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Abstract 
 

Wind turbines are typically designed for an operational life of 20-25 years. The operation of the assets 
can be extended beyond their design life if structural components have sufficient reserves left. One 
approach is to monitor fatigue loads and compare these with design assumptions to determine the 
remaining useful lifetime of the assets. A major challenge is that sensors for measuring the stress 
history, such as strain gauges, only deliver local information. Monitoring of every hot spot is 
technically and financially not feasible due to cost and access restrictions. In addition, strain gauges 
only have a limited lifetime when compared to accelerometers.  

Several response estimation or extrapolation methods have been proposed in literature to tackle this 
problem. All of them are Kalman filter based methods, with the exception of the Modal Decomposition 
and Expansion Method. A new Kalman filter based method has been recently proposed in literature 
called Gaussian Process Latent Force Model. The aim of this work is to assess this new method with 
respect to existing ones both theoretically and numerically. 

Theoretically, the Kalman filter based methods always rely on white gaussian noise assumptions for 
the unknown loads, and the modal decomposition and expansion method disregard measurement 
imperfections. The new method improves upon these assumptions by providing a flexible stochastic 
definition for the unknown load, and by taking into account measurement imperfections.  

The numerical analysis is restricted to a comparison with respect to the modal decomposition and 
expansion method given the different theoretical backgrounds. The comparison is realised upon a 
simulation which illustrates and validates the methods, and upon a real-life onshore wind turbine 
equipped with accelerometers and strain gauges. Measured strains are compared with estimated 
strains. The accuracy of each method is quantified using the mean absolute error and by the 
correlation between measurement and estimation. The higher accuracy obtained shows that the new 
method is an improvement upon existing methods. This is further extended in the calculation of 
Damage Equivalent Loads. The result shows a relative error that, depending on operational conditions, 
ranges within 20-40[%] for the modal decomposition and expansion method and less than 10[%] for 
the new method. 

These results show that the novel Gaussian Process Latent Force Model method should be taken into 
account for response estimation when accuracy is relevant. Future works should aim on developing a 
mechanical model that better capture the real behaviour of the wind turbine, as the accuracy of the 
response estimation methods is mainly controlled by the validity of the underlying assumptions of the 
mechanical model. Furthermore, the strain estimations should be sought in the whole frequency 
range, this can be realised by including measurements that deliver this information: GPS sensors or 
inclinometers for example. 
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 Nomenclature 
 

General Notation 

Matrices, bold and capitalized:       ╧ 

Vectors, bold and lower case:       ● 

Scalars, lower case:        ὼ 

Time dependencies may be omitted for simplicity:    ὼὸᴼὼ 

Time derivatives are expressed ǳǎƛƴƎ bŜǿǘƻƴΩǎ ƴƻǘŀǘƛƻƴ:   ὼ 

Discrete-time notation:        ●ὸ Ὧɝὸ ●  

Estimations are, in general, denoted with a hat:     ὼ 

 

Abbreviations 

GPLFM  Gaussian Process Latent Force Model 

MD&E  Modal Decomposition and Expansion 

MAE  Mean Absolute Error 

TRAC  Time Response Assurance Criterion 

MAC  Modal Assurance Criterion 

MDOF  Multi-Degree Of Freedom 

SSI-Cov  Covariance Driven Stochastic Subspace Identification 

pLSCF  poly-reference Least-Squares Complex Frequency-domain estimator 

OPTICS  Ordering Points To Identify the Clustering Structure 

RD  Reachability Distance 

CD  Core Distance 

MinObj  Minimum number of Objects 
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1 Introduction 
1.1 Motivation 

The energy sector has undergone a shift towards renewable energies in order to meet the Paris 
Agreement target of holding the increase in the global average temperature well below 2°C [1]. Wind 
Energy plays an important role in accomplishing this objective. More than one-third (35%) of the total 
electricity needs would be generated by both onshore and offshore wind turbines by 2050 [2]. 

Wind turbines are subject to a highly variable load: the wind. The loading cycles that this load produces 
on the structure brings considerable fatigue loads as a consequence. Typically, wind turbines are 
designed for a 20-year life with the fatigue loads governing the design [3]. The lifetime can be 
extended if the structural components have sufficient reserves left. This can be done by assessing the 
state of the system [4]. This assessment has to include the entire wind turbine, and in particular, all 
the load transferring components. One of these components is the tower, which is the element under 
analysis in this work.  

As indicated in [4], the assessment of the tower has to include the comparison of the original design 
conditions with the conditions on site. One approach is to measure the stresses that the tower has 
withstood over its lifetime. The stresses on a specific point of the tower can be measured by employing 
strain sensors. It is unpractical however to install strain sensors on all points of the structure, which 
means that the response has to be estimated from a discrete set of measurements. Furthermore, it 
has been observed that the use of strain sensors are less reliable and harder to maintain than 
accelerometers over long periods of time [5]. 

This motivation brings the main research question of this thesis: 

άLǎ ƛǘ ǇƻǎǎƛōƭŜ ǘƻ ƻōǘŀƛƴ ǘƘŜ ǎǘǊŀƛƴ ǊŜǎǇƻƴǎŜ ŦǊƻƳ ŀ ŘƛǎŎǊŜǘŜ ǎŜǘ ƻŦ ŀŎŎŜƭŜǊŀǘƛƻƴ ƳŜŀǎǳǊŜƳŜƴǘǎΚέ 

The problem of estimating the response at unmeasured locations from a set of discrete measurements 
ǿƛƭƭ ōŜ ǊŜŦŜǊǊŜŘ ǘƻ ƘŜǊŜŀŦǘŜǊ ŀǎ άwŜǎǇƻƴǎŜ 9ǎǘƛƳŀǘƛƻƴέΦ 

1.2 Literature Review 

1.2.1 Wind Turbines: preliminary understanding 

Some basic definitions and concepts regarding wind turbines are briefly presented in this section. The 
main components of the wind turbine are shown in Figure 1-1. 

Wind turbines have several moving parts. The most relevant to consider for this work, besides the 
rotor motion, are the motion of the nacelle, characterised by the yaw angle, and the motion of the 
blades, characterised by the pitch. The yaw angle refers to the rotation of the nacelle in order to 
orientate the rotor in the wind direction. The pitch refers to the rotation of the blades in order to 
control the angle of attack of the wind to the blades. 

The dynamic characterisation of the structure can be defined through the natural modes of vibrations. 
These may be divided in two sets: modes related to the tower, and modes related to the rotor. The 
rotor modes refer to those that are mainly related to the blades, while the tower modes refer to those 
that are mainly related to the tower vibrations. Coupled modes also exist. A description of these 
modes may be found in [3]. Furthermore, in [6] an experimental identification of these modes is 
presented. 
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Figure 1-1. Wind Turbine main components. 

Given the focus of this work on the tower response, only the tower modes will be sought to be 
represented by the mechanical model. It is noted however that the response of the tower will be also 
influenced by the rotor mode shapes, although to a lesser extent. The tower modes are often divided 
in three directions: the fore-aft (FA) direction, the side-side (SS) direction and the torsional direction. 
The FA and SS direction modes are sketched in Figure 1-2. The torsional direction refers to the 
torsional motion of the tower. 

 
Figure 1-2. Tower mode shapes. FA and SS directions. 

The modal parameters of the structure vary in time as a consequence of different operational 
conditions. Two conditions are highlighted: The rotor speed and the wind speed. As discussed in [7], 
the rotor speed affects mainly the rotor modes. The tower modes are not affected in a considerable 
manner. The wind speed brings as a consequence an effect known as aerodynamic damping [3]. In 
simple terms, the motion of the tower implies a change in both the relative velocity of the wind with 
respect to the blades, and also a change in the angle of attack of the blades. This results in a load 
which is a function of the response of the blades motion in terms of velocity. Consequently, a higher 
wind speed will yield a higher aerodynamic effect.  

Finally, the analysis of the system due to the wind load has to take into account the tower shadow 
effect [3]. The wind pressure is decreased locally in the presence of the tower, both down-wind and 
up-wind. This means that the wind pressure acting on the blades while passing through the tower is 
decreased. This brings as a consequence a harmonic load transferred to the tower every time a blade 
passes in front of it. In consequence, a harmonic load is expected to occur in the tower at multiples of 
σὪ , with Ὢ  the rotor frequency (speed). Note that a harmonic load occurs also at the rotor 
frequency due to its rotation. 

CƻǳƴŘŀǝƻƴ
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1.2.2 Overview on response estimation 

Several methods that address the problem of response estimation have been proposed in literature. 
The most relevant methods are briefly introduced as follows: 

Kalman Filter: First introduced in [8] provides an algorithm to solve problems that can be formulated 
by a discrete state space model in a recursive and optimal manner. In the context of this work, it can 
be applied considering a known load, or by assuming the load being part of the noise on the process 
and measurements [5]. 

Augmented Kalman Filter: Presented in the context of structural dynamics in [9]. It augments the state 
equation by including the load as part of the augmented state. The solution afterwards is obtained by 
means of applying the Kalman Filter to this augmented formulation. It has stability issues if measuring 
acceleration only [10]. 

Augmented Kalman Filter With dummy measurements Considers the inclusion of dummy 
measurements seeking to minimize the error produced from the stability issues. Proposed in [11]. 

Dual Kalman filter [12]. It seeks to solve the problem of estimation of the load by using two parallel 
Kalman Filters, one to estimate the load, and another to estimate the state considering the estimated 
load. As shown in [13], it is outperformed by the Joint input-response estimation. 

Joint input-response estimation: Based on [14], and presented in the context of structural dynamics 
in [15]. It includes the load estimation as part of a Kalman Filter approach. The stability issues when 
measuring accelerations only still prevail [10]. 

Extension on Joint input-response estimation: An extension of this approach is presented in [16] by 
considering that the noise between processes is non-zero, and furthermore providing a methodology 
to estimate the noise covariances. The stability issues when measuring accelerations only still prevail 
[10]. 

Modal Decomposition and Expansion (MD&E): Presented in [17]. It is based only on the mode shapes 
of a well calibrated finite element model. It is therefore a very simple yet effective approach for 
response estimation. 

Gaussian Process Latent Force Model (GPLFM): Recently introduced in [18] and extended in [19] for 
its implementation on joint input-state-parameter estimation. It assumes a stochastic description for 
the load that is not limited by a white gaussian assumption, in contrast to all other Kalman Filter based 
methods. It does not have stability issues when using only accelerations. It uses the Kalman filter in 
order to compute posterior distributions: this means that it yields not only the expected values 
(estimations) but also the variances (uncertainty). It has been shown in [18] that this method can be 
reduced to the Augmented Kalman Filter but without stability (drift) issues. 

1.2.3 Response estimation in the context of wind turbines 

Some case studies in the context of wind turbines are discussed in the following. 

A first approach towards the problem of fatigue estimation of wind turbines can be found in [20], 
where the need to separate between a low frequency content (quasi-static loads) and high frequency 
content (dynamic loads) is highlighted. This is a consequence of the nature of the loads that the 
structure is subject to. The response estimation problem is concerned with the higher frequency 
content. Though it provides a good framework for the problem of fatigue estimation, the mechanical 
model considered is an oversimplification of the real problem. Therefore, no relevant response 
estimation method is found. 

In [21], [17] and [22] the use of MD&E towards fatigue estimation can be found:[21] introduces MD&E 
for estimating accelerations at one point on the structure from measured accelerations at another 



 

4 

 

point, [17] employs both accelerations and strain measurements to estimate strains, and finally in [22] 
the last approach is combined with a low frequency (quasi-static load) estimation to estimate fatigue. 

In [5] a comparison is made between using Kalman Filter, Joint Input Response and MD&E to estimate 
strains. Two sets of measurements are evaluated: using only acceleration measurements, and using 
accelerations and strains measurements. The former, which is of interest for this work, is observed to 
be accurate in some defined frequency range when using Joint Input Response and MD&E approaches. 
It is highlighted however that offline displacement estimation is required for the stability of Joint Input 
Response estimation, and high-pass filtering is required for both joint input response and MD&E in 
order to avoid errors in the form of low frequency components. Other works such as [23] or [24] uses 
MD&E and Kalman Filtering approaches for the problem of estimating strains from acceleration 
measurements, with the MD&E approach being more accurate in comparison to Kalman Filtering. 

1.3 Scope 

Summarising the literature review, several methods exist that attempt to tackle the problem of 
Response Estimation. These methods can be divided in two approaches: Kalman Filter based 
approaches, and the Modal Decomposition and Expansion (MD&E) method. 

The novel GPLFM method has been recently proposed in the field of Structural Dynamics [18]. This 
method belongs to the set of Kalman Filter approaches, and it has not yet been employed in the 
context of wind turbines. 

In light of this novel approach, the scope of this thesis is reduced to answering the following question: 

ά5ƻŜǎ ǘƘŜ ƴƻǾŜƭ Dt[Ca ƳŜǘƘƻŘ ƛƳǇǊƻǾŜǎ ǳǇƻƴ ŜȄƛǎǘƛƴƎ ƳŜǘƘƻŘǎΚέ 

This question is restricted to the context of wind turbines and focused towards the tower component. 

In order to apply any response estimation method, a mechanical model that is representative of the 
structure is required. 

1.4 Methodology 

¢ƘŜ ǘŜǊƳ ΨƛƳǇǊƻǾŜǎΩ ǎǘŀǘŜŘ ƛƴ ǘƘŜ ǊŜǎŜŀǊŎƘ ǉǳŜǎǘƛƻƴ ƛƳǇƭƛŜǎ ǘƘŜ ƴŜŜŘ ǘƻ ŀǎǎŜǎǎ ǘƘŜ Dt[Ca ŀƎŀƛƴǎǘ 
existing methods. The assessment is executed under two points of view: theoretical and numerical. 

The theoretical assessment is performed by exposing the underlying theory of the GPLFM method, 
and by taking into account the literature review presented in section 1.2. 

The numerical assessment is restricted to compare the GPLFM with the MD&E method given that it is 
the only response estimation method found that falls outside the Kalman Filter based methods, and 
also given that it has been successfully implemented on wind turbines. This assessment is performed 
upon a simulated response and upon real data obtained from an operating onshore wind turbine. 
Note that the simulated response will also be useful for illustrative purposes and for validation of both 
methods employed. 

The onshore wind turbine has been equipped with accelerometers and strain gauges, measuring 
between December 2020 and January 2021. The accelerometers will be used for the application of 
the response estimation methods, and the strain gauges will serve as a reference for the numerical 
results. The simulated response will replicate this configuration. The records used for the analysis will 
be chosen from the available data set so as to cover the most relevant operating conditions of the 
wind turbine. The mechanical model considered for the analysis of the onshore wind turbine is 
validated using system identification. 

This methodology brings as a consequence the structure of this thesis, outlined as follows: 
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Section II: Theoretical Background. This section presents the underlying theory for the mechanical 
model, system identification and response estimation methods employed. The error metrics 
considered for the analysis of the numerical results are also introduced. 

Section III: Simulation. The system identification and response estimation methods are validated and 
illustrated through a finite element model simulation. 

Section IV: Case Study: Onshore Wind turbine. Both response estimation methods are applied to 
measured data from an onshore wind turbine. 

Section V: Conclusion. The main results and recommendations for future works are presented. 
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2 Theoretical Framework 
2.1 Mechanical model 

This section briefly presents the required theoretical background considered for system identification 
and response estimation. 

2.1.1 Equation of Motion and Modal Analysis 

The formulation of the Equations of Motion and associated Modal Transformation are well covered in 
literature (e.g. [25], [26]). The following only presents the relations used by the system identification 
and response estimation methods. 

2.1.1.1 Equation of Motion 

The equation of motion for a Multi-Degree of Freedom (MDOF) system is given by: 

╜◊ὸ ╒◊ὸ ╚◊ὸ ╢▬▬ὸ %ÑȢςȤρ 

where the mass, damping and stiffness matrices are represented by, ╜ȟ╒ȟ╚ᶰᴙ  respectively, 
and the load locations are defined by ╢▬ᶰᴙ . The response of the system is defined by 

◊ὸᶰᴙ , and the loads in time are defined as ▬ὸᶰᴙ . ὲ  refers to the total number of degrees 
of freedom, and ὲ refers to the total number of loads. 

2.1.1.2 Modal Transformation 

Classic modal analysis starts from the assumption that the damping matrix is proportional to the mass 
or stiffness matrix. Under this assumption, and considering the following modal transformation: 

◊ὸ ◊□ ὸ %ÑȢςȤς 

The classical modal representation of the equation of motion is obtained: 

╘◊□ ὸ ◊□ ὸ ◊□ ὸ ╢▬▬ὸ %ÑȢςȤσ 

With ◊□ᶰᴙ  the modal coordinates, ᶰᴙ  the mass-normalised modal shape matrix (i.e., 
╜ ╘), ᶰᴙ  and ᶰᴙ  diagonal matrices formed by the natural frequencies ‫  

and damping ratios ‒ so that ÄÉÁÇ‫  and ÄÉÁÇς‒‫ . 

Often the response of a structure can be sufficiently represented by a subset of modes ὲ ὲ . This 
is called a Modal Reduction. The response is then approximated by: 

◊ὸ ►◊□►ὸ %ÑȢςȤτ 

With the reduced mode shapes ᶰᴙ  and modal coordinates ◊□►ᶰᴙ .  Furthermore, the 
reduced system matrices are written as ᶰᴙ  and ᶰᴙ . 

2.1.2 Mechanical State Space Model 

This section presents the state space model derived from the modal reduction of the MDOF systems 
previously defined. 

The state space model is formed by the state equation, which is an equivalent formulation of the 
equation of motion, and the observation equation, which relates some set of observations with the 
state of the system. 

2.1.2.1 State Equation 

The state equation for the reduced modal formulation is defined as (for the derivation, see e.g. [15]): 
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●□ ὸ ═╬□●□ ὸ ║╬□▬ὸ %ÑȢςȤυ 

●□
◊□►
◊□►

%ÑȢςȤφ 

═╬□
╘

%ÑȢςȤχ 

║╬□ ╢▬
%ÑȢςȤψ 

With ●□ᶰᴙ ȟ═╬□ᶰᴙ ȟ║╬□ᶰᴙ . 

Note that the response can be transformed to the original coordinates by multiplying with the mode 
shapes: 

●ὸ ►

►
●□ ὸ %ÑȢςȤω 

The approximation being a consequence of using a reduced number of modes. 

2.1.2.2 Observation Equation 

Let ◐ὸᶰᴙ  be a subset of the system response: 

◐ὸ ╢╪◊ὸ ╢○◊ὸ ╢▀◊ὸ %ÑȢςȤρπ 

The matrices ╢╪ȟ╢○ȟ╢▀ᶰᴙ  are the selection matrices for accelerations, velocities, and 
displacements respectively. These relate the observed (measured) response ◐ὸ of the structure with 
the mechanical model. Note that ὲ  represent the total number of displacements, velocities or 

accelerations being measured. 

Considering the modal formulation, and the equation of motion, the observations ◐ὸ can be defined 
in terms of the state and load applied in the system (for the derivation, see e.g. [15]): 

◐ὸ ╖╬□●□ ὸ ╙╬□▬ὸ %ÑȢςȤρρ 

╖╬□ ╢╪ ╢▀ ► ╢╪ ╢○ ► %ÑȢςȤρς 

╙╬□ ╢╪ ╢▬ %ÑȢςȤρσ 

With dimensions: ╖╬□ᶰᴙ ȟ╙╬□ᶰᴙ . 

2.1.3 Finite Element Model 

The mechanical model is defined numerically through a finite element model. Only beam elements 
are considered in this work, based upon Euler-Bernoulli beam theory. The element cross section used 
is assumed to be circular and constant. The particular definition of the finite element is known, and 
can be found for example in [27]. The relevant expressions are summarised in the following, based 
upon the information shown in Figure 2-1. 
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Figure 2-1. Beam Finite Element. 

In accordance with Figure 2-1, the nodal displacement vector is defined by: 

◊▄ ὺ — ὺ — %ÑȢςȤρτ 

The shape functions ╝, and spatial derivatives ╝ȟ╝ , are defined in terms of the local coordinate ‚: 

╝‚ ρ ‚ ‚ ‚  ὥ %ÑȢςȤρυ 

╝ ‚ π ρ ς‚ σ‚ ὥ %ÑȢςȤρφ 

╝ ‚ π π ς φ‚ ὥ %ÑȢςȤρχ 

ὥ
ρ

τ

ς ὥ ς ὥ
σ ὥ σ ὥ
π ὥ π ὥ
ρ ὥ ρ ὥ

%ÑȢςȤρψ 

The displacement or rotation at any point within the element is given by: 

ὺ‚ ╝‚◊▄ %ÑȢςȤρω 

—‚
ρ

ὥ
╝ ‚◊▄ %ÑȢςȤςπ 

The element stiffness and mass matrix are then defined as: 

╚
ὉὍ

ςὥ

σ σὥ σ σὥ
σὥ τὥ σὥ ςὥ
σ σὥ σ σὥ
σὥ ςὥ σὥ τὥ

%ÑȢςȤςρ 

Ὅ
“

φτ
Ὀ Ὀ ςὸӶ %ÑȢςȤςς 

╜
”ὃὥ

ρπυ

χψ ςςὥ ςχ ρσὥ
ςςὥ ψὥ ρσὥ φὥ
ςχ ρσὥ χψ ςςὥ
ρσὥ φὥ ςςὥ ψὥ

%ÑȢςȤςσ 

ὃ
“

τ
Ὀ Ὀ ςὸӶ %ÑȢςȤςτ 

The strain for any point within the element is: 

‐
ώ

ὥ
╝ ‚◊▄ %ÑȢςȤςυ 

With ώ the distance from the neutral axis.  

Υ ̧ƻǳƴƎ aƻŘǳƭǳǎΦ

Υ 9ƭŜƳŜƴǘ ƻǳǘŜǊ ŘƛŀƳŜǘŜǊΦ

Υ 9ƭŜƳŜƴǘ ǘƘƛŎƪƴŜǎǎΦ

Υ 5ŜƴǎƛǘȅΦ

Υ bƻŘŀƭ ŘƛǎǇƭŀŎŜƳŜƴǘΦ

Υ bƻŘŀƭ ǊƻǘŀǝƻƴΦ

Υ DŜƴŜǊŀƭ ŎƻƻǊŘƛƴŀǘŜǎΦ

Υ [ƻŎŀƭ ŎƻƻǊŘƛƴŀǘŜǎΦ

Υ 9ƭŜƳŜƴǘ ƘŀƭŦπƭŜƴƎǘƘΦ
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2.1.3.1 Selection matrices 

Selection matrices can be defined with the above relations. First note that the element vector can be 
related to the global vector through an element selection matrix ╢▄ᶰᴙ

 : 

◊▄ ╢▄◊ %ÑȢςȤςφ 

Defining the location at which the response is to be evaluated will define the selection matrix ╢▄, 
which indicates what element it corresponds to. The position within the element is controlled by ‚. 

Therefore, in the case of accelerations, the response at a given location (i.e., ╢▄ and ‚ known) can be 
expressed as: 

ό ὺ‚ ╝‚◊▄ ╝‚╢▄◊ ╢╪░◊ %ÑȢςȤςχ 

This defines the selection matrix for the acceleration ╢╪░ɴ ᴙ . 

The same can be done for the strains, assuming also a defined distance ώ with respect to the neutral 
axis: 

‐
ώ

ὥ
╝ ‚◊▄

ώ

ὥ
╝ ‚╢▄◊ ╢Ⱡ◊ %ÑȢςȤςψ 

This defines the selection matrix for the strain ╢Ⱡᶰᴙ . 

It is noted that the selection matrices defined here are for a single point in space. In the case that a 
set of points in space is required (as described in 2.1.2.2), each row can be defined following the above 
expressions. In particular, each row of ╢╪ is defined by ╢╪░ as described in this section. 

Finally, note that for both cases the selection matrix can be developed for the modal response: 

╢╪□ ╢╪  %ÑȢςȤςω 

╢Ⱡ□ ╢Ⱡ %ÑȢςȤσπ 

2.2 System Identification 

2.2.1 Introduction 

System Identification involves the problem of estimating the dynamic properties of a structural 
system. This, in practice, reduces to the problem of estimating frequencies, damping ratios and mode 
shapes of an existing structure. 

In the context of wind turbines, system identification has been successfully applied in literature (see 
[28], [29]), where two methods in particular have been considered: covariance-driven stochastic 
subspace identification (SSI-Cov, [30]) and poly-reference least-squares complex frequency-domain 
estimator (pLSCF, [31]). Both methods have been observed to yield similar results. Only SSI-Cov is 
employed in this work. 

One of the most relevant drawbacks of using SSI-COV, which is also observed for pLSCF, is the need to 
define the model order of the system. In simple terms, the model order can be understood as the 
dimension of the system matrices (i.e., number of degrees of freedom) that are needed to represent 
the structure. A more detailed explanation can be found in section 2.2.2.1. The model order is not 
easily defined, and even the best estimation for the model order may yield spurious modes. In order 
to overcome this, the use of stabilisation diagrams is often employed in practice to distinguish physical 
and spurious modes [30]. A stabilisation diagram is a plot of the frequencies found for a wide range of 
model orders. Through the stabilisation diagram, the physical modes are detected as they are 
ŀǎǎǳƳŜŘ ǘƻ ŀǇǇŜŀǊ ǎƻƳŜǿƘŀǘ ŎƻƴǎƛǎǘŜƴǘƭȅ ŀŎǊƻǎǎ ǘƘŜ ŘƛŀƎǊŀƳΣ ƛƴ ǘƘŜ ŦƻǊƳ ƻŦ ΨǎǘŀōƭŜ columnsΩ. 
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Stabilisation diagrams must be interpreted to recover the physical modes. Several attempts have been 
proposed in literature in order to automatically interpret such diagrams (see e.g. [28], [32]). These 
methods rely on cluster analysis tools to distinguish the physical modes. It is observed also that the 
success of the methods found in literature are dependent on the measurement setup and the 
structure conditions. 

In this work, a cluster tool useful for both manual analysis and automatic analysis is employed, called 
OPTICS (Ordering Points To Identify the Clustering Structure, [33]). The use of this tool in the context 
of stabilisation diagrams for both manual and automatic analysis has been validated in [34]. In this 
work, only manual analysis of stabilisation diagrams is employed.  

This section aims to present the system identification method SSI-COV and the cluster analysis tool 
OPTICS.  

2.2.2 SSI-Cov 

The covariance-driven stochastic subspace identification method (SSI-Cov) can be found in [35], [30], 
[28], [36]. The following introduces the main assumptions and methodology followed for its 
implementation. 

The method starts from the state-space model similar to the one described in Section 2.1.2, but 
without considering modal reduction (i.e., the state equation as the equation of motion). The state 
equation is then defined by: 

●ὸ ═╬●ὸ ║╬▬ὸ %ÑȢςȤσρ 

●
◊
◊

%ÑȢςȤσς 

═╬
╘

╜ ╚ ╜ ╒
%ÑȢςȤσσ 

║╬ ╢▬
%ÑȢςȤστ 

And the observation equation: 

◐ὸ ╖╬●ὸ ╙╬▬ὸ %ÑȢςȤσυ 

╖╬ ╢╪╜ ╚ ╢▀ ╢╪╜ ╒ ╢○ %ÑȢςȤσφ 

╙╬ ╢╪╜ ╢▬ %ÑȢςȤσχ 

The load is neglected, and implicitly modelled by including noise in both the state and observation 
equation, therefore the state and observation equations are reduced to (in discrete notation, further 
details in [30]): 

● ═● ◌ %ÑȢςȤσψ 

◐ ╖╬● ○ %ÑȢςȤσω 

With ● ᶰᴙ  the state vector, ◐ ᶰᴙ  the observation vector, ═ ÅØÐ═╬ɝὸᶰᴙ  the 

state matrix, ╖╬ᶰᴙ  the output matrix, ◌ ᶰᴙ  the process noise and ○ ᶰᴙ  the 

observation noise. 

It is assumed that the noises are white gaussian processes: 

◌ %ÑȢςȤτπ 

 ○ %ÑȢςȤτρ 

 
◌
○ ◌ ○

╠ ╢

╢ ╡
‏ %ÑȢςȤτς 
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With ‏  the Delta dirac function in discrete notation: ‏ ὴɝὸ‏ ήɝὸ. Furthermore, the 

stochastic process ●  is assumed to be stationary and independent of the noise: 

● %ÑȢςȤτσ 

● ● %ÑȢςȤττ 

● ◌ %ÑȢςȤτυ 

● ○ %ÑȢςȤτφ 

Finally, the output covariance matrices ☻ᶰᴙ  and the next state ς output covariance matrix 
ᶰᴙרּ  are defined as: 

☻ ◐ ◐ %ÑȢςȤτχ 

רּ ● ◐ %ÑȢςȤτψ 

Given these definitions, it can be shown (see e.g. [35], [36]) that the output covariance matrices can 
be written as: 

☻ ╖╬═ רּ %ÑȢςȤτω 

As mentioned in [30], this last relationship implicitly states that the output covariances can be 
considered as impulse responses of the system. In order to use this relationship for estimating the 

system matrix ═, and in consequence the dynamic properties, a Toeplitz matrix ╣ȿᶰᴙ  is 

built: 

╣ȿ

☻ ☻ Ễ ☻
☻ ☻ Ễ ☻
ể ể Ệ ể

☻ ☻ Ễ ☻

%ÑȢςȤυπ 

Note that a Toeplitz matrix is characterised by repeated diagonal terms. This matrix can be expressed 
as: 

╣ȿ

╖╬
╖╬═
ể

╖╬═

═ רּ ═ רּ Ễ רּ═ רּ %ÑȢςȤυρ 

￼ȿ

╖╬
╖╬═
ể

╖╬═

%ÑȢςȤυς 

With ￼ȿᶰᴙ  the extended observability matrix, which can be estimated by a singular value 

decomposition of the Toeplitz matrix (see [35], [30], [36]): 

╣ȿ ╤ ╤ ╢ π
π π

╥

╥
╤╢╥ ᵼ￼ȿ ╤╢

Ⱦ
%ÑȢςȤυσ 

With ╢ᶰᴙ  a diagonal matrix containing the positive singular values in descending order. 

The state matrix ═ and the output matrix ╖╬ can then be obtained by using the pseudoinverse  
and submatrices of the extended observability matrix: 

═ ￼ȿ ￼ȿ %ÑȢςȤυτ 

╖╬ ￼ %ÑȢςȤυυ 
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Finally, the system properties can be obtained by the eigenvalues of the system matrix ═, and the 
modal shapes can be obtained considering the output matrix ╖╬: 

═ Ἤ %ÑȢςȤυφ 

╖╬ %ÑȢςȤυχ 

With ᶰᴇ  the mode shapes referred to the observed points of the structure, and ▀ 
containing the singular values ‗ , from which the frequency and damping ratio can be defined (see 

[30], [28], [36]): 

‗
ÌÎ‗

ɝὸ
%ÑȢςȤυψ 

‫ ʇ %ÑȢςȤυω 

‒
ὙὩ‗

ʇ
%ÑȢςȤφπ 

The following subsections discusses some relevant remarks regarding the application of this method. 

2.2.2.1 Stabilisation Diagrams 

In the above derivation, a number of singular values ὲ was assumed implicitly by the dimension of 
the system matrix ═. In practice however, the dimension of the system matrix is not known, and in 
consequence, the number of singular values is not known a priori.  

It is known that the system matrix ═ has a dimension twice as large as the number of degrees of 
freedom. Let the model order ὲ be defined as the number of degrees of freedom, which in turn 
means that ὲ ςὲ. Note that this ensures that the number of eigenvalues of the system matrix is 
an even number. 

In practice, defining a unique model order ὲ for the method is likely to yield several modes that 
should not be considered as physical modes: spurious modes. The solution that is often adopted is to 
use several model orders, from which the physical modes can be observed to be present on most of 
these model orders. To observe this, the stabilisation diagram is used. 

The stabilisation diagram is a plot of the frequencies obtained for each model order ὲ. The name 
ΨǎǘŀōƛƭƛǎŀǘƛƻƴΩ ŎƻƳŜǎ ŦǊƻƳ ǘƘŜ ŦŀŎǘ ǘƘŀǘ ǘƘŜ ǇƘȅǎƛŎŀƭ ƳƻŘŜǎ ǿƻǳƭŘ ŀǇǇŜŀǊ ŀǎ ǎǘŀōƭŜ ŎƻƭǳƳƴǎ ƛƴ ǘƘƛǎ 
diagram. Therefore, the physical modes can be recovered by interpreting the results observed from 
the stabilisation diagram. 

2.2.2.2 Covariance Estimation 

In order to efficiently compute the Toeplitz matrix ╣ȿ, the following Hankel matrix is built by 

rearranging the outputs: 

ρ

Ὦ

ở

Ở
Ở
Ở
Ở
ờ

◐ ◐ Ễ ◐▒
◐ ◐ Ễ ◐▒
ể ể Ệ ể

◐░ ◐░ Ễ ◐░▒
◐░ ◐░ Ễ ◐░▒
◐░ ◐░ Ễ ◐░▒
ể ể Ệ ể

◐ ░ ◐ ░ Ễ ◐ ░▒ Ợ

ỡ
ỡ
ỡ
ỡ
Ỡ

╨ ȿ░

╨░ȿ ░
%ÑȢςȤφρ 



 

13 

 

With ╨ ȿ ȟ╨ȿ ᶰᴙ . Note that a Hankel matrix is a matrix where the antidiagonal terms 

repeat. The Toeplitz matrix is then obtained as: 

╣ ȿ ╨ȿ ╨ ȿ %ÑȢςȤφς 

It is observed that, by using these expressions, the covariance matrices are estimated as: 

☻
ρ

Ὦ
◐ ◐ %ÑȢςȤφσ 

Which holds under the assumption that ὮO Њ. Furthermore, the number of lags Ὥ considered will 
control the number of singular values that can be obtained from the Toeplitz matrix. As discussed in 
[28], the Hankel matrix is defined by setting Ὥ as the minimum number of lags to find the desired model 
order ὲ, and thus maximizing Ὦ in order to have the best estimation for the covariance matrices from 
the available observations ◐ . 

2.2.3 Cluster Analysis 

As discussed in section 2.2.2.1, the physical modes are to be interpreted from the stabilisation 
diagram. The present section shows the methodology employed in order to efficiently interpret it. 
This methodology is heavily influenced by what is proposed in [34]. 

The methodology uses two stages: the first stage aims to clear the stabilization diagram by removing 
spurious modes from it. The second stage aims to identify the clusters that refer to physical modes 
(i.e., the stable columns). 

2.2.3.1 First Stage: Clearing the stabilisation diagram 

In order to clear the stabilisation diagram from (definitely) spurious modes, the following rules are 
implemented: 

1) Valid frequency range: ὪᶰπȟὪ  

2) Valid damping range: ‒ɴ πȟ‒  

3) Presence of conjugates for the poles and mode shapes 

¢ƘŜǊŜŦƻǊŜΣ ǘƘŜ ƳƻŘŜǎ ǘƘŀǘ ŘƻƴΩǘ ŎƻƳǇƭȅ ǿƛǘƘ ŜƛǘƘŜǊ ƻŦ ǘƘŜ ǘƘǊŜŜ ǊǳƭŜǎ ŘŜŦƛƴŜŘ ŀōƻǾŜ ŀǊŜ ŎƻƴǎƛŘŜǊŜŘ 
as spurious modes and removed from the analysis. 

2.2.3.2 Second Stage: OPTICS 

In order to identify the clusters (stable columns), OPTICS is used. The details of its implementation can 
be found in [33]. The following procedure is a simplified approach of what has been proposed in [34]. 

In order to implement OPTICS, the Reachability Distance (ὙὈ) needs to be defined. To do so, two 
distance measures are introduced: Distance between objects ὨὭȟὮ, and core distance (ὅὈ): 

2.2.3.2.1 Distance between objects: 

The distance between objects is defined as: 

ὨὭȟὮ
Ὢ Ὢ

Ὢ
ρ ὓὃὅꜚ ȟꜚ Ὠ ὭȟὮ %ÑȢςȤφτ 

With ὪȟὪ representing the frequency identified (obtained after clearing the stabilisation diagram) for 

any two pair of frequencies. Ὢ  the maximum frequency allowed (defined in the previous 
subsection). ꜚȟꜚ  the associated complex mode shapes and ὓὃὅ refers to the Modal Assurance 

Criterion (see e.g. [37]) defined as: 
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ὓὃὅꜚ ȟꜚ
ꜚ ꜚ

ꜚ ꜚ ꜚ ꜚ
%ÑȢςȤφυ 

With  representing the Hermitian of the vector. The ὓὃὅ takes values from 0 (when there is no 
consistent correspondence) to 1 (when there is perfect correspondence). The distance between 
frequencies is normalized to obtain comparable values with the ὓὃὅ. 

Finally, Ὠ ὭȟὮ is a measure of distance in terms of the model order. If the two objects have the same 
model order it takes a value of 1, otherwise it takes a value of 0. This helps in avoiding clustering 
objects in the same model order. 

2.2.3.2.2 Core Distance: 

The core distance (ὅὈ) depends on a parameter called ὓὭὲὕὦὮ, which indicates the minimum number 
of objects that a cluster should have. The core distance is the distance (measured by ὨὭȟὮ) at which 
ὓὭὲὕὦὮ objects can be found. The computation is illustrated in Figure 2-2. A formal expression for it 
can be found in [34]. 

 
Figure 2-2. Reachability Distance (RD) and Core Distance (CD) illustration.  

(a) considering ╜░▪╞╫▒, (b) considering ╜░▪╞╫▒. Ref.: [34]. 

2.2.3.2.3 Reachability Distance and Reachability Plot: 

The Reachability Distance (ὙὈ) is defined as the maximum between the core distance and the distance 
between objects: 

ὙὈὭȟὮ ÍÁØὅὈὮȟὨὭȟὮ %ÑȢςȤφφ 

OPTICS uses this definition to build a reachability plot. The reachability plot is defined iteratively. In 
simple words it is defined by computing the ὙὈ between the (remaining) objects, selecting the object 
with the minimum ὙὈ and excluding it from the next step in the iteration. This defines an order for 
the objects. The specific algorithm used can be found in [34], [33].  

The Reachability plot is the result of using OPTICS. Clusters are identified by low ὙὈ value regions. The 
lower the ὙὈ the denser the cluster is (in terms of the distance previously defined).  

2.2.3.2.4 Cluster detection from reachability plots 

In order to efficiently detect low ὙὈ value regions, a simplified version of what is proposed in [34] is 
implemented. First, steep objects need to be defined. Let ί denote the difference between 

consecutive objects in the reachability plot. Let ‚
ȿȿ

. Downwards steep objects are defined 

as the objects for which ί ‚, and conversely, upwards steep objects are defined as the objects 
for which ί ‚.  

Clusters can then be defined as the elements between a downwards steep object and an upwards 
steep object, as long as the number of elements that the formed cluster has at least ὓὭὲὕὦὮ objects.  
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2.2.3.2.5 Remarks 

The main parameter to be defined to implement OPTICS is ὓὭὲὕὦὮ. Following the recommendations 
in [34], this parameter can be defined by the number of model orders that the stable columns should 
be present at. Let the range of model orders be ὲȟ ÍÁØὲ ÍÉÎὲ . Then, ὓὭὲὕὦὮ can be 

defined as: 

ὓὭὲὕὦὮ‌ ὲȟ %ÑȢςȤφχ 

Where ‌  should take at most a value of ‌ ρ when the stable columns are expected to 

be present across the whole range of model orders, and a lower value when the stable columns are 
expected to be present only partially across the model orders.  

2.2.3.3 Third Stage: Representative element 

The final step of this methodology is to define a representative element from the clusters identified 
in the second stage. The representative element is chosen as the median values in frequency, damping 
ratio and mode shape. 

2.3 Modal Decomposition and Expansion 

The MD&E can be found in [17]. The method starts by noticing that the observed accelerations can be 
related to the modal coordinates of a mechanical model (see section 2.1.2.2 and 2.1.3.1): 

◐ὸ ╢╪□◊□ ὸ %ÑȢςȤφψ 

It is therefore possible to estimate the acceleration modal coordinates at any point in time by 
computing the pseudo-inverse: 

◊□ ὸ ╢╪□◐ὸ ╢╪□╢╪□ ╢╪□◐ὸ %ÑȢςȤφω 

Note that this requires that the number of modes ὲ  considered to be less than or equal to the 
number of observations ὲ : ὲ ὲ  so as to avoid defining an underdetermined system (less 

equations than unknowns). 

The displacement modal coordinate is required to define the strains. This can be computed, as 
proposed in [5], by integration in the frequency domain: 

◊□ ὸ ꞈ
ρ

‫
ꞈ◊□ ὸ %ÑȢςȤχπ 

From which the strains can be obtained: 

‐ὸ ╢Ⱡ□◊□ ὸ %ÑȢςȤχρ 

With ╢Ⱡ□ the modal selection matrix as defined in 2.1.3.1. 

There are three points that should be considered in the implementation of this method: 

1) The error (noise) of the observation ◐ is not taken into account. This will yield errors in the 
estimation of the modal coordinate depending on the amount of noise. To minimise this error, 
the system is sought to be solved in a least-square sense (overdetermined system: ὲ ὲ). 

2) Integration in the frequency domain will amplify low frequencies. To avoid this, the signal is 
filtered after integrating. 

3) Ill-conditioning of the matrix ╢╪□ may amplify the noise in the results. 
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2.4 Gaussian Process Latent Force Model 

2.4.1 Introduction 

The GPLFM is a model that combines a mechanical model of the structure with a stochastic 
characterisation of the unknown input. A flowchart representing the main considerations for the 
GPLFM is presented in Figure 2-3. The mechanical model represents the structure, and the equation 
is as defined in section 2.1. The stochastic model represents the load, and it is written in state space 
form (see section 2.4.3). The augmented model is a combination of both the mechanical and stochastic 
model (see section 2.4.4). The augmented model is a stochastic differential equation for the 
augmented state vector ◑╪ which contains the modal displacements, modal velocities, and the state 
vector for the load. The augmented state vector is a stochastic variable, and in consequence the 
expected value and the covariance are of relevance. The prior refers to the marginal distribution 
obtained for the augmented vector at any point in time, and the posterior refers to the conditional 
distribution of the state vector upon some information regarding the system. The posterior 
distribution is computed by employing Kalman Filter and Smoothing algorithms. The result of the 
GPLFM is therefore the new marginal distribution obtained through the posterior distribution. 

 
Figure 2-3. GPLFM flowchart. 

The present section aims to present the GPLFM method in detail. Taking into account that the amount 
of theoretical background required is considerable, an outline is indicated below: 

1) Gaussian Process: Gaussian processes are introduced in a simplistic manner, along with 
recalling some relevant properties of the Multivariate Normal distribution. Furthermore, two 
particular gaussian processes are presented: The white gaussian noise and a process driven 
by a Matérn covariance function. Finally, the concept of prior and posterior is introduced. 

2) Stochastic State Space Model: The state space model representation of a stochastic process 
is presented. The prior and posterior are revisited in this context. 

3) Augmented State Space Model: The augmentation of the mechanical and stochastic state 
space models is presented. This is the core of the GPLFM method. The prior and posterior is 
again revisited for this model. 

4) Parameter estimation: The hyperparameters of the stochastic load and the noise levels must 
be defined. Two methodologies to estimate these parameters are presented. The first falls in 
line with what has been proposed in literature, and the second is a novel proposed 
methodology considered in this work. 

aŜŎƘŀƴƛŎŀƭ aƻŘŜƭ

!ǳƎƳŜƴǘŜŘ aƻŘŜƭ

tǊƛƻǊ tƻǎǘŜǊƛƻǊ

YŀƭƳŀƴ 

CƛƭǘŜǊ ŀƴŘ

{ƳƻƻǘƘŜǊ

{ǘƻŎƘŀǎǝŎ aƻŘŜƭ
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2.4.2 Gaussian Process 

The aim of this section is to provide a sufficient understanding of gaussian processes. 

Let ּז● denote the probability distribution of a random variable ●. 

The distribution of interest in the context of this work is the Multivariate Gaussian probability 
distribution (or joint normal distribution) of a random variable ●ᶰᴙ  given by: 

●זּ ﬞ ●ȟ
ρ

ς“ÄÅÔ
ÅØÐ

ρ

ς
● ● ● ● %ÑȢςȤχς 

Where ●ᶰᴙ  is the mean and ᶰᴙ  is the covariance matrix, formally defined as: 

● ● %ÑȢςȤχσ 

● ● ● ● %ÑȢςȤχτ 

Where  corresponds to the expected value operator. 

A gaussian process ὼὸ can be roughly understood by considering a vector with infinitely many 
elements [38], corresponding to the values that it takes in time: ὼὸᴼ●ᶰᴙ . A gaussian process 
can therefore be characterised by a mean value ὼὸᴼ●ᶰᴙ  and a covariance function  
‖ὸȟὸ ᴼ ᶰᴙ . The covariance function will define the correlation between time ὸ and ὸ. This 
notion is recovered by using the following notation: 

ὼὸͯ ꞉עὼὸȟ‖ὸȟὸ %ÑȢςȤχυ 

Using infinite vectors is, of course, not feasible in practice. However, considering a discrete subset of 
time, it can be reduced to a multivariate gaussian distribution. 

Furthermore, it is noted that when the statistics (mean and covariance) of the gaussian process do not 
vary in time it is called stationary. This implies that the mean has a constant value for all points in time: 
ὼὸ ὼ and that the covariance function will depend only on the time lag † ȿὸ ὸȿ regardless at 
which point in time it is evaluated: ‖ὸȟὸ ‖†. Then, a stationary gaussian process can be written 
as: 

ὼὸͯ ꞉עὼȟ‖† %ÑȢςȤχφ 

Note that all gaussian process used in this work are stationary. 

2.4.2.1 Multivariate Normal Distribution 

Given the relevance of the Multivariate Gaussian distribution for Gaussian Processes, some basic 
properties are recalled. To do so, a simpler version of the Multivariate Gaussian distribution is 
considered: 

זּ
ὥ
ὦ

ﬞ
ὥ
ὦ
ȟ
ʆ ʆ

ʆ ʆ
%ÑȢςȤχχ 

Note that ὥ and ὦ can be considered as vectors or as scalars. 

2.4.2.1.1 Marginal Distribution 

The marginal distribution can be understood as the distribution of a variable independent of other 
events. For each variable, the marginal distribution can be obtained directly from the joint 
distribution: 

ὥזּ ﬞ ὥȟ‖ %ÑȢςȤχψ 

ὦזּ  ﬞ ὦȟ‖ %ÑȢςȤχω 
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2.4.2.1.2 Conditional distribution 

The conditional distribution can be understood as an update of the probability distribution when 
information is known for dependant variables. Considering the simpler version above, the distribution 
of the variable ὥ can be updated if the variable ὦ is known: 

ὥȿὦזּ  ﬞ ὥ ‖ ‖ ὦ ὦȟ‖ ‖ ‖ ‖ %ÑȢςȤψπ 

2.4.2.2 White Gaussian Noise 

A frequently used Gaussian Process is the White Gaussian Process. It is defined by a zero mean ὼὸ
π with a covariance function given by ‖†  .†‏„

Therefore, white noise is defined as: ύὸͯ ꞉עπȟ‖† †‏„ . With ‏  refers to the Dirac 

delta function. 

if a discrete subset of time is considered: ὸȟὸ ᴼ ύ ύὸȟύ ύὸ , the multivariate 
probability distribution can be expressed as: 

זּ 
ύ
ύ ﬞ

π
π
ȟ„

ρ π
π ρ

%ÑȢςȤψρ 

Considering the expressions defined for the marginal distribution: 

ύזּ  ﬞ πȟ„ %ÑȢςȤψς 

Furthermore, the conditional distribution is given by:  

ύזּ  ύ ύזּ    Ὧ Ὦ %ÑȢςȤψσ 

These results indicate that at any point in time the probability distribution is the same, regardless of 
the information known at any other point in time. 

For simplicity, a White Gaussian Process is denoted as: 

 ύὸͯ ﬞ πȟ„ %ÑȢςȤψτ 

It is highlighted that „  does not refer to the variance directly. It refers to the spectral density. The 
variance is obtained from integration of the spectral density over all frequencies, which in this case 
would be infinite. In the discrete case however, the spectral density can be considered as the variance 
of the marginal distribution as illustrated above: 

 ύ ﬞͯ πȟ„ %ÑȢςȤψυ 

2.4.2.3 Matern32 Covariance Function 

A particular covariance function is considered in this work, named the Matern32 covariance function. 
The use of this covariance function rise from the fact that it offers great flexibility in modelling 
different types of random processes (See [18], [19]).  

The Matern32 covariance function is a specific function belonging to the Matérn family of covariance 
functions. The general expression for the family of functions can be found in [38]. The specific function 
is defined as: 

 ‖ †Ƞ„ȟὰ „ ρ
Ѝσȿ†ȿ

ὰ
Ὡ

Ѝȿȿ

%ÑȢςȤψφ 

And the spectral density is given by [39]: 

 Ὓ ὪȠ„ȟὰ „
ρςЍσ

ὰ

σ

ὰ
ς“Ὢ %ÑȢςȤψχ 
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This covariance function is defined not only by the time lag †, but also by two hyperparameters: „ and 
ὰ . These hyperparameters are described as follows: 

- „: known as the magnitude. It controls the amplitude of the covariance function. Notice that 
‖ π „ , which means that the marginal distribution of the stochastic process ὴὸ 

defined by this covariance function has a variance of „ ὴὸזּ : ﬞ πȟ„ . 

- ὰ : known as the length scale, controls the extent of the correlation. Note that, from the 

covariance function, it can be observed that for a given ὰ  a significant correlation may be 

found up to υὰ . Furthermore, from the spectral density, the expected frequency content 

may be considered significant up to Ὢͯ ρȾυὰ , which is below the half-power point. 

 

Figure 2-4 illustrates the Matern32 covariance function in terms of the covariance function, spectral 

density, and some samples to illustrate the behaviour of a process described by this covariance 

function. 

 

 

Figure 2-4. Matern32 covariance function, spectral density and samples. 
 Ɑ ╝ȟ■▼╬ ▼. 

2.4.2.4 Prior and Posterior 

Consider a stochastic process ὴὸͯ ꞉עπȟ‖† . This characterisation of the process can be 

ǳƴŘŜǊǎǘƻƻŘ ŀǎ ǎŜǘǘƛƴƎ ǎƻƳŜ ΨǇǊƛƻǊ ōŜƭƛŜŦΩ ŦƻǊ ǘƘŜ ŦǳƴŎǘƛƻƴ: it is expected to have a zero-mean and a 

covariance given by ‖†. The marginal distribution: ּזὴὸ ﬞ πȟ‖π  is referred to hereafter 

ŀǎ ǘƘŜ ΨǇǊƛƻǊΩ. It is highlighted thaǘ ǘƘƛǎ ŘŜŦƛƴƛǘƛƻƴ ǇǊƻǾƛŘŜǎ ƻƴƭȅ ǇŀǊǘƛŀƭ ƛƴŦƻǊƳŀǘƛƻƴ ǊŜƎŀǊŘƛƴƎ ǘƘŜ ΨǇǊƛƻǊ 
ōŜƭƛŜŦΩΣ ŀǎ ƛǘ ǇǊƻǾƛŘŜǎ ƴƻ ƛƴŦƻǊƳŀǘƛƻƴ ǊŜƎŀǊŘƛƴƎ ǘƘŜ ŎƻǊǊŜƭŀǘƛƻƴ ƛƴ ǘƛƳŜ όƛΦŜΦΣ ǊŜƎŀǊŘƛƴƎ ǘƘŜ ŎƻǾŀǊƛŀƴŎŜ 
function for † π). Figure 2-5 shows the prior through the mean value and the σ„ interval of 
confidence for the Matern32 covariance function with unitary values for „ and ὰ . 

 

Figure 2-5. Prior. Matern32 covariance function. 
 Ɑ ╝  and ■▼╬ ▼. 
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Any two points in time have a joint distribution given by: 

זּ
ὴὸ
ὴὸ

ﬞ
π
π
ȟ

‖ ‖π ‖ ‖† ȿὸ ὸȿ

‖ ‖† ȿὸ ὸȿ ‖ ‖π
%ÑȢςȤψψ 

If the stochastic process is measured at some point in time, it is reasonable to think that ǘƘŜ ΨǇǊƛƻǊ 
beliefΩ should be updated, because there is more information regarding the process. Updating beliefs 
with the new information is the same as computing the conditional distribution on the observations. 
This would update the values for the mean and covariance at any point in time. To illustrate this, let 
ὴὸ ὴ be known, or in words: let the stochastic process be measured at time ὸ. Furthermore, 
let ὴὸ  refer to any point in time: ὴὸ ὴὸ, then, using the conditional distribution: 

ὴὸȿὴזּ ﬞ ὴǶὸ ‖‖ ὴȟʆὸ  ‖ ‖‖ ‖ %ÑȢςȤψω 

The updated distribution has a mean ὴǶὸ and a covariance ʆὸ that varies in time. in particular, it 
varies as a function of the time lag: † ȿὸ ὸȿ. 

This conditional distribution is referred to hereafter as the ΨposteriorΩ. Figure 2-6 shows the posterior 
for the Matern32 covariance function with unitary values and considering a single observation. Note 
that the closer to the observation, the less uncertainty there is (to the extreme of zero uncertainty at 
the observed point) and the farther from the observation the more uncertainty there is (to the 
extreme of recovering the prior). 

 

Figure 2-6. Posterior. Matern32 covariance function. 
Ɑ ╝  and ■▼╬ ▼. 

2.4.3 Stochastic State Space Model 

The main motivation for formulating a stochastic state space model is to be able to combine it 
(augment it) mathematically with the mechanical state space model. The reason why it was developed 
however is because the computational effort required to compute the posterior increases rapidly with 
the number of measurements. This representation reduces the computational cost from ַײὲ  to 
 .ὲ [39], with ὲ referring to the number of measurementsײַ

In order to construct the stochastic state space model, it is required to first define the gaussian process 

ὴὸͯ ꞉עπȟ‖†  as the output of a Linear Time Invariant Stochastic Differential Equation. A 

methodology to do so is presented in [39]. The following focuses on the Matern32 covariance 
function. 

2.4.3.1 Continuous-Time Stochastic State Space Model 

A gaussian process with a Matern32 covariance function can be expressed as the output of the 
following Linear Time Invariant Stochastic Differential Equation [39]: 

ὴὸ ς
Ѝσ

ὰ
ὴὸ

σ

ὰ
ὴὸ ύὸ %ÑȢςȤωπ 
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Note that it is a stochastic differential equation as it is driven by a white gaussian noise ύὸ with a 
known spectral density: 

ύὸͯ ﬞ πȟ„
ρςЍσ„

ὰ
%ÑȢςȤωρ 

This can be written as a continuous-time state space model: 

◑ὸ ╕╬◑ὸ ╛╬ύὸ %ÑȢςȤως 

ὴὸ ╗╬◑ὸ %ÑȢςȤωσ 

With: 

◑ὸ
ὴὸ
ὴὸ

%ÑȢςȤωτ 

╕╬

π ρ

σ

ὰ
ς
Ѝσ

ὰ

%ÑȢςȤωυ 

╛╬
π
ρ

%ÑȢςȤωφ 

╗╬ ρ π %ÑȢςȤωχ 

2.4.3.2 Prior: Stationary solution 

It is not direct how the prior can be recovered from the state space representation of the stochastic 
process. Therefore, the prior is revisited in this context. 

Notice first that ◑ὸ is also a stochastic process, it therefore has a mean ◑ὸ ◑ὸ  and 
covariance ╟ὸ ◑ὸ◑ὸ . Expressions that define these statistics can be found through the 
stochastic state space model [40]: 

◑ὸ ╕╬◑ὸ %ÑȢςȤωψ 

╟ὸ ╕╬╟ὸ ╟ὸ╕╬ ╛╬„╛╬ %ÑȢςȤωω 

The prior can be recovered from the stationary solutions of these expressions [40]. The stationary 
solutions, noted by ◑  and ╟ , are obtained by imposing that the rate of change is zero, yielding the 
following expressions: 

╕╬◑ %ÑȢςȤρππ 

╕╬╟ ╟ ╕╬ ╛╬„╛╬ %ÑȢςȤρπρ 

By observing the first equation, it is direct that the stationary solution for the expected value is zero 
◑ , which relates directly with the stationary solution of the stochastic process:  
ὴǶ ╗╬◑ π. The second equation provides an expression that can be used to find the stationary 
covariance. This equation is known as the continuous-time Lyapunov equation and can be solved 
numerically. It is highlighted that the covariance of the stochastic process can therefore be obtained 

as: ὴὸὴὸ ╗╬╟ ╗╬
╣ „ . In other words, the prior is regained: ּזὴὸ ﬞ πȟ„ . 

2.4.3.3 Posterior: Kalman Filter and Smoother 

Computing the posterior through the stochastic state space model requires defining the discrete 
version of the stochastic model, and an observation equation which will provide the information of 
the system to compute the posterior. Subsequently, the posterior can be computed recursively by 
employing Kalman Filter and Smoothing. 

The expressions found for the statistics can be solved, as they are ordinary differential equations. The 
solution can be expressed as [40]: 
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◑ὸ ▄╕╬ ◑ὸ %ÑȢςȤρπς 

╟ὸ ▄╕╬ ╟ὸ▄╕╬ ▄╕╬ ╛╬„╛╬▄
╕╬ Ὠ† %ÑȢςȤρπσ 

Using discrete notation, and evaluating between time steps: 

◑ ╕◑ %ÑȢςȤρπτ 

╟ ╕╟ ╕ ╠▀ %ÑȢςȤρπυ 

With: 

╕ ▄╕╬ %ÑȢςȤρπφ 

╠▀ ▄╕╬ ╛╬„╛╬▄
╕╬ Ὠ† %ÑȢςȤρπχ 

The expressions obtained for the statistics define an equivalent discrete version of the system: 

◑ ╕◑ ◌ %ÑȢςȤρπψ 

With ◌ ﬞͯ πȟ╠▀ , uncorrelated from the states. 

In order to compute the posterior, an observation equation is defined. Let some discrete set of 
observations be defined as: 

ώ ╗╬◑ ὶ %ÑȢςȤρπω 

With ὶ ﬞͯ πȟὙ a white gaussian noise to represent some error in the observations.  

As mentioned in [39], the posterior can be computed by employing Kalman Filtering and Smoothing 
upon the discrete model and observation equation using the stationary solutions as initial values. 
Table 2-1 summarises the relevant equations (the derivation of them can be found in [39]). 

Table 2-1. Kalman filter and smoother equations. Stochastic model. 

Time Update: Measurement Update: Smoothing: 

◑זּ ώȡ ﬞ ◑ ȟ╟  
◑זּ ώȡ ﬞ ◑ ȟ╟  

ώȡזּ ώȡ ﬞ ╗╬◑ ȟὛ  
◑זּ ώȡ ﬞ ◑ ȟ╟  

◑ ╕◑  

╟ ╕╟ ╕ ╠▀ 

ὶ ώ ╗╬◑  

Ὓ ╗╬╟ ╗╬ Ὑ 

╚ ╟ ╗╬Ὓ  

 
◑ ◑ ╚ ὶ  

╟ ╟ ╚ Ὓ ╚  

╒ ╟ ╕ ╟  

 

◑ ◑ ╒ ◑ ◑  

╟ ╟ ╒ ╟ ╟ ╒  

In words, the Time Update step computes the mean and covariance of the distribution conditional on 

all past observations: ּז◑ ώȡ ﬞ ◑ ȟ╟ . The Measurement Update step computes the 

mean and covariance of the distribution conditional on all past observations, including the observation 

in the current step: ּז◑ ώȡ ﬞ ◑ ȟ╟ . Note that if there are no observation this step is 

omitted: ◑ ◑ ȟ╟ ╟ . Finally, the Smoothing step computes the mean and covariance of 

the distribution conditional on all observations: ּז◑ ώȡ ﬞ ◑ ȟ╟ . The result from the 

Smoothing step is therefore the posterior as defined in 2.4.2.4, but written in discrete notation. 

The regression process is illustrated in Figure 2-7. An unknown function is first shown in black, and a 

prior belief is set by ὴὸͯ ꞉עπȟ‖ †Ƞ„ ρὔȟὰ ρί . A point is observed, and the Kalman 

Filter is applied, updating points in time after the observation. Finally, the smoother is applied to 
update points in time before the observation.  
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Figure 2-7. Posterior defined through Kalman Filter and Smoother. 

2.4.4 Augmented State Space Model 

The main model that drives the GPLFM is the augmented state space model. This is a combination of 
the mechanical model that represents the structure, and a stochastic model that represents the load. 
It is relevant to notice that the result will also be a stochastic model. In consequence a prior and a 
posterior can be computed. The augmented model is described in the following. 

2.4.4.1 Continuous-time Augmented State Space Model 

Starting from the continuous-time state space representation of the mechanical model: 

●ὸ ═╬●ὸ ║╬ὴὸ %ÑȢςȤρρπ 

Considering only one load. The stochastic state space model is defined by: 

◑ὸ ╕╬◑ὸ ╛╬ύὸ %ÑȢςȤρρρ 

ὴὸ ╗╬◑ὸ %ÑȢςȤρρς 

Both state space models can be combined into an augmented version: 

●ὸ
◑ὸ

═╬ ║╬╗╬
π ╕╬

●ὸ
◑ὸ ╛╬ύὸ

%ÑȢςȤρρσ 

In short notation: 

◑╪ὸ ╕╬
╪◑╪ὸ ◌╪ὸ %ÑȢςȤρρτ 

With ◌╪ ὸͯ ﬞ πȟ╠╬
╪  

╠╬
╪ π π

π ὒ„ὒ
 %ÑȢςȤρρυ 

It is highlighted that the structure of this expression is completely analogous to the stochastic state 
space model presented for the load. Note that the augmented state ◑╪ὸ is a stochastic variable 
which contains not only the stochastic description of the load, but also a stochastic description of the 
response (in terms of modal displacements and velocities). The stochastic description of the response 
is defined taking into account the mechanical model and the stochastic description of the load. In 
other words: through the augmented model. 

Furthermore, it is noted that only one load has been defined for the augmented model. More loads 
may be considered by further augmentation (see [18]). The simulation and real case structure are 
modelled by considering only one load, so the increased augmentation is omitted for simplicity. 

2.4.4.2 Prior: Stationary solution 

Similar to what was exposed in Section 2.4.3.2, expressions for the statistics are found through the 
augmented model: 

◑ ὸ ╕╬
╪◑ ὸ %ÑȢςȤρρφ 
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╟ ὸ ╕╬
╪╟╪ὸ ╟╪ὸ╕╬

╪ ╠╬
╪ %ÑȢςȤρρχ 

The stationary solutions can then be defined by setting the first derivative to zero: 

╕╬
╪◑ %ÑȢςȤρρψ 

╕╬╟ ╟ ╕╬ ╠╬  %ÑȢςȤρρω 

From which is easy to conclude that the stationary expected value is zero ◑ , and the stationary 
covariance ╟  can be found numerically by solving the continuous-time Lyapunov equation. 

The prior is then defined as ּז◑ ὸ ﬞ ȟ╟ . It is highlighted that this is a prior for the 

augmented state. The augmented state has information regarding the response of the system and the 
load. Therefore, defining a prior for the load defines a prior for the response. 

To further illustrate this last point, note that any response of the system can be described from the 
augmented state by means of a selection matrix. For example, the strain can be described using the 
selection matrix defined in 2.1.3.1: 

‐ὸ ╢ ◊ ὸ ╢
◊ ὸ

◊ ὸ

◑ὸ

╗ ◑ ὸ %ÑȢςȤρςπ 

The response description depends on the stochastic variable ◑ ὸ. Therefore, it is a stochastic 
description of the response. As such, the statistics may be computed. In particular, the marginal 
distribution, or prior, may be computed. This is illustrated by using the strain: 

‐Ƕὸ ‐ὸ ╗ ◑ ὸ ╗ ◑ ὸ ╗ ◑ π %ÑȢςȤρςρ 

ὖȟ ‐ὸ‐ὸ ╗ ◑ ὸ◑ ὸ ╗ ╗ ╟ ╗  %ÑȢςȤρςς 

In consequence, the prior of the strain is obtained: ּז‐ὸ ﬞ πȟὖȟ . 

Note that it can be easily observed that, in general, all responses of the mechanical system loaded by 
a zero-mean stationary process will also be zero mean and stationary. 

2.4.4.3 Posterior: Kalman Filter and Smoother 

The approach is completely analogous to what is presented in Section 2.4.3.3. First the discrete version 
of the stochastic model is presented, and the observation equation that will provide the information 
of the system. Subsequently, the prior can be computed recursively by using the Kalman Filter and 
Smoothing equations. 

The expressions found for the statistics can be solved, as these are ordinary differential equations. 
The solution can be expressed as: 

◑ ὸ ▄╕╬ ◑ ὸ %ÑȢςȤρςσ 

╟╪ὸ ▄╕╬
╪

╟╪ὸ▄╕╬
╪

▄╕╬ ╠╬▄
╕╬ Ὠ† %ÑȢςȤρςτ 

Using discrete notation, and evaluating between time steps: 

◑ ╕◑ %ÑȢςȤρςυ 

╟ ╕╟ ╕ ╠▀ %ÑȢςȤρςφ 

With: 

╕ ▄╕╬ %ÑȢςȤρςχ 
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╠▀ ▄╕╬
╪

╠╬
╪▄╕╬

╪
Ὠ† %ÑȢςȤρςψ 

The expressions obtained for the statistics define an equivalent discrete version of the system: 

◑ ╕╪◑ ◌ %ÑȢςȤρςω 

With ◌ ﬞͯ πȟ╠▀
╪ . 

To compute the posterior, an observation equation needs to be defined. Note that only part of the 
augmented state is observed (accelerations). Starting from the observation equation defined in 
2.1.2.2 

◐ὸ ╖╬□●□ ὸ ╙╬□▬ὸ %ÑȢςȤρσπ 

Using the state space representation of the load, this can be written in terms of the augmented state: 

◐ὸ ╗╬
╪◑╪ὸ %ÑȢςȤρσρ 

With: 

╗╬
╪ ╖╬□ ╙╬□╗╬ %ÑȢςȤρσς 

 

Furthermore, noticing that the observations are measured at discrete points in time, and that they 
are not perfect, the following discrete form of the observation is employed: 

◐ ╗╬
╪◑ ► %ÑȢςȤρσσ 

With ►  a stochastic variable representing the error of the measurement. This is assumed to be a 

white gaussian noise: ► ﬞͯ πȟ╡ . With ╡ᶰᴙ  a diagonal matrix with the variances for each 

signal noise in its diagonals: „ . 

As discussed in 2.4.3.3, the posterior can be computed by using the Kalman Filter and Smoother using 
the discrete form of the augmented model and the discrete form including noise of the observation 
equation. The Kalman Filter and Smoother expressions are shown below for the augmented version. 
Note that the initial values has to be the stationary solutions in order to properly compute the 
posterior. 

Table 2-2. Kalman filter and smoother equations. Augmented model. 

Time Update: Measurement Update: Smoothing: 

◑זּ ◐ ȡ ﬞ ◑ ȟ╟  
◑זּ ◐ ȡ ﬞ ◑ ȟ╟  

◐זּ ȡ ◐ ȡ ﬞ ╗╬◑ ȟ╢  
◑זּ ◐ ȡ ﬞ ◑ ȟ╟  

◑ ╕◑  

╟ ╕╟ ╕ ╠▀ 

► ◐ ╗╬◑  

╢ ╗╬╟ ╗╬ ╡ 

╚ ╟ ╗╬╢  

 
◑ ◑ ╚ ►  

╟ ╟ ╚ ╢ ╚  

╒ ╟ ╕ ╟  

 

◑ ◑ ╒ ◑ ◑  

╟ ╟ ╒ ╟ ╟ ╒  

 

The description of this process is analogous to what was presented in 2.4.3.3. It is recalled that the 
result from the smoothing step is the posterior, written in discrete notation:  

◑זּ ◐ ȡ ﬞ ◑ ȟ╟ . Note that the main difference with respect to what is described in 

2.4.3.3 is that the posterior is computed only on partial information of the system. This means that 
the prior belief of the response of the system (e.g., strains) can be updated by any information of the 
system (e.g., accelerations). 
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It is highlighted that defining the discrete version of the noise covariance ╠▀ through the integral is 
difficult and unpractical. An alternative method of computing is by using the solution for the 
covariance in discrete version: 

╟ ╕╟ ╕ ╠▀ %ÑȢςȤρστ 

Noticing that the stationary solution also applies for this expression: 

╟ ╕╟ ╕ ╠▀ %ÑȢςȤρσυ 

And further noticing that the stationary covariance has been already computed by the prior (see 
2.4.4.2), a more practical way to define the noise covariance is obtained: 

╠▀ ╕╟ ╕ ╟ %ÑȢςȤρσφ 

2.4.5 Parameter Estimation 

So far it has been assumed that the hyperparameters „ȟὰ  of the Matern32 covariance function that 
represents the load are defined. However, given that the load is unknown, so is the covariance 
function that could define it stochastically. Furthermore, the noise levels defined through ╡ for the 
measurements are also unknown. 

This section provides two frameworks to estimate these unknown parameters. The first one will be 
referred to as Maximum A Posteriori, and it is the method suggested by [18], [19], [40]. The second 
method, referred as ΨCƛǘǘƛƴƎ ǘƘŜ tǊƛƻǊ ŀƴŘ tƻǎǘŜǊƛƻǊΩΣ ƛǎ ŀ ƴƻǾŜƭ ƳŜǘƘƻŘƻƭƻƎy that aims to solve the 
parameter estimation in a more intuitive and efficient manner. 

2.4.5.1 Maximum A Posteriori 

Let the unknown parameters be defined as the hyperparameters Ᵽ „ȟὰȟ╡ . 

The Bayesian way of treating these unknown hyperparameters is by looking at the posterior 
distribution [41]: 

ȡ◑זּ ȟⱣώȡ %ÑȢςȤρσχ 

Only the marginal posterior distribution of the hyperparameters is of interest. This is given by [41]: 

Ᵽώȡזּ ȡ◑זּ ȟⱣώȡ Ὠ◑ȡ %ÑȢςȤρσψ 

In words, this is the conditional distribution of the hyperparameters given some set of observations. 
The distribution will vary depending on the hyperparameters chosen. Higher values would be obtained 
if the hyperparameters chosen yield a higher likelihood for this posterior distribution. This in turn 
means, at least in a probabilistic sense, that the hyperparameters yield a good representation of the 
stochastic process. The objective therefore is to find the hyperparameters that maximize this 
conditional distribution: 

Ᵽ ÍÁØ
Ᵽ
Ᵽώȡזּ %ÑȢςȤρσω 

This is known as a Maximum A Posteriori estimate [41]. As mentioned in the same reference, 
computing the full posterior distribution is computationally very expensive. An alternative definition 
using bayes rule is considered: 

Ᵽώȡזּ

ώȡזּ ȿⱣּזⱣ

ώȡזּ

ᶿּזώȡ ȿⱣּזⱣ %ÑȢςȤρτπ 

Therefore, the Maximum A Posteriori estimate can be obtained maximizing this function: 

Ᵽ ÍÁØ
Ᵽ
ώȡזּ ȿⱣּזⱣ %ÑȢςȤρτρ 
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In order to efficiently compute this distribution (and therefore maximize it to obtain the estimates), 
the following function is used: 

• Ᵽ ÌÏÇּזώȡ ȿⱣ ÌÏÇּזⱣ %ÑȢςȤρτς 

This is called the energy function. Then, it is easy to observe that minimizing this function would yield 
the Maximum A Posteriori estimates: 

Ᵽ ÍÉÎ
Ᵽ
• Ᵽ %ÑȢςȤρτσ 

The advantage of using this definition, is that the energy function can be computed iteratively directly 
from the Measurement Update step of the Kalman Filter. This has been shown in [41]: 

• Ᵽ • Ᵽ
ρ

ς
ÌÏÇς“ὨὩὸ╢

ρ

ς
► ╢ ► %ÑȢςȤρττ 

Which shows how the energy function is computed from the Kalman Filter (see Table 2-2). Note that 
the smoothing step is not required to compute it. 

Note that the initial step • Ᵽ is defined by: 

• Ᵽ ÌÏÇּזⱣ %ÑȢςȤρτυ 

In words, this means that the starting value for the energy function is the negative log-likelihood of 
the hyperparameters. This is directly related to the prior of the hyperparameters. If no prior 
knowledge is available, the distribution may be assumed to be uniform over all possible values of Ᵽ, 
which in practice can be implemented by starting with • Ᵽ π. 

2.4.5.1.1 Remarks 

The Maximum A Posteriori method presented here has two drawbacks. First, given the large number 
of undefined parameters (five in total, considering three accelerometers), it is difficult to have a 
representation of the behaviour of the energy function. Second, as discussed in [18], attempting to 
minimise this function through optimisation may yield a local minima instead of a global minima. 
Taking into account both drawbacks, this method can be characterised as being unintuitive and 
unpractical given the difficulty in the optimisation process. This motivates the need to develop an 
alternative method for parameter estimation. 

2.4.5.2 Fitting the Prior and Posterior 

This method aims to define the Matern32 hyperparameters and the noise levels separately. The 
Matern32 hyperparameters „ȟὰ  will be defined by ensuring that the prior belief obtained for the 
measured accelerations fit well with the observations. Whereas the noise levels ╡ will be defined by 

ensuring that the error estimated from the posterior ╡ fits well with the error defined for the 
computation of the posterior ╡.  

2.4.5.2.1 Fitting the prior 

The prior of the accelerations can be easily computed from the prior of the augmented state through 
the observation equation defined in Section 2.4.4.2: 

◐ὸ ╗╬
╪◑╪ὸ %ÑȢςȤρτφ 

◐ ╗ ◑ %ÑȢςȤρτχ 

╟ȟ ◐ὸ◐ὸ ╗ ╟ ╗ %ÑȢςȤρτψ 

In words: the expected value of the accelerations is zero, and the covariance is given by ╟ȟ . In 

particular, the variance for each channel (accelerometer) „  will be defined by the diagonal elements 
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of this covariance matrix. It is highlighted that the correlation between the observed points is defined 
through the elements outside the diagonal. 

Note that this is the prior of the accelerations. This is part of the augmented model. No information 
of the measurements has been used other than their location within the mechanical model. 

Now, taking into consideration that there are measurements available, it is possible to estimate the 
variance of the observations by directly computing it from the records. This will yield a variance for 

each channel: „ᶻ . 

The key of this method is to realise that the prior belief of the augmented model can be educated 
through the observations. This can be realised by matching the variance obtained from the model 

(prior) with the variance that can be computed from the measurements: „ „ᶻ . In other words: 

the prior belief should fit the data available. 

It is important to realise that an exact match may not be possible. This may be due to the mechanical 
model not being sufficiently representative of the structure, or due to an inaccurate estimation of the 
variance from the records, amongst other reasons. 

This observation motivates the fit of the prior as a maximum likelihood estimation. 

For each signal, a log-normal distribution is built with the mode (peak of the distribution) being 

defined by the computed variance „ᶻ . The spread of the distribution is defined arbitrarily by the 

95[%] interval of confidence. The lower bound is defined by approximately half this value, and the 
higher bound is defined by approximately double this value. The exact computation of the distribution 
is illustrated in Figure 2-8. Note that it uses commonly known properties of the log-normal 
distribution: ‘  referring to the mode (which is the peak of the distribution), and ‘ Ȣ referring 
to the median, from which the interval of confidence bounds can be defined. 

 

Figure 2-8. Log-normal distribution definition. 

For each signal, the best prior would be the one that maximises the associated log-normal distribution. 

Given that the goal is to fit the prior to all the observations, what is sought is to maximise all the log-
normal distributions associated to all the channels. An efficient way to do so is by using the joint 
distribution. The joint distribution can be computed by assuming that the distributions are 
independent, which means that the joint distribution is just the multiplication of the distributions. The 
assumption of independence follows from the independent definition of the distribution on each 
signal. 

Therefore, the „ and ὰ  hyperparameters are estimated by maximising the likelihood of this joint 
distribution. This will ensure that the prior belief is a good match for the observations. 
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2.4.5.2.2 Fitting the posterior 

Now that the prior for the load is defined, the noise levels for each signal, contained in ╡, are required 
to be defined. This will be realised by studying the posterior of the measured accelerations. 

The acceleration measurements are related to the model through the observation equation which 
includes noise: 

◐ ╗╬
╪◑ ► %ÑȢςȤρτω 

An estimation for the noise process can therefore be obtained by using the expected value for the 
augmented state, obtained from the posterior: 

► ◐ ╗╬
╪◑ %ÑȢςȤρυπ 

Note that the measurements ◐  are deterministic, as the values are directly obtained from the 

accelerometers. 

An estimation of the variance of the noise can be obtained by the associated noise estimations. 
Therefore, an estimation of the noise matrix is obtained:  

╡ ÖÁÒ► %ÑȢςȤρυρ 

The key aspect in this method is to acknowledge that the posterior provides an estimation of the noise 
covariance. Fitting the posterior translates therefore into matching the defined noise level ╡ with the 

estimated noise level ╡.  

The methodology employed to do so is iterative, illustrated in Figure 2-9, and described as follows: 

1) An arbitrary amount of noise is defined for the signals. A starting point may be taken equal to 

the variance of the signal ╡ ÖÁÒ◐ . Note that, unless the signal is purely noise, the real 

amount of noise should be lower. 

2) The posterior is computed, from which an estimation for the noise is obtained: ╡ 

3) The noise is defined as the estimated noise ╡ ╡ 

4) Steps two and three are repeated until the maximum relative difference between the 

variances is less than a user-defined tolerance: ÍÁØÄÉÁÇ
╡ ╡

╡
ÔÏÌ  

 

 
Figure 2-9. Fitting the posterior. Iterative process. 
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2.5 Error Metrics 

The numerical assessment is performed by three measures of accuracy. Namely, the Mean Absolute 
Error (ὓὃὉ), Time Response Assurance Criterion (ὝὙὃὅ), and the relative error. The ὓὃὉ and ὝὙὃὅ 
are defined below using a reference signal ● and associated estimation ●:  

ὓὃὉ●ȟ●
ρ

ὔ
ὼ ὼ %ÑȢςȤρυς 

ὝὙὃὅ●ȟ●
●●

●● ●●
%ÑȢςȤρυσ 

The ὓὃὉ will yield the error on average of the estimated time signal, and the ὝὙὃὅ yields a measure 
of correlation of the time signals. A ὝὙὃὅ value closer to one indicates strong correlation, and a value 
closer to zero indicates no correlation. 

The relative error will be used as a measure of accuracy for parameter estimations. Considering an 
estimation ὼ and a reference value ὼ, the relative error of the variable is defined as: 

Ὡ
ὼ ὼ

ὼ
%ÑȢςȤρυτ 
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3 Simulation 
3.1 Mechanical Model 

The simulation is defined as a mechanical model of the wind turbine through a finite element model. 
The aim of this simulation is to provide a known system from which the system identification and 
response estimation can be illustrated and validated. The finite element model is built considering a 
set of beam elements (see section 2.1.3). The nacelle, rotor and blades are greatly simplified by 
considering them as an additional mass on top. The foundation is assumed to clamp the tower in the 
bottom. The geometry of the tower varies in height. To capture this geometry, ὲ ρππ uniform beam 
elements are used. Each element has a different geometry defined from the average diameter and 
thickness that the element is capturing. Figure 3-1 summarises the properties of the mechanical model 
considered. The modal properties, loads, observations, and responses are defined in the following 
subsections. 

 
Figure 3-1. Mechanical model assumptions summary. Simulation. 

3.1.1 Modal properties 

The definition shown above for the mechanical model does not take into account damping. For 
simplicity, a damping ratio of ‒ ρϷ  is considered for all modes. The damping matrix for the 
system is then defined as: 

╒ ╜ ╜ %ÑȢσȤρ 

ÄÉÁÇς‒‫ %ÑȢσȤς 

The first three mode shapes and frequencies are shown in Figure 3-2. 
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Figure 3-2. Simulation first three modes. Mode shapes and frequencies. 
Damping ratio: ⱡ Ϸ ŦƻǊ ŀƭƭ ƳƻŘŜǎΦ {ŜƴǎƻǊ ƭƻŎŀǘƛƻƴǎ ŀǊŜ ƳŀǊƪŜŘ ǿƛǘƘ ΨȄΩΦ 

3.1.2 Load and response 

A stochastic load is applied on top of the tower and the response is measured at three points: 1/2 of 
the height, 2/3 of the height and at the top. The aim for the response estimation will be to estimate 
the strain at the bottom. The set-up is illustrated in Figure 3-3. 

The simulation is run for 700[s] sampling at 1000[Hz]. The response is obtained using Newmark ‍-
method, in particular the average acceleration variant, as it is unconditionally stable [26]. The first 
100[s] are discarded to avoid transient effects from the start of the simulation. Consequently, the 
simulation covers 10[mins.] worth of data. 

 
Figure 3-3. Simulation measurement and response set-up. 

The stochastic load is defined by a realisation of a zero mean gaussian process with a Matern32 
covariance function with a length scale of ὰ πȢυί and a magnitude of „ ρπὯὔ. The load is 
shown in the time and frequency domain in Figure 3-4. The acceleration response is observed for the 
three locations as shown in Figure 3-3. Figure 3-5 to Figure 3-7 shows the acceleration response for 
the three locations. Finally, Figure 3-8 shows the strain response at the bottom. 
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Figure 3-4. Applied load. Time-History (left) and Power Spectral Density (right). Simulation. 

 

Figure 3-5. Acceleration at L/2. Time-History (left) and Power Spectral Density (right). Simulation. 

 

Figure 3-6. Acceleration at 2L/3. Time-History (left) and Power Spectral Density (right). Simulation. 

 

Figure 3-7. Acceleration at the top. Time-History (left) and Power Spectral Density (right). Simulation. 

 

Figure 3-8. Strain at the bottom. Time History (left) and Power Spectral Density (right). Simulation. 
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3.1.3 Observations 

The observations resample the acceleration response at Ὢ ςπὌᾀ and consider an added noise 
with a signal-to-noise ratio (ὛὔὙ) of ρȡπȢυϷ . The noise for each channel is then defined by a zero 

mean normal distribution with a variance „  defined through the variance of the acceleration „ : 

ὛὔὙ
„

„

ρ

πȢυϷ
ᵼ„ πȢυϷ„ %ÑȢσȤσ 

In consequence, the noise covariance matrix is defined by: 

╡

„ όȾ π π

π „ όȾ π

π π „ ό

ςπȢφυ π π
π τωȢψυ π
π π ρωφȢςρ

ρπ 
ά

ί
%ÑȢσȤτ 

Figure 3-9 to Figure 3-11 illustrate the observations. Note that the defined noise level is higher than 
the amplitude of the response for frequencies higher than 5[Hz]. 

Note that, as discussed in Section 1.2.3, the quasi-static part cannot be estimated from acceleration 
measurements. Therefore, when using response estimation methods (sections 3.3 and 3.4), a high-
pass Butterworth filter of order 4 with cut-off frequency Ὢ πȢρὌᾀ is applied to the simulated 
measurements (accelerations and strains). 

Further noise levels are used for assessing the response estimation methods (section 3.4). The noise 
levels are defined with ὛὔὙ ρȡρϷ ȟρȡυϷ ȟρȡρπϷ . The exact noise levels are 
summarised in Table 3-1. 

Table 3-1. Noise variance definition. Simulation. 

ὛὔὙ „ όȾ
ά

ί
 „ όȾ

ά

ί
 „ ό

ά

ί
 

ρȡπȢυϷ  τȢυτρπ  χȢπφρπ  ρτȢπρρπ  

ρȡρϷ  φȢτσρπ  ωȢωψρπ  ρωȢψρρπ  

ρȡυϷ  ρτȢσχρπ  ςςȢσσρπ  ττȢσπρπ  

ρȡρπϷ  ςπȢσςρπ  σρȢυχρπ  φςȢφτρπ  

 

 

Figure 3-9. Observation at L/2. Time History (left) and Power Spectral Density (right). Simulation. 
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Figure 3-10. Observation at 2L/3. Time History (left) and Power Spectral Density (right). Simulation. 

 

Figure 3-11. Observation at the top. Time History (left) and Power Spectral Density (right). Simulation. 

3.2 System Identification 

3.2.1 SSI-Cov 

The result of implementing SSI-Cov on the simulation is presented through the stabilisation diagram 
shown in Figure 3-12. Model orders ὲ in the range of 10 to 75 were used. From this stabilisation 
diagram, stable columns can be observed close to the first three natural frequencies of the structure: 
0.17[Hz], 1.21[Hz], 3.50[Hz]. These stable columns are sought to be detected through cluster analysis. 

 

Figure 3-12. Stabilisation Diagram. Simulation. 

3.2.2 First Stage: Clearing the stabilisation diagram 

The stabilisation diagram is cleared considering a maximum frequency of Ὢ υὌᾀ and a 
maximum damping ratio of ‒ ςπϷ . The result is shown in Figure 3-13 along with the frequency 
content of the three sensors. From this cleared stabilisation diagram, the stable columns are easier to 
identify. 
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Figure 3-13. Cleared Stabilisation diagram. Simulation. 

3.2.3 Second Stage: Optics 

In consistency with section 2.2.3.2.5, the ὓὭὲὕὦὮ parameter is defined by imposing that the stable 
columns should cover at least half of the diagram. Therefore: ‌ πȢυO ὓὭὲὕὦὮσς. The 

construction of the reachability plot is shown in Figure 3-14. The subsequent definition of the steep 
objects is shown in  Figure 3-15. The clusters are then defined from the set of objects between a 
downwards and an upwards steep object, as shown in Figure 3-16. The resulting clusters are shown 
in the stabilisation diagram in Figure 3-17. Note that these clusters accurately cover the expected 
stable columns. 

 

 

Figure 3-14. Reachability Plot. Simulation. 

 

 

Figure 3-15. Reachability Plot, steep objects. Simulation. 
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Figure 3-16. Reachability Plot, clusters. Simulation.  

 

 

Figure 3-17. Stabilisation Diagram, clusters. Simulation. 

3.2.4 Third Stage: Representative element 

The representative element is defined by the median value. The results are shown in Figure 3-18 for 
the frequencies and damping ratios identified, and Figure 3-19 for the mode shapes. Note that the 
mode shape amplitude and associated phase are normalised to the range [-1,1]. A summary is 
presented in Table 3-2, where the error between the identified properties and the real properties is 
presented. 

 

Figure 3-18. Representative elements: Frequencies and damping ratios. Simulation. 

 

Figure 3-19. Representative elements: Mode shape. Simulation. 
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Table 3-2. System Identification summary. Simulation. 

Mode Ὢ Ὄᾀ  ὪὌᾀ ὩϷ  ‒ Ϸ  ‒Ϸ  ὩϷ  ὓὃὅϷ  

ρ πȢρχρ πȢρχρ πȢςφφ ρȢπππ ρȢυυσ υυȢςχσ ρππȢπππ 

ς ρȢςρτ ρȢςρφ πȢρχω ρȢπππ πȢψσψ ρφȢρυτ ωωȢωωχ 

σ σȢτωυ σȢυπχ πȢσυσ ρȢπππ ρȢπσψ σȢχυψ ωωȢωφρ 

3.3 GPLFM ς Parameter Estimation 

This section focuses on assessing the parameter estimation methods within the GPLFM, as described 
in Section 2.4.5. The two methods, Maximum A Posteriori and Fitting the Prior and Posterior are 
applied to the simulation results. Note that only three modes are considered for the mechanical model 
used in GPLFM. 

3.3.1 Maximum A Posteriori 

The drawbacks of this method have been discussed in 2.4.5.1.1. To minimise these drawbacks, only 
the stochastic hyperparameters „ and ὰ  are sought to be defined. The noise levels are taken as the 
exact values exposed in 3.1.3. Therefore, the noise matrix ╡ is well defined. 

The resulting surface for the energy function is shown in Figure 3-20. From the provided zoomed 
version of the energy function, the minimum might become clearer, and it may be found for the exact 
values of „ and ὰ . Exact values for the minimum are not provided however, as the analysis presented 
through Figure 3-20 yields enough information to discuss and compare with the other parameter 
estimation method: Fitting of the prior and posterior. 

  

  

Figure 3-20. Energy function surface. Simulation. 

3.3.2 Fitting of the prior and posterior 

As discussed in 2.4.4.2, fitting the prior will yield the hyperparameters that will define the stochastic 
description of the load: „ and ὰ . The way that these will be defined is by ensuring that the resulting 
prior for the accelerations is a good match with the distribution obtained from the observations. The 
first step is defining the log-normal distributions for each measurement which will yield the likelihood 
that the prior is a good match with the observations. The log-normal distributions defined for each 
measurement are shown in Figure 3-21. 
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Figure 3-21. Log-normal distributions definition from measurement variance. Simulation. 

The joint distribution surface is shown in Figure 3-22. The peak is clear and the resulting values and 
relative error are summarised in Table 3-3. The prior fit is illustrated in Figure 3-23 to Figure 3-25. 

 

Figure 3-22. Joint distribution. 

The posterior defines the noise levels in ╡. The iterative process is illustrated in Figure 3-26. A 
tolerance of 1% is chosen. The results are summarised in Table 3-3. The posterior fit is illustrated in 
Figure 3-27 to Figure 3-29 by showing the distribution of the difference between the acceleration 
estimation and measurement: ὶ ώ ώ. 

 

Figure 3-23. Prior fit. Acceleration at L/2. 

 

Figure 3-24. Prior fit. Acceleration at 2L/3. 
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Figure 3-25. Prior fit. Acceleration at top. 

 

Figure 3-26. Posterior fit. Iterations. Tolerance: 1[%]. 

 

 

Figure 3-27. Posterior fit. Estimated noise on acceleration at L/2. 

 

Figure 3-28. Posterior fit. Estimated noise on acceleration at 2L/3. 
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Figure 3-29. Posterior fit. Estimated noise on acceleration at top. 

Table 3-3. Parameter estimation: Fitting the prior and posterior. 

Parameter 
Exact 

ὼ 

Estimation 

ὼ 
Relative error 
Ὡ Ϸ   

„ ὔ  ρπ πππ ω σςφ φȢχτ 

ὰ ί πȢυππ πȢτσυ ρςȢως 

„ όȾ  
ά

ί
 τȢυτρπ  τȢσψρπ  σȢυφ 

„ όȾ  
ά

ί
 χȢπφρπ  φȢωρρπ  ςȢρς 

„ ό  
ά

ί
 ρτȢπρρπ  ρσȢφψρπ  ςȢσσ 

 

3.4 Response Estimation 

The response estimation methods are compared in this section. Several noise levels are considered in 
the analysis, as introduced in 3.1.3. 

3.4.1 MD&E 

The methodology described in Section 2.3 is employed. Two modes are considered. The same filter 
described in section 3.1.3 Is applied after integration in the frequency domain. The estimated strain is 
shown in Figure 3-30 for the case with a ὛὔὙ of ρȡπȢυϷ . The ὓὃὉ and ὝὙὃὅ (see section 2.5) 
are summarised in Table 3-6 for all noise cases. 

 

Figure 3-30. Strain estimation. MD&E. Simulation. 
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3.4.2 GPLFM 

The same considerations as defined in 3.3 are employed. The parameter estimation results are 
summarised in Table 3-4 for all noise levels, and in Table 3-5 for the associated relative errors. 
Subsequently, Figure 3-31 shows the strain estimation for the case with a ὛὔὙ of ρȡπȢυϷ . The 
ὓὃὉ and ὝὙὃὅ (see section 1.4) are summarised in Table 3-6 for all noise cases. 

Table 3-4. Parameter estimation. All noise levels. Simulation. 

ὛὔὙ „ ὔ  ὰ ί „ όȾ  
ά

ί
 „ όȾ  

ά

ί
 „ ό  

ά

ί
 

ρȡπȢυϷ  ωσςφ πȢτσυ τȢσψρπ  φȢωρρπ  ρσȢφψρπ  
ρȡρϷ  ωστυ πȢτσυ υȢωπρπ  ωȢχςρπ  ρωȢσςρπ  
ρȡυϷ  ωυτχ πȢτσφ ρσȢσυρπ  ςρȢτρρπ  τσȢσφρπ  
ρȡρπϷ  ωχφρ πȢτστ ρψȢωπρπ  σπȢυρρπ  φπȢυωρπ  

 

Table 3-5. Parameter estimation. All noise levels. Relative error. Simulation. 

ὛὔὙ Ὡ Ϸ  Ὡ  Ϸ  Ὡ
Ⱦ
 Ϸ  Ὡ

Ⱦ
 Ϸ  Ὡ  Ϸ  

ρȡπȢυϷ  φȢχτ ρςȢως σȢυφ ςȢρς ςȢσσ 

ρȡρϷ  φȢυυ ρσȢππ ψȢρφ ςȢφχ ςȢτφ 

ρȡυϷ  τȢυσ ρςȢψρ χȢπφ τȢρς ςȢρρ 

ρȡρπϷ  ςȢσω ρσȢςω χȢπρ σȢσχ σȢςψ 

 

 

Figure 3-31. Strain estimation. GPLFM. Simulation. 

3.4.3 Summary of results 

Table 3-6 shows the summary of the error metrics obtained using both methods. 

Table 3-6. Error Metrics. Strain estimation. Simulation. 

 ὋὖὒὊὓ ὓὈǪὉ 

ὛὔὙ ὓὃὉ‐ȟ‐Ƕ
ά

ά
 ὝὙὃὅ‐ȟ‐Ƕ Ϸ  ὓὃὉ‐ȟ‐Ƕ

ά

ά
 ὝὙὃὅ‐ȟ‐Ƕ Ϸ  

ρȡπȢυϷ  πȢυπσρπ  ωωȢφφ ρȢυχυρπ  ωψȢυφ 

ρȡρϷ  πȢφσφρπ  ωωȢφς ρȢχφυρπ  ωψȢτω 

ρȡυϷ  πȢψυφρπ  ωωȢχφ ςȢφρςρπ  ωψȢτσ 

ρȡρπϷ  ρȢρρρρπ  ωωȢχφ σȢωτσρπ  ωχȢχς 
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3.5 Discussion 

The system identification results, summarised in Table 3-2, validates and illustrates the methodology 
employed. Both frequencies and mode shapes are accurately obtained even for the third mode, 
characterised by a high amount of noise (see Figure 3-5 to Figure 3-7). The estimation for the damping 
ratio is observed to have noticeably lower accuracy, which is a well-known issue for system 
identification methods. 

The parameter estimation results presented in section 3.3 illustrates additional drawbacks than the 
ones exposed in section 2.4.5.1.1 for the Maximum A Posteriori method. First, the computational cost 
of calculating the energy function was observed to be considerably higher in comparison with the 
alternative method (Fitting the prior and posterior). Second, the surface obtained for the energy 
function shown in Figure 3-20 illustrates the difficulty to distinguish the minima, this translates into 
the need to realise a robust optimisation process which adds to the computational cost of using this 
procedure. It is highlighted that this methodology is able to provide a solution for parameter 
estimation, the problem lies in the complexity associated with finding the solution. 

The Fitting of the Prior and Posterior method for parameter estimation has been illustrated and 
validated through the simulation results in section 3.3.2 and section 3.4.2. Reasonable results were 
obtained for all noise levels considered for the simulation, as summarised in Table 3-5. Note that even 
though the results obtained are not exact, they are shown to be accurate enough to yield good results 
for response estimation (section 3.4). 

As a consequence of the results obtained for parameter estimation, only the Fitting of the Prior and 
Posterior method is considered for the case study presented in section 4. 

Finally, the response estimation methods are compared numerically, with the results summarised in 
Table 3-6. Both methodologies yield good results, but the obtained results are observed to be 
improved when using the GPLFM method for all cases. 
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4 Case Study: Onshore Wind 
Turbine 

4.1 Measurement campaign 

4.1.1 Structure description and sensor location 

The structure under analysis is a three bladed horizontal axis wind turbine. The sensor locations and 
local axes are illustrated in Figure 4-1. All sensors are mounted on the inner surface of the tower. The 
acceleration sensors are bidirectional, and as shown in Figure 4-1, the local ὼ direction will include a 
torsional component. Four unidirectional strain gauges are mounted at the bottom to obtain bending 
strains. All sensors measure at a sampling frequency of 20[Hz] (ɝὸ πȢπυί). 

The wind turbine is equipped with a Supervisory Control And Data Acquisition (SCADA) system. This 
system provides 10[mins.] average values of different operational conditions. The operational 
conditions are exposed in Section 4.1.2. 

The records considered are from 09/12/2020 to 30/01/2021. Both accelerations and strain 
measurements are divided into 10[mins.] records for analysis. 

 
Figure 4-1. Sensor location and local axes. 

Exact sensor location relative to the height ╛ of the tower. 

b
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4.1.2 Operational Conditions: SCADA data 

The following plots present the operational conditions associated to the available acceleration and 
strain measurements. Specifically, 10[min.] average values of: wind speed at hub height, rotor speed, 
output power, seconds in operation counter, wind direction, yaw angle and blade pitch (for each 
blade).  

 

Figure 4-2. Wind Speed. 

 

Figure 4-3. Rotor Speed. 

 

 

Figure 4-4. Output Power. 

 

Figure 4-5. Seconds in operation counter. 




















































