest proposed WFFC strategies
and the subject of the present thesis.

1.2.2 Helix active wake control — Leveraging individual pitch actua-
tion for wind farm flow control

What distinguishes helix active wake control from the other AWC strategies mentioned
in the previous section is the fact that it involves both target Strouhal number regimes,
namely 𝒪(𝑆𝑡𝑟 = 𝜆/𝜋) ≈ 3 and 𝑆𝑡 ≈ [0.1,0.5]. As stated earlier, it forces the first instability
mode of the wake in the frequency range 𝑆𝑡 ≈ [0.1,0.5]. However, there is a distinct dif-
ference to e.g. DIC for which the frequency of the collective pitch actuation matches the
forcing frequency of the wake. This does not hold true for the helix, which causes its own
new set ofmodelling challenges aswill become clear later in Section 1.3. To achieve the cre-
ation of the azimuthally non-uniform thrust distribution which rotates with 𝑆𝑡 ≈ [0.1,0.5]
an individual pitch actuation on the order of the rotor’s rotational speed,𝒪(𝑆𝑡𝑟 = 𝜆/𝜋), is re-
quired. This can be intuitively understood by following a blade once around the full circle.
At each azimuthal location, the blade pitch is slightly adjusted to create the non-uniform
thrust and induction distribution. If this forced distribution were supposed to stand still,
this would lead to an individual blade pitch actuation frequency of exactly 𝑆𝑡𝑟 = 𝜆/𝜋 . How-
ever, the non-uniform thrust distribution is supposed to rotate either clockwise (CW) or
counter clockwise (CCW) with 𝑆𝑡 ≈ [0.1,0.5] and thus an individual blade needs to pitch
slightly faster or slower than the rotational speed of the rotor with a non-dimensional
frequency of 𝑆𝑡𝑟 ± 𝑆𝑡 = 𝜆/𝜋 ± [0.1,0.5] (where plus and minus sign lead to CCW and CW
helix, respectively). This concept for the helix actuation is visualised in Figure 1.6.

The initial work proposing the helixwith its above-introduced actuation scheme showed
its potential compared to the pulse using large-eddy simulation [73]. This finding led to
several experimental and numerical follow-up studies, which further matured the control
strategy. Several studies focused on the underlying working mechanism. Investigations
based on large-eddy simulations using the lattice Boltzmann method (LBM) and synthetic
turbulence as inflow showed that the increase in streamwise momentum available to a
downstream turbine stems both from increased radial turbulent transport of mean kinetic
energy (colloquially referred to as “wake mixing”) and an increased lateral displacement
of the wake. The former mechanism was shown to dominate in the near wake, whereas
further downstream the latter becamemore dominant [74]. The displacement contribution
was shown to be due to the induced velocities of large-scale coherent vortices, which re-
sulted from streamwise vorticity created in the near wake as a result of the helix actuation.
These vortex structures displace and deform the wake, and notably, their interaction with
the wake swirl explains the different efficacies of CW and CCW helix [75]. The formation,
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Figure 1.6: Formulation of the helix active wake control actuation signal in the static and rotating reference
frames. The two reference frames are connected via the multi-blade coordinate transform (MBC) [76]. The
bottom panel shows the resulting helical vortex system in the wake [77].
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evolution and decay of the large-scale coherent vortices were further shown to contribute
to the enhanced transport of mean kinetic energy into the wake. Further, CW and CCW
actuation lead to stable and more unstable vortex system configurations, respectively [77].
The observed formation of a large-scale coherent vortex system can be seen as the mani-
festation of the underlying first instability mode of the system, which is triggered by the
helix forcing at the rotor. As such, the frequency of the actuation (in terms of Strouhal
number) has a great impact on the modal growth rate of the instability [69]. All the stud-
ies mentioned so far relied on numerical simulation using LES. However, the enhanced
transport of mean kinetic energy has also been found experimentally. These experiments
also noted an enhanced destabilisation of the tip vortices and an earlier onset of wake
recovery [78, 79]. The latter study also examined a wide range of 𝑆𝑡 and found peaks of
the total power extracted by the two-turbine wind farm around 𝑆𝑡 ≈ 0.4 (CW) and 𝑆𝑡 ≈ 0.5
(CCW).

The Strouhal number is one of the two required parameters to define the open-loop
helix actuation signal, the other being the pitch amplitude. Their choice defines the power
loss/gain and dynamic loading on the actuated and waked turbine. Hence, optimisation of
these parameters is essential. An approach based on reinforcement learning (RL) achieved
power gains of up to 7% for a three-turbine wind farm, but the control actions did not sus-
tain the helix in the wake of the second turbine, and the computational effort was high due
to the required long simulation times [80]. Computational optimisation of the actuation
parameters remains expensive, given that, in principle, the single-harmonic helix actua-
tion could be even extended to include higher harmonics [81]. For the single-harmonic
case, a grid search across the feasible range of amplitudes and frequencies can be an al-
ternative to RL. Such a search has been conducted with two scaled-down turbines in a
wind tunnel with low levels of inflow turbulence (≈ 2%) [82]. The experiments allow for
mapping the entire search space, which would be computationally very expensive using
numerical simulation. However, the power curve of the scaled-down turbines can cause
different power loss characteristics in response to the helix actuation compared to utility-
scale turbines, which influences the optimal pitch amplitude. Further, changing the inflow
turbulence level or adding shear are expected to modify the optimal frequency given that
they cause different mean flow wake profiles, which change the stability properties of the
wake [69].

Identifying a setpoint (𝛽,𝑆𝑡)whichmaximises power production is not sufficient, since
the incurred load also needs to be considered. Aero-elastic simulations using synthetic
turbulent inflow allow for the study of the load impact on the actuated turbine across
a wide range of parameters. However, the load impact on the downstream turbine fol-
lows from wake interaction and needs computational fluid dynamics (CFD) solvers for
modelling, which limits the studied operating points. Using both approaches, it is shown
that for the helix, the upstream turbine’s pitch bearing damage and flapwise blade root
moments see the largest increase and are consequently the most important ones to con-
sider in a load-power trade-off [83]. These two important load channels were shown to
scale more strongly with an increase in pitch amplitude compared to frequency, allowing
some tuning of the latter. In addition, the tower top fore-aft and tower torsional moments
were also shown to see non-negligible increases in load [84]. Using measurement-derived
large-eddy simulations of two-turbine wind farms, it was also shown that damage equiva-
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lent load (DEL) increases of the helix are in general significantly larger compared to wake
steering. In boundary layers with low levels of veer and shear, the helix compensates
with larger power gains; however, in particular for larger levels of veer, wake steering is
superior both in terms of power gain and DEL [85]. Based on the same set of LES cases, it
was shown that veer impacts the effectiveness of the different major working mechanisms
underlying the different WFFC strategies. Wake steering achieved the increase in mean
kinetic energy in the wake mostly via mean advection, which proved to be more robust
to increased wake skewing due to veered inflow compared to enhancing the turbulent
transport of mean kinetic energy as the helix aims to do [86].

While most work on the helix focused on its working mechanism, parameter space,
power/load impact and dependence on ABL conditions, a few works have also already
moved towards reduced order modelling, where both data-driven approaches using dy-
namic mode decomposition [87] or spectral proper orthogonal decomposition [88] and
approaches based on the governing equations (linearised perturbation NSE coupled to
RANS) [89] are pursued. Apart from reduced order modelling which is necessary for
further integration of the helix into the wind farm optimisation process (e.g. AEP opti-
misation), there are also efforts to extend the application of the helix past the first row
of turbines in a farm via synchronisation [74, 90] and to implement the helix on floating
wind turbines [91, 92], which unlock new offshore wind resources in deeper waters.

Figure 1.7: Identified research gaps for helix active wake control. Sensitivity of power gains to the pitch actuation
amplitude (gap 1) and robustness to wind direction changes deviating from full wake overlap (gap 2).

From the outline of the current state-of-the-art, we note two gaps for helix active
wake control (also see Figure 1.7):

1. The impact of varying the pitch amplitude for helix active wake control on
the turbine response of the actuated and waked turbine in terms of power
and DEL has not been assessed for ABL turbulence. Previous studies either
considered only a single value for the amplitude or used scaled-down wind
turbine models in wind tunnel flows with negligible shear.
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2. The potential of helix active wake control compared to established meth-
ods like wake steering in terms of operating conditions (wake overlap and
turbine spacing) and robustness to wind direction changes is still unclear.

To summarise, we have so far explored why wind turbines are clustered into wind
farms; that clustering causes efficiency losses; and that a range of WFFC strategies have
been developed to reduce these losses. We further identified two research gaps for the
new WFFC strategy of helix active wake control. In the following, we will now focus on
the associated modelling challenge posed by this control strategy.

1.3 The modelling challenge — A constant balancing act
between fidelity and cost

In this section, we are concerned with the necessary modelling strategies to study WFFC
strategies in general and more specifically helix active wake control. Section 1.1.1 already
provided an overview of the wide range of scales impacting wind farm performance, i.e.
scales reaching from the airfoil up to atmospheric flow features on the mesoscale. Hence,
when trying to alter wind farm performance with wind farm flow control, one is presented
with a formidable modelling challenge. Before making any modelling choices, it is helpful
to define the requirements for model selection/development from a WFFC-oriented point
of view:

• The performance of anyWFFC depends on the atmospheric state, which is forced by
the current mesoscale conditions and within which the turbine wakes evolve. An
accurate model should either directly resolve or model effects like temperature strat-
ification, turbulence, surface topology and the directional and magnitude change of
the driving background pressure gradient.

• The performance of anyWFFC strategy ultimately depends on the turbine response.
In particular, one needs accurate power and load estimates for all, both the actuated
and the affected, turbines in the farm in order to judge the efficacy of the applied
control. Those depend on the turbine’s control system and its aero-elastic behaviour.

These requirements treat the task of choosing an appropriate model for WFFC only as a
matter of physical fidelity. However, WFFC-oriented modelling is done for an objective,
and this objective defines a maximum acceptable computational cost. Hence, a modelling
choice needs to balance physical fidelity with computational cost depending on the ob-
jective. Models with low fidelity are chosen when a single model evaluation should not
exceed the order of seconds on a single CPU [93], e.g. where the objective involves optimis-
ing the wind farm’s AEP with WFFC [94]. Higher fidelity is needed when optimisation
of steady-state setpoints for WFFC is not sufficient, as the objective is to find an opti-
mal dynamic control actuation accounting, e.g. for a time-varying inflow wind direction.
For these applications, models need to capture the temporal evolution and propagation of
wakes in a wind farm. An example is the FLORIDynmodel [95], which has been employed
for closed-loop model-predictive WFFC [96].
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Even higher physical fidelity is needed when the objective is to study the underlying
working mechanisms of WFFC strategies and to generate data which can be subsequently
used for the development and validation of lower fidelity models as they were described
above. Given their computational cost, this kind of model might only allow for a number
of evaluations on the order of 𝒪(evaluations) ≈ 10. In this thesis, we are concerned with
this class of models to address the research gaps for helix active wake control outlined
at the end of Section 1.2.2. However, even within this class of models, the cost-fidelity
trade-off remains since the physical fidelity requirements still span all four major scales
introduced in Section 1.1.1, namely the airfoil, the turbine, the farm and the mesoscale.

A physically uncompromising numerical modelling approach would then need to re-
solve the smallest spatial and temporal processes on the airfoil scale while considering spa-
tial domain sizes and time horizons large enough to account for the atmospheric mesoscale
phenomena. In a very rough manner, one could estimate the degrees of freedom of such a
discretised system as follows. When the discretisation of the airfoil scale requires 𝑁 3 spa-
tial and another 𝑁 temporal points, the degrees of freedom for resolving the smallest scale
are DOF = 𝑁 4 for a given resolution deemed sufficient. When additionally, the temporal
and spatial scales of the turbine scale should be captured, this would require an increase of
the spatial domain extent and simulated time horizon by at least one order of magnitude,
i.e. the degrees of freedomwould increase by at least a factor of (10∗10∗10)∗10 = 104. How-
ever, the resolution 𝑁 is still constrained by the airfoil scale and thus the total number of
degrees of freedom would be DOF = 𝑁 4 ∗ 104. When further including the wind farm and
mesoscale, one would obtain DOF = 𝑁 4 ∗ 104 ∗ 104 ∗ 104 = 𝑁 4 ∗ 1012. Assuming a required
resolution of 𝑁 ≈ 100 for the airfoil scale this results in DOF = 108 ∗ 1012 = 1020. For refer-
ence, this might exceed the order of the largest computational fluid dynamics simulations
of turbulence conducted at the time of writing this thesis (see e.g. [97]). This very rough
estimate should simply illustrate why even “high-fidelity” WFFC-oriented modelling with
practical relevance needs to make a choice of which scales and physical mechanisms are
(a) directly resolved; (b) represented by an analytical/empirical/data-driven model; or (c)
simply neglected. The particular choices made with respect to (a), (b) and (c) are described
in the following two subsections for the modelling of the atmospheric/wake flow and the
wind turbine, respectively.

1.3.1 Large-eddy simulation — Modelling the atmospheric flow
The flow physics relevant for wind energy concern the atmospheric flow and the therein
embedded aerodynamic flow (fluid-body interaction, i.e. the flow around the turbine
blade/tower with features like the airfoil boundary layer, the tip-hub vortex system and
the turbine wake). For the latter, the fidelity is not only determined by the flowmodel, but
notably also the fidelity of the turbine model, which will be discussed in the subsequent
Subsection 1.3.2.

The atmospheric boundary layer (ABL) is the lowest layer of the atmosphere, which
is nearest to the earth’s surface [98], featuring an almost continuous presence of three-
dimensional turbulence both in time and space [23]. Tomodel this atmospheric turbulence,
the highest fidelity of modelling needs to stay close to the governing equations. Within
the framework of continuum mechanics and for a Newtonian fluid like air, this leads
to the Navier-Stokes equations (NSE) as the set of underlying governing equations [22].
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For the numerical modelling of the NSE with computational fluid dynamics (CFD) the
candidates are simulation of the (unsteady) Reynolds-averaged Navier–Stokes equations
(RANS), large-eddy simulation (LES) or direct numerical simulation (DNS). RANS mod-
elling only considers the mean NSE. However, since we are interested in dynamics for
helix active wake control, this would be too restrictive. Unsteady RANS modelling only
resolves the low-frequency modes of the flow using temporal filtering and models the re-
maining turbulent fluctuations. As pointed out previously in Subsection 1.2.2, enhancing
turbulent transport is one of the important working mechanisms for helix active wake
control. An unsteady RANS approach would still mostly model and not resolve this turbu-
lent transport, which is undesirable for our purpose. Hence, the candidate chosen in this
work is large-eddy simulation (LES). An approach based on LES resolves all but the small-
est scales of the turbulent flow by employing spatial filtering of the governing equations.
The impact of the unresolved small scales on the resolved part of the turbulent spectrum
is modelled with subgrid-scale models [99]. LES thus finds a balance between directly
resolving most of the flow dynamics and limiting the computational burden compared to
DNS.

LES has been fundamental for numerical modelling of wind farms. Since the primary
works done for infinite wind farms [100, 101], LES has enabled many advancement for
the study of wind farm flow, such as studying the impact of atmospheric stability and the
Coriolis force on wind turbine wakes [30, 102]; the impact of boundary layer height and
gravity waves on wind farm power extraction [31, 38]; the formation of wakes behind en-
tire wind farms (in contrast to the individual wind turbine wakes within the farm) [103];
and attempts to actively control them [104]. LES has been also instrumental for the devel-
opment and evaluation of WFFC strategies [45]. It, for example, played an important role
in the evaluation of wake steering [105] and helix active wake control [73]. LES has also
been combined with an optimal control framework to improve power extraction [70] and
to identify optimal actuation signals for dynamic induction and wake steering WFFC [71,
66]. Furthermore, LES allows to test optimal closed-loop controllers for WFFC, e.g. for
wake steering [106, 107, 96].

To this end, the wind energy fluid mechanics community has developed and maintains
a range of state-of-the-art LES codes with a special focus onmodelling of wind farms in the
ABL: Examples are SOWFA [108], TOSCA [109], EllipSys3D [110, 111], AMR-Wind [112],
Nalu-Wind [113], SP-Wind [100, 70], WiRE [114] and VirtualFluids [115]. These codes
are well suited to study WFFC strategies in idealised statistically quasi-steady ABLs. They
then enable to discern and single out the effect of a specific parameter, like boundary layer
height or stratification. As such, these codes are also verywell suited to generate large data
sets of high-fidelity data for the development of lower-fidelity models. However, WFFC
strategies ultimately need to show their benefit in realistic operating conditions where the
meanABL state varies in time and space and hence its energy spectrum contains additional
contributions from low frequencies and long wavelengths, which might not be captured
by the codes above [25]. These variations due to the diurnal cycle [116] and the mesoscale
forcing [117] lead to transient ABLs which need to be accounted for when developing
controllers for WFFC since they could also affect the selection of the most suitable control
strategy (see the second identified gap in Subsection 1.2.2).

As more physical scales are essential for the modelling of WFFC, this calls for a new
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approach to model development, which was also formulated in a more general sense for
the entire wind energy community by Sanz Rodrigo et al. [25]. They noted that in the
past, each of the major scales relevant for wind energy (see Section 1.1.1) was commonly
studied by separate scientific communities, e.g. meteorologists, wind engineers, and aero-
dynamicists. This led, according to them, to

“... each one [community] developing their own community models with little
interaction with the neighbouring ones (silo effect). The next generation of wind
energy models will necessarily look for an integrated approach that can produce
a more comprehensive characterisation of the modelling system.”

In this spirit, there is benefit in bridging the gap between LES codes designed for ide-
alised quasi-stationary ABLs as introduced above and meteorological LES codes, which
come with more extensive modelling capabilities for atmospheric physics and mesoscale
to microscale coupling. Such codes are WRF-LES [118], PALM [119], FastEDDY [120] and
GRASP/ASPIRE¹ [121, 122, 123]. For example, ASPIRE features the anelastic approxima-
tion and models not only the transport of momentum, but also heat and moisture. As
such, it includes a radiation balance, cloud formation and precipitation, where all these
processes in turn drive mesoscale fluctuations. The adaptation of open boundary condi-
tions further allows for prescribing large-scale conditions from NWP models with spatial
and temporal variation for all prognostic variables in the LES.

1.3.2 The actuator line model — Modelling the wind turbine
One approach to bridging the gap between the more idealised wind energy and the mete-
orological LES codes is to transfer the advanced turbine modelling capabilities from the
former to the latter. Offshore wind turbines need to sustain static, periodic, transient and
stochastic loading in response to gravity, wind, waves and controller actions. As such,
the fields of aerodynamics, hydrodynamics, structural dynamics and control all need to be
considered to model the dynamics of the turbine. To this end, a range of aero-hydro-servo-
elastic codes have been developed [124], where popular examples are OpenFAST [125] or
HAWC2 [126]. These codes also provide interfaces to include state-of-the-art reference
controllers for both greedy turbine control, but also AWC strategies [127]. When used in
a stand-alone mode, these models usually use synthetic turbulence as inflow, e.g. gener-
ated with tools like TurbSim [128]. They allow the calculation of the ultimate and fatigue
loads (the latter, e.g. in terms of DELs) for all major turbine components and assess their
sensitivity with respect to the inflow conditions [129, 130]. Hence, these aero-hydro-servo-
elastic codes fulfil the second requirement defined for high fidelity WFFCmodelling at the
beginning of Section 1.3.

To address the first requirement, we outlined the need for LES in the previous subsec-
tion. Consequently, turbine models need to interface the flow computed with LES. To this
end, most models are so-called actuator models; however, the different instances feature
very different degrees of abstraction (see Figure 1.8). Actuator models do not attempt to
directly capture the impermeable surfaces of the solid bodies (blades, tower, ...) and asso-
ciated flow features like boundary layers. They instead mimic the effect of the solid bodies
by computing discrete actuator forces, which are then imposed as body forces onto the

¹The code was renamed from GRASP to ASPIRE. Note that Chapter 4 still uses the legacy name.
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Figure 1.8: Fidelity hierarchy of wind turbinemodels suitable for representing turbines in large-eddy simulations.
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flow via a projection using regularisation kernels. The detail considered in the computa-
tion of the discrete actuator forces, the number of required actuator points and the shape
of the regularisation kernel lead to varying fidelity and LES grid resolution requirements,
which in turn determine the computational cost [131].

Actuator farmmodels are a new development. They consider a single actuator point to
model the turbine, which allows the use of very coarse grids, which makes them suitable
for the study of wakes behind entire wind farms [132, 133]. In turn, the concept of the
actuator disk model (ADM) routes back to Froude in the nineteenth century [134] and has
been applied for wind turbine modelling early on [135]. One of the first combinations of
the ADM with LES was done by [136], and as the name suggests, actuator points are dis-
tributed across the rotor swept disk. To determine the magnitude of the discrete actuator
forces, the ADM approaches either rely on the integral thrust coefficient [136] or more
detailed blade element information in terms of tabulated airfoil data for the lift and drag
coefficients [114]. Airfoil specific tabulated lift and drag coefficients can also be used as
the basis for the actuator line model (ALM) [137]. It considers actuator points distributed
along lines representing the three turbine blades. As such, the ALM naturally captures
the rotor footprint on the flow. There are also modifications to the ALM to either de-
crease or increase the fidelity. The former is done by distributing the actuator forces also
in the azimuthal direction within a sector around the blade, which leads to the actuator
sector model and relaxes the maximum allowed time step size [138]. The latter is done by
extending the ALM such that the chordwise direction of the airfoil is represented by mul-
tiple rather than a single actuator point, which leads to the actuator surface model [139,
140]. Lastly, the turbine can also be directly represented by body-resolving approaches
instead of employing actuator concepts [141, 142, 113].

As stressed earlier on even high fidelity modelling for WFFC needs to find a balance
between physical detail and computational cost. Since we are in this thesis concernedwith
helix active wake control — which relies on individual blade pitch actuation — resolving
the footprint of individual blades is important. While there is potential to mimic the non-
uniform thrust distribution induced by the helix via a non-uniform ADM approach [143,
144, 145], this choice entails further simplifying assumptions for the unsteady aerodynam-
ics on the airfoil/blade scale. Hence, for modelling helix active wake control in LES the
ALM balances physical detail with cost and is the model of choice. It allows for a direct
implementation of the pitch actuation signals and a coupling with the aforementioned
aero-hydro-servo-elastic codes [108]. Further, it can be used to assess the load impact
of wakes subject to helix control on downstream turbines [83], and it is compatible with
synchronisation controllers, which extend the helix control to downstream turbines [90].
However, it is known that for practical applications like WFFC the width of the regulari-
sation kernel employed for the ALM exceeds the optimal value by approximately an order
of magnitude [146]. This is the case since the kernel width is constrained by LES grid
resolution. However, large sub-optimal kernel widths lead to the overprediction of the
actuator forces and thus the turbine power and thrust [147]. To this end, ALM correc-
tions have been developed to still obtain accurate force predictions on coarser grids [148,
149, 150, 151, 152, 153]. These different corrections vary as they use different degrees of
ad-hoc modelling, empirical assumptions or solutions to simplified versions of the gov-
erning equations. A comparison of two of the aforementioned corrections, namely [149]
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and [150], showed that they are both effective in improving the accuracy of coarse grid
ALM-LES results [154].

The introduced ALM corrections either directly rely on quasi-steady assumptions or
neglect the spanwise shed vorticity, whichwould appear for unsteady blade loading. While
unsteadiness is already inherently caused by the turbulent atmospheric flow, the struc-
tural deformations and operation of the rotor in veered/sheared flow, the use of unsteady
actuation for WFFC strategies like helix active wake control motivates us to investigate
the general ability and bounds of applicability of the ALM for unsteady aerodynamics. To
quantify the degree of unsteadiness, one canmake use of the reduced frequency 𝑘 = 𝜋𝑓 𝑐/𝑈 ,
which relates the local advection time scale of the flow (𝑐/𝑈 ) to the time scale of the ac-
tuation (1/𝑓 ) [155]. In the case of a wind turbine blade, the chord, 𝑐, and the velocity, 𝑈 ,
are functions of the span. Considering a realistic application of helix active wake control,
we choose a CCW helix actuation with 𝑆𝑡 = 0.3 at an incoming wind speed of 𝑈∞ = 8 m/s.
The resulting reduced frequency along the blade span, 𝑘 = 𝜋𝑓helix𝑐(𝑟)/𝑈 (𝑟), is shown in
Figure 1.9 for the NREL 5-MW (𝑅 = 63m) and the IEA 15-MW (𝑅 = 120m) turbines. Blade
inwards the reduced frequencies exceed values of 𝑘 = 0.05 and 𝑘 = 0.2 beyond which the
degree of unsteadiness is considered as unsteady and highly unsteady, respectively [155].
This motivates us to investigate how well the unsteady loading at these reduced frequen-
cies is captured by coarse grid ALM-LES, in particular given that also higher harmonics
of 𝑓helix will appear in the system response.
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Figure 1.9: Reduced frequencies 𝑘 along the blade span of the NREL 5-MW and the IEA 15-MW turbines for
actuation with the CCW helix at a Strouhal number of 𝑆𝑡 = 0.3 and inflow wind speed of 𝑈∞ = 8m/s. The
spanwise location 𝑟 is non-dimensionalised with the respective rotor radius 𝑅.

From the above outlined state-of-the-art for WFFC-oriented modelling, it is found
that simulation environments which combine turbine simulations at “blade foot-
print” fidelity level with real weather atmospheric flow at affordable cost are
scarce. Such capabilities could enable numerical tests of wind farm flow control
leveraging individual blade pitch actuation in realistic operating conditions. In
particular, the following two gaps are identified:
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3. There is a trade-off between the fidelity of the turbine modelling and the
inclusion of phenomena from the wind farm and mesoscale. There is a lack
of tools to simulate at the intersection of aero-hydro-servo-elastic turbine
models coupled to mesoscale-driven atmospheric boundary layer flow via
the actuator line model (right-hand side of Figure 1.10).

4. The actuator line model is used to model unsteady actuation for helix active
wake control. Especially on coarser LES grids, it is unknown how strongly
the unsteady aerodynamic response predicted by the ALM is impacted and
if corrections are necessary (left-hand side of Figure 1.10).

Figure 1.10: The range of characteristic scales impacting wind farm performance and their relation to the iden-
tified gaps for WFFC in general (gap 3) and helix active wake control specifically (gap 4).

1.4 Thesis objective — Joint-development of helix active
wake control and tailored actuator line modelling

Wind farm flow control based on wake steering has already matured to an industrially
viable option². However, dynamic control strategies aiming at wake mitigation have
emerged as a new alternative and are still relatively unexplored, in particular strategies
leveraging individual pitch actuation like helix active wake control. In this thesis, the
goal is to further assess this new control strategy and, alongside further develop the cor-
responding modelling strategies in order to address the gaps identified in Sections 1.2.2
and 1.3.2. To this end, the following overarching objective is formulated:

Thesis Objective: Assess the performance of helix active wake control in quasi-
steady atmospheric boundary layers and develop actuator line model capabilities
for its study in coarse grid real weather large-eddy simulations.

²https://www.siemensgamesa.com/global/en/home/press-releases/191126-siemens-gamesa-wake-adapt-en.
html, Accessed 19/06/2025

https://www.siemensgamesa.com/global/en/home/press-releases/191126-siemens-gamesa-wake-adapt-en.html
https://www.siemensgamesa.com/global/en/home/press-releases/191126-siemens-gamesa-wake-adapt-en.html
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1.4.1 Contributions
The potential power gain and the corresponding structural load impact of the helix have
so far been mainly studied separately. Loads were assessed with aero-hydro-servo-elastic
simulations relying on synthetically generated turbulent inflow and focused on the actu-
ated turbine. The power gain was then studied separately using large-eddy simulations
of two turbine wind farms. Further, the control input parameters — the amplitude and
frequency — were not studied across a wide range. This leads to the first contribution of
this thesis:

Contribution I: Quantify the sensitivity of helix active wake control to the pitch
amplitude control input in terms of the trade-off between wind farm power gain
and structural turbine loading in a quasi-steady atmospheric boundary layer.

As a newly proposed control strategy, it is important to benchmark helix active wake
control with respect to the established standard of wake steering. Here, the choice of the
more performant control strategy can depend on the position of the wind turbine, i.e. its
downstream distance and lateral offset. In addition, the robustness of the power gain at a
given operating point with respect to wind direction changes influences the selection of
the control strategy. The resulting contribution reads as:

Contribution II: Compare the robustness of power gains achieved with helix
active wake control to variations in turbine spacing and wake overlap with static
wake steering.

The two former contributions consider small two-turbine wind farms operating in
quasi-steady atmospheric boundary layers, i.e. ABLs with constant mean wind speed and
direction. To bring wind farm control strategies to practice, their efficacy should also
be demonstrated in conditions more closely resembling real-world conditions where the
“mean” wind speed and direction are time varying. To this end, large-eddy simulations
need the capability to be driven with mesoscale data. Furthermore, as domain sizes grow
to accommodate larger wind farms while the grid size is still constrained by the fact that
the actuator line model is needed to model the helix’s individual pitch control actuation,
the degrees of freedom of the resulting simulation can become computationally limiting
or even prohibitive. As a remedy, corrections for the actuator line are needed to allow
for the use of coarser LES grids while limiting the actuator line modelling error. Tackling
these objectives leads to the third contribution:

Contribution III: Develop a simulation environment to enable large-eddy simu-
lations of helix active wake control in realistic weather scenarios, which ensures
an accurate turbine response also on coarse grids.

Existing corrections for the actuator line model as implemented for the third contri-
bution do not consider all vorticity components contributing to the unsteady response.
Unsteady phenomena are abundant in wind energy, e.g. the turbulent inflow, shear, struc-
tural deformation or control actions. Here we take the use of an ALM with correction to
model unsteady individual pitch control as the opportunity to study the effect of the so far
neglected unsteady spanwise vorticity component on the unsteady aerodynamic response.
Thus, the final contribution of this thesis is:
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Contribution IV: Derive a semi-analytical model, which quantifies the ability
of the actuator line model to capture unsteady aerodynamic effects and identify
bounds for its validity.

1.4.2 Thesis outline
The four introduced contributions are each addressed with a dedicated chapter. Each chap-
ter consists of a previously published paper with its own introduction to the relevant litera-
ture, presentation of the underlying methods and specific conclusions. Thus, each chapter
can also be read individually. The paper introductions reflect the state-of-the-art at the
time of their writing, which might partially lack some of the newest literature presented
in this thesis introduction.

Chapter 2 assesses the performance of helix active wake control using large-eddy
simulations of a two-turbine wind farm operating in a conventionally neutral boundary
layer. The turbines are modelled with an aero-hydro-servo-elastic solver coupled to the
flow solver via an actuator line model. The upstream turbine is actuated with pitch am-
plitudes of 1∘, 2∘, 3∘, 4∘ and 6∘. The power loss of the actuated turbine is related to the gain
downstream. The actuation-induced increase in structural loading is quantified in terms
of the damage equivalent load (DEL) of the main turbine components, and spectra of the
blade root bending moments show the footprint of the control in the frequency domain.
Analysis of the angle of attack at the actuated turbine provides insight into the cause of
the upstream power loss.

Chapter 2 is based on the following publication:
E. Taschner, A. van Vondelen, R. Verzijlbergh, and J. W. van Wingerden. “On
the performance of the helix wind farm control approach in the conventionally
neutral atmospheric boundary layer”. In: Journal of Physics: Conference Series
2505.1 (2023), p. 012006

Chapter 3 compares static wake steering with helix active wake control using large-
eddy simulations of a conventionally neutral boundary layer. A setup is developed which
allows for estimating the control-specific power gain of a two-turbine wind farm across
all relevant turbine spacings and levels of wake overlap with a single LES run. Thus, the
number of simulations equals the number of studied control setpoints and makes the use
of LES computationally feasible. The results allow for the selection of a suitable control
strategy depending on the operating conditions and provide insight into the robustness of
the control in case of wind direction variations.

Chapter 3 is based on the following publication:
E. Taschner, M. Becker, R. Verzijlbergh, and J. W. vanWingerden. “Comparison of
helix and wake steering control for varying turbine spacing and wind direction”.
In: Journal of Physics: Conference Series 2767.3 (2024), p. 032023

Chapter 4 develops a new simulation environment to allow for the study of wind farm
flow control strategies based on individual pitch control in real weather conditions. To
this end, a large-eddy simulation solver tailored for meteorological applications, including
forcing with site-specific mesoscale data, is coupled to a multi-physics solver computing
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the aero-hydro-servo-elastic turbine response. The coupling is achieved via an actuator
line model and incorporates a correction for the use on coarse LES grids. The coupling is
verified for a single turbine case with laminar inflow using data from four other commonly
employed research LES solvers.

Chapter 4 is based on the following publication:
E. Taschner, M. Folkersma, L. A. Martínez-Tossas, R. Verzijlbergh, and J. W. van
Wingerden. “A new coupling of a GPU-resident large-eddy simulation code with
a multiphysics wind turbine simulation tool”. In: Wind Energy 27.11 (2024),
pp. 1152–1172

Chapter 5 derives a semi-analytical model for the two-dimensional unsteady actuator
line, i.e. an airfoil represented by a Gaussian body force. The model is formulated both in
the time and the frequency domain and efficiently computes the unsteady loading without
the need for performing actual LES. The model is verified with ALM-LES, and the impact
of a range of actuation frequencies and signal types on the unsteady loading is studied.
Finally, validation with Theodorsen theory and numerical/experimental reference data al-
lows us to establish bounds of validity for the use of the ALM when modelling unsteady
aerodynamics.

Chapter 5 is based on the following publication:
E. Taschner, G. Deskos, M. B. Kuhn, J. W. van Wingerden, and L. A. Martínez-
Tossas. “Unsteady aerodynamic loads on pitching airfoils represented byGaussian
body force distributions”. In: Accepted for publication in Journal of Fluid Mechanics
(2025)

Chapter 6 draws the overall conclusions as they pertain to the thesis objective and
presents recommendations for future work.
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2
On the performance of the helix

wind farm control approach in the
conventionally neutral atmospheric

boundary layer
The performance of wind farms can substantially increase when their individual turbines
deviate from their own greedy control strategy and instead also take into account downstream
turbines operating in the wake. The helix approach is a recently introduced dynamic wind
farm control strategy that tackles this issue by leveraging individual pitch control to accelerate
wake recovery. Its effective implementation requires detailed knowledge about the scaling
between control input and the resulting power gain and turbine loading across the farm. In
the present work, this scaling is explored by means of large-eddy simulation of a two-turbine
farm in the conventionally neutral atmospheric boundary layer. A parameter sweep for the
amplitude of the helix is performed, showing a monotonic increase of the farm’s power output
with increasing pitch amplitude within the considered range of zero to six degrees. The scaling
of the power gain suggests that a threshold amplitude should be exceeded for effective speed-
up of the wake recovery, whereas the damage equivalent loads computed for the turbines
indicate an upper limit for the amplitude despite increasing power gains.

This chapter is based on the following publication:

[156] E. Taschner, A. van Vondelen, R. Verzijlbergh, and J. W. van Wingerden. “On the performance of
the helix wind farm control approach in the conventionally neutral atmospheric boundary layer”. In: Journal of
Physics: Conference Series 2505.1 (2023), p. 012006

The LES input files and numerical data underlying the figures in this chapter can be downloaded from:
https://doi.org/10.4121/1232217b-eceb-481e-a560-c03423287bf2.v1.

https://doi.org/10.4121/1232217b-eceb-481e-a560-c03423287bf2.v1
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2.1 Introduction
Wind turbines are commonly clustered in farms to allow for cost-effective power extrac-
tion, as e.g. cabling, maintenance, and installation costs can be shared. However, this
clustering implies an inherent coupling between turbines due to wake interaction, which
renders conventional control approaches optimising isolated turbine performance subop-
timal on the wind farm level. As a result, wind farm control approaches have been de-
veloped which seek to optimise the overall power extraction and turbine loading across
the entire farm [45]. Recently, especially dynamic control approaches have gained atten-
tion, including dynamic induction control (DIC). Actuation signals for DICwere developed
leveraging optimal control combined with large-eddy simulations (LES) [71], its physical
working mechanism was studied in [160], and steps towards the practical implementation
were undertaken using simplified parameterised signals [72]. These works demonstrated
increased wake recovery and overall power extraction. However, significant thrust and
power fluctuations were found, too [161].

To mitigate these variations, a new dynamic control approach using individual pitch
control (IPC) called the helix was introduced and benchmarked against DIC in [73]. This
proof of concept showed promising gains in power extraction for the helix studying a
two-turbine wind farm using LES. Nevertheless, there are still knowledge gaps regarding
the impact of the helix on the flow physics in the wake, the performance in different at-
mospheric boundary layer (ABL) conditions and the optimal actuation signal in terms of
amplitude and frequency (usually expressed as Strouhal number 𝑆𝑡) [51]. Attempts to op-
timise the helix signal are limited. For the initial proof of concept, the frequency is derived
from DIC as 𝑆𝑡 = 0.25, and the influence of the amplitude is analysed for two levels [73].
A study for a single amplitude, but four different Strouhal numbers suggested that the op-
timal frequency might deviate from 𝑆𝑡 = 0.25, although only considering uniform inflow
[162]. In [80] reinforcement learning was applied to optimize the helix amplitude for a
three-turbine wind farm (𝑆𝑡 = 0.25) reporting an overall power gain of 6.8%.

Looking beyond the sole optimisation of the power gain, further investigations were
conducted to evaluate the impact of the helix approach on turbine components. The re-
sults showed that DIC had a significant effect on the turbine tower compared to the helix
approach, while the difference between both methods on the blades was minimal [83]. An-
other work performed amore comprehensive sensitivity analysis and found that the tower
fore-aft, blade flapwise, and pitch bearing are particularly sensitive to a high-amplitude he-
lix actuation signal, while other components are less affected [84]. Since the performance
increase of the helix approach becomes more significant with amplitude, a balance should
be found between the increased load and power gains. As of yet, no study has explicitly
examined the amplitude scaling of power increase versus load increase for a two-turbine
setup.

The objective of the present work is, therefore, to obtain a more detailed insight into
the amplitude scaling by conducting a parameter sweep using LES of a two-turbine farm.
In terms of atmospheric conditions, we focus on the neutral ABL and in particular its
most common type in the atmosphere: the conventionally neutral atmospheric boundary
layer (CNBL) [163]. This study thereby informs future research on the optimal actuation
signal and provides a baseline for the assessment of the amplitude-power gain scaling in
different atmospheric conditions.
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2.2 Methodology
This section outlines the methodology to simulate the flow in the ABL and the wind tur-
bine dynamics. Further, the helix controller and the approach for the load analysis are
introduced.

2.2.1 AMR-Wind and OpenFAST
The flow in the ABL is modelled using the LES code AMR-Wind [112]. AMR-Wind solves
the filtered incompressible Navier-Stokes equations where the subgrid-scale stresses are
modelled using the kinetic energy one-equation turbulence model [164]. The code uses
the Boussinesq approximation in order to include the effect of density gradients on buoy-
ancy. At the lower boundary, a wall shear stress model using Monin-Obukhov similarity
theory is employed following [164]. At the top of the domain, a slip wall is specified for
the velocity and a fixed gradient for the potential temperature. AMR-Wind solves the gov-
erning equations on Cartesian block-structured grids, which can be locally refined either
statically or dynamically. More details on the numerical implementation of AMR-Wind
can be found in the work of [165], which examined the stable northeastern United States
marine boundary layer. AMR-Wind further provides a coupling to OpenFAST, which is
used in this work and was previously employed to evaluate the performance of wind farms
operating in low-level jet events [166].

OpenFAST is a multi-physics wind turbine simulation tool capable of simulating the
entire wind turbine including its structural, hydro-, aero- and control dynamics [125]. In
this study, the OpenFAST model for the fixed-bottom monopile variant of the IEA-15 MW
turbine is employed [49], which is representative of the next generation of offshore tur-
bines. OpenFAST is coupled to the LES simulation using a standard actuator line model
(ALM) [137].

2.2.2 Turbine controller
The control actions are implemented using the reference open-source controller (ROSCO),
where the IPC routine of ROSCO is extended to include the additional pitch actuation re-
quired for the helix [127]. The key idea of the helix is to impose slowly periodically varying
tilt and yawmoments on the turbine, thereby deflecting the wake in a helical shape and fa-
cilitating wake recovery [73]. The signals for these moments are designed in the turbine’s
non-rotating blade coordinate system using the corresponding yaw 𝛽𝑦𝑎𝑤(𝑡) and tilt 𝛽𝑡𝑖𝑙𝑡 (𝑡)
pitch angles. They are given by the relations 𝛽𝑡𝑖𝑙𝑡 = 𝛽 sin(𝜔𝑒𝑡) and 𝛽𝑦𝑎𝑤 = 𝛽 sin(𝜔𝑒𝑡 + 𝜓),
where 𝛽 is the pitch amplitude and the actuation frequency 𝜔𝑒 = 2𝜋𝑓𝑒 can be expressed
as non-dimensional Strouhal number 𝑆𝑡 = 𝑓𝑒𝐷/𝑢𝐻 . The rotor diameter is denoted as 𝐷
and 𝑢𝐻 is the mean inflow wind speed at hub height. A counterclockwise (CCW) helix is
obtained for a phase offset of 𝜓 = 𝜋/2, whereas a clockwise (CW) helix results from the
offset 𝜓 = −𝜋/2. For the implementation on the actual turbine, the designed signals still
have to be transformed to three blade pitch actuation signals 𝛽𝑖(𝑡) (𝑖 = 1,2,3) expressed in
the rotating blade-attached coordinate system using the inverse Multi-Blade Coordinate
transform (MBC) [76]. The frequency of the resulting pitch actuation signals for a CCW
helix is then given by 𝜔𝛽 = 𝜔𝑟 +𝜔𝑒 (𝜔𝑒 ≪ 𝜔𝑟 ) for a wind turbine operating in below-rated
conditions with constant rotor speed 𝜔𝑟 and collective pitch 𝛽0 = 0 [73].
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2.2.3 Fatigue analysis
Fatigue is a type of damage that occurs in structures as a result of repeated loading over
time. This damage typically manifests as small cracks that gradually grow until the struc-
ture fails. The magnitude of the response to cyclic loading is governed by structural pa-
rameters such as damping and natural frequencies, which means that knowing these pa-
rameters is essential for designing structures such as wind turbines that must withstand
cyclic loading for extended periods [167]. In the next paragraphs, the two measures for fa-
tigue used in this study are presented: the damage equivalent load (DEL) and pitch bearing
damage (PBD).

Damage equivalent load
One way to model the damage caused by cyclic loading on a structure is through the use
of the S-N (or Wöhler) curve, which indicates the number of cycles a structure can endure
before failure for a given stress level [47]. The slope of the S-N curve is specific for each
type of structure and is used to calculate the damage equivalent load (DEL), which con-
denses the total fatigue damage experienced by a structure to a single number. To use the
S-N curve, it is necessary to have information on the ranges and frequencies of the differ-
ent load cycles, which can be collected from a load signal using rainflow counting. The
means of these cycles must then be corrected to a single mean value using the Goodman
correction, which is given by:

𝐴RF𝑖 = 𝐴𝑖 ∗ ((𝐴u − |𝐴fm|)/(𝐴u − |𝐴m𝑖 |)) (2.1)

where 𝐴RF𝑖 is the Goodman-corrected range, 𝐴𝑖 is the range, 𝐴m is the mean of the i-th
cycle, 𝐴u is the ultimate load, and 𝐴fm is the fixed mean load, which is set as the mean of
the entire signal. The DEL is then calculated using the following formula:

𝐷𝐸𝐿 = ((
𝑁
∑
𝑖=1

(𝐴RF𝑖 )𝑚 ∗ 𝑛𝑖)/𝑛𝑒𝑞)
1
𝑚 (2.2)

where 𝑁 is the total number of cycles, 𝑚 is the inverse Wöhler slope (conventionally
taken as 5 for the tower and 10 for the blades), 𝑛𝑖 is the number of cycles with range 𝐴𝑖 ,
and 𝑛𝑒𝑞 is the equivalent cycle, which is set as 1. The calculations were performed using
NREL’s MLife toolbox [168]. Furthermore, the DELs in this work are calculated for the
blade root (BR) moment (edgewise, flapwise, and torsional direction), the tower top (TT)
moment (fore-aft, side-side, and torsional direction) and the tower base (TB) moment (fore-
aft and side-side direction). The computational expense of AMR-Wind simulations limits
the loads analyses performed in this work to 35 minutes of suitable simulation data for
DEL calculation. This is less than a typical loads analysis, which uses either six 10-minute
datasetswith different turbulence seeds or a single 1-hour dataset [169]. The fatigue results
presented in this work should therefore be considered as preliminary.

Pitch bearing damage
Pitch bearings accumulate damage differently due to their dynamic character [170]. Fa-
tigue develops in radial positions on the bearing rings due to movement and the blade
moment acting on the bearing. Both these components are taken into account in the pitch
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bearing damage (PBD) calculation, which differs from the conventional DEL.The standard
used in this study is one prescribed by bearing manufacturers and given by the following
equation:

𝑃𝐵𝐷(𝜙) =
𝑁
∑
𝑘=1

𝛿𝜃(𝑘)(max(cos(𝜙)𝑀flap(𝑘)+ sin(𝜙)𝑀edge(𝑘),0))𝑚 , (2.3)

where 𝑘 denotes the OpenFAST time step, 𝛿𝜃 is the pitch difference, 𝜙 is the radial position
of the inner bearing on the outer ring, 𝑀flap is the flapwise blade root bending moment,
𝑀edge is the edgewise blade root bending moment, and 𝑚 is the inverse Wöhler slope,
taken here as 3. In our analysis, the radial position with the largest damage is considered.

2.3 Setup of the numerical simulations
This section presents the setup of the precursor simulation, which generates a developed
turbulent ABL state, and the subsequent turbine simulations, which use this state as an
initial condition.

2.3.1 Precursor simulation
A CNBL including Coriolis forces is considered for the precursor where the ABL flow de-
velops against a stably stratified free atmosphere with lapse rate 𝛾 = 1K/km. A capping
inversion is employed to control the growth and height of the CNBL [31]. For the present
study, a boundary layer height of ℎ = 1000m and a surface roughness of 𝑧0 = 0.0002m are
considered. The value of the surface roughness is in agreement with offshore measure-
ments made off the Dutch coast [171] and the latitude is chosen accordingly as 𝜙𝑙𝑎𝑡 = 52.6∘.
Furthermore, a controller is used to drive the flow at turbine hub height (𝑧𝐻 = 150m) to
a wind speed of 𝑢𝐻 = 10m/s and a direction of 𝜙 = 90∘ aligned with the eastern direction
(aligned with the x-axis of the rectangular domain). This choice places the operating point
of the first-row turbine close to the upper limit of the below-rated control regime, where
collective pitch control is still disabled.

The velocity profile is initialised with the desired hub velocity 𝑢𝐻 . Further, the initial-
isation of the temperature profile is crucial to obtain the desired boundary layer height.
The height of the inversion determines the point up to which the boundary layer can grow
before its growth is restricted by the negative buoyancy forces in the inversion layer. The
equilibrium strength for the capping inversion can be estimated as ℎ = 𝐴𝜃0𝑢2∗ /(𝑔Δ𝜃)where
𝐴 ≈ 500 is a constant and Δ𝜃 is the inversion strength [172]. One can obtain the minimum
required strengthΔ𝜃𝑚𝑖𝑛 for equilibrium using a typical value for the friction velocity in off-
shore conditions 𝑢∗ = 0.28m/s [173] and a reference potential temperature of 𝜃0 = 288.15K.
The implemented inversion strength is then chosen as Δ𝜃 = 2.5𝐾 ≈ 2Δ𝜃𝑚𝑖𝑛 . The complete
temperature initial condition is designed using the function

𝜃(𝑧) = 𝜃𝑚 +𝑎 tanh(𝜂)+12 +𝑏 ln[2cosh(𝜂)] +𝜂2 , (2.4)

where 𝜂 = (𝑧 − 𝑙)/(𝑐Δℎ) is a non-dimensional height, Δℎ = 100m is the inversion depth,
𝜃𝑚 = 𝜃0 = 288.15K is the potential temperature in the mixed layer and the parameters 𝑎,𝑏, 𝑐



2

32 2 On the performance of the helix wind farm control approach

and 𝑙 are directly related to the inversion characteristics [174]. The domain size for the
precursor simulation is 𝐿𝑥 = 4160m, 𝐿𝑦 = 3200mand 𝐿𝑧 = 1600m required to accommodate
two turbines and limit domain blockage. The domain is discretised with an isotropic grid
of size Δ𝑥 = 10m, which is in agreement with requirements for the CNBL [175, 176]. Using
periodic boundary conditions in the horizontal directions (x and y) the flow is advanced
for 16 hours to allow for the development of a quasi-stationary turbulent ABL state [177].
During the subsequent 45 minutes, instantaneous y-z planes are sampled at the inflow
𝑥 = 0m which are then stored as inflow boundary conditions for the turbine simulations.

2.3.2 Turbine simulations
The small wind farm considered here consists of two IEA-15MW turbines located at 𝑥 = 5𝐷
and 𝑥 = 10𝐷 from the inflow, each centred at 𝑦 = 𝐿𝑦 /2 in the domain. The grid around
the two turbines and their wakes is refined to Δ𝑥 = 5m in a box of size 𝐿𝑥,𝑟 = 3840m,
𝐿𝑦,𝑟 = 960m and 𝐿𝑧,𝑟 = 600m starting 4.5𝐷 upstream of the first turbine. In terms of rotor
diameter, the resolution is 𝐷/Δ𝑥 = 48, which allows for the use of the ALM. The simula-
tion is advanced in time for 45 minutes using a constant time step of Δ𝑡𝐿𝐸𝑆 = 0.025s, which
ensures that the tips of the blades pass less than one grid cell per time step. The boundary
condition in the y-direction is still periodic, whereas in the x-direction, an inflow/outflow
boundary condition based on the recorded precursor data is applied in order to avoid the
recirculation of the wakes. The OpenFAST simulation uses a time step of Δ𝑡𝑂𝐹 = 0.005s
and active degrees of freedom for the generator, blades, tower and platform. The blades,
tower and nacelle are represented with 𝑁𝐵 = 60/𝑁𝑇 = 72/𝑁𝑁 = 1 actuator points, respec-
tively, and the force projection onto the LES grid is done with a Gaussian kernel of width
𝜖 = 2Δ𝑥 = 10m.

Using the outlined setup, the parameter sweep for the pitch amplitude is performed
considering the six cases 𝛽 ∈ {0,1,2,3,4,6}∘ (denoted as BL, HL1, ...) to explore the full range
of dynamics. It should be noted that the default pitch rate limits of the IEA-15 MW turbine
have to be increased if 𝛽 > 4∘ in order to enable helix pitch actuation. All helix cases in
this study use the most common helix actuation frequency of 𝑆𝑡 = 0.25, but we do note
that there is still uncertainty not only in the optimal amplitude but also frequency [162].
Note that the helix is only implemented for the upstream turbine (denoted as T1).

2.4 Results
This section first presents the characteristics of the precursor simulation. Subsequently, it
is shown how the different helix actuation signals alter the turbine wake and the response
of the turbines in terms of wake development, power extraction and loading.

2.4.1 Precursor simulation
The characteristics of the precursor simulation are shown in Figure 2.1, where the data
is averaged across the time interval used as the inflow boundary condition for the tur-
bine runs. As can be seen from the vertical wind speed profile, the wind controller suc-
cessfully ensures a hub height wind speed of 𝑢𝐻 = 10m/s. The local shear exponent de-
fined as 𝛼 = (𝑧/𝑢ℎ𝑜𝑟𝑖𝑧)(𝑑𝑢ℎ𝑜𝑟𝑖𝑧/𝑑𝑧) resulting from the wind speed profile is in the range of
𝛼 = 0.07−0.085 across the rotor except close to the bottom edge of the rotor disk where it
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Figure 2.1: Vertical mean profiles of horizontal velocity magnitude (a), veer (b) and turbulence intensity (c)
averaged across horizontal planes and the 45 minutes of the precursor inflow data. The rotor region is marked
with dashed horizontal lines.

reaches up to 𝛼 = 0.11. The veer profile is nearly linear in the lower part of the ABL lead-
ing to a wind direction change of Δ𝜙 = 3.8∘ across the rotor. The turbulence intensity is
defined as 𝑇 𝐼 = ( 13𝑢

′𝑖 𝑢′𝑖 /𝑢𝑖𝑢𝑖)0.5 (where 𝑢′𝑖 = 𝑢𝑖 −𝑢𝑖 denotes the fluctuation around the tem-
poral average and we use the Einstein summation convention) [161]. It reaches maximum
values at the wall where turbulence is generated due to shear and decays with increasing
height. The inflow TI level experienced by the rotor spans from 3% at the rotor top to 5.3%
at the rotor bottom. The mean friction velocity is 𝑢∗ = 0.2855m/s, which closely matches
the value assumed for the calculation of the inversion strength.

2.4.2 Turbine simulations: Wake development
The key concept of the helix control approach is to enhance the recovery of the wake be-
hind the turbine. This is illustrated by comparing the vertical mean streamwise velocity
profiles in the wake of turbine T1 for the baseline case and different helix signals (Fig-
ure 2.2). The mean profiles and quantities in the remainder of this article are obtained by
averaging across the last 35 minutes of the simulation time, discarding the first transient
10 minutes of turbine start-up.

The initial wake behind the turbine consists of two regions of large velocity deficit
separated by a low deficit region in the proximity of the nacelle. The deficit is superposed
onto the incoming shear profile and during its downstream development the low deficit
footprint of the nacelle diffuses. At 𝑥/𝐷 = 3 it is only visible for the BL and HL1 cases.
There is a monotonic trend of larger helix pitch amplitudes leading to faster recovery of
the wake, although differences between the BL and HL1 cases are minimal. We quantify
the comparison by computing the relative increase of mean streamwise power integrated
across the rotor area. At 𝑥/𝐷 = 4 the relative increase in power is 5.1% for the HL1 case,
whereas the cases HL2, HL3, HL4 and HL6 lead to an increase of 16.2%, 29.3%, 48.8% and
86.6%, respectively.

The main trend found for the vertical mean velocity profiles also transfers to the tur-
bulence kinetic energy 𝑘𝑟𝑒𝑠 (TKE), where only the part directly resolved by the LES is
considered (Figure 2.3). Higher helix pitch amplitudes lead to larger TKE levels at a fixed
streamwise location. For all cases, the TKE level is especially elevated in the region of the
upper and lower rotor tip and the nacelle region. However, for larger values of the pitch
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Figure 2.2: Vertical mean streamwise velocity profiles at the location of turbine T1 (𝑥/𝐷 = 0) and four locations
downstream in its wake. Note that at 𝑥/𝐷 = 0 all lines overlap.
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Figure 2.3: Vertical mean profiles of resolved turbulence kinetic energy at the location of turbine T1 (𝑥/𝐷 = 0)
and four locations downstream in its wake.

amplitude, the TKE level also saturates earlier upstream. Further downstream at 𝑥/𝐷 = 4
this leads to similar TKE levels at the upper edge of the rotor region for all cases including
the baseline. Within the rotor region, there are still differences between the BL and HL6
cases of up to 300%.

We further compare the cases by analysing the wake meandering behaviour. The in-
stantaneous wake centres in y-z planes are computed using the streamwise momentum
deficit following [102]

𝑦𝑐(𝑡) =
∫Δ𝑢2(𝑡,𝑦,𝑧)𝑦 𝑑𝑦𝑑𝑧
∫Δ𝑢2(𝑡,𝑦,𝑧)𝑑𝑦𝑑𝑧 , 𝑧𝑐(𝑡) =

∫Δ𝑢2(𝑡,𝑦,𝑧)𝑧 𝑑𝑦𝑑𝑧
∫Δ𝑢2(𝑡,𝑦,𝑧)𝑑𝑦𝑑𝑧 (2.5)

where Δ𝑢(𝑡,𝑦,𝑧) = 𝑢𝑖𝑛𝑓 𝑙𝑜𝑤(𝑦,𝑧) − 𝑢(𝑡,𝑦,𝑧) is the velocity deficit and the inflow is taken
at 𝑥 = −2𝐷 upstream of T1. Using the mean wake centres (𝑦𝑐 , 𝑧𝑐 ) as the origin of a polar
coordinate system, the instantaneous wake centres are transformed to a radius 𝑟𝑐(𝑡) and
angle 𝛾𝑐(𝑡). Binning the angles into bins of size 15∘ and computing the average radius
per bin results in the mean wake centre displacements 𝑟(𝛾 ) shown in Figure 2.4. Larger
helix actuation amplitudes lead to larger vertical and horizontal wake centre displacement
throughout the wake.

2.4.3 Turbine simulations: Turbine response
It is now studied how the trend of enhanced wake recovery with increasing helix pitch
amplitude impacts the generated power of the farm (Figure 2.5 (a)). The second turbine’s
and the farm’s cumulated power gain increase monotonously with 𝛽 and interestingly
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scale superlinear for 𝛽 ∈ (0,2)∘. It should be noted that even though the inflow wind speed
for the upstream turbine is chosen close to the upper limit of the region II control regime,
the second turbine still operates partially in control regime 1.5. In this regime, the turbine
ensures that a minimum rotor speed constraint is fulfilled by collectively pitching the
blades, but the achievable power coefficient is still lower than in region II.The time spent in
region 1.5 increases with decreasing 𝛽 . Nevertheless, the superlinear scaling is not the sole
artefact of the change of control regimes since the above-reported increase in streamwise
kinetic energy at 𝑥/𝐷 = 4 scales similarly to the power gain at T2. These results suggest
that there is a threshold amplitude 𝛽 ≈ 1∘ −2∘, which should be exceeded in order to reach
the more linear scaling regime of the cumulated power gain and thus fully capitalise on
the helix actuation at T1. We also explore the upper end of the 𝛽 range, although these
values are likely higher than the values which can be implemented in practice. Relative
power losses at T1 become especially relevant for 𝛽 > 3∘ but are still compensated for by
the power gain at T2. The relative power gains are of the same order as literature results
(DTU-10 MW turbine and 𝑇 𝐼 = 5%) that reported power gains of 3.4% (𝛽 = 2.5∘) and 7.5%
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(𝛽 = 4.0∘) using the same Strouhal number [73].
The impact of the helix actuation on the local aerodynamics at a blade section at 87%

of the span is visualised in Figure 2.5 (b). It shows the probability density functions (PDFs)
for the angle of attack and, in addition, the 𝛼 − 𝐶𝐿 & 𝛼 − (𝐶𝐿/𝐶𝐷) characteristics of the
airfoil. For the BL case, the airfoil is mainly operating in the proximity of the optimal lift-
to-drag ratio. For the largest pitch amplitude 𝛽 = 6∘, the angle of attack still does not reach
the airfoil’s static stall limit. However, the airfoil mostly operates in regions of suboptimal
lift-to-drag ratio reaching values as low as (𝐶𝐿/𝐶𝐷) = 0.6(𝐶𝐿/𝐶𝐷)𝑚𝑎𝑥 for the HL6 case.

When judging the effectiveness of the helix approach, aerodynamic performance can-
not be considered in isolation. The turbine loading of both the upstream and downstream
turbines has to be taken into account. Figure 2.6 shows the power spectral densities (PSDs)
of the out-of-plane blade moments (MOoPs) for T1 and T2. At T1, there is a strong peak
visible at the 1P+St frequency, which is the helix pitch actuation frequency for a CCW
helix in the rotating blade-attached coordinate system. At the downstream turbine T2,
the comparison between the baseline and the helix cases shows that the upstream helix
actuation still leaves a detectable footprint at the frequency of 𝑆𝑡 = 0.25.
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The load impact of the helix on T1 and T2 can be quantitatively compared by com-
puting the DEL for blades/tower and the PBD (Figure 2.7). The figure shows a trend of
increased loading as amplitude increases for T1. Especially the blade root flapwise, tower
top fore-aft, tower torsional, and pitch bearing damage are sensitive to increased ampli-
tude, which aligns with previous research [84]. Interestingly, the downstream turbine
does not seem significantly impacted by the helical-shaped wake, experiencing only slight
increases in loading. This might also be explained due to the higher effective wind speed
on the downstream turbine as a result of the faster wake recovery due to the helix.
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Figure 2.7: Damage equivalent loads and pitch bearing damage for T1 (a) and T2 (b). Note that the PBD is scaled
with a factor of 10−14 to fit in the figure.

2.5 Conclusions
In this study, we analysed the performance of the helix wind farm control approach for a
two-turbine farm operating in the CNBL. A parameter sweep was conducted for the pitch
amplitude considering a CCW helix with 𝑆𝑡 = 0.25. There was no saturation of the power
gain detected within the considered range of pitch amplitudes. However, the DELs at the
upstream turbine were sensitive to the helix actuation signal, thus imposing an upper limit
for the actuation. A lower limit is suggested by the very small power gain found for 𝛽 = 1∘.
Therefore, the helix actuation amplitude should be chosen as a careful trade-off between
the scaling of power gain and loading with 𝛽 . Future work will focus on assessing how the
power gain curve is affected by different ABL conditions, the optimisation of the actuation
Strouhal number and amore robust calculation of the DEL usingmultiple turbulence seeds.
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3
Comparison of helix and wake

steering control for varying turbine
spacing and wind direction

A variety of wind farm control strategies exist in order to reduce unfavourable wake effects in
large wind farms. While strategies like wake steering have already reached a high maturity
level, it is interesting to compare them tomore recently proposed strategies. Such a comparison
can form the basis for the development of a symbiotic wind farm control toolbox, from which
a control strategy is chosen and activated depending on the operating conditions. The present
study compares wake steering with helix control across a wide range of turbine spacings
and wind directions using large-eddy simulation (LES). The size of the search space is made
computationally tractable for LES by adopting a setup based on one physical upstream turbine
and a distribution of virtual downstream turbines which do not exert any thrust force. It is
found that helix control is beneficial for full wake overlap and turbine spacing of less than
six rotor diameters, whereas wake steering proves to be optimal further downstream and for
partial wake overlap. Furthermore, the results show that the helix control setpoint in the
proximity of full wake overlap scenarios is less susceptible to wind direction variations. This
finding indicates that the combination of wake steering and helix control has potential for the
design of a wind farm controller which is more robust in full wake overlap scenarios and can
reduce the need for large yaw offset adjustments.

This chapter is based on the following publication:

[157] E. Taschner, M. Becker, R. Verzijlbergh, and J. W. van Wingerden. “Comparison of helix and wake
steering control for varying turbine spacing and wind direction”. In: Journal of Physics: Conference Series 2767.3
(2024), p. 032023

The LES input files, postprocessing code and numerical data underlying the figures in this chapter can be
downloaded from:
https://doi.org/10.4121/b64d4bf7-14fd-4703-bdb9-2e1011011c45.v1.

https://doi.org/10.4121/b64d4bf7-14fd-4703-bdb9-2e1011011c45.v1
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3.1 Introduction
In today’s large offshore wind farms, unfavourable wake interference induces additional
losses in extracted wind power, which extend beyond the losses present for a single tur-
bine. To mitigate these wake losses a wide range of wind farm control strategies have
been proposed during recent years which can be broadly classified into quasi-steady and
dynamic solutions [45]. Quasi-steady solutions include axial induction control to modify
the strength of wakes and the steering of wakes using yaw offsets, where control set-
points are only adjusted on a long time scale. In contrast, dynamic solutions like dynamic
induction control (DIC) and dynamic wake steering react to changes in operating condi-
tions on a much shorter time scale or impose a periodically oscillating actuation around a
quasi-steady control setpoint. The latter is the case for the helix, a very recently developed
dynamic strategy based on individual pitch control (IPC), which showed promising results
when compared to parameterised sinusoidal DIC (the pulse) [73].

The quasi-steady strategies have reached a higher maturity level to a point where,
for instance, static wake steering is available as a commercial product (Wake Adapt from
Siemens Gamesa). As more and more control strategies are proposed and progress in ma-
turity, the questions arise how the different strategies compare, if they possess different
strengths and weaknesses and ultimately if different strategies can be combined. This
combination could be a toolbox from which a wind farm controller can choose from de-
pending on the current operating conditions. In principle, this symbiotic approach could
either encompass the simultaneous use of different control strategies for the same turbine
or a switching logic between them. For example, static wake steering and induction con-
trol were combined [178], and seminal work compared/combined dynamic wake steering
and DIC [66]. The latter study was further extended to compare the two strategies for dif-
ferent farm layouts, concluding that aligned and staggered layouts favour wake steering
and induction control, respectively [179]. For the third introduced dynamic strategy - the
helix - comparisons beyond the pulse control in a full wake overlap scenario are scarce,
and thus, the potential for combination with other control strategies is not well known
yet.

The present study explores this potential for the helix and static wake steering con-
trol. In the case of a switching logic, the identification of the regimes and boundaries
within which the different control strategies play to their strength would be crucial, as
any given constructed wind farm layout can be transformed into a variety of effective
aligned/staggered layouts with different turbine spacing by just changing the wind direc-
tion. The potential of the helix is conjectured to be maximal in settings of dense turbine
spacing and, in particular, full wake overlap. In these settings, the control strategy could
also be extended by using synchronisation with downstream turbines [74]. In contrast,
these particular settings would require the largest yaw offsets for wake steering, i.e. large
deviations from the optimal orientation from a single turbine perspective [180]. Conse-
quently, one can hypothesise that helix and wake steering can be combined into a wind
farm control toolbox where each control strategy only operates within its most beneficial
regime.

Themain contribution of this work is a map that suggests a control strategy and setting
based on both the lateral offset and the distance of a neighbouring downstream turbine.
The map is derived based on turbulent large-eddy simulation (LES) data and distinguishes
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between three control settings: baseline greedy control, helix control and wake steering
control. Extending the map for a range of atmospheric boundary layer (ABL) conditions
would then result in a steady state controller, but could also help with wind farm layout
optimisation using control co-design as shown by [180]. In the subsequent sections, we
first present the adapted LESmethodology for the precursor ABL and the successor turbine
simulations before concluding with the obtained map and its implications for the potential
of a switching controller.

3.2 Simulation Methodology
The simulation methodology follows two steps: Firstly, the ABL flow is developed using
a precursor simulation. This precursor simulation then provides the inflow for the subse-
quent successor simulations containing the wind turbine operating with different control
strategies.

3.2.1 Precursor LES simulation: Conventionally neutralABL (CNBL)
The ABL type is chosen to be a CNBL, i.e. a neutrally stratified boundary layer capped by
a strongly stable inversion and a mildly stable free atmosphere aloft (the free lapse rate
is 𝛾 = 1K/km). This ABL type is frequently used for LES of wind farms (e.g. [31, 106])
and has also been used previously for an LES study of the helix [156]. Similar to the
setup in the latter study, the surface roughness is chosen here representative for offshore
conditions (𝑧0 = 0.0002m) and the latitude is set to the Dutch North Sea coast (𝜙 = 52.6∘).
The initial condition (IC) for the vertical potential temperature profile is determined by
setting the inversion base height to ℎ0 = 700m, estimating the required strength of the
capping inversion for equilibrium [31] and using the Rampanelli-Zardi model [174].

The desired velocity profile should both attain a wind direction of 𝜑 = 270∘ (parallel to
the x-axis of the LES domain) and a wind speed of 𝑢ℎ𝑜𝑟𝑖𝑧 = 10m/s at a height of 𝑧 = 150m
(the turbine hub height), which places the upstream turbine in the successor simulations
at the upper boundary of the control regime II where the rotor speed is still adjusted to
track an optimal power coefficient 𝐶𝑃 . These requirements are ensured by employing an
ABL controller in the precursor, which adjusts the direction and magnitude of the driv-
ing pressure gradient accordingly. Since the equilibrium solution is an outcome of the
chosen ABL setup and thus a priori unknown, it is not possible to initialise the velocity
with a profile which fulfils the steady geostrophic wind balance (the momentum balance
between pressure gradient and Coriolis force above the capping inversion). However, this
leads to inertial oscillations of the wind speed and direction above the capping inversion,
which are not damped as there is no turbulence present above the inversion [31]. Using a
geostrophic wind forcing and geostrophic wind speed as IC would not give rise to these
oscillations, but it does not provide any control of the hub height wind conditions. As a
remedy, a modified controller was recently proposed which employs damping above the
capping inversion [109]. Since this damping essentially resembles a Rayleigh damping
layer with dynamically adjusted reference values, the present study follows this approach,
but adapted in the following way for offline reference input (inspired by [181]).

Initially, the ABL turbulence is developed for eight hours using the ABL controller
until the state within the boundary layer is quasi-steady and consequently also the con-
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trolled driving pressure gradient. The pressure gradient is then sampled during the fol-
lowing hour and its average is converted into an equivalent geostrophic wind according
to 𝑢𝑔 = −1/(𝑓𝑐𝜌)𝜕𝑝/𝜕𝑦 and 𝑣𝑔 = 1/(𝑓𝑐𝜌)𝜕𝑝/𝜕𝑥 [98], where the Coriolis parameter is given
by 𝑓𝑐 = 2sin(𝜙)Ω𝑧 (Ω𝑧 = 7.29 ∗ 10−5 rad/s) and 𝜌 = 1.225kg/m3 is the reference density. The
geostrophic wind speed components are then set as references for a Rayleigh damping
layer which spans the free atmosphere and decays to zero in the inversion layer according
to a cosine function. The damping factor is chosen as 𝛼 = 1 for a critically damped system
[109]. Subsequently, the simulation is then continued for twelve hours to dampen the
inertial oscillation.

Using the outlined setup and procedure, the ABL flow is obtainedwith the open-source
LES code AMR-Wind [112], which solves the filtered incompressible Navier-Stokes equa-
tions on block-structured Cartesian grids [165]. The domain size is chosen as (𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧) =
(4096,3200,1280)m giving sufficient space for the development of ABL turbulence and
later for capturing a range of wind directions and turbine spacings in the successor sim-
ulations. The grid resolution is uniform with Δ𝑥𝐿𝐸𝑆 = 8m and the constant time step of
Δ𝑡 = 0.4s sets a Courant-Friedrichs-Levy (CFL) number of CFL ≈ 0.6.

Figure 3.1 (a) shows the development of the horizontal wind speed at four different
heights within and above the boundary layer. It can be seen how the wind speed within
the ABL reaches a quasi-stationary state while an inertial oscillation manifests for the
horizontal wind speed in the free atmosphere, where the period is determined by the lati-
tude (i.e. the Coriolis parameter). The Rayleigh damping is active from 𝑡 = 8−20h as can
be seen from the mitigated wind speed oscillation at 𝑧 = 1100m. The resulting vertical
profiles of horizontal wind speed 𝑢ℎ𝑜𝑟𝑖𝑧 , wind direction 𝜑 and turbulence intensity 𝑇 𝐼 (de-
fined based on turbulent kinetic energy) averaged for the time interval 𝑡 ∈ (20−20.5)h are
shown in Figure 3.1 (b)-(d) across the rotor area. This half-hour interval is the period used
as an inflow boundary condition for the successor simulations. The variations of TI level
and local shear exponent 𝛼 = (𝑧/𝑢ℎ𝑜𝑟𝑖𝑧)(𝑑𝑢ℎ𝑜𝑟𝑖𝑧/𝑑𝑧) across the rotor are 𝑇 𝐼 ∈ (3,5)% and
𝛼 ∈ (0.07,0.1)
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Figure 3.1: Development of the horizontal wind speed at 𝑧 ∈ (30,150,270,1100)m in/above the ABL (darker green
for decreasing 𝑧), where Rayleigh damping is activated at 𝑡 = 8 h (a). Vertical mean profiles of horizontal velocity
(b), wind direction (c) and turbulence intensity (d) averaged across 𝑡 ∈ (20−20.5) h.
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3.2.2 Successor LES simulations: Greedy baseline, helix and wake
steering control

The comparison of wake steering and helix is a high-dimensional optimisation problem
since the effectiveness of each control strategy depends on the ABL condition and the
givenwind farm layout. The former point is addressed by choosing a single low turbulence
ABL condition since wake control strategies are most likely to be employed therein. To
tackle the latter point one requires an approach to reduce the degrees of freedom since a
grid search for the optimal static yaw offset 𝛾𝑂𝑝𝑡 = 𝛾𝑂𝑝𝑡 (𝑆𝑥 ,𝜑) and additional helix/baseline
simulations for each combination of streamwise spacing 𝑆𝑥 = Δ𝑥/𝐷 (non-dimensionalized
with the rotor diameter 𝐷) and wind direction 𝜑 are only feasible with engineering wake
models, however, such a model is not yet available for helix control and thus this study
resorts to LES. A brute force LES approach would become computationally prohibitive
when comparing an increasing number of (𝑆𝑥 ,𝜑) combinations, but the use of LES can be
made tractable by adopting a setup with one physical upstream turbine and a distribution
of virtual turbines. The details of this setup are outlined in the following.

The adapted search space for the two control strategies spans the range of turbine
spacings 𝑆𝑥 ∈ (2,10) (Δ𝑆𝑥 = 1) in order to cover the range within wake control might be
in principle plausible. The range of wind directions is 𝜑 ∈ (240,300)∘ at 𝑆𝑥 = 2 and then
decreases monotonously to 𝜑 ∈ (258.2,281.8)∘ at 𝑆𝑥 = 10, where at each 𝑆𝑥 station the wind
direction range is discretized with seventeen points. This ensures that at each streamwise
location the angular resolution is maintained in the area of interest, i.e. where wake over-
lap occurs. The level of wake overlap is also more intuitively given by the so-called view
angle 𝜓 , which is defined here as the difference between the downstream direction and
the wind direction, i.e. 𝜓 = 270∘ − 𝜑. Each (𝑆𝑥 ,𝜑) set is the location of a virtual down-
stream turbine, which does not exert any thrust force. Consequently, given a control
actuation at the physical upstream turbine, one can estimate the power gain at a waked
downstream turbine for all turbine spacings and wind directions with a single simulation.
The total simulation count amounts then to one greedy baseline simulation, one simula-
tion per set of helix control parameters and twelve wake steering simulations to discretize
the search space of the yaw offsets 𝑁𝑌𝑎𝑤 = (𝛾+ −𝛾−)/Δ𝛾 = (30∘ − (−30∘))/5∘ = 12. The yaw
offset is defined as the difference between the wind direction 𝜑 and the turbine orientation
𝜃 as 𝛾 = 𝜑 − 𝜃 . For this study we choose a single set of helix parameters, namely a blade
pitch amplitude of 𝛽 = 3∘ which provides a trade-off between power gain and additional
loading [156] and an actuation frequency of 𝑆𝑡 = 0.3, where the Strouhal number 𝑆𝑡 is a
non-dimensional frequency 𝑓 defined as 𝑆𝑡 = 𝑓 ∗𝐷/𝑢ℎ𝑢𝑏 . Thus, one can obtain an estimate
for the optimal control strategy across the entire search space with a total of fourteen
simulations. The setup, including all angle definitions, is also shown in Figure 3.2.

The physical upstream turbine is modelled using OpenFAST, which is a multi-physics
wind turbine simulation tool capable of simulating the entire wind turbine, including its
structural, hydro-, aero- and control dynamics [125] combined with the reference open-
source controller (ROSCO) [127]. In this study, the OpenFAST model for the fixed-bottom
monopile variant of the IEA-15MW turbine is used [49]. OpenFAST is coupled to the LES
simulation using an actuator line model (ALM) [137], where the Gaussian kernel width
for the force projection is chosen as 𝜖 = 2Δ𝑥𝐿𝐸𝑆 . Given the still large number of required
simulations, a grid refinement compared to the precursor simulation is computationally
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Figure 3.2: Positions of the physical turbine (blue) and virtual turbines (light grey) together with the definitions
of the turbine orientation (blue), wind direction (black), yaw offset (red) and view angle (orange).

not feasible, and thus it is 𝜖 = 16m. The resulting ratio of LES grid points across the ro-
tor radius is 𝑅/Δ𝑥𝐿𝐸𝑆 = 15, which falls into the category of coarse LES-ALM, which will
cause the ALM to overestimate power. To remedy this effect the filtered lifting line correc-
tion (FLLC) is employed [149] and the rotor blades are discretized with𝑁𝐴𝑐𝑡 = 200 actuator
points, which requires the minimum allowable optimal Gaussian kernel width at the blade
tip to be limited to 𝜖𝑂𝑝𝑡 = 1.2m. The choice of 𝑁𝐴𝑐𝑡 is a trade-off between full convergence
of the FLLC at the most outer three per cent of the blade and the computational slow-
down of OpenFAST [158]. For reference a completely resolved FLLC is determined by the
chord length 𝑐 at the blade tip and would require about 𝑁𝐴𝑐𝑡 ≈ 1000 for the IEA-15MW
blade which is not feasible with the constant actuator point spacing employed in Open-
FAST (𝑁𝐴𝑐𝑡 = 𝑅/min(𝜖𝑂𝑝𝑡 ) = 𝑅/(0.25𝑐𝑡𝑖𝑝)). The time stepping further ensures that the CFL
condition based on the turbine tip speed is below one. Using these settings, the fourteen
successor simulations are advanced 𝑇𝑆𝑖𝑚 = 30min in time, where the first ten minutes are
discarded as start-up phase and the latter twenty minutes are the time interval 𝑇𝐴 utilised
for the analysis.

The last component of the setup is an approach to obtain power estimates of the vir-
tual turbines. The virtual turbines are two-dimensional velocity sampling planes which
convert a time series of streamwise velocities 𝑢𝑥 (𝑡,𝑦,𝑧) into mean power estimates
𝑃𝑉𝑇 (𝑆𝑥 ,𝜑,𝐶𝑖), where 𝐶𝑖 represents the control strategy (greedy baseline 𝐶𝐵 , yaw 𝐶𝑌 and
helix 𝐶𝐻 ). Combined with the upstream ALM power estimate 𝑃𝑂𝐹 (𝐶𝑖), one can then es-
timate the optimal farm control strategy for a given (𝑆𝑥 ,𝜑) set by calculating the power
gain for each 𝐶𝑖 :

𝐺(𝑆𝑥 ,𝜑,𝐶𝑖) =
𝑃𝑂𝐹 (𝐶𝑖) +𝑃𝑉𝑇 (𝑆𝑥 ,𝜑,𝐶𝑖)
𝑃𝑂𝐹 (𝐶𝐵) +𝑃𝑉𝑇 (𝑆𝑥 ,𝜑,𝐶𝐵)

. (3.1)

This transfer function is based on the 𝐶𝑃 look-up table for the IEA-15MW turbine, which
is obtained from steady-state blade element momentum (BEM) theory. Since the instanta-
neous wakes in sheared/veered inflow behind a turbine subject to helix actuation or yaw
misalignment show large spatial and temporal variations, we employ the concept of the
rotor equivalent wind speed (REWS) to better capture this heterogeneity [182]. The REWS
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is then used for the 𝐶𝑃 look-up table operation, and the entire transfer function for any
virtual turbine is given as

𝑢𝑅𝐸𝑊𝑆(𝑡) = 3

√
1

𝐴𝑅𝑜𝑡𝑜𝑟 ∫𝐴𝑅𝑜𝑡𝑜𝑟
𝑢3𝑥 (𝑡,𝑦,𝑧)d𝐴, (3.2)

𝑃𝑉𝑇 = 1
𝑇𝐴 ∫

𝑇𝐴

0
1
2𝐶𝑃 (𝑢𝑅𝐸𝑊𝑆(𝑡))𝜌𝐴𝑅𝑜𝑡𝑜𝑟𝑢3𝑅𝐸𝑊𝑆(𝑡)d𝑡. (3.3)

3.3 Results – Identification of optimal control strategies
and their sensitivities

Applying the outlined simulation methodology one obtains power gain maps for each
control strategy 𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑖) (Section 3.3.1), a map of the overall optimal control strategy
and power gain 𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑂𝑝𝑡 ) (Section 3.3.2) and insight into the potential of a switching
controller (Section 3.3.3).

3.3.1 Extracted power: Physical and virtual turbines
The power gain map for each individual 𝐶𝑖 is obtained by evaluating Equation 3.1 for
each turbine spacing 𝑆𝑥 and wind direction 𝜑. In the case of wake steering the upstream
power scaling with the yaw offset angle 𝛾 is well described by a cosine law 𝑃𝑂𝐹 (𝐶𝑌 (𝛾)) =
𝑃𝑂𝐹 (𝐶𝑌 (𝛾 = 0∘))cos𝑃𝑝 (𝛾 ) where 𝑃𝑝 = 1.7. The power loss at the upstream turbine due to
the helix actuation is 1.34%which is close to the 1.4% loss found in a study using the same
turbine in a similar ABL condition and only slightly smaller Strouhal number 𝑆𝑡 = 0.25,
but a finer grid of Δ𝑥𝐿𝐸𝑆 = 5m and no FLLC [156]. Figure 3.3 shows the power gain maps
for the helix and a selected wake steering case (𝛾 = +20∘) to highlight the fundamental
differences between the two control strategies. Wake steering leads to an antisymmetric
power gain map with respect to a view angle of 𝜓 = 0∘, whereas the helix leads to a more
symmetric map. Furthermore, the power gain of 𝐺(𝑆𝑥 = 5,𝜓 = 0∘,𝐶𝐻 ) = 5% is again found
to be close to the observed 5.3% in [156], where also the downstream turbine was modelled
with an ALM. This agreement goes to show that the developed physical-virtual turbine
setup predicts gains of reasonable magnitude.

3.3.2 The overall optimal control map
Theoverall optimal control map is obtained by selecting the highest power gain and associ-
ated control strategy for each set (𝑆𝑥 ,𝜑) from the fourteen available individual power gain
maps 𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑖). The result of this selection process is shown in Figure 3.4. For wake
steering, one can observe that the largest yaw offsets become optimal for dense spacing
and full wake overlap scenarios. Increasing the turbine spacing 𝑆𝑥 or deviating further
from a view angle of 𝜓 = 0∘ then favours successively smaller yaw offsets. However, it
is in particular interesting to see how the helix compares to the optimal wake steering
solution. The helix maximises the power gain in a small subspace of the considered search
space, e.g. it is favoured for full wake overlap (𝜓 ≈ 0∘) and dense turbine spacing of 𝑆𝑥 < 6
(the yellow region in the left panel of Figure 3.4). The resulting optimal power gain map
𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑂𝑝𝑡 ) (right panel of Figure 3.4) shows close to a symmetric shape around 𝜓 = 0∘
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Figure 3.3: Overall power gain for the helix 𝐺(𝑆𝑥 ,𝜓 ,𝐶𝐻 ) (left) and a selected yaw offset angle 𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑌 (𝛾 =
+20∘)) (right) as function of turbine spacing and view angle.
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Figure 3.4: Optimal control strategy 𝐶𝑂𝑝𝑡 and setting as function of turbine spacing and view angle, where
helix control is represented by a yellow region (left) and the respective achievable optimal overall power gain
𝐺(𝑆𝑥 ,𝜓 ,𝐶𝑂𝑝𝑡 ) (right).

with a local minimum at the centre. In fact, the potential for maximum power gains is at
(𝑆𝑥 ,𝜓 ) ≈ (4,±5∘) achieved by large yaw offsets. Further deviating to larger absolute values
for the view angle leads to a smooth transition to baseline greedy control being the opti-
mal strategy. In contrast, this transition is not yet appearing in the downstream direction,
e.g. at 𝑆𝑥 = 10, wake steering is still favoured against baseline control. This should be
seen in the light of the utilised ABL condition with low TI level, and a further increase is
expected to shift the transition upstream towards smaller 𝑆𝑥 .
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3.3.3 The potential for a switching controller
The introduced map of optimal control strategies is derived for a steady wind direction at
hub height, thus any movement in the map due to the in reality varying wind direction is
not captured, yet. As soon as 𝜑 = 𝜑(𝑡), the sensitivity of a particular optimal solution for
a set (𝑆𝑥 ,𝜑) becomes relevant. To study this idea further, assume variations Δ𝜑(𝑡) = ±5∘
where the turbine controller does not react yet. This means that the turbine orientation is
constant, which in turn results in induced changes of the yaw offset angle const = 𝜃 = 𝜑(𝑡)−
𝛾(𝑡). The resulting setpoint change of the upstream turbine can impact the neighbouring
downstream turbine already after a few minutes, while the update period of the controller
might be based on ten-minute averaged data, which essentially means that the turbine
array now operates at a different setpoint, which can be suboptimal for the new wind
direction. Interestingly, even in conditions where the turbine initially only operates with
helix control, the Δ𝜑(𝑡) variation will automatically induce a superposed non-zero yaw
offset. In order to assess this scenario, we perform an additional four LES with 𝐶𝐻 and
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Figure 3.5: Comparison for 𝑆𝑥 = 5: Wake steering power gain 𝐺(𝜑,𝐶𝑌 (𝛾 )) (left top) and helix power gain
𝐺(𝜑,𝐶𝐻 (𝛾)) (left bottom) as function of wind direction and yaw offset, where black dots indicate the optimal
𝐶𝑂𝑝𝑡 from Figure 3.4. Combined map of optimal gain 𝐺(𝜑,𝐶𝑂𝑝𝑡 )with the helix being the optimal strategy within
the inset bounded by the solid/dashed black lines (right top) together with the optimal helix (𝐻•) and two se-
lected optimal yaw offset setpoints (𝑌−•/𝑌+•). The three arrows indicate trajectories resulting fromwind direction
variations Δ𝜑(𝑡) = ±5∘ without any control update (𝜃 = const = 𝜑(𝑡) − 𝛾(𝑡)). The right bottom panel shows the
power gain 𝐺(𝜑,𝐶𝑖) when starting at the three selected optimal setpoints (𝐻•/𝑌−•/𝑌+•) and moving along the
trajectories caused by the wind speed variation Δ𝜑(𝑡) = ±5∘ (the three arrows in the top right panel).
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small yaw offsets 𝛾 ∈ (−5,−2.5,2.5,5)∘ to study the helix performance in the light of a small
yaw offset induced by a variation Δ𝜑(𝑡).

In the following, we focus on a spacing of 𝑆𝑥 = 5. The resulting separate power gain
maps for wake steering 𝐺(𝜑,𝐶𝑌 (𝛾 )) and helix 𝐺(𝜑,𝐶𝐻 (𝛾 )) are shown in the left column
of Figure 3.5. In both plots, the black dots indicate the optimal control setpoints for any
considered 𝜑 bin at 𝑆𝑥 = 5 (as previously shown in the left panel of Figure 3.4). These two
maps are then further combined to obtain the overall optimal gain 𝐺(𝜑,𝐶𝑂𝑝𝑡 ) (top right
of Figure 3.5). It can be seen that helix control increases the achievable gain along the
saddle connecting the two power gain maxima in the wake steering map. Furthermore,
the discontinuities in vertical direction in the combinedmapwhen transitioning fromhelix
to wake steering (indicated horizontal dashed lines) show that an initial control setpoint
combining helix and yaw offsets has potential as the overall optimal control strategy for
𝜓 ≈ 0∘. In the present study the combined control is not taken into account for the overall
optimization, but is used to assess the sensitivity of the different control strategies in the
region of 𝜓 ≈ 0∘ (equals 𝜑 ≈ 270∘) when moving along the trajectories caused by ±Δ𝜑(𝑡)
(the three arrows) starting at the respective optimal helix and the two neighboring optimal
yaw offset setpoints. The power gain along these trajectories is shown in the bottom right
panel of Figure 3.5, highlighting two key observations. The differences in power gain at
𝜓 ≈ 0∘ are small, and trends might change in the light of the approximations made for
the simplified LES setup. However, independently of the former observation, it can be
seen that the helix power gain along the trajectory is more robust than the wake steering
solutions, e.g. in order to outperform helix control, the wake steering controller has to
switch from one extreme setpoint to the other. This requires either significant and timely
yaw actuator travel, or if not executed due to load, hysteresis, or actuator constraints, leads
to power losses compared to both baseline greedy and helix control. From this analysis,
one can conclude that helix control could be used to avoid large yaw offsets and could
make a wind farm wake steering controller more robust to wind direction variations in
full wake overlap scenarios.

3.3.4 Limitations of the physical-virtual turbine setup
The preceding analysis identifies a potential for a helix-wake steering switching controller.
While this is an interesting result, the accurate bounds of regions where a strategy is
optimal and the estimate of the power gain are subject to uncertainty due to the made
approximations, which are summarised here. Firstly, the value of the “correct” extracted
power is unknown, and both coarse grid LES with an ALM-FLLC and the 𝐶𝑃 table look-up
approach are expected to deviate from this value. Secondly, wake interaction occurring
deeper in the farm, e.g. lateral interaction, helix synchronisation and secondary steering
effects for wake steering are not captured. Thirdly, the study considers a single low TI
CNBL condition with small values of veer.

3.4 Conclusions
For the first time, partial wake overlap scenarios were studied for the helix control ap-
proach and were compared to wake steering for a wide range of turbine spacings and
wind directions. The qualitatively emerging picture is twofold. Firstly, from a power gain
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perspective, the helix is only competitivewithwake steering in full wake overlap scenarios
and denser spacing 𝑆𝑥 ≲ 6where exact bounds are subject to the uncertainties summarised
in Section 3.3.4. However, a closer look revealed that, independent of the exact optimal
gain, the helix holds potential for full wake overlap scenarios since it provides more ro-
bust power gains in the light of wind direction changes. More importantly, it covers this
range with a single unmodified control setting while wake steering might be, in principle,
more favourable, but requires large yaw offset adjustments of Δ𝛾 = 50∘. This highlights
the potential for a wind farm switching controller. Finally, what this study only touched
upon is the simultaneous use of helix and wake steering for the same turbine. In terms of
power gain, this approach might hold potential, while trends for the sensitivity of the gain
and turbine loads could be problematic. Anyways, it is an interesting question to study
the resulting wake dynamics of simultaneous helix-wake steering control.
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4
A new coupling of a GPU-resident
large-eddy simulation code with a

multi-physics wind turbine
simulation tool

The development of new wind farm control strategies can benefit from a combined analysis
of flow dynamics in the farm and the behaviour of individual turbines within one simulation
environment. In this work, we present such an environment by developing a new coupling
between the large-eddy simulation (LES) code GRASP and the multi-physics wind turbine sim-
ulation tool OpenFAST via an actuator line model (ALM). In addition, the implementation of
the recently proposed filtered actuator line model (FALM) within the coupling is described.
The new ALM implementation is cross-verified with results from four other commonly used
research LES codes. The results for the blade loads and the near wake obtained with the new
coupling are consistent with the other codes. Deviations are observed in the far wake. The
results further indicate that the FALM is able to reduce the lift and power overprediction from
which the traditional ALM suffers on coarse LES grids. This new simulation environment
paves the way for future wind farm simulations under realistic weather conditions by lever-
aging GRASP’s ability to impose data from large-scale meteorological models as boundary
conditions.

This chapter is based on the following publication:

[158] E. Taschner, M. Folkersma, L. A. Martínez-Tossas, R. Verzijlbergh, and J. W. van Wingerden. “A
new coupling of a GPU-resident large-eddy simulation code with a multiphysics wind turbine simulation tool”.
In: Wind Energy 27.11 (2024), pp. 1152–1172

The numerical data underlying the figures in this chapter can be downloaded from:
https://doi.org/10.4121/5f4a8fdb-6a7b-4c17-8449-8f16186b5872.v1.
The AspFAST coupling code developed as part of this work is available on GitLab:
https://gitlab.com/whiffle-public/aspfast.

https://doi.org/10.4121/5f4a8fdb-6a7b-4c17-8449-8f16186b5872.v1
https://gitlab.com/whiffle-public/aspfast
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4.1 Introduction
Wind turbines and their aerodynamic behaviour have been of great interest for many
years [183, 184]. However, the turbine is only one part of a large complex dynamical
system. This dynamical system possesses spatial scales ranging from the turbine blade
boundary layer up to global weather systems and temporal scales spanning from fractions
of a second to slow seasonal variations [21]. While the performance of previous turbines
could be analysed in a more isolated state, modern wind turbines are now often clustered
in large farms, allowing for the generation of wind energy at low cost. The physics of these
farms are governed by the flow in the atmospheric boundary layer (ABL), the dynamics of
individual turbines and the inherent aerodynamic coupling between turbines due to their
wakes [26, 185].

The efficient harvesting of the wind resource in these farms requires optimised control
algorithms. Control algorithms developed for single turbines aim to increase individual
power capture from the incoming wind and to reduce turbine loads [186]. Within the
wind farm setting, the control problem is not only limited to the optimisation of indi-
vidual turbine performance but also encompasses the maximisation of the overall power
capture [187, 45]. The interaction of the turbines through their wakes is at the heart of this
problem. The wakes, characterised by a velocity deficit and increased turbulence intensity,
both reduce the power capture and increase the loads of turbines located downstream [26].
At the same time, however, wakes also offer an opportunity since existing turbine control
degrees of freedom like rotor yaw and blade pitch can be utilised to modify the direction
and development of the wakes. New (dynamic) wind farm control algorithms search for
yaw and pitch actuation signals, which lead to optimal wake development in terms of
power and load distribution across the entire farm [70, 161, 73, 83]. Therefore, the success-
ful development of these algorithms relies crucially on the accurate quantification of their
impact on the flow as well as the turbine dynamics that motivates the combination of the
respective state-of-the-art simulation tools.

State-of-the-art numerical analysis of the flow dynamics in the ABL relies on large-
eddy simulation (LES) [100, 188]. LES solves the filtered Navier-Stokes equations where
only the smallest scales of the flow are modelled. It thereby provides insight into a wide
range of temporal and spatial turbulent scales [22]. Wind turbines are included in these
simulations mostly either via actuator disk models (ADM) or actuator line models (ALM),
which both avoid the need for fully blade-resolving meshes [141, 189]. However, the
ALM captures the footprint of individual turbine blades — in contrast to the ADM — thus
enabling the analysis of individual pitch control algorithms [137]. During the last two
decades, the ALM has become a prominent method for the representation of wind tur-
bines in LES simulations and has been the subject of continuous development [190, 191].

One key component of the ALM is the spreading of the blade forces using a Gaussian
kernel of width 𝜖. In particular, the choice of the value of 𝜖 has been the subject of ac-
tive research. It has been shown that the optimal value for 𝜖 should be around 25% of
the blade’s local chord length [146]. However, this finding would imply very fine LES
grid resolutions, making the simulation of larger wind farms computationally unfeasible.
Simply using coarser grid resolutions and consequently also larger-than-optimal Gaussian
spreading leads to the overprediction of blade lift and thus the turbine’s power generation.
Therefore, corrections were proposed for cases where optimal Gaussian spreading is com-
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putationally too restrictive. The choice of correction is an ongoing research topic, and a
variety of approaches have been proposed [150, 151, 152]. A recently proposed approach
is the filtered actuator line model (FALM), which adds a subfilter correction to the LES ve-
locity sampled for the ALM [149]. On the one hand, it was shown that FALM can indeed
improve the prediction of lift and power generation for a wind turbine [192], whereas on
the other hand, the impact of the FALM on the wake still needs further research [193].

The previous outline so far only concerned the analysis of the flow in a wind farm,
but as motivated above, the development of new wind farm control algorithms also needs
insights into the dynamics of individual wind turbines. These dynamics are analysed with
dedicated multi-physics turbine simulation tools like OpenFAST or HAWC2, which sim-
ulate the turbine’s aerodynamics, hydrodynamics, structural dynamics and control sys-
tem [125, 126]. In addition, these tools provide a standardised interface for the inclusion
of the most recent wind turbine reference controllers [127]. Therefore, the coupling of LES
code, a turbine simulation tool and a turbine controller can provide combined physical in-
sights into the dynamics relevant for the development of the next generation of dynamic
wind farm control algorithms. The coupling of OpenFAST and HAWC2 to LES codes has
been investigated by several scholars, where, for example, an initial approach by Storey
et al. focused on a coupling via an ADM [194]. Later, the feasibility of couplings relying
on ALM or actuator sector methods (ASM) was demonstrated, too [108, 138, 195, 196].

The progress in the development of new aero-servo-elastic couplings is accompanied
by the growing importance of high-performance computing (HPC) architectures, which
employ not only central processing units (CPUs) but also graphical processing units (GPUs).
This development also affects the field of LES for wind farms, as it requires the adaptation
or redesign of codes for optimal usage of the GPU architecture [197]. A very recent exam-
ple of this trend is the work by Sprague et al. [198], which presented a coupling between
OpenFAST and the LES code Nalu-Wind aiming for an effective use of GPUs.

In summary, the development of new dynamic wind farm control strategies asks for
a simulation environment that enables the combined analysis of the complex ABL flow
through wind farms and the performance of individual turbines, while ensuring the accu-
racy of the turbine power predictions also on coarser LES grids. Furthermore, this envi-
ronment has to be compatible with the next generation of GPU-based HPC architectures.
The main contribution of the present study is to develop a new simulation environment
that meets these needs by coupling the GPU-resident LES code GRASP (GPU-Resident
Atmospheric Simulation Platform) with OpenFast via an ALM and the FALM correction.
The detailed contributions of this study are:

1. The extensive cross-verification of the new LES-OpenFAST coupling and its FALM
correction, considering two benchmark cases with reference data from four other
research LES codes;

2. An in-depth study of the FALM’s impact on a wing & wind turbine rotor and their
wakes, including the assessment of its convergence behaviour and implications for
runtime.

The newly established simulation environment hence paves the way for the development
of new dynamic wind farm control strategies under realistic weather conditions by lever-
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aging GRASP’s ability to impose data from large-scale meteorological models as initial
and boundary conditions.

The remainder of this paper is structured as follows. First, an overview of GRASP, the
new coupling and its subcomponents, including the ALM and FALM implementation, is
given in Section 4.2. Secondly, Section 4.3 introduces the three considered wing and wind
turbine cases, and Section 4.4 discusses the results. The cross-verification of the newALM
implementation is documented in Section 4.4.1. Subsequently, the FALM’s impact on rotor
and wake is assessed by using a simple translating wing (Section 4.4.2) and the NREL 5-
MW reference wind turbine (Section 4.4.3). We conclude with a summary and an outlook
in Section 4.5.

4.2 The simulation environment
The objective of this work is the coupling of the LES code GRASP with the turbine simu-
lation code OpenFAST and the subsequent verification of the coupled simulation environ-
ment. The two main codes are described in Sections 4.2.1 and 4.2.2. The coupling between
the codes is implemented via an actuator line model or a filtered actuator line model. The
specifics of this coupling are presented in Section 4.2.3.

4.2.1 The large-eddy simulation code: GRASP
The fluid flow is simulated using the LES code GRASP. GRASP solves the filtered three-
dimensional Navier-Stokes equations. The core structure of the code is based on the
Dutch Atmospheric Large Eddy Simulation model (DALES), which is described in Heus et
al. [121]. Details about the implementation of DALES on GPUs can be found in Schalkwijk
et al. [122]. Furthermore, a proof of concept was delivered with a multi-GPU setup [123].
The GRASP model departs from the DALES formulation as it implements an anelastic
approximation [199]. The governing equations for mass and momentum, including the
anelastic approximation, are given by

𝜕𝜌𝑏𝑢̃𝑗
𝜕𝑥𝑗

= 0, (4.1)

𝜌𝑏
𝜕𝑢̃𝑖
𝜕𝑡 + 𝜕𝜌𝑏𝑢̃𝑖 𝑢̃𝑗

𝜕𝑥𝑗
= −𝜕 ̃𝑝′

𝜕𝑥𝑖
+𝜌𝑏𝑏𝛿𝑖3 −

𝜕𝜏𝑖𝑗
𝜕𝑥𝑗

+𝜖𝑖𝑗3𝑓𝑐(𝑢̃𝑗 −𝑢𝑔𝑗 ) + 𝑓𝑊𝑇𝑖 +𝑓 𝐹𝑟𝑖𝑛𝑔𝑒𝑖 , (4.2)

where 𝑖 ∈ {1,2,3} according to the Einstein summation convention, 𝜌𝑏 = 𝜌𝑏(𝑥3) is the speci-
fied reference density profile, 𝑢̃𝑖 is the filtered velocity, 𝑏 the buoyancy term 𝑏 = −𝑔(𝜌′/𝜌𝑏)
(𝑔 being the gravitational constant and 𝜌′ = 𝜌−𝜌𝑏 the density fluctuation), ̃𝑝′ is the filtered
pressure fluctuation ̃𝑝′ = ̃𝑝−⟨ ̃𝑝⟩ (⟨⋯⟩ denotes the horizontal mean), 𝑓𝑐 is the Coriolis param-
eter, 𝑢𝑔𝑗 is the geostrophic wind, 𝑓𝑊𝑇𝑖 are the body forces from the wind turbines, 𝑓 𝐹𝑟𝑖𝑛𝑔𝑒𝑖
denotes additional forcing terms (e.g. to drive the flow or impose large scale tendencies)
and 𝜏𝑖𝑗 is the subgrid-stress tensor. In the following, we use the Cartesian coordinate
system (𝑥1, 𝑥2, 𝑥3) = (𝑥,𝑦,𝑧) when dealing with LES variables, where spatial directions are
referred to as streamwise, lateral and vertical, respectively.

Using the symmetric part of the resolved velocity gradient tensor ̃𝑆𝑖𝑗 = 0.5(𝜕𝑢̃𝑖/𝜕𝑥𝑗 +
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𝜕𝑢̃𝑗 /𝜕𝑥𝑖), the subgrid-stress tensor can be written as

𝜏𝑖𝑗 = −𝜌𝑏𝐾𝑚 (𝜕𝑢̃𝑖𝜕𝑥𝑗
+ 𝜕𝑢̃𝑗
𝜕𝑥𝑖

) = −2𝜌𝑏𝐾𝑚 ̃𝑆𝑖𝑗 . (4.3)

In this study, the eddy viscosity 𝐾𝑚 is modelled using the Smagorinsky subgrid model

𝐾𝑚 = (𝐶𝑠Δ)2 √2 ̃𝑆𝑖𝑗 ̃𝑆𝑖𝑗 , (4.4)

where 𝐶𝑠 is the Smagorinsky constant and the subgrid filter scale is denoted as
Δ = (Δ𝑥Δ𝑦Δ𝑧)1/3 [200]. For the remainder of this article, we omit the tilde sign for fil-
tered variables for convenience. Spatial discretisation in GRASP uses the Arakawa C-grid,
which is a spatially staggered grid. The cell centres and cell faces are referred to as full and
half levels, respectively. All prognostic variables reside at the cell centre except the three
velocity components. For example, consider the direction 𝑖 = 1. The velocity component
𝑢𝑥 resides on the half level of the grid in the 𝑥 direction, whereas it is located on the full
levels in the remaining two directions, 𝑦 and 𝑧. The advection scheme uses second-order
central differences [121]. The time stepping can be done both with variable and fixed time
step value Δ𝑡 . A third-order Runge-Kutta scheme is used for explicit time integration of
the governing equations [201]. Due to the periodicity of the streamwise and lateral di-
rections, a pressure solver based on a fast Fourier transform can be employed, which acts
on the periodic pressure fluctuation field ̃𝑝′. It ensures that the continuity equation is
satisfied by computing the corresponding pressure fluctuations.

The main application of the LES code is for both weather hindcasting as well as op-
erational forecasting. For example, Gilbert et al. [202] delivered a proof of concept using
Grasp for operational forecasting at the Horns Rev I wind farm site. An application of
GRASP for hindcasting purposes is presented in Schepers et al. [203]. They carried out
a year-long hindcasting LES simulation with GRASP in order to study the effect of ex-
treme events on the aero-elastic loads of a 10-MW wind turbine. Both of these studies use
LES with periodic horizontal boundary conditions forced with tendencies from large-scale
weather models. This approach requires additional source terms in Equation 4.2 represent-
ing large-scale subsidence, large-scale pressure gradients (expressed as geostrophic wind),
large-scale advective tendencies and a relaxation term to avoid model drift (for details see
Schalkwijk et al. [204]). GRASP enables the simulation of multiple nested LES domains
in parallel, where the solution of an outer domain forces the subsequent inner domain,
and only the innermost domain contains the wind turbines. As a consequence, the sim-
ulation of wind farms using periodic boundary conditions and large-scale forcing is en-
abled, but avoids the recirculation of the turbine wakes, which would occur when using
a single periodic domain [205]. Other large-scale forcing approaches in literature avoided
the assumption of horizontal homogeneity made for GRASP by not relying on periodic
boundary conditions; however, in doing so, they also limited the range of permitted wind
directions [206].

4.2.2 OpenFAST
Thewind turbine dynamics are simulated using the open-source tool OpenFAST developed
by the National Renewable Energy Laboratory (NREL), USA [125]. OpenFAST follows a
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modular modelling approach where each module calculates a part of the turbine dynam-
ics. The different modules include aerodynamics, hydrodynamics, control and structural
dynamics. The overarching OpenFAST glue code manages the coupling of the modules
and enables the integrated simulation of nonlinear aero-hydro-servo-elastic wind turbine
dynamics. OpenFAST also offers a C++ API in order to link it to external programs. In
this work, we utilise this API to develop a coupling between OpenFAST and the LES code
GRASP. In addition, the present study employs the following physics modules of Open-
FAST:

1. AeroDyn: Calculates the aerodynamic loading of the wind turbine. The blades and
tower are discretised using analysis nodes spread along actuator lines. AeroDyn is
provided by OpenFAST with the instantaneous orientation, position and flow veloc-
ity for each analysis node. Blade element theory, relying on two-dimensional airfoil
data, is then used to calculate the local drag force, lift force and pitching moment.

2. ElastoDyn: Calculates the structural dynamics of the turbine. The turbine’s desired
degrees of freedom for blades, tower, generator and nacelle are set in this module.
ElastoDyn receives the aerodynamic loads and controller commands as input. Based
on this input, the resulting displacements, structural velocities/accelerations and
reaction loads are calculated.

3. ServoDyn: This module covers all control aspects of the turbine, including pitch,
generator/torque and yaw control. In addition, ServoDyn offers a bladed-style DIS-
CON controller interface. This interface allows for a simple integration of external
turbine controllers.

4.2.3 The LES-OpenFAST coupling
This section describes the newly developed coupling between GRASP and OpenFAST.
GRASP calculations are carried out on the GPU, but through its API ASPIRE it is possible
to couple plugins running on central processing units (CPUs). The coupling is realised
with a new ASPIRE plugin written in C++, which is called AspFAST. AspFAST tasks are
to synchronise the LES and OpenFAST simulations, to exchange information between the
two main codes (forces, velocity, turbine blade position/orientation) and to perform the
calculations for the ALM/FALM that are not covered by OpenFAST. A schematic of the
resulting simulation environment is shown in Figure 4.1. It is important to note that in

ASPIRE
(API)

AspFAST

fWT,n
i (xi)

uni (xi)

GRASP
(LES code)

GPU

OpenFAST

ElastoDynAeroDyn v15 ServoDyn

OpenFAST
C++ API

fWT,n
i (xki )

uni (x
q
i )

Figure 4.1: Schematic of the new simulation environment. The ASPIRE plugin AspFAST manages the commu-
nication between the LES code and the OpenFAST C++ API at each time step 𝑡𝑛 . In addition, it implements the
sampling of the LES velocity at the actuator points, the projection of the point forces back to the LES grid and
optionally the calculation of the FALM correction.
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OpenFAST the blade is discretised with both 𝑁𝐹 force actuator and 𝑁𝑉 velocity actuator
points, where in general 𝑁𝐹 ≠ 𝑁𝑉 . The number of points 𝑁𝐹 is flexible and is specified
in AspFAST. The number of points 𝑁𝑉 , on the other hand, is determined by the number
of blade stations which are set in the AeroDyn blade specification file. An increase in
velocity actuator points thus requires the interpolation of the initial blade input data to
the desired value of 𝑁𝑉 points. The outline of the ALM and FALM below uses the fol-
lowing notation for the discretised solution. The subscript (⋯)𝑖 still refers to the Einstein
summation convention, denoting the spatial direction with respect to the corresponding
coordinate system. In addition, we introduce the superscripts 𝑥𝑘 and 𝑥𝑞 to denote the kth
force and qth velocity actuator point, respectively. The discrete solution at time step 𝑡𝑛 is
indicated with the superscript (⋯)𝑛 .

During initialisation, the user input data (number of turbines, turbine positions, 𝑁𝐹 ) is
read by AspFAST and communicated to OpenFAST. At each subsequent time step 𝑡𝑛 , Asp-
FAST receives the full LES velocity field 𝑢𝑛𝑖 (𝑥𝑖) from GRASP and the current blade point
positions 𝑥𝑘𝑖 and 𝑥𝑞𝑖 from OpenFAST. The LES velocity at the current velocity actuator
point 𝑢𝑛𝑖 (𝑥𝑞𝑖 ) is sampled using linear interpolation from the nearest LES grid point 𝑥𝑖 and
then sent to OpenFAST. Provided with the LES velocity input, OpenFAST advances the tur-
bine model by one time step. In a minimum configuration, this step entails the calculation
of the aerodynamic loads by AeroDyn and the update of the actuator point locations. Note
that the wake/induction model in AeroDyn is disabled since these effects are resolved by
the LES. In particular, AeroDyn calculates the spanwise distribution of the aerodynamic
forces acting on the blade using blade element theory based on two-dimensional airfoil
look-up tables for drag and lift coefficients [207]. Using the local velocity magnitude

𝑈 𝑛
𝑅𝑒𝑙(𝑥

𝑞
𝑖 ) = √(𝑢𝑛𝑎𝑥 (𝑥

𝑞
𝑖 ))2 + (Ω𝑛𝑟𝑞 −𝑢𝑛𝜃 (𝑥

𝑞
𝑖 ))2, (4.5)

the local inflow angle at each blade element can be determined as

𝜙𝑛(𝑥𝑞𝑖 ) = tan−1 ( 𝑢𝑛𝑎𝑥 (𝑥𝑞𝑖 )
Ω𝑛𝑟𝑞 −𝑢𝑛𝜃 (𝑥

𝑞
𝑖 )

) , (4.6)

where the velocities are expressed in a blade-aligned coordinate system given by (𝑥1, 𝑥2, 𝑥3) =
(𝑟 ,𝜃,𝑎𝑥). The rotor speed is denoted by Ω. The local angle of attack is obtained by sub-
tracting the sum of the local twist angle and the blade pitch angle (their sum is denoted as
𝛾 )

𝛼𝑛(𝑥𝑞𝑖 ) = 𝜙𝑛(𝑥𝑞𝑖 ) − 𝛾𝑛(𝑥𝑞𝑖 ). (4.7)

The local lift and drag forces are then obtained utilising the airfoil look-up tables for lift
coefficient𝐶𝐿 =𝐶𝐿(𝛼,𝑅𝑒) and drag coefficient𝐶𝐷 =𝐶𝐷(𝛼,𝑅𝑒) dependent on Reynolds num-
ber 𝑅𝑒 and angle of attack

𝐹𝑛𝐿 (𝑥𝑞𝑖 )
Δ𝑟(𝑥𝑞𝑖 )

= 1
2𝜌(𝑈

𝑛
𝑅𝑒𝑙(𝑥

𝑞
𝑖 ))2𝑐(𝑥𝑞𝑖 )𝐶𝑛𝐿 (𝑥𝑞𝑖 ), (4.8)

𝐹𝑛𝐷(𝑥𝑞𝑖 )
Δ𝑟(𝑥𝑞𝑖 )

= 1
2𝜌(𝑈

𝑛
𝑅𝑒𝑙(𝑥

𝑞
𝑖 ))2𝑐(𝑥𝑞𝑖 )𝐶𝑛𝐷(𝑥𝑞𝑖 ), (4.9)
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where the density 𝜌 is specified in the AeroDyn input file, Δ𝑟(𝑥𝑞𝑖 ) denotes the spanwise
extent of the blade element associated with the actuator point and 𝑐 is the local chord
length. The resultant force vector is transformed back into the Cartesian LES coordinate
system and communicated to AspFAST at the force actuator point locations 𝑥𝑘𝑖 . This point
force 𝑓𝑊𝑇,𝑛

𝑖 (𝑥𝑘𝑖 ) is spread across multiple LES grid points using a convolution with a
constant Gaussian kernel 𝜂𝜖 with kernel width 𝜖

𝜂𝜖 =
1

𝜖3𝜋3/2 exp(−(𝑥𝑖 −𝑥
𝑘𝑖 )2

𝜖2 ), (4.10)

𝑓𝑊𝑇,𝑛
𝑖 (𝑥𝑖) = 𝑓𝑊𝑇,𝑛

𝑖 (𝑥𝑘𝑖 )⊗𝜂𝜖 , (4.11)

thereby ensuring that singular behaviour is avoided and the resulting force distribution is
smooth. The resultant body force distribution 𝑓𝑊𝑇,𝑛

𝑖 is then applied as an additional force
term in the flow domain (i.e. in Equation 4.2). The ALM, as outlined above, follows the
traditional ALM formulation as developed by Sørensen and Shen [137].

As outlined in the introduction, the ALM in its traditional form suffers from overpre-
dicted blade torque and thus power generation if the Gaussian kernel width is chosen
larger than the value found to be optimal 𝜖 > 𝜖𝑂𝑝𝑡 . However, the requirement for the
optimal value of the Gaussian kernel is very restrictive since it leads to very fine grid
resolutions, which are infeasible for LES simulations on the wind farm scale. Therefore,
Martínez-Tossas and Meneveau [149] proposed a subfilter correction applied to the sam-
pled LES velocity. This method, labelled as filtered actuator line model (FALM), aims to
remedy the issue of torque overprediction for cases where 𝜖 > 𝜖𝑂𝑝𝑡 . In the following,
the formulation of FALM and its implementation in the LES-OpenFAST coupling are de-
scribed.

For the implementation in AspFAST, forces and velocities are kept in vector form
throughout the calculation; thus, the same is done for the outline of the equations be-
low. The usage of 𝜖 > 𝜖𝑂𝑝𝑡 for LES leads to the underestimation of induced velocity. This
reduced strength of the induced velocity causes larger angles of attack along the blade
than would have occurred with 𝜖𝑂𝑝𝑡 . The main idea of FALM is to determine the resolved
and the missing part of the induced velocity in order to correct the sampled LES velocity
for the effect of a suboptimal kernel size 𝜖𝐿𝐸𝑆

𝑢̂𝑖(𝑥𝑖) = 𝑢𝑖(𝑥𝑖) + [𝑢𝑖,𝑖𝑛𝑑 (𝑥𝑖 ; 𝜖𝑂𝑝𝑡 ) −𝑢𝑖,𝑖𝑛𝑑 (𝑥𝑖 ; 𝜖𝐿𝐸𝑆)]. (4.12)

The numerical procedure to obtain this subfilter correction can be summarised as follows.
The calculation of the correction requires knowledge of the freestream velocity, excluding
the effects of induced velocity. This velocity can be approximated as

𝑈 𝑛𝑖,∞(𝑥𝑘𝑖 ) = 𝑢𝑛𝑖 (𝑥𝑘𝑖 ) −𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖𝐿𝐸𝑆). (4.13)

The lift force at each blade element acts perpendicular to 𝑈 𝑛𝑖,∞(𝑥𝑘𝑖 ). Since OpenFAST only
returns the resultant force vector, the lift force is not directly available. However, the lift
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force can be recovered using the local unperturbed inflow velocity

𝐺𝑛−1𝑖 (𝑥𝑘𝑖 ) =
1
2𝑐(𝑥

𝑘𝑖 )𝐶𝐿(𝑥𝑘𝑖 )𝑈𝑗,∞(𝑥𝑘𝑖 )𝑈𝑗,∞(𝑥𝑘𝑖 )

= 1
𝜌Δ𝑥𝑘 (𝑓

𝑊𝑇,𝑛−1
𝑖 (𝑥𝑘𝑖 ) −𝑈𝑖,∞(𝑥𝑘𝑖 )

𝑓𝑊𝑇,𝑛−1
𝑗 (𝑥𝑘𝑖 )𝑈𝑗,∞(𝑥𝑘𝑖 )
𝑈𝑗,∞(𝑥𝑘𝑖 )𝑈𝑗,∞(𝑥𝑘𝑖 )

) . (4.14)

Furthermore, the gradient of 𝐺𝑛−1𝑖 along the blade span is obtained using finite differences

𝑘 = 1 ∶ Δ𝐺𝑛−1𝑖 (𝑥1𝑖 ) = 𝐺𝑛−1𝑖 (𝑥1𝑖 ) (4.15)

𝑘 ∈ (2,𝑁𝐹 −1) ∶ Δ𝐺𝑛−1𝑖 (𝑥𝑘𝑖 ) =
1
2[𝐺

𝑛−1𝑖 (𝑥𝑘+1𝑖 ) −𝐺𝑛−1𝑖 (𝑥𝑘−1𝑖 )] (4.16)

𝑘 = 𝑁𝐹 ∶ Δ𝐺𝑛−1𝑖 (𝑥1𝑖 ) = −𝐺𝑛−1𝑖 (𝑥𝑁𝐹𝑖 ). (4.17)

Using the lift gradient, one can then calculate the resulting induced velocity at the kth
actuator point for a given kernel width 𝜖

𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖) ≈ −
𝑁𝐹
∑
𝑙=1

1

√𝑈𝑗,∞(𝑥 𝑙𝑖 )𝑈𝑗,∞(𝑥 𝑙𝑖 )
1

4𝜋(𝑥𝑘𝑖 −𝑥 𝑙𝑖 )
Δ𝐺𝑛−1𝑖 (𝑥 𝑙𝑖 )

×(1− exp(−(𝑥
𝑘𝑖 −𝑥 𝑙𝑖 )2
𝜖2 )). (4.18)

At each time step, Equation 4.18 is evaluated twice per actuator point. The first evaluation
uses the kernel size 𝜖 = 𝜖𝐿𝐸𝑆 to obtain the part of the induced velocity which is already
resolved by the LES. The second evaluation sets 𝜖 = 𝜖𝑂𝑝𝑡 , which results in the induced ve-
locity which would have been observed in a highly resolved ALM-LES simulation, allow-
ing for 𝜖𝐿𝐸𝑆 = 𝜖𝑂𝑝𝑡 . Finally, under-relaxation is applied to determine the updated subfilter
velocity correction, accounting for the difference in resolved and optimal induced velocity

Δ𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ) =𝑓𝑢[𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖𝑂𝑝𝑡 ) −𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖𝐿𝐸𝑆)]
+ (1− 𝑓𝑢)[𝑢𝑛−1𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖𝑂𝑝𝑡 ) −𝑢𝑛−1𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ; 𝜖𝐿𝐸𝑆)], (4.19)

which is added to the sampled LES velocity

𝑢̂𝑛𝑖 (𝑥𝑘𝑖 ) = 𝑢𝑛𝑖 (𝑥𝑘𝑖 ) +Δ𝑢𝑛𝑖,𝑖𝑛𝑑 (𝑥𝑘𝑖 ). (4.20)

A factor 𝑓𝑢 = 0.1 is recommended for the under-relaxation [149]. It is noted that AspFAST
receives the force vectors from OpenFAST always at the force actuator points. Therefore,
the entire FALM calculations are carried out at the force actuator point locations, and only
the final corrected LES velocities are interpolated to the velocity actuator points before
they are sent to OpenFAST. The entire coupling algorithm with the optional application
of the FALM is shown in Algorithm 1 in Appendix 4.A.
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4.3 Case Setup of the numerical simulations
The new simulation environment is employed to study a total of three cases. The first case
serves the objective of cross-verifying the ALM implementation with four other popular
research LES codes (Section 4.3.1). The remaining two cases concern the objective of test-
ing the FALM implementation and assessing its performance compared to the ALM. In
the second case, the FALM is applied to a translating constant chord wing (Section 4.3.2),
whereas in Section 4.3.3 the FALM is applied to the NREL 5-MW reference wind turbine.
For both turbine cases, the focus is on modelling the rotor since the reference data in Sec-
tion 3.1 only includes the rotor forces, and the aim in Section 3.3 is to study the impact
of the FALM on the rotor performance in isolation. Modelling the tower and nacelle with
an immersed boundary method [208] or including the nacelle by means of an anisotropic
Gaussian body force [209] would further improve the accuracy of especially the near wake
predictions.

All cases use uniform inflow with a specified reference velocity 𝑢𝑟𝑒𝑓𝑖 = (𝑈∞, 0,0). The
boundary conditions in the streamwise and lateral directions are periodic. In order to
ensure a uniform inflow with the desired reference velocity, a fringe region is included in
the inlet/outlet region of the domain. Within the fringe region, an additional source term
is added to the momentum equations, which drives the flow again toward 𝑢𝑟𝑒𝑓𝑖

𝑓 𝐹𝑟𝑖𝑛𝑔𝑒𝑖 = 𝜌𝑏 (
𝜕𝑢𝑖
𝜕𝑡 )

𝐹𝑟𝑖𝑛𝑔𝑒
= −𝜌𝑏

𝛼(𝑥,𝑦,𝑧)𝜂
Δ𝑡 (𝑢𝑖 −𝑢𝑟𝑒𝑓𝑖 ). (4.21)

The strength of the forcing is controlled with the fringe factor 𝜂. The relaxation strength
𝛼(𝑥,𝑦,𝑧)𝜂/Δ𝑡 is an inverse time scale, where 𝛼 is aweighting function varying from a value
of one at the inlet/outlet to a value of zero at the boundary of the fringe region according
to a second order polynomial. The maximum fringe strength and extent are chosen as
small as possible while still ensuring that the uniform inflow profile is recovered. The
top boundary condition (BC) at 𝑧 = 𝐿𝑧 enforces a vanishing vertical velocity component
and vanishing gradient for the streamwise and lateral velocity components. The bottom
boundary condition (at 𝑧 = 0) in GRASP is currently only designed for the simulation of
the atmospheric boundary layer; thus, it does not offer a zero-shear-stress bottom BC, yet.
For the purpose of this study, an approximately zero-friction velocity 𝑢∗ is specified for
the surface scheme of the bottom BC. This approach, in combination with the relatively
coarse grid resolution, ensures that there is no boundary layer forming above the bottom
boundary surface. The constraint is kept in mind for the analysis of the wake results. The
chosen time step for all simulations ensures that the local Courant-Friedrich-Levy number
(CFL) is kept below a value of one [190].

4.3.1 ALM: Cross-Verification
The implementation of the new coupling is cross-verified by performing an ALM simu-
lation of a popular reference case, which has already been used previously to compare
four research LES codes and their ALM implementation [210]. This case considers a sin-
gle NREL 5-MW turbine [211] (𝐷 = 126m) which is placed in a uniform laminar inflow
of 𝑈∞ = 8m/s. The turbine blades are considered as rigid, and the rotational speed of the
rotor is set to a constant value of Ω = 9.155rpm. At this set point, the turbine is operating
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at its optimal power coefficient. The density is set to 𝜌 = 1kg/m3. The tilt angle of the
rotor is set to zero in the OpenFAST model of the turbine in order to ensure a streamwise
aligned wake. As noted in Martínez et al. [210], there are two different approaches on how
to obtain the blade specifications for the actuator points located between the last defined
point of the NREL 5-MW turbine and the tip of the blade. Data can be either extrapolated
from the last two defined data points or interpolated based on a zero chord assumption
at the tip of the blade. For the present case, the latter approach is chosen, whereas the
former approach is applied in Section 4.3.3, demonstrating the impact of this choice.

Initial tests with a streamwise domain length equal to the reference case (𝐿𝑥 = 24D)
showed that the forcing of the fringe region influenced the wake recovery. Therefore, the
GRASP domain is extended by a factor of approximately two compared to the reference
case in order to account for the length and the influence of the fringe region at the domain
outflow. The coefficient for the Smagorinsky subgrid model is chosen as 𝐶𝑠 = 0.16 to be
consistent with the reference. For a summary of the simulation parameters, see Table 4.1.
It is noted that the chosen resolution of the reference case cannot be exactly reproduced
due to the current limitations of the maximum available GPUmemory (using one NVIDIA
A100 40GB GPU).

Table 4.1: Parameter settings for the ALM cross-verification case including the hub position of the turbine
𝐿𝑥,𝐻𝑢𝑏 , 𝐿𝑦,𝐻𝑢𝑏 , 𝐿𝑧,𝐻𝑢𝑏 , the domain size 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 , the number of actuator points for force and velocity nodes
𝑁𝐹 /𝑁𝑉 , the non-dimensional spreading 𝜖/𝐷, grid resolution 𝜖/Δ𝑥 and simulation time 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥 .

𝐿𝑥,𝐻𝑢𝑏 , 𝐿𝑦,𝐻𝑢𝑏 , 𝐿𝑧,𝐻𝑢𝑏 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 𝑁𝐹 𝑁𝑉 𝜖/𝐷 𝜖/Δ𝑥 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥
4.5D, 3D, 3D 53.25D × 6D × 6D 64 19 0.079 3.39 ≈ 2

4.3.2 FALM: Translating Wing Test Case
The implementation of the FALM is first tested for a translatingwing under uniform inflow.
This case was already used in previous studies for the testing of the FALM [149, 192] and
the development of an ALM tip correction [150]. A constant chord wing is placed inside
the domain, centred with respect to all three axes. The spanwise direction of the wing
is parallel to the y-axis. The angle of attack is 𝛼 = 6∘. The airfoil is of type NACA64A17,
which is also used for the outermost part of the blade of the NREL 5-MW turbine. The
objective is to simulate these case specifications with an unmodified version of the newly
developed LES-OpenFAST coupling. To this end, the OpenFast model of the NREL 5-MW
turbine is simplified to represent the single constant chord wing. In particular, the number
of blades is reduced to one, the AeroDyn blade input file is modified to contain only the
NACA64A17 airfoil type along the entire span of the wing, the rotor speed is set to zero
and azimuth/pitch angles are adjusted to ensure the desired angle of attack 𝛼 = 6∘ with
respect to the incoming flow. The employed subgrid model is the standard Smagorinsky
model with 𝐶𝑆 = 0.16. The effect of the subgrid model was found to be not crucial for this
test case [149]. Calculations are carried out with the ALM and FALM for three different
spreading parameters 𝜖/𝑐 and two different grid resolutions 𝜖/Δ𝑥 . In total, this results in
a set of 12 simulations (see Table 4.2).
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Table 4.2: Parameter settings for the translating wing test case, including the wing span 𝑆, the domain size
𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 , the number of actuator points for force and velocity nodes 𝑁𝐹 /𝑁𝑉 , the non-dimensional spreading
𝜖/𝑐, grid resolution 𝜖/Δ𝑥 and simulation time 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥 .

𝑆 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 𝑁𝐹 𝑁𝑉 𝜖/𝑐 𝜖/Δ𝑥 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥
12.5c 2.5S × 2.5S × 2.5S 300 100 {1;2;4} {4;8} 3.2

4.3.3 FALM versus ALM: NREL 5-MW Turbine
After cross-verifying the basic ALM for the NREL 5-MW turbine and the FALM for the
translating wing, the study concludes with a performance comparison of the ALM and
FALM applied to the NREL 5-MW turbine. The case setup is identical to the one presented
in Section 4.3.1. In total, four simulations are performed considering two different choices
of the Gaussian spreading parameter for both ALM and FALM. The chosen values of the
Gaussian spreading are typical for the simulation of a wind farm using LES/ALM on a
coarse grid and therefore allow the quantification of the dependence of ALM and FALM
results on 𝜖 in these practical use cases. The setup maintains a ratio of 𝜖/Δ𝑥 ≈ 3 and a
constant grid spacing in x, y and z. This results in slightly different streamwise domain
lengths 𝐿𝑥 since the number of grid points in GRASP has to be an integer multiple of
32. The chosen resolution is a trade-off between the available computational resources
for practical applications of the ALM on wind farm scale and the full convergence of the
results. It fulfils the requirement 𝜖/Δ𝑥 > 2 in order to avoid numerical oscillations [190],
but is below the ratio of 𝜖/Δ𝑥 = 5, which has been found necessary for fully converged
results [147]. Compared to the initial ALM simulations, the number of actuator points has
to be significantly increased when using the FALM. Only then are the large lift gradients
at the blade tip resolved, which are crucial for the calculation of the FALM correction term.
A summary of the parameter settings for this case is shown in Table 4.3.

Table 4.3: Parameter settings for the ALM cross-verification case, including the hub position of the turbine
𝐿𝑥,𝐻𝑢𝑏 , 𝐿𝑦,𝐻𝑢𝑏 , 𝐿𝑧,𝐻𝑢𝑏 , the domain size 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 , the number of actuator points for force and velocity nodes
𝑁𝐹 /𝑁𝑉 , the non-dimensional spreading 𝜖/𝐷, grid resolution 𝜖/Δ𝑥 and simulation time 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥 .

𝐿𝑥,𝐻𝑢𝑏 , 𝐿𝑦,𝐻𝑢𝑏 , 𝐿𝑧,𝐻𝑢𝑏 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 𝑁𝐹 𝑁𝑉 𝜖/𝐷 𝜖/Δ𝑥 𝑇𝑆𝑖𝑚𝑈∞/𝐿𝑥
4.5D, 3D, 3D {53.1; 52.8}D 307 307 {0.079;0.11} ≈ 3 ≈ 2

× 6D × 6D

4.4 Results
This section presents the results obtained with the GRASP-OpenFAST coupling for the
test and verification cases presented in Section 4.3. Firstly, the results of the ALM cross-
verification are shown in Section 4.4.1. Secondly, the FALM verification using the trans-
lating wing test case is presented in Section 4.4.2. We conclude with the comparison of
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the FALM and ALM performance in Section 4.4.3. For the performance assessment of the
new simulation environment, it is referred to Appendix 4.B.

4.4.1 ALM: Cross-Verification
Thenew coupling of GRASP and OpenFAST via an ALM is cross-verified by comparing the
predictions for the NREL 5-MW reference turbine in uniform inflow to the ALM results of
four other research LES codes. The codes considered for the comparison are LESGO (Johns
Hopkins University: JHU), SOWFA (National Renewable Energy Laboratory: NREL), SP-
Wind (KU Leuven: KUL) and EllipSys3D (Technical University of Denmark: DTU). The
codes are compared in terms of predictions for the blade and wake quantities. Temporal
averaging of the results of the four reference codes is done for one to two flow-through
times 𝑇𝐹 , excluding the initial flow-through time during which the flow develops. For
GRASP it is found that the initial transient development takes slightly longer than 𝑇𝐹 =
1, and averaging is done across an interval of 1.85𝑇𝐹 starting at 𝑡𝑆𝑖𝑚 = 1.3𝑇𝐹 where 𝑇𝐹
is calculated with the streamwise length of the reference case (𝐿𝑥 = 24D) and not the
extended GRASP domain. As mentioned previously, it is found that the location of the
laminar-turbulent transition in the wake and its recovery in GRASP are sensitive to the
strength of the fringe in the outflow region. However, even for very weak fringe forcing,
mean quantities in the far wake are modified as soon as the initially created wake reaches
the outflow boundary. In the present study, this influence is mitigated by choosing a very
long domain length of 𝐿𝑥 = 53.25D, which allows for a sufficiently long averaging interval
before the initial wake interacts with the fringe forcing.

The five ALM implementations are first compared in terms of their predictions for
mean quantities along the spanwise direction of the blade. The mean distributions of
angle of attack 𝛼 , axial velocity 𝑢𝑥 /𝑈∞ and drag/lift force are shown in Figure 4.2, where
forces are non-dimensionalized with the rotor diameter D, the fluid density 𝜌, the inflow
wind speed 𝑈∞ and the spanwise width Δ𝑟 of the respective blade segment. The four
reference LES codes show overall similar distributions for angle of attack and drag/lift
forces. However, the previous study of Martínez-Tossas et al. [210], which compared the
four reference ALM implementations, also pointed out two main reasons for deviations
between the results. The first one is the treatment of the actuator points close to the tip
of the blade, whereas the second one concerns the treatment of the transitions between
different airfoil types along the blade. The GRASP results are obtained from OpenFAST
at the 𝑁𝑉 velocity actuator point locations, where the most outer specified point in the
AeroDyn blade input file is located precisely at the blade tip. The specifications for this
actuator point are not uniquely defined since the last documented point of the NREL 5-MW
turbine is located further inward. For this comparison, the assumption of vanishing chord
length at the blade tip is used. As a consequence, the drag and lift distributions obtained
with GRASP tend toward zero at 𝑟 = 𝑅. The second possible choice of extrapolating the
chord length specified for the most outer actuator point from the two neighbouring inner
points is demonstrated later in Section 4.4.3. The second cause of deviations (especially for
the axial velocity profile) is the possibility of interpolating the drag and lift tables when
the airfoil type is changed between two blade sections. This approach is only implemented
in the EllipSys3D code, which thereby obtains smooth distributions along the blade. The
remaining four codes show discontinuities at locations where the airfoil type changes. It
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Figure 4.2: Comparison of mean angle of attack 𝛼 , axial velocity 𝑢𝑥 /𝑈∞, drag and lift per unit length along the
blade span.

should be noted that the GRASP-OpenFAST coupling uses 𝑁𝐹 = 64 force actuator points,
as the other four codes, but in fact, the shown blade quantities are obtained at the 𝑁𝑉 = 19
velocity actuator points, thus leading to coarser profiles. The blade quantities nevertheless
show good agreement with the four references. The only exception is the non-resolved
peak of the drag force near 𝑟/𝑅 = 0.175. The second notable deviation of the GRASP results
is the prediction of smaller axial velocities 𝑢𝑥 /𝑈∞ compared to the other three codes, which
choose not to interpolate between airfoil types. This deviation is most likely due to the
fact that the GRASP simulation only reaches a resolution of 𝜖/Δ𝑥 ≈ 3.39, which is limited
by the size of the GPUmemory, whereas the references use 𝜖/Δ𝑥 ≈ 5. Additional tests with
smaller domains but refined grids show that the GRASP solution shifts towards the three
references.

The small differences in the implementation of the ALM also have an effect on the
wake. In Figures 4.3 and 4.4, velocity 𝑢𝑥 (𝑧)/𝑈∞ and streamwise Reynolds stress 𝑢′𝑥𝑢′𝑥 (𝑧)/𝑈 2∞
profiles are shown at seven locations downstream of the turbine. The former quantity is
of main concern for the power production of a hypothetical downstream turbine, whereas
the latter one indicates the onset of transition in the wake. The codes predict similar ve-
locity profiles for the laminar region of the wake 𝑥/𝐷 ≈ (0,6). The only exception is the
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EllipSys3D code, which already shows a stronger shear layer gradient in the rotor plane.
This stronger gradient persists in the near wake region and causes the wake to transi-
tion earlier than the other two second-order finite difference codes SOWFA and GRASP
(see locations 𝑥/𝐷 = {9;12}). The two remaining codes (LESGO and SP-Wind) use pseudo-
spectral discretisation for the horizontal directions, which leads to the earlier onset of
laminar-turbulent transition and faster recovery of the wakes [210]. These differences be-
come less pronounced far downstream (𝑥/𝐷 = 15) when the wakes are turbulent for all
codes. In the turbulent far wake at 𝑥/𝐷 = 15, the vertical velocity profile calculated by
GRASP shows a slight asymmetry with respect to the centre axis of the wake. This asym-
metry is not present for the velocity profile in the lateral direction (shown as reference
in Figure 4.3 with a dashed green line) and is likely to be caused by the fact that GRASP
currently does not offer a zero shear stress (slip wall) BC for the bottom boundary as ex-
plained in Section 4.3. To confirm this hypothesis, future testing with newly implemented
BCs for the vertical direction is necessary.
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Figure 4.3: Comparison of mean streamwise velocity profiles 𝑢𝑥 /𝑈∞ at seven locations in the wake downstream
of the turbine. For Grasp, the profiles in the lateral direction (labelled xy) are shown in addition to the vertical
profiles.

Anoverall comparison of thewake structure is facilitated by analysing two-dimensional
contours of the mean streamwise velocity and Reynolds stress in a vertical x-z plane (see
Figure 4.5 and 4.6, respectively). The Reynolds stress magnitude clearly indicates that
transition is triggered the earliest in SP-Wind (𝑥/𝐷 ≈ 5.5), followed by EllipSys3D and
LESGO. For both SOWFA and GRASP, the onset of transition is the furthest downstream
at 𝑥/𝐷 ≈ 10. GRASP uses a spatially staggered grid, which improves the accuracy of the
second-order finite difference discretisation compared to the collocated grid arrangement
employed in SOWFA [212]. Consequently, one would expect the onset of turbulence to
occur earlier for GRASP since high wave number modes, which trigger turbulence, are
less damped [210]. However, as discussed previously, the present GRASP study can only
achieve a resolution of 𝜖/Δ𝑥 ≈ 3.39; therefore, the gain in accuracy achieved by the grid
arrangement is again lost due to the coarser grid resolution. This current limitation also af-
fects the magnitude of the Reynolds stress predicted by GRASP, which is smaller through-
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Figure 4.4: Comparison of streamwise Reynolds stress profiles 𝑢′𝑥𝑢′𝑥 /𝑈 2∞ at seven locations in the wake down-
stream of the turbine.

out the wake. Multi-GPU parallelisation of GRASP is currently under development and
will enable future comparisons with finer grid resolutions.
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located at 𝑥/𝐷 = 0.

4.4.2 FALM: Translating Wing Test Case
In addition to the introduced ALM implementation, the GRASP-OpenFAST coupling also
offers an FALM extension that can improve the ALM performance on coarse grids. The
implementation of the FALM is first tested using a translating wing in uniform inflow
before applying it to an entire wind turbine rotor (see Section 4.3.2 for a description of the
case setup). The resulting flow field forming around the wing is shown in Figure 4.7 (a).
The vorticity magnitude displays the typical horseshoe shape associated with the bound
circulation along thewing span and the shed vorticity at the tips of the finite-span constant
chord wing. The contour of vertical velocity clearly indicates the regions of upwash and
downwash present in the proximity of the wing and in its wake. Figures 4.7 (b) and (c)
show a comparison of ALM and FALM results for the streamwise vorticity 𝜔𝑥 and lateral
vorticity 𝜔𝑦 at the wing location 𝑥/𝑆 = 0 where the bound vortex 𝜔𝑦 is located and in the
wake at 𝑥/𝑆 = 0.25where only the tip vortices 𝜔𝑥 remain. It is important to note that there
are only minor differences between the two models since the FALM also uses the same
coarse 𝜖 to project the actuator point forces onto the LES grid. The FALM thus mainly
affects the local quantities along the wing (like induced velocity and lift), on which we
focus in the following.

The wing is simulated using both ALM and FALM for a set of different kernel widths
𝜖/𝑐 = {1;2;4} and grid resolutions 𝜖/Δ𝑥 = {4;8}. The reference study of Martínez-Tossas and
Meneveau [149] ran the simulations for all choices of the kernel width with the same very
high grid resolution. In their study, even the smallest kernel width 𝜖/𝑐 = 0.25 corresponded
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Figure 4.7: Vertical velocity field 𝑢𝑧 /𝑈∞ and isosurface of the non-dimensional vorticity magnitude
(𝜔𝑖𝜔𝑖)1/2𝑆/𝑈∞ ≈ 0.31 around the translating wing used for testing of the FALM implementation (a). Compar-
ison of the streamwise vorticity 𝜔𝑥 and lateral vorticity 𝜔𝑦 at the wing location 𝑥/𝑆 = 0 (b) and in the wake
𝑥/𝑆 = 0.25 (c) as obtained with the ALM and FALM. All the results are obtained for the parameter choice 𝜖/𝑐 = 2
and 𝜖/Δ𝑥 = 4.

to a relative resolution of 𝜖/Δ𝑥 ≈ 13. In the present study, we choose to follow another
approach since the application of FALM for full wind turbine rotors involves significantly
smaller ratios 𝜖/Δ𝑥 < 5. Otherwise, the advantage of the FALM, which is to enable coarser
grid resolutions, would be lost. Instead, we choose to study the convergence of the results
for lift coefficient and subfilter velocity correction on two coarser grids for each kernel
width 𝜖/𝑐.

Figure 4.8 shows the magnitude of the subfilter correction |Δ𝑢𝑖𝑛𝑑 | along the span of the
wing. Large magnitudes are limited to the proximity of the wing tips, where the correction
is needed to add the missing downwash, which is not resolved by LES due to a suboptimal
kernel width 𝜖𝐿𝐸𝑆 > 𝜖𝑂𝑝𝑡 . While for kernel widths of 𝜖/𝑐 = {1;2} the correction is essentially
zero in the midsection of the wing, the largest width 𝜖/𝑐 = 4 requires a correction of the
results for all spanwise locations. The amount of downwash resolved by the LES increases
with decreasing LES kernel width, thus leading to a lowered magnitude of the subfilter
correction along the entire span of the wing. As can be seen in the inset of Figure 4.8,
the subfilter correction is already converged for a grid resolution of 𝜖/Δ𝑥 = 4 for all three
choices of the kernel width 𝜖/𝑐 = {1;2;4}. This finding is in agreement with previous results,
which reported that convergence of the solution can be expected for grid resolutions of
𝜖/Δ𝑥 > 2.8 [149]. The corresponding convergence behavior of the lift coefficient 𝐶𝐿 is
shown in Figure 4.9 for both the ALM and FALM, where the additional black dots denote
the ALM reference solution obtained for 𝜖𝐿𝐸𝑆 = 𝜖𝑂𝑝𝑡 = 0.25𝑐 (taken from Martínez-Tossas
and Meneveau [149]). In general, the lift distributions obtained with both models already
indicate convergence for the coarser grid resolution of 𝜖/Δ𝑥 = 4 for all three choices of
𝜖/𝑐. It is noted, though, that convergence is slightly slower for smaller kernel widths. This
delay can be observed most clearly for the ALM results obtained with 𝜖/𝑐 = 1 in the region
of the two local minima of the lift distribution.

The behaviour of the FALM is now studied explicitly for the results obtained with
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Figure 4.8: Convergence of the magnitude of the FALM subfilter correction |Δ𝑢𝑖𝑛𝑑 | along the span of the wing
for different kernel widths 𝜖/𝑐.

Figure 4.9: Convergence of the lift coefficient 𝐶𝐿 along the span of the wing for different kernel widths 𝜖/𝑐 using
both ALM and FALM. The black dots denote the ALM reference solution obtained for 𝜖𝐿𝐸𝑆 = 𝜖𝑂𝑝𝑡 = 0.25𝑐 (taken
from Martínez-Tossas and Meneveau [149]).

𝜖/Δ𝑥 = 8. Figure 4.10 shows the resolved induced velocity |𝑢𝐿𝐸𝑆𝑖𝑛𝑑 | and the subfilter correc-
tion |Δ𝑢𝑖𝑛𝑑 | for varying kernel widths. Smaller LES kernel widths 𝜖𝐿𝐸𝑆 lead to larger lift
gradients at the tip (see Figure 4.9), which in turn create stronger tip vortices. The conse-
quences are stronger induced velocities along the wing span, especially in the proximity
of the tip. In contrast, a wide kernel of 𝜖/𝑐 = 4 is insufficient to resolve the peaks in down-
wash close to the tips. It leads to a monotonic distribution of the downwash with respect
to the half-wing length, only showing one maximum at the wing centre. Furthermore,
the distribution of optimal induced downwash |𝑢𝑂𝑝𝑡𝑖𝑛𝑑 | does not depend on the LES kernel
width 𝜖𝐿𝐸𝑆 . Therefore, smaller LES kernel widths require a smaller subfilter correction, as
is to be expected. The main benefit of the FALM is clearly visible in Figure 4.9. Even the
smallest of the three studied kernel widths exceeds the optimal value of 𝜖𝑂𝑝𝑡 /𝑐 = 0.25 by a
factor of four. As a result, the lift distribution along the wing span varies strongly with the
LES kernel width when using the ALMwithout correction. Further, the lift is significantly
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Figure 4.10: Dependence of the induced velocities 𝑢𝑖𝑛𝑑 on the kernel width 𝜖/𝑐 for a grid resolution of 𝜖/Δ𝑥 = 8.

overpredicted near the tips due to underpredicted downwash. In contrast, the FALM cap-
tures the strong decrease in lift near the tips and, importantly, displays a solution that
is independent of kernel width even for kernel widths exceeding the optimum value by
a factor of sixteen. The epsilon-independent solution further matches the reference ALM
lift profile obtained with 𝜖𝑂𝑝𝑡 . At this point, it should be noted that the performance of the
FALM relies on the numerically calculated lift gradient (recall equation 4.18). An accurate
calculation of the gradient is only possible with a large number of actuator points. For the
present wing test case, a value of 𝑁𝐹 = 300 is found to be necessary to obtain the correct
magnitude and shape of the lift profiles. This undesirable effect could be at least partially
compensated for by using a non-uniform actuator point spacing with high resolution only
in the proximity of the wing tips.

4.4.3 FALM versus ALM: NREL 5-MW Turbine
After testing the implementation of the FALM with the translating wing example, its per-
formance for a wind turbine is now compared to the ALM. The studied case is identical
to the one used for the cross-verification of the ALM, i.e. the NREL 5-MW reference tur-
bine in uniform inflow (case parameters are shown in Section 4.3.3). Both ALM and FALM
simulations are carried out for 𝜖/𝐷 = {0.079;0.11} while maintaining a grid resolution of
𝜖/Δ𝑥 = 3 for each case. The aim is to study the differences in blade quantities and wake
behaviour for these larger Gaussian spreading widths and coarser grids since they are of
practical importance when simulating an entire wind farm, but also cause a significant
overprediction of the generated power if no additional correction like the FALM is em-
ployed [213]. For the present comparison, both models use 𝑁𝐹 = 𝑁𝑉 = 307 to eliminate
any possible influence of the number of actuator points. However, the required number
of actuator points for the ALM and FALM is, in general, different, and it is referred to
Appendix 4.C for a detailed convergence study.

The FALM computes a subfilter correction added to the sampled LES velocity based
on the optimal induced velocity and its resolved part along the blade. The mean profiles
of these three velocities are shown in Figure 4.11. As observed in the previous section
for the translating wing, large magnitudes of the induced velocities are limited to the
inner and outer parts of the blade, where the root and tip vortices cause strong induction.
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Figure 4.11: Magnitudes of the induced velocities 𝑢𝑖𝑛𝑑 along the blade span of the NREL 5-MW turbine shown
for two different Gaussian kernel widths. All velocities are normalised with the magnitude of the unperturbed
incoming velocity at the blade tip 𝑈∞,𝑡𝑖𝑝 . The signs are determined by computing the alignment with respect to
the lift force.

In the middle section of the blade the coarse resolution and large spreading widths are
sufficient to resolve the major share of the induced velocities, whereas toward the tip, the
ratio of optimal and resolved induced velocity attains a ratio as large as |𝑢𝑂𝑝𝑡𝑖𝑛𝑑 |/|𝑢

𝐿𝐸𝑆
𝑖𝑛𝑑 | ≈ 12.

The smaller Gaussian spreading 𝜖/𝐷 = 0.079 results in larger resolved induced velocity,
especially in the interval 𝑟/𝑅 = (0.7,0.9), but still relies strongly on the subfilter correction
in order to obtain the optimal downwash distribution. Further, it should be noted that
the inflexion points visible in the profiles of the correction and the optimal velocity are
due to the discontinuities of the lift force distribution caused by the sudden changes of the
airfoil type along the blade (see right centre panel in Figure 4.12). The lift force profile also
explains the sign change of the optimal induced velocity at 𝑟/𝑅 ≈ 0.16. The inner part of
the blade of the NREL 5-MW turbine (𝑟/𝑅 < 0.16) consists of circular airfoils, which do not
provide any lift. Therefore, the positive velocity correction found close to the blade root
is the upwash induced by the shed vorticity in the proximity of the strong lift gradient at
𝑟/𝑅 ≈ 0.16.

The resulting profiles of angle of attack, axial velocity and forces along the blade are
presented in Figure 4.12. It is important to note that for this section, the second possible
approach to obtain the blade specifications at the tip is employed, illustrating its impact
on the results (data are now extrapolated from the two neighbouring inner blade points in-
stead of interpolated based on a zero chord assumption). This user choice modifies the lift
profile at the blade tip. It is important to keep this source of possible deviations between
different ALM implementations in mind (compare with the other approach shown in Fig-
ure 4.2). As can be seen in the inset shown in the top left corner of Figure 4.12, the FALM
correction results in a reduced angle of attack for 𝑟/𝑅 > 0.75. This change, in turn, leads
to a lower lift force, which translates to reduced tangential and normal forces, ultimately
decreasing the generated torque/power and thrust force. This finding is confirmed quan-
titatively in Table 4.4, where comparisons of ALM and FALM predictions for the rotor’s
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Figure 4.12: ALM versus FALM: Comparison of mean angle of attack 𝛼 , axial velocity 𝑢𝑥 /𝑈∞, drag, lift, tangential
and normal force per unit length along the blade span. The forces are non-dimensionalised in the same manner
as done for the ALM results (see Section 4.4.1).

thrust coefficient 𝐶𝑇 and aerodynamic power coefficient 𝐶𝑃 are shown. From the force
profiles as well as the integral rotor quantities, it can be concluded that the FALM is suc-
cessful in reducing the dependence of the solution on the width of the Gaussian spreading
on coarse grids but cannot provide a fully independent solution (in terms of 𝜖 andΔ𝑥). This
finding is confirmed by the study of Blaylock et al. [193] who compared the dependence of
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the FALM solution on varying coarse meshes using a resolution of 𝜖/Δ𝑥 = 2 instead of the
𝜖/Δ𝑥 = 3 employed in this study. We expect that increasing 𝜖/Δ𝑥 would lead to improved
convergence. Furthermore, it should be noted that the preceding analysis focused on the
modelling error inherent to the ALM for different 𝜖𝐿𝐸𝑆 rather than comparing the error
with another model like the blade element momentum (BEM) model, which relies on very
different simplifying assumptions. This focus is motivated by the fact that the FALM aims
to correct the ALM results towards the mathematical solution of the underlying model
equations solved for the optimal 𝜖𝑂𝑝𝑡 and thus its effectiveness should be judged in this
context.

Table 4.4: Comparison of ALM and FALM predictions for the aerodynamic power and thrust coefficients of the
NREL 5-MW rotor. For both models, absolute values are shown for 𝜖/𝐷 = 0.079 and, in addition, relative increases
for the coarser 𝜖/𝐷 = 0.11.

Power

𝐶𝑃 (𝜖/𝐷 = 0.079) [-] 100 ∗ ( 𝐶𝑃 (𝜖/𝐷=0.11)
𝐶𝑃 (𝜖/𝐷=0.079)

−1) [%]

ALM: 0.569 ALM: +3.51%
FALM: 0.514 FALM: +1.56%

Thrust

𝐶𝑇 (𝜖/𝐷 = 0.079) [-] 100 ∗ ( 𝐶𝑇 (𝜖/𝐷=0.11)
𝐶𝑇 (𝜖/𝐷=0.079)

−1) [%]

ALM: 0.838 ALM: +1.31%
FALM: 0.805 FALM: +0.50%

We conclude this studywith an assessment of how thewake development is influenced
by the application of the FALM. In Figure 4.13, mean streamwise velocity profiles are
shown in the wake downstream of the turbine, ranging from 𝑥/𝐷 = 0 to 𝑥/𝐷 = 15. It is
possible to identify two main trends. Firstly, the wake is more stable for the case of larger
spreading width 𝜖/𝐷 = 0.11. In fact, the first signs of wake recovery are only visible for
the location furthest downstream at 𝑥/𝐷 = 15. This is likely to be caused by the smaller
gradient of the shear layer, which is smoothed out by the larger width of the Gaussian
spreading. In addition, the coarser resolution associated with this case delays the onset
of transition as discussed in Section 4.4.1. Secondly, even for the same choices of 𝜖 and
𝜖/Δ𝑥 , the wake differs between ALM and FALM.The reduced normal loading of the blades
when using the FALM leads to both less induction and a less steep shear layer in the rotor
plane at 𝑥/𝐷 = 0. As a result, the application of the FALM delays the laminar-turbulent
transition for both choices of 𝜖. This conclusion is limited to laminar inflow scenarios,
and further investigations are necessary to determine whether this finding holds true for
turbulent inflow.
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Figure 4.13: ALM versus FALM: Comparison of mean streamwise velocity profiles 𝑢𝑥 /𝑈∞ at seven locations in
the wake downstream of the turbine.

4.5 Conclusions
The objective of this work was the development and subsequent verification of a new
simulation environment that can give combined insights into the respective dynamics
of the flow and individual turbines in a wind farm. Such an environment could then
be further utilised to develop new dynamic wind farm control strategies, which require
simultaneous knowledge about the development of the turbine wakes, the loads acting on
the turbines and the generated power. Additionally, the new environment should enable
the use of GPU computing resources.

This aim was achieved by developing a new coupling between the GPU-resident LES
code GRASP and the multi-physics turbine simulation tool OpenFAST. The coupling was
implemented via an ALM and optionally offers the FALM extension. The ALM implemen-
tation was cross-verified with four other popular research LES codes with an ALM by
comparing their performance in terms of blade and wake quantities for the NREL 5-MW
turbine in uniform inflow. The new coupling predicted similar results for the lift/drag
forces along the blade and showed a good agreement for the near wake behaviour when
compared to the other four codes, thus confirming a successful implementation of the
new ALM. Differences were found for the far wake development predicted by GRASP —
in particular, the magnitude of the Reynolds stresses was lower than for the four refer-
ences, and the mean streamwise velocity showed a slight asymmetry. The former finding
was attributed to the coarser grid resolution used for GRASP compared to the references,
whereas the latter was expected to be caused by the limitation that GRASP currently does
not offer a slip wall BC for the bottom boundary. The implementation of the FALM was
tested with a simple translating wing, and its performance was subsequently compared
to the ALM for the NREL 5-MW turbine. The FALM proved to be successful in reducing
the dependence of the blade loads and the generated power on the width of the Gaussian
kernel used to project the point forces onto the LES grid. Furthermore, the wake pre-
dicted with the FALM was shown to transition later than for the traditional ALM when
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considering uniform inflow.
Future work will be oriented toward two objectives. Firstly, the development of a

multi-GPU version of GRASP can enable the study of cases with larger domains and higher
resolution. Secondly, the new simulation environment can be utilised to study new wind
farm control strategies, including the turbulent ABL.

4.A GRASP-OpenFAST Coupling via the (filtered) Actua-
tor Line Model

Algorithm 1
1: while 𝑛 < 𝑛𝑡𝑚𝑎𝑥 do
2: ASPIRE: Transfer LES velocity data from GPU to CPU
3: for 𝑚← 1 to 𝑁𝐵𝑙𝑎𝑑𝑒𝑠 do
4: for 𝑘 ← 1 to 𝑁𝑉 ,𝐹 do
5: if FALM then
6: AspFAST: Sample LES velocity at force actuator point
7: AspFAST: Compute the new subgrid velocity correction:
8: Equations 4.14, 4.15, 4.16, 4.17, 4.18 and 4.19
9: AspFAST: Correct the sampled LES velocity: Equation 4.20

10: OpenFAST: Interpolate velocity from force to velocity actuator point
11: else
12: AspFAST: Sample LES velocity at velocity actuator point
13: end if
14: OpenFast: Compute velocity magnitude: Equation 4.5
15: OpenFast: Compute angle of attack: Equations 4.6, 4.7
16: OpenFast: Compute actuator point force: Equations 4.8, 4.9
17: if FALM then
18: AspFAST: Store actuator point force
19: end if
20: end for
21: end for
22: AspFAST: Project point forces onto LES grid: Equations 4.10, 4.11
23: ASPIRE: Transfer the wind turbine body force data from CPU to GPU
24: GRASP: Advance the governing LES equations (Equations 4.1 and 4.2) by one time
25: step
26: 𝑛+ = 1
27: end while

4.B Performance Assessment
This appendix provides an overview of the computational speed associated with the dif-
ferent configurations of the new simulation environment. In particular, it is distinguished
between three configurations: the LES code operating in isolation, the LES code coupled
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one-way to OpenFAST (only velocities are sampled from the LES and passed on) and cou-
pled two-way to OpenFAST (exchange of velocities and forces). To this end, a test case
based on the ALM cross-verification from Section 4.3.1 is designed considering three dif-
ferent grid resolutions (Δ𝑥/𝐷 = 1/63, Δ𝑥/𝐷 = 2/63 and Δ𝑥/𝐷 = 4/63), which results in a
total of nine cases. The domain size is 𝐿𝑥 ×𝐿𝑦 ×𝐿𝑧 = (8.12𝐷)3 with the turbine hub centred
within the cubic domain. For all cases, the number of actuator points is kept constant as
𝑁𝐹=𝑁𝑉 = 64 and the ratio of Gaussian kernel width to grid spacing is fixed as 𝜖/Δ𝑥 = 2.
All nine cases are advanced for 3000 steps in time to collect robust wall time estimates.
In addition, the wall time results from Section 4.3.1, 4.3.3 and Appendix 4.C are collected
to present a complete overview of the computational performance in Figure 4.14. Simula-
tions are performed on two different computing platforms. Firstly, utilising a single GPU
node on anHPC cluster equippedwith oneNVIDIAA100-SXM4-40GBGPU and 12 Intel(R)
Xeon(R) CPU @ 2.20GHz (abbreviated as A100 in 4.14). Secondly, utilising a standalone
GPU machine equipped with one NVIDIA GeForce RTX 3090-24GB GPU and a total avail-
ability of 64 Intel(R) Xeon(R) CPU E7-4809 v4 @ 2.10GHz (abbreviated as GTX in 4.14). It
should be noted that the three large test cases using Δ𝑥/𝐷 = 1/63 are not permitted by the
24GB memory of the smaller GeForce RTX GPU. For the six cases permitted by both GPU
memories, the single HPC node equipped with the A100 leads to better performance for
all cases.
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Figure 4.14: Scaling of the computational speed in terms of computed time steps per wall clock second with
increasing problem size 𝑁𝐺𝑟𝑖𝑑 . Results are shown for the standalone LES code (no coupling), one-way and two-
way coupling. Furthermore, the results from Section 4.3.1, 4.3.3 and Appendix 4.C are presented. The number of
actuator points is 𝑁𝐹 = 64 except if specifically noted otherwise in the plot next to the corresponding marker.

Furthermore, the differences between the different coupling configurations and the ad-
ditional expense of the FALM can be assessed. The standalone LES code is approximately
one order of magnitude faster than the two-way coupled code for the medium and large
test cases. This is to be expected as the calculations performed by AspFAST and Open-
FAST are both carried out on CPUs and also require additional data transfer between the
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GPU and the CPU. The one-way coupling only performs the sampling of the velocities
at the actuator points and the OpenFAST internal calculations, but does not require the
projection of the body force onto the LES grid, which results in approximately two times
faster speed compared to the two-way coupling. The simulation from Section 4.3.1 (red
square in Figure 4.14) does not reach the speed of the test case for two reasons: Firstly, the
number of grid cells (𝑁𝑥 ,𝑁𝑦 ,𝑁 𝑧) are not integer powers of two, which leads to a subop-
timal division of the problem on the GPU. Secondly, the 𝜖/Δ𝑥 ratio is equal to five rather
than two which requires the projection of the body force onto more LES grid points (as
the projection is only calculated for grid points where the strength of the Gaussian kernel
𝜂𝜖 is larger than 0.1% of its center value).

To conclude, the computational overhead added by the FALM is assessed. The ad-
ditional computation of the subgrid velocity correction (Equations 4.14- 4.20) is found
to be negligible (black diamond matches orange square and black stars match the green
squares in Figure 4.14). The added overhead is rather determined by the required number
of actuator points 𝑁𝐹 for the FALM.The convergence of the FALM results is studied in Ap-
pendix 4.B, concluding that at least 𝑁𝐹 = 150 is required compared to well-converged ALM
results with 𝑁𝐹 = 55. The FALM with 𝑁𝐹 = 163 reduces 𝑁𝑇 /𝑇𝑊𝑎𝑙𝑙 by about 25% compared
to the ALM with 𝑁𝐹 = 55.

4.C Convergence of the FALM results
The quality of the FALM results relies on the accurate calculation of both the resolved
and optimal induced velocity along the blade in Equation 4.18. The smallest length scales
across which the resolved/optimal induced velocities can vary are given by the widths of
the Gaussian kernels 𝜖𝐿𝐸𝑆 and 𝜖𝑂𝑝𝑡 , respectively. Since in general 𝜖𝐿𝐸𝑆 ≫ 𝜖𝑂𝑝𝑡 , the latter
one imposes the requirement of finer actuator point spacing along the blade compared to
the traditional ALM. This fact becomes apparent in Figure 4.15 (a) where the convergence
of the lift force near the blade tip is studied as a function of the number of actuator points
(using the FALM 𝜖/𝐷 = 0.11 case defined in Section 4.3.3).
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Figure 4.15: Convergence of the FALM results (𝜖/𝐷 = 0.11) for the NREL 5-MW turbine with increasing number
of actuator points (𝑁𝐹 = 𝑁𝑉 ) shown for the lift force per unit length in the outer region of the blade (a) and
the aerodynamic thrust and power coefficients of the rotor normalized with their respective values obtained for
𝑁𝐹 = 451 (b).
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It can be seen that the FALM using 𝑁𝐹 = 55 is incapable of predicting the sharp drop of the
lift force at the blade tip due to the presence of the tip vortex. While the accurate prediction
of the magnitude of this drop requires at least 𝑁𝐹 = 163 points, full convergence of the lift
profile is only obtained for 𝑁𝐹 ≈ 300. The aerodynamic power and thrust coefficients 𝐶𝑃
and 𝐶𝑇 of the rotor further confirm these findings (Figure 4.15 (b)), where the percentage
differences between the power and thrust coefficients obtained for 𝑁𝐹 = 55 and 𝑁𝐹 = 307
are ≈ 1.8% and ≈ 0.7%. In contrast, the differences for the ALM are only ≈ 0.014% and
≈ 0.011%, indicating convergence of the ALM results with 𝑁𝐹 = 55.
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5
Unsteady aerodynamic loads on
pitching airfoils represented by

Gaussian body force distributions
The actuator line method (ALM) is an approach commonly used to represent lifting and drag-
ging devices like wings and blades in large-eddy simulations (LES). The crux of the ALM is
the projection of the actuator point forces onto the LES grid by means of a Gaussian regu-
larisation kernel. The minimum width of the kernel is constrained by the grid size; however,
for most practical applications like LES of wind turbines, this value is an order of magnitude
larger than the optimal value, which maximises accuracy. This discrepancy motivated the de-
velopment of corrections for the actuator line, which, however, neglect the effect of unsteady
spanwise shed vorticity. In this work, we develop a model for the impact of spanwise shed
vorticity on the unsteady loading of an airfoil modelled as a Gaussian body force distribution,
where the model is applicable within the regime of unsteady attached flow. The model solu-
tion is derived both in the time and frequency domain and features an explicit dependence on
the Gaussian kernel width. We verify the model with ALM-LES for both pitch steps and peri-
odic pitching. The model solution is compared to Theodorsen theory and validated with both
computational fluid dynamics (CFD) using body-fitted grids and experiment. It is concluded
that the optimal kernel width for unsteady aerodynamics is approximately 40% of the chord.
The ALM is able to predict the magnitude of the unsteady loading up to a reduced frequency
of 𝑘 ≈ 0.2.

This chapter is based on the following publication:

[159] E. Taschner, G. Deskos, M. B. Kuhn, J. W. van Wingerden, and L. A. Martínez-Tossas. “Unsteady
aerodynamic loads on pitching airfoils represented by Gaussian body force distributions”. In: Accepted for
publication in Journal of Fluid Mechanics (2025)
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5.1 Introduction
Today’s wind energy generation relies on large-scale wind farms operating optimally in
the lower (surface) part of the atmospheric boundary layer (ABL) [21, 185]. Optimal per-
formance of wind farms requires accurate prediction of the aerodynamic characteristics
of the individual turbines and their interaction with wakes and the ambient atmospheric
flow. The unsteady ABL flow is commonly computed using large-eddy simulation (LES),
where wind turbines are parameterised with actuator models like actuator disks or actua-
tor lines [131].

The actuator line model (ALM), initially developed by Sørensen et al. [137], represents
lifting and dragging devices, such as blades and wings, as discrete lines. It allows for the
distribution of body forces along these lines, effectively simulating the influence of solid
bodies on the flow. As such, when the ALM is utilised to model a wind turbine rotor, it is
capable of capturing the footprint of the individual blades and the associated vortex system
composed of the bound, tip and root vortices [214, 190, 57, 147]. Nevertheless, the ALM
is still relatively simple to implement thanks to its suitability with Cartesian grids. This
balance between simplicity, physical accuracy, and computational cost has contributed to
the ALM’s ongoing popularity more than twenty years after its inception [141, 131]. Dur-
ing these years, the ALM has enabled many advancements in wind energy and beyond, for
example, the study of ABL-turbine interaction [215, 108], the analysis of near-wake vortex
dynamics like the tip vortex instability [59, 216, 217, 218], the study of novel wake control
strategies [71, 73], or the simulation of vertical axis wind turbines [219] and complex wing
configurations [220].

5.1.1 Gaussian force regularisation and smearing corrections for the
actuator line model

The accuracy of the ALM approach depends on the force projection from the discrete
lines onto the LES grid using a regularisation kernel, 𝜂𝜖 . In its most general form in three-
dimensional space, the regularisation of a single discrete actuator point force 𝒇𝐴𝑐𝑡 across
the volume Ω takes the following form,

𝒇 𝑅𝑒𝑔 =∭Ω
𝒇𝐴𝑐𝑡𝜂𝜖 d𝒙, 𝒙 ∈ Ω with 𝜂𝜖 =

1
𝜋3/2𝜖3 𝑒

−(|𝒙−𝒙𝐴𝑐𝑡 |)2/𝜖2 , (5.1)

where 𝜖 is the Gaussian kernel width and 𝒙𝐴𝑐𝑡 the actuator point location. The need for
calculating a convolution of the actuator forces with a regularisation kernel was intro-
duced in the foundational ALM work by Sørensen et al. [137] in order to avoid singular
behaviour, which would result from direct application of the actuator point forces on the
LES grid. In their work, the shape of the regularisation kernel was chosen to be an isotropic
Gaussian as introduced above, where the kernel width is constant along the entire span of
the blade. Motivated by the idea that the actuator forces are ultimately supposed to model
the dimension and shape of the wing or blade and the associated airfoils, a comprehensive
body of literature exists aiming to improve the force regularisation accordingly [146, 191,
221, 222, 223, 224]. However, independent of the employed kernel type and shape, the
minimal allowable kernel width is dictated by the grid size, Δ𝑥 , employed in LES, and ar-
guments of a minimum allowable ratio, 𝜖/Δ𝑥 , have been made in order to avoid numerical
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oscillations and obtain convergence. Its proposed value ranges from 𝜖/Δ𝑥 = 2 [190] to
𝜖/Δ𝑥 ≥ 4 [225] and 𝜖/Δ𝑥 ≥ 5 [147].

The resulting kernel widths from grid size considerations are often an order of magni-
tude larger than the optimal kernel width. Martínez‐Tossas et al. [146] found the optimal
kernel width by maximising the agreement between the two-dimensional flow solution
around an airfoil with chord, 𝑐, modelled as a Gaussian body force akin to the ALM, and
the corresponding potential flow solution. They concluded that the optimal kernel width
is of the order of 𝜖𝑂𝑝𝑡 /𝑐 = 𝒪(10−1), which is in agreement with the earlier proposed range
of 𝜖𝑂𝑝𝑡 /𝑐 ∈ [1/8,1/4] [225]. Martínez‐Tossas et al. [146] further noted that the optimal ker-
nel width is not a function of the angle of attack and that the dependence on the type of
lifting surface (e.g. airfoil camber and thickness) is weak. For the context of this work, it
is also important to note that the conclusions of Martínez‐Tossas et al. [146] regarding the
optimal kernel width were drawn considering steady-state conditions.

In practice, the existing discrepancy between the conditions for the optimal and nu-
merically allowable kernel width is the reason why the standard ALM, when employed
on coarse LES grids, fails to accurately reproduce the loading in the proximity of the wing
and blade tips. One of the earliest proposals to address this issue was made by Shen et al.
[226] who introduced a tip loss correction for the ALM similar to the ones employed for
blade element momentum theory. Progress has been made on this issue by Dağ et al. [151]
(originally [227]), who observed that the bound vortex created by the ALM is also of Gaus-
sian shape and thus similar to the shape of a Lamb-Oseen vortex. This observation was
shown to be a mathematical consequence of the Gaussian force regularisation by Forsythe
et al. [228] for the bound vortex and by Martínez-Tossas et al. [149] for the vorticity shed
by an actuator line.

These insights enable the correction of ALM results based on the mismatch between
the induced velocities along the actuator line as they result from shed Lamb-Oseen vor-
tices, with the kernel width dictated by numerical considerations and from a reference
considered optimal [150, 149, 151, 152]. These corrections—also often labelled as smear-
ing corrections —were applied to wind turbine rotors, for example, by Meyer Forsting et al.
[229], Stanly et al. [192] and Taschner et al. [158]. Meyer Forsting et al. [150] and Kleine et
al. [152] also tested their corrections for unsteady operating conditions, namely the NREL
5MW turbine subject to a step in blade pitch or operating in sheared inflow. In these con-
ditions, spanwise vorticity would also be shed in response to the varying strength of the
bound vortex. The effect of this additional unsteady vorticity component is not captured by
the previously mentioned corrections, which also neglect the influence of drag. Kleine et
al. [152] pointed out in their work that a better understanding of drag and unsteady effects
and their relation to the error caused by Gaussian regularisation with large kernel widths
could help to further decrease associated errors. The impact of drag was already studied
in the work of Caprace et al. [230] who developed an immersed lifting and dragging line
method, which captures streamwise/spanwise and normal/spanwise shed vorticity for lift
and drag forcing, respectively.

5.1.2 Unsteady aerodynamics in the context of the ALM
The previous outline shows that progress has been made on developing the ALM, and the-
oretical insights lead to corrections for practically employed kernel widths. These devel-
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opments mostly focused on steady and quasi-steady conditions. The operating conditions
of a wind turbine are, however, subject to various periodic and aperiodic sources of un-
steadiness like shear, veer and high-frequency turbulence fluctuations in the atmospheric
inflow; body motion due to flexible structures; tower shadow effects; and interaction of
the blades with wakes generated by upstream turbines [231]. There also exists a variety
of wind farm control strategies to mitigate wake effects on downstream turbines. These
wake control strategies utilise the turbine’s yaw, rotational and pitch degrees of freedom,
often introducing additional sources of unsteadiness [45].

The body force approach of the ALM is at the core of its simplicity, and therefore it
may not resolve phenomena associated with boundary-layer dynamics, e.g., flow separa-
tion/reattachment, laminar-turbulent transition and dynamic stall effects. Their effect on
the unsteady lift and drag can only be included by means of additional models, e.g., the
dynamic stall model from Leishman et al. [232]. However, even for flow scenarios cor-
responding to unsteady attached flow, the question remains of how Gaussian force regu-
larisation with sub-optimal large kernel widths may impact the unsteady loading. When
using sub-optimal large kernel widths, the vorticity shed in response to the wake suffers
from an excess of smearing, similar to the steady case, affecting its feedback to the angle of
attack (induction) and thus the loading on the blades. The role of shed unsteady spanwise
vorticity has so far been neglected from previous ALM corrections [149, 150, 151, 152],
and therefore it is the focus of this study.

We begin by tackling the unsteady two-dimensional incompressible, inviscid flow over
a Gaussian body force, similar to the successive theoretical advancements of the ALM in
steady conditions [146]. This approach links the unsteady two-dimensional ALM (or actu-
ator point rather than actuator line) to the wealth of foundational work on the unsteady
incompressible, inviscid thin-airfoil problem [233, 234, 155]. Unsteady inviscid solutions
can be traced back to the pioneering work of Prandtl [235]. They noted that unsteady
airfoil loading implies the shedding of circulation into the wake and suggested a first-
order solution to the problem of a flapping airfoil. Birnbaum [236] solved this problem
by utilising a series approximation and quantified the degree of unsteadiness with the
so-called reduced frequency, 𝑘, a non-dimensional number given by the ratio of the time
scales of the unsteady phenomena and the time needed by the flow to travel across the
airfoil’s semi-chord length. Since a number of solutions have been derived to address the
unsteady thin-airfoil problem, it is helpful to categorise them based on two criteria [155]:
firstly, whether the solution is derived in the time or frequency domain, and secondly,
whether the source of unsteadiness is the inflow (e.g. sinusoidal gusts of the normal veloc-
ity) or the airfoil motion, e.g., translatory oscillation (heave) and/or rotational oscillation
(pitching). Wagner [237] and Küssner [238] derived time domain solutions for the cases
of unsteady body motion and unsteady inflow, respectively. Corresponding frequency
domain solutions were derived by Theodorsen [239] for the case of airfoil motion and
by Sears [240] for gusts.

In either case, the lift can be split into three contributions: (i) quasi-steady, (ii) apparent-
mass, and (iii) wake-induced [233, 240]. The computation of contribution (iii) is based on
the transfer functions 𝐶(𝑘) and 𝑆(𝑘) for Theodorsen’s and Sears’s solutions, respectively.
These transfer functions incorporate the frequency-dependent phase and magnitude mod-
ulation of the unsteady lift caused by the shed vorticity in the wake. In principle, the
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ALM inherently captures the wake-induced unsteady loading since it is modelled by the
LES. However, this also raises three fundamental questions, namely

1. Does the optimal kernel width determined for steady-state conditions still apply to
the unsteady case?

2. How does the error in the unsteady loading depend on 𝜖∗ and 𝑘 when employing
sub-optimal large kernel widths?

3. Beyond which reduced frequencies does the ALM fail to accurately model unsteady
aerodynamics even when employing the optimal kernel width and considering at-
tached flow conditions below stall?

5.1.3 Objective
The present work tackles these questions for the case of unsteady attached flow over a
pitching airfoil modelled as a two-dimensional Gaussian body force, i.e. the unsteady
two-dimensional ALM. The detailed contributions are

1. The development of a first-order model capable of reproducing two-dimensional
unsteady ALM results without relying on the use of LES.The model is formulated in
the time and the frequency domain, akin to the aerodynamicmodels ofWagner [237]
and Theodorsen [239], but stems from a formulation of the governing equations
which is consistent with the ALM.

2. The establishment of a range for the optimal Gaussian kernel width for the ALM in
the case of unsteady aerodynamics by comparing the model with inviscid computa-
tional fluid dynamics (CFD) using body-fitted grids and Theodorsen theory.

3. The identification of a threshold reduced frequency beyond which the ALM fails to
accurately capture the unsteady airfoil loading even when employing the optimal
kernel width for unsteady conditions from (ii). This identification is based on numer-
ical and experimental validation data and a detailed comparison with Theodorsen
theory.

The remainder of the paper is organised as follows. We start by formulating the un-
steady two-dimensional problem and derive its general solution in terms of vorticity in
Section 5.2. In Section 5.3, we then utilise the derived unsteady vorticity solution to ob-
tain the corresponding induced velocity solution at the airfoil location by means of the
Biot-Savart law. Section 5.4 builds upon the induced velocity solutions to obtain a model
for the unsteady airfoil loading both in the time and the frequency domain, where the
latter is compared in detail to Theodorsen theory. We verify the model predictions for
the airfoil’s unsteady loading by comparing them to ALM-LES in Section 5.5 and discuss
the impact of neglecting non-linear contributions for the model derivation in Section 5.6.
In Section 5.7, the model is validated with numerical and experimental benchmarks to es-
tablish the range of the optimal kernel width for unsteady aerodynamics and identify the
limits of the ALM’s applicability. We conclude with Section 5.8, where the findings are
summarised and an outlook of future work is provided.
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5.2 Flow over an unsteady two-dimensional Gaussian
body force

We start by deriving the general solution for the unsteady vorticity field that forms around
an airfoil represented by a two-dimensional Gaussian body force. For the derivations, we
assume incompressible flow in the infinite Reynolds number limit. Following the work of
Martínez‐Tossas et al. [146], but retaining the time derivative term, our starting point is
the two-dimensional unsteady Euler equation in non-dimensional form. We use the free
stream velocity, 𝑈∞, the fluid density, 𝜌, and the airfoil’s chord length, 𝑐, as the character-
istic velocity, density and length scales, respectively, and define the dimensionless time
and space coordinates 𝑡∗ = 𝑡𝑈∞/𝑐, 𝑥∗ = 𝑥/𝑐, 𝑦∗ = 𝑦/𝑐, 𝜖∗ = 𝜖/𝑐, velocities 𝑢∗ = 𝑢/𝑈∞, 𝑣∗ = 𝑣/𝑈∞,
pressure 𝑝∗ = 𝑝/(𝜌𝑈 2∞) and vorticity 𝜔∗ = 𝜔𝑐/𝑈∞ to obtain

𝜕𝒖∗
𝜕𝑡∗

+𝒖∗ ⋅ ∇∗𝒖∗ = −∇∗𝑝∗ −
𝐶𝑥 𝒊 +𝐶𝑦𝒋
2𝜋𝜖2∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ , (5.2)

where 𝒖∗ = (𝑢∗, 𝑣∗)⊤ is the velocity vector and 𝒊 and 𝒋 represent the streamwise and normal
unit vectors. Here, the non-dimensional streamwise forcing, 𝐶𝑥 , and normal forcing, 𝐶𝑦 ,
model the impact of the airfoil on the flow, akin to the ALM. The force coefficients are
functions of the time-dependent angle of attack 𝛼(𝑡∗) and are regularised with a Gaussian
kernel of width, 𝜖∗, centred at the actuator point located at 𝒙𝐴𝑐𝑡∗ = (𝑥𝐴𝑐𝑡∗ , 𝑦𝐴𝑐𝑡∗ )⊤ = (0,0)⊤.
By taking the curl of equation 5.2, the pressure term can be eliminated, and one obtains a
transport equation for the vorticity,

𝜕𝜔∗
𝜕𝑡∗

+𝒖∗ ⋅ ∇∗𝜔∗ =
−𝑦∗𝐶𝑥 +𝑥∗𝐶𝑦

𝜋𝜖4∗
𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ . (5.3)

Equation 5.3may further be simplified by considering a linear perturbation analysis around
𝜔∗ = 0, and thus 𝐶𝑥 = 𝐶𝑦 = 0 such that 𝒖∗ = 𝒊 +𝒖𝑝∗ , 𝜔∗ = 𝜔𝑝∗ , 𝐶𝑥 = 𝐶𝑝𝑥 , 𝐶𝑦 = 𝐶𝑝𝑦 and 𝒖∗ ⋅∇∗𝜔∗ ≈
𝜕𝜔𝑝∗ /𝜕𝑥∗. After these approximations, equation 5.3 becomes,

𝜕𝜔𝑝∗
𝜕𝑡∗

+ 𝜕𝜔𝑝∗
𝜕𝑥∗

= −𝑦∗𝐶𝑝𝑥 +𝑥∗𝐶𝑝𝑦
𝜋𝜖4∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ . (5.4)

For the remainder of this paper, the superscripts 𝑝 are omitted for all variables, and it is
understood that they refer to their respective perturbation values. It should be noted that
the linearisation point of 𝜔∗ = 0 implicitly assumes an infinitesimally thin non-cambered
drag-free airfoil at zero mean angle of attack such that the wake of the airfoil lies on the
𝑥-axis at 𝑦∗ = 0 parallel to the free stream velocity 𝑈∞. Thus, applying the derived solu-
tions to airfoils with a non-zero base loading, camber, or thickness is an approximation
since the influence of mean-flow deflection on the vorticity transport is neglected. The
first effect will be observed when compared to the non-linear LES reference in Section 5.5,
whereas the latter two aspects are inherently not captured by the ALM and thus also not
present in the non-linear LES results. More advanced second-order approaches would be
needed to take those effects into account, as for example in the Sears problem [241, 242].
The impact of the simplifying assumptions made here to arrive at the linearised vortic-
ity transport equation 5.4 is discussed in Section 5.6. It should be noted that the made
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assumptions are shared with the theory of Theodorsen [239] (see e.g. [243]). In particu-
lar, the modelling approach taken here is valid as long as the considered flow conditions
correspond to unsteady attached flow across the airfoil.

Using the streamwise and normal perturbation velocities, one can define the flow angle
at the actuator point 𝜙 = arctan(𝑣∗/(1+𝑢∗)). The flow angle is related to the angle of attack
via the pitch angle 𝛽 as 𝛼 = 𝜙 + 𝛽 , where we consider in this work the unsteady forcing
to stem from a time-dependent pitch angle, 𝛽(𝑡∗). It should be stressed that the angle of
attack not only depends on the pitch angle, but also via the flow angle/the perturbation ve-
locities on the unsteady vorticity field 𝜔∗(𝑥∗, 𝑦∗, 𝑡∗), i.e. the solution of equation 5.4. Hence,
the unsteady forcing term on the right-hand side of equation 5.4 is not known a priori. It
instead follows from solving the underlying feedback problem between the unsteady load-
ing and the unsteady shed vorticity in the airfoil wake, which can be formulated in terms
of the flow angle as we will show in Section 5.4. The flow angle furthermore allows us to
determine the streamwise and normal force coefficients from the airfoil-specific tabulated
lift 𝐶𝐿 and drag 𝐶𝐷 coefficients according to the projections

𝐶𝑥 =−𝐶𝐿 sin(𝜙)+𝐶𝐷 cos(𝜙),
𝐶𝑦 = 𝐶𝐿 cos(𝜙)+𝐶𝐷 sin(𝜙). (5.5)

While the force coefficient time histories are determined by a look-up operation from a
static airfoil-specific table using the instantaneous angle of attack, the unsteadiness enters
the problem via the aforementioned feedback problem, whose solution determines the an-
gle of attack time history. This is consistent with the approach taken inTheodorsen theory,
where the unsteady circulatory lift follows from the quasi-steady one via a modified angle
of attack due to the unsteady shed vorticity [239]. For Theodorsen theory, the underly-
ing employed static lift coefficient taken as input is that of the flat plate airfoil, 𝐶𝐿 = 2𝜋𝛼 ,
which follows from thin airfoil theory and, in particular, the use of the Kutta condition
and the Kutta-Joukowski theorem [244, 245]. The problem setup together with the defini-
tions of the coordinate system, the velocity vector, the angles and the force projection are
visualised in Figure 5.1.

Equation 5.4 is a linear non-homogeneous partial differential equation and can be
solved using the method of characteristics (see Appendix 5.A). The solution for 𝑡∗ ≥ 0 is
given by

𝜔∗(𝑥∗, 𝑦∗, 𝑡∗) =𝜔𝐼𝐶∗ (𝑥∗ − 𝑡∗, 𝑦∗)

+
𝑡∗

∫
0

−𝑦∗𝐶𝑥 (𝑠) + (𝑥∗ + 𝑠 − 𝑡∗)𝐶𝑦(𝑠)
𝜋𝜖4∗

𝑒−((𝑥∗+𝑠−𝑡∗)2+𝑦2∗ )/𝜖2∗ d𝑠
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜔𝑢𝑠∗ (𝑥∗,𝑦∗,𝑡∗)

. (5.6)

The solution comprises two terms. The first term, 𝜔𝐼𝐶∗ , is the initial condition represent-
ing a spatio-temporal shift, 𝑥∗ −𝑡∗ = (𝑥 −𝑈∞𝑡)/𝑐, due to vorticity being advected by the free
stream velocity, 𝑈∞, and the second term, 𝜔𝑢𝑠∗ , captures the generation of shed vorticity
due to the fluctuations of the unsteady forcing term (unsteady streamwise and normal
Gaussian body forces). Equation 5.6 allows us to solve for the two-dimensional time-
dependent vorticity field. However, if one is interested in a solution not expressed in



5

88 5 Unsteady aerodynamic loads on pitching airfoils represented by Gaussian body force distributions

(a)

𝑈∞

𝑐

0

0

𝑥 →

𝑦
→

0

0

(b)

𝑣∗ 𝒋

𝑢∗ 𝒊𝒊

𝛼 𝛽

𝜙

𝑥∗ →

𝑦
∗
→

0

(c)

−𝐶𝐷 sin(𝜙) 𝒋

−𝐶𝐷 cos(𝜙) 𝒊

−𝐶𝑥 𝒊 𝐶𝐿 sin(𝜙) 𝒊

−𝐶𝐿 cos(𝜙) 𝒋

−𝐶𝑦 𝒋

𝜙

𝑥∗ →

Figure 5.1: (a) The problem setup with the pitching airfoil (chord 𝑐) represented by a two-dimensional Gaussian
body force in a free stream flow of speed 𝑈∞. The resulting unsteady vorticity source term (right-hand side of the
vorticity transport equation 5.4) is illustrated by the grey dashed/solid (negative/positive vorticity source term)
contour lines. The small tilt angle of the contour is caused by the source term contribution of the streamwise
forcing 𝐶𝑥 . The blue/red (negative/positive vorticity) contours illustrate the resulting bound vortex and shed
vorticity. Note that the vorticity source term and the vorticity are time-dependent, and thus their signs and
magnitudes at a given spatial location can change. (b) Definition of the angle of attack, 𝛼 , the pitch angle, 𝛽 , the
flow angle, 𝜙, and the velocity vector at the actuator point, (𝑥𝐴𝑐𝑡∗ , 𝑦𝐴𝑐𝑡∗ )⊤ = (0,0)⊤. (c) Definition of the streamwise
𝐶𝑥 and normal 𝐶𝑦 force coefficients and their relation to the lift 𝐶𝐿 and drag 𝐶𝐷 coefficients. Note that all force
coefficients are expressed as forces acting from the body on the fluid. Furthermore, the magnitude of the drag
force is exaggerated to aid the visual presentation of the projection.

terms of a time integral, the forcing needs to be expressed in terms of a given set of basis
functions. In Appendix 5.B, we derive such a solution by expressing the forcing in terms
of a Fourier series. However, we here turn our attention towards deriving solutions for
the induced velocity along the wake centre line (𝑥∗, 𝑦∗ = 0)⊤ since the knowledge of the
induced velocity at the actuator point (𝑥𝐴𝑐𝑡∗ , 𝑦𝐴𝑐𝑡∗ )⊤ = (0,0)⊤ is sufficient to compute the
unsteady loading on the airfoil.

5.3 The induced velocity due to unsteady forcing

The solution for the induced velocity at location 𝒙 = (𝑥∗, 𝑦∗)⊤ due to vorticity residing at
𝒙′ = (𝑥′∗ , 𝑦′∗ )⊤ can be derived by applying the Biot-Savart law [246] to the general unsteady
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vorticity solution (equation 5.6), which for the given two-dimensional flow reads as

(𝑢∗, 𝑣∗)⊤ = 1
2𝜋

+∞

∫
−∞

+∞

∫
−∞

𝜔∗(𝑥′∗ , 𝑦′∗ , 𝑡∗)
−(𝑦∗ −𝑦′∗ )𝒊 + (𝑥∗ −𝑥′∗ )𝒋
(𝑥∗ −𝑥′∗ )2 + (𝑦∗ −𝑦′∗ )2

d𝑥′∗ d𝑦′∗ . (5.7)

We note that when seeking a solution restricted to the wake centre line for the linearised
equations, the streamwise forcing only induces streamwise velocity perturbations, and
the normal forcing only induces normal velocity perturbations. Hence, for each forcing
direction, only one velocity component of the Biot-Savart integral needs to be evaluated.

5.3.1 Induced velocity due to normal forcing
The normal induced velocity along the wake centre line (𝑥∗, 𝑦∗ = 0)⊤ is obtained by solv-
ing the normal component of the Biot-Savart integral given in equation 5.7 for a generic
normal forcing 𝐶𝑦(𝑡∗). First, we focus here on the contribution from the second term of
the unsteady vorticity solution 𝜔𝑢𝑠∗ (the time integral in equation 5.6). By switching the
order of temporal and spatial integration, we may obtain,

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

1
2𝜋

+∞

∫
−∞

+∞

∫
−∞

(𝑥∗ −𝑥′∗ )(𝑥′∗ + 𝑠 − 𝑡∗)
(𝑥∗ −𝑥′∗ )2 + (−𝑦′∗ )2

𝐶𝑦(𝑠)
𝜋𝜖4∗

𝑒−((𝑥′∗ +𝑠−𝑡∗)2+𝑦′2∗ )/𝜖2∗ d𝑥′∗ d𝑦′∗d𝑠, (5.8)

which is the normal perturbation velocity induced by the vorticity shed as a result of the
unsteady forcing in the time interval 𝑡∗ ∈ [0, 𝑡∗]. Integration in the two spatial directions
leads to (see Appendix 5.C.1)

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

−𝐶𝑦(𝑠)
2𝜋 [𝑒

−(𝑥∗+𝑠−𝑡∗)2/𝜖2∗
𝜖2 + 𝑒−(𝑥∗+𝑠−𝑡∗)2/𝜖2∗ −1

2(𝑥∗ + 𝑠 − 𝑡∗)2
]d𝑠. (5.9)

We note that the integrand in the limit (𝑥∗ + 𝑠 − 𝑡∗) → 0 tends to −𝐶𝑦(𝑠)/(4𝜋𝜖2∗ ), i.e., it is
not singular. The derived solution shows the identical structure as the formula obtained
by Martínez-Tossas et al. [247] for their generalised steady three-dimensional filtered lift-
ing line theory. This equivalence stems from the fact that the two problems are similar
upon applying a rotation of 90∘ to their coordinate system and replacing the spatial con-
volution integral in their solution with a spatio-temporal convolution as in equation 5.9.
So far, only the contribution from the second term of the vorticity solution 𝜔𝑢𝑠∗ has been
considered. Thus the induced velocity solution in equation 5.9 has to be complemented
with a term 𝑣𝐼𝐶∗ (𝑥∗, 0, 𝑡∗), accounting for the velocity induced by the initial vorticity field in
case 𝜔𝐼𝐶∗ ≠ 0 in equation 5.6. If we assume that the initial condition is given by the steady-
state solution of the flow over a Gaussian body force, one can take the initial condition
derived by Martínez‐Tossas et al. [146], i.e., the velocity field induced by a Lamb-Oseen
vortex with core size 𝜖∗ advected downstream by the background flow

𝑣𝐼𝐶∗ (𝑥∗ − 𝑡∗, 0) =
−𝐶𝑦(𝑡∗ = 0)

4𝜋
1− 𝑒−((𝑥∗−𝑡∗)/𝜖∗)2

𝑥∗ − 𝑡∗
. (5.10)



5

90 5 Unsteady aerodynamic loads on pitching airfoils represented by Gaussian body force distributions

The complete solution for the normal induced velocity along the wake centre line follows
by combining equations 5.9 and 5.10 as

𝑣∗(𝑥∗, 0, 𝑡∗) = 𝑣 𝐼𝐶∗ (𝑥∗ − 𝑡∗, 0) +𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗). (5.11)

While for numerical implementation purposes the structure of the solution in equation 5.9
is beneficial since it does not require the calculation of the temporal gradient of 𝐶𝑦(𝑡∗), it
is insightful to rewrite the time integral using integration by parts,

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) = −[𝐶𝑦(𝑠)4𝜋
1− 𝑒−((𝑥∗+𝑠−𝑡∗)/𝜖∗)2

𝑥∗ + 𝑠 − 𝑡∗
]
𝑠=𝑡∗

𝑠=0
+

𝑡∗

∫
0

1
4𝜋

d𝐶𝑦(𝑠)
d𝑠

1− 𝑒−((𝑥∗+𝑠−𝑡∗)/𝜖∗)2
𝑥∗ + 𝑠 − 𝑡∗

d𝑠, (5.12)

where we define the indicial response function as

𝜑(𝑥∗ + 𝑠 − 𝑡∗) =
1− 𝑒−((𝑥∗+𝑠−𝑡∗)/𝜖∗)2

𝑥∗ + 𝑠 − 𝑡∗
. (5.13)

In the steady case (d𝐶𝑦 /d𝑠 = 0), the time integral vanishes, and the term in the first brackets
evaluated for the lower bound 𝑠 = 0 cancels the initial condition in equation 5.10. Thus,
the only remaining term is the first term evaluated at the upper integration bound, which
represents the induced velocity of the bound vortex, e.g., one recovers the solution of the
steady problem.

When combining the contributions of the vorticity initial condition (equation 5.10) and
the vorticity due to unsteady forcing (equation 5.12) to the normal induced velocity at the
actuator point as 𝑣∗(0,0, 𝑡∗) = 𝑣 𝐼𝐶∗ (0− 𝑡∗, 0) + 𝑣𝑢𝑠∗ (0,0, 𝑡∗), one obtains the solution

𝑣∗(0,0, 𝑡∗) = −∫
𝑡∗

0
1
4𝜋

d𝐶𝑦(𝑠)
ds

𝜑(𝑡∗ − 𝑠)d𝑠, (5.14)

where we exploit the fact that 𝜑(𝑥∗ + 𝑠 − 𝑡∗) for 𝑥∗ = 0 is an anti-symmetric function and
𝜑(0) = 0. This solution is a Duhamel’s integral with the indicial response function 𝜑 [155].
The induced velocity at the actuator point at time 𝑡∗ due to the unsteady Gaussian forcing
is then obtained as the superposition of all indicial responses to the forcing in the time
interval 𝑠 ∈ [0, 𝑡∗]. Wagner [237] derived an indicial response function for the response of
a thin airfoil to a step change of the angle of attack, which has been shown byGarrick [248]
to be directly related toTheodorsen’s function 𝐶(𝑘) in the frequency domain [239]. In our
case, the indicial response function for an unsteady Gaussian forcing is parameterised
with the Gaussian kernel width 𝜖∗, and from equation 5.13 it can be seen that the indicial
response function is given by the shape representative for the induced velocity of a Lamb-
Oseen vortex with core size 𝜖∗ located at the streamwise location 𝑥∗ = 𝑡∗ − 𝑠.

5.3.2 Induced velocity due to streamwise forcing
The streamwise induced velocity along the wake centre line (𝑥∗, 𝑦∗ = 0)⊤ is obtained by
solving the streamwise component of the Biot-Savart integral given in equation 5.7 for
a generic streamwise forcing 𝐶𝑥 (𝑡). We first focus again on the contribution from the
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second term of the unsteady vorticity solution 𝜔𝑢𝑠∗ (the time integral in equation 5.6). By
switching the order of temporal and spatial integration, it follows that

𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) = −
𝑡∗

∫
0

1
2𝜋

+∞

∫
−∞

+∞

∫
−∞

(−𝑦′∗ )
(𝑥∗ −𝑥′∗ )2 + (−𝑦′∗ )2

−𝑦′∗𝐶𝑥 (𝑠)
𝜋𝜖4∗

×𝑒−((𝑥′∗ +𝑠−𝑡∗)2+𝑦′2∗ )/𝜖2∗ d𝑥′∗ d𝑦′∗d𝑠, (5.15)

and the two integrals in 𝑥′∗ and 𝑦′∗ can be solved analytically to obtain (see Appendix 5.C.2)

𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

𝐶𝑥 (𝑠)
4𝜋 [𝑒

−(𝑥∗+𝑠−𝑡∗)2/𝜖2∗ −1
(𝑥∗ + 𝑠 − 𝑡∗)2

]d𝑠. (5.16)

It should be noted that in the limit case of a vanishing spatio-temporal shift 𝑥∗ +𝑠 − 𝑡∗ →0,
the integrand tends to −𝐶𝑥 (𝑠)/(4𝜋𝜖2∗ ).

Furthermore, given the assumption of constant streamwise forcing 𝐶𝑥 ≠ 𝐶𝑥 (𝑡∗), one
can recover the induced velocity solution of the steady two-dimensional problem derived
by Martínez‐Tossas et al. [146]. We derive here the solution valid for any 𝑥∗, but restricted
to 𝑦∗ = 0. To this end, equation 5.16 is integrated for general 𝑡∗ but constant 𝐶𝑥 , which
yields

𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝐶𝑥
4𝜋 [1− 𝑒

−(𝑥∗+𝑠−𝑡∗)2/𝜖2∗
(𝑥∗ + 𝑠 − 𝑡∗)

− √𝜋
𝜖∗

erf((𝑥∗ + 𝑠 − 𝑡∗)𝜖∗
)]

𝑠=𝑡∗

𝑠=0
. (5.17)

The steady-state solution along the curve (𝑥∗, 𝑦∗ = 0)⊤ is obtained in the limit 𝑡∗ →∞ using
the rule of l’Hôpital

𝑢𝑠𝑡∗ (𝑥∗, 0) =
𝐶𝑥
4𝜋 [1− 𝑒

−𝑥2∗ /𝜖2∗
𝑥∗

− √𝜋
𝜖∗

erf(𝑥∗𝜖∗
)− √𝜋

𝜖∗
]. (5.18)

In the case of 𝑥∗ →∞, the first term vanishes and the error function tends to one which
leads to a limit value of 𝑢𝑠𝑡∗ (𝑦∗ = 0) = −𝐶𝑥 /(2 √𝜋𝜖∗) far downstream, which is exactly the
result derived by Martínez‐Tossas et al. [146]. Furthermore, at the actuator point, the
solution is exactly half of the limit value far downstream, i.e., 𝑢𝑠𝑡∗ (𝑦∗ = 0) = −𝐶𝑥 /(4 √𝜋𝜖∗).
Similar to the normal forcing case, the solution in equation 5.18 can also be used as an
initial condition in order to account for a non-zero initial vorticity field 𝜔𝐼𝐶∗ (𝑥∗ −𝑡∗, 𝑦∗) due
to streamwise forcing, i.e.,

𝑢𝐼𝐶∗ (𝑥∗ − 𝑡∗, 0) =
𝐶𝑥 (𝑡∗ = 0)

4𝜋 [1− 𝑒
−(𝑥∗−𝑡∗)2/𝜖2∗
𝑥∗ − 𝑡∗

− √𝜋
𝜖∗

erf(𝑥∗ − 𝑡∗𝜖∗
)− √𝜋

𝜖∗
]. (5.19)

The complete solution for the normal induced velocity along the wake centre line then
follows by combining equations 5.16 and 5.19 as

𝑢∗(𝑥∗, 0, 𝑡∗) = 𝑢𝐼𝐶∗ (𝑥∗ − 𝑡∗, 0) +𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗). (5.20)
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5.4 A model for the unsteady airfoil loading
In Sections 5.3.1 and 5.3.2 the time-dependent solutions for the normal and streamwise
induced velocity due to an unsteady Gaussian body force are derived, which allow us to
define the velocity sampled at the actuator point (𝑥𝐴𝑐𝑡∗ , 𝑦𝐴𝑐𝑡∗ )⊤ = (0,0)⊤. These formulas
will now be used to combine the velocity solutions with the forcing time histories. The
forcing time histories 𝐶𝑥 (𝑡∗) and 𝐶𝑦(𝑡∗) are functions of the external pitch angle input and
of the induced velocities since they change the flow angle and thus, in turn, the forcing.
This feedback turns the velocity solutions given by equation 5.11 and 5.20 into integral
equations. The associated feedback problem can be formulated in terms of the flow angle,
and its solution can be found in either the time (Section 5.4.1) or frequency (Section 5.4.2)
domain in order to obtain a model for the unsteady loading of the airfoil modelled as a
Gaussian body force.

5.4.1 Time domain solution: The root-finding problem
We now seek to obtain the time history of both the forcing and the velocity at the actuator
point as a function of time using equations 5.11 and 5.20. We write the time history of the
velocity at the actuator point with a single equation in terms of the flow angle, as done by
Ning [249] and Martinez-Tossas et al. [250]. The tangent of the flow angle at the actuator
point is defined by

tan(𝜙(𝑡∗)) =
𝑣∗(0,0, 𝑡∗)

1+𝑢∗(0,0, 𝑡∗)
, (5.21)

where 𝑢∗ and 𝑣∗ can both be written in terms of 𝜙; thus, this is an implicit equation where
the time history, 𝜙(𝑡∗), is the only unknown. Rearranging equation 5.21 yields

𝑅(𝜙) = 𝑣∗(0,0, 𝑡∗)cos(𝜙)− (1+𝑢∗(0,0, 𝑡∗))sin(𝜙) = 0. (5.22)

Given a guess for 𝜙(𝑡∗) as input, the following algorithm provides the steps to compute
equation 5.22:

1. Compute the angle of attack using the known pitch input, 𝛽(𝑡∗):
𝛼(𝑡∗) = 𝜙(𝑡∗) + 𝛽(𝑡∗).

2. This effective angle of attack, which incorporates the effect of the shed vorticity,
allows for the evaluation of the lift, 𝐶𝐿(𝛼(𝑡∗)), and drag, 𝐶𝐷(𝛼(𝑡∗)), coefficients from
tabulated airfoil data, which can be subsequently converted into the corresponding
streamwise and normal forcing coefficients using the projection based on the flow
angle given in equation 5.5:

𝐶𝑥 (𝑡∗) = −𝐶𝐿(𝑡∗)sin(𝜙(𝑡∗)) +𝐶𝐷(𝑡∗)cos(𝜙(𝑡∗)),
𝐶𝑦(𝑡∗) = 𝐶𝐿(𝑡∗)cos(𝜙(𝑡∗)) +𝐶𝐷(𝑡∗)sin(𝜙(𝑡∗)).

3. The integral equations for the induced velocities are solved via numerical integra-
tion:

𝑢∗(0,0, 𝑡∗) = 𝑢𝐼𝐶∗ (0− 𝑡∗, 0) +
𝑡∗

∫
0

𝐶𝑥 (𝑠)
4𝜋 [𝑒

−(𝑠−𝑡∗)2/𝜖2∗ −1
(𝑠 − 𝑡∗)2

]d𝑠,
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𝑣∗(0,0, 𝑡∗) = 𝑣 𝐼𝐶∗ (0− 𝑡∗, 0) +
𝑡∗

∫
0
−𝐶𝑦(𝑠)2𝜋 [𝑒

−(𝑠−𝑡∗)2/𝜖2∗
𝜖2∗

+ 𝑒−(𝑠−𝑡∗)2/𝜖2∗ −1
2(𝑠 − 𝑡∗)2

]d𝑠.

4. Finally, the residual is computed:

𝑅(𝜙) = 𝑣∗(0,0, 𝑡∗)cos(𝜙)− (1+𝑢∗(0,0, 𝑡∗))sin(𝜙).

Amultidimensional root-finding algorithm then iteratively evaluates steps (i)–(iv) to com-
pute the 𝜙(𝑡∗) that solves 𝑅(𝜙(𝑡∗)) = 0. The resulting 𝜙(𝑡∗) is the full solution to the problem
that provides the time history of forcing at the actuator point. The algorithm above is im-
plemented based on the python scipy.optimize.root() function [251] using the derivative-
free spectral algorithm for non-linear equations (DF-SANE) by La Cruz et al. [252].

5.4.2 Frequency domain solution: The closed-loop transfer function
The time domain solution from Section 5.4.1 can be compared to results from ALM-LES.
However, it is insightful to also formulate the feedback problem in the frequency domain
since it allows for a concise analysis of the Gaussian kernel width’s influence on the phase
and magnitude modulation of the unsteady loading through a closed-loop transfer func-
tion. This connection is analogous to the one that can be obtained between Theodorsen’s
frequency domain solution for unsteady airfoil motion [239] and Wagner’s time domain
solution [237] as shown by Garrick [248].

In order to derive the transfer function from the quasi-steady to the unsteady lift, we
explicitly need to linearise the projection of the lift and drag coefficients onto the stream-
wise and normal directions (equation 5.5), which is not necessary for the time domain
solution. When doing so, one obtains 𝐶𝑦 ≈ 𝐶𝐿 +𝐶𝐷𝜙, and since 𝐶𝐷 is at least an order of
magnitude smaller than 𝐶𝐿 in the operating regime of interest for this study, it is consis-
tent to neglect the drag because 𝐶𝐷𝜙 is a higher-order term. The linearised lift coefficient
is then described by its value at the linearisation point, 𝐶𝐿(𝛽0), and the corresponding lift
slope d𝐶𝐿/d𝛼(𝛽0). For a given sinusoidal pitch input signal 𝛽(𝑡∗) = 𝛽0 +Δ𝛽 sin(2𝑘𝑡∗) with
amplitude Δ𝛽 , the quasi-steady and unsteady lift coefficients are then, after the decay of
any transient, given by

𝐶𝑞𝑠
𝐿 (𝑡∗; 𝑘) = 𝐶𝐿(𝛽0) +Δ𝛽 sin(2𝑘𝑡∗)

d𝐶𝐿
d𝛼

|||𝛽0
, (5.23)

𝐶𝑢𝑠𝐿 (𝑡∗; 𝑘) = 𝐶𝐿(𝛽0) +Δ𝛽|𝐺(𝑘)|sin(2𝑘𝑡∗ +∠𝐺(𝑘))
d𝐶𝐿
d𝛼

|||𝛽0
, (5.24)

where |𝐺| and ∠𝐺 are the magnitude and phase of the corresponding closed-loop transfer
function 𝐺 mapping from the quasi-steady to the unsteady lift. This transfer function can
be derived from the system’s block diagram shown in Figure 5.2, where we invoke the
small-angle approximation for the flow angle 𝜙 ≈ 𝑣∗. Calculating the Laplace transform of
the individual blocks, the transfer function follows from block diagram algebra. It should
be noted that the Laplace transform has the convenient property that the convolution
of two functions in the time domain reduces simply to a multiplication in the Laplace
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domain. Denoting the Laplace transform of the indicial response function 𝜑 for the normal
induced velocity defined in equation 5.13 as Φ(𝑖𝑘), the closed-loop transfer function for
the feedback problem then reads as

𝐺(𝑘) = Δ𝐶𝑢𝑠𝐿 (𝑘)
Δ𝐶𝑞𝑠

𝐿 (𝑘) =
1

1−2𝑘𝑖 d𝐶𝐿
d𝛼

||𝛽0 Φ(𝑖𝑘)
, (5.25)

with 𝑖 denoting the imaginary unit (not to be confused with the streamwise unit vector 𝒊).
The full expression for the Laplace transform of the indicial response function 𝜑 is given
by

Φ(𝑖𝑘) = 1
16𝜋 [2𝛾 −2𝜋 erfi(𝑖𝑘𝜖∗) − 2 log(1/𝜖2∗ )

+ 4 log(2𝑘𝑖) + (2𝜖∗𝑘𝑖)2 2𝐹2((1,1); (3/2,2); (𝑖𝑘𝜖∗)2)], (5.26)

where 𝛾 is Euler’s constant and 𝑝𝐹𝑞(𝑎;𝑏;𝑧) is the generalised hypergeometric function.
Unsteady aerodynamics problems are commonly classified using the reduced frequency
𝑘 = 𝜋𝑓 𝑐/𝑈∞, which is based on the semi-chord length [155]. Recalling that the non-
dimensional variables in this work are based on the chord length and the free stream
velocity, it follows that the angular frequency is given by 𝜎∗ = 2𝑘, which explains the
added factor of 2 when writing the frequency in terms of the reduced frequency 𝑘.

×
(

d𝐶𝐿

d𝛼

���
𝛽0

)−1
× d𝐶𝐿

d𝛼

���
𝛽0

∗𝜑(𝑡∗) d
d𝑡∗

Δ𝐶𝑢𝑠
𝐿
(𝑡∗)Δ𝐶

𝑞𝑠

𝐿
(𝑡∗) Δ𝛽(𝑡∗) Δ𝛼(𝑡∗)+

𝜙(𝑡∗)

Figure 5.2: Schematic block diagram of the feedback problem for the unsteady lift experienced by a pitching
airfoil with 𝐶𝐷 = 0 at a linearised operating point 𝛽0. The convolution operator is denoted by ∗, and 𝜑 is the
indicial response function for the normal induced velocity (defined in equation 5.13).

5.4.3 Relation between 𝐺(𝑘) andTheodorsen theory
Theodorsen [239] derived a transfer function 𝑇(𝑘) from quasi-steady to unsteady lift for
a flat plate airfoil modelled as a line distribution of point vortices. For an airfoil in pure
pitching motion, it consists of two non-circulatory (apparent mass) 𝑇𝑁𝐶 (𝑘) and two cir-
culatory 𝑇𝐶 (𝑘) contributions given by

𝑇(𝑘) = Δ𝐶𝑢𝑠𝐿 (𝑘)
Δ𝐶𝑞𝑠

𝐿 (𝑘) = 𝑇𝑁𝐶 (𝑘)+𝑇𝐶 (𝑘) = [𝑇 ̇𝛽
𝑁𝐶 (𝑘)+𝑇

̈𝛽
𝑁𝐶 (𝑘)]+ [𝑇 𝛽

𝐶 (𝑘)+𝑇
̇𝛽

𝐶 (𝑘)]

=
[𝜋𝑖𝑘 +𝜋𝑎𝑘2]+2𝜋𝐶(𝑘)[1+ 𝑖𝑘( 12 −𝑎)]

2𝜋 , (5.27)
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where 𝑎 ∈ [−1,1] (from leading to trailing edge) is the location of the rotation axis of the
pitching motion, and the complex Theodorsen function 𝐶(𝑘) is given by

𝐶(𝑘) = 𝐾1(𝑖𝑘)
𝐾0(𝑖𝑘)+𝐾1(𝑖𝑘)

. (5.28)

Here, 𝐾0 and 𝐾1 denote modified Bessel functions of the second kind. The superscripts
(⋅)𝛽 , (⋅) ̇𝛽 and (⋅) ̈𝛽 denote terms depending on the pitch angle, pitch rate and pitch accelera-
tion, respectively. In the frequency domain, these dependencies translate to terms scaling
proportionally to 1, 𝑘, and 𝑘2, respectively. The classical ALM, as it was proposed by
Sørensen et al. [137] and as it is also used in this work, only models the 𝑇 𝛽

𝐶 (𝑘) term. The
remaining three terms, which are proportional to either 𝑘 or 𝑘2, are not captured by the
ALM. It follows that the derived transfer function𝐺(𝑘) is the equivalent of theTheodorsen
function 𝐶(𝑘) consistent with the mathematical formulation of the ALM.

The ALM (for 𝜖∗ ∈ [0.125,16.0]) and Theodorsen frequency domain solutions are com-
pared in the complex plane in Figure 5.3 and as Bode plot in Figure 5.4 up to a reduced
frequency of 𝑘 = 0.6. The magnitude of the transfer function is always |𝐺| ≤ 1, whereas
the phase can be both positive or negative depending on the considered kernel width
and the reduced frequency. In general, it can be seen that smaller kernel widths lead to
larger damping. The phase of 𝐺(𝑘) (see Figure 5.4(b)) first decreases with increasing 𝑘 be-
fore a characteristic phase inversion point is approached where the phase switches from
negative to positive. This phase inversion point occurs for larger 𝑘 as the kernel width
decreases. The magnitude |𝐶|(𝑘) closely follows |𝐺|(𝑘;𝜖∗ = 0.375) for 𝑘 < 0.4. Adding the
second circulatory term 𝑇 ̇𝛽

𝐶 (𝑘)which is proportional to the pitch rate shows that the circu-
latory Theodorsen solution |𝑇𝐶 |(𝑘) departs from |𝐺|(𝑘; 𝜖∗ = 0.375) for 𝑘 > 0.2. Finally, also
adding the two non-circulatory terms leads to an additional deviation between the ALM
and the complete Theodorsen solution |𝑇 |(𝑘) for 𝑘 > 0.4. The phase ∠𝐶(𝑘) closely follows
∠𝐺(𝑘;𝜖∗ = 0.375) for 𝑘 < 0.4. In contrast to the magnitude, adding the second circulatory
and eventually the two non-circulatory terms both leads to immediate deviations in phase
compared to ∠𝐺(𝑘;𝜖∗ = 0.375) for any 𝑘 rather than the two distinct points of departure
of 𝑘 = 0.2 and 𝑘 = 0.4 observed for the magnitude.

These results suggest that when taking Theodorsen theory as a reference, the classical
ALM can capture the unsteady damping of the lift accurately up to a reduced frequency of
𝑘 = 0.2, whereas errors in phase are immediately encountered as soon as 𝑘 > 0. However,
these phase errors are relatively small and at 𝑘 = 0.2 the difference in phase predicted
by the ALM and the complete Theodorsen theory is 𝑇(𝑘 = 0.2) − 𝐺(𝑘 = 0.2) ≈ 19∘. The
model validation shown later in Section 5.7 will further support these identified bounds
of the ability of the ALM to capture unsteady aerodynamic effects. For the purpose of
further elucidating in Section 5.7 the impact of the ALM not capturing the terms 𝑇 ̇𝛽

𝐶 , 𝑇
̇𝛽

𝑁𝐶
and 𝑇 ̈𝛽

𝑁𝐶 we also define the extended closed-loop transfer function 𝐺𝐸𝑥𝑡 (𝑘) for the ALM.
The extended ALM transfer function incorporates the three missing terms compared to
Theodorsen theory in an ad-hoc approach and then is defined accordingly as

𝐺𝐸𝑥𝑡 (𝑘) =
Δ𝐶𝑢𝑠𝐿 (𝑘)
Δ𝐶𝑞𝑠

𝐿 (𝑘) =
[𝜋𝑖𝑘 +𝜋𝑎𝑘2]+ d𝐶𝐿

d𝛼 𝐺(𝑘)[1+ 𝑖𝑘( 12 −𝑎)]
d𝐶𝐿
d𝛼

, (5.29)
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Figure 5.3: The closed-loop transfer function, 𝐺(𝑘), for a pitching flat plate, (d𝐶𝐿/d𝛼 = 2𝜋 ), in the complex plane.
The function is shown for fifteen different Gaussian kernel widths. The Theodorsen function, 𝑇 𝛽

𝐶 (𝑘) = 𝐶(𝑘), the
circulatory component of Theodorsen’s transfer function, 𝑇𝐶 (𝑘), and Theodorsen’s complete transfer function,
𝑇(𝑘), are shown for reference, where the airfoil pitches around the quarter-chord point (𝑎 = −1/2).
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Figure 5.4: Magnitude (left) and phase (right) of 𝐺(𝑘) for a pitching flat plate, (d𝐶𝐿/d𝛼 = 2𝜋 ), for fifteen different
Gaussian kernel widths. The Theodorsen function, 𝑇 𝛽

𝐶 (𝑘) = 𝐶(𝑘), the circulatory component of Theodorsen’s
transfer function, 𝑇𝐶 (𝑘), and Theodorsen’s complete transfer function, 𝑇(𝑘), are shown for reference, where the
airfoil pitches around the quarter-chord point (𝑎 = −1/2).

where 𝐺(𝑘) effectively replaces the Theodorsen function 𝐶(𝑘). It should be stressed that
the current comparison betweenTheodorsen theory and the ALM is based on the classical
ALM model relying on point velocity sampling. An integral velocity sampling approach
as introduced by Churchfield et al. [191] could influence the transfer function and should
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be explored in future work.

5.5 Verification: Model versus ALM-LES
In the previous three sections, we have derived a model for the unsteady loading on an
airfoil modelled as a two-dimensional Gaussian body force. In this section, we verify this
model by comparing it with ALM-LES data to establish the bounds of its accuracy and
model limitations.

5.5.1 Investigated cases
The range of investigated cases is chosen such that a range of operating points, types of
actuation, reduced frequencies and the interplay between streamwise and normal forcing
are explored. All cases are conducted using the NACA64-A17 airfoil, which is, for example,
also used for the outer part of the blade of the NREL 5MW reference turbine [211]. The
airfoil’s tabulated lift and drag coefficients are shown in Figure 5.5. Each investigated
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Figure 5.5: Tabulated lift, 𝐶𝐿(𝛼), and drag, 𝐶𝐷(𝛼), coefficients of the NACA64-A17 airfoil.

case is analysed for the set of Gaussian kernel widths 𝜖∗ ∈ {0.25,0.5,1.0,2.0,4.0}. The lower
limit is chosen here on the order of the steady-state optimal kernel width [146], while the
upper limit corresponds to coarse grid ALM-LES simulations conducted for wind energy
purposes. An overview of all cases and their acronyms is provided in Table 5.1. In the
following, the different cases are explained in more detail.

In order to characterise the obtained theoretical solutions and their scaling with the
kernel width, we begin by considering two cases with a step in pitch angle. Both cases
start from an initial condition of zero vorticity, 𝜔𝐼𝐶 = 0, i.e., zero forcing. This choice
ensures that there is no mismatch between the initial conditions used for the model and
LES. The simulation start thus corresponds to a sudden step actuation to reach the oper-
ating pitch angle 𝛽0 for 𝑡∗ ≥ 0. The considered operating points are 𝛽0 = 0∘ (A0-Cxy-S4)
and 𝛽0 = 8∘ (A8-Cxy-S12). The same cases are also repeated without applying any normal
forcing (A0-Cx-S4 and A8-Cx-S12). It should be noted that the frequency content of a step
function is proportional to the inverse of the frequency (| ̂𝛽 | ∝ 1/𝑘) and thus tests the model
simultaneously across the entire frequency range. The step case A14-Cxy-S18 is only con-
ducted for 𝜖∗ = 0.25 to obtain the largest forcing magnitudes. This case is used to perform
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a grid and domain size convergence study for the LES setup.
The second set of cases considers the same initial step but additionally superposes

continuous periodic pitch actuation with an amplitude of Δ𝛽 = 3∘ and reduced frequencies
of 𝑘 = 0.1, 𝑘 = 0.2, 𝑘 = 0.3 and 𝑘 = 0.6 (indicated by the endings -k01, -k02, -k03 and -k06
of the case acronyms). The periodic pitch actuation is of the form 𝛽(𝑡∗) = Δ𝛽 sin(2𝑘𝑡∗). It
is applied at the operating point 𝛽0 = 0∘ (A0-Cxy-P3-k...). This second set of cases is well
suited to test the predictions of the derived closed-loop transfer function for an isolated
frequency component after the initial transient decayed.
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5.5.2 Employed numerical code and simulation setup
Numerical non-linear reference results for the assessment of the developed model are ob-
tained by means of LES using the open-source code AMR-Wind. AMR-Wind solves the
three-dimensional incompressible Navier-Stokes equations on block-structured Cartesian
grids and is specifically designed for wind energy applications. For details on the numeri-
cal schemes employed in AMR-Wind, the reader is referred to Almgren et al. [253], Sharma
et al. [113], and Kuhn et al. [112]. For the purpose of verifying the developed model, which
is based on the Euler equations, the governing equations are solved in the limit of infinite
Reynolds number by setting the molecular viscosity to zero. Throughout the simulations,
the inflow and the wake flow behind the actuator points remain laminar, removing the
need for explicit turbulence modelling.

This work utilises AMR-Wind’s implementation of the ALM for straight translating
wings. AMR-Wind does not allow for strictly two-dimensional simulations; rather, we
simulate the airfoil in a three-dimensional domain as an infinite wing, i.e., periodic bound-
ary conditions are imposed in the spanwise direction. The lower and upper boundary
condition in the normal direction is a slip wall (𝑦-direction). In the streamwise direction
(𝑥-direction), a constant inflow velocity of 𝒖 = 𝑈∞𝒊 is imposed at the upstream boundary
(which in non-dimensional units corresponds to 𝒖∗ = 𝒊 ), and a pressure outflow boundary
condition is applied at the downstream boundary. The wing spans two actuator points lo-
cated on the spanwise boundaries of the domain at which the actuator forces are applied.
The forces are regularised with a two-dimensional isotropic Gaussian kernel of width 𝜖∗.
The velocity used for the actuator force calculation is the known inflow velocity (see Ap-
pendix 5.D).

The convergence of LES results with domain size and grid resolution is studied in Ap-
pendix 5.E for the A14-Cxy-S18 case using 𝜖∗ = 0.25. Based on this convergence study,
all simulations are conducted with a semi-domain height 𝐿𝑦∗ = 256 and an upstream fetch
of 𝐿𝑢𝑝𝑠𝑡𝑟𝑥∗ = 256 between the inflow boundary and the actuator point. The streamwise dis-
tance from the actuator point to the outlet is 𝐿𝑑𝑜𝑤𝑛𝑠𝑡𝑟𝑥∗ = 𝑇∗ +𝐿𝑦∗ , where 𝑇∗ is the maximum
simulated time. The grid resolution on the coarsest grid level is constant for all simula-
tions; however, depending on the studied kernel width, four (𝜖∗ = 4) to eight (𝜖∗ = 0.25)
refinement levels are added such that on the finest grid around the actuator point, the res-
olution is always 𝜖∗/Δ𝑥∗ = 8. The grid resolution between two adjacent grid levels varies
with a constant factor of 2. The size of the finest grid level is dependent on the kernel
width. Its extent in the 𝑥 and 𝑦-directions is −4𝜖∗ < 𝑥∗ < 16 + 4𝜖∗ and −4𝜖∗ < 𝑦∗ < 4𝜖∗, re-
spectively. Letting the index 𝑚 denote the grid level (the finest being 𝑚 = 0), the extent
of all other refinement levels (𝑚 > 0) in 𝑥 and 𝑦 is given by −4𝜖∗2𝑚 < 𝑥∗ < 𝑇∗ +4𝜖∗2𝑚 and
−4𝜖∗2𝑚 < 𝑦∗ < 4𝜖∗2𝑚 . The time step size Δ𝑡∗,LES is chosen such that the Courant-Friedrichs-
Levy (CFL) number defined on the finest grid level is 𝐶𝐹𝐿 < 0.5 at all times. Step cases are
simulated up to 𝑇∗ = 128, whereas the step cases followed by periodic actuation are sim-
ulated up to 𝑇∗ = 256. These long simulation times provide enough time for the actuator
loading to reach the new steady state (step cases) or periodic limit cycle (step+periodic
cases) after the decay of the initial transient. The simulation time-dependent streamwise
domain length ensures that no vorticity is truncated at the outlet. The simulation time for
the periodic cases is chosen twice as long in order to collect a large number of actuation
periods, even for the smallest frequency 𝑘 = 0.1. The LES setup is visualised in Figure 5.6.
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Figure 5.6: LES domain and grid refinement structure for the Gaussian kernel width 𝜖∗ = 0.25with the resolution
on the finest grid level being 𝜖∗/Δ𝑥 = 8. Note that the domain here is configured for a simulation time of 𝑇∗ = 64
in order to keep the aspect ratio limited for visual clarity. The actual simulations are performed for 𝑇∗ = 128
(steps) and 𝑇∗ = 256 (periodic). The red dot marks the actuator point. The orange dot marks the approximate
downstream location of the start-up vortex at time 𝑡∗ = 𝑇∗.

5.5.3 Response to pitch step actuation
We start by probing the developed model for two pitch step actuation cases within the lin-
ear regime of the lift curve. Their respective operating points are 𝛽0 = 0∘ (A0-Cxy-S4) and
𝛽0 = 8∘ (A8-Cxy-S12). The initial condition is chosen as an undisturbed free stream flow,
i.e., no forcing is active. Consequently, the two operating points correspond to effective
angle of attack steps of Δ𝛼 = 4∘ and Δ𝛼 = 12∘ upon simulation start (the lift coefficient of
the cambered airfoil is approximately zero at 𝛼 ≈ −4∘).

The vorticity distribution around the airfoil and in the wake as predicted by the model
(see Appendix 5.B), with 𝜖∗ = 0.25 is shown in Figure 5.7 for the larger pitch step case A8-
Cxy-S12. Around the airfoil, a bound vortex forms in response to the non-zero loading
after 𝑡∗ > 0. The bound vortex is accompanied by the formation of a start-up vortex, which
ensures conservation of the overall vorticity. Since themodel assumes the advection speed
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Figure 5.7: Model solution for the vorticity field of the A8-Cxy-S12 case with the kernel width 𝜖∗ = 0.25 at time
instance 𝑡∗ = 12. The vorticity created by streamwise𝐶𝑥 and normal𝐶𝑦 forcing is shown in (a) and (b), respectively.
The total resultant vorticity field is shown in (c). The airfoil modelled by the Gaussian body force is shown in
white with black outline. The airfoil’s quarter-chord point is located at the actuator point (𝑥𝐴𝑐𝑡∗ , 𝑦𝐴𝑐𝑡∗ )⊤ = (0,0)⊤.

in the wake to match the free stream velocity, the start-up vortex is located at 𝑥∗ = 12 in
the wake at the shown time instance 𝑡∗ = 12. Furthermore, it is seen that the wake centre
line (𝑥∗, 𝑦∗ = 0)⊤ is the symmetry axis for both the vorticity due to streamwise and the
vorticity due to normal forcing (Figure 5.7a/b). The vorticity due to streamwise forcing
exhibits an anti-symmetric distribution around this symmetry axis, whereas the normal
forcing contribution is distributed symmetrically around thewake centre line. These distri-
butions stem from the symmetry properties of the forcing terms in the linearised vorticity
transport equation 5.4.

The formation of the start-up vortex and its subsequent advection downstream causes
a dynamic angle of attack response. A comparison of the model and the LES solution for
this response is shown in Figure 5.8 for the small pitch step case A0-Cxy-S4. The start-up
vortex induces velocity at the actuator point, which in turn alters the angle of attack. As
it is advected further downstream, its influence on the angle of attack fades, which leads
the angle of attack to converge towards the new steady-state operating point 𝛼 = 𝛽0 = 0∘
(Figure 5.8a). The initial modulation of the angle of attack depends on the kernel width
since it sets the local strength of the applied forcing and thus also the strength of the start-
up vortex. Furthermore, the core size of the start-up vortex is also set by the kernel width.
The core size determines the time period between 𝑡∗ = 0 and the time instance when the
angle of attack reaches its minimum. The minimum angle of attack is attained faster with
a smaller kernel width and thus core size.

The model error compared to the LES reference is presented in Figure 5.8b. The very
initial relative angle of attack error is as large as 3.4% and then subsequently drops to the
order of tenths of a per cent. The relative error starts approaching zero after the actuator
point no longer lies within the vortex core region of the start-up vortex. The relative error
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Figure 5.8: Comparison of the model solution and LES reference for the initial time evolution of the angle of
attack (a) and the corresponding relative error (b) for the pitch step actuation case A0-Cxy-S4. Reference data
points are only shown in steps of 4Δ𝑡∗,LES/𝜖∗.

is larger for smaller kernel widths as long as there is overlap between the vortex core and
the actuator point. This is the case because the velocity induced by the bound and start-
up vortex both reach their absolute maximum values in proximity to their respective core
boundary, where the maximum values increase with decreasing kernel width. Thus after
the time instance 𝑡∗ > |𝑥𝐴𝑐𝑡∗ −𝑡∗| ≈ |0−𝜖∗| = 𝜖∗ the impact of the bound vortex on the trajectory
of the start-up vortex as well as the impact of the start-up vortex on the angle of attack at
the actuator point start to decrease. Hence, the effect of modelling errors also decreases
as soon as 𝑡∗ ≈ 𝜖∗. The larger pitch step case A8-Cxy-S12 shown in Figure 5.9 follows the
previous observations made apart from the relative error evolution for 𝜖∗ = 0.25. In this
case, the error also persists after the vortex core no longer overlaps with the actuator point
and only fades at 𝑡∗ ≈ 10. The larger pitch step combined with the smallest kernel width
makes for a stronger bound vortex, increasingly challenging the model, which is based on
a linearisation around the vorticity-free background flow. The detailed impact of the error
due to the linearisation will be explored in the following Section 5.6.

We explore the two pitch step cases further by turning our attention towards the load-
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Figure 5.9: Comparison of the model solution and LES reference for the initial time evolution of the angle of
attack (a) and the corresponding relative error (b) for the pitch step actuation case A8-Cxy-S12. Reference data
points are only shown in steps of 4Δ𝑡∗,LES/𝜖∗.
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ing, which the model ultimately should predict. The model is able to accurately reproduce
the time evolution of the streamwise, 𝐶𝑥 , and normal, 𝐶𝑦 , force coefficients for both the
small (Figure 5.10b/d) and the large (Figure 5.11b/d) pitch step cases. In particular, the
transient drop in normal forcing and peak in streamwise forcing caused by the start-up
vortex are captured. It is also worthwhile to study the induced velocities at the actuator
point, which induce the change in flow angle and thus angle of attack (panels a/c of Fig-
ures 5.10 and 5.11). Themodel matches the LES prediction for the normal induced velocity,
𝑣∗, for both pitch step magnitudes, but discrepancies are apparent for the streamwise in-
duced velocity, 𝑢∗, which become more pronounced for smaller kernel widths and the
larger pitch step (compare Figures 5.10a and 5.11a). This discrepancy also matches the
previous observation that the angle of attack error of the A8-Cxy-S12 case for 𝜖∗ = 0.25
persists for a longer time. Since we deal with small perturbation velocities, the flow angle
is small and thus approximately given by 𝜙 ≈ 𝑣∗. Thus, the error in streamwise induced
velocity does not affect the quality of the streamwise and normal force coefficients as long
as the small perturbation assumption is justified. In fact, 𝑢∗ is a measure of the system’s
non-linearity and is relevant for the flow angle calculation given larger induced veloci-
ties. However, larger induced velocities start to challenge the linearisation of the vorticity
transport equation for the model derivation. Thus, the mismatch for 𝑢∗ and its increase for
stronger forcing are consistent. In Section 5.6, we show that the observed streamwise ve-
locity residual is explained by the vorticity residual obtained from the difference between
the model (linear) and the LES reference (non-linear) solution. However, the two pitch
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Figure 5.10: Comparison of the model solution and LES reference for the initial time evolution of the streamwise
(a) and normal (c) induced velocity and the streamwise (b) and normal (d) force coefficients for the pitch step
actuation case A0-Cxy-S4. Reference data points are only shown in steps of 4Δ𝑡∗,LES/𝜖∗.
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step cases show that the developed model can predict the loading on the airfoil in the
linear regime of the lift curve despite the mismatch in 𝑢∗. The cases also illustrate the im-
portance of the kernel width. The largest studied kernel width of 𝜖∗ = 4.0 barely modifies
the normal force coefficient, while the kernel width 𝜖∗ = 0.25, which is of the order of the
steady-state optimal value, results in a transient drop of more than 50% (see Figure 5.11d).

Motivated by the mismatch of the streamwise induced velocity, we also conduct the
pitch step caseswith an absent normal force𝐶𝑦 = 0 (the cases labelledA0-Cx-S4 andA8-Cx-
S12). The resulting evolution of 𝑢∗ and the corresponding absolute model error are shown
in Figure 5.12 for the large pitch step case. In the absence of normal forcing, the previously
observed mismatch between the model and the LES reference vanishes, and the model
error after the initial time steps is 2 orders of magnitude smaller than 𝑢∗. This highlights
the impact of the assumptions made when linearising the vorticity transport equation
for the model derivation. Neglecting the non-linear transport terms, which include the
induced velocity, causes the model to miss the normal displacement of the start-up vortex
as it is advected in the induced normal velocity field of the bound vortex, which is maximal
at the wake centre line (𝑥∗, 𝑦∗ = 0). This lack of vertical displacement is also apparent in
the previously shown model solution for the vorticity field (Figure 5.7). Switching off
the normal forcing, 𝐶𝑦 , removes its anti-symmetric contribution to the induced velocity
field. Thus, as long as the streamwise induced velocity remains small, the model can now
correctly predict 𝑢∗, too. It can also be noted that the induced streamwise velocity after
the decay of the transient tends towards the steady-state limit given by 𝑢∗ = −𝐶𝑥 /(4 √𝜋𝜖∗),
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which was also derived by Martínez‐Tossas et al. [146].

5.5.4 Response to periodic pitch actuation
After characterising the developed model with pitch steps we now move on towards sig-
nals which are more present in reality, i.e., smooth signals and, in particular, periodic
signals with sinusoidal shape. The solution to the latter can also be used to construct the
solution for more complex forcing signals via their representation in terms of a Fourier
series. In the following, we consider the four cases A0-Cxy-P3-k01, A0-Cxy-P3-k02, A0-
Cxy-P3-k03 and A0-Cxy-P3-k06, which initially possess the same pitch step as the A0-
Cxy-S4 case but then proceed with a continuous sinusoidal pitch actuation of amplitude
Δ𝛽 = 3∘. The four different cases vary in terms of the actuation frequency; namely, the
four reduced frequencies 𝑘 = 0.1, 𝑘 = 0.2, 𝑘 = 0.3 and 𝑘 = 0.6 are considered.

Representative angle of attack evolutions obtained for these four reduced frequencies
are shown for the case of 𝑘 = 0.3 in Figure 5.13. The angle of attack now varies period-
ically, where its initial evolution shows a transient due to the influence of the start-up
vortex, which initially is still present. After the transient, the angle of attack attains a
limit cycle. For reference, Figure 5.13 shows horizontal lines indicating the angle of attack
amplitude predicted by the model closed-loop transfer function (given by |𝐺(𝑘)|Δ𝛽). The
frequency domain solution in terms of the transfer function is able to predict the limit
cycle amplitude modulation since the peaks of the angle of attack time series converge
towards the horizontal lines. Therefore, the effect of increasingly smaller kernel widths is
a successive reduction of the angle of attack amplitude compared to the quasi-steady ref-
erence (Δ𝛽 = 3∘) and a successive increase in phase lag. For the given airfoil and reduced
frequency of 𝑘 = 0.3, the reduction in effective angle of attack amplitude is as large as 35%
for the smallest studied kernel width 𝜖∗ = 0.25, which is of the order of the steady-state
optimal kernel width. The evolution of the induced velocities and the force coefficients cor-
responding to the previous angle of attack evolution of the A0-Cxy-P3-k03 case are shown
in Figure 5.14. Similar to the step cases, themodel cannot predict the correct streamwise in-
duced velocity, 𝑢∗, in the presence of combined streamwise and normal forcing, where the
error increases with decreasing kernel width. After the decay of the initial transient, it is
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convenient to represent the force coefficients in terms of hysteresis plots (Figure 5.15). The
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grey reference lines in this plot show the quasi-steady force coefficients, i.e., the forcing as
it would be obtained when the instantaneous angle of attack matches the instantaneous
pitch angle. However, the velocity induced by the shed vorticity in the wake causes a
non-zero flow angle, and it is 𝛼 ≠ 𝛽 , which causes the unsteady force coefficients to dif-
fer from the quasi-steady ones both in terms of magnitude and phase. These differences
between unsteady and quasi-steady force coefficients depend on the kernel width. For
the shown case of 𝑘 = 0.3 in Figure 5.15b, it can be seen that smaller kernel widths cause
stronger hysteresis, e.g., the minor axis of the ellipse for 𝐶𝑦 is larger (phase modulation).
Furthermore, the major axis of the ellipse becomes increasingly tilted towards the horizon-
tal axis, i.e., the force amplitude is damped compared to the quasi-steady case (amplitude
modulation). For the streamwise forcing, 𝐶𝑥 , smaller kernel widths also lead to more
pronounced hysteresis as observed for 𝐶𝑦 (Figure 5.15a). However, the trend for the am-
plitude modulation is different compared to 𝐶𝑦 in the sense that the unsteady solution for
𝐶𝑥 , compared to the quasi-steady reference, shows an increase in amplitude rather than
a decrease. This amplitude increase is larger for smaller kernel widths because for these
cases, the normal induced velocity reaches larger values (Figure 5.14c), and thus the same
follows for the flow angle 𝜙. Since the streamwise force coefficient in the linear regime of
the lift curve is dominated by the𝐶𝐿 contribution, it attains its maximumwhen the product
−𝐶𝐿(𝛼)sin(𝜙) becomes maximal, which in addition to large 𝐶𝐿 also requires flow angles
close to their maximal negative value since 𝐶𝐿 and 𝑣∗ are approximately half a period out
of phase (compare panels c and d of Figure 5.14). Given the dominance of the normal
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Figure 5.15: Comparison of the model solution and LES reference for the hysteresis of the streamwise (a) and
normal (b) force coefficient (periodic pitch actuation case A0-Cxy-P3-k03). The quasi-steady references 𝐶𝑥 (𝛽)
and 𝐶𝑦 (𝛽) are shown in grey.

forcing in the linear regime of the lift curve for which the present model is developed, the
observations regarding the phase and amplitude modulations made from the time series
and hysteresis curves can be concisely summarised in a Bode plot. Figure 5.16a/b shows
the Bode magnitude and Bode phase plot of the model closed-loop transfer function 𝐺(𝑘),
which was derived assuming 𝐶𝐷 = 0. 𝐺(𝑘) is here computed using the linearised value
of the lift slope of the NACA64-A17 airfoil at the operating point 𝛽0 = 0∘, matching the
operating point of the periodic actuation cases. Themodel solution is presented for the set
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of kernel widths 𝜖∗ ∈ {0.25,0.5,1.0,2.0,4.0} in the range 𝑘 ∈ [0,0.75]. In addition, the phase
and amplitude modulation are extracted from the last period of the LES reference data
for the cases A0-Cxy-P3-k01 (𝑘 = 0.1), A0-Cxy-P3-k02 (𝑘 = 0.2), A0-Cxy-P3-k03 (𝑘 = 0.3)
and A0-Cxy-P3-k06 (𝑘 = 0.6), which are shown as dots in the plot. The transfer function
solution matches the LES reference for all four reduced frequencies.
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Figure 5.16: The magnitude (a) and phase (b) of the model closed-loop transfer function 𝐺(𝑘) for the NACA64-
A17 airfoil at the linearisation point 𝛽0 = 0∘. Dots indicate the corresponding amplitude and phase modulations
extracted from the last period of the LES reference cases A0-Cxy-P3-k01, A0-Cxy-P3-k02, A0-Cxy-P3-k03 and
Cxy-P3-k06.

For reduced frequencies 𝑘 ≤ 0.3, magnitude and phase trends are monotone for varying
kernel width at a given constant frequency. However, the magnitude and phase variation
with frequency for a constant kernel width are not monotone. The magnitude reaches
a minimum, after which it again approaches |𝐺| = 1 for further increasing 𝑘. The con-
vergence to |𝐺| = 1 happens for smaller 𝑘, the larger the kernel width, and for the shown
relevant frequency range, it is only visible for 𝜖∗ = 4.0. In this limit, the unsteady lift magni-
tude again approaches the quasi-steady solution. Also, the phase tends towards a common
limit of ∠𝐺 = 0∘ for all kernel widths as 𝑘 → ∞, although this convergence happens for
𝑘 > 0.75 except for the largest studied kernel width. Consequently, for a chosen kernel
width representing the airfoil, the maximum reduction of the quasi-steady lift amplitude
min(|𝐺(𝑘;𝜖∗)|) and maximum phase lag min(∠𝐺(𝑘;𝜖∗)) occur for an intermediate reduced
frequency 0 < 𝑘 < ∞. Further, the maximum phase lag occurs for smaller 𝑘 than does the
maximum amplitude reduction. Within the range of relevant 𝑘, smaller kernel widths
lead to larger damping. Comparing 𝜖∗ = 0.25, which is of the order of the steady-state op-
timal kernel width, with 𝜖∗ = 4, which corresponds to a value encountered for coarse grid
ALM-LES for wind energy purposes, one would miss about Δ(|𝐺|) ≈ 0.3 of damping and
Δ(∠𝐺) ≈ 23∘ of phase lag at a reduced frequency of 𝑘 = 0.3. This difference is the unsteady
equivalent of the steady-state lift error observed for suboptimal large kernel widths, which
motivated the development of smearing corrections [149, 150, 151, 152].

The source of the unsteady error due to large kernel widths can also be made apparent
by comparing the topology of the shed vorticity in the wake for varying 𝜖∗ (Figure 5.17).
The regularisation with the Gaussian kernel conserves both the integrated force as well
as the integrated vorticity. That is assuming the magnitude of the point force would not
be affected by the induced velocities, which in reality it is. But even neglecting this ef-



5

110 5 Unsteady aerodynamic loads on pitching airfoils represented by Gaussian body force distributions

fect, the conservation on an integral level can still be achieved by locally very different
vorticity distributions. The vorticity for small kernel widths is more localised, and thus
integral conservation directly implies locally higher vorticity magnitudes in proximity
of the airfoil and the wake centre line. In turn, large kernel widths spread the vorticity
across a larger area, reducing its local magnitude. Since the induced velocity scales with
the inverse of the distance outside of the vortex core, this directly implies smaller induced
velocities at the actuator point. Finally, the phase error is also apparent from the vorticity
distributions. To this end, one can track the vertical band of zero vorticity, which is lo-
cated between the bound vortex (blue) and the neighbouring positive vorticity patch (red)
directly downstream of the airfoil. Its location is closest to the airfoil for 𝜖∗ = 0.25 and then
shifts continuously farther downstream for larger kernel widths, i.e., the larger the kernel
width, the further ahead the phase.

Summarising the model verification presented in this section, we conclude that the
developed model matches the ALM-LES predictions for the unsteady loading on the airfoil
within the considered operating regime, which is the linear part of the lift curve. The
step and periodic actuation cases demonstrated the frequency-dependent impact of the
Gaussian kernel width on the unsteady loading, both in terms of lift reduction and added
phase lag.
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5.6 Discussion: Assessing the model error with respect
to LES-ALM

The preceding verification results show that within the linear regime of the lift curve,
the derived model solutions match the ALM-LES predictions of the unsteady loading on
the airfoil. However, it also became clear that even within this regime the model cannot
reproduce the correct streamwise induced velocity in the presence of combined forcing in
the streamwise and normal directions. This deficiency does not affect the accuracy of the
results as long as the small-angle approximation for the flow angle is valid. Nevertheless,
due to this observation, we already pointed out in Section 5.5.3 towards the fact that there
is a coupling between the two forcing directions, which is neglected for the derivations in
this work. We derive here the exact form of the neglected terms and assess their magnitude
and spatial localisation with respect to the reference LES data.

The vorticity transport equation for the two-dimensional problem was introduced in
equation 5.3 and reads in expanded form as

𝜕𝜔∗
𝜕𝑡∗

+ 𝜕𝜔∗
𝜕𝑥∗

+𝑢∗
𝜕𝜔∗
𝜕𝑥∗

+𝑣∗
𝜕𝜔∗
𝜕𝑦∗⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝒩 (𝒖∗,𝜔∗)

= −𝑦∗𝐶𝑥 +𝑥∗𝐶𝑦
𝜋𝜖4∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐹(𝑥∗,𝑦∗,𝑡∗)

. (5.30)

In order to arrive at the final linearised equation 5.4 as introduced in Section 5.2, one needs
to assume that the non-linear term 𝒩 (𝒖∗,𝜔∗) can be neglected, which means that if the
other remaining terms are all of order 𝒪(1), the non-linear term should be at maximum
of order 𝒩 = 𝒪(1/10). An increasing magnitude of the forcing 𝐹(𝑥∗, 𝑦∗, 𝑡∗) increasingly
challenges this linearisation. Analysis of the forcing shows that it is locally linearly pro-
portional to the magnitude of the force coefficients 𝐹 ∝ 𝐶𝑖 (𝑖 ∈ 𝑥,𝑦), but inversely propor-
tional to the fourth power of the kernel width 𝐹 ∝ 1/𝜖4∗ . However, in addition the Gaussian
contribution, the forcing term attains a maximum value of max(𝑥∗ exp(−𝑥2∗ /𝜖2∗ )) ≈ 0.43𝜖∗
at 𝑥 = 𝜖∗/ √2. Neglecting the effect of the kernel on the strength of the forcing via the
induced velocity, this scaling shows that within the linear region of the lift curve, dou-
bling the angle of attack only doubles the local forcing magnitude, whereas halving the
Gaussian kernel width leads to an eightfold increase in local forcing (i.e. 𝐹 ∝ 1/𝜖3∗ ).

Based on this scaling analysis, we focus the error analysis on the smallest kernel width
of 𝜖∗ = 0.25. Figure 5.18a/b shows the vorticity solution for the large pitch step case A8-
Cxy-S12 obtained both from the model and the LES at time instance 𝑡∗ = 12. The LES which
solves for all terms present in equation 5.30 predicts a roll-up and normal displacement
of the start-up vortex. Furthermore, the non-linear terms break the (anti-) symmetric
vorticity distribution of the model with respect to the wake centre line. In contrast, the
model cannot capture these effects since it neglects𝒩 . Figure 5.18c/d shows the resulting
(relative) error with respect to the LES reference. In proximity of the start-up vortex, the
maximum relative error reaches more than 30%, but it remains of the order of a few per
cent in the remaining wake region between the bound and start-up vortex. We now show
that this vorticity error accounts for the discrepancy of the streamwise induced velocity at
the actuator point, which is observed in Figure 5.11a. To this end, we numerically evaluate
the Biot-Savart law of the vorticity residual𝜔∗,LES−𝜔∗,Model to obtain the velocity residuals
𝑢∗,Res and 𝑣∗,Res.
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Figure 5.21: Comparison of the model and the LES solution for the streamwise and normal induced velocity
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5

114 5 Unsteady aerodynamic loads on pitching airfoils represented by Gaussian body force distributions

Figure 5.19 shows the streamwise and normal induced velocity along the wake centre
line both for themodel and the LES.Themodel correctly predicts 𝑣∗ near the actuator point
and in the near wake, but deviations occur farther downstream near the start-up vortex.
The streamwise component 𝑢∗ also deviates already in the proximity of the actuator point,
as observed previously. However, adding the numerically computed residual velocities to
the model solution recovers the LES solution. This finding shows that the derived model
solutions for the induced velocity (equations 5.9 and 5.16) and the vorticity (equations 5.38
and 5.41) are consistent and that neglecting the term𝒩 explains the observed model error.

The same error analysis is also conducted for the A0-Cxy-P3-k03 case in Figure 5.20,
which features a continuous change of bound vorticity and thus also a continuous band of
shed vorticity. The (relative) error shown in panels c and d of this Figure is constrained to a
region starting downstream of 𝑥∗ = 6. This localisation shows that the previously observed
absence of large errors in the near wake of the pitch step case are not simply due to the
absence of vorticity (the start-up vortex was already advected further downstream), but
that the linearised vorticity transport equation is capable of predicting an accurate trajec-
tory of the shed vorticity in the near wake. This observation also manifests in the induced
velocity distributions along the centre line shown in Figure 5.21. The model captures the
normal induced velocity accurately up to 𝑥∗ = 6. The deviations farther downstream and
in general for the streamwise induced velocity are again shown to be accounted for by the
contribution of the vorticity residual between LES and the model.

5.7 Numerical and experimental model validation
In the two preceding sections, we verified the developed model with the corresponding
non-linear ALM-LES results and quantified the error due to using the linearised governing
equations for the model derivation. However, there are additional physical effects which
are inherently not captured by the ALM and thus are also ignored by the derived model,
which is intended to reproduce the ALM predictions. The comparison with Theodorsen
theory in Section 5.4.3 showed that the classical ALM neglects the non-circulatory con-
tributions to the unsteady lift and also does not take into account the circulatory contri-
bution from the pitch rate. Furthermore, Theodorsen theory itself assumes inviscid flow,
approximates the airfoil with a simple representation in terms of point vortices, neglects
the airfoil thickness and assumes the trajectory of the shed vorticity in the wake to be
solely determined by the free stream velocity (linearisation). In order to probe the impact
of these model assumptions, we validate the developed model for the ALMwith numerical
and experimental reference data, which (partially) do not rely on the above assumptions
(Table 5.2). Doing so allows us to find answers to the two questions raised earlier, namely,
is the steady-state optimal kernel width still applicable for the unsteady case, and further,
when does the ALM fail to predict the unsteady loading even when using the optimal
kernel width?

5.7.1 Validation with inviscid (Euler) computational fluid dynamics
We first compare the model with numerical reference data from Motta et al. [254]. They
employ a finite-volume Euler solver for moving, overset, multi-block grids to compute the
loads on symmetric airfoils in response to sinusoidal pitching motion around the quarter-
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Study Airfoil Re 𝛽0 Δ𝛽 𝑘
Motta et al. [254] NACA 00{04/12/18/24} ∞ 0∘ 1∘ 0.01−0.75
Ōtomo et al. [255] NACA 0018 3.2 ⋅ 104 0∘ {4,8}∘ {0.22,0.44,0.66}

Table 5.2: Overview of the numerical and experimental data sets employed for the model validation. The type
of airfoil is shown together with the studied chord-based Reynolds numbers Re, operating points 𝛽0, pitch am-
plitudes Δ𝛽 and the reduced frequencies 𝑘.

chord point (𝑎 = −0.5). The pitching motion is characterised by an operating point of
𝛽0 = 0∘, a pitch amplitude of Δ𝛽 = 1∘ and considers the range of reduced frequencies 𝑘 ∈
[0.01,0.75]. The flow is approximately incompressible with a Mach number of 𝑀𝑎 = 0.117.
Four different NACA airfoils (0004, 0012, 0018, 0024) were simulated to study the impact
of airfoil thickness on the unsteady loads and the results were compared to Theodorsen
theory.

We compare in Figure 5.22 the ALM transfer function, 𝐺(𝑘), for the unsteady lift with
the results from Motta et al. [254] obtained for their thinnest studied airfoil (NACA 0004).
In addition, the Theodorsen transfer function, 𝑇(𝑘), is shown. It should be noted that
Motta et al. [254] chose to present their results in terms of the unsteady lift coefficient
normalised with the pitch amplitude (Δ𝐶𝑢𝑠𝐿 (𝑘)/Δ𝛽) and thus the transfer function 𝐺(𝑘)
and 𝑇(𝑘) need to be multiplied with the airfoil lift slope (d𝐶𝐿/d𝛼 = 2𝜋 for the flat plate) in
order to obtain the appropriate scaling. Furthermore, it should be noted that the transfer
function𝐺(𝑘) for theALM is also computed based on the flat plate lift slope to be consistent
with Theodorsen theory. The reference data for the NACA 0004 airfoil closely match the
magnitude and phase of 𝑇(𝑘). Because of the good match between the thin airfoil CFD
results and 𝑇(𝑘) the conclusions reached in Section 5.4.3 regarding the limits of the ALM’s
applicability to model unsteady aerodynamics apply to the validation with the CFD data.
A Gaussian kernel width of 𝜖∗ ≈ 0.4 closely matches the magnitude of the unsteady lift up
to 𝑘 < 0.2, whereas deviations in phase occur as soon as 𝑘 > 0.

In section 5.4.3, we also showed that the three remaining termsmodelled byTheodorsen
theory, but neglected by the ALM, can be incorporated into an extended ALM transfer
function 𝐺𝐸𝑥𝑡 (𝑘) (equation 5.29). In Figure 5.23, the previous comparison with the refer-
ence data from Motta et al. [254] for the NACA 0004 airfoil is repeated for 𝐺𝐸𝑥𝑡 (𝑘). It
can be seen that 𝐺𝐸𝑥𝑡 (𝑘;𝜖∗ = 0.4) closely reproduces the prediction from Theodorsen the-
ory and thus also leads to an accurate magnitude and phase prediction compared to the
CFD reference. While the objective of the present study is to reproduce the behaviour of
the classical ALM with a simple model, this result highlights avenues for future work to
incorporate the non-circulatory terms, 𝑇 ̇𝛽

𝑁𝐶 and 𝑇 ̈𝛽
𝑁𝐶 , and the pitch rate dependent circu-

latory term, 𝑇 ̇𝛽
𝐶 , into the ALM formulation in order to increase the bounds of the ALM’s

applicability to unsteady aerodynamics beyond 𝑘 = 0.2.
The presented comparison with inviscid CFD and Theodorsen theory leads to recom-

mendations regarding the optimal kernel width in order to accurately capture unsteady
aerodynamic effects with the classical ALM based on point velocity sampling. We find
that the reference data are closely matched up to 𝑘 < 0.2 for a kernel width in the range
𝜖∗ ∈ [0.3,0.5]. Based on the validation of the extended ALM transfer function𝐺𝐸𝑥𝑡 (𝑘) a ker-
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Figure 5.22: Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude Δ𝛽 as function of reduced frequency 𝑘. The predictions of the model frequency domain solution
assuming the lift slope of a flat plate are compared with the unsteady lift predicted by Theodorsen theory and
inviscid CFD results from Motta et al. [254] for a NACA 0004 airfoil.

nel width of 𝜖∗ ≈ 0.4 provides a good match with Theodorsen theory and CFD throughout
the frequency range 𝑘 ∈ [0,0.75]. These identified values for the optimal unsteady ker-
nel width are slightly higher than the range of the optimal kernel width found for steady
conditions 𝜖∗,𝑂𝑝𝑡 ∈ [1/8,1/4] [225, 146]. However, we note that when using a Gaussian
kernel with different widths in the chord and thickness directions, Martínez‐Tossas et al.
[146] found that the optimal width along the chord direction is approximately 𝜖∗ ≈ 0.3
for thin airfoils. Since the chord is the principal direction in the unsteady problem, it is
reasonable for the optimal width to scale accordingly. Given that practical ALM-LES for
wind turbine/farm modelling typically operate with kernel widths which are an order of
magnitude larger, the difference between the identified optimal kernel width for steady
and unsteady aerodynamics is rather small. Nevertheless, future work should explore if
this difference persists when considering an advanced ALM formulation based on integral
velocity sampling as proposed by Churchfield et al. [191].

Lastly, Motta et al. [254] also studied the unsteady loads on NACA 0012, 0018 and
0024 airfoils and showed that the increasing non-dimensional airfoil thickness of up to
𝑑/𝑐 = 24% challenges the flat plate assumption made by Theodorsen theory. Figure 5.24
shows that this equally applies to the ALMmodel. Figure 5.24(a) shows that the steady lift
magnitude, |Δ𝐶𝑢𝑠𝐿 |(𝑘 = 0), continuously increaseswith the airfoil thickness. In fact the term
Δ𝐶𝑢𝑠𝐿 (𝑘 = 0)/Δ𝛽 is the lift slope of the airfoil, which can be approximated with the relation
d𝐶𝐿/d𝛼 = 2𝜋(1+0.77𝑑/𝑐) [254]. The onlyway the airfoil thickness enters the ALM is via the
lift(-slope) input. Thus, we use the relation between thickness and lift slope given above to
determine varying lift slope inputs for 𝐺𝐸𝑥𝑡 (𝑘) in order to model the impact of increasing
airfoil thickness. Comparing the unsteady lift magnitude in Figure 5.24(a) shows that
the 𝐺𝐸𝑥𝑡 (𝑘) now more closely matches the CFD results in proximity of 𝑘 = 0 than when
using the flat plate lift slope to ensure consistency withTheodorsen theory (compare with
Figure 5.23). However, these deviations are small compared to the deviations between the
CFD and ALM results for larger airfoil thicknesses of 12−24%. The increased damping of
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Figure 5.23: Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude Δ𝛽 as function of reduced frequency 𝑘. The predictions of the extended model frequency domain
solution assuming the lift slope of a flat plate are compared with the unsteady lift predicted by Theodorsen
theory and inviscid CFD results from Motta et al. [254] for a NACA 0004 airfoil.
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Figure 5.24: Magnitude (a) and phase (b) of the unsteady lift coefficient normalised with the actuation pitch
amplitude Δ𝛽 as function of reduced frequency 𝑘. The predictions of the extended model frequency domain
solution are shown for 𝜖∗ = 0.4. The employed lift slope varies with the airfoil thickness according to d𝐶𝐿/d𝛼 =
2𝜋(1+0.77𝑑/𝑐). Results are compared to inviscid CFD results from Motta et al. [254] for the NACA 0004, NACA
0012, NACA 0018 and NACA 0024 airfoils.

the liftmagnitude predicted byCFD is not captured by theALM, in particular, as soon as 𝑘 >
0.05. Similar conclusions are found for the phase in Figure 5.24(b). The CFD results predict
a shift of the phase inversion point to larger 𝑘 as the thickness increases. This trend is
only qualitatively captured by the ALM, but both the maximum phase lag and the reduced
frequency corresponding to the phase inversion point are quantitatively underestimated.
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5.7.2 Validation with experiment at 𝑅𝑒 = 32000
Lastly, we validate the ALM predictions with the experimental data set from Ōtomo et al.
[255]. They studied a NACA 0018 airfoil with periodic smoothed triangular pitching kine-
matics at 𝑅𝑒 = 32000. Hence, this validation data set also probes the model assumption of
inviscid flow, and furthermore, the model is tested for actuation signals which are more
complex than mono-frequency sinusoids. The triangular pitching kinematics are char-
acterised by an operating point of 𝛽0 = 0∘, pitch amplitudes of Δ𝛽 ∈ {4∘, 8∘} and periods
corresponding to the reduced frequencies 𝑘 ∈ {0.22,0.44,0.66}. The location of the pitching
axis is the quarter-chord point (𝑎 = −0.5). Ōtomo et al. [255] compared their experimental
results also to predictions fromTheodorsen theory by considering the superposition of the
individual Theodorsen solutions corresponding to the twenty leading Fourier harmonics.

The temporal evolution of the unsteady lift coefficient in response to the smoothed
triangular pitching kinematics is shown for one period 𝑇𝑝∗ in Figure 5.25, and the corre-
sponding maxima of the lift coefficient are summarised in Figure 5.26. The experimental
data and the Theodorsen solution are compared with the time domain solution of the de-
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Figure 5.25: One period of the unsteady lift coefficient in response to smoothed triangular pitching kinematics
with 𝑘 = 0.22 (a)/(c) and 𝑘 = 0.44 (b)/(d) with actuation amplitudes of Δ𝛽 = 4∘ and Δ𝛽 = 8∘. The predictions of
the model time domain solution are shown for 𝜖∗ = 0.4 using the lift coefficient of a flat plate. For reference,
the experimental results from Ōtomo et al. [255] are shown (the shaded grey area denotes the 95% confidence
interval). In addition the predictions ofTheodorsen theory are shown, where the non-circulatory and circulatory
contributions are also shown separately. The thick semi-transparent line indicates the time series of the pitch
actuation signal. Dots mark the maxima and minima of the signals.
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veloped model. The model solution is computed for the kernel width 𝜖∗ = 0.4, which was
determined as the recommended kernel width for unsteady conditions in the previous val-
idation section. We start by focusing on the case 𝑘 = 0.22/Δ𝛽 = 4∘ (Figure 5.25(a)), which
can be seen as the limit case for the ALM’s applicability to unsteady aerodynamics given
the preceding comparison with Theodorsen theory and the CFD results from Motta et al.
[254] in Section 5.7.1. TheTheodorsen solution is also shown split into the non-circulatory
and circulatory contributions to visualise their relative importance. The non-circulatory
term proportional to the pitch acceleration is zero within the linear parts of the pitch
actuation signal due to the constant pitch rate and thus only contributes close to the ex-
treme values of the pitch. It can be seen that the ALM predicts a slightly smaller unsteady
lift magnitude than Theodorsen theory, which can be attributed to the observation that
the non-circulatory terms neglected by the ALM reduce the damping of the unsteady lift
(also recall Figure 5.4). Due to the inclusion of the non-circulatory terms, the Theodorsen
theory predicts a positive phase shift with respect to the pitch actuation signal with the
fundamental frequency of 𝑘 = 0.22, whereas the ALM still predicts a small phase lag. The
experimental data shows the overall largest damping and phase lag. Motta et al. [254] also
studied the effect of including viscosity in their CFD study such that 𝑅𝑒 = 106 for a NACA
0018 airfoil. They observed a reduced maximum lift coefficient for the viscous results com-
pared to the inviscid reference. Furthermore, experiments conducted by Mackowski et al.
[256] for a NACA 0012 airfoil subject to sinusoidal pitching at 𝑅𝑒 = 16600 also showed
stronger damping, i.e. smaller peak lift coefficient values, compared to Theodorsen the-
ory for the pitch amplitudes Δ𝛽 ∈ {2,4,8}∘ in the range 𝑘 ∈ [0,1]. The increased deviation
between the inviscid ALM and Theodorsen solutions compared to the experimental data
from Ōtomo et al. [255] is thus in agreement with the observations made in the two
aforementioned studies. It should be further pointed out that one should not conclude
from the comparison with the experiment that the ALM prediction is more accurate than
Theodorsen theory. The closer match between the ALM and the experiment is rather likely
due to fortunate cancellation of the modelling errors due to neglecting viscosity, but in
addition also the three terms 𝑇 ̇𝛽

𝑁𝐶 , 𝑇
̈𝛽

𝑁𝐶 and 𝑇 ̇𝛽
𝐶 which in turn are captured by Theodorsen

theory.
Doubling the pitch amplitude (the case 𝑘 = 0.22/Δ𝛽 = 8∘ shown in Figure 5.25(c)) leads

to doubled lift magnitudes predicted by ALM and Theodorsen theory, which is consistent
with their linear nature. In contrast, the increase in lift magnitude seen in the experiment
is only 60%. Furthermore, phase predictions of the linear models are unaltered, whereas
the experiment shows a gain in phase such that the unsteady lift is almost in phase with
the pitch actuation. Further increasing the fundamental frequency of the pitch actuation
to 𝑘 = 0.44 increases the importance of the non-circulatory terms, where the unsteady
lift signals from Theodorsen theory and experiment now are ahead of the pitch actuation
(Figure 5.25(b)/(d)).

As a summary of the observations made above, the maximum lift coefficients for ALM,
Theodorsen theory and experiment are shown as a function of the reduced frequency 𝑘
in Figure 5.26. It can be concluded that for the case of 𝑘 = 0.22/Δ𝛽 = 4∘ both ALM and
Theodorsen theory still provide reasonable lift predictions despite the low Reynolds num-
ber 𝑅𝑒 = 32000 of the experiment. In this light, the observed errors can be seen as an upper
bound, given that for wind energy purposes, where the ALM finds its most use, chord-
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Figure 5.26: Maximum unsteady lift coefficient resulting from the smoothed triangular pitching kinematics with
amplitude Δ𝛽 = 4∘ and Δ𝛽 = 8∘. The predictions of the model time domain solution are shown for 𝜖∗ = 0.4 using
the lift coefficient of a flat plate. For reference, the experimental results of Ōtomo et al. [255] are shown (error
bars denote the 95% confidence interval). In addition the predictions of Theodorsen theory are shown.

based Reynolds numbers are two orders of magnitude larger. It should be again stressed
that the apparent bettermatch betweenALMand experiment compared toTheodorsen the-
ory is expected to stem from the lack of modelling the terms 𝑇 ̇𝛽

𝑁𝐶 , 𝑇
̈𝛽

𝑁𝐶 and 𝑇 ̇𝛽
𝐶 . Thus the

experimental validation affirms the conclusions drawn from the ALM-Theodorsen com-
parison (Section 5.4.3) and from the validation with inviscid CFD results (Section 5.7.1),
namely that the ALM can capture unsteady aerodynamic effects up to 𝑘 ≈ 0.2 given that
the Gaussian kernel width is close to the determined optimum 𝜖∗ ≈ 0.4; the airfoil thickness
is limited; and errors in phase of approximately twenty degrees can be accepted.

5.8 Conclusions
In this study, we assessed the ability of the actuator line model to capture the unsteady
aerodynamic effects of induced velocity due to shed vorticity. We focused on the sim-
plified two-dimensional problem of an airfoil represented by an unsteady Gaussian body
force. The objective was to determine the unsteady loading on the airfoil in response
to generic unsteady pitch actuation with an explicit dependence on the Gaussian kernel
width. This problem formulation thereby links the ALM to the theories developed by
Theodorsen [239] and Wagner [237] for the unsteady inviscid thin-airfoil problem. A
linearised vorticity transport equation was obtained from the Euler equations subject to
an unsteady Gaussian body force, which enabled the derivation of theoretical solutions
for the induced velocity along the wake centre line and the complete two-dimensional
vorticity field. The former solution takes the form of a Duhamel’s integral involving an
indicial response function. Based on the theoretical velocity solutions, a model for the
unsteady airfoil loading was derived. Its solution was obtained in the time domain by
solving a root-finding problem for the flow angle, as well as in the frequency domain by
deriving the system’s closed-loop transfer function mapping from the quasi-steady to the
unsteady lift force. The closed-loop transfer function is parameterised by the Gaussian
kernel width and thus explicitly shows its impact on the amplitude modulation and phase
lag of the unsteady lift as a function of the reduced frequency.
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The model was verified with non-linear reference data obtained by means of ALM-
LES. The verification study considered both pitch step and periodic pitch actuation cases,
where the model was tested within the linear region of the airfoil’s lift curve. The relative
errors for the angle of attack were on the order of tenths of a per cent. The model was
shown to accurately capture the time evolution of the induced normal velocity, the angle
of attack and the streamwise and normal force coefficients within the considered range
of kernel widths 𝜖∗ ∈ [0.25,4.0] and reduced frequencies 𝑘 ∈ {0.1,0.2,0.3,0.6}. However, a
mismatch between ALM-LES and the model was observed for the streamwise induced ve-
locity in the case of combined streamwise and normal forcing. This mismatch was shown
to be a direct consequence of the linearisation of the vorticity transport equation during
the model derivation by computing the induced velocity corresponding to the vorticity
residual between the non-linear ALM-LES results and the theoretical vorticity solution.

The derived model was then used to validate the ALM’s ability to model unsteady
aerodynamics in attached flow conditions below stall. The comparison with Theodorsen
theory showed that the ALM does not capture the contributions of the non-circulatory
terms and the circulatory contribution of the pitch rate. This conclusion was confirmed
by further validating with reference results obtained bymeans of inviscid CFD using body-
fitted grids. Two main conclusions were drawn from this validation. Firstly, the optimal
kernel width for modelling unsteady aerodynamics with the classical ALM based on point
velocity sampling is 𝜖∗ ≈ 0.4. This value is still on the order 𝜖∗ = 𝒪(10−1), but slightly larger
than the range 𝜖∗ ∈ [1/8,1/4] previously identified for the optimal steady-state isotropic
Gaussian kernel width. Secondly, the ALM can accurately predict the magnitude of the
unsteady loading up to reduced frequencies of 𝑘 ≈ 0.2 when employing a kernel width on
the order of the identified optimum for unsteady aerodynamics. However, small errors in
phase occur as soon as 𝑘 > 0, where the error is about twenty degrees at 𝑘 = 0.2. Finally,
validation with experimental data for an airfoil executing smoothed triangular pitching
kinematics at 𝑅𝑒 = 32000 further pointed towards the previously identified threshold fre-
quency of 𝑘 ≈ 0.2 beyond which the ALM is not sufficient to capture unsteady effects.

Based on the results, we have identified three key directions for future work. Firstly,
the model derivation is currently based on a linearisation point equivalent to undisturbed
(vorticity-free) flow. Incorporating a flexible linearisation point by using the correspond-
ing steady-state solution could improve the model’s capabilities of predicting the trajec-
tory of the shed vorticity in the wake. A second path is to extend the model to three dimen-
sions, e.g., to obtain an unsteady three-dimensional filtered lifting line solution, extending
the steady-state solution derived by Martínez-Tossas et al. [149]. Finally, this unsteady
three-dimensional filtered lifting line solution could then be employed as a correction for
coarse grid ALM-LES.

5.A Solving the linearised vorticity transport equation
In order to solve equation 5.4, one can exploit its advection character by considering
solutions along spatio-temporal curves given by 𝑋(𝑠) = 𝑥∗ + 𝑠 and 𝑇(𝑠) = 𝑡∗ + 𝑠 (neglecting
the 𝑦∗ dependence, which is not relevant for the derivation). Differentiation of the solution
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along these curves yields

𝑑
𝑑𝑠 𝜔∗(𝑋(𝑠),𝑇 (𝑠)) = 𝜕𝜔∗

𝜕𝑥
𝑑𝑋
𝑑𝑠 + 𝜕𝜔∗

𝜕𝑡
𝑑𝑇
𝑑𝑠 = 𝜕𝜔∗

𝜕𝑥 + 𝜕𝜔∗
𝜕𝑡 = 𝐹(𝑋(𝑠),𝑇 (𝑠)) (5.31)

where 𝐹(𝑋(𝑠),𝑇 (𝑠)) represents the right-hand side of equation 5.4. Subsequent integration
from 𝑇(𝑠 = −𝑡∗) = 0 to 𝑇(𝑠 = 0) = 𝑡∗ provides

0

∫
−𝑡∗

𝑑
𝑑𝑠 𝜔∗(𝑋(𝑠),𝑇 (𝑠))d𝑠 = 𝜔∗(𝑥∗, 𝑡∗) −𝜔∗(𝑥∗ − 𝑡∗, 0) =

0

∫
−𝑡∗

𝐹(𝑥∗ + 𝑠, 𝑡∗ + 𝑠)d𝑠. (5.32)

Using the transformation 𝑠′ = 𝑡∗ +𝑠 (𝑑𝑠′ = 𝑑𝑠) and subsequently denoting 𝑠′ again as 𝑠, the
solution with the explicit 𝑦∗ dependence is obtained as shown in equation 5.6.

5.B The vorticity field created by an unsteady Gaussian
body force

The derivations in Section 5.3 bypass the need to calculate an explicit vorticity solution
and thus avoid the need for expressing the forcing in terms of a given set of basis func-
tions. This approach allows the computation of the unsteady loading on an airfoil subject
to a generic pitch actuation, as shown in Section 5.4. However, it is instructive to study
not only the influence of the Gaussian kernel width on the unsteady loading but also the
unsteady vorticity field forming around the airfoil for the following two reasons: First, the
vorticity field offers an explanation for the magnitude and phase modulation introduced
to the unsteady loading for a given Gaussian kernel width and reduced frequency. Sec-
ond, the vorticity solution can be utilised to assess the spatial and temporal nature of the
modelling error caused by linearising the vorticity transport equation (equation 5.3) by
computing the non-linear vorticity residual with respect to the reference LES data.

Thus, in the following an unsteady vorticity solution for equation 5.4 is derived, which
requires expressing the forcing time histories 𝐶𝑥 (𝑡∗) and 𝐶𝑦(𝑡∗) as a Fourier series. Then,
the solution from Section 5.4.1 can be utilised as a starting point to obtain the forcing
time histories for a given pitch actuation signal defined on 𝑡∗ ∈ [0,𝑇∗], incorporating the
feedback effect of the shed vorticity. Subsequently, the forcing time histories are expressed
as discrete Fourier series

𝐶𝑥 (𝑡∗) = 𝐶0𝑥 +
𝑁
∑
𝑛=1

(𝛼𝑛𝑥 cos(2𝜋𝑛𝑡∗/𝑇∗)+𝛽𝑛𝑥 sin(2𝜋𝑛𝑡∗/𝑇∗)), (5.33)

𝐶𝑦(𝑡∗) = 𝐶0𝑦 +
𝑁
∑
𝑛=1

(𝛼𝑛𝑦 cos(2𝜋𝑛𝑡∗/𝑇∗)+𝛽𝑛𝑦 sin(2𝜋𝑛𝑡∗/𝑇∗)), (5.34)

where 𝛼𝑛𝑥 , 𝛽𝑛𝑥 , 𝛼𝑛𝑦 and 𝛽𝑛𝑦 are the real Fourier coefficients for the streamwise and normal
forcing, respectively. By exploiting the linearity of equation 5.4, one may consider the
solution for each Fourier basis function separately and obtain the complete solution by
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superposition. To this end, consider the combined streamwise and normal forcing term
(right-hand side of equation 5.4) for a single frequency component to be

𝐹𝑛(𝑥∗, 𝑦∗, 𝑡∗) =
−𝑦∗(𝛼𝑛𝑥 cos(𝜎𝑛∗ 𝑡∗) + 𝛽𝑛𝑥 sin(𝜎𝑛∗ 𝑡∗))

𝜋𝜖4∗
𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗

+ 𝑥∗(𝛼𝑛𝑦 cos(𝜎𝑛∗ 𝑡∗) + 𝛽𝑛𝑦 sin(𝜎𝑛∗ 𝑡∗))
𝜋𝜖4∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ , (5.35)

where 𝜎𝑛∗ = 2𝜋𝑛𝑡∗/𝑇∗ is the harmonic angular frequency.

The complete vorticity solution is then obtained by superposing three contributions:
the unsteady vorticity contributions from each non-zero frequency 𝜔𝑛∗ , the contributions
𝜔0∗ from the zero frequency components 𝐶0𝑥 and 𝐶0𝑦 , and, if applicable, the contribution
from the initial vorticity field 𝜔𝐼𝐶∗ , which in this work is considered to be the vorticity
field corresponding to the steady state solution (equations (8) and (15) from [146]). In the
following, we derive the missing solutions for the first two contributions for normal and
streamwise forcing and assemble the complete solutions.

5.B.1 Vorticity due to normal forcing
The vorticity solution accounting for the unsteady non-zero frequency contributions (𝑛 >
0) of the normal forcing is obtained by inserting the normal forcing component of equation
5.35 into the integral in equation 5.6 to obtain

𝜔𝑛∗ =
𝑥∗

∫
𝑥∗−𝑡∗

𝜉 𝛼
𝑛𝑦 cos[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] + 𝛽𝑛𝑦 sin[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)]

𝜋𝜖4∗
𝑒−(𝜉 2+𝑦2∗ )/𝜖2∗ d𝜉 , (5.36)

where the transformation 𝜉 = 𝑥∗ + (𝑠 − 𝑡∗) (d𝜉 = d𝑠) is used. The analytical solution for this
integral is derived in Appendix 5.B.3. The solution corresponding to the zero frequency
component of the unsteady forcing (𝑛 = 0) is obtained by inserting the forcing 𝐶0𝑦 instead
of the trigonometric functions into the integral in equation 5.6, which then can readily be
solved to obtain

𝜔0∗ = − 𝐶0𝑦
2𝜋𝜖2∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ + 𝐶0𝑦
2𝜋𝜖2∗

𝑒−[(𝑥∗−𝑡∗)2+𝑦2∗ ]/𝜖2∗ . (5.37)

Finally, all three vorticity contributions can be combined to end up with the vorticity
solution given an unsteady normal forcing 𝐶𝑦(𝑡∗) and subject to the assumption that 𝐶𝑦(𝑡∗)
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can be expressed as a discrete Fourier series:

𝜔(𝑥∗, 𝑦∗, 𝑡∗) =𝜔𝐼𝐶∗ +𝜔0∗ +𝜔𝑛∗

=− 𝐶 𝐼𝐶𝑦
2𝜋𝜖2∗

𝑒−[(𝑥∗−𝑡∗)2+𝑦2∗ ]/𝜖2∗

− 𝐶0𝑦
2𝜋𝜖2∗

𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ + 𝐶0𝑦
2𝜋𝜖2∗

𝑒−[(𝑥∗−𝑡∗)2+𝑦2∗ ]/𝜖2∗

+
𝑁
∑
𝑛=1

{−𝛼
𝑛𝑦 cos(𝜎𝑛∗ 𝑡∗) + 𝛽𝑛𝑦 sin(𝜎𝑛∗ 𝑡∗)

2𝜋𝜖2∗
𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗

+ 𝛼𝑛𝑦
2𝜋𝜖2∗

𝑒−[(𝑥∗−𝑡∗)2+𝑦2∗ ]/𝜖2∗

+ 𝜎𝑛∗
4𝜋𝜖2∗

𝑒−𝑦2∗ /𝜖2∗ {(𝛼𝑛𝑦 𝑖 + 𝛽𝑛𝑦 )𝑒𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗) (−12 𝑖 √𝜋𝜖∗𝑒
−1/4(𝜎𝑛∗ )2𝜖2∗ ) ×

[erfi(𝜎
𝑛∗ 𝜖∗
2 + 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 + 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)]

+ (−𝛼𝑛𝑦 𝑖 + 𝛽𝑛𝑦 )𝑒−𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗) (12 𝑖 √𝜋𝜖∗𝑒
−1/4(𝜎𝑛∗ )2𝜖2∗ ) ×

[erfi(𝜎
𝑛∗ 𝜖∗
2 − 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 − 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)]}} . (5.38)

It can be noted that in the case of a constant forcing and an already established bound
vortex (i.e., 𝐶 𝐼𝐶𝑦 = 𝐶0𝑦 ) the solution simply reduces to the steady state solution derived in
[146].

5.B.2 Vorticity due to streamwise forcing
The vorticity solution accounting for the unsteady non-zero frequency contributions (𝑛 >
0) of the streamwise forcing is obtained by inserting the streamwise forcing component
of equation 5.35 into the integral in equation 5.6. Making use again of the transformation
𝜉 = 𝑥∗ + (𝑠 − 𝑡∗), the integral reads as

𝜔𝑛∗ = − 𝑦∗
𝜋𝜖4∗

𝑥∗

∫
𝑥∗−𝑡∗

(𝛼𝑛𝑥 cos[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] + 𝛽𝑛𝑥 sin[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)])𝑒−(𝜉 2+𝑦2∗ )/𝜖2∗ d𝜉 , (5.39)

and its solution is derived in Appendix 5.B.4. The solution corresponding to the zero
frequency component (𝑛 = 0) of the unsteady forcing is obtained by inserting the forcing
𝐶0𝑥 instead of the trigonometric functions into the integral in equation 5.6, which can then
be solved to obtain

𝜔0∗ =
𝐶0𝑥

2 √𝜋𝜖3∗
𝑦∗𝑒−𝑦2∗ /𝜖2∗ [erf(

𝑥∗ − 𝑡∗
𝜖∗

)− erf(𝑥∗𝜖∗
)]. (5.40)
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Combining all three contributions leads to the complete vorticity solution resulting from
periodic streamwise forcing 𝐶𝑥 (𝑡∗):

𝜔(𝑥∗, 𝑦∗, 𝑡∗) =𝜔𝐼𝐶∗ +𝜔0∗ +𝜔𝑛∗

=− 𝐶 𝐼𝐶𝑥
2 √𝜋𝜖3∗

𝑦∗𝑒−𝑦2∗ /𝜖2∗ [1+ erf(𝑥∗ − 𝑡∗𝜖∗
)]

+ 𝐶0𝑥
2 √𝜋𝜖3∗

𝑦∗𝑒−𝑦2∗ /𝜖2∗ [erf(
𝑥∗ − 𝑡∗
𝜖∗

)− erf(𝑥∗𝜖∗
)]

+
𝑁
∑
𝑛=1

{− 𝑦∗
2𝜋𝜖4∗

𝑒−𝑦2∗ /𝜖2∗ {(𝛼𝑛𝑥 − 𝑖𝛽𝑛𝑥 )𝑒𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗) (−12 𝑖 √𝜋𝜖∗𝑒
−1/4(𝜎𝑛∗ )2𝜖2∗ ) ×

[erfi(𝜎
𝑛∗ 𝜖∗
2 + 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 + 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)]

+ (𝛼𝑛𝑥 + 𝑖𝛽𝑛𝑥 )𝑒−𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗) (12 𝑖 √𝜋𝜖∗𝑒
−1/4(𝜎𝑛∗ )2𝜖2∗ ) ×

[erfi(𝜎
𝑛∗ 𝜖∗
2 − 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 − 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)]}} . (5.41)

An observation similar to the normal forcing case can be made. In the case of constant
forcing and an already established vorticity (i.e., 𝐶 𝐼𝐶𝑥 = 𝐶0𝑥 ), the solution simply reduces to
the steady state solution derived in [146].

5.B.3 Intermediate steps: Normal forcing
Equation 5.36 can be integrated by parts to obtain

ℐ = −
𝑥∗

∫
𝑥∗−𝑡∗

𝛼𝑛𝑦 cos[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] + 𝛽𝑛𝑦 sin[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)]
2𝜋𝜖2∗

d
d𝜉 [𝑒

−(𝜉 2+𝑦2∗ )/𝜖2∗ ]d𝜉

= ℐ1 +ℐ2 +ℐ3

= −𝛼
𝑛𝑦 cos(𝜎𝑛∗ 𝑡∗) + 𝛽𝑛𝑦 sin(𝜎𝑛∗ 𝑡∗)

2𝜋𝜖2∗
𝑒−(𝑥2∗ +𝑦2∗ )/𝜖2∗ + 𝛼𝑛𝑦

2𝜋𝜖2∗
𝑒−[(𝑥∗−𝑡∗)2+𝑦2∗ ]/𝜖2∗

+
𝑥∗

∫
𝑥∗−𝑡∗

−𝛼𝑛𝑦 𝜎𝑛∗ sin[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] + 𝛽𝑛𝑦𝜎𝑛∗ cos[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)]
2𝜋𝜖2∗

𝑒−(𝜉 2+𝑦2∗ )/𝜖2∗ d𝜉 . (5.42)

The last integral is computed with the help of the imaginary error function erfi(𝑧) =
1/𝑖 erf (𝑖𝑧). To this end, the trigonometric functions are replaced with their representation
in terms of complex exponentials

sin[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] =
1
2𝑖 [𝑒

𝑖𝜎𝑛∗ (𝜉−𝑥∗+𝑡∗) −𝑒−𝑖𝜎𝑛∗ (𝜉−𝑥∗+𝑡∗)] (5.43a)

cos[𝜎𝑛∗ (𝜉 −𝑥∗ + 𝑡∗)] =
1
2 [𝑒𝑖𝜎𝑛∗ (𝜉−𝑥∗+𝑡∗) +𝑒−𝑖𝜎𝑛∗ (𝜉−𝑥∗+𝑡∗)] (5.43b)
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which leads to the modified integral

ℐ3 =
𝜎𝑛∗
𝜖2∗

𝑒−𝑦2∗ /𝜖2∗ [(𝛼𝑛𝑦 𝑖 + 𝛽𝑛𝑦 )𝑒𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗)
𝑥∗

∫
𝑥∗−𝑡∗

𝑒𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉

+ (−𝛼𝑛𝑦 𝑖 + 𝛽𝑛𝑦 )𝑒−𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗)
𝑥∗

∫
𝑥∗−𝑡∗

𝑒−𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉 ]. (5.44)

The two remaining integrals can be solved analytically and are given by

𝑥∗

∫
𝑥∗−𝑡∗

𝑒𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉 = −12 𝑖 √𝜋𝜖∗𝑒
−1/4(𝜎𝑛∗ )2𝜖2∗ [erfi(𝜎

𝑛∗ 𝜖∗
2 + 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 + 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)],

(5.45a)
𝑥∗

∫
𝑥∗−𝑡∗

𝑒−𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉 = 1
2 𝑖 √𝜋𝜖∗𝑒

−1/4(𝜎𝑛∗ )2𝜖2∗ [erfi(𝜎
𝑛∗ 𝜖∗
2 − 𝑖𝑥∗

𝜖∗
)− erfi(𝜎

𝑛∗ 𝜖∗
2 − 𝑖(𝑥∗ − 𝑡∗)

𝜖∗
)].

(5.45b)

Thus, the remaining integral ℐ3 in equation 5.42 is solved, and one obtains the non-zero
frequency contributions (𝑛 > 0) of the normal forcing to the vorticity solution given in
equation 5.38.

5.B.4 Intermediate steps: Streamwise forcing
Equation 5.39 can be rewritten using the exponential expressions for the trigonometric
functions as done for the derivation of the normal vorticity, and the resulting integral is
given by

𝜔𝑛∗ = − 𝑦∗
2𝜋𝜖4∗

𝑒−𝑦2∗ /𝜖2∗ [(𝛼𝑛𝑥 − 𝑖𝛽𝑛𝑥 )𝑒𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗)
𝑥∗

∫
𝑥∗−𝑡∗

𝑒𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉

+ (𝛼𝑛𝑥 + 𝑖𝛽𝑛𝑥 )𝑒−𝑖𝜎𝑛∗ (−𝑥∗+𝑡∗)
𝑥∗

∫
𝑥∗−𝑡∗

𝑒−𝑖𝜎𝑛∗ 𝜉−𝜉 2/𝜖2∗ d𝜉 ]. (5.46)

It is noted that this solution only differs from its normal forcing counterpart (equation
5.44) in terms of the pre-factors of the integrals. The solutions to the integrals themselves
are the same as derived in the previous section for the normal forcing. Thus, one obtains
the non-zero frequency contributions (𝑛 > 0) of the streamwise forcing to the vorticity
solution given in equation 5.41.
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5.C Derivation of the induced velocity solutions
5.C.1 Normal induced velocity
Starting from equation 5.8, integration of the portion of the integral with 𝑦′∗ dependence
yields

+∞

∫
−∞

(𝑥∗ −𝑥′∗ )
(𝑥∗ −𝑥′∗ )2 + (−𝑦′∗ )2

𝑒−𝑦′2∗ /𝜖2∗ d𝑦′∗ = sgn(𝑥∗ −𝑥′∗ )𝜋[1− erf( |𝑥∗ −𝑥
′∗ |

𝜖∗
)]𝑒(𝑥∗−𝑥′∗ )2/𝜖2∗ , (5.47)

which can then be combined with the portion of the integral with 𝑥′∗ dependence to obtain

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

𝐶𝑦(𝑠)
2𝜋𝜖4∗

+∞

∫
−∞

sgn(𝑥∗ −𝑥′∗ )(𝑥′∗ + 𝑠 − 𝑡∗)[1− erf( |𝑥∗ −𝑥
′∗ |

𝜖∗
)]𝑒(−(𝑥′∗ +𝑠−𝑡∗)2+(𝑥∗−𝑥′∗ )2)/𝜖2∗ d𝑥′∗ d𝑠. (5.48)

The argument of the exponential function can be rewritten as −2(𝑥∗+𝑠−𝑡∗)𝑥′∗ +𝑥2∗ −(𝑠 −𝑡∗)2,
and with the transformation 𝑥′′∗ = 𝑥∗ −𝑥′∗ (d𝑥′′∗ = −d𝑥′∗ ), one obtains

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

𝐶𝑦(𝑠)
2𝜋𝜖4∗

−∞

∫
+∞

(−1)sgn(𝑥′′∗ )(−𝑥′′∗ +𝑥∗ + 𝑠 − 𝑡∗)[1− erf( |𝑥
′′∗ |
𝜖∗

)]×

𝑒(2(𝑥∗+𝑠−𝑡∗)𝑥′′∗ −2(𝑥2∗ +𝑥∗(𝑠−𝑡∗))+(𝑥2∗ −(𝑠−𝑡∗)2))/𝜖2∗ d𝑥′′∗ d𝑠. (5.49)

The factor of (−1) can be cancelled by switching the integration limits. Furthermore, the
change in sign at 𝑥′′∗ = 0 can be handled by splitting the integral and using the fact that the
error function is an odd function (erf(−𝑥′′∗ ) = −erf(𝑥′′∗ )) in order to eliminate the absolute
value in the argument of the error function, which yields

𝑣𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =
𝑡∗

∫
0

𝐶𝑦(𝑠)
2𝜋𝜖4∗

+∞

∫
0
(−𝑥′′∗ +𝑥∗ + 𝑠 − 𝑡∗)[1− erf(𝑥

′′∗
𝜖∗

)]×

𝑒(2(𝑥∗+𝑠−𝑡∗)𝑥′′∗ −2(𝑥2∗ +𝑥∗(𝑠−𝑡∗))+(𝑥2∗ −(𝑠−𝑡∗)2))/𝜖2∗ d𝑥′′∗

+
0

∫
−∞

(−1)(−𝑥′′∗ +𝑥∗ + 𝑠 − 𝑡∗)[1+ erf(𝑥
′′∗
𝜖∗

)]×

𝑒(2(𝑥∗+𝑠−𝑡∗)𝑥′′∗ −2(𝑥2∗ +𝑥∗(𝑠−𝑡∗))+(𝑥2∗ −(𝑠−𝑡∗)2))/𝜖2∗ d𝑥′′∗ d𝑠. (5.50)

Subsequent integration in d𝑥′′∗ yields the solution for the normal induced velocity (equa-
tion 5.9).
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5.C.2 Streamwise induced velocity
The solution for the portion of the integral in equation 5.15 which depends on 𝑦′∗ is given
by

−
+∞

∫
−∞

𝑦′2∗
(𝑥∗ −𝑥′∗ )2 + (−𝑦′∗ )2

𝑒−𝑦′2∗ /𝜖2∗ d𝑦′∗ =

− √𝜋𝜖∗ −𝜋 |𝑥∗ −𝑥′∗ | (erf(|𝑥∗ −𝑥′∗ |/𝜖∗) − 1)𝑒(𝑥∗−𝑥′∗ )2/𝜖2∗ , (5.51)

and thus we are left with

𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) =

−
𝑡∗

∫
0

𝐶𝑥 (𝑠)
2𝜋2𝜖4∗

+∞

∫
−∞

( √𝜋𝜖∗ +𝜋 |𝑥∗ −𝑥′∗ | (erf(|𝑥∗ −𝑥′∗ |/𝜖∗) − 1)𝑒(𝑥∗−𝑥′∗ )2/𝜖2∗ )𝑒−(𝑥′∗ +𝑠−𝑡∗)2/𝜖2∗ d𝑥′∗ d𝑠.

(5.52)

The argument of the exponential simplifies to −2𝑥′∗ (𝑥∗ + 𝑠 − 𝑡∗) +𝑥2∗ − (𝑠 − 𝑡∗)2. The absolute
values are handled by splitting the integral in two parts, and we further transform the
integrals by substituting 𝑥′′∗ = 𝑥∗ −𝑥′∗ (d𝑥′′∗ = −d𝑥′∗ ) to obtain

𝑢𝑢𝑠∗ (𝑥∗, 0, 𝑡∗) = −
𝑡∗

∫
0

𝐶𝑥 (𝑠)
2𝜋2𝜖4∗

+∞

∫
0
( √𝜋𝜖∗𝑒−(𝑥∗−𝑥′′∗ +𝑠−𝑡∗)2/𝜖2∗ )+ (𝜋𝑥′′∗ (erf(𝑥′′∗ /𝜖∗) − 1)×

𝑒(2𝑥′′∗ (𝑥∗+𝑠−𝑡∗)−2𝑥∗(𝑥∗+𝑠−𝑡∗)+𝑥2∗ −(𝑠−𝑡∗)2)/𝜖2∗ )d𝑥′′∗ d𝑠

+
0

∫
−∞

( √𝜋𝜖∗𝑒−(𝑥∗−𝑥′′∗ +𝑠−𝑡∗)2/𝜖2∗ )+ (𝜋 (−1)𝑥′′∗ (−erf(𝑥′′∗ /𝜖∗) − 1)×

𝑒(2𝑥′′∗ (𝑥∗+𝑠−𝑡∗)−2𝑥∗(𝑥∗+𝑠−𝑡∗)+𝑥2∗ −(𝑠−𝑡∗)2)/𝜖2∗ )d𝑥′′∗ d𝑠, (5.53)

where we exploited the fact that erf(−𝑥′′∗ ) = −erf(𝑥′′∗ ). Integration then yields equation
5.16.

5.D A note on velocity sampling in the ALM
Both the time and frequency domain solutions of the developedmodel compute the forcing
based on the flow angle determined at the actuator point. This approach was introduced in
the foundational ALM work by Sørensen et al. [137]. Nevertheless, there is a difference in
the definition of the velocity magnitude used for the force calculation between the derived
theoretical solutions and the common ALM implementation in LES codes. In principle,
the lift and drag coefficients used in step (ii) of the algorithm outlined in Section 5.4.1
are defined for the free stream velocity 𝑈∞. Since the characteristic velocity scale to non-
dimensionalise the equations in this work is chosen to be 𝑈∞, the derived solutions are
consistent with this definition. However, common ALM implementations in LES codes
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not only use the local velocity 𝒖𝐿𝐸𝑆∗ at the actuator point to determine the flow angle for
evaluation of the force coefficients but also use its magnitude to directly compute the force,
e.g., for the lift force one would have 𝐹𝐿𝐸𝑆𝐿 ∝ |𝒖𝐿𝐸𝑆∗ |2𝐶𝐿(𝛼). This velocity is affected by the
induced velocities such that |𝒖𝐿𝐸𝑆∗ | = ((1+𝑢𝐿𝐸𝑆∗ (0,0, 𝑡∗))2+𝑣𝐿𝐸𝑆∗ (0,0, 𝑡∗)2)1/2 and thus in case
of a non-zero drag coefficient or shed vorticity, it is |𝒖𝐿𝐸𝑆∗ | ≠ 1, where it should be noted
that for small induced velocities |𝒖𝐿𝐸𝑆∗ | ≈ |1 +𝑢𝐿𝐸𝑆∗ (0,0, 𝑡∗)|. However, the force calculation
should be based on the free stream velocity according to 𝐹𝐿 ∝ 𝐶𝐿(𝛼).

Martínez‐Tossas et al. [146] and Caprace et al. [230] proposed corrections which
are used to determine an estimate of the free stream velocity solely based on the locally
sampled velocity at the actuator point. Specifically for this work this would mean that
equation 5.20 for 𝑢∗ at the actuator point would be employed to obtain the estimate

𝑈 𝐸𝑠𝑡∞ ≈ |𝒖𝐿𝐸𝑆 −𝑢∗(0,0, 𝑡∗)𝒊|. (5.54)

In the present work, this issue can be circumvented for the reference LES simulations car-
ried out in Section 5.5, since the free stream velocity 𝑈∞ is known and thus can be directly
used for the force calculation. If, on the other hand, the LES the force coefficients would
be directly evaluated with the locally sampled velocity magnitude, an additional error be-
tween model and LES would be introduced as 𝐹𝐿𝐸𝑆𝐿 /𝐹𝐿 = |𝒖𝐿𝐸𝑆 |2 ≈ (1+𝑢𝐿𝐸𝑆∗ (0,0, 𝑡∗))2.

5.E Grid and domain size convergence of the LES setup
This appendixmotivates the chosen LES setup in Section 5.5.2 by studying the convergence
of the angle of attack time history at the actuator point both with grid and domain size. For
this purpose, we choose a case with a stronger forcing magnitude than any case studied
in the validation section (A14-Cxy-S18 for 𝜖∗ = 0.25). The stronger magnitude results in
steeper gradients and thus a more conservative setup choice.

The domain size is completely determined by the simulation time 𝑇∗ and the length 𝐿𝑦∗ ,
which is the semi-domain height, but also sets the upstream and downstream fetch. All
runs for the convergence study are conducted for 𝑇∗ = 256, which is the longest simulation
time used for the model validation. The angle of attack time dependence on 𝐿𝑦∗ is shown
in Figure 5.27, where the grid size of the most inner refinement is 𝜖∗/Δ𝑥∗ = 4 and spans
−4𝜖∗ < 𝑥∗ < 𝑇∗ + 4𝜖∗ and −4𝜖∗ < 𝑦∗ < 4𝜖∗. It can be seen that the angle of attack evolution
is only smooth up to the time instance 𝑡∗ where the start-up vortex reaches the location
𝑥∗ ≈ 𝐿𝑦∗ and its induced velocity field, which scales with the inverse of the distance to
the vortex core, is altered by the slip boundary conditions applied at the domain top and
bottom. Consequently, we choose 𝐿𝑦∗ = 256 since we conduct validation LES runs with
𝑇∗ = 256. The relative error compared to an even larger domainwith 𝐿𝑦∗ = 512 (Figure 5.27b)
slowly increases with time but does not exceed 0.1%, even at the final time instance 𝑡∗ = 𝑇∗.

Furthermore, the resolution of the most inner refinement is varied between 𝜖∗/Δ𝑥∗ = 2,
𝜖∗/Δ𝑥∗ = 4 and 𝜖∗/Δ𝑥∗ = 8 using the chosen 𝐿𝑦∗ = 256. Note that the resolution of the base
grid is constant, and the resolution is varied by adding additional refinement levels around
the actuator point and the wake region. The normal extent of the most inner refinement
is always −4𝜖∗ < 𝑦∗ < 4𝜖∗. The streamwise extent of the two coarser resolutions is −4𝜖∗ <
𝑥∗ < 𝑇∗ +4𝜖∗, whereas the highest resolution case only adds an additional refinement level
between −4𝜖∗ < 𝑥∗ < 16+4𝜖∗. The evolution of the angle of attack on these three different
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Figure 5.27: Domain size convergence study for case A14-Cxy-S18 using 𝜖∗ = 0.25. The simulation time is 𝑇∗ = 256,
and the resolution of the most inner refinement is 𝜖∗/Δ𝑥∗ = 4. (a) Angle of attack for the range of semi-domain
heights 𝐿𝑦∗ = 32 to 𝐿𝑦∗ = 512 where the upstream and downstream fetch are scaled accordingly as described in
Section 5.5.2. (b) Relative error based on the angle of attack step magnitude Δ𝛼 = 18∘. The reference case for the
calculation of the error is 𝐿𝑦∗ = 512.

grid resolutions is shown in Figure 5.28. Contrary to the domain size convergence, the
relative angle of attack error for the grid resolution convergence stays constant after the
start-up phase. This is the case because it is governed by the strength of the start-up
vortex, which is determined during the initial phase of the step response. The relative
error for the 𝜖∗/Δ𝑥∗ = 4 case is below 0.25% after the first few time steps (Figure 5.28b). We
conservatively choose here a resolution of 𝜖∗/Δ𝑥∗ = 8 for all model validation runs, which
ensures fully converged LES results.
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Figure 5.28: Grid size convergence study for case A14-Cxy-S18 using 𝜖∗ = 0.25. The simulation time is 𝑇∗ = 256 and
the semi-domain height is 𝐿𝑦∗ = 256. (a) Angle of attack for the range of grid resolutions 𝜖∗/Δ𝑥∗ = 2 to 𝜖∗/Δ𝑥∗ = 8
(for the most inner refinement). The semi-domain height for all three cases is 𝐿𝑦∗ = 256. (b) Relative error based
on the angle of attack step magnitude Δ𝛼 = 18∘. The reference case for the calculation of the error is 𝜖∗/Δ𝑥∗ = 8.
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6
Conclusions and Recommendations
In the following, we return to the individual conclusions of each chapter and subsequently
formulate the overall conclusion of this thesis (Section 6.1). We conclude by presenting
the recommendations for future work (Section 6.2).

6.1 Conclusions
In this thesis, we set out with the following overall objective:

Assess the performance of helix active wake control in quasi-steady atmospheric
boundary layers and develop actuator linemodel capabilities for its study in coarse
grid real weather large-eddy simulations.

This objective was approached in two steps. In a first step, which comprises Chapters
2 and 3, we focused on large-eddy simulations of helix active wake control in quasi-steady
atmospheric boundary layers in order to address two objectives: On the one hand, the
trade-off between power gain and added loading for helix active wake control in terms of
its sensitivity to the actuation amplitude; and on the other hand, the comparison of helix
active wake control with wake steering control. In a second step, comprising Chapters 4
and 5, we then implemented an actuator line model into an atmospheric LES code using
the filtered lifting line correction to improve force predictions on coarse grids. Finally,
we took the dynamic individual pitch actuation underlying helix active wake control as
inspiration to explore the unsteady aerodynamic response as it is captured by the actuator
line model.

The trade-off between power gain and load for the helix
Quantify the sensitivity of helix active wake control to the pitch amplitude con-
trol input in terms of the trade-off between wind farm power gain and structural
turbine loading.

Helix active wake control was deployed on the upstream turbine of a small two-turbine
wind farm operating in a conventionally neutral boundary layer with turbulence intensity
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of 3 − 5% across the rotor. The pitch actuation amplitude was varied between 𝛽 ∈ [1∘, 6∘]
while the actuation frequency was fixed at 𝑆𝑡 = 0.25. We found that the power gain did
not saturate within the considered range of pitch amplitudes. After a small region of
non-linear scaling, the overall relative power gain for pitch amplitudes of 𝛽 > 2∘ scaled
approximately linearly. The power loss at the actuated turbine was caused by the airfoils
operating mainly at sub-optimal angles of attack away from the design point achieved
by the baseline greedy control at max(𝐶𝐿/𝐶𝐷). The wake of the first turbine showed ele-
vated levels of turbulence kinetic energy compared to baseline greedy control throughout
the wake between 𝑥/𝐷 = 1 − 4 with up to fourfold levels in the upper wake shear layer
in the near wake at one diameter downstream. In conjunction, the mean streamwise ve-
locity in the wake indicated accelerated wake recovery, which led to a maximum relative
power gain of 74.6% at the downstream turbine for a pitch amplitude of 𝛽 = 6∘. The phase-
averaged wake centre trajectory for cases with helix actuation followed close to circular
paths in cross-stream planes where the radius increased with pitch amplitude. This foot-
print of the helix in the wake caused the control to be not only present with a frequency
peak at 1𝑃 +𝑆𝑡 in the out-of-plane blade moments of the actuated turbine, but also with a
peak at 𝑆𝑡 at the downstream turbine, which indicates that there is still actuation induced
coherent motion remaining at 𝑥/𝐷 = 5, which could be exploited for deploying the con-
trol also on downstream turbines. The achieved power gain came at the cost of similar
increases of the pitch bearing damage and the DELs of the actuated turbine, in particular
for the blade root flapwise and the tower top side-side and fore-aft channels. The DEL
increases on the downstream turbine were, in comparison, marginal.

Comparison of helix and wake steering control

Compare the robustness of power gains achieved with helix active wake control
to variations in turbine spacing and wake overlap with static wake steering.

To this end, a LES setup was developed, which made the comparison of helix and wake
steering control across a wide range of turbine spacing and wake overlap computationally
tractable. For wake steering, the optimal yaw offset was selected from the interval 𝛾 ∈
[−30,30]∘ while for the helix, only a single case with 𝑆𝑡 = 0.3 and a pitch amplitude of 𝛽 = 3∘
was considered. Two main conclusions were drawn. Firstly, wake steering outperformed
the chosen helix control in terms of power gain for all operating scenarios except the
situation of full wake overlap combined with dense turbine spacing of approximately less
than six turbine diameters. Here, it needs to be noted that this conclusion was obtained
using a single atmospheric condition with turbulence intensity levels of 3 − 5% and 4∘ of
veer across the rotor. Furthermore, this conclusion holds for a constant wind direction
without any uncertainty. Secondly, the optimal yaw offset for wake steering featured a
discontinuity at the wind direction corresponding to full wake overlap. This discontinuity
became important when considering non-zerowind direction uncertainty in terms of wind
direction fluctuations around full wake overlap, to which the turbines cannot timely adjust
their optimal control setpoint. For this case, helix control provided a power gain which is
more robust to the occurring unintentional additional yaw offset, which is further achieved
without modification of the control setpoint. This finding thus also implies that, from a
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sole power gain perspective, the simultaneous use of helix andwake steering control could
outperform either of them applied in isolation.

Combining atmospheric LESwith aero-hydro-servo-elasticwind tur-
bine modelling

Develop a simulation environment to enable large-eddy simulations of helix active
wake control in realistic weather scenarios, which ensures an accurate turbine
response also on coarse grids.

This objective was tackled by coupling the atmospheric LES code ASPIRE with the aero-
hydro-servo-elastic wind turbine simulation code OpenFAST. The coupling between AS-
PIRE and OpenFAST was done via an ALM, which allows for capturing azimuthal vari-
ations in the thrust distribution, e.g. caused by helix active wake control. The use of
OpenFAST allows for the convenient inclusion of turbine controllers for WFFC via the
ServoDyn module of OpenFAST. The ALM implementation was cross-verified with four
other commonly used research LES codes for a single NREL 5-MW turbine operating in
uniform inflow. The predicted lift and drag forces along the blade matched the reference
data from the other codes. Furthermore, the predicted wake profiles were consistent up to
𝑥/𝐷 = 6 downstream. Hence, these results indicated a correct implementation of the ALM.
To improve the predicted blade forces and thus also the estimate of the turbine’s generated
power, which is important for the evaluation of WFFC strategies, the filtered lifting line
correctionwas implemented. The correction reduced the ALM’s power and thrust overpre-
diction when using sub-optimal large Gaussian kernel widths. However, the implemented
version of the correction required more than 150 actuator points uniformly spaced along
the blade for convergence, which entailed a significant computational slowdown.

Unsteady aerodynamics within themathematical framework of the
actuator line model

Derive a semi-analytical model, which quantifies the ability of the actuator line
model to capture unsteady aerodynamic effects and identify bounds for its validity.

The widespread application of the ALM in unsteady operating conditions, like continu-
ous blade pitching for helix active wake control, led us to investigate to what degree un-
steady aerodynamics are captured by themodel. While due to its inherent model structure,
the ALM cannot take into account the effect of unsteady separated flow, it was also un-
clear how the force regularisation impacts the unsteady response in attached flow condi-
tions below stall. To this end, a semi-analytical model for the simplified two-dimensional
ALM problem was developed and verified with ALM-LES. Validation of the model with
Theodorsen theory, inviscid CFD using body fitted grids and experimental data led to three
main conclusions for the thin airfoils studied here. Firstly, the chosen value of the Gaus-
sian kernel width has a strong impact on both the magnitude and phase of the unsteady
loading. Further, for a given constant kernel width, its impact on the unsteady loading
depends on the reduced frequency. Secondly, the optimal Gaussian kernel width for the
force regularisation in the unsteady case is approximately 40% of the chord. Thirdly, the
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ALM can capture the magnitude of the unsteady lift up to reduced frequencies of 𝑘 ≈ 0.2
given that the optimal kernel width is used. For larger reduced frequencies, the predictions
deteriorate since the ALM does not capture the unsteady terms accounting for added-mass
and pitch rate effects.

The bigger picture
While at first glance, the four topics above might seem only loosely related, they are four
pieces of the same puzzle, which could be named “new control strategies challenge our
current models”. Studying helix active wake control with LES proved challenging due to
the added relevance of shorter temporal scales on the order of the turbine’s rotational
speed and smaller spatial scales on the order of individual airfoils. For the small wind
farms studied in Chapters 2 and 3, this added complexity could still be handled by accept-
ing the additional computational burden. However, solely relying on the availability of
large computing resources seems restrictive. We attempted to relax the grid resolution
requirements for ALM-LES by the implementation and use of the filtered lifting line cor-
rection. The correction improved accuracy, but the version used in Chapters 3 and 4 of
this thesis still caused a significant increase in simulation wall time due to the increased
number of required actuator points. However, this issue can be circumvented by using a
non-uniform actuator point distribution in future implementations. Further, the correc-
tion was not derived for the complete unsteady problem. In Chapter 5, we showed that on
coarse grids, which necessitate large sub-optimal Gaussian kernel widths for the ALM, the
damping of the unsteady lift is underestimated. It is fortunate that for the 1st harmonic
of the helix actuation, this underestimation might not be a pressing issue for the outer
part of the newest turbine blade designs, which also contribute the most to the power
generation (recall the reduced frequencies resulting from the helix shown in Figure 1.9 in
the introduction). However, further blade inwards and for higher harmonics in general,
this underestimation can most likely not be neglected, thus highlighting the need for a
complete unsteady three-dimensional actuator line correction.

The helix’s amplitude sensitivity studied in Chapter 2 showed that there will always
be a price to pay for any power gain and that, unfortunately, there is no such thing as
a free lunch. Combined with the superior performance of wake steering for most of the
effective wind farm layouts (Chapter 3), it is likely that the helix needs to be seen as one
option available in a more comprehensive toolbox of WFFC strategies. The selection and
switching between control strategies from such a toolbox will require prior high fidelity
modelling going beyond small wind farms operating in quasi-stationary ABLs, as impor-
tant questions will be firstly the robustness of each WFFC strategy to transients in the
ABL and secondly the performance potential on the scale of entire modern offshore wind
farms. From these observations, we saw the need for transferring ALM capabilities and
the associated corrections to atmospheric LES codes as done in Chapter 4. While in its
current form, the developments of Chapter 4 are only a proof-of-concept and its applica-
tion to wind farm ALM-LES at the time of conducting the research was hindered by the
missing multi-GPU capabilities of the used LES code, it is believed that these issues can be
overcome in the future. In fact, the utilised LES code is nowadays multi-GPU ready, and it
is hoped that it will be of use for future studies of WFFC strategies like helix active wake
control in realistic weather conditions.
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6.2 Recommendations
Based on the conclusions reached above, we arrive at the following recommendations for
directions of future research.

Testing helix active wake control in “real weather” LES
As indicated in the conclusions, the filtered lifting line correction in the developed ALM-
LES environment (Chapter 4) should be adapted to allow for non-uniform actuator point
spacing, which allows for increased accuracy at reduced computational cost. In the mean-
time, during the preparation of the present thesis, a multi-GPU version of the LES code
employed in Chapter 4 became available. This feature would now enable simulations us-
ing grid resolutions small enough for the ALM, but simultaneously reaching domain sizes
suitable to capture entire wind farms. With the former changes, the simulation environ-
ment from Chapter 4 could be employed to test and optimise helix active wake control in
realistic non-stationary ABL conditions.

Towards a toolbox of wind farm flow control strategies
The comparison between helix and wake steering control in this thesis showed that the
two different WFFC strategies might excel for different effective turbine layouts, which
are determined by the wind direction. Recent research further suggests that the selection
of the optimal control strategy depends on the ABL state, namely the levels of shear, veer
and turbulence intensity [85, 86]. Hence, it is suggested to compare and assess the ro-
bustness of various WFFC strategies in more detail for realistic transient ABLs. Based on
these results, one could develop a wind farm flow controller with a switching logic, which
activates the most beneficial control strategy in response to the varying ABL state and the
relative position of each turbine in the farm.

Development of a helix wake model for optimisation
Linking back to the discussion about model fidelity in the introduction of this thesis, the
employed high fidelity LES modelling was useful to obtain an understanding of the funda-
mental behaviour of helix active wake control and the impact of the actuation parameters.
However, as a next step, there is a need for a helix wake model with low computational
cost, which can capture the wake in its dynamic or at least mean evolution and depends on
the actuation amplitude and frequency. The most recent research results also suggest that
veer and shear effects should be included [85, 86], although neglecting them might be a
tempting assumption for the model derivation. Among others, there are three interesting
use cases for variants of such a model. Firstly, optimisation spanning the entire turbine
lifetime (see the last recommendation) will require such a model in order to assess the
power and load impact of the helix for a plethora of operating conditions at low compu-
tational cost. Secondly, there are efforts to consider the optimisation of wind farm layout
and WFFC not as two separate matters conducted during the wind farm planning and op-
eration stage, respectively. Rather, the deployment of WFFC strategies can be considered
in a co-design approach to wind farm layout optimisation [180]. Here, a simplified helix
wake model could allow for the consideration of the helix for this optimisation. Thirdly,
the deployment of the helix in the field might ask for an optimisation of the dynamic
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activation/deactivation strategy of the control given knowledge about the future wind di-
rection. For such an optimisation, a dynamic fast-running helix wake model would be an
important ingredient.

Anunsteady three-dimensional solution for the actuator linemodel
The present thesis highlighted the important role of corrections for the ALM, in partic-
ular on coarse LES grids. So far, a complete unsteady three-dimensional actuator line
correction, which captures the impact of all vorticity components, is not available. Hence,
it is suggested to extend the theoretical developments for the two-dimensional unsteady
problem from Chapter 5 to three dimensions. Such a development could address three
additional points. Firstly, one could incorporate a non-zero linearisation point into the
semi-analytical ALM model, which could improve the assumed trajectory of the shed vor-
ticity in the wake and thus, in particular, the drag force prediction. Secondly, in Chapter 5
it appeared that including additional terms fromTheodorsen theory can improve the ALM
prediction and could enable the use of the ALM for larger reduced frequencies. Lastly, we
found that the optimal kernel width to model unsteady aerodynamics differs from the pre-
viously identified optimal value for steady-state conditions. Hence, future work towards
an unsteady three-dimensional correction should also address the question of what is the
true optimal kernel width to best represent blades with an actuator point/line model.

Co-design of wind turbines and optimisation over lifetime for the
deployment of helix active wake control
Hypothetically, helix active wake control could be deployed on any wind turbine which
has individual blade pitch capabilities. In practice, however, the specific turbine might
not have been designed having continuous individual pitch actuation for WFFC purposes
in mind. Hence, pitch bearings and actuators might not allow for active control with the
desired amplitudes and frequencies during all operating conditions, which would be, in
principle, favourable for the activation of helix active wake control. Further, even when
the actuators could realise the control actuation, the load impact of the helix may be re-
duced by developing the turbine and the control in conjunction, i.e. by following the
co-design principle which optimises the structural design for the loads created by the he-
lix. This principle could also be applied to the aerodynamic blade design, where airfoils
would be selected/designed with long continuous intervals of pitch actuation in mind, or
the helix actuation could be potentially even completely realised without relying on blade
pitch actuation, but rather using dynamically actuated flaps along the blade. Ultimately, a
more holistic approach is needed to optimise the deployment of helix active wake control.
The power gain will most likely always come at the expense of some degree of load in-
crease. Hence, an optimisation spanning the entire lifetime of the turbine is needed. Such
an optimisation would then move from power to, e.g. the return over turbine lifetime as
the variable to be maximised. This will be highly challenging since it requires assumptions
about the development of the electricity price, material costs, wind conditions and many
other factors for time frames of 20 to 30 years.
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Acronyms
ABL atmospheric boundary layer

ADM actuator disk model

AEP annual energy production

ALM actuator line model

AWC active wake control

CFD computational fluid dynamics

CNBL conventionally neutral atmospheric boundary layer

CPU central processing unit

DEL damage equivalent load

DIC dynamic induction control

DNS direct numerical simulation

FLLC filtered lifting line correction

GPU graphical processing unit

IPC individual pitch control

LES large-eddy simulation

NSE Navier-Stokes equations

NWP numerical weather prediction

PBD pitch bearing damage

RANS Reynolds-averaged Navier–Stokes equations

RL reinforcement learning

WFFC wind farm flow control
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