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Inverse Wave Force Estimation Using Frequency- and Time-Domain
Hydroelastic Models

Van Zijl, C.»* Jovanova, J.!, and Grammatikopoulos, A.!

I Department of Maritime & Transport Technology, Delft University of Technology, The Netherlands

Abstract. Accurate knowledge of wave-induced loads is essential for the safe and efficient de-
sign and operation of offshore structures, yet direct measurement of hydrodynamic forces remains
challenging. This study investigates whether wave excitation forces can be estimated from mea-
sured structural responses by treating the structure as a distributed force sensor. A hydroelastic
state-space model incorporating frequency-dependent added mass and radiation damping, obtained
through rational approximation of radiation forces, is employed. A joint input—state Kalman filter is
used to estimate both dynamic states and unknown excitation forces from noisy acceleration mea-
surements. Its performance is evaluated against frequency-domain inverse methods based on least-
squares inversion of acceleration frequency response functions, including a Tikhonov-regularised
formulation to address ill-conditioning. Results show that accurate force reconstruction is primar-
ily achieved within frequency ranges where the forward operator is well conditioned, particularly
near modal resonances and for lower-order modes. While Tikhonov regularisation yields the low-
est estimator variance, it introduces bias and underestimates force energy for higher-order modes.
The time-domain Kalman filter provides a more balanced trade-off between variance reduction and
bias through implicit regularisation introduced by system dynamics. The results demonstrate that
regularisation improves estimator stability but may suppress physically relevant force content when
applied excessively.
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1. Introduction

Accurate knowledge of wave-induced loads enables engineers to design marine structures that can
withstand the harsh ocean environment while optimising performance and operational efficiency. In
the shipping and offshore industries, reliable estimates of wave forces support safe and efficient route
planning, fuel optimisation, and structural health monitoring [} 2]. Despite their importance, wave
excitation forces are difficult or impossible to measure directly on large floating structures, motivating
the use of inverse methods in which forces are inferred from measured structural responses.

Inverse force estimation relies on a forward model that relates external excitation to measured re-
sponses. In marine applications, this relationship is provided by hydroelastic models that couple struc-
tural dynamics with hydrodynamic loading. In the frequency domain, the forward model is commonly
expressed through frequency response functions that incorporate frequency-dependent added-mass and
radiation-damping effects [I3]]. In the time domain, these same hydrodynamic effects appear as radiation
memory terms, typically represented through convolution kernels or equivalent state-space formulations
[4]. Both representations describe the same underlying physics, but lead naturally to different inverse
estimation approaches.

A fundamental challenge in inverse wave load estimation is the low-frequency nature of wave ex-
citation acting on large floating structures. In the present context, “low-frequency” refers to first-order
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wave excitation in the typical ocean-wave range (approximately 0.05-0.15 Hz, corresponding to wave
periods of 7-20 s), which is substantially below the first wet natural frequencies of large ship struc-
tures (typically of order 1 Hz). In this regime, hydroelastic transfer operators are often ill-conditioned,
leading to significant amplification of measurement noise in inverse solutions [5]. This effect is espe-
cially pronounced for higher-order modes and can limit the reliability of frequency-domain least-squares
inversion. Time-domain formulations introduce implicit regularisation through their state-space repre-
sentation and noise modelling, which may mitigate low-frequency variance amplification, but at the cost
of increased dependence on the assumed model structure.

The aim of this paper is to examine frequency- and time-domain inverse wave force estimation meth-
ods within a consistent hydroelastic modelling framework. The focus is on a controlled comparison of
commonly used inverse formulations applied to the same linear hydroelastic model, wave excitation, and
measurement conditions. The frequency-domain approach is considered in least-squares and Tikhonov-
regularised form. The regularisation parameter is selected using the L-curve criterion, yielding a global
regularisation level that is subsequently scaled with frequency according to the magnitude of the forward
operator singular values. The time-domain approach employs a joint input—state Kalman filter, in which
regularisation arises implicitly through the system dynamics and noise modelling.

The remainder of the paper is organised as follows. Section 2 introduces the hydroelastic forward
model and inverse formulations. Section 3 describes the numerical model and simulation setup. Section
4 presents the results, and Section 5 summarises the main findings.

2. Theory

This section introduces the hydroelastic forward model used for inverse wave load estimation and
formulates the inverse problem in both the frequency and time domains. A linear hydroelastic model
is adopted, allowing a frequency-domain representation based on transfer operators and a time-domain
state-space formulation that includes radiation memory effects through a rational approximation. Super-
script (-)(™) denotes modal quantities.

2.1. Hydroelastic model

The hydroelastic system is represented in a truncated modal basis containing rigid-body and flexible
structural modes. The modal basis matrix & € R™*"™ is constructed from the dry structural eigenvalue
problem

(Ks — wP M) ¢r = 0, M

where M, and K denote the dry structural mass and stiffness matrices, respectively. Using the modal
coordinates Y ™) € R the coupled hydroelastic equation of motion in the frequency domain becomes

(= w?(M + My(w)) +iw(C + Cr(w)) + (K + Kn) )Y (w) = E (), )
Here, M, C, and K denote the reduced structural mass, damping, and stiffness matrices in modal coor-
dinates. The structural damping matrix C is assumed diagonal and constructed from prescribed modal
damping ratios. Furthermore, M}, (w) and C},(w) are the frequency-dependent added-mass and radiation-
damping matrices and K}, is the hydrostatic restoring matrix.
2.2. Frequency-domain formulation
Define the modal hydroelastic frequency response function (FRF) as:
H™ (W) = (—w* (M + My, (w)) +iw(C + Cp(w)) + (K + Kp)) ™, 3)
For acceleration measurements at selected physical locations, the measured response is

Y(w) = —w? 5@ H™(w) EM(w) £ H(w) E™ (w), )
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where S maps structural degrees of freedom to sensor locations. The operator #(w) therefore constitutes
the forward model for inverse force estimation.

2.3. Time-domain formulation

For implementation of the time-domain joint input—state Kalman filter introduced later, the hydroe-
lastic model is expressed in state-space form [4]. The use of a state-space realization for radiation-
memory effects in combination with Kalman-filter-based force estimation follows the approach of [6].
The present work applies this framework to a hydroelastic system; the relevant equations are therefore
summarized here for completeness.

2.3.1. Radiation memory and hydrodynamic state-space model

The time-domain equation of motion corresponding to Eq. @) is:

¢
(M + Ma)i™ (£) + C3™ (8) + (K + )y ™ (t) + / Kot — )™ (@) dr = ), 5)
0
where M is the infinite-frequency added mass. Define the radiation impedance
Z(w) £ Cp(w) + iw(Mp(w) — M) ©)

To avoid explicit evaluation of the radiation-memory convolution in Eq. (3), the radiation impedance is
approximated by a finite-dimensional state-space realization. Using vector fitting, Z(s) with s = iw is
approximated as

Z(s) = Cp(sI — A,) By, (7

where A,, B,, and C, are realization matrices whose order is determined by the number of retained
poles in the fit.This yields the hydrodynamic radiation subsystem

M (t) = A 2™ (t) + B "™ (), ®)
F(t) = Crzlmi). ©)

which replaces the convolution term with a finite-dimensional dynamical system suitable for time-
domain state estimation and Kalman filtering.

2.3.2. Augmented hydroelastic state-space model

Combining the structural modal dynamics with the radiation subsystem yields a finite-dimensional
state-space representation suitable for time-domain inverse estimation and Kalman filtering. Defining
the effective inertia matrix Mg = M + M, the modal acceleration equation becomes

5 () = Mg (K + Ky "™ (1) — Mg O (8) — Mg Cpe™ () + Mg ™ (). (10)

Introducing the augmented modal state vector

g“”) (t)
2™ = 5™ - (10
2" (1)
The continuous-time augmented model is
&™) = Az () + B ;™ (@), (12)
with
0 1 0 0
A= |-MGA(K+K,) -MziC -MGC.|, B=|Mz]|. (13)

0 B, Ay 0
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2.4. Discrete-time model and acceleration output

For inverse estimation, (I2)) is discretised with sampling interval At,

2 = Aqz™ + By £ + w,, (14)
y, =Caz + Dy f'™ +uv,, (15)

where w,, ~ N(0,Q) and v,, ~ N(0, R). The measured output consists of accelerations at selected
physical DOFs. Let @ map modal to physical coordinates and S select sensor locations. The measure-
ment matrices are

Ca= S0 [-MMK + Ky) ~MglC —Mgc,|, (16)
Dy=S® M4 (17)

2.5. Inverse force estimation

The objective is to estimate the unknown modal excitation force f (™) from measured responses,
given the hydroelastic forward model.

2.5.1. Frequency-domain least-squares inversion

In the frequency domain, the forward model reads
Y (wr) = H(wr) ™ (wg), (18)

Assuming Hj, has full column rank, the corresponding closed-form least-squares solution is

B = (1) Y, (19)

where (-)H denotes the Hermitian transpose.

2.5.2.  Tikhonov-regularised frequency-domain inversion

In practice, the forward operator H;, may be ill-conditioned, particular at low frequencies. In this
case, small singular values amplify measurement noise and lead to large estimator variance. To stabilise
the inversion, Tikhonov regularisation is introduced. The regularised estimate has the following closed-
form solution:

R CY CTIPS R (20)

where A > 0 is the regularisation parameter controlling the trade-off between variance reduction and
estimation bias. The global regularisation parameter is selected using the L-curve criterion [7]].

2.5.3.  Time-domain joint input—state Kalman filter

The discrete-time state-space model is used within the joint input—state estimation framework of
Gillijns and De Moor [8], in which both the structural state and modal excitation forces are estimated
sequentially from the measured acceleration response. The formulation exploits the direct feedthrough
term in the measurement equation to obtain same-step force estimates from the measurement innovation
while simultaneously updating the structural state.

3. Numerical model

A numerical study is conducted on an idealised floating beam to compare frequency- and time-
domain inverse force estimation under controlled modelling and measurement noise.
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3.1. Hydroelastic model

The structure is modelled as a uniform Euler—Bernoulli beam of length L = 200 m with circular
cross-section radius R = 10 m and wall thickness ¢ = 1.7 x 1072 m. The Young’s modulus is £ =
200 GPa. The material density is selected such that the beam floats at an approximate draft of R/2 and
the first dry bending natural frequency is f; ~ 0.2 Hz. The first dry natural frequency is selected to
be approximately consistent with the low-frequency global structural dynamics of large container ship
structures, for which first natural frequencies are often of the order of 0.2 Hz. In real vessels, these low-
frequency modes may typically correspond to torsional global modes, whereas the present simplified
model exhibits only vertical bending responses. The beam model is therefore not intended to represent a
specific vessel directly, but rather an idealised flexible floating structure with comparable low-frequency
hydroelastic behaviour.

A finite-element model with 401 elements (402 nodes) is constructed. Modal truncation retains
N, = 8 dry modes, including rigid-body and flexible modes. A uniform modal damping ratio ¢ = 0.02
is assumed for all retained modes.

Frequency-dependent hydrodynamic coefficients are computed using the potential-flow boundary
element solver CAPYTAINE [9]. The wetted surface is discretised using 7360 panels. For the retained
modal basis, the added-mass and radiation-damping matrices M}, (w) and Cj,(w) are obtained over the
frequency range of interest. In addition, the modal wave-excitation force transfer functions (RAOs
mapping wave elevation to modal forces) are also computed using CAPYTAINE. All hydrodynamic
coefficients are computed for head-wave conditions (180° wave heading). Table [[|compares the dry and
wet natural frequencies for a subset of modes of the coupled hydroelastic model, while the corresponding
dry and wet mode shapes are shown in Fig.[T]

Table 1: Comparison of natural frequencies (in Hz) for dry and wet/coupled models. The flexible modes
(Mode 3 and 4) are labeled using the convention XnVB, where X denotes the number of nodes in the
mode shape and VB stands for vertical bending.

Mode name Dry model Wet model

Pitch 0.00 0.139
Heave 0.00 0.140
2nVB 0.229 0.228
3nVB 0.633 0.503

.-'". o : - P : :-\. r "

- I i %

# i \H“\. ___.-"". LN "'lll
(a) Heave (b) Pitch (c) 2nVB (d) 3nVB

Figure 1: Mode shapes of four modes for the dry (solid line) and wet/coupled (dashed line) models.

The radiation impedance in Eq. (@) is approximated using vector fitting as described in Section 2.T]
The open-source MATLAB package vect fitx [[10] is employed, using N, = 10 poles per retained
mode.
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3.2. Numerical simulation procedure

Irregular wave excitation is modelled using a JONSWAP spectrum [[L1] with parameters H; = 3 m,
T, = 9, and v = 3.3. The spectrum is transformed to encounter frequency for head-wave conditions
and forward speed of U = 10 m/s. A uniform random phase realisation is used to model random
waves. Modal wave-excitation forces are then obtained from the hydrodynamic excitation-force RAOs
computed using CAPYTAINE.

The corresponding noise-free structural response is generated using the hydroelastic forward model
introduced in Section 2.T] The resulting acceleration signals are sampled at 20 Hz over a duration of
2000 s and contaminated with additive zero-mean Gaussian noise with standard deviation 0.01 m/s2.

For the frequency-domain inverse method, the sampled acceleration signals are transformed using
an FFT with Hanning windowing prior to least-squares or Tikhonov inversion at each discrete frequency.
For the time-domain approach, the measured acceleration time histories are used directly in the discrete-
time hydroelastic state-space model together with the joint input—state Kalman filter described in Sec-

tion 231

4. Results

The results are presented in three parts. First, the accuracy of the rational approximation of the
radiation impedance is assessed, as this directly determines the fidelity of the time-domain state-space
model. Second, the variance characteristics of the frequency- and time-domain inverse force estimators
are compared. Finally, the quality of the reconstructed force spectra is evaluated in terms of power
spectral density and root-mean-square force levels.

4.1. Radiation impedance fitting accuracy

The quality of the rational approximation of the radiation impedance is quantified using the relative
fitting error. The relative fitting error is defined as

YulZ(w) ~ Z(w)|
YulZ@]

Figure 2] shows the relative error for all entries of the 8 x 8 impedance matrix. The lowest errors are
observed for the lower-order modes (modes 1-3), while significantly larger errors occur for the highest
mode (mode 8). In general, diagonal terms exhibit smaller errors than off-diagonal terms, reflecting the
fact that self-radiation effects are captured more accurately than modal coupling terms. Physically, entry
(4, 7) represents the radiation force in mode ¢ induced by motion in mode j.

To illustrate the quality of individual fits, Figure 3] compares the real and imaginary parts of selected
impedance terms. The (2,2) entry shows an good match between the true and fitted impedance over
the frequency range of interest, with only minor amplitude deviations. In contrast, the (8,8) entry
exhibits noticeably larger discrepancies, particularly in amplitude, consistent with the higher relative
errors reported above. These results confirm that modelling errors increase with modal order and will
therefore primarily affect force estimation in the higher modes.

21

4.2. Variance of force estimates

Figure [d] compares the variance of the estimated modal excitation forces for Modes 1-4 under mea-
surement noise contamination. The variance quantifies how strongly the estimated forces fluctuate across
different realizations of measurement noise and therefore provides a measure of estimator robustness to
sensor noise. Lage values of variance indicate strong amplification of sensor noise through the inverse
problem. The plotted quantity corresponds to the variance of the real part of the estimated modal forces
and therefore has units of force squared (N?).
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Figure 2: Relative fitting error of the rational approximation of the radiation impedance for all entries of
the 8 x 8 modal impedance matrix. Each entry (¢, j)corresponds to the radiation force in mode ¢ induced
by motion in mode j.

(©) (d)

Figure 3: Comparison of the real and imaginary parts of the fitted and true radiation impedance for
selected diagonal terms (2,2) and (8,8) of the modal impedance matrix over the frequency range of
interest.

The large variation in variance across frequency highlights the strong frequency dependence of the
inverse problem conditioning. Near the modal resonance frequencies, the measured accelerations are
highly sensitive to the corresponding excitation forces, resulting in relatively low estimator variance.

Away from resonance, the differences between the estimators become pronounced. The unregu-
larised LS solution exhibits strong variance amplification at low frequencies, particularly for higher-
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order modes, due to the ill-conditioning of the forward operator. The Kalman filter reduces this ef-
fect through implicit regularisation introduced by the state-space dynamics and noise modelling. The
Tikhonov estimator produces the lowest variance overall by explicitly damping weakly observable sin-
gular directions of the inverse problem. However, this variance reduction reflects stronger regularisation
rather than improved observability and must therefore be interpreted together with the bias characteris-
tics discussed in the following section.

EF g EF

i 5 ey

(a) Mode 1 (b) Mode 2

EF g . EF

(c) Mode 3 (d) Mode 4

Figure 4: Variance of the estimated modal wave-excitation forces for modes 1—4 as a function of
frequency obtained using least-squares (LS), Tikhonov regularization, and the time-domain Kalman
filter (KF).

4.3. Reconstruction of force spectra and RMS level

The quality of the reconstructed force spectra is examined by comparing the power spectral density
(PSD) of the estimated forces with the true PSD. The area under the PSD is directly related to the
root-mean-square (RMS) force contribution over a given frequency band. While the variance results
in Section 4.1 indicate that the Tikhonov estimator provides the strongest stabilisation of the inverse
problem, the PSD comparison reveals the associated increase in estimation bias.

For the LS estimator, the PSD is computed directly from the frequency-domain force estimate as
Spr;(wr) = Sp |Fj(wr)|?, where Sp is a scaling factor ensuring consistency with the signal normal-
ization. For the Kalman filter, the PSD is estimated from the time-domain force signal using Welch’s
method.

Figure [5| compares the reconstructed PSDs for Modes 1, 3, 5, and 7. For the lower-order modes, all
estimators recover the true PSD reasonably well in the dominant excitation range around 0.1-0.3 Hz.
Outside this range, the differences between the estimators become increasingly pronounced.

The LS estimator exhibits elevated PSD levels away from resonance due to strong amplification of
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measurement noise in ill-conditioned frequency regions. The Tikhonov estimator strongly suppresses
these poorly observable components through explicit regularization. For the higher-order modes, partic-
ularly Modes 5 and 7, this suppression becomes so strong that the reconstructed force energy is several
orders of magnitude lower than the true PSD over parts of the frequency range. This behaviour reflects
the bias—variance tradeoff inherent to Tikhonov regularization: variance is substantially reduced, but at
the cost of aggressively damping weakly observable force components toward zero.

The Kalman filter achieves a more balanced behaviour. Although its variance is generally higher
than that of the Tikhonov estimator, the reconstructed PSD retains more physically relevant force content
within the frequency range of interest. This suggests that the dynamical constraints imposed by the state-
space model provide an effective form of implicit regularization without introducing the same level of
bias suppression.

Although modelling errors in the fitted radiation dynamics increase with modal order, their effect on
systematic bias is not clearly distinguishable from regularisation effects in the present results.

%} 4 %}

(a) Mode 1 (b) Mode 3

(c) Mode 5 (d) Mode 7

Figure 5: Power spectral density (PSD) of the estimated modal excitation forces for modes 1,3,5, and 7
compared with the true PSD, shown as a function of frequency.

5. Conclusions

This paper examined frequency- and time-domain inverse wave force estimation methods within a
consistent hydroelastic modelling framework, focusing on the role of regularisation in stabilising the
inverse problem. Three formulations were considered: unregularised frequency-domain least-squares
(LS) inversion, Tikhonov-regularised frequency-domain inversion, and a time-domain joint input-state
Kalman filter (KF).

Accurate reconstruction of excitation forces is primarily achieved in frequency regions where the
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hydroelastic forward operator is well conditioned, typically near modal resonances and for lower-order
modes. In this regime, all estimators exhibit comparable performance, whereas away from resonance
the LS solution shows strong variance amplification due to ill-conditioning.

Tikhonov regularisation stabilises the inversion and yields the lowest estimator variance, but intro-
duces estimation bias by suppressing weakly observable force components. For higher-order modes
this leads to underestimation of force energy and reduced reconstructed PSD, demonstrating that strong
explicit regularisation may suppress physically relevant excitation content.

The time-domain Kalman filter provides a more balanced trade-off between variance reduction and
bias through implicit regularisation introduced by the system dynamics. Although its variance is gen-
erally higher than that of the Tikhonov estimator, the reconstructed force spectra retain more physically
relevant energy.

Overall, the results indicate that the primary limitation in inverse wave force estimation is governed
by the sensitivity of the measured structural responses to the excitation forces, rather than by the spe-
cific estimation algorithm itself. In particular, poorly observable modal components and ill-conditioned
frequency regions lead to strong noise amplification and increased estimation uncertainty. Explicit reg-
ularisation improves numerical stability but must be applied carefully to avoid excessive bias, while
time-domain formulations benefit from incorporating temporal dynamics that naturally constrain the
solution.
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