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Summary

Millimeter wave (mmWave) bands, currently used in 5G, offer significant spectrum to
enable Gbps data rates for emerging data-hungry applications. At mmWave and higher
bands, however, high scattering and atmospheric attenuation result in low received
power. To address this issue, base stations employ large antenna arrays and periodically
configure these arrays by learning the propagation environment, called the wireless
channel. The use of such large arrays, however, makes the learning process, i.e.,
wireless channel estimation, extremely challenging. This is because, on the one hand,
the training overhead of classical channel estimation methods increases significantly
with the array dimensions. On the other hand, compressed sensing (CS)-based methods
for fast channel estimation suffer from a poor signal-to-noise ratio (SNR) in the received
measurements. Moreover, radio frequency (RF) impairments, which are much more
severe in mmWave systems than in low-frequency systems, further complicate channel
estimation. For example, low-resolution RF phase shifters, phase noise at the oscillator,
and in-phase/quadrature (IQ) mismatch at the down-conversion are among the practically
significant impairments.

The first part of this dissertation tackles the poor SNR issue with standard CS-based
channel estimation methods using low-resolution phased arrays. To this end, we pro-
pose our novel in-sector CS solution that is fully compliant with the IEEE802.11ad/ay
compliant devices. The key idea is to partition the angle domain channel into multiple
non-overlapping sectors, and then estimate the channel within the sector associated
with the highest received power. A big challenge in this approach lies in designing a low-
resolution beam codebook to acquire channel measurements in these non-overlapping
sectors. To address this, we propose a framework to design a beam codebook that is
compatible with low-resolution phased arrays whose resolution can be as low as 1 bit.
Since these beams focus energy within specific sectors, they achieve higher SNR within
sectors compared to standard wide beams. To acquire CS measurements within the
best sector, a convolutional CS-based approach is developed, and the corresponding CS
matrix is optimized. With our optimized design, the aliasing artifacts in CS are pushed
outside the sector of interest. The proposed codebook results in a higher received SNR
than the state-of-the-art sector sweep codebooks, and our optimized CS matrix achieves
a better in-sector channel reconstruction than comparable benchmarks.

The second part of this dissertation addresses the problem of channel estimation under
phase noise, which arises due to jitters and instabilities at the oscillators. Phase noise
perturbs the phase of the acquired channel measurements, causing CS algorithms that
ignore such phase errors to fail due to a model mismatch. In practice, the phase errors
are similar within a batch of measurements acquired in a short burst, and the errors vary
significantly across different batches, resulting in partially coherent measurements. To
estimate the channel under such partially coherent phase noise, we develop a graphical
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inference method, called message passing-based inference, that exploits the sparse
structure of the channel and the phase noise statistics for channel estimation. The
nodes in our graph model the unknown wireless channel to be estimated. To deal with
phase noise, we absorb the phase error in each batch into the channel, which results
in a collection of vectors that are all correlated, i.e., they share the same support and
magnitude. Our method incorporates the shared magnitude and the Wiener phase noise
statistics in addition to the shared support and sparsity of the channel to infer the channel.
The proposed method provides a better channel estimate compared to state-of-the-art
methods robust to phase noise.

The last part of this dissertation solves the problem of channel estimation when
CS measurements are distorted by in-phase and quadrature-phase (IQ) imbalance
at the oscillator. We investigate how the mismatch due to IQ imbalance impacts the
channel estimated with a standard CS algorithm. We show that the angle domain
channel recovered with convolutional CS has aliased components located at angles that
are symmetric about the boresight. Next, we introduce the augmented CS model for
measurements under |Q imbalance to develop our channel estimation method robust to IQ
imbalance. In our augmented CS formulation, we construct an auxiliary vector composed
of the IQ imbalance parameter and the angle domain channel. The auxiliary vector,
whose dimension is twice the dimension of the channel, is referred to as augmented
beamspace. We show that this vector exhibits a special sparse structure referred to
as the paired support structure. Then, we develop a custom greedy algorithm called
paired-support orthogonal matching pursuit (PSOMP) that exploits the paired support
structure of the augmented beamspace vector for sparse recovery. Our solution is shown
to result in a lower channel estimation error than the baseline methods.



Introduction

1.1. A BRIEF BACKGROUND ON CHANNEL ESTIMATION

FOR MILLIMETER-WAVE SYSTEMS

M illimeter wave (mmWave) radio frequency (RF) systems will be an integral part
of the sixth generation (6G) wireless networks [1]. These systems can achieve
Gbps of data rates, as they exploit the wide bandwidths available at these frequency
bands (30-300 GHz) [1]. To achieve sufficient signal strength at the receiver, in these
systems, typically, an array of antennas with a large number of elements is used to
focus the transmitter’s energy towards the receiver, a procedure known as beamforming
[2]. Fortunately, the short wavelengths of the signals at these frequencies allow the
incorporation of many antenna elements into a small physical space [3]. An important

NxN channel

X

RX

NXN uniform planar array

Figure 1.1: A wireless system with an N x N uniform planar array at the TX, and a single antenna
receiver. The N x N matrix H with complex-valued entries models the propagation
environment, and it is called the channel.

approach to perform beamforming is by learning the propagation environment. In wireless
systems, the propagation environment is commonly called a channel. Due to the use of
a large number of antenna elements, compared to typical low-frequency RF systems,
mmWave channels have a higher dimension. An example of a mmWave system with an
N x N uniform planar array (UPA) at the transmitter (TX) and a single antenna receiver
(RX) is shown in Fig. 1.1. The N x N channel matrix H in Fig. 1.1 models the propagation
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environment. The channel dimension N?, equivalently the number of antenna elements,
can be on the order of hundreds to hundreds of thousands of elements [4]. This high
channel dimension leads to new challenges in channel estimation in mmWave RF
systems.

Channel estimation techniques for mmWave systems differ notably from traditional
methods developed for lower frequency systems. This distinction arises because of high
scattering at these frequencies, resulting in channels that are sparse in a suitable basis
[3]. Specifically, for a typical mmWave system with uniform linear/rectangular arrays,
the discrete Fourier transform (DFT) dictionary is a reasonable choice as a sparsifying
basis [5]. That means that the 2D-DFT of the channel matrix H in Fig. 1.1 contains a few
nonzero entries and most of its entries are zero. The DFT of the channel H is commonly
called the angle-domain channel or beamspace channel [5]. In Fig. 1.2, an example of a
channel obtained from the NYU simulator [6] and its beamspace is shown. It is observed
that the beamspace channel is sparse, containing two nonzero entries with significant
magnitude.

Angle-domain channel
(Beamspace channel)

[H| 2D-DFT operator <—1F2p (H)|

Antenna domain channel

9]
03]
07]

2D-DFT o

0.4

A
v

02]

Channel rows

01

Beamspace rows

Channel columns Beamspace columns

Figure 1.2: An example of a wireless channel for the wireless system in Fig. 1.1 with 32 x 32
uniform planar array at the TX generated from the NYU simulator [6]. The beamspace
channel corresponding to H is sparse.

The sparse nature of the mmWave channels can be exploited for channel estimation.
Methods based on compressive sensing (CS) [7] are popular approaches that leverage
the sparse structure for channel estimation using fewer channel measurements than the
array dimension. This reduces the training overhead for channel estimation in mmWave
systems.

We briefly explain how CS-based mmWave channel estimation is performed. To
estimate the channel, the transmitter excites the environment with M beams in sequence.
For each of these M beams called training beams, the receiver acquires a channel
measurement. During beam training, it is assumed that the channel remains the same.
Let the N? x 1 vector x denote the vector version of the unknown beamspace channel,
i.e., X is obtained by stacking the columns of the beamspace channel (e.g., the matrix
in Fig. 1.2). Since the beamspace X is sparse, most of its entries are zero. The set
of indices of X with nonzero values is called the support of X. We use y to denote the
M x 1 vector of CS measurements and v to denote the additive Gaussian noise with
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independent and identically distributed (lID) entries to write
y=AX+V, (1.1)

where A is a known M x N? matrix referred to as the CS matrix. This matrix is a function
of the 2D-DFT matrix and the beams applied at the UPA to acquire M measurement.

The standard problem of mmWave channel estimation is to estimate X from M meas-
urements given by y in (1.1). Since the number of measurements M is smaller than
the dimension of the unknown beamspace X, the problem of estimating x from (1.1) is
ill-posed. CS algorithms such as orthogonal matching pursuit (OMP) [8] and approxim-
ate message passing (AMP) [9], however, can estimate the unknown beamspace X by
exploiting its sparse structure.

1..2. HARDWARE IMPAIRMENTS AND CONSTRAINTS IN
MMWAVE SYSTEMS: CHALLENGES AND PRIOR WORK

We now discuss common hardware impairments in the RF chain of mmWave systems.
Specifically, we discuss challenges due to low-resolution phase shifters, phase noise,
in-phase/quadrature (IQ) mismatch, carrier frequency offset, power amplifier nonlinearity,
and mutual coupling between antenna array elements.

The use of high-resolution phase shifters in mmWave systems is not practically de-
sirable due to their high energy consumption and hardware complexity [10, 11]. For
instance, a 1-bit phase shifter may consume around 10 mW [12], whereas a 4-bit phase
shifter may need 45 mW for applications in 60 GHz of carrier frequency [13]. Although
low-resolution phase shifters are desirable due to their reduced power consumption,
their use limits the degrees of freedom in beam design. The reduced degrees of freedom
translates to constraints on Ain (1.1). In Chapter 2, we develop a framework for designing
directional beams, equivalently A in (1.1), using low-resolution phase shifters that are
suitable for our proposed in-sector sparse channel estimation.

Phase noise is an important RF impairment caused by noise in active and lossy
elements of local oscillators [14] leading to jitter in the oscillation period of the generated
sinusoidal wave [15]. Phase noise causes random perturbations in the phase of the
channel measurements [16]. This effect is more pronounced in systems operating at
mmWave and higher carrier frequencies than in systems operating at lower carrier
frequencies [17, 18]. Therefore, phase noise in these systems significantly alters the
received signal model compared to the standard CS model, which only accounts for
additive noise in the linear measurements. We address channel estimation in the
presence of phase noise in Chapter 3, where we develop an algorithm that estimates
the sparse channel exploiting the statistics of phase noise.

In-phase/quadrature-phase (1Q) demodulator is a key component in the RF front-end
of a receiver, responsible for converting RF signals centered at the carrier frequency to
complex baseband signals [15]. Ideal IQ demodulators provide two orthogonal channels
for the real and imaginary parts of the baseband signal. Mismatches between the | and Q
branches of a low-cost RF receiver, however, break down this orthogonality, leading to 1Q
imbalance. The mismatch is due to non-idealities at the analog components, such as the
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local oscillators and the low-pass filters in the 1Q branches [19]. This imbalance introduces
a signal-dependent perturbation to the received signal [19] that is more prominent at
higher carrier frequencies, such as mmWave and THz, than at lower frequencies [20,
21]. Under such impairments, CS-based methods that do not account for IQ imbalance
may fail due to the mismatch between the measurement model assumed in the algorithm
and the actual received signal model. In Chapter 4, we study how exactly 1Q imbalance
affects the estimated sparse channel and develop a greedy algorithm for sparse channel
recovery that exploits the structure of the CS measurement model under IQ mismatch.

To increase the energy efficiency of mmWave systems, power amplifiers often operate
in the nonlinear region [22, 23]. This causes nonlinear distortion in the RF signals
transmitted by the antenna elements, which can alter their illumination pattern [24].
Digital predistortion (DPD) is a common method to compensate for the nonlinearity of
power amplifiers in phased arrays [22, 25, 26]. In this method, a probe is used to measure
the transmitted RF signal, which is then fed back to the baseband to design a DPD that
compensates for the nonlinearity of the power amplifiers [25]. In this dissertation, we
assume that the power amplifiers driving the antenna elements are properly isolated
and a DPD based on methods developed in [22, 25, 26] is used to compensate for their
nonlinear effect.

Mutual coupling between the elements of an antenna array is an important hardware
impairment that distorts the illumination pattern of the array. Its impact is much severe
when the array elements are tightly spaced, e.g., for inter-element spacing of less
than half a wavelength [27]. This can occur in scenarios with large antenna arrays
constrained to a limited form factor [27], in which the spacing between antenna elements
can be much smaller than half a wavelength, leading to significant coupling between the
antenna elements. Designing CS matrices and sparse channel estimation algorithms
that are robust against mutual coupling, however, is extremely important as a next step,
considering the increasing interest in the use of antenna arrays with tightly spaced
elements [28, 29]. Throughout the dissertation, we used half a wavelength spacing
between the antenna elements, which is commonly considered [30, 31], resulting in
small mutual coupling. Therefore, in this dissertation, we have excluded the impact of
the mutual coupling in our analysis.

CFO is an important hardware impairment that occurs due to a difference in the carrier
frequencies generated by the local oscillators at the transmitter and receiver [32]. CFO
causes unknown phase distortions in the measurements that increase linearly with time.
In mmWave systems, CFO can be severe as they operate at a high carrier frequency. The
phase distortion due to CFO in the measurements can cause sparse channel estimation
methods agnostic to this error to fail [33]. Prior work [33—35] developed sparse recovery
methods for joint sparse channel and CFO estimation. The tensor-based joint sparse
channel and CFO estimation from [33] can be combined with our in-sector sparse channel
estimation from chapter 2 for joint CFO and in-sector channel estimation. Also, methods
from chapters 3 and 4 of this dissertation can be combined with the trajectory design
methods in swift-link from [35] for beamforming robust against CFO. Studying these
combinations is beyond the scope of this thesis.

In the dissertation, we explore three important hardware impairments: low-resolution
phase shifters, phase noise, and in-phase/quadrature (IQ) mismatch. In the following
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subsections, we discuss the challenges posed by each impairment and discuss related
prior work.

1.2.1. LOW-RESOLUTION PHASE SHIFTERS AT TX AND LOW SNR AT
RX

Finding the optimal beam at the mmWave radios through classical channel estimation or
beam scanning is challenging due to the use of large arrays and hardware constraints in
these systems. For instance, mmWave radios usually employ phased arrays equipped
with a single RF chain to achieve a cost-effective and power-efficient architecture [36,
37]. With low-resolution phase shifters at the phased array, also known as low-resolution
phased arrays, the acquired measurements are projections of the channel on antenna
weight matrices whose entries are constrained to a small alphabet.

An alternative to beam scanning is hierarchical beam search, wherein beams of
decreasing beamwidths are sequentially applied. At the end of the search process, a
narrow beam that results in the highest received signal-to-noise ratio (SNR) is used
for communication [37]. To implement hierarchical search, the design objective is to
construct hardware-compatible beams that focus the transmitter’s energy on a section
of the channel in the angle domain. The sections are referred to as sectors, where each
sector represents a group of directions in the angle domain. The process of identifying
the best sector is called sector-level sweep (SLS). An example of the SLS procedure
is shown in Fig. 1.3. Prior work has designed a collection of beams (also known as
codebook) for SLS with high-resolution phased arrays [37-39] and low-resolution phased
arrays [40, 41]. The techniques in [37—41] construct contiguous sectors, i.e., sectors
that cover a contiguous band of directions. In Chapter 2 of the dissertation, we explain
that realizing such contiguous sectors with extremely low-resolution phased arrays is
challenging. For example, the constructed antenna weights in [40] result in significant
power leakage outside the sectors with one-bit phased arrays. To address the leakage
issue, in Chapter 2, we propose new comb-like sectors that can be realized even with
one-bit phased arrays.

In IEEE 802.11ad/ay [42] devices, the transmitter discerns the sector of interest by
finding the sector that results in the highest received power. Then, the beam refinement
protocol (BRP) can be used to obtain channel measurements and subsequently perform
beamforming within the sector of interest. Unfortunately, exhaustive beam scanning
within this sector, as shown in Fig. 1.4, can still result in a huge overhead in mmWave
or THz radios with massive antenna arrays. To address this problem, prior work has
exploited the sparse or low-rank characteristics of the angle domain channel [43, 44] for
sub-Nyquist channel estimation. Most of these techniques [45-48], however, employ
quasi-omnidirectional beams to acquire spatial channel measurements. The use of such
wide beams results in a poor SNR in the channel measurements, causing these methods
to fail in practice [41]. Therefore, a collection of beams that focus energy only within the
sector of interest must be developed for “in-sector” channel estimation using BRP. We
further explore this in Chapter 2.
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|F2p (H)|
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Figure 1.3: An example of SLS procedure to find the sector with the highest received power (also
known as the sector of interest). In this example, a total of 4 sectors are considered
and sector 2 results in the highest SNR.
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|F2p (H)I

Beamspace rows

RX

Beamspace columns

Figure 1.4: An example of BRP within the sector of interest, i.e., sector 2, based on exhaustive
beam scanning. For large phased arrays, beam scanning within a sector results in a
high training overhead.

RELATED WORKS ON IN-SECTOR CHANNEL ESTIMATION

We now discuss prior work on sparsity-aware channel estimation within a sector [41, 49—
52]. In [41], randomly selected DFT columns were used to modulate a spread sequence
and generate different beams to obtain channel measurements in different sectors. In
[49], a contiguous band of directions is illuminated by sub-arrays. Then, the beam at
each sub-array is phase modulated to construct an ensemble of in-sector beams. In [50],
the beams were sampled from a large set of random codes based on their capability to
focus energy on a sector of interest. We will show in chapter 2 that the techniques in [41,
49] and [50] result in poorer in-sector channel estimates than our method. In [51], linear
convolution at the output of a fully digital array is performed, and the steady-state output
of the digital array is decimated to reduce the number of measurements and achieve
parallel processing. Our method in Chapter 2, unlike [51], performs circular convolution
that preserves the channel dimension and obtains compressive measurements of the
channel without needing to discard measurements. In [53]-[54], an adaptive beamforming
algorithm based on sequential beam search is proposed to reduce the beam scanning
time while combating the low SNR issue in initial access. The methods in [53]-[54] only
support wireless channels with a single dominant path, while our method exploits sparsity
and can support channels with multiple paths.

1.2.2. MMWAVE CHANNEL ESTIMATION UNDER PHASE NOISE

The spatial channel measurements in mmWave or THz systems are acquired sequentially
in time, as shown in Fig. 1.5. In the frame structure shown in Fig. 1.5, TNR stands for
training, which denotes the time slot used to acquire a measurement within a batch. The
vector of measurements acquired within batch b is denoted by y,,. In practice, the phase
of these measurements is perturbed due to phase noise [16]. Phase noise occurs due
to random fluctuations in the frequency and phase of an oscillator [15]. Let ¢b’m denote

the phase error corresponding to the m™ measurement acquired in batch b. As a result,
under phase errors, the measurement model in (1.1) is rewritten as

y, = diag [ei¢b,1 ,eltb2 .. ei¢b,M] ALX + vy, (1.2)
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where A, denotes the M x N? CS matrix for batch b, the vector of additive white Gaussian
noise in batch b is denoted by vy, and diag[e/1, el%v2, ..., el%om] is a diagonal matrix
with [el?1, el%02, ..., ei%om] on its main diagonal. As the phase errors are non-zero, the
measurement model in (1.2) deviates from the standard CS measurements in (1.1).

In practice, these phase errors are not totally independent, but rather follow a certain
process called the Wiener process [55]. In this process, phase noise ¢, ,,, given the
previous phase error (i.e., ¢y ;-1 OF ¢_q y if m = M), follows a Gaussian distribution with
mean ¢y, ,_q or §p_q y, and variance that depends on the time stamp of the measurements.

. Barch 1 A A Barch B _

] /7 o]y
TR |

T

Measurementsﬂ Y1 ﬂ YB

Phase error: /11 g/¢12 - - - eJbB1 oJPB2 - - -

Figure 1.5: The frame structure used to acquire channel measurements. There are B batches
in this frame structure with an inter-batch duration of A. In practice, measurements
within each batch are perturbed by Wiener phase noise that is determined by the time
stamp of the measurements. In the IEEE 802.11ad/ay standard T = 128ns [56].

Phase noise, which is more prominent at higher frequencies [17, 57], significantly
alters the received signal model compared to the standard CS model (1.1), which only
accounts for additive noise in the linear measurements. Phase noise of an oscillator
operating at a frequency of f is usually given by the value of its power spectrum at an
offset f,, from f., denoted by A(f,,) in dBc/Hz [55]. A large value of #(f,,) means high
phase noise and, therefore, results in high variance in the Wiener phase noise process.

We explain how the model mismatch due to phase noise between (1.1) and (1.2)
impacts the standard sparse recovery with the AMP [9]. To this end, in Fig. 1.6, we plot
the normalized mean squared error (NMSE) of the estimated channel with phase noise
Afm)- The AMP algorithm from [9] estimates the channel by ignoring phase errors
and assuming that the CS measurements come from the model in (1.5). As observed,
the AMP algorithm from [9] that is agnostic to phase errors fails when the variance of
phase errors is large. Therefore, the challenge here is to develop a CS algorithm that
can recover the channel from measurements that are perturbed by phase noise in (1.2).
We note that classical phase noise tracking approaches [58, 59] do not exploit channel
sparsity, making them unsuitable for mmWave or THz channel estimation.

RELATED WORK ON MMWAVE CHANNEL ESTIMATION UNDER PHASE NOISE

Prior work in [60—62] addresses the phase noise issue by considering only the magnitude
of the acquired measurements for sparse channel estimation. Recently, it was shown in
[56] that the sparse self-calibration technique from [16] can be used to jointly estimate the
phase errors and the sparse channel. While these methods are robust to phase noise
[16, 60-62], they overlook the temporal correlation of phase errors, which is common
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Figure 1.6: Standard sparse channel estimation using [9] fails when the measurements are
perturbed by phase noise at f. = 60 GHz and #(f,,) dBc/Hz are at f,, = 1 MHz.
Here, M = 64 measurements of a 16 x 16 channel were acquired in each of the B = 4
batches.

in practice [55]. One of the early works that exploit the temporal correlation in CS
measurements uses an extended Kalman filter to track the phase variations [63]. The
method developed in [63], however, only estimates a one-sparse approximation of the
channel for single-stream beamforming. A mmWave channel, however, in general, can
have multiple non-zero components that can be exploited to achieve a high beamforming
gain. This motivates the need to develop techniques that estimate all the sparse entries
in the channel.

Recent work in [56, 57, 64, 65] has exploited the partially coherent phase error
structure in the CS measurements for channel estimation. Under this structure, the
phase errors within short batches of CS measurements are nearly the same while they
change considerably across different batches. The sparse Bayesian learning-based
method in [57] considers phase errors, but it does not leverage the Wiener structure in the
errors within the recovery algorithm. In [64], a two-stage partially coherent compressive
phase retrieval (PC-CPR) was proposed to reconstruct the sparse channel from partially
coherent CS measurements. The algorithm is initialized using the CPR method from [66],
and the phase offsets and the sparse channel are iteratively estimated in a refinement
stage. In [65], expectation-maximization generalized approximate message passing
(EM-GAMP) [67] is used to first obtain a coarse estimation of the sparse channel, which
is subsequently used to estimate the phase offsets. In [56], phase error-aware matching
pursuit followed by alternating optimization was developed to recover the sparse channel
and the phase errors. The methods in [56, 57, 64] assume that the channel is exactly
sparse, which is unrealistic. Further, [56, 64, 65] assume that the number of non-
zero entries in the sparse channel is known, which is not practical. To the best of our
knowledge, none of the existing methods exploit Wiener phase error statistics in partially



10 1. Introduction

coherent sparse recovery using measurements acquired over multiple batches.

1.2.3. MMWAVE CHANNEL ESTIMATION UNDER IQ IMBALANCE

In practice, the radio frequency channel measurements are acquired after down-conversion
to the baseband at the receiver. A low-cost RF receiver suffers from a mismatch between
the in-phase and the quadrature-phase branches. The mismatch is due to non-idealities
at the analog components, such as the local oscillators and the low-pass filters in the
IQ branches [19], and is commonly known as 1Q imbalance. Typically, IQ imbalance is
dominated by imperfections at the oscillator rather than the filter design, as local oscillator
design at RF is more challenging [68]. The imbalance distorts the received signal by
introducing a signal-dependent perturbation, which is commonly quantified by a metric
called image rejection ratio (IRR) [19].

Here, we explain how the CS measurements in (1.1) change under 1Q imbalance.
For the single antenna RX in Fig. 1.1, 1Q imbalance is modeled using a scalar complex
number denoted by . The |Q imbalance metric IRR associated with ¢ is given by
IRR = |€]2/|1 - €*]2. Under IQ imbalance, the CS measurement model in (1.1) is
rewritten as

Y = SAX + (1 - §)AXE + v + (1 - E)v°. (1.3)

where (-)¢ returns the conjugate of a complex scalar, vector, or matrix. As the IQ imbalance
parameter { # 1, the measurement model in (1.3) deviates from the standard CS
measurements in (1.1).

In Fig. 1.7, we plot the NMSE of the estimated channel with 1Q imbalance metric IRR.
Here, the OMP algorithm from [8] is used for sparse channel estimation. As observed,
standard CS algorithms that are agnostic to phase errors fail due to a mismatch in the
received measurement model. At high carrier frequencies, such as mmWave and THz,
the mismatch in the IQ branches is more severe than at lower frequencies [20, 21]. Note
that the IRR is small for a more severe IQ imbalance. For example, [69, 70] reported IRRs
between 16 dB and 38 dB at a carrier frequency of 60 GHz. The failure of CS-based
channel estimation under 1Q imbalance requires rethinking the sparse recovery problem
under model mismatch.

RELATED WORK ON MMWAVE CHANNEL ESTIMATION UNDER IQ IMBALANCE

Prior work in [17, 71-75] developed algorithms for single-input single-output (SISO)
channel estimation under IQ imbalance. The algorithms in [17, 73—75] solved for the
time-domain channel and those in [71, 72, 74] performed frequency-domain channel
estimation. The works in [71, 72] investigated channel estimation under 1Q imbalance
in orthogonal frequency division multiplexing (OFDM) and those in [17, 73—75] studied
channel estimation under |Q imbalance for single-carrier transmission schemes. 1Q
imbalance distorts the channel estimates at mirrored subcarriers, i.e., subcarriers that
are equally distant from the carrier frequency, in OFDM systems [71, 72]. In [71], this
property is used to develop a least mean squares method for channel estimation in the
frequency domain, and [72] developed maximum likelihood and least squares estimators
to estimate the channel and the 1Q imbalance parameter. In [73], first, a least-squares
estimate of an effective channel vector comprising the IQ imbalance parameters is
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Figure 1.7: NMSE with 10 log,, (IRR) where IRR = |§|2/|1 - £*|? represents the level of receiver
IQ imbalance. A large IRR indicates a small IQ imbalance. Here, we use N = 256,
M = 40, and random phase shifts at the TX.

obtained. Next, a second least-squares optimization is employed to estimate the I1Q
imbalance parameter and the channel using alternating minimization. In [75], the received
measurements are expressed in terms of the real and imaginary parts of the time-domain
channel, and an iterative method based on expectation maximization [76] is developed to
estimate the channel. For a terahertz system, [17] estimates an effective channel similar
to [73] and then uses a gradient descent method to estimate the channel and the 1Q
imbalance parameters. The methods in [17, 71-74] do not exploit the sparse structure
of channels along any dimension. Although [75] leverages time-domain sparsity of the
channel, it does not exploit the spatial sparsity as it considers a SISO system.

We now discuss the prior work in [77—80] on spatial channel estimation under 1Q
imbalance. These works assume multiple RF chains, each with a different IQ imbalance
parameter at the receiver. In [77], first, a phase-shifted version of the 1Q imbalance
parameters and the magnitude of the channel coefficients are estimated by iteratively
solving a maximum likelihood problem. Then, a different set of measurements is used
to estimate the phase of the channel coefficients and the 1Q imbalance parameters.
In [78], each channel measurement is added to its conjugated version to remove the
effect of IQ imbalance, and then a linear minimum mean squared error estimate of the
channel is obtained from the new measurements. The estimated channel is then used
to estimate the IQ imbalance parameters by solving a least-squares problem. As noted
in [78], this approach doubles the noise variance, leading to an increased error in the
estimated channel. In [79], the product of the channel and the 1Q imbalance parameters
was estimated. Although the methods in [77-79] solve for the spatial channel, they do
not exploit sparsity of the channel in the angle-domain. The work in [80] estimates the
IQ imbalance parameter and the channel from the measurements by formulating the
problem as a joint calibration and sparse recovery task. The measurement model in
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[80, equation (2)], however, ignores the IQ imbalance term associated with the complex
conjugate of the channel. In chapter 4, we show that the conjugate term results in
significant aliasing artifacts in the channel estimate, which cannot be ignored. To the best
of our knowledge, none of the existing works characterize the impact of the IQ imbalance
on sparse angle-domain channel estimation.

1.3. OUTLINE AND CONTRIBUTIONS OF THE DISSERTATION

1.3.1. CHAPTER 2: IN-SECTOR COMPRESSIVE BEAM ACQUISITION FOR
MMWAVE AND THZ RADIOS

This chapter addresses the issue of low SNR with standard CS-based methods, such
as [45-48] that use quasi-omnidirectional illumination pattern for channel training. In
this chapter, we adopt a two-stage approach for beamforming. In the first stage, the
compressive measurements of the channel within the best sector are used to estimate
the channel within this sector. Next, the estimated in-sector channel is used to perform
conjugate beamforming. We propose a new approach for in-sector channel estimation
by solving two main challenges. The first challenge is to design beams that focus the
transmitted energy on distinct non-overlapping sectors within the beamspace. We will
see that this problem is extremely challenging with low-resolution phased arrays. The
second challenge is to optimize the compressed sensing (CS) matrices to achieve low
CS aliasing artifacts in the in-sector channel estimate. We solve both these problems by
constructing new in-sector beams, such that the corresponding antenna weight matrices
(AWMs) can be applied in low-resolution phased arrays. These AWMs, referred to
as base AWMs, each focus power on a distinct sector. In our method, the channel
measurements for CS within the sector of interest are then obtained during BRP by
circularly shifting the base AWM.

1.3.2. CHAPTER 3: MESSAGE PASSING-BASED SPARSE SPATIAL
CHANNEL ESTIMATION ROBUST TO PARTIALLY COHERENT
PHASE NOISE

This chapter addresses the mmWave channel estimation under phase noise from CS
measurements in (1.2). In this chapter, we develop a message passing-based sparse
recovery algorithm that exploits Wiener statistics of the phase errors in the channel
measurements. In message passing-based methods, the unknown variables to be
solved, i.e., the sparse channel entries or the phase errors, are represented as nodes
in a factor graph. Information about these variables, such as sparsity or measurement-
based likelihoods, is incorporated as factors. By iteratively exchanging messages (beliefs)
between the factors and the variables, the marginal distributions of the variables are
computed, which are subsequently used to estimate the unknowns. We factorize the
posterior joint probability density function (PDF) of the phase offsets and the sparse
angle domain channel. Our factorization incorporates the temporal correlation in the
phase-perturbed batches of CS measurements. Finally, we approximate the messages
in our factor graph to develop a tractable channel estimation algorithm.
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1.3.3. CHAPTER 4. COMPRESSED SENSING-BASED SPARSE SPATIAL
CHANNEL ESTIMATION UNDER IQ IMBALANCE

This chapter addresses the mmWave channel estimation under IQ mismatch from CS
measurements in (1.3). In this chapter, we discuss how angle-domain channel reconstruc-
tion with standard CS is extremely sensitive to 1Q imbalance. Specifically, we observe
that sparse beamspace recovery with the standard orthogonal matching pursuit (OMP)
[8] fails when IRR is below 30 dB in our setup. To solve this challenge, we introduce
an augmented CS (AugCS) formulation for sparse recovery under IQ imbalance. In
our formulation, we construct an auxiliary vector composed of the IQ imbalance para-
meter and the angle-domain channel. The auxiliary vector, whose dimension is twice
the dimension of the channel, is referred to as augmented beamspace. We develop
paired-support OMP (PSOMP), a greedy sparse recovery algorithm, that exploits the
special sparse structure of augmented beamspace. Finally, we formulate a least-squares
problem to estimate the beamspace and the IQ imbalance parameter from the recovered
augmented beamspace using PSOMP.

Notation: We use @, a, and A to denote a scalar, vector, and a matrix. The transpose,
conjugate, and conjugate-transpose operators are indicated by (-)', (-)¢, and (-)*. , a[i]
is the i™" entry of a, and a; or a[i] is the i column of A. We denote the (i, )" entry
of Aby Aj; or A(i,j)- The £, norm of a is denoted by ||a||,. We use ||A]l; to denote the
Frobenius norm of A. We use | - | and «- to define the element-wise magnitude and
phase of a vector or matrix. For an integer N, we define the set [N] = {0, ..., N - 1}. Also,
la] is the floor of a, and (i), is the modulo-N remainder of i. The flipped version of a
vector a is denoted by a where d[i] = a[{(-i)y]. We define the vector version of A as
vec(A) = [a(T), -, aIH]T. We define Diag(a) to be a diagonal matrix with a on its diagonal.
We use ®, ®, and o to denote the circular convolution, the Kronecker product, and the
Hadamard product. The inner product of A and B is (A,B) = 3 ;; A,-,-Bf}.. We use R(k)
and (k) to denote the real and imaginary parts of the complex scalar k. We use x for
a random variable and x for its realization, with p(x) as the PDF of x evaluated at x.
The complex Gaussian PDF €.#(x; a, b) has mean a and variance b. Also, €./, 0°)
denotes a complex Gaussian distribution with mean i and variance ¢2. Lastly, RV is

the set of N x 1 vectors with non-negative real entries, and j = \/:






In-sector Compressive Beam
Acquisition for MmWave and
THz Radios

Beam acquisition is key in enabling millimeter wave and terahertz radios to achieve
their capacity. Due to the use of large antenna arrays in these systems, the common
exhaustive beam scanning results in a substantial training overhead. Prior work has
addressed this issue by developing compressive sensing (CS)-based methods which
exploit channel sparsity for faster beam acquisition. Unfortunately, most CS techniques
employ wide beams and suffer from a low signal-to-noise ratio (SNR) in the channel
measurements. To solve this challenge, we develop an IEEE 802.11ad/ay compatible
technique that takes an in-sector approach for CS. In our method, the angle domain
channel is partitioned info several sectors, and the channel within the best sector is
estimated and then used for beamforming. The essence of our framework lies in the
construction of a low-resolution beam codebook to identify the best sector and in the
design of a CS matrix optimized for in-sector channel estimation. Our beam codebook
illuminates distinct non-overlapping sectors and can be realized with low-resolution
phased arrays. We show that the proposed codebook results in a higher received SNR
than the state-of-the-art sector sweep codebooks. Furthermore, our optimized CS matrix
achieves a better in-sector channel reconstruction and a higher achievable rate than
comparable benchmarks.

This chapter is based on my work in [81]: H. Masoumi, M. Verhaegen and N. J. Myers, “In-sector compressive
beam acquisition for mmWave and THz radios,” IEEE Transactions on Communications., vol. 73, no. 4, pp.
2752-2768, Apr. 2025.
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2.1. CHANNEL AND SYSTEM MODEL

In this section, we consider a narrowband point-to-point wireless system to explain
the transmit beam acquisition problem. In section 2.4, we extend our sparse in-sector
channel estimation-aided beam acquisition technique to a wideband scenario using the
IEEE 802.11ad frame structure.

2.1.1. CHANNEL MODEL

We consider an N x N half-wavelength spaced uniform planar array at the transmitter
(TX) and a single antenna receiver (RX) as shown in Fig. 2.1(a). We assume isotropic
antenna elements at the TX and the RX, for simplicity. In this chapter, we consider the
transmit beam acquisition problem where only the TX needs to align its beam towards
the best direction [38, 45]. This problem differs from the beam alignment problem in
which both the TX and RX need to align their beams to create a directional link between
them [49, 82]. We would like to mention, however, that our solution can also be applied
to the beam alignment problem by using the designed codebooks at both the TX and
the RX. The application of our codebooks is feasible provided that their antenna array
dimensions are a power of two. Such array dimensions are commonly used in practical
implementations [83—86]. Extending our solution to other array dimensions is beyond
the scope of this chapter.

The narrowband multiple-input single-output channel between the TX and RX is
modeled as an N x N matrix H, the matrix representation of the N2 x 1 vectorized channel.
The channel comprises L propagation rays, where the pth ray has a complex gain of Sy,
an azimuth angle-of-departure Ga,{, and an elevation angle-of-departure 62,9. By defining
the beamspace angles as W, = SiN B, ,SiN 60, Wep = TSIN B, COS B, [87] and the
N x 1 Vandermonde vector ay(w) as

aN(‘u) = [1’ejw'ej2w,_"’ej(N—‘l)w]T’ (21)

the baseband channel matrix H is given by

L
H=" By (wep)ay (Way)- (2.2)
2=1

The channel dimension N? can be in the order of hundreds to thousands in typical
mmWave or THz access points.

The channel H is approximately sparse in the angle domain due to high scattering at
mmWave and THz wavelengths [1]. To exploit this property during channel reconstruction,
H is expressed in the beamspace (angle domain) where it has a sparse representation.
Since we assume a uniform planar array at the TX, the 2D-DFT dictionary is used to
represent H in the beamspace. We use U, to denote the standard N x N unitary DFT
matrix and X to denote the beamspace representation of H. Then, X and H are related as

H-= UNXUN' (23)

In our analysis, we assume that X is exactly sparse, i.e., the beamspace angles are exactly
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(b) Example of 4 comb-like sectors in the 2D beamspace.

Figure 2.1: An mmWave system with a uniform planar array at the TX employing comb-like beams
designed in this work. Each comb-like beam illuminates a beamspace sector shown
in (b). In this chapter, the sector that results in the highest received power is identified,
and then the channel within that sector is estimated for beamforming.

aligned with any of the N? directional 2D-DFT beam directions. In our simulations, we
use channels obtained from the NYU channel simulator [6] where X is only approximately
sparse.

2.1.2. SYSTEM MODEL

The TX uses a phased array wherein the antennas are connected to a single RF chain
through a g-bit phase shifter. The set of the possible weights at each antenna is Q, =
{ejz"?/zq/N e [2q]}. As an example, Q; = {1/N,-1/N} can be realized with a 1-bit
phased array. The TX can apply AWMs to its phased array, which are constrained to be
within Qg*’\’, i.e., the set of all N x N matrices with entries in Qq. In this chapter, the AWMs
are designed such that their corresponding beams illuminate only a certain set of indices
of the beamspace X. A sector is defined as a group of indices of the beamspace that are
illuminated by a beam. We use S to denote the number of sectors used to partition the
N x N beamspace grid into disjoint subsets &/, Vs € [S]. Hence, &/, denotes the set of
all beamspace indices illuminated in sector s. The union of {<f/, i;;, i.e., [N]x[N], spans
the entire beamspace. An example of the sectors {/; ?;3 with our comb-like construction
proposed in Sec. 2.2 is shown in Fig. 2.1(b) for S = 4.

We now explain how our in-sector CS-based beam acquisition method can be in-
tegrated into SLS and BRP of the beam training procedure in IEEE 802.11ad/ay [88]
standards. We assume a block fading channel and that the channel remains constant
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throughout the SLS and BRP procedures. This assumption is reasonable in practice for
a typical 802.11ad/ay application. For instance, the coherence time is about 1 ms [89] in
an indoor setup, while the SLS phase takes about 15.76 us per sector sweep frame [90]
and a BRP packet is of up to 46.96 us [91, Section 20.12.3].

SECTOR LEVEL SWEEP

During SLS, the TX uses sector sweep frames and illuminates the channel with sectored
beam patterns. The standard, however, does not prescribe specific beam patterns to
conduct SLS. These beams may be the common contiguous patterns discussed in [39—
41] or the comb-like patterns proposed in this work as shown in Fig. 2.1(b). We define
{Ps ?;S as the base AWMs applied at the TX for SLS. The base AWM P; illuminates

sector s. We use y';'ls to denote the measurement acquired when the TX applies P5 and
v, ~ €M0, 0?) as the noise in this measurement, i.e.,

y3 = (H,P) + v, (2.4)

In SLS, the RX calculates the received power associated with (2.4) for each sector. Then,
it determines the sector of interest as the one with the highest received power using

2
Sopt = argmax |ys|”. (2.5)
s€[S]

An illustration of the SLS procedure is shown in Fig. 2.2.

For sector s, we define the set of beamspace indices &/ as the locations in the
beamspace X that are illuminated by the base AWM P,. To see how 4 is exactly
determined from P, observe that the inner product of two matrices is the same as the
inner product of their inverse 2D-DFTs, i.e., (H, Ps) = (X, U;,PSUL). When the TX applies
P, to its array, it generates a beam that illuminates the beamspace at the indices where
U\ P,U} is non-zero. Therefore, o/, = {(k, ) 2 [(UNPSUR )i # 0|}. For the identified
sector Sy, we define the corresponding base AWM as P, = P, for ease of notation.
The corresponding set &/, = &Ysopt. Our objective in codebook design for SLS is to design

{P i;g such that each of them illuminates a distinct set of indices in the beamspace,
ie., {ds}i[} are disjoint and their union is the entire beamspace. The main challenge
in the design of such AWMs is due to the constraint that P, € @Q”‘NVS. In Section 2.2,
we present our codebook and show that it outperforms those constructed in prior work
[39-41].

SLS uses only the received power to identify the best sector s,,; and it does not
require estimating the channel H. The antenna weights obtained at the end of the SLS
phase, however, usually do not provide sufficient beamforming gain as S « N2. To
further improve the beamforming gain, a narrow beam can be formed after estimating
the spatial channel within the identified sector. The next subsection explains the main
challenges to be solved in estimating the in-sector channel.
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Figure 2.2: Example of SLS to determine the sector of interest using S = 4 disjoint comb-like
sectors designed with our approach. The RX finds the sector of interest s, as the
one that results in the highest received power and feedbacks this information to the
TX. The TX can then estimate the channel within the sector using BRP.

BEAM REFINEMENT PROTOCOL

During BRP, the TX applies a collection of AWMs that illuminate directions within the sector
of interest. Under the assumption that the S sectors uniformly partition the beamspace,
the in-sector channel is an N? /S dimension vector. A simple approach to estimate this
vector is to apply directional beams that exhaustively scan all directions within the sector.
Such a scan, however, results in a substantial training overhead, which is in the order of
N?/S. To avoid this high training overhead, we develop an in-sector CS-based method
that obtains compressive measurements of the channel within the sector of interest.
We use M to denote the number of CS measurements within the sector s,;. These

measurements are obtained using an ensemble of beams {Po[m]}%;z) that only illuminate
the sector of interest, i.e., the matrices {U;,Po[m]UfV m':z) are non-zero only at the indices

in &,. For a measurement noise v[m] ~ €.#(0, 0?), the m™ in-sector measurement
y[m] of the channel is
y[m] = (H,P,[m]) + v[m]. (2.6)

Our goal for in-sector CS is to construct{Po[m]}f‘T"l;g) such that: i)P,[m] € @g*” illuminates
only the directions within &, for each m and ii) the collection {Po[m]}",:';:gJ results in a
low channel estimation error within the sector of interest. In-sector CS is promising
over CS techniques [45—-48] that employ wide beams, because the SNR of the in-sector
measurements is higher than those acquired with a wide beam by about 10 log;,S dB,
which is the sector gain.

2.2. PROPOSED SECTORS AND BASE AWMS FOR SLS

SLS is usually performed using beam patterns that illuminate disjoint and complementary
sectors within the beamspace. This is because such illumination patterns concentrate
the transmitter’s power only over a fraction of the beamspace, enabling a higher received
SNR for initial access. In the SLS literature [39, 40] and [92], it is common to consider
contiguous sectors such as the ones shown in Fig. 2.3(a). The AWMs that achieve
such contiguous patterns, however, cannot be realized with extremely low-resolution
phased arrays such as one-bit phased arrays. To see this, let us consider the problem
of constructing AWMs that result in illumination patterns shown in Fig. 2.3(a) using a
4 x 4 antenna array with one-bit phase shifters. Here, the AWMs need to be chosen
from {+1}** due to the one-bit constraint. As the matrices in {+1}*** are purely real,
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(b) S = 4 comb-like beams realized with 1-bit phase shifters using our method.

Figure 2.3: Contiguous and comb-like beam patterns to illuminate S = 4 disjoint sections of the
2D beamspace with a 4 x 4 array at the TX. With 1-bit phase shifters, the AWMs cor-
responding to the beam patterns in (a) cannot be realized, while those corresponding
to the patterns in (b) can be achieved using our construction in Sec. 2.2.1.

their inverse 2D-DFTs are mirror symmetric [93], i.e., a pattern that illuminates (R, ?)
beamspace index must also illuminate the ({-R)y, (-f}y) index. We observe that the
contiguous patterns in Fig. 2.3(a) do not exhibit a mirror symmetric pattern. As a result,
the sectors shown in Fig. 2.3(a) cannot be realized in one-bit phased arrays. To address
this challenge, in this chapter, we design comb-like illumination patterns such as the
ones shown in Fig. 2.3(b). Such comb-like patterns exhibit mirror symmetry, and the
corresponding AWMs can be realized with phased arrays whose resolution can be as
low as one bit.
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2.2.1. PROPOSED CONSTRUCTION FOR AWMS IN SLS

Now, we explain the structure of the proposed comb-like patterns and discuss our method
to design the base AWMs {P;}3_) with entries in @)*" to achieve such patterns.

We drop the sector index s to explain the first step in our technique to construct AWMs
for SLS. To design comb-like structures in the beamspace, our method constructs an
antenna domain building block C with N, rows and N, columns. We assume that both N,
and N, divide N, and the product N N, is a power of 2. The building block C is chosen
from the 2D-DFT codebook such that it illuminates just one direction in the Ny x N,
beamspace. An example for C is shown in Fig. 2.4(a). With our design, the inverse
2D-DFT of C, i.e., ULeCUK,a, has just one non-zero entry and N N, - 1 zeros. Next, the
matrix C is upsampled by a factor of N/N, along the row dimension and by a factor of
N /N, along the column dimension. We define these upsampling factors as

pe =N/N, and (2.7)
pa=NIN,, (2.8)

and the upsampled version of C is defined as Ce "N As upsampling a signal results
in replication and scaling in the Fourier domain, the beamspace representation of C is a
scaled repetition of the inverse Fourier transform of the building block [94]. This repetitive
pattern results in a comb-like structure in the beamspace as shown in Fig. 2.4.

Now, we summarize the final step in base AWM design to construct a phased array
compatible matrix which achieves a comb-like beam pattern. Although the upsampled
building block C results in a comb-like pattern, it cannot be realized with a phased array.
This is because C ¢ @Q’*N as it has several zeros. To construct a matrix in @g*” that
achieves a comb-like pattern, we first make use of the property that circularly shifting a
matrix does not change the magnitude of its 2D-DFT. As a result, any 2D-circular shift of
C results in the same illumination pattern as C. We also observe that the locations of
the zeros are complementary across all the 2D-circular shifts of C. Our method takes
a weighted combination of the p,p, 2D-circular shifts of C to construct a base AWM in
@g’*”. The weights are optimized such that the illumination pattern associated with this
weighted combination is almost flat within the designed sector. We will show in Sec.
2.3.3 that such flat profiles achieve a low reconstruction error using our sparse recovery
guarantees from [95]. Our design procedure is illustrated in Fig. 2.4 for a particular
sector.

We now explain the mathematical details of our procedure to construct S = NN,
sectors. As the entries of the building block are drawn from an N, x N, 2D-DFT codebook,
realizing the designed AWMs in a phased array requires g = log,(max({N,, N,}))-bit
phase shifters. We index the NN, sectors in our design using the 2D-index pair (R, R,),
where R, € [N.] and R, € [N,]. The sector index s is expressed as s = N R, + R,. The
set of beamspace indices associated with this sector is

As={(p,q) : p=nNg+Re,q=mN, +Ry,n=[p.],m=[p,l}, (2.9)

which can be interpreted as a comb-like pattern anchored at (kg, k,). A detailed de-
scription of our method to construct a base AWM P that illuminates </ is given below.
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(b) Example for constructing the AWM P using (2.14) and its spectral mask (2.17).
Figure 2.4: An example of our proposed framework to construct AWMs that focus energy within

sectors with comb-like patterns. Here, N = 4, the number of sectors are S = 4, N, = 2,
and N, = 2. Therefore, p, =2 and p, = 2.

+ Construct the building block C € @gexma as an outer product of the kg‘ column of
Uy, and the kY column of Uy, ie.,

CS = UNe(:1 ke)ULa(:r ka) (210)

Similar to [45], we define C; ¢ as the flipped and conjugated version of C;. The
angle domain matrix associated with the building block is then

B, = Uy, CcUj, (2.11)
It can be shown that B(kg, R,) = 1 and B.(i,j) = 0 Y(i,j) # (R, Ry).

+ Upsample C; by a factor of p, along the columns and p, along the rows. The
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upsampled matrix is obtained by first inserting p, - 1 zero-valued row vectors
between successive rows of C,, and then inserting p, - 1 zero-valued column
vectors between successive columns of the resultant matrix. The upsampled result
is an N x N matrix C;, whose beamspace representation is defined as

Z, = U C, Uy (2.12)
p, times
——t
] B, - B,
= P, times. (2.13)
VPePa B, - B,

Here, (2.12) follows from the upsampling property of the 2D-DFT [96]. Observe
that 25 exhibits a comb-like structure as it contains repetitions of B, that has a
single non-zero entry. The pattern in Z, however, cannot be realized in a phased
array as its antenna domain representation Cs & @g*”.

» Express P, as a weighted sum of p,p, distinct 2D-circular shifts of és. Let) € RVN
denote a circulant delay matrix with the first row of (0, 1,0, ..., 0). The subsequent
rows of J are generated by circularly shifting the previous row by 1 unit. The d
circulant delay matrix is then J; =) - J---). Then, P in our construction is

pe-1pa-1 .
Po=> > Wy i€ (2.14)
=0 m=0

We constraint the entries of the p, x p, weight matrix W* in (2.14) to Qq so that
P, € ag".

A possible choice for W® is to set its entries to the elements in Qq at random. Although
a random choice still illuminates the sector of interest, it does not necessarily lead to
a uniform illumination pattern across the directions within the sector. Specifically, the
entries of Z; within the set &/, will not necessarily have the same magnitude as we
can also notice from the example in Fig. 2.5(b). In this chapter, the weights in W* are
optimized such that the illumination, i.e., the transmitted power, is almost the same
across all the directions within each sector. We will show in Section 2.3.3 that having a
flat illumination pattern within a sector results in a tight bound on the reconstruction error
of the in-sector channel via CS.

We explain how the weights in W* are optimized to achieve an almost flat illumination
pattern within the sector s. We define an N x N matrix

Pe=1pa-1
= > Way2me/N)aj 2mm/N), (2.15)
=0 m=0

where ay(w) is the N x 1 Vandermonde vector defined in (2.1). The beamspace rep-
resentation of the base AWM Py in (2.14), referred to as the spectral mask Z,, is given



24 2. In-sector Compressive Beam Acquisition for MmWave and THz Radios

by

Z, = NU; P, (U}, (2.16)
=N[T|° o Z,. (2.17

We arrive at (2.17) by first applying flipping and conjugation operations to both sides
of (2.14). Then, we use the property that circularly shifting a matrix is equivalent to
modulation in the Fourier domain. Next, we observe from (2.13) that Z; has equal
magnitude entries within the sector s by our construction. For the base AWM P, to
achieve a uniform illumination over o/, we notice from (2.17) that the entries of T°
must have the same magnitude over o;. We define T°, as the p,, x p, submatrix of T*,
comprising entries from T° at the indices in o/;. Further, we define an N x N diagonal
matrix Dy(w) = Diag(ay(w)) that contains the N x 1 Vandermonde vector (2.1) on its
diagonal. Then, we can rewrite (2.15) as

TS, =U; D, (2R, /NJWSD,, (21k, [N)U}, . (2.18)
The weight matrix W* € @ZexPa should be optimized such that Tss, i.e., the magnitude of

the inverse DFT of D, (21k./N)W°D,, (2R, /N) is flat. We can thus write the optimiza-
tion problem for designing W as

O : minimize
Wse}e e, |v|=1

T, —V/M”F. (2.19)

The above optimization problem makes sure that the magnitude of entries of TZ{ are as

close as possible to 1/,/p.p, while W* € @ZexPa. To solve (2.19), we use an alternating
minimization approach similar to the PeCAN algorithm proposed in [97]. In the example
shown in Fig. 2.5, we observe that the magnitude profile of the spectral mask |Z| with
the optimized weights has a more uniform illumination within the sector than the one that
uses random weights.

In Fig. 2.6, we compare the received signal strength after SLS using the proposed
comb-like sector codebook with those in [39—41]. The AWMs in [39-41] have contiguous
beam patterns, and to meet the low-resolution constraint of the phase shifters, we have
quantized the corresponding AWMs when necessary. Due to the comb-like structure of
our sectors, the indices in &/ are different with our design and the benchmarks. The
received SNR after SLS is proportional to the received power in the best estimated sector.
We observe from Fig. 2.6 that our proposed AWMs achieve a higher received power
after SLS than the other methods. This is because our comb-like sectors are able to
concentrate the transmitter’s energy perfectly within the sectors without any leakage,
unlike the other methods that suffer due to coarse phase quantization. To measure the
power leakage with a codebook, we first define PL as the power leakage with AWM P
outside /. The leakage PLg = 1 - (1 Zi{</}I7/11Z;]|}), where Z{</;} is a submatrix of
the spectral mask Z, at the indices in @5. The power leakage associated with a codebook
is then PL = (1/S) Z§=1 PL,. For the codebook in [40], Fig. 2.7 shows the power leakage
PL for different resolutions of a 32 x 32 phased array. Although the set ¢/ in our design
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(a) llumination pattern |Z| with the proposed (b) llumination pattern |Z| with the proposed
construction and the optimized weights for construction and random weights for W®.
we.

Figure 2.5: This figure illustrates the spectral masks of our base AWMs designed for SLS. In
this example, we use N =32, N, =2, N, =2, R, =0, R, = 1, and g = 2 bits. We
observe from Fig. (a) and Fig. (b) that using the optimized W° in our comb-like
construction results in a more uniform illumination pattern than random weights. Here,

max |Z;|/ min |Z, ;| is about 1.78 for the pattern in Fig. (a) and is 8.67 for the
(if)eds ™ (ijeds ™

pattern in Fig. (b).

differs from that in [40], both sets contain the same number of indices to ensure a fair
comparison in Fig. 2.7. We observe from Fig. 2.7 that the construction in [40] results in
considerable power leakage outside the sectors while our method achieves PL = 0 by
construction. It is important to highlight that our design requires a resolution of at least
log, (max{N,, N.}) bits at the phase shifters, where N, and N, are such that the number
of sectors S = N N,. After the sector of interest is found using SLS, the TX performs
in-sector CS-based channel estimation within this sector for beam acquisition.

2.3. IN-SECTOR COMPRESSED SENSING FOR CHANNEL
ESTIMATION USING THE BRP

To achieve the full beamforming gain of 10 log;,N?, the TX needs to further refine the
AWM within the sector s,,;. This beam refinement can be performed after estimating the
N?/S dimension in-sector channel. In this section, we explain how two-dimensional (2D)
CCS (2D-CCS) can be used to acquire channel measurements within the sector s, ;.
Then, we discuss how to construct an ensemble of AWMs {Po[m]}"rg;g that all focus on
the sector s, Finally, we provide details on the subset of AWMs optimized to reduce
aliasing artifacts in CS within the sector.
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2.3.1. PRELIMINARIES ON 2D-CCS
At the end of SLS, the TX can apply P, to illuminate the beamspace indices in &, i.e

o = {(pq)  (URPoUY)pq # O} (2.20)

The use of P, at the TX, however, results in a single spatial channel measurement, which
is insufficient to estimate the N2 /S entries of the beamspace in </,. To estimate these
entries, multiple AWMs that all focus on the same sector must be designed and applied
at the TX. One way to construct such AWMs is to circularly shift P, and obtain possibly
distinct AWMs. This approach works for in-sector CS because circularly shifting a matrix
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Figure 2.6: Our designed base AWMs achieve a higher median received power after SLS than
the ones in [39—-41] and the quasi-omnidirectional beams in [45]. The benchmarks
perform poor for low-resolution phase shifters because their AWMs cannot focus
the transmitter’s power well within the contiguous sectors. Our AWMs focus power
exactly within the comb-like sectors by construction. These plots are obtained for a
32 x 32 array at the TX. The received power is computed for 100 channel realizations
from the NYU channel simulator at 60 GHz and 02 = 0. For @2 # 0, the performance

of our proposed comb-like illumination pattern relative to other methods will remain
the same.
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Figure 2.7: For a 32 x 32 phased array, the plot shows that the codebook in [40] results in power
leakage outside the defined sectors while our design results in zero leakage. Our
codebook can be constructed when the resolution of the phase shifters is at least
log, (max{N,, N.}), where the number of sectors can be factorized as S = N,N,.

does not change the magnitude of its 2D-DFT [93]. The resulting method in which the TX
applies circular shifts of an AWM for the RX to acquire channel measurements is called
2D-CCS [45]. Hence, with 2D-CCS, the M in-sector channel measurements {yo[m]}",f,;g)
are obtained by applying M distinct circular shifts of P, at the TX during BRP.

Now, we discuss mathematical preliminaries on 2D-CCS [98]. With 2D-CCS, the TX
can possibly apply N? different 2D-circular shifts of P, for in-sector channel estimation.
As applying all possible circular shifts results in a substantial measurement overhead, the
TX only applies M < N? of these circular shifts to obtain channel measurements. These
measurements are used together with a sparse prior for channel estimation. As the
AWMSs in 2D-CCS are all circular shifts of the base AWM P,,, the channel measurements
can be interpreted as a subsampled circular convolution of the channel and P, [45]. We
use Q = {(r[m], c[m])}})-} to denote the set of M circular shifts of P, applied at the TX
to acquire the in-sector channel measurements. Specifically, P,[m] is constructed by
circularly shifting P, by r[m] € [N] units along its rows, and then circularly shifting the
result by c[m] € [N] units along its columns. We use H®P, to denote the 2D-circular
convolution [96] of H and P,. We define %,(A) as the subsampling operation that returns
a vector of size |Q| x 1 containing the entries of A at the indices in Q. When the TX applies
circulant shifts of P, according to Q, the vector of M in-sector channel measurements
acquired by the RX is

V = % (HeP,) + V. (2.21)

We observe that the channel measurements in 2D-CCS are determined by the base
AWM P, and the set of circular shifts Q.

We now describe the in-sector sensing structure in (2.21) by expressing H and P,
in the 2D-DFT domain. Similar to (2.16), the spectral mask Z, corresponding to P, is
defined as

Z, = NU,P,U,. (2.22)
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From (2.20) and the properties of the 2D-DFT, it can be shown that Z,(k,f) # O if
(R, ®) € o, and Z,(k, ?) = 0 if (R, £) & of,. We define the masked beamspace R, as the
entry-wise product of the spectral mask Z, and the beamspace X, i.e.,

R, =Xo0Z, (2.23)

As Z, contains only |2/, | number of non-zeros, the masked beamspace R, in (2.23) has
utmost | </, | non-zeros. Under the assumption that |/, | ~ O(N?), R, exhibits a sparse
structure due to the sparsity in X. Now, we use the property that the 2D-DFT of the 2D
circular convolution of two matrices is equal to the scaled entry-wise product of their
2D-DFTs [96] to rewrite (2.21) as

y = g)Q(UNROUN) +V. (224)

We observe from (2.24) that the channel measurements in 2D-CCS are simply a sub-
sampled 2D-DFT of a sparse masked beamspace. Here, the mask is the discrete beam
pattern corresponding to the base AWM P, and the subsampling is performed at the
indices in Q.

Now, we explain how in-sector channel estimation is performed with the 2D-CCS-based
measurements. Any algorithm that uses the measurements y = 9% (Uy(X @ Z,)Uy) in
(2.21) can only estimate the entries of X at the indices in &, since the spectral mask
Z, blanks out entries of X outside &,. In this chapter, we use the OMP, a greedy CS
algorithm, to obtain the beamspace estimate ﬁo from the M in-sector measurements.
The channel estimate within the sector of interest is then I:I0 = UNiOUN.

The success of sparse recovery from partial 2D-DFT measurements in (2.24) depends
on the choice of the subsampling indices in Q. Prior work has demonstrated that sub-
sampling indices chosen at random allow sparse recovery with a high probability [99]. It
is also known that random subsampling often results in aliasing artifacts that are almost
uniformly spread over the support of the reconstruction, i.e., [N] x [N] [100]. Many CS
algorithms, like the OMP, iteratively cancel the aliasing artifacts to reconstruct the sparse
signal. In our in-sector CS problem, a uniformly spread aliasing profile is undesirable
because the sparse masked beamspace signal in (2.24) is non-zero only at the indices in
. To minimize the reconstruction error, the subsampling set Q should be constructed
such that aliasing artifacts over &/, are kept small, while the artifacts outside </, are not
critical since the masked beamspace is known to be zero in those regions. We construct
such sets in Sec. 2.3.2.

2.3.2. PROPOSED CIRCULAR SHIFTS FOR IN-SECTOR CS

We discuss our procedure to optimize the set of the circular shifts in Q to reduce the
aliasing artifacts within the sector s;;.
To aid our optimization, we write down the partial 2D-DFT-based measurement model,
ie.,
Y = F(Uy (Z, @ X)Uy) + v, (2.25)

using (2.24) and (2.23). This measurement model is equivalent to a linear measurement
model of the N? x 1 sparse vector X = vec (X). To represent the linear model explicitly,
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we replace the sampling operator %,(-) with an M x N? subsampling matrix S which is
equal to 1 at locations in {(m, Nc[m] + r[m])}"rf,;z) and zero at the remaining locations.
Thus, S consists of exactly |Q| = M ones representing the circular shift indices within Q.
We use z, = vec(Z,) to denote the N2 x 1 vector form of the spectral mask Z,. The CS
matrix that compresses X to y can be determined from (2.25) as

A, =S (U, ® U,)Diag(z,). (2.26)
The linear measurement model in (2.24) can be rewritten as
y=AX+V. (2.27)

Note that the set of the circular shifts Q = {(r[m], c[m])}%;g determines the subsampling
matrix S and therefore the CS matrix A,.

The performance of greedy CS algorithms for sparse recovery usually depends on the
mutual coherence of the CS matrix [101]. The mutual coherence is simply the maximum
of the normalized inner product between the columns of the CS matrix. It was shown in
[101] that minimizing the mutual coherence of the CS matrix results in a tight upper bound
for the MSE in the sparse estimate. To this end, we optimize the set of the circulant shifts
Q to minimize the mutual coherence of the CS matrix in our problem.

The CS matrix in our problem has a special structure due to our comb-like construction
for the sectors. We define &, = {qN +p : (p, q) € o/,} as the set of the 1D indices where
the comb-like spectral mask Z, is known to be non-zero. Specifically, for the sector of
interest s, the vectorized spectral mask z, is non-zero at the locations in Z, and zero

at the other locations [Nz]\go_ Therefore, we can equivalently write the measurements
(2.27) as
V=Agy Xy +V. (2.28)

In (2.28), Ayo is the M x p.p, submatrix of A, obtained by retaining the columns with
indices in Z,, and X, is a subvector of X with the indices in Z,. So, the in-sector

CS problem is to estimate this p.p, = N? /S dimension sparse vector Xg_ from the M
measurements. Also, sparse recovery in our in-sector CS problem (2. 28) depends on
the coherence of A, rather than A,.

Now, we use the notlon of the point spread function (PSF) in partial 2D-DFT CS
problem [100] to aid our optimization of the sampling set Q. We define the N x N binary
matrix N, that is 1 at the indices Q = {(r[m], c[m])}ﬂ‘:z) and is zero at other indices.
Therefore, N has exactly M entries with the value of 1. The corresponding PSF is [45,
100]

PSF, = %ULNOUL. (2.29)

In a standard partial 2D-DFT CS problem, the coherence of the CS matrix is simply the
maximum sidelobe level of the PSF. In our in-sector CS problem, however, only the
sidelobes within the sector of interest matter. With our comb-like sectors constructed
according to (2.9), it can be shown that the coherence of the effective CS matrix Ay, is

Ho = max |PSFo (i, j)| (2.30)
{())e7}
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where ={i,j): i=nNg,j=mN,,(n,m)€[p.]*[p,]1\(0, 0} for any comb-like sector with
the set of beamspace indices defined in (2.9). The maximum sidelobe level of the PSF
at the locations in 7 determines the mutual coherence of the CS matrix in our in-sector
CS problem.

Now, we formulate the coherence minimization problem as

min max |PSF,(i,j
Noe0, VN (ij)eT l olisJ )l

sit. z Nq(i,j) = M.

(ij)eIN]x[N]

(2.31)

The problem Zis non-convex and hard to solve. In Lemma 1, however, we present an
optimal solution Nqu that achieves i, = 0 when M = p.p,. This case corresponds to
the Nyquist sampling criterion where the number of measurements M is equal to the
sector dimension N?/S. For the sub-Nyquist regime where M < PePa, Our randomized
subsampling technique just selects M elements at random from the Nyquist sampling
set.

Lemma 1. For M = p,p,, the matrix Nqu corresponding to Q = [p,] x [p,], with p, and
p, defined in (2.7) and (2.8), is an optimal solution of S since it achieves [, = 0 in (2.30).

Proof. See Section 2.7.1. O

We now discuss the Nyquist sampling criteria for the N? dimension channel estimation
problem and the N?/S dimension in-sector channel estimation problem. In the former
case, the Nyquist sampling criterion is M = N? and the optimal solution N, for Pis
an N x N matrix of all ones corresponding to Q=[N] x [N]. The PSF corresponding to
Q = [N] x [N] can be shown to be zero at all entries except (0, 0). For the in-sector CCS
problem with our comb-like sectors, the ideal PSF need not be zero at all these locations
to achieve U, = 0. Instead, it only needs to be zero at the locations defined by Jin
(2.30). In Lemma 1, we propose a construction for Q) that achieves py, = 0 for M = N?/S.
This set simply comprises the 2D-coordinates of any p, x p, contiguous block on the
[N] % [N] grid.

We use Nqu to denote the optimal solution of when M = N?/S. In the sub-Nyquist
regime, i.e., M < p.p,, we propose to select M entries from the Nyquist set of circular
shifts in Lemma 1, i.e., [p.] x [p,], uniformly at random without replacement. We refer to
this method as the proposed circular shifts (PCS) for M < p.p,, i.e., the subsampling set
Q) in PCS is a subset of the optimal setin Lemma 1 for M = p,p,. Hence, PCS converges
to the optimal solution proposed in Lemma 1 as M - p.p,. We would like to mention
that PCS is different from the fully random circular shifts (RCS) used in [45]. With RCS,
the M circular shifts are chosen at random from [N] x [N], while PCS selects the M shifts
at random from [p.] x [p,] as shown in Fig. 2.8.

To illustrate the effectiveness of our PCS in the sub-Nyquist regime M < p.p, over
RCS, we examine the mutual coherence of the CS matrices. In Fig. 2.9(a) and 2.9(b),
we compare the entry-wise magnitude of the PSF (2.29) obtained from PCS and RCS in
the Nyquist regime M = N2 /S. We observe that with PCS, the PSF is 0 at the indices of
interest, i.e., 7, while RCS which selects M indices at random from [N] x [N] results in a
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Figure 2.8: One realization of the circular shifts chosen in our PCS scheme and the RCS scheme
are shown for N = 16, N, = 4, N, =4,S = NN, p, = N/N,, p, = N/N,, and M = 5.
While the circular shifts in PCS are chosen at random from {0, 1, 2,3} x {0, 1, 2, 3},
the shifts in RCS are chosen at random from [16] x [16].

higher coherence p,. Next, we plot the cumulative distribution function of i, for the two
sampling schemes in Fig. 2.9(c). We notice from the cumulative distribution function that
PCS achieves a smaller coherence for the effective CS matrix Ago than RCS. Finally,
we show an instance of PCS and RCS in Fig. 2.8 to distinguish the difference between
the two sampling schemes.

2.3.3. GUARANTEES ON IN-SECTOR CS WITH THE OMP

In this section, we discuss our guarantees for OMP-based sparse channel estimation
within the sector of interest &/,. Our guarantees are an extension of the coherence-based
guarantees in [101], and they help us study the impact of variations in the illumination
pattern within the sector. Here, we only provide the main results, and we refer the
interested reader to our work in [95] for more details.

Prior work on coherence-based guarantees for the OMP makes a strong assumption
that the CS matrix has equal column norms. In our problem, the norms of the columns
within the CS matrix in (2.26) are controlled by z,. To express our guarantees as a
function of the variations in z,, we define z;, as a p.p, x 1 subvector of the vectorized
spectral mask z, obtained by retaining indices in Z,. We use d; to denote the £,-norm
of the i™ column of Ago. Using the definition of A, in (2.26), we can write that

M

%N

|24, ()], Vi € [pepal (2.32)
where z, (i) denotes the it" entry of z, . The maximum and the minimum of the column

norms in Ay, are defined as dp, = max d;j and dp, = min d;. As the £,-norm of
° j€lpepal j€lpepal

zy, is equal to the Frobenius norm of the AWM P, i.e., 1, we have Zi:fa dl.2 = M/NZ.
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Figure 2.9: Proposed subsampling and fully random subsampling for N = 32, N, = 4, N, = 4,
S = N.N,, p. = N/N,, p, = N/N,. In (a) and (b), we assume M = p.p, and the
entries indicated by O have indices in . The PSF for PCS achieves [i, = 0, which
corresponds to zero aliasing artifacts under Nyquist sampling. For the same number
of measurements, however, the PSF with RCS results in a positive u,. We observe
from (c) that the coherence with PCS is lower than that with RCS in the sub-Nyquist

regime for M = 20.

Due to this energy constraint,

0 < dpyin S Ao < VM/N.

(2.33)

The entries of the spectral mask in z, are proportional to the norm of the columns of

the CS matrix.

Now, we provide performance guarantees to recover the sparse in-sector beamspace
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Xy, from the noisy CS measurements in (2.27) using the OMP. The guarantees provided

in Theorem 1 set an upper bound on the reconstruction error and a lower bound on the

probability of successful support recovery depending on the strength of the weakest

component of the sparse signal, the noise power, and the sparsity level.

Theorem 1. Let Xy min = mil_r|1 |X,_ ;. where I denotes the support of Xy, with cardin-
JE

ality |N| = K. If
dminxyo,min - (2K - 1)IJodmaxX30,min 2 2y, (2.34)

fory > 0, with probability exceeding

CERAE S

the OMP algorithm successfully recovers the support of X % and the MSE of the estimate
X, is upper bounded as

max )2 Ky?
dmin (dmin - (K - 1)uodmax)2
Proof. See Section 2.7.2. O

Iz, -z, I < (236)

An important insight from Theorem 1 is that the OMP can identify weak coefficients in
the beamspace when d,,/d i, of the CS matrix is small. This observation follows by
rewriting (2.34) as

Xz, minZ 2Y
0' dmin - (2K - 1)“odmax
- 2V/dmin
1- uo(ZK - 1)(dmax/dmin).

The upper bound on the MSE in (2.36) monotonically increases with dpa/dmin- 1IN
summary, our guarantees on support recovery and the MSE become tight for a small

max/dmin- We notice from (2 33) that the smallest possible d a3/ dmin is 1. This is
achieved when mln] |zg \/_/N equivalently when P, uniformly illuminates the

i€lpep
sector of interest. Tehése guarantees motivate our optimization objective in (2.19), which

aims to generate AWMs that result in an almost uniform illumination within the sector.
Further, it can be concluded from our guarantees that our optimized illumination pattern
in Fig. 2.5(a) should achieve better in-sector channel reconstruction than the pattern in
Fig. 2.5(b).

(2.37)

(2.38)

2.4. NUMERICAL RESULTS

In this section, we first describe how the proposed beamforming method is extended
to a wideband system using the IEEE 802.11ad frame structure. Then, we discuss the
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performance of our proposed method in terms of the normalized MSE in the in-sector
channel estimate and the achievable rate.

2.4.1. EXTENSION TO A WIDEBAND SYSTEM

We denote the L-tap wideband channel as {H[{’]}L‘S where H[f] € C"*N. The TX first
identifies the best sector by applying S different AWMs {Ps}ﬁjJ in SLS. The best sector is
the one for which the received power, i.e., ¥;7) | (H[£], Ps) + v;|? is the highest and the
corresponding base AWM is P,. Then, the TX acquires CS measurements within this
sector by applying different AWMs {P,[m] ﬂlé at the beginning of each training (TRN)
subfield in a BRP packet. As shown in Fig. 2.10, to obtain the mth measurement, at the
beginning of the m™" TRN subfield, TX sets the antenna weights at the uniform planar
array to P,[m]. With our design, P,[m] is a 2D-circular shift of P,,.

In IEEE 802.11ad, a Golay sequence Ga,,g of length 128 is used as a guard inter-
val at the beginning of the TRN subfield [102]. This interval provides enough time to
change the antenna weights at the TX and also avoids interference across successive
subfields. Then, the TX transmits two Golay complementary pairs {-Gb,g, Ga;,5} and
{Gb,,5, Ga,g} for each AWM, i.e., P,[m], applied at the array. The complementary prop-
erty of Golay sequences can be used to obtain measurements of the equivalent wideband
channel seen through the beamformer P,[m][103]. This channel is {{H[£], P,[m])}; ;.
vector of length L for each m € [M]. We define Y}, € ML to denote the set of these
ML spatial channel projections within the sector of interest and the measurement noise
as Vp,, € C"L. Hence, the (m, )" entry of Y, is

Ypum, £) = (H[Z], Po[m]) + Vi (m, 2). (2.39)

Due to the spreading gain of Ny, = 256 with the Golay sequence correlators, the entries

of V. are independently and independently distributed as €0, OZ/Nseq).

In this chapter, only the DC subcarrier, i.e., the sum of the L taps of the wideband
channel Hg,, = Zf,z'g H[?] is estimated within the sector of interest. Although our method
can be applied to estimate all the taps, we only estimate the sum of the channel taps as it
requires less computational complexity than wideband channel estimation. This approach
is reasonable because the phased array can only apply a frequency-flat beamformer,
which may be designed based on a single subcarrier. The in-sector CS measurements

are thus y[m] = Zf,;& You(m,£), Ym € [M]. Now, similar to the narrowband case, in-
sector CS can be performed using {y[m]}",;',;z) to obtain an estimate of the DC subcarrier

I:Igum within the sector of interest. This estimate can then be used to design the conjugate
beamformer at the transmitter to maximize the received power.

2.4.2. SYSTEM PARAMETERS

We consider a 32 x 32 phased array in Fig. 2.1(a) at the TX and we assume 1-bit phase
shifters unless otherwise stated. The TX-RX distance is 60 m. The heights of the TX and
the RX are 3 m and 1.5 m. The system operates at a carrier frequency of 60 GHz with a
bandwidth of 100 MHz that corresponds to a symbol duration of 10 ns. We use SNR i
to denote the SNR without spreading gain and without any beamforming gain. This is
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M TRN subfields in the BRP packet of the IEEE 802.11ad
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Figure 2.10: BRP packet in IEEE 802.11ad may comprise upto 64 TRN subfields containing
Golay complementary pairs [91, Table 20-13, Sec. 20.9.2.2.6], [102]. The in-sector
CS measurements can be acquired within the sector of interest s, when the TX
sequentially applies {P,[m]}i} at the beginning of each TRN subfield.

obtained when the TX applies a quasi-omnidirectional beamformer generated by a perfect
binary array [45]. We use mmWave channels obtained from the NYU channel simulator
[6] for a line-of-sight scenario in an urban micro environment. For 100 independent
channel realizations, the omnidirectional root-mean-square delay spread was less than
25 ns in more than 90% of the channel realizations. We model the wideband channel
using L = 10 taps corresponding to a duration of 100 ns, which is much larger than 25 ns.
The simulation results in this section are averaged over the 100 channel realizations.

2.4.3. PERFORMANCE OF THE PROPOSED IN-SECTOR CS-BASED
BEAMFORMING

We discuss metrics used to evaluate the performance of the proposed method against
two other benchmarks. We also assess the performance gain arising from each of our
three contributions: (i) Construction of non-overlapping comb-like sectors in SLS, (ii)
Optimization of the weight matrix W® to achieve an almost uniform illumination pattern,
and (iii) Optimization of the circular shifts in PCS for in-sector CS.

To construct the base AWMs in our approach for SLS, we initialize the weight matrix
within the iterative optimization algorithm in (2.19) to different matrices that exhibit good
autocorrelation properties. This is done because the algorithm (2.19) can converge to
different local minima depending on the initialization [104]. To this end, we use perfect
binary arrays [105], the quantized DFT matrix, the outer product of two Frank sequences
[106], the outer product of two Zadoff-Chu sequences [107], and the outer product of
two Golomb sequences [108] for the initialization. Then, the initialization that results in
the most uniform magnitude profile within our comb-like construction is used to construct
a base AWM for the sector.

For CS-based channel estimation within the sector of interest, we used the OMP
algorithm [8] to obtain an estimate of H,;,. Assuming that the (N2/S) x 1 vector Xy,

in the in-sector CS measurement model (2.28) is K-sparse with K « G(N?/S), the
computational complexity of the OMP algorithm is dominated by the matrix-vector mul-
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Figure 2.11: The plots show the normalized in-sector MSE, achievable rate, and the cumulative
distribution function of the achievable rate using the proposed in-sector CCS-based
method as well as the benchmarks. We assume N, = 2, N, = 2 which results S = 4
sectors. We use SNR,,,i = -10 dB. In (c), we use M = 80. It can be noticed that
the proposed in-sector CCS-based method outperforms the benchmarks when the
weight matrix W° in (2.14) is optimized.

tiplication A;Oy [109]. The partial 2D-DFT structure of the CS matrix Ay0 in our case,
allows fast implementation of A;,,Oy using the fast Fourier transform. It was discussed
in [45] that the complexity of each OMP iteration with such a partial 2D-DFT matrix
is @((NZ/S) log(N/\/g)). For a K-sparse signal, OMP requires at most K iterations to
converge [101]. Algorithms based on convex optimization can also be used for sparse
recovery. One such algorithm, based on the subgradient method, minimizes an ¢;-
regularized least squares objective [101]. To achieve €-error in the objective, this method
requires (1 /(-:2) iterations [110]. In our simulations, we observed that the OMP required
about 30 iterations, whereas the subgradient method needed several thousand iterations
to achieve comparable performance.

We study the performance of 2D-CCS-based with both RCS and the optimized PCS.
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We note thatin RCS, itis possible to have the same measurement equation corresponding
to different P,[m]s. We remove such measurements to avoid rank deficiency in OMP
sparse recovery. Let HY,,,, denote the spatially filtered version of H,,, within the sector of
interest. The matrix H,,,,, is obtained by applying a binary mask, that is one at the indices
in &/,, over the beamspace representation of Hg,,,. We then define the normalized
in-sector MSE E[||H,, - I:Igum ||§]/[E[||H2urn ||§] as a measure of the reconstruction error
in I:Igum. In addition, we use SNR,,; to denote the signal-to-noise ratio when a quasi-
omnidirectional beam is used at the TX.

After the in-sector channel is estimated, the TX applies a beamformer F € @gx"’ such

that |(F, H2,,)| is maximized. Let phase(k) denote the phase of the complex scalar
K. When there is no constraint on the resolution of the phase shifters, i.e., g = oo,
from the dual norm inequality [111], F,.(]).pt = exp(jphase([l—ﬂlgum i}')) /N is the maximizer

of |(FPY, HY, )| Under g-bit phase quantization, the TX applies F = Q4(F°P) as the
transmit beamformer. The effective wideband single-input single-output channel is then
{(H[#], )}, ;. Finally, we use the waterfilling algorithm to obtain the achievable rate
associated with the equivalent channel[87].

For the benchmarks, we use the methods from [41, 49] and [50] that use contiguous
sectors similar to Fig. 2.3(a). These sectors are defined by % = {(p,q) : Repe s P <
(Re + 1)Pe, Rapa < q < (R, + 1)p,}, each representing a p, x p, block in the beamspace.
The M in-sector CS measurements in [41] are acquired using AWMs that are obtained
by modulating a Zadoff-Chu-based sequence with M columns of the 2D-DFT dictionary
chosen at random. To construct an AWM that illuminates a contiguous sector, [49]
partitions the array into multiple subarrays. Then, it stacks the phase-modulated version
of the subarray response vectors and takes the outer product of such vectors to construct
the AWM [49]. To construct M different AWMSs, the angles used for phase modulation are
selected at random such that the resultant AWM focuses on the given sector. For the
benchmark in [49], we partition the array into 4 subarrays, a parameter tuned to optimize
the method in [49] for our channel dataset. Implementing the AWMs in [41] requires
log, N resolution phase shifters and the design in [49] needs infinite-resolution phase
shifters, which may not be available in practice. For a fair comparison, we quantize the
phase of these codewords to g-bits. For the greedy method in [50], we generate one
million AWMSs from @2’*"’ at random. Then, for each sector in {%s §;c1)' we select the top
AWM that radiates the largest energy within the sector to be used during the SLS. After
determining the sector of interest in SLS, the top M AWMs that radiate the largest energy
within the sector of interest are selected to obtain in-sector CS measurements with [50].

In Fig. 2.11(a), we compare the normalized in-sector MSE of the estimated channel for
the proposed in-sector CCS-based method and the benchmarks. We observe a large
gap between the proposed method with PCS or RCS and the benchmarks [41, 49] and
[50] for a wide range of CS measurements. This is because our AWMs result in a higher
received power within the sector of interest, boosting the received SNR and therefore
resulting in a low normalized in-sector MSE. The high received power with our method
is due to the concentration of the transmitter’s energy only within the sector, while the
AWMs in [41, 49] and [50] result in leakage outside the sector. Also, we observe that
our method with PCS results in a lower normalized in-sector MSE than with RCS within
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Figure 2.12: Here, we consider N, = 2, N, = 2 that correspond to S = 4 sectors, and use M = 80
in-sector CS measurements. For in-sector CS with our optimized comb-like sectors,
we observe that PCS achieves a lower normalized MSE than RCS. This is because
the designed set of circular shifts results in lower aliasing artifacts than random
shifts. Furthermore, our method outperforms the benchmarks in [41, 49, 50] in terms
of the normalized MSE and the rate.

the sector of interest. This is because PCS leads to lower aliasing artifacts within the
sector of interest than the RCS as we observed in Fig. 2.9. We can also observe a
similar performance difference between our proposed method using PCS or RCS and
the benchmarks in the achievable rate from Fig. 2.11(b) for different CS measurements.

From the cumulative distribution function plot in Fig. 2.11(c), we observe that with a
probability exceeding 0.98, our proposed method with the optimized weight matrix W*
results in an achievable rate of at least about 2 bits/s/Hz. The use of random weights for
WS results in a lower rate, which motivates the need to use almost uniform comb-like
beams designed in this work. For the other in-sector CS benchmarks based on [41,
49] and [50], we observe that the achievable rate is lower than that with our approach.
This is because these methods radiate a significant amount of the transmitter’s energy
outside their intended sectors.

We observe from Fig. 2.11(a) that the proposed method with RCS and a random W°
results in a higher normalized in-sector MSE than the case with the optimized W°. This is
because a random W° is very likely to result in a non-uniform illumination pattern within
the comb-like structure as shown in Fig. 2.5(b). The column norms of such a CS matrix
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are substantially different with such an illumination, which is expected to result in poor
reconstruction according to our analysis in Section 2.3.3.

In Fig. 2.12, we compare the proposed in-sector CS method against the benchmarks
for different values of SNR,,,;- We observe that our method outperforms the benchmarks
over a wide range of SNR, ;- Furthermore, it is evident that at high SNR,,,;, PCS
outperforms RCS due to a significantly lower in-sector normalized MSE in the channel
estimate. While at low SNR levels, additive white Gaussian noise remains the dominant
factor, at high SNR levels, the aliasing artifacts arising from subsampling in CS dominate.
As the aliasing artifacts with PCS are substantially lower than RCS due to the optimized
circular shifts, the disparity in performance between PCS and RCS is discernible at high
SNR.

2.5. ADDRESSING IMPLEMENTATION CHALLENGES WITH

OUR IN-SECTOR BEAM ACQUISITION TECHNIQUE

A key assumption in this work is that the received SNR within the best sector is sufficient
for packet detection. This is reasonable due to the sector gain and the use of low
modulation and coding schemes (MCS) such as MCS level 0 during initial access. The
RX reports the best identified sector through a sector-sweep feedback packet, which also
employs a low modulation and coding scheme [42, 88]. We also assume that perfect
timing and carrier synchronization are maintained throughout the process of acquiring
in-sector channel measurements within a BRP packet. This synchronization can be
established using the short training field (STF) at the beginning of a BRP packet in the
IEEE 802.11ad standard. In this chapter, we ignore the phase jitter and timing drift within
a BRP packet. Extending our work to account for such jitters and drifts is beyond the
scope of this chapter.

We discuss how our technique explained for a single user can be extended to a multi-
user setting. As we assume a single RF chain in this chapter, the direct application of
our sector sweep method to a multi-user setting results in a substantial overhead. This
is because the BRP procedure must be performed for different sectors, considering that
the best sector varies across the users. This procedure does not scale well with the
number of users and can be time-consuming, given that the maximum duration of a BRP
packet is 46.96 us [91, Sec. 20.11.3]. To address this problem, a hybrid beamforming
architecture may be used at the TX. In this case, the IEEE 802.11ay standard can be
adopted such that different base AWMs can be simultaneously applied across multiple
RF chains [42].

Finally, we briefly discuss how our framework can be extended for two types of hybrid
beamforming architectures, i.e., (i) fully connected architecture where each RF chain
is connected to all the antennas and (ii) subarray-based architecture where each RF
chain is connected to a distinct subset of antennas. With fully connected architectures,
each RF chain can be used to illuminate a certain sector and the RF chains collectively
can illuminate the entire beamspace. This can be achieved by transmitting orthogonal
time-domain codes from different RF chains. For the subarray-based architecture, our
compressive in-sector channel estimation framework can be applied to each subarray
independently. When non-stationarity effects can be ignored, the associated beamspace
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submatrices of the subarrays share a common support. In such case, sparse recovery
algorithms based on dynamic compressed sensing [112] can be used to exploit the
common support structure across beamspace submatrices.

2.6. CONCLUSIONS

In this chapter, we proposed a new comb structured codebook for sector level sweep with
phased arrays. We also developed a CCS-based method for channel estimation or beam
acquisition within the sector of interest. Our approach requires a lower training overhead
than the classical exhaustive beam scanning methods and integrates well into the beam
refinement protocol of the IEEE 802.11ad/ay standards. Furthermore, it overcomes the
poor received SNR issue with CS techniques employing wide beams, by concentrating
the transmitter’s energy in the sector of interest. We also optimized the CS matrix by
designing the circular shifts in CCS to reduce the in-sector channel reconstruction error.
Finally, we provided conditions that guarantee the successful recovery of the support
of beamspace within the sector of interest. Our results indicate that the reconstruction
error in the estimated in-sector channel is low when the antenna weights applied at the
transmitter illuminate the sector almost uniformly.

2.7. APPENDIX

2.7.1. PROOF OF LEMMA 1

Let 1Pexpa denote a p, x p, all-ones matrix. We use (w4, w,) to denote the 2D discrete-
space Fourier transform of 1, ., where {w,, w,} € [0,2m] [93] are continuous. The
inverse 2D-DFT of 1, ,, is Uy 1, .o Up = /PeP,Ep,«p, Where the p, x p, matrix E, .,
is zero at all entries except Epexpa(o' 0) = 1. Hence, we have [93, Sec. 5.5]

1 (2111 21Ti) CA(G
M 2, ) = JBePaEpp, (i), V(i ) € [pe] x [Pa]: (2.40)
PePa \Pe’ Py | VTP o

Since Ep .o, (i,j) = 0 Y(i,j) € [pe] x [P2]1\(0, 0), from (2.40), we have

(2, 22) =0, () € [oe) x[pa1\(O,O) (2.41)
Pe Pa

Next, we observe that N'(\')yq defined in Lemma 1 is an extended version °f1pexpa obtained
by appending p(N, - 1) zeros at the end of each row and then appending p,(N, - 1)
zeros at the end of each column. Now, we use the fact that the 2D discrete-space Fourier
transform M(w,, w,) of the zero-padded signal remains the same, however, its 2D-DF T
will be a densely sampled version of (w4, w,) [93, Ch. 5]. Hence, the PSF (2.29) of

N(N)yq which is a zero-padded version of 1, ., can be written as
a1 2mi 2mj ..
PSF(i,j) = (2, 2 N] % [N]. 2.42
SF(i, ) o (N'N)’ (i,j) € [N] = [N] (2.42)
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Finally, from N = p,Ng, N = p,N, and (2.41), we observe that PSF(i, j) = 0 at the desired

locations defined by J'in (2.30). Hence, for Nqu, the coherence defined in (2.30) is equal
to zero. Therefore, the sampling set Q given in the lemma is optimal which concludes
the proof.

2.7.2. PROOF OF THEOREM 1

To find a guarantee for successful support recovery, we analyze the support detection step
in the OMP algorithm [8]. An extended version of this proof is available in our conference
paper [95]. We, however, include an outline of this proof here for completeness.

Let (2, ); denote the j* column of the effective CS matrix A, in the in-sector CS
measurement model (2.28). The noise term (ago);v/dj in the support detection step of

the OMP algorithm can lead to incorrect support detection. Therefore, to control support
misdetection under noise, we first examine the event

*
|(af£0)jvl

E=4 max ———— <y, 2.43
Le[pepa] d} y] ( )

where y = 0y/2(1 + a)log(N2/S) and a >0 [101]. In Lemma 2, we provide an upper
bound for the probability of occurrence of event E.

Lemma 2. The probability that event E in (2.43) occurs is lower bounded by

2 2 2N2/5
Pr{E} > (1 - \/;\/g exp(—zy—oz)) . (2.44)

Proof. We split (ago);v into its real part ((ago)}’fv) and its imaginary part ((ago);v).
Since the entries of v are independently distributed as €.4(0, 62), the random variables
{ ((ago)j*v) /di} and { ((ago)}*v) /dj} Vj € [N?/S]are jointly Gaussian and each distributed

as M0,02/2). Forany k € C, we notice that |k| < y whenever (k) < y/v/2 and
(k) < y/ﬁ. Using this observation in (2.43), we can write

[((@g,)iv)l
Pr{E} 2 Pr{ max M <L
je[N2/s] dj ﬁ
@z )l
max — " <
jelveist  d; V2
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j V2
In (a), we use Sidak’s lemma [113, Theorem 1]. Now, replacing the probability values in

the right-hand of the above equation with their upper limits similar to [101], we obtain
(2.44). O

Our proof follows a similar structure as the one in [101, Lemma 3]. We begin with
the first iteration of the OMP algorithm and analyze the support recovery step. Then,
by induction, we show that when the event E occurs and X, satisfies (2.34), the OMP
correctly recovers the support of X, after K iterations where K is the sparsity level of
Xy, .

Now, considering the first iteration of the OMP algorithm [8] and assuming that the
event E occurs, we find conditions for which the index of the selected column, i.e., the
one that maximizes |(a30)l.*y| /d;, belongs to the support I of Xy, . The correct support
recovery condition in the first iteration of the OMP algorithm [8] is

@z, )y @z, )y
max ——— > max ———. (2.45)
jen d] jen d]
For the right-hand side of (2.45), under the event E, we have
|(agu);y| |(ay);V +2jen Xyo,i(ayo)j*(ayo)ﬂ
max ———— = max
jen dl jen dl
(b) |(ayo);V| 2ien |Xyo,i(ayo);(ago)i|
< max ————— + max
jen d; jen d;
(]
<Y+ Kudmaxxifo,maX' (2.46)

We use the triangular inequality in (b). In (c), we use the assumption that the event E
occurs and the fact that

X7, i(@z); (@)l (@) (@s)ild; @
d. = Xzoi d—d s maxxzo,maxu-
J 11

l@zy); @zl
—ia
the effective CS matrix Ago given in (2.30). Under the event E, for the left-hand side of

(2.45), we have

In (d), we use i, =max which is an alternative definition for the coherence of
j#i

|(a$0);fy|
max — —— =

jen d]
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2 * *
T |dj Xgo,j"(ag)j""Zien\{j}xyo,i(azo)j (33)i|

jen d]

2 dminxgo,max

()1 + Tieng) Xz, (35 @z
- Mmax
jen d]

> dminxifo,max -y-(K- 1)“odmaxxffo,maX' (2.47)

Note that in the first inequality, we use max |d;xy ;| 2 dpinXg, max- Hence, from (2.46)
jen b !

and (2.47) we can write

|(330);V|
maxX——— >dminX$0,max - (2K - 1)uodmaxxgo,max
Jjen d}

|(a:zo);y|
-2y + max———— (2.48)
jen d]
From (2.48), we observe that under the event E, when
dminxgo,max - (2K - 1)IJodmaxX30,max 22y, (2.49)

equation (2.45) holds and therefore the selected entry in the first iteration of the OMP
algorithm [8] will belong to the support of Xg, . We note that (2.34) implies (2.49). Next,
by using an induction-based technique as in [101, Theorem. 4], we can show that under
(2.34) and the event E, the OMP algorithm will successfully recover the entire support I
of Xy, after K iterations. Finally, by following our approach in Theorem 2 of [95], we can
derive the upper-bound (2.36) for the MSE in )"(30.






Message passing-based sparse
channel estimation

under partially coherent
Wiener phase errors

Compressive sensing (CS) is key to reduce the overhead in estimating sparse high
dimensional channels at millimeter wave or terahertz frequencies. The channel meas-
urements in CS are usually perturbed by random phase errors, commonly modeled as
a Wiener process, at the oscillators. CS algorithms that ignore such phase errors fail
to accurately estimate the channel. In practice, the phase errors are similar within a
batch of measurements acquired in a short burst and the errors vary significantly across
different batches, resulting in partially coherent measurements. We develop a message
passing-based channel estimation algorithm that exploits the sparse structure of the
channel together with the Wiener statistics of the phase errors. To this end, we absorb the
phase errors into the sparse channel, and introduce three hidden variables to model its
support, magnitude, and phase. We derive the message flows between these variables
while incorporating Wiener phase noise statistics. Finally, we use alternating optimization
to decouple the sparse channel and the phase errors from the vector estimated with our
message-passing technique. Using simulations, we show that the proposed algorithm
achieves better channel reconstruction than comparable benchmarks.

This chapter is based on my work in [114]: H. Masoumi and N. J. Myers, “Message passing-based sparse
channel estimation under partially coherent Wiener phase errors,” IEEE Transactions on Wireless Commu-
nications, September 2025.
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3.1. CHANNEL AND SYSTEM MODEL

In this section, we consider a point-to-point narrowband multiple-input single-output
(MISO) system and discuss the partially coherent measurement model used for channel
estimation. Extending our work to a multi-user scenario is beyond the scope of the
dissertation, and we leave it for future work.

3.1.1. CHANNEL MODEL

We consider an NxN half-wavelength spaced uniform planar array (UPA) at the transmitter
(TX) and a single antenna receiver (RX), as shown in Fig. 3.1(a), which is also considered
in Chapter 3. The N? dimensional narrowband MISO channel between the TX and RX is
modeled as an N x N matrix H. Let L denote the propagation rays in the environment
with the #t" ray having a complex gain of {;, an azimuth angle-of-departure (AoD) 3,
and an elevation AoD 8, . By defining the beamspace angles as w, p = TSin 9, sin &,
Wep = TTSIN T, COS Ty, [87] and the N x 1 Vandermonde vector ay(w) as

aN(“)) = [11ejwrejzwy"'rej(N_1)w]Ty (31)

the baseband channel matrix H is given by

L
H= Gay(wee)ay (wae)- (3.2)
=1

For typical mmWave or THz access points, the channel dimension N? can be in the order
of hundreds to thousands.

High scattering at mmWave and THz carrier frequencies results in an approximately
sparse channel in the angle domain [1]. By transforming H into the beamspace (angle
domain), we can exploit this sparse structure in channel estimation. Since we assume a
UPA at the TX, the 2D-Discrete Fourier Transform (DFT) of H is used for the beamspace
representation. Let Uy denote the standard N x N unitary DFT matrix and X denote the
beamspace representation of H. Then, X and H are related as

H = UyXU,, (3.3)

where X is approximately sparse. The channel H is unknown and the goal of this chapter
is to estimate H from its phase perturbed measurements acquired at the RX. To acquire
one scalar-valued channel measurement y[m], the TX applies a beam training matrix to
its array as shown in Fig. 3.1(a).

3.1.2. FRAME STRUCTURE FOR ACQUIRING MEASUREMENTS

We use Fig. 3.1(b) to explain the frame structure for acquiring measurements to estimate
the channel. Our frame structure contains B training batches, and is similar to the
structure in IEEE 802.11ad/ay [42, 88]. Each batch consists of a synchronization field
and a training field to obtain channel measurements. We define A as the duration of the
synchronization field and Ay as the time needed to acquire one channel measurement
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Phase shift matrix P,, UPA of antennas

(a)

Training batch 1 Training batch B
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Approximation: et e

(b)

Figure 3.1: A wireless system with a UPA at the TX in (a) and the frame structure for acquiring
partially coherent channel measurements in (b). The phase error within each batch is
assumed to be constant.

within a batch. In the IEEE 802.11ad standard, A is several [is while Ay is in the order
of tens of ns [91, Chapter 20]. We use M to denote the number of distinct beamformers
applied in each training batch, equivalently the RX acquires M channel measurements
per batch.

We assume a block fading channel that remains constant over B training batches,
which is reasonable when the channel coherence time is sufficiently long. For example, in
a 60 GHz indoor environment, the coherence time is approximately 1 ms [89], significantly
exceeding the training batch duration of about 44 ps with the IEEE 802.11ad/ay standards
[56]. We use Pp[m] € €N to denote the beamformer applied at the TX to obtain the mth
spatial channel measurement in batch b. This measurement is acquired at the RX and is
denoted by y,[m]. The measurements at the RX are perturbed by random phase noise,
which is commonly modeled as a Wiener process [58]. Such a process is described
using Z(f,,), the power spectral density of the phase noise process at an offset f,
from the carrier frequency f [55), i.e., Afy) = 10logyo(fec/ (M féc® + fr)) dBc/Hz.
The phase noise parameter c is an oscillator-dependent constant. We assume that this
parameter does not change with time [55] as also considered in [56, 57, 63]. An oscillator
with a small Z(f,,) results in phase errors with low variance.

For a Wiener process, the difference in phase errors is Gaussian with a variance
that is directly proportional to the time interval between the sampling instants [55]. As
a result, the phase error variations within a batch are smaller when compared to the
variation across different batches. To develop our algorithm, we ignore phase error
variations within a batch and model only the variations across different batches, while
our simulations employ realistic phase errors that also vary within a batch. Under this
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Figure 3.2: Arealization of the phase noise process and its approximation for f. = 60 GHz, B = 4
batches, M = 20 measurements per batch, and phase noise power spectral density
HAfm) = -101.7 dBc/Hz at f,, = 1 MHz [115]. Here, Ay = 44 pys and Ay; = 128 ns
[56].

assumption, we use ¢, to model the phase error in all the measurements acquired in
batch b. We define 05, = 4T fZcA as the variance of the phase error differences, where
A'is the time duration of a batch. For a Wiener process, ¢, |¢yq ~ #(p1,0p,). As a
reference, we assume that the initial phase ¢, = 0. In Fig. 3.2, we show the actual phase
noise and the ¢,s for a particular realization. The m'" channel measurement acquired
in batch b is .

y[m] = e (H,P,[m]) + w[m], m & [M], (3.4)

where w,[m] ~ €.4(0, 02) is additive Gaussian noise. In this chapter, the MB phase-
perturbed measurements in (3.4), acquired over B batches, are used to estimate the
channel H.

Now, we discuss the partially coherent CS formulation [64] of the spatial measurements
in (3.4), to exploit sparsity of the channel in the beamspace. We use A, € €'V’ to
denote the CS matrix associated with the M spatial measurements in (3.4) acquired in
batch b. The m'™" row of A, is vec(P;[m])T (Uy ® Uy) [45], which depends on the beam
training matrix P,[m] applied at the TX. We define y,, as the vector of M measurements
{yb[m]}m=1 acquired in the bt" batch, and w,, as the additive measurement noise vector

containing {Wb[m]}mﬂ. The vector version of the sparse beamspace X is denoted by the
N2-dimension vector X, i.e., X = vec (X). Using(H, P,[m])=A,(m, :)X [45] in (3.4) yields

Vp = ePA X + Wy, (3.5)

The phase errors {¢b}§=2 and the sparse vector X are unknown and have to be estimated
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using the acquired measurements {yb}g=1 and the known CS matrices {Ab}g=1. It is also
known that ¢, [¢pp_q ~ /V(¢b_1, ogn).

3.2. OVERVIEW OF OUR MESSAGE PASSING-BASED

PARTIALLY COHERENT SPARSE RECOVERY ALGORITHM

As estimating ¢,,s and x from the non-linear model in (3.5) is challenging, we first absorb
the phase errors into the sparse vector to create B auxiliary vectors, each with the same
dimension as x. We then reformulate (3.5) as linear measurements of these auxiliary
vectors. We show that these vectors are correlated, i.e., they share the same support
and differ only by phase, which follows Wiener statistics. Our message-passing method
leverages this correlation, sparsity in the beamspace, and the measurements in (3.5) to
estimate X.

3.2.1. SPARSE PRIOR AND CORRELATED STRUCTURE OF AUXILIARY
VECTORS

A common sparsity-promoting prior is the Bernoulli-Gaussian (BG) PDF [112, 116], which
was used to model sparse channels in [117]. Similar to [117], we model X as a realization
of a random vector x that follows a BG prior. Specifically, x has independent and identically
distributed (1ID) entries which are zero with probability 1 - A, i.e., Pr{x[n]=0}=1-A
¥n € [N?], and follow a Gaussian distribution otherwise. We consider a zero-mean
complex Gaussian distribution with the same variance p to write the BG prior as

p (x[n]) = (1 - A)6(x[n]) + A€ H(X[n]; 0, ), (3.6)

where 6(-) is the Dirac delta function. '
In our method, we absorb the phase error terms {e“”b}g=1 into the sparse vector x to
construct the auxiliary vectors

z, = é%x, Vb e [B]. (3.7)

As z;, is just a scalar multiple of X, z,, is sparse when X is sparse. Let &, denote the support
of X, i.e., S ={n : x[n] # 0}, and &, denote the support of z,. From (3.7), we observe
that z,, has the same support as X for each b, i.e., Sz, = Sz, = = = 8z, = Sx. In addition,
the entry-wise magnitudes of X and z,, are equal, i.e., |z{| = |Z;| = - = |2g] = |X].
Furthermore, 2, and z,,_, differ only by a phase error which follows the Wiener statistics.
Using (3.7), the measurements in (3.5) can be rewritten as

v, = Az, +wy, Vb € [B]. (3.8)

Our goal is to develop an algorithm to first estimate {zb}g=1 from (3.8) while exploiting
the correlation within this collection. Then, we use set of equations in (3.7) to recover X
5 1B
from {z,},_,.
We discuss two methods to reconstruct the auxiliary vectors {zb}g=1 from (3.8). The first
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method exploits sparsity and the common support across the auxiliary vectors, ignoring
the shared magnitude and the Wiener statistics due to phase noise. We refer to this
method as Proposed SuppOnly, which is solved using the MMV-AMP algorithm [118].
For more details on our this approach, we refer the reader to our conference paper [119].
The emphasis of this chapter is on our second method, which not only exploits sparsity
and the shared support in {zb}g=1 but also leverages the common magnitude structure

and the Wiener phase noise statistics in {zb}g=1.

In our message passing-based method, we model z;, as a realization of a random
vector z,. The support, magnitude, and the phase of z,[n] are modeled using random
variables s[n] € {0, 1}, r[n] € R,, and O,[n] € R to express z,[n] as

z,[n] = s[n]r{n]e/®el", (3.9)
Equivalently, (3.9) can be expressed as

(zp[n] - r{n]e®lMyjif s[n] = 1

(2zp[n]), if s[n] = 0, (3.10)

p(zy[nlls[n], r(n], 6[n])= Z

where 8,[n] is a realization of ©y[n]. From (3.10), we observe that z,[n] = 0 when
s[n] = 0, thereby aiding sparse priors. As z;[n] has the same support as x;,[n], it follows
from the BG prior on Xp[n] in (3.6) that [112, 116]

p(sin]) = A (1 - 2)"=", - s[n] € {0, 1}. (3.11)

To determine the prior on r[n], we first observe that |z,[n]| = |x[n]| from (3.7). Next, it
follows from [120, Appendix 5.B] that the magnitude of a random variable distributed as
& Mx[n]; 0, u) has a Rayleigh distribution with parameter /i /2. Therefore, the PDF of
rin]is

p(r[n]) = Rayleigh(r[n]h/u /2). (3.12)

To find the prior on ©,y[n] = 2z,[n], we observe from (3.7) that 2zzy[n] = zx[n] + 4,
where , models the realization ¢;,. Since the non-zero entries of x are 1ID according to

&/ (x[n]; 0, k), their phases {4x[n]}ﬁ=21 have IID uniform distribution %([-m, T)). As we
assume ¢, = 0, we have £z, = zx from (3.7). Further, {Lzb}gz1 can be modeled as a

new Wiener process with 2z, ~ ‘Zl([—n, rr)’\’z), ie.,
LZb = LZb_1 + 1N2(Db, (313)

where 1, is a vector of ones and @, ~ /V(O, ogn). We observe from (3.7) that the same
phase error is introduced in all entries of z,. Therefore, the phase noise innovation
/V(O, ogn) is same for all the elements of z,, in (3.13).

Incorporating a common phase noise innovation across all the elements of z, is
challenging as it leads to numerous loops in the corresponding factor graph. To aid a
tractable message passing method, our model assumes that the phase error innovations
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within z,, are independent, i.e.,
Opln] = £zp[n] = £z}, 4[n] + Bp[n], (3.14)

where ®,[n] are IID as /V(O, ogn). Therefore, (3.14) is a relaxation of the true model in
(3.13). Under this approximation,

p(86[n1|5-1[n1) = H(B5Ln]; 8p1[n], GB), (3.15)

where 8,[n] ~ %([-m, m)). Note that our message passing-based method to estimate
the auxiliary vectors does not exploit the property that the true 6,[n] is invariant with n.
Our alternating optimization technique in Sec. 3.3, however, leverages this property to
recover X from the estimates {ib}g:1 .

As the supports of {zb}g=1 are modeled by a single random vector s and their mag-
nitudes are modeled by a single random vector r, our method inherently incorporates
the shared support and magnitude structure. The Wiener phase noise statistics is in-
corporated using (3.13), with the limitation that the phase errors within each batch are
assumed to be IID.

3.2.2. FACTOR GRAPH AND MESSAGE SCHEDULING

We use the posterior joint PDF of {zb}g=1, s, rand {G)b}g=1 to develop our algorithm for
estimating {zb}gﬂ. By using the Bayes’ rule and the dependencies between {zb}gﬂ, s, T
and {Ob}g=1, we factorize the joint PDF as

(AT AN A

B M N
«]‘[(]‘[ p(volm1|2s)T T p(2eln1]stnl, rind, 8,[n1) 5.16)

b=1 \m=1 n=1

N N
p(eb[n]|eb-1[n1))]‘[p(s[nl)ﬂp(r[nh,
n=1

n=1

where « denotes equality up to a constant scale factor, and p (91[n]|90[n]) = p (64[n]).
See Table 3.1 for the factors in (3.16).

The dependencies among different variables in (3.16) is represented by a factor graph
shown in Fig. 3.3. The factor graph contains two types of nodes: factor nodes shown as
rectangles and variable nodes shown as circles. Each factor node represents a factor
in (3.16) and is connected to the variable nodes corresponding to its arguments. The
explicit form of all the factors in our graph are listed in Table 3.1. Our factor graph, shown
in Fig. 3.3 comprises B planes, where each plane corresponds to a measurement batch in
(3.8). The connections between different planes indicate the correlations across {zb}g=1,

which follow from (3.9) and (3.14). For example, the n'" factor nodes {fb[n]}g=1 in all
planes are connected through r[n] and s[n] in Fig. 3.3(b). This is because {zb[n]}g=1
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Table 3.1: Factors of the joint PDF in (3.16).

Factor definition Explicit form
gs[m] = p(velml|z,) &N (ye[ml; af[mlz,, 02)
foln] = p(2e[n1|sln], rin], 6,[n]) §(2y[n] - s[nlr{n]el®™)
apln] = p(Bp[n]|Bp1n]) | H(Bpln]; O1[n], 0B), O:ln]~2((-r,m))
h[n] = p(s[n]) AT (1 -2y, s[n] € {0, 1}
d[n] = p(r[n]) Rayleigh(r{n]; /u72) = 2%@*2["1/“

have the same magnitude, i.e., r[n], and are all jointly non-zero when s[n] = 1. The
evolution of the phase noise process across different batches is modeled by inter-plane
connections through variable nodes {G)b[n]}g=1 using the factors {qb[n]}5=1. The gp[nls,
shown in Fig. 3.3(b), incorporate Wiener phase noise statistics from (3.15).

Our method aims to find the minimum mean squared error (MMSE) estimate of {zb}g=1
given the measurements {yb}g=1, using the factor graph in Fig. 3.3. To this end, the

marginal posteriors p (zb[n]|{yb}g=1) are first estimated using the sum-product algorithm

[121]. The means of these posteriors then yield the MMSE estimates. In each iteration
of the sum-product algorithm, nodes in the factor graph exchange messages, also
known as beliefs, which represent probability densities. There are two types of message
flows: those sent from variables to neighboring factors, and those sent from factors to
neighboring variables. A belief exchanged from a factor to a variable represents the
probability distribution of the variable, as perceived from the factor’s perspective. In
contrast, the belief sent from a variable to a factor represents the variable’s perception of
its own probability distribution, informed by all the factor nodes it is connected to—except
for the one it is messaging. In the sum-product algorithm [121], a message from a
variable to a factor is obtained by multiplying all incoming messages from the other
neighboring factors. A message from a factor to a variable is calculated by summing (or
integrating) the product of all incoming messages over all variables, except for the one
to which the message is sent.

Our algorithm propagates messages on a plane-by-plane basis to exploit the Wiener
structure in the phase errors. In the first plane (b = 1) of Fig. 3.3, the linear regression
problem in (3.8) is solved with a sparse prior on z,,. This “intra-plane” step is solved
using the standard AMP [9], which approximates the messages from a factor node g,[m]
to a variable node z,[n] as Gaussian PDF. This approximation is possible because the
factor node g,[m] depends on z,[n] through the linear mix aZ[m]zb where the elements
of a{)[m] have approximately similar norm [9]. After the intra-plane step converges,
the marginal posterior of z,[n] is estimated for each n. This posterior provides side-
information about the support and the magnitude of z,[n], a variable to be solved in
the next plane (b = 2). The Wiener phase noise statistic, combined with the posterior,
provides side-information on the phase of z,[n]. The “out-of-plane” step in our algorithm
derives side-information from a plane, while the “inter-plane” step propagates this inform-
ation to the next plane. In Fig. 3.4, the out-of-plane step shows f;[n] sending beliefs
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of subgraph n in the factor graph. In this chapter, the
is computed, which is
subsequently used to estimate X. Our factor graph incorporates sparsity, shared
support and magnitude structure, and Wiener phase noise statistics. The explicit form

iven the measurements {y,}?_,

of the factors in our graph are listed in Table 3.1.

about the support s[n], magnitude r[n], and phase ©,[n], informed by the message
de messages are directly propagated to the next
plane, while the Wiener statistics is used to compute the belief about ©,[n]. Finally, the
“into-plane” step propagates the support, magnitude, and phase side-information to the
as a prior to solve for the posterior of z, in (3.8)
using the AMP. The procedure is continued until an estimate of the marginal posterior
PDF for zg[n] in the last plane, i.e., plane B, is obtained. Because the messages are
passed in the direction of the increasing plane index b, we refer to this process as the
forward message flow. The forward flow can sequentially update the channel estimate

from z,[n]. The support and magnitu

next plane. This information is used

with each new measurement batch.
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Figure 3.4: Four sections of the factor graph illustrating the four key steps of the serial message
schedule. It shows only the messages involved for nodes indexed by n € [N?] and
the nodes within plane b € [B].

When the measurements from all the B batches are available for channel estimation,
backward message flows can also be performed in addition to the forward message
flows [112]. The backward flow propagates side-information from plane b + 1 to plane b,
i.e., measurements in the b+ 1™ batch are used to derive priors needed to solve for z,[n].
After multiple forward-backward message flows, the marginal posterior p(z,[n] | {yb}§=1) is
estimated by exploiting measurements from all the batches. The mean of these posteriors
gives the auxiliary vector estimates {ib}ﬁﬂ. To estimate X from these vectors, we stack

{2,)2_, in an N? x B matrix Z = [2;, ..., 25]. We define ¢ = [, ..., dp]", & = [el%", ., elts]"
and Z = [z,,...,2g]. From (3.7), we observe that Z is a rank one matrix as Z = xel#"

Hence, we find a rank-one matrix of the form xej"’T that is closest to Z in terms of the
Frobenius norm distance, i.e.,

{%, @} = argmin [|Z - xei®' ||, (3.17)

{x.¢}

where X is our estimate for the sparse channel X. To solve (3.17), we develop an
alternating approach outlined in Algorithm 1.

Algorithm 1: Alternating algorithm to solve (3.17).

Input: {Z,}? ., Maximum number of iterations T,,.
Initialization: i = 1, XV = Z,.
For i=1,-,T,, do:
1. ¢M=-,Z'xD.  Note: £c returns the angle of €
2 K02 12690
End For °
Output; X = X(Tmax),
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3.3. MESSAGES IN THE PROPOSED ALGORITHM

In this section, we derive the messages exchanged between the nodes within the factor
graph in Fig. 3.3. While we primarily focus on forward message flows, the backward
flows can be derived through a similar procedure.

We use v;_,; to denote the message sent from node i to node j. Examples of these
directional message flows are shown in Fig. 3.4. Note that the message exchanged
between the factor f,[n] and the support variable s[n] is a Bernoulli probability mass
function (PMF), €.g., Vf, (n1-stn) = (Tfp[Nn], 1 - ,[n]) where 7ty [n] is the belief that s[n] is
1. For ease of notation, we denote this Bernoulli PMF as vy, 11,4 = fip[n]. Similarly,
Vsinlf,in] = T[N]. We use A = Vpiy1, 40 to denote the Bernoulli PMF sent from the
factor h[n] to the variable s[n]. Finally, as d[n] itself is the belief about the magnitude
r[n], we write d[n] = Vd[n]_)r[n].

Messages exchanged with the AMP subgraph: The forward pass in our algorithm
begins with the into-plane step for b = 1. As no side-information is available for b = 1,
ft1[n] = h[n], Vin1 £,1m = dIn], @nd Vg (415 5,1 = G1[Nn]. These distributions, listed in
Table 3.1, are based on the parameters A and p, which can either be estimated from a
dataset or learned using the expectation maximization algorithm [76]. Since, h[n] is a
Bernoulli PMF, d[n] is a Rayleigh PDF and q,[n] is a uniform PDF over [-, 1), it follows
from (3.9) that into-plane message V£ [n]-z40n] is the BG prior

Vi inlozin] = (1 =-2)6(z4[n]) + A€ #(2,[n]; 0, ), (3.18)

N2

-1, Which are used in

for each n. These into-plane messages provide beliefs on {z,[n]}
the intra-plane step for b = 1.

The intra-plane step in plane b performs standard AMP using the into-plane beliefs
and the measurement-based likelihoods, i.e., the gp[m]s. As the CS matrix A, is usually
dense, the factor graph in plane b has several cycles, which require computing multi-
dimensional integrals with the sum-product algorithm. To circumvent this high-complexity
integration, AMP approximates Vg, 1m1-z,(n) @S @ Gaussian, by using the central limit
theorem and the Taylor series expansion [9]. For the exact messages exchanged
between {gb[m]}ﬂ=1 and z,p[n], we refer the reader to [9]. To apply the AMP, the message
Vs, Inl>zpln] is treated as a prior on z,[n] for each n. For instance, these messages are
the BG prior in (3.18) for b = 1. After AMP iterations, the local posterior of z,[n] based
only on batch b measurements can be obtained. We use e,[n] to denote the mean and
¢p[n] to denote the variance of this posterior. At the end of intra-plane AMP iterations,

2
the messages {vzb[n]_,fb[n]}r’\f=1 given by

Va,Inl=foln] = €MZpln]; epln], cplnl), (3.19)

are used to perform the out-of-plane step. Towards the end of this section, we derive the
messages Vf, n]-z,n] for b = 2. These messages are deferred to a later point, as they
depend on messages involving the phase variables.

Messages with the magnitude variables: In the out-of-plane step, the beliefs on
s[n]s, r[n]s, and ©,[n]s are updated using the posteriors in (3.19) from plane b. By the
sum-product algorithm, vy, 1,1, 4] is derived by first computing the product of vgpny, ¢, 1),
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the posterior from (3.19) and Vg, 1) 7, [n]- This product is then integrated over s[n] and
0,[n] to write

Vi, il =(1 = T[n]) €.10; ep[n], cp[n])

. ) (3.20)
. nb[n]jev[ef[n]é £ EAM(rIn1e®™; eyn, cpln).

n
The first term in (3.20), corresponding to s[n] = 0, is constant with respect to the variable
r[n] and this constant makes Vs, [n]—rn] @N improper distribution which does not integrate
to 1 [118]. To address this issue, we use the idea from [118] that considers s[n] € {¢, 1}
in the limit € — 0, and define

Q(fi,[n]) = _ € fiy[n] — (3.21)
(1 - fipln]) + €21, [n]
For a small €, the message V. 1417 IN (3.20) is modified to
Vyln>iin] =
(1- Q) Yo -t A 11 Zesfnl, Scsln)
+ Q(ﬁb[n])L;/ﬁgﬁn]—)fb[n](g/’/(r[n]ejeb[n]; ey[n], cp[n]), (3.22)

which can be shown to be a proper distribution. To obtain a closed form expression
for (3.22), we set Vo, inl—fyln] 10 @ uniform distribution over [-mT, ™). The uniform prior
on Op[n] is exact for b = 1, as indicated in Table 3.1. For b > 1, however, the prior on
0,[n] may not be uniform over [-, T) due to the Wiener phase statistics. While the
true prior on O,[n] is used to compute beliefs on the phase variables, we assume that
0,[n]is uniform over [-m, ) to compute the belief in (3.22). This assumption, although
a limitation for b > 1, is made to obtain a closed form expression for (3.22).

The closed form expression for Vy, 11, s}, Which approximates Vg, (n1_,n, is given in
(3.48) of Section 3.7.1. This message Vfb[n]%r[n], derived under the assumption that
Vo, inl=fyln] = 1/2m, includes the modified Bessel function and propagating such a mes-
sage is computationally expensive [112, 116]. To tackle this challenge, we approximate
Vfb[n]_,r[,,] as a Gaussian PDF, which can be fully characterized by its mean and variance.
We define p,[n] = |ey[n]|? /2¢,[n], ty[n] as the mean of Vfb[n]_,,[n] and vy[n] as its
variance. The expressions for t;[n] and v,[n], derived in Section 3.7.1, are

Jeslnl/m . exp(eplnl)

o) - ol el

(3.23)
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1(1-0(mlnl) + O (fuln]) _cyfn]

vp[n] = pa
e(1-Q(fmylnl) + Q(rpln]) 2 (3.24)
|1 (Qb[n]) 2
x|1+2p [n](‘l + —))—t [n].
( b lo (@p[N]) b
In summary, we assumed that Vg, 15,10 = 1/2m to approximate the out-of-plane
message Vfb[n]—>r[n] as
Vf, inl—sin] & ArinTi tyln], vy[n]). (3.25)

We make use of (3.25) to compute the into-plane message Vitn] foln] for b > 1. Using
the sum-product rule, we can write from the factor graph in Fig. 3.3 that
b-1
Vitnis gyt = POTD T Vsyimon- (3.26)
=1

Substituting (3.25) and the Rayleigh PDF d[n] = p(r[n]) from Table 3.1 in (3.26), we can
write

Vit 1] & [IN]AMrIn]; nplnl, vpln]), Vrin] € R,, (3.27)
where
b-1 teln]
£=1 vyln] 1
Ml = s——7—— Velnl= 55— (3.28)
=+y [ Zs
IR S AT 2

The simplification in (3.27) follows from the fact that the product of b - 1 Gaussian PDFs
is also Gaussian and that the Rayleigh PDF p(r[n]) from Table 3.1 can be rewritten as

p(r[n]) = 2y/m/ur(n]Mrln; 0, u/2) where r[n] € R,.

Messages with the support variables: Next, we derive the out-of-plane message
Vf,[n]—sin]- BY the sum-product rule,

Vs, [nl~sin] =J J Jf bl IVz, 01 oI Vitn)— fylm Ve n] - foln]- (3.29)

zp[n] r[n] 6p[n]

For the Bernoulli PMF v 1,1, ¢y, the belief that s[n]=1is

[Vfyn1o sinlsing-1

t,[n] = (3.30)

[Vfb[n]—>s[n]]s[n]:1 + [Vfb[n]—>s[n]]s[n]:0

To compute TT,[n], we derive Vf,[n]—~s{n] Under the assumption that Vg, 17,10 = 1/2m.
The same assumption was made to approximate \'/fb[,,]_,r[n]. To obtain a closed-form
expression for vy, i1, sin), We Use a Rice distributed [122] approximation of Vijp1_, ¢, a7 in



3. Message passing-based sparse channel estimation

58 under partially coherent Wiener phase errors

(3.27) with parameters p,[n], Tp[n], i.e.,

(3.31)

21T + 2
Rice (r[n]; ppln], p[n]) = rin] X (_r [n] pb[n])lo(pb[n] [n]),

Toln] ¢ 21,[n] Tl

with the same mean and variance as Vi), 1,[n]- The Rice distribution is a reasonable
choice as the non-zero entries of X have a complex Gaussian distribution. The parameters
ppln] and T,[n] can be computed from Vit~ f,[n] IN (3:27), using the RiceFit function in
MATLAB [123]. The inputs of this function are the mean and the variance of Viin]= fyln]:
given by (3.61) and (3.62), in Section 3.7.2. Finally, we define Ty[n] = (27,[n] + c,[n])/2
and approximate the probability in (3.30) as

Rice(leb[n] |;pb[n]1 fb[n])

2lep[nl| exp(_ lep[nll?

tp[n] = . )
cpln] cpln] ) + Rice([ep[n]; ppln], Tp[n])

(3.32)

The derivation of (3.32) can be found in Section 3.7.2.

Next, we compute Vg, ,1n) for b > 1. By the sum-product rule, the probability
associated with this Bernoulli PMF is
ATIE, Tln]

T [n] = ’
P - NTIET (1 - figlnl) + AT filn]

(3.33)

where the probability derived in (3.32) is used for f,[n].

Messages with the phase variables: We now derive vy, 1,1, 0,11) @Nd Vo, [n]-q,.,n]-
To obtain a tractable approximation for these messages, we assume that the phase of
the intra-plane AMP estimate of z,[n] is free from errors. Under this assumption, the
intra-plane estimate of z,[n] has a phase equal to that of its mean in (3.19), i.e., zep[n].
Specifically,

Vi, in1~e,n] = 0 (Bp[n] - zep[n]). (3.34)

Due to the Dirac-delta PDF in (3.34), the inter-plane message
Veplnl=apulnl = Vfplnl-0,[n1Vayln]-eplnlr

is also a Diracimpulse, i.e., Vg, [n]-q,.,in & 8(Bp[N] - 2€p[n]). The message vy, in150,, ]
forwarded to the b + 1t plane is then

v N = alnIve, -
Gbe1[N]=Bp.s[n] Lb[n]qb1 0p[n]—>ap.1[n]

o< MBp.1[nT; @p.1[n], 051)-

where @,,1[n] = zey[n]. For b > 1, we observe from Fig. 3.4 that the variable ©,[n]
connects the factors qp[n] and fy[n] in the forward pass. Therefore, Vo, [nl—fyln] =

Vaplnl->0yin]: -+

(3.35)

Voyin—foln & HBb[NL; @p[N], 03,). (3.36)
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Into-plane message Vg, |1, [n): For the first plane b =1, the message Vs, Inl=z,in]
is simply the BG prior in (3.18) which enforces sparsity. The belief on z,[n] in the
subsequent planes (b = 2) could incorporate more information than a simple BG prior.
This additional information is due to the statistics of the support, magnitude, and phase
learned from all preceding planes in the forward pass.

From the sum-product rule, the message V¥, [n]>zyln] is computed as

vfb[”]—’s[”]zj J jfb[n]veb[n]—’fb[n]vs[n]—’fb[n]vr[”]—’fb[”]’
+in] sin] 5(n]

where the individual terms are listed in (3.36), (3.33) and (3.27). As this integration is
challenging, we approximate it as a Bernoulli-Gaussian Mixture (BGM) distribution. Such
an assumption aids computationally tractable messages for subsequent planes. An
example of the true Vf,[n]—>z,n] @nd our BGM approximation is shown in Fig. 3.5(a). This
belief, originating from the preceding plane, comprises non-zero probabilities concen-
trated on an annular segment as illustrated in Fig. 3.5(a). The radius of this segment is
governed by the magnitude prior on z,[1], while its angular spread is determined by the
uncertainty in z,[1] as well as the variance of the incremental phase error due to the
Wiener process.

Our BGM approximation of V¥, Inl>zp[n] uniformly spaces the Gaussians on the annular
segment shown in Fig. 3.5(a). We assume that the means of the complex Gaussians in
our BGM are of the form

Bo,e[n] = Byln]ei<Porln], (3.37)

to achieve a non-zero probability density over the annular segment. In (3.37), we use
Bp[n] to denote the magnitude of By, ,[n]. The magnitude of means, i.e., By[n], is the
same for all Gaussian components in our BGM. We set

B_b[n] = mean(vr[n]_,fb[n]), (338)

and its expression is derived in (3.61). We assume the same variance of §,[n] for all
Gaussian components in our BGM. We use K,[n] to denote the number of complex
Gaussians in our BGM approximation and assume that K, [n] is odd. The weight of the

k™ GM component is denoted by wy g[n] € [0, 1], with Z:‘:En] Wy e[n] = 1. Our BGM
approximation takes the form

Vi, inlozein) = (1= Tp[n1)6(z5[n])
ol (3.39)
+1i,[n] > Wy [N16 M2p[n; By e[, Eoln]).
k=1

The parameters in our BGM, i.e., the wy, p[n]s, Kp[n], and §,[n] are learned from the
true Vfb[n]_’zb[n]'
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Next, we observe that the Gaussian mixture in (3.39) approximates

[Vfb[”]—’zb[”]]s[n]zo = ﬁb[n]JJ 6(Zb[n]— r[n]ejeb[n])vr[n]_)fb[n]
r[n1Bp[n]

* Voylnl-> fyln]: (3.40)

From (3.40), (3.27) and (3.36), it can be seen that [Vfb[”]_’zb[”]]s[n]zo is exactly zero at

z,[n] = 0. To make sure that the mixture in (3.39) is nearly zero at z,[n] = 0, the variance
§p[n] is chosen such that the means, i.e., By, x[n]s, are at least 2,/&,[n]/2 away from
z,[n] = 0. Also, the variance ,[n] should be large enough to encompass the annular

region with a limited number of Gaussian mixture components, with this limit imposed
for computational tractability. We use

2
[ mean(vignj fyim)

§ln] = 2m|nl( > | VarVignio fytm) o (3.41)

where var(Vip1, ,(n1). derived in (3.62), is the variance of the true belief vy, 7, (n)- When

&pln] from (3.41) is small, a substantial number of GM components may be needed to
encompass the annular region. To avoid the high computational complexity in such a case,
we use max{§,[n], =p[n]} as the variance of the GM components in our approximation.
Here, =,[n] is chosen to make sure that K;[n] is smaller than 60.

The phase values of B, ¢[n]s are symmetrically placed around By, (x, (n}.1)/2[N], which
is set to the mean of Vi, (41,7, 1n}s 1€, £Bb,(k,n1+1)72[N] = Pp[N]. When ogn < §p[nl, we
use just Ky[n] = 1 complex Gaussian component to cover the annular region. When ofm >
¢pLn], the number of GM components Ky[n] are chosen such that the Euclidean distance

between any two neighboring By, ,[n]s is at least 2,/€,[n1/2 as shown in Fig. 3.5(b). To
satisfy this condition, we set

n—sin'1(

\/fb[n]n)

Bpln]

2 Sin—1 (\/fb[nllz)

Byln]

Kpln] =2 +1 and, (3.42)

2By [N] = @y[n]

2m - 2 sin”" (o2 (3.43)
(Kb[n] +1 k) Byln]
+ -
2 Kp[n]-1
The derivations of (3.42) and (3.43 are provided in 3.7.3.

Now, we explain how we determine the weights wy, ,[n]s that scale the GM components
in (3.39). As seen from Fig. 3.5(a), the probability mass in the annular region tapers
off around the central angle, due to Gaussian statistics of the phase error innovations.
As a result, we assign the largest weight to the (K,[n] + 1)/2-th GM component with
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Vfal1]-2,[1]
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Figure 3.5: In the forward pass, solving for auxiliary vector entries up to plane b provides side
information (belief) on the entry in plane b. We approximate this belief, denoted by
Vi, inl-z,n» @S @ Bernoulli-Gaussian mixture, both of which are shown in (a). We
assume that the Gaussian mixture components have the same variance §;[n], and
that their means have the same magnitude denoted by the dots in (b).

mean Bb[n]eﬂpb[n] and small weight to the components whose mean is farther away from
; ~ K
Bokyingeny2Ln]. We define {@, ([n]}io" as

W[N] = MBb,k[NT; Bo,k,[n1e1y/2LN], 05alN]), (3.44)

to denote the unnormalized weights assigned to the GM components. The GM weights
wb,k[n]s are computed by normalizing the weights in (3.44) as

Wp,k[N]

Kpln] ~

—_, (3.45)
Zk:‘l wb,k[n]

WpelN] =

We notice from Fig. 3.5(a) that our approximated BGM belief in (3.39) well approximates
the true vy, 1n1,,,[n)- We observed empirically that our message passing algorithm can
successfully reconstruct the channel even with the approximated belief shown in Fig.
3.5(a).

After performing the “Intra-plane” step of plane B in the first forward message flow, the
backward message flow can be performed. To this end, the messages in the “Out-of-
plane” step of plane B are computed in the same way as in the forward message flow.
These messages are then used to compute the messages for the “Inter-plane” and the
“Into-plane” step of plane B - 1. Next, the proposed GM approximation is used to obtain
local priors for {zg_, [n]}g':1 which are used to perform AMP iterations in the “Intra-plane”
step. This procedure continues until it performs the “Intra-plane” step in plane 1 to obtain
a belief about {z, [n]}ﬂ;. In the forward message flow, the messages related to plane b
are updated based on the information received from planes 1 up to plane b - 1 while in
the backward message flow the messages related to plane b are updated based on the
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Algorithm 2: Channel estimation with one forward pass
Input: Parameters A and p of the prior distribution (3.6) of X, phase perturbed CS
measurements {y,}?_, (3.4), CS matrices {A,};_,, phase noise variance 07, and the
measurement noise o2.
While b < B do:
If b =1 then
1. Estimate Z,[n] with the AMP [9] using prior in (3.18).

2. Determine fi,[n]s assuming p,[n] = 0,7,[n] = /2, ¥n € [N?] using (3.32) for the first
batch.

3. Find {t1[n]}ﬁ=21 using (3.23) and {v1[n]}ﬁj1 using (3.24).

4. Calculate {ft,[n]}, using (3.33).
5. Set ,[n] = ze, ,[n], ¥n € [N?].
6. Compute parameters {wbyk[n]}:fg"] from (3.45), {Bbyk[n]}:ﬂ"], ¥n € [N?] from (3.37), (3.38),
(3.43), and {fb[n]}g:1 from (3.41) for the BGM approximation in (3.39).

7. Use learned BGM prior in (3.39) to estimate Z,[n] with AMP.

8. Compute parameters {pb[n]}ﬁj1 and {Tb[n]}ﬁf1 of the Rice distribution (3.31) fit to the
magnitude-related messages in (3.27).

9. Find {it,[n]}', using (3.32).
10. Compute the parameters {r]b[n]}ﬁz1 and {y,,[n]}ﬁf1 of the magnitude related message (3.27)
going into the batch.
11. Compute {tb[n]}ﬂ:z1 using (3.23) and {vb[n]}ﬁf1 using (3.24).
End If
12. b « b+1.
End While

13. Determine X using Algorithm 1 based on the estimates {z],}g=1 obtained from the above
procedure.

Output: X.

information received from planes B down to plane b + 1. Multiple rounds of forward and
backward message flows can be used to refine the estimates {ib}g=1.

Now, we discuss the computational complexity of our developed message passing-
based method outlined in Algorithm 2. As our algorithm performs AMP within each
plane, and we limit the number of Gaussian mixture components similar to [67], the
computational complexity of calculating parameters for the intra-plane messages, i.e.,
steps 1 and 7 in Algorithm 2, is dominated by matrix multiplication by A, resulting in
@(MNz) complexity [67]. Furthermore, the parameters of the into-plane, out-of-plane,
and inter-plane messages, i.e., steps 2—6 and 8—11, are computed independently for
each n and do not depend on the number of measurements, resulting in an overall
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computational complexity of ©(N?). Therefore, assuming T2™P AMP iterations per
plane, the overall complexity per plane is dominated by 6(T2™PMN?). Finally, for B

planes and T™ forward and backward message propagation, the overall computational
complexity is ©(T™BT™PMN?). The computational complexity of the standard AMP
from [9] for sparse recovery using BM measurements is 6(BT2™PMN?). We observe
that the complexity of our approach is higher than that of the AMP by a factor of TP,
This is due to exploiting the Wiener statistics in the phase noise, which results in better
channel reconstruction. The complexity of both methods, however, scales only linearly
with the number of measurements M and the array dimension N2.

' '
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Figure 3.6: NMSE with the number of Gaussian components used to approximate Vy, -, (]
in (3.39). Here, we use M = 50, B = 4, and SNR = -15 dB. We limit the maximum
number of Gaussian components to 60 as the NMSE remains unchanged when more
components are used.”

Due to the uniform prior %([-, ]) on the phase variable in plane 1, i.e., ©,, the
number of GM components used in the “Into-plane” step of plane 1 is higher than that
of other planes. Fewer GM components are needed in the subsequent planes as the
prior is concentrated (as shown in Fig. 3.5(a)). In Fig. 3.6, we investigate the impact
of the number of GM components used to approximate V¢, y1,2,1, In (3.39). As can
be seen, increasing the number of GM components in the approximation of Vs, Inl=zyin]
using (3.39) improves the NMSE of the estimate as it improves the approximation of
Vf,[n]>z,n)- It is observed, however, that the NMSE remains almost the same when the
number of GM components is greater than 60. Therefore, we limit the number of GM
components to 60 to avoid high computational complexity.
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3.4. SIMULATION RESULTS

We consider a narrowband system with a 16 x 16 UPA at the TX for f. = 60 GHz. The
TX-RX distance is 15 m. Unless otherwise specified, phase noise at f, = 1 MHz offset
from f_is A(f,) = -101.7 dBc/Hz [115]. The duration to obtain each measurement is
Aps = 128 ns and the spacing between successive batches is A = 44 ps [56], which
results in orz,n = 0.12 [55]. We use B = 4 batches. The beam training matrices {Pb[m]}"n’;=1
Vb € {1, -, B} applied at the UPA are random circular shifts of a 16 x 16 perfect binary
array [45]. For each beam training matrix at the TX, spread sequences of duration 128
ns are transmitted within the training fields in Fig. 3.1(b) [45], resulting in a spreading gain
of about 20 dB. We use 100 urban micro line-of-sight channels from the NYU simulator
[6]. Therefore, the AoDs can be off-grid resulting in approximately sparse beamspace
channels. This channel model is more realistic than the model in [56] which assumes on-
grid AoDs and known sparsity. Finally, Wiener phase noise is introduced considering time
durations of Ay and Ays. This induces phase errors in the CS measurements acquired
both within and across batches. Although our algorithm models only one phase error per
batch (see (3.5)), the proposed method works even when the measurements within a
batch are affected by varying phase errors.

The channel dataset is used to calculate the prior parameters A and p in (3.6). To
compute the sparsity rate A, we first find the strongest entries in the angle domain channel
that account for 95 percent of the energy in the channel. Denoting this number by K, we
then calculate A as the mean of K/N2 over all channels within the dataset. Next, the
sample variance of the K strongest entries from all the channels is used to compute p. This
resulted in A = 0.07 and p = 13.3 for our dataset. An expectation-maximization-based
approach can be used in practice to learn these parameters; however, this extension is
beyond the scope of the dissertation.

We use H to denote the channel estimate, which is derived from the angle do-
main estimate X as H = UyXU,. The normalized mean squared error (NMSE) is
defined as E[|[H - H||2/|[H]|2]. The signal-to-noise ratio (SNR) is given by SNR =
Yo, IAxX[I?/MB0?. To avoid numerical issues at high SNRs, we use only one Gaussian
mixture component, i.e., the one with the largest weight, to approximate Vs, Inl>zp[n]- We

use T,y = 5 in Algorithm 1 and € = 107 in (3.21). To further limit the number of GM
components, we remove the GM components whose corresponding non-normalized
weight is 107 times smaller than the maximum non-normalized weight (I)b,(Kb[n]ﬂ)/z[n]
in (3.44).

We benchmark our method against our SuppOnly method [119], which solves (3.5)
by exploiting only the common support across {zb}g=1. Unlike [119], the technique
proposed in this chapter incorporates Wiener phase noise statistics and the common
magnitude structure across {zb}g=1, in addition to leveraging the support structure. We
also benchmark against partially coherent sparse recovery based on SparseLift [16]. The
application of SparseLift to solve (3.5) was discussed in [56], wherein the lifted matrix
I = ex7 is first estimated. For a fair comparison, we use AMP [9] to solve for I'. Then,
the singular-value decomposition of the estimate [ is used to determine X [56]. We also
use the partially coherent matching pursuit (PCMP) algorithm from [56] to benchmark our
method. PCMP is a greedy algorithm that iteratively detects the support of X, similar to
the matching pursuit algorithm. Then, the phase error and the coefficient corresponding
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Figure 3.7: NMSE with the number of forward passes for B = 4, SNR = -15 dB. NMSE stabilizes
beyond the second pass, as measurements from all batches are used starting with
the second pass.

to the detected support are estimated using an alternating optimization. PCMP requires
knowledge of the sparsity level for X. Therefore, we use PCMP algorithms with two
different sparsity levels as benchmarks, denoted by PCMP1 and PCMP2. PCMP1 uses
a sparsity level of [AN?] = 19 and PCMP2 uses a sparsity level of 2[AN?] = 38 with [+]
denoting the ceil operator. We also use a baseline, called IgnoredPN, that just stacks
the CS matrices across all batches and employs standard AMP over the stacked phase
perturbed measurements [9]. Finally, we compare our algorithm against ideal case,
called ZeroPN, which uses phase error-free measurements for sparse recovery with the
stacked CS matrices.

From Fig. 3.7, we observe that the NMSE with the proposed method and the method
from [119] decrease until two forward message flows. This is because, to estimate z, in
the first message flow, only measurements until the current batch, i.e., {yg}f,’ﬂ, are used.
By the end of the second forward message flow, two forward and one backward message
flows are completed, ensuring that measurements from all the B batches are used for
estimation. Additional message flows beyond this point did not reduce the estimation
error.

We notice from Fig. 3.8 that our method results in a lower NMSE than the benchmarks
when Z(f,,), the phase noise power spectral density, is smaller than -96 dBc/Hz. Note
that SparseLift does not incorporate Wiener phase noise statistics. At high Z(f,,),
however, the phase errors within a batch become large enough to perturb the auxiliary
estimates in each plane. We observe that our proposed method is severely impacted
by these errors when compared to the proposed SuppOnly method. This is because
our proposed method propagates not only the beliefs about support, but also beliefs
about both magnitude and phase to subsequent planes, which are inaccurate under
strong phase noise perturbations, i.e., #(f,,) > -96 dBc/Hz. These inaccuracies arise
because our model assumes no phase noise variation within a batch, which is invalid at
high #(f,,)- These distorted phase and magnitude beliefs are propagated across the
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Figure 3.8: NMSE with phase noise power spectral density #(f,,) for B = 4, M = 64 and SNR =
-15 dB. Our method outperforms SparselLift [16] and SuppOnly [119] methods for
Afm) < -96 dBc/Hz.

SR —~@- Proposed A—PCMPI [32]

-t —#- Proposed SuppOnly[98] ~¥~PCMP2 [32]
SRk SparselLift [29] - = Batchl
Wy |~ lgnoredPN —%=ZeroPN

AT
=
———4
v ———.

-101

Normalized MSE [dB]

30 40 50 60 70 80 90 100 110
Measurements per packet (M)

Figure 3.9: NMSE with M for B = 4, SNR = -10 dB. The proposed method results in a smaller
NMSE than benchmarks with phase-perturbed measurements.

planes, ultimately leading to a poorer channel estimate with the proposed method than
with the proposed SuppOnly method. This means that for low-quality oscillators with
Afm) > -96 dBc/Hz, our SuppOnly method is suitable, while the proposed method is
suitable when #(f,,,) < -96 dBc/Hz. The derived method in Algorithm 2 is still valuable
as the oscillators in [115, 124, 125] have H(f,) < -96 dBc/Hz. Finally, we observe
that the IgnoredPN method that just stacks all the measurements performs better than
our method when Z(f,,) < -108 dBc/Hz. At 60 GHz, the oscillator in [115, 124, 125]
generates a phase noise between -99.4 dBc/Hz and -104.6 dBc/Hz, for which our
method provides the lowest NMSE. Note that the range of #(f,,,) for which our method
performs best varies with the choice of A and Ay

We observe from Fig. 3.9 that the proposed method achieves about 0.6 dB improve-
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Figure 3.10: NMSE with SNR for B = 4, M = 80. Our method results in a smaller NMSE than
the benchmarks for the phase noise in (a) and (b). In (a), the measurements are
corrupted by the actual phase noise, which varies both within and across batches. In
(b), consistent with our model in (3.5), the phase noise is constant over each batch,
and it varies across batches. Approximating the actual phase noise with a constant
phase noise within each batch results in a loss of about 0.9 dB in the NMSE at high
SNR.

ment in the NMSE compared to our SuppOnly method. This is because our factor graph
in Fig. 3.3 exploits additional structure in the auxiliary vectors, i.e., magnitude and phase
correlation, while the SuppOnly method exploits only the common support structure.
The gap between our proposed technique and the SuppOnly, however, reduces at a
large M as the beliefs enforcing common support structure have a stronger impact than
those incorporating magnitude and phase correlation. Finally, we observe that there is
almost no improvement in the NMSE with our method over SuppOnly, when M 2 95.
This is because our assumption that the phase noise is almost the same over a batch
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breaks down for a long batch, equivalently a large M. In Fig. 3.9, we also included Batch1
method wherein standard AMP from [9] is used to estimate the beamspace using only
measurements from batch 1. Specifically, the Batch1 method solves for the sparse x
fromy, = A;X +w, and ignores all the other measurements. Simply stacking the other
measurements (IgnoredPN) does not work well compared to the Batch1 method due
to inter-batch phase errors. Our proposed method leverages useful information from
other batches even under these phase errors, resulting in a lower NMSE than the Batch1
method.

Fig. 3.10 shows that our technique achieves a lower NMSE than the SuppOnly, es-
pecially at a low SNR, as it exploits additional structure. As SNR increases, NMSE
reduces with the proposed method and the SuppOnly method. The mismatch between
the batch-based phase noise model considered in the measurement model (3.5) in
our algorithm and the realistic model in our simulations results in the NMSE floor in
Fig. 3.10(a). The error floor due to phase noise is also evident from the observation that
the NMSE with IgnoredPN does not improve at high SNR. By comparing Fig. 3.10(b)
and Fig. 3.10(a), we observe that approximating the actual phase noise with a constant
phase noise within each batch results in a loss of about 0.9 dB in the NMSE at high SNR.
It is also seen that the NMSE saturates beyond a certain SNR, even with the same phase
noise within each batch. The NMSE saturation is due to the use of the relaxed version
of the true phase model in (3.13), given by (3.14), to construct our factor graph. Finally,
we observe that PCMP1 and PCMP2 do not perform well compared to the proposed, the
SuppOnly and the SparseLift methods. This is because PCMP is designed for exactly
sparse channels with known sparsity levels, while the channels in our simulations are
approximately sparse.

-5 [|-@~Proposed A-PCMPI [32] v
—#— Proposed SuppOnly [98] —¥~PCMP2 [32]
# SparseLift [29] —¥—ZeroPN
'6; —+—IgnoredPN
\ M N
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Figure 3.11: NMSE with the deviation from the estimates of the prior parameters A and p in
percentages. Here, we use M = 64 for B = 4, SNR = -15 dB. Our proposed method
is robust to inaccuracies in the prior parameters A and p, when compared to the
benchmarks.

In Fig. 3.11, we investigate the robustness of our method to inaccuracies in prior
parameters estimation. To this end, we add perturbations to the estimated priors, i.e.,
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Aandy, as (1+¢&)Aand (1 +¢&)u with € € [-1,1]. As it is observed from Fig. 3.11, our
proposed approach is more robust to mismatch in the estimated prior parameters than
the benchmarks.

3.5. POTENTIAL RESEARCH DIRECTIONS TO ADDRESS
CHALLENGES WITH THE PROPOSED METHOD

In this chapter, a total of BM spatial channel measurements are acquired using B
training batches with M measurements per batch for channel estimation. The use of a
large number of training batches results in a low spectral efficiency due to a high training
overhead and a high computational complexity. One way to address this challenge is to
use a single batch, i.e., B = 1. With only a single batch, however, as seen from Fig. 9,
the channel estimation error is high due to the limited number of measurements acquired
using a single batch. To reduce the training overhead while achieving a low estimation
error, we suggest progressively decreasing the number of acquired measurements with
the batch index b. The use of high measurements initially provides a good channel estim-
ate. This estimate may be further refined using fewer phase-mismatched measurements.
In our framework, this is equivalent to having CS matrices {Ab}g=1 with a decreasing
number of rows as the batch index b increases to B. Optimizing the number of rows
across the B batches is beyond the scope of this dissertation. In our work, we assume
that the same number of measurements is acquired in any batch, although our method
can also be applied to a more general setting with different numbers of measurements
per batch.

In this work, we assume that the channel remains the same during the B training batch
transmissions. A potential future research direction is to extend the proposed method
to the problem of channel tracking [126, 127], where the channel also changes across
batches. In this case, the beliefs about the magnitude, support, and phase of the tracked
channel from the previous batch can be used as side information to estimate the channel
in the current batch. The channel tracking problem, however, is beyond the scope of this
dissertation.

3.6. CONCLUSIONS

In this chapter, we developed a message-passing-based technique that enables sparse
channel estimation under partially coherent Wiener phase noise. Our approach absorbs
the phase errors into the sparse channel to define a collection of phase-perturbed auxiliary
sparse vectors. The proposed method operates in two stages. The first stage estimates
the auxiliary vectors by exploiting their common support and magnitude structure, Wiener
phase noise statistics, and sparsity. To this end, we developed a message passing-based
approach to leverage these properties at inference. The second stage in our method
uses alternating optimization to reconstruct the sparse channel from the auxiliary vector
estimates. Numerical results demonstrate that our method achieves a lower normalized
mean-squared error than comparable benchmarks.
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3.7. APPENDIX
3.7.1. DERIVATION OF \_/fb[n]ﬂr[n] AND ITS MEAN AND VARIANCE

We first provide a closed form approximation for Vfb[n]-"[n] assuming Ve, in]- f,[n] = 1/2m,
which is exact for b = 1. Then, we compute the mean and variance of Vfb[n]_)r[n] using
this approximation. To this end, we replace the complex Gaussian PDFs in (3.22) with
their explicit form to obtain

Vfy[nosrn] =
€ (1 - (fr,[n1)) exp(_ rin]P? + e-2|eb[n1|2)

mcp[n] €2¢y[n]

1 ox (m(zr[n]eb[n]e_,-eb[n]))

2n 6pn] €'cy[n]

Q(ﬁb[n]) ox (_ [r[n]|? + e'zleb[n]lz)

mcy[n] €2cy[n]

s Lol e )

To compute the above integral, we use the identity

(3.46)

J'n exp(R(ke ™)) d6 = 2mly(|k]), (3.47)

T

where |,() is the modified Bessel function of the first kind of n'" order. The identity in
(3.47) holds for any constant k € C [128], with R (k) denoting the real part of k. This
results in

Vfyiniosrn]
1-Q(f,[n]) r’[n] + €2|ey[n]|?\ . (2 |epln]|
me2c,In] exp(’ e2cyln] )'°(e-1cb[n] )

, Q) ( rfn] + |eb[n1|2)lo(z leyln]

mcy[n] cpln] cpln]

(3.48)

r[n]).

We use t,[n] to denote the mean and v,[n] to denote the variance of Vfb[n]_,r[n] in (3.48),

which are given by

Jo" rin]Vg, pnjrmdrin]
Jo” Vg, im->qmdrin]

J-ffo r2[n]\7fb[,,]_,r[n]dr[n]
Jo” Vg, m-nmdrln]

ty[n] = (3.49)

vp[n] = - t7[n]. (3.50)
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To derive closed-form expressions for t,[n] and v,[n] in (3.49) and (3.50), we define
opln] = |eb[n]|2 /2cp[n] and use [129, Equation 10.43.24] and (3.48) to obtain

Lw \7fb["]—>r[n]dl’b[n] ~
e(1- Q(f,[n1)) + Q (i,[n])

2,/mcy[n]

exp(-ep[n]) lo(ep[n]). (3.51)

We simpify the numerator of t;[n] in (3.49) using the Rice distribution [122] defined in
(3.31) and (3.48) as

rplN1Ve,tn—rin) =
1- Q(ft,[n])
2m

Q(i,[n]) .
+ %Rme(r[n]; ley[n]|, %cb[n]). (3.52)

Rice(r[n]; € e,n]|, %e‘zcb[n])

By using (3.52), the numerator of t;[n] can be expressed as

°° . 1
J;) r[n]Vfb[n]_,r[n]dr[n] = E. (353)

By substituting (3.53) and (3.51) in (3.49), we obtain the closed-form expression (3.23)
for ty[n].

Next, we use (3.52) to rewrite the numerator in (3.50) as

L roln1¥s, i rmdrin] =

1-Q (ﬁb[n])Joo

T 0r[n]Rice(r[n]; e eyn]|,

. 0 (ﬁb[n])J

2

1

Ee‘zcb[n]) dr[n]

o;[n]Rice(r[n]; lep[n]|, %cb[n]) dr[n]. (3.54)
0

As the integrands in (3.54) are the Rice distribution means,

J:) ri[n]‘_/fb[n]*r[n]dr[n] =

€' (1-(fpln])) + a(fplnd) foln] (_|eb[n1|2)
1/2 .

4 m cpln]

(3.55)

where L;,,(-) denotes a Laguerre polynomial given by

Ly (@) = exp(g)[m - a)lo(—%) - a|1(-%)]. (3.56)
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By using (3.56), (3.55) and (3.51) in (3.50), we obtain the closed-form expression (3.24)
for vy[n].

3.7.2. DERIVATION OF fi,[n]

We first compute the mean and the variance of v, 5, 147, Which are then used to obtain

ppln] and T,[n] of the Rice distribution in (3.31). We define ¢,[n] = nb[n]/,/2yb[n , use
lp[n] to denote the mean of Vi1, 5, 14) @nd up[n] to denote its variance. We have

_0[ m"'2[n]vr[n]—>fb[n]
» wp[n] = ——— - [n]. (3.57)
g Vitn]- fyln]

W] - Jo FINWVitn1 £y

[ =Vitat gy
To derive closed-form expressions for (3.57), we denote the error function as erf(a) =

(2/\/ﬁ)j0° exp(—tz) dt. Now, by substituting v, 1 with its approximation from (3.27)
and applying integral by parts, we obtain

L Vit fyrmdrIn] - =
npln] npln] /vb[n nﬁ[n]
2 [ r( J2veIn] )] 2m zvb[”l) (2:59)

(3. 27
It pmertnd 5

nb[n]+vb[n][1+eﬂ( NNl )]
2 V2¥sln]

vb[ ] ngln]
+Npln] xp(-ZYb[n] ) (3.59)

3. 27)

rin]- fpln

(3 27)

j ¢ (NWViin)o s mpdrind - =

nb[n](n,,[n]+3vb[n1 [ (( noln] )]
2Yb[n

Vb[ I nyln]
2Vb[”] )

+(7n2[n]+ 2y,[n]) (3.60)
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Substituting (3.58), (3.59), and (3.60) in (3.57), we have

Jo ZrInWVinis £ 327)
p[n] = o : = npn]
Jo ©Vitn1 £y

Voln] (1 + erf(s,[n]) (361)
Neln] (1 + erf (gyln1)) + /22 exp (-¢2[n])
J‘wrz[n]vr[n]afb[n]
uln] = ° - 211 2" n2in] + 2y,ln] - 2ln]
| ®Vini f,0n]
0 (3.62)

1+ erf(p[n]) + Z6p[n] exp (-6} [n])

neln1 (1 + erf(syln) + 2220 exp(-c2[n])

Now, we use the RiceFit function in MATLAB [130] to find p,[n] and 1,[n] of the Rice
distribution in (3.31). These parameters are tuned such that the Rice distribution’s mean
is equal to 1,[n] (3.61) and its variance is equal to n,[n] (3.62).

Next, we derive an approximation of [V, (41, s{n]lsinj-1 @SSUMING Vo, n1 5,101 = 1/2T.
To this end, we use (3.47) to compute the integral with respect to 6,[n] in (3.29) when
s[n] = 1. This results in

+Yp[nInyln]

(3.29)
Vsytnostnlstn=r - =
1 r2[n]+ e [n11?\. 2 leylnl]
mcy[n]Jrn (_ cpln] )IO( cp[nl r[n])vflnlﬁfb[n]' (3.63)

By substituting Vi;;1_ 5,107 I (3.29) with the Rice distribution in (3.31) and using [129,
Equation 10.43.28] in computing the integral with respect to r[n], we have

[Vfyn1- sinJstng=1

1 21,[n] + cb[n]) (364)
————Rice| |ey[n]]; ny—m——)-
o (1estml s pytm, 2
Similarly, [V, (nj-stnlsinj-o i
Vsitniosint | sprjoo & €-M0; €ln], cpn]). (3.65)

By substituting (3.64) and (3.65) in (3.30), we can derive (3.32).

3.7.3. DERIVATION OF K,[n] IN (3.42) AND THE ANGLES IN (3.43)

In this section, we find the number of Gaussian components for the GM model (3.39)
such that the #,-norm distance between the means of any two neighboring components

is at least 2,/§b[n]/2 as shown in Fig. 3.12. We place the components with means
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Figure 3.12: We use mixture of K,[n] complex Gaussian PDFs to approximate Vg, (1, 5,1n)- We
assume that these Gaussian PDFs share a common variance, denoted by §,[n],
and that their means have the same magnitude, denoted by B,[n].

{Bb’k}iﬁln]_mz in one half of the circle indicated by the shaded region. Also, components
Kp[n]
b=(Ky[n]-1)/2
mean By, ,(n}+1)/2 = B,In1es!"] lies on a diameter of the circle that separates these two
half circles. We set the means of the components in the unshaded part to be the mirror
of those in the shaded part with respect to the separating diameter. Hence, it is sufficient
to identify the means in the shaded part to determine the rest of the means.

Let W € (0, m) denote the angle between the line segments connecting the center of
the circle to Bb,(Kb[n]+1)/2 and Bb,(Kb[n]—1)/2 as shown in Fig. 3.12. From geometry, we

can infer from Fig. 3.12 that for ¥ > 2 sin™" (,/{b[n]/2/[§b[n]), we have ||[3b,(Kb[n]_1),2 -

Bo,iyiniey 2l 2 2,/€,[n1/2. To meet this condition on W, we can find that the maximum
number of components in the shaded half is

with means {B } are in unshaded half of the circle, and the component with

(3.66)

Kb[nz]—’l i} lrr—:'/2J'

Now, (3.42) immediately follows from (3.66).
To find the phase of the means By, s, we set £y, 1[n] = pp[n] + (- %), without loss of

generality. Next, we distribute the remaining components evenly by an angular distance

of

2 -y

W, k = 1,"',Kb[n] - 1, (367)

2By [N] - 2Bp g [n] =

which results in (3.43).



Compressed sensing-based
sparse spatial channel
estimation

under IQ 1imbalance

Compressive sensing (CS) enables fast spatial channel estimation in millimeter-wave
and terahertz systems by leveraging the sparsity of the channel in the angle-domain.
CS measurements, however, are often distorted by in-phase and quadrature-phase (IQ)
imbalance at the oscillator, leading to a model mismatch. In this chapter, we study how
this mismatch impacts the channel estimated with a standard CS algorithm. Next, we
develop an augmented CS model to jointly estimate the sparse channel and the I1Q
imbalance parameter. The sparse vector in our model comprises the channel as well
as the 1Q imbalance parameter. We show that this vector exhibits group sparsity, which
is exploited using our custom paired-support orthogonal matching pursuit (PSOMP)
algorithm. Finally, the estimate is decomposed to determine the channel and the IQ
imbalance parameter. We provide support recovery guarantees for our PSOMP algorithm,
highlighting the impact of IQ imbalance on channel recovery. Numerical results show that
our method achieves better support recovery and lower error in the estimated channel
than the baselines.

This chapter is based on my work in [131]: H. Masoumi and N. J. Myers, “Compressed sensing-based
sparse spatial channel estimation under IQ imbalance,” submitted to the IEEE Transactions on Signal
Processing, May 2025.
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4.1. CHANNEL AND SYSTEM MODEL

In this section, we consider a narrowband multiple-input single-output (MISO) system
and discuss how IQ imbalance affects sparse channel estimation with the OMP. To this
end, we employ the 1Q imbalance model used in [77-80, 132]. Our method can still
be extended to the wideband case, but this requires employing a blind deconvolution
approach together with our method. This is beyond the scope of the dissertation, and
we leave it for future work. Also, throughout this Chapter, we consider 1Q imbalance only
at the receiver and assume that the transmitter has no IQ imbalance. Our assumption is
reasonable in settings where the transmitter is a base station that uses a precise and
expensive oscillator than the mobile user. Additionally, methods based on predistortion
[133] can also be employed to compensate for the transmitter’s 1Q imbalance.

4.11. CHANNEL MODEL

We consider a uniform linear array (ULA) with N half-wavelength spaced antenna ele-
ments at the transmitter (TX) and a single antenna receiver (RX) as shown in Fig. 4.1(a).
The N dimensional narrowband MISO channel between the TX and RX is modeled as
an N x 1 vector h. Let L denote the propagation rays in the environment with the pth
ray having a complex gain of {, and an angle-of-departure (AoD) 6,. By defining the
beamspace angle as w, = msin 6, [87] and the N x 1 Vandermonde vector ay(w) as

aN(w) = [11ejwrejzwr"'rej(N_1)w]Tr (41)

the baseband channel vector h is given by

L
h= Z Goay (wy) . (4.2)
=

For typical mmWave or THz access points, the number of antenna elements N can be
in the order of hundreds to thousands [4]. Although we consider a ULA for simplicity
of exposition, our method can be applied to rectangular arrays by incorporating an
appropriate array response in (4.2).

At mmWave and THz frequencies, the high scattering results in channels that are
approximately sparse in the angle-domain [1]. To exploit this sparsity, h is transformed
into the beamspace (angle-domain). To this end, the Discrete Fourier Transform (DFT)
of h is used for the beamspace representation since we consider a ULA at the TX. Let
U, denote the N x N unitary DFT matrix and X denote the beamspace representation of
h. Then, x and h are related as

h=U,x. (4.3)

We assume that X is exactly sparse in our analysis, i.e., the beamspace angles are
exactly aligned with any of the N directional beams from the DFT codebook. In the
simulations, we use both exactly sparse channels and channels that are obtained from
the NYU simulator [6], in which case X is only approximately sparse. The channel h is
unknown and the goal of this chapter is to estimate h from its measurements acquired
under an |1Q imbalance at the RX.
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Figure 4.1: (a) A wireless system with a N element ULA at the TX and a single antenna RX. (b)
Receiver architecture showing how 1Q imbalance is induced in the measurements.
Here, € is the magnitude mismatch and @ is the phase mismatch between the | and
the Q branches. In an ideal case (no IQ imbalance), € = 1 and ¢ = 0.

4.1.2. SYSTEM MODEL AND CHANNEL MEASUREMENTS

In this section, we first explain the channel measurement model in the absence of 1Q
imbalance. Next, we use this model to explain how the channel measurements are
perturbed under an IQ imbalance at the receiver.

The TX employs a phased array in which the antennas are connected to a single RF
chain through phase shifters as shown in Fig. 4.1(a). The set of possible weights at
any antenna is {ejd’/\/ﬁ ¢ e[-m, rr)]. CS-based channel estimation methods typically
apply a collection of random phase shifts to acquire channel measurements. Such a
choice results in quasi-omnidirectional beams [46], which are good for sparse beamspace
recovery. We use M « N to denote the total number of channel measurements. We
define an N x 1 vector f[m] comprising the N antenna weights used at the TX to acquire
the mt™" channel measurement. We use y[m] to denote the mt CS measurement
acquired in an 1Q imbalance-free RX, when the TX applies f[m]. When there is no 1Q
imbalance at the RX, the received measurement in the baseband is

yIm] = fT[mlh +v[m], (4.4)
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where v[m] ~ €0, 0°) is additive Gaussian noise.

IQ imbalance is introduced in the received measurements, due to imperfections at the
mixers and filters used in downconversion [132]. The mismatch between the in-phase
and quadrature branches can be modeled using two parameters in a narrowband system
[19, Ch. 4], [132]. We use € € [0, 1] to model the mismatch in magnitude and ¢ € [-m, )
to model the mismatch in phase. We use y[m] to denote the m™ measurement in the
baseband under the receiver IQ imbalance, as shown in Fig. 4.1. To model this imbalance,
we define

€= %(1 +gel?), (4.5)

We refer to § as the IQ imbalance parameter, indicating the overall imbalance due to the
magnitude and phase mismatches between the 1Q branches. For a receiver without 1Q
imbalance, € =1 and ¢ = 0[132] so that { = 1. The m'" received measurement under
an |Q imbalance is given by [132]

yIm] = §ylm]+ (1 - §")y*[m], (4.6)

where y[m] is the channel measurement obtained when the TX employs f[m] as the
antenna weights.

The RX acquires M CS measurements {y[m] "r:',j) under an unknown IQ imbalance.
These measurements are obtained when the TX sequentially applies M different training
vectors {f[m] m':z) at its phased array. Let F denote the N x M matrix containing M training
vectors in its columns, y denote an M x 1 vector containing the M CS measurements
from (4.6), and v denote an M x 1 vector with independent and identically distributed (1ID)
noise samples {v[m]}%;g). Under an 1Q imbalance at the RX, the vector of M channel
measurements in (4.6) can be expressed as

V=EFTh+(1-&)FhS+&v+(1-E)ve. (4.7)
T

The entries of the composite noise term {W[m]}%;g are |ID distributed with a mean of

zero. The real and imaginary parts of w[m], however, are correlated due to the 1Q
imbalance as shown in Section 4.6.2. In practice, the correlation is small as ¢ is close
to 1 [134]. Therefore, for simplicity, we neglect this correlation and model w[m] as
w[m] ~ €./0, og,) with

oy = E[IwIm]I?] = (1§12 + 11 - §*1%) 0%, (4.8)

denoting the variance of w[m], Ym € {0, --,M - 1}.

As observed from (4.7), the imperfect CS measurements boil down to the perfect CS
measurements from (4.4), i.e., y = F'h + v, when there is no IQ imbalance, i.e., § = 1.
We refer to F'h as the desired part. Due to the receiver IQ imbalance, the imperfect
CS measurements from (4.7) contain two important terms, i.e., §F'h and (1 - £*)F*hC.
The first term, FTh, is the scaled and rotated version of the desired part by the IQ
imbalance parameter . The second term, (1 - §*)F*h€, referred to as the mismatch term,
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is proportional to the conjugate of the desired part, scaled and rotated by 1 - *. A high
imbalance between the in-phase and quadrature branches results in a small §, leading
to a large mismatch. A common measure of IQ imbalance is the IRR [19], which is a
function of the 1Q imbalance parameter &, and defined as

2
IRR = Lz
[1-8*

A small IRR means a high imbalance between the in-phase and quadrature branches,

while a large IRR corresponds to a small IQ imbalance. Typical values of IRR at a carrier
frequency of 60 GHz vary from about 16 dB to 38 dB [69, 70].

(4.9)

To exploit sparsity of the unknown channel h in the beamspace, we use (4.3) and (4.7)
to rewrite the received channel measurements in y as

V= SFTULX + (1 - §*)F USXE + w. (4.10)

We define
A=F'U, (4.11)

to denote the measurement matrix in CS-based channel estimation. In a typical CS
setting, the number of rows in A, i.e., M, is smaller than the number of columns N. Using
the definition of the CS matrix in (4.11), we can rewrite (4.10) as

Y = SAX+ (1 - §MAXE + w. (4.12)

The goal of this work is to estimate the sparse beamspace X from its measurements (y
in (4.12), which are perturbed by an unknown 1Q imbalance.

To motivate this research, we study how 1Q imbalance impacts sparse beamspace
recovery with the standard OMP. The standard OMP assumes ¥ = Ax+Ww which is different
from (4.12), thereby leading to a model mismatch. We use K to denote the sparsity level
of X, i.e., the number of its nonzero components. The K indices are chosen uniformly
at random, and the corresponding non-zero coefficients are sampled from &.4(0, 1).
The normalized mean squared error (NMSE) of the channel estimate X, obtained with
standard OMP, is given by

NMSE = E

o2
Ix - ] ] (4.13)

I

where [E[-] denotes the expectation operator. The NMSE defined in (4.13) is calculated by
averaging || x-X||2/ [|x||?, equivalently ||h—i1||2/ [lh]|%, over 200 independent realizations
of the channel. As seen from Fig. 4.2, the OMP algorithm [8] with CS measurements
under IQ imbalance results in poor channel reconstruction for small IRR, i.e., a severe
IQ imbalance. This is because for small IRR, the magnitude of (1 - {*) is large according
to (4.9), leading to a strong mismatch term (1 - *)AX® in (4.12). In Section 4.2, we
analyze how IQ imbalance causes standard sparse recovery algorithms to fail due to
model mismatch.
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Figure 4.2: NMSE with 10 log,, (IRR) where IRR = [§]2/|1 - §*|? from (4.9) represents the level
of receiver IQ imbalance. A large IRR indicates a small IQ imbalance. Here, we use
N = 256, M = 40, 02 = 1, and random phase shifts are used at the TX.

4.2. IMPACT OF IQ IMBALANCE ON SPARSE RECOVERY

In this section, we study the impact of the 1Q imbalance when convolutional CS measure-
ment matrices [45, 135] are used for sparse recovery. We show that any CS algorithm
agnostic to the IQ imbalance results in aliased beamspace components due to model
mismatch. Furthermore, we show that these components are located at circular folded
indices of the true beamspace locations, i.e., if a beamspace component is located at
the n'" index, 1Q imbalance leads to an aliased component at the (—n)}\,h index due to
model mismatch.

Measurement model with convolutional CS: In convolutional CS, a measurement
is acquired by circularly shifting a fixed beamformer f,, at the transmitter [136]. We
use c[m] € [N] to denote the circular shift applied over f, to acquire the mt" channel
measurement. As M < N in CS, the RX acquires a subsampled circular convolution of
the unknown h and the known fi,.

To model this subsampled circular convolution, we define S as an M x N binary matrix
whose entries are one only at the coordinates {(m, c[m]) "n’,',;g, [45]. Let fb denote the
flipped version of f;, with its nt™ entry given by fb[n] = fpl(-n)y] and g denote the
spectral mask defined as g = \/N(UNfb)c. The CS matrix from (4.11) can be rewritten

as A = SU,diag (g) in convolutional CS [45], where diag(g) is a diagonal matrix with
g on its main diagonal. Therefore, IQ imbalance free CS measurements from (4.4) in
convolutional CS are given by [45]

y = SU, diag(g)x +v. (4.14)

The CS matrix in (4.14) is A = SUydiag (g), which is a subsampled DFT matrix with a
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spectral mask g. Using this definition of Ain (4.12), we can express the convolutional
CS measurements under an IQ imbalance as

§ = £SU, diag (g)x + (1 - £)SUS, diag (€°)X° + . (4.15)

The subsampled DFT structure of A in convolutional CS allows us to study the impact of
IQ imbalance on sparse recovery.

Standard CS techniques consider a linear measurement model, which is different from
our measurement model in (4.15). Such algorithms consider A = SUydiag (g) as the CS
matrix and estimate a sparse X that satisfies

y = SU, diag(g)x + w. (4.16)

In Theorem 2, we show that this estimate X comprises aliased components at mirrored
locations, which makes it hard to identify whether the non-zero components in X are due
to aliases or a beamspace component.

Theorem 2. Let X denote the flipped version of the beamspace X, i.e., X[n] = x[{-n)y],
and g denote the flipped version of the spectral mask g with non-zero entries. We define

x = [diag(g)] " diag(g°)x". (4.17)

Then, X which is consistent with the mismatched model in (4.16) is
X =&x+(1-89)k (4.18)
Proof. See Section 4.6.1. O

As seen in (4.18), IQ imbalance affects sparse recovery with standard CS algorithms
in two ways: (i) scaling of the true beamspace x by the IQ imbalance parameter &, and
(i) the introduction of sparse aliased components resulting from (1 - £*)X. In Remark 1,
we discuss the impact of the IQ imbalance on the support of the effective beamspace X.

Remark 1. Let § denote the support of a K-sparse beamspace X, i.e., | S| = K, S denote
the support of X from (4.17), and & denote the support of X from (4.18). The support of
the aliased sparse component vector (1 - §*)X is

S ={(-n)y : n€ S}, and therefore |S| =K. (4.19)

The support of X is the union of S and S, i.e., § = SU S, with | S| < 2K.

Proof. As the entries of g are non-zero, from (4.17), it is observed that X and X have the
same support. Since X is the flipped version of X, i.e., X[n] = x[(-n),], the support of
X and therefore X is § = {(-n), : n € S}. For a specific instance, the indices in & are
illustrated in Fig. 4.3. We observe from (4.18) that § = SU S. As each of these sets
have K indices, |$| < 2K. O

Remark 1 indicates that the beamspace reconstructed using the mismatched linear
CS model comprises aliased components when € # 1. The aliases appear at the circular
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Figure 4.3: An example for the support of x given by & = {0, 3, 4, 6}, and its circular folded version
given by § = {0, 2, 4, 5} representing the support of X. Here, N = 8, K = 4. In this
example, we observe that |$| = |SU S| = 6.
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Figure 4.4: The plot shows the beamspace recovered from M = 32 CS measurements in (4.15),
which are acquired under receiver IQ imbalance [8]. Here, a linear CS model was
used for the OMP to study the impact of model mismatch. We use N = 64, IRR = 15
dB corresponding to € = 0.85 and ¢ = 18 from (4.5). Model mismatch due to 1Q
imbalance leads to aliased sparse components in the reconstructed beamspace.

folded indices corresponding to the original beamspace indices. Fig. 4.4 shows the beam-
space reconstructed by applying the standard OMP over a mismatched linear CS model.
Here, the support of original beamspace X is & = {3,11,22, 54}. The aliased sparse
components occur at the corresponding circularly folded indices in § = {10,42,53,61}.
Under 1Q imbalance, we observe from Fig. 4.4 that standard OMP recovers a sparse
signal supported on §=8UuS. Also, the magnitudes of the reconstructed entries at §
are smaller than the corresponding entries in X, due to the scaling § in (4.18). Due to the
model mismatch problem, it is not possible to determine whether the non-zero entries
arise from aliasing or from components of the original beamspace. This non-identifiability
issue prevents the application of convolutional CS for joint estimation of the sparse
channel and 1Q imbalance. Therefore, we consider fully random CS matrices in the
subsequent sections.
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4.3. PROPOSED SPARSE RECOVERY ALGORITHM USING CS
MEASUREMENTS CORRUPTED BY IQ IMBALANCE

In this section, we present an equivalent formulation of the CS measurements in (4.7),
called the augmented CS (AugCS) measurement model. To arrive at this formulation,
we define an auxiliary sparse vector called the augmented beamspace. This vector
is twice the dimension of X, and is a function of the actual beamspace X and the 1Q
imbalance parameter §. We develop our greedy paired-support OMP (PSOMP) algorithm
to estimate the augmented beamspace by exploiting its special structure and provide
support recovery guarantees for the PSOMP. The joint estimates of the true beamspace
and the IQ imbalance parameter are obtained from the estimated augmented beamspace
by solving a least-squares problem.

4.3.1. AUGMENTED CS FORMULATION OF CS UNDER IQ IMBALANCE

To obtain the AugCS measurement model, we construct a new M x 2N CS matrix by
concatenating A and its conjugate A°. This matrix is denoted by A, and expressed as

A, = [A A]. (4.20)

We refer to A, ¢ as the augmented CS matrix. Next, we define augmented beamspace
as a 2N x 1 vector denoted by z which is given by

z=[§xT, (1- f*)x*]T. (4.21)

From (4.21), it is observed that if X is sparse, its augmented version, z, is also sparse.
Specifically, if X has K nonzero components, then z contains 2K nonzero components.
We now discuss the paired support structure in z. Let @ denote the support of z, i.e.,

G ={i: (i)y €S ie[2N]} (4.22)

We notice from (4.21) or (4.22) that the non-zero entries in z occur in pairs. Specifically,
whenever z[n] is nonzero, z[n + N], Vn € [N] is also nonzero. This structure can be
equivalently expressed as

ne @< (n+N)e @, YnelN], (4.23)

which we call the paired support structure. The vector z, whose non-zero components
occur in groups, is called block-sparse [137] or group-sparse [138].
We use (4.12), (4.20), and (4.21) to obtain the equivalent augmented CS measurement
model for (4.7) as
y= AjgZ+W. (4.24)

It is observed that (4.24) is in the form of a standard CS measurement model as in
(4.14). Hence, the standard OMP algorithm [8] with A, ¢ as the CS matrix can be used
for the sparse recovery of zin (4.24). This approach, however, does not exploit the block-
sparsity and paired support structure of z. In Section 4.3.3, we explain our proposed
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X {x

Actual beamspace { } Augmented beamspace

Figure 4.5: Anillustration of constructing the augmented beamspace z from the actual beamspace
X. The augmented beamspace is block sparse, and its support has a paired support
structure defined in (4.23).

PSOMP algorithm that exploits this structure for the sparse recovery of z.

4.3.2. PROPOSED PSOMP ALGORITHM

Our PSOMP algorithm exploits the paired support structure in z to obtain the estimate
Z from y. Our approach, outlined in Algorithm 3, is an adaptation of the OMP [8]. In
the ith iteration of the PSOMP Algorithm 3, we use @' to denote the estimated support,
Z' to denote the estimated sparse vector, and r' to denote the residue. Also, we use

ii@,. to denote a subvector of ' indexed by @' and [Aaug]@i to denote a matrix obtained

by retaining columns of A indexed by @'. Unlike the OMP, which selects one column
of A,,g in each iteration, PSOMP selects two columns. In step 2 of Algorithm 3, the
second column is selected to exploit the paired support structure in z, i.e., the structure
discussed in (4.23). Then, an estimate of the entries of the sparse vector corresponding
to the selected columns is obtained in step 3 and the residue is computed in step 4.
These steps are repeated until a stopping criterion is met.

Algorithm 3: Proposed PSOMP algorithm to recover z from our augmented CS
formulation (4.24).

Input: CS measurements y and CS matrix A, 4 for the augmented CS formulation
(4.20) and the noise power 0;

Initialize: | « 1, @° « @,2° « 0,,, and r° « y;

while stopping criterion is not met do
*pei =1 Tpi-1/1.

ar|, [aje )

1. Vv « argmax{
jelN]

2. @« @' u{v, v+N};

3. 2i@i < ([Aaug];i[Aaug]@i)_1[Aaug];,-f’;
4. v« §- A2
5

=i+
end
Result: 2=
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Figure 4.6: An example of support detection with PSOMP (Algorithm 3) and BOMP/GOMP for
K =1, N =32, M = 5. The support of the original beamspace is & = {3} in x. Our
PSOMP algorithm successfully detects this support, while BOMP/GOMP fails.

The proposed PSOMP algorithm also differs from BOMP [137] and Group-OMP
(GOMP) [138] algorithms that select a group of columns in each iteration. In partic-
ular, the BOMP [137] and GOMP [138] algorithms use
* =1

a.r +
J

Veomp/comp < argmax| ar|}, (4.25)

jeN]

as the support detection rule, which is different from the rule we use in step 1 of our
PSOMP algorithm. We call a}’fr"1| and ajTr"1| matching terms as they indicate how

well " is aligned with each column of A, g In an ideal setting with zero additive noise,
M = N, and an orthogonal CS matrix, the matching terms are non-zero only forj € &,
thereby aiding correct support identification.

As CS matrices have fewer rows than columns, their columns are not orthogonal,
resulting in non-zero matching terms for j & §. We refer to these terms as matching
artifacts. With our approach, the maximum of |a]*.*r"'1 | and |ajTr"‘1 | is used for support
detection, while with BOMP and GOMP, their sum is used. The success of our support
detection step is determined by the strength of the matching artifacts. As an example,
consider a 1-sparse beamspace X with support & = {3} for which the matching terms
are shown in Fig. 4.6. As we observe, these terms have matching artifacts outside the
original support & = {3}. We observe from Fig. 4.6 that the matching artifacts outside the
original support are low with our method than BOMP/GOMP, thereby resulting in better
support recovery. This is because the sum of the matching artifacts can result in a false
alarm with BOMP/GOMP.

In Fig. 4.7, we study the empirical probability of exactly recovering the sparse support
of the beamspace x from the CS measurements under 1Q imbalance with the proposed
PSOMP algorithm (Algorithm 3) and the BOMP algorithm [137]. As observed, the
proposed PSOMP requires fewer measurements than the BOMP algorithm to achieve
the same probability of exact support recovery [137]. For instance, to exactly recover the
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Figure 4.7: Probability of exactly recovering the support of the sparse beamspace with our
PSOMP algorithm (Algorithm 3) and with the BOMP/GOMP [137, 138] algorithms.
The proposed PSOMP algorithm requires fewer measurements than the BOMP/GOMP
to achieve the same probability of exact support recovery. Here, we use N = 256,
K =5,SNR =5dB, and IRR = 20 dB.

support of X in 95% of cases, BOMP [137] requires approximately 37 measurements,
whereas our PSOMP algorithm requires around 27 measurements. This is because the
support detection rule in step 1 of our PSOMP algorithm is more robust against matching
artifacts than the one in (4.25) used in the BOMP algorithm, as is seen from the example
in Fig. 4.6. After obtaining Z, the augmented beamspace estimate, our goal now is to
estimate X and ¢ from 2.

4.3.3. LEAST-SQUARES BASED JOINT SPARSE RECOVERY AND IQ
IMBALANCE PARAMETER ESTIMATION

We explain how to obtain the beamspace estimate X and the 1Q imbalance estimate f
from Z. As seen from (4.21), Z must be of the form [fxT, 1- §*)x*]T, where x and § are
unknowns to be estimated. To estimate the unknowns, we minimize the squared error

cost
2

I PO IES
ox,€) = |z (1 - £)x (4.26)
over (x, ) to obtain (%, §), i.e.,
{%, €} = argmin 6(x, §). (4.27)

{x.$}
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Due to the product of x and &, the objective function O(x, §) is not convex in (x, ). In
Theorem 3, we provide a solution for (4.27) in which (ﬁ, §) is a stationary point of O(x, §).

Theorem 3. LetZ, and Z, denote N x 1 subvectors of Z such that Z, contains the first N

elements of 2, and 2, contains the next N elements of 2, i.e., 2 = [2], 2]]". We define
the scalars
a=l1% B=121% v=22. (4.28)

A stationary point for O(x, §) is given by

a-B-2y+y(a-By +4ly|?

¢ 2(a-B+y*-v) ’ (429)
%= —51212 - 5}223. (4.30)
€]+ |1 -¢]
This stationary point is obtained by solving
[9x00% O]f5¢) = Ot (4.31)
[ai@(x, o| -o, (4.32)

(x4)

where [V, ()] (x {») and [a% (-)](i é) denote the gradient and the partial derivative with respect

to X and § evaluated at (f(, f ) Here, 0y, is the N x 1 vector of all zeros.
Proof. See Section 4.6.3. O

Our approach uses (4.28)-(4.30) from Theorem 3 to obtain the estimates X and ffrom
z.

4.3.4. GUARANTEES WITH OUR PROPOSED PSOMP ALGORITHM

In this section, we establish guarantees for support recovery of the augmented beam-
space, z, or equivalently, the beamspace X, using our PSOMP algorithm. Our approach
is inspired by the guarantees presented in [101] for the standard OMP [8]. We extend
the analysis in [101] to our PSOMP algorithm, which also accounts for the 1Q imbalance.
These guarantees are based on the concept of mutual coherence of the CS matrix,
helping us study the impact of the IQ imbalance on sparse support recovery.

In this section we assume that A from (4.11) has unit norm columns, i.e., {[|a, || = 1}V_,
for simplicity. As a result, the augmented CS matrix Aaug from (4.20) also has unit norm
columns. Our results, however, can be extended to generic CS matrices with different
column norms using our framework in [95]. The mutual coherence of A is an indication of
its quality for sparse recovery. We use p to denote the mutual coherence of A defined as

~max [aa,]. (4.33)
{(2):j=0jelNLeeNy)
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A CS matrix with a small ji is favorable for sparse recovery [101]. We use ¢ to denote
mutual coherence of the augmented CS matrix A,,¢. From the definition of the mutual
coherence in (4.33) and from (4.20), we obtain y,,¢ as
* T
= max a’‘ayl, |a.a;];. 4.34

Haug = ;0 jot jelnn e et {Iajal. 12} @39
The second term |ajTa,~| in (4.34) accounts for the inner product of the columns of A with
the columns of the conjugate of A in A, from (4.20). From (4.34) and (4.33), it can be
shown that pi,,¢ 2 Y, where i is the mutual coherence of A.

In Theorem 4, we provide conditions under which the support of z, i.e. @, equivalently
the support of X, i.e., &, can be successfully detected using PSOMP and BOMP algorithms.
The conditions presented in Theorem 4 establish a lower-bound on the magnitude of the
weakest nonzero component in X, denoted by X;,:

Xmin = min | x[j]|. (4.35)
JES

Our guarantees quantify how IQ imbalance level IRR, mutual coherence of A and A,
sparsity level K of X, and the additive noise variance 02 impact the support recovery of X.

Theorem 4. Our PSOMP algorithm in Algorithm 3 successfully recovers the support of X
with a probability exceeding

] 4N
(1 - ) (4.36)
(2N)1+0,/(1 + 6) log(2N)
for some constant 6 > 0 if
1 _
Xmin ~ (ZK(1 + \/ﬁ) - 1)Uaugxmin 2 2p, (4.37)
where p = 0,/2 (1 + #)(1 +6)log(2N). Furthermore, if
7\
Xmin = (4K - 1)“augxmin 2 4p (1 + \/ﬁ) ’ (4.38)

and (4.36) are satisfied, with a probability exceeding (4.36), the BOMP algorithm [137]
successfully recovers the support of X.

Proof. See Section 4.6.4. O

The condition in (4.37) provides a lower bound on the weakest non-zero coefficient
of X for successful support identification with PSOMP from CS measurements acquired
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under 1Q imbalance. By rewriting (4.37), this lower bound is
2p

; .

1- (2k(1 + \/ﬁ) - 1)uaug

It follows from (4.39) that a severe IQ imbalance (low IRR) imposes a more stringent
condition on X, i.e., requires a higher threshold on X,;;,, for successful support recovery.

X

(4.39)

min 2

Remark 2. Under zero additive noise, i.e., 0 = 0, Algorithm 3 correctly recovers the
support & of X if
1

1
k< (1 . ) (4.40)
+ L “au
2(1 m) :

When IRR — oo, (4.40) reduces to the one derived in [101].

Proof. The proof follows from (4.37) by setting 0 = 0. O

Remark 3. Our PSOMP algorithm enables successful support recovery with a smaller
Xmin than the one required by BOMP.

Proof. We rewrite (4.38) as
2p
1 .
1 ) (1 (4K = 1) Hage)

(4.41)
;

Xmin 2
d
Since 0.5 (1 + ’I/\/IRR) < 1, the right-hand side of (4.39) is smaller than that of (4.41),
which completes the proof. O

Remark 3 shows that our PSOMP achieves better support recovery than the BOMP
algorithm [137]; this is also observed from Fig. 4.8. Fig. 4.8 shows the impact of 1Q
imbalance on the support recovery of Xx. We observe that support recovery improves with
an increasing IRR, which aligns with our findings in Theorem 4. The improvement in the
probability of exact support recovery saturates for IRR = 25 as the image components
in z from (4.21), i.e., non-zero components in z due to (1 - §*)x¢, become negligible.
Finally, we notice from Fig. 4.6 that support detection with PSOMP is robust to matching
artifacts than that of BOMP, which coincides with Remark 3.

4.4. SIMULATION RESULTS

We consider a narrowband system with a ULA of 256 antenna elements at the TX for
f. = 60 GHz. The TX-RX distance is 15 m. The channel estimate h is obtained from the
beamspace estimate using h= U,X. We use the NMSE in (4.13) to evaluate channel
estimation performance and the average relative error HE[|(€ - f) /{” to quantify the

error in the estimate f We use Golay complementary sequence [102] of length N, for
transmission, resulting in a spreading gain of 10 log Ny, [45]. Here we use, Ngeq = 256.
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Figure 4.8: Probability of exactly recovering the support of the sparse beamspace with IRR.
Our PSOMP algorithm (Algorithm 3) achieves a better support recovery than the
BOMP/GOMP algorithms [137, 138]. Here, we use N = 256, K = 5, and SNR = -5
dB.

The signal-to-noise ratio (SNR) without spreading gain is given by SNR = |JAx||? /Ma?.
We provide numerical results for both exactly sparse beamspace channels and those
with off-grid AoDs. For evaluation, we use 200 sparse beamspace channels with K
nonzero components, following the same methodology described in Fig. 4.2. Also, we
use 200 urban micro line-of-sight channels from the NYU simulator [6]. Note that the
beamspace channels generated by the NYU simulator can have off-grid AoDs, resulting
in approximately sparse beamspace channels.

We benchmark our method against four baselines. We use StdCS ZerolQ for standard
OMP applied to an ideal linear measurement model, i.e., § = 1, using the same CS matrix
A. The second baseline StdCS Ignored/Q employs the same sparse recovery method as
in StdCS ZerolQ, but the measurements are corrupted by the 1Q imbalance. Therefore,
StdCS Ignored|Q suffers from model mismatch. Finally, we use AugCS OMP and AugCS
BOMP to denote the last two baselines. These two baselines serve as benchmarks for
our proposed PSOMP algorithm in estimating the augmented beamspace z from the
augmented CS measurement model. This means that both baselines, AugCS OMP
and AugCS BOMP, use (4.29) and (4.30) from Theorem 3 to estimate § and x from the
estimate 2. The third baseline uses OMP to recover the augmented beamspace z, while
the fourth baseline uses BOMP from [137] to recover z. Lastly, we use AugCS PSOMP
to indicate our method, which uses Algorithm 3 to recover z, and employs equations
(4.29) and (4.30) from Theorem 3 to compute the estimates fand X.

The M antenna weight vectors {f[m]}ffk1 are constructed by setting their entries to IID

samples drawn from {ejd’/\/ﬁ :¢p e[-m, n)}1. As a result, the columns of the resulting

"Unlike convolutional CS that uses circularly shifted f[m]s, the use of random f[m]s does not lead to the
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CS matrix A from (4.11) can have different £, norms. To account for this variation, we
scale the terms in the support detection step similar to the approach in [8]. Therefore,
we use

o] [
V « argmax
jeln] lall " iyl

?

in the support detection step of Algorithm 3. In [95], we showed that normalizing the
columns of A in the support detection of OMP results in better support detection and a
low NMSE in the estimate. Using our framework in [95], a similar result can be obtained
for the PSOMP algorithm.

For exactly sparse beamspace channels, we observe from Fig. 4.9(b) that employing
our augmented CS formulation in (4.24) results in a lower channel estimation NMSE
with OMP or PSOMP compared to StdCS Ignored!Q. With the BOMP, the NMSE in h
is worse than that of StdCS IgnoredIQ for a small number of measurements, but the
NMSE with the BOMP approaches that of our proposed PSOMP algorithm when the
number of measurements is large. This is because the support detection step of the
BOMP algorithm given in (4.25) suffers from higher matching artifacts than the support
detection step in the proposed PSOMP algorithm, as discussed in Fig. 4.6. Therefore,
support detection with the BOMP is poor when the number of measurements is small.
The proposed AugCS PSOMP outperforms AugCS OMP in the NMSE plot because the
proposed PSOMP exploits the paired support structure of z from (4.23). From Fig. 4.9(a),
we observg that the proposed AugCS PSOMP method results in a small error in the
estimated &.

For channels from the NYU simulator [6], we observe from Fig. 4.10(b) that the
proposed AugCS PSOMP results in the lowest NMSE under 1Q imbalance when 4x
overcomplete DFT dictionary is used for the beamspace representation. This is because
an overcomplete dictionary uses finer grid angles than the standard DFT dictionary to
represent beamspace, reducing leakage due to off-grid AoDs. With the standard DFT
dictionary, high leakage from off-grid AoDs results in a high NMSE with all methods
compared to the case with the 4x overcomplete DFT dictionary. The leakage deteriorates
support detection with all the methods. Since PSOMP or BOMP select two elements per
iteration, a misdetection in support results in two incorrectly selected elements, leading
to a higher NMSE than the OMP. Fig. 4.10(a) shows that the proposed AugCS PSOMP
method results in a low estimation error in fas it exploits the structure in support of z
and employs a support detection rule that is more robust against matching artifacts than
the one used in the BOMP.

From Fig. 4.11, we observe that NMSE decreases with increasing IRR, i.e., decreasing
IQ imbalance, for all methods. NMSE with the proposed AugCS PSOMP and the AugCS
BOMP saturate at values different from the NMSE achieved with StdCS ZerolQ. This
is because 1Q imbalance at large IRR, i.e., § ~ 1, is negligible, due to which the paired-
support structure within z in (4.21) is lost. When a 4xovercomplete DFT dictionary is
used, our AugCS PSOMP results in the lowest NMSE among all methods for IRR < 30
dB. With the standard DFT dictionary, however, BOMP and PSOMP perform worse than

non-identifiability issue.
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Figure 4.9: Estimation error in fand h with number of measurements M for exactly sparse
channels with K = 5. Sparse recovery with the proposed augmented CS formulation
and the proposed PSOMP algorithm (Algorithm 3) achieves a lower estimation error
in h and € than with the OMP and BOMP [137] algorithms. Here, we use N = 256,
K =5,IRR =20dB, and SNR = -5 dB.

OMP in NMSE due to leakage effects from off-grid AoDs. The leakage causes false
alarms in support detection due to dense matching terms. Since BOMP and PSOMP
select two support elements in each iteration, false alarms in support detection with
BOMP and PSOMP are significant than that of OMP, resulting in a worse NMSE with
BOMP and PSOMP. Another observation is that with the standard DFT dictionary, the
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Figure 4.10: Estimation error in € and h with number of measurements M for channels from NYU
simulator [6] whose beamspace contain off-grid AoDs. Sparse recovery with the
proposed AugCS formulation and the proposed PSOMP algorithm (Algorithm 3)
under IQ imbalance achieves the lowest estimation error in h when &x overcomplete
DFT dictionary is used for the beamspace representation. Here, we use N = 256,
IRR =20 dB, and SNR = -5 dB.

NMSE with AugCS OMP is lower than that with StdCS ZerolQ at a high IRR. This is
because AugCS OMP is based on the augmented CS formulation, which uses a larger
CS matrix A,q than StdCS ZerolQ that employs just A.

In Fig.4.12, we observe that NMSE decreases with an increasing SNR. The proposed
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proposed AugCS PSOMP results in the lowest NMSE among different methods under
IQ imbalance when the 1Q imbalance is high, i.e., a small IRR, and 4x overcomplete
DFT dictionary is used.
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Figure 4.12: NMSE with SNR for channels from NYU simulator [6], M = 50 and IRR = 20 dB. The
proposed AugCS PSOMP results in the lowest NMSE with 4x overcomplete DFT

dictionary

among different methods under IQ imbalance.

AugCS PSOMP results in the lowest NMSE among other methods under 1Q imbalance

with 4x overcomplete
and therefore, the NM

DFT dictionary. At low SNRs, the performance is noise-limited,
SE with all the methods is similar.
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4.5. CONCLUSIONS

In this chapter, we characterized the impact of receiver |Q imbalance on the recovered
beamspace channel with standard sparse recovery algorithms that are agnostic to this
mismatch. Our analysis showed that with convolutional CS, IQ imbalance leads to
aliased beamspace components at circular folded locations of the true beamspace
locations. To jointly recover the IQ imbalance parameter and the sparse beamspace,
we introduced the augmented CS formulation that solves for a block-sparse vector
exhibiting a paired support structure. We developed the PSOMP algorithm to exploit
this structure and estimate the augmented beamspace. The augmented beamspace
was then decomposed to obtain an estimate of the 1Q imbalance parameter and the
beamspace. For our PSOMP algorithm, we also provided support recovery guarantee
as a function of the 1Q imbalance parameter.

4.6. APPENDIX

4.6.1. PROOF OF THEOREM (2)

We factor out SUydiag (g) in (4.15) to arrive at the standard CS measurement model
(4.16) and obtain X as

X = §x+(1- &) [diag(g)] " U4 S diag (g°) x©. (4.42)

We define r = Uydiag(g) x and use s to denote the inverse DFT of r, i.e., s = diag(g)x =
Ui r, where we used UyUy = Iy in Ugr to simplify the result with I denoting an N x N
identity matrix. From the property of DFT that the inverse DFT of the conjugate of r
is equal to the flipped and conjugated version of its inverse DFT given by s [94], we
have §°¢ = diag(§)C X¢ = Ugr® where 3[n] = s[(-n),] defines the flipped version of s.
Therefore, we can express (4.42) as

X =&x+(1-¢€")[diag(g)]" diag(g) X, (4.43)

which concludes the proof.

4.6.2. STATISTICAL PROPERTIES OF w[m] FROM (4.7)
We construct a 2 x 1 vector with the real and imaginary parts of w[m] denoted by W,, as

ORI R —

with the subscripts (), and (-); denoting the real and imaginary parts of the complex
scalars w[m], v[m], and . Since v[m] ~ %/I(O, 02), W,,, is normally distributed with
mean E [\Tvm] = [0, 0]" and covariance matrix

(4.44)

1.2 2
E [l = | 2° S0 ] : (4.45)

g0 (IE12+11-¢€12-1)0?
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For § close to one, i.e., {, = 1 and § — 0, the off-diagonal entries are small, meaning
that the correlation between w,[m] and w;,[m] is small.

4.6.3. PROOF OF THEOREM 3: STATIONARY POINTS OF O(X, §)

We use 2 = [2], 2]]" to expand the objective function O(x, §) as

0, §) = |21 - &x||” + |12, - (1 - & x|
= 20" - &5x - §x 2y 111X + 2,

-(1-892x- (1- X2, + |1 - §17 x| (4.46)
To find the stationary point (f(, f) of O(x, §), we solve the system of equations given by

vx@(xr Q = Opy1,

5 _ (4.47)
a—fﬁ(x,f) =0,
for x and §. The gradient of O(x, §) from (4.46) with respect to X is
V,0(%,§) = -§2;+ |§12%" - (1-§)2] + |1- §°x". (4.48)
The solution of V, 0(x, §) = 0y, for X is
§*2, +(1-8)z;
V00,8 = 0pg = X= —— "2 (4.49)
" 1§12+ 11- €12
Next, we compute the derivative of G(x, §) with respect to § as
a o* * 5 *
a—g@(X,f) = =23+ & IIx|1? + X2, - (1 - &) x> (4.50)
The solution of o (6(x, §)) /o€ = 0 for §is
5 X' (2 - Z))
Zox,8=0= =05+ ———2! 4.51)
0§ 2|12

Using the definitions of a, B, y from (4.28) and substituting x in (4.51) with the expression
from (4.49) , we can rewrite (4.51) as

. (1817 +11-€1%) (Sa-y) + (1 - §) (v - B))
2(1€12a+ [1-§12B+ (1 - Oy* + & (1-§)y)

After simplifying (4.52), we obtain an expression that is a quadratic function of ¢ as

(@-B+y -y)&+Qy+B-a)§-y=0. (4.53)

=05

(4.52)
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Let {;, §,} denote the two solutions of (4.53) given by

a-B-2y+y(a-B)+4ly|?

ch 2(0-B+y*-y) ' (454
a-B-2y-y(a-By+4lyl?
$ = 2By ) ) (4.55)

To find the solution that is valid, we examine §; and &, when the estimate Z is exact. To

this end, we use 2! to denote such an estimate, i.e., 2% = z = [§x, (1 - §*)x*]T
from (4.21). It can be shown that

[$1 ]z-zexact = &, (4.56)
g
[$, Jspexact = 26*—‘1 (4.57)

Since §; reduces to the exact solution for Z = 223, we set €= &,. Finally, we substitute
& with §in (4.49) to conclude.

4.6.4. PROOF OF THEOREM 4: SUPPORT RECOVERY GUARANTEES FOR
THE PROPOSED PSOMP ALGORITHM (ALGORITHM 3)

The proof extends the approach used in [101] for the standard OMP to our PSOMP

algorithm. First, we examine the noise term in the support detection step of PSOMP, i.e.,

step 1 of Algorithm 3. To this end, we define Z' = z - Z' to denote the difference between

the original sparse vector z and its estimated version in the it iteration of our PSOMP

algorithm. Hence, in the it" iteration, the residue r' is

r=A,eZ +Ww, (4.58)
and the support recovery criterion in step 1 is equivalent to

_ * 5i-1 * T 5i-1 T
V= arj%[mN]ax {|ajAaugz + ajwl, |aj A2+ ajwl}. (4.59)
From (4.59), we observe that the noise terms a}’fw and aij can cause incorrect support
detection. To control support misdetection under noise, we first examine the event

- * T,
E= “251\’)]( {lajwl, |ajw|}<p] (4.60)

with p=0,,1/2(1+6)log(2N) and 6>0 [101]. In Lemma 3, we provide a lower bound on
the probability of the event E. A similar lemma was derived in [101] for a real-valued CS
problem. Our result, however, applies to a more general CS setting with complex-valued
entries.
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Lemma 3. The probability of the event E in (4.60) is lower bounded as

1 4N
Pr{E} > 1 - . (4.61)
(2N)1+8,/(1 + 6) log(2N)

Proof. Real and imaginary parts of a}’fw and aij are jointly Gaussian with zero mean.
The variance of each is
We use ZR(aj’.*w) and S(a}?w) to denote the real and imaginary parts of a}?w. Similarly,

ER(aij) and S(aij) denote the real and imaginary parts of aij. Since the entries of

w are independently distributed as &.4(0, 0‘,2V) for  close to 1, the random variables
ER(a}’fw), S(a}’fw), %(aij), and S(a}Tw) Vj € [N] are jointly Gaussian and each distributed

as (0,02 /2). For any k € C, we notice that |k| < p whenever R(k) < p/v/2 and
S(k) < p/\/f. Using this observation in (4.60), we can write

Pr{E} 2 Pr{m{;\)}(l%(a;wﬂ <P q max|R(a>w)| <P
JEIN

2 e T R

nmax|S(a’w)| <P q max|R(@'w)| < L3
jelN] J J2 e J

V2
(;) ﬂ Pr{ |S(a}*w)| < %} Pr[lm(a]fwﬂ < %}

jelN]

Pr{ls(aij)l <%]pr||m(a}w)| <%].

In (a), we use Sidak’s lemma [113, Theorem 1]. By replacing the probabilities in the
right-hand side of the above equation with their upper limits as in [101], we obtain (4.61).
O

Next, we derive a condition that ensures the successful recovery of the support of
X when the event E in (4.60) occurs. To this end, we begin with the first iteration of
Algorithm 3 and analyze step 1. Then, using induction, we show that when event E
occurs and X satisfies (4.37), the PSOMP algorithm correctly recovers the support of z,
and consequently, the support of x after K iterations.

Considering the first iteration of Algorithm 3 and assuming that event E occurs, we
derive conditions under which the index j of the selected column, i.e., the one that

maximizes { a}fr°| , |ajTr°|}, belongs to the support, &, of X. Noting that r0 = y, this
condition can be equivalently written as

* T * T
rpea:FX{Iajyl.lajyl}>rpean{Ia,-yl,la,-yI}- (4.62)
Under event E, an upper bound for the right-hand of (4.62) is

max{|a‘yl, laTyl}
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= max{ [a’w + Z (afa,-z[i] +aratz[i+ N]) ,
jes || £\ j i
e
a}.Tw + Z (a}Taiz[i] + ajTa,Fz[i + N]) ]
ies
(a) * * H % C H
< max{|a‘w]| + Z( ara;z[i]| + |araz[i +N]|),
jes i Y
T Ta o TaCof:
lajwl + > ([aazli]] + aja’.z[l+N]|)]
es
(b)
< max{lafwl, IaTwl}
jecs’ J J
+ max Z( a‘a;z[i]| + afa.‘z[i+N]|),
jes | J )

1=

+

5 (gfact
ies

(c)
Sp+ k(|€| + |1 - f*l)“augxmaxr (463)

ajTa,Fz[i + N]|)}

where Xpax = MaXgeg |x[j]| denotes the magnitude of the strongest component in X. In
(a), we use the triangular inequality. In (b), we use the fact that max{t; + 7,, T3 + T,} <
max{t,, T3} + max{t,, 7,} for real non-negative T,, T, T3, and T,. In (c), we use the
assumption that the event E occurs, and the fact that

. . (.21) . (4.34)
|alaizil] = Izlill[ala;] =" [Extillalai] < 1€1augXman

and similarly a}‘a;z[i]| < €1 HaugXmaxs
|1 - f*luaugxmaX'

. T .
ararz[i + N]| < [1-8" | BaugXmax and |aj azfi + N]| <

Under the event E, for the left-hand side of (4.62), we have

* T _ * o . * aC .
Tezx{lajyl, |ajy|} = r}]eagx’ a}.ajz[}] +ajajz[/ +N]

* * oy M * o C M
+a'w +Z(a}. a;2[i] + a*afz[i + N])
ies\{j}

?

T ; TAC,[; T
ajajz[/]+ajajz[/ + N]+ajw

|

+Z(ajTa,-z[i] + ajTa,Fz[i + N])
ies\{j}
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(d) . .
> max llz[j]l - |a;af2[1 +N]| - |a;w|
JES

2 (larazlill + layagzli + N1I),
ies\(j}
. T . T
|2l + NI - |ala;zLj]| - 1aTw]
2 (lajaiztill + ajafzli + N1|)]
ies\(j}
(e) . "
> max[lz[j]l -11-¢ “Jaugxmax -p
JeS
_Z(K“Jaugxmax + |1 - f*llv’augxmax)r
ies\{j}
|z[j + N]| - |§|uaugxmax -p
‘Z(lfl“augxmax +|1- €*|“augxmax)]
ies\(j}
(f) .
= |€|Xmax_p_ ((k_1)|§|+ k|1 - 6 |)IJangmax- (4.64)

In (d), we use [|a;|| = 1 and the triangular inequality. In (e), we use identities similar to

the ones in (d) from (4.63). In (f), we use |§]| > |1 -&*|, as IRR > 0 dB in practice, and

therefore max |z[j]| = [§|Xmax = Max |z[j + N]| = |1 - §*|Xax- From (4.63) and (4.64),
JES jes

we can write

* T, _ " T
rpeg?x{|ajy|,|ajy|]>|€|xmax 2p+Te%x{|ajy|,|ajy|}

- ((2k - 1)|€| + 2k|1 - f*l)lJangmax- (4.65)
From (4.65), we observe that under the event E and
1€1Xmax = (2R = 1IE] + 2RI - §[) HaygXmax 2 20, (4.66)

equation (4.62) holds. Hence, the selected entry in step 1 of the first iteration of Algorithm
3 will belong to &, and the selected pair in step 2 will belong to @. We define p =

0\/2 (1 + ﬁ)ﬂ +6)log(2N) and divide both sides of (4.66) by |1 - £*|V/IRR to obtain

1

VIRR

Since (4.37) implies (4.67) and the residue is orthogonal to the selected columns, using
the induction-based technique from [101, Theorem. 4], we observe that under (4.37)
and the event E, Algorithm 3 will successfully recover the entire support of X, i.e., &, and
therefore @ after K iterations. We follow a similar procedure to derive the condition in

Xmax ~ (Zk(‘l + ) - 1)uaugxmax 2 2p. (4.67)
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(4.38) for BOMP.






Conclusions and
Recommendations

In this dissertation, novel methods for millimeter wave channel estimation were developed
that exploit their sparse structure in the angle domain, while being robust to hardware
impairments and constraints. The proposed methods addressed the low SNR issue with
standard sparse recovery by designing channel acquisition methods that are compatible
with low-resolution phased arrays. Also, new sparse channel estimation algorithms
were developed that are robust against phase noise and IQ mismatch at the receiver’s
front-end.

5.1. SUMMARY

In Chapter 2 of the dissertation, we designed a novel comb-structured codebook for sector-
level sweep with phased array antennas. We also developed a convolutional CS (CCS)
that uses the designed comb-structured beam codebook for channel estimation within
the sector of interest. Compared to conventional exhaustive beam scanning approaches,
the proposed method significantly reduces training overhead by exploiting the sparse
nature of mmWave channels. Importantly, the proposed approach seamlessly aligns
with the beam refinement procedures defined in the IEEE 802.11ad/ay standards. A key
advantage of our approach lies in addressing the poor received SNR typically observed in
CS techniques that rely on wide beams. The poor SNR issue was addressed by making
use of our designed comb-structured beams to focus the transmitter’s energy within the
sector of interest, resulting in an improved SNR in acquiring channel measurements.
Furthermore, we optimized the CS matrix by carefully selecting the circular shifts used in
CCS to push the aliasing artifacts outside the sector of interest, to ultimately reduce the
channel estimation error within the sector of interest. In this Chapter, we also derived
theoretical conditions under which the support of the beamspace channel within the
sector of interest can be successfully recovered. Our simulation results confirmed that
the reconstruction error remains low when the antenna weight vectors at the transmitter
are such that they illuminate the sector nearly uniformly.
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The CS measurements used for sparse recovery of mmWave channels are perturbed
by phase noise, which is severe at higher frequencies. To address this challenge, in
Chapter 3 of the dissertation, we developed a message passing-based technique for
sparse channel estimation assuming a partially coherent Wiener phase noise process.
This assumption is due to the observation that the phase noise variation within batches is
negligible, while it changes drastically according to a Wiener process from one packet to
another. Our approach absorbs the common phase error for each batch into the sparse
channel to define a collection of phase-perturbed auxiliary sparse vectors corresponding
to the batches. The acquired channel measurements are then linear projections of the
unknown auxiliary vectors. The proposed method consists of two main stages, each
carefully designed to exploit the underlying structure of the problem. In the first stage,
the auxiliary vectors are estimated by leveraging their shared support and magnitude
patterns, as well as the statistical properties of Wiener phase noise and the sparsity of the
angle-domain channel. To this end, we developed a specialized message passing-based
algorithm that incorporates these structures during inference. In the second stage, we
employ an alternating optimization strategy to reconstruct the original sparse angle-
domain channel and the phase errors using the auxiliary vector estimates obtained from
the first stage. The results showed that our proposed two-stage method achieves a lower
normalized mean-squared error than comparable benchmarks.

In Chapter 4 of the dissertation, we addressed another important RF impairment called
IQ imbalance. To this end, we first characterized the impact of receiver 1Q imbalance
on the recovered beamspace channel with standard sparse recovery, agnostic to this
mismatch. Through analytical and numerical analysis, we showed that with convolutional
CS, IQ imbalance introduces aliased components into the recovered beamspace chan-
nel. Specifically, these artifacts appear at circularly folded positions relative to the true
beamspace locations, which can significantly degrade channel estimation performance.
To address this challenge, we proposed an augmented CS framework capable of jointly
estimating both the 1Q imbalance parameter and the sparse beamspace channel. This
approach reformulates the problem into recovering a block-sparse vector with a paired
support structure that reflects the symmetry induced due to the 1Q imbalance. Building
on this formulation, we developed the PSOMP algorithm, which explicitly leverages the
paired support structure to estimate the augmented beamspace vector. Next, we de-
veloped a least-squares method that decomposes the recovered augmented beamspace
using PSOMP to obtain an estimate of the 1Q imbalance parameter and the beamspace
channel. Finally, we provided support recovery guarantees for the proposed PSOMP
algorithm, indicating that a high IQ mismatch severely impacts the support recovery.

5.2. RECOMMENDATIONS AND FUTURE DIRECTIONS

This section outlines some of the limitations of this dissertation and highlights areas that
require further investigation. It also suggests potential research directions on the topic of
channel estimation for millimeter-wave and terahertz radios.
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5.2.1. ADDRESSING OUT-OF-SECTOR LEAKAGE WITH EXTREMELY
LOW-RESOLUTION PHASED ARRAYS

In Chapter 2, the constructed comb-like sectors require phase shifters whose resolution
scales logarithmically with the number of sectors. In extremely large antenna arrays, a
high number of sectors may be employed to achieve a high signal power within the sector.
In such a case, our comb-like construction requires high-resolution phase shifters, which
may not be affordable for a low hardware complexity. Applying our beams to extremely
low-resolution arrays results in a new problem of out-of-sector leakage, which must be
accounted for in our channel estimation technique.

The out-of-sector leakage problem is best understood when considering contiguous
sectors, which are commonly used. In our work in [139], we developed a CS-based
channel estimation with ideal sectors in Fig. 5.1(a), assuming phase and magnitude
control at the array. Under low-resolution phase arrays, however, as we observed in
Chapter 2, these contiguous sectors result in leakage outside the sector (see Fig. 5.1(b)).
Therefore, it is not possible to partition the angle-domain channel into multiple non-
overlapping sections with these sectors. Now, the question is how do we construct
low-resolution codes that minimize the out-of-sector leakage as much as possible. The
challenge here is to develop a channel estimation method that is robust against the out-
of-sector leakage. Also, for a contiguous sector shown in Fig. 5.1(a), we have developed
an in-sector CS algorithm in [139] that pushes the aliasing artifact outside the sector.
Now, the question is how our in-sector CS algorithm in [139] can be extended to be
aware of aliasing artifacts when solving this problem over multiple non-ideal sectors?

Sector of interest Sector of interest

Out-of-sector leakage
Zero out-of—Sfftor leakage AL

(a) (b)

Figure 5.1: Asketch of an ideal contiguous illumination pattern in (a) with no out-of-sector leakage,
and a non-ideal contiguous illumination pattern in (b) with out-of-sector leakage.

5.2.2. THE CASE OF STRONG PHASE NOISE

In Chapter 3 of the dissertation, it is assumed that the phase error for measurements
obtained within a packet is the same, and the phase error changes from one packet to
another follows a Wiener process. At high carrier frequencies such as THz, however,
phase noise is more severe [17], resulting in a high variance for the Wiener phase
noise process. This causes the same phase error assumption within packets to break
down. Furthermore, the high variance causes the inter-packet Wiener phase noise
structure to break down. It is also observed in Chapter 3 that our proposed method
does not perform well when the phase noise is strong. A challenging problem in such
a scenario is to develop a new sparse recovery algorithm that is robust against strong
phase noise. Denoting the total number of packets B as shown in Fig. 5.2, the number
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P Packet 1 _ P Packet B _
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Figure 5.2: The frame structure used to acquire channel measurements with strong phase noise.
Measurements within each packet are perturbed by Wiener phase noise, and they
change drastically from one packet to another due to strong phase noise.

of measurements acquired in packet b by M, the m™ beamformer applied at packet b
by P,[m], the corresponding phase error by ([)b’m, and the vector of M measurements in
packet b by yp,, and the M x 1 vector of additive white Gaussian noise in packet b by wy,
we have

y, = diag [ej¢b,1 , ej¢b,2’ - ei¢b,M] ApX + W), (5.1)

where A, denotes the M x 1 CS matrix for packet b and x denotes the N? x 1 beamspace
channel.

In Chapter 3, the diagonal matrix in (5.1) was replaced by a scalar, assuming that the
phase errors were approximately the same for all measurements acquired in the batch.
When phase noise is strong, this assumption no longer holds and requires rethinking the
sparse channel estimation under phase noise. A first step to solve the problem in (5.1)
could be to exploit the shared support structure as shown in Fig. 5.3. Another interesting
problem in this case is to optimize the sensing matrices so that the sparse recovery
problem is robust to phase noise.

Factor graph for
. packet B (plane B)

Shared support variable :

Factor graph for
packet 2 (plane 2)

Factor graph for
packet 1 (plane 1)

Figure 5.3: A sketch of a factor graph that exploits shared support structure for the case of a
severe phase noise.



5.2. Recommendations and future directions 107

5.2.3. SPARSE CHANNEL ESTIMATION UNDER IQ IMBALANCE WITH
HYBRID ANALOG-DIGITAL ARCHITECTURE AT THE RECEIVER

Our developed method for sparse channel estimation under IQ imbalance in Chapter 4
assumed that the receiver has a single RF chain. The receiver, however, may employ a
hybrid analog-digital architecture with multiple RF chains, where each RF chain leads to
a different IQ mismatch [80], as shown in Fig. 5.4. In particular, let R denote the number
of RF chains at the receiver, {f,}f=1 denote the 1Q imbalance parameter associated with
R RF chains, X denote the beamspace channel, A denote the CS matrix and w denote
the additive Gaussian noise. The vector of CS measurements denoted by y is

= ZAX + (1- ) AXC + W, (5.2)

where =Z'is a block diagonal matrix whose r'" block is a diagonal matrix with &, on its main
diagonal entries. The CS measurements in (5.2) are different from the CS measurements
in Chapter 4. Specifically, unlike Chapter 4, wherein the impact of 1Q imbalance was
modeled using a scalar, in (5.2) the IQ imbalance modeled by = is a diagonal matrix.
Because of this, extending our method in Chapter 4 to the case with multiple RF chains
at the receiver is not trivial. Now, research questions similar to those in Chapter 4 can be

&Y - y

RF Chain 1 (with
'@y IQ imbalance ¢;)
TX : RX
RF Chain R (with
_—-VGY 1Q imbalance &)
Phase ~ Nix Ny
shifters antennas antennas

Figure 5.4: A wireless system with an N, element ULA at the TX and a hybrid analog-digital
architecture at RX with N, antennas and R RF chains. The 1Q imbalance parameter
associated with r'" RF chain is given by ¢,

investigated. For instance, how exactly does the collection of 1Q imbalance parameters
impact the channel reconstruction using standard CS, agnostic to 1Q imbalance? Also,
extension of our approach to hybrid arrays, i,e. Fig. 5.4, joint IQ imbalance parameter
vector and sparse channel estimation, is another interesting direction to be investigated.
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