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Abstract

The patient-and-nurse-to-room assignment (PNRA) problem is an optimization
problem related to hospital wards. This is an integrated problem in which pa-
tients and nurses are assigned to rooms in a way that minimizes various objectives.
One of these objectives is the continuity of care objective. This objective aims to
improve the relationship between a patient and their caregivers by minimizing the
number of different nurses a patient has.

Because the PNRA problem is difficult to solve using ILPs, various heuristics
are developed that focus on the continuity of care. These are the greedy heuristics,
which greedily find a patient-to-room assignment, the interval heuristic, which solves
the problem in several intervals, and simulated annealing.

A dataset of 70 instances was used to tune and evaluate the heuristics. These
were separated into different sizes based on the number of patients. It was concluded
that the performance of the heuristics depends on the instance size. For small
instances, the best solutions were found using the interval heuristic and simulated
annealing. For larger instances, the greedy non-sequential heuristic found the best
solutions.
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Chapter 1

Introduction

Over the last years, the demand in healthcare services has grown. Because of this,
a hospital’s resources must be carefully distributed in a way that leads to lower ex-
penses, while still ensuring quality of care for patients. Mathematical optimization
methods could be employed to more efficiently distribute these resources.

One optimization problem in healthcare is the patient-to-room assignment
(PRA) problem. In this problem, patients that have had surgery must be assigned
to a room in the hospital ward to recover for a few days. This assignment is
subject to capacity constraints and aims to take patient preferences, such as age
and gender, into account. Another optimization problem is the nurse-to-patient
assignment (NPA) problem, in which nurses are assigned to patients. Here, the
goal is often to balance workload across nurses.

The PRA and NRA problems are often considered separately, but in a recent paper
by Brandt, Klein, et al. (2025)), these two problems were integrated into a single
optimization problem. This integrated problem is referred to as the integrated
patient-to-room and nurse-to-patient assignment (IPRNPA) problem. Although
both problems are already NP-hard, the combination of these two problems is even
harder to solve.

In this thesis, a new variation of the IPRNPA problem is considered. In
particular, we assume that patients cannot transfer rooms and therefore remain in
the same room for the entire duration of their stay. Additionally, we assume that
each room can be assigned to only a single nurse. This nurse is responsible for
caring for all patients in the room. Nurses are therefore no longer directly assigned
to patients, but indirectly based on the room the patient is occupying. This results
in more permanent room assignments that have a large impact on which nurses can
care for which patients. We refer to this problem as the patient-and-nurse-to-room
assignment (PNRA) problem.

Although the PNRA problem considers many different criteria, the main focus is
on a single criterion, namely the continuity of care. One way that continuity of care
could be interpreted is as a “continuous caring relationship” (Gulliford et al., 2006]),
in which patients develop a relationship with their caregiver. Higher continuity of
care has been shown to reduce mortality rates (Gray et al.,2018)), reduce healthcare
costs (De Maeseneer et al., [2003) and improve patient satisfaction (Van Walraven et
al.,|2010). As a result, it is important to account for continuity of care in the nurse-
to-patient assignment process. In the PNRA problem, this is done by minimizing



the number of different nurses that are assigned to a patient during their length
of stay. However, as this involves decisions across the full planning horizon, this is
often difficult to consider.

Additionally, hospitals must make many decisions every day. There are many
unpredictable events that could change the schedule: nurses could call in sick,
patients’ conditions could worsen, surgeries could be delayed or new patients could
arrive unexpectedly. In these unpredictable situations, the schedule must be revised.
Because of this, we want solution methods that are able to find high-quality solutions
in a short amount of time. Moreover, we want these methods to perform well in
online settings where the planner has to work with incomplete or non-deterministic
data. With this goal in mind, this thesis aims to answer the following questions:

e How can the PNRA problem be modeled using Integer Linear Programming
(ILP) and is it able to find high-quality solutions? What ILP models exist for
the PNRA problem?

e Which heuristics are most suitable for the PNRA problem and how do they
compare in terms of performance and computational time?

e When an online setting is considered, how does the performance of these
heuristics change?

These questions are answered in the following chapters. In Chapter [2] relevant
literature is reviewed and the problem is formally described. In Chapter [3]
the problem is formulated as an ILP and relevant notation is introduced. The
problem is further analyzed in Chapter where complexity results are proven,
bounds are given and the ILP model is solved. Due to long runtimes for the ILP,
several heuristics are introduced in Chapter [f] and tested in Chapter [6] Lastly,
in Chapter [7 the problem is extended to an online version in which patients can
arrive unexpectedly. The heuristics from Chapter [5| are adapted to and tested on
this new setting.

Throughout this thesis, several computational experiments are performed.
These are conducted using Python 3.11 and, in the case of ILPs, using Gurobi
13.0.0 (Gurobi Optimization, LLC, 2026)) with an academic license. The computa-
tions are done using the AMD Ryzen 7 5700U CPU with 16 GB RAM. Additionally,
for the tuning of simulated annealing in Chapter |5 TU Delft’s DelftBlue (DHPC,
2024)) is used. The code used in this thesis can be found on Githuqﬂ

! Available at https://github.com/LarsdeHoop/PNRA-problem!
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Chapter 2

Preliminaries

In this chapter, the problem is formally introduced. First, relevant literature on the
problem is reviewed in Section Then, the problem is described in Section [2.2

2.1 Literature review

Both the nurse-to-patient assignment and the patient-to-room assignment prob-
lems have been considered many times in the literature. These are discussed in
Sections and 2.1.2] In Section [2:1.3] the literature on the integration of these
two problems and other integrated healthcare problem variations is discussed.

2.1.1 Patient-to-room assignment

The static version of the PRA problem was initially introduced in 2010 by Demeester
et al. (2010), although the problem was referred to as the patient admission schedul-
ing (PAS) problem. The problem consists of assigning each patient to a room for
each shift of their stay, while minimizing the number of transfers and other pref-
erence penalty costs. In this problem description, the only hard constraints are
capacity constraints and gender-mixing constraints. The problem is static, since all
patient information is known beforehand to the scheduler and is deterministic.

In the literature, the most common solution approaches for static PRA involve
local search heuristics. Demeester et al. (2010) use a hybridized tabu search
algorithm. Other applied search heuristics are simulated annealing (Ceschia &
Schaerf, 2011), an adaptive non-linear great deluge algorithm (Kifah & Abdullah,
2015)), the late acceptance hill climbing algorithm (Bolaji et al., 2018), harmony
search (Abu Doush et al., [2020) and a biogeography-based evolutionary algo-
rithm (Hammouri, [2022)). Apart from these local search heuristics, Borchani et al.
(2021)) create heuristics based on the Hungarian method, Turhan and Bilgen (2017
apply the MIP-based heuristics fix-and-relax and fix-and-optimize to the problem
and Range et al. (2014) use column generation and dynamic constraint aggregation
to solve the problem.

In 2012, Ceschia and Schaerf (2012)) proposed a dynamic version of the PAS prob-
lem in which new patients could unexpectedly arrive during the planning hori-
zon. To account for possible uncertainty in patients’ length of stay, an additional
“overcrowding risk” objective component was added. This problem was referred
to as PASU (PAS with Uncertainty). A simulated annealing algorithm was used



to solve the problem. Another solution approach uses adaptive large neighborhood
search (Lusby et al., 2016).

A different dynamic model was proposed by Vancroonenburg et al. (2016)). The
main difference is that the uncertainty of patient departure dates is now a part of
the problem instead of only a part of the objective function. Each patient is given
an estimated departure date, which can be different from the true departure date.
This dynamic problem is solved using online ILP models.

While the previous dynamic approaches include uncertainty in the model, the
objective functions were all completely deterministic. Abera et al. (2020) formulate
an ILP with a stochastic objective, taking into account the distribution of the
length of stay (LOS) of patients. This problem is solved using a search heuristic
with simulated annealing. O’Reilly et al. (2025) also use a stochastic objective and
develop a Markov decision process to assist decision making.

Additionally, machine learning methods are used to improve the prediction for
certain stochastic model parameters. For example, Farzanegan et al. (2025) try to
predict the LOS based on patient information, while Schéfer et al. (2023) estimate
emergency patient arrivals.

Other research into the PRA problem includes reducing the number of constraints
using constraint aggregation (Liu et al., 2024)), proving NP-hardness when min-
imizing the number of transfers (Brandt et al., |2024) and proving results about
feasibility (Brandt, Biising, & Engelhardt, [2025)).

2.1.2 Nurse-to-patient assignment

The first formulation of a nurse-to-patient assignment model was created by Mulli-
nax and Lawley (2002)). In the model, nurses are assigned to rooms and to patients
in those rooms with the goal of distributing workload evenly across the nurses.
The considered objective minimized the difference between the largest and smallest
workload in each room. To simplify the problem, the nurses are first assigned to
rooms using a first fit decreasing bin packing algorithm, after which the simplified
ILP model is solved.

A different method for balancing workload is to minimize the variance of
workloads, which is a nonlinear objective. Because of this, solution methods
employed mixed integer quadratic programming (Ku et al., 2014]) and constraint
programming (Schaus & Régin, [2014; Schaus et al., 2009). Another objective
function that is sometimes considered is minimizing the number of nurses that are
utilized (Marzouk & Kamoun, 2021)).

Research into NPA problems is mostly done in the domain of home healthcare,
in which nurses must visit patients at home, often considering stochasticity in
some form. In this domain, this is also sometimes referred to as the operator-
to-patient assignment problem. For example, Lanzarone et al. (2012) assign
nurses under various continuity of care requirements while minimizing workload
imbalance, considering both deterministic and stochastic demand. In other
research, various solution methods are used, including cardinality-constrained
robust assignments (Carello & Lanzarone, [2014)), stochastic programming (Nguyen
et al., 2025), a rolling horizon approach (Giiven-Kogak et al., 2024) and an
implementer-adversary method (Carello et al., |2024]).



To gain better insight into the purpose of the NPA process, Allen (2015)) interviewed
nurses in charge of the NPA planning. Participants state most often that nurses
should be treated in the same way and that workload must be evenly distributed
across nurses. A similar study by Van Oostveen et al. (2014)) uses the input of focus
groups at a hospital to design an NPA optimization model. Applying this model
leads to more balanced workloads which also increases staff satisfaction. Similarly,
Punnakitikashem et al. (2006]) create a prototype for nurse-to-patient assignments,
which is tested by nursing students in Baker et al. (2010). Most of the participants
state that they would use the prototype to assist in scheduling.

2.1.3 Problem integrations

Only in recent years has the integration of the PRA and NPA problem received
attention. This was first done by Brandt, Klein, et al. (2025)). Integrating these two
problems allows for more complex interactions and can add additional objective
function components related to the walking distance and the number of nurses
per room. The proposed solution method is a greedy algorithm that also takes
similarity of discharge dates into account to assign rooms. An improved solution
method by Zanazzo, Ceschia, and Schaerf (2025) consists of a local search heuristic
with simulated annealing.

Inspired by this integrated problem, the Integrated Healthcare Timetabling
Competition (IHTC) 2024 (Ceschia et al., [2025) considers an expanded version
of the problem by Brandt, Klein, et al. (2025 in which the admission date and
operating room also have to be determined. Solution methods often involve
decomposing the problem into several subproblems. These subproblems are solved
using exact/MIP-based methods (Bortoletto et al., 2025; Ciccarelli et al., 2025}
Kratz et al., 2025; Rappos et al., [2025)), heuristics (Davison et al., |2025; Zanazzo,
Smet, et al.,|2025) or a combination of the two (Guericke et al., [2025)).

Apart from the PRA and NPA problem integration, some other integrated problems
are also considered. For example, Ceschia and Schaerf (2012)) propose a version of
the dynamic PRA problem in which the patient admission date can be delayed
by the planner. This problem is also studied by Guido (2024) and solved using a
matheuristic called FiNeMath.

Other integrated problems are the integration of a stochastic NPA and the nurse
rostering problem (Punnakitikashem et al., [2013)) and the integration of the PRA
and admission date scheduling (Schmidt et al., [2013).

2.2 Problem description

In this thesis, the patient-to-room and nurse-to-patient assignment problems are
integrated into a single problem. This is done by adapting the problem description
from the THTC 2024 (Ceschia et al., [2025). In particular, as we only consider
the PRA and NRA problems, the constraints related to surgical case planning are
omitted. This simplifies the problem and seems more practical since surgeries are
often scheduled further in advance compared to the day-to-day operations of the
hospital ward. A similar problem is also considered by Brandt, Klein, et al. (2025)),
which also does not consider surgical case planning. The changes from these two
problem descriptions are highlighted and justified in Section

As we adapt the formulation from the IHTC, we also use their problem instances.
The dataset can be found on their website (Ceschia et al., [2024). This dataset
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consists of 70 problem instances with their best known solution. This dataset is
split into three categories:

e 10 test instances (labeled test01,.. ., test10). These were intended for debug-
ging or testing purposes. The optimal solutions were given for these instances.

e 30 public instances (labeled i01,. .., i30). The main instances provided for the
competition. No optimal solutions were provided for these instances.

e 30 hidden instances (labeled m01,..., m30). These instances were hidden
from contestants and used to evaluate their algorithms.

As Chapter []shows, solving the PNRA problem using exact methods requires much
computation time. For this reason, we consider only the test instances for those
exact methods. These test instances contain both very small instances (test03 and
test05) and very large instances (test10). For this reason, it gives a good indication
as to how problems of different sizes behave. In Chapter [5| the other instances are
used to tune and evaluate the heuristics.

Recall that the problem considered in the IHTC also included surgical case
planning and that the admission days for patients was therefore also part of the
decisions. To adapt this data for our purposes, we use the admission days from the
best known solution posted on the website. Apart from this, these solutions are
not used during the solving procedure. In case the solutions on the IHTC website
updates, the instances used in this thesis can also be found on Githulfl

2.2.1 Assumptions

To make the problem definition more precise, several assumptions must be made.

First, we assume that the problem is static and deterministic. This means that
all patient information is known in advance and does not change. Realistically, for
example, the length of stay might change when the condition of a patient changes.
However, we assume that this cannot happen. We also assume that the nurses
working schedule has already been determined and we know in which shifts each
nurse is working. In Chapter [7] we no longer assume that the problem is static and
instead allow patients to arrive unexpectedly, making it an online problem.

Additionally, we assume that a patient always arrives before the start of the
admission day and leaves after the end of the discharge day. This means that a
patient is present during each shift on each day of their stay. Additionally, we
assume that a patient occupies a room for the full duration of their stay and that
they cannot transfer rooms. This assumption is also relaxed in Chapter [7} where
transfers are allowed to ensure feasibility.

Finally, we assume that only a single nurse is responsible for each patient during
each shift. In reality, it can happen that different nurses divide patient care when
shifts overlap. Furthermore, we also assume that all patients in the same room are
assigned to the same nurse. This means that we actually assign nurses to rooms
instead of to patients directly.

! Available at https://github.com/LarsdeHoop/PNRA-problem!
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2.2.2 Parameters

A problem instance consists of several components, namely the planning horizon
and the sets of nurses, patients and rooms.

The planning horizon consists of several consecutive days. Each day is split into
three shifts: an early shift, a late shift and a night shift. It is possible for patients
to be admitted during the current planning horizon, but be discharged several days
after the planning horizon ended. However, the objective function only takes the
assignments in the current planning horizon into account.

The set of nurses consists of all nurses assigned during at least one shift of the
planning horizon. For each nurse, the working schedule is known. In each of these
scheduled shifts, a nurse has a maximum workload that they can be assigned in
that shift. This maximum workload can be different in each shift. Additionally,
each nurse has a skill level that is the same in each shift. A nurse’s skill level is
represented by an integer, such that a nurse with a higher skill level can do more
than a nurse with a lower skill level. The number of skill levels can be different in
each instance.

The set of patients consists of all patients that are present in the hospital during
at least one day of the planning horizon. This also includes patients that were
admitted before the current planning horizon and are therefore already assigned
a room. For each patient, the admission and the discharge dates are known in
advance and deterministic. During each shift of a patient’s stay, a minimum skill
level requirement is known which indicates how skilled a nurse must be to provide
the correct level of care. This skill level requirement can be different in each shift.
Additionally, each patient is given a workload value in each shift, indicating how
much work or effort it takes a nurse to care for that patient. This value can also
be referred to as the acuity and can be different in each shift.

The set of rooms consists of all rooms that patients and nurses can be assigned to.
Each room has a maximum capacity which is the number of beds in that room. Since
rooms can have different equipment present, it might be that a room is incompatible
with some patients. This might be general telemetry equipment (e.g., heart rate,
blood pressure, oxygen level) or other equipment such as a defibrillator or medical
ventilator.

12



2.2.3 Constraints

The problem is subject to several constraints, which are either hard constraints or
soft constraints. Hard constraints must be respected while soft constraints should
be violated as little as possible and as such are part of the objective function. We
have the following hard constraints:

e H1 - Room capacity: There cannot be more patients assigned to a room than
its capacity for each day.

e H2 - Incompatible rooms: Patients cannot be assigned to incompatible rooms.
These are rooms that a patient cannot be assigned to due to the equipment
available in that room.

e H3 - Room allocation: For each shift, each occupied room must be allocated
to exactly one nurse on duty during that shift.

The following are part of the objective function:

e S1 - Continuity of care: The total number of distinct nurses providing care
to a patient during their entire stay should be minimized.

e S2 - Gender-mixing: A room cannot cannot contain both male and female
patients at the same time. If this is the case, a penalty is added for each
room and each day. How this works for transgender or non-binary people is
explained in Section [2.2.4

e S3 - Skill violations: The minimum skill level a nurse must have to provide
the required care for a patient during each shift of their stay should be met.
If this is not the case, a penalty is incurred based on the difference in skill
level.

e S4 - Workload violations: For each shift, the total workload induced by pa-
tients staying in rooms assigned to a nurse should not exceed the maximum
workload of the nurse for this shift. If this is not met, a penalty is incurred
based on how much this is exceeded.

e S5 - Workload imbalance: The available workload should be evenly distributed
across the nurses present in each shift. This is measured by comparing the
largest and smallest relative workload in each shift. The relative workload
is obtained by dividing the workload with the maximum allowed workload of
the nurse in that shift.

2.2.4 Justification

In this section, we justify some of the choices made in the problem assumptions
and constraints. We also highlight how this problem is different from the problem
in the THTC (Ceschia et al., 2025 and the problem considered by Brandt, Klein,
et al. (2025]).

The main focus of this thesis is on continuity of care. It has been shown that higher
continuity of care reduces mortality rates (Gray et al., 2018)), reduces healthcare
costs (De Maeseneer et al., [2003) and improves patient satisfaction (Van Walraven
et al., [2010). For this reason, this is an important aspect to include in the problem
formulation. As we focus on this specific objective component, we want as little

13



other objective components as possible, while also ensuring the model remains
realistic and useful. Other choices in model assumptions and constraints are largely
motivated by this.

There are several objective components that are considered in other variations of
the problem, but we decided not to include or formulate in a hard way. The first of
these aims to minimize the difference in ages of patients assigned to the same room.
Demeester et al. (2010]), however, consider a different version where it is formulated
as a hard constraint. In particular, patients of certain ages could not be assigned to
wards belonging to some departments, such as pediatrics. This could be included
in the incompatible rooms constraint (H2). This objective component is therefore
not included in our version of the problem.

Other problem variations (Brandt, Klein, et al., |2025; Demeester et al., 2010)
also often allow transfers in their problem, where the number of transfers is then
minimized. Transfers are very disruptive for both patients and staff and should
therefore only happen if the problem becomes infeasible. Furthermore, as long as
the incompatible rooms constraint (H2) is not too restrictive, transfers are not
needed to ensure feasibility. Because we are using data from the IHTC, in which
transfers were not allowed, they are not needed in our case. We therefore assume
that transfers are not allowed. This is, however, something that is revisited in
Chapter [7]

Due to the integration of patient-to-room and nurse-to-patient problems, a
new objective component could be added to the problem. In Brandt, Klein,
et al. (2025), a new objective was introduced which aimed to minimize the
number of nurses assigned to a room at the same time. In the PNRA problem,
we assume that only a single nurse is assigned to a room and must care for
all patients in that room. This seems like a reasonable assumption to simplify
the problem. In practice, you might have a singular nurse that is responsible for
all patients in a room, while other nurses could help them out if it becomes too busy.

In this thesis, we use a soft version of the gender-mixing constraint (S2). In some
formulations (Ceschia et al.,[2025; Demeester et al.,|2010]), this is implemented as a
hard constraint, where rooms cannot contain both male and female patients at the
same time. In practice, however, this is often not the case. In the Netherlands, for
example, wards are often mixed-gender (ACCESS NL, 2018)). However, this does
not mean that the patient’s gender is never taken into account during the assignment
process. In England, for example, it is the NHS’s policy to prevent gender-mixed
accommodation as much as possible (National Health Service, |2019). It is only
justified when a patient requires highly specialized care or when a patient actively
chooses so. The same is true in New South Wales, Australia, with the addition that
a patient’s admission may not be delayed when accommodation of the same gender
is not available (NSW Government, 2022)). Although gender-mixing is sometimes
unavoidable, some hospitals try to prevent it as much as possible. Because of this,
we have opted to formulate the gender-mixing constraint in a soft way.

Note that this constraint has no explicit method for accounting for trans or
non-binary people. In the problem instances we use, patients are only labeled
male or female. According to NHS’s guidelines (National Health Service, [2019),
trans and non-binary are accommodated based on their gender presentation and
the pronouns they use. Additionally, when a patient’s gender is not clear to the
staff, they can be asked in what type of accommodation they would be most
comfortable. If we follow these guidelines, then a trans or non-binary patient

14



could be included in the problem instance by labeling them with their gender
presentation or preferred type of accommodation.

Another constraint that was included in the problem is the skill violations objective
component (S3). This was included since it is an important aspect in deciding
whether to assign a nurse to a patient. A change that was considered was turning
the soft constraint into a hard constraint to reduce the number of soft constraints.
However, for many problem instances, there was not always an appropriately
skilled nurse present during every shift, which means that the problem would then
be infeasible. We also considered formulating the problem as hard as possible.
This meant that a patient must be assigned to an appropriately skilled nurse and
if this was not possible, they must be assigned to the highest skilled nurse present.
However, this often meant that all patients were assigned to a single high skilled
nurse, which led to many large violations regarding the maximum workload. Since
this would be unrealistic, we opted to keep the skill requirement soft.

Finally, a soft constraint is added that is different from other variations of this prob-
lem. According to Allen (2015), the most important aspect of a nurse-to-patient
assignment is the equal distribution of workload across nurses. In the IHTC (Ceschia
et al., 2025, only the workload violations objective component (S4) helps in achiev-
ing this equal distribution, but it is not sufficient. During initial tests it was found
that the workload was often assigned to a small number of nurses, while ensuring
that the maximum workload was not exceeded. This meant that many nurses were
also assigned no workload. As this seemed unrealistic, the workload imbalance con-
straint was added (S5). This constraint is a combination of the constraint from
Brandt, Klein, et al. (2025, where the workload relative to the maximum workload
was considered, and Mullinax and Lawley (2002]), where the difference between the
largest and smallest workload in each shift was minimized.
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Chapter 3

Problem formulation

In Section we introduce the notation used for the model input. In Section
we formulate the model mathematically. We describe the variables, constraints and
objective components of the ILP model.

3.1 Model input

Table contains a description of all the parameters used in this thesis. Note that
all sets related to shifts can be partitioned based on the shift types. This is denoted
with the appropriate subscript Scarly, State OF Shight-

Table 3.1: Sets and parameters

Symbol Description
D Set of days.
S Set of shifts.
N Set of all nurses.
P Set of all patients (including current occupants).
Pr Set of all female patients.
Py Set of all male patients.
@) Set of current occupants.
R Set of rooms.
S(n) Set of shifts that nurse n € N is present.
S(p) Set of shifts that patient p € P is present.
S(n,p) Set of shifts that both nurse n € N and patient p € P
are present, i.e., S(n,p) = S(n) N S(p).
Sadm (D) First shift of patient p’s stay in the current planning horizon.
N(s) Set of nurses present during shift s € S.
P(s) Set of patients present during shift s € S.
R(p) Set of rooms that are compatible for patient p € P.
C(r) Capacity of room r € R.
Tprev(D) Room of current occupant p € O.
o(n) Skill level of nurse n € N.
Oreq(p,s) | Skill requirement of patient p € P during shift s € S(p).
w(p, s) Workload produced by patient p € P during shift s € S(p).
Wmax (N, 8) | Maximum workload for nurse n € N during shift s € S(n).
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3.2 Model formulation

Recall that we assume that each patient is present during all shifts for each day of
their stay. This means that the capacity constraints or gender-mixing constraints
need to be checked only once on each day. For this reason, these constraints are
only enforced in the early shift s € Scarly. Similarly, the associated variables are
also only defined for s € Searly-

To formulate the problem, we introduce the following binary variables:

1, if nurse n € N is assigned to room r € R during
Tors = shift s € S(n),
0, otherwise,

1, if patient p € P is assigned to room r € R,

Yor = 0, otherwise,

1, ifnursen € N is assigned to patient p € P during
shift s € S(n, p),
0, otherwise,

Znps =

1, ifroom r € R contains at least one female patient
frs = during early shift s € Searly,

0, otherwise,

1, if room r € R contains at least one male patient
during early shift s € Searly,
0, otherwise,

mys =

1, if room r € R contains both male and female
patients during early shift s € Seary,
0, otherwise,

gm __
Uy's

1, ifnursen € N is assigned to patient p € P during
Qpp = at least one shift,
0, otherwise.

We also have the following non-negative real-valued variables:

e vyt A value indicating the skill level requirement violation for patient p € P
during shift s € S(p). The value is zero when the assigned nurse has the
appropriate skill level and otherwise it is the difference between the skill levels.
In particular, if n is the assigned nurse, then

SV

v = max {0, 0req(p, 5) —o(n)}. (3.1)

e v)Y: A value indicating the maximum workload violation for nurse n € N
during shift s € S(n). If the assigned workload is lower than the maximum,
this value is zero. If the assigned workload is higher, then the value is the
amount with which the workload is exceeded. In particular, if w(n,s) is the
assigned workload of nurse n € N during shift s € S(n), then

wv
ns

vy =max {0, w(n, s) — Wmax(n,s)} . (3.2)
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e 7 and IF: Two values describing the smallest and the largest assigned relative
workload of a nurse for each shift s € S. In particular, if w(n, s) is the assigned
workload of nurse n € N during shift s € S(n), then

I~ = min 28 (3.3)
¥ nEN(s) Wmax(N,s)’
I7 = max M (3.4)

nEN(s) Wiax (1, 8)

In the following sections, the constraints of the model are described. For con-
straints directly related to the objective components, only lower bound constraints
are needed. Since we are minimizing, corresponding variables are correctly set to
the lower bound. For the variables I; and IJ related to the workload imbalance
objective, we are minimizing their difference. Therefore, an upper bound is placed
on I .

3.2.1 Patient-to-room assignment

Each patient p € P is assigned to exactly one room r € R, i.e.,
> ypr=1, VpeP (3.5)
reR

No room r € R can have more patients assigned than the capacity C(r) on each day
of the planning horizon (H1). This is enforced during each early shift s € Seary,
ie.,
Z Ypr < C(r), Vr € R, s € Searly- (3.6)
pEP(s)
A patient p € P cannot be assigned to an incompatible room r € R\ R(p) (H2),
ie.,

Ypr =0, Vpe P, reR\R(@p). (3.7)

A patient admitted during a previous planning period (current occupant) p € O is
assigned to the room 7rprey(p) they were already assigned to, i.e.,

yp"'prev(p) = 17 vZ) c O' (3.8)

3.2.2 Nurse-to-room assignment

Each room r € R is assigned to exactly one nurse n € N(s) in each shift s € S
(H3), i.e.,
> @we=1, VreR seS. (3.9)
neN(s)

3.2.3 Nurse-to-patient assignment

A nurse n € N is assigned to patient p € P if they are both assigned to the same
room r € R during the same shift s € S(n,p), i.e.,

Znps = Tnrs +Ypr —1, Yne€N,pe P,r € R, seS(n,p). (3.10)

Each patient p € P is assigned to exactly one nurse n € N(s) during each shift
s € S(p), ie.,

> zmpe=1, VpeP scSp) (3.11)
neN (s)
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3.2.4 Continuity of care

The variable ay,), is set to one if a nurse n € N is assigned to patient p € P during
at least one shift s € S(n,p), i.e.,

Anp > Znps, Vn € N,p € P, s € S(n,p), (3.12)
anp <> Znps, VnEN,peEP. (3.13)
s€5(n,p)

This last constraint is redundant. Since we are minimizing @y, the optimal solution
would naturally satisfy this constraint. However, this constraint was kept in the
formulation as it was also used in the formulation by Brandt, Klein, et al. (2025).
Furthermore, keeping this constraint was sometimes faster. For example, if instance
test01 was run for 1 minute, the formulation that included this constraint obtained
a gap of 8.6%, while the formulation without it obtained a gap of 9.7%.

3.2.5 Gender-mixing

The variables f.; and m,s are set correctly based on the genders of the patients
assigned to room r € R during early shift s € Scany, i.e.,

Ypr < frs, VD E Pp, 7 €R, s € Seary(p). (3.14)
Ypr < Mrs, Vp S Pm7 T e Ra ERS Searly(p); (315)

The variable vE" is set correctly based on the genders of the assigned patient to
room r € R during early shift s € Seary, i-e.,

frs +mps <1400, Vr € R, s € Seany. (3.16)

Because we want to minimize the value v&, the variables f,s, m,s and v are
naturally set to the correct values.

3.2.6 Skill violations

The variable vy for patient p € P during shift s € S(p) is set correctly based on
the skill level of the assigned nurse n € N(s), i.e.,

UZS)‘; > Ureq(pa 3) - Z 0(”) " Znpss Vpe P, se S(p) (317)
neN(s)

Because we want to minimize the value vy, this variable is naturally set to the skill
violation for a patient p € P during shift s € S(p).

3.2.7 Workload violations

WV

The variable v}y is set correctly based on how much the workload is exceeded for
nurse n € N during shift s € S(n), i.e.,

Z w(p, s) - Znps < Wmax(N, ) + vy, Vne N, seS(n). (3.18)
pEP(s)

Because we want to minimize the value vYY, this variable is naturally set to the

ns?

workload violation for a nurse n € N during shift s € S(n).
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3.2.8 Workload imbalance

The variables I; and [} are set correctly based on the relative workload of the
nurses working during shift s € S, i.e.,

< > m nps, V€N, s € S(n), (3.19)
pEP(s) max b

Y ww(p(’;)s) Znps, VN E N, s € S(n). (3.20)
pEP(s) max\ /¢,

Because we want to minimize the difference between I7 and [T, the variables are
naturally set to the smallest and largest relative workload in shift s € S, respectively.

3.2.9 Objective components

The goal is to minimize the continuity of care, gender-mixing, skill violations, work-
load violations and workload imbalance objective components. These are denoted
with gec, gem, gsv, Gwv and gwi, respectively. These can be computed in the follow-
ing way:

Gecc = Z Z Unp (321)

neN peP

Gam =, Y, v& (3.22)

reR SESearly

Gew =D Y v (3.23)

pEP seS(p)

Guwe =D Y. 0Ny (3.24)
neN se€S(n)

gwi =Y 15 =17 (3.25)
ses

Each of these components can be differently weighted with weights Bcc, Bem, Bsvs Bwv
and Sy, respectively. The goal is then to minimize the weighted sum, i.e., minimize

ﬁccgcc + ﬂgmggm + ﬁsvgsv + ﬂwvng + ﬂwigwi~ (326)
The full ILP formulation is summarized in Formulation (3.27)).

min /Bccgcc + Bgmggm + 5svgsv + Bwvng + ﬁwigwi

s.t.  Constraints (3.5))-(3.25) hold,

Tnrs € {0,1}, Vn € N, r € R, s € S(n),
ypr € {0,1}, Vpe P, rcR,
ZnP5€{071}7 VnGN,pEP,SGS(n,p),
frs, mps € {0,1}, Vr € R, s € Searlys (3.27)
anp € {0,1}, VYneN,peP,
vig € {O’ 1}’ VreR,se Searly7
vt >0, Vpe P, seS(p),
vy >0, Vn e N, seS(n),
I, 1+ >0, Vses.
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In Table the size of the ILP formulation is shown for the ten test instances.
It shows the number of variables and constraints in the model, as well as the time
needed to create the model in Gurobi (Gurobi Optimization, LLC, [2026]). Note that,
for the implementation, variables gec, gem, gsv, Gwv and gwi were omitted. Instead,
the equations from Constraints — are directly used in the objective. For
this reason, these variables and constraints are not included in Table

Table 3.2: Number of variables and constraints, and the model creation time for
each test instance.

Instance - Varlables. Constraints | Creation time
Binary | Continuous
test01 3,280 797 11,637 0.20s
test02 3,900 738 16,285 0.34s
test03 2,408 471 7,911 0.13s
test04 6,111 903 29,984 0.57s
test05 2,902 583 10,817 0.19s
test06 8,816 1,099 45,589 0.71s
test07 10,702 1,478 58,056 1.09s
test08 12,017 1,591 65,986 1.17s
test09 24,647 2,253 196,226 6.62s
test10 252,189 7,129 5,832,233 120.22s
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Chapter 4

Complexity, bounds and
computational analysis

In this chapter, the formulation from Chapter [3|is used to analyze the problem. To
show the difficulty of the problem, Section [4.1] provides several proofs that show
that the problem is NP-hard. In Section[4.2] lower and upper bounds are computed
using two different methods. Lastly, in Section the ILP from the previous
chapter is solved.

4.1 Complexity

Previous research has already shown that the PRA problem is NP-hard (Vancroo-
nenburg et al., [2014). Additionally, common NPA formulations are a version of
the generalized assignment problem which is known to be NP-hard (Fisher et al.,
1986). However, since we use slightly different constraints and objective compo-
nents, we provide several proofs for the NP-hardness of the PNRA problem. Each
proof considers a different objective component and proves that minimizing only
that component is already NP-hard. This indicates how difficult it is to optimize
the weighted objective function. The first proof shows that optimizing only the
continuity of care objective is NP-hard, i.e., when all other weights are set to zero,
the problem is still NP-hard.

Lemma 4.1.1. The PNRA problem is NP-hard, even if only the continuity of care
18 minimized and there is only a single patient and room.

Proof. Since there is only one patient p and one room 7, the room assignment is
clear. The only decision that has to be made is which nurse must care for the
patient during each shift. Let S(p) be the set of shifts of patient p’s admission
and let S(n,p) be the set of shifts that nurse n is scheduled to work during patient
p’s admission. The goal is to find a subset of nurses N (p) C N such that each
shift of patient p’s stay is covered, i.e., UnGN(p) S(n,p) = S(p). Minimizing the
size of this set N(p) is equivalent to the set cover problem, which is known to be
NP-hard (Karp, [1972). This problem is therefore also NP-hard. O

Although the problem of minimizing only the continuity of care objective is NP-
hard, this is not true for all objective components. For example, minimizing only the
number of skill violations can very easily be done by assigning the most qualified
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nurse present during every shift to all patients. However, minimizing the other
objective components is NP-hard. This is proven in Lemmas [4.1.2] 4.1.3| and [4.1.4]

Lemma 4.1.2. The PNRA problem is NP-hard, even if only the workload imbalance
s minimized, each nurse has the same maximum workload and the patient-to-room
assignment is fired.

Proof. Since the workload imbalance can be minimized in each shift separately
when the patient-to-room assignment is fixed, we show that the problem is NP-
hard for each shift s € S. Let w(r, s) be the total workload of all patients assigned
to room r € R during shift s based on the fixed patient-to-room assignment. A
nurse-to-room assignment is equivalent to partitioning the set of rooms R into the
sets R, (s) for each nurse n € N(s). The set R, (s) then denotes which rooms nurse
n is assigned to during shift s. The assigned workload of nurse n is then

Z w(r, s). (4.1)

reR,(s)

Minimizing the workload imbalance is then equivalent to finding a partition such

that

— i 4.2

e, > wne) - min D wlns) (42
re€RL(s) r€R,(s)

is minimized. This is equivalent to a multiway number partitioning problem, which
is known to be NP-hard (Karp, [1972). Note that for minimizing the workload
imbalance we normally divide the assigned workload by the maximum workload of
the nurse. However, since the maximum workload of each nurse is assumed to be
the same, this is not needed. O]

Lemma 4.1.3. The PNRA problem is NP-hard, even if only the number of workload
violations is minimized and the patient-to-room assignment is fized.

Proof. Since the number of workload violations can be minimized in each shift
separately, we show that the problem is NP-hard for each shift s. Recall that an
optimization problem is NP-hard if the associated decision problem is NP-complete.
Therefore, we show that deciding whether a solution exists with no workload viola-
tion is NP-complete. Let w(r, s) be defined as in the proof of Lemma Finding
a nurse-to-room assignment with no workload violation is equivalent to partitioning
the set of rooms R into the sets R,(s) for each nurse n € N(s), such that the
workload does not exceed the maximum load, i.e.,

Z w(r, s) < Wmax(n, 8). (4.3)

r€R,(s)

This is equivalent to the bin packing problem with varying bin sizes, where the
nurses are the bins, the rooms are the items, the workload in a room is the size of
the item and the maximum workload of a nurse is the bin capacity. The bin packing
problem is known to be NP-complete (Garey & Johnson, [1979). This shows that
the problem is indeed NP-hard. O
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Lemma 4.1.4. The PNRA problem is NP-hard, even if only the number of mized-
gender rooms s minimaized.

Proof. Since we are only minimizing the number of mixed-gender rooms, we can
ignore the nurse-to-room assignment. Similarly to Lemma we prove that the
corresponding decision problem is NP-complete. Therefore, we show that it is NP-
complete to decide whether a patient-to-room assignment with no gender-mixed
rooms exists. We must therefore show that this decision problem is both in NP and
NP-hard.

Unlike the other NP-hardness proofs, we provide a more traditional proof by
giving a reduction from the partition problem, which is known to be NP-hard (Karp,
1972). An instance of the partition problem consists of n integers ay, ..., a, and an
integer b such that 2b = Z?:l a;. The question is whether we can find two sets A
and B such that >, 4 a; = >, 5 a; = b. We reduce such an instance to a decision
version of the PNRA problem consisting of only a single day, where we have

e n rooms with capacity a; fori =1,...,n;

e b male patients and b female patients. Each patient has no incompatible
rooms.

The question is whether there exists a patient-to-room assignment such that there
is no gender-mixed room. This reduction is clearly polynomial. Now we prove that
an instance is a yes-instance of the partition problem if and only if the reduced
instance is a yes-instance to the PNRA problem.

= Suppose there exists a partition A and B such that ), ,a; =), pa; =
b. We create a solution to the PNRA problem by assigning all male patients arbi-
trarily to a room i € A until the rooms are all filled. Because ) ;. , a; = b there
is exactly enough capacity for each patient. The same can be done for the female
patients by placing them in the rooms from B. This yields a solution with no
gender-mixed rooms.

<= Suppose we find a solution to the PNRA problem where no rooms have
patients with multiple genders. Let A be the set of rooms containing all male
patients and B be the set containing all female patients. Because the capacity of
the rooms must cover the patients, we must have ) ;. ,a; > b and ), pa; > b.
However, because the total capacity is 2b, we must have that ), ,a; = b and
> icp @i = b, which yields a feasible solution to the partition problem.

Because we have a polynomial-time reduction from the partition problem, which
is NP-hard, the decision problem is also NP-hard. Furthermore, because a yes-
instance can be verified in polynomial time, it is also NP-complete. This shows
that minimizing the number of gender-mixed rooms is NP-hard. O

We see that the PNRA problem is NP-hard, even when only a single objective
component is minimized, except for the skill violations objective. This highlights
how difficult it is to optimize them all simultaneously.
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4.2 Objective bounds

We can compute lower and upper bounds for each individual objective function
component. We determine bounds for the continuity of care (g..), the gender-
mixing (gem), the skill violations (gsy), the workload violations (gwy) and workload
imbalance (gwi). This allows us to find a range in which each of these objective
components lie, which can help a planner to determine suitable weights for each
objective component. Furthermore, we provide a lower bound on the combined
objective function. For this, we assume that the weights are all set to 1. The
impact of different weights is analyzed in Section [6.2

For the computation of these lower and upper bounds, several ILPs are created.
As they are often derived directly from Formulation , they are often not given
here. They can be found in Appendix [A]

4.2.1 Lower bounds

Two different methods for computing a lower bound on the objective function com-
ponents are considered. The first method is a linear programming (LP) relaxation,
which relaxes the integrality of the variables in the ILP. The second method relaxed
or removes several constraints instead of relaxing integrality. Because we consider
a subset of the original problem, we refer to this as a partial relaxation.

Firstly, a lower bound for each objective component is computed. This is done
by setting all other weights to zero. Later, the lower bound is computed for the
combined objective function, where each weight is set to 1. In Table [£:I] the lower
bounds for each objective component using the LP relaxation can be seen for each
of the ten test instances.

Table 4.1: Lower bounds on the objective components, obtained using the LP
relaxation of Formulation ([3.27]).

Continuity | Gender- Skill Workload | Workload
Instance . . . . . .
of care mixing | violations | violations | Imbalance
test01 159.5 0 2 0 0
test02 154.25 0 33 0 0
test03 109 0 2 0 0
test04 210.156 0 0 0 0
test05 131.233 0 3 0 0
test06 336 0 0 0 0
test07 321 0 177 0 0
test08 357.045 0 0 0 0
test09 426.732 0 0 0 0
test10 1565.147 0 0 0 0

We see that for most of the objective components, we find a lower bound of zero.
This might suggest that the LP relaxation has too much freedom. The fact that
the continuity of care objective has a nonzero lowerbound is not surprising. This
namely follows from Constraints and (3.12). The first shows that for each
patient p € P and shift s € S(p), there is a nurse with z,p, > 0. Combining this
with the second constraint implies that for each patient p € P, there must be a
nurse n € N with a,, > 0. For some instances, the lower bound on gs, is also
nonzero. This is because, for those instances, there are shifts in which there are no
nurses with a high enough skill level to meet the patients’ requirements.
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Almost all lower bounds could be computed within a few seconds. However,
this took much more time for instance test1l0. For the gender, skill, workload
and imbalance objectives, it took somewhere between two and three minutes to
compute the lower bounds. The continuity of care objective however, took almost
four hours to complete. This is due to the large number of variables and constraints
(see Table , which makes solving the problem difficult.

Generally, the LP relaxation both provides poor lower bounds and can take much
time to obtain those lower bounds. Instead, the lower bounds can be computed
using a partial relaxation, where several constraints of the problem are relaxed or
removed while integrality is kept. To start, we can use the idea behind the proof of
Lemma to compute a lower bound on the continuity of care objective value.
By determining the smallest set cover A (p) for each patient, we obtain a lower
bound for g... This is formulated as an ILP in Formulation . This formulation
yields a lower bound, since we ignore the patient-to-room assignment and relax the
assumption that all patients in the same room are cared for by the same nurse. In
fact, the exact nurse that is assigned to a patient in a shift is not important. It only
matters that there is at least one nurse in the set cover N'(p) that can be assigned
to patient p in every shift.

win ¥ S
neN peP

s.t. Z anp > 1, Vp € P, s € S(p), (4.4)
neN(s)

anp € {0,1}, Yne N,pe P.

Note that, although this is still a set cover problem (and therefore NP-hard), this
problem is much easier to solve compared to the full PNRA problem. This is
mainly because both the patient-to-room assignment and nurse-to-room assign-
ments are ignored. Although this is not a direct subset of the constraints from
the ILP in Chapter it can be obtained by summing Constraint over
N (s) and using Constraint (3.11]). As such, it is still considered a partial relaxation.

To obtain lower bounds on the total workload violation (gy) and workload im-
balance (gywi), we can use a similar partial relaxation by directly assigning nurses
to patients. This allows us to ignore the patient-to-room assignment and any as-
sociated variables and constraints. In particular, we only need to keep the zy,;s
variables together with Constraint . Furthermore, depending on whether we
want to find a lower bound for the workload violation or the workload imbalance,
we must add variables vW¥Y or variables [; and [}, together with Constraint
or Constraints and . The ILP formulations for the workload viola-
tion and imbalance lower bounds are written out in Formulations and ,
respectively.

Note that, since we are assigning nurses to patients directly and the patient-
to-room assignment is ignored, each shift could be minimized independently. For
calculating the workload imbalance lower bound in Table this was done to
reduce the computation time. For the workload violation lower bound, this was
not needed since the lower bound could be computed very quickly.

26



Computing a lower bound for the total skill violation (gs,) is much easier. As was
stated in Section this objective can be minimized by assigning each patient to
the most skilled nurse present during each shift.

Lastly, we compute a lower bound on the total gender-mixing violation (ggm).
Recall that in the IHTC (Ceschia et al., [2025), the gender-mixing constraint was
formulated in a hard way. Because we use the datasets from this competition,
we know that it is possible to find a patient-to-room assignment such that this
objective component is zero for our instances. However, for new problem instances
we do not know if this is also possible. For these instances, we can create a simple
ILP in which only the variables and constraints related to the patient-to-room
assignment and gender-mixing are used to compute a lower bound. This ILP is
written out in Formulation .

The lower bounds for each individual objective component using the partial re-
laxations described above are shown in Table {21 Almost all lower bounds are
computed within a few seconds. For instance test10, computing the lower bound
took roughly 30 seconds for the gender-mixing objective component and roughly
3 minutes for the workload imbalance objective component. However, this is still
faster than computing the LP lower bound. This is especially true for computing the
continuity of care lower bound, which took almost four hours for the LP relaxation
and less than a second for the partial relaxation.

Table 4.2: Lower bounds on the objective components, obtained using partial re-
laxations.

Continuity | Gender- Skill Workload | Workload
Instance . . . . . . .
of care mixing | violations | violations | imbalance
test01 163 0 2 0 3.633
test02 166 0 33 0 2.767
test03 109 0 2 0 3.283
test04 225 0 0 0 3.183
test05 134 0 3 0 2.550
test06 343 0 0 0 2.967
test07 331 0 177 0 4.617
test08 373 0 0 0 4.200
test09 452 0 0 0 4.650
test10 1618 0 0 0 6.217

For every instance and every objective component, the lower bounds obtained
using the partial relaxation are better, or at least as good as, the lower bounds
from the LP relaxation. Additionally, the lower bounds from Table [£.2] could be
computed faster than those in Table This is because the problem size for
the ILPs used in the partial relaxation is much smaller, since Constraint is
removed, which in the case of instance test10 removes 5,559,008 constraints.

Note that, although for these test instances, the lower bound obtained using the
partial relaxation is always tighter than the LP relaxation, this might not always
be the case. To show this, we provide a counterexample for the continuity of care
lower bound.
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Example 4.2.1. Consider a problem instance consisting of a single room r, two
nurses n1 and ng, and two patients p1 and pa. The days for which these nurses and
patients are scheduled is shown in Table[{.3 For simplicity, we assume that each
day consists of only a single shift. These shifts are denotes with sy, s2 and s3.

Table 4.3: An example nurse and patient schedule.

Day | 1 2 3 Day | 1 2 3
ny v v P1 v v
n2 v v D2 v v

First, we calculate the minimum set cover for each patient. Observe that, for
patient p1, nurse ny is present on both days of their stay. This gives minimum set
cover N (p1) = {n1}. Similarly, we can obtain N(p2) = {na}. This gives a lower
bound of 2 on the continuity of care objective component when using the partial
relazation.

Next, we show that the LP relaxation obtains a higher bound. To do this, we ma-
nipulate various constraints. Since there is only a single nurse on days 1 and 3, we
must have that

anplsl = ]-7 (45)

Znopass — 1, (46
because of Constraint (3.11)). This, together with Constraint (3.12)) implies that

Anypy = 1, (4.7)

Unyp, = 1. (4.8)

To calculate the other values of any, first note that, since there is only a single room
T}
Znps = Tnrs +Ypr — 1, Yn € N,pe P,s € S(n,p),

(4.9)
> Tprs-
When summing over N(s) and using Constraints (3.9) and (3.11)), we have that
1= Z Znps > Z Tnrs =1, Vpe P, seS(p), (4.10)
neN(s) neN(s)
which implies
Znps = Tnrs, VN E€ N,p € P,se S(n,p). (4.11)
Therefore, we also have that
Qnp > Tprs, YN E€ N,p€ P,se€ S(n,p). (4.12)
Since we are considering a minimization problem, this means that
Gpp = MaAX Tprs, VN E N,p€ P, 4.13
P ses(np) P (.13)
Since S(ni,p2) = S(n2,p1) = {s2}, we therefore have the following equations
Anopr = Tngrsss (4-14)
Anipy = Tnyrsy- 415)
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Combining this with the other values from Equations (4.7) and (4.8]), gives that the
continuity of care value is

Z Z anP =2 + xﬂ1T52 + xn2r32~ (416)

neN peP

However, since Constraint states that xp,ro + Tpyre = 1, the objective value
becomes 3. This means that the lower bound from the LP relaxation for the con-
tinuity of care objective is 3. This is a higher lower bound than the one obtained
using the partial relaxation.

The reason why this happens in this instance is because the zyps variables in the LP
relaxzation are much more constrained by x,.s than for the test instances. In those
test instances, the value for yp, could often be set to a small value (while ensuring
that Y, c g Ypr = 1). This means that Constraint is not very strict. Variables
Znps could then be set to the desired nurse, while mostly ignoring the value for x,,s.

Although the partial relaxation achieves a better bound for each individual objective
component, this might not be the case when considering the full objective function,
where all weights are set to 1. The LP relaxation can be simply computed by solving
Formulation where each binary variable is instead continuous. Defining the
partial relaxation of the full objective function requires more work. Similar to what
was done previously, the partial relaxation ignores the patient-to-room and nurse-
to-room assignment, and instead assigns patients to nurses directly. This means
that any constraint that uses variables y,, or x,,; is omitted. The resulting ILP
can be found in Formulation (A.4).

Note that, since computing the gender-mixing objective requires the patient-
to-room assignment, the partial relaxation cannot take this objective into account.
For this reason, the lower bound from Table is added to the result separately.
Although this lower bound is always zero for these instances, this might not be the
case for other instances.

In Table the obtained lower bounds on the full objective function using both
the LP and partial relaxation are given. The partial relaxation could not be solved
within a reasonable time, even for smaller instances. For this reason, the solving
time is limited to two minutes and the best bound obtained at that time is reported.
Note that the runtime reported in Table [I.4] can exceed two minutes since it also
includes the time to create the ILP model and the time to compute the gender-
mixing lower bound.
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Table 4.4: Lower bounds on combined objective value, obtained using LP relaxation
and partial relaxation.

Instance LP relaxation Partial relaxation

Lower bound | Runtime (s) | Lower bound | Runtime (s)
test01 203.314 0.555 223.100 6.22
test02 285.181 0.662 304.050 87.773
test03 133.347 0.246 137.333 1.049
test04 291.930 1.229 308.717 120.225
test05 160.636 0.489 164.983 5.149
test06 369.611 2.025 375.017 121.755
test07 684.461 2.563 724.000 120.345
test08 479.974 3.235 482.283 120.469
test09 559.775 12.600 600.267 120.916
test10 1889.651 9246.595 1967.250 152.697

We see that for all instances, the partial relaxation again produces tighter lower
bounds, although often more time was needed to obtain them. The only exception
to this is instance test10. Due to the large number of variables and constraints,
computing the relaxed objective value takes over 2.5 hours. Since ILP solvers rely
on quickly solving the LP relaxation, this is a big problem in Section [£.3] where
ILP Formulation is solved.

4.2.2 Upper bounds

Upper bounds can be used, together with the lower bounds, to determine the
range in which each objective component lies. This could help planners determine
suitable weights to give to each objective component. Note that this section
does not attempt to provide upper bounds on the optimal objective value,
for example by providing feasible solutions, but instead provides worst case sce-
narios for each objective component. The same is true for the full objective function.

For the skill violations, workload violations and workload imbalance objective com-
ponents, computing an upper bound is easy and can be done in the following ways:

e Skill violations: In each shift, assign all patients to the nurse with the lowest
skill level present.

e Workload violations: In each shift, assign all patients to the nurse with the
lowest maximum workload present.

e Workload imbalance: In each shift, assign all patients to the nurse with the
lowest maximum workload present.

Note that for computing these upper bounds, the room assignment does not matter
since we are assigning all patients to the same nurse anyway. This is therefore a
valid solution that gives a tight bound on the worst-case objective component value.

For the continuity of care and gender-mixing objective components, computing an
upper bound is not as easy. Currently, Formulation is not suitable for maxi-
mization. With the current constraints, each variable a,, could be set to 1, which
would give |P|-|N| as an upper bound. This could be improved by reintroducing the
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nurse-to-patient assignment variable z,,s together with Constraints ,
and . This ensures that only a single nurse can be assigned to a patient in
each shift. The resulting ILP is given in Formulation .

Note that, similar to the lower bound calculation, this is a partial relaxation
since the nurses are directly assigned to patients. This means that there are
instances for which the resulting upper bound is not actually attainable. This is
the case for the instance from Example In this example, the partial upper
bound gives a value of 4, namely two distinct nurses for each patient. However,
due to the shared nurse on day 2, the largest attainable continuity of care objective
value is only 3.

To provide a suitable lower bound on the gender-mixing objective component, we
must also use an ILP. For this, we need the patient-to-room assignment variables
Ypr and the variables related to the gender-mixing objective, namely f,s, m,, and
vE™. The related constraints are Constraints (3.5)-(3.8) and Constraints (3.14)-
(3.16)). This has the same problem as the continuity of care upper bound, namely
that variables f,s, m,s and v&" could always be set to 1. To fix this, the following
constraints are added:

> Ypr > frss VP €R, 5 € Seany, (4.17)
PEP(s)

> Ypr = mps, Vr € R, 5 € Seany, (4.18)
PEP,,(s)

il < frs, Vr€R,s€ Searly (4.19)

vES <mys, Vr € R, s € Searly- (4.20)

Adding these constraints ensures that each variable is set correctly. In particular,
the first two constraints state that variables f,.; and m,., can only be set to 1 if
at least one patient of the corresponding gender is assigned to room r € R during
early shift s € Searly. The other two constraints ensure that v&" can only be set
to 1 if both f.; = 1 and m,s = 1. Constraints - are removed as they
only provide lower bounds on f;s, m,s and v82", which are naturally satisfied when
maximizing. The resulting ILP is given in Formulation . Unlike the continuity
of care upper bound, this upper bound is attainable because is it constructed using
a valid patient-to-room assignment.
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The partial upper bounds for each individual objective component are given in

Table L5

Table 4.5: Upper bounds on the objective components, obtained using partial re-
laxations.

Continuity | Gender- Skill Workload | Workload
Instance . . . . . . .

of care mixing | violations | violations | imbalance

test01 410 59 234 374 117.300
test02 469 66 363 587 112.250
test03 247 20 95 165 53.167
test04 618 82 481 928 177.017
test05 338 37 125 284 79.000
test06 817 102 254 1166 157.100
test07 1023 138 1569 1549 308.717
test08 1117 130 394 1624 225.400
test09 1658 223 1854 2846 561.817
test10 5655 791 9720 10642 2157.900

In addition to the upper bound for each individual component, we also compute
an upper bound on the full objective function as a whole. We again assume that
all weights are set to 1. The upper bound is used in Chapter |5, together with the
lower bound, to normalize the objective value such that it can be compared with
other instances.

When the ILP Formulation is used directly with maximization instead
of minimization, almost all of the penalty variables could be set to 1. To pre-
vent this, additional constraints must be added. For the gender-mixing objective,
Constraints lj could be added. For the skill violations, we could write
Constraint (3.17)) as

vy =Y max{0, Oueq(p,s) — o(n)} - znps, Vp € Ps € S(p). (4.21)
neN(s)

The workload violation and imbalance objectives are slightly harder to fix. To do
this, we need to introduce additional binary variables 6}y for n € N and s € S(n).
These variables indicate whether the assigned workload of nurse n € N exceeds

their maximum workload in a shift s € S(n). Furthermore, we define constants

MY := max | Z w(p,s)fwmax(n,s)|, Wmax (N, $) 7, (4.22)
PEP(s)

for n € N and s € S(n). This allows us to add the constraints

VY < MY Y (4.23)

ns

Ups < Z (W(Ps 8)  Znps) — Wmax(n, 8) + My - (1= 657), (4.24)
pEP(s)

forn € N and s € S(n). This ensures that v is set to the correct value. If 677y =
for nurse n € N and shift s € S(n), i.e., if their maximum workload is not exceeded,
Constraint (4.23) implies that v}y = 0. Since MY > wmax(n, s), Constraint (4.24)
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does not conflict with this. If instead )Y = 1 and nurse n’s maximum workload is
exceeded, then we must have that

U;;st = Z (”LU(p, S) ' ans) - wmax(na 5)~ (425)
PEP(s)

Since MY is bigger than the largest possible difference in assigned and maximum
workload, Constraint (4.23)) does not contradict this.
Apart from these constraints, we also add constraints

ne < 07 ) - i max\ 't ’ 4.26
> e Smax 0 Y0 wpis) - min wne(n, s (4.26)
neN(s) pEP(s)

for each s € S. For the LP relaxation, this ensures that the total workload violation
in a shift does not exceed the upper bound found in Table

For the workload imbalance, we similarly add binary variables ¢, and 4§}, for
s € S and n € N(s). These indicate which nurse has the lowest or highest relative
workload in a shift s € S, respectively. We must therefore add constraints

> =1, Vses, (4.27)
neN(s)

> of=1, Vses. (4.28)
neN(s)

This ensures that only one nurse is selected in each shift. Additionally, we define
constants

Zpep(s) w(p7 S)

minnEN(s) wmax(na S) ’

MY = (4.29)

for s € S, which calculates the largest possible relative workload in a shift s € S.
This allows us to add constraints

r 3 (G ) - o) (430)

pGP(s) max(nv 8)
w(p75) wi
l;r < <wmax(n7$) ‘ans> + Ms (1 - 571‘)’ (4-31)
pEP(s)

for all s € S and n € N(s). If &, (or &) is set to zero, this constraint adds
no new information. But if it is set to one, then I (or ) is set to that nurse’s
relative workload.

Adding these variables and constraints to the ILPs for the LP and partial relaxation
can produce a upper bound on the objective value. The ILPs can be found in
Formulations and . Note that some redundant constraints were removed.
Since it is a maximization problem, only upper bounds are needed to get the correct
variable assignment. For this reason, Constraints — were removed.

In Table [£.6] the resulting upper bounds can be found. The partial relaxation
could often not be solved within a reasonable time. Similar to the lower bound
calculation, we set a runtime limit of two minutes. Again, the reported runtime
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could exceed this limit because it does not include the time needed to create the
model and the computation time to obtain the gender-mixing upper bound.

The same conclusions can be drawn as for the full lower bound, namely that
the partial relaxation obtains better upper bounds, but may take longer to do so.
Also, the time needed to determine the LP relaxation for instance test10 is again
very long.

Table 4.6: Upper bounds on combined objective value, obtained using LP relaxation
and partial relaxation.

Instance LP relaxation Partial relaxation

Upper bound | Runtime (s) | Upper bound | Runtime (s)
testO1 1160.442 0.496 1072.100 0.550
test02 1572.329 0.617 1452.217 9.184
test03 556.195 0.190 519.000 0.348
test04 2199.737 1.154 2003.700 48.864
test05 847.785 0.419 778.967 0.968
test06 2484.911 1.856 2257.283 120.430
test07 4335.648 2.502 3968.217 120.467
test08 3486.468 4.979 2999.917 120.731
test09 6847.287 12.800 5904.717 123.680
test10 28727.719 6357.503 26102.800 180.649

4.3 Solving the ILP

We solve the ILP from Formulation (3.27)) for each of the ten test instances. Since
the problem takes very long to solve, the runtime was limited to 8 hours. In Ta-
ble [£.7] the results are shown.

Table 4.7: Solution results for the 10 test instances, with a runtime limit of 8 hours.

Instance | Best obj. | Best bound | Gap (%) | Runtime
testO1 239.883 233.118 2.82 | 8:00:00.00
test02 355.450 312.550 12.07 | 8:00:00.00
test03 141.767 141.767 0.00 | 0:06:05.50
test04 396.883 309.383 22.05 | 8:00:00.00
test05 175.000 173.366 0.93 | 8:00:00.00
test06 466.533 376.850 19.22 | 8:00:00.00
test07 844.950 728.950 13.73 | 8:00:00.00
test08 626.017 488.617 21.95 | 8:00:00.00
test09 837.400 616.667 26.36 | 8:00:00.00
test10 11652.750 1974.850 83.05 | 8:00:00.00

Only one of the instances is able to be solved within the 8 hour time limit. This
instance consisted of the lowest number of variables and constraints (see Table .
Furthermore, in this instance there is a day in which there are no patients present.
This means that the problem can essentially be decoupled into two independent
subproblems, the days before and the days after. Gurobi might be able to leverage
this to speed up the solver.
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Out of the other instances, test10 is most notable. For this instance, the gap is quite
large compared to the other instances. To explain why this is the case, recall the
results from Table [£.4] in which the problem was relaxed to obtain a lower bound.
In the case of instance test10, computing the relaxation took over 2.5 hours. Since
computing the relaxed solution is an important part of ILP solvers, it was not able
to improve the solution much.

In cases where solving the relaxation is difficult, Gurobi (Gurobi Optimization,
LLC, [2026) recommends using the NoRel heuristic. This is a heuristic built into
the Gurobi MIP solver that does not require computing the relaxed solution. It
does so by solving many sub-MIPs in parallel. Since solving the relaxation for this
instance takes over 2.5 hours, using this heuristic is especially useful. We ran this
heuristic for 8 hours for instance test10. In the end, it found a solution with an
objective value of 3442.183. Although the NoRel heuristic also provides a lower
bound on the objective value, this is much worse compared to the lower bound
from the relaxation. When using the lower bound from Table [£.7] we obtain a gap
of 42.63%.

Although this NoRel heuristic is able to find a relatively good solution to
the problem, it is a very general heuristic that does not use the structure of the
problem to find a solution. In the next chapter, we try to exploit this structure to
improve the solutions from Table [£7] and try to improve the speed at which these
solutions are found.

To get a better idea on what the obtained solutions look like, Table shows how
the objective function value can be decomposed into each of the objective compo-
nents. Additionally, Figures and [£.2] visualize the patient-to-room assignment
by showing the number of patients and the gender in each room.

Table 4.8: Decomposition into the different objective components.

Objective | Continuity | Gender- Skill Workload | Workload

Instance . . . . . . .
value of care mixing | violations | violations | imbalance
test01 239.883 198 0 16 0 25.883
test02 355.450 211 2 117 2 23.450
test03 141.767 123 0 7 0 11.767
test04 396.883 284 16 56 12 28.883
test05 175.000 150 0 9 0 16.000
test06 466.533 413 18 18 0 17.533
test07 844.950 473 10 305 9 47.950
test08 626.017 482 15 88 8 33.017
test09 837.400 689 32 60 7 49.400
test10 11652.750 4983 343 3012 3103 211.750
test10 (NoRel) 3442.183 2656 250 422 51 63.183
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Figure 4.1: Solutions for the test instances from Table @ obtained using ILP
Formulation (3.27). It shows the gender (color) and the number of patients (value)
in each room on each day. In case the maximum capacity is reached for a room,
the value is colored red. The y-axis labels show the room name and its maximum
capacity in brackets.
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Chapter 5

Heuristics

In this chapter, several heuristics are developed to solve the PNRA problem. Each
heuristic contains several parameters that must be tuned. In Section [5.1} we explain
how the data is split into a training and evaluation set, and how results for different
instances can be compared. In the next sections, three different heuristics are
presented:

e In Section [5.2] a greedy heuristic is used to quickly find a feasible solution.
This is done by first determining a feasible patient-to-room assignment and
using that to find a good nurse-to-room assignment.

e In Section [5.3] an interval heuristic is introduced. This heuristic splits the
planning horizon into several intervals which are solved sequentially.

e In Section [5.4] a simulated annealing algorithm is presented. This heuristic
can either be used to find a new solution or improve a known solution.

5.1 Methodology

In each of the heuristics discussed in this chapter, there are several parameters
that determine their performance. To determine these parameters, we split our
dataset into a training and an evaluation set. The training set is used to tune the
parameters of the heuristics and the evaluation set is used to evaluate them. Recall
from Section that the instances from the IHTC were split into three categories:
test, public and hidden instances. Similar to how the IHTC was evaluated, we use
the test and public instances for training and use the hidden instances for evaluation.

Because the various instances can be very different in size and complexity, they
are additionally divided into three sizes: small, medium and large. Because all other
size parameters (number of days, rooms and nurses) are heavily correlated with the
number of patients, we use this to split the instances. If an instance has less than 75
patients, it is considered small. If an instance contains at least 75, but less than 240
patients, it is considered medium. All other instances are considered large. These
thresholds were determined such that both the training and evaluation datasets
contain roughly the same ratio of each size, while also taking into account the
runtime for various heuristics. The distribution of instances across each size class
can be seen in Figure Out of the ten test instances, instances testO1-test05 are
small, instances test06-test09 are medium and instance test10 is large.
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Figure 5.1: Fraction of the training and evaluation set in each size class.

Although the data has now been split into small, medium and large instances,
the objective value for each instance within a size class can still be very different.
Consider for example instance testO03 and test04, which are both small instances.
Instance test03 has a best known objective value of 141.767, while testO4 has a
value of 396.883. If we would evaluate a heuristic by taking the average objective
over all instances in the size class, this would give more weight to improvements
for instance test04. To account for this, we rescale the objectives. Let [ and u
be the partial lower and upper bound, respectively. These values can be found in
Tables [£.4] and [4-6] for the test instances and in Table [B1] for the public and hidden
instances. The objective value x is rescaled by taking

r—1

. 5.1
— (5.1)
This ensures that this is between 0 and 1. We call this value the objective score.
A heuristic can then be evaluated by calculating the average objective score across
all instances in a size class. We consider methods or parameters that have a lower
average objective score to be better.

5.2 Greedy heuristic

A feasible solution to the PRNA problem consists of two components: the patient-
to-room assignment and the nurse-to-room assignment. To construct a solution
greedily, we first derive a patient-to-room assignment and then use this assignment
to create a nurse-to-room assignment.

5.2.1 Patient-to-room heuristic

In the PRNA problem, there are two hard constraints related to the patient-to-room
assignment. These are the room capacity constraint (H1) and the incompatible
room constraint (H2). Out of the soft constraints, there is only one constraint
directly related to the patient-to-room assignment, namely the gender-mixing con-
straint (S2). The goal of this heuristic is to find a patient-to-room assignment
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satisfying the hard constraints that minimizes the number of gender-mixed rooms,
while also allowing for easier optimization for the other objective components (S1,
S3, S4, S5). The algorithm works as follows:

1. Initialize f(r,d) = 0 and m(r,d) = 0 to keep track of the number of female
and the number of male patients that are assigned to room r € R on day
d € D, respectively. These values are updated each time a patient is assigned
to a room.

2. Assign the current occupants to the correct room. The values f(r,d) and
m(r,d) are updated accordingly depending on the patients’ genders.

3. Sort the remaining patients in chronological order based on their admission
day. In case there is a tie, they are sorted based on the length of stay in
ascending order. Any further ties are arbitrarily resolved.

4. Repeat the following for each patient p € P\ O using the sorted order:

(a) Determine for each room r € R whether the patient can be assigned to
this room. This is done by checking
e whether the room is compatible with patient p, i.e., r € R(p).

e whether there is still capacity in the room on admission day daqm to
add this patient p, i.e.,

f(’l", dadm) + m(r, dadm) < 0(7") (52)

Note that because we are scheduling in chronological order, we only
need to check the admission day.

This gives us a set of feasible rooms that the patient can be assigned to.

(b) Sort these feasible rooms based on several criteria. The details for this
can be found in Section £.2.3.11

(c) Assign the patient to the first room of the list and update f(r,d) and
m(r,d) accordingly.

(d) If a patient has no feasible rooms, then the algorithm backtracks to a
patient with at least two feasible rooms and tries the other one. Any
changes to f(r,d) and m(r,d) are reverted.

5. If every patient has been assigned a room, the algorithm terminates.

Note that this algorithm is guaranteed to yield a feasible PR-assignment as it effec-
tively enumerates every room choice for each patient until it finds a feasible solution.
However, there is no guarantee that this is done efficiently.

5.2.2 Nurse-to-room heuristic

We can use the patient-to-room assignment from the previous section to derive
a nurse-to-room assignment. Using a fixed patient-to-room assignment, the opti-
mal nurse-to-room assignment can be found by solving an ILP adapted from For-
mulation . The main change from Formulation is that variables and
constraints directly related to the patient-to-room assignment are removed, which
removes Constraints —. Additionally, Constraint could be simplified.
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If we let r(p) denote the room patient p € P was assigned to, then we would instead
have
Znps = Tnr(p)s, VN € N, p€ P, s € S(n,p). (5.3)

This states that nurse n € N is assigned to patient p € P during shift s € S(n,p) if
and only if the nurse is assigned to room r(p). Furthermore, Constraint can
be removed as it is implied by Constraints and . The adapted ILP is given
in Formulation . Although fixing the patient-to-room assignment significantly
reduces the computation times, for large problem instances, it is not able to quickly
produce a solution. Because of this, we provide a simplified algorithm.

The idea behind the algorithm is that, instead of considering all shifts simulta-
neously, the shifts are evaluated sequentially. For each shift s € S, a simple ILP
can determine the nurse assignment which leads to the lowest increase in objec-
tive value. Note that, for the skill violations (S3), workload violations (S4) and
workload imbalance (S5) objective components, each shift can be optimized sepa-
rately to find the optimal solution, as these are independent across shifts when the
patient assignment is fixed. However, optimizing the continuity of care objective
(S1) depends on choices in other shifts, which means that something must be done
to account for this. In particular, suppose we are currently determining the nurse
assignment in a shift s € S. Let N,(p) be the set of different nurses that were
assigned to patient p € P(s) in shifts scheduled before s. The following constraints
can then be added:

{1, if n € N,(p),
Anp =

. Vn e N(s), p € P(s). (5.4)
Znps, Otherwise,
This allows the ILP to optimize the continuity of care objective in a singular shift
based on past decisions. This ILP can be found in Formulation and is solved
sequentially for each s € S. Note that the specific order that these shifts are
considered changes in the final solution. This explored more in Section [5.2.3.2]
Because this heuristic tries to solve the PNRA problem sequentially, we refer
to this as the sequential greedy heuristic. If instead we use Formulation 7
where each shift is optimized simultaneously, we refer to it as the non-sequential
greedy heuristic. Note that in that case it is still a heuristic as the patient-to-room
assignment was heuristically obtained.

A drawback of the sequential heuristic is that the resulting nurse-to-room assign-
ment is not unique. Within a single shift, there might be multiple optimal nurse-to-
room assignments. If a different assignment is chosen during one of the first shifts,
this choice could affect choices in later assignments, which might lead to a different
final objective value. Although on a single machine, Gurobi always yields the same
solution for a fixed seed, this solution might be different on another machine, which
then also yields a different objective value. For a fairer evaluation, we always report
averages over several runs with different seeds.
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5.2.3 Improving the greedy heuristics

In Sections [5.2.1] and two heuristics were described that can be used to find
a solution to the PNRA problem quickly. However, there are two design decisions
that we can change to try to improve the resulting solutions.

5.2.3.1 Room ordering

In the patient-to-room assignment heuristic, patients are assigned to rooms sequen-
tially. For each patient p € P\ O, a set of feasible room assignments is created
based on the remaining capacity in each room and the set of incompatible rooms
R(p). These rooms are then sorted and the patient is assigned to the first room.
The way these rooms is sorted is the most important part of the algorithm.

In the PNRA problem, there is only a single objective component directly related
to the patient-to-room assignment, namely the gender-mixing constraint (S2). The
goal is to sort the rooms of a patient such that we minimize this constraint, while
also allowing for easier optimization for the other objective components (S1, S3,
S4, S5). We consider three different sorting criteria:

e Gender (G): sort based on the number of days of a patient’s stay that the
room is labeled with the opposite gender. This means that, e.g. for a female
patient p € Pp, we sort the rooms ascendingly based on the value

> 1{m(r,d) > 1}, (5.5)

deD(p)

where D(p) is the set of days that patient p is present, 1 is the indicator
function and m(r, d) is the number of male patients assigned to room r € R
on day d € D. In case the patient is male, m(r,d) is replaced with f(r,d),
which instead counts the number of female patients. This criteria tries to
greedily assign each patient to the room that leads to the lowest gender-mixing
constraint violation.

e Occupancy level (O): sort based on the total number of patients in the room
for each day of a patient’s stay. This means that, e.g. for a patient p € P, we
sort the rooms ascendingly based on the value

> frd) +m(r,d), (5.6)

deD(p)

where D(p) is the set of days that patient p is present and f(r,d) +m(r,d) is
the sum of male and female patients assigned to room r € R on day d € D.
This criteria tries to greedily assign patients to the room with the lowest
number of patients.

e Similarity score (Sq): sort the rooms based on how similar the patients in the
room are to the current patient p, based on the continuity of care lower bound
obtained in Section Let NV (p) denote the set cover of nurses obtained
for patient p € P, i.e., N(p) is the smallest set of nurses required to cover all
shifts of patient p. Between two patients p; and po, we define

W) NN (p2)]
1PLP2) = o TIN GOl W)}

(5.7)
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This gives a measure of how similar the two sets A (p;) and N (pz) are, or
more precisely how much the smaller set also has nurses in the bigger set.
Note that there can be multiple optimal set covers for each patient and this
value therefore depends on the choice of this set N'(p). To reduce this effect,
we find for each patient p five different such set covers. The value g(p1,p2) is
then found by taking the maximum value over all set cover combinations.

To use this patient similarity, first define P(p,r) to be the set of patients that
were assigned to room 7 during the stay of patient p. The similarity score of
a room is then defined as

TPwm pepr 400", if [P(p,r)[ #0,

i (5.8)
a, otherwise,

simy (p,7) = {

where « € [0, 1] is the default value a room is given when it is empty during
a patient’s stay. The rooms are sorted on this similarity score in descending
order.

These three room ordering criteria can be combined to create different sorting rules.
These are denoted with a string using the letters G, O and S, which refer to the
sorting criteria. For example, the sorting rule GOSy refers to the rule in which
we first sort the rooms based on the gender criterion, then using the occupancy
criterion in case of ties and finally using the similarity criterion with default value
a=0.

To determine which sorting rule is best, we consider the following rules: OG, GO,
GSp0, GSy.50, GSy.80, GS10, GOSy. These were selected based on preliminary
tests. Note that the value of a does not matter in the case of GOS,,, since an empty
room is already preferred by the occupancy criterion. The sorting rules are evaluated
using Formulation , which finds the optimal nurse-to-room assignment when
a patient-to-room assignment is fixed. We set a maximum runtime of five minutes.
As this is difficult to solve, the medium instances spend 150 seconds using the
NoRel heuristic and the large instances spend the full five minutes using the NoRel
heuristic. The resulting objective values for the training instances can be found
in Table [B:2] In Figure [5.2] the objective scores are plotted for each instance size
class.
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Figure 5.2: Objective scores for different room orderings. Results are separated into
the three instance size classes.

For the small instances, the GS;O sorting rule has both the lowest mean and
median objective score. For the large instances, the same is true for sorting rule
GSp.80. For medium instances, GSp.sO has a better median score, while GS;0
has a better average score. Because the averages for both sorting rules are very
similar, we prefer the one with the lower median score. This means that we use
GSp.8O for medium-sized instances. Regardless, we see that adding information
about continuity of care in the patient-to-room assignment improves the solution
compared to rules GO and OG.

The reason why larger instances prefer a slightly smaller value of @ might be ex-
plained by the magnitude of the continuity of care objective value compared to other
components. When o« = 1, the algorithm prefers to place new patients in empty
rooms over rooms with at least one other patient. However, when o = 0.8, a patient
can be assigned to a non-empty room while another room is empty if the similar-
ity score is high enough. In that case, the algorithm focuses more on improving
continuity of care compared to other objective components. The reason that this
is better for larger instances is because an increase in the number of patients leads
to a larger increase in continuity of care objective g.. compared to other objective
components. This means that it is more important for larger instances to prioritize
continuity of care, which is the case when « is smaller.

The value of a should also not be set too low. If, for example, a = 0, then any
occupied room with non-zero similarity score is preferred. This means that some
rooms are left unoccupied. As the workload in that case is less spread across the
rooms, this leads to worse values for the workload violations gy and imbalance gy;.
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5.2.3.2 Shift ordering

In the nurse-to-room assignment heuristic, nurses are assigned to rooms in each
shift separately using an ILP, while taking into account the nurse assignment of
previously assigned shifts. The most natural order to do this is to consider the
shifts in chronological order. However, any arbitrary ordering could be used. To
determine if there is another ordering that yields better solutions, we consider the
following orderings:

e The chronological ordering (Ochrono)-

e Ordering based on the number of nurses in each shift (Onurses)-

Ordering based on the number of patients in each shift (Opatients)-

Ordering based on the total workload of all patients in each shift (Orad)-

Ordering based on the average workload of all patients in each shift (Oavg).

For each order, we consider an ascending and a descending order. This is specified
with a plus (ascending) or a minus (descending). So for example, reverse chrono-
logical ordering is denoted by Og,....,- In the case of a tie between two shifts, they
are always evaluated in chronological order.

To test the performance of each of these orderings, they were tested on the
training instances. The patient-to-room assignment was created using the greedy
patient-to-room assignment heuristic using the appropriate room ordering
determined in Section [5.2.3.1} Due to randomness in the sequential nurse-to-room
assignment heuristic, the average results over ten runs for each instance are reported.
In Table the average objective values can be found. In Figure the average
objective scores are plotted for each instance size class.
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Figure 5.3: Objective scores for different shift orderings. A “-” in front of the room

ordering indicates a descending order. Results are separated into the three instance
size classes.

When looking at all results, we see that, on average, using the descending order
for the number of patients, total workload and average workload is better than the
ascending order. This means that it is generally better to schedule busier shift first.

A reason why this might be the case is that the continuity of care is not taken into
account during the first shift that is scheduled. Regardless of the nurse assignment,
the continuity of care objective is the same, namely |P(s)|. Therefore, the ILP fully
focuses on minimizing the other objective components. Since those component
values are higher in busier shifts, it is good to schedule those first.

This is shown for instance test01 in Figure which shows how the objective
value grows as more shifts are scheduled. The plot shows the results for a single run
for each ordering. We see that all orderings that schedule busy shifts first (dashed
lines) start with a large increase in the first few scheduled shifts, but decrease later
on. After all shifts are scheduled, they achieve lower objective values.

Looking again at Figure[5.3] we see that, for the small instances, the lowest median
score is obtained by the Op, ;. Ordering, while the lowest mean score is achieved
by the Of\?urses ordering. Since the mean score is very similar in both cases, we
prefer using the number of patients.

For the medium and large instances, the results differ less across the different
orderings. Because of this, any improvement an ordering makes over another is
partly due to randomness. For both the medium and large instances, we choose to

simply use the chronological ordering as it performs quite well in most cases.
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Figure 5.4: Cumulative objective value for instance test01 when using different shift
orderings.

5.2.4 Computational results

In Table the objective value obtained using the two greedy heuristics is shown
for the ten test instances. Since the sequential nurse-to-room assignment is non-
deterministic, the mean objective and computation time over ten runs is given. The
non-sequential nurse assignment aims to find the optimal assignment for a fixed
patient-to-room assignment and, therefore, gives an idea of how well the sequential
heuristic performs. The runtime limit for the ILP used for this was set to five
minutes. Note that the times reported in Table could exceed this five minute
limit since it includes the time needed to create the ILP. Also note that, similar to
Section medium instances spent 2.5 minutes using the NoRel heuristic, while
large instances spent the full five minutes using the NoRel heuristic.

Table 5.1: Greedy heuristic results. A “*” next to the instance name indicates that
the non-sequential nurse assignment was terminated after five minutes.

Patient-to-room Nurse-to-room

Instance Sequential Non-sequential

Runtime (s) Objective | Runtime (s) | Objective | Runtime (s)
test01 0.224 279.332 0.317 257.217 6.332
test02 0.252 412.007 0.396 372.583 79.392
test03 0.181 165.107 0.262 142.633 0.302
test04* 0.418 434.395 0.548 382.033 300.277
test05 0.237 213.592 0.348 180.633 5.182
test06* 0.681 540.088 0.834 473.167 300.488
test07* 0.651 943.687 0.887 861.733 300.292
test08* 0.830 707.925 1.183 622.683 300.328
test09* 1.217 961.818 1.452 802.033 301.109
test10* 7.674 3562.593 21.827 | 3062.883 313.109

We see that the sequential greedy heuristic is able to find a feasible solution very
quickly. For most instances, a solution is found within a couple of seconds. For large
instance test10, however, this takes around 30 seconds, which is mostly spent on
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the nurse assignment. The solution found using the non-sequential nurse-to-room
assignment takes longer, but achieves a better objective value. This is logical as the
non-sequential heuristic solves an ILP that aims to find the optimal nurse-to-room
assignment for a given patient-to-room assignment, whereas the sequential heuristic
makes simplifying assumptions to speed up computations.

These two heuristics can also be compared against the ILP from Chapter
Recall that in Section the ILP was run for a maximum of 8 hours for the ten
test instances. Table shows how long it took for those runs to reach a better
objective than those presented in Table

Table 5.2: Time (s) needed for ILP Formulation (3.27)) to find a better solution than
the greedy heuristics. A “-” indicates that the ILP never found a better solution
within 8 hours.

Instance | Sequential | Non-sequential
test01 3.456 13.667
test02 17.091 682.635
test03 3.754 12.350
test04 348.588 -
test05 3.691 11.250
test06 354.501 12374.594
test07 391.803 8693.451
test08 924.446 -
test09 4087.752 -
test10 6981.538 -

We see that, even for the sequential heuristic, the ILP can take much longer to
reach the same objective value. This is especially true for instance test09 and
test10, where it takes between one and two hours to improve.

For the non-sequential heuristic, the time needed to improve the solution be-
comes even larger and in some cases, the heuristic is able to find a better solution
than the ILP. This happens mostly for the larger instances. For the smaller in-
stances such as test01, test03 and test05, it took less than 15 seconds for the ILP to
improve the value from Table Since the non-sequential nurse assignment was
optimal in those cases, a different patient-to-room assignment is needed to find a
better solution.

5.3 Interval heuristic

This heuristic is inspired by instance test03. In this instance, there is a single day
in which there are no patients. Because of this, the days before and the days after
this day could be independently optimized, which might be leveraged by an ILP
solver to speed up the solving procedure. For the other instances, we cannot find
such a split. Regardless of how the days are split, there is at least one patient that
is present during both sets of days. Despite this, we can still use this idea to find a
heuristic solution. This heuristic works as follows:

1. Divide the planning horizon D into several intervals. We denote this as Z =
(L1, ..., LK), where each Lj denotes the number of days in the kth interval.

2. For each interval k = 1,..., K, solve an ILP to find the patient-to-room and
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nurse-to-room assignment that is optimal for that interval, while taking the
assignments made in the previous intervals into account.

Because we split the days into several intervals, we refer to this heuristic as the
interval heuristic.

The ILP used in this heuristic is adapted from Formulation . To highlight
the changes, we consider intervals Z = (L1, ..., Lk). For each interval k, an ILP is
solved. Because each interval considers only a subset of shifts, it also only considers
a subset of patients and nurses. For interval k, let S¥ denote the set of shifts for each

day in that interval, the patients and nurses within an interval are then denoted
with P* and N*, ie.,

Pr= | P(s), (5.9)

seSk

Nt =] N(s). (5.10)

seSk

Furthermore, let P? be the set of occupants O. Then, instead of Constraints (3.8]),
we can use a more general set of constraints stating that the previously assigned
patients must be assigned to the same room r,_1(p) as before, i.e.,

Ypre 1) = 1, Vpe PFIN PR, (5.11)

Here, the set P*=1 N P* consists of all patients that were present during intervals
kand k — 1.

Additionally, to account for the continuity of care of the previous assignments, we
add another set of constraints. Similar to the sequential nurse assignment heuristic,
for each patient, we keep track of the set of assigned nurses. We use Ny(p) to
denote the set of nurses that was assigned to patient p € P before interval k. For
k = 1, this set is empty. After each interval, the set is updated according to the
nurse-to-patient assignment. If a nurse n € N*¥ was assigned to patient p € P* in a
previous interval, i.e., if n € N3 (p), then we add constraint

np = 1, (5.12)

otherwise, we keep the Constraints and , but adapt it to only use shifts
in the current interval. This ILP is given in Formulation . Note that anytime
a superscript k is used, it means that only the shifts or patients from interval k are
used. For example, we define

S*(n,p) :== S¥ N S(n,p). (5.13)

The sets S Sk

early’ “early

(p), S*(n), S*(p), S¥(n,p), PE and P}, are similarly defined.

This heuristic has three drawbacks. Firstly, when an interval is very short, there
could be multiple optimal solutions for that interval. Due to how Gurobi solves
ILPs, it might find a different solution based on the hardware on which Gurobi is
running, even if the seed is fixed. For a fairer evaluation, we always report averages
over several runs with different seeds.

The second problem is the solving speed. Generally, we want each interval to
be as large as possible such that it is as close to the original problem as possible.
However, as the interval length grows, the time it takes to solve each ILP grows
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much more rapidly. This is especially true for larger instances. If we want a fast
solution for larger instances, this means that each interval must be short, which
leads to poorer solution quality.

Lastly, this heuristic is not guaranteed to find a feasible solution. This is shown

in Example [5.31]

Example 5.3.1. Consider a problem instance spanning two days. The instance
consists of:

e Two nurses ni and ng present during both days.

e Three patients p1, p2 and ps. Patients py and py are present during both days,
while patient ps is only present on the second day.

e Two rooms r1 and r2. Room r1 has capacity 1 and room ry has capacity 2.
Room ro is incompatible for patient ps.

For simplicity, we assume that there is only a single shift on each day. For this
example, the precise workload and skill requirement is not important, so we assume
that it is the same for each patient. Similarly, the mazimum workload and skill level
s the same for each nurse.

If we use the interval heuristic with intervals of a single day, this could lead to
an infeasible solution. When optimizing the workload imbalance on the first day,
patients p1 and ps are be assigned to different rooms and different nurses. This
means that on day 2, room 11 is fully occupied and patient ps has no compatible
room available, which leads to infeasibility.

Despite these drawbacks, we can still use this heuristic to find solutions. In Sec-
tion [5.3.1] we explain how the interval lengths are determined and how these are
tuned. In Section the heuristic is run and the results are shown.

5.3.1 Experimental setup

The interval heuristic has several design choices, namely choosing how the days are
split into intervals and choosing how much runtime each interval has. Generally,
splits with longer intervals produce better results, but also take longer to finish.
Furthermore, larger instances also need more time to solve each ILP. For this reason,
different instance size might perform better for different interval lengths. This is
determined in Section [5.3.2] In particular, we determine the maximum interval
length L.y for each size. Based on this value, the interval lengths are determined
in the following way:

1. Define the number of intervals K based on L,,,. This is the number of times
Liax can divide into the number of days |D|, rounded up, i.e.,

k=] (5.14)

Lmax

Let 0; denote the number of remaining days at the start of interval k, so
5 = |D|.

2. Set L1 = min{d1, Lmax}- This ensures that at least one interval has length
Lypax, if there are enough days. Update the remaining number of days such
that 52 = (51 — L1
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3. The remaining days are divided across the remaining intervals as equally as
possible. In particular, for each k € {2,..., K}, we set

Ly = {K—(s:;—i—l-‘ (5.15)

and update dg11 = 0 — L.
4. This yields interval lengths Z = (L1, ..., Lg).

So if we would have, for example, |D| = 14 and Ly,.x = 3, then the interval lengths
would be (3,3,3,3,2).

There are two reasons for creating the interval lengths in this manner. Firstly, the
fact that we define L.« instead of K directly is that this makes comparisons for
instances with the same size easier. Not all instances of the same size also have the
same number of days. If we would set K = 2, then for an instance of two weeks
this would give intervals of length 7, but for four weeks it would give intervals of
length 14. This seems like an unfair comparison as increasing interval length has
more effect on the runtime than the number of intervals.

Secondly, it might seem odd why we do not distribute the days roughly evenly
across the K intervals, but instead assign at least one to be length L. This is
mostly to ensure that setting a different value for L.« also gives different interval
lengths. For example, with |D| = 14 and Ly.x = 6, the intervals could more
equally be distributed into intervals (5,5,4), but this would then be the same as
Lyax = 5. Instead we choose to use (6,4,4). For smaller values of L.y this is
often not a problem and the two approaches would find the same interval lengths.

Although we have defined the interval lengths for a given L.y, we have not selected
the order of these lengths. Consider again the interval lengths of (3,3,3,3,2). For
these interval lengths, there are 5 different ways to order them. We must therefore
choose an appropriate permutation of the interval lengths.

Recall instance test03. In this instance, there is a single day in which no patients
are present. Because of this, we could choose a splits such that no patient is in more
than one interval. Since these intervals are independent, solving them separately
yields the optimal solution. This motivates choosing a permutation such that the
number of patients present during multiple intervals is small. In particular, we
choose the split Z that minimizes the patient overlap score

K
w(@)=> [P nPH, (5.16)
k=2

where each term in the sum counts the number of patients present during both
interval k£ and k — 1. The best split can then be found by iterating over all per-
mutations and selecting the one with the lowest patient overlap score. Note that,
for a given value Ly ax, the number of permutations is quite low and they can be
enumerated quickly.

The full procedure to determine the interval lengths for a given L.y is summa-
rized in Algorithm
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Algorithm 1 Determining interval lengths

Require: D, L.
K« [|D|/Lmax]
7 is an empty list

61 = |D|
k+1
while k£ < K do
if £k =1 then
Ly < min{dk, Limax} > At least one interval of length L.
else
Ly [0p/(K —k+1)] > Divide days evenly over remaining intervals
end if
Okt1 < O — Ly,
add L, toZ
k—k+1
end while
T + permutation of Z with lowest overlap score w(Z)
return 7

Another important part of the interval heuristic is defining the runtime limits for
the ILP in each interval. Because we try different interval lengths and number of
intervals, we do not define a runtime limit for each interval directly, but instead
use a total runtime budget. This budget is evenly divided across the different
intervals. As longer planning horizons require more runtime, the budget depends
on the number of weeks in the planning horizon. The instances in our dataset are
either two, three or four weeks. Each week is given 2.5 minutes of runtime. So,
an instance of two weeks has 5 minutes and one of four weeks has 10 minutes of
runtime budget.

The budget is divided evenly across the intervals. If the ILP in an interval
exceeds its allocated runtime limit, it terminates early and continues to the next
interval with the best solution found at that time. If the ILP finishes before
the time limit, the remaining budget is evenly divided across the remaining
intervals. This ensures that the total runtime of the ILPs does not exceed
the runtime budget, but intervals that are easy to solve do not waste a large
portion of the runtime budget. Note that the runtime budget only limits the solv-
ing time of the ILPs, the creation of the ILP models is not considered in this budget.

Lastly, due to the randomness of the interval heuristic, any computational test is
run ten times and the average objective value is reported. This eliminates some of
the randomness and makes evaluations fairer.

5.3.2 Computational results

In Figure [5.5] the results for the experiment described in Section [5.3.1] are shown.
For each instance size, three different plots are shown: the objective score, the
percentage of the runtime budget used and the timeout rate. The timeout rate is
the percentage of intervals that could not be solved within the allowed time limit
and were timed out. Note that the heuristic was always able to find a solution
within the time limit and never became infeasible due to earlier decisions.
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Figure 5.5: Results for the interval heuristic.

For all instance sizes, we clearly see that as we increase L.y, the percentage of
the runtime budget that is used increases. The time needed to solve each interval
grows more rapidly than the number of intervals decreases when increasing Ly ax.

For the small instances, on average, the objective score improves as L ax in-
creases. This makes sense, as there are less intervals which also means that less
patients are carried over. This means that less of an error is being made in the
continuity of care optimization. For the small instances, we use Lya.x = 7.

For the large instances, there is again a clear pattern, although completely op-
posite of the small instances. Here we see that the objective score rapidly increases
as Ly increases. Even for Ly, = 1, the average timeout rate is 66.3%. For larger
values of L.y, the timeout becomes even higher and is often 100%. This highlights
that, for large instances, the ILP in each interval could not be solved sufficiently.
In each interval, a sub-optimal solution is selected and used for the next interval,
which leads to a final solution with a low quality. This problem becomes even worse
when L.y is increased. For the large instances, it is best to just keep Lyax = 1.

The medium instances lie somewhere in between. The objective does not clearly
improve or worsen as L.y increases. Based on Figure the best value for L ax
in terms of average objective score is attained for L.y = 2.

In Table the results from the interval heuristic with these values for L, are
given for the ten test instances. Note that the mean runtime also includes the ILP
model creation, which means that it could exceed the runtime budget. This happens
for example with instance test10 which has a runtime budget of 7.5 minutes but
runs for almost 9.5 minutes. The final column reports the time needed for ILP
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Formulation (3.27) to find a solution with a better objective value than the average
interval heuristic value, using the run from Section [4.3

Table 5.3: Interval heuristic results.

Instance | Lpax | Objective | Runtime (s) | . Time for ILP

improvement (s)
testO1 7 243.753 52.375 24.332
test02 7 363.965 300.899 1572.860
test03 7 142.450 194.885 29.595
test04 7 415.487 302.137 968.031
test05 7 177.215 301.743 30.375
test06 2 475.327 234.815 11768.130
test07 2 872.990 63.386 2583.763
test08 2 634.853 186.591 6292.433
test09 2 861.315 364.509 8047.653
test10 1 3931.072 569.761 2175.501

We see that for most of these instances, the solution obtained using the interval
heuristic performs pretty well. Although they are never able to improve upon the
solution found using the ILP formulation in Section 4.3 a solution of the same
quality often takes much longer to find for the ILP.

5.4 Simulated annealing

Simulated annealing is a probabilistic local search metaheuristic named by Kirk-
patrick et al. (1983). Simulated annealing has already been successfully used for the
IHTC (Zanazzo, Smet, et al.,2025)) and the IPNRA problem (Zanazzo, Ceschia, &
Schaerf, |2025)) in the past. It would therefore also be a good fit for the integrated
problem we consider.

In general, simulated annealing starts by initializing a solution @y and temper-
ature Ty. Then, during each iteration k, a candidate solution is randomly selected
from the neighborhood around the current solution. If this solution has a better ob-
jective value, this solution is accepted. If the solution is worse, this solution is only
accepted with a certain probability that depends on the change in objective and
the current temperature. After each iteration, the temperature is reduced, which
reduces the likelihood that a worse solution is accepted.

There are several aspects to the simulated annealing algorithm that differ across
different problems. In Section[5.4.1} the design of the simulated annealing algorithm
is explained. In Section[5.4.2] the simulated annealing algorithm is written out. The
algorithm contains several parameters, which are tuned in Section [5.4.3] Lastly, the
algorithm is ran for the test instances and the results are shown in Section [5.4.4
In these sections, we introduce new notation which might differ slightly in meaning
from notation used earlier in this thesis. The definition for each symbol is given in

Table 5.41
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Table 5.4: Various symbols used for simulated annealing.

Symbol | Description

k Iteration index. Starts at k = 0.

K Total number of iterations.

Qr Solution at the start of iteration k.
Qpest Best incumbent solution.

Ty, Temperature at the start of iteration k.

Q@ Cooling rate.

g Objective function.

w(Q) Function that denotes a move. Given a solution @, returns
a new solution that applies that move.

0 Probability vector used to determine from which
neighborhood a move is selected.

Ni(p) | Set of all nurses assigned to patient p € P during their stay
in solution Q.

ri(p) Room that patient p € P is assigned to in solution Q.

5.4.1 Algorithm design

When designing a simulated annealing heuristic, several aspects much be chosen:
the initial solution, the candidate selection and the cooling schedule.

5.4.1.1 Initial Solution

For the initial solution, we could either create a randomized solution or use a
solution found by one of the other heuristics. During the tuning procedure, we use
randomized solutions such that the choice of the parameters does not depend on
the quality of the starting solution.

The way we create a randomized solution is quite simple. For each patient p € P\O,
we randomly select a room r from the set R(p), i.e., the set of all compatible rooms
for patient p. The occupants p € O are simply placed in the correct room 7prey (p)-
Note that this randomized assignment might result in a patient-to-room assignment
that violates the capacity constraints. However, similar to Zanazzo, Ceschia, and
Schaerf (2025), we allow solutions that violate hard capacity constraints (H1) to
“enchance the connectivity within the search space”. A penalty is added to the
objective function for each patient that exceeds a room’s capacity. To ensure the
algorithm prefers solutions that are actually feasible, the penalty is 100 times the
largest weight of an objective component. During both the tuning and evaluation,
all runs yielded feasible solutions.

The nurse-to-room assignment is not subject to any difficult hard constraints, so
creating a random assignment is generally easy. The only requirement is that each
room r € R has a nurse assigned to it during every shift s € S. This can be done
by, for each room r € R and shift s € S, randomly selecting one nurse n € N(s).

5.4.1.2 Candidate selection

Within a simulated annealing algorithm, the solution changes by randomly selecting
a new candidate solution @, in the neighborhood around the current solution Qy.
This neighborhood is often generated by applying some type of move to the current
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solution. In our simulated annealing algorithm, we consider four different move
types:

e MovePatient (MP): move a patient p € P\ O to a different room r € R(p)
that is compatible for that patient. A move of this type is selected by first
randomly selecting a patient p € P\ O with |R(p)| > 2 and then selecting a
room from the set R(p) \ {rx(p)}, where ri(p) denotes the room assigned to
patient p in current solution Q.

e SwapPatients (SP): swap the rooms of two patients that are assigned to
different rooms. Note that both rooms must be compatible for both patients.
Furthermore, we only consider patient pairs that have at least one overlapping
shift. A move of this type is selected by randomly selecting a pair (p1, p2) from

the set
{(p1,p2) : 1, P2 € P\ O, p1 # p2,
re(p1) € R(p2), Tr(p2) € R(p1), (5.17)
ri(p1) # r(p2)}-

e ChangeNurse (CN): change the nurse that is assigned to a room during a
particular shift. A move of this type is selected by first randomly selecting a
room r € R and shift s € S where |[N(s)| > 2. If ny is the nurse currently
assigned to room r during shift s, then a new nurse no is randomly selected
from the set N(s)\ {n1}.

e RemoveNurse (RN): remove a nurse n € N from a patient p’s set of as-
signed nurses N (p). This is done by replacing them with another nurse from
Ni:(p) for each shift they were assigned. A move of this type is selected by
first randomly selecting a pair (p,n), where each shift that nurse n € Ni(p) is
assigned to patient p € P, the nurse could be replaced with a different nurse
n’ € Ni(p). Note that n’ does not need to be the same for each shift. After
selecting such a pair (p,n), for each shift s that nurse n is assigned to patient
p, we randomly select a nurse n’ from the set My (p) N N(s) \ {n}, i.e. the set
of other nurses present during shift s that was already assigned to patient p
during another shift.

Out of all of these moves, the RemoveNurse move is probably most complicated.
The idea behind this move is that it can reduce the continuity of care value for a
single patient in a single move. If a nurse n € N (p) is replaced with another nurse
from A (p) for each shift that they were assigned to patient p, then that nurse is
removed from AN (p) while no other nurses were added. This reduces the continuity
of care value for patient p by 1.

Within each iteration, we randomly select a candidate solution @, by first ran-
domly selecting a move type and then randomly selecting a move of that type.
The probability that a MovePatient, SwapPatients, ChangeNurse or RemoveNurse
move is selected is denoted using Oyip, Osp, Ocn and Orn, respectively. These values
are parameters to the problem and are tuned in Section [5.4.3] Since these values
represent probabilities, we must ensure that each value is non-negative and that

Omp + Osp + 0o + Orn = 1. (5.18)
The probability vector is denoted using

0 = (Oup, bsp, fon, Orn)" (5.19)

56



Due to how the RemoveNurse move is defined, it is often the case that there are
no feasible RemoveNurse moves in an iteration. In that case, a new move is drawn
within the same iteration using probability vector §’, where

Onip

Onp = T Onn’ (5.20)
Osp

rp = ———— 21
fon

N = ———— .22

eCN 1 — GRN7 (5 )

G/RN =0. (5.23)

This ensures that the ratio in probability between two different moves remains the
same. Apart from the RemoveNurse moves, the other move types could also have
no feasible moves. However, this is very uncommon or unrealistic. For example,
the only way for there to be no MovePatient moves is if every patient p € P has
|R(p)] = 1, i.e., if the patient-to-room assignment is fixed. We generally assume
that this is not the case. However, if this is the case, a new move can be sampled
in a similar way as for the RemoveNurse moves. The same can be done for the
SwapPatients and ChangeNurse moves.

5.4.1.3 Cooling schedule

We use a geometric cooling scheme. This means that the temperature is reduced
after each iteration by multiplying the current temperature with a cooling rate «,
ie.,

Tk+1 = Osz. (524)

Instead of defining a fixed cooling rate, we define one relative to the number of
iterations. This allows us to use a different number of iterations for the tuning and
evaluation. Let Tj be the initial temperature and Tk be the final temperature after
the last iteration. The cooling rate is then defined as

K/TK

Note that, since the iterations start with k£ = 0, the temperature Tk is the tempera-
ture after it was updated in the final iteration. This is therefore not the temperature
used in the final iteration.

5.4.2 Full algorithm

Using the notation from Table the simulated annealing works as follows:

1. Initialize a solution Q¢ and temperature Ty. Also, set the best incumbent
solution Qpnest = Qo-

2. For k=0,..., K — 1 do the following:

(a) Randomly select a move type (MovePatient, SwapPatients, ChangeNurse
or RemoveNurse) according to the probability vector 6.

(b) In the selected move type, choose an appropriate move p (how this is
done differs per move and is described in Section [5.4.1.2]).
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(c) Create candidate solution @}, by applying move p, i.e., Q) = u(Qx)-

(d) Determine how the objective changes and define
Ay = g(Q1) — 9(Qw)- (5.26)

(e) Sample U ~ Unif(0, 1).

(f) If U < exp (—Ak/Tk), accept the solution and set Q41 = Q.. Other-
wise, we set Qr4+1 = Q. Note that in the case that Ax < 0, the move is
always accepted.

(g) Update the temperature Ty41 = aT}.

(h) If the objective value of the new solution is better than the best in-
cumbent solution, i.e., if g(Qx+1) < g(@vest), then the best incumbent
solution is updated Qpest = Qg1

3. After performing K iterations, the best incumbent solution Qs is returned.

One detail that is important to the simulated annealing algorithm is how the change
in objective Ay is computed. You can simply compute the full objective value again
for the candidate solution and compare against the old objective value, but this is
computationally expensive. As we are only changing a small part of the solution, this
can be done more efficiently. The details of this can be found in the implementation
on Githul

5.4.3 Parameter tuning

Before we can evaluate the simulated annealing algorithm, we must decide on
appropriate values for the various parameters. We fix the number of iterations
K =1,000,000. This value was selected since this is enough iterations for the algo-
rithm to converge to a solution. This is illustrated in Figure [5.6) which shows the
objective value of the current and best incumbent solution at every iteration for a
single run of instance test01. The parameters used are those found at the end of
the tuning procedure. We see that it indeed converges to a solution.

Simulated annealing optimization process
Instance test01

450
—— Current solution

425 - Best incumbent solution

400 -

Objective value
w w w
N w ~
w o w

| | L

300 A

275 A

250 A

0.0 0.2 0.4 0.6 0.8 1.0
Iteration le6

Figure 5.6: A run of simulated annealing for instance testO1. It shows the objective
value for the current and best incumbent solution in every iteration.

L Available at https://github.com/LarsdeHoop/PNRA-problem.
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With the number of iterations fixed, the only parameters that must be tuned are
the initial temperature T, the final temperature T and the four probabilities
Omp, Osp, Oon and Orn. For each parameter, we select several values that are tested.
We test all combinations of these values. Note that several parameter combinations
are disregarded. This happens when Ty < T}, to ensure the temperature decreases,
and when the probabilities do not sum to 1, to ensure 6 is a probability vector.

Since simulated annealing is non-deterministic, the algorithm is run ten times
with each parameter combination. Due to the large computation time required to
run the algorithm several times for each parameter combination, the experiments
are performed using DelftBlue (DHPC, 2024) to reduce the total computation time.
This is a high performance computer that allows several job scripts to run simul-
taneously. However, since DelftBlue has a 24 hour limit for each submitted job,
the number of different parameter combinations in each round of tuning could not
be too high. For this reason, we often consider only three or four options for each
parameter.

In the following sections, three rounds of parameter tuning are discussed. During
the first round, we try different values for each parameter to get a better under-
standing of what parameter combinations perform well and which ones do not. This
is done by looking at the average objective score over all instances of each instance
size class. The objective score is defined in Section[5.1} During the second round, we
search closer around the best parameter combination found during the first round.
In particular, we focus more on tuning the move probabilities. In the last round,
we fix these probabilities and try many different values for Ty and Tk .

5.4.3.1 Round 1

During a preliminary test, reasonable values for the various parameters were deter-
mined. In particular, we observed that the value for 8¢y should be higher than the
other probabilities. This is most likely because moving a patient to another room
changes more about the solution and the objective value. If a patient is moved,
more ChangeNurse moves are required to “repair” the solution.

The values that are tested in the first tuning round are shown in Table[5.5] Note
that the same values are considered for each instance size.

Table 5.5: Parameter options (round 1).

Parameter Values
To {0.1,1,10,100}
Tk {0.001,0.01,0.1}
Onip {0.1,0.2,0.3}
Osp {0,0.1,0.2,0.3}
Ocn {0.5,0.6,0.7}
OrN {0,0.1,0.2,0.3}

After running each feasible parameter combination 10 times, several observations
can be made. In Figure the mean objective score over all runs are shown for
the different instance sizes. Each point represents the mean objective score across
all instances and runs for a single parameter combination for one instance size. In
this figure, we focus on the parameters Ty and fsp. The z-axis only separates the
parameter combinations based on the value for Tj. Different points with the same
value Ty are ordered arbitrarily. The color of each point corresponds to the value
for GSP-
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Figure 5.7: Simulated annealing tuning results (round 1) focused on parameters Tp
and fsp. The z-axis is split based on Ty and the coloring is based on fsp. Parameter
combinations where the value of Ty is the same are ordered arbitrarily.

From this figure, it is easy to see that combinations with T, = 0.1 or fsp = 0
generally have worse outcomes across all instance size classes. In Figure [5.8] these
combinations are omitted and instead of Ty and fgp, parameters Tk and Ogrn are
shown.

Small instances Medium instances
L] .
0.043 -." . 0.085 o
.
0.042 BRI o e
o oD . [ o . °
20.0411 o * ee” g 0:080 ‘us o
H By y o H o e e e
200401 4 4 " P 2 o < ol
g Ul P A § 0075 Bt o
£0.039 =y g .. SN
- .
o
¥ 0.0701 *" &4 s
0.038 o o e v A.:‘
0.037 . ‘ o
0.065
0.001 0.01 0.1 0.001 0.01 0.1
Tk Tk
Large instances
L d
0.100 . N K
] r
o7 0 K] .
o
o 0095 S o - $
8 o ¢ e Orn
20.090 ‘. Iy e 0
€ LLR . LI = 01
= KRR . TR A 02
0.085{ & - o
o NN 4“1 " . ,A"m P e 03
B s e
0.080 . Pl
g
A
0.001 0.01 0.1
Tk

Figure 5.8: Simulated annealing tuning results (round 1) focused on parameters Tk
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each value of Tk the ordering of points is arbitrary. Parameter combinations where
To = 0.1 or fsp = 0 are omitted.
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We see that, for all instance sizes, the results for parameter combinations where
Orn = 0 are clearly worse. This indicates that the addition of the RemoveNurse
move type has a positive effect on the objective value. Additionally, we see that a
higher value for Tk generally leads to better scores for all instance sizes. For the
other two parameters, fyp and Ocn, we could not see such clear patterns and they
are therefore not plotted.

In Table the best parameter combination for each instance size is given.
This is the combination that achieved the lowest objective score averaged over all
instances of that size. They are very similar for each instance size, however, the
most important difference is the value for T for medium instances, which is higher.

Table 5.6: Best parameter combination per instance size (round 1).

Instance size | Ty | Tk | 6mp | Osp | Ocn | Orn | Avg. score
Small 1 (01| 01 |02] 06| 0.1 0.03683
Medium 1001 01 | 021 05| 0.2 0.06595
Large 1 /01| 01 ]02] 05| 02 0.07766

5.4.3.2 Round 2

Based on the results from the first tuning round, we determine new parameter
options for each instance size separately. The following parameter values are tried
for each parameter:

1. The value of the parameter in the best parameter combination (see Table|p.6)).

2. An intermediate value both below and above this value. This is often taken

as the midpoint between this value and an adjacent value from the previously
considered values (see Table [5.5]).

. For each probability parameter, we consider an additional value. This is the
value that appeared most often in the top 10 of parameter combinations,
apart from the value of the parameter in the best parameter combination.
This value is added as it might become better in combination with newly
considered parameter values. For medium and large instances, this was only
done for parameters fyp and Ocn to stay within the DelftBlue computation
time limit.

The resulting options for each instance size are shown in Table [5.7]

Table 5.7: Parameter options per instance size (round 2).

Parameter Values per instance size
Small Medium Large

To {0.5,1,5} {5,10,50} {0.5,1,5}

Tk {0.05,0.1,0.5} {0.05,0.1,0.5} {0.05,0.1,0.5}
Onip {0.05,0.1,0.15,0.2} | {0.05,0.1,0.15,0.2} | {0.05,0.1,0.15,0.2}
Osp {0.1,0.15,0.2,0.25} {0.15,0.2,0.25} {0.15,0.2,0.25}
OcN {0.5,0.55,0.60,0.65} | {0.45,0.5,0.55,0.6} | {0.45,0.5,0.55,0.6}
OrN {0.05,0.1,0.15,0.2} {0.15,0.2,0.25} {0.15,0.2,0.25}

In Figure the results from running all feasible parameter combinations from
Table are shown. Again, each point represents the mean objective score for a
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single parameter combination. We first focus on the values for Ty and Tk . Note
that the medium instances tried different values for Ty compared to the small and
large instances. For this reason there are also more feasible parameter combinations.
Because we want Ty > Tk, we remove combinations where Ty = Tx = 0.5 for the
small and large instances.
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Figure 5.9: Simulated annealing tuning results (round 2) focused on parameters Ty
and Tx. The z-axis is split based on 7j and the coloring is based on Tx. Within
each value of Tj the ordering of points is arbitrary.

Firstly, consider parameter Tx. We can clearly see that, across all instance sizes,
parameter combinations with T = 0.5 produce significantly worse results. We can
also see that combinations with T = 0.1 seem to perform slightly better than with

Tk = 0.05.
For parameter T, we can clearly see that, for the small and large instances,
combinations with Ty = 0.5 generally perform worse, where the difference is

larger for the large instances. The other two values have more similar scores, but
combinations with Ty = 1 have slightly better scores for small instances. For large
instances, it depends on the value of T, which of the two values of Tj performs
better. For medium instances, the worst results are attained when Ty = 50 and the
best results are attained when Tg = 5.

For the other parameters, it is more difficult to see any patterns from such images.
In Figure |5.10} several boxplots can be seen. Each boxplot is made by looking at
all parameter combinations where a certain parameter has a specific value. For
example, the leftmost boxplot in the topleft subplot is made using all parameter
combinations where Oyp = 0.05.

In these plots, the combinations which used the worst values for T and Tk, as
determined using Figure were removed for each instance size. This means that
combinations where Ty = 0.5 or Tx = 0.5 were not included for small and large
instances and that combinations where Ty = 50 or Tx = 0.5 were not included for
medium instances.
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Objective scores for different MovePatient probabilities - Round 2

Small instances Medium instances Large instances
0.0390 0.080
0.0665
o o @O
5 0.0385 5 5
a ? 0.0660 7 0079
2 0.0380 3 3
& S 0.0655 3
200375 Z 2 0.078
° © 0.0650 ©
0.0370 0.077
0.05 0.2 0.05 01 0.15 0.2 0.05 01 0.15 0.2
9MP Oup Oup
Objective scores for different SwapPatients probabilities - Round 2
Small instances Medium instances Large instances
o
0.0390 0.080
0.0665
£ 0.0385 £ g
o o o
a % 0.0660 & 0-079
¢ 0.0380 4 o
k5t B 0.0655 g
& 0.0375 g g 0.078
© © 0.0650 ©
0.0370 Py
0. 0.25 0.15 02 0.25 0.15 0.2 0.25
Qsp Osp Osp
Objective scores for different ChangeNurse probabilities - Round 2
Small instances Medium instances Large instances
0.0390 0.080
0.0665
£ 0.0385 £ £
o o o
a % 0.0660 7 0079
¢ 0.0380 9 o
g B 0.0655 8
& 0.0375 L g 0.078
° © 0.0650 ©
0.0370 P
0.65 0.45 0.5 0.55 0.6 0.45 0.5 0.55 0.6
Ocn Ocn Ocn
Objective scores for different RemoveNurse probabilities - Round 2
Small instances Medium instances Large instances
0.0390 0.080 o
0.0665
o o o
5 0.0385 5 5
a % 0.0660 7 0079
2 0.0380 o 4
kS S 0.0655 g
% 0.0375 % % 0.078
° © 0.0650 °
0.0370 0.077
0.2 0.15 0.2 0.25 0.15 0.2 0.25
Orn Orn Orn
Median ---- Mean

Figure 5.10: Simulated annealing tuning results (round 2) for the move probability
parameters. For small and large instances, parameter combinations where Ty = 0.5
or T = 0.5 were removed. For medium instances, parameter combinations where
To = 50 or Tk = 0.5 were removed.

Based on these figures, we see that there are no clear patterns that occur for all
instance sizes. Additionally, on this scale, any difference between parameters could
very likely be caused by randomness. Furthermore, these plots ignore the depen-
dence that these parameters have. Regardless, we can still observe several things.

For Oy\ip, there appears to be a slight downward trend for the small instances.
On average, Oyip = 0.2 leads to better objective scores. The opposite seems true
for the medium and large instances. There, fyp = 0.2 has the worst objective
scores and lower values are preferred. Instead, the larger instances seem to prefer
higher values for fgp. This could suggest that one million iterations is not enough
to sufficiently improve the solution for large instances. It might therefore prefer to
make moves that more drastically change the solution, such as swapping patients
instead of moving a single patient. The same behavior can be seen for the nurse
related moves. Large instances prefer to use RemoveNurse moves more as this
changes the nurse in more shifts simultaneously.
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In Table the parameter combination that yielded the best average objective
score for each instance size is shown. The same pattern can be seen that small
instances prefer moves that move a single patient or change a single nurse, while
larger instances prefer more drastic moves.

Table 5.8: Best parameter combination per instance size (round 2).

Instance size | Ty | Tk | Omp | Osp | Oon | OrN | Avg. score
Small 1 0102 0.1 0.6 0.1 0.03671
Medium 5 101]0.1 0.25 | 045 | 0.2 0.06464
Large 1 |011|0.15 | 0.2 0.45 | 0.2 0.07674

5.4.3.3 Round 3

For the final round, we only focus on the temperature. During the previous rounds,
we found that changing the temperature has more impact on the objective value
than changing 6. For this reason, we use the 6 values belonging to the best found
parameter combination from the previous round. We try multiple different values
for Ty and Tk . These can be found in Table

Table 5.9: Parameter options per instance size (round 3).

Instance size To Tk
Small {0.6,0.7,0.8,0.9,1,2,3,4} | {0.06,0.07,0.08,0.09,0.1,0.2,0.3,0.4}
Medium {2,3,4,5,6,7,8,9} {0.06,0.07,0.08,0.09,0.1,0.2,0.3,0.4}
Large {0.6,0.7,0.8,0.9,1,2, 3,4} | {0.06,0.07,0.08,0.09,0.1,0.2,0.3,0.4}

The results for running these various choices for Tj and Tk are shown in Figure[5.11
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Figure 5.11: Simulated annealing tuning results (round 3) focused on parameters
To and TK.
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From this, it is clear that values Tx = 0.3 and T, = 0.4 produce worse results for all
instance sizes. Additionally, we see that, for all instance sizes, the lowest objective
score is attained for Ty = 2. In Table the best combination of parameter
values for each instance size class is given.

Table 5.10: Best parameter combination per instance size (round 3).

Instance size | Ty | Tk | Omp | Osp | Ocn | Orn | Mean score
Small 2 | 0.06 | 0.2 0.1 0.6 0.1 0.03644
Medium 2 102 0.1 0.25 | 045 | 0.2 0.06363
Large 2 10.09 | 015 0.2 0.45 | 0.2 0.07600

5.4.4 Computational results

In Table the results from simulated annealing with the parameters from Ta-
ble are given. Since simulated annealing is a random search algorithm, the
results shown are averaged over ten runs. In each run, a new initial solution was
randomly created using the procedure from Section [5.4.1.1] The final column re-
ports the time needed for ILP Formulation to find a solution with a better
objective value than the average simulated annealing objective value, using the run
from Section .3l

Table 5.11: Simulated annealing results. A “-” indicates that the ILP never found
a better solution within 8 hours.

Instance | Objective | Runtime (s) | . Time for ILP
improvement (s)
testO1 247.335 54.778 18.124
test02 358.835 55.399 3075.541
test03 144.335 55.558 4.298
test04 385.145 60.123 -
test05 181.445 57.660 11.250
test06 467.965 60.045 21934.894
test07 857.603 77.321 9408.895
test08 624.040 72.461 -
test09 852.985 73.524 14922.601
test10 3411.882 136.188 -

For most instances, performing one million iterations of simulated annealing takes
roughly 1 minute. For the large instance test10, this is over two minutes. This is
because larger instances have more moves for each type, take more time to calculate
the change in objective for a specific move and have a larger solution that must
be copied each time a better solution is found. This means that larger instances
generally take more time per iteration.

Despite that, the objective values found are generally very good. Even though
it only took roughly one or two minutes to complete, the simulated annealing algo-
rithm is sometimes able to find better solutions than running ILP Formulation
for 8 hours. This happens for instances test04, test08 and test10. Additionally, for
instances test06 and test09, it takes many hours for the ILP to improve upon this
solution.
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5.5 Comparison

The results from Tables and are summarized in Table This allows
us to more easily compare the different heuristics.

Table 5.12: Objective values obtained using the different heuristics. Values are

taken from Tables and

Greedy Greedy Interval | Simulated

(seq.) (non-seq.) | heuristic | annealing
test01 279.332 257.217 243.753 247.335
test02 412.007 372.583 363.965 358.835
test03 165.107 142.633 | 142.450 144.335
test04 434.395 382.033 415.487 385.145
test05 213.592 180.633 177.215 181.445
test06 540.088 473.167 475.327 467.965
test07 943.687 861.733 872.990 857.603
test08 707.925 622.683 | 634.853 624.040
test09 961.818 802.033 | 861.315 852.985
test10 3562.593 3062.883 | 3931.072 3411.882

Instance

Comparing the four heuristics, we clearly see that the greedy sequential heuristic
has the worst performance out of all the heuristics. Only for instance test10 does the
interval heuristic have a higher objective value. The greedy non-sequential heuris-
tic performs much better, especially for larger instances. For the small instances,
the heuristic is held back by the patient-to-room assignment. Instead the interval
heuristic and simulated annealing perform better in those cases.

Note that the comparison made here is not entirely fair. The results for each
heuristic were computed using very different runtimes. The greedy heuristics were
given a runtime limit of five minutes, while the interval heuristic was given a run-
time based on the length of the planning horizon. Additionally, all the results for
simulated annealing were obtained using K = 1,000,000 iterations which often took
between one and two minutes. Because of these differences in runtimes, it is an un-
fair comparison. In Chapter [6] we give each heuristic the same maximum runtime
and evaluate them on the evaluation dataset defined in Section .11
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Chapter 6

Evaluation

In this chapter, the heuristics described in Chapter [5| are evaluated. Firstly, in
Section the heuristics are run for the evaluation instances and the results are
discussed. Then, Section [6.2] analyses how the weights impact the solution.

6.1 Evaluation

In this section, we evaluate the heuristics introduced in Chapter [5 This is done on
the evaluation dataset defined in Section 5.1} Recall that during the tuning of each
of the heuristics, several different time limits were used. For the greedy heuristics,
a time limit of five minutes was used. For the interval heuristic, a time limit was
set based on the number of weeks in the planning horizon. For simulated annealing,
one million iterations were performed regardless of runtime.

In order for us to more fairly evaluate each heuristic, we give each heuristic the
same maximum runtime. In particular, we use the idea from the interval heuristic
where the runtime is based on the length of the planning horizon. For each week,
the heuristics have 2.5 minutes of runtime. For the greedy and interval heuristics,
this limits only the solving time of the ILPs and not the model creation time. For
smaller instances, this is often negligible. However, for larger instances, it can take
more time.

For simulated annealing, using this runtime is slightly more work. As we only
define the number of iterations K instead of a runtime limit, we approximate the
number of iterations needed. To do this, the simulated annealing algorithm is first
run for K = 1,000,000 iterations. If ¢ is the runtime for this amount of iterations
and tgoa1 is the desired runtime limit, then the new number of iterations is set to be

t oa.
K = (1,000,000 ] (6.1)

This assumes that each iteration roughly takes the same amount of time to
calculate and computes the appropriate value for K based on that. Note that,
since the cooling rate a depends on the initial temperature Ty, final temperature
Tk and the number of iterations K, we can use the same parameters as determined

in Section 5.4.3
In Table the results for the greedy heuristics are shown. Note that for instance

m19, the patient-to-room assignment heuristic was not able to find a solution within
a reasonable time. The algorithm was manually terminated after several hours since
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there was no built-in runtime limit. The reason why this took so long is because
instance m19 is a very busy instance. On almost every day, the rooms are at full
capacity. This makes it harder to find a feasible room assignment. Additionally,
there are 18 rooms available in the instance. This means that in each step of the
algorithm, there are more options for a patient. Backtracking to an earlier patient
assignment therefore takes much more time.

Table 6.1: Results for the greedy heuristic. A “-” indicates that the greedy heuristic
found no solution within a reasonable time.

Patient-to-room Nurse-to-room
Instance Sequential Non-sequential

Runtime (s) Objective | Runtime (s) | Objective | Runtime (s)
m01 0.321 906.882 0.387 872.033 1.177
m02 0.280 323.045 0.548 279.950 95.615
m03 0.209 289.900 0.206 277.183 0.265
m04 0.429 471.347 0.501 434.700 300.227
m05 0.480 499.373 0.512 455.283 300.305
m06 1.059 924.947 1.886 781.167 600.747
m07 0.531 643.730 0.545 601.883 300.216
mO08 1.621 1183.157 2.342 982.783 601.051
m09 1.859 2177.377 2.376 | 2012.333 601.035
ml0 0.984 1154.470 1.400 | 1045.600 450.927
mll 2.409 1500.852 3.453 | 1154.883 602.164
ml2 1.846 1686.765 2.909 | 1493.833 451.613
ml3 2.574 1580.527 6.995 | 1301.000 456.523
ml4 1.797 1338.422 2.966 | 1147.750 301.226
ml6 1.867 1663.323 3.119 | 1506.150 302.102
ml7 1.649 1512.165 2.429 | 1349.700 301.009
ml9 - - - - -
m21 2.148 1986.157 4.083 | 1847.833 301.458
ml5 3.587 3198.123 8.676 | 2989.917 605.619
ml8 2.595 1917.645 7.759 | 1706.767 301.854
m20 2.651 1805.113 6.718 | 1503.717 302.389
m22 2.668 1568.878 14.084 | 1297.350 302.147
m23 3.726 2005.803 22.890 | 1772.217 306.685
m24 6.928 3154.407 30.384 | 2809.267 458.220
m25 3.864 2346.198 10.606 | 2130.933 454.214
m26 6.794 3827.528 21.617 | 3329.767 615.647
m27 2.767 2003.418 10.010 | 1753.700 303.972
m28 11.657 3838.658 77.545 | 3224.450 608.655
m29 6.788 3343.910 23.873 | 2608.267 611.303
m30 7.682 4203.528 50.064 | 3916.433 461.113

One of the differences between these results and those of Table [5.1] is that the
runtimes are generally higher. For the non-sequential nurse assignment, this is to
be expected as the runtime limit is also higher for most instances. The sequential
nurse assignment, however, could previously be solved within a second or two,
except for instance test10 which took roughly 20 seconds. Now, for the evaluation
instances, it can sometimes take roughly a minute to find a solution. This could be
due to the fact that these instances are, in general, larger than the instances used
throughout training, which increases the runtime.
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When comparing the results between the sequential and non-sequential nurse
assignment, the same conclusion can be made as in Section For all instances,
the non-sequential assignment outperforms the sequential assignment. This is
logical as the non-sequential assignment solves an ILP that tries to find the optimal
nurse assignment for a fixed patient assignment, whereas the non-sequential
assignment only tries to optimize the nurse assignment for each shift individually.
The sequential solution is therefore part of the non-sequential ILP’s solution space
and it therefore finds a better solution, provided that the computation time is
sufficiently large.

Next, the results for the evaluation instances of the interval heuristic are given in

Table [6.2

Table 6.2: Results for the interval heuristic.

Instance | Objective | Runtime (s) 1;1 1;11;;}1?1(68 ) ;[‘;26(0(;3
mO01 824.908 301.819 600 50.00
mO02 274.118 600.495 600 25.00
m03 258.433 85.917 300 0.00
m04 429.198 300.945 300 100.00
mO05 450.187 301.279 300 100.00
mO06 841.562 253.293 600 17.86
mO07 622.025 55.541 300 2.86
m08 1069.415 530.735 600 61.43
m09 2019.463 478.659 600 72.86
ml0 1033.155 306.796 450 36.36
mll 1334.780 444.730 600 62.86
ml2 1591.500 457.746 450 81.82
ml3 1649.868 420.012 450 87.27
ml4 1270.928 315.284 300 100.00
ml6 1664.422 313.168 300 98.57
ml7 1427.437 312.783 300 98.57
ml9 1603.237 310.342 300 100.00
m21 2095.982 315.121 300 100.00
mlb 3065.888 619.935 600 74.29
ml8 1880.235 302.562 300 66.43
m20 1781.325 287.155 300 65.71
m22 1565.772 331.615 300 70.71
m23 2097.650 296.415 300 68.57
m24 3145.672 490.055 450 70.48
m25 2306.762 436.928 450 74.76
m26 3841.007 611.777 600 66.79
m27 1978.795 239.667 300 54.29
m28 4406.160 740.689 600 75.71
m?29 3941.432 534.965 600 45.36
m30 6072.215 572.168 450 78.57
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When looking at the mean runtime and budget for instance m01, it seems almost as
if the wrong runtime limit was set. The average runtime seems much closer to five
minutes, while the budget was 10 minutes. This could be explained by looking at
the number of new arrivals in each interval. Note that, since instance m01 is a small
instance, each interval consists of seven days. In the first interval, there are a total
of 17 new patients arriving, which need to be assigned to a room. In the second
interval, this is even higher at 28 new patients. In these first two intervals, the
ILPs reach the runtime limit. In both of the remaining intervals, five new patients
arrive. This makes the ILPs much easier as only a small number of patients need
to be assigned to new rooms. The ILP for each of these two last intervals can be
solved very quickly, which means that the runtime is mostly determined by the first
two intervals. Since they both reach their runtime limit of 150 seconds, the total
runtime is around 300 seconds.

Apart from instance m01, there are three other instances that stand out because
of their runtimes. The first of these, m07, stands out because of the low runtime.
Most other medium instances have a much larger runtime. This might suggest that
instance m07 could handle longer intervals and maybe does not belong with the
medium instances. In constrast, instances m28 and m30 have much larger runtimes.
They both exceed their runtime budget with more than two minutes. This is caused
mostly because the budget does not include the time needed to create each ILP.
Although each interval only consists of a single day for these instances, it still takes
a long time to create the model. These two instances are the largest of all the
instances, so this is not surprising.

When comparing the solution quality with those from the greedy heuristic, we
generally see that the interval heuristic performs better for smaller instances, while
the greedy heuristic performs better for larger instances. This is generally because
larger instances consider shorter intervals to prevent the ILPs from becoming too
difficult. For large instances, each interval considers only a single day. Despite
that, it still has trouble solving each individual ILP. This leads to sub-optimal
solutions being selected and used for the next intervals.
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In Table the results for the simulated annealing heuristic are given.

Table 6.3: Results for simulated annealing

Instance K Objective | Runtime (s) bigggcnzg)
m01 10,271,089 835.427 602.685 600
m02 10,202,009 277.552 592.623 600
mO03 5,529,816 260.672 317.440 300
m04 5,404,640 425.912 319.552 300
m05 5,199,085 437.525 315.259 300
m06 7,289,543 792.748 574.882 600
m07 4,872,798 617.645 322.200 300
mO08 7,627,374 992.088 633.697 600
m09 7,268,657 | 1919.398 581.121 600
m10 6,392,651 | 1016.657 477.388 450
mll 6,854,462 | 1231.040 586.029 600
m1l2 5,551,440 1484.527 443.389 450
m13 4,928,426 | 1353.840 |  449.166 450
ml4 3,919,420 | 1161.270 319.669 300
ml6 3,792,408 | 1471.692 299.230 300
ml7 4,151,479 1317.112 328.041 300
m1l19 3,888,633 1518.827 299.259 300
m21 3,848,966 1898.120 302.857 300
mlb 6,295,362 | 3057.700 571.819 600
ml8 3,743,338 | 1733.962 318.683 300
m20 3,418,675 1557.273 300.614 300
m22 3,421,643 1331.782 309.045 300
m23 3,172,343 | 1763.392 302.975 300
m24 3,605,884 | 2901.070 398.328 450
m25 4,651,607 | 2172.640 421.210 450
m26 4,425,129 | 3440.133 535.032 600
m27 3,481,687 1772.430 297.135 300
m28 3,082,765 | 3412.828 491.609 600
m29 4,039,533 | 2862.192 481.104 600
m30 3,248,726 | 4080.588 414.284 450

Observe that the method for approximating the runtime worked reasonably well.
For some instances, it overestimated the runtime and for others the runtime was
underestimated. The largest difference between the runtime and the runtime
budget was for instance m29, where the real runtime was roughly two minutes
below the runtime budget. This difference could have been reduced by initially
using a value for K that was closer to the value presented in Table [6.3}

The results from Tables and [6.3] are summarized in Table These results
are also visualized in Figure [6.1} It shows the objective score for the different
heuristics. Recall that the objective score was defined in Section [5.1] and allows us
to compare the objective value for different instances. Note that, since the greedy
heuristic was unable to find a solution for instance m19, this instance is not included
in the boxplot for both greedy heuristics for the medium instances.
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Figure 6.1: Results for all heuristics on the evaluation dataset.

When looking at the results for the small instances, we see that the interval heuristic
and simulated annealing algorithms yield the best objective scores, with the inter-
val heuristic having a slightly better mean and median score. The non-sequential
greedy heuristic is often worse than these other heuristics. Since the nurse-to-room
assignment was often solved within the time limit (see Table , a better patient-
to-room assignment heuristic is needed to achieve better solutions.

For the medium and large instances, the interval heuristic is no longer the best.
Due to the increased problem size, the heuristic is no longer able to sufficiently solve
the ILPs, which leads to worse performance. This is especially clear for the large
instances, where it is on average worse than the greedy sequential heuristic. For the
medium instances, the best mean score is obtained using the greedy non-sequential
heuristic, while the best median score is obtained using simulated annealing. For
the large instances, the greedy non-sequential heuristic has both the best mean and
median score.

6.2 Sensitivity analysis

In this section, we investigate what the impact of different weights is on the solution
and how sensitive each objective component is to changing the weights.

Recall that simulated annealing accepts certain worsening moves with a proba-
bility based on how much the objective changes. This change in objective is denoted
with Ay for iteration k. If we change the weights of the objective components, then
this also changes how small or large Ay is. If, for example, all weights were set
to ﬁ, then Ay would also become 100 times smaller. This also means that the
algorithm is much more likely to accept this move, as worsening moves are accepted
with probability exp(—Ay/Ty). If we keep the same parameters for Ty and Tk, the
algorithm might not converge to a solution due to this high acceptance probability.

For this reason we must ensure that the weights remain of a similar size. In
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particular, we assume that the weights are scaled such that

ﬂcc + ﬂgm + ﬁsv + ﬂwv + Bwi =5. (6.2)

Although a change in g still changes the value of Ay, this ensures that it has
roughly the same order of magnitude. For the greedy and interval heuristics, the
scale of the weights does not matter for performance, but we still assume they are
normalized.

To investigate the impact of changing the weights, we look at instance mOl. In
Section we determined that the best heuristic for this instance is the interval
heuristic. We therefore use this heuristic to do the analysis. For each weight, we
try values 0, 1, 2, 3, 4 and 5. The other weights are all set to the same value while
ensuring Equation is satisfied. For example, if we set B.. = 3, then the other
weights are all set to 0.5. This is done for each weight to see how this changes the
obtained solution.

In order to display the results in a single figure, we must rescale the objective
component values. This is because each objective component has very different
ranges of possible values. For example, the continuity of care has a value around
300, while the gender-mixing component has a value around 10. Rescaling allows
us to compare results more easily. We use a similar procedure as in Section [5.1
The main change is that we now consider the lower and upper bounds for the
individual objective components instead of the weighted objective function. We
call the obtained value the component score. The lower and upper bound needed
to compute this can be obtained using the methods described in Sections
and In particular, we use the partial relaxations to obtain these bounds.
These are given for instance m01 in Table

Table 6.4: Lower and upper bounds for each objective component for instance m01.

Type of Continuity | Gender- Skill Workload | Workload

bound of care mixing | violations | violations | Imbalance
Lower bound 257 0 251 31 4.967
Upper bound 543 81 904 695 161.317

Using these bounds, we can see the impact that changing a singular weight has on
the solution. In Figure these results are shown. Note that we still use the same
runtime budget of 10 minutes for the interval heuristic and average over ten runs.
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Figure 6.2: Results of sensitivity analysis. Each subplot shows how each objective
component changes when a singular objective weight is changed.

For each objective component, we see that increasing its weight decreases the corre-
sponding objective component value. This makes sense as more emphasis is placed
on minimizing that objective component. Consequently, the other objective com-
ponents then increase in value. There are several exceptions to this.

One of these exceptions is for the gender-mixing weight Ber,. When this weight is
increased, the other components change very little. This could be explained by the
fact that this instance is not very busy. On average, only 63.3% of beds are occupied.
This means that it is easier to swap patients around to optimize the other objective
components, while primarily minimizing the gender-mixing objective. Only when
Bem = 5, are the other components changed much. This is because the other
components have weight 0 and are not taken into account at all.

Other exceptions are the workload violations and workload imbalance compo-
nents. We see that, if one of these weights increases, both objective components
decrease at the same time. This makes sense as both components aim to evenly
distribute workload across nurses. Only when Sy, = 5 and the workload imbalance
is no longer taken into account does the workload imbalance objective increase
again. This is because, in that case, the model only wants to make sure each nurse
has a workload below their maximum. It does not care whether a nurse is assigned
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no workload at all during a shift. This is the main reason why this additional
objective component was included in the problem formulation.

Another observation that can be made regarding the workload violation and
workload imbalance components is when By, = 0. In that case, we see that,
the workload violation component increases as it is no longer taken into account.
However, the workload imbalance component also increases a lot. Since the work-
load imbalance objective has generally very small values compared to the other
objective components, it prioritizes minimizing those other components to achieve
a lower weighted objective value. Without the workload violations objective, the
model does not have enough incentive to evenly distribute workload and instead
minimizes the other objectives. This might indicate that we need both objectives or
that we need to increase the workload imbalance weight relative to the other weights.

Overall, we see that changing the continuity of care and the skill violations weights
has the most impact on the other objective components. The gender-mixing, work-
load violations and workload imbalance weights change the other objective compo-
nents very little. Out of all objective components, the gender-mixing component
seems to change most when other weights are changed.
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Chapter 7

Online version of PNRA

In this chapter, we extend the problem by including emergency patients into the
problem, which are not known to the planner beforehand. In Section the up-
dated problem is described, including the changes to the objective function. Then,
Sections describe the changes made to each of the heuristics to allow for
use in the online setting. Lastly, these heuristic are tested on online instances in
Section

7.1 Updated problem description

In the original problem description from Section we assumed that the problem
is static and deterministic. We assumed that all patient information was known
and that it could not change. In practice, however, this is not the case. For
example, patients could arrive unexpectedly because of some emergency. To make
the problem more realistic, we add these emergency patients to the problem.

We call a patient an emergency patient if they were not known to the planner
beforehand and arrive unexpectedly. The day that a patient becomes known to
the planner is called the registration day dres. Although we call them emergency
patients, their registration day may be several days before they are admitted. This
might be a patient that must be treated quickly, but is not in a life-threatening
situation. Every time a new patient is registered, the schedule must be revised
and changed to fit them in. It is therefore an online problem. When the schedule
is updated, all previous decisions are fixed. So, for patients that were admitted
before the current day, the room assignment is fixed. Similarly, the nurse-to-room
assignments for previous days is also fixed. Other decisions that are made in the
future can still be changed.

To more formally describe this online problem, we use some notation used in the
ILP from Chapter [3] Although we do not formulate an ILP to solve the problem,
this is useful to more accurately describe how things change compared to the offline
version. Furthermore, these ideas are used in the ILPs for the online greedy and
interval heuristics.

In the online version, several important symbols from Section [3.1] change slightly in
meaning. Similar to the offline problem, we still consider a planning horizon of days
D with corresponding shifts S. We refer to the first day of D as the current day.
We assume that on this day, the schedule must be updated to fit in new emergency
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patients. In particular, the set P consists of all patients that are registered on the
current day. The set P can be split into three different sets O, Pyq and Pew-

Similar to the offline setting, the set O denotes the current occupants. These
patients were admitted before the current planning horizon and are therefore al-
ready assigned to a room. This room is denoted with rp.ev(p) for patient p € O.
One change compared to the offline setting is that we now take the previous nurse
assignment into account. We let Npev(p) denote the set of nurses that were previ-
ously assigned to patient p € O. We use this set to compute the continuity of care
for p € O within the current planning horizon. In terms of ILP constraints, this
could be implemented using constraints

anp =1, Vp € O, n € Npev(p), (7.1)

where ay,), is defined in Section This ensures that nurses that were previously
assigned to a patient p € O already count towards the continuity of care value for
that patient.

The sets Pylq and P,ew are new to the online problem. Unlike the occupants,
these patients are admitted during the current time horizon and therefore are not
already assigned to a room. The main difference between the two sets is that the
patients in P,q where already known before the current time horizon. This means
that they were included when a schedule was made in the past. For these patients,
we therefore know the room assignment determined in that schedule. In particular,
for p € Pyq and r € R, we know the value for patient-to-room assignment variable
ypr- These values can be used as a warm start for ILPs or for the initial solution in
simulated annealing. The set P,e consists of patients that were newly registered
on the current day. They were therefore not included in previous schedules.

Similar to how the patient-to-room assignment from the previous schedule can be
used, we can also use the previous nurse-to-room assignment. In particular, let
Sprev C S be the shifts in S that were also considered during the previous schedule.
We might have Sy # S when we consider a rolling horizon approach in which,
for example, we always schedule 7 days ahead. This means that the previous
schedule did not consider some of the days in D. For s € Sprev, we know the value
for nurse-to-room assignment variable s for n € N(s) and r € R. Similar to the
patient-to-room assignment variable, we can use this as a warm start for ILPs or
for the initial solution in simulated annealing.

The OPNRA (Online Patient and Nurse to Room Assignment) problem can
now be described. The goal is to find a feasible patient-to-room assignment and
nurse-to-room assignment such that previous decisions are taken into account
while also accounting for additional unknown patients arriving in the future. We
still try to minimize the same objective components described in Section [2.2.3
i.e., continuity of care (S1), gender-mixing (S2), skill violations (S3), maximum
workload violation (S4) and workload imbalance (S5). These values are minimized
each time the schedule is updated. However, to evaluate a scheduling method, a
longer time period is considered in which the schedule is updated several times.
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Note that, similar to the interval heuristic from Section m a feasible instance can
become infeasible when a choice is fixed. This is highlighted in Example

Example 7.1.1. We consider two nearly identical instances. Let both instances
consist of two days and two rooms r1 and ro, which both have a single bed. In
both instances, there is a known patient py staying for two days. There is also an
emergency patient po arriving on the second day and only registering then. In each
instance, this patient has a different incompatible room:

e In one instance, room 11 is incompatible for patient ps. To ensure feasibility,
patient p1 must be assigned to room ry.

e In the other instance, room ro is incompatible for patient ps. To ensure fea-
sibility, patient py must be assigned to room 3.

In an offline setting, both instances are feasible. Because, in that case, we know
that patient pa cannot stay in one of the two rooms, we must assign patient py to
that room instead. In an online setting, this is not the case. Because patient ps is
unknown to the planner on the first day, any (deterministic) algorithm makes the
same assignment for patient p1 in both instances. This means that one of the two
instances becomes infeasible.

This example highlights that an instance feasible for the offline PNRA problem
might become infeasible in an online setting depending on the choices made during
earlier shifts. There are several ways to deal with this:

o Soften incompatible room constraint: if the incompatible room constraint is
softened, the only remaining hard constraint regarding patient-to-room as-
signment is the capacity constraint. As long as the number of patients does
not exceed the total capacity in each shift, the problem is feasible. This solu-
tion is, however, not ideal as this means that patients can stay in rooms that
do not have the correct equipment needed.

e Cancel/delay planned patients: planned patients could be canceled or delayed
until the problem is feasible. This would ideally not be done by an algorithm
but instead by a planner with knowledge about the severity of the patient’s
condition to evaluate which patient could best be canceled.

o Allow transfers: originally, transfers were not included to simplify the problem
as they were not needed for a feasible solution. If we allow transfers, the online
problem remains feasible.

Out of these possible options, allowing transfers seems most realistic to include in
our algorithms. As transfers are inconvenient for both patients and nurses, we want
to minimize the number of room transfers as much as possible. This is therefore
also included in the objective function with weight £;,. We assume that transfers
can only occur for the current occupants O. This means that transfers are not
planned days in advance, but rather only occur when needed to produce a feasible
solution. To implement this in an ILP, we could add binary variable v;“f forpe O
and constraints
v =1

b ~ Yprpwee(p), P EO. (7.2)

Adding v;f for p € O with weight S, to the objective function ensures that trans-
ferring a patient to a different room is penalized. Because we only transfer current
occupants, most heuristics from Chapter [5| need only small changes to work in the
online setting. In particular, three changes can be made for all heuristics:
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e Transfers must be allowed for current occupants.

e Continuity of care calculation must account for previous (fixed) nurse assign-
ments, i.e., Nprev(D).

e Assignments from previous schedules can optionally be used for an initial
solution.

How these changes are implemented in each of the heuristics, is discussed in Sec-
tions [(.2H7.4]

7.2 Online greedy heuristic

The greedy heuristic from Section [5.2] can be adapted into an online heuristic by
making several changes.

Recall from Section[5.2.1]that the offline patient-to-room assignment heuristic starts
with assigning current occupants to the correct room. However, because transfers
are allowed in the online problem, this changes slightly. Instead, the current oc-
cupants are treated similarly as the other patients. The set of feasible rooms is
determined and then sorted. The main change is that the first room in their feasi-
ble room list is always the room that they were assigned to previously. This ensures
that transfers only occur when they are necessary for feasibility. Note that this does
not take into account the weight B, which is similar to how the gender-mixing
weight (g was not included in both the online and offline heuristic.

Although this does allow for transfers, it might be very slow. If a transfer
is needed to ensure feasibility, the algorithm first tries all options for the other
patients before finally changing the room of an occupant. Because there are many
possible room assignments, this might take very long.

The nurse-to-room assignment heuristic is even easier to change. Recall that, in the
sequential heuristic, the set N;(p) denoted the set of nurses that were assigned to
patient p € P in shifts scheduled before shift s. Originally, this set was initialized as
an empty set and was updated each time a new nurse was assigned to patient p. In
the online version, we assume that each occupant p € O has a set Npyev(p) denoting
the set of nurses that were assigned to them before the current shift. Initializing
N (p) = Nprev(p) for occupants takes into account the previous nurse assignments.
The ILP is therefore the same as Formulation .

For the non-sequential heuristic, we can take this into account by replacing
Constraint for patients p € O with Constraint . This ensures that, for
a patient p € O, a nurse n € NMyey(p) already counts towards the continuity of
care objective. The ILP used in the online non-sequential greedy heuristic is given
in Formulation . Note that Constraints and could be removed
for p € O and n € Npyyev(p). This was however not done when writing out the ILP
in Formulation for simplicity. In the implementation, these constraints are
removed.

Lastly, for both the sequential and non-sequential heuristics, we can use the previ-
ously made schedule. In particular, we initialize the values s for s € Sprev, 1 €
N(s), r € R using the previous values. This can reduce the computation time
needed to solve the ILPs.
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7.3 Online interval heuristic

The interval heuristic introduced in Section [5.3] can be adapted into an online
heuristic by making several changes.

Due to the possible transfer of occupants O, Constraint ((5.11)) must be slightly
changed. For the first interval £ = 1, we add binary variable v;,r for p € O and
change the constraint to be

Ypri(p) =1 =1, VP €O, (7.3)
where, for k = 1, rp_1(p) is the previous room 7pev(p) patient p € O was

assigned to. This constraint adds a penalty term if occupant p is not assigned
to that room. These variables are added to the objective function with weight
Bir.  For interval & = 2,..., K, the constraint can remain as is, forcing pa-
tients to remain in the same room as in the previous interval. Making these
changes ensures that only current occupants can be transferred. The updated ILP
is given in Formulation . Note that we use here that P*~1NP* = O for k = 1.

To account for the previously assigned nurses Nprev(p) of a patient p € O, we do
not have to change the ILP. In the offline algorithm, a set N (p) was defined for
each interval £k = 1,..., K and each patient p € P. This set denoted the set of
nurses that was assigned to patient p before interval k. For & = 1, this set was
empty. After each iteration, the set was updated based on the nurse-to-patient
assignment. To account for Npyey(p), we can simply initialize Ny (p) = Nprev(p) for
k=1 and p € O. Together with Constraint 7 this ensures that for p € O a
nurse n € Npev(p) already counts towards the continuity of care objective.

Lastly, similar to the greedy heuristic, we can use the schedule made on a previous
day. In this case however, we can set both variables y,,, and x,,s. In particular, for
p € OU P,4 and r € R, we initialize the value of y,, using the previous schedule.
Similarly, for s € Sprev, n € N(s) and r € R, we initialize the value of z,,,s using
the previous schedule.

7.4 Online simulated annealing

The simulated annealing algorithm described in Section [5.4] can be adapted to an
online heuristic by making several changes.

To allow the current occupants to transfer rooms, we must make some changes to
how the MovePatient and SwapPatients moves are randomly selected. In particular,
we must now allow all patients p € P to change rooms, instead of only the non-
occupants.

To randomly select a MovePatient move, we first randomly select a patient p € P
with |R(p)| > 2. Afterwards, we randomly select a new room r € R(p) \ {rx(p)},
where 7 (p) denotes the assigned room of patient p during in solution Q.

To randomly select a SwapPatients move, we randomly select a pair of patients
(p1, p2) from the set

{(p1,p2) : p1, P2 € P, p1 # pa,
r&(p1) € R(p2), mx(p2) € R(p1), (7.4)
T’k(pl) # T(pz)}-
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For both the MovePatient and SwapPatients moves, we must also make a
change to how the change in objective Ay is calculated. In particular, if an
occupant p € O is moved from the room they were assigned to originally, i.e., from
room Tprev(p), then a penalty with weight 8y, is added. If the occupant is moved
back to that room, the same weight is subtracted from Ajg. This ensures that
transfers are correctly taken into account.

In addition to changes to the MovePatient and SwapPatients moves, we also make
a change to the RemoveNurse move. Because the nurse assignment in previous
shifts is already fixed, some nurses cannot be removed from the nurse set N (p) for
a patient p € O. In particular, these are nurses that are also in n € Nprev(p). This
can limit the number of RemoveNurse moves that are available.

Lastly, we can use the previous schedule as an initial solution Qg in the simulated
annealing algorithm. In particular, we construct an initial solution in the following
way:

e Patients p € O U P,)q were included in a previous schedule and so we can
assign them to the room that they were assigned to.

e Patients p € Py, are newly registered patients and were therefore not as-
signed to a room in the previous schedule. We assign them randomly to a
room r € R(p), i.e., a room that is compatible for patient p. This is similar
to how the initial solution was determined in the offline algorithm.

e The shifts s € S,q were considered in the previous schedule, so we can use
the nurse-to-room assignment of those shifts for the initial solution.

e The shifts s € S\ Soq were not considered in the previous schedule. For
those shifts, we must do a random assignment of nurses. Similar to the offline
algorithm, this is done by, for each room r € R and s € S\ So14, randomly
assigning a nurse n € N(s)

This gives an initial solution that can be used in simulated annealing.

7.5 Online evaluation

In this section, we compare the online versions of each of the heuristics. For each
heuristic, the same parameters and design decisions as described in Chapter [5| are
used. In Section [7.5.1] we describe the data used to evaluate these heuristics and
how the evaluation is performed. Then, in Section the results are shown.
Furthermore, in Section [7.5.3] the impact of the transfer weight 8y, is determined.

7.5.1 Data and experiment setup

In order for us to evaluate the results in an online setting, we transform the datasets
used throughout this thesis into online variants. This allows us to compare the
results from the online and offline settings. To transform the data, we must select
several patients and label them as emergency patients. In particular, each (non-
occupant) patient has a probability 7 of being selected as an emergency patient. In
reality, the value for m depends on, for example, the region, department and time of
the year. Several values are therefore tested. Based on data from Dutch academic
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hospital Erasmus MC, emergency patients make up roughly 11.6% of patients in
a ward. For this reason, we use 0.1 and 0.15 as values for w. For each emergency
patient, we must also randomly generate the day at which they become known to
the planner, known as the registration day d;cs. We assume that this is either 0, 1
or 2 days before their arrival. This value is selected randomly with probability 0.4,
0.4 and 0.2, respectively.

For each original instance and each value of 7, five new online instances are
randomly generated. Note that, if a newly generated online instance contained no
emergency patients, then we keep resampling until there is.

Now that we have a dataset on which to evaluate the heuristics, we must determine
how this is done exactly. Let Dg, denote the full planning horizon on which we
are making and evaluating the schedule. This set is the same as the set D used
in the offline evaluation. Based on the registration days of the emergency patients,
we have several days on which we must update the schedule. These are denoted
using Dy C Dgy1. For each schedule update day d, € D,, we consider the planning
horizon until the end of the full planning horizon. If we denote this with D, for
dy € Dy, then

Ddu = {duadu+1a---7|Dfull|}- (75)

Each day d,, the previous schedule must be updated to fit in the emergency
patients. However, the first day of the full planning horizon Dy, does not have a
previous schedule. In that case, the assignments must be made from the beginning.
This means that we can not use the warm start for the greedy and interval
heuristics. For the simulated annealing algorithm, we can not use the previous
schedule for the initial solution and must therefore use the offline initialization
procedure discussed in Section but only taking into account the currently
registered patients. Also note that for each occupant p of the first day, the set
Nprev(p) = [Z)

Recall that in Chapter[6} the heuristics were evaluated using the same total runtime
limit. This runtime limit was defined by looking at the total length of the planning
horizon. For each week, 2.5 minutes of runtime was given. In the online setting, this
must slightly change. Each time the schedule is updated, the length of the planning
horizon decreases and might no longer be multiple weeks. Instead of allocating
2.5 minutes each week, we instead give 20 seconds for each day. This means that
the runtime limit is slightly lower than it was originally. For example, a planning
horizon of four weeks was originally given 10 minutes and is now given 9 minutes
and 20 seconds.

Despite of these lower runtime limits, the time it takes to evaluate one algorithm
for a single instance becomes much larger. Consider for example instance m01. In
the offline setting, this instance is given a total runtime limit of 10 minutes. In the
online setting, the schedule is revised multiple times, which adds additional runtime.
When looking at the five online instances of m01 with emergency probability = =
0.1, the average maximum runtime is 41 minutes and 24 seconds. This means it
takes much longer to evaluate the heuristics in an online setting. This is an even
bigger problem if the value of 7 is increased or a larger instance is considered, since
the schedule is then revised more often. For this reason, we only run the evaluation
for the small instances.

In addition to running the heuristics only for the smaller instances, we also
change how often we run each heuristic. Recall that throughout this thesis, we ran
each heuristic ten times for each instance to reduce randomness in the heuristics.
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When evaluating the online heuristic, we create 5 online instances per value of
m € {0.1,0.15} for each instance. We run each heuristic only once per online
instance. This means that, in total, we still run a heuristic ten times per instance,
but these runs are divided across the different online instances and the different
values of 7.

One problem of the way Dy, is defined for each d,, € D, is related to the interval
heuristic and how the time budget is divided between intervals. Since planning
horizons in the offline setting were always a certain number of weeks, there was
never a large difference in interval lengths. In the online setting however, there
might be a large difference. For example, we could have a planning horizon of
planning horizon of |Dy, | = 8 days. For a small instance with L,.x = 7, this gives
two intervals of length 7 and 1. The problem arises when we assign the runtime
budget to each interval. Originally, we divided the total runtime budget evenly
across the intervals. However, in this example, the interval with length 7 is much
harder to solve than the one with length 1. For this reason, we divide the runtime
based on the lengths of the intervals. In this example, the interval of a single day
will only receive 1/8th of the total runtime budget.

We must also make a small change to how the simulated annealing algorithm is
run. In the offline setting, we first run the algorithm for K = 1,000,000 to determine
roughly how many iterations are needed to reach the runtime budget. In the online
setting, this is not only done once, but done every time the schedule is updated.

7.5.2 Results

Now that we have discussed how the heuristics are adapted to an online setting and
how they are evaluated, we can run the experiments. As stated previously, we only
run the heuristic for the small instances because of the time it takes to evaluate
them. In this section, we assume that the transfer weight is 5y, = 1. This choice
is examined in Section In Table the results for running all heuristics are
shown. Note that we also show the results for the offline heuristics, i.e., when 7 = 0.
These were taken from Tables [6.1HG.ol
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Table 7.1: Objective values for different heuristics and different emergency proba-
bilities 7.

Greedy Greedy Interval Simulated
Instance s . .

(seq) (non-seq) heuristic annealing
m01 0 906.882 872.033 824.908 835.427
m01 0.1 899.817 875.547 822.677 833.273
m01 0.15 897.323 874.853 815.830 834.103
m02 0 323.045 279.950 274.118 277.552
m02 0.1 322.847 280.897 275.123 277.443
m02 0.15 318.717 281.673 277.297 281.060
mO03 0 289.900 277.183 258.433 260.672
m03 0.1 288.210 278.660 260.027 263.487
m03 0.15 287.993 279.167 260.957 263.323
m04 0 471.347 434.700 429.198 425.912
m04 0.1 476.913 441.147 445.587 436.763
m04 0.15 465.467 444.627 455.470 441.927
mO05 0 499.373 455.283 450.187 437.525
mO05 0.1 494.503 458.487 449.423 447.947
m05 0.15 492.943 459.350 446.937 452.723

Perhaps most interestingly, we see no large difference between the results from
the offline and the online settings. Because the heuristics in the online settings
work with incomplete information, we would expect the final objective value to be
higher. Furthermore, we would expect this to worsen as the value of 7 increases.
However, we see that this is not necessarily the case. In fact, for some instances
and heuristics, the found solution has a lower objective value than the offline
solution. There could be several explanations for this.

One reason why this could happen is because we now allow transfers. By allowing
transfers for the occupants each time the schedule is updated, the solution space
becomes larger. Because of this, the optimal solution in the online setting could
have a smaller objective value than in the offline setting. This also means that the
heuristics also might get a lower objective value.

In order to test this, we can run the same experiment, but with transfer weight
Bir = 5. Note that for the two greedy heuristics, all found solutions contained no
transfers. That is because those heuristics were designed to only allow transfers
if there was no other solution. Changing the weight B;, does nothing for those
two heuristics as this weight is not taken into account. For the other two heuristics,
changing the weight does impact the solution. In Table[7:2] the results from running
the interval heuristic again using 8y, = 5 are shown. The other objective component
weights are still set to 1. Again we see no large difference. Even when Sy, is increased
and the number of transfers is reduced, the solution still has a similar objective value
as the offline solution.
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Table 7.2: Average objective value and number of transfers for running the interval
heuristic with £, = 1 and B;; = 5. Results are averaged over 5 runs. Note that the
objective value presented includes the weighted number of transfers based on S,.
Shows results for the interval heuristic and for simulated annealing.

Interval heuristic

Instance | P =1 B =5
Objective | Transfers (#) | Objective | Transfers (#)
m01 0.1 822.677 8.6 820.590 0
m01 0.15 | 815.830 7 820.257 0
m02 0.1 275.123 0 274.857 0
mO02 0.15 277.297 0.2 275.980 0
mO03 0.1 260.027 1 260.313 0
m03 0.15 | 260.957 14 260.363 0
m04 0.1 445.587 9.2 430.073 0.8
m04 0.15 455.470 16.6 448.240 3.4
mO05 0.1 449.423 4 445.147 0.2
mO05 0.15 446.937 5 446.903 0.6

Simulated annealing

Instance | fu =1 B =5
Objective | Transfers (#) | Objective | Transfers (#)
mO1 0.1 833.273 12 836.077 1.4
mO01 0.15 834.103 11.8 825.773 0.6
m02 0.1 277.443 0.2 279.183 0
m02 0.15 281.060 1 280.097 0
m03 0.1 263.487 2.6 262.467 0
mO03 0.15 263.323 1.8 263.173 0
m04 0.1 436.763 13.4 435.940 1.2
m04 0.15 441.927 23 427.820 1
m05 0.1 447.947 9.6 441.723 0.2
mO05 0.15 452.723 17.4 441.520 0

Another possible explanation for why the objective value for the online heuristic
is very similar to the offline heuristics, is the time spent on a single instance. As
was stated before, the total maximum runtime of an online instance could be much
larger than for an offline instance. The maximum runtime for creating the initial
schedule was roughly the same as in the offline case, but each time the schedule is
revised, the heuristic spends additional time finding a solution. It could be that
giving additional time allows the online heuristics to find better quality solutions,
which compensates for the incomplete information of the online setting.

To see whether this truly is the case, we can run the evaluation from Chapter [6]
but use the larger runtimes. In particular, for each instance, we use the average
maximum runtime of the ten corresponding online instances. For the simulated
annealing algorithm, we first perform a single run with K = 10,000,000 and then
use the procedure described in Section [6.1] to determine a value for K that has
approximately the desired runtime. This initial value of K is larger than the one
used in Section [6.1] since we now consider a much larger maximum runtime.

The results can be found in Table Note that the sequential greedy heuristic
was not included because the additional runtime has no effect on the solution. We
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see that, although the increased runtime improves the obtained objective values, it
is still very similar to the values found in Table

Table 7.3: Offline heuristic results with increased runtimes.

Runtime | Greedy | Interval | Simulated
Instance | .. . - .

limit (s) | (non-seq) | heuristic | annealing
m01 2594 872.033 | 821.457 828.450
m02 1758 279.950 273.890 276.067
mO03 760 277.183 258.433 261.525
m04 1104 434.283 416.810 420.073
m05 882 454.900 | 446.033 435.083

Because the similar objective values are not necessarily the result of adding transfers
or allowing extra runtime, we conclude that the heuristics generally work well in
an online setting, at least for small instances. Whether this is also true for larger
instances is left for future research.

7.5.3 Transfer weight

During the evaluation, we set the transfer weight 8;, = 1. In this section, we vary
this weight to see the impact it has on the other objective components. To do this,
we use a similar approach as in Section [6.2] where this was done for all objective
components. As we now consider six different objective components, we scale the
objectives such that

ﬂCC + /Bgm + ﬂsv + /BWV + ﬂwi + Btr - 6 (76)

To test the impact of the transfer weight S;., we try various values. In particular,
we test values B, € {0,1,...,5,6}. The other weights are then set to the same
values such that Equation is satisfied. This is the same approach that was
used in Section Note that this is different from what was done in Table
where only the value (3, changed while the other weights remained at 1.

We test the impact of transfer weight G;, on instance mOl. In particular, we
run the interval heuristic for all ten online instances corresponding to instance
mO01. Since the results for online instances with 7 = 0.1 and online instances with
m = 0.15 were very similar, the results are combined. We use the same runtime
and parameters as described in Section [7.5.1}

The impact of the transfer weight is shown in Figure Note that component
score was defined in Section [6.2] and that we use the same lower and upper bounds
for the objective components. For the transfer objective, we use a lower bound of 0.
The upper bound is calculated by summing the number of occupants each time the
schedule is updated. Since this can be different for each online instance, the upper
bound used is the average of this value across the ten different online instances.
This gave an upper bound of 46.3.
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Impact of transfer weight
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Gender-Mixing

Skill Requirements
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Figure 7.1: Results of sensitivity analysis. Each subplot shows how each objective
component changes when a singular objective weight is changed.

We can clearly see that the number of transfers decreases as the transfer weight Sy,
increases. This is as expected since the number of transfers is more important in the
objective function. Apart from that, the values for the other objective components
do not change much. Even when S, = 0, there is little change. This suggests that
allowing transfers can only slightly improve the other objective components. As
transfers are very disruptive, it makes sense to increase the transfer weight. This
does not worsen the other objective components significantly.
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Chapter 8

Conclusion and discussion

This thesis aimed to solve the PNRA problem while focusing on the continuity of
care. Since improved continuity of care leads to better patient satisfaction and
health outcomes, this is important to take into account during the assignment pro-
cess. In the PNRA problem, this is done by counting the number of different nurses
that are assigned to a patient throughout their stay in the hospital.

The PNRA problem can be modeled using an ILP formulation. However, the
resulting ILP can only be solved within a reasonable time for very small instances.
For this reason, heuristics are needed to find high-quality solutions quickly. In this
thesis, four different heuristics were developed:

e Greedy sequential heuristic: a greedy heuristic that solves the problem in two
phases. In the first phase, patients are sequentially assigned to rooms such that
patients are roughly evenly divided across the rooms. It also uses a theoretical
nurse assignment that minimizes continuity of care to place patients with
similar nurses in the same room. In the second phase, nurses are assigned
to rooms using an ILP that considers each shift sequentially, using the nurse
assignment in previous shifts to optimize the continuity of care value.

e Greedy non-sequential heuristic: a greedy heuristic that also solves the prob-
lem in two phases. The first phase is the same as the sequential variant. The
second phase uses an ILP to determine the nurse assignment for all shifts
simultaneously.

e Interval heuristic: a heuristic that solves the problem by dividing the planning
horizon into several intervals. Each interval is solved sequentially and uses the
nurse assignments from previous intervals to optimize the continuity of care
value.

e Simulated annealing: a local search metaheuristic that uses four different move
types to traverse the search space. The moves either change the room of a
patient, swap the rooms of two patients, change the nurse assigned to a room
or remove a nurse from assignments for a singular patient. This last move
aims to reduce the continuity of care value for a single patient by changing
the nurse assignment each time a specific nurse is assigned.

Generally, the heuristics perform very well. Sometimes, they were even able to find
a better solution in a few minutes than the ILP found in 8 hours. The performance
of the heuristics depends on the size of the problem, determined by the number
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of patients. For smaller instances, the best solutions were found using the interval
heuristic and simulated annealing. The two greedy heuristics performed worse,
mostly because of the patient-to-room assignment phase.

For medium and large instances, the interval heuristic performs much worse due
to the increased size of the ILPs and the fact that we consider shorter intervals. In
those cases, the greedy non-sequential heuristic and simulated annealing perform
better. For the medium instances, both heuristics found solutions with similar
objective values. For the large instances, the greedy non-sequential heuristic almost
always found the best solutions.

The four heuristic were additionally tested in an online setting, in which patients
could unexpectedly arrive as emergency patients. Since instances could become
infeasible due to previous decisions, transfers of current occupants were allowed to
ensure feasibility. Only minimal changes to the heuristics were needed to facilitate
this. Due to the increased computation time needed to solve these online settings,
only the small instances were evaluated. It was found that the performance of the
heuristics in the online settings is very similar to the offline setting. Similar to
the offline setting, the interval heuristic and simulated annealing heuristic work best.

There are several avenues for future research. Firstly, the data used throughout this
thesis was created using an instance generator that was not based on real life data.
This means that possible correlations in patient workload, skill requirements and
length of stay were not taken into account when generating the data. This means
that the performance of these heuristics might not translate well to real life data.
A future study could investigate whether this is the case.

Additionally, the method for dividing the instances into different sizes could be
changed. Throughout this thesis, the various instances were divided into small,
medium and large instances based on the number of patients. However, not every
instance behaved similarly to other instances of the same size. For example, the
interval heuristic for instance m07 was much faster compared to other medium
instances, which is more similar to the small instances. One possible way to fix
this is by dividing the instances into even more size categories. This, however,
means that there are less instances of a particular size, which increases the chance
of overfitting. Another possible fix is by using other criteria to divide the instances.
More research is needed to find an appropriate method to do so.

Furthermore, the comparison of instances of the same size could be improved.
Recall that objective score was computed by scaling the objective value to be
between 0 and 1 using lower and upper bounds. During the tuning procedure,
parameters were chosen that attained the lowest average score across all instances
of a specific size. However, because of this method, the objective value for instances
with tighter bounds is weighted more in the average score. This means that
instances that are larger or more difficult are weighted less since it is more difficult
to obtain good bounds. The impact of this must be investigated in the future.

Although the heuristics presented in this thesis perform quite well, it might be pos-
sible to improve the performance in various ways. This could be done by considering
different heuristic design options such as different sorting methods for the greedy
heuristics, different splitting methods for the interval heuristic or introducing addi-
tional moves in simulated annealing. Additionally, different new heuristics could be
implemented that might yield better results. Whether such changes actually lead
to improved solutions is left for further research.
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Appendix A

Integer linear programs

A.1 Lower bounds

A.1.1 Workload violation (partial)

min g E Upry

neN seS(n)

s.t. Z Znps = 1, Vpe P, seS(p),
neN(s) (Al)
> w(p,5) - Znps < Wmax(n,8) + vy, Vne N, se S(n),
PEP(s)
Znps € {0,1}, VneN,pe P, se S(n,p),
s 20, Vn €N, s e Sn).
A.1.2 Workload imbalance (partial)
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seS
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A.1.3 Gender-mixing (partial)

. em
min E g vE]
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A.1.4 Full lower bound (partial)
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nENsGS(n) ses
s.t. Z Znps = 1,
neN(s)
Anp 2 Znps:
Anp S Z Znps;s
s€S(n,p)
U;‘; 2 Jreq(pv S) - Z U(n) : an37
neN(s)
Z ’w(l% 5) * Znps < wmax(”v 5) + 'Ug:a
pEP(s)
_ wip, s
Iy < Z ( ) * Znpss
wmax(”v 3)
pEP(s)
w(p, s
2 3 R
pep(s) Pmaxi’
Znps € {07 1}7
anp € {0,1},
vpe = 0,
vy >0,
I, 15 >0,
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Vpe P, seS(p),

VYneN,peP,seSn,p),
Vne N,pe P,

Vpe P, seS(p),

Vn €N, s € S(n),
Vn € N, s € S(n),

VneN,seSn),

VneN,peP, s S(n,p),
VneN,peP,

Vp e P, seS(p),

Vn € N, s € S(n),

VseS,

(A.3)



A.2 Upper bounds

A.2.1 Continuity of care (partial)

max

PIPIL

neN peP

s.t.

Z Znps = 17

neN(s)

Anp > Znps»

Anp < § Znps

s€S(n,p)
Znps € {0,1},
App € {07 1}7

Vpe P, seS(p),

VYneN,peP,seSn,p),
Vn6N7p6P7

VneN,peP,seS(n,p),
VneN,peP.

A.2.2 Gender-mixing (partial)

max

s.t.

E E gm
UT'S
r€ER s€Searly

Zy;m’ =1,

reER
Z Ypr < C(T)v
PEP(s)

Ypr = 07
Yproeer () = 1
Ypr < frs;

Ypr < My,

Fra <D Yprs
pEPr(s)

Mypg < Z Yprs
pEP(s)

frs +mps <1408

rs ?
ngn < frsa
vEe < mys,
Ypr € {Ov 1}7
f”‘S) mrs e {07 1}7
v € {0,1},

Vpé€ P,
Vr e R, s € Seary,

Vpe P, re R\ R(p),
VpeOo,

vp € PF7 re Rv s € Searly(p)7

vp S PM7 re Ra ERS] Searly(p)7

Vre R, s € Searly(p)7

Vre R7 S € Searly(p)a

Vr e R, s € Seary,
Vr e R, s € Searly,
Vr e R, s € Searly,
Vpe P, reR,

Vr e R, s € Searly,
Vr e R, s € Searly-
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A.2.3 Full upper bound (LP)

max  fBec Z Z anp + Bgm Z Z vgg

neN peP r€ER 5€Searly
Y Y e Y S
pEP s€S(p) neN seS(n)
sES
s.t. Z Ypr = 1,
reER
Z Ypr < C(T),
pEP(s)
Ypr = Oa
Yproeer (p) = 1y
Tnrs = 17
neN(s)

Znps Z Tnrs + Ypr — 17

Z Znps = 1,

neN (s)
Anp > Znps
Anp < Z Znps
s€S(n,p)
Fre < D0 Yors
pEPy(s)
My < Z Ypr
PE P (s)
U§§n < frs»
v%? < My,
vt = Y max{0, oreq(p, ) = 7(n)} - Znps,
neN (s)
Uy < MY 6055
oY <Y (WD, 8) - Znps) — Winax(n, )
pEP(s)

+ MY - (1= 65),

Z v;';’s"gmax{o, Z w(p, s)

neN(s) pEP(s)

- nIGnJ\lfI(le) Wmax (n7 8) }7

> G =1,

neN(s)

> an=1,

neN(s)
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VpeP,
Vr e R, s € Searly,
Vpe P, re R\ R(p),

VpeOo,
VreR,seS,

Vne N, peP,
r € R, se€ S(n,p),

Vpe P seS(p),

Vne N,pe P,
s € S(n,p),
Vne N,peP,
(A7)
Vr € R, s € Searly,

Vr e R, s € Searly,

Vr e R, s € Searly,
VreR,se€ Searly7

Vpe P, seS(p),

VYn €N, s e S(n),

Vn €N, s e S(n),

VseS,

VseS,

VseS,



I > w(p; s)
peg(s) tLUmaX(nﬂ S)
= M1 —0,,),
w(p, s
lj S Z ﬁ(n’)s) : ans
PEP(s)
+ M;m(]' - 6;;9)7
0 S xn’r‘s S 17
0< Ypr < la
0< Znps <1,
0< frs <1,
0< mys <1,
0< anp <1,
0< v <1,
0< &% <1,
0< 6,
0< 6,

* Znps

VseS,

VseS,

Vne N, reR,seS(n),
Vpe P, r€R,s€ Seay(p)
VneN,pe P, se S(n,p),
Vre R7 ERS Searlyv

Vr e R, s € Sealy,
YneN,peP,

Vr e R, s € Searly,

Vn € N, s € S(n),
VneN,seSn),
VneN,seSn),

Vpe P, seS(p),
VneN,seSn),

VseS.

(A.7 cont’d)
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A.2.4 Full upper bound (partial)

max S Z Z Unp + Bev Z Z U;Z

neN peP pEP s€S(p)

+ BWV ZnEN ZseS(n) U'r‘:/;] + Bwi Z l;r - l;

seS

s.t. Z Znps = 17

neN(s)

Gnp = Znps,

(np < 5 Znpss

s€S(n,p)
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neN (s)
oY < va WY
ns
;< Z ans) wmax(na S)
pEP(s)

ALY (1 03),

Z vy <max{0 Z w(p, s)

neN(s) pEP(s)

— min wyax(n, s) ¢,

neN(s)
>
neN(s)

Z 6ns -

neN (s)

Y _wlps)

= @max(n, 5)
— MM(1 -5,

I+ < Z _wps) s
peP(s) max( )

+ M1 =65,
Znps € {0,1},

anp € {0,1},
s €40,1},

67’:57 6;‘{5 € {07 1}’
SV > 0

ns—

I l+>0

s 7s
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Vpe P, seS(p),

VneN,peP,
s € S(n,p),
Vne N,peP,

Vp€e P seS(p),

VYn €N, seSn),

VYn €N, seSn),

VseS§,
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VseS,

VseS,
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s € S(n,p),
VneN,peP,
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Vn €N, se Sn),
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A.3 1ILPs used in heuristics

A.3.1 Non-sequential nurse assignment

max ﬁcc Z Z Anp + ﬁsv Z Z UZ\;

neN peP peEP se€S(p)

+ Bwy ZnEN Zses(n) vy + Bwi Z l: =l

seS

s.t. Z Tnrs = 1,

neN(s)
Znps = Tnr(p)s»

Z Znps = 17

neN(s)

Qnp = Znps,

Anp < E Znps

s€S(n,p)

v;\; 2 Ureq(pa 5) - Z U(n) * Znps

neN(s)

> w(p.s) znps < Wimax(n,s) +v

PEP(s)

-

S

IA

pEP(s) wmax(nv S
$ w(p, s)
l+ > tAnps,
° = W (,8) "7
pEP(s)
Tnrs € {Oa 1}7

Znps € {0,1},

anp € {0,1},
Upg = 0,
Ups 20,

1=, 1k >0,

s 7s
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VreR,s€S,

VneN,peP, seSn,p),
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Vn€N,pe P, seS(n,p),
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A.3.2 Sequential nurse assignment

max ﬁcc Z Z Anp + st Z ’UZ;
neN(s) peP(s) pEP(s)
+ B Y vy 4 B (1 = 15)
neN(s)
s.t. Z Tpnrs = 1,
neN(s)
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{1, if n € Ns(p),
Anp =
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otherwise,
U;Z > Ureq(p, S) - Z O'(TL) * Znps
neN(s)
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_ wp, s
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D D N IS
pEP(s)
Tnrs € {0,1},
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ns —
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Vr e R,
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A.3.3 Interval heuristic

max
n€ENk pe Pk reER Ses:arly
+ﬁwvz Z v;’;’;’+5w12lj,l
neNk seSk(n) seSk
s.t. Z y;m“ = ]_’
reER
Z yPT S C(T)a
pEP(s)
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Ypri_1(p) = 1,
Tnrs = 1a
neN(s)
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neN(s)
Onp =1,

Anp > Znps»,

Z Znps
s€Sk(n,p)
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Ypr < My,
frs + mps < 14080

TS )

UZZ > Oreq(p, ) — Z o(n) - Znps,
neN(s)

<

Qnp

Z w(p, 8) * Znps < wmax(nv S) + U;}Zs )

PEPk(s)

_ w(p, s)
ls < Zk wmax(p’ 8) Znps
pEPk(s) (.5)
Ir> RS S
Tnrs € {0,1},
Ypr € {07 1}7
Znps € {0,1},
a"P € {07 1}7
fTS? mTS G {07 1}7
vt € {0,1},
vps > 0,
UWV > 07

ns —

15,15 >0,

S S

v

S

Pec Z Zanp+6gmz Z U§?+BSVZ Z U;‘S/

pEP* sESk (p)

Vpe Pk,

Sk

early?

VreR,se

Vpe P* re R\ R(p),
Vpe PF1n Pk
Vr€R,se Sk,

Vn € NF pe Pk
r€R, s S*n,p),
Vse Sk pe P(s),

Vpe P* ne Nu(p),
Vn e N\ Ni(p), p € PF,
s € S*(n,p),

Vn € N¥\ Ni(p), p € P*,

(A.11)
Vpe Pl reR, se Sfarly(p),
Vpe Pk, reR, se Sf,drly(p),
Vre R, ses€ Sfarly,

Vpe Pk s e SF(p),
Vn € Nk, s e Sk(n),
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max ﬁcc Z Z Anp + ﬁsv Z Z UZ\;

neN peP peEP se€S(p)

A.4 1ILPs used in online heuristics

A.4.1 Non-sequential nurse assignment

+ Bwy ZnEN Zses(n) vy + Buwi Z l: =l

s€eS
s.t. Z Tprs = 1,
neN(s)
Znps = Tnr(p)s,

Z Znps = 17

neN(s)
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A.4.2 Interval heuristic

max
r€R scSk

early

neNFk pe Pk

Pec Z Zanp+6gmz Z U§?+BSVZ Z U;‘S/

pEP* s€S*(p)

+ﬁwvz Z U¥:+ﬂwizlj*l;+ﬁtrzvg

neNk seSk(n)

s.t. Zypr =1,

seSk

reER
Z Ypr < C(T),
PEP(s)
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1, otherwise,
Z Tprs = 1,
neN(s)
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Z Znps = 1,

nEN(s)
Onp =1,

Qnp = Znps,

Anp < E Znpss

s€S*(n,p)
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Ypr < Mys,
f'r‘s+m7'5 < 1+U§;n7

UISJ\S, 2 Ul'eq(pv 8) - Z U(n) * Znps)
neN(s)
Z w(l% 8) ° ans S wmax(na S) + /vazl.;]7
pEPk(s)
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e PrGs) Wmax (P, §)
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pEP(s) wmax(p7 3)
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Ypr € {07 1}7
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vy >0,
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VreR,se Sk
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Vpe P1n Pk
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Vn e Nk pe Pk,
re R, s S*n,p),
Vse Sk pe P(s),
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Vs e Sk,

105



Appendix B

Additional Tables

B.1 Lower and upper bounds

Table B.1: Lower and upper bounds for the public instances. Obtained using the
methods described in Section

Instance | Lower bound | Upper bound || Instance | Lower bound | Upper bound
i01 146.167 537.300 mO1 718.233 2187.483
i02 240.533 1056.183 m02 253.017 1071.067
i03 156.492 510.983 m03 229.565 895.167
i04 446.717 2605.717 m04 318.050 1824.183
i05 339.933 2457.800 mO05 366.017 2320.825
i06 279.100 1504.117 mO06 620.500 5051.581
i07 461.950 3040.383 mO07 443.683 2457.083
i08 1056.533 8782.967 mO08 741.250 6953.084
i09 542.983 3957.533 m09 1342.867 10592.111
i10 717.500 3796.967 ml0 798.900 5297.927
i1l 383.767 2605.700 mll 910.733 10110.279
i12 652.067 4039.050 ml2 1080.567 8183.398
i13 794.083 4368.667 ml3 971.600 9181.217
i14 652.100 5206.200 ml4d 816.267 8072.276
il5 684.750 5535.917 mlb 1956.217 14280.154
i16 902.317 5973.267 ml6 953.450 9072.383
i17 1509.717 12027.083 ml7 980.800 7745.107
i18 731.017 6329.000 ml8 1103.783 11163.876
i19 1201.950 12168.350 ml19 970.383 7268.533
i20 811.700 5888.933 m20 1029.400 11828.857
i21 1332.450 10669.700 m21 1213.517 9057.271
i22 2038.133 14815.600 m22 976.567 8718.800
i23 1456.650 14750.100 m23 1194.817 11508.000
i24 1647.117 16938.500 m24 1709.117 21845.150
i25 1032.351 9897.633 m25 1354.367 13924.623
i26 2040.700 17591.100 m26 2098.800 27158.386
i27 2276.433 18404.900 m27 1168.600 12213.364
i28 1085.300 10941.500 m28 2246.933 24579.000
i29 1380.717 11326.300 m29 1844.733 25338.072
i30 1703.818 14398.500 m30 2197.218 29465.024
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B.2 Patient-to-room room ordering

Table B.2: Objective values for different room orderings in the greedy patient-to-
room assignment heuristic. The * next to the instance name indicates that the
nurse-to-room assignment ILP might not be optimal, i.e., it was terminated after
five minutes.

Instance oG GO GSO GSO‘5 GSo‘g GSl GOSO
test01 269.667 | 254.650 | 259.267 | 259.267 | 258.600 | 257.217 | 253.317
test02* 383.833 | 376.400 | 377.850 | 371.283 | 373.350 | 372.583 | 382.783
test03 147.233 146.317 153.433 152.967 | 148.683 | 142.633 142.750
test04* 413.050 | 401.183 | 415.050 | 406.533 | 386.267 | 382.633 | 403.700
test05 191.767 | 184.083 | 201.667 | 201.500 | 193.567 | 180.633 | 184.283

i01 168.800 165.667 | 172.467 | 172.467 | 172.467 | 164.650 165.667
i02 304.783 | 287.100 | 293.900 | 291.583 | 291.900 | 288.700 | 286.383
i03 192.217 | 177.617 | 177.900 177.900 178.883 181.783 178.650
i04* 621.750 | 597.217 | 610.550 | 603.783 | 585.533 | 584.017 | 596.767
i05* 381.450 | 372.183 | 411.617 | 403.767 | 392.933 | 370.217 | 369.400
i06 332.050 | 320.617 | 334.183 | 333.317 | 328.300 | 320.367 | 320.617

test06* 514.550 | 484.967 | 463.917 | 461.117 | 472.267 | 473.683 | 463.650
test07* 915.600 | 858.933 | 891.600 | 883.217 | 863.233 | 856.150 | 863.117
test08* 686.583 | 623.450 | 622.550 | 619.917 | 619.867 | 620.900 | 620.933
test09* 891.967 | 837.650 | 876.750 | 852.767 | 802.033 | 794.450 | 830.300
i07* 606.550 | 556.133 | 582.250 | 572.267 | 548.617 | 538.917 | 559.517
i08* 1792.083 | 1627.117 | 1645.983 | 1606.950 | 1607.583 | 1632.783 | 1627.083
i09* 825.533 | 789.033 | 784.333 | 796.200 | 784.450 | 792.067 | 788.833
i10%* 983.400 | 924.817 | 914.733 | 915.683 | 903.450 | 909.467 | 924.650
i11* 446.883 | 428.883 | 479.250 | 469.967 | 442.267 | 418.350 | 429.000
i12* 951.667 | 895.183 | 920.217 | 889.333 | 887.983 | 878.200 | 900.117
i13* 1187.900 | 1126.867 | 1157.517 | 1165.917 | 1144.067 | 1153.783 | 1155.617
i14* 889.550 | 858.883 | 888.617 | 873.567 | 828.733 | 826.600 | 863.317
i15* 1052.283 | 1018.200 | 994.200 | 996.833 | 941.850 | 965.217 | 1013.000
i16* 1400.183 | 1355.633 | 1311.867 | 1328.483 | 1328.217 | 1325.183 | 1356.617
i18* 1076.383 | 1008.533 | 1028.983 | 995.467 | 963.583 | 965.283 | 1001.333
i20* 1311.617 | 1249.567 | 1229.083 | 1235.183 | 1210.117 | 1212.850 | 1267.400
test10* | 3491.900 | 3359.167 | 3432.300 | 3253.567 | 3103.700 | 3205.467 | 3367.017
ir* 2474.067 | 2295.167 | 2326.183 | 2249.667 | 2198.317 | 2212.517 | 2306.283
i19* 2013.467 | 1882.300 | 1895.933 | 1817.767 | 1784.967 | 1806.900 | 1897.633
i21%* 2147.100 | 2032.217 | 1978.367 | 1928.033 | 1925.867 | 1937.317 | 2021.567
22% 3395.183 | 3216.983 | 3142.350 | 3107.900 | 3157.250 | 3127.317 | 3197.850
123* 2456.183 | 2324.667 | 2310.733 | 2241.017 | 2117.550 | 2180.233 | 2296.017
i24%* 2619.367 | 2499.500 | 2641.133 | 2529.000 | 2350.433 | 2381.100 | 2481.817
i25% 1688.583 | 1588.317 | 1596.583 | 1557.933 | 1527.133 | 1514.300 | 1596.300
i26* 3469.033 | 3172.550 | 3186.383 | 3111.883 | 3075.167 | 3069.983 | 3199.250
i27% 4023.967 | 3776.983 | 3729.767 | 3637.433 | 3548.467 | 3612.267 | 3721.483
i28* 1732.700 | 1634.650 | 1692.517 | 1592.683 | 1524.717 | 1506.533 | 1603.817
129%* 2444.333 | 2281.833 | 2217.450 | 2186.617 | 2195.383 | 2224.033 | 2258.417
i30* 2970.483 | 2861.533 | 2810.700 | 2751.500 | 2712.417 | 2739.633 | 2874.700
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B.3 Nurse-to-room shift ordering

Table B.3: Objective values for different shift orderings in the nurse-to-room as-
signment heuristic. Reports the average over 10 runs.

Chronological Nurses Patients Total workload Average workload
ascend. | descend. ascend. | descend. ascend. | descend. ascend. | descend. ascend. | descend.
testO1 286.678 | 279.482 | 282.663 | 290.550 | 293.823 | 279.722 | 296.413 | 286.235 | 296.717 | 290.230
test02 405.848 | 408.977 | 411.877 | 417.538 | 417.732 | 411.478 | 421.062 | 416.590 | 415.798 | 411.468
test03 166.423 | 163.383 | 161.785 | 167.300 | 161.707 | 163.807 | 166.092 | 162.345 | 167.260 | 160.115
test04 438.507 | 432.417 | 440.372 | 442.630 | 447.975 | 430.508 | 446.203 | 437.687 | 439.555 | 445.650
test05 208.155 | 212.163 | 204.352 | 208.210 | 217.497 | 212.823 | 206.723 | 210.343 | 210.878 | 204.678

Instance

i01 181.065 178.480 178.703 | 177.653 | 183.873 | 173.283 | 186.668 | 173.987 | 182.223 | 175.713
i02 306.070 | 316.062 | 310.802 | 307.565 | 321.217 | 314.762 | 321.498 | 316.433 | 308.607 | 315.097
i03 192.092 192.807 | 193.527 | 193.713 196.440 195.350 198.085 | 191.575 | 196.395 | 191.178
i04 643.448 | 641.918 | 648.987 | 654.230 | 654.370 | 643.863 | 654.830 | 645.327 | 644.910 | 650.030
i05 456.327 | 455.195 | 457.207 | 469.418 | 465.078 | 453.455 | 464.372 | 462.467 | 470.983 | 461.277
i06 373.597 | 367.555 | 359.470 | 378.990 | 379.100 | 365.617 | 379.843 | 361.998 | 376.225 | 375.440

test06 538.438 | 531.725 | 538.418 | 539.110 | 544.767 | 538.412 | 545.277 | 538.688 | 546.888 | 536.865
testO7 945.228 | 937.858 | 930.002 | 945.423 | 951.952 | 942.980 | 942.562 | 932.575 | 942.592 | 948.708
test08 707.893 | 708.287 | 706.428 | 721.732 | 714.010 | 709.910 | 720.485 | 700.587 | 713.740 | 712.508
test09 959.840 | 963.317 | 953.828 | 979.840 | 986.067 | 954.615 | 986.632 | 955.053 | 967.542 | 968.752

i07 647.748 | 653.770 | 655.837 | 655.380 | 660.873 | 650.512 | 672.488 | 650.145 | 656.063 | 656.207
i08 1776.593 | 1791.028 | 1789.245 | 1800.827 | 1808.507 | 1788.100 | 1807.687 | 1777.880 | 1802.425 | 1800.598
i09 862.195 | 871.792 | 861.360 | 878.297 | 891.412 | 862.360 | 884.297 | 868.162 | 877.447 | 879.690
i10 982.730 | 988.105 | 996.305 | 999.088 | 1001.805 | 998.360 | 1001.307 | 996.127 | 1009.138 | 982.762
i11 548.897 | 553.720 | 552.347 | 550.988 | 550.733 | 552.143 | 558.383 | 543.780 | 556.178 | 548.327
i12 972.615 | 973.943 | 975.015 | 980.972 | 978.990 | 975.715 | 976.077 | 971.320 | 979.402 | 982.820
i13 1209.347 | 1224.137 | 1215.210 | 1224.268 | 1213.040 | 1223.788 | 1223.497 | 1235.085 | 1222.937 | 1225.368
i14 998.532 | 1010.510 | 1008.950 | 1018.743 | 1019.697 | 1008.205 | 1028.267 | 994.433 | 1016.863 | 1007.067

i15 1098.790 | 1089.432 | 1091.710 | 1101.487 | 1117.380 | 1087.520 | 1117.973 | 1087.605 | 1098.828 | 1092.167
i16 1439.615 | 1435.588 | 1437.430 | 1448.225 | 1457.722 | 1425.735 | 1451.448 | 1433.310 | 1463.967 | 1440.913
i18 1181.795 | 1191.318 | 1208.232 | 1184.530 | 1205.533 | 1190.990 | 1217.042 | 1176.145 | 1215.753 | 1170.017
i20 1314.982 | 1313.450 | 1336.172 | 1325.583 | 1339.045 | 1318.462 | 1340.933 | 1312.883 | 1336.285 | 1325.035
testl0 | 3559.508 | 3598.153 | 3615.308 | 3574.965 | 3617.322 | 3582.338 | 3630.238 | 3570.343 | 3627.157 | 3564.450
i17 2453.682 | 2500.618 | 2492.672 | 2472.427 | 2513.175 | 2484.263 | 2510.928 | 2475.537 | 2502.618 | 2475.545
i19 2110.845 | 2105.950 | 2122.558 | 2122.708 | 2148.058 | 2114.488 | 2146.493 | 2103.678 | 2150.278 | 2093.403
i21 2180.250 | 2179.850 | 2212.288 | 2202.683 | 2221.218 | 2186.545 | 2227.127 | 2176.583 | 2222.743 | 2195.668
i22 3344.743 | 3360.623 | 3377.412 | 3381.068 | 3421.028 | 3381.460 | 3413.812 | 3373.607 | 3402.473 | 3371.683
i23 2482.267 | 2518.792 | 2533.658 | 2511.478 | 2545.637 | 2515.290 | 2551.650 | 2484.033 | 2548.247 | 2499.465
i24 2787.135 | 2807.867 | 2837.063 | 2789.730 | 2832.990 | 2803.710 | 2861.048 | 2778.850 | 2854.538 | 2784.447
i25 1762.350 | 1770.557 | 1781.308 | 1762.113 | 1796.988 | 1759.540 | 1789.822 | 1750.042 | 1785.548 | 1753.083
i26 3349.793 | 3380.392 | 3412.600 | 3383.255 | 3418.898 | 3396.597 | 3428.287 | 3373.745 | 3423.507 | 3385.360
i27 3850.838 | 3886.867 | 3890.017 | 3905.100 | 3927.178 | 3908.223 | 3925.697 | 3885.107 | 3913.648 | 3897.472
i28 1827.017 | 1830.010 | 1838.318 | 1832.043 | 1850.488 | 1832.093 | 1866.862 | 1816.457 | 1874.273 | 1819.047
i29 2352.348 | 2380.150 | 2384.262 | 2381.462 | 2413.998 | 2378.955 | 2421.668 | 2376.640 | 2394.718 | 2382.952
i30 2932.090 | 2934.068 | 2954.103 | 2969.715 | 2994.755 | 2940.195 | 3000.397 | 2946.723 | 2980.005 | 2952.828

108



B.4 Evaluation results

Table B.4: Evaluation results summary (taken from Tables and .

Greedy Greedy Interval Simulated
Instance .. .

(seq.) (non-seq.) | heuristic | annealing

mO01 906.882 872.033 824.908 835.427
m02 323.045 279.950 274.118 277.552
m03 289.900 277.183 258.433 260.672
m04 471.347 434.700 429.198 425.912
mO05 499.373 455.283 450.187 437.525
m06 924.947 781.167 841.562 792.748
mO07 643.730 601.883 622.025 617.645
mO08 1183.157 982.783 1069.415 992.088

m09 2177.377 2012.333 | 2019.463 1919.398
ml10 1154.470 1045.600 | 1033.155 1016.657
mll 1500.852 1154.883 | 1334.780 1231.040
ml2 1686.765 1493.833 | 1591.500 1484.527
ml3 1580.527 1301.000 | 1649.868 1353.840
ml4 1338.422 1147.750 | 1270.928 1161.270
ml6 1663.323 1506.150 | 1664.422 1471.692
ml7 1512.165 1349.700 | 1427.437 1317.112
ml9 - - | 1603.237 1518.827
m21 1986.157 1847.833 | 2095.982 1898.120
mlb 3198.123 2989.917 | 3065.888 3057.700
ml8 1917.645 1706.767 | 1880.235 1733.962
m20 1805.113 1503.717 | 1781.325 1557.273
m22 1568.878 1297.350 | 1565.772 1331.782
m23 2005.803 1772.217 | 2097.650 1763.392
m24 3154.407 2809.267 | 3145.672 2901.070
m25 2346.198 2130.933 | 2306.762 2172.640
m26 3827.528 3329.767 | 3841.007 3440.133
m27 2003.418 1753.700 | 1978.795 1772.430
m28 3838.658 3224.450 | 4406.160 3412.828
m29 3343.910 2608.267 | 3941.432 2862.192
m30 4203.528 3916.433 | 6072.215 4080.588
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