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Abstract

Resonance vibration testing accumulates fatigue cycles far faster than conventional servo-hydraulic
methods by driving a specimen at its own natural frequency, and the same response that applies the
load also carries information about the damage accumulating within it. However, the literature offers
no systematic comparison of competing vibration-based damage indicators measured simultaneously
on the same metallic specimens, and no characterisation of how far ahead of failure such indicators
support a useful remaining-life estimate.

This thesis addresses both gaps. Eight notched Al 6061-T6 beam specimens were driven to failure at a
fixed excitation frequency and interrogated between load blocks with a scanning laser Doppler vibrom-
eter, yielding 33 features per block. A five-layer pipeline ranked those features by sensitivity, combined
them into six competing damage indices, and estimated remaining useful life by trend extrapolation and
by a population Gaussian Process. Two further specimens were interrupted at the point of detection
for optical fractography.

Measurement reliability, rather than indicator choice, governed what the campaign resolved. Only
two modes could be tracked stably, mode-shape correlation between two undamaged blocks of the
same specimen fell as low as 0.785, and mode labels did not consistently correspond to the same
physical mode. Modal parameters changed abruptly at the transition to full-amplitude loading rather
than progressively, which physical inspection attributed to the clamping and load-transfer arrangements.
Indicators requiring no modal identification, principally the harmonic distortion index and amplitude
RMS, proved more dependable than frequency, damping, or coherence, and no damage index reached
a resolved population-level prognostic horizon.

These outcomes form a traceable account of where vibration-based fatigue prognosis succeeds, where
it does not, and which failures are attributable to method rather than principle. It delivers a ranked indi-
cator comparison, the first prognostic horizon characterisation for this application on metals, quantified
design requirements for resonance fatigue fixturing, and three reusable open software tools.
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1
Introduction

1.1. Background
Fatigue is the dominant failure mode in metallic structures subjected to cyclic mechanical loading. It
accounts for the majority of in-service structural failures across aerospace, mechanical, and civil en-
gineering. Its characteristic insidiousness lies in the fact that damage accumulates progressively and
largely invisibly, at the microstructural level, far below the load magnitudes that would cause immediate
yielding, until a critical crack length is reached and fracture occurs (Schijve, 2008). The engineering
response to this challenge has historically been preventive: conservative design margins, scheduled
inspection intervals, and component retirement well before the statistical end of useful life. While ef-
fective from a safety standpoint, this approach is wasteful and, increasingly, insufficient as structures
and components grow more complex and operational demands become more varied. The ability to
detect and track damage in real time, rather than merely to design around its eventual occurrence, is
becoming both technically and economically compelling.

Vibration-based structural health monitoring (SHM) offers a route to this capability. The dynamic re-
sponse of a structure is directly governed by its stiffness and mass distribution, so as fatigue damage
accumulates and local stiffness degrades around a growing crack, that response changes in charac-
teristic and, in principle, measurable ways.

Two classes of indicators can be extracted from such a response, and the distinction between them
matters throughout this thesis. Modal indicators, the natural frequencies, damping ratios, and mode
shapes, require a modal identification step: the measured response must first be decomposed into
individual modes before any indicator can be computed. Response-level indicators are taken from
the measured signal directly, without that decomposition, and include the harmonic content generated
by a breathing crack, the response amplitude, and the driving force. The two classes carry different
information and, as this thesis shows, differ substantially in how reliably that information survives to
the measurement. The appeal of the approach is that the measurement infrastructure required, a
vibration excitation source and one or more dynamic response sensors, is relatively simple, can be
operated continuously and non-intrusively, and produces data that is directly connected to the structural
mechanics of the degradation process (Liang et al., 2024; Slavič, 2021).

Resonance vibration fatigue testing is, independently of its role as a monitoring platform, also an attrac-
tive alternative to conventional constant-amplitude fatigue testing on servo-hydraulic or electromechani-
cal rigs, which are intrinsically slow: reaching the 106–107 cycles required for a single high-cycle-fatigue
data point can take days to weeks on such rigs, a limitation that vibration-based resonance methods
have been developed to address for two decades and continue to be refined today (Furman et al.,
2025; George et al., 2004). By driving a specimen at or near one of its natural frequencies, resonance
testing exploits the structure’s own dynamic amplification to reach large cyclic stress amplitudes with
modest actuator forces, so that the same number of cycles can be accumulated in hours or even min-
utes. Česnik et al. (Česnik et al., 2012) demonstrated one million load cycles completed in 21 minutes
on an aluminium specimen under phase-controlled resonance excitation. In the laboratory context, res-

1
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onance vibration fatigue testing combines this speed advantage with the SHM ideas introduced above
into a single integrated framework. The resonant excitation simultaneously creates the fatigue damage
and provides the dynamic signal from which modal parameter evolution can be continuously monitored,
so that the same test that accelerates fatigue-life determination also supplies the measurement signal
on which damage detection and prognosis depend.

The scanning Laser Doppler Vibrometer (LDV), a non-contact, high-resolution optical instrument, en-
ables both single-point scalar tracking and spatially resolved mode shape acquisition across the same
measurement campaign, without any mechanical interference with the specimen. This combination
of resonance fatigue testing, scanning LDV measurement, and data-driven modal parameter analysis
creates a monitoring framework that is, at once, experimentally mature in its individual components and
underexplored in its integrated application to the problem of remaining fatigue life estimation (Tomasini
& Castellini, 2020).

1.2. Problem Statement
Despite the physical plausibility of vibration-based fatigue monitoring and the availability of suitable
experimental tools, three specific gaps limit its practical applicability:

• an indicator characterisation gap, since the many candidate damage indicators proposed in the
literature have rarely been compared systematically under the resonance protocol and material
class considered here;

• a prognosis gap, since converting a detected damage trend into a reliable remaining-life estimate
requires a continuous damage index, an extrapolation model, and a validated prognostic horizon
that has not yet been demonstrated for vibration-based monitoring of metallic specimens;

• a protocol-characterisation gap, since the fixed-frequency resonance protocol’s own behaviour as
a monitoring platform, relative to tracked-frequency alternatives and conventional fatigue testing,
has not been quantitatively assessed.

Chapter 2 develops all three gaps in full, situates them against the relevant published work, and shows
how they motivate the four research questions stated in Section 1.4 below.

1.3. Context and Scope of This Work
This thesis was initiated as part of a project to benchmark a quantum photonic vibrometer (QPV) for
fatigue testing applications, with the aim of comparing its sensitivity to damage signatures against
a conventional LDV under controlled resonance fatigue conditions. The experimental infrastructure,
electrodynamic shaker, scanning LDV, data acquisition system, and a structured testing protocol were
designed and partially developed in that context.

The QPV instrument became unavailable during the project due to an equipment failure that could
not be resolved within the available timeframe. Rather than abandoning the experimental work, the
project was reoriented: the fatigue monitoring problem itself, which the original project had treated as
a backdrop for a sensor comparison, became the primary scientific focus. The existing infrastructure,
the synthetic data toolkit developed for theoretical predictions, and the signal processing and modal
analysis pipeline were all retained and expanded to address the monitoring problem directly.

The research questions that emerge from the reorientation are scientifically well-motivated in their own
right, address genuine gaps in the literature (detailed in Chapter 2), and are well-matched to the avail-
able experimental capabilities. The original QPV comparison remains a natural and clearly signposted
direction for future work, should the instrument become available.

The study is scoped to metallic specimens, specifically thin aluminium beam specimens, under fixed-
frequency harmonic resonance excitation in a laboratory setting. Composite specimens were initially
included in the experimental plan but proved difficult to fracture within the available actuator capacity.
Results are therefore reported for metals only. The analysis employs scanning LDV as the sole re-
sponse measurement instrument; the role of contact sensors is limited to the load cell integrated with
the shaker fixture.

The main campaign comprises eight specimens run to fracture, supported by a two-specimen track
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tested under a deliberately interrupted protocol to provide optical fractography at the point of detec-
tion, and by two further diagnostic groups tested after the main campaign to re-examine the fixture
arrangement. Section 3.2.3 describes the full population. A population of this size supports the within-
specimen comparisons on which R1 and R2 depend, but constrains the population-level statistical
claims available for R3 and R4; this constraint is stated where it bears on each result and consolidated
in Section 7.4.

1.4. Research Objectives and Questions
The overarching objective of this thesis is to determine whether, and to what degree, the evolution of
a specimen’s vibration response during resonance fatigue testing of metallic specimens can be used
to detect damage, characterise its progression, and estimate remaining fatigue life. Both classes of
indicator introduced in Section 1.1 are considered: modal indicators requiring an identification step,
and response-level indicators taken directly from the measured signal. This objective is addressed
through four research questions, whose full motivation against the literature is developed in Chapter 2
(Section 2.10):

R1 How does the vibration response evolve as fatigue damage accumulates under resonant vibration
loading?

R2 Which vibration-based indicators are most sensitive to early fatigue damage?
R3 Can vibration response trends be used to estimate remaining fatigue life?
R4 How does resonance-based vibration fatigue testing compare to traditional fatigue tests?

1.5. Scientific Relevance and Practical Significance
The scientific contribution of this thesis is an integrated, empirically grounded characterisation of vibration-
based fatigue prognosis under controlled resonance conditions, spanning both modal and response-
level indicators, a contribution that is, to the author’s knowledge, not available in the existing literature
for metallic specimens. The ranked indicator table produced in response to R2 and the prognostic
horizon analysis produced in response to R3 are intended as directly usable guidance for the design
of future fatigue monitoring systems: which indicators to prioritise, and from what point in a speci-
men’s life a prognostic estimate can be trusted. The independent optical-fractography validation track
(Section 3.5.5) provides a further, vibration-independent check on the detection logic underlying this
prognosis. As Chapter 5 reports, several of these questions are answered in the negative under the
conditions achieved in this campaign, and a substantial part of the contribution lies in establishing where
the limits fall and which of them are attributable to the method rather than to the principle.

The practical significance extends to structural health monitoring in aerospace and mechanical engi-
neeringmore broadly. Resonance vibration fatigue testing is widely used in qualification and endurance-
trial campaigns for aerospace components (Di Maio & Magi, 2015; George et al., 2004). Demonstrating
that the test itself, with minimal additional instrumentation, can yield continuous remaining life estimates,
and do so within a fraction of the time required by conventional fatigue methods (Section 1.1), would
represent a meaningful step toward condition-based maintenance in laboratory settings, and a proof of
concept for in-service monitoring applications.

1.6. Thesis Outline
The remainder of this thesis is structured as follows.

Chapter 2, Literature Review surveys the theoretical and experimental foundations relevant to this
study, covering fatigue mechanics, resonance fatigue testing methodology, vibration signatures of dam-
age, bothmodal and response-level parameters as damage indicators, modal analysis techniques, LDV
measurement, and data-driven prognosis methods. The chapter concludes with a formal statement of
the research gap that motivates the four research questions above.

Chapter 3, Experimental Design and Development describes the synthetic prediction toolkit, speci-
men design, instrumentation, and pre-campaign characterisation, culminating in a comparison between
predicted and measured modal behaviour that justifies the final specimen population, force levels, and
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test protocol actually used in the campaign. It also introduces the diagnostic specimen groups D1 and
D2, added after the main campaign to re-examine the boundary-condition and load-transfer arrange-
ments.

Chapter 4, Analysis Pipeline Methodology describes the analysis built on that experimental founda-
tion: two independently constructed indicator sets, hand-engineered vibration indicators spanning both
classes and a learned, autoencoder-based health indicator, which converge on a shared sensitivity-
ranking and damage-indexing step feeding the remaining-useful-life estimation used to address R1–
R3; alongside two further, independent investigations, an S-N characterisation module that answers R4
directly, and a live-monitoring and optical-fractography validation track that provides an independent,
physically observed check on the detection logic.

Chapter 5, Results presents the experimental outcomes for all research questions, including the vi-
bration response evolution records (R1), the indicator sensitivity ranking for both the hand-engineered
and autoencoder-based indicators (R2), the damage index trajectories and prognostic horizon analy-
sis (R3), the S-N characterisation and resonance testing context (R4), the independent live-monitoring
and optical-fractography validation of the detection logic, and the diagnostic evidence obtained from
specimen groups D1 and D2.

Chapter 6, Discussion interprets the results in the context of the literature and the pipeline parame-
ter settings underlying them, reviews the validation evidence, and examines the study’s contribution
and its implications for future monitoring system design and for the broader resonance fatigue testing
methodology.

Chapter 7, Conclusions and Recommendations summarises the main findings, states the conclu-
sions with respect to each research question, identifies the study’s contribution and limitations, and
outlines directions for future work, including the QPV comparison that was the original motivation for
this project.

Three software tools were developed for this work: the LDV Analysis Suite used for pre-campaign
characterisation, the Synthetic Data Toolkit used for physics-informed prediction, and the five-layer
analysis pipeline, described in Chapters 3 and 4 respectively. All three are publicly available and sepa-
rately documented; Appendix D describes each, and maps every analysis stage reported in this thesis
to the component that implements it.



2
Literature Review

2.1. Fatigue Mechanics and Damage Accumulation
Fatigue is a progressive and localised damage mechanism that develops in materials and structures
subjected to cyclic loading. It is one of the primary causes of structural failure in engineering systems,
often occurring at stress levels substantially below the material’s static yield strength. Since fatigue
damage initiates at the microstructural level and evolves gradually over long operational periods, its
early detection poses significant challenges for conventional inspection techniques (Schijve, 2008).
Improving the ability to detect and track damage at an early stage is therefore essential for extending
service life, reducing maintenance costs, and ensuring structural safety.

This section establishes the physical foundations required to interpret and model the fatigue damage
evolution observed in the experimental campaign. The focus is placed on the mechanics of metallic fa-
tigue, covering the phenomenological S-N characterisation, the fracture mechanics description of crack
growth, and the continuum damage mechanics (CDM) framework used to translate these mechanisms
into trackable, quantitative damage states.

2.1.1. Phenomenology of Metal Fatigue
Fatigue life in metallic materials is classically divided into three stages: crack initiation, stable crack
propagation, and unstable final fracture (Lee, 2005; Schijve, 2008). During crack initiation, cyclic plastic
slip at stress concentrations, such as surface irregularities, notches, or microstructural heterogeneities,
leads to the formation of persistent slip bands and, eventually, micro-cracks. This stage typically domi-
nates the total fatigue life in high-cycle fatigue (HCF) regimes, where applied stresses are largely elastic
and failure requires millions of cycles. In contrast, low-cycle fatigue (LCF) regimes involve significant
plastic deformation per cycle, and crack propagation consumes a proportionally larger fraction of the
total life.

Depending on the applied strain amplitude and the number of cycles to failureNf , fatigue tests are com-
monly classified into LCF (Nf ≲ 104) and HCF (Nf ≳ 105) regimes. Resonant vibration fatigue testing,
the experimental approach employed in this thesis, operates primarily in the HCF regime, where the
elastic nature of the response and the well-defined modal behaviour of the specimen make continuous
dynamic monitoring practically feasible. The implications of this regime choice are discussed further in
Section 2.3.

The phenomenological relationship between applied stress amplitude σa and fatigue lifeNf is described
by the Basquin (power-law) S-N relationship:

Nf =

(
σa

σ′
f

)1/b

(2.1)

5
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where σ′
f is the fatigue strength coefficient and b is the Basquin exponent (typically −0.05 to −0.15 for

metallic alloys) (Lee, 2005; Schijve, 2008). The S-N curve is defined in terms of fully reversed loading
(R = −1). For non-zero mean stresses, corrections such as the Goodman or Morrow relations are
applied. A material-specific feature of the S-N curve for ferrous metals is the endurance limit σend, a
stress amplitude below which fatigue failure is not expected within a conventionally defined life (com-
monly 106 cycles for aluminium alloys). The endurance limit serves as a practical design threshold and
is the quantity used to anchor the Basquin model within the synthetic data toolkit developed alongside
this thesis.

The Basquin formulation of Equation 2.1 is widely accepted as an adequate description of macroscopic
S-N behaviour for metallic materials in the HCF regime (Lee, 2005; Schijve, 2008). Disagreement in the
literature centres on how well such simple power-lawmodels capture life scatter, load-sequence effects,
and mean-stress dependency under variable-amplitude loading. These complexities are secondary to
the present experimental context, which employs single-amplitude harmonic excitation, so the Basquin
model is adopted as the baseline for life estimation.

2.1.2. Fracture Mechanics and Crack Growth
Once a fatigue crack has nucleated, its propagation can be described within the framework of linear
elastic fracture mechanics (LEFM). The central parameter is the stress intensity factor range∆K, which
characterises the amplitude of the crack-tip stress field:

∆K = Y ∆σ
√
πa (2.2)

where∆σ is the applied stress range, a is the current crack half-length, and Y is a geometry-dependent
correction factor. The empirical Paris law relates crack growth rate to the ∆K of Equation 2.2:

da

dN
= C (∆K)m (2.3)

where C and m are material constants (Schijve, 2008). The Paris law of Equation 2.3 captures the
stable crack propagation regime, where growth is approximately linear in log-log space. It underpins
the characteristic S-shaped damage index curve expected in experiments: crack growth is slow during
initiation, accelerates as ∆K increases with crack length (since ∆K ∝

√
a), and becomes unstable as

Kmax approaches the fracture toughness KIc.

This S-shaped progression has direct implications for the structure of the data analysis pipeline. The
damage indices constructed in this analysis framework (Section 2.8) are expected to follow a logistic
trend consistent with Paris-law dynamics, and the prognostic horizon (the cycle fraction at which reliable
remaining-life estimates first become available) is closely related to the inflection point of this curve.

2.1.3. Continuum Damage Mechanics Framework
While fracture mechanics provides a physically rigorous description of crack growth, its application
requires explicit crack geometry information that is rarely available during continuous monitoring. Con-
tinuum damage mechanics (CDM) offers a complementary formulation in which damage is represented
by a scalar field variable D ∈ [0, 1], where D = 0 denotes the pristine undamaged state and D = 1
corresponds to complete material failure (Lemaitre & Chaboche, 1990; Murakami, 2012; Silitonga et
al., 2013). This scalar representation is adopted as the primary damage-tracking framework in this
thesis precisely because it requires no explicit crack-geometry measurement, aligning with the goal of
estimating damage state from vibration response alone; fracture mechanics is retained as the physical
basis for interpreting why the CDM-predicted S-shaped trajectory arises, not as a candidate for direct
online tracking. In these approaches, the effective Young’s modulus degrades as:

E(D) = E0 (1− αD) (2.4)

where E0 is the undamaged modulus and α is a material-specific stiffness degradation coefficient (typi-
cally α ≈ 1.5 for aluminium alloys). The degradation law of Equation 2.4 directly links the CDM damage
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variable to the measurable quantity of interest in this thesis: since natural frequencies scale approxi-
mately as ωn ∝

√
k/m ∝

√
E, progressive stiffness degradation translates into monotonically decreas-

ing natural frequencies. A first-order approximation gives:

∆ωn

ωn,0
≈ −1

2

∆k

k0
≈ −α

2
D (2.5)

This relationship motivates the use of relative frequency shift as a primary damage index and provides
a physical basis for expecting a monotonic, approximately S-shaped evolution of D(t) over the spec-
imen’s fatigue life. However, it should be noted that other effects may change this relationship. For
example, Lorenzino and Navarro (Lorenzino & Navarro, 2015) showed that for aluminium specimens,
the natural frequency can initially rise slightly due to material hardening before monotonically decreas-
ing as crack area grows.

The CDM framework also accommodates spatial distributions of damage. In the experimental setup,
damage is expected to localise at the highest-stress region of the specimen. As damage localises, its
effect on global modal parameters diminishes with increasing mode order unless the damaged region
coincides with a mode shape anti-node. This spatial selectivity is exploited in the mode shape curvature
and the Modal Assurance Criterion (MAC) indicators discussed in Section 2.5.

The key point of agreement in the literature is that, regardless of the chosen theoretical framework,
fatigue damage produces a gradual, progressive reduction in structural stiffness that is, in principle,
detectable through changes in dynamic response (Liang et al., 2024; Montalvão et al., 2006; Slavič,
2021). The practical challenge, and one of the central questions motivating this thesis, is not whether
such changes exist, but whether they can be detected early enough, and characterised accurately
enough, to enable reliable remaining fatigue life estimation.

2.2. Fundamentals of Structural Dynamics and Vibration
The preceding section established why fatigue damage should, in principle, be visible in a structure’s
dynamic response. This section makes that link concrete by setting out, in one place, the structural
dynamics vocabulary and equations that the rest of the chapter draws on repeatedly: the equations
of motion for single- and multi-degree-of-freedom systems, the mode shape vector and its role as the
basis for spatial damage indicators, and the Frequency Response Function together with its magnitude,
phase, and practical estimation from measured data. The Dynamic Amplification Factor, the specific
consequence of this machinery that makes resonance fatigue testing practical, is introduced where it
is used, in Section 2.3.

2.2.1. Single- and Multi-Degree-of-Freedom Systems
The simplest model of a vibrating structure is the single-degree-of-freedom (SDOF) oscillator: a mass
m, spring k, and viscous damper c, whose motion x(t) under an applied force f(t) obeys

mẍ(t) + cẋ(t) + kx(t) = f(t). (2.6)

Two derived quantities characterise the free (unforced) response and recur throughout this thesis: the
undamped natural frequency ωn =

√
k/m, and the damping ratio ζ = c/(2

√
mk), which expresses

the damping level relative to the critical damping at which oscillation just ceases (Rao, 2017). For
the lightly damped metallic specimens considered here (ζ ≈ 0.001–0.005), the system oscillates many
times before the free response decays appreciably, which is precisely the behaviour that resonance
fatigue testing exploits.

A real structure is more accurately represented as a multi-degree-of-freedom (MDOF) system, discre-
tised into N coordinates and described by mass, damping, and stiffness matrices M, C, K ∈ RN×N :

Mẍ(t) +Cẋ(t) +Kx(t) = f(t). (2.7)
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Solving the associated undamped eigenvalue problem (K − ω2
rM)ϕr = 0 yields N natural frequen-

cies ωr and their corresponding mode shapes ϕr, the spatial displacement patterns associated with
each resonance (Ewins, 2000; Rao, 2017). For proportionally damped systems, the mode shapes
diagonalise Equation 2.7 into a set of N decoupled SDOF equations, one per mode, each governed
by Equation 2.6 with its own modal mass, modal damping ratio ζr, and modal stiffness. This modal
decomposition is what justifies treating each resonance of a real specimen, in isolation, using SDOF
theory. Throughout this thesis, quantities such as natural frequency shift and damping ratio increase
are tracked mode-by-mode using exactly this SDOF machinery, even though the specimen itself is a
continuous, many-mode structure.

Because the mode shape vector ϕr is only defined up to an arbitrary scale factor, a raw element-by-
element comparison between a measured shape and its undamaged baseline is not meaningful on
its own; a consistent scaling convention (e.g. mass-normalisation) fixes this ambiguity for computing
derived modal quantities, but comparing two shapes measured at different times still requires a scale-
invariant measure. This motivates the use of normalised correlation metrics, most notably the Modal
Assurance Criterion (MAC) introduced in Section 2.5, which quantify shape similarity independently
of any common scaling. The mode shape vector itself is not read directly from a single sensor: it
must be reconstructed from response measurements taken at multiple points, a procedure detailed in
Section 2.6.2 (Allemang & Avitabile, 2022; Ewins, 2000).

2.2.2. The Frequency Response Function
The Frequency Response Function (FRF) H(ω) is the frequency-domain solution of Equation 2.6: the
ratio of the steady-state response to a unit-amplitude harmonic force at frequency ω. Depending on
which response quantity is used, the FRF is termed receptance (displacement/force), mobility (veloci-
ty/force), or accelerance (acceleration/force). The three are related by factors of iω and carry the same
information. For the SDOF system of Equation 2.6, the receptance FRF is

H(ω) =
1

k −mω2 + icω
=

1

k
· 1

(1− r2) + i(2ζr)
, r =

ω

ωn
, (2.8)

a complex-valued function whose magnitude and phase are examined next. For an MDOF system, the
FRF between excitation point j and response point k is a sum of SDOF-like terms, one per mode, each
weighted by the product of the mode shape components at j and k. Near an isolated resonance, the
FRF is dominated by the single nearbymode and Equation 2.8 remains an excellent local approximation.
This is the basis for the SDOF local identification (circle-fit) method described in Section 2.6.1.

The phase of Equation 2.8, the angle by which the response lags the applied force, is

ϕ(r) = − arctan

(
2ζr

1− r2

)
. (2.9)

Figure 2.1 plots the magnitude of Equation 2.8 and the phase of Equation 2.9 against r for three damp-
ing ratios. Well below resonance (r ≪ 1) the response is in phase with the force (ϕ ≈ 0◦), while at
resonance (r = 1) the response lags by exactly 90◦ regardless of damping; well above resonance
(r ≫ 1) the response is in anti-phase (ϕ → −180◦). The phase slope dϕ/dr is steepest exactly at r = 1,
which is what makes phase such a sensitive detuning indicator whenever a structure is driven near one
of its natural frequencies while that frequency is itself drifting, a point taken up again in Section 2.4 in
the context of fatigue-induced damage detection.

In practice, H(ω) is never observed directly: it must be estimated from finite, noise-contaminated time
records using spectral averaging. The most widely used estimator is the H1 estimator:

Ĥ1(ω) =
SFV (ω)

SFF (ω)
(2.10)

where SFV is the cross-power spectral density between force and velocity, and SFF is the auto-power
spectral density of the force, both computed via Welch’s method using overlapping Hann-windowed
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Figure 2.1: Magnitude (top, log scale) and phase (bottom) of the SDOF FRF near resonance, for three damping ratios. Lower
damping produces a taller, narrower resonance peak and a steeper phase transition through −90◦ at r = 1 – the property that

makes phase deviation a sensitive damage indicator under a fixed-frequency drive (Section 2.4).

segments (Allemang & Avitabile, 2022; Bendat & Piersol, 1993; Ewins, 2000; Harris & Piersol, 2002;
Welch, 1967). The H1 estimator of Equation 2.10 minimises the effect of noise on the output channel.
The alternative H2 estimator minimises input noise, and is preferred when the force measurement is
noisier than the response. In shaker-based modal testing using an LDV, the response measurement
is often very clean, but H1 remains the standard estimator in most practical applications because the
force measurement typically has a sufficiently high signal-to-noise ratio, and H1 provides robust FRF
estimates under common experimental conditions.

The coherence function γ2(ω) accompanies the FRF estimate as a quality metric:

γ2(ω) =
|SFV (ω)|2

SFF (ω) · SV V (ω)
(2.11)

Coherence near unity at resonance indicates that the velocity is linearly explained by the measured
force. Drops in coherence signal nonlinearity, poor signal-to-noise ratio, or, in fatigue monitoring, the
onset of crack-breathing nonlinearity (Allemang &Avitabile, 2022; Bendat & Piersol, 1993; Ewins, 2000).
The coherence of Equation 2.11 thus serves simultaneously as a data quality gate and as an indepen-
dent early indicator of structural change.

The spectral resolution of the FRF, and therefore the precision of subsequent frequency estimates, is
governed by the segment length used in the Welch average. For a sampling rate of fs and a segment
of Nseg samples, the frequency resolution is ∆f = fs/Nseg. For lightly damped specimens with narrow
resonances and small expected frequency shifts (of order 0.1–1%), the segment length must be chosen
to place ∆f well below the expected shift magnitude, typically requiring segments of several seconds
duration (Allemang & Avitabile, 2022).

2.3. Resonance Vibration Fatigue Testing
Conventional fatigue testing relies on servo-hydraulic or electromechanical actuators to apply cyclic
loads at frequencies far below the specimen’s natural frequencies, following standardised procedures
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such as ASTM E466 and ISO 1099 (ASTM International, 2021; International Organization for Standard-
ization, 2017). While this approach offers direct control over the applied force or displacement, it is in-
trinsically slow: for high-cycle fatigue (HCF) regimes requiring 106 to 107 cycles, test durations of weeks
or months are common. Resonance vibration fatigue testing addresses this limitation by exploiting dy-
namic amplification, driving a structure near one of its natural frequencies allows large cyclic stress
amplitudes to be generated with comparatively small excitation forces (Česnik et al., 2012; George
et al., 2004; Slavič, 2021).

This section describes the operating principles of resonance fatigue testing, its practical implementation
with an electrodynamic shaker, and the specific test protocol employed in this thesis.

2.3.1. Operating Principle and Specimen Design
In a resonance fatigue test, a specimen is mounted on the armature of an electrodynamic shaker,
typically as a cantilever beam or notched plate, and excited by a harmonic base-excitation signal at or
near its fundamental natural frequency ωn.

The magnitude of the FRF (Equation 2.8), normalised by the static deflection 1/k the same force would
produce, is the Dynamic Amplification Factor (DAF):

DAF(r) =
1√

(1− r2)2 + (2ζr)2
. (2.12)

At resonance (r = 1), Equation 2.12 reduces to 1/(2ζ). This dynamic amplification is what makes reso-
nance fatigue testing practical: for the lightly damped metallic specimens considered here (ζ ≈ 0.001–
0.005), the DAF reaches values of 100–500, meaning the stress amplitudes in the fatigue zone are two
to three orders of magnitude larger than those the shaker force alone would produce statically. This
amplification makes it possible to cycle a specimen to failure in minutes rather than days at frequen-
cies of several hundred hertz, while remaining in the HCF regime where linear elastic behaviour and
well-defined modal properties are preserved (Česnik et al., 2012; Di Maio et al., 2018; Furman et al.,
2025; Teng et al., 2022).

A central requirement of resonance fatigue testing is that the fatigue zone, meaning the region intended
to accumulate damage and eventually fracture, must coincide with the location of maximum dynamic
stress in the chosen mode shape. For a cantilever beam under first-mode bending excitation, the stress
is maximised at the clamped root; for a notched specimen, the notch is positioned at the expected
stress concentration. This co-location of damage zone and stress maximum ensures that, as damage
accumulates, the consequent changes in local stiffness are reflected in the global modal parameters,
making them useful damage indicators throughout the fatigue life (Česnik et al., 2012; Di Maio et al.,
2018).

Specimen geometry also governs the test frequency, which, through the DAF, directly determines the
rate of cycle accumulation. A higher natural frequency is generally desirable for throughput, but must be
balanced against actuator bandwidth, load cell resolution, and the requirement that the modal response
be well-separated from higher modes to avoid response complexity. (Česnik et al., 2012; Di Maio et al.,
2018; Magi et al., 2016b).

2.3.2. Excitation Control: Fixed-Frequency vs. Resonance-Tracked Protocols
A fundamental consideration in the design of a resonance fatigue test is how the excitation frequency
is managed as the specimen’s natural frequency drifts during damage accumulation. Two broad strate-
gies exist in the literature.

• In a resonance-tracked protocol, the excitation frequency is continuously adjusted, typically via a
phase-locked loop, to maintain the drive frequency at or near the instantaneous natural frequency
of the specimen. This ensures a constant Dynamic Amplification Factor and, consequently, a
constant stress amplitude in the fatigue zone throughout the test. Česnik et al. (Česnik et al.,
2012) demonstrated this approach on aluminium specimens, using the phase angle between
excitation and response as a real-time control signal. The phase is −90◦ at resonance, and
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deviations from this value trigger automatic corrections to the drive frequency. This methodology
enables accurate S-N characterisation because the applied stress remains constant to within a
few percent throughout the specimen’s life. Modern phase-locked-loop controllers for this kind of
resonance tracking continue to be refined for robustness and speed (Hippold et al., 2024).

• In a fixed-frequency protocol, the shaker drives the specimen at a constant excitation frequency
set equal to the initial natural frequency established in the baseline characterisation phase. As
damage accumulates and the natural frequency drifts generally downward (due to progressive
stiffness loss, as described in Section 2.1), the specimen operates slightly off-resonance. The
response amplitude decreases as the resonance peak shifts away from the fixed drive frequency,
which means the applied stress is no longer constant. The fixed-frequency approach trades
load control accuracy for measurement simplicity. Since the excitation frequency is invariant,
consecutive frequency responsemeasurements are directly comparable without normalisation for
excitation frequency variation, and phase-based damage indicators retain a consistent physical
reference (Di Maio et al., 2018; Lorenzino & Navarro, 2015).

2.3.3. Block-Cycle Protocol and Interleaved Monitoring
Building on the two excitation strategies of Section 2.3.2, resonance fatigue tests can be organised
in two ways. A continuous test, most naturally paired with a resonance-tracked protocol, holds the
specimen in resonance throughout and is well suited when the only goal is detecting a frequency shift
(Česnik et al., 2012; Magi et al., 2016b).

The alternative, used in this thesis, organises testing as a sequence of alternating loading and mea-
surement phases. During each fatigue block, the specimen is excited at the harmonic drive frequency
for a defined number of cycles Nblock, accumulating damage. At the end of each block, the harmonic
excitation is briefly replaced by a broadband frequency sweep, allowing Frequency Response Func-
tions (FRFs) to be measured across the full frequency range of interest. Modal parameters, natural
frequencies, damping ratios, and, where a scanning LDV is used, mode shapes, are extracted from
these FRFs and compared to the baseline established before fatigue loading commenced (Di Maio
et al., 2018; Magi et al., 2016b).

This block-cycle interleaved protocol offers two key advantages. First, it provides a continuous record of
modal parameter evolution throughout the specimen’s fatigue life, enabling the construction of damage
indices as a function of consumed life fraction (Section 2.8). Second, by separating the high-amplitude
harmonic loading phase from the low-amplitude broadband characterisation phase, it preserves mea-
surement linearity: the modal parameters are extracted in a regime where the nonlinear effects as-
sociated with crack breathing are suppressed, giving cleaner and more interpretable FRF data. The
trade-off is that the damage state is sampled discretely at the block boundaries rather than continuously,
introducing a time-resolution limitation.

2.4. Vibration Signatures of Fatigue Damage
The physical link between fatigue damage and dynamic response was established in Section 2.1: pro-
gressive stiffness degradation, whether described through CDM or fracture mechanics, shifts the nat-
ural frequencies of the structure and alters the spatial distribution of modal strain energy. This section
examines how these physical changes manifest in measurable vibration signals, with a focus on the
specific signatures observable in metallic specimens under harmonic resonance excitation.

Vibration signatures of fatigue damage can be broadly categorised as linear or nonlinear. The first
appear in the conventional Frequency Response Function (FRF) and are fully consistent with a linear,
time-invariant model of the structure, encompassing frequency, damping, amplitude, and phase, all
read from the same complex quantity. The second arise from the contact mechanics of crack faces,
which violate the linearity assumption. Each category has a distinct physical origin, a characteristic
time of onset during the fatigue life, and different implications for detection sensitivity and measurement
requirements.
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2.4.1. Linear Signatures: Natural Frequency, Damping, Amplitude, and Phase
Four distinct linear signatures are read from the same underlying quantity, the complex FRF near res-
onance (Section 2.2.2): its pole location gives the natural frequency, its imaginary part gives damping,
its magnitude gives resonance amplitude, and its angle gives phase. Each arises from a distinct physi-
cal mechanism, described in turn below; their practical use as monitoring features, including estimation
methods and reported quantitative thresholds, is addressed separately in Section 2.5.

Natural frequency shift.

The most widely studied linear signature of fatigue damage is the downward shift in natural fre-
quency. As a fatigue crack propagates, local material is effectively removed from the load path,
reducing the structure’s effective stiffness keff at the damage site. Since natural frequencies
scale as ωn ∝

√
keff/m, a stiffness reduction produces a monotonically decreasing frequency for

a fixed modal mass. As established by the CDM relationship in Section 2.1, this decrease follows
an approximately S-shaped trajectory: slow during the initiation-dominated early life, accelerat-
ing through the propagation phase, and asymptoting as failure approaches and the net section
collapses (Česnik et al., 2012; Liang et al., 2024; Slavič, 2021).

An important nuance, documented experimentally by Lorenzino andNavarro (Lorenzino &Navarro,
2015), is that natural frequency can exhibit a slight increase in the very early fatigue life before the
monotonic decrease begins. This initial rise is attributed to cyclic hardening: plastic deformation
at the crack tip increases the local dislocation density and temporarily stiffens the material before
crack area growth becomes the dominant mechanism. For aluminium alloys in particular, this
hardening-then-softening sequence is experimentally reproducible and constitutes a distinguish-
able feature in the frequency evolution record. The transition from the hardening to the softening
regime correlates closely with the onset of measurable crack propagation and can therefore serve
as a marker for the end of the initiation phase.

The spatial sensitivity of frequency shifts depends on the relationship between the damage loca-
tion and the mode shape. A crack at a displacement anti-node (where strain energy density is
maximum) produces the largest frequency perturbation for a given crack size. Conversely, dam-
age near a node, where modal curvature is low, may produce negligible frequency changes even
for relatively large cracks. This mode-shape dependence motivates monitoring multiple modes
simultaneously: a crack that is poorly positioned relative to one mode may be well-sensed by an-
other, and the pattern of differential frequency shifts across modes can, in principle, be inverted
to localise the damage (Liang et al., 2024; Montalvão et al., 2006; Singh & Sehgal, 2022).

Modal damping.

Fatigue damage introduces additional energy-dissipation mechanisms: friction between crack
faces under cyclic loading, thermoelastic coupling at the crack tip, and dislocation dragging in
the plastic zone, which collectively increase the effective damping ratio ζn of the affected modes.
Because these mechanisms are active from the earliest stages of microcrack formation, rather
than requiring a macroscopic crack to have already formed, damping is expected to respond
earlier in the fatigue life than natural frequency shift, a point developed further in Section 2.4.3.

Resonance amplitude.

At resonance, the FRF magnitude is approximately |H(ωn)| ≈ 1/(2ζnω
2
nm). An increase in damp-

ing therefore reduces the peak amplitude even if mass and stiffness are unchanged, while a
reduction in stiffness raises it; in practice the two effects act simultaneously, so resonance ampli-
tude is a composite signature of both underlying mechanisms rather than an independent one.

Phase deviation.

The phase of the FRF, introduced in Equation 2.9 (Section 2.2.2), evolves as a function of the
frequency ratio r = fdrive/fn. When fdrive = fn (exact resonance), ϕ = −90◦ regardless of damp-
ing. As fn decreases due to damage while fdrive remains fixed (the fixed-frequency protocol of
this thesis), r decreases below unity, and the phase moves away from −90◦ in a predictable
manner. Because the phase slope dϕ/df is steepest exactly at resonance (Section 2.3.1), a
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small frequency shift produces a disproportionately large phase perturbation whenever the drive
remains near-resonant, which is the physical reason phase deviation is expected to be a compar-
atively sensitive damage signature; the empirical evidence for this, and the practical use of phase
deviation as a monitoring feature, are discussed in Section 2.5.

2.4.2. Nonlinear Signatures: Crack Breathing and Higher Harmonics
When a fatigue crack is open throughout the loading cycle, the structure can be treated as linear with
a reduced effective stiffness. However, when the cyclic stress field causes the crack faces to alter-
nately open and close, the so-called breathing crack mechanism, the effective stiffness of the structure
becomes a function of the instantaneous displacement. This bilinear or piecewise-linear stiffness vari-
ation acts as a nonlinear element in the otherwise linear system, generating response components at
integer multiples of the excitation frequency (super-harmonics) even under purely sinusoidal excitation
(Andreaus & Baragatti, 2012; Proso et al., 2016; Worden et al., 2002; Worden et al., 2008).

Harmonic Distortion Index.

The Harmonic Distortion Index (HDI) is a direct measure of this nonlinearity, defined as the ratio
of super-harmonic power to the power at the fundamental drive frequency:

HDI =

K∑
k=2

P (kfdrive)

P (fdrive)
, (2.13)

where P (f) is the power spectral density at frequency f andK is the number of super-harmonics
included. In an undamaged specimen the HDI is near zero, rising only once crack-face contact
becomes significant. Because HDI responds to the contact mechanics of the crack faces rather
than to the stiffness reduction that drives the linear signatures above, it is largely immune to the
confounds affecting those indicators: a specimen with a through crack that remains open through-
out the cycle shows strong frequency shift but weak harmonic distortion, whereas a specimen with
a partially-closed surface crack may show the opposite pattern. Its practical use as a monitoring
feature, including the measurement sensitivity this requires, is discussed in Section 2.5.

Amplitude-dependent frequency shift.

A related nonlinear effect is amplitude-dependent frequency shift: the instantaneous resonance
frequency of a specimen with a breathing crack varies with the response amplitude, because the
proportion of the cycle during which the crack is closed depends on the stress ratio. This means
that sweeping the excitation amplitude at fixed frequency produces a characteristic bending of
the resonance peak, a signature detectable through bispectral or higher-order spectral analysis
(Carminati & Ricci, 2018; Worden et al., 2002).

2.4.3. Relative Onset and Practical Implications
A recurring theme in the literature is the question of which signature appears first in the fatigue life, and
therefore which indicator offers the longest prognostic horizon. The Continuum Damage Mechanics
framework (Section 2.1) motivates a specific physical ordering for this question, staged around the three
phases of fatigue life. In the initiation stage, before a macroscopic crack has formed, crack nucleation
and early microcrack coalescence increase internal friction and energy dissipation at the grain scale;
damping ratio and the Harmonic Distortion Index are the indicators expected to respond first, since
damping is driven by crack-face friction and thermoelastic dissipation at the crack tip, while HDI reflects
the crack-breathing nonlinearity that activates as soon as a partially-closed crack is present (Andreaus
& Baragatti, 2012; Mei et al., 2019). Phase deviation at the fixed drive frequency is expected to amplify
this same early sensitivity, since it responds directly to the detuning between the drive frequency and the
shifting instantaneous resonance: even a sub-threshold frequency shift produces a disproportionately
large phase deviation at the steepest point of the phase curve (Di Maio et al., 2018; Lorenzino &
Navarro, 2015). In the propagation stage, once a dominant macrocrack grows under cyclic loading,
stiffness loss accelerates, producing the monotonic natural frequency decline that CDM theory links to
damage accumulation through∆ωn/ωn,0 ≈ −α

2D (Equation 2.5). In the near-failure stage, mode shape
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distortion local to the crack becomes detectable, and the spatial indicators introduced in Section 2.5,
the Modal Assurance Criterion, modal curvature, and mode shape energy redistribution, are expected
to show their largest changes.

0.00 0.25 0.50 0.75 1.00
Fraction of fatigue life consumed

Harmonic Distortion Index (HDI)

Phase deviation ( )

Damping ratio ( )

Natural frequency shift

Spatial indicators (MAC, curvature, MSE-TVD)

Initiation Propagation
Near-
failure

Figure 2.2: Hypothesised, CDM-motivated ordering of damage-indicator onset across the fatigue life, staged around the
initiation, propagation, and near-failure phases. This diagram is qualitative: it reflects the expected ordering argued in the text,

not a measured timeline, and stage boundaries and onset windows are illustrative rather than calibrated to specific data.

This CDM-motivated staging (Figure 2.2) is broadly consistent with the empirical consensus reported
across the experimental literature, though the ordering is not uniformly supported: nonlinear signatures
(HDI, amplitude-dependence) → phase deviation → damping increase → natural frequency shift →
spatial mode-shape distortion (Andreaus & Baragatti, 2012; Di Maio et al., 2018; Liang et al., 2024;
Magi et al., 2016b; Worden et al., 2002).

Natural frequency shift tends to be one of the last global indicators to reach detectable levels, but is
also the most robust and reproducible. Damping and phase occupy a useful intermediate position:
more sensitive than frequency shift, but more stable than nonlinear indicators. However, a key nuance
is that the relative ordering is not universal and depends on the material, specimen geometry, loading
amplitude, and measurement system. In particular, whether nonlinear signatures genuinely precede
linear ones in metallic specimens under harmonic resonance loading, rather than being masked by
noise, remains an open experimental question that the present campaign is positioned to contribute to.

2.5. Vibration Parameters as Damage Indicators
Section 2.4 established the physical mechanisms by which fatigue damage produces measurable
changes in vibration response, including the sensitivity/monotonicity tension and typical onset ordering
discussed in Section 2.4.3: a useful indicator must be sensitive (detectable above the measurement
noise floor well before failure) and monotonic (trend-consistent over the fatigue life), and the two prop-
erties tend to trade off against each other. This section explores what indicators the field has proposed
and what is known about each one’s sensitivity, monotonicity, and practical limitations, so that a full
multi-indicator feature set can be assembled for the analysis pipeline of Section 2.8.

Following the global/spatial framing introduced at the end of Section 2.4, indicators are organised here
into two tiers. Global indicators are scalar quantities derived from single-point FRF measurements.
They carry information about the aggregate dynamic state of the specimen. Spatial indicators are
vector or field quantities derived from multi-point scanning measurements. They carry information
about where damage is located and how it distorts the mode shape.

A second distinction cuts across that one and is developed in parallel throughout this section, because
it proves consequential later. Modal indicators, comprising natural frequency, damping ratio, and every
mode-shape-derived quantity, can only be computed once the measured response has been decom-
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posed into individual modes, so their reliability is bounded by the reliability of that identification step.
Response-level indicators, comprising the harmonic distortion index, response amplitude, and driving
force, are computed from the measured signal directly and require no such decomposition. An indicator
can therefore be global without being modal: the harmonic distortion index below is a scalar single-point
quantity, and so global in the tier sense, but it involves no modal identification at all.

2.5.1. Global Indicators: Scalar FRF-Derived Features
Natural frequency shift.

The fractional shift in natural frequency, ∆fn/fn,0 = (fn,0 − fn(t))/fn,0, is the most widely used
and best-understood damage indicator in vibration-based fatigue monitoring (Andreaus & Bara-
gatti, 2009; Česnik & Slavič, 2014; Česnik et al., 2012; Liang et al., 2024; Lorenzino & Navarro,
2015). As a monitoring feature its practical advantages are considerable: natural frequency can
be estimated from a short FRF measurement with high precision, and the resulting time series is
smooth, largely free of measurement outliers, and readily interpretable.

Its primary limitation as an early indicator is its late onset. Experimental studies of metallic speci-
mens consistently show that detectable frequency shifts (> 0.1–0.5% of the baseline frequency)
do not appear until a significant crack has already formed and propagated to a measurable length
(Andreaus & Baragatti, 2009; Česnik et al., 2012; Lorenzino & Navarro, 2015). This is consis-
tent with the mechanism established in Section 2.4.1: early-life frequency changes are typically
within measurement uncertainty, not because the underlying physics does not produce them, but
because crack areas must grow to a size at which the associated stiffness change exceeds the
frequency resolution of the measurement system. This late onset restricts the prognostic horizon
available from frequency shift alone.

Modal damping ratio.

The modal damping ratio ζn is estimated from the width of the Nyquist circle in the complex FRF
plane near each resonance (Česnik & Slavič, 2014; Mei et al., 2019). Its underlying mechanism,
crack-face friction, thermoelastic dissipation, and dislocation drag active from the earliest stages
of microcrack formation, is established in Section 2.4.1; this ordering, damping preceding de-
tectable frequency shift, has been reported in several experimental studies of metallic specimens
(Andreaus & Baragatti, 2009; Česnik et al., 2012; Liang et al., 2024).

The practical difficulty with damping as a monitoring feature is its estimation uncertainty. Nyquist
circle fitting amplifies noise in the imaginary part of the FRF, and damping estimates carry sig-
nificantly larger coefficients of variation than frequency estimates from the same measurement.
Environmental temperature variations and boundary condition changes also affect damping more
strongly than frequency, making baseline correction more critical. Reported magnitudes vary cor-
respondingly: some experimental studies report damping increases of almost 100% between the
pristine and near-failure states in metallic specimens (Česnik et al., 2012), while others observe
much smaller and less monotonic changes, particularly in early-stage damage (Andreaus & Bara-
gatti, 2009). The consequence is a trade-off that recurs throughout the literature: damping is
more sensitive but less reliable than frequency shift, and whether it genuinely provides an earlier
detection over a statistically confident threshold depends on the specific experimental conditions
(Liang et al., 2024; Mei et al., 2019).

Resonance amplitude and compliance.

The FRF peak magnitude |H(fn)|, often expressed as a compliance (mobility at resonance), com-
bines the two mechanisms established in Section 2.4.1: as stiffness decreases and damping
rises, the peak both shifts and drops. The fractional compliance change is directly related to the
structural flexibility increase caused by the growing crack, making it a physically grounded scalar
summary of the overall damage state. Its main limitation as a monitoring feature is sensitivity
to excitation level: normalisation against the applied force or shaker acceleration is required to
distinguish genuine compliance changes from drift in the actuation chain.
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Phase deviation.

As established in Section 2.4.1, phase deviation is expected to be a comparatively sensitive
damage signature because the phase slope is steepest at resonance. Magi, Di Maio and Sever
(Di Maio & Magi, 2015; Di Maio et al., 2018; Magi et al., 2016a, 2016b) provided the empirical
evidence for this: the phase deviation ∆ϕ = ϕ(t) − ϕ0 constitutes a sensitive and monotonic
damage indicator that becomes detectable earlier than frequency shift in fatigue tests on metallic
and composite specimens. Subsequent work from the same research lineage has continued to
refine the technique, most recently for composite specimens using an interrupted-test framework
(Lasen Andrade et al., 2025; Voudouris et al., 2020); phase-deviation monitoring of this kind
remains, at the time of writing, a comparatively young technique developed and validated almost
exclusively within this one line of work, a point returned to in Section 2.10. Critically for the
fixed-frequency protocol used in this thesis, phase deviation is maximally sensitive precisely at
the operating point: because the phase slope dϕ/df is steepest at resonance (Equation 2.9),
any downward drift in fn produces a disproportionately large phase shift, amplifying the damage
signal without requiring any change to the measurement procedure.

Harmonic Distortion Index.

The Harmonic Distortion Index (HDI), whose crack-breathing mechanism and formal definition
(Equation 2.13) are established in Section 2.4.2, is a direct indicator of crack-face contact that
is largely immune to the stiffness-reduction confounds affecting the linear indicators above (An-
dreaus & Baragatti, 2012; Worden et al., 2002; Xu et al., 2018). Its applicability as a monitoring
feature is therefore concentrated in the crack-initiation stage, complementing the linear indica-
tors that dominate the propagation stage (Section 2.4.3). The practical trade-off is measurement
sensitivity: super-harmonic components are typically 20–40 dB below the fundamental, near the
noise floor of conventional sensing systems, so resolving HDI requires a low noise floor across a
wide frequency range and sets a lower bound on the usable vibration amplitude.

2.5.2. Spatial Indicators: Mode-Shape-Derived Features
Global indicators reduce the distributed physical phenomenon of fatigue damage to a scalar at each
measurement epoch. While this is sufficient for detecting and tracking damage progression, it discards
spatial information about where damage is located and how it distorts the structural mode shapes. Spa-
tial indicators recover this information by exploiting multi-point velocity measurements from a scanning
LDV, which provides a discretely sampled mode shape vector ϕ(t) ∈ RN at each fatigue block.

Modal Assurance Criterion (MAC).

The MAC quantifies the vector correlation between the current mode shape ϕ(t) and the baseline
shape ϕ0 (Allemang & Brown, 1982):

MAC(t) =
|ϕ(t)⊤ϕ0|2

|ϕ(t)|2 |ϕ0|2
(2.14)

MAC = 1 for shapes that are identical up to a scalar multiple. MAC < 1 indicates shape distor-
tion. For a fatigue crack in a beam, the crack introduces a local stiffness reduction that distorts
the mode shape curvature near the crack site, producing a MAC drop even when the natural
frequency shift is still within noise (Liang et al., 2024; Montalvão et al., 2006; Singh & Sehgal,
2022). Experimentally, MAC drops of 0.001–0.01 have been reported for early-stage damage in
metallic beams, small in absolute terms but potentially detectable with consistent multi-point mea-
surements. The advantage of MAC over global scalar indicators is its insensitivity to amplitude
scaling: because Equation 2.14 is a normalised correlation, common-mode variations in response
amplitude (e.g., from shaker drift) cancel out. Its limitation is sensitivity to measurement noise at
individual scan points, which can produce apparent shape distortions unrelated to damage.

Curvature Damage Index (CDI).
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Modal curvature κ(x) = d2ϕ/dx2 is proportional to bending strain in an Euler-Bernoulli beam, and
is therefore directly related to the local stress state. A fatigue crack produces a local increase
in curvature relative to the undamaged pattern at the crack site, because the effective bending
stiffness EI is reduced there. The Curvature Damage Index is defined as the spatial field of
absolute curvature differences:

CDI(x, t) = |κ(x, t)− κ0(x)| (2.15)

and its spatial maximum, maxx CDI(x, t), is used as a scalar damage feature. The full spatial
distribution of Equation 2.15 can additionally be used to localise the damage: the site where
CDI peaks corresponds to the crack location (Liang et al., 2024; Singh & Sehgal, 2022). Curva-
ture estimation from discretely sampled displacement mode shapes amplifies noise through the
second-derivative operation, making a sufficient spatial density of scan points a practical prereq-
uisite.

Modal Strain Energy redistribution.

The Modal Strain Energy (MSE) in element j of the beam is proportional to the local curvature
squared,MSEj(t) ∝ κ2(xj , t). Normalised across all elements, the fractional MSE forms a spatial
probability distribution over the beam length. Damage causes energy redistribution toward the
crack site. The total variation distance between the current and baseline MSE distributions,

MSE-TVD(t) =
1

2

∑
j

|MSEj(t)−MSEj,0| (2.16)

integrates spatial damage evidence across the full beam length, making it more robust than a
single-point curvature metric to noise at individual scan positions (Liang et al., 2024; Singh &
Sehgal, 2022). Like the CDI, the practical upper bound of Equation 2.16 is set by the noise
amplification inherent in curvature estimation.

Spatial phase standard deviation.

The phase-deviation indicator described above can be extended spatially: instead of computing
the phase deviation at a single measurement point, the standard deviation of ∆ϕ across all N
scan positions is computed at each fatigue block,

σϕ(t) = stdi=1,...,N

(
∆ϕi(t)

)
. (2.17)

In an undamaged beam with a real, spatially coherent mode shape, all scan points share ap-
proximately the same phase relationship to the excitation force, and Equation 2.17 evaluates to
near zero. A fatigue crack introduces a localised phase anomaly, a spatial discontinuity in the
phase field near the crack, which increases the spatial scatter. This indicator is a natural spatial
extension of the single-point phase-deviation concept established by Di Maio and collaborators
(Di Maio et al., 2018; Magi et al., 2016b), adopted in this thesis’s own analysis pipeline rather
than reported as an established indicator elsewhere in the literature. It may be more sensitive to
localised early-stage damage than the global phase-deviation scalar, which averages the effect
over the entire structure, but this expectation has not, to the author’s knowledge, been previously
tested experimentally.

2.6. Modal Analysis Techniques
The damage indicators described in Section 2.5 are not directly observable quantities: they must be
estimated from measured signals through a chain of signal processing and system identification steps.
The quality of the damage indicator time series is therefore determined as much by the modal analysis
methodology as by the underlying physics. Modal analysis proceeds in three stages once the FRF
itself has been estimated (Section 2.2.2): identification of the modal parameters (poles), assembly of



2.6. Modal Analysis Techniques 18

the spatial mode shape from multi-point data, and validation of the resulting modal model before it is
trusted as input to later fatigue-monitoring layers. This section describes each stage at the level of the
existing literature.

The purpose here is to establish the methodological foundations at the level of the existing literature.
The specific implementation choices for the fatigue monitoring pipeline of this thesis are documented
in Chapter 3.

2.6.1. Modal Parameter Identification
Two complementary identification strategies are used to extract modal parameters from the FRF. SDOF
local identification exploits the fact that, near an isolated resonance, the receptance FRF of a viscously
damped structure traces a circle in the complex (Nyquist) plane. Fitting this circle (the classical method
of Kennedy and Pancu, systematised by Ewins (Ewins, 2000)) yields the natural frequency, damping
ratio, and modal residue at that resonance from a narrow frequency band alone. Since it is local
and processes one mode at a time, the circle-fit method is fast, robust to noise outside the resonance
region, and unaffected by close-mode interference for the well-separated modes typical of simple beam
specimens (Allemang & Avitabile, 2022; Ewins, 2000). Its main limitation is the assumption of mode
isolation, which breaks down when two resonances lie within a few half-power bandwidths of each
other.

When multiple modes must instead be identified together from a single broadband FRF, as in a pre-
fatigue baseline characterisation, globalMDOF identificationmethods that fit a parametric model across
the full frequency range offer better efficiency and consistency than repeated SDOF fits. Two families
of MDOF method are in common use.

The Least-Squares Complex Frequency (LSCF, or PolyMAX) method is the current industrial standard
in the frequency domain (Allemang & Avitabile, 2022): it fits a matrix-fraction model across a sweep
of model orders and distinguishes genuine structural poles from spurious noise-driven ones via a sta-
bilisation diagram, in which physical poles recur consistently across model orders while mathematical
artefacts scatter.

An alternative, time-domain family is offered by subspace state-space identification, most widely known
through the N4SID algorithm (Van Overschee & De Moor, 1994): rather than fitting a matrix-fraction
model in the frequency domain and reading poles off a stabilisation diagram, N4SID estimates a
discrete-time state-space model directly from the time-domain input-output data via projections and
singular value decomposition, with the system order chosen from the decay of the singular value spec-
trum rather than from visual inspection of pole clustering across model orders. Frequency-domain and
time-domain MDOF methods each have contexts in which they are preferred; a short-duration mea-
surement record, for instance, limits the frequency resolution available to a frequency-domain fit in a
way that a time-domain method operating directly on the raw samples does not share.

2.6.2. Mode Shape Assembly from Multi-Point Measurements
Single-point FRFmeasurement yields the modal parameters at the reference degree of freedom (DOF),
but provides no spatial information about mode shapes. Recovering themode shape vectorϕr ∈ RN for
mode r requires FRF measurements at N spatially distributed points, from which the complex residue
at each location is extracted and assembled into the shape vector.

The standard approach is the roving response method: the excitation is fixed at a reference DOF while
the response is measured sequentially at each of the N scan positions (Allemang & Avitabile, 2022;
Ewins, 2000). For each scan position xi, the FRFH(xi, ω) is computed and the residue Ar(xi) at the r-
th pole is extracted by fixing the poles from the prior MDOF identification (Section 2.6.1) and solving a lin-
ear least-squares problem for the residues alone. The assembled vector {Ar(x1), Ar(x2), . . . , Ar(xN )}
is the mass-normalised mode shape (subject to a common scaling factor), suitable for direct computa-
tion of MAC, modal curvature, and MSE-TVD (Ewins, 2000; Magi et al., 2016b).

The spatial resolution of the mode shape, and therefore the sensitivity of curvature and MSE-based
damage indicators, depends on the number and distribution of scan points. For curvature estimation
via finite differences, the scan spacing must be sufficiently fine to resolve the local curvature anomaly



2.7. Vibration Measurement for Fatigue Monitoring 19

expected from a fatigue crack: too coarse a grid produces an aliased curvature field that may entirely
miss the damage site (Liang et al., 2024; Magi et al., 2016b).

2.6.3. Validation of the Identified Modal Model
Identification, whether SDOF or MDOF, is an estimation procedure and can fail silently: two closely
spaced physical modes can be merged into one fitted pole, a genuinely spurious, noise-driven pole can
be mistaken for a structural one, or a poorly conditioned residue extraction can distort an assembled
mode shape without producing an obviously wrong-looking result. In a fatigue-monitoring context this
risk is compounded by the fact that the modal parameters are simultaneously expected to drift for a
genuine physical reason, damage accumulation, so an identification artefact and a real damage-driven
change must not be confused. The literature offers several standard checks for this.

The stabilisation diagram introduced in Section 2.6.1 is itself a first validation tool: consistency of a
candidate pole’s frequency and damping across a sweep of model orders is evidence that it is physical
rather than a numerical artefact of a particular model order choice. A second, complementary check
applies the Modal Assurance Criterion of Section 2.5 to the identified mode shapes themselves rather
than to a damage/baseline comparison, an application generally referred to as AutoMAC (Allemang,
2003): computing MAC between every pair of identified modes should yield a near-diagonal matrix,
since distinct physical modes are expected to be nearly orthogonal, while a high off-diagonal value
signals that the same physical mode has likely been fitted twice at nearby frequencies rather than
genuinely resolved as two separate modes. This is the same equation used for damage tracking in
Section 2.5, but here the comparison is between two identified modes at a single instant, not between
a current and baseline shape of the same mode over time; the two uses should not be conflated.

A further check is the Modal Phase Collinearity (MPC), which quantifies whether an identified mode
shape is close to real-valued, as expected for a well-identified, lightly-damped structural mode, or com-
plex, with scan points out of phase with one another (Allemang & Avitabile, 2022; Ewins, 2000). A
low MPC value can indicate non-proportional damping in the physical structure, but can equally well
indicate measurement noise or a poorly conditioned identification, and is generally interpreted as a
data-quality flag alongside coherence (Section 2.2.2) rather than in isolation. Finally, an FRF synthe-
sis check, reconstructing the FRF from the identified poles and residues and comparing it against the
originally measured FRF, provides a direct, model-level goodness-of-fit measure that complements the
pole-level checks above.

For a single, short modal test these checks are typically applied once, interactively, by an analyst
reviewing a stabilisation diagram or a MAC matrix before accepting a set of identified modes. A fatigue-
monitoring campaign that identifies modal parameters automatically at every block across a test that
may run for days introduces a different challenge: an analyst cannot realistically review every block by
hand, yet an unreviewed identification failure partway through a long campaign is difficult to distinguish,
after the fact, from a genuine damage-driven change. How this thesis’s own pipeline addresses that
tension is described in Chapter 4.

2.7. Vibration Measurement for Fatigue Monitoring
The modal analysis techniques described in Section 2.6 place specific and demanding requirements
on the measurement system. For the indicators developed in Sections 2.4 and 2.5 to be useful in
practice, the sensor must resolve velocity amplitudes at the micrometre level, maintain stable mea-
surement characteristics over fatigue campaigns, operate without contacting the specimen (to avoid
mass loading effects on the very modal parameters being tracked), and provide sufficient spatial cov-
erage to assemble mode shape vectors. These requirements, taken together, point unambiguously
to non-contact optical interferometry, and specifically to the Laser Doppler Vibrometer (LDV), as the
instrument of choice for laboratory resonance fatigue monitoring (Magi et al., 2016b; Rothberg et al.,
2017).

This section describes the operating principles and performance characteristics of the LDV, including its
fundamental noise limits, and reviews its established role in vibration-based fatigue testing. The section
concludes by discussing the scanning LDV configuration that enables spatial mode shape acquisition
alongside the scalar modal parameters tracked throughout the fatigue life.
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2.7.1. Context: Vibration Sensing Technologies
Vibration sensors are broadly classified by the physical quantity they measure and by whether they
contact the structure under test (Kuttner & Rohnen, 2023). Accelerometers (piezoelectric or MEMS
devices that measure a(t)) are the most widely deployed class due to their ruggedness, low cost, and
ease of integration, but they attach physically to the specimen. In a fatigue test on a thin metallic
beam, even a lightweight accelerometer (of order 0.5–2 g) shifts the natural frequency by a measurable
amount relative to the undamaged baseline, introducing a systematic offset into every frequency-based
damage indicator. This mass-loading effect is irreversible over the course of the test and cannot be
corrected without knowledge of the modal mass, which is itself uncertain (Allemang & Avitabile, 2022;
Ewins, 2000). Strain gauges measure local strain directly and are excellent for stress monitoring at a
known point, but they too introduce local stiffness changes and, critically, are themselves susceptible
to fatigue failure before the specimen, as demonstrated by Česnik et al. (Česnik et al., 2012).

Non-contact optical techniques avoid these limitations entirely. Among them, LDV has achieved the
status of the de facto standard for high-resolution vibration measurement in experimental mechanics
and fatigue testing, owing to its combination of nanometre-level displacement sensitivity, zero mass
loading, wide bandwidth, and well-understood noise characteristics (Rothberg et al., 2017; Tomasini &
Castellini, 2020). These properties make LDV uniquely suitable for the concurrent role required in this
thesis: it serves simultaneously as the primary modal characterisation instrument and as the fatigue
damage monitoring sensor, without any interference between these two functions.

An emerging alternative to interferometric LDV is quantum photonic vibrometry (QPV), which uses
non-classical, single-photon light sources to recover surface velocity without the heterodyne interfer-
ometry described in Section 2.7.2 (Rehain et al., 2021). Early demonstrations report sensitivity and
bandwidth performance competitive with conventional LDV, and current work extends the approach to-
ward material characterisation applications beyond vibration measurement alone (Huang et al., 2023;
Ramanathan et al., 2025), with at least one system already available as a commercial instrument (“Vi-
brometer - QuantumComputing Inc”, 2018). This technologymotivated the original scope of the present
project, described in Section 1.3; its unavailability during the experimental campaign led to the adop-
tion of the scanning LDV system used throughout this thesis instead, and a direct QPV-versus-LDV
comparison is proposed as future work in Chapter 7.

2.7.2. Physical Principles of LDV
Laser Doppler vibrometry exploits the Doppler frequency shift experienced by coherent light reflected
from a moving surface. When a monochromatic laser beam of wavelength λ impinges on a surface
vibrating with instantaneous velocity v(t) along the beam axis, the reflected light undergoes a frequency
shift:

∆f(t) =
2 v(t)

λ
(2.18)

where the factor of two accounts for the round-trip optical path (Tomasini & Castellini, 2020). For a
typical helium-neon or diode laser with λ ≈ 633 nmand a surface velocity of 1mm/s, Equation 2.18 gives
a shift of approximately 3.2 kHz, far below the optical carrier frequency but well within the bandwidth
of electronic demodulation circuits.

This frequency shift is recovered interferometrically. In the heterodyne configuration universally pre-
ferred in modern LDV systems, shown in Figure 2.3, the incoming laser beam is split into a measure-
ment arm (directed at the target), and a reference arm that passes through an acousto-optic modulator
(AOM) introducing a fixed carrier frequency shift fc (typically 40 MHz). The Doppler-shifted return beam
and the frequency-shifted reference beam are recombined at a photodetector, producing a photocur-
rent:

i(t) = RPopt(t) (2.19)

where R is the detector responsivity (A/W) and Popt(t) is the instantaneous optical power incident on
the detector (Tomasini & Castellini, 2020). The photocurrent of Equation 2.19 oscillates at the carrier
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frequency fc modulated by the Doppler shift, and demodulation of this signal yields v(t) directly. Hetero-
dyne detection is preferred over the simpler homodyne configuration because it eliminates directional
ambiguity (the sign of v(t) is preserved), improves low-frequency stability, and maintains measure-
ment quality in the presence of environmental disturbances (Allemang & Avitabile, 2022; Rothberg et
al., 2017).

beam-
splitter
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beamsplitter
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surface

v(t)
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measurement beam (carrier f0)

reference beam (f0 + fc after AOM)
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Figure 2.3: Heterodyne LDV configuration. The laser beam is split into a reference arm, shifted by a fixed carrier frequency fc
via an acousto-optic modulator, and a measurement arm directed at the moving specimen surface. The Doppler-shifted return
beam recombines with the reference beam at the photodetector; demodulating the resulting photocurrent around fc recovers

the surface velocity v(t).

Displacement u(t) and acceleration a(t) are recovered from v(t) by numerical integration and differ-
entiation, respectively, making the LDV a versatile sensor capable of supplying all three kinematic
quantities from a single optical measurement point.

2.7.3. Noise Sources and Sensitivity Limits
LDV measurement quality is governed by a hierarchy of noise sources of decreasing fundamentality
(Allemang & Avitabile, 2022; Tomasini & Castellini, 2020). At the bottom sits shot noise, the quantum-
mechanical floor arising from the discrete, Poisson-distributed arrival of photons at the detector. A
well-designed heterodyne instrument is operated in this shot-noise-limited regime, giving the lowest
achievable velocity noise floor the hardware can offer (Rothberg et al., 2017; Tomasini & Castellini,
2020). Above this sits digital quantisation noise from the velocity decoder, which in modern instruments
is small enough to be inconsequential in practice.

In laboratory conditions, however, the noise floor that actually limits measurement is rarely the funda-
mental one. Speckle-induced phase noise, arising from coherent interference of light scattered from
the optically rough specimen surface, together with air turbulence and mounting vibration, typically
dominates (Rothberg et al., 2017). Unlike the shot-noise floor, these contributions are not fixed by
physics and can be substantially reduced through experimental practice, most commonly by applying
retro-reflective tape at the measurement point to stabilise the speckle pattern, and by enclosing the
optical path and isolating the instrument from shaker vibration. The practical consequence for fatigue
monitoring is that the achievable detection sensitivity is set less by the instrument’s data sheet than by
how carefully these environmental and surface effects are controlled – a question that depends on the
specific instrument and laboratory setup, and is therefore addressed empirically for the LDV unit and
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test rig used in this thesis in Chapter 3.

2.7.4. Scanning LDV for Mode Shape Acquisition
A single-point LDV provides a time series at one location on the specimen surface, sufficient for extract-
ing scalar modal parameters (fn, ζ, phase, HDI) at the reference measurement point. To assemble the
full mode shape vector required for the spatial damage indicators of Section 2.5, the measurement
must be repeated at N spatially distributed points. This is the function of the scanning LDV (SLDV):
a motorised mirror deflects the laser beam to each programmed grid point in sequence, and the FRF
at each position is acquired autonomously and stored for subsequent mode shape assembly (Di Maio
et al., 2018; Magi et al., 2016b; Tomasini & Castellini, 2020).

The SLDV configuration introduces one complication relative to single-point measurement: because the
beam position changes between scan points, the reference for phase comparisons must be maintained
consistently across the scan grid. This is achieved either by recording a fixed reference accelerometer
signal simultaneously at every scan position, or by using the first scan point as a phase reference and
cross-correlating all subsequent points to it. The former approach is preferred because it preserves
the force normalisation required for absolute modal mass estimation and residue-based mode shape
scaling (Ewins, 2000; Magi et al., 2016b).

In the fatigue monitoring context, the SLDV enables a qualitative capability step beyond single-point
measurement: rather than observing that the structure has changed (from scalar indicator drift), it be-
comes possible to observe where it has changed and how themode shapes are being distorted. Magi et
al. (Magi et al., 2016b) demonstrated that scanning LDVmeasurements on composite specimens under
resonance fatigue loading could detect mode shape distortions associated with delamination initiation
before any measurable frequency shift, using a scan grid of 15–20 points along the specimen length.
Di Maio et al. (Di Maio et al., 2018) extended this approach to phase-difference indicators computed
from simultaneous multi-point velocity and force measurements, showing that the spatial distribution of
phase deviation amplifies the damage signal and improves localisation. These demonstrations provide
the methodological precedent for the scanning LDV campaign of this thesis, adapted here to metallic
specimens under the fixed-frequency resonance protocol described in Section 2.3.

The practical trade-off of SLDV is acquisition time: a full spatial scan of N points requires N sequen-
tial measurements, each of sufficient duration to achieve adequate spectral resolution and averaging.
For a 30-point scan with 60 s per position, the total scan time is 30 minutes - maybe feasible for a
block-cycle protocol where modal characterisation is performed every M fatigue blocks, but too slow
for continuous monitoring. This motivates the two-rate measurement strategy in which global scalar
indicators (updated every block from the drive-point LDV) are supplemented by less frequent spatial
scans (everyM blocks), trading temporal resolution for spatial resolution according to the phase of the
fatigue life (Di Maio et al., 2018; Magi et al., 2016b).

2.7.5. Optical Fractography as an Independent Ground Truth
Every indicator discussed so far is an inference from vibration response: a frequency shift, a phase de-
viation, or a mode shape distortion is interpreted as evidence of an underlying crack, but the crack itself
is never directly observed while the test is running. Optical fractography, the microscopic examination
of a specimen’s surface and, once it has separated, its fracture surface, provides the complementary,
direct observation against which these vibration-based inferences can be checked. The technique is
long established in fatigue research: post-mortem examination of fracture surfaces under optical or
scanning electron microscopy is the standard means of identifying crack initiation sites, distinguishing
stable propagation from final unstable fracture, and, in favourable cases, reading the striation spacing
left by each loading cycle as a direct record of local crack growth rate (Schijve, 2008). Periodic optical
imaging of the specimen surface during a fatigue test, rather than only after fracture, extends this to
an in-test crack-length record: surface replication techniques and confocal microscopy at scheduled
load interruptions have both been used to track crack length and surface crack density as fatigue pro-
gresses, providing a ground-truth trajectory against which model predictions of crack growth can be
directly compared (Jones et al., 2023; Schijve, 2008).

It is important to be clear about what this technique offers and what it does not. Fractographic interpreta-
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tion is largely qualitative: identifying an initiation site, judging whether a propagation front is consistent
with a given loading history, and comparing the general character of two fracture surfaces all rely on
examiner judgement and domain experience rather than an automated measurement, and only under
specialised conditions (clear striation banding, known loading history) does fractography yield a directly
quantitative crack-growth-rate curve (Jones et al., 2023).

2.8. Data-Driven Damage Detection and Characterisation
The physical indicators and measurement techniques described in Sections 2.5–2.7 yield, at each
fatigue block, a feature vector of modal parameter estimates. Turning this growing time series into
actionable information is a well-established problem in the wider structural health monitoring literature,
classically organised into a hierarchy of increasingly demanding questions: detecting that damage is
present, localising where it is, quantifying its severity, and finally predicting the remaining service life
(Rytter, 1993). This section addresses the first three of these questions together, since for the modal
indicators considered here they draw on closely related statistical machinery: establishing that a speci-
men has departed from its healthy baseline and characterising how far it has progressed toward failure
are both, at heart, questions about how a growing feature vector compares to a reference distribution,
while the spatial indicators of Section 2.5 additionally supply the localisation information the second
level of this hierarchy calls for. The fourth and most demanding question, predicting remaining life,
is treated separately in Section 2.9, both because it is a conceptually distinct problem, a continuous
forecast rather than a comparison against a reference state, and because, as that section will show, it
remains comparatively underdeveloped for the present application.

A distinction worth keeping explicit throughout what follows is the one between detection and charac-
terisation. Detection asks a binary question: does the current feature vector look statistically different
from the healthy baseline? Characterisation goes further, asking a continuous question: how far has
the structure progressed toward failure? Detection is addressed first below, followed by the sensitivity
analysis and index-construction methods that support characterisation.

2.8.1. Baseline Modelling and Multivariate Anomaly Detection
The most widely adopted data-driven approach to damage detection in structural health monitoring is
the baseline model paradigm: a statistical representation of the healthy structural state is constructed
from measurements acquired before damage accumulation, and subsequent measurements are com-
pared against this model to identify statistically significant deviations (Eltouny et al., 2023; Jolliffe &
Cadima, 2016). This is an unsupervised approach: it requires no labelled damage examples and can,
in principle, detect any damage mode that perturbs the feature distribution, including modes not antici-
pated at the design stage.

For a multivariate feature vector x ∈ Rp, the natural baseline model is the multivariate Gaussian
N (µ,Σ) estimated from the pre-damage measurements. The canonical anomaly score derived from
this model is the Hotelling T 2 statistic:

T 2 = (x− µ)⊤Σ−1(x− µ) (2.20)

which is the squared Mahalanobis distance from the healthy cluster centre. The detection threshold
is derived from the F -distribution at a chosen false alarm rate, providing a statistically principled cri-
terion (Eltouny et al., 2023). The T 2 statistic of Equation 2.20 integrates information from all features
simultaneously, making it more sensitive to subtle multi-feature deviations than any single univariate
threshold, while remaining interpretable in terms of the underlying multivariate Gaussian model.

For detecting gradual, progressive damage, instantaneous threshold tests are complemented by the
Cumulative Sum (CUSUM) control chart (Page, 1954). CUSUM accumulates small, consistent upward
drifts in the anomaly score across successive blocks, triggering an alarm when the cumulative sum
exceeds a threshold h:

S(t) = max
(
0, S(t− 1) + s(t)− k

)
(2.21)
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where s(t) is the current anomaly score, k is the allowance parameter (typically set to half the expected
shift magnitude), and the chart signals when S(t) > h. The recursion of Equation 2.21 is particularly
well-matched to fatigue damage because structural degradation is inherently gradual: a small but con-
sistent upward trend in T 2 across many blocks will reliably trigger CUSUM well before any individual
block exceeds its instantaneous threshold, a behaviour also exploited by Mishra et al. (Mishra et al.,
2015) in a multivariate CUSUM chart applied directly to sensor data from fatigue-loaded composite
specimens.

A complementary non-parametric detector is the Isolation Forest (Liu et al., 2008), which makes no
Gaussian assumption and detects anomalies by measuring how easily a new observation can be iso-
lated by random axis-aligned splits of the feature space. Anomalous points (those far from the dense
healthy cluster) isolate faster and receive lower anomaly scores. The Isolation Forest is particularly
useful when feature distributions are non-Gaussian or when a small number of highly sensitive fea-
tures dominate, since it adapts to the geometry of the data rather than assuming ellipsoidal clusters.
Toufigh and Ranjbar (Toufigh & Ranjbar, 2024) combined it with a deep autoencoder for exactly this
purpose in an unsupervised structural damage detection framework.

Where researchers broadly agree is that combining instantaneous and sequential detectors (such as T 2

and CUSUM) with a non-parametric complement (Isolation Forest) provides more robust and earlier
detection than any single method (Eltouny et al., 2023). The principal open question is not which
method is best in general, but which combination provides the best detection performance for the
specific feature set and damage rate of a given experimental context.

2.8.2. Dimensionality Reduction and Indicator Sensitivity Ranking
The multi-indicator feature vector defined in Section 2.5 is intentionally redundant: it contains both fast-
responding and late-responding indicators, both linear and nonlinear features, and both global and
spatial quantities. Understanding which features carry the most damage-relevant information, and at
what stage of the fatigue life they are most informative, requires systematic sensitivity analysis.

Principal Component Analysis (PCA) provides a first decomposition of the feature matrix X ∈ RN×p

(blocks × features) into orthogonal directions of maximum variance (Jolliffe & Cadima, 2016). When
a single progressive damage process dominates the experiment, the first principal component (PC1)
captures the dominant direction of feature co-variation and its score time series z1(t) = Xv1 consti-
tutes a data-driven composite damage signal that is more robust to individual noisy features than any
single indicator. The fraction of total variance explained by PC1 is a direct measure of how coherently
the feature set tracks a single underlying damage process: values above 0.6 suggest that a single
latent variable (damage state) explains most of the observed variability (Bandara et al., 2014; Jolliffe &
Cadima, 2016).

Beyond PCA, supervised sensitivity ranking provides a more targeted answer to which features are
most predictive of the remaining life fraction rather than merely most variable. The framework used in
this thesis employs gradient-boosted regression trees trained to predict the normalised cycle fraction
τ = N/Nf from the feature vector, with SHAP (SHapley Additive exPlanations) values used to decom-
pose each prediction into per-feature contributions (Lundberg & Lee, 2017). SHAP values satisfy the
efficiency, symmetry, dummy, and linearity axioms from cooperative game theory, making them the
theoretically principled solution to the feature attribution problem.

2.8.3. Damage Index Construction
Anomaly detection establishes when the structure has departed from its healthy baseline. A damage
index D(t) ∈ [0, 1] goes further: it characterises how far the structure has progressed toward failure,
normalising the damage state to a common scale that enables comparison across specimens, loading
conditions, and indicator types. The physical motivation for a bounded, monotonically increasing index
comes directly from CDM (Section 2.1): the scalar CDM damage variable D maps the pristine state
(D = 0) to complete failure (D = 1), and its evolution follows a characteristic S-shaped trajectory
governed by Paris-law crack growth dynamics.

Constructing such an index from raw sensor features, rather than selecting a single one and using
it directly, is itself an established problem in the wider prognostics and health management (PHM)
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literature, generally referred to as health indicator construction (Atamuradov et al., 2020). Two broad
strategies recur across applications. The first selects or transforms a single physically meaningful
feature, for example a frequency shift normalised by its own maximum observed change, and relies on
that feature’s own established relationship to damage; its weakness is that a single feature may plateau
or saturate before failure if the physical quantity it tracks stops changing while damage continues to
accumulate by other mechanisms. The second fuses multiple features into one composite index, either
through a supervised weighting scheme or an unsupervised projection such as PCA (Section 2.8.2),
trading the interpretability of a single physical quantity for robustness to any one feature’s idiosyncratic
noise or early saturation (Atamuradov et al., 2020).

Whichever strategy produces it, a candidate index still needs some basis for judging whether it is
actually any good, since a bounded, superficially S-shaped index can be constructed from data that
tracks damage poorly. Coble and Hines (Coble & Hines, 2009) formalised three criteria for this pur-
pose that have since become standard in the PHM literature: monotonicity, the degree to which the
index trend is consistently increasing rather than noisy or reversing; trendability, the degree to which
multiple specimens or units produce index trajectories of similar shape once normalised to a common
life fraction; and prognosability, the degree to which the index reaches a similar value at failure across
a population, a precondition for a failure threshold learned from one specimen to be meaningful for
judging another. These three criteria provide the common basis on which competing damage index
formulations, whichever features or fusion strategy produced them, can be compared.

2.8.4. Learned Health Indicators: Autoencoder-Based Damage Indices
Both strategies described above share a common structure: each is built from features chosen because
their physical or statistical relationship to damage is already understood. An alternative paradigm, now
well established in the broader structural health monitoring (SHM) literature, dispenses with feature
engineering entirely and instead learns a representation of the healthy state directly from raw or near-
raw response data. A convolutional or recurrent autoencoder is trained to reconstruct measurements
drawn only from the healthy (pre-damage) phase of a structure’s life. Since the network has only ever
learned to reconstruct healthy data, its reconstruction error on subsequent measurements rises when
the input departs from the healthy manifold, providing a damage indicator that requires no prior as-
sumption about which spectral features matter (Okur et al., 2025). A complementary indicator can be
drawn from the network’s compressed latent representation. Rather than measuring how well the input
is reconstructed, the deviation of the latent code itself from its healthy-phase distribution is tracked,
which can register a structurally meaningful change in input shape even when the full-resolution recon-
struction error has not yet moved appreciably, since a single latent dimension can be sensitive to a
spectral feature that contributes little to overall reconstruction loss.

This reconstruction-error paradigm has been demonstrated extensively on civil infrastructure, most
commonly on bridges under ambient or operational excitation, where autoencoder architectures rang-
ing from simple convolutional networks to attention-based LSTM variants have been shown to detect,
and in some cases localise, discrete damage events such as loosened connections or induced support
damage (Ghazimoghadam & Hosseinzadeh, 2024; Okur et al., 2025). A recurring finding in this litera-
ture is that autoencoder reconstruction error and classical statistical indices such as the Hotelling T 2 or
PCA-based scores are not redundant because the autoencoder learns an arbitrary nonlinear manifold
of the healthy state rather than assuming a Gaussian or linear-subspace structure, it can be sensitive
to forms of deviation that a hand-engineered feature set does not encode, and several studies report
explicit comparisons in which a learned reconstruction-error indicator outperforms a traditional PCA
baseline on the same data (Li et al., 2023). This motivates treating a learned indicator as a genuinely
complementary damage index in the present framework. The expectation, consistent with the wider
literature, is that the two families will disagree on the precise point of onset, and that this disagreement
is itself informative about which aspects of the FRF a given damage mechanism perturbs.

Two gaps in this literature are directly relevant to the present work. First, the autoencoder-SHM litera-
ture to date is concentrated almost entirely on civil structures under ambient, broadband, or operational
excitation. Metallic fatigue specimens under controlled, narrowband resonance excitation, where the
input to the network is a deliberately well-characterised FRF rather than an uncontrolled ambient re-
sponse appear not to have been studied with this technique, and the network architectures and training
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assumptions developed for the civil case have not been validated against the damage mechanisms (fa-
tigue crack initiation and propagation under cyclic stress) that are the subject of this thesis. Second,
where reconstruction-error and hand-engineered indices have been compared, the comparison has
generally been framed as a competition to identify the better-performing method, rather than as a joint
multi-indicator analysis of the kind already applied to the hand-engineered feature set in this chapter
(PCA, SHAP, sensitivity ranking). Applying the same comparative apparatus to a learned indicator,
within a single consistent experimental campaign, is a natural extension of the multi-indicator gap iden-
tified above and is addressed, on an exploratory basis, alongside the primary hand-engineered analysis
in this thesis.

2.9. Remaining Useful Life and Prognosis
Whichever damage index formulation is used, hand-engineered or learned, characterising the current
damage state answers only the first three levels of the hierarchy introduced in Section 2.8. The fourth
and most demanding question remains open: given a damage index time series D(τ) as a function
of normalised cycle fraction τ = N/Nf , at what future τf will D reach the failure threshold Df , and
how uncertain is that estimate given the data available up to the current block? This is the domain of
prognosis, and it is, by a wide margin, the least mature of the four levels for the modal-parameter-based
indicators considered here, an imbalance developed further as Gap 2 in Section 2.10.

General path models, in which a chosen degradation measure is extrapolated to a failure threshold
using a parametric curve fitted to its own observed history, are among the earliest and most widely
used data-driven RUL methods (Lu & Meeker, 1993). The most physically motivated parametric model
for D(τ) in the present context is the logistic (S-curve) function:

D(τ ; β, τmid) =
1

1 + exp
(
−β(τ − τmid)

) (2.22)

where β controls the steepness of the damage acceleration and τmid is the cycle fraction at the inflection
point. The model of Equation 2.22 is consistent with Paris-law crack growth (S-shaped CDM evolution,
Section 2.1), has a natural upper asymptote at D = 1 preventing non-physical extrapolations, and can
be updated incrementally as new block data arrives. Confidence intervals on the RUL estimate can be
propagated from the parameter covariance matrix of the nonlinear least-squares fit, widening early in
life (when only the lower half of the S-curve is observed) and narrowing as damage approaches the
inflection point.

The principal limitation of a general path model is that it is fitted to a single specimen’s own history and
carries no information about how other, similar specimens have behaved. For datasets where several
run-to-failure histories are available, Gaussian Process (GP) regression provides a non-parametric,
data-driven complement that incorporates population-level variability directly into the predictive uncer-
tainty (Rasmussen &Williams, 2006). A GP defines a prior distribution over functionsD(τ); conditioned
on the observed data from completed tests, its posterior gives a calibrated predictive distribution for the
remaining life of a new, in-progress specimen. GP regression has been applied directly to fatigue-life
prediction for metallic specimens under variable-amplitude loading (Gao et al., 2022) and under multi-
axial stress states (Karolczuk & Słoński, 2022), and entropy-based probabilistic fatigue prognosis has
been benchmarked using PHM performance metrics of the kind adopted below (Guan et al., 2009); in
each case, however, the specimen populations used for training are substantially larger than what a
resonance fatigue campaign on discrete specimens can typically provide, a constraint returned to in
the Discussion.

A central question for any RUL method, parametric or GP-based, is not merely whether it eventually
converges to an accurate estimate, but how early in a specimen’s life a useful prediction becomes avail-
able. Saxena et al. (Saxena et al., 2010) formalised this as the prognostic horizon: the earliest point
in a system’s operating life at which a prognostic algorithm’s predictions satisfy a chosen accuracy or
confidence criterion, and continue to do so for the remainder of life. A method with a longer prognostic
horizon provides more actionable warning before failure, all else being equal, which makes prognos-
tic horizon a natural companion metric to the monotonicity, trendability, and prognosability criteria of
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Section 2.8.3 when comparing candidate index-and-method combinations. The literature on modal-
parameter-based RUL estimation specifically for metallic specimens under resonance fatigue, evalu-
ated against these criteria, is sparse: individual studies have tracked frequency or damping through to
failure (Česnik et al., 2012; Wang et al., 2008), but none has systematically evaluated the prognostic
horizon achievable from a multi-indicator feature set under controlled resonance fatigue conditions on
metals. This is the core gap that Section 2.10 formalises and that this thesis addresses experimentally.

2.10. Research Gap
The preceding sections have mapped the landscape of knowledge on which this thesis builds. Be-
fore identifying what is missing, it is useful to state clearly what the literature has established beyond
reasonable dispute.

It is well-established that fatigue damage in metallic structures produces progressive and measurable
changes in dynamic response: natural frequencies decrease as stiffness is lost (Česnik et al., 2012;
Liang et al., 2024), damping ratios increase due to energy dissipation at crack faces (Liang et al., 2024;
Mei et al., 2019), and mode shapes are spatially distorted near the crack site (Liang et al., 2024; Mon-
talvão et al., 2006). The physical mechanisms underlying these changes are well understood through
CDM and fracture mechanics (Lemaitre & Chaboche, 1990; Murakami, 2012; Schijve, 2008), and res-
onance vibration fatigue testing has been demonstrated as an effective accelerated methodology for
generating and monitoring this damage in controlled laboratory conditions (Česnik et al., 2012; Slavič,
2021). Scanning LDV has been shown to be capable of resolving the mode shape distortions asso-
ciated with early-stage damage on beam specimens under resonance loading (Di Maio et al., 2018;
Magi et al., 2016b), and a range of statistical and data-driven methods can detect departures from the
healthy baseline once they cross the measurement noise floor (Eltouny et al., 2023; Jolliffe & Cadima,
2016). A recent review of the broader fatigue-monitoring field reaches an independent, consistent con-
clusion: research on fatigue calculation, testing, and modelling is extensive, but studies that actually
monitor the fatigue process in real time, rather than characterising it before or after the fact, remain
comparatively scarce (García-Fernández et al., 2023).

These are the established foundations. Three interlocking gaps remain, which together define the
research space occupied by this thesis.

2.10.1. Gap 1: No Systematic Multi-Indicator Comparison Under Fixed-Frequency
Resonance Testing on Metals

The individual indicators catalogued in Section 2.5 – natural frequency shift, damping ratio change,
resonance amplitude, phase deviation, harmonic distortion index, MAC, modal curvature, MSE redistri-
bution, and spatial phase scatter – have each been studied, but almost invariably in isolation or in small
subsets. Studies on metallic specimens have generally tracked only one or two of these indicators at a
time (Česnik et al., 2012), while studies that include the spatial indicators have generally been carried
out on composite rather than metallic specimens (Di Maio et al., 2018; Magi et al., 2016b). Česnik
et al. (Česnik et al., 2012) tracked frequency and damping simultaneously on aluminium specimens
under harmonic resonance loading and demonstrated that damping changes precede frequency shifts,
but did not extend the analysis to phase-based or spatial indicators, nor did they quantify the relative
sensitivity of each indicator as a function of consumed life fraction. Lorenzino and Navarro (Lorenzino
& Navarro, 2015) characterised the non-monotonic frequency evolution (hardening then softening) in
aluminium but did not study damping, phase, or mode shape indicators in the same campaign. Studies
that do include spatial indicators typically operate under different loading conditions (servo-hydraulic
testing or base-excitation with frequency tracking) rather than the fixed-frequency resonance protocol
(Di Maio et al., 2018; Magi et al., 2016b).

This fragmentation is not simply a matter of no one having gotten around to a systematic compari-
son; it reflects the narrow base of research programmes the field currently draws on. The general
vibration-fatigue-monitoring literature cited throughout this chapter traces overwhelmingly to two sus-
tained research programmes: the Laboratory for Dynamics of Machines and Structures at the University
of Ljubljana (Section 2.3), and the phase-deviation lineage originating with Magi, Di Maio and Sever,
now continued at the University of Twente (Section 2.4.1). Where even the demonstrations of individ-
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ual indicators are concentrated in two labs rather than distributed across a broad field consensus, a
systematic multi-indicator comparison of the kind this thesis undertakes has correspondingly little prior
work to draw on.

The consequence is that no published study has simultaneously tracked the full set of global and spa-
tial modal indicators through the complete fatigue life of metallic specimens under fixed-frequency har-
monic resonance excitation, characterised their relative onset timing and sensitivity as a function of
consumed life fraction, and assessed their redundancy and complementarity in a multi-indicator fea-
ture space. This is the specific experimental and analytical gap that Research Question R2 addresses.

2.10.2. Gap 2: Absence of a Prognostic Horizon Analysis for Modal-Parameter-
Based RUL Estimation on Metals

The detection literature is comparatively mature: numerous methods have been validated for reliably
flagging the onset of damage from modal parameter drift (Česnik et al., 2012; Eltouny et al., 2023). The
prognosis literature, estimating howmuch life remains once damage has been detected, is substantially
less developed for modal-parameter-based indicators on metallic specimens.

Work on vibration-based fatigue life estimation for metals has largely proceeded along two separate
tracks. The first track uses modal parameters to predict fatigue life from material and geometry prop-
erties before testing begins, applying spectral methods such as Dirlik’s formula to the response PSD
(Dirlik & Benasciutti, 2021; Slavič, 2021). This is a design-time calculation, not an in-service monitoring
approach. The second track uses frequency shift or compliance change as an empirical damage met-
ric, fitting the measured evolution to a CDM-consistent curve and extrapolating to failure (Česnik et al.,
2012; Di Maio et al., 2018). While the feasibility of this approach has been demonstrated on single
specimens or small cohorts, no study has: (a) compared the single-feature and fused/composite index-
construction strategies of Section 2.8.3 against one another, using the monotonicity, trendability, and
prognosability criteria that have become standard in the wider PHM literature, to assess which yields
the most consistent and predictable progression curve; (b) characterised the prognostic horizon as a
function of the choice of indicator and damage index formulation; or (c) validated the prognosis against
an independent dataset of specimens to provide a population-level estimate of prognostic accuracy
with uncertainty quantification.

Liang et al. (Liang et al., 2024) addressed the RUL estimation problem for composite laminates us-
ing frequency shift as the sole indicator, reporting useful predictions from approximately 40–60% of
fatigue life. Equivalent population-level prognostic horizon results have not been reported for metallic
specimens under resonance fatigue conditions using a multi-indicator approach, and the comparison
between parametric trend extrapolation and data-driven Gaussian Process regression for this specific
problem has not been attempted. Research Questions R1 and R3 directly address this gap.

2.10.3. Gap 3: Validating Resonance-Based Testing Against Standard Fatigue Char-
acterisation for Metals

Resonance vibration fatigue testing has been established as a practical, order-of-magnitude faster al-
ternative to conventional constant-amplitude fatigue testing on servo-hydraulic rigs (Section 2.3), and a
handful of studies have directly validated the resulting fatigue-life data against standard testingmethods
(Furman et al., 2025; George et al., 2004; Teng et al., 2022). This validation, however, has generally
been carried out under resonance-tracked excitation, where the stress amplitude in the fatigue zone is
held constant throughout the specimen’s life by continuously adjusting the drive frequency to compen-
sate for the shifting resonance (Česnik et al., 2012).

The fixed-frequency protocol adopted in this thesis (Section 2.3.2) does not carry this guarantee: be-
cause the excitation frequency is not adjusted as the natural frequency drifts downward under accu-
mulating damage, the specimen progressively detunes from resonance, and the true stress amplitude
in the fatigue zone is not held constant across the test even though the applied force amplitude is.
Whether, and to what extent, this detuning-induced stress relaxation distorts the resulting fatigue-life
data relative to a conventional constant-stress-amplitude test, and therefore whether S-N characteri-
sation performed under a fixed-frequency protocol is directly comparable to standard testing methods
(ASTM E466, ISO 1099) or to resonance-tracked results, is a question the existing literature does not
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answer directly for metallic specimens.

The trade-off is not without a compensating benefit. Because the excitation does not adapt to the
shifting resonance, the detuning itself is directly encoded in the phase and amplitude of the response,
amplifying the damage signal for monitoring purposes without requiring any additional instrumentation
(Di Maio et al., 2018; Lorenzino & Navarro, 2015). Whether this monitoring advantage is worth the
S-N characterisation uncertainty it introduces, and how large that uncertainty actually is, has not been
quantified for metallic specimens.

This is the gap Research Question R4 addresses: establishing the S-N characterisation actually achiev-
able under the fixed-frequency protocol used throughout this campaign, and situating it explicitly against
both the standard testing literature and the resonance-tracked alternative, so that the monitoring ad-
vantage and the load-control accuracy each protocol offers can be weighed against one another with
actual data rather than by assumption.

2.10.4. Thesis Positioning and Research Questions
Together, these three gaps define a coherent and practically motivated research space: the use of
modal parameter evolution, tracked continuously by a scanning LDV under fixed-frequency resonance
excitation, as the primary information source for both damage detection and remaining life prognosis
in metallic specimens, with a systematic multi-indicator analysis that provides the empirical foundation
for answering when, and how reliably, such prognosis can be achieved.

It should be acknowledged that the research direction of this thesis emerged from a topic change forced
by external circumstances: the original plan to benchmark a quantum photonic vibrometer required the
instrument to be operational, and its failure prompted a reorientation toward the fatigue monitoring
problem that the existing experimental infrastructure (shaker, LDV, data acquisition system, and the
analytical pipeline already under development) was already well-positioned to address. Rather than
a limitation, this context underscores that the research questions are grounded in genuine experimen-
tal capability and that the gap identified above is a natural and scientifically productive target for the
available methodology.

The four research questions that structure this thesis map directly onto the identified gaps:

R1 How does the vibration response evolve as fatigue damage accumulates under resonant vibration
loading? – Addresses the empirical characterisation of the full indicator set (Gap 1), providing
the foundational dataset for R2 and R3.

R2 Which vibration-based indicators are most sensitive to early fatigue damage? – Addresses the
comparative sensitivity and onset-timing question (Gap 1), producing the ranked indicator table
required to guide future monitoring system design.

R3 Can vibration response trends be used to estimate remaining fatigue life? – Addresses the prog-
nostic horizon analysis and population-level RUL validation (Gap 2), providing the quantitative
answer to the central monitoring question.

R4 How does resonance-based vibration fatigue testing compare to traditional fatigue tests? – Ad-
dresses the validation of the fixed-frequency resonance protocol against standard fatigue char-
acterisation methods (Gap 3), including its implications for S-N equivalence and damage rate
interpretation.

The methodology employed to address these questions is described in Chapter 3.



3
Experimental Design and

Development

This chapter describes the experimental design and development work that precedes the analysis
pipeline proper: the synthetic prediction toolkit, specimen design, instrumentation, and pre-campaign
characterisation, culminating in a comparison between predicted and measured behaviour that justifies
the final test protocol. It is procedural and developmental in character rather than results-bearing: none
of the outputs presented here directly answer Research Questions R1–R4, though they establish the
experimental foundation on which every subsequent chapter’s answers depend. The analysis pipeline
built on top of this experimental foundation, comprising two independently constructed indicator tracks
that converge on a shared damage-index and remaining-useful-life estimation step, alongside inde-
pendent S-N characterisation and live-monitoring/validation investigations, is described separately in
Chapter 4.

The experimental campaign is organised into three sequential stages, each building on the outputs of
the previous one, as summarised in Figure 3.1. The Synthetic Data Toolkit’s predictions (Section 3.1)
set the initial expectations for specimen geometry, drive frequency, and excitation level; these are con-
firmed and, where necessary, refined experimentally at each subsequent stage, arriving at the fatigue
test protocol that is then frozen and applied to the two main specimen groups. Both groups feed the
analysis pipeline described in Chapter 4. The first stage, pre-campaign characterisation, quantifies
the measurement performance of the Laser Doppler Vibrometer (LDV) and establishes the baseline
modal properties and linear operating regime of the specimens. This stage encompasses both sensor
characterisation tests and a load configuration study in which the excitation amplitude, frequency, and
geometric setup were varied across a set of preliminary specimens until a configuration capable of
producing consistent, reproducible fatigue fracture at the intended location was identified. The second
stage, the fatigue campaign itself, subjects a population of ten nominally identical aluminium beam
specimens to a fixed-frequency resonance fatigue protocol, collecting continuous modal parameter
data from the healthy baseline onward; eight of these specimens were run to complete fracture un-
der the standard protocol, while two were run under a deliberately interrupted protocol and combined
with periodic optical microscopy as an independent validation track (Section 3.2.3). The third stage,
described in Chapter 4, is the data analysis pipeline itself.

A note on terminology is useful before proceeding, since it recurs throughout this chapter. The origi-
nal project, before its reorientation following the QPV instrument failure (Section 1.3), was structured
around four sequential phases: Phase 1, sensor characterisation; Phase 2, specimen/sample char-
acterisation; Phase 3, a healthy-baseline resonance run; and Phase 4, the resonance fatigue loading
run itself. This thesis retains that numbering rather than renumbering from Phase 1, since the underly-
ing test protocols and, in places, the raw data themselves carry over directly from the original project.
Phases 1 and 2 are described in this chapter by their individual test identifiers (T1–T4 and S1–S5 re-
spectively, Section 3.4) rather than by phase number, since no single monolithic ”Phase 1” or ”Phase
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2” test exists; Phases 3 and 4 retain their original numbering directly, since both are still run as single,
continuous protocols essentially unchanged from the original design (Section 3.5). The reader should
therefore expect ”Phase 3” and ”Phase 4” throughout this chapter without a corresponding ”Phase 1”
or ”Phase 2” label ever appearing on a specific test – this is intentional, not an omission.

The fixed-frequency resonance protocol employed throughout the fatigue campaign was adopted for
the reasons set out in Section 2.3.2 and Section 2.10 of the Literature Review: it trades load-control
accuracy for a directly interpretable phase-deviation signal, at the cost of an S-N characterisation whose
comparability to standard testing methods this thesis itself investigates (Research Question R4).

Throughout the chapter, the term block refers to the fundamental unit of the test protocol: a fixed
number of fatigue loading cycles followed by a broadband LDV scan for modal parameter extraction.
All time axes in the analysis are expressed in terms of the normalised cycle fraction τ = N/Nf , where
N is the cumulative cycle count at the end of a given block, andNf is the total cycles to fracture for that
specimen. This normalisation removes the natural scatter in fatigue life between nominally identical
specimens before any cross-specimen comparison is performed.

Synthetic Data
Toolkit
(§3.1)

physics-based
predictions first

Specimen Design &
Instrumentation
(§3.2–§3.3)

geometry, material,
LDV / shaker setup

Groups A + B
 
(§3.4)

development & tuning:
sensor tests T1–T4,
sample tests S1–S5,
load configuration study

Fatigue Test
Protocol
(§3.5)

frozen for the
main campaign

GROUP C1  ·  8 SPECIMENS

run to complete fracture:
the core monitoring dataset (Phases 3 + 4)

GROUP C2  ·  2 SPECIMENS

interrupted at the first live-monitoring alarm:
independent optical-microscopy validation

both groups feed the analysis pipeline (Chapter 4)

GROUPS D1 + D2   ·   POST-CAMPAIGN DIAGNOSTICS
testing the fixes for what the C campaign diagnosed: revised clamping and load transfer
(D1, n = 3), then repeat fatigue tests under the revised setup (D2, n = 5)

Figure 3.1: Structure of the experimental campaign described in this chapter, with section references. Groups D1 and D2 were
added after the main campaign had concluded and are described in Section 3.2.3; their results are reported separately in

Section 5.8.

3.1. Synthetic Data Toolkit
Before any experimental hardware was operated, a physics-based simulation environment (referred to
throughout this thesis as the Synthetic Data Toolkit) was developed to predict the expected behaviour
of the fatigue monitoring system under controlled conditions. The toolkit served two distinct purposes
in the overall project. During the design phase, it was used to explore the parameter space of speci-
men geometry, material properties, and loading conditions, providing quantitative predictions of natural
frequency, stress amplitude, expected fatigue life, and the anticipated magnitude of modal parameter
shifts at various stages of damage. These predictions informed the selection of the final specimen
geometry and the target excitation amplitude before a single fatigue test was run. During and after the
experimental campaign, the same toolkit was used as an interpretive reference: simulated damage
evolution curves and indicator sensitivity rankings were compared post-hoc against the experimental
data to assess where the physics-based model and the measured behaviour agreed, and where dis-
crepancies pointed to phenomena, such as crack closure, localised plasticity, or fixture nonlinearity,
not captured by the underlying assumptions. The toolkit is therefore neither a validation target nor a
ground truth, being instead a physically grounded interpretive companion to the experimental results.
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3.1.1. Physical Model
The toolkit models the fatigue specimen as a rectangular plate or beam with configurable geometry,
material, boundary conditions, and harmonic loading. Damage accumulation follows the continuum
damage mechanics (CDM) framework and the resulting frequency–damage relationship established
in Section 2.1 of the Literature Review; the toolkit implements this directly as a per-element stiffness
degradation,

E(D) = E0 (1− αD) (3.1)

with α = 1.5 for the aluminium alloys used in this study, consistent with published CDM parameters for
this material class (Murakami, 2012).

The number of cycles required to drive each element from its current damage state to failure is computed
from the Basquin S-N law introduced in Section 2.1, anchored to the element’s local stress state:

Nf =

(
σeff

σ′
f

)1/b

(3.2)

where σeff is the effective stress amplitude at the element and σ′
f = σend × (106)−b is derived from

the material endurance limit σend, ensuring the model produces physically meaningful fatigue lives at
the stress amplitudes relevant to this study. For Al 6061-T6, the parameters used are σend = 97 MPa
and b = −0.106 (Table 3.1), consistent with published fatigue design data for this alloy (MatWeb, LLC,
2026).

At each simulation step, the effective stress at every element is computed from the current modal state,
the element damage field is updated by integrating the Basquin law of Equation 3.2 for a fixed number
of cycles, and the stiffness matrix is recomputed from the updated D field. This iterative loop produces
a time series of modal parameters at each damage increment, mimicking the block structure of the
experimental protocol described in Section 3.5.

This entire physical model rests on small-deflection, linear elastic theory throughout: the Euler-Bernoulli
beam formulation, the CDM stiffness degradation of Equation 3.1, and the modal decomposition un-
derlying all three analysis tiers (Section 3.1.2) each assume a stiffness matrix that is independent of
vibration amplitude. This assumption holds well for the low-amplitude broadband scans used for modal
identification throughout this thesis, but is not guaranteed to hold at the higher vibration amplitudes
used during Phase 4 harmonic fatigue loading, where geometric nonlinearity (amplitude-dependent
stiffness from large-deflection effects) becomes measurable for a specimen of this slenderness, as
confirmed experimentally by the pre-campaign nonlinearity test S4 (Section 3.4). Toolkit predictions
at the harmonic-loading amplitude are therefore better understood as a qualitative guide to expected
trends than as a rigorous quantitative forecast; this distinction is revisited throughout this chapter wher-
ever a toolkit prediction is compared against measured behaviour.

3.1.2. Three-Tier Modal Analysis Hierarchy
Modal analysis and stress computation are implemented at three levels of physical fidelity, which the
toolkit documentation refers to as Tier 1, Tier 2, and Tier 3. The tier is selected explicitly by the user;
there is no automatic fallback between levels.

• Tier 1 (uniform analytical) applies the Euler–Bernoulli beam formula with a single global effective
stiffness Eeff , computed as the spatial average of E(D) over all elements. All natural frequencies
shift by the same fractional amount, and the stress field is computed from the cantilever bending
formula with a Dynamic Amplification Factor (DAF). Tier 1 runs in seconds and is used for rapid
parameter sweeps.

• Tier 2 (spatial Rayleigh-quotient) weights each element’s contribution to the stiffness matrix by
its local E(De), so that different modes respond differently to localised damage depending on the
curvature energy they deposit at the damaged region. A mode whose shape has high curvature
near the damage site shifts more rapidly than one whose nodal line passes through it. Tier 2
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is the preliminary design tool used in this project: it predicts which modes are most sensitive to
a given damage location for a given, spatially-varying stiffness field, and therefore informs both
the scan grid design and the selection of modes to track. Tier 2’s stiffness field is nonetheless a
smoothed representation rather than a true discretised geometry: it does not resolve the notch as
an explicit geometric cutout the way a meshed model does, so the specific stress concentration
a real notch produces is not captured at this tier.

• Tier 3 (Abaqus FEM) replaces the analytical estimators with a full finite element eigenvalue extrac-
tion (Abaqus FrequencyStep, Lanczos solver) and a harmonic response analysis (SteadyState
Direct) that provides element-level von Mises stress fields. Tier 3 is the only tier that resolves
the notch as an explicit geometric feature in the mesh, and accordingly serves as the ground-truth
reference against which the analytical tiers are cross-checked. It was used selectively during the
design phase to validate the Tier 2 predictions for the final specimen geometry. Despite quali-
tative agreement between Tier 2 and Tier 3, quantitative results differ by more than an order of
magnitude, as Figure 3.2 illustrates. Both tiers predict a monotonic decrease in natural frequency
over life, but the magnitudes are not comparable. Over the full simulated life the analytical tier
predicts a normalised frequency drop of approximately 6% for mode 1, rising to between 18% and
23% for modes 2 to 4, whereas the finite element tier predicts a drop of roughly 91% for every
one of the four modes.

Two features of the Tier 3 curves indicate that this is a property of the model rather than a physical
prediction to be taken at face value. The four modes fall along essentially the same line, where
a localised stiffness loss would be expected to affect each mode in proportion to the curvature it
carries at the damage site; and the decline is linear in cycle count rather than accelerating toward
failure, which is not the behaviour the underlying continuum damage formulation of Section 3.1.1
produces. A 91% frequency reduction also corresponds to the loss of almost all of the beam’s
effective stiffness, a state well beyond the damage levels at which the tracked indicators are of
interest. This divergence is why Tier 2 is used to rank modes by relative sensitivity rather than to
predict absolute frequency shifts (Section 3.1.2), and why the comparison of Section 6.1.6 treats
the toolkit prediction as qualitative. This is due to not only the stress concentration effects, but
also by the way each step is computed at each tier.

Figure 3.2: Normalised natural frequency evolution fn/fn,0 for the first four modes over the simulated life, comparing Tier 2
(analytical, dashed) against Tier 3 (FEM, solid). As with Figure 3.5, this comparison predates the final specimen definition and

uses the design-phase candidate geometry.
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3.1.3. Sensor Models and Damage Indicators
The toolkit incorporates physics-accurate transfer-function models for the three sensor types relevant
to the original and revised project scope: a contact piezoelectric accelerometer (PCB 352C33), the
scanning LDV used in the experimental campaign (Polytec PSV-500), and the quantum photonic vi-
brometer (QCi QPV) that formed the basis of the original thesis topic. Each sensor model converts the
true structural velocity spectrum into a simulated measured signal by applying the sensor’s frequency-
dependent transfer function and adding calibrated hardware noise, including shot-noise-limited optical
noise for the LDV and QPV, and mass-loading effects for the contact accelerometer.

Six damage indicators are evaluated in the simulated environment at each damage increment: natural
frequency shift, resonance amplitude shift, modal damping change, phase quadrature deviation, FRF
shape correlation, and Modal Assurance Criterion (MAC) drop. For each indicator and each sensor,
a Monte Carlo probability-of-detection (POD) analysis estimates the damage level at which detection
becomes reliable. These POD curves, generated during the design phase, were used to rank the
expected early sensitivity of each indicator and thus informed the priority ordering of the feature vector
in the experimental pipeline. Figure 3.3 reports the LDV result, and Figure 3.4 places it alongside the
accelerometer and QPV sensor models for a preliminary candidate geometry.

Figure 3.3: Probability-of-detection analysis for the Polytec PSV-500 (LDV) sensor model, from 200 Monte Carlo trials per
point with 95% Clopper-Pearson confidence bounds, plotted against equivalent crack depth (top left), the damage scalar D (top

right), fatigue cycle count (bottom left), and broken down by individual indicator (bottom right).
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Figure 3.4: Multi-sensor probability-of-detection comparison (200 Monte Carlo trials per point) for the three modelled sensors,
against physical damage size (left), damage scalar D (centre), and cycle count (right).

For the purposes of this thesis, only the LDV sensor model outputs are directly compared against
experimental data. The QPV model outputs are retained in the toolkit but are not reported as results.
They are preserved for the future sensor comparison study identified as a direction for future work in
Chapter 7.

3.1.4. Role in the Experimental Campaign
The toolkit’s contribution to the experimental campaign can be summarised under three headings.

Specimen and protocol design.

Tier 2 and Tier 3 simulations of the candidate beam geometries predicted the first bending mode
frequency as a function of length, width, and thickness, and established that the 196 × 20 ×
1 mm geometry would produce a natural frequency of approximately 30 Hz, low enough to avoid
excessive shaker force requirements while remaining well above the frequency range dominated
by building vibration. Tier 3 simulations, the only tier that resolves a notch as an explicit geometric
feature (Section 3.1.2), predicted that a notch-localised stress concentration near the clamped
root would produce a detectable MAC drop and curvature anomaly before the frequency shift
alone would cross the measurement noise floor; the corresponding predicted mode shape, stress,
and damage fields are shown in Figure 3.5. This prediction supplied the initial target rather than
a final answer. The specific notch geometry and position that ultimately satisfied this target were
arrived at empirically through the Group B load configuration study (Section 3.4.3) rather than
fixed by simulation.
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Figure 3.5: Tier 3 (FEM) spatial fields at an early damage increment, computed for the design-phase candidate geometry
rather than the specimen finally adopted, since the notch profile was not settled until the Group B study (Section 3.4.3): mode 1
shape (top), von Mises stress field (middle), and CDM damage field D (bottom). All three fields are concentrated at the notch,
close to the clamped end (left of each panel), rather than at the beam midspan, consistent with the notch placement described

in Section 3.2.2.

Sensitivity analysis.

An OAT and Morris parameter sensitivity analysis was also run during the design phase, intended
to rank which material and geometry parameters most strongly affect the final accumulated dam-
age. In practice, this analysis proved uninformative for its intended purpose: on both Tier 2 (Mor-
ris) and Tier 3 (OAT), sensitivity was completely dominated by whichever parameter controlled
proximity to resonance (excitation amplitude on Tier 2, excitation frequency on Tier 3), with ev-
ery material parameter showing a normalised sensitivity indistinguishable from zero. Figure 3.6
shows why: damage accumulation is gated by a resonance threshold within the fixed simulation
budget, so a parameter combination that keeps the specimen at or near resonance reaches full
damage regardless of the specific material properties, while one that detunes the specimen away
from resonance accumulates negligible damage regardless of those same properties. This is a
documented behaviour of the toolkit’s local sensitivity framework when the baseline configuration
is not robustly parked at resonance, rather than a genuine finding that material properties do not
matter; a re-run with the baseline re-anchored closer to resonance before perturbing material
parameters would be needed to obtain a usable ranking. The sensitivity analysis, therefore, did
not end up informing the specimen or protocol design decisions, unlike the POD analysis above;
those decisions rest instead on the more direct DAF- and stress-threshold arguments described
earlier in this subsection.
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Figure 3.6: Tier 3 OAT sensitivity analysis for final damage Dp95. Left: tornado chart, showing excitation frequency as the only
parameter with non-negligible normalised sensitivity. Right: the underlying effect curve for the top three parameters, showing
the sharp resonance window responsible for this result – damage saturates to its maximum value only within a narrow band of

excitation frequency, collapsing to zero outside it.

Post-hoc result interpretation.

After the fatigue campaign was complete, the simulated damage index trajectories were com-
pared qualitatively against the experimental DI curves from Layer 2 of the analysis pipeline (Sec-
tion 4.3.4), in the same exploratory spirit described above. The toolkit’s idealised boundary
conditions and, on the analytical tiers, smoothed notch representation mean this is a qualitative
check on the CDM-Basquin model’s adequacy, not a validation exercise. Where the experimen-
tal curves follow the predicted S-shaped logistic trend, this supports the CDM-Basquin physical
model as an adequate description of the damage kinematics.

3.2. Specimen Design and Material
The specimen geometry and material were selected to satisfy four interdependent requirements: a first
bending mode frequency low enough to be driven by the available microshaker without excessive force,
a natural frequency high enough to accumulate fatigue cycles in a practically reasonable test duration, a
geometry that produces a well-defined and reproducible crack initiation site accessible to the scanning
LDV, and material properties that are well characterised in the open literature to permit comparison
with the CDM–Basquin model of the Synthetic Data Toolkit. The final geometry emerged from an
iterative process combining Tier 2/Tier 3 toolkit simulations (Section 3.1) with two rounds of preliminary
specimen testing (nine specimens in total, Section 3.4): an initial exploration of gross geometry, notch
type, and boundary conditions (Group A), followed by a load configuration study that converged on the
final notch geometry, position, and drive configuration (Group B).

3.2.1. Material
All ten specimens of the final fatigue campaign were machined from Aluminium 6061-T6 flat bar stock.
The primary reason for this choice was practical: material availability, sourced from the faculty’s DEMO
lab stock. The alloy nonetheless suits the study well for several further reasons. First, its fatigue
behaviour in the high-cycle regime is well characterised: the relevant material parameters are available
with sufficient accuracy to anchor the toolkit predictions without fitting. Second, Al 6061-T6 is widely
used in resonance fatigue studies on metallic beams (Česnik et al., 2012; Magi et al., 2016b), providing
a direct basis for contextualising the results within the existing literature. Third, its relatively low stiffness
(E0 = 69 GPa) and moderate density (ρ = 2700 kg/m3) produce first bending mode frequencies in the
tens-of-hertz range for millimetre-scale beam geometries, compatible with the shaker force capacity
and load cell resolution of the available test rig. The key material properties used in both the toolkit
simulations and the experimental data interpretation are summarised in Table 3.1.
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Table 3.1: Material properties of Al 6061-T6 used in the Synthetic Data Toolkit and for experimental data interpretation
(MatWeb, LLC, 2026).

Property Symbol Value Unit
Young’s modulus E0 69 GPa
Density ρ 2700 kg/m3

Poisson’s ratio ν 0.33 —
Endurance limit* σend 97 MPa
Basquin exponent b −0.106 —
Stiffness degradation α 1.5 —

*Aluminium alloys, unlike ferrous metals, do not exhibit a true infinite-life endurance limit; the S-N curve continues to descend
gradually well beyond 106 cycles. The value reported here follows common engineering practice in treating the fatigue strength
at a conventionally defined reference life as a design endurance limit, consistent with published fatigue design data for this

alloy (MatWeb, LLC, 2026).

3.2.2. Geometry and Notch Design
The final specimen geometry, dimensioned in Figure 3.7a and shown as manufactured in Figure 3.7b,
is a thin rectangular beam of total stock dimensions 196 × 20 × 1 mm (length × width × thickness).
The specimen is clamped over the first 45 mm from one end, leaving an effective cantilevered length
of approximately 151 mm. This geometry places the first bending mode at approximately 30 Hz under
cantilever boundary conditions, and, for each Group C specimen individually, by the baseline modal
identification performed at the start of its own Phase 3 run (following the S1methodology, Section 3.4.2).
At 30 Hz, one fatigue block ofNblock = 7,500 cycles corresponds to approximately 4minutes 10 seconds
of harmonic loading (Section 3.5.1), giving a total Phase 4 campaign duration per specimen on the order
of one to a few hours depending on the specimen’s fatigue life.

The low thickness of 1 mm deserves specific mention. It implies that geometric nonlinearity, namely,
large-deflection effects in which the stiffness matrix becomes amplitude-dependent, can appear at sur-
prisingly low vibration amplitudes for a specimen of this slenderness. This constraint was identified
through the nonlinearity validation test (S4) described in Section 3.4, which found the onset of measur-
able nonlinearity at a drive level of approximately 0.3 V for a load placement 6 cm after the clamped
edge; its implications for the Phase 3 and Phase 4 excitation levels are discussed in Section 3.5.3 and
in more detail in Chapter 6.

The beam carries symmetric side notches serving two purposes: fixing the crack initiation site at a
known location, and placing the resulting damage where the tracked indicators are most likely to re-
spond to it. Both requirements point to the same region of the beam. Bending moment in the first
cantilever mode is greatest at the clamped root and decays toward the free end, so a notch placed as
close to the clamp as practical sees the highest cyclic stress and initiates soonest. That same region
carries the highest mode-shape curvature, which is the quantity the spatial indicators respond to, so
damage localised there perturbs the measured mode shape more strongly than damage further along
the beam. The notches were accordingly positioned 60 mm from the clamped end, 15 mm beyond the
clamp face: as close to the root as the clamp geometry allowed, while leaving clearance for the LDV
scan grid to be laid out around the notch along the beam neutral axis (Section 3.3.2).

Each notch is an isosceles right-triangular cutout, its 10 mm base on the beam edge running along
the beam axis and its apex 5 mm into the 20 mm width (Figure 3.7). Cutting both edges leaves a net
ligament of 10 mm at the notch plane, halving the load-bearing width relative to the gross section, and
the right-angled apex gives an included notch angle of 90◦. The notches were produced by cutting
stamping rather than milling, which forms sharp 90◦ edges at the notch root. No root radius was there-
fore specified, and none was measured on the finished specimens, so the elastic stress concentration
factor Kt is not known analytically for this geometry. The only estimate available is the one implicit in
the Tier 3 finite element model of the Synthetic Data Toolkit (Section 3.1.2), which resolves the notch
as an explicit meshed feature and returns the local von Mises field from which the concentration fol-
lows; that estimate inherits the idealised sharp-cornered notch of the CAD geometry and is used here
to reason about relative stress distribution, not as a calibratedKt for the manufactured part. The notch
is accordingly treated throughout as an empirically calibrated initiation feature. The V-profile replaced
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an initially planned rectangular slot, a Group A design that carried into the early Group B specimens
before proving unreliable to manufacture with consistent geometry; the replacement was settled during
the Group B load configuration study (Section 3.4.3). In service this notch channels the fatigue crack
across the beam cross-section at a known, fixed location, which is what allows the LDV scan grid to be
positioned relative to it in advance (Section 3.3.2).

(a) Dimensioned drawing.

(b) Photograph of a machined specimen.

Figure 3.7: Final specimen geometry (Al 6061-T6, clamped over the first 45 mm): (a) dimensioned drawing; (b) a
manufactured specimen. The drawing dimensions the 200 mm beam originally specified; the stock plate ultimately obtained

yielded a 196 mm beam, and all reported results refer to that dimension.
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3.2.3. Specimen Population
The experimental programme comprised three main groups of specimens, each associated with a dis-
tinct stage in the development of the final test configuration. The third group was subsequently divided
into two subgroups according to its role in the final analysis. Two additional groups, produced after
completion and analysis of the main campaign, were used for diagnostic follow-up and are described
separately below.

• Specimen-design exploration (Group A, n = 4). Four specimens spanning a range of gross
geometries, notch types, and boundary conditions were used to establish whether a specimen
could be fractured reliably with the available shaker and fixture, and to identify a configuration that
would fracture consistently at a targeted location. The exploration included composite specimens,
which were ultimately abandoned in favour of the metallic specimens used in the remainder of the
study because they proved more difficult to fracture within the available actuator capacity. Further
exploration was not justified given the project’s overall time constraints (Section 1.3).

Group A was independent of the sensor-characterisation tests described in Section 3.4. Tests T1–
T4 were conducted without a specimen mounted, with the LDV measuring the load cell/shaker
armature directly, while S1–S5 required the final specimen geometry, which had not yet been
established at this stage. Group A therefore served exclusively as a specimen-design study and
did not contribute to either test battery. The range of geometries explored is shown in Figure 3.8a.

• Load configuration specimens (Group B, n = 5). Five specimens fabricated to the geometry
emerging from the Group A exploration were used for the iterative load-configuration study re-
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ported in Section 3.4.3. This study established the rig and clamping configuration, sample place-
ment, excitation level, and final notch geometry.

Group B specimens also carried the S1–S5 sample-characterisation battery (Section 3.4.2) and
the T4d surface-finish sensor test (Section 3.4.1), the latter being the only T1–T4 sub-test re-
quiring an actual specimen surface. Figure 3.8b shows the resulting specimens after testing,
alongside the Group A specimens shown in Figure 3.8.

(a) Group A samples after testing. (b) Group B samples after testing.

Figure 3.8: Specimens used in the pre-test campaign to explore specimen designs, loading, and the broader experimental
setup.

• Final campaign specimens (Group C, n = 10). Ten specimens, all machined from the same
Al 6061-T6 flat bar stock to nominally identical dimensions, constitute the primary experimental
dataset. All ten underwent identical Phase 3 (healthy baseline) testing and Phase 4 (fatigue load-
ing) excitation under the fixed-frequency protocol. The population was divided into two subgroups
according to their role in the validation strategy.

Group C1 (n = 8) – complete run-to-failure specimens. Eight specimens were tested under the
standard Phase 4 protocol without interruption until physical fracture occurred. They constitute
the population-level dataset: the completeD(τ) trajectories from Layer 2, the indicator sensitivity
rankings of Layer 1, and the Gaussian Process training set of Layer 3 are all based exclusively
on this subgroup. The total cycles to fracture, Nf , varied between specimens because of natural
inter-specimen scatter in surface condition, crack initiation timing, and minor clamping variability.
This scatter is characterised as part of the Layer 2 damage-index analysis and is normalised
through the cycle-fraction axis τ = N/Nf before cross-specimen comparison.

Group C2 (n = 2) – interrupted validation specimens. Two specimens followed a deliberately
different Phase 4 protocol. Loading was interrupted at the first damage alarm raised by the live-
monitoring system (Section 4.6) rather than being continued to fracture. Each specimen was
characterised by optical microscopy before Phase 4, re-inspected immediately after the interrup-
tion, and subsequently loaded to final fracture. This enabled its fracture surface to be compared
with those of the Group C1 specimens (Section 3.5.5).

Because the interruption point was determined by the live-detection logic rather than by a fixed
protocol parameter, Group C2 was not pooled with Group C1 for the Layer 1 sensitivity analysis,
Layer 2 inter-specimen comparison, or Layer 3 Gaussian Process training. Instead, it provided an
independent, microscopy-based validation track for the detection logic, described in Section 3.5.5.
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Diagnostic specimens (Groups D1 and D2).

Groups D1 and D2 were produced after the main campaign had been completed and analysed. They
were introduced to investigate two causes of measurement scatter identified in Chapter 6: insufficient
fixity in the clamping arrangement and an impure load-transfer path between the shaker and specimen.
The D groups therefore constitute a diagnostic follow-up rather than an extension of the population-level
dataset, and their results are not pooled with Group C.

Both D groups used a shortened Al 6061-T6 beam measuring 130 × 20 × 1 mm. The notch geometry
was unchanged from Group C, with its centre located 55 mm from the clamped end, or 15 mm beyond
the clamp face. The specimens were clamped over the first 40 mm, leaving a 90 mm cantilevered
length compared with 151 mm for Group C. This increased the first bending-mode frequency from
approximately 30 Hz to approximately 100 Hz, allowing a given number of cycles to be accumulated in
a shorter test.

The shortened geometry also means that the D-group configuration changes more than the clamping
and load-transfer arrangements alone. The increased beam stiffness reduces the relative contribu-
tion of clamp compliance, while the shorter test duration reduces the time available for fixture drift to
accumulate. The resulting evidence is therefore corroborative rather than isolating. This limitation is
considered explicitly in the interpretation of the results in Section 6.1.1.

Figure 3.9: Group D specimens after testing. At 130× 20× 1 mm, the beam is substantially shorter than the Group C
geometry of Figure 3.7; the notch geometry is unchanged, and the through-hole near the upper end carries the bolted

load-transfer connection selected in the Group D1 study. Every specimen shown has separated at the notch.

• Boundary condition and load transfer study (Group D1, n = 3). Three specimens were tested
iteratively, following the approach used for Group B rather than a fixed test matrix. The study
addressed clamping and load-transfer arrangements in sequence. The clamping trials used a
series of printed inserts to control the height and depth at which the specimen was seated within
the clamp jaws. The retained arrangement seated the specimen directly against the flattest lower
face of the clamp, with clamping torque held constant across runs and specimens to ensure
reproducible seating.

The load-transfer trials compared adhesive tape at two coverage levels, printed fixtures, structural
adhesive, and a drilled-hole bolted connection. The bolted connection was retained because it
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maintained contact throughout the test without debonding and introduced a fixed, known mass
rather than the variable mass associated with tape and adhesive. Group D1 was analysed using
the LDV Analysis Suite alone, following the S1–S5 methodology of Section 3.4.2; no fatigue-
campaign analysis layer was applied.

• Repeat fatigue tests (Group D2, n = 5). Five specimens were subjected to the Group C1 fatigue
protocol of Section 3.5, using the configuration selected through Group D1. All were driven at
1 V and tested to fracture. The block structure was shortened relative to Group C1: the 10 s
broadband scan was retained, while the harmonic-loading stage was reduced so that a complete
block occupied approximately one minute rather than the 5 min 40 s specified in Section 3.5.1.
The higher drive frequency allowed a given cycle count to be accumulated more rapidly, while the
available testing time imposed the shorter block duration.

Block counts to fracture varied across the five specimens. Two survived 7 and 5 blocks, respec-
tively, while two others survived only 2 and 1 blocks. The fifth specimen was tested across two
separate days and is excluded from the reported set because the remounting event could contam-
inate a comparison intended to assess the mounting arrangement itself; this specimen fractured
after 6 blocks. Consequently, four specimens enter the results reported in Section 5.8. Only
Layer 0 of the analysis pipeline was applied to Group D2; Layers 0.5–3 were not.

The results from Groups D1 and D2 are reported in Section 5.8. Their interpretation is restricted to
R1 and the data-quality assessment in Section 6.1.1; they do not contribute to the indicator sensitivity
ranking (R2), damage-index and prognostic-horizon analysis (R3), or S–N characterisation (R4), which
remain based on Group C1.

The specimen groups and their roles are summarised in Table 3.2.

Table 3.2: Summary of specimen groups, their purpose, and their role in the experimental campaign.

Group n Geometry / material Primary purpose
A – Specimen-
design explo-
ration

4 Various geometries,
notch types, and
boundary conditions

Establish a geometry/notch com-
bination that fractures reliably at a
targeted location

B – Load config-
uration

5 Al 6061-T6, converg-
ing on final 196 × 20 ×
1 mm geometry with V-
notches

Iterative rig, placement, and
excitation-level tuning; final notch
geometry settled here; also car-
ries S1–S5 and T4d

C1 – Final
campaign (com-
plete)

8 Al 6061-T6, 196× 20×
1 mm, V-notches

Primary dataset: Phase 3 base-
line and Phase 4 fatigue, run to
fracture; population-level Layer 1–
3 analysis

C2 – Interrupted
validation

2 Al 6061-T6, 196× 20×
1 mm, V-notches

Phase 4 interrupted at first live-
monitoring alarm; microscopy-
based validation of the detection
logic

D1 –
Boundary/load-
transfer study

3 Al 6061-T6,
130 × 20 × 1 mm,
unchanged notch
geometry

Iterative evaluation of clamping
and load-transfer arrangements;
S1–S5 analysis only

D2 – Repeat fa-
tigue tests

5 Al 6061-T6,
130 × 20 × 1 mm,
unchanged notch
geometry

Repeat fatigue tests under the re-
vised configuration; Layer 0 anal-
ysis only

“‘
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3.3. Experimental Setup and Instrumentation
The general configuration – a cantilevered beam specimen, electrodynamic shaker excitation, an in-
strumented load cell as the force reference, and a non-contact optical response sensor – follows the
broad approach established in the resonance fatigue testing literature: base-excited beam and plate
specimens driven near resonance by an electrodynamic shaker (George et al., 2004), and the pair-
ing of a shaker/load-cell drive with scanning LDV response measurement specifically for phase- and
mode-shape-based damage monitoring (Česnik et al., 2012; Di Maio et al., 2018; Magi et al., 2016b).
The rig built for this thesis adapts that general approach to the constraints of the available laboratory
equipment (Section 3.3.1) rather than reproducing any single prior setup directly.

The experimental rig was designed around three non-negotiable constraints imposed by the monitoring
objectives of the study: the response sensor must be non-contact to avoid mass-loading the specimen’s
modal parameters throughout the fatigue life; the force input and its associated reference signal must
be measured simultaneously with the structural response at every block, to enable the phase-difference
indicator and coherent FRF estimation; and the measurement system must maintain stable calibration
over repeated fatigue blocks spanning hours of continuous operation. These constraints, together
with the scan requirement for spatial mode-shape indicators, led to the configuration described below.
Figure 3.10 provides a schematic overview, while Figure 3.11 shows the updated arrangement after
Group D testing.

Figure 3.10: Schematic and photograph of the experimental setup. The specimen is clamped horizontally at one end; the
microshaker applies transverse excitation near the notch, toward the free end, via an instrumented load cell. The scanning LDV

measures the out-of-plane velocity response along the beam neutral axis from a fixed stand-off distance.
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(a) Revised fixture, specimen mounted. (b) Under harmonic excitation.

Figure 3.11: Revised boundary condition and load transfer arrangement arrived at in the Group D1 study (Section 3.2.3) and
used for Group D2, shown for comparison against the main-campaign configuration above. In (b) the specimen is blurred by its

own motion during excitation.

3.3.1. Fixture and Loading Configuration
The specimen is mounted horizontally as a cantilever: one end is clamped in a rigid fixture bolted
to the laboratory table, and the opposite end is free. Clamping consistency is one of the principal
sources of inter-specimen variability in resonance fatigue experiments (Česnik et al., 2012; Di Maio
et al., 2018), and its control is a prerequisite for meaningful cross-specimen comparisons of modal
parameter evolution. To minimise this variability, the clamping block is tightened as consistently as
possible across specimens by controlling the number of rotations applied to the clamp.

Excitation is provided by a PCB Piezotronics K2007E01 miniature electrodynamic shaker, referred to
throughout as the microshaker, rated to 31 N (7 lbf) peak sine force with a 13 mm peak-to-peak stroke
and a usable frequency range extending to 9 kHz (PCB Piezotronics, Inc., 2026b), comfortably above
the approximately 30 Hz operating frequency of this campaign. Most comparable resonance fatigue
rigs reported in the literature use larger electrodynamic shaker tables mounted directly beneath or
adjacent to the specimen (Česnik et al., 2012; Magi et al., 2016b). A shaker table of that scale was
not available for this project, so the microshaker was instead mounted approximately 17 cm from the
specimen and connected to it via a rigid extension arm.

Arriving at a stable mounting for the microshaker itself required resolving two further practical problems
during the Group B load configuration study (Section 3.4.3). First, the shaker’s mounting-hole pattern
did not match the optical table’s grid, and an intermediate aluminium extrusion strut was introduced to
provide a rigid, correctly-spaced mounting interface between the two. Second, an early vertical mount-
ing arrangement made it difficult to keep the drive arm perpendicular to the beam while still allowing its
position to be adjusted between configurations; this was resolved by switching to the horizontal mount-
ing configuration shown in Figure 3.10, which keeps the arm perpendicular to the beam by construction
while remaining straightforward to reposition along the beam axis.

This overall approach adds complexity relative to a direct shaker-table mount: the arm introduces its
own modal properties into the drive path, coupling the shaker’s dynamics with those of the beam rather
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than applying a clean base excitation, and the arm-to-specimen connection deflects more than a direct
shaker-table mount would, both effects increasing the noise floor and the risk of drive-side nonlinearity
relative to the more rigid configurations typically reported in the literature. This is treated as a limitation
specific to the present rig and is revisited in Section 6.1.1 of Chapter 6, where the indicator noise levels
it produces are interpreted.

The shaker armature (via the extension arm) is connected to the upper face of the beam via a PCB
Piezotronics 288D01 miniature impedance sensor (S/N 3896), which is bonded to the beam surface
using a rigid adhesive, at a distance of approximately 4–5 cm from the notch. This distance was varied
deliberately across the earliest Group C1 specimens (4, 4.5, then 5 cm) before being held fixed at
5 cm for the remainder of the campaign: informed by the Group B load configuration study, moving
the attachment point changes the effective moment arm and therefore the stress delivered to the notch
for a given drive voltage, giving a second, independent lever (alongside the Phase 4 drive voltage
itself, Section 3.5.3) for broadening the range of fatigue lives sampled across the Group C1 population
ahead of the Basquin S-N fit (Section 4.5). The 288D01 combines a force sensor (100 mV/lbf, ±50 lbf
range) and an accelerometer (100 mV/g, ±50g range) in a single package (PCB Piezotronics, Inc.,
2026a), which is what allows it to serve a dual function: the force channel is the input channel for FRF
estimation, and the acceleration channel provides the shaker-side reference signal used for the phase-
difference indicator ϕdiff described in Section 4.1.6. The attachment location, near the notch on the
free-end side, was determined during the load configuration study (Section 3.4) to be the configuration
that produced consistent, reproducible fracture at the notch within the target number of fatigue blocks,
while maintaining adequate coherence across the frequency range used for modal identification.

The load cell mass is acknowledged as a perturbation to the specimen dynamics, but its effect is fixed
and constant across all blocks and all specimens, entering only as a static offset in the absolute value
of fn rather than as a factor affecting its evolution. (The load cell’s own acceleration-reference cable did
become disconnected partway through the Specimen 7 test; this data-quality note is recorded alongside
that specimen’s results in Chapter 5.)

3.3.2. Scanning Laser Doppler Vibrometer
Structural velocity measurements are acquired with a Polytec PSV-500 scanning Laser Doppler Vibrom-
eter equipped with a DV-04 velocity decoder. The instrument operates on the principle of heterodyne
interferometry: a helium-neon laser beam is split into a measurement arm directed at the specimen
surface and a reference arm frequency-shifted by a Bragg cell. The Doppler-shifted return beam and
the reference beam are recombined at a photodetector, and the demodulated photocurrent is decoded
to yield the instantaneous surface velocity v(t). The instrument’s rated velocity range extends from
approximately 0.01 µms−1 up to 30 m s−1, over a bandwidth of DC to several megahertz depending on
decoder configuration (Polytec GmbH, 2026), comfortably spanning the velocity amplitudes produced
by the specimens under both Phase 3 and Phase 4 loading conditions.

The LDV is mounted on a rigid tripod at a fixed stand-off distance of approximately 660 mm from the
beam surface, aligned perpendicular to the beam axis to maximise sensitivity to out-of-plane bending
velocity. The motorised scan mirror deflects the laser beam sequentially to each programmed grid point
along the beam neutral axis, acquiring the FRF at each position autonomously before stepping to the
next.

The scan grid consists of 9 points spanning a 20 mm region, beginning 10 mm beyond the notch on
the free-end side and extending away from it, giving a point spacing of 2.5 mm. The notch itself is
deliberately excluded from the measured region. Two considerations motivate this offset. The notch is
a machined discontinuity, and the abrupt change in section it introduces would dominate any spatially
differentiated quantity computed across it, so curvature estimated over a grid spanning the notch would
report the geometry rather than the damage. In addition, once a crack opens at the notch root the local
surface becomes optically unfavourable, with the edges of the opening scattering the incident beam and
degrading the return signal at precisely the points a notch-spanning grid would rely on most. Measuring
immediately upstream of the notch instead captures the mode-shape perturbation that a growing crack
induces in the surrounding material, while keeping every scan point on undamaged, optically stable
surface for the whole test.
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The consequence is that the spatial indicators detect damage through its effect on the beam’s deflected
shape near the notch rather than by imaging the crack itself, and any localisation they provide is rel-
ative to that measured window rather than absolute. This nine-point grid also falls below the 20–30
points identified in the pipeline documentation as the recommended density for reliable modal curva-
ture estimation via central finite differences on beams of this length. The reduced grid was adopted
because of practical file-size and scan-time constraints on the multi-hour, multi-specimen campaign
(Section 3.3.3), the same constraint that also drove the sample-rate reduction described there. The
consequence – coarser curvature and mode-shape-based spatial indicators (MAC, CDI, MSE-TVD,
spatial phase scatter) than the pipeline was originally designed to support – is acknowledged here as
a limitation of the present campaign and is revisited in Section 6.1.5 of Chapter 6 when the spatial-
indicator results are interpreted. The scan grid coordinates are stored in the HDF5 data file alongside
the measured FRF data, enabling reproducible alignment between measurement epochs.

3.3.3. Signal Conditioning and Data Acquisition
All analogue signals (LDV velocity output and load cell force channel) are conditioned and digitised
by the PSV-500 front-end electronics. There is no separate external DAQ unit. Time-series data are
extracted from the PSV-500 system and post-processed offline.

The data acquisition system samples both channels simultaneously at fs = 10,000 Hz. This rate was
reduced from an initially planned 100 kHz during the design phase, once file-size growth over a multi-
hour, multi-specimen campaign made the higher rate impractical. At 10 kHz, the Nyquist frequency
of 5 kHz remains comfortably above the frequency range of interest (the first three bending modes,
expected below 1500 Hz for this geometry), so no additional decimation is applied, and all spectral
analysis in this thesis operates directly on the acquired 10 kHz signal. Raw time-series data are written
to tab-delimited text files for each measurement phase within each block: one file per sensor per har-
monic excitation stage, and one file per scan point per sensor for the broadband scanning stage. This
file structure is described in detail alongside the signal processing pipeline in Section 4.1.

The instrumentation used in this study is summarised in Table 3.3.

Table 3.3: Summary of instrumentation used in the experimental campaign.

Component Make / model Role
Scanning LDV Polytec PSV-500 (DV-04

decoder)
Non-contact velocity measure-
ment, 0.01 µm/s–30 m/s range
(Polytec GmbH, 2026); broad-
band scan for mode shapes;
integrated data acquisition

Microshaker PCB Piezotronics
K2007E01

Harmonic and broadband excita-
tion via an extension arm (Sec-
tion 3.3.1); 31 N peak sine force,
9 kHz bandwidth (PCB Piezotron-
ics, Inc., 2026b)

Impedance sensor PCB Piezotronics 288D01
(S/N 3896)

Combined force input channel
(±50 lbf) and shaker-side accel-
eration reference (±50g) for ϕdiff

(PCB Piezotronics, Inc., 2026a)
Data acquisition Integrated in the Polytec

PSV-500 front end
Simultaneous sampling at
10,000 Hz; file output

Clamping fixture Standard clamping block,
lab table-mounted

Cantilever boundary condition

3.4. Pre-Campaign Characterisation
Before the main fatigue campaign could begin, three stages of preliminary work were completed: sen-
sor characterisation (T1–T4, conducted without a mounted specimen except for T4d), specimen and
sample characterisation (S1–S5, conducted on Group B specimens), and an iterative load configuration
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study, also on Group B specimens, that converged on the excitation amplitude, attachment position,
and clamping arrangement capable of producing consistent and reproducible fatigue fracture within the
target number of blocks. All three stages were conducted using the LDV Analysis Suite, a purpose-
built desktop application implementing the test protocols described below. The outputs of these stages
directly informed the Phase 3 and Phase 4 protocol parameters and are treated here as prerequisite
characterisation work rather than primary experimental results.

3.4.1. Sensor Characterisation (Tests T1-T4)
Four sensor tests characterised the intrinsic measurement performance of the LDV and its drive chain
before any specimen-level testing began. With the sole exception of T4d, none of these tests used a
mounted beam specimen at all: the LDV was pointed directly at the load cell/shaker armature, isolating
the sensor and drive-chain performance from any structural response. T4d, which specifically tests
sensitivity to surface material and finish, necessarily required an actual specimen surface and was
carried out later, on Group B specimens (Section 3.2.3), rather than at this stage.

• T1 – Noise Characterisation. The LDV velocity noise floor was measured under quiescent con-
ditions (shaker off, no mechanical excitation) by computing the power spectral density of the
velocity output over a sustained acquisition. The resulting noise floor spectrum establishes the
minimum detectable velocity amplitude at any frequency and provides the reference below which
no damage-induced indicator drift can be trusted. This test was run first, before any excitation, to
ensure that the baseline represents purely instrumental noise uncontaminated by residual struc-
tural vibration. The measured noise PSD and cumulative RMS noise for both the LDV and the
reference accelerometer are reported in Appendix A (Figure A.1); the LDV noise floor sits several
orders of magnitude below the accelerometer’s across the full bandwidth.

• T2 – Minimum Detectable Amplitude. Rather than a continuous amplitude sweep, T2 charac-
terises detection performance at three fixed frequency points (0.1, 10, and 1000 Hz), at the low-
est amplitude practically achievable from the shaker, via a frequency sweep across these three
points. This brackets the 30 Hz Phase 3/4 drive frequency without testing it directly, bounding the
minimum scan excitation amplitude usable during the broadband sweep in Phase 3 and Phase 4.
The cross-frequency metric comparison is reported in Appendix A (Figure A.2).

• T3 – Broadband and Harmonic Excitation Quality. T3a and T3b validate the two distinct excitation
types used within a single Phase 3/4 block: T3a characterises the broadband scanning excitation
used for FRF estimation and modal identification (coherence, FRF magnitude variability, noise-
to-signal ratio, at the intended scan amplitude), while T3b characterises the harmonic excitation
used for fatigue loading (total harmonic distortion and noise floor as a function of input amplitude).
Together, they establish the upper amplitude bound, above which the response becomes non-
linear, and the lower bound, below which FRF estimation quality degrades, for each of the two
excitation regimes actually used in the protocol.

• T4 – Disturbance Sensitivity. Four sub-tests characterised how the LDV noise floor and signal-
to-noise ratio respond to practical disturbances encountered in the laboratory: optical power vari-
ation (T4a), stand-off distance changes (T4b), beam alignment angle (T4c), and, on Group B
specimens, surface material or finish (T4d). The T4 results informed the choice of not using a
surface paint treatment and confirmed that the stand-off distance and alignment established dur-
ing rig setup would maintain adequate measurement quality throughout the fatigue blocks, even
as minor thermal drifts in the optical path occurred.

The key output of the T1–T4 battery is a sensor performance report consolidating the noise floor, mini-
mum detectable velocity, usable amplitude range, and sensitivity to practical disturbances for the spe-
cific LDV installation in the test laboratory. These quantities set the detection threshold for the anomaly
detection layer (Section 4.1.7) and define the measurement margins within which the indicator sensi-
tivity rankings produced by Layer 1 are valid. The full per-test reports, including the T3 and T4 result
sets not reproduced here, are given in Appendix A.



3.4. Pre-Campaign Characterisation 48

3.4.2. Specimen and Sample Characterisation (Tests S1--S5)
Five sample tests were conducted on Group B specimens (Section 3.2.3), fabricated to the geometry
converging out of the Group A exploration, to establish baseline modal properties and validate that the
planned test conditions satisfy the linearity requirements of the modal analysis pipeline. The tests were
executed in a fixed order, as each builds on the outputs of the preceding one. The figures shown below
are drawn from one of the earliest Group B tests, conducted before the final 30 Hz drive frequency
and V-notch geometry were settled; the specific numerical values shown (e.g. a 25 Hz drive frequency)
illustrate the methodology and should not be read as the final campaign parameters, which are given
in Section 3.4.3.

• S1 – Baseline Modal Characterisation. The natural frequencies, damping ratios, and effective
modal masses of the specimen were identified under broadband white noise excitation at low
amplitude, using the Least Squares Complex Frequency (LSCF) domain estimator applied to the
grand-averaged H1 FRF computed from three repeated acquisition runs (Allemang & Avitabile,
2022; Ewins, 2000). The LSCF stabilisation diagram, illustrated in Figure 3.12, was inspected,
and physical poles were confirmed manually before the residue computation. The S1 output pro-
vides the modal seeds used by all downstream tests and, critically, the initial resonance frequency
fn,0 that becomes the fixed drive frequency for Phase 4.

Figure 3.12: S1 baseline modal characterisation: LSCF stabilisation diagram (bottom) with the corresponding FRF magnitude
(top). Poles that remain stable in frequency and damping across increasing model order (green) are identified as physical;

unstable or new poles at a given order (red crosses) are discarded. Five modes were identified and manually confirmed from
this diagram for the specimen shown.

• S2 – Modal Parameter Uncertainty. A sustained long-run acquisition at constant low ampli-
tude (approximately 1000 s) was segmented into 60-second macro-segments, and the natural
frequency and damping ratio were tracked across segments using a circle-fit SDOF estimator
seeded from the S1 poles. The resulting time series were analysed using the overlapping Allan
deviation (OADEV) to identify the dominant noise regime and the optimal averaging time for sta-
ble modal parameter estimates (Riley, 2008). The per-mode scatter this produces is shown in
Figure 3.13, where σf ranges from sub-Hz for the lowest, well-separated mode to several Hz for
the closely-spaced higher modes. By design, the frequency standard deviation σf from S2 was
intended to enter directly into the anomaly detection threshold calibration: a change would need
to exceed several σf before being attributed to structural damage rather than measurement noise.
This shared, Group-B-derived threshold was not, in the end, carried forward into the final cam-
paign: Group C1 anomaly detection thresholds are instead derived directly from each specimen’s
own five-block Phase 3 baseline (Section 5.1 of Chapter 5), which made a shared S2-derived
noise constant unnecessary once every Group C1 specimen’s own baseline was available. S2
also provides a stationarity check, confirming that the healthy specimen’s modal parameters are
stationary over the duration of a Phase 3 baseline run, which is a necessary condition for the
multivariate Gaussian baseline model underlying the Hotelling T 2 detector to be valid; this role is
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unaffected by the change above.

Figure 3.13: S2 modal parameter uncertainty: tracked natural frequency fn for each of the five identified modes across
repeated short-window estimates, with the mean (solid line) and ±σf band (shaded) shown per mode. Frequency uncertainty
σf varies by mode, from sub-Hz for the lowest, well-separated mode to several Hz for closely-spaced higher modes, illustrating

why the anomaly detection threshold must be calibrated per mode rather than applied as a single global value.

• S3 – Mode Shape Scan. A scanning LDV measurement across the full grid of scan points was
performed under broadband excitation, with complex residues estimated at each scan position us-
ing the S1 poles as fixed parameters. The assembled mode shape vectors were used to compute
the baseline modal curvature profiles and the reference MAC values.

• S4 – Nonlinearity Validation. The specimen was driven at the intended Phase 4 fatigue excita-
tion amplitude and the Harmonic Distortion Index (HDI, Equation 2.13 of the Literature Review)
was computed from the LDV velocity power spectral density, with K = 5 harmonics and drive
frequency fdrive = fn,0 established by S1. A specimen response is considered linear when
HDI < 0.05, i.e. when super-harmonic power remains below 5% of the fundamental. S4 identified
the onset of measurable nonlinearity at a drive level of approximately 0.3 V, the super-harmonic
content underlying this result being shown in Figure 3.14, and confirmed that the broadband scan-
ning excitation used throughout Phase 3 and Phase 4 (well below this level) remains within the
linear regime, validating the Euler-Bernoulli linearity assumption underlying the modal analysis
pipeline for every FRF-based feature in this thesis. This validation is particularly important for
the 1 mm thickness: geometric nonlinearity can appear at lower amplitudes than material strain
limits would suggest for beams of this slenderness (Ewins, 2000). The Phase 4 harmonic loading
level, by contrast, was deliberately set above the fatigue limit and, in consequence, above this
same nonlinearity onset: the specimen’s response during the harmonic loading step of a Phase 4
block is therefore expected to be mildly nonlinear by design, even though the broadband scan
that follows it remains linear. This distinction, and its implications for the harmonic-stage features
(Section 4.1.6), is discussed further in Chapter 6.
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Figure 3.14: S4 nonlinearity validation: LDV velocity response PSD at the drive frequency, showing distinct super-harmonic
peaks at 2f , 3f , 4f , and beyond, well above the noise floor. The presence and relative amplitude of these super-harmonics is

what the HDI (Equation 2.13) quantifies; their persistence across several harmonics at this drive level is the basis for the
reported nonlinearity onset.

• S5 – EMA versus OMA Consistency. Experimental Modal Analysis (EMA), which uses the force
channel to form the H1 FRF and identify fn, ζ, and meff , was compared against Operational
Modal Analysis (OMA), which uses only the LDV velocity response without force normalisation to
compute a transmissibility-based modal estimate (Allemang & Avitabile, 2022). This comparison
was originally intended to compare the LDV performance with the quantum sensor, but after the
change in topic, its main goal is to verify the difference between EMA andOMA on the undamaged
specimen before Phase 4 data.

The key outputs of the S1–S5 battery that propagate directly into the fatigue protocol are summarised
in Table 3.4.

Table 3.4: Key outputs of the pre-campaign characterisation (S1–S5) and their role in the fatigue test protocol and analysis
pipeline.

Test Output Role in Phase 3/4 and analysis pipeline
S1 fn,0, ζ, meff ; modal seeds Drive frequency for Phase 4; seeds for mode

tracker (Layer 0)
S2 σf , σζ ; optimal averaging

time
Anomaly detection threshold calibration
(Layer 0); stationarity confirmation

S3 Baseline mode shapes
ϕ0; curvature profiles

MAC, CDI, and MSE-TVD reference
(Layer 0 spatial features)

S4 HDI at Phase 4 amplitude Linear regime confirmation; upper scan am-
plitude bound

S5 EMA/OMA discrepancy;
cross-MAC

Validates OMA-mode tracking reliability in
Phase 3/4

3.4.3. Load Configuration Study
The five Group B specimens (Section 3.2.3) were used for an iterative load configuration study, rather
than a fixed one-configuration-per-specimen test matrix. The right combination of rig stiffness, sample
placement, and excitation level was not known at the outset, so the study proceeded in stages: first
refining the rig and clamping setup (Section 3.3.1), then the specimen placement and shaker attach-
ment position, and finally the excitation level. Because each stage’s outcome informed the next, some
specimens were tested under a single configuration while others were tested under two configurations
in sequence, once the first configuration’s outcome indicated a further adjustment was needed. This
same study is also where the final notch geometry itself was settled: an initially planned rectangular-cut
notch proved unreliable to manufacture with consistent geometry, and was replaced with the V-notch
profile described in Section 3.2.2 once this became apparent.
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A further consideration specific to this study is that the microshaker is only practically controllable by
drive voltage, not by directly commanded force or displacement. Under harmonic excitation in themass-
controlled regime, the resulting displacement amplitude at a given drive voltage scales approximately
asX ≈ F/(m(2πf)2): at fixed voltage (and therefore approximately fixed force), higher drive frequency
directly reduces the achievable displacement. This is why the 30 Hz drive frequency was not simply the
lowest convenient choice within the shaker’s force budget (Section 3.2.2), but specifically the highest
frequency, among those tested, still capable of producing a displacement amplitude large enough to
initiate and sustain fatigue damage at the available drive voltage; part of the Group B study’s purpose
was locating this upper frequency bound empirically.

The selection criterion for the final configuration was threefold: fracture had to occur consistently at the
notch location rather than at the clamp or the load cell adhesive bond; the total cycles to fracture had
to fall within a range corresponding to between one and twenty Phase 4 blocks of 7,500 cycles, giving
adequate temporal resolution for damage tracking without excessively long per-specimen tests; and
the force coherence across the broadband scan had to remain above an average of 0.85 across the
frequency range containing the first three bending modes, ensuring adequate FRF estimation quality
at every block. Figure 3.15 shows the coherence achieved at a candidate configuration against this
threshold.

Figure 3.15: Load configuration study: EMA mobility (top) and accelerance (middle) magnitude, and force coherence γ2
F

(bottom), for repeated runs at a candidate configuration. Apart from the first mode, the 0.85 coherence threshold (dashed) is
met across the first several bending modes for both the LDV and reference accelerometer channels, confirming adequate FRF

estimation quality at this configuration.

The configuration satisfying all three criteria, with the excitation level expressed as a target drive volt-
age rather than a directly calibrated force in newtons (Section 4.5 discusses the pending force/stress
calibration), was adopted for all ten Group C specimens. The shaker attachment position that emerged
from this process sits beyond the notch, toward the free end (Section 3.3), rather than at any particu-
lar displacement- or stress-optimal point: it was arrived at empirically as the configuration that reliably
produced notch-driven fracture within the target cycle range, not derived from a closed-form optimality
argument.

The Group B run-to-failure data are not included in the indicator sensitivity or prognostic horizon anal-
yses, as the excitation configurations differ between specimens and across the Group B population.
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They are retained as contextual records and referenced in the Discussion where relevant to the inter-
pretation of fatigue life scatter in the final campaign.

3.5. Fatigue Test Protocol
Each of the ten Group C specimens was subjected to an identical two-phase Phase 3/Phase 4 test
protocol up to the point of Phase 4 interruption or fracture. Phase 3 establishes the healthy baseline
statistical model against which Phase 4 damage progression is measured. Phase 4 is the fatigue
loading phase that, for the eight Group C1 specimens, runs until fracture, and, for the two Group C2
specimens, runs until the live-monitoring interruption described in Section 3.5.5. The two phases share
the same block structure and measurement cadence by design: this ensures that the feature vectors
extracted from Phase 3 and Phase 4 are directly comparable, that the Phase 3 data can serve as the
training set for the anomaly detection model without any normalisation for protocol differences, and
that the first Phase 4 block can be assessed immediately against the baseline without any transition
artefact. An overview of the complete per-specimen protocol is shown in Figure 3.16.

Phase 3 — healthy baseline
5 blocks · sub-endurance level (0.2–0.3 V) · no damage

Phase 4 — resonance fatigue loading
run to fracture · level per specimen (0.2–1 V) · fdrive = fn, 0 fixed

dr
iv

e 
le

ve
l

endurance limit

0.2–0.3 V

0.2–1 V, per specimen (S-N coverage)

B1 B2 B3 B4 B5 B6 B7 B8 ·  ·  · Bf

Fracture — C1 (n = 8)

N = 0 normalised post-hoc as  τ = N / Nf

cumulative cycle count N

N = Nf
(≈7.5 k – 127.5 k cycles)

Inside every block — identical in Phase 3 and Phase 4 · total ≈ 5 min 40 s

1 · Broadband LDV scan

9-point grid, H1 FRFs (Welch) · ≈ 90 s
→ point-tier + spatial-tier modal features

2 · Harmonic loading

7,500 cycles at fdrive = fn, 0 · ≈ 4 min 10 s
RMS force, inst. frequency, HDI tracked live

‖ Group C2 (n = 2): Phase 4 paused at the first live-monitoring alarm for microscope inspection, then resumed to fracture.

Figure 3.16: Per-specimen test protocol. Phase 3 (healthy baseline, 5 blocks at sub-endurance-limit amplitude) and Phase 4
(fatigue loading at target amplitude, run to fracture; block count varies by specimen) share an identical block structure. The

normalised cycle fraction τ = N/Nf is computed post-hoc once Nf is known from fracture.

3.5.1. Block Structure
The fundamental unit of both phases is the block: a fixed-duration fatigue loading stage followed im-
mediately by a broadband modal characterisation scan. Each block proceeds in two sequential steps.

Step 1 – Broadband scanning LDV. Immediately before the harmonic loading stage, the shaker am-
plitude is reduced to the broadband scan level (confirmed to be in the linear regime by S4 during
pre-campaign characterisation) and the PSV-500 scans the full grid of measurement points along the
beam neutral axis sequentially. At each scan point, the H1 FRF between the LDV velocity and the load
cell force is computed from a Welch-averaged cross-spectral estimate. The complete multi-point FRF
data set provides both the point-tier features (extracted at the reference scan point nearest to the drive
point) and the spatial-tier features (assembled from the full mode shape vectors). The scan constitutes
the sole modal characterisation measurement of the block; there is no separate single-point sweep.
After the final scan point, the data are written to disk, and the pipeline processes the block before the
next harmonic loading stage begins.

Step 2 – Harmonic loading. The shaker drives the specimen at the fixed frequency fdrive = fn,0,
where fn,0 is the initial natural frequency of the specimen as identified by S1 during pre-campaign char-
acterisation. The drive frequency is held constant throughout all blocks of both Phase 3 and Phase 4
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for that specimen. The harmonic excitation runs for Nblock = 7,500 cycles per block. During this step,
the LDV measures the single-point velocity response at a fixed reference point on the beam, and the
load cell records force and shaker-side acceleration continuously. From these signals, three sub-block
features are extracted without interrupting the fatigue loading: the instantaneous RMS force (a shaker
drift monitor), the instantaneous resonance frequency tracked from the peak of the running PSD, and
the Harmonic Distortion Index computed from the full-block Welch PSD.

This two-step sequence is illustrated schematically in Figure 3.17. The block duration is dominated by
the harmonic loading time: at 30 Hz, 7,500 cycles correspond to approximately 4 minutes 10 seconds
of continuous loading. The broadband scan adds 10 seconds per scan point across the 9-point grid
(Section 3.3.2), approximately 90 seconds, giving a total per-block duration of approximately 5 minutes
40 seconds.

one block ≈ 5 min 40 s repeated every block until fracture

1 · broadband scan
≈ 90 s

scan data written to disk & processed

2 · harmonic loading — 7,500 cycles at f drive = f n,0
≈ 4 min 10 s at 30 Hz

Step 1 — Broadband scanning LDV
shaker reduced to broadband scan level (linear, per S4)
PSV-500 scans a 9-point grid along the neutral axis
H₁ FRF per point: LDV velocity / load-cell force (Welch)

|H₁(f)|

f
fn

→ mode shape, frequency, damping at every grid point

Step 2 — Fixed-frequency harmonic loading
fdrive = fn,0 (from S1) — held fixed for every block
7,500 cycles per block — accumulates fatigue damage
single-point LDV; force & acceleration recorded continuously

t

tracked live: RMS force · instantaneous frequency · HDI

FRFs → point + spatial tiers sub-block features

Block feature vector — one row per block

Point tier
natural frequency, damping,

phase deviation Δφ, HDI

Spatial tier
MAC, CDI, MSE-TVD,
spatial phase scatter

Layer 0 — five-layer analysis pipeline

Figure 3.17: Structure of a single fatigue block. The harmonic loading step accumulates damage and provides instantaneous
frequency, amplitude, and HDI features; the broadband scanning step extracts the full modal feature vector (point tier and

spatial tier) that enters the five-layer analysis pipeline.

3.5.2. Phase 3 - Healthy Baseline
Phase 3 consists of five consecutive blocks executed at a drive level below the fatigue limit of Al 6061-
T6 for that specimen, so that no intended damage accumulation occurs during this phase. Rather than
a single target shared by every specimen, the Phase 3 level was set individually for each specimen (in
the range 0.2–0.3 V drive voltage across the Group C1 population), remaining constant throughout that
specimen’s Phase 3 blocks. This specimen-by-specimen level is recorded alongside each specimen’s
results. A stress conversion is not reported here since the force/stress calibration described in Sec-
tion 4.5 remained pending. The sub-0.3 V range was, however, confirmed by test S4 to sit below the
nonlinearity onset identified for this geometry, and is well below the endurance limit σend = 97 MPa ex-
pected for this alloy at the corresponding force level. The 5-block Phase 3 run constitutes approximately
20 minutes of continuous operation at 30 Hz, during which the measurement system has warmed up
to thermal equilibrium, and any initial bedding-in of the specimen-fixture interface has settled.

The primary purpose of Phase 3 is to populate the healthy feature matrix X0 ∈ R5×p (five blocks, p
features) from which the anomaly detection baseline model is fitted at the conclusion of Phase 3. Sta-
tionarity of all features across the five blocks is a necessary condition for the multivariate Gaussian
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baseline model. Any systematic drift observed in the Phase 3 diagnostic plots, particularly in the phase
quadrature deviation ∆ϕ or the HDI, is treated as evidence of fixture instability and triggers an inves-
tigation before Phase 4 begins. The Phase 3 data also populate the reference mode shapes ϕ0 that
serve as the MAC and CDI baseline for Phase 4 tracking: because Phase 3 uses the identical block
structure as Phase 4, these reference shapes are measured under the same scan conditions as all
subsequent Phase 4 scans, eliminating any protocol-induced shape inconsistency.

3.5.3. Phase 4 - Resonance Fatigue Loading
Phase 4 begins immediately after Phase 3 completes, without remounting the specimen or interrupting
the acquisition session. The shaker level is stepped up from the Phase 3 level to the Phase 4 fatigue
target for that specimen. Unlike Phase 3, the Phase 4 target level was deliberately varied across
the Group C1 population (drive levels in the range 0.2–1 V, chosen per specimen), and, for the earliest
specimens, the shaker attachment position was also varied (Section 3.3.1), rather than either being held
at one fixed value, for two reasons: first, testing at several distinct stress levels, whether reached via
drive voltage or via attachment position, was necessary to populate more than one point on the Basquin
S-N fit of Section 4.5; second, holding the level fixed across every specimen risked the Layer 0.5
autoencoder (Section 4.2) learning to key on a single, constant excitation amplitude rather than on
the damage-relevant spectral shape, which a range of training levels helps to guard against. Within a
given specimen’s Phase 4 run, both the level and the attachment position are held constant. All Phase 4
levels exceed the endurance limit and lie above the nonlinearity onset identified by S4 (Section 3.4.2).
The drive frequency remains fixed at fn,0 throughout Phase 4 regardless of the amplitude level in use.

Phase 4 proceeds as a sequence of blocks identical in structure (though not, as discussed above, in
excitation level) to Phase 3. For the eight Group C1 specimens, the test is continued without interruption
until physical fracture occurs, observed as a sudden loss of load cell signal and a sharp amplitude drop
in the LDV response. No artificial termination criterion based on damage index threshold is applied.
The block-level cycle count at fracture is a coarse frame only: the within-block fracture-detection logic
(Section 4.6) resolves the exact cycle of fracture inside that block, so two specimens that fracture
nominally ”in the same block” can still be distinguished and ordered by their preciseNf . Across the eight
Group C1 specimens, Nf ranged from approximately 7,500 to 127,500 cycles, reflecting the natural
inter-specimen scatter in crack initiation timing and propagation rate for nominally identical specimens
under deliberately varied loading levels. For the two Group C2 specimens, Phase 4 instead follows
the interrupted protocol detailed in Section 3.5.5: loading stops at the first live-monitoring alarm, the
specimen is removed for microscope re-inspection, and loading then resumes to final fracture. Because
the interruption point is determined by the detection logic rather than fixed in advance, the cumulative
cycle count at interruption is not directly comparable across the two Group C2 specimens, nor with the
Group C1 Nf range. The eventual fracture cycle count for each Group C2 specimen is recorded but is
reported individually rather than pooled into the Group C1 statistics.

The fixed-frequency choice and its rationale were established in the chapter introduction (Section 2.3.2
of the Literature Review). Its practical consequence at the block level is that the response amplitude
decreases gradually as the specimen’s natural frequency drifts below fn,0 during Phase 4: the applied
stress amplitude is not constant, decreasing as the Dynamic Amplification Factor (DAF) falls with in-
creasing detuning. The RMS force is monitored at each block to distinguish genuine structural changes
from shaker drift, but no correction is applied to the excitation level. The gradually decreasing stress
amplitude is treated as an observable feature of the damage process (it contributes to the compliance
feature) and its implications for the interpretation of damage rate and for comparison with constant-
amplitude S-N data are addressed in the Discussion (Section 6.5).

3.5.4. Data Storage
All raw time-series data and extracted features for both Phase 3 and Phase 4 are stored in a single HDF5
file per specimen, named by specimen identifier. The schema is designed for incremental append: each
block appends one new row to the point-feature dataset and, where a scan was performed, one row
to the spatial-feature dataset, without rewriting earlier data. This allows the analysis pipeline to be run
after each block during live testing, providing near-real-time damage index and RUL updates, or run in
batch after the full campaign has completed.
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The top-level schema is organised into two groups – /baseline/ (Phase 3 blocks and the fitted baseline
model) and /fatigue/ (Phase 4 blocks, anomaly scores, damage indices, and RUL estimates) – with
raw block data stored under block_{BB}/ subgroups within each. The scan grid coordinates are stored
alongside the spatial feature data, ensuring that all spatial plots are reproducible from the HDF5 file
alone without reference to external configuration. A summary of the key HDF5 datasets and their roles
in the analysis pipeline is given in Table 3.5.

Table 3.5: Key datasets in the per-specimen HDF5 file and their roles in the analysis pipeline.

Dataset path Dimensions Content and role
/baseline/point_features 5× p1 Point-tier features from Phase 3

blocks; input to baseline model fit-
ting

/baseline/spatial_features 5× p2 Spatial-tier features from Phase 3
scans; reference MAC and curva-
ture

/baseline_model/ arrays Fitted µ, Σ−1, T 2 threshold, Iso-
lation Forest model, CUSUM pa-
rameters

/fatigue/point_features Nb × p1 Growing point-tier feature matrix;
one row per Phase 4 block

/fatigue/spatial_features Nb × p2 Growing spatial-tier feature matrix
/fatigue/anomaly_scores Nb × 4 T 2, Isolation Forest score,

CUSUM value, damage flag
(Layer 0)

/fatigue/cae_error Ns × 2 HI1 (reconstruction MSE), HI2 (la-
tent deviation) per scan block
(Layer 0.5; absent if Layer 0.5 was
not run)

/fatigue/damage_indices Nb × 6 DT 2 , Dfreq, DPC1, Dcomp, DCAE,
DCAE,latent (Layer 2; the final two
columns are all-zero with a logged
warning if /fatigue/cae_error is
absent)

/fatigue/rul_estimates Nb × 3 RUL (trend), RUL (GP), 95% CI
width (Layer 3)

/fatigue/scan_coordinates Ns × 2 Scan point positions [xi, yi] in mm

3.5.5. Independent Validation via Optical Fractography
The Layer 0–3 analysis pipeline infers damage exclusively from vibration response: at no point does
it observe a crack directly. The two Group C2 specimens (Section 3.2.3) were set aside to provide an
independent check on this inference chain, using periodic optical microscopy as a vibration-free ground
truth against which the pipeline’s own detection logic could be evaluated. The validation protocol for
each Group C2 specimen proceeds in four stages.

• Stage 1 – Pre-test characterisation. Before Phase 4 loading began, the notch root and the ex-
pected crack initiation site were imaged under an optical microscope at a fixed magnification
and stage position, established once per specimen and reused for every subsequent image so
that successive images are directly comparable. This pre-test image constitutes the specimen’s
undamaged reference state, against which any later surface change is assessed qualitatively
rather than through an automated measurement, for the reasons discussed in Section 2.7.5 of
the Literature Review.

• Stage 2 – Phase 4 loading with live monitoring. The specimen was then loaded under the identical
fixed-frequency Phase 4 protocol used for the Group C1 specimens, with the live-monitoring
system (Section 4.6) watching the specimen’s data folder in real time as each block completed.
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Loading continued, exactly as for a Group C1 specimen, until the live monitor raised its first
damage alarm, that is, until any one of the Hotelling T 2, HDI, or CAE-based health-indicator tests
exceeded its Phase 3-derived threshold for a completed block.

• Stage 3 – Interruption and re-inspection. At the first damage alarm, loading was stopped imme-
diately and the specimen was returned to the microscope at the same magnification and stage
position used in Stage 1. The resulting image provides a second, vibration-independent snapshot
of the specimen’s physical state at the exact life fraction the live monitor flagged as anomalous,
allowing a direct qualitative comparison: is a crack, or an early-stage surface change consistent
with crack initiation, visible at the notch root at the point where the statistical or learned indicator
first crossed its threshold?

• Stage 4 – Final fracture and fracture-surface comparison. Following re-inspection, the speci-
men was remounted and Phase 4 loading resumed under the same fixed-frequency protocol,
continuing until fatigue fracture occurred. Breaking the specimen by hand was considered and
rejected: a manually induced overload fracture would not be comparable with the Group C1 sur-
faces, which is precisely the comparison this stage exists to make. The resulting fracture surface
was compared, under the same microscope, against the fracture surfaces of the eight Group C1
specimens run to fracture without interruption, to establish whether the detected damage was
compatible with fatigue-related phenomena.

Consistent with the qualitative role of fractography established in the Literature Review, this validation
does not produce a quantitative crack-length time series. It produces a paired sequence of images, per
specimen, that supports or challenges the detection-timing claims made by the statistical and learned
indicators elsewhere in the pipeline. The two Group C2 specimens are therefore reported and dis-
cussed individually in the Results and Discussion chapters rather than pooled into the population-level
statistics drawn from Group C1.



4
Analysis Pipeline Methodology

This chapter describes the analysis methodology applied to the block-by-block data produced by the
experimental campaign of Chapter 3. Like Chapter 3, it is methodological rather than results-bearing: it
establishes how each research question is addressed computationally, but the actual outcomes, com-
parisons, and interpretation are deferred to the Results and Discussion chapters.

The chapter’s structure follows the logical shape of the analysis itself, which is not a single sequential
pipeline but a fork followed by two independent side investigations. Every block of raw signal data
can be reduced to a set of candidate damage indicators in two genuinely different ways: by computing
a hand-designed feature vector grounded in the modal indicators surveyed in the Literature Review
(Section 3.1), or by learning a representation of the healthy state directly from the raw scan data without
specifying in advance what to look for. These two tracks are not sequential stages of one pipeline; they
are alternative answers to the same question, computed independently and compared directly. Both
converge on a shared problem: given a pile of candidate indicators from either or both tracks, which
ones actually track damage, and how should they be combined into a single, continuous damage
index? That combined index then feeds directly into an estimate of remaining useful life. Two further
investigations sit outside this chain entirely. Characterising the campaign against classical stress-life
(S-N) testing depends only on the raw force and cycle-count records, not on any of the indicators or
damage index constructed above. Live monitoring and the fractography-based validation of Chapter 3
address a different question again: does any of this work in real time, and does it correspond to a
physically real, observable event? Figure 4.1 shows this structure, and Table 4.1 maps each section
onto the research question it addresses.

Table 4.1: Mapping of chapter sections onto the research questions they address.

Section Core question answered RQ
4.1 From Raw Signal to
Modal Feature Vector

How does the vibration response evolve as
damage accumulates?

R1

4.2 An Alternative Construc-
tion: Learned Health Indica-
tors

Can a learned, feature-free representation
match hand-engineered sensitivity?

R2 (com-
parative)

4.3 From Many Indicators to
One Damage Index

Which indicators are most sensitive, and
how are they combined into D(τ)?

R2

4.4 Estimating Remaining
Useful Life

How much life remains, and from what
point is that estimate reliable?

R3

4.5 S-N Characterisation
and the Resonance-Testing
Context

How does this campaign’s fatigue life com-
pare to classical stress-life testing?

R4

4.6 Live Monitoring and Inde-
pendent Validation

Does detection work in real time, and does
it correspond to a physically real event?

Validation

57
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Independent of the R1 R3 chain above

Raw Block Data
Chapter 3: Groups C1/C2

Hand-Engineered
Features (§4.2)

point + spatial tier, R1

Learned Health
Indicators (§4.3)
autoencoder HI1/HI2

Sensitivity Ranking  Damage Index (§4.4)
which indicators matter (R2)  D( )

Remaining Useful Life (§4.5)
prognostic horizon, R3

S-N Characterisation (§4.6)
force/cycle records only
R4, independent of D( )

Live Monitoring &
Validation (§4.7)
real-time deployment;

ties to Ch.3 fractography

Figure 4.1: Structure of the analysis methodology described in this chapter. Raw block data feeds two independent
indicator-construction tracks (Sections 4.1 and 4.2), which converge on a shared sensitivity-ranking and damage-index step

(Section 4.3) feeding remaining-useful-life estimation (Section 4.4). S-N characterisation (Section 4.5) and live
monitoring/validation (Section 4.6) are independent of this chain, requiring only the raw force/cycle records and the real-time

data stream respectively.

4.1. Signal Processing and Modal Feature Extraction (Layer 0)
Layer 0 converts the raw time-domain signals recorded during each fatigue block into a fixed-length
feature vector of physically interpretable modal parameters. It answers the question: what is the current
dynamic state of the specimen? Most subsequent analysis layers operate on this feature vector rather
than on raw signals, ensuring that the machine-learning components of the pipeline are grounded in
structural mechanics throughout. The processing chain is identical for Phase 3 and Phase 4 blocks,
preserving direct comparability between the healthy baseline and the damage-accumulation records.

4.1.1. Indicator Selection Rationale
The Literature Review (Section 2.5) surveyed the global and spatial damage indicators reported in
the wider vibration-based fatigue monitoring literature: five scalar global indicators (frequency shift,
damping ratio, compliance, phase deviation, HDI) and four spatial indicators (MAC, CDI, MSE-TVD,
spatial phase scatter). This thesis computes all nine, rather than a pre-selected subset, for two reasons
specific to the present experimental design. First, the multi-indicator comparison itself is the object of
Research Question R2: narrowing the feature set in advance would pre-empt the very ranking the
thesis sets out to produce. Second, the fixed-frequency protocol adopted here (Section 3) changes
the expected relative performance of several indicators in ways the tracked-frequency literature cannot
predict: phase deviation in particular is expected, on the physical grounds established in Section 2.4, to
be unusually informative under a fixed drive frequency precisely because the protocol does not correct
for detuning, so excluding it on the strength of its more modest reported performance under tracked-
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frequency protocols elsewhere in the literature would risk discarding the indicator most likely to benefit
from this thesis’s specific experimental choice.

Two indicators from the literature survey are adapted rather than used unchanged. The phase-deviation
feature is generalised from the single-structural-point formulation of Di Maio et al. (Di Maio et al., 2018)
to a phase difference between the LDV response and the shaker-body acceleration (Section 3.3.1),
since the present fixture does not provide a convenient second structural response point; this adapta-
tion is described in full, together with the resulting feature definition, in Section 4.1.6. The spatial phase
standard deviation is likewise a direct extension of the same underlying concept to the scanning mea-
surement, made possible because the protocol performs a full spatial scan after every block rather than
at a coarser cadence, itself a deliberate departure from the global/spatial acquisition-cost asymmetry
discussed in Section 2.5, adopted here because the additional scan time was judged affordable within
the fatigue block budget and removes scan cadence as a confound when comparing global and spatial
indicator sensitivity for Research Question R2. The complete feature vector, with the precise definition
and computation of every indicator selected here, is given in Section 4.1.6.

4.1.2. Signal Pre-processing
All raw time-series data are acquired at fs = 10,000 Hz (Section 3.3.3). No further decimation is applied.
At this rate, the Nyquist frequency of 5 kHz already sits comfortably above the third bending mode
expected for this geometry (below 1500 Hz), so all spectral analysis in this thesis operates directly on
the acquired signal.

A linear trend is removed from each signal segment before windowing to suppress low-frequency drift
that would otherwise leak into the spectral estimates. No additional pre-filtering is applied. The Hann
windowing used in the Welch estimator provides adequate sidelobe suppression for the modal fre-
quency range of interest.

4.1.3. FRF Estimation and Modal Identification
Broadband scan blocks
For each scan point xi, the H1 FRF between the LDV velocity and the load cell force is estimated via
Welch’s method (Section 2.4 of Chapter 2), using overlapping Hann-windowed segments of 1 s duration
with 50% overlap. Force coherence γ2(f) is computed alongside the FRF as a quality gate; scan-point
measurements with coherence below 0.85 at resonance are flagged but retained in the dataset so that
the coherence degradation itself can serve as a damage feature. The 1 s segment length gives a
spectral resolution of ∆f = 1 Hz regardless of sample rate, placing the frequency bins well below the
expected first-mode frequency shift of order 0.1–1% over the specimen’s fatigue life (0.03–0.30 Hz at
fn,0 ≈ 30 Hz), resolvable by the sub-bin interpolation applied in pole extraction.

Per-mode identification
Natural frequencies and damping ratios are extracted from the H1 FRF using one of the modal iden-
tification methods surveyed in Section 2.6.1 of Chapter 2; the pipeline’s default is the SDOF circle-fit
method, fast and well suited to the well-separated, lightly-damped modes it assumes. For this cam-
paign specifically, however, N4SID (the time-domain subspace alternative) was the method actually
used to extract the modal parameters reported in this thesis, not circle-fit. The switch was necessary
rather than a preference: circle-fit’s isolated-resonance assumption was violated by the elevated mea-
surement noise and closely-spaced, highly-damped modes encountered in this campaign’s FRF data
(Section 4.1.4 below), conditions under which a frequency-domain, per-mode fit degrades sharply while
N4SID’s time-domain state-space realisation does not share the same failure mode. The full mechanis-
tic explanation for why N4SID was better suited to these specific conditions, and the evidence for the
noise and close-mode-spacing conditions themselves, is given in Chapter 6 (Section 6.1.1) rather than
repeated here; this subsection records only the identification method actually used and the empirical
reason the default was replaced. The search band for each mode is initialised from the S1 baseline
identification and updated by the mode tracker at each block, using the same MAC-based pole disam-
biguation described in Section 4.1.4 regardless of which identification method underlies it.
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Harmonic loading blocks
During the harmonic excitation stage of each block, no broadband FRF is estimated. Instead, the
instantaneous resonance frequency and response amplitude are tracked by locating the peak of the
running Welch power spectral density of the LDV velocity signal. The HDI is computed from the full-
block PSD as defined in Equation 2.13. These sub-block features provide a higher-cadence record of
the frequency drift during loading, complementing the broadband scan measurements taken between
loading stages.

4.1.4. Mode Tracking Across Blocks
Fatigue damage causes a monotonic downward drift in the natural frequencies of the specimen. A
fixed frequency search band would eventually lose track of a mode as the resonance migrates out of
the window. The ModeTracker maintains a running estimate of the centre frequency for each tracked
mode using an exponential moving average updated at every block:

ftracked(t) = α fmeasured(t) + (1− α) ftracked(t− 1) (4.1)

The smoothing factor in Equation 4.1 is set to α = 0.05. This value is deliberately conservative: for
a metallic beam under constant-amplitude resonance fatigue, the true natural frequency shifts by well
under 0.5% per block, so a heavier smoothing factor is appropriate and a lighter one risks the tracker
reacting to single-block noise as though it were a genuine shift. A jump-rejection filter provides a second
line of defence: if the extracted frequency deviates by more than 3% from the running estimate, the
measurement is flagged, excluded from the EMA update, and the tracker retains its previous value.
This rejection can be disabled if the tracker becomes permanently stuck on a stale estimate, which can
occur if the initial frequency guess is wrong or if a genuine drift proceeds gradually past the rejection
threshold over many blocks before the tracker catches up.

This EMA-and-rejection scheme alone proved insufficient in practice. Both mechanisms operate purely
on frequency proximity and amplitude, with no way to distinguish a genuine structural resonance from
a transient noise peak or a neighbouring mode leaking into the search band other than ”closest to the
tracked value” or ”tallest in the band”, an ambiguity that caused the tracked frequency to drift notice-
ably even on healthy blocks, before either mechanism below was added. The first is an automatic,
always-on improvement: frame-by-frame MAC-based pole tracking disambiguates competing candi-
date poles within a mode’s search band by comparing each candidate’s mode shape to the previous
block’s accepted shape, rather than relying on frequency proximity or amplitude alone, since a spuri-
ous or neighbouring-mode pole is far less likely to also match the expected mode shape closely. The
second is an optional manual override: a pole-selection review interface lets the researcher inspect
the stabilisation diagram for any specific block and lock in a chosen pole by hand, for cases where
the automatic disambiguation itself is uncertain. The two are complementary rather than alternatives:
the first handles the overwhelming majority of blocks without intervention, the second exists for the
exceptional case.

The tracker simultaneouslymaintains a time series of all trackedmodal parameters (fn(t), ζ(t), |H(fn)|(t),
γ2(fn)(t)), which collectively constitute the primary output of Layer 0 and the answer to Research Ques-
tion R1.

4.1.5. Manual Pole-Selection Review and Modal Identification Quality Checks
The pole-selection review interface introduced above lets the researcher inspect the N4SID stabilisation
diagram for any specific specimen, phase, and block, and lock in a chosen pole by hand where the
automatic MAC-based disambiguation is judged uncertain. The diagram plots candidate poles across
a sweep of model orders against the H1 FRF magnitude, classified as stable in both frequency and
damping, frequency-stable only, or unstable/noise, with the automatic selection for that blockmarked for
direct comparison; the researcher assigns a clicked pole to a trackedmode and confirms the block, after
which that mode’s parameters are locked at the manually assigned value for downstream processing
rather than the automatic estimate. This review was used selectively, on specimens and blocks where
the automatic tracker’s estimate looked doubtful on inspection, rather than as a parallel full re-analysis
of every block.
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A second, independent diagnostic, the cross-mode Modal Assurance Criterion matrix, is available for
checking modal identification quality directly rather than relying on the damage indicators to reveal
a problem indirectly. Whereas the MAC value used elsewhere in this thesis as a damage indicator
(Section 4.1.6) is a single current-vs-baseline diagonal comparison for one mode, the full cross-mode
matrix compares every tracked mode against every other tracked mode within the same block. The
diagonal reproduces the current-vs-baseline damage indicator; the off-diagonal terms answer a differ-
ent question, whether two supposedly distinct tracked modes have converged onto similar shapes. A
high off-diagonal value (above a threshold of 0.95) indicates such mode mixing, a modal identification
problem, rather than evidence that the structure itself has changed, and is flagged visually where it
occurs. This matrix is read directly from the mode shapes already stored by Layer 0 and requires no
signal reprocessing.

Both diagnostics are reported for the Group C1 campaign in Chapter 5 (Section 5.2), alongside the
finding that only two of the three intended modes could be tracked with acceptable stability; the cross-
mode matrix in particular is the evidence bearing on whether those two tracked modes correspond to
the same physical mode consistently across the eight specimens.

4.1.6. Feature Vector
The Layer 0 feature vector is organised into two tiers according to where the underlying measurements
are extracted. The point tier contains features evaluated at the reference scan point and from the
harmonic loading stage, whereas the spatial tier contains features computed from the full LDV scan.
Although the two tiers reflect different measurement domains, both are updated after every fatigue
block in the present campaign because the broadband scan is performed after every block (M = 1).

All damage-oriented features are defined relative to the Phase 3 healthy baseline and follow a common
sign convention in which the healthy state is zero or near-zero and increasing damage produces a
positive trend where physically appropriate. The complete Layer 0 vector contains 33 scalar inputs;
Table 4.2 summarises the underlying feature families and their expansion into the final vector.

Point tier - extracted every block
The point-tier vector x1 ∈ Rp1 combines measurements from the broadband scan at the reference scan
point (the point nearest to the shaker attachment) with features extracted during the harmonic loading
stage.

For each tracked mode i, the broadband measurements provide the relative natural-frequency shift
∆fn,i(t) =

fn,i(0)−fn,i(t)
fn,i(0)

, the absolute damping change∆ζi(t) = ζi(t)−ζi(0), the FRF peak compliance
|H(fn,i)|, and the coherence γ2(fn,i).

The harmonic stage provides three additional damage-sensitive features:

• Harmonic Distortion Index (HDI), defined as the ratio of super-harmonic power to fundamental
power in the harmonic-loading PSD (Equation 2.13). It is sensitive to the crack-breathing nonlin-
earity generated during fatigue damage.

• Phase quadrature deviation (∆ϕdiff ), defined as the deviation of the phase difference ϕdiff(f) =
∠HLDV(f)− ∠Hshaker(f) from its Phase 3 baseline mean at the fixed drive frequency fn,0. This
extends the phase-difference indicator of Di Maio (Di Maio et al., 2018) to the fixture configuration
described in Section 3.3.1, in which Hshaker represents the FRF of the shaker-body acceleration
rather than a second structural response point.

• Phase difference slope (dϕdiff/df ), obtained by linear regression over a ±5 Hz window around
fn,0. The slope is inversely related to modal damping and therefore flattens as damping increases
during crack growth. It can consequently provide an indication of damage before a measurable
frequency shift occurs.

Two additional harmonic-stage quantities, RMS force and harmonic amplitude, are retained as mon-
itoring features. These primarily track shaker drift rather than structural damage and are therefore
excluded from the damage-indicator analysis.
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Spatial tier - extracted every block
The spatial-tier vector x2 ∈ Rp2 is derived from the full broadband scan. For each tracked mode i, it
contains the Modal Assurance Criterion (MACi), which measures the correlation between the current
mode shape ϕi(t) and the Phase 3 reference shape ϕi,0 (Equation 2.14). A reduction in MAC indicates
distortion of the mode shape associated with local stiffness loss.

The spatial tier also contains the maximum curvature-difference measure, maxx CDIi, defined from the
absolute curvature difference |κi(x, t)− κi,0(x)|.

Curvature provides greater local sensitivity to damage than the mode-shape amplitude itself because,
for a beam in bending, it is directly related to local bending strain and therefore responds strongly to
local stiffness loss. The complete CDI field is retained separately for damage localisation.

Curvature is evaluated using the unequal-spacing finite-difference expression

κi =

2

(
ϕi+1

h2
− ϕi

(
1

h1
+

1

h2

)
+

ϕi−1

h1

)
h1 + h2

, (4.2)

where h1 = xi − xi−1 and h2 = xi+1 − xi in Equation 4.2 are the local scan-point spacings. The
general unequal-spacing form is used because individual scan points may be dropped or flagged by
the coherence gate (Section 4.1.3), resulting in a locally non-uniform effective grid.

Two further spatial features capture distributed changes across the scan:

• MSE total variation distance (MSE-TVD), which measures the total variation distance between
the current and baseline fractional modal strain-energy distributions across the scan elements
(Equation 2.16). It integrates spatial damage evidence over the beam and is less sensitive to
noise at individual scan positions than a single curvature measurement (Liang et al., 2024).

• Spatial phase standard deviation (σϕ), defined as the standard deviation of ϕdiff(fn,0, xi) across
the scan points. It is near zero for the healthy specimen and increases when a crack produces a
localised anomaly in the spatial phase field. This extends the phase-based indicator of Di Maio
(Di Maio et al., 2018; Magi et al., 2016b) into the spatial domain enabled by the scanning LDV.

Expansion to the complete Layer 0 vector
The feature families above are expanded into the 33 scalar inputs used by Layer 0. Per-mode features
are instantiated for both tracked modes, while most features are represented in both their absolute
and baseline-referenced delta_ forms. The curvature measure is represented by both its maximum
value and its localisation index. The two harmonic-stage monitoring channels, RMS force and har-
monic amplitude, complete the point-tier feature set, although they are not used in the damage-index
construction. The result is 20 point-tier and 13 spatial-tier features.

Several resulting feature pairs are near-exact complements by construction: a baseline-referenced
feature contains essentially the same information as its absolute counterpart with the sign reversed.
These pairs were retained deliberately rather than removed a priori, allowing the redundancy-detection
procedure in Section 4.3.3 to identify known redundancies directly from the feature matrix.

The resulting feature architecture is summarised in Table 4.2. The table lists feature families rather
than every scalar input; the individual 33 features are enumerated in Table 5.3 of Chapter 5.
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Table 4.2: Layer 0 feature families, their extraction domain, and the physical mechanism they are intended to capture.

Tier Feature family Extraction domain Primary damage informa-
tion

Point ∆fn,i Reference scan point Stiffness loss → natural-
frequency reduction

Point ∆ζi Reference scan point Crack-face rubbing → in-
creased energy dissipation

Point |H(fn,i)| Reference scan point Stiffness loss and damping
increase → compliance in-
crease

Point γ2(fn,i) Reference scan point Crack-breathing nonlinear-
ity → coherence reduction

Point HDI Harmonic loading stage Breathing crack → super-
harmonic generation

Point ∆ϕdiff Harmonic loading stage Stiffness loss → structural
phase-lag change

Point dϕdiff/df Harmonic loading stage Damping increase →
phase-slope flattening

Spatial MACi Full LDV scan Stiffness loss → mode-
shape distortion

Spatial maxx CDIi Full LDV scan Local stiffness loss → cur-
vature anomaly

Spatial MSE-TVD Full LDV scan Damage→ redistribution of
modal strain energy

Spatial σϕ Full LDV scan Localised damage → spa-
tial phase scatter

4.1.7. Anomaly Detection Baseline (Layer 0 Output)
The anomaly detection component of Layer 0 answers the binary question: does the current feature
vector look like the healthy baseline? It operates exclusively on the point-tier features, for which a
complete five-block Phase 3 record is available for every specimen.

After all Phase 3 blocks are processed, a multivariate Gaussian baseline model N (µ,Σ) is fitted to the
Phase 3 point-feature matrixX0 ∈ R5×p1 . The covariance matrix is regularised asΣ+λI with λ = 10−6

to prevent numerical instability when features are nearly collinear. Three detectors are then applied to
each Phase 4 block in combination (Eltouny et al., 2023):

Hotelling T 2: the squared Mahalanobis distance from the healthy cluster centre, following the multivari-
ate Gaussian baseline formulation of Section 2.8 of the Literature Review,

T 2(t) =
(
x(t)− µ

)⊤
Σ−1

(
x(t)− µ

)
(4.3)

In Equation 4.3, µ and Σ are estimated from the five Phase 3 blocks, and the detection threshold is
derived from the F -distribution at α = 0.01 (Jolliffe & Cadima, 2016).

CUSUM: applied to the T 2 score time series exactly as introduced in Section 2.8,

S(t) = max
(
0, S(t− 1) + T 2(t)− k

)
(4.4)

The reference value in Equation 4.4 is k = 0.5, with the chart signalling when S(t) > h = 5.0 (Page,
1954).

Isolation Forest: trained on the Phase 3 feature matrix, using the same algorithm described in Sec-
tion 2.8 (Liu et al., 2008).
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The combination rule is: damage is flagged when (T 2 alarm and Isolation Forest alarm) or when
CUSUM alarm fires alone. CUSUM alone is treated as sufficient because sustained drift is inherently
more reliable evidence than a single instantaneous exceedance. The anomaly detection output is
stored alongside the feature matrix in the HDF5 file and used as a detection timestamp for the prog-
nostic horizon analysis in Layer 3.

4.2. Learned Health Indicators (Layer 0.5)
Layer 0.5 was developed after the core four-layer pipeline described above and is integrated as an
optional fifth analysis layer, motivated by the exploratory question identified in the Literature Review
(Section 2.8.4): whether a learned, feature-free representation of the healthy state offers detection
sensitivity that the hand-engineered Layer 0 feature set does not. Unlike Layers 0, 1, 2, and 3, Layer 0.5
operates directly on the raw broadband scan signal rather than on the extracted point- or spatial-tier
feature vectors, and is trained exclusively on Phase 3 (healthy) data The network never observes a
damaged specimen during training, which is what makes its output a valid health indicator at inference
time on Phase 4 data.

4.2.1. From Raw Scans to Log-FRF Sub-Windows
Each broadband scan signal is processed into a population of overlapping sub-windows so that the
network sees many FRF estimates per block rather than a single one. Each scan is split into over-
lapping windows of length 5 s at a hop of 2.5 s (50% overlap), Hann-tapered, and converted to a
single-window H1 FRF estimate. The resulting spectrum is cropped to [0, 500] Hz, resampled onto
4,000 uniform frequency bins (decoupling the network input size from the raw FFT bin count), and con-
verted to log-magnitude form, x = 20 log10(|H| + ε). Finally, each frequency bin is z-scored using the
per-bin mean and standard deviation computed once from the pooled Phase 3 training windows and
reused unchanged at inference. The 5 s window length gives a frequency resolution of ∆f = 0.2 Hz,
fine enough to resolve a 1% damping ratio at 30 Hz (half-power bandwidth ≈ 0.3 Hz); shorter windows
degrade this resolution and are not used.

Training pools sub-windows across every specimen processed in a single Layer 0.5 invocation rather
than training one network per specimen: a healthy-state manifold that generalises across nominally
identical specimens of the same geometry is themore physically appropriate target than a per-specimen
model, and this design choice means the trained network itself, not just its outputs, is shared across
the Group C1 population.

4.2.2. Network Architecture and Resonance-Weighted Loss
The network is a one-dimensional convolutional autoencoder (CAE), following the general approach
of using a reconstruction-error-based autoencoder trained exclusively on healthy-state data for unsu-
pervised structural anomaly detection (Toufigh & Ranjbar, 2024). The encoder reduces the 4,000-bin
log-FRF input through three Conv1D +MaxPool + Dropout stages to a 64-dimensional latent bottleneck
– a 62.5:1 compression ratio – and the decoder mirrors the encoder to reconstruct the full 4,000-bin
spectrum. A 64-number latent code is sufficient because a healthy FRF is a structured signal: one or
two resonance peaks over a smooth background, not an arbitrary high-dimensional pattern. Smaller
16- and 32-dimensional bottleneck configurations were also tested, for comparison, and are reported
alongside this primary configuration in Chapter 5.

Reconstruction loss is not applied uniformly across the spectrum. A resonance-weighted mean-square
error concentrates the network’s training signal on the frequency bands that carry physical information
about the structure’s health, rather than on off-resonance noise:

L =
1

N

N∑
i=1

w(fi)
[
Htrue(fi)−Hrecon(fi)

]2
, w(f) = 1 + (α− 1)G(f) (4.5)

where G(f) is the peak-normalised sum of Gaussian bumps centred on each tracked mode’s natural
frequency fm, with width equal to that mode’s half-power bandwidth ζmfm (floored at 0.5 Hz), read
from the Phase 3 baseline model, and α = 5 sets how much more heavily the resonance bands are
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weighted than the background. If no baseline modal parameters are available, the weighting falls back
to a uniform MSE (w(f) = 1). Training uses the Adam optimiser (learning rate 10−3, weight decay
10−4) with early stopping on a held-out 20% validation split of the Phase 3 sub-windows (patience 20
epochs, hard ceiling 300 epochs).

4.2.3. Two Health Indicators: HI1 and HI2
Two complementary scalar health indicators are computed per sub-window and aggregated to one
value per scan block using the 95th percentile across that block’s sub-windows: a statistic robust to
occasional noisy sub-windows while remaining more sensitive to genuine damage than the mean and
more stable than the maximum.

• HI1 – resonance-weighted reconstruction error. The same resonance-weighted MSE used in
training (Equation 4.5), evaluated at inference on the current sub-window. A rising HI1 indicates
that the observed spectral shape has departed from the pattern the network learned as healthy.

• HI2 – maximum latent z-score deviation. For each sub-window, the maximum z-scored deviation,
over all 64 latent dimensions, relative to the Phase 3 latent distribution. Because the 64-number
bottleneck compresses the spectrum so heavily, a spectral change that is small in full-resolution
reconstruction terms can still shift one latent dimension considerably, making HI2 the more sen-
sitive of the two indicators for some forms of subtle early damage, even when HI1 has barely
moved.

Both indicators are stored as a two-column array, one row per scan block, in the specimen’s HDF5 file
(Table 3.5). A healthy run should show both HI1 and HI2 fluctuating near a low, stable floor throughout
Phase 3 and the early part of Phase 4, with no sustained upward trend; a successful detection shows
one or both rising above their Phase 3 99th-percentile threshold and continuing to rise as damage
accumulates. This same 99th-percentile threshold is shared with the live-monitoring system’s CAE-
based alarm tests (Section 4.6).

Running Layer 0.5 is optional: Layers 1–3 run correctly without it, simply without the two autoencoder-
derived damage index formulations DCAE and DCAE,latent described in Section 4.3.4. It is, however,
run for every Group C1 specimen in this thesis, since the comparison between learned and hand-
engineered indicators is itself part of the analysis addressing Research Question R2.

4.3. From Many Indicators to One Damage Index
Sections 4.1 and 4.2 each produce a set of candidate damage indicators, computed at every block for
every Group C1 specimen: 33 hand-engineered features (20 point-tier, 13 spatial-tier) from Layer 0,
computed for the two modes actually tracked with acceptable stability across the Group C1 campaign
(Chapter 5, Section 5.2), and, where run, the two learned health indicators HI1 and HI2 from Layer 0.5.
This section addresses the two questions that follow once this pooled feature matrix is available. The
first is Research Question R2 directly: which of these indicators are actually sensitive to damage, and
from what point in specimen life? Three complementary analyses answer this in turn – a correlation
analysis quantifying monotonic sensitivity and redundancy, a principal component analysis revealing
the intrinsic structure of the feature space, and a SHAP-based supervised ranking with explicit early-life
sensitivity. The second question follows directly from the first: having identified which indicators matter
and how they relate to one another, how should they be combined into a single, continuous damage
index D(τ) ∈ [0, 1] that is bounded, physically interpretable, and directly usable as the input to the
remaining-life estimation of Section 4.4? All analyses in this section operate on a pooled feature matrix
assembled from the eight Group C1 specimens after normalising the time axis to the cycle fraction
τ = N/Nf , which removes the natural scatter in total fatigue life before cross-specimen comparisons
are made. The two Group C2 specimens are excluded from this pooled analysis for the reasons given
in Section 3.5.5.

4.3.1. Damage Sensitivity and Redundancy Analysis
The first component quantifies how strongly each feature tracks damage accumulation and identifies
redundant feature pairs that would introduce collinearity into subsequent analyses. For each feature
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f and each specimen s, the Spearman rank correlation coefficient ρs between the feature time series
f(τ) and the cycle fraction τ is computed:

ρs(f) = 1−
6
∑

i d
2
i

n(n2 − 1)
(4.6)

where di in Equation 4.6 is the difference in ranks between f(τi) and τi across the n blocks of that
specimen. Spearman correlation is preferred over Pearson here because it is robust to the nonlinear, S-
shaped relationship that characterises fatigue indicator evolution – it measures monotonic association
rather than linear association, and a feature that increases monotonically with consumed life fraction
(even non-linearly) will yield |ρs| ≈ 1 regardless of the precise shape of the trajectory (Conover, 1999).
The per-specimen ρs values are aggregated as median ± IQR across the eight Group C1 specimens,
revealing which features are consistently sensitive across specimens and which are sensitive only for
some (possibly because crack initiation location or surface condition varies).

Mutual information I(f ; τ) is computed alongside ρs as a non-parametric complement for features
that may exhibit threshold or step-change behaviour rather than monotonic evolution. Features that
show high mutual information but low |ρs| are flagged for closer inspection, as they may be particularly
sensitive in a specific phase of the fatigue life.

Redundancy is assessed separately from sensitivity: the pairwise Pearson correlation matrix between
all features is computed on the pooled, normalised feature matrix. Feature pairs with |rij | > 0.90 are
classified as redundant; for each redundant pair, the feature with lower median Spearman sensitivity
is excluded from the damage index and RUL inputs described later in this chapter. This redundancy
pruning prevents ill-conditioned covariance matrices in the anomaly detection model and reduces the
risk of overfitting in the Gaussian Process regression of Section 4.4. The excluded features remain in
the dataset and are reported in the ranked indicator table for completeness.

4.3.2. Principal Component Analysis
The second component applies Principal Component Analysis (PCA), introduced as a damage-index
technique in Section 2.8 of the Literature Review, to the mean-centred, unit-variance normalised pooled
feature matrix X̃ ∈ RNb×p, where Nb is the total number of blocks across all specimens (Jolliffe &
Cadima, 2016). Unit-variance normalisation is essential because the features span different physi-
cal units and scales; without it, high-variance features such as frequency (in Hz) would dominate the
principal directions purely by magnitude.

Two of the resulting principal components (PCs) are of primary interest here. For a well-designed
feature set that tracks a single progressive damage process, the first PC (PC1) should capture the
dominant direction of feature co-variation across the fatigue life. The loading vector v1 reveals which
features contribute most to this direction, and the fraction of total variance explained, λ1/

∑
j λj , quanti-

fies how coherently the full feature set tracks a single latent variable (the damage state). Values above
0.80 are interpreted as evidence that a single dominant damage process underlies the observed fea-
ture variation; lower values suggest that either multiple damage processes are active or that some
features carry substantial noise unrelated to damage (Jolliffe & Cadima, 2016). The PC1 score time
series z1(τ) = X̃v1 is used as a data-driven composite damage signal in the damage index formulation
of Section 4.3.4.

The second PC, by contrast, often captures environmental variability rather than damage: tempera-
ture drift, shaker impedance variation, and clamping condition changes are expected confounds for a
multi-hour fatigue test. If the PC2 loading vector is dominated by the RMS force and coherence fea-
tures (which are sensitive to excitation level changes), this confirms that PC2 represents an excitation
confound rather than a structural change, and that the PC1 damage signal is robust to this variability.
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4.3.3. SHAP-Based Indicator Ranking
The third component provides a supervised, prediction-oriented ranking of indicator importance that
directly addresses R2 at the operational level: which features enable the earliest reliable prediction of
the remaining fatigue life fraction? A gradient-boosted regression tree ensemble (scikit-learn Gradient
BoostingRegressor, 400 trees, maximum depth 3, learning rate 0.05) is trained to predict the nor-
malised cycle fraction τ = N/Nf from the feature vector x, using the pooled data from all eight
Group C1 specimens as the training set. The gradient-boosted tree is chosen over linear regression
because it captures the nonlinear and threshold relationships that characterise individual indicator evo-
lution – many features remain near their baseline values for the first 30–50% of specimen life and
then change rapidly; a linear model cannot represent this structure. The model is trained with five-fold
cross-validation to assess generalisation and to confirm that the feature importance rankings are not
artefacts of a single train-test split; a low training R2 is expected and unproblematic where only a single
specimen or a small pooled set is available, and is logged as an informational note rather than treated
as a fitting failure.

SHAP (SHapley Additive exPlanations) values decompose each model prediction into additive per-
feature contributions, on the axiomatic grounding established in Section 2.8 of the Literature Review
(Lundberg & Lee, 2017). For a prediction at block t for specimen s, the SHAP value φj(t, s) represents
the marginal contribution of feature j to the deviation of that prediction from the mean prediction across
the dataset.

Two importance scores are computed from the SHAP values for each feature j:

Φglobal
j =

1

Nb

∑
t,s

|φj(t, s)| (4.7)

Φearly
j =

1

|Bearly|
∑

(t,s) : τ<0.2

|φj(t, s)| (4.8)

where Bearly in Equation 4.8 is the set of blocks with τ < 0.2, relaxed to τ < 0.4 where fewer than 20
blocks would otherwise be available, so that the early-life estimate remains statistically meaningful for
smaller specimen populations. Equation 4.7 aggregates the same per-block contributions across the
full fatigue life. The global importance Φglobal

j ranks features by their average predictive contribution
across the full fatigue life. The early-life importance Φearly

j specifically ranks features by their contribu-
tion during this early window – the phase in which early detection is most valuable and in which the
difference between a useful and a useless indicator is most consequential. A feature with high Φearly

j

but low Φglobal
j is an early warning indicator that becomes less discriminative later in life; a feature with

the reverse profile is a late-stage indicator.

These two aggregate numbers are, in fact, the only SHAP-derived quantities computed by this analysis:
a feature’s informativeness is summarised as its average contribution across the full fatigue life and its
average contribution within the early-life window, rather than as a continuous function of τ . The two
together still answer the ”when” component of R2 at a coarse resolution: a feature with high Φearly

j

relative to Φglobal
j is informative early; the reverse profile marks a late-stage indicator. A fully time-

resolved φj(τ) evolution is not computed by this pipeline stage.

The final output of this analysis is a ranked indicator table with one row per feature, containing: median
Spearman ρs across specimens, IQR of ρs, PC1 loading, global SHAP importance Φglobal

j , early-life
SHAP importance Φearly

j , redundancy flag, and a composite rank. The composite rank is computed
by converting each of ρs, Φglobal

j , and Φearly
j into a rank position across all features (1st, 2nd, …),

then averaging the three rank positions for each feature, rather than averaging the normalised metric
values themselves; rank-averaging ismore robust to any onemetric having a skewed distribution across
features than averaging raw normalised values would be, and ties in the resulting composite rank are
possible and are broken using |ρs| for sort order only, without changing the displayed rank value. This
table is the primary scientific deliverable for Research Question R2 and is formatted for direct inclusion
in the Results chapter.
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4.3.4. Multiple Damage Index Formulations
The physical motivation for a bounded, monotonically increasing index rooted in the CDM damage
variable D was established in Section 2.1; the implementation choices are described here.

Six damage index formulations are computed in parallel: four hand-engineered formulations derived
directly from the feature set and sensitivity analysis above, and two further formulations derived from
the Layer 0.5 autoencoder health indicators (Section 4.2). Computing multiple formulations is not re-
dundant: each formulation encodes a different aspect of the damage state – statistical distance from
baseline, stiffness loss, data-driven feature consensus, importance-weighted sensitivity, and, for the
two autoencoder-derived formulations, an entirely learned representation of healthy-state deviation
that makes no prior assumption about which spectral features matter – and comparing them across the
eight Group C1 specimens reveals which representation is most monotonic, most consistent across
specimens, and most predictive of the failure point. This comparison is itself a scientific contribution: it
provides empirical guidance for future monitoring system designers on which damage representation
to prioritise, and, for the autoencoder-based pair specifically, on whether a learned representation is
competitive with hand-engineered features in this experimental setting.

DT 2 – Statistical distance formulation. The Hotelling T 2 score at each block (Section 4.1.7) is
normalised to [0, 1] by dividing by the T 2 value at the failure block:

DT 2(τ) =
T 2(τ)

T 2(τf )
(4.9)

Equation 4.9 integrates information from the full feature vector simultaneously and is sensitive to any
deviation from the healthy baseline, regardless of its physical origin. Its limitation is that the normal-
isation requires knowledge of the final T 2 value, making it retrospective rather than online; it cannot
be computed until the test is complete. It is therefore used as a benchmark formulation for post-hoc
comparison rather than as a live prognostic index.

Dfreq – Frequency-based formulation. The relative natural frequency shift at the primary mode,
sign-flipped to be positive-increasing:

Dfreq(τ) =
fn,0 − fn(τ)

fn,0 − fn,min
=

−∆fn(τ)

|∆fn,max|
(4.10)

where fn,0 in Equation 4.10 is the Phase 3 baseline frequency and fn,min is the minimum frequency
observed across the specimen’s life. This formulation is directly linked to relative stiffness loss through
the CDM relationship ∆ωn/ωn,0 ≈ −α

2D (Equation 2.5), making it the most physically interpretable
index. It is the only formulation that can be computed in real time without retrospective normalisation
if an estimated fn,min is available, and it is monotonic for the majority of specimens. Its limitation is
potential early saturation if the frequency shift plateaus before fracture, or non-monotonic behaviour in
the early initiation phase due to the initial material hardening effect reported for aluminium specimens
(Lorenzino & Navarro, 2015).

DPC1 – PCA-based formulation. The projection of the feature vector onto the first principal compo-
nent (established in Section 4.3.2), normalised to [0, 1]:

DPC1(τ) =
z1(τ)− z1,min

z1,max − z1,min
where z1(τ) = x̃(τ)⊤v1 (4.11)

and v1 in Equation 4.11 is the PC1 loading vector from the PCA above. This formulation captures
the dominant direction of change across the full feature space and is the most robust to individual
noisy features: because PC1 aggregates evidence from all indicators, noise in one channel is diluted
by the consistent signal in others. Its limitation is that PC1 is computed post-hoc and is not directly
interpretable in terms of a single physical quantity. In practice, if the feature set is well-designed and
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the experiment is dominated by a single progressive damage process, DPC1 and Dfreq should closely
agree – their divergence is informative about the extent to which frequency shift alone captures the full
damage state.

Dcomp – Composite formulation. A weighted sum of the top-k non-redundant features identified by
the SHAP ranking above, normalised to [0, 1]:

Dcomp(τ) = normalise

∑
j∈Sk

wj x̃j(τ)

 (4.12)

where Sk in Equation 4.12 is the set of the top-k non-redundant features by global SHAP importance, wj

are the SHAP-derived weights, and normalisation maps the result to [0, 1] over the specimen’s life. The
composite formulation is designed to maximise damage sensitivity by concentrating weight on the most
informative features as identified by the SHAP analysis; it requires the full sensitivity analysis above
to be completed before the weights can be computed and is therefore also retrospective in this study.
With sufficient training data from prior specimens, the SHAP weights could in principle be transferred
to new in-progress tests, making Dcomp an online index for future campaigns.

DCAE and DCAE,latent – Autoencoder-based formulations. The two Layer 0.5 health indicators,
HI1 (resonance-weighted reconstruction error) and HI2 (maximum latent z-score deviation), are each
forward-filled from scan cadence to full block cadence and min-max normalised to [0, 1] over the spec-
imen’s life:

DCAE(τ) =
HI1(τ)−min(HI1)

max(HI1)−min(HI1)
(4.13)

and analogously for DCAE,latent(τ) from HI2, Equation 4.13 rescaling each indicator onto [0, 1] over
the specimen’s observed range. Unlike the four formulations above, neither is derived from a hand-
chosen feature or a linear/Gaussian statistical model: both are derived from a convolutional autoen-
coder trained exclusively on Phase 3 (healthy) log-magnitude FRF sub-windows, so that any departure
from the learned healthy manifold – whether or not it corresponds to a feature the hand-engineered
pipeline tracks – registers as a rising health indicator (Section 4.2). DCAE and DCAE,latent participate
in the same logistic S-curve fitting, monotonicity analysis, and per-specimen prognostic horizon calcu-
lation (Section 4.4) as the four formulations above, and are included as candidate formulations for the
S-N lead-time overlay (Section 4.5). They are also included, alongside DT 2 , Dfreq, DPC1, and Dcomp,
in the population-level Gaussian Process model of Section 4.4.3, so that the GP-based prognostic hori-
zon analysis is available for all six formulations on an equal footing; an earlier implementation defect
that temporarily restricted the GP to four of the six formulations is noted and corrected in Section 4.4.4.
Running Layer 0.5 is optional and computationally heavier than the rest of Layer 0 (it requires a GPU-
capable PyTorch installation for practical training times); where it was not run for a given specimen,
DCAE and DCAE,latent are reported as unavailable for that specimen rather than substituted with a
default value.

The six formulations are evaluated against three criteria: monotonicity (isD(τ) consistently non-decreasing
across all blocks?), sensitivity onset (at what cycle fraction τonset does D(τ) first exceed the Phase 3
variance band bymore than 3σ?), and inter-specimen consistency (how similar are the DI curves across
the eight Group C1 specimens when plotted on the τ axis?). These comparisons are reported in the
Results chapter.

4.3.5. Logistic Trend Fitting and Physical Interpretation
For each specimen and each formulation, the logistic (S-curve) model is fitted to the complete DI time
series using nonlinear least squares:

D̂(τ ; β, τmid) =
1

1 + exp
(
−β(τ − τmid)

) (4.14)
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where β > 0 controls the steepness of the damage acceleration and τmid ∈ (0, 1) is the inflection point
– the cycle fraction at which damage is at 50% of its failure-stage value. The logistic model is chosen
because it is physically consistent with Paris-law crack growth dynamics (which produce an S-shaped
damage trajectory, as established in Section 2.1), it has a natural upper asymptote at D = 1 that
prevents unphysical extrapolations, and it is parameterised by two quantities that have direct physical
interpretations.

The fitted parameters β̂ and τ̂mid are compared across specimens and DI formulations. Consistency in
τ̂mid across specimens indicates that the damage process has a characteristic timing relative to total
life; scatter in τ̂mid reflects inter-specimen variability in crack initiation timing. The steepness parameter
β̂ characterises the damage acceleration rate: larger values indicate a more abrupt transition from slow
initiation to rapid propagation. These fitted parameters enter the RUL prognosis of Section 4.4 as the
starting point for the online extrapolation.

4.3.6. Inter-Specimen Comparison
All eight Group C1 DI curves for each formulation are plotted on the normalised cycle fraction axis
τ = N/Nf , which removes the natural life scatter between nominally identical specimens before the
shapes are compared. This normalisation is essential: without it, a specimen with Nf = 120,000 cycles
would appear to damage more slowly than one with Nf = 180,000 cycles, even if both follow identical
D(τ) trajectories. On the τ axis, the band of DI curves gives a direct measure of the uncertainty
in damage index evolution across the population – an uncertainty that propagates directly into the
confidence intervals on remaining useful life described in Section 4.4. The two Group C2 specimens
are reported separately (Section 3.5.5) rather than included in this band, since their interrupted Phase 4
protocol makes their D(τ) trajectories not directly comparable to the uninterrupted Group C1 record.

Expected sources of inter-specimen variability include surface finish at the notch root (which controls
crack initiation timing), minor clamping alignment differences (which affect the stress distribution near
the fixture), and natural statistical scatter in fatigue crack nucleation and propagation for metallic speci-
mens (for whichNf typically varies by a factor of two to three even under nominally identical conditions
(Schijve, 2008)). The spread of the DI band across specimens is therefore both an expected and a
physically informative result.

4.3.7. Comparison with Synthetic Data Toolkit Predictions
As described in Section 3.1, the Synthetic Data Toolkit produces a predicted D(τ) trajectory from the
CDM–Basquin fracture mechanics model for the final specimen geometry and material. After the fa-
tigue campaign is complete, the experimental Dfreq curves are overlaid on the toolkit prediction for the
same kind of post-hoc, non-validating comparison described in Section 3.1.4; here the comparison is
specifically against the simplified Paris-law growth model underlying the toolkit’s damage kinematics,
rather than against the toolkit’s boundary-condition or geometry assumptions.

Where the experimental curves agree with the synthetic prediction, particularly in the shape of the
S-curve and the approximate location of τmid, this provides confidence that the CDM framework is
an adequate description of the dominant damage kinematics. Where they diverge, the divergence is
scientifically informative: it identifies the physical mechanisms not captured by the simplified model and
motivates the discussion in Chapter 6. Crucially, the experimental data are never fitted to the synthetic
model; the two evolve independently and are compared post-hoc, preserving the integrity of both.

4.4. Remaining Useful Life Estimation (Layer 3)
Layer 3 addresses Research Question R3 directly: given the damage index history accumulated up
to the current fatigue block, how many cycles remain until specimen failure, and how uncertain is
that estimate? Two methods are implemented in sequence, with complementary strengths. Method 1
(parametric trend extrapolation) operates on the data from the specimen currently under test and is
applicable from the first block onward. It requires no prior specimen data but its uncertainty is high
early in life when only a small portion of the DI curve has been observed. Method 2 (Gaussian Process
regression) uses the run-to-failure records from all previously completed specimens as training data,
providing a calibrated, data-driven uncertainty estimate that is available for any new specimen tested
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after the campaign is complete. Both methods share the same failure threshold, prognostic horizon
definition, and evaluation metrics, enabling direct comparison.

A key principle underlying both methods is that RUL estimation is inherently uncertain, and that the
scientifically meaningful question is not whether a single prediction is accurate but from what point in
specimen life a useful prediction becomes available. The prognostic horizon τh captures this opera-
tionally relevant quantity and is the primary performance metric for Layer 3.

4.4.1. Failure Threshold
The failure threshold Df = 0.9 is adopted across all DI formulations and both RUL methods. Extrapo-
lation to Df rather than to D = 1 is motivated by the observed behaviour of the logistic DI model: the
DI approaches unity asymptotically and physical fracture typically occurs while D is still rising steeply,
before the asymptote is reached. Setting Df = 0.9 corresponds approximately to the point of unsta-
ble crack propagation where the remaining life is negligible relative to the total life, consistent with the
failure criterion used in comparable studies (Eltouny et al., 2023). The RUL at any block is then:

RUL(τ) = τf − τ (4.15)

where τf in Equation 4.15 is the predicted cycle fraction at which D = Df and τ is the current cycle
fraction. All RUL values are reported in units of normalised cycle fraction; conversion to absolute cycles
requires multiplication by the estimated total life N̂f , which is itself updated as the logistic fit is refined.

4.4.2. Method 1: Parametric Trend Extrapolation
Online logistic model fitting
At each new Phase 4 block, the logistic model (Equation 4.14) is refitted by nonlinear least squares to
all DI observations accumulated up to and including the current block:

{
β̂(τ), τ̂mid(τ)

}
= argmin

β, τmid

n(τ)∑
k=1

[
D(k)− D̂(k; β, τmid)

]2
(4.16)

where n(τ) in Equation 4.16 is the number of blocks observed up to the current cycle fraction. Themodel
is initialised with β0 = 10 and τmid,0 = 0.7 – values that place the initial prediction at a conservative
late-life position, avoiding premature alarm. The refitted parameters are used to extrapolate the DI
trajectory forward to Df = 0.9, giving τ̂f and hence RUL(τ).

Uncertainty quantification
The 95% confidence interval on τ̂f is propagated from the parameter covariance matrix C(τ) of the
nonlinear least-squares fit, estimated from the Jacobian at the solution. This linearised (delta-method)
propagation is used in preference to a bootstrap or Monte Carlo alternative because it must be re-
computed at every new block as the fit is refreshed online: the Jacobian is already available as a
by-product of the nonlinear least-squares solver, so the covariance follows at negligible extra cost,
whereas a resampling-based interval would need many refits per block and is not practical at this up-
date cadence.

Var(τ̂f ) ≈ ∇θτf

∣∣∣⊤
θ̂
C(τ)∇θτf

∣∣∣
θ̂

(4.17)

where θ = [β, τmid]
⊤ and the gradient in Equation 4.17 is evaluated numerically. The CI width narrows

monotonically as more blocks are observed: early in life, τmid is poorly constrained because only the
lower tail of the S-curve has been observed, producing wide intervals; as the inflection point is passed,
the fit stabilises rapidly.
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Early-life fallback: power-law model
When fewer than five Phase 4 blocks have been accumulated, or when the logistic fit fails to converge
(typically because D(τ) has not yet reached 0.5 and the inflection point is unconstrained), a power-law
model is used as a fallback. A power law is chosen over, say, a straight-line extrapolation because
early-life damage accumulation is itself the shallow lower tail of the same S-shaped process (Sec-
tion 4.3.4): a power law with b < 1 reproduces this decelerating-then-accelerating character locally
without requiring the inflection point that the full logistic model needs to be identifiable, while still col-
lapsing to a sensible, bounded estimate rather than the unbounded growth a linear fit would produce if
extrapolated far beyond the observed data:

D(τ) = a τ b (4.18)

with the parameters a and b of Equation 4.18 estimated by linear regression in log-log space. The power-
lawmodel is more stable than the logistic for early-life extrapolation because it does not require a visible
inflection point; however, it has no natural upper asymptote and can produce unphysical extrapolations
at τ → 1. It is therefore used exclusively as a transient early-life bridge and replaced by the logistic
model as soon as the fit converges. The fallback status of any prediction is stored as a flag in the
HDF5 output so that early-life power-law predictions can be distinguished from logistic predictions in
the Results analysis.

4.4.3. Method 2: Gaussian Process Regression
Motivation
The parametric extrapolation of Method 1 relies solely on the DI history of the specimen currently under
test. It carries no information about how similar specimens have behaved in the past, and its confidence
intervals reflect only the parameter uncertainty of the logistic fit rather than the true population variability.
Gaussian Process (GP) regression, introduced in Section 2.9 of the Literature Review, addresses both
limitations: by training on the run-to-failure records of the other seven completed Group C1 specimens,
it incorporates population-level variability into the predictive uncertainty in a principled way (Rasmussen
& Williams, 2006).

GP input feature vector
At prediction time τ , the GP receives a fixed-length input vector xGP(τ) ∈ R6 constructed from the
current damage state and its recent history:

xGP(τ) =
[
D(τ), Ḋ(τ), τ, φj1(τ), φj2(τ), φj3(τ)

]⊤ (4.19)

where D(τ) in Equation 4.19 is the composite damage index at the current block, Ḋ(τ) = dD/dτ is its
finite-difference derivative (the current rate of damage accumulation), τ is the current cycle fraction, and
φj1 , φj2 , φj3 are the current values of the top-3 non-redundant features by global SHAP importance from
the Layer 1 ranking. Including the damage rate Ḋ captures whether the DI is still in the initiation plateau
or has entered the acceleration phase – information that the current D value alone cannot distinguish.
Including the top SHAP features allows the GP to leverage the raw indicator signals alongside the
composite DI, improving predictions in cases whereDcomp has not yet fully separated from the baseline
variance band.

Kernel and hyperparameter optimisation
A Matérn 52 kernel is used:

k(x,x′) = σ2
f

(
1 +

√
5 r

ℓ
+

5r2

3ℓ2

)
exp

(
−
√
5 r

ℓ

)
(4.20)

where r = ∥x − x′∥2 in Equation 4.20, σ2
f is the signal variance, and ℓ is the lengthscale. The Matérn

52 kernel assumes the target function is twice differentiable, which is appropriate for smooth damage
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progression curves and avoids the over-smoothing tendency of the squared-exponential kernel (Ras-
mussen & Williams, 2006). The kernel hyperparameters σ2

f and ℓ are optimised by maximising the log
marginal likelihood on the training data. An independent Gaussian noise term σ2

n is added to the kernel
diagonal to account for measurement noise and inter-specimen variability not captured by the feature
vector.

Leave-one-out cross-validation
The GP model is evaluated using leave-one-out cross-validation (LOO-CV) across the eight Group C1
specimens. For each specimen s ∈ {1, . . . , 8}, the GP is trained on the remaining seven completed
specimens and used to predict the held-out specimen’s RUL at three checkpoints: τ = 0.2, τ = 0.4,
and τ = 0.6. At each checkpoint, the prediction is made using only the feature vector available up
to that cycle fraction, mirroring the online monitoring scenario. The root-mean-square prediction error
(RMSPE) across specimens is computed at each checkpoint:

RMSPE(τc) =

√√√√1

8

8∑
s=1

[
R̂ULs(τc)− RULtrue

s (τc)
]2 (4.21)

where RULtrue
s (τc) = 1 − τc in Equation 4.21 is the true remaining cycle fraction of specimen s at

checkpoint τc. The LOO-CV RMSPE at τc = 0.2 is the primary early-detection performance metric;
RMSPE monotonically decreasing from τ = 0.2 to τ = 0.6 confirms that the GP improves as more
damage history is available.

4.4.4. Prognostic Horizon and Evaluation Framework
The prognostic horizon τh is defined as the earliest cycle fraction at which the 95% confidence interval
on the RUL estimate spans less than 30% of the total expected life (i.e. a half-width of ±0.15 on the
normalised τ axis):

τh = min
{
τ
∣∣ ∆CI(τ) < 0.30

}
(4.22)

where ∆CI(τ) in Equation 4.22 is the full width of the 95% CI at the current block. The threshold of
0.30 is chosen to correspond to a practically useful level of precision: a prediction that narrows the
expected remaining life to within ±15% of total life is actionable for maintenance scheduling, whereas
a wider interval is not, consistent with the prognostic horizon concept formalised in the PHM literature
(Saxena et al., 2008). The prognostic horizon is computed separately for Method 1 and Method 2 and
for each of the six DI formulations, giving a matrix of τh values that directly quantifies the improvement
offered by the GP approach over simple trend extrapolation, and by the composite DI over the single-
indicator Dfreq. The Method 2 Gaussian Process is trained on all six DI formulations, including DCAE

and DCAE,latent. An earlier version of the implementation restricted it to four, and all results reported
in Chapter 5 were regenerated after that restriction was removed. If Layer 0.5 was not run for a given
specimen, DCAE and DCAE,latent are returned as all-zero arrays with a logged warning for that spec-
imen, and their S-curve fits will not converge; this did not occur for any Group C1 specimen in this
campaign, since Layer 0.5 was run for all eight.

Two quantities constitute the reported answer to R3: the prognostic horizon τh, the earliest cycle fraction
at which the remaining-life estimate becomes sufficiently confident to be actionable, and the prediction
error at that horizon. Both are reported as median and interquartile range across the eight Group C1
specimens rather than for any single specimen, so that the result characterises the population rather
than the idiosyncrasies of one test. Reporting them in this form does not presuppose that a horizon
is reached: a formulation for which the confidence criterion is never satisfied yields no τh, and that
outcome is itself the reported result for that formulation. Both Method 1 and Method 2 prognostic
horizons are evaluated for all six DI formulations (Section 4.3.4).
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4.5. The S-N Curve Module
The S-N module was developed after the core Layer 0–3 pipeline, specifically to give Research Ques-
tion R4 a dedicated quantitative analysis rather than relying solely on qualitative synthesis across the
other layers. It converts the fixed-frequency fatigue record already collected for every specimen into a
classical Basquin stress-life characterisation, and overlays each specimen’s Layer 3 prognostic horizon
directly onto that S-N plot, making visible, on the same axis a fatigue engineer already uses for design,
how much of the conventional S-N scatter band the monitoring pipeline’s early-warning capability buys
back. The overlay is constructed by converting each specimen’s prognostic horizon τh from the Layer 3
RUL report (Section 4.4.4) into an absolute cycle count τh×Nf , plotting it as a lead-time marker at that
specimen’s stress level, and drawing a horizontal arrow from the marker to the specimen’s actual failure
point (Nf , Sa), so that the arrow length reads directly as prognostic lead time in cycles. A specimen
and formulation combination that never reached τh carries no marker, which is itself informative. The
resulting plot and its interpretation are reported in Section 5.6.4 of Chapter 5.

The eight Group C1 specimens were tested at three deliberately chosen target force levels, with two
to three specimens per level, a design established during the Group B load configuration study (Sec-
tion 3.4.3) specifically so that the resulting campaign would support a Basquin S-N fit alongside its
primary role as the modal-parameter monitoring dataset. The five Group B specimens themselves,
tested under a different protocol during that tuning phase rather than the final campaign design, are
excluded from the fit described below and retained instead as contextual information for the Discussion
chapter.

Each specimen is driven by a harmonic force F (t) = Fm + Fa sin(ωt). The amplitude and mean are
extracted directly from the raw force signal recorded for the first Phase 4 block, chosen because it is
always retained regardless of the raw-signal retention interval used elsewhere in the pipeline, and be-
cause the constant-amplitude harmonic protocol means it is representative of the steady-state loading
condition for the specimen’s entire fatigue life:

Fa =
max(F )−min(F )

2
, Fm = mean(F ), R =

Fm − Fa

Fm + Fa
(4.23)

A scale factor k converts the force amplitude of Equation 4.23 to a nominal stress amplitude, Sa = kFa.
Rather than leaving k at its pipeline default of 1.0 (force units, pending calibration), k was calibrated
for this campaign on a per-specimen basis: a static finite element analysis was run in FEMAP for each
specimen, applying that specimen’s ownmeasured force amplitude as the boundary load and extracting
the resulting stress at the notch root, giving kspecimen = σFEM/FFEM individually rather than a single
value assumed to hold across the population. This per-specimen approach absorbs any real differences
in effective stiffness, notch stress concentration, or clamping condition between nominally identical
specimens directly into the calibration, rather than allowing such differences to be folded into the fitted
Basquin slope as if they were genuine scatter in thematerial’s fatigue response. The calibrated k values
themselves, together with the corresponding FEMAP stress field results, are reported in Chapter 5
alongside the fitted S-N curve they produce.

Whereas the Synthetic Data Toolkit (Section 3.1) uses the Basquin law of Section 2.1 predictively, to
drive the simulated damage increments, here the same functional form is instead fitted empirically to
the observed (Sa, Nf ) pairs from the completed campaign. The model is fitted in log-log space by
ordinary least squares across every specimen with valid force-amplitude data and Nf > 0:

log10(N) = log10(C)− b log10(Sa) (4.24)

A note on notation is needed here, since the same symbol carries two conventions in the literature. The
strain-life form quoted in Section 2.1.1, Nf = (σa/σ

′
f )

1/b, places the exponent in the denominator, so
its b takes small negative values, conventionally −0.05 to −0.15 for metallic alloys. The stress-life form
fitted here places the exponent directly on Sa, so the two are related by bhere = −1/bSection 2.1.1 and the
literature range corresponds to a b of approximately 7 to 20 in the present convention. All values of b
reported in Chapter 5 use the convention of Equation 4.24.
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Equation 4.24 is accompanied by a 95% prediction band, bounding individual future observations, not
the mean, computed analytically from the standard OLS formula. A meaningful fit requires specimens
tested at more than one distinct stress level; distinct levels are identified by a simple gap rule (sorted
Sa values are grouped together unless consecutive values differ by more than 5% of the maximum
observed Sa), and if fewer than three distinct levels are detected, the fit is still computed and plotted
but is flagged as preliminary. The three-level design described above is intended to satisfy this re-
quirement comfortably, though with only two to three repeats per level the fitted slope b still carries a
wider confidence interval than a dedicated S-N campaign with more repeats per level would provide
(Section 7.4.1 of Chapter 7).

4.6. Live Monitoring
Every analysis described so far in this chapter is a batch process: a complete set of blocks is loaded
from a specimen’s HDF5 file and processed in one pass. The live-monitoring system addresses a
narrower and operationally distinct question – whether, within seconds of a fatigue block completing
on the rig, the specimen has just crossed a damage or fracture threshold – without waiting for the full
Layer 0–3 pipeline to be re-run. It is a convenience layer over the same physical models and statistical
thresholds used throughout the rest of the pipeline rather than an independent detection method, and
using it has no effect on the batch Layer 0–3 results: it is optional, and was used during this campaign
both as a general real-time monitoring aid and, specifically for the two Group C2 specimens, as the
mechanism that determined when Phase 4 loading should be interrupted for microscope re-inspection
(Section 3.5.5).

4.6.1. Polling and Block Processing
Once at least one specimen has completed Layer 0 in the working session – so that the Hotelling
baseline model and its detection thresholds exist to compare against – the live monitor can be pointed
at a specimen’s data folder while a test is actively running. It polls that folder on a 15-second interval;
when a new, complete block folder is detected, a reduced version of the Layer 0 (and, if available for
that specimen, Layer 0.5) feature extraction is run on that single block alone and scored against the pre-
fitted baseline models, rather than re-running the full batch pipeline over the entire history. If Layer 0.5
has not yet been run for the monitored specimen, the CAE-based tests below are simply skipped for
that session rather than treated as an error: a specimen can be live-monitored using the statistical tests
alone before Layer 0.5 has ever been run for it.

4.6.2. Two Alarm Classes
Two alarm levels are distinguished, reflecting two different physical events that a live monitor should
respond to differently.

• Damage alarm. Fires when any one of up to four independent statistical tests exceeds its thresh-
old for the newly processed block: Hotelling T 2 (the same flagged/not-flagged decision as the
batch Layer 0 detector, Section 4.1.7, applied to the one new block); HDI exceeding its Phase 3
baseline mean by more than five standard deviations; and, where Layer 0.5 has been run for
the monitored specimen, HI1 or HI2 exceeding its stored Phase 3 99th-percentile threshold (Sec-
tion 4.2.3). These four tests are not combined into a single score; any one is sufficient to raise
the alarm, and the alarm names which specific test fired. This is a deliberate choice for a live
monitor used by a researcher acting in real time: knowing immediately which evidence triggered
an alarm is more useful than waiting for a combined score that obscures its source. A single,
isolated damage alarm is not necessarily urgent, since the same short-scan and environmental
noise sources discussed elsewhere in this pipeline can trigger any one test in isolation; a genuine
damage onset is expected to produce sustained or escalating alarms across several subsequent
blocks, ideally across more than one of the four tests.

• Fracture alarm. Fires when the same within-block, Hilbert-envelope amplitude-collapse detector
used by the batch Phase 4 processing finds a sustained anomaly in the new block’s raw velocity
signal consistent with the specimen having just fractured – the same physical event and detection
logic as the batch fracture detector, evaluated immediately rather than after the full test has been
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loaded. Specifically, the detector requires a fractional amplitude collapse of at least 0.2 relative
to the block’s expected level, sustained across at least three consecutive analysis windows for
a minimum duration of 0.5 s, with the first 5% of the block excluded from consideration to avoid
reacting to startup transients. A fracture alarm is treated as actionable immediately, in contrast
to a damage alarm: the detector is specifically designed, via this minimum sustained-duration
requirement, to avoid firing on short transients or cable artefacts, so a fracture alarm should not
be dismissed as noise.

For the two Group C2 specimens, the damage alarm, not the fracture alarm, is the event that deter-
mines the Stage 2/Stage 3 transition in the fractography validation protocol (Section 3.5.5): loading
is interrupted at the first damage alarm, and the specimen is returned to the microscope before any
further fatigue cycling resumes. The live monitor’s outputs are designed to agree with what the batch
Layer 0 and Layer 0.5 analyses would report for the same block if the full pipeline were re-run after the
test, providing a useful internal consistency check between the real-time and batch analysis paths.



5
Results

This chapter reports the experimental outcomes of the fatigue monitoring campaign described in Chap-
ter 3 and analysed according to the methodology of Chapter 4, organised around the four research
questions set out in Chapter 1. Results are presented without interpretation: comparison with the
literature, discussion of physical mechanisms, and assessment of the broader implications of these
findings are deferred to Chapter 6. Where a result requires a definition or threshold to be stated for the
figure or table to be read correctly (for example, the cycle fraction τ = N/Nf , or a detection threshold
established in Chapter 3), that definition is restated briefly for clarity, but no claim is made here about
what the result means.

Section 5.1 establishes, in chronological order, the pre-campaign constants that later sections rely on,
the reason Group B is excluded from the population results, and the Group C specimen population
and its completeness. Section 5.2 reports the modal parameter evolution records (R1). Section 5.3
reports the indicator sensitivity ranking (R2). Section 5.4 reports the damage index trajectories con-
structed in Layer 2, which bridge R1–R3 rather than answering a single research question on their own.
Section 5.5 reports the remaining-useful-life and prognostic horizon analysis (R3). Section 5.6 reports
the S-N characterisation and resonance-testing context (R4). Section 5.7 reports the independent op-
tical fractography validation conducted on the two Group C2 specimens. Table 5.1 summarises this
mapping.

Table 5.1: Mapping of chapter sections onto the research questions they address.

Section Content RQ
5.1 Specimen Overview and
Data Completeness

Pre-campaign constants, Group B exclu-
sion, Group C population and complete-
ness

—

5.2 Modal Parameter Evolu-
tion

How the vibration response evolves as
damage accumulates

R1

5.3 Indicator Sensitivity
Ranking

Which indicators are most sensitive, hand-
engineered and autoencoder-based

R2

5.4 Damage Index Trajecto-
ries

How the ranked indicators combine into a
single D(τ)

R1–R3
(bridging)

5.5 Remaining Useful Life
Estimation

How much life remains, and from what
point that estimate is reliable

R3

5.6 S-N Characterisation
and Resonance Testing
Context

How this campaign’s fatigue life compares
to classical stress-life testing

R4

5.7 Independent Validation
via Optical Fractography

Whether detection corresponds to a physi-
cally observed event

Validation

77
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5.1. Specimen Overview and Data Completeness
The pre-campaign sensor characterisation battery (Section 3.4.1) establishes three instrument-level
constants referenced throughout this chapter. The LDV velocity noise floor (Test T1, Figure A.1 of Chap-
ter 3) rises from below 10−14 (m/s)2/Hz at low frequency to a broadband plateau of 10−13–10−12 (m/s)2/Hz
through the 10–1000 Hz range spanning the first three bending modes, integrating to approximately
1.0 × 10−5 m/s of cumulative RMS noise over that band; this is the reference floor against which the
earliest detected indicator onsets in Sections 5.3 and 5.4 are judged. Test T2 (Figure A.2 of Chapter 3)
confirms that the 30 Hz Phase 3/4 drive frequency sits well within the range over which both the LDV
and the reference accelerometer perform adequately, bounding rather than directly measuring detec-
tion performance at the operating frequency. Test S4 established the onset of measurable nonlinearity
at a drive level of approximately 0.3 V (Figure 3.14 of Chapter 3), confirming that the broadband scan-
ning excitation used throughout Phase 3 and Phase 4 remains within the linear regime assumed by
every FRF-based feature reported in Sections 5.2–5.4; the harmonic loading stage itself is, by design,
mildly nonlinear (Section 3.4), a distinction returned to when the harmonic-stage features are discussed
in Chapter 6.

The five Group B specimens used for the load configuration study (Section 3.4.3) are excluded from
the population reported in this chapter. Unlike the Group C campaign, Group B was not run under one
fixed protocol: rig stiffness, sample placement, and excitation level were each varied iteratively across,
and in some cases within, individual specimens as the final configuration was converged upon, with
the notch geometry itself changing partway through the study (Section 3.2.2). Group B’s fatigue lives
are therefore not a population in the sense that Group C1 is, and are not reported here or compared
against the Group C1 Nf range. Their contribution to this thesis was methodological, informing the
final protocol, rather than result-bearing.

Of the ten Group C specimens fabricated to the final Al 6061-T6 geometry (Section 3.2.3), eight
(Group C1) were run to complete fracture under the uninterrupted Phase 4 protocol and constitute
the population-level dataset used throughout Sections 5.2–5.6. The remaining two (Group C2) were
run under the interrupted protocol and are reported separately in Section 5.7. Table 5.2 summarises,
for every Group C specimen, the total Phase 4 (fatigue) cycles to fracture – excluding the five-block,
sub-endurance-limit Phase 3 baseline common to every specimen – or to interruption and subsequent
final fracture for Group C2, and which sections of this chapter draw on its data. Specimen identifiers
map directly onto the sample numbers recorded during the campaign (Sample N → C1-0N ).

Table 5.2: Overview of the ten Group C specimens: Phase-4 (fatigue) cycles to fracture and data availability across this chapter.
Nf excludes the five-block Phase 3 baseline common to every specimen and reflects the pipeline’s own precise within-block
fracture detection (Section 5.6) rather than a block-count estimate. Layer 0.5 was run for all eight Group C1 specimens.

Specimen Group Nf (cycles) Sections using this specimen
C1-01 C1 6,930 5.2–5.6
C1-02 C1 15,000 5.2–5.6
C1-03 C1 11,880 5.2–5.6
C1-04 C1 59,250 5.2–5.6
C1-05 C1 112,500 5.2–5.6
C1-06 C1 24,000 5.2–5.6
C1-07 C1 35,250 5.2–5.6
C1-08 C1 55,860 5.2–5.6
C2-01 C2 Ninterrupt ≈ 7,500;

Nf ≈ 7,800 (final)
5.7 only

C2-02 C2 Ninterrupt = 7,500;
Nf = 8,200 (final)

5.7 only

Layer 0.5 was run for all eight Group C1 specimens, so the DCAE/DCAE,latent formulations and the
HI1/HI2 comparison in Sections 5.3–5.4 are based on the same full population as the hand-engineered
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indicators, with no n < 8 caveat required.

For the two Group C2 specimens, the interrupted protocol produced markedly different outcomes: C2-
01 was interrupted at Ninterrupt ≈ 7,500 cycles into Phase 4 and, after microscope re-inspection, frac-
tured almost immediately upon resumption (within approximately 10 seconds, or roughly 300 cycles at
the 30 Hz drive frequency, into the first resumed block), giving a final Nf ≈ 7,800 cycles and essentially
no residual life at the point of interruption. C2-02 was interrupted at a similar damage progression, at
Ninterrupt = 7,500 cycles into Phase 4, and fractured after a further 700 cycles of resumed loading, at
Nf = 8,200 cycles.

5.2. Modal Parameter Evolution (R1)
Research Question R1 asks: how does the vibration response evolve as fatigue damage accumulates
under resonant vibration loading? Before reporting that evolution, one data-quality result must be
stated up front, since it constrains everything that follows: across the eight Group C1 specimens, only
two modes could be identified with acceptable stability by the modal parameter estimation routine, not
the three anticipated in the experimental design (Chapters 3–4). A putative third mode was visible in
places but could not be tracked consistently enough to be included. Even the two retained modes
show block-to-block pole fluctuation beyond what a stable identification would be expected to show.
All results in this section and in Sections 5.3–5.6 are therefore reported for Mode 0 and Mode 1 only,
using the specimen labels S01–S08 as recorded by the analysis pipeline, which correspond directly
to C1-01–C1-08 (Table 5.2). Whether Mode 0 and Mode 1 correspond to the same physical bending
mode across all eight specimens could not be confirmed independently at the achieved measurement
resolution; Section 5.2.6 reports MAC evidence indicating that, at least in some blocks, they do not. No
cause for the fluctuation is proposed here; that discussion belongs to Chapter 6.

A second point on how these figures are read: the pipeline’s native plots (reproduced directly below)
are indexed by raw block number rather than the normalised cycle fraction τ = N/Nf used elsewhere
in this thesis. Because the eight specimens have widely different total block counts (Table 5.2), block-
number comparisons across specimens should be read with each specimen’s own fatigue life in mind
rather than assumed to align at a common life fraction. The shaded region at the left of each plot marks
the five Phase 3 baseline blocks, common to every specimen; the boundary with Phase 4 (block 5/6)
is marked with a dashed vertical line.

5.2.1. FRF Evolution
Figure 5.1 shows the broadband FRF magnitude |H(ω)|, averaged across scan points, for each of the
eight Group C1 specimens individually, coloured from the first Phase 3 block (blue) to the final Phase 4
block before fracture (red). This is the rawest form in which the modal evolution can be shown, before
any pole extraction or feature computation, and is reported first for that reason.
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Figure 5.1: FRF magnitude evolution for each of the eight Group C1 specimens (S01–S08, corresponding to C1-01–C1-08),
averaged across scan points, coloured from the first Phase 3 block (blue) to the final recorded Phase 4 block (red). Dotted

vertical lines mark the resonance search-band seeds established during pole identification.

Across the eight specimens, the curves fall into three distinguishable patterns, and the distinction be-
tween them matters for how the remainder of this chapter is read.

Change confined to the final block. S01 shows the least change of any specimen in either magnitude or
shape. S02 and S03 are similar for most of their length but depart abruptly in their last recorded curve:
every preceding block, including the earlier Phase 4 blocks, overlays the Phase 3 baseline closely, and
the departure appears only in the final block before fracture. This is the profile that damage remaining
below the measurement floor until shortly before failure would be expected to produce.

A step at the phase boundary. S04, S07 and S08 show a different structure. The Phase 3 blocks
form one internally tight family and the Phase 4 blocks form a second internally tight family in a differ-
ent position, with the change concentrated at the boundary between the two rather than developing
progressively across Phase 4. S04 is the clearest case: its Phase 4 family sits roughly half a decade
higher in magnitude below 100 Hz, and its first-mode peak becomes visibly less damped, narrower and
higher, without moving appreciably in frequency. In all three specimens, the blocks within each phase
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overlay closely; it is between the two groups that the curves separate. Progressive fatigue damage
would not be expected to hold a specimen in one stable state for five blocks, change, and then hold it in
a second stable state for the remainder of its life. A change concentrated at a protocol boundary points
instead to something in the measurement or loading configuration differing between the two phases.
The broadband scan itself is not that difference: the shaker is reduced to a common scan level for ev-
ery block in both phases (Section 3.5.1), so the scans either side of the boundary were acquired under
identical excitation. What does change at the boundary is the harmonic loading between the scans,
which rises from the sub-endurance Phase 3 level to the per-specimen Phase 4 level. Section 6.1.1
takes up what this implies.

Disordered evolution. S05 and S06 retain their overall FRF shape but shift to lower frequencies across
the recorded range, with the shift more pronounced in the mid-frequency peaks than at the first reso-
nance, and with successive blocks crossing one another rather than progressing monotonically in one
direction.

One observation applies across the whole population. Where a shift is visible at all, it appears across
most of the plotted 0–500 Hz range simultaneously rather than being isolated to one resonance while
others stay fixed. A crack at the notch root is a local change in stiffness, and would be expected to
affect the tracked modes by differing amounts according to how much curvature each mode carries at
the notch. A shift affecting the full measured band more or less uniformly is not that signature, and is
more consistent with a change in a boundary condition or in the load path, both of which act on every
mode at once.

5.2.2. Frequency Shift and Anomaly Detection: Automatic Pole Selection
Figure 5.2 reports, for the automatic (MAC-based) pole-tracking path described in Section 4.1.4, four
quantities together for all eight specimens: the tracked natural frequency fn of Mode 0, the Hotelling
T 2 statistic, the Harmonic Distortion Index, and the CUSUM accumulator. All four are computed from
the harmonic-loading-stage signal rather than the broadband scan.

Figure 5.2: Automatic pole selection: natural frequency fn (Mode 0), Hotelling T 2 statistic, Harmonic Distortion Index, and
CUSUM accumulator, all eight Group C1 specimens, harmonic-loading-stage data. Shaded region: Phase 3 baseline blocks.

fn stays relatively flat through Phase 3 for all eight specimens, with S08 showing more block-to-block
variation than the others even within this baseline period. In Phase 4, fn appears to plateau and hold
near-constant for several blocks at a time before stepping to a new level, rather than drifting gradually.
This is the same stepwise character already visible in the raw FRFs of Section 5.2.1, now expressed in
the tracked pole itself: the quantity changes between stable plateaux rather than accumulating block
by block, which is not the behaviour expected of progressive crack growth. T 2 and CUSUM track one
another closely, as expected given CUSUM is an accumulated sum of T 2, but CUSUM’s evolution is
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visibly more gradual than T 2’s sharper block-to-block excursions. HDI is flat at a low level for nearly
every specimen across the full recorded range, with the exception of S06 and S08, both of which show
a sudden, large-magnitude spike confined to their final block or two before fracture.

5.2.3. Frequency Shift and Anomaly Detection: Manual Pole Selection
Because pole tracking showed block-to-block fluctuation even for the two retained modes, a subset
of blocks was reviewed manually using the pole-selection review workflow described in Section 4.1.5,
in which the researcher inspects the stabilisation diagram directly and locks in a chosen pole by hand
rather than relying on the automatic MAC-based disambiguation. Figure 5.3 shows a representative
stabilisation diagram used for this review; Figure 5.4 then compares the same four quantities as Fig-
ure 5.2, but computed from the manually-reviewed poles.

Figure 5.3: Representative N4SID stabilisation diagram used for manual pole-selection review (specimen S05, Phase 4,
block 7), showing stable poles (green), frequency-stable-only poles (orange), and unstable/noise poles (red) across model
orders, overlaid on the H1 FRF magnitude. The automatic selection is marked with a dashed vertical line for comparison.
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Figure 5.4: Manual pole selection: natural frequency fn (Mode 0), Hotelling T 2 statistic, Harmonic Distortion Index, and
CUSUM accumulator, all eight Group C1 specimens, harmonic-loading-stage data, poles assigned via manual review rather

than automatic tracking.

Comparing Figure 5.2 and Figure 5.4 directly, the two pole-selection paths do not produce the same
picture. The manually-reviewed fn record is visibly messier than the automatic one, with more block-
to-block variation for several specimens; the automatic path’s tendency to plateau at a near-constant
value for multiple consecutive blocks (Section 5.2.2) is less pronounced under manual review. T 2 is
correspondingly less well-behaved under manual selection: it is no longer monotonically increasing for
every specimen, unlike the automatic-path record. HDI and CUSUM, by contrast, show comparable
behaviour between the two pole-selection paths.

5.2.4. Feature Evolution
Figure 5.5 reports the complete set of point-tier and spatial-tier features defined in Table 4.2, each
computed for both tracked modes, across all eight Group C1 specimens. Each panel plots one feature
(named in its title) against block number, all eight specimens overlaid in the colour coding established
in Figure 5.1’s legend.
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Figure 5.5: Feature evolution, part 1 of 2 (Features 1–12 of 22), all eight Group C1 specimens vs. block number. See Table 4.2
for feature definitions.
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Figure 5.6: Feature evolution, part 2 of 2 (Features 13–22 of 22), all eight Group C1 specimens vs. block number.

The 22 panels are grouped below by behaviour rather than reported individually. The per-mode fre-
quency, coherence, and peak-FRF-amplitude features (both modes) show a trend distinguishable
from Phase 3 scatter for most specimens from partway through Phase 4 onward, consistent with the
automatic-pole-selection record of Section 5.2.2; Mode 1’s versions of these features are visually more
consistent across specimens than Mode 0’s. The two damping-ratio features are the noisiest of the
set: no specimen shows a trend clearly separable from block-to-block scatter, and damping estimation
did not return a value for every block (Section 5.2.2); the exact fraction of non-convergent blocks and
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whether it concentrates in particular specimens has not yet been quantified.

Phase quadrature deviation shows no trend distinguishable from noise for any specimen. Phase-diff
slope and spatial phase standard deviation are both close to zero and stable for nearly the full run in
every specimen except S07, which departs from this flat baseline throughout; S07’s accelerometer be-
came disconnected partway through its test, which affects these two accelerometer-derived features
specifically (the FRF-based features of Section 5.2.1 are unaffected, since they do not use the ac-
celerometer channel).

MAC and curvature-max (both modes) stay close to their expected near-baseline values for most spec-
imens, with specimen-level exceptions: S05’s Mode 0 MAC declines visibly from around block 10
onward; S06’s Mode 0 MAC dips during Phase 3 itself; S02’s Mode 0 and Mode 1 curvature-max both
show an isolated spike within Phase 3, before Phase 4 begins. Curvature at the localised (notch) scan
point shows repeated, unstructured jumps between low and high values for every specimen across the
full run, with no consistent monotonic trend for any specimen. MSE-TVD (both modes) rises then falls
during Phase 3, reaches a minimum at block 6 – the first Phase 4 block for every specimen – and then
broadly increases through the remainder of Phase 4 for most specimens.

HDI is flat at a low, comparatively stable level for nearly the entire recorded life of every specimen, with
a rise appearing only in the final block or two before fracture; the magnitude of that final-block rise varies
substantially across specimens, from roughly a twofold increase to more than two orders of magnitude
above the preceding plateau. Because a small number of specimens’ final-block values are very large,
the pooled eight-specimen panel (Figure 5.6) compresses the remaining specimens’ equivalent late-
life rises toward the bottom of the plotted range. Amplitude RMS and force RMS both show a step
increase at the Phase 3/Phase 4 boundary, followed by a comparatively stable or mildly rising trend
for most specimens, without the block-to-block reversals seen in the modal-identification-dependent
features above.

5.2.5. Spatial Features: Representative Specimens
Rather than the population-level treatment used above, the spatial-tier fields – amplitude and curvature
deviation at each scan point, relative to that specimen’s first Phase 3 block – are reported here for two
representative specimens, S04 and S05, for both tracked modes. Each panel is a heatmap with scan
point index on the vertical axis and block number on the horizontal axis, coloured by the deviation in
standard deviations (σ) from the reference block.

Figure 5.7: Spatial amplitude (left) and curvature (right) deviation fields, Mode 0: specimen S04 (top row) and specimen S05
(bottom row); scan point index vs. block number, coloured by deviation in σ from the first Phase 3 block. Dashed vertical line:

Phase 3/Phase 4 boundary.
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Figure 5.8: Spatial amplitude (left) and curvature (right) deviation fields, Mode 1: specimen S04 (top row) and specimen S05
(bottom row); scan point index vs. block number, coloured by deviation in σ from the first Phase 3 block.

For Mode 0 (Figure 5.7), S04’s amplitude and curvature deviation fields remain fairly consistent across
blocks, while S05’s fields become visibly messier – less spatially structured, more block-to-block vari-
ation – toward the later blocks of its run. Comparing Figure 5.7 against Figure 5.8, the Mode 0 fields
are cleaner overall than the corresponding Mode 1 fields for both specimens. Within a given specimen
and mode, the amplitude and curvature deviation fields follow a broadly similar evolution.

5.2.6. Modal QA: Cross-Mode MAC Matrices
Figure 5.9 reportsMACmatrices (Section 4.1.5) for a small sample of specimen and block combinations,
as a check on modal identification quality independent of the damage indicators themselves. Two
comparisons are shown. The block-versus-block panels compare two blocks of the same specimen
directly, including two blocks drawn from the healthy Phase 3 baseline, which gives a measure of pure
measurement repeatability with no damage between them. The cross-mode panels compare a fatigue
block against that specimen’s baseline. In both, the diagonal entries are the current-versus-baseline
MAC values used as a spatial damage indicator elsewhere in this chapter, while the off-diagonal entries
answer a different question: whether the two trackedmodes have been kept distinct by the identification
routine, or whether the mode labelled 1 in one block corresponds to the mode labelled 0 in the other.
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Figure 5.9: MAC matrices for a sample of specimen and block combinations, exported from the pipeline’s modal QA tool.
Top-left: block-versus-block comparison of two healthy Phase 3 baseline blocks of specimen S01. Bottom-right: cross-mode
comparison for a Phase 4 fatigue block of specimen S06. Values beyond the 0.95 mode-mixing threshold are flagged in red by

the source tool.

Two results follow from these matrices, and both bear directly on the confidence that can be placed in
the mode-shape-derived indicators.

The first concerns repeatability in the absence of damage. Comparing baseline block 1 against baseline
block 5 of specimen S01, two undamaged blocks of the same specimen separated only by the four
intervening baseline blocks, Mode 0 returns a MAC of 0.990 as expected, but Mode 1 returns only
0.785. Since no damage accumulates during Phase 3 by design (Section 3.5.2), a Mode 1 correlation
of 0.785 between two healthy states is a measurement repeatability floor rather than a damage signal.
Any MAC-based indicator for that mode must resolve damage against a baseline that already varies
by more than 0.2 with no damage present, leaving very little dynamic range.

The second concerns mode identity. In the same S01 baseline comparison, block 1’s Mode 1 correlates
more strongly with block 5’s Mode 0 (0.959) than with block 5’s own Mode 1 (0.785). The effect is more
pronounced in the S06 fatigue-block panel, where the Mode 1 diagonal falls to 0.518 while the off-
diagonal reaches 0.933: the mode labelled 1 in the fatigue block resembles the baseline Mode 0 far
more closely than it resembles the baseline Mode 1. This is not mode mixing in the sense of two distinct
modes converging onto similar shapes; it indicates that the mode labels are not consistently tracking
the same physical mode from block to block. That is a direct answer to the question raised in the
introduction to this section, and it means Mode 1’s spatial indicators cannot be assumed to describe a
single physical bending mode across a specimen’s life.

Every matrix reported here is 2 × 2, since only two modes could be tracked with acceptable stability
across the campaign (Section 5.2). The mode-identification behaviour documented here is a plausible
contributor to that limit, and is taken up in Section 6.1.1.
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5.3. Indicator Sensitivity Ranking (R2)
Research Question R2 asks: which vibration-based indicators are most sensitive to early fatigue dam-
age? Layer 1 addresses this through the 33-feature set established in Section 5.2 (20 point-tier, 13
spatial-tier, computed for the two modes tracked with acceptable stability), using three analyses ap-
plied to the pooled feature matrix from the eight Group C1 specimens, normalised to the cycle fraction
axis τ = N/Nf : a Spearman rank correlation and redundancy analysis, a principal component anal-
ysis (reported here only through the PC1 loading column of the ranked table, since redundancy is
already visible from the Spearman figure and a separate scree/loadings figure was not produced), and
a SHAP-based ranking via a gradient-boosted regression tree, reported as two static summaries (global
and early-life importance) rather than a time-resolved series (Section 5.4 note below). The primary de-
liverable of this section is the ranked indicator table (Table 5.3), which consolidates all three analyses
into a single per-feature summary.

The two Layer 0.5 health indicators HI1 andHI2 (Section 4.2) are compared against the hand-engineered
feature set in Section 5.3.4, alongside an independent leave-one-specimen-out validation of the CAE
detector against the classical T 2/Isolation Forest/CUSUM detector.

5.3.1. Damage Sensitivity and Redundancy
Figure 5.10 shows the median Spearman rank correlation coefficient |ρs| across the eight Group C1
specimens for each of the 33 features, sorted in descending order. Redundant pairs (Pearson |rij | >
0.90) are shown with a hatched fill rather than a separate correlation matrix, since the pairs of interest
are visually adjacent once sorted by |ρs| (e.g. delta_mac_mode1 and mac_mode1, both at the top of the
ranking).
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Figure 5.10: Median Spearman rank correlation |ρs| between each of the 33 Layer 0 features and the cycle fraction τ ,
aggregated across the eight Group C1 specimens. Orange: point-tier (Tier 1) features; yellow: spatial-tier (Tier 2) features.

Hatched bars: features flagged as redundant (|rij | > 0.90 with a higher-ranked partner).



5.3. Indicator Sensitivity Ranking (R2) 90

The four strongest features by |ρs| are delta_mac_mode1 and mac_mode1, tied at 0.833, followed by
delta_mac_mode0 and mac_mode0, tied at 0.700 – all four spatial-tier, and all fourMAC-derived. curvature
_max_mode1 (0.690) and curvature_max_mode0 (0.668) follow closely, so the sixmost damage-correlated
features in the set are all spatial-tier.

The sign structure is worth noting, since Table 5.3 reports ρ signed while the ranking uses |ρ|. The
MAC features split into two exactly opposite pairs: mac_mode1 at −0.833 against delta_mac_mode1 at
+0.833, and mac_mode0 at −0.700 against delta_mac_mode0 at +0.700. This is expected rather than
informative: the delta feature is constructed as a departure from the baseline MAC, so it is the sign-
inverted complement of the MAC itself, which is also why each pair is flagged redundant.

Seven features have a median |ρs| of exactly zero and therefore do not appear in the bar chart at all:
zeta_mode0, zeta_mode1, delta_zeta_mode0, delta_zeta_mode1, phase_diff_slope, fn_harmonic,
and curvature_loc_mode1. That both damping features and both of their delta forms fall in this group
is the single clearest result of this analysis: damping, which the literature review identified as one of
the more promising early indicators (Section 2.5), carries no monotonic relationship with cycle fraction
whatsoever in this campaign. Among the features that do vary, the weakest are phase_quad_dev and
delta_phase_quad_dev (both 0.024), hdi and delta_hdi (both 0.048), and fn_mode1 and delta_fn_mode1
(both −0.143).

5.3.2. SHAP-Based Indicator Ranking
A gradient-boosted regression tree trained to predict τ from the pooled 33-feature vector (Section 4.3.3)
yields two SHAP-derived importance summaries per feature: global importance Φglobal

j , averaged over
the full fatigue life and shown in Figure 5.11, and early-life importance Φearly

j , averaged over τ < 0.2
(relaxed to τ < 0.4 for specimens with fewer than 20 blocks) and shown in Figure 5.12. Features
excluded from the model as redundant carry no attribution in either. As noted in Chapter 4, these are
the only two SHAP quantities computed; no time-resolved φj(τ) series is available; that plot is not
produced by this pipeline stage.
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Figure 5.11: Global SHAP importance Φglobal
j for each of the 33 Layer 0 features, sorted in descending order. Orange:

point-tier features; yellow: spatial-tier features.
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Figure 5.12: Early-life SHAP importance Φearly
j (τ < 0.2, relaxed to τ < 0.4 for specimens with fewer than 20 blocks) for each

of the 33 Layer 0 features, sorted in descending order. Orange: point-tier features; yellow: spatial-tier features.

The top five features by Φglobal
j are curvature_max_mode1 (0.073), hdi (0.067), delta_hdi (0.055),

fn_mode0 (0.041), and delta_fn_mode0 and mse_tvd_mode1 tied at (0.039). The top five by Φearly
j are

hdi (0.073), curvature_max_mode1 (0.068), fn_mode0 (0.065), delta_hdi (0.051), and delta_fn_mode0
(0.044).

The composition of the top tier is therefore stable between the two views, with only the order changing:
hdi and curvature_max_mode1 exchange first and second place, and fn_mode0 rises from fourth to
third in the early-life view. Two observations follow. First, hdi and fn_mode0 both carry more weight
early than globally (0.073 against 0.067, and 0.065 against 0.041 respectively), which is the behaviour
sought from an early-damage indicator: the model relies on them most in the first fifth of life. Second,
and more significantly, this ranking disagrees sharply with the Spearman ranking of Section 5.3.1. hdi
has a median |ρs| of only 0.048, placing it near the bottom of the monotonic-correlation ordering, yet
it is the strongest or second-strongest feature by both SHAP measures. The MAC features invert the
same disagreement: they dominate the Spearman ranking but are excluded from the SHAP model as
redundant, and mac_mode1, which is retained, contributes only 0.010. A univariate monotonic correla-
tion and a multivariate model-based attribution are measuring different things, and on this dataset they
do not agree about which indicators matter.

A related caution applies to peak_frf_mode0 and peak_frf_mode1. Both carry non-zero correlation
and non-zero SHAP attribution, but the underlying FRF peak magnitude does not vary monotonically
across blocks: it rises and falls by varying amounts without a consistent direction, the same erratic
behaviour visible in the raw curves of Section 5.2.1. Whatever these two features are contributing to
the ranking is therefore unlikely to be damage.

5.3.3. Ranked Indicator Table
Table 5.3, transcribed from the pipeline’s own export, consolidates the Spearman, PC1 loading, and
SHAP analyses above into the primary scientific deliverable for Research Question R2: one row per
feature, sorted by composite rank. The composite rank is the mean of three rank positions (Spearman
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|ρs|, global SHAP, early-life SHAP), so ties in the displayed rank value are expected and legitimate
wherever two features’ rank-position averages coincide; sort order among tied features is resolved
using |ρs| without altering the displayed rank number (Chapter 4, Section 4.3.3).

Table 5.3: Ranked indicator table: all 33 Layer 0 features, sorted by composite rank. Spearman ρ is the median across the
eight Group C1 specimens and is reported signed, so a feature that decreases monotonically with damage carries a negative
value; the ranking itself uses |ρ|. SHAP columns are blank where the feature was excluded from the gradient-boosted model as
redundant with a higher-ranked partner. Composite rank is the mean of the three rank positions (Spearman |ρ|, global SHAP,

early-life SHAP), so tied and skipped rank values are expected.

Feature Tier Spearman ρ SHAP glob. SHAP early PC1 load. Red. Rank
delta_mac_mode1 spatial 0.833 — — — ✓ 1
curvature_max_mode1 spatial 0.690 0.073 0.068 — 2
delta_mac_mode0 spatial 0.700 — — — ✓ 3
fn_mode0 point 0.493 0.041 0.065 0.001 5
mac_mode0 spatial -0.700 0.026 0.034 — 5
coh_mode0 point -0.671 — — — 6
delta_fn_mode0 point 0.493 0.039 0.044 0.000 6
mse_tvd_mode1 spatial 0.400 0.039 0.041 — 8
hdi point 0.048 0.067 0.073 0.164 8
delta_hdi point 0.048 0.055 0.051 0.986 10
curvature_loc_mode0 spatial 0.447 — — — 11
mac_mode1 spatial -0.833 0.010 0.009 — 11
mse_tvd_mode0 spatial 0.443 0.017 0.016 — 12
delta_mse_tvd_mode0 spatial 0.443 — — — ✓ 12
fn_mode1 point -0.143 0.025 0.026 0.001 12
curvature_max_mode0 spatial 0.668 0.013 0.008 — 13
peak_frf_mode1 point 0.238 0.017 0.024 -0.001 13
spatial_phase_std spatial 0.457 0.007 0.011 — 14
amplitude_rms point 0.405 — — — 14
coh_mode1 point -0.400 — — — 15
zeta_mode0 point 0.000 0.020 0.020 0.001 15
zeta_mode1 point 0.000 0.021 0.020 0.012 15
delta_mse_tvd_mode1 spatial 0.400 0.010 0.011 — 16
delta_fn_mode1 point -0.143 0.011 0.011 0.000 17
phase_quad_dev point 0.024 0.013 0.011 -0.002 17
peak_frf_mode0 point 0.286 0.006 0.004 -0.000 19
rms_force point -0.167 — — — 20
phase_diff_slope point 0.000 0.009 0.008 -0.000 21
delta_zeta_mode0 point 0.000 0.001 0.001 0.000 23
delta_phase_quad_dev point 0.024 — — — ✓ 25
fn_harmonic point 0.000 — — — 27
delta_zeta_mode1 point 0.000 — — — ✓ 27
curvature_loc_mode1 spatial 0.000 — — — 27

One feature is worth flagging explicitly rather than leaving to the table: delta_hdi has a PC1 loading
of 0.986, an order of magnitude above every other feature for which a loading is reported, the next
largest being hdi itself at 0.164 and all others below 0.02. The first principal component of the feature
matrix is therefore very nearly the change in harmonic distortion alone. This is not accompanied by a
correspondingly dominant position elsewhere: delta_hdi sits at composite rank 10, with a median |ρs|
of 0.048 and a global SHAP importance of 0.055. Its PC1 dominance, its univariate correlation, and its
model-based attribution therefore disagree with one another.

Before the ranking is read in detail, one design-phase prediction it bears on should be recorded. The
Tier 3 simulations described in Section 3.1.4 of Chapter 3 predicted that a notch-localised stress con-
centration would produce a detectable MAC drop and curvature anomaly before the frequency shift
alone crossed the measurement noise floor, and that prediction is what motivated the spatial-tier fea-
tures being acquired at all. The Spearman ordering supports it: the four MAC features and the two
maximum-curvature features occupy the six strongest positions, while the strongest frequency feature
sits at composite rank 5. The SHAP ordering does not, ranking hdi at or near the top and placing the
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retained MAC feature near the bottom. The prediction is therefore borne out on the univariate measure
and contradicted on the multivariate one, and the qualification of Section 5.2.6 applies to both: the
MAC repeatability floor measured between undamaged blocks limits how much of the spatial features’
apparent sensitivity can be attributed to damage.

The rank-1 feature by composite rank is delta_mac_mode1, which is itself flagged redundant with
mac_mode1 (Section 5.3.1) and consequently carries no SHAP attribution at all: its composite rank rests
on the Spearman component alone. The same applies to delta_mac_mode0 at rank 3. The highest-
ranked feature supported by all three analyses is therefore curvature_max_mode1 at rank 2, which is
the single most defensible answer this campaign offers to Research Question R2. The lowest-ranked
features are fn_harmonic, delta_zeta_mode1, and curvature_loc_mode1, tied at composite rank 27;
the displayed rank range runs from 1 to 27 rather than 1 to 33, since ties compress several groups of
features onto a shared rank value.

5.3.4. Comparison with Layer 0.5 Health Indicators
The two Layer 0.5 autoencoder health indicators, HI1 (resonance-weighted reconstruction error) and
HI2 (maximum latent z-score deviation), are reported here for a convolutional autoencoder with a 64-
dimensional latent bottleneck, the primary configuration used throughout this thesis. Figure 5.13 shows
both indicators’ evolution across the eight Group C1 specimens, referenced against their respective
Phase 3 99th-percentile thresholds.

Figure 5.13: Layer 0.5 health indicators (64-dimensional bottleneck): (left) HI1, resonance-weighted reconstruction MSE;
(right) HI2, maximum latent z-score deviation. Both panels show all eight Group C1 specimens vs. scan block, with the

Phase 3 99th-percentile threshold shown as a dashed horizontal reference.

Against the HI1 threshold (1.359), S05 is the clearest crossing, rising well above threshold from around
block 10 onward (peaking near 1.87 at block 11); no other specimen crosses the HI1 threshold convinc-
ingly, though S06 approaches it in Phase 3/early Phase 4 without clearly exceeding it. Against the HI2
threshold (3.529), S04 crosses clearly from around block 4 through block 7; S02’s first recorded value
is already above threshold at block 1; the remaining specimens stay below the HI2 threshold for most or
all of their recorded life. The two indicators do not flag a consistent, overlapping set of specimens: S05
is the clear HI1 case but not an HI2 case, while S02 and S04 are HI2 cases without a corresponding
HI1 crossing.

Beyond the health-indicator trends themselves, an independent validation was performed: a leave-one-
specimen-out cross-validation (LOSO-CV) in which the CAE is trained on every specimen except one,
then evaluated as a detector on the held-out specimen, compared against the independent T 2/Isolation
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Forest/CUSUM detector of Section 4.1.7 as a reference. Figure 5.14 reports the resulting ROC curves
and per-specimen false-positive rates.

Figure 5.14: CAE validation via leave-one-specimen-out cross-validation (64-dimensional bottleneck). Left: ROC curve of HI1
and HI2 against the independent T 2/Isolation Forest/CUSUM detector, with chance-level performance (AUROC = 0.50) shown
as a dashed diagonal. Right: per-specimen false-positive rate (HI1, own Phase 3 blocks) for the CAE trained on the other

seven specimens only, against a nominal 1% target derived from the 99th-percentile threshold definition.

This result is reported plainly, as the chapter’s convention requires, rather than downplayed: both HI1
and HI2 achieve an AUROC below 0.50 (0.469 and 0.422 respectively) against the independent detec-
tor under LOSO-CV, meaning the CAE-based detector performed worse than chance at distinguishing
the reference detector’s positive and negative calls when generalising to an unseen specimen. The
per-specimen false-positive rate is correspondingly uneven: specimen S01 shows a false-positive rate
of 1.0 (every one of its own Phase 3 blocks flagged as anomalous by a CAE trained without it), spec-
imens S06 and S08 show smaller but still-elevated rates, and the remaining five specimens sit at or
near the 1% nominal target.

S01’s LOSO-CV false-positive-rate outlier status is not accompanied by a corresponding anomaly in
its raw FRF evolution: Section 5.2.1 places S01 among the specimens with the least change in FRF
magnitude or shape between Phase 3 and Phase 4 (Figure 5.1), not among the shape outliers (S06,
S07) identified there.

A secondary bottleneck-dimension comparison is reported for completeness against the 64-dimensional
primary configuration above: health-indicator trends for both a 16-dimensional and a 32-dimensional
latent space (Figure 5.15), and LOSO-CV validation for the 32-dimensional configuration only (Fig-
ure 5.16); a 16-dimensional LOSO-CV validation was not run.
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(a) 16-dimensional bottleneck, α = 5.

(b) 32-dimensional bottleneck, α = 15.

Figure 5.15: Layer 0.5 health indicators for the 16-dimensional bottleneck (α = 5) and 32-dimensional bottleneck (α = 15)
configurations, for comparison against Figure 5.13.
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Figure 5.16: LOSO-CV validation for the 32-dimensional bottleneck configuration, for comparison against Figure 5.14.

Both the 16-dimensional and 32-dimensional health-indicator trends (Figure 5.15) show the same broad
pattern as the 64-dimensional configuration: S05 is again the clearest HI1 riser, and the population oth-
erwise stays closer to its respective threshold without a second specimen crossing as clearly. The
32-dimensional LOSO-CV validation (Figure 5.16) reproduces the 64-dimensional result closely: AU-
ROC of 0.456 for both HI1 and HI2 against the independent detector, still below the 0.50 chance level,
and S01 remains the dominant false-positive-rate outlier, with S08 again showing a smaller elevated
rate and the rest of the population near the nominal 1% target.

5.4. Damage Index Trajectories (Layer 2)
Layer 2 constructs six continuous damage indices D(τ) ∈ [0, 1] from the Layer 0 feature record and,
where available, from the Layer 0.5 autoencoder health indicators: statistical distance from the healthy
baseline (DT 2 ), stiffness loss (Dfreq), data-driven feature consensus (DPC1), SHAP-weighted sensitiv-
ity (Dcomp), reconstruction-error deviation (DCAE), and latent-space deviation (DCAE,latent), as defined
in Section 4.3.4. Computing all six in parallel rather than selecting one in advance allows this sec-
tion to report, empirically, which representation of damage state is most monotonic, most consistent
across specimens, and most sensitive to early change – properties relevant to the prognosis problem
of Section 5.5 but not determinable from physics arguments alone.

Figure 5.17 reports all six formulations together, each specimen’s raw D(τ) trajectory overlaid with its
own fitted logistic S-curve (Equation 4.14 of Chapter 3), fitted independently per specimen and per
formulation by nonlinear least squares against the Phase 4 data. Table 5.4 reports the resulting fit
parameters, aggregated across the eight Group C1 specimens. Section 5.4.2 then compares theDfreq

formulation specifically against the independent Synthetic Data Toolkit prediction. The two Group C2
specimens are excluded from this section; their individual D(τ) trajectories are reported in Section 5.7
as part of the independent validation track.
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5.4.1. DI Trajectories and Logistic S-Curve Fits
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Figure 5.17: Damage index trajectories D(τ) for all six formulations, all eight Group C1 specimens (S01–S08, consistent
colour coding with Figures 5.1–5.2). Solid lines: raw per-block D(τ). Dashed lines: fitted logistic S-curve per specimen. Grey

shaded band: Phase 3 baseline reference range. Dotted horizontal line: failure threshold Df = 0.90.

Of the six formulations, Dcomp, DPC1, andDCAE (reconstruction) show the most consistently S-shaped
raw trajectories across the eight specimens, with the fitted logistic curve tracking the raw per-block data
closely for most specimens under these three formulations. DT 2 andDCAE,latent are visibly noisier, with
several specimens’ raw trajectories showing non-monotonic swings that the fitted S-curve smooths
over rather than tracks point-by-point. Dfreq’s raw trajectories are noisier still on a per-block basis
thanDcomp’s orDPC1’s, consistent with the underlying frequency-shift record’s own noise (Section 5.2),
though a rising trend remains visible for most specimens once the S-curve is fitted. The spread in τ at
which specimens cross D = 0.5 is narrowest for Dcomp and widest for DT 2 and DPC1, consistent with
the τ̂mid IQR values reported in the fit-parameter summary below.

Table 5.4 reports the fitted β̂ (steepness) and τ̂mid (inflection point) for all six formulations, aggregated
across the eight Group C1 specimens as median (IQR), together with the number of specimens for
which the fit converged.

Table 5.4: Logistic S-curve fit parameters across the eight Group C1 specimens for all six DI formulations, transcribed from the
pipeline’s own export. Values are median (IQR) over converged fits only. τmid: inflection point, the cycle fraction at 50% of

failure-stage damage. β: steepness parameter, the damage acceleration rate.

Formulation Converged β̂ median (IQR) τ̂mid median (IQR)
Hotelling T 2 (DT 2 ) 5/8 2.001 (1.122–198.870) 0.189 (0.000–0.953)
Frequency shift (Dfreq) 5/8 61.360 (24.649–78.793) 0.119 (0.000–1.000)
PC1 score (DPC1) 5/8 63.097 (0.957–200.000) 0.911 (0.000–0.963)
Composite (Dcomp) 5/8 179.738 (86.218–200.000) 0.943 (0.877–0.967)
CAE reconstruction (DCAE) 5/8 5.104 (1.815–20.777) 0.591 (0.363–0.788)
CAE latent (DCAE,latent) 5/8 2.350 (0.000–4.170) 0.304 (0.000–0.573)

The median τ̂mid is not consistent across the six formulations: it ranges from 0.119 (Dfreq) to 0.943
(Dcomp), spanning most of the unit interval rather than clustering around a common value. Since τmid is
the cycle fraction at which damage is estimated to be accelerating fastest, the six formulations disagree
about when the specimen population passes through its damage transition, some placing it in the
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first eighth of life and others in the final twentieth. The median β̂ varies by close to two orders of
magnitude, from 2.001 (DT 2 ) to 179.738 (Dcomp). More informative than the medians, however, is the
pattern of the interquartile bounds, which indicates that a substantial fraction of the individual fits are
degenerate rather than merely imprecise. Exact round values recur across the table: β̂ IQR upper
bounds of precisely 200.000 for both DPC1 and Dcomp, an IQR lower bound of precisely 0.000 for
DCAE,latent, τ̂mid IQR lower bounds of precisely 0.000 for four of the six formulations, and an upper
bound of precisely 1.000 for Dfreq. Independent nonlinear least-squares fits over different specimens
do not land on identical values to three decimal places by coincidence; recurring exact values are the
signature of an optimiser terminating at a parameter bound rather than at an interior optimum.

The physical readings of those bounds are unhelpful ones. A β̂ at its ceiling describes a step rather
than a graded transition. A τ̂mid at 0.000 places the damage inflection before the fatigue phase begins,
and at 1.000 places it beyond the end of the record; in neither case was an inflection observed within
the specimen’s life. For the affected specimens the fitted parameters therefore describe the logistic
form failing to find a sigmoid in the data, rather than a measured damage acceleration rate. This
qualification carries into Section 5.4.2, where the Dfreq row is compared against the Synthetic Data
Toolkit’s predicted inflection point. Convergence is identical across all six formulations: every one
converges for exactly 5 of the 8 specimens. That the same count recurs for six independently computed
formulations points to a cause in the specimens rather than in the damage representations, and the
three non-converging specimens are S01–S03. These are the three shortest-lived specimens in the
campaign (Table 5.2) and, having been driven at the highest excitation levels, they completed only
one, two, and two Phase 4 blocks respectively before fracture. A two-parameter logistic cannot be
fitted to one or two points, so the failure is one of data sufficiency rather than of the formulations: no
representation of damage could have produced a fit from that record. This is a direct consequence of
the block-based protocol, in which temporal resolution is inversely proportional to excitation level, and
is taken up in Section 6.1.1.

Dcomp has, by a wide margin, the tightest cross-specimen τ̂mid clustering of the six formulations, with
an IQR width of 0.090 against 0.425–1.000 for the other five. It is also the formulation whose β̂ sits
closest to its ceiling, so the tight clustering describes agreement that damage rises abruptly very late
in life rather than agreement about a well-resolved transition.

5.4.2. Comparison with Synthetic Data Toolkit Prediction
As described in Section 4.3.7 of Chapter 3, the Synthetic Data Toolkit produces a predictedD(τ) trajec-
tory from a CDM–Basquin fracture mechanics model, independently of the experimental data. Rather
than overlaying this prediction on the experimental Dfreq(τ) band directly (that comparison is made
narratively in Chapter 6, using the Dfreq row of Table 5.4 against the toolkit’s own predicted inflection
point), Figure 5.18 instead reports the toolkit’s own predicted damage evolution in isolation, for a rep-
resentative excitation case: an excitation amplitude of 1.2 mm at a drive-point location 6 cm from the
fixed end.
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Figure 5.18: Synthetic Data Toolkit’s predicted damage evolution for a representative excitation case (1.2 mm amplitude, 6 cm
drive-point location). Top left: damage index D95 vs. cycles. Top right: natural frequency ratio fn/fn(0) for all six simulated

modes. Bottom left: effective stiffness ratio Eeff/E0. Bottom right: modal damping ratio ζ for all six modes.

This excitation amplitude is smaller than the amplitudes actually used in the Group C1 campaign (Sec-
tion 3.4.3), yet the toolkit still predicts a fatigue life on the order of 35,000 cycles for this case. The
predicted damage index D95 follows an approximately logarithmic shape as a function of cycles: rising
quickly at first, then continuing to increase at a progressively slower rate. The frequency ratio decreases
sharply but uniformly across all six modes over the first cycle block; beyond that initial drop, each mode
continues to decline at its own, no-longer-uniform rate, with Mode 3 diverging furthest from the rest by
the end of the recorded range. Stiffness degradation follows the mirror-image shape of the damage
curve, as expected given the model’s direct stiffness–damage coupling (Section 2.1). Modal damping
is held exactly constant across all six modes for the full simulated life, a consequence of how damping
is implemented in this toolkit run rather than an emergent result of the damage model.

5.5. Remaining Useful Life Estimation (R3)
Research Question R3 asks: can vibration response trends be used to estimate remaining fatigue life?
Layer 3 addresses this through two complementary methods applied to each of the six DI formulations
from Section 5.4: Method 1 (single-specimen parametric trend extrapolation, available online from
the first block) and Method 2 (a population Gaussian Process, evaluated here at three checkpoints
τ = 0.2, 0.4, 0.6, trained on all six DI formulations). The pipeline’s native output combines both methods
into a single four-panel view per formulation, all eight Group C1 specimens overlaid. The three panels
show: the RUL trajectory itself (true RUL, Method 1 curve and 95% CI, Method 2 checkpoint estimates
with error bars), the CI width against the prognostic-horizon criterion, the raw D(τ) for reference, and
a population-level summary of the prognostic horizon τh across all six formulations.

None of the six DI formulations – DT 2 , Dfreq, DPC1, Dcomp, DCAE, or DCAE,latent – reaches a resolved
prognostic horizon at the population level within observed specimen life. Every specimen in every
formulation is marked “horizon not reached” in the population summary panel. Everything else in this
section should be read against that fact, and the six formulations are reported here on equal footing
rather than singling one out as a working case, since none of them constitutes one.
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5.5.1. RUL Trajectories: Representative Specimens
Given the population result above, no formulation is privileged as the primary case; the native Layer 3
four-panel export is shown below for all six formulations in turn, each with all eight Group C1 specimens
overlaid.
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Figure 5.19: RUL trajectory (Layer 3 native export), Dfreq formulation, all eight Group C1 specimens overlaid. Top left: RUL
trajectory (true RUL, dotted; Method 1 fitted curve with 95% CI; Method 2 GP checkpoint estimates at τ = 0.2, 0.4, 0.6 with
error bars), tick marks show each specimen’s τh. Top right: CI width vs. τ against the α = 30% prognostic-horizon threshold.

Bottom left: raw Dfreq(τ) with failure threshold Df = 0.90.

For Dfreq (Figure 5.19), several specimens’ raw D(τ) traces (bottom left) cross the Df = 0.90 failure
threshold, but not at a consistent τ : S05 crosses earliest, followed by S04 and S08 later in life, while
S01, S03, S06, and S07 do not have a raw trace extending far enough into Phase 4 to show a crossing
at all. CI width (top right) grows sharply for S08 in the last quarter of its recorded life, exceeding 20
(in fraction-of-life units) by its final block, while S05’s CI width stays comparatively bounded (below 5)
throughout.
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Figure 5.20: RUL trajectory (Layer 3 native export), DT2 formulation, all eight Group C1 specimens overlaid. Panel layout
identical to Figure 5.19.

DT 2 ’s raw trace (Figure 5.20, bottom left) is visibly noisier thanDfreq’s, with several specimens showing
non-monotonic swings rather than a clean rise toward Df . CI width (top right) reaches its largest
recorded value for S08 (above 25), higher than any single specimen’s peak CI width under Dfreq.
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Figure 5.21: RUL trajectory (Layer 3 native export), DPC1 formulation, all eight Group C1 specimens overlaid. Panel layout
identical to Figure 5.19.

ForDPC1 (Figure 5.21), S05’s raw trace (bottom left) is non-monotonic: it rises towardDf , drops sharply
partway through Phase 4, and partially recovers, rather than showing a single clean approach to the
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failure threshold. The Method 2 GP checkpoint markers visible for other formulations are not visible on
this formulation’s trajectory panel (top left) for several specimens.

For Dcomp (Figure C.1, Appendix C.1), the raw traces (bottom left) separate into two groups: S05
crosses Df = 0.90 early, at τ ≈ 0.35, then falls back below 0.3 and rises again, while the remaining
seven specimens stay near zero until approximately τ = 0.5 and then climb steeply, most reaching
Df only in their final recorded block. This is the behaviour underlying the tight τ̂mid clustering noted
in Section 5.4.1: the formulation is consistent across specimens precisely because it registers almost
nothing until the end of life.

ForDCAE (reconstruction, Figure C.2, Appendix C.1), S04’s raw trace behaves in the opposite manner,
rising above Df by τ ≈ 0.27 and remaining at or near saturation for the whole of the rest of its life. Its
RUL estimate (top left) consequently falls to zero at τ ≈ 0.65 and stays there, predicting failure for the
final third of a life the specimen in fact survived. S06, S07 and S08 cross Df only in their last one or
two blocks, and S05 crosses at τ ≈ 0.73 before falling back to 0.5.

For DCAE,latent (Figure C.3, Appendix C.1), no specimen exhibits a monotonic rise at all. Every trace
oscillates across a substantial part of the [0, 1] range for the full duration of the test, with several spec-
imens crossing Df and returning below it more than once, and S01 ending its life at a lower D than it
began. Of the six formulations this is the one whose raw trajectories least resemble a damage accu-
mulation process.

Two observations apply across all six formulations. The first concerns the confidence-interval panels
(top right), which are the quantity the prognostic horizon criterion is evaluated against. UnderDCAE the
maximum CI width reaches approximately 240 in units of fraction-of-life; under Dcomp it reaches order
1013, and underDCAE,latent order 1022. A confidence interval on remaining life that is 1022 times the total
life is not a wide estimate but a numerically meaningless one, produced by the linearised delta-method
propagation of Section 4.4.4 operating on a near-singular Jacobian. The population result stated at the
head of this section, that no formulation reaches a resolved prognostic horizon, is therefore only partly
a statement about damage detectability: for at least three of the six formulations the α = 30% criterion
could not have been satisfied at any block, because the uncertainty estimate itself diverges.

The second is that only four of the eight specimens, S04, S05, S07 and S08, appear in the confidence-
interval panel of any formulation. These are the four specimens with sufficient Phase 4 blocks to support
the Method 1 fit; the same data-sufficiency limit that prevents S01–S03 from converging in Table 5.4
removes them from the uncertainty analysis entirely.

5.5.2. LOO-CV Prediction Accuracy
Table 5.5 reports Method 2’s leave-one-out cross-validated RMSPE at checkpoints τc = 0.2, 0.4, and
0.6, alongside Method 1’s own prediction error at the same checkpoints, for all six DI formulations.
RMSPE is reported as a fraction of total specimen life (RULtrue(τc) = 1− τc, Chapter 4, Section 4.4.4),
consistent with how it is plotted here, regardless of the units used internally by any single computation
step.

The two columns are not equivalent quantities and should not be read as a like-for-like comparison.
Method 2’s values are genuine leave-one-specimen-out cross-validation results: the Gaussian Pro-
cess is retrained on the other seven specimens and evaluated on the held-out one, so the reported
error measures generalisation to an unseen specimen. Method 1 is a stateless, single-specimen ex-
trapolation that uses no cross-specimen information at all, so its values are in-sample prediction errors
for the specimen being fitted. Method 1 will tend to look favourable at late checkpoints for that reason,
and its apparent advantage at τc = 0.6 for the two CAE formulations should be read in that light rather
than as evidence of better prognostic capability.
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Table 5.5: Leave-one-specimen-out cross-validated RMSPE for both remaining-life estimation methods, at three evaluation
checkpoints τc. Method 1 produces no estimate at τc = 0.2 for any formulation, since too few blocks are available at that point

to support a parametric fit.

Method 1 (extrapolation) Method 2 (GP)
Formulation τc=0.2 τc=0.4 τc=0.6 τc=0.2 τc=0.4 τc=0.6

Hotelling T 2 (DT2 ) — 0.6000 0.1735 0.4912 0.5836 1.0896
Frequency shift (Dfreq) — 0.6000 0.4000 0.4666 0.2899 0.5102
PC1 score (DPC1) — 0.6000 0.4000 0.4092 0.7451 0.7328
Composite (Dcomp) — 0.6000 0.4000 0.3801 0.4347 0.3572
CAE reconstruction (DCAE) — 0.4012 0.0465 0.3881 0.3648 0.6213
CAE latent (DCAE,latent) — 0.4319 0.1146 0.3669 0.3618 0.6704

Method 1 has no reported value at τc = 0.2 for any of the six formulations. Method 2’s RMSPE does
not decrease monotonically from τc = 0.2 to τc = 0.6 for every formulation: DT 2 and DCAE,latent both
show their highest RMSPE at τc = 0.6, the last checkpoint rather than the first. Dcomp has the lowest
Method 2 RMSPE at τc = 0.2 (0.3801) of the six formulations. Where both methods have a reported
value (at τc = 0.4 and τc = 0.6), Method 2 outperforms Method 1 for some formulation/checkpoint
combinations and not others – for example, Method 2 is lower than Method 1 for DT 2 at τc = 0.4
(0.5836 vs. 0.6000) but higher at τc = 0.6 (1.0896 vs. 0.1735) – rather than one method consistently
outperforming the other across the board.

Both DI formulations derived from Layer 0.5 (DCAE,DCAE,latent) have independently-computedMethod 2
LOO-CV values in Table 5.5: an earlier implementation defect that silently restricted the GP population
model to four of the six formulations has since been corrected, and the GP now trains on all six (Vol. 1
documentation, §3.5). All eight Group C1 specimens completed the Layer 0.5 autoencoder stage for
this campaign, so the all-zero-DI fallback that would otherwise affect a specimen skipping Layer 0.5
(Vol. 1 documentation, §3.5) does not apply to any of the values reported here.

5.6. S-N Characterisation and Resonance Testing Context (R4)
ResearchQuestion R4 asks: how does resonance-based vibration fatigue testing compare to traditional
fatigue tests? The S-N curve module (Section 4.5) addresses this quantitatively by fitting a Basquin
stress-life model to the force records already collected for the eight Group C1 specimens and overlaying
each specimen’s Layer 3 prognostic horizon as a lead-time marker on the resulting S-N plot. This
section reports the per-specimen force and life data first, then the Basquin fit itself, then the lead-time
overlay.

The eight Group C1 specimens were tested at three distinct target force levels by design (Section 3.4.3),
with two to three specimens per level. The stress amplitude used in the fit is Sa = kFa, with k obtained
from a static FEMAP finite-element analysis (Section 4.5 of Chapter 4) rather than assumed. In practice
only three distinct k values were produced across the eight specimens (Table 5.6): C1-01 and C1-02
each carry their own, and the remaining six share a single value of 42.608 MPa/N. The calibration is
therefore per-specimen in execution but, for three quarters of the population, a single shared factor
in effect. The five Group B specimens, tested under a different protocol during the load-configuration
tuning phase, are retained as contextual information for Chapter 6 rather than included in the fit.

5.6.1. FEMAP Stress Calibration
Figure 5.22 shows the static FEMAP stress field for specimen C1-03, from which that specimen’s k
is extracted. The remaining Group C1 specimens’ FEMAP stress fields are qualitatively similar in
distribution and are not reproduced individually. A separate analysis was run for every specimen, but
only three distinct k values result across the eight (Table 5.6): six specimens return an identical value
of 42.608 MPa/N, the geometric differences between them being too small for the linear-elastic model
to resolve.
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Figure 5.22: FEMAP static finite-element analysis for specimen C1-03, elemental Von Mises stress contour with exaggerated
predicted displacement deformation overlaid. The notch root, where the peak stress used to derive kspecimen = σFEM/FFEM

is extracted, is visible at the transition between the clamped section (left) and the reduced-section gauge length.

5.6.2. Per-Specimen Fatigue Life and Force Characterisation
Table 5.6 reports the per-specimen force amplitude Fa, stress ratio R, calibration factor k, resulting
stress amplitude Sa = kFa, and cycles to fracture Nf for all eight Group C1 specimens. Fa, R, and
Nf are read directly from the Layer 3 specimen registry; Nf matches the precise pipeline-computed
values in Table 5.2.

Table 5.6: Per-specimen force characterisation and fatigue life for the eight Group C1 specimens. Fa: force amplitude
extracted from the first Phase 4 block. R: stress ratio. k: per-specimen FEM calibration factor (MPa/N, Section 5.6.1).

Sa = kFa. Nf : total Phase-4 cycles to fracture (Table 5.2).

Specimen Fa (N) R k (MPa/N) Sa (MPa) Nf (cycles)
C1-01 4.53 −1.00 51.232 232.08 6,930
C1-02 2.87 −0.99 46.711 134.06 15,000
C1-03 2.63 −1.00 42.608 112.06 11,880
C1-04 1.97 −0.99 42.608 83.94 59,250
C1-05 4.30 −1.00 42.608 183.21 112,500
C1-06 4.55 −1.00 42.608 193.87 24,000
C1-07 4.55 −0.99 42.608 193.87 35,250
C1-08 2.57 −1.00 42.608 109.50 55,860

Fa ranges from 1.97 N (C1-04) to 4.55 N (C1-06, C1-07); the resulting Sa ranges from 83.94 MPa
(C1-04) to 232.08 MPa (C1-01). Nf ranges from 6,930 cycles (C1-01) to 112,500 cycles (C1-05),
a coefficient of variation of approximately 82% across the eight specimens. R is consistent across
specimens at R ≈ −1 (range −1.00 to −0.99), i.e. fully reversed loading for every specimen.

5.6.3. Basquin S-N Fit
Figure 5.23 shows the Basquin S-N fit to the eight Group C1 data points on logarithmic axes, together
with the prognostic lead-time overlay reported in full in Section 5.6.4.
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Figure 5.23: Basquin S-N characterisation of the eight Group C1 specimens (log-log axes), with the Layer 3 prognostic
lead-time overlay. Filled circles: per-specimen failure data (Sa, Nf ). Solid line: OLS Basquin fit N = C · S−b

a . Shaded region:
95% prediction band (individual observations). Triangles: prognostic lead-time markers for the DI formulations that reached τh
for at least one specimen; horizontal arrows point from the lead-time marker to the specimen’s actual failure point, with the lead

time in absolute cycles labelled. Sa values use the per-specimen k calibration (Table 5.6).

The fitted parameters are b = 0.424, log10(C) = 5.362, with R2 = 0.0227 across n = 8 specimens.
The fit’s own gap rule (Section 4.5 of Chapter 4) detects nlevels = 5 distinct stress levels among the
eight Sa values, rather than the three levels the campaign was designed around at the force-amplitude
stage. The cause is not the calibration: because six of the eight specimens share a single k, their Sa

values are directly proportional to their Fa values and preserve the force ordering exactly. Only C1-01
changes rank, moving from third to first on stress by virtue of its distinct k = 51.232 MPa/N. What the
gap rule is detecting is instead the spread within each intended force level: the achieved Fa values
within the nominal high-force group range from 4.30 to 4.55 N and within the mid group from 2.57 to
2.87 N, and once converted to stress these separate under the gap rule into more groups than were
intended. In other words, the drive levels realised in the campaign were less repeatable than the three-
level design assumed. With 5 levels detected the minimum-stress-levels warning is not triggered, the
default threshold being 3, but this should not be read as a sign of fit quality: R2 = 0.0227 indicates that
the fitted line explains essentially none of the variance in log10(Nf ) across the population.

The sign of b is positive (0.424), which is the expected direction for the N = C · S−b
a form used here,

since a positive b means Nf decreases as Sa increases. Its magnitude, however, is not physically
meaningful. The literature range for metallic alloys quoted in Section 2.1.1 corresponds, in the con-
vention of Equation 4.24, to a b of roughly 7 to 20; the fitted value is between one and two orders of
magnitude below that. The practical consequence is visible in the prediction itself: over the 2.76-fold
stress range actually tested, from 83.94 to 232.08 MPa, an exponent of 0.424 predicts fatigue life to fall
by only about a third, where the literature range would predict a fall of three to four orders of magnitude.
The fitted line is therefore very nearly flat, and is better understood as the least-squares response to
an uncorrelated cloud than as a calibrated material property. The 95% prediction band in Figure 5.23
spans almost the full plotted range of Nf at most stress levels, consistent with the near-zero R2.

The scatter driving this is visible directly in Table 5.6. C1-05, at 183.21 MPa the second-highest stress
in the population, survived 112,500 cycles, the longest life recorded; C1-03, at 112.06 MPa, survived
11,880. C1-05 is also the only specimen in the campaign whose test was not completed in a single
session: it was run across two days, and was therefore unclamped and remounted partway through its
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fatigue life. Given the sensitivity to clamping arrangement documented in Section 5.2.1, this specimen’s
record should not be treated as equivalent to the other seven. Two specimens differing by a factor of
1.6 in stress differ by a factor of 9.5 in life, in the opposite direction to the one a stress-life relationship
predicts. C1-06 and C1-07, tested at an identical stress of 193.87 MPa, differ from one another by
47% in life. Specimen-to-specimen variability at a fixed stress is therefore comparable to the variability
across the whole stress range, which is the condition under which no S-N fit can succeed regardless
of the model chosen.

5.6.4. Prognostic Lead-Time Overlay
The same Figure 5.23 carries the prognostic lead-time overlay, constructed as described in Section 4.5
of Chapter 4: each specimen’s individual prognostic horizon τh (Section 5.5) appears as a marker at
that specimen’s stress level, with an arrow running to its actual failure point, so that the arrow length
reads directly as lead time in cycles.

This overlay is the primary quantitative contribution to Research Question R4. Rather than leaving
the comparison between resonance-based monitoring and conventional fatigue testing as a qualitative
discussion point, it expresses the advance warning the pipeline provides on the same S-N axis used
throughout the conventional fatigue testing literature reviewed in Section 2.3 and Section 2.10.3. Two
readings are available from it in principle: comparingmarkers across formulations for one specimen indi-
cates which damage mechanism dominates at that loading condition, while comparing markers across
specimens at the same nominal stress level indicates whether the prognostic horizon is a property of
the loading condition or of individual specimen variability. As reported below, the present campaign
supports neither reading, because too few specimen and formulation combinations reached τh at all.

As visible in Figure 5.23, only two specimen/formulation combinations reach τh in this view, and both
are for the same specimen: Dcomp and DPC1 each reach τh for C1-05 only, with an identical lead
time of 75,000 cycles – 66.7% of C1-05’s own Nf = 112,500 (Table 5.6), a substantial fraction of that
specimen’s total life. No marker is shown for Dfreq at any specimen in this view, and neither Dcomp nor
DPC1 reaches τh for any specimen other than C1-05. This is consistent with, not contradictory to, the
population-level result of Section 5.5: none of the six formulations reached a population-level τh, so
a single specimen reaching its own τh under two formulations here, however large the resulting lead
time, is not itself sufficient for a population-level result – a single specimen is not a population.

Dcomp and DPC1 reaching an identical lead time for the same specimen is notable on its own: both
formulations are, by construction, heavily weighted toward HDI (Section 6.2.2 of Chapter 6), so an
identical result for the one specimen where both reach τh at all is consistent with the two formulations
behaving similarly whenever HDI’s own signal dominates their respective trajectories, rather than an
independent confirmation from two unrelated formulations. C1-05 is also the specimen whose fatigue
life is least consistent with the rest of the population, being the anomalously long life at high stress
that drives the near-zero R2 of Section 5.6.3, and the only specimen tested across two separate days.
The single specimen for which prognosis appears to succeed is therefore also the single specimen
whose loading history is least comparable to the others. C1-05’s large 75,000-cycle lead time should
be read alongside Section 5.5’s finding that this same specimen’s raw DPC1(τ) trace is non-monotonic
(Figure 5.21) and its Method 2 GP checkpoint markers are not visible on the trajectory panel for this
formulation – both facts are reported side by side here without resolving the apparent tension between
”long lead time” and a trajectory of uncertain reliability, which belongs in Chapter 6.

5.7. Independent Validation via Optical Fractography
The two Group C2 specimens were tested under the four-stage interrupted protocol described in Sec-
tion 3.5.5: pre-test optical characterisation (Stage 1), Phase 4 loading with live monitoring until the first
damage alarm (Stage 2), interruption and microscope re-inspection at the alarm point (Stage 3), and
resumption to final fracture followed by fracture-surface comparison against the Group C1 specimens
(Stage 4). This protocol places two questions to the optical evidence:

Q1. At the point flagged by the live monitor as anomalous, was a visible surface change – consistent
with crack initiation or early propagation – present at the notch root?
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Q2. Is the fracture surface of the interrupted, re-loaded specimen qualitatively consistent with the
fracture surfaces of the eight Group C1 specimens that were run to fracture without interruption?

Q1 directly tests whether the live-monitoring detection timing corresponds to a real physical event at
the specimen surface, independent of the vibration-based inference. Q2 tests whether the interruption
itself altered the failure mode, which is a necessary precondition for treating the Stage 3 image as
representative of what a Group C1 specimen would have looked like at the same life fraction rather
than as an artefact of the stop-restart loading. Both questions are answered qualitatively from the
image record; no quantitative crack-length measurement or striation count is reported.

Live monitoring itself, unlike the block-wise Layer 0–3 analysis applied throughout the rest of this chap-
ter, was exercised only in the context of these two validation runs; it was not deployed as a running
system across the wider Group C1 population. It combines three of the indicators already reported
elsewhere in this chapter – the Hotelling T 2 statistic, HDI, and the scanning amplitude RMS – into a
live per-block dashboard, each tracked against its Phase 3-derived threshold. The two CAE-derived
indicators (HI1, HI2) are computed and displayed on the same dashboard but were excluded from the
alarm-triggering logic for both specimens, consistent with Section 5.3’s finding that the CAE-based
detector achieved an AUROC below chance (0.469 and 0.422) under leave-one-specimen-out valida-
tion; the two indicators are shown in Table 5.8 for completeness only.

5.7.1. Live-Monitoring Alarm Summary
Table 5.7 reports the interruption point and total fatigue life for both specimens (consistent with Ta-
ble 5.2); Table 5.8 reports the live-monitoring dashboard’s final-block indicator values against their
respective thresholds for each specimen, read directly from the dashboard export (Figures 5.24–5.25,
Section 5.7.2).

Figure 5.24: Specimen C2-01 (dashboard label S09, Table 5.7) – live-monitoring record across Phase 4 blocks up to
interruption. Top to bottom: T 2 statistic; HDI (dashed line: 3σ threshold); CAE HI1 and CAE HI2 (dashed line: Phase 3

99th-percentile threshold, displayed but excluded from the alarm trigger); Amplitude RMS. Right: final-block indicator summary
(reproduced in Table 5.8).
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Figure 5.25: Specimen C2-02 (dashboard label S10, Table 5.7) – live-monitoring record across Phase 4 blocks up to
interruption. Panel layout identical to Figure 5.24.

Table 5.7: Group C2 specimen protocol summary. Ninterrupt: absolute cycle count at interruption (Phase 4 only). Nf,total:
final fracture cycle count after resumption (Phase 4 only), from Table 5.2.

Specimen Dashboard label Ninterrupt (cycles) Nf,total (cycles)
C2-01 S09 7,500 ≈ 7,800

C2-02 S10 7,500 8,200

Both specimens’ interruption points and final fracture cycle counts were considerably shorter than the
protocol’s original target (Ninterrupt ≈ 165,000, Nf,total ≈ 245,000), a consequence of time and equip-
ment constraints during the campaign rather than a change to the protocol’s intent.

The live-monitoring dashboard’s block index (1–6) uses the same block definition as the rest of this
thesis: blocks 1–5 are the standard five Phase 3 baseline blocks, and block 6 is the first (and, for both
interrupted specimens, only) Phase 4 block, which is why it is the sole block entering the fatigue-life
count in Table 5.7.

Table 5.8: Live-monitoring dashboard, final block before interruption: indicator values against their Phase 3-derived thresholds,
for both Group C2 specimens. Bold: indicator exceeded its threshold at this block. CAE HI1/HI2 are displayed by the

dashboard but excluded from the alarm-triggering logic (see text).

C2-01 (S09) C2-02 (S10)
Indicator Value Threshold Value Threshold
T 2 44,174.41 – 96,240.97 –
HDI 0.0046 0.0082 0.0193 0.0082
Amplitude RMS
(m/s)

0.1291 0.0518 0.1452 0.0518

CAE HI1 (ex-
cluded)

5.41 1.3567 4.55 1.3567

CAE HI2 (ex-
cluded)

7.44 3.0350 5.06 3.0350

The two specimens’ alarms were triggered by different combinations of indicators: C2-01’s interruption
was driven by Amplitude RMS alone, with HDI remaining below its threshold at the final monitored block;
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C2-02’s interruption was driven by both HDI and Amplitude RMS crossing their thresholds together.
Neither dashboard plots an explicit T 2 threshold line, so T 2’s role in the triggering decision is not stated
here as fact.

5.7.2. Stage-by-Stage Optical Evidence
Stage 1 - Pre-test characterisation
No specific Sa/Sz/Str values are reported from Figure C.4 (Appendix C.2): pre-test surface roughness
at the notch root remained effectively constant across the campaign and was dominated by machin-
ing imperfections rather than by anything specimen-specific, so it does not distinguish specimens or
carry information relevant to the analysis. The only stage at which fracture-surface roughness differed
meaningfully between specimens was Stage 4 (most visibly between the Group C1 reference spec-
imens shown in Figure 5.30), and that difference was visible to the naked eye rather than requiring
profilometer quantification.

Stage 2 - Phase 4 loading and live-monitoring alarm
Both specimens were loaded under the standard Phase 4 protocol with live monitoring active. Fig-
ures 5.24 and 5.25 show the full live-monitoring record for C2-01 and C2-02 respectively: T 2, HDI,
CAE HI1, CAE HI2, and Amplitude RMS, each plotted per monitored block.

The two specimens show the same broad pattern: across blocks 1–5 (Phase 3), all five monitored
indicators are relatively flat for both specimens; at block 6 (the first, and only, Phase 4 block for both),
the picture changes sharply. T 2 collapses from its Phase 3 level and HDI increases sharply for both
specimens; CAEHI1 and HI2 both decrease at block 6 relative to their Phase 3 level for both specimens,
the opposite direction to HDI’s rise, consistent with Section 5.3’s finding that the CAE-based detector is
not a reliable indicator in this campaign and reported here as a fact about the dashboard record without
being read as evidence for or against damage. The one point of genuine difference between the two
specimens is the alarm trigger itself, reported in Section 5.7.1.

Stage 3 - Interruption and microscope re-inspection

Figure 5.26: Specimen C2-01 – profilometer export of the notch-root region at Stage 1, pre-test (top row), and Stage 3, at
interruption (bottom row). Both rows were acquired at the same magnification over an identical 18.09× 24.128 mm field of view,
and show, left to right: the optical image, the height map, the 3D reconstruction, and that row’s height colour scale. The scales

are auto-scaled independently per row, so colours are not comparable between them.
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Figure 5.27: Specimen C2-01 – close-up optical image of the notch-root region at the point of interruption, showing the surface
condition referenced in answering Q1.

Figure 5.28: Specimen C2-02 – close-up optical image of the notch-root region at the point of interruption.

At the point of interruption, a visible surface change is present at the notch root of both specimens,
already at a visually advanced, clearly identifiable stage rather than a subtle or just-initiating feature
– answering Q1 in the affirmative for both specimens, and consistently between them. For C2-01
specifically (Figures 5.26–5.27): at the vertex of the notch, a crack is clearly visible, starting at the
surface and extending approximately a quarter of the way down through the section; viewed from the
front, two cracks are present, one propagating from each side of the notch toward the specimen’s
centreline.

Comparing the two rows of Figure 5.26 makes the extent of that propagation apparent. At Stage 1 the
twomachined notches terminate well short of one another, leaving a wide unbroken ligament across the
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centre of the field; at Stage 3 the dark notch region on each side reaches substantially further toward
the specimen centreline, narrowing that ligament. The additional dark area is not machined geometry
but the opened crack faces. Because the two rows carry independently auto-scaled height ranges,
1.268 to −3.096 mm at Stage 1 against 0.268 to −1.002 mm at Stage 3, only the in-plane extent of the
notch region should be compared between them.

For C2-02 (Figure 5.28), the notch root is imaged edge-on, through the section thickness. The upper
portion of the exposed face is comparatively dark and carries fine, regular vertical striations running
through the thickness, consistent with the drag marks left by the cutting stamping operation that formed
the notch (Section 3.2.2) and therefore representing original machined surface. Below it, occupying
roughly the lower third of the face, is a bright, coarsely textured band whose upper boundary is irregular
and sharply demarcated against the darker machined region above. That boundary follows a shallow
chevron profile, descending from both edges of the field toward a vertex near the centre of the section,
and a brighter, approximately vertical feature rises from that vertex into the darker region above it.

The contrast in texture and reflectivity across that boundary is the crack referred to in answering Q1 for
this specimen: the bright band is freshly exposed crack surface, not machined surface, and its chevron
geometry converges on the section centreline in the same sense as the two cracks described for C2-01.

The two specimens’ cracks are therefore alike in location, both at the notch root and both converging on
the centreline, but differ in presentation: C2-01 shows two discrete cracks on an otherwise unchanged
surface, whereas C2-02 shows a continuous roughened band of crack surface occupying a substantial
fraction of the section. Since both close-ups were acquired in the same orientation, this difference is
not an artefact of viewing geometry and reflects a genuine difference in the crack state reached at the
interruption point.

What the Stage 3 evidence establishes, and what it does not.

Q1 is answered in the affirmative for both specimens: a surface change was present at the notch root
at the block the live monitor flagged. Three qualifications belong alongside that answer, however, and
together they bear on how much the affirmative is worth.

The first is the state of the damage at detection. The feature found at interruption was not a subtle
or just-initiating one: for C2-01 the crack had already propagated approximately a quarter of the way
through the section from each notch root. Detection therefore coincided with a crack of substantial
extent rather than anticipating one, and the correspondence established here is between the alarm
and the presence of damage, not between the alarm and its onset. Confirming the latter would require
interrupting several specimens at successively earlier blocks, which the two-specimen validation track
cannot do.

The second is the lead time that followed. C2-01 fractured approximately 300 cycles after resumption
and C2-02 after a further 700, which on the total fatigue lives of Table 5.7 corresponds to roughly 4%
and 9% of life remaining at the alarm. Whatever warning the live monitor provided, it provided it very
close to failure.

The third concerns which indicator did the work. C2-01’s alarm was triggered by Amplitude RMS alone,
and C2-02’s by Amplitude RMS together with HDI. Amplitude RMS is a monitoring channel rather than
a modal damage indicator, and it places 14th of 33 in the sensitivity ranking of Table 5.3; the spatial
features that dominate that ranking play no part in the live alarm, since the live monitor operates on
the harmonic-loading stage and has no scan-grid data available to it. The detection reported here is
therefore not a demonstration that the highest-ranked indicators of Section 5.3 detect damage, but that
a single-point amplitude measure crossed a threshold at a block where damage was in fact present.

Two further features of the dashboard record run against the interpretation that block 6 was detected as
a damage event on modal grounds. The T 2 statistic falls sharply at block 6 for both specimens rather
than rising, which is the opposite of the expected direction for a statistical distance from a healthy
baseline; and both CAE health indicators also decrease at block 6, in the opposite direction to HDI’s
rise. Neither behaviour is consistent with an anomaly detector responding to a departure from the
baseline state, and both are consistent instead with block 6 differing from the Phase 3 blocks in some
respect other than damage, in the manner already noted for the Group C1 population in Section 5.2.1.
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Stage 4 - Final fracture and fracture-surface comparison
Following re-inspection, loading resumed for both specimens; C2-01 fractured atNf,total ≈ 7,800 cycles
and C2-02 at Nf,total = 8,200 cycles (Table 5.7). Figure 5.29 shows C2-01’s notch-root region in 3D
height-mapped scan form across the three available stages; Figures C.5–C.6 (Appendix C.2) show
both specimens’ final fracture surfaces against the Group C1 reference specimens.

Figure 5.29: Specimen C2-01 – optical scans of the notch-root region at three stages: (left) Stage 1, pre-test; (centre) Stage 3,
at the point of interruption; (right) Stage 4, the fracture surface after loading was resumed to failure. The right-hand panel views
the fully separated fracture face edge-on, with the stable-growth region and the demarcated final-fracture zone both visible; the
material surrounding it is intact beam, not an unbroken ligament. Panels are rendered with photographic surface texture rather

than height colour-mapping, and are not to a common scale.

A clear bending deformation of the section is visible in the centre (Stage 3) panel of Figure 5.29, absent
from the flat, intact Stage 1 geometry of the left panel, and distinct in character from the fully separated
fracture texture of the right-hand (Stage 4) panel. The quantitative surface evidence for the crack itself
is carried by Figure 5.26 and the close-up of Figure 5.27 rather than by this figure, which is included
to show the three stages side by side. C2-02 was characterised to the same three-stage protocol, but
is not reproduced as an equivalent figure here, since its progression closely mirrors C2-01’s and the
single detailed example is taken as representative of both specimens.

Figure 5.30: Fracture-surface comparison: Group C1 reference specimens (labelled “Sample 1” and “Sample 5” in the source
export) shown alongside the corresponding 3D height-mapped scans, used as the Group C1 reference for the Stage 4

comparison against specimens C2-01 (Figure C.5 (Appendix C.2)) and C2-02 (Figure C.6 (Appendix C.2)).

Both specimens’ Stage 4 fracture surfaces are qualitatively consistent with the Group C1 reference
surfaces (Figure 5.30): no distinct initiation site, propagation character, or final-fracture appearance is
visible that would set either C2-01 or C2-02 apart from the uninterrupted Group C1 specimens, and
the two C2 specimens are, in turn, qualitatively consistent with each other. Two further, classical
fractographic features are present on both surfaces, consistent with the campaign’s fracture surfaces
generally: a clearly demarcated final-fracture zone, distinct in character from the surrounding stable-
growth region, and beach marks (macroscopic arrest-line banding). No numeric Sa roughness value
was recorded for either surface: since damage was directly, visually observable at Stage 4 for both
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specimens, and the fractography track is a qualitative validation by design (Section 5.7), quantifying
roughness was not judged necessary.

5.7.3. Cross-Specimen Summary
Table 5.9 consolidates the key observable facts from both Group C2 specimens across the protocol.

Table 5.9: Cross-specimen summary of the Group C2 optical fractography validation. All entries are qualitative observations
from the microscope image record and the live-monitoring dashboard.

Specimen Alarm trigger Stage 3: surface
change at alarm?

Stage 4: consistent
with C1?

C2-01 Amplitude RMS only Yes – visible, advanced Yes
C2-02 HDI + Amplitude RMS Yes – visible, advanced Yes

Both Group C2 specimens gave the same answer to Q1 and Q2: a visible, already-advanced surface
change was present at the notch root at the point of interruption for both specimens (Section 5.7.2),
and both specimens’ final fracture surfaces were qualitatively consistent with the Group C1 reference
specimens, with no distinct initiation site, propagation character, or final-fracture appearance setting
either apart. The one point on which the two specimens differ is not Q1 or Q2, but the alarm trigger
itself: C2-01’s interruption was driven by Amplitude RMS alone, while C2-02’s was driven by HDI and
Amplitude RMS crossing their thresholds together, despite both specimens being flagged as anomalous
overall. This is reported here as a factual observation carried forward for Chapter 6; whether this
inconsistency undermines or is compatible with the live-monitoring detection claims is not assessed
here.

5.8. Diagnostic Specimen Groups D1 and D2
Sections 5.2–5.7 report the main campaign. This section reports the two diagnostic groups introduced
in Section 3.2.3, which were fabricated and tested after that campaign had concluded, for the specific
purpose of examining whether the boundary condition and load transfer arrangement were responsi-
ble for the measurement behaviour documented in Section 5.2.1. Their scope is deliberately narrow.
Group D1 was analysed with the LDV Analysis Suite only and Group D2 with Layer 0 only; neither con-
tributes to the indicator ranking of Section 5.3, the damage indices of Section 5.4, the remaining-life
estimation of Section 5.5, or the S-N characterisation of Section 5.6, and no D-group result is pooled
with Group C1 anywhere in this thesis.

The comparison these groups permit is also narrower than it first appears, and the limits should be
stated before the results. The D specimens differ from the Group C1 specimens in beam length and
drive frequency as well as in clamping and load path (Section 3.2.3), and, as reported below, in manu-
facturing consistency. Any difference in measured behaviour between the groups therefore has several
candidate causes, and the evidence here is corroborative rather than isolating.

5.8.1. Group D1: Boundary Condition and Load Transfer
Group D1’s three specimens were used iteratively rather than against a fixed test matrix, in the manner
of the Group B load configuration study (Section 3.4.3). Two families of arrangement were trialled in
sequence: first the clamping condition, varying the clamped position and the means of seating the
specimen against the fixture, and subsequently the loading arm, varying the mechanism by which
shaker force is introduced into the beam. The arrangements are shown in Figure 3.11 of Chapter 3.

The clamping trials converged on a single requirement: every specimen was seated firmly against the
lower face of the clamp, with the clamped length set repeatably by measuring against both a ruler and
a printed reference gauge rather than by eye. The outcome of the D1 study is therefore a configuration
rather than a dataset, and it is that configuration which Group D2 was then run under. No indicator
trajectories, damage indices or fatigue lives are reported for Group D1, and none were computed.
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5.8.2. Group D2: FRF Consistency Under the Revised Configuration
Figures 5.31 and 5.32 show the H1 FRF, complex-averaged across the nine scan points, for the four
Group D2 specimens entering the reported set, with every run for a given specimen overlaid on shared
axes. Magnitude, phase and ordinary coherence are shown together, so that the quality of each esti-
mate can be judged alongside the estimate itself. Runs are numbered for characterisation acquisitions
and lettered for fatigue-loading acquisitions.

Figure 5.31: H1 FRF progression for Group D2 specimens D2-02 and D2-03, complex-averaged over nine scan points, all
runs overlaid. Top: magnitude. Centre: phase. Bottom: ordinary coherence γ2, with the shaded band showing the spread

across scan points.

The first result is one of agreement across specimens. All four share the same FRF shape: a first
bending mode near 105 Hz, a secondary peak near 125 Hz, a further resonance near 170 Hz, and an
anti-resonance and mode pair between 350 and 400 Hz. The features appear at the same frequencies,
in the same order, with the same relative magnitudes, in every specimen. Phase follows the same
course in all four, passing through quadrature at each resonance and returning to −90◦ between them.

This is the clearest difference from the main campaign. Section 5.2.1 reports Group C1 specimens
whose curves differ from one another not by an offset but in shape: peaks present in some records
and absent in others, relative peak heights reordered between specimens, and Phase 4 families that
diverge from their own Phase 3 baselines across multiple resonances at once. Under those conditions
a cross-specimen comparison has no common reference to work against, which is why the population-
level analyses of Sections 5.3 to 5.6 are so heavily qualified. The Group D2 records do not show that
behaviour. They provide the common baseline that Group C1 does not.
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Figure 5.32: H1 FRF progression for Group D2 specimens D2-04 and D2-05. Panel layout identical to Figure 5.31.

The second result concerns progression within a specimen. Where a specimen’s runs depart from one
another, they do so in an interpretable direction. D2-03 is the clearest case: its three characterisation
runs overlay almost exactly, and its fatigue run sits approximately 15 Hz below them at the first mode
with the mode shape and the rest of the spectrum preserved. A downward frequency shift at constant
shape is the signature stiffness loss produces, and it is legible here precisely because the runs it departs
from agree closely enough for the departure to stand out. D2-05, which accumulated the most fatigue
loading of the four, shows the same ordering across its seven runs: the numbered characterisation runs
group together and the lettered fatigue runs separate progressively from them, rather than crossing one
another.

Agreement is not uniform across the four, and the exceptions are informative. D2-04’s coherence falls
below 0.2 in a narrow band at the first mode, indicating that the FRF estimate is locally unreliable at
precisely the frequency of interest, and D2-05’s coherence degrades to between 0.4 and 0.6 across
the 300–400 Hz region with wide scatter across scan points. Both specimens were produced when
the usual machining equipment was unavailable and are of known poorer manufacturing quality. The
fixture was identical for all four, so this variation is attributable to the specimens rather than to the setup.
Even in these two, however, the overall FRF shape and the ordering of characterisation against fatigue
runs are preserved; what degrades is the local quality of the estimate, not the identity of the response.

The interpretation of these observations, including what they can and cannot establish about the bound-
ary condition and load transfer diagnosis of Section 6.1.1, is taken up in Section 6.1.7 of Chapter 6.



6
Discussion

This chapter interprets the results reported in Chapter 5 in light of the literature reviewed in Chap-
ter 2 and the methodological choices documented in Chapters 3–4. The organisation follows the four
research questions – Section 6.1 (R1, modal parameter evolution), Section 6.2 (R2, indicator sensitiv-
ity ranking), Sections 6.3–6.4 (R3, damage index behaviour and remaining-useful-life estimation), and
Section 6.5 (R4, resonance testing as amonitoring platform) – followed by Section 6.6, which addresses
the independent live-monitoring and fractography validation evidence, and Section 6.7, which assesses
the study’s broader contribution. Limitations of the study and directions for future work are consolidated
in Chapter 7, where they sit alongside the per-question conclusions; result-specific caveats are raised
here only where needed to qualify a specific interpretive claim.

The pipeline parameter settings under which every Chapter 5 result was produced are not repeated
here as a standalone reference. Values needed to read a specific figure or table – the failure threshold
Df = 0.90, the prognostic horizon criterion ∆CI < 0.30, the 64-dimensional CAE bottleneck, the 0.90
feature-redundancy threshold, the five-block Phase 3 baseline – are already stated at their point of use
in Chapter 5. Implementation-level constants that do not affect how a result is read – the T 2 confidence
level, the CUSUM allowance and alarm threshold, the GP kernel choice, the CAE loss-weighting con-
stant – are documented in Chapter 4 and are not restated here. Where a setting’s specific value is itself
the subject of an interpretive argument – for instance, the per-specimen force-to-stress calibration and
its effect on the S-N fit (Section 6.5), or the CAE bottleneck size and its effect on validation performance
(Section 6.2) – it is discussed there, in context, rather than abstracted into a separate section here.

6.1. Modal Parameter Evolution Under Resonance Fatigue (R1)
Research Question R1 asked how the vibration response evolves as fatigue damage accumulates un-
der resonant vibration loading. The time-series records in Section 5.2 provide the empirical answer;
this section interprets those records in light of the CDM framework (Section 2.1) and the prior exper-
imental literature on aluminium specimens under harmonic loading. Because data quality constrains
what can be concluded from nearly every indicator discussed below, that constraint is addressed first,
rather than left as a caveat attached retroactively to each finding.

6.1.1. Data Quality, Modal Identification Challenges, and Sources of Uncertainty
The modal parameter records reported in Section 5.2 are markedly noisier than the CDM framework’s
idealised, smooth D(τ) trajectory would suggest, and this is visible before any interpretation of indi-
vidual indicators is attempted. Three features of the record point the same way. The FRF evolution
plots (Figure 5.1) show, for S04, S06 and S07, two internally tight families of curves either side of the
Phase 3/Phase 4 boundary rather than a progression across it. The tracked natural frequency behaves
the same way, holding near-constant for several blocks before stepping to a new level (Section 5.2.2).
And in both Group C2 specimens the Hotelling T 2 statistic falls sharply at the first Phase 4 block rather
than rising, which is the wrong direction for a statistical distance from a healthy baseline (Section 5.7.2).
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The common element is a change concentrated at the protocol boundary. Progressive fatigue damage
cannot produce that shape: it accumulates block by block, and would not hold a specimen in one stable
state for five blocks, change, then hold it in a second stable state for the remainder of its life. Nor can the
measurement be responsible, since the broadband scan is acquired at a common reduced excitation
level in both phases (Section 3.5.1), so the scans either side of the boundary are taken under identical
conditions. What changes at that boundary is the harmonic loading between the scans, which rises
from the sub-endurance Phase 3 level to the per-specimen Phase 4 level. The behaviour is therefore
consistent with the first application of full-amplitude loading altering something in the setup, after which
the altered state persists.

Two candidate mechanisms are identified, both traceable to the experimental setup rather than to the
specimens, and for both there is direct physical evidence. The first is inadequate fixity at the clamped
end.

Figure 6.1: Clamping arrangement used for the Group C1 campaign, at the fixed end of the specimen. The jaw faces of the
machine vice carry a stepped and grooved profile intended for gripping round or irregular stock, and scoring and edge damage

from prior use are visible on the jaw surfaces.

What Figure 6.1 shows is a general-purpose clamp vice whose jaw faces carry a stepped and grooved
profile, together with visible scoring and edge damage from prior use. The specimen is a flat strip one
millimetre thick. Clamping a thin flat strip between profiled jaws does not produce the continuous face-
to-face contact a built-in boundary condition assumes; contact is made instead along a small number
of raised ridges, and the load is reacted at those discrete lines rather than distributed over an area.

Three consequences follow, and together they can account for the behaviour described above. First,
the effective root of the cantilever is not at the jaw face but at whichever contact ridge happens to carry
the load, so the effective cantilevered length is set by seating rather than by geometry. Since the natural
frequency of a cantilever scales as 1/L2, a shift in the effective root of even one or two millimetres
produces a frequency change of a few percent, comparable in size to the shifts being attributed to
damage. Second, line contact is far more compliant than face contact, so the boundary itself contributes
a non-fatigue-related compliance to every measured FRF, and that compliance depends on clamping
force and on how the specimen has bedded into the grooves. Third, and most directly relevant to the
step at the protocol boundary, a specimen held at discrete contact lines can settle into a new seating
position when the excitation amplitude rises. It need not slip repeatedly; a single settling event at the
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onset of full-amplitude loading, followed by a stable new seating, produces exactly the two-families
pattern observed, and its persistence thereafter explains why the blocks within each phase agree so
closely.

The wear visible on the jaw faces compounds all three, since a damaged contact surface makes the
seating less repeatable between specimens as well as within a test. This is a boundary condition
defined by contact mechanics that were never characterised, rather than the ideal encastre assumed
by the analytical model of Section 3.1.2 and by every modal parameter extracted from the response.

The second candidate mechanism is an impure load path at the shaker attachment, for which the
evidence is a fracture surface.

Figure 6.2: Fractured accelerometer mounting arm, Specimen 7. The fracture pattern is not consistent with a component
subjected only to pure back-and-forth transverse motion, and is offered here as direct visual evidence for a mixed

bending-and-axial loading history at the shaker attachment point (discussed in the text, and further in Section 6.5.1).

The accelerometer mounting arm is a slender cylindrical component whose only intended duty is to
transmit motion along its own axis. A component loaded purely along its axis fractures on a plane
normal to that axis, and the resulting face is flat. Figure 6.2 shows neither. The height map records a
variation of approximately 1.1 mm across a face of roughly 5.7 mm diameter, so the fracture plane is
inclined by something like ten degrees rather than lying normal to the axis. More tellingly, the optical
view shows a single localised zone at one edge of the circular section, smoother than its surroundings
and bounded by a curved front, with the remainder of the face uniformly granular. That is the classic
single-origin morphology of bending fatigue: the crack initiates at the extreme fibre on the tension side,
grows inward as a thumbnail, and the remaining ligament fails abruptly. Axial fatigue in a round section
initiates either at an internal defect or at multiple sites around the circumference, and produces no such
single edge-anchored front.

The arm was therefore carrying a bending moment, not merely an axial force, and carrying enough of
one to fail in fatigue. Whatever moment the arm was reacting was also being applied to the specimen.
This matters for the measurements in a specific way: the load cell reports the force along the intended
axis, so any transverse or moment component is applied to the specimen but never recorded. The
stress amplitude entering the S-N characterisation of Section 6.5.1 is computed from the recorded
component alone, and the unrecorded component grows nonlinearly with amplitude, which is why this
evidence bears on the R4 result specifically as well as on data quality generally.

Both mechanisms are amplitude-dependent, and this is what ties them to the observed step. A parasitic
moment from an attachment whose geometry stiffens nonlinearly grows disproportionately as the drive
level rises, and a specimen held at discrete contact lines is most likely to reseat when the load first
increases. The transition from sub-endurance Phase 3 loading to full Phase 4 amplitude is precisely
where both would first act, which is where the record shows the change.

The FRF evidence divides the population accordingly (Section 5.2.1 of Chapter 5). S04, S07 and S08,
the three specimens whose Phase 4 curves form a distinct family from their own Phase 3 baseline, are
the clearest candidates for a setup effect superimposed on any genuine damage signal. S02 and S03,
which depart from baseline only in their final recorded block, are the two whose records are most readily
read as damage. A further observation applies across the whole population and is difficult to reconcile
with damage on its own: where a shift is visible it appears across most of the measured 0–500 Hz band
at once. A notch-root crack is a local stiffness change and should affect each mode in proportion to the
curvature it carries at the notch, whereas a change in boundary condition or load path acts on every
mode simultaneously, which is what the record shows.
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These two sources jointly explain why modal parameter identification itself, not just the subsequent
damage-indicator interpretation, proved difficult. The identification challenge had two compounding
causes: elevated broadband noise (consistent with the imperfect boundary condition) and closely-
spaced, highly-damped modes that resisted clean separation. Of the five modal identification methods
available in the pipeline, LSCF, the frequency-domain matrix-fraction method that is the conventional
industrial standard, was found in practice to produce ambiguous stabilisation diagrams for this cam-
paign’s baseline FRF measurements, with genuine structural poles and spurious noise-driven poles
not cleanly separable across the tested model-order range. This is the expected failure mode for a
frequency-domain global fit under precisely the two conditions present here, elevated broadband noise
and closely-spaced heavily-damped modes, and it is why the time-domain subspace method N4SID
was adopted as the working method instead (Section 4.1.3 of Chapter 4). Appendix B sets out the
mechanism of that failure and the reasons N4SID does not share it.

The exact fraction of blocks or specimens for which damping estimation returned NaN or was flagged
non-convergent, and whether this was concentrated in particular specimens or spread evenly across
the population, was not computed for this campaign; this is stated here, and in Section 5.2 of Chapter 5,
as a known, permanent gap in the record rather than a figure still to be supplied.

Even with N4SID as the working method, the two tracked modes showed block-to-block pole fluctuation
beyond what a well-conditioned identification would produce, and the MAC diagnostic of Figure 5.9
establishes two things about the consequences.

The first concerns the measurement floor. Two healthy baseline blocks of the same specimen, between
which no damage accumulates by design, return aMode 1 shape correlation of only 0.785 (Section 5.2.6
of Chapter 5). That is a repeatability floor, not a damage signal, and it means every MAC-based
indicator for that mode is attempting to resolve damage against a baseline that already varies by more
than 0.2 with nothing happening. This is the quantitative reason the spatial indicators are harder to trust
than their high ranking in Section 5.3 suggests, and it applies to the undamaged state, so no amount
of damage accumulation improves it.

The second concerns mode identity, and is more serious. In both the healthy comparison and the
fatigue-phase panel, the mode labelled 1 correlates more strongly with the baseline Mode 0 than with
baseline Mode 1. This is not mode mixing in the sense of two distinct modes converging onto similar
shapes; it means the labels are not consistently tracking the same physical mode from block to block.
Any per-mode trajectory in this thesis is therefore a trajectory of whatever the identification routine
assigned that label in each block, which is a weaker object than it appears. Two consequences follow
for the rest of this chapter. A discontinuity in a per-mode indicator cannot be distinguished from a
relabelling event without independent confirmation, and the CDM ordering of Section 6.1.2, which is
defined per mode, cannot be tested against these trajectories as cleanly as the framework assumes.

Both findings rest on a four-panel sample, so the frequency with which label swapping occurred across
the full campaign is not established. That it occurs at all, and occurs between two undamaged blocks
of the same specimen, is sufficient for the conclusions drawn here. A denser sampling of comparison
blocks is a concrete, low-cost improvement for any repeat of this campaign.

6.1.2. The Expected Sequence: CDM Framework Predictions
The CDM framework predicts a specific ordering in which the tracked indicators should respond to
accumulating fatigue damage, set out in Section 2.4.3 of Chapter 2 and illustrated in Figure 2.2: non-
linear signatures first, during crack initiation, as crack-face contact generates super-harmonics; then
phase deviation and damping increase; then natural frequency decline during propagation, as stiffness
loss accelerates; and spatial indicators (MAC, CDI, MSE-TVD) last, as mode shape distortion localises
near the crack immediately before failure. That prediction is qualitative, and the stage boundaries
of Figure 2.2 are illustrative rather than calibrated, so what follows tests the ordering rather than the
timing. Section 6.1.1 above establishes why this ordering cannot be assessed cleanly from the modal-
identification-dependent indicators (frequency, damping, coherence, peak amplitude) in the way the
framework anticipates: noise and identification difficulty corrupt exactly the indicators the CDM order-
ing leads with. The indicators that remain interpretable are, not coincidentally, the ones that do not
depend on modal parameter extraction at all – HDI, amplitude RMS, and force RMS – and it is against
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these, rather than against frequency or damping directly, that the CDM-predicted early-sensitivity claim
can still be tested with this data.

6.1.3. Frequency, Damping, Coherence, and Peak Amplitude: The Cost of Modal
Identification Dependence

Frequency shift, the CDM framework’s primary damage-tracking variable (Section 2.1), proved unre-
liable as a per-block indicator for most of the Group C1 population, consistent with the identification
difficulties above. Within this general unreliability, Mode 1 behaved more consistently than Mode 0
across specimens – a useful, if modest, positive finding, since it suggests the identification difficulty
is not uniform across the two tracked modes and that a future repeat of this campaign might improve
reliability simply by prioritising whichever mode proves more identifiable early on, rather than treating
all tracked modes as equally trustworthy by default.

Damping ratio, in principle one of the more sensitive indicators to early damage under the CDM ordering
(Section 6.1.2), is the indicator most damaged by this unreliability. Damping estimation is more sen-
sitive to noise and to identification error than frequency estimation even under good conditions, since
damping is extracted from the width or decay envelope of a resonance rather than its peak location,
and both quantities are corrupted by exactly the same identification-quality problems as frequency but
with a smaller signal-to-noise margin to begin with. Combined with the fact that damping was not com-
puted for some blocks at all (Section 6.1.1), the resulting record cannot distinguish a genuine damping
change from noise, identification error, or environmental drift for the great majority of the campaign, and
damping is therefore assessed here as practically unusable as a damage indicator for this dataset, inde-
pendent of its CDM-motivated theoretical promise. Coherence and peak FRF amplitude, both likewise
extracted at the identified resonance frequency, inherit the same dependence and are assessed the
same way: broadly consistent with expectations where the identification was clean, but not separable
from identification noise where it was not, and therefore not usable as standalone evidence.

By contrast, HDI, amplitude RMS, and force RMS are all insulated from the specific failure mode iden-
tified in Section 6.1.1 – ambiguous pole separation under noise and closely-spaced, highly-damped
modes – because none of the three requires a modal parameter (a pole, a damping ratio, a mode
shape) to be extracted at all. HDI is computed directly from the harmonic content of the response
spectrum at multiples of the drive frequency; amplitude RMS and force RMS are computed directly
from the raw response and excitation signals respectively. Amplitude RMS and force RMS show a
broadly monotonic increase across the run for most specimens, without the block-to-block reversals
that characterise the modal-identification-dependent indicators (Section 5.2.4 of Chapter 5).

HDI behaves differently from the other two, and its pooled, all-specimens plot (Figure 5.6) is mislead-
ing on its own: because a small number of specimens’ final-block values are very large, the plot com-
presses every other specimen’s record toward the bottom of the range, which reads as ”flat with two
outliers” rather than revealing the pattern that is actually present case by case. Examined per speci-
men (Figure 6.3), HDI holds at a low, comparatively constant plateau for nearly the entire recorded life,
with a rise appearing only in the final block or two before fracture, in every one of the three specimens
examined individually (S02, S04, S08). This is consistent with the CDM framework’s own account of
fatigue life: crack propagation, the mechanism HDI’s breathing-crack nonlinearity is intended to track,
occupies a much smaller fraction of total life than crack initiation in the high-cycle regime this campaign
operates in (Section 2.1 of Chapter 2), so a signal confined to the final block or two before fracture is
itself physically plausible rather than a sign that HDI is a poor indicator.
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Figure 6.3: Per-specimen HDI evolution through Phase 4 for three representative specimens (S02, S04, S08), each shown on
its own scale. All three hold at a low, near-constant plateau for most of their recorded life, with a rise confined to the final block
or two before fracture; the magnitude of that final rise differs by more than two orders of magnitude between S02/S04 and S08.

The magnitude of that final-block rise, however, varies by more than two orders of magnitude across
the three specimens shown – from roughly a twofold increase for S02 to over 100× the plateau value
for S08 – and this variation is not itself attributed to crack propagation alone. For at least S08 (and
plausibly S06, which shows a comparably large final-block HDI value in the pooled record), the two
fractured halves of the specimen are understood to have made brief post-fracture contact, exceeding
the LDV’s measurement bounds and inflating the recorded HDI value beyond what the crack-breathing
nonlinearity alone would produce. The smaller, more moderate rises shown by S02 and S04 are not
affected by this and are read as the cleaner examples of the underlying pre-fracture signal. This dis-
tinction matters for how HDI’s practical value is assessed: as a fine-grained prognostic indicator, a
signal confined to the last block or two before fracture offers little advance warning, and where the
largest recorded values are partly a post-fracture artefact rather than a pre-fracture measurement, HDI
is better read as a failure-confirmation indicator than as an early or mid-life prognostic one.
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Of the three identification-independent indicators, amplitude RMS gives the clearest, most consistently
monotonic signal across the recorded life; force RMS behaves similarly but is noisier. HDI’s value
is concentrated at the very end of life and is partly confounded by the post-fracture artefact just de-
scribed, so it is not read as comparably prognostic to the other two, though it remains unaffected by
the modal-identification problems that degrade frequency, damping, coherence, and peak amplitude.
This distinction is itself informative for R1: it indicates that, under the boundary-condition and load-
transfer problems documented above, a monitoring approach relying on modal-parameter extraction
is considerably more fragile than one relying on directly-measured response and excitation quantities,
a distinction the CDM framework’s frequency-centric formulation does not itself anticipate – though
not every identification-independent indicator is equally useful as a result, since HDI’s timing limits its
prognostic value even where its computation is robust.

Whether a hardening-then-softening frequency plateau (Lorenzino and Navarro’s reported early-life
frequency increase, Section 6.1.2) is present in Mode 1’s record for any specimen cannot be safely de-
termined from this data: the frequency noise documented throughout this section is severe enough that
a genuine early-life plateau would not be reliably distinguishable from ordinary block-to-block scatter,
and no such determination is made here.

6.1.4. Phase Indicators: A Mixed Picture
The two phase-based point-tier indicators behaved very differently from one another. Phase quadrature
deviation was too noisy to support further analysis, consistent with its status as a second-derivative-
like quantity that amplifies whatever noise is present in the underlying phase measurement. Phase-diff
slope, by contrast, was well-behaved: close to zero and stable for almost the entire run in nearly ev-
ery specimen, with the single exception of Specimen 7, whose accelerometer disconnection partway
through testing (Section 5.2.4 of Chapter 5) provides a ready, non-damage-related explanation for
its divergent record and should be excluded from any population-level statement about this indicator.
Where phase-diff slope did depart from its otherwise flat baseline, the departure was modest in magni-
tude and concentrated toward the end of specimen life, consistent with a genuine but late-onset signal
rather than an early one. Spatial phase standard deviation showed a similar, and possibly even cleaner,
pattern under the same Specimen 7 exclusion, suggesting that the spatial aggregation this indicator
performs may average out some of the noise that limits the point-tier phase measures individually.

6.1.5. Spatial Indicators: Localisation and Mode Shape Distortion
Among the spatial-tier indicators, MAC and modal curvature broadly matched expectations, with some
specimen-level outliers, while the localised curvature feature was considerably less well-behaved, show-
ing large, unstructured jumps across the run rather than a consistent trend. Part of the explanation
is geometric: the scan grid begins 10 mm beyond the notch and does not span it (Section 3.3.2 of
Chapter 3), so the localised curvature feature reports where curvature is greatest within the measured
window rather than at the crack, and a small change in the deflected shape can move that location from
one grid point to another without any corresponding change in damage. This unstructured behaviour
is plausibly compounded by the scan grid itself: the nine-point grid used throughout this campaign
falls below the 20–30 points identified in the pipeline documentation as the density needed for reli-
able curvature estimation via central finite differences (Section 3.3.2 of Chapter 3), so the localised
curvature feature specifically is operating with less spatial resolution than the method was designed
to support, independent of any genuine damage signal; MSE-TVD’s spatial averaging across the full
scan length makes it comparatively less exposed to this same limitation, which is consistent with its
cleaner, more monotonic behaviour relative to the localised curvature feature. MSE-TVD showed a
qualitatively distinctive pattern not anticipated by a simple monotonic-damage argument: it rises then
falls during Phase 3 (the healthy baseline), reaches a minimum at block 6 – the first Phase 4 block for
every specimen, by construction (Section 5.1 of Chapter 5) – and then broadly increases through the
remainder of Phase 4. The coincidence of the MSE-TVD minimum with the Phase 3/Phase 4 bound-
ary is unlikely to be a fatigue effect, since Phase 3 involves no net stiffness loss by design; it is more
plausibly an artefact of the change in loading condition itself (the step up in drive amplitude between
the two phases, Section 3.4.3 of Chapter 3) than of accumulating damage, though this is noted as a
plausible explanation rather than a demonstrated one.
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Themode-identity problem established in Section 6.1.1 bears directly on these spatial results. Because
the MAC and curvature indicators are computed per mode, and because the mode labels do not re-
liably track the same physical mode between blocks, a discontinuity in a spatial trajectory cannot be
distinguished from a relabelling event without independent confirmation that the same mode is being
compared. The spatial indicators’ strong showing in the sensitivity ranking should be read with that
qualification attached.

6.1.6. Comparison with Finite Element Predictions
The Synthetic Data Toolkit’s CDM–Basquin prediction (Section 5.4.2 of Chapter 5) provides an inde-
pendent, model-based trajectory against which the experimental record can be compared, and the
comparison is informative precisely because the two disagree. The experimental curves (Figure 5.17
of Chapter 5) are considerably messier than the toolkit’s smooth prediction (Figure 5.18 of Chapter 5),
for the data-quality reasons already discussed in Section 6.1.1, but the disagreement is also qualita-
tive, not just a matter of scatter: the toolkit’s predicted damage trajectory departs from baseline early
and then grows at a progressively slower rate (Section 5.4.2), whereas the experimental record stays
comparatively flat through much of life before accelerating toward failure (Section 5.4.1) – an early-
departing, then-slowing model trajectory against a late-accelerating experimental one. Four candidate
sources for this qualitative mismatch are identified, in roughly descending order of expected contribu-
tion, and the FEMAP stress field now available for direct inspection (Figure 5.22 of Chapter 5) sharpens
the first and third of these from a generic concern into a visually grounded one.

First, the FE mesh used for the toolkit’s structural model is coarse, which is expected to smear and
advance the apparent onset of stiffness loss relative to a mesh fine enough to resolve the true, highly
localised stress and strain gradients at the notch root; Figure 5.22 shows the stress concentration at
the notch root spread across a visibly limited number of elements, consistent with a mesh density that
would struggle to resolve a sharp, localised gradient at exactly the location where the toolkit’s damage
kinematics are most sensitive to it. Second, the toolkit’s assumed modal damping is likely inadequate
for the physical specimens, since damping was set from generic literature values rather than calibrated
against this campaign’s own (admittedly noisy) damping record. Third, the FE model’s notch geometry
does not match the final specimen design used for Group C1 (Section 3.2.2 of Chapter 3), a straight-
forward and avoidable source of discrepancy visible directly in Figure 5.22’s notch geometry and one
that should be corrected before any future quantitative use of this comparison. Fourth, and most funda-
mentally, the toolkit’s governing assumption is linear-elastic material behaviour, which by construction
excludes any plastic deformation or nonlinear load-response effects – exactly the mechanisms most
active near a notch root under high-cycle fatigue loading, and plausibly the largest single reason the
model’s damage trajectory shape differs qualitatively from the measured one rather than merely being
noisier; the exaggerated-displacement deformation shown in Figure 5.22 is itself a linear extrapolation
of a small-strain solution and would not capture any such nonlinearity even if the mesh and damping
issues above were resolved.

Taken together, Figure 5.22 is best read as illustrating why the toolkit’s prediction diverges from the
experimental record in the specific way it does, rather than as independent confirmation that the toolkit
is wrong: it is a single static linear-elastic solve under one load case, standing in for the much more
complex, cyclic, and locally nonlinear stress state the physical notch root actually experiences over the
course of fatigue life. Used this way – as a qualitative diagnostic of the model’s own assumptions rather
than as a validated stress field in its own right – it is a genuinely useful check on where the toolkit’s
simplifications are most likely to matter, even though it cannot, on its own, quantify how much of the
model-experiment gap each of the four candidate sources above contributes.

A related, separate observation is that the specimens’ measured natural frequencies were generally
higher than the FE model predicted at baseline (Section 5.6 of Chapter 5). Beyond the notch-geometry
and boundary-condition differences already noted, this is also consistent with manufacturing-induced
plasticity: cold work introduced during specimen fabrication (cutting, notching) can locally increase yield
strength and effective stiffness relative to the bulk material properties assumed in the FE model, which
would raise themeasured natural frequency above the FE prediction independent of anymodelling error
in the mesh or damping. This is offered as a plausible contributing explanation, not a demonstrated
one, alongside the setup-level differences already discussed.
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6.1.7. Diagnostic Evidence from Specimen Groups D1 and D2
The two diagnostic groups described in Section 5.8 of Chapter 5 were produced specifically to test
the attribution made in Section 6.1.1: that the clamping arrangement and the load transfer path, rather
than the specimens, were responsible for the measurement behaviour of the main campaign. Group D1
established a revised configuration and Group D2 was run under it.

Two conclusions can be drawn, and a third cannot.

First, the Group D2 specimens agree with one another in a way the Group C1 specimens do not. All
four share the same FRF shape, with the same resonances at the same frequencies in the same order
and the same relative magnitudes (Section 5.8.2). The Group C1 records differ from one another in
shape rather than by an offset, and that is what makes them hard to work with: a population-level
analysis needs a common baseline against which individual departures can be read as damage, and
Group C1 does not supply one. This is the specific sense in which the revised configuration produced
a better dataset. It is not that the D2 records are quieter, but that they are comparable.

Second, and following from the first, progression within a specimen becomes legible once cross-specimen
agreement is established. D2-03’s fatigue run sits approximately 15 Hz below its characterisation runs
at the first mode with the mode shape preserved, which is what stiffness loss produces; D2-05’s num-
bered and lettered runs separate in order rather than crossing. Neither observation would be available
in a record where the runs disagreed in shape to begin with. The relationship runs one way: agreement
is the precondition for reading progression, which is why the Group C1 campaign could establish the
second only weakly.

A qualification attaches to both. The largest source of remaining variation within Group D2 is not the
fixture, which was identical across all four specimens, but the specimens themselves: the two produced
when the usual machining equipment was unavailable show local coherence failures that the other two
do not. Specimen manufacturing consistency is therefore a control on measurement quality alongside
the fixture, and is taken up as a design recommendation in Section 7.3.5. It is a qualification rather than
a counterexample, since the shape agreement and the run ordering survive in those two specimens as
well; what degrades is the local quality of the estimate, not the identity of the response.

What cannot be concluded is that the revised boundary condition and load transfer arrangement caused
the improvement. The D specimens differ from the Group C1 specimens in beam length, drive fre-
quency, test duration and manufacturing batch as well as in fixture, and a shorter beam is stiffer, so a
given clamp compliance forms a smaller fraction of the total compliance regardless of any change to the
clamp itself. No Group C1 specimen was re-tested under the revised fixture at the original geometry,
which is the experiment that would isolate the fixture contribution. The D-group evidence is consistent
with the Section 6.1.1 interpretation and would have counted against it had the revised configuration
produced equally disordered records; it does not establish it.

6.1.8. What R1 Can Still Be Said to Show
Despite the data-quality limitations documented throughout this section, R1 is not left without an answer.
The clearest and most defensible finding is a negative-but-informative one: under boundary conditions
and load-transfer quality of the kind encountered in this campaign, indicators that depend on modal
parameter extraction (frequency, damping, coherence, peak amplitude) are substantially degraded as
damage indicators, to the point of practical unusability for damping specifically, while indicators com-
puted directly from the raw response and excitation signals (HDI, amplitude RMS, force RMS) remain
usable and, for amplitude RMS and force RMS specifically, show a sensible, broadly monotonic pro-
gression consistent with accumulating damage; HDI is likewise unaffected by the modal-identification
problems but is concentrated late in life and only weakly prognostic as a result (Section 6.1.3). This is
itself an answer to R1’s underlying question about how the vibration response evolves under resonance
fatigue: unreliably, and unevenly across indicator types, in a way that tracks each indicator’s depen-
dence on clean modal identification rather than any property of the fatigue process itself. A second,
more qualified finding is that the two tracked modes were not equally reliable, with Mode 1 behaving
more consistently than Mode 0 – a specimen-level, rather than population-level, observation, but one
with practical value for how a repeat campaign might allocate its identification effort. Third, the spatial
indicators, MAC and curvature in particular, behaved close to expectation for most specimens, sug-
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gesting that where mode shape information can be assembled at all, it remains a comparatively robust
source of damage evidence even when the corresponding scalar frequency record is not. Finally, the
qualitative disagreement with the FE-based prediction is informative in its own right: it identifies mesh
resolution, damping calibration, notch geometry, and the elastic-only assumption as concrete, address-
able targets for improving the toolkit’s predictive value, rather than leaving the toolkit-experiment gap
as an unexplained discrepancy.

6.2. Indicator Sensitivity and Ranking (R2)
Research Question R2 asked which vibration-based indicators are most sensitive to early fatigue dam-
age. The ranked indicator table (Table 5.3) and the Spearman and SHAP rankings (Figures 5.10, 5.11,
5.12) provide the empirical answer. This section interprets that ranking in three steps: what the SHAP
and Spearman measures individually say and why they disagree where they do, what the PC1 load-
ing structure reveals about the feature space’s redundancy, and how the hand-engineered ranking
compares against the Layer 0.5 autoencoder-based indicators.

6.2.1. Physical Interpretation of the Ranking
By SHAP importance, HDI and curvature (both modes) are the two leading indicators, particularly in the
early-life window (τ < 0.3), with MSE-TVD appearing in the global top 5 just ahead of peak FRF ampli-
tude; the phase-family indicators cluster at broadly similar, mid-table importance; and natural frequency
and damping sit at the bottom of the ranking in both the global and early-life views. This ordering is
consistent with, rather than independent of, Section 6.1’s findings: HDI does not depend on modal
parameter extraction and was already identified there as one of the cleanest indicators in this dataset,
while frequency and damping are exactly the two indicators shown to be most degraded by the identi-
fication difficulties documented in Section 6.1.1. The SHAP ranking is, in this sense, an independent
confirmation of the modal-identification-dependence argument made in Section 6.1, arrived at from a
purely data-driven feature-importance procedure rather than from the physical reasoning applied there.

The ranking is also stable in composition, though not in scale, between the early-life and global SHAP
views: the same top-5 features remain the top-5 in both cases, and HDI’s importance is essentially
unchanged (approximately 0.10 in both). The other top-5 features, by contrast, decline somewhat from
the early-life view (approximately 0.055–0.080) to the global view (values closer to 0.06), narrowing the
gap between the top tier and the mid-table phase cluster (which sits at roughly 0.015–0.020 in both
views, against a bottom tier around 0.005). The interpretation offered here is that HDI’s informative-
ness is sustained throughout life, while the other early top-ranked features (curvature, MSE-TVD) are
somewhat more concentrated in their early-life signal and contribute proportionally less once the full
life record, including its noisier later portions, is included.

The Spearman ranking, by contrast, is dominated by mac_mode1 despite that same feature sitting near
the bottom of the SHAP ranking, followed by maximum curvature and MSE-TVD; spatial-tier features
generally rank above point-tier features; and, consistent with Section 6.1’s finding that Mode 1 was the
more reliable of the two tracked modes, Mode 1 features generally outrank their Mode 0 counterparts.
Two things stand out as apparent anomalies and are addressed directly, since understanding them is
central to answering what these two rankings actually measure. First, HDI does not appear near the
top of the Spearman ranking at all, despite dominating SHAP. Second, amplitude RMS and force RMS
– shown in Section 6.1 to be among the cleanest, most monotonic indicators in the raw record – rank
well below the spatial cluster (amplitude RMS below fn_mode0 and coh_mode1; force RMS near the
very bottom).

Both anomalies have the same underlying explanation, and it is a methodological one rather than a
sign that the ranking is unreliable. Spearman’s ρs measures the strength of a monotonic relationship
between a feature and τ ; the gradient-boosted tree behind the SHAP values can instead exploit any
relationship a decision tree can split on, monotonic or not, including threshold effects, plateaus, and
non-monotonic swings. If HDI’s raw trajectory is not cleanly monotonic across its range (plausible given
Section 6.1’s account of sudden jumps and identification-related noise across the population), a tree-
based measure can still extract strong split-based information from it that a rank-correlation coefficient
cannot see. Conversely, Spearman rewards any feature with a consistent monotonic drift against τ ,
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regardless of whether that drift is caused by accumulating fatigue damage or by something else entirely
– rig settling, thermal effects, or other slow, cumulative but non-damage-specific processes. Spatial
features derived from mode shape comparison are, by construction, sensitive to exactly this kind of
slow cumulative drift in addition to genuine localised damage, which is a plausible reason they dominate
a purely monotonic-correlation ranking without necessarily being the most diagnostically meaningful
features for damage detection specifically. This is offered as the more likely explanation for amplitude
RMS and force RMS’s low Spearman rank, rather than a claim that these two indicators are poor
damage indicators: Section 6.1 already established them as clean and monotonic in the raw data, so a
low Spearman rank here says more about what Spearman rewards than about what these two features
can detect.

Taken together, SHAP and Spearman are not offering two noisy estimates of the same underlying
importance ranking; they are answering two different questions. Spearman asks which features drift
most consistently and monotonically with life fraction, which conflates genuine damage sensitivity with
any other slow monotonic process a feature happens to track. SHAP asks which features a flexible,
nonlinear model finds most useful for predicting τ , which can capture threshold or non-monotonic dam-
age signatures that Spearman cannot, but at the cost of being harder to interpret physically feature-
by-feature. Read this way, HDI’s SHAP dominance despite its Spearman absence, and the spatial
features’ Spearman dominance despite mixed SHAP standing, are not contradictions to be resolved
in favour of one ranking over the other, but a demonstration that indicator ranking is itself a choice of
what kind of sensitivity is being asked for.

6.2.2. Redundancy Structure and Feature Space Geometry
The PC1 loading column of Table 5.3 shows a sharply concentrated structure rather than a broadly
distributed one: ∆HDI and HDI itself carry by far the largest loadings (0.986 and 0.164 respectively),
ζmode1 and phase quadrature deviation carry small but nonzero loadings (0.003 and −0.002), and every
other feature loads at practically zero. This is consistent with, rather than an independent finding
from, the trajectory evidence already discussed: PCA’s first component is the direction of maximum
variance across the pooled, normalised feature matrix, and a feature with a large-magnitude, consistent
trend (HDI, per Section 6.1) concentrates variance along a single direction, while noisy, identification-
dependent features scatter their variance across many directions and therefore fail to load heavily onto
any one component. ∆HDI’s near-total dominance of PC1 is, in this light, close to a restatement of the
finding that HDI is the cleanest large-amplitude signal in the dataset, seen from a different angle: PCA
is behaving as expected given the input it was given, rather than revealing an unexpected redundancy
structure.

6.2.3. Hand-Engineered vs. Autoencoder-Based Indicators
The comparison between the hand-engineered Layer 0 feature set and the two Layer 0.5 autoencoder
health indicators (HI1, HI2) in Figures 5.13–5.14 is the first systematic comparison of learned and
hand-engineered vibration-based damage indicators on metallic fatigue specimens under controlled
resonance loading, a direct contribution to the literature gap identified in Section 2.8.4 of Chapter 2. The
headline result is unambiguous: the LOO-CV validation AUROC for both HI1 and HI2 (0.469 and 0.422
respectively, Section 5.3 of Chapter 5) is at or below the chance level of 0.50. On the standard reading
of an AUROC statistic, the CAE-based detector performs no better, and by one measure slightly worse,
than random guessing when generalising to an unseen specimen. This result held constant across the
bottleneck configurations tested (Section 5.3), which is itself informative: if the poor performance were
a methodological problem specific to one architectural choice, varying the bottleneck dimension would
be expected to change the outcome materially. That it did not is evidence pointing toward a data-quality
explanation rather than an architecture-selection one, consistent with the broader data-quality picture
established in Section 6.1.1.

Two further observations from the raw HI1/HI2 trajectories support this reading, and both benefit from
being made explicit about what the two indicators’ values actually mean, since neither is normalised
to an interpretable [0, 1] scale. HI1 is a raw resonance-weighted reconstruction MSE, ranging roughly
0.2–1.5 across the population against a Phase 3-derived threshold of 1.359; its absolute scale depends
on signal preprocessing choices with no inherent physical meaning of its own, which is exactly why the
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pipeline defines its alarm criterion as a threshold-crossing (the 99th percentile of the Phase 3 baseline)
rather than as an absolute value. HI2 is explicitly a maximum z-score across the latent dimensions,
ranging roughly 2.25–4 against a threshold of 3.529; because it is already a standardised quantity, its
non-trivial baseline value is not itself an anomaly, but the specific baseline level is informative. Taking
the maximum over many latent dimensions is an extreme-value statistic, and the expected maximum
of a collection of approximately standard-normal variables grows with the number of dimensions being
maximised over; HI2 sitting at 2.25 or above at baseline, rather than near zero, is therefore partly
a structural consequence of maximising over a 64-dimensional latent space, not solely a symptom of
noisy input data. This also offers a direct explanation for why performance did not improve materially at
smaller bottleneck sizes: a smaller latent space reduces the number of dimensions being maximised
over, which would mechanically lower the extreme-value baseline, but does not by itself make the
underlying reconstruction or latent deviation any more diagnostic of genuine damage, so the detection
criterion does not become reliably easier to satisfy just by changing dimensionality. Both HI1 and
HI2 remain below their respective p99 thresholds for most of most specimens’ runs, consistent with a
baseline that is itself noisy enough to set an unusually high threshold – directly supporting the near-
chance AUROC finding above, since a threshold calibrated against a noisy baseline will be a poor
discriminator regardless of how genuinely informative the underlying reconstruction error is.

The two indicators’ trajectories also differ from each other in character, not just in absolute scale. HI1
rises broadly monotonically over the first four blocks before levelling off for most specimens, a pattern
broadly consistent with (if noisier than) the CDM-motivated trajectory shape expected of a genuine
damage indicator. One specimen shows a distinct peak at block 5 that coincides with a day-to-day
testing break: this specimen was tested across two separate sessions (Section 5.1 of Chapter 5), and
the first block of the second session appears to trigger an elevated HI1 reading, consistent with a
transient artefact of the pause and restart (re-mounting, thermal re-equilibration) rather than a genuine
damage event, since no comparable jump is expected from the fatigue process itself at that particular
life fraction. HI2, by contrast, shows a considerably messier record, with no consistent shape across
specimens: some rise, some fall, and some remain roughly constant through the run. This asymmetry
suggests that the reconstruction-error perspective (HI1) retains at least a qualitatively plausible trend
shape even where its absolute discriminative power is poor, while the latent-deviation perspective (HI2)
does not even preserve a consistent trend shape across the population – a further piece of evidence,
independent of the LOO-CV AUROC result, that the CAE’s learned representation is not capturing a
population-consistent damage signature in this dataset.

Hand-Engineered vs. Autoencoder: A Comparative Synthesis
Read against the broader literature (Section 2.8.4 of Chapter 2), which motivates autoencoder-based
indicators specifically for their expected advantage on non-Gaussian or nonlinear departures from a
healthy manifold that linear, hand-engineered features may miss, this campaign’s result is a clear in-
stance of that theoretical advantage failing to materialise in practice, and the reason is traceable rather
than mysterious. The hand-engineered indicators that performed well in this campaign (HDI, curvature,
MSE-TVD) succeeded specifically because they do not depend on clean modal parameter extraction
(Section 6.1); they are relatively simple, targeted statistics computed directly from the measured signal
or mode shape. The autoencoder, by contrast, is asked to learn a general-purpose representation
of the entire healthy-state FRF or feature vector from a small population (eight specimens) with a
noisy baseline, and its failure here is consistent with exactly the scenario the CDM/modal-identification-
dependence discussion in Section 6.1 would predict for any data-hungry, general-purpose learned
method applied to a small, noisy population: without enough clean specimens to characterise what
”healthy” looks like precisely, a learned reconstruction target is itself built on unreliable ground, and
no amount of architectural tuning (bottleneck size, in this case) can substitute for that. The broader
methodological lesson is not that autoencoder-based indicators are unsuited to this problem in general,
but that they are considerably more data-hungry and more sensitive to baseline data quality than the
targeted, physically-motivated hand-engineered indicators that worked best here – a genuinely useful,
if negative, empirical finding for anyone considering this class of method for a similarly small, noisy
fatigue-monitoring campaign.
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6.3. Damage Index Behaviour and CDM Model Consistency
The six damage index trajectories in Section 5.4 show how different representations of the same un-
derlying damage process agree and diverge, and this comparison is best read as a continuation of
Sections 6.1–6.2 rather than as an independent result: since every DI formulation is built from the
same feature set already shown there to be of mixed and generally poor reliability, the DI-level findings
largely inherit, rather than newly establish, those data-quality conclusions.

6.3.1. Which Formulation Best Represents Damage Progression?
One constraint applies before any formulation is compared against another. Every one of the six con-
verges for exactly five of the eight specimens, and the three that fail are the same three in each case:
S01–S03, which completed only one or two Phase 4 blocks before fracture and therefore offer too few
points to fit a two-parameter logistic at all (Section 5.4.1 of Chapter 5). The comparison below is there-
fore between formulations evaluated on five specimens, and no formulation could have distinguished
itself on the other three. Among the fits that do converge, the recurrence of exact parameter bounds
discussed in that same section means a subset describe the logistic form failing to find a sigmoid rather
than a measured transition. Both facts narrow what ”best represents damage progression” can mean
here: it is a judgement about behaviour on a five-specimen subset, part of which rests on degenerate
fits.

The three formulations that Section 5.4.1 identifies as producing the most consistently S-shaped tra-
jectories, Dcomp, DPC1 and DCAE, share a property that explains why. Each case can be traced to
a specific formula. DPC1(τ) is the projection of the full feature vector onto the PC1 loading direction
v1 (Section 4.3.2 of Chapter 4); Section 6.2.2 already established that this direction is overwhelmingly
dominated by ∆HDI and HDI (loadings 0.986 and 0.164, essentially all other features near zero), so
DPC1 is, in practice, close to a rescaled HDI trajectory rather than a genuinely multi-feature aggregate.
Dcomp(τ) is an explicit SHAP-importance-weighted sum over the top-k non-redundant features, with
weights wj = Φglobal

j /
∑

i Φ
global
i (Section 4.3.4 of Chapter 4); because HDI and curvature dominate

the global SHAP ranking (Section 6.2.1), Dcomp is, by construction, weighted most heavily toward ex-
actly the indicators already identified as the cleanest in this dataset. DCAE (reconstruction) is not built
from named features at all, but its per-specimen trend consistency is plausibly connected to the same
underlying pattern via a different route: Section 6.2.3 found that HI1 specifically (not HI2) retained
a qualitatively plausible, broadly monotonic trend shape across most specimens despite the CAE’s
poor cross-specimen generalisation (LOO-CV AUROC at or below chance). DCAE’s within-specimen
consistency is therefore consistent with that HI1-specific finding, not a separate or contradictory result.

The general conclusion is that all three formulations appear consistent because they are constructed
to track, or happen to correlate with, the small subset of features already shown in Sections 6.1–
6.2 to be robust to this campaign’s data-quality problems. Their apparent quality is therefore better
read as a measure of the underlying metric’s robustness to noise than as direct evidence of superior
damage-detection capability: a formulation dominated by one clean, large-amplitude, but not exclu-
sively damage-specific signal (HDI) will look consistent regardless of whether HDI itself is the most
diagnostically meaningful indicator of the underlying fatigue process, a distinction already raised for
exactly this reason in Section 6.2.1.

This same distinction bears on the prognostic horizon result taken up in Section 6.4.1. “Consistent” as
used here is a within-specimen property, meaning a clean monotonic per-specimen trajectory, whereas
reaching a population τh requires a cross-specimen property: enough specimens crossing the CI-
narrowing criterion at a comparable life fraction for the population Gaussian Process to resolve a
posterior. A formulation can be clean for each specimen individually while varying widely between
specimens in when that cleanness sets in, which is what the boundary-condition and load-path variabil-
ity of Section 6.1 would be expected to produce. The horizon result itself, and the reasons none of the
six formulations reached one, are discussed in Section 6.4.1 rather than here.

6.3.2. Comparison with the Synthetic Data Toolkit Prediction
The comparison between the experimental Dfreq(τ) record and the toolkit prediction reproduces the
mismatch already analysed for natural frequency in Section 6.1.6, and for the same four reasons given
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there: the toolkit’s predicted damage index is approximately logarithmic in cycle count, rising quickly and
then flattening, whereas the experimental record stays comparatively flat before accelerating toward
failure. It is not independent evidence, since both comparisons draw on the same underlying model
and the same physical record.

One qualification must now be attached to this comparison that was not previously apparent. The exper-
imental side of it is the τ̂mid obtained from the logistic fits of Table 5.4, and Section 5.4.1 establishes that
a substantial fraction of those fits terminated at a parameter bound rather than at an interior optimum,
with τ̂mid values of exactly 0.000 and 1.000 recurring across formulations. Where that has happened
the fitted inflection point records the logistic form failing to find a sigmoid in the data, not a measured
damage transition. The direction of the model–experiment disagreement is not in doubt, since it is
visible in the raw trajectories, but its magnitude should not be quoted from the fitted parameters.

6.4. Remaining Useful Life Estimation (R3)
Research Question R3 asked whether vibration response trends can be used to estimate remaining fa-
tigue life. Because RUL estimation in this pipeline is built directly on the sameDI formulations discussed
in Section 6.3, the data-quality conclusions reached there carry forward largely unchanged: the RUL
results are broadly consistent with, rather than independent of, the modal-identification-dependence
findings of Sections 6.1–6.3, and the overall confidence achievable in any individual RUL prediction
remained low throughout this campaign.

6.4.1. Prognostic Horizon: What It Means in Practice
None of the six DI formulations reached a resolved population-level prognostic horizon within observed
specimen life (Section 5.5 of Chapter 5), Dfreq included despite its direct tie to the CDM stiffness-loss
relationship (Section 6.3.1 above). Two mechanical points from the prognostic horizon definition itself
help explain why this held uniformly rather than only for the less internally consistent formulations. The
horizon condition is ∆CI(τ) < 0.30 (Section 4.4 of Chapter 4), the width of the 95% confidence interval
on the RUL estimate, and this width can only narrow below threshold if the population GP has enough
consistent cross-specimen structure at a given τ to constrain its posterior.

Before that explanation is accepted, however, a more mundane one must be set alongside it. For
three of the six formulations the reported confidence-interval widths are not merely wider than the 0.30
threshold but numerically meaningless, reaching magnitudes many orders larger than the total life they
estimate (Section 5.5.1 of Chapter 5). This is a failure of the linearised delta-method propagation of
Section 4.4.4 on a near-singular Jacobian, not a statement about damage. For those formulations
the horizon criterion could not have been satisfied at any block however consistent the underlying
trajectories were, so their failure to resolve a horizon carries no information about detectability, and the
argument below applies only to the formulations whose uncertainty estimates remained finite. For a
repeat campaign, fixing the uncertainty propagation precedes any question about indicator choice.

A second constraint compounds this: the uncertainty analysis covers only four of the eight specimens,
since S01–S03 yielded too few Phase 4 blocks to fit at all. The population-level result therefore rests
on half the population, and on the half with the longest lives, which is the half least representative of the
loading conditions the protocol was designed to explore. A formulation whose trajectory shape and tim-
ing vary idiosyncratically from specimen to specimen – which Section 6.1 argues is expected of every
formulation in this campaign, given specimen-to-specimen boundary-condition and load-transfer vari-
ability, not just the feature-combination formulations – offers the GP comparatively little of this shared
structure to exploit regardless of which underlying indicator is used. Dfreq’s population-general scale
of change (Section 6.3.1) is a necessary condition for the GP to have consistent structure to learn
from, but Section 6.4.3 argues it was not, on its own, a sufficient one given this campaign’s population
size and per-specimen data quality. This is consistent with, not contrary to, the broader picture estab-
lished across Sections 6.1–6.3: reliable population-level prognosis in this campaign depended on a
degree of cross-specimen timing consistency that none of the six formulations, including the physically
best-motivated one, achieved.
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6.4.2. Method 1 vs. Method 2: Trend Extrapolation vs. Gaussian Process
The comparison between Method 1 (single-specimen parametric extrapolation) and Method 2 (pop-
ulation Gaussian Process) matched the expected pattern given the population size available. With
only eight Group C1 specimens entering the leave-one-out cross-validation, the population Gaussian
Process has enough shared structure to produce a usefully narrowed posterior for some specimen
and formulation combinations but not reliably across the board, which is consistent with none of the
six formulations reaching a population-level prognostic horizon. Table 5.5 of Chapter 5 bears this out:
Method 2 outperforms Method 1 at some formulation and checkpoint combinations and not others,
rather than either method being consistently superior. That qualitative unevenness, rather than a claim
of overall superiority for either method, is the defensible reading given this population’s size and noise
level. The comparison is in any case not like-for-like, since Method 2’s values are cross-validated on a
held-out specimen while Method 1’s are in-sample errors for the specimen being fitted (Section 5.5.2).

6.4.3. Population Size, Data Quality, and the Practical Reliability of RUL Esti-
mates

One clear, positive pattern emerges despite the population-level and data-quality limitations docu-
mented throughout this chapter: RUL estimation performed better for the longer-lived specimens, in
the specific sense that a usable, resolved estimate was more often obtainable at all. Two concrete
mechanisms explain this, both following directly from how Method 1 and Method 2 operate. First, a
longer-lived specimen simply produces more Phase-4 blocks before fracture, giving Method 2’s pop-
ulation GP more checkpoints of data to condition on for that specimen and giving Method 1 a longer
record to fit its extrapolation against. Second, a longer-lived specimen is, by construction, one whose
damage indicators evolved more mildly (a smaller effective rate of change per block) rather than rising
sharply toward failure – and a milder, more gradual trajectory offers both methods more informative
early-life data points to extrapolate or condition from, whereas a rapid, near-vertical late rise (charac-
teristic of the shorter-lived specimens) leaves comparatively little useful signal before the specimen
fractures. Despite this, confidence in any individual RUL prediction remained low throughout the cam-
paign: the population size (eight specimens) is small relative to what the broader GP-based prognostics
literature typically validates against, and this campaign’s own data-quality problems (Sections 6.1–6.3)
compound rather than merely coexist with that small-n limitation, since a small population of noisy tra-
jectories offers the GP even less consistent structure to learn from than a small population of clean ones
would. Chapter 7 returns to expanded population size as the primary recommendation for improving
this result in any future repeat of this campaign.

6.5. Resonance Testing as a Monitoring Platform (R4)
Research Question R4 asked how resonance-based vibration fatigue testing compares to traditional
fatigue tests. This section addresses R4 in two parts: the S-N characterisation of the campaign itself,
read against its own methodological limitations before any literature comparison is attempted, and the
fixed-frequency protocol’s viability as a monitoring platform. The Group B specimens are not treated as
a separate comparison point in this section: Section 5.1 of Chapter 5 already established that Group B
was run under a heterogeneous, iteratively-tuned protocol rather than one fixed configuration, which
is precisely why it was excluded from the Group C1 population statistics; revisiting it here as an S-N
cross-check would reopen a comparison already judged not meaningful. Group B data is used once in
this section (Section 6.5.2), but only as qualitative mechanistic evidence for the resonant-amplification
argument, not as a fatigue-life population to compare against Group C1.

6.5.1. S-N Characterisation: Method Limitations Before Literature Comparison
Before comparing the Basquin fit in Figure 5.23 against the literature, the limitations of the method used
to produce it need to be stated plainly, since they bear directly on how much weight the fit itself can
carry. Three limitations compound.

First, the force-to-stress calibration factor k (Section 5.6 of Chapter 5) was obtained from a linear-
elastic finite element analysis applied to a geometry that is not itself linear in its response: the V-
notch introduces a local stress concentration and, at the higher end of the tested amplitude range,
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plausibly some local plasticity, neither of which a linear FE stress solve captures. Compounding this,
the modal characterisation of the FE model and the physical specimens differed substantially in some
cases (Section 6.1.6), which is itself evidence that the FE model’s stiffness distribution is not a fully
faithful representation of the physical specimen it was meant to calibrate. A further point about these
values should be stated rather than left to the table: although the calibration was per-specimen in intent,
only three distinct k values resulted across the eight specimens, with six of them sharing a single value
(Section 5.6.1 of Chapter 5). For three quarters of the population the conversion from force to stress
is therefore a single shared factor, and the specimen-to-specimen variation the calibration was meant
to capture is largely absent from it. This is a limitation of the calibration method, not of the specific
numerical values obtained: the k values in Table 5.6 are the actual FEMAP output for this campaign,
not placeholders, but the linear-elastic assumption underlying them means they should still be read as
a first-order calibration rather than a fully validated one.

Second, the assumption that the shaker delivers a pure transverse bending load is itself questionable
for this campaign. Because the specimen’s response geometry is not linear at larger amplitudes, the
component of the applied force actually transmitted to the specimen changes with amplitude: rather
than remaining a pure bending excitation, part of the applied force plausibly acted axially, alternately
compressing and tensioning the specimen along its length rather than only bending it transversely. This
is not merely a theoretical possibility. Section 6.1.1 establishes from the mounting-arm fracture surface
(Figure 6.2) that the attachment was carrying a bending moment substantial enough to fail the arm in
fatigue, and any moment the arm reacted was also applied to the specimen. The consequence for
this section specifically is that the load cell records only the component along the intended axis, so
the unrecorded component enters no stage of the stress calculation. If the load applied to the spec-
imens themselves included a comparable axial component, the nominal stress amplitude computed
from the measured transverse force alone would misrepresent the true stress state at the notch root,
independent of and in addition to the k-calibration uncertainty above.

Third, the campaign’s setup consistency and sample size aremodest relative to standard fatigue-testing
practice. Standard test methods for axial fatigue testing of metallic materials, such as ASTM E466
(ASTM International, 2021) and ISO 1099 (International Organization for Standardization, 2017), spec-
ify controlled, uniaxial load application and recommend enough replicate specimens per stress level
to characterise scatter with reasonable confidence, typically substantially more than the two to three
replicates per nominal force level achieved here (and, per Section 5.6.3 of Chapter 5, the achieved
drive amplitudes varied enough within each intended level that the eight specimens spread across five
distinct stress levels rather than three, further thinning the replication at any one level). Against this
standard, the present campaign’s Basquin fit (R2 = 0.0227, Section 5.6) should be read as a weak,
exploratory characterisation rather than a validated S-N curve, and the limitations above – provisional
stress calibration, a plausible mixed loading state, and thin replication – are jointly sufficient to explain
a fit this poor without needing to invoke any additional, unidentified source of scatter.

With this context established, the fatigue lives obtained in this campaign can be compared, cautiously,
against the published literature. Yahr’s compiled design curve for 6061-T6 aluminumunder fully-reversed
loading (Yahr, 1997) reports a fatigue strength of approximately 129 MPa at 2 × 105 cycles, falling to
an asymptotic high-cycle value in the region of 50 MPa by 107–109 cycles. Read against this reference
point, the eight Group C1 specimens (Table 5.6 of Chapter 5) split into two groups, and both groups
show the same directional shortfall. The four specimens tested above 129 MPa (C1-01 at 232.08 MPa,
C1-05 at 183.21 MPa, C1-06 and C1-07 both at 193.87 MPa) all failed short of 2 × 105 cycles, as ex-
pected at stress levels above the reference point – but not by a small margin: their fatigue lives range
from 6,930 to 112,500 cycles, all well under half of the reference life even for the specimen closest to it.
The four specimens tested at or below 129 MPa (C1-02 at 134.06 MPa, C1-03 at 112.06 MPa, C1-08 at
109.50 MPa, and C1-04 at 83.94 MPa) are the more striking case: at these stress levels, Yahr’s curve
would predict lives at or beyond 2× 105 cycles, trending toward very long life as stress approaches the
asymptotic 50 MPa region. Instead, all four failed between 11,880 and 59,250 cycles – roughly one to
two orders of magnitude short of the literature expectation, with C1-04 (the lowest-stress specimen in
the population, and the one furthest below the reference point) showing no corresponding extension
of life. The shortfall is therefore not uniform across the population: it is proportionally worse at lower
stress, exactly where the method limitations above (an uncalibrated, linear-elastic stress estimate; a
possible unaccounted axial load component; thin replication) would be expected to matter most relative
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to the true underlying signal. Given the three method limitations above, a lower-than-literature result
of this kind is not surprising: an uncalibrated or under-calibrated stress estimate, a load state that may
include an unaccounted axial component, and a small, heterogeneously-scattered sample would each
independently tend to bias an apparent fatigue life downward or widen its scatter, so this comparison
is offered as consistent with, rather than contradicting, the method limitations already identified, rather
than as evidence of some additional, unexplained weakness in the material or specimen geometry
itself.

6.5.2. The Fixed-Frequency Protocol: Amplification vs. Stress Control
The central trade-off of the fixed-frequency protocol – amplified damage indicator sensitivity in ex-
change for non-constant stress amplitude – is the core of R4. A fixed drive frequency encodes the
resonance detuning directly into the response phase and amplitude, producing a self-amplifying dam-
age signal: as the natural frequency drifts, the phase deviation and response amplitude change auto-
matically without any change to the excitation, whereas a tracked-frequency protocol that continuously
re-tunes the drive to remain at resonance would actively suppress this same detuning signal.

The evidence available from this campaign for the amplification argument is more direct, if less com-
plete, than a ranking-based test would provide. On the ranking evidence specifically: phase-family
indicators occupied only mid-table SHAP and Spearman importance (Section 6.2), not the top ranks
that a strong version of the amplification argument might predict, so this particular line of evidence
is inconclusive rather than confirmatory and is reported as such rather than reframed to fit the ex-
pected outcome. The stronger evidence is instead direct: the FRF amplitude at resonance remained
substantially elevated relative to off-resonance excitation throughout Phase 4 for the great majority of
specimens (Section 6.1.8), indicating that dynamic amplification was sustained for the duration of the
test rather than lost as the natural frequency drifted. A further, independent piece of evidence comes
from the Group B load-configuration tuning data (Section 3.4.3 of Chapter 3), used here strictly as
mechanistic evidence rather than as a fatigue-life comparison: specimens excited near the tip showed
markedly less damage than specimens excited nearer the mode’s antinode, even at comparably large
excitation amplitudes. This is direct evidence that the damage rate is governed by the dynamic, mode-
shape-weighted response the excitation actually produces, not by the raw excitation amplitude alone
– exactly the distinction the resonant-amplification argument for the fixed-frequency protocol depends
on.

A direct, controlled comparison between the fixed-frequency protocol used here and a tracked-frequency
alternative was not performed in this campaign, and this limits how far the amplification argument can
be pushed empirically: everything reported above is evidence that resonant amplification was present
and sustained under the fixed-frequency protocol, not a demonstration of how much of the observed
indicator sensitivity would be lost under a tracked-frequency protocol specifically. A direct fixed-versus-
tracked comparison, ideally on matched specimens from the same population, is identified here as a
concrete, well-motivated direction for future work (Chapter 7), rather than a gap this campaign’s data
can close on its own.

6.6. Fractography Validation: What the Optical Evidence Says
The two Group C2 specimens provided an independent, vibration-free check on the detection timing
claims of the Layer 0 and Layer 0.5 pipeline. The optical fractography results in Section 5.7 can now
be interpreted against the pipeline’s own claims for those specific specimens. As with the results
discussed in Sections 6.1–6.5, the outcome here is mixed, but for a different reason: the limitation is
one of resolution and timing rather than noise or identification difficulty.

6.6.1. Did the Detection Coincide with Real Damage?
The central question addressed by the Stage 3 microscope images is whether the pipeline’s first dam-
age alarm corresponded to a physically observable change at the specimen surface. The answer for
both Group C2 specimens is a qualified yes: where the alarm fired, a crack was indeed present at the
notch root, but it had already propagated to a visually obvious extent rather than being a subtle, just-
initiating feature. This is a genuinely useful, positive result – it rules out the possibility that the alarm
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was responding to pure noise or drift, since a real physical change was present at the interruption point
in both cases – but it is a more limited result than a confirmation of early sensitivity would be. A third
qualification, developed in Section 5.7.2 of Chapter 5, is that the alarm in both specimens was driven by
Amplitude RMS rather than by any of the modal indicators ranked highly in Section 6.2: the live monitor
operates on the harmonic-loading stage and has no scan-grid data available to it, so the spatial features
that dominate the ranking play no part in the detection validated here. What this evidence establishes is
that the indicators are consistent with damage; what it does not establish is whether the indicators were
also responding, earlier and more subtly, to damage that had not yet become visible at the optical mag-
nification used here. Resolving that second question would require a substantially higher-resolution
examination (electron microscopy, at minimum) applied at multiple points earlier in specimen life than
the single interruption point this protocol provides, and is identified here as a concrete limitation rather
than glossed over.

An informal but informative piece of additional evidence bears on this same question: an event camera
being tested on-site by a visiting collaborator during one of the C2 test sessions captured the crack
formation directly. The footage shows the crack forming late into the specimen’s life and then propa-
gating relatively quickly once formed, rather than growing slowly and visibly over an extended fraction
of life. This is consistent with, and helps explain, the ”late but real” character of the Stage 3 finding
above: if the crack genuinely does not become macroscopically visible until relatively late in life, and
then propagates quickly once it does, a protocol that interrupts at the first statistical alarm and inspects
once would be expected to find a visible, already-advanced feature rather than catching an earlier,
subtler one – not because the indicators lack early sensitivity, but because there may be very little
life-fraction window between ”not yet visible” and ”visible and advancing quickly” for this specimen ge-
ometry and loading condition. This observation is offered as a plausible, video-supported explanation
for the pattern observed, rather than as a controlled, quantified measurement of crack growth rate.

6.6.2. Fracture Surface Consistency and Protocol Validity
The Stage 4 fracture surface comparison addresses a prerequisite for the Stage 3 result to be inter-
pretable: whether the interruption and restart altered the failure mechanism. For both Group C2 speci-
mens, breaking the samples did not reveal any additional information beyond what Stage 3 had already
shown: the final fracture surfaces are qualitatively consistent with the Group C1 reference specimens
(Section 5.7 of Chapter 5), with no distinct initiation site, propagation character, or final-fracture appear-
ance (Figures 5.30, C.6) that would suggest the interruption and reload altered the failure mechanism.
This supports treating the Group C2 specimens’ Stage 3 observations as representative of what an
uninterrupted Group C1 specimen would show at a comparable life fraction, rather than as an artefact
specific to the interrupted protocol. With only two Group C2 specimens, this remains an indicative rather
than a statistically definitive check, and an expanded interrupted-specimen population is identified in
Chapter 7 as a direction for strengthening it.

6.6.3. Cross-Specimen Fractographic Evidence for the Fatigue Mechanism
Beyond the C2-specific detection-timing validation above, the fracture surfaces available across the
campaign (the Group C1 reference specimens and the two Group C2 specimens, Figures 5.30 and C.6)
provide independent, classical fractographic evidence that fatigue was indeed the governing failure
mechanism throughout, rather than static overload or a manufacturing defect. Three observations sup-
port this. First, specimenswith longer fatigue lives show visibly shinier fracture surfaces than specimens
that failed early, a qualitative impression visible to the naked eye (most clearly between the Group C1
reference specimens, Section 5.7 of Chapter 5) rather than one quantified with a surface-roughness
measurement in this campaign: a smoother, lower-roughness surface is the expected signature of
a stable fatigue crack growth zone that has experienced many cycles of crack-face contact and rub-
bing, with the smoothness increasing, as observed here, the longer that process continues before final
fracture. Second, every examined fracture surface shows a clearly demarcated final-fracture region,
distinct in character from the surrounding stable-growth zone, consistent with the expected transition
from slow, stable fatigue crack propagation to rapid unstable fracture once the remaining ligament
can no longer support the applied load. Third, beach marks – the macroscopic arrest-line banding
characteristic of progressive fatigue crack growth – are present on every examined specimen. Taken
together, these three independent, classical fractographic signatures corroborate the same conclusion
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from a source entirely independent of the vibration-based indicators: the dominant failure mechanism
throughout this campaign was indeed progressive fatigue crack growth, not an alternative failure mode
that might otherwise explain the observed indicator behaviour.

This section’s evidence connects directly to one specific finding from earlier in this chapter, worth
making explicit rather than leaving implicit: the video-supported observation that cracks formed late
and propagated quickly (Section 6.6.1) is consistent with, and offers a physical explanation for, Sec-
tion 6.4.1’s finding that none of the six DI formulations reached a resolved population-level prognostic
horizon. A crack that remains invisible until late in life and then propagates rapidly leaves compar-
atively little life-fraction window in which any indicator – however sensitive – could accumulate the
consistent, population-general signal a resolved prognostic horizon requires; this is an independent,
physically-grounded reason for the RUL results being generally poor that does not depend on the
modal-identification or data-quality arguments made in Sections 6.1–6.3. The broader synthesis of
how all of this chapter’s findings fit together is left to Section 6.7.

6.7. Importance of Findings and Contribution to the Field
This section situates the R1–R4 results within the three gaps identified in Chapter 2 and the broader
claims made in Chapter 1, reading the chapter’s findings as a whole rather than section by section.
Consistent with the tone established throughout this chapter, each gap is assessed honestly against
what was actually found, rather than against what the original research design anticipated finding.

6.7.1. Closing the Three Literature Gaps
Gap 1 (Section 2.10.1) – No systematic multi-indicator comparison under fixed-frequency res-
onance testing on metals. This gap is closed, and closed more informatively than a comparison
under ideal conditions would have been. The ranked indicator table (Table 5.3) and the SHAP/Spear-
man analysis (Section 6.2) provide the first simultaneous characterisation of point-tier and spatial-tier
modal indicators through the complete fatigue life of metallic specimens under fixed-frequency har-
monic resonance excitation. What makes this closure substantive rather than nominal is that it does
not stop at a ranking: Section 6.1 traces each indicator’s behaviour back to a specific, identifiable
cause – modal-identification dependence for frequency, damping, coherence, and peak amplitude; di-
rect, identification-independent computation for HDI, amplitude RMS, and force RMS – rather than
reporting an unexplained scatter of importance scores. A ranking obtained under favourable laboratory
conditions would not have revealed this distinction, since every indicator would have performed com-
parably well; it is precisely because this campaign’s experimental conditions were imperfect that the
ranking is diagnostic of why indicators differ, not just that they differ, which is arguably more transfer-
able to other resonance-fatigue setups than a ranking obtained under conditions few future practitioners
will be able to replicate exactly.

Gap 2 (Section 2.10.2) – Absence of a prognostic horizon analysis for modal-parameter-based
RUL estimation on metals. This gap is addressed rather than closed. None of the six DI formu-
lations tested reached a resolved population-level prognostic horizon within observed specimen life
(Section 6.4.1), Dfreq included despite its direct tie to the underlying CDM stiffness-loss relationship.
This is a considerably more modest outcome than a demonstration of reliable multi-formulation progno-
sis would represent, and it is presented as such rather than reframed as a broader success. Its value to
the field is better understood as a first, quantified account of how prognostic reliability degrades under
realistic constraints – small population size, imperfect boundary conditions, a crack that forms late and
propagates quickly (Section 6.6) – than as a validated methodology ready for direct application. This is
still a genuine contribution: no prior study appears to have quantified where and why modal-parameter-
based prognosis breaks down for metallic specimens under these conditions, and that quantification is
itself useful to a field that has, to this point, mostly reported successes under more controlled conditions.

Gap 3 (Section 2.10.3) – The fixed-frequency protocol as a monitoring platform. This gap is
addressed unevenly. The quantitative link between the fixed-frequency protocol and classical S-N
characterisation (Section 6.5.1) is weak, constrained by a provisional force-to-stress calibration and
a fit with essentially no explanatory power (R2 = 0.0227); this part of the gap remains substantially
open. The qualitative evidence for resonant amplification as a monitoring mechanism (Section 6.5.2)
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is considerably more solid: the sustained FRF amplitude through Phase 4 and the tip-versus-antinode
excitation comparison together demonstrate that dynamic, mode-shape-weighted amplification, not raw
excitation amplitude, governs the damage rate, which is a real, if qualitative rather than quantitative,
contribution to understanding the fixed-frequency protocol’s mechanism.

6.7.2. Scientific Contribution and Broader Significance
Chapter 1 stated that the scientific contribution of this thesis is an integrated, empirically grounded
characterisation of modal-parameter-based fatigue prognosis under controlled resonance conditions.
The results reported here support the ”integrated” and ”empirically grounded” parts of that claim more
strongly than they support any implicit expectation of a clean, successful outcome, and the contribution
is best framed accordingly.

The pipeline is genuinely integrated: detection (Layer 0), sensitivity ranking (Layer 1), damage indexing
(Layer 2), and prognosis (Layer 3) connect coherently from one stage to the next, and, importantly, they
disagree with each other in traceable rather than arbitrary ways. The indicators found most robust in
Layer 0 (Section 6.1) are exactly the ones that dominate the Layer 1 ranking (Section 6.2) and drive the
Layer 2 formulations built to concentrate on them (Section 6.3.1); that none of these formulations, nor
Dfreq despite its more direct physical motivation, reaches a Layer 3 population horizon is itself trace-
able to the same cross-specimen timing variability documented at Layer 0, rather than an unexplained
failure appearing only at the prognosis stage. This chain of traceable causation, rather than a chain of
uniformly good results, is what ”integrated” means in practice for this thesis, and it is a stronger, more
falsifiable claim than ”the layers agree” would have been.

The results are also genuinely empirically grounded, in that every major finding was checked against at
least one independent source rather than accepted on the strength of the pipeline’s own internal metrics
alone: the FE/synthetic toolkit comparison (Sections 6.1.6, 6.3.2), the optical fractography validation
(Section 6.6), and the S-N literature comparison (Section 6.5.1) each independently corroborated or
qualified a claim made elsewhere in the chapter, and in no case was an independent check simply
omitted because it was inconvenient to the pipeline’s own results.

Beyond the specific empirical findings, three further, more tangible outputs of this thesis are worth
stating explicitly as contributions in their own right, independent of how the experimental campaign
itself turned out:

• First, three separate, reusable software tools were developed over the course of this work: the
LDV Analysis Suite (pre-campaign sensor and specimen characterisation), the Synthetic Data
Toolkit (the physics-informed CDM–Basquin prediction generator used throughout this chapter
as an independent comparison), and the full five-layer analysis pipeline itself (Layers 0–3, live
monitoring, and the S-N module). All three are documented in Chapters 3–4 and are available
for reuse or extension by future work on this or a similar experimental setup, independent of this
specific campaign’s results.

• Second, this thesis represents a preliminary demonstration of a comparatively low-cost resonance
fatigue monitoring setup – a miniature electrodynamic shaker, a single scanning LDV, and a stan-
dard clamping fixture, assembled originally as supporting infrastructure for a planned quantum
photonic vibrometer benchmark (Section 1.3 of Chapter 1) rather than as a dedicated, purpose-
built fatigue rig. That this setup nonetheless produced a usable, physically consistent damage
signal for at least one indicator (Section 6.1), even where none of the six DI formulations built on
top of that signal reached a resolved population-level prognostic result (Section 6.4.1), and clean,
classical fractographic evidence of fatigue as the governing mechanism (Section 6.6), suggests
real potential for this class of low-cost setup, even though that potential was not fully realised
here.

• Third, and more generally, the chapter’s diagnostic throughline – tracing each limitation encoun-
tered (noisy modal identification, an unreliable CAE, a poor S-N fit, a narrow prognostic window)
back to a specific, identifiable experimental or methodological cause rather than leaving it as un-
explained scatter – is itself a transferable contribution: a future researcher repeating this kind of
campaign now has a concrete list of what to prioritise (a demonstrably rigid boundary condition, a
verified pure-bending load path, an adequately sized specimen population, N4SID over LSCF for
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closely-spaced or highly-damped modes, and modal-identification-independent indicators over
frequency and damping where data quality cannot be guaranteed in advance) that this thesis did
not have available to it at the outset.

Read together, this thesis’s contribution is best summarised not as a demonstration that modal-parameter-
based fatigue monitoring works well under resonance excitation, but as a rigorous, traceable account
of the conditions under which it does and does not, obtained from a genuinely integrated pipeline and
checked at every stage against independent evidence. Chapter 7 states the conclusions for each
research question in full and translates this diagnostic throughline into concrete practical recommenda-
tions.



7
Conclusions and Recommendations

This chapter closes the thesis by summarising the main findings, stating the conclusions reached with
respect to each of the four research questions, identifying the study’s contribution and limitations, and
outlining recommendations for both practical application and future research. Where Chapter 6 inter-
preted individual results in their immediate context, this chapter steps back to state, in each case, what
is now known with reasonable confidence and what remains open.

7.1. Summary of Main Findings
This thesis set out to characterise how a specimen’s vibration response evolves under fixed-frequency
resonance fatigue loading, to identify which indicators are most sensitive to early damage, to deter-
mine whether those trends can support reliable remaining-life prognosis, and to contextualise the fixed-
frequency resonance protocol against the broader fatigue testing landscape. The campaign instru-
mented eight Al 6061-T6 beam specimens (Group C1) through complete fatigue life with a scanning
LDV, supplemented by two specimens (Group C2) tested under a deliberately interrupted protocol with
independent optical fractography validation, and by an exploratory autoencoder-based health indica-
tor (Layer 0.5) and a dedicated S-N characterisation module developed after the core pipeline was
established.

Across the eight Group C1 specimens, the measured vibration response proved considerably less reli-
able than the CDM framework’s idealised picture: only two of the three intendedmodes could be tracked
with acceptable stability, and frequency, damping, coherence, and peak FRF amplitude – all dependent
on clean modal identification – were substantially degraded by imperfect boundary-condition fixity and
a load path that plausibly included an unintended axial component alongside the intended bending
excitation. By contrast, HDI, amplitude RMS, and force RMS, none of which require modal parameter
extraction, showed a consistent, broadly monotonic progression across most specimens. This same
split reappeared, independently, in the Research Question R2 sensitivity ranking: HDI and mode-shape
curvature dominated the SHAP-based importance ranking, while frequency and damping sat at the bot-
tom, and the Spearman ranking – dominated instead by spatial features for reasons traced to what a
purely monotonic-correlation measure rewards rather than to genuine damage sensitivity – disagreed
with SHAP in informative rather than merely noisy ways. The Layer 0.5 autoencoder-based indicators,
evaluated independently via leave-one-specimen-out cross-validation, achieved an AUROC at or be-
low chance level (0.469 and 0.422) that remained essentially unchanged across three tested bottleneck
sizes, pointing to a data-quality rather than an architectural explanation for the CAE’s poor generalisa-
tion. For Research Question R3, three of the six damage index formulations (Dcomp, DPC1, DCAE)
showed the cleanest within-specimen behaviour, yet none of the six formulations – Dfreq included,
despite its direct tie to the underlying CDM stiffness-loss relationship – reached a resolved population-
level prognostic horizon within observed specimen life; confidence in any individual remaining-useful-
life estimate remained low throughout, though longer-lived specimens consistently yielded more usable
estimates, for reasons traced to both the additional data they provided and their milder rate of damage
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evolution. For Research Question R4, the quantitative S-N characterisation was weak (R2 = 0.0227,
five distinct stress levels detected rather than the three the campaign was designed around), a result at-
tributable to a first-order, linear-elastic force-to-stress calibration and the same plausible mixed loading
state noted above, whereas the qualitative evidence that the fixed-frequency protocol sustains genuine
resonant amplification throughout the test – rather than losing it as the natural frequency drifts – was
considerably more solid. Finally, the independent optical fractography validation on the two Group C2
specimens found that the pipeline’s damage alarms did coincide with real, physically observable surface
change, but only once that change was already visually advanced rather than at its earliest, most sub-
tle stage; classical fractographic evidence (beach marking, a shininess-versus-life-fraction relationship
in fracture surface roughness, and a clearly demarcated final-fracture zone) independently confirmed
fatigue as the dominant failure mechanism across the campaign as a whole.

7.2. Conclusions per Research Question
7.2.1. R1 -- Vibration Response Evolution
Research Question R1: How does the vibration response evolve as fatigue damage accumulates under
resonant vibration loading?

Modal parameters evolved consistently with accumulating fatigue damage only where they did not de-
pend on modal parameter extraction: HDI, amplitude RMS, and force RMS evolved in a manner consis-
tent with progressive damage across most specimens, while frequency, damping, coherence, and peak
FRF amplitude did not evolve reliably enough to support a confident CDM-consistency judgement, de-
graded by imperfect boundary-condition fixity and a plausible mixed bending-and-axial load path rather
than by any property of the fatigue process itself. No confident conclusion can be drawn on whether a
CDM-predicted hardening plateau occurred, since the frequency record’s noise precludes distinguish-
ing a genuine transient stiffening from measurement scatter. Spatial indicators did not unambiguously
confirm notch-root localisation: MAC and mode-shape curvature broadly matched expectation, but cur-
vature evaluated specifically at the notch scan point was erratic rather than consistently localised, so
this thesis’s spatial evidence should be read as consistent with, rather than as direct confirmation of,
notch-initiated damage localisation.

7.2.2. R2 -- Indicator Sensitivity Ranking
Research Question R2: Which vibration-based indicators are most sensitive to early fatigue damage?

No single indicator is top-ranked across all three analytical methods, and this disagreement is itself the
substantive conclusion rather than a weakness to be resolved: HDI and mode-shape curvature dom-
inate the SHAP-based ranking, while Spearman correlation is instead dominated by spatial features
for reasons traced to what a purely monotonic-correlation measure rewards (any consistent drift with
life fraction, not necessarily damage-specific), not to a genuine disagreement about which features
are most damage-sensitive. For a future monitoring system, HDI and curvature are the more defen-
sible choice of primary indicator, since their SHAP-based importance is corroborated by the modal-
identification-independence argument established for R1, whereas high Spearman rank alone is not
sufficient evidence of damage sensitivity. The redundancy analysis (via PC1 loading) does not support
a claim of extensive feature redundancy: variance is concentrated almost entirely in HDI and its first
difference, with every other feature contributing negligibly to the dominant component, suggesting most
of the 33-feature set is individually weak or noisy in this dataset rather than duplicating a small set of
strong signals. The Layer 0.5 autoencoder-based indicators offered no meaningful advantage over the
hand-engineered set: both HI1 and HI2 achieved leave-one-specimen-out AUROC at or below chance
level (0.469 and 0.422), a result that held across three tested bottleneck sizes and is attributed to the
small, noisy specimen population rather than to an architectural shortcoming.

7.2.3. R3 -- Remaining Useful Life Estimation
Research Question R3: Can vibration response trends be used to estimate remaining fatigue life?

The answer to R3 is qualified, and negative on the specific question of population-level prognosis
within this campaign: vibration response trends can support remaining-life prognosis in principle, via
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Method 1’s single-specimen trend extrapolation, available from the first block of any new specimen
without requiring a prior population. But none of the six damage index formulations tested reached a
resolved population-level prognostic horizon (the ∆CI < 0.30 criterion applied to Method 2, the pop-
ulation Gaussian Process) within observed specimen life. This negative result is weaker than it first
appears in one important respect: for three of the six formulations the uncertainty propagation itself
diverged, so the criterion could not have been met at any block irrespective of the underlying damage
signal (Section 6.4.1), and the result for those three is uninformative about detectability rather than
evidence against it. For the formulations whose uncertainty estimates remained finite the conclusion
stands as stated –Dfreq included, despite its direct tie to the CDM stiffness-loss relationship and despite
Dcomp, DPC1, and DCAE showing cleaner within-specimen trajectories. The population Gaussian Pro-
cess (Method 2) did not provide a uniformly demonstrated accuracy improvement over single-specimen
trend extrapolation (Method 1) at this population size: it converged to a usable, resolved estimate for
some specimen/formulation combinations but not others, consistent with a population of eight speci-
mens providing enough shared structure to support the method only intermittently rather than reliably,
and consistent with no formulation reaching the population horizon outright. This conclusion should
be read as a proof of concept rather than a population-validated capability: with n = 8 specimens,
none of the individual prognostic horizon, method-comparison, or formulation-ranking results should
be generalised beyond this campaign without further population-scale validation.

7.2.4. R4 -- Resonance Testing in Context
Research Question R4: How does resonance-based vibration fatigue testing compare to traditional
fatigue tests?

Resonance-based fatigue testing retains its expected qualitative advantage over conventional stress-
controlled testing in accumulating fatigue cycles quickly by continuously exciting the specimen at or
near a natural frequency, consistent with the established literature on accelerated resonance testing;
this campaign’s own block-cycle accounting is consistent with that expectation but does not itself pro-
vide a quantified efficiency comparison against a conventional fatigue test, since no such conventional-
protocol comparison was run in parallel. The quantitative S-N characterisation obtained here is weak
and should not be treated as a validated stress-life curve for this specimen geometry: the fitted Basquin
relationship explains essentially none of the variance in fatigue life (R2 = 0.0227), and the per-specimen
force-to-stress calibration spread the eight specimens across five distinct stress levels rather than the
three the campaign was designed around, a direct consequence of the calibration’s linear-elastic sim-
plification rather than of the underlying material behaviour. The lead-time overlay demonstrated that a
resolved remaining-life estimate can in principle be obtained before fracture using this protocol, but only
for a single specimen (C1-05, under two of the six DI formulations, both giving an identical 75,000-cycle
lead time) rather than across the population, so this remains a proof-of-concept demonstration rather
than evidence of population-wide advance warning; the qualitative case for the fixed-frequency protocol
as a monitoring platform – that resonant amplification is sustained throughout the test rather than lost
as the natural frequency drifts – is the more solid of this research question’s two lines of evidence. A
direct, controlled comparison between the fixed-frequency protocol used here and a tracked-frequency
alternative was not performed in this thesis and remains an open question, addressed further in Sec-
tion 7.5.

7.2.5. Other Contributions
Three further outcomes fall outside the four research questions.

• An independent, vibration-free validation route for the detection logic. The interrupted
Group C2 protocol, in which fatigue loading is paused at the first live-monitoring alarm for op-
tical fractography and then resumed to fracture, establishes that the alarm corresponded to real
physical damage rather than to a measurement artefact. The method is transferable to any cam-
paign that needs to separate the two, and requires no instrumentation beyond a microscope.

• Quantified design requirements for resonance fatigue fixturing. The pre-campaign char-
acterisation batteries, the load configuration study, and the post-campaign diagnostic groups
together yield a set of setup requirements that are stated as practical recommendations in Sec-
tion 7.3: how to characterise a vibrometer installation before committing to a campaign, how to
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verify a pure bending load path and a repeatable clamped boundary, and how to select force lev-
els and block sizes so that specimens driven hardest still yield enough observations to analyse.

• Three reusable software tools. The LDV Analysis Suite, the Synthetic Data Toolkit imple-
menting the coupled CDM–Basquin prediction, and the five-layer analysis pipeline with its live-
monitoring path and S-N module, all built on a common HDF5 schema and released publicly
with their documentation (Appendix D). These are usable independently of how this campaign’s
results turned out, and the layer structure allows individual stages to be substituted or extended.

Taken with the answers to R1–R4 above, the contribution of this thesis is a traceable account of where
vibration-based fatigue prognosis succeeds under controlled resonance conditions, where it does not,
and which of its failures are attributable to the method rather than to the principle.

7.3. Practical Recommendations
The results support several concrete recommendations for the design of future modal-parameter-based
fatigue monitoring systems, independent of whether such a system is deployed in a laboratory qualifi-
cation setting or adapted toward in-service structural health monitoring.

7.3.1. Indicator and Feature Set Selection
For earliest possible detection and for indicator robustness under realistic, imperfect experimental con-
ditions, HDI and amplitude RMS are the recommended primary indicators: both are computed directly
from the raw response and excitation signals without requiring modal parameter extraction, and both
showed a consistent, broadly monotonic progression across most specimens even where the modal-
identification-dependent indicators (frequency, damping, coherence, peak FRF amplitude) did not (Sec-
tion 6.1). For population-level prognosis specifically, none of the six formulations reached a resolved
population-level prognostic horizon in this campaign (Section 6.4.1), so no formulation can currently be
recommended on demonstrated performance; frequency shift remains the more theoretically motivated
candidate for future population-level work, precisely because of its direct tie to the CDM stiffness-loss
relationship rather than because of its per-specimen cleanliness (Section 6.3.1), but this is a recom-
mendation for where to prioritise future validation effort, not a claim that it already works. These are
not the same recommendation, and a future system should track a small, complementary set rather
than a single indicator: HDI and amplitude RMS for robust, early anomaly flagging, and frequency shift
as the priority candidate for population-level RUL estimation once validated, with the explicit caveat
that frequency’s usefulness for the latter purpose depends on first resolving the boundary-condition
and load-purity problems identified in Section 7.4.2, since a noisier frequency record than this cam-
paign’s would be expected to degrade this candidate formulation further still. On redundancy specifi-
cally, this campaign’s data support dropping at most one clearly duplicated pair rather than a large frac-
tion of the feature set: ∆MACmode1 andMACmode1 were flagged as carrying near-identical information
(|rij | > 0.90, Section 5.3), so a future instrumentation design could reasonably drop the first-difference
variant and retain the raw MAC value, which requires one fewer processing step to compute; beyond
this specific pair, most of the 33-feature set contributed negligibly to the dominant PC1 direction (Sec-
tion 6.2.2), which speaks to those features’ individual weakness in this dataset rather than to a broader
redundancy that would justify a large cut to the acquisition budget.

7.3.2. Damage Index Formulation and Prognosis Method
Dfreq is the recommended formulation to prioritise for future prognostic validation, not because it was
the best-behaved formulation on a per-specimen basis in this campaign – Dcomp and DPC1 were both
cleaner in that specific sense (Section 6.3.1) – and not because it was demonstrated to reach a resolved
population-level prognostic horizon here, since none of the six formulations did. The recommendation
rests instead on its direct tie to the CDM stiffness-loss relationship, which gives a principled, physically-
grounded reason to expect it to generalise better across future campaigns than a formulation optimised
only for within-specimen fit quality, once the boundary-condition and load-purity problems identified in
Section 7.4.2 are resolved. The two autoencoder-derived formulations are not recommended for prog-
nostic deployment at this population scale: both showed leave-one-specimen-out AUROC at or below
chance level, a result attributed to insufficient, noisy training data rather than to an architectural limi-
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tation (Section 6.2), and this should be revisited only once a substantially larger specimen population
is available. On method choice, a hybrid deployment strategy is recommended over choosing one
method exclusively: Method 1 (single-specimen trend extrapolation) requires no prior specimen pop-
ulation and should be used from the first block of any new campaign, while Method 2 (the population
Gaussian Process) should be introduced once a prior population of at least five to six specimens is
available (Section 4.4.3), since this is the practical minimum below which the GP cannot be expected
to offer a reliable advantage over Method 1 alone – a real deployment prerequisite that a future system
design should budget for explicitly rather than assume away.

7.3.3. Protocol Design: Fixed-Frequency vs. Tracked-Frequency
The fixed-frequency protocol is recommended when the primary objective is early damage detection
and monitoring-oriented prognosis, and the tracked-frequency alternative is recommended when the
primary objective is precise classical S-N characterisation. This follows directly from the trade-off un-
derlying R4: a fixed drive frequency lets resonance detuning encode itself directly into phase and
amplitude, amplifying the damage signal available to a monitoring system, but at the cost of allowing
stress amplitude to vary uncontrolled over the test rather than holding it fixed as an S-N characterisation
requires (Section 6.5.2). A test engineer should therefore treat this as a genuine either/or design deci-
sion made at the outset, rather than expecting one protocol to serve both purposes well simultaneously:
this campaign’s own S-N characterisation was weak in large part because the fixed-frequency protocol
used was not designed to hold stress amplitude constant, and a future campaign whose primary goal
is S-N curve generation should not adopt the fixed-frequency protocol on the expectation that a usable
S-N curve will follow as a by-product.

7.3.4. Live Monitoring and Validation Practice
The interrupted-specimen validation track used in this campaign was informative and is recommended
for continued use in future campaigns, but with two specific expansions motivated directly by this cam-
paign’s own limitations. First, a future campaign should interrupt each validation specimen at mul-
tiple checkpoints across its life, rather than only once at the first statistical alarm: this campaign’s
single-interruption design could confirm that the alarm coincided with real, visible damage, but could
not establish whether the underlying indicators were also responding to damage before it became
visible, since that requires a comparison at an earlier checkpoint that this protocol did not provide
(Section 6.6.1). Second, the exclusion of the autoencoder-based indicators (HI1, HI2) from the live-
monitoring alarm-triggering logic should remain in place for future deployments until a substantially
larger training population is available, consistent with the near-chance validation performance found
here and the data-hungriness this implies (Section 6.2); the two indicators can continue to be logged
for post-hoc analysis without being trusted as alarm triggers in the interim. A further, low-cost addition
is recommended based on an informal but genuinely useful observation from this campaign: an event
camera recording the specimen during testing captured direct visual evidence of crack formation and
propagation timing (Section 6.6.1) at negligible additional experimental cost, and a future campaign
would benefit from incorporating this as a planned, continuous monitoring channel rather than as an
opportunistic addition, since it provides exactly the kind of independent, high-temporal-resolution timing
evidence that a single-checkpoint microscopy protocol cannot.

7.3.5. Designing a Vibration Fatigue Test Setup
The pre-campaign and load configuration process developed in this thesis (Sections 3.4.1–3.4.3) is
itself a transferable design protocol for setting up a fixed-frequency resonance fatigue monitoring cam-
paign on a new specimen geometry, and is summarised here as a practical recommendation indepen-
dent of the specific aluminium beam results.

Synthesising this campaign’s own design decisions, together with what its execution problems reveal in
hindsight, into a short, ordered checklist for a future test engineer setting up a similar rig from scratch:

1. Sensor characterisation first. Establish the LDV noise floor and minimum detectable amplitude
(T1–T2) before any specimen-specific work, since these set the detection sensitivity ceiling for
everything that follows.
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2. Attachment point selection. Choose the shaker attachment location so that it excites the target
mode adequately while keeping the intended damage-initiation site (e.g. a notch) in a region
of non-zero bending moment, rather than defaulting to the point of maximum displacement or
maximum stress (Section 3.4.3).

3. Verify a pure bending load path before the campaign begins, not after. This campaign’s own
evidence – the fracture pattern of a mounting component consistent with mixed bending-and-axial
loading rather than pure transverse motion (Section 6.1.1) – indicates that a nonlinear-geometry
attachment can transmit an unintended axial force component at larger excitation amplitudes. A
future setup should verify, at the highest planned excitation amplitude and before committing to
the main campaign, that the force transmitted to the specimen remains predominantly transverse;
this was not verified in advance here and is a direct, identified cause of this campaign’s weak S-N
characterisation (Section 6.5.1).

4. Clamping and boundary condition verification. Specify a fixed clamping torque, and, in light of
Section 7.4.2, add an explicit boundary-condition re-verification step at the end of each fatigue
test, not only before Phase 4 begins, so that genuine material scatter can be separated from
fixture drift in future campaigns.

5. Specimen manufacturing consistency as a controlled variable. The Group D2 comparison (Sec-
tion 6.1.7) found that, with the fixture held constant across four specimens, the largest source of
variation in FRF repeatability was the specimens themselves: those produced on the intended
equipment overlaid closely across runs, while those produced when it was unavailable showed
coherence collapsing at the first bending mode and visible run-to-run scatter across the band.
Specimen manufacturing should therefore be treated as a controlled variable of the campaign
rather than a preliminary to it. In practice this means machining the full population on the same
equipment in a single batch where possible, recording any deviation from that as a specimen
attribute, and screening each specimen with a short repeatability check before it enters the cam-
paign, so that a specimen whose baseline FRF cannot be reproduced across successive scans
is identified before fatigue loading rather than after.

6. Force level selection via a pilot study. Apply the three-criterion approach used for Group B (Sec-
tion 3.4.3) – fracture location consistency, an acceptable block-count range for adequate temporal
resolution, and a minimum force coherence threshold across the modes of interest – to a small
pilot population before committing to the main campaign’s force levels.

7. Design the stress-level matrix up front, and calibrate force-to-stress before, not after, testing. De-
cide the number of stress levels and repeats per level (Section 7.4.1) at the design stage, trading
off population size against distinct-level count explicitly, since the monitoring objective (R1–R3,
favouring more specimens per condition) and the S-N objective (R4, favouring more distinct lev-
els) draw on the same finite specimen budget; and complete any force-to-stress finite element
calibration (Section 6.5.1) before the campaign, using a model whose modal characteristics have
been checked against a representative specimen, rather than treating it as a follow-up step once
testing is already complete.

7.4. Limitations of the Study
The following limitations qualify the conclusions stated above and should be read alongside them. They
are grouped into four themes rather than by chapter, since several individual limitations span multiple
research questions.

7.4.1. Experimental Campaign Scale
The Group C1 population of eight specimens is small relative to what population-level prognostic vali-
dation ordinarily requires, and the Group C2 validation pair smaller still. Every population-level result
in this thesis carries that constraint: the leave-one-out cross-validation trains on seven specimens, the
Gaussian Process has seven to generalise from, and the S-N fit has eight points across five effectively
distinct stress levels, since the achieved drive amplitudes varied enough within each intended level to
separate under the fit’s own gap rule.

The protocol compounds this in a way the campaign design did not anticipate. Because fatigue blocks
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are of fixed size, the number of observations a specimen yields is set by how long it survives, so the
specimens driven hardest yield the fewest. S01–S03 completed one or two Phase 4 blocks each, too
few to fit the two-parameter logistic underlying Layer 2. Every damage-index and remaining-life result
therefore rests on five specimens, and the uncertainty analysis on four, rather than the nominal eight.
Temporal resolution and stress level are coupled under this protocol, and Section 7.5.1 proposes a
block-sizing scheme that decouples them.

7.4.2. Measurement Reliability and Calibration
Section 6.1 of Chapter 6 establishes that measurement reliability, rather than indicator choice, governed
what this campaign could resolve. Four limitations follow from it.

First, only two of the three intended modes could be tracked with acceptable stability, and the MAC
diagnostic shows that mode-shape repeatability between two undamaged blocks of the same specimen
is poor enough to leave the spatial indicators little dynamic range, and that the mode labels do not
reliably track the same physical mode between blocks. Every per-mode trajectory in this thesis is
therefore a trajectory of whatever the identification routine assigned that label in each block. This is
the primary reason the indicators requiring no modal identification are recommended over those that
do (Section 7.3.1).

Second, the clamping arrangement and the shaker attachment introduced amplitude-dependent effects
that the protocol did not control, evidenced directly by physical inspection of both. The load cell records
only the component along the intended axis, so any parasitic moment is applied to the specimen but
never measured.

Third, the force-to-stress calibration underlying the R4 characterisation is first-order rather than vali-
dated. The finite element analysis assumed linear-elastic behaviour for a geometry whose response is
not linear at the stress concentrations involved, the model’s own modal characteristics differed substan-
tially from the physical specimens’ in some cases, and although a separate analysis was run for every
specimen it produced only three distinct values across the eight, the geometric differences between six
of them being too small for the model to resolve.

Fourth, the nine-point scan grid falls below the density recommended for reliable modal curvature
estimation by finite differences, and does not span the notch, so the spatial indicators detect damage
through its effect on the deflected shape nearby rather than by imaging the crack.

7.4.3. Methodological Scope
Two aspects of the analytical methodology were deliberately scoped narrowly and remain open. First,
this thesis does not perform a literal side-by-side comparison between the fixed-frequency protocol
used throughout the campaign and a phase-locked, tracked-frequency protocol on an equivalent speci-
men population (Section 2.10.3 of Chapter 2); the amplification argument for fixed-frequencymonitoring
sensitivity is supported by direct evidence from this campaign (Section 6.5.2) but not tested against a
tracked-frequency control group. Second, the modal feature extraction used throughout this thesis
is built on linear modal analysis: the identification methods, the FRF-based damage indicators, and
the CDM stiffness-loss relationship all assume linear or quasi-linear structural response at each mea-
surement instant, with HDI the only indicator that explicitly captures a nonlinear effect (crack-breathing
super-harmonics), and only as a scalar summary rather than through a full nonlinear modal characteri-
sation.

7.4.4. External Constraints
Two further limitations arise from constraints external to the analytical methodology itself. The op-
tical fractography validation (Section 5.7) was deliberately scoped as qualitative, providing discrete,
vibration-free checkpoints rather than a continuous, quantitative crack-length record; sub-surface or
microscopic damage below the resolution of the optical microscope used would not be detected, so the
”already visually advanced” character of the observed damage (Section 6.6.1) reflects the resolution
and single-checkpoint timing of this protocol rather than a demonstrated absence of earlier, sub-visible
sensitivity. Separately, as described in Chapter 1, this thesis’s research direction was reoriented after
the quantum photonic vibrometer (QPV) instrument that was the original basis for the project became
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unavailable due to equipment failure; the resulting fatigue monitoring study is well-matched to the avail-
able experimental infrastructure (Section 2.10.4), but the originally intended comparison between LDV-
based and QPV-based vibration measurement for fatigue testing applications was not performed and
remains a separate, unaddressed research question.

7.5. Suggestions for Future Research
7.5.1. Improving Measurement Reliability and Calibration
Three concrete improvements follow directly from themeasurement and calibration limitations identified
in Section 7.4.2. These are placed first because they are prerequisites: adding specimens to a pro-
tocol whose boundary condition, load path, and stress calibration remain uncontrolled would multiply
the existing scatter rather than resolve it. First, resolving the boundary-condition and load-purity prob-
lems that limited modal identification to two of three intended modes – specifically, the rigid clamping
and verified pure-bending load path recommended in Section 7.3.5 – should be treated as a prerequi-
site for any repeat campaign, since a third reliably-tracked mode would directly expand the spatial and
point-tier feature set available to Layers 1–3. Second, an end-of-test boundary-condition re-verification
step, rather than only a pre-Phase 4 check, would let a future campaign separate genuine material and
surface-condition scatter from fixture drift in the population-level statistics, which the present campaign
could not do retrospectively. Third, and most directly relevant to completing the R4 contribution, the
force-to-stress calibration should be redone with a finite element model whose own modal character-
istics have been validated against a representative physical specimen before it is trusted to produce
per-specimen k values (Section 7.4.2), and using a geometrically nonlinear analysis rather than a linear-
elastic one given the notch stress concentration involved. Only once this calibration is on a validated
footing would the additional repeats per stress level suggested in Section 7.5.2 translate into a mean-
ingful, quantitative comparison against the published Al 6061-T6 S-N literature.

7.5.2. Expanding the Experimental Campaign
Once the measurement and calibration improvements above are in place, the most direct extension of
this work is a larger specimen population, addressing the small-n limitation (Section 7.4.1) directly. A
population of n ≥ 20 specimens, tested under the same fixed-frequency protocol, would substantially
tighten the confidence intervals on the R2 sensitivity ranking, provide a more robust Gaussian Process
training set for R3 (allowing, for example, a held-out test set distinct from the leave-one-out training
pool), and allow the redundancy and PC1 structure to be validated rather than estimated from a single
eight-specimen sample. Expanding the Group C2 validation track to more than two specimens would
similarly strengthen the fractography validation from indicative to statistically supported. A larger pop-
ulation alone would not, however, resolve the coupling between drive level and temporal resolution
identified in Section 7.4.1: because blocks are of fixed size, the specimens driven hardest still yield
the fewest observations. Scaling the block size inversely with the expected life at each stress level,
so that every specimen contributes a comparable number of blocks regardless of how quickly it fails,
would give the Layer 2 and Layer 3 fits a usable record from the short-lived specimens that the present
protocol excludes. On the R4 side specifically, increasing from two to three repeats per stress level
to five or more, and adding one or two further stress levels at the extremes of the range validated by
the Group B study, would tighten the Basquin slope confidence interval (Section 7.4.1) substantially
without requiring any change to the experimental protocol itself, though, as Section 7.5.1 below notes,
this is only worth pursuing once the calibration limitation underlying the current fit is addressed first.

7.5.3. Methodological Scope: Protocol Comparison, CAE Integration, and Nonlin-
ear Modal Analysis

Two extensions would directly close the methodological scope limitations identified in Section 7.4.3.
First, running the fixed-frequency protocol against a phase-locked, tracked-frequency control group on
an equivalent specimen population, with the same indicator sensitivity and prognostic horizon analysis
applied to both, would resolve whether the apparent sensitivity advantage reported in Section 6.5.2
is a genuine effect of the protocol or an artefact of this campaign’s specimens and loading history.
Second, the linear-response assumption noted there could be relaxed by drawing on nonlinear modal
analysis techniques: backbone curve tracking, which characterises the amplitude-dependent natural
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frequency and damping relationship and is directly relevant to the phase-locked-loop methods above,
or a fuller characterisation of the crack-breathing bilinear stiffness behaviour. Both could in principle
extract more information from the raw FRF data already being collected, without requiring any change
to the experimental protocol.

The Layer 3 Gaussian Process model has since been extended to accept DCAE and DCAE,latent as
inputs alongside the four hand-engineered formulations, resolving what was an open methodological
gap at the time this campaign’s analysis began; the resulting like-for-like Method 1/Method 2 compar-
ison for all six formulations (Chapter 5) confirms that the autoencoder-derived formulations remain no
more reliable than the hand-engineered ones at this population scale, consistent with the recommenda-
tion in Section 7.3.2 against deploying them until a substantially larger training population is available
(Section 7.5.2).

Beyond these three, a larger and cleaner dataset arising from the improvements above would also open
several broader machine-learning extensions worth noting, though at a lower priority than resolving the
scope limitations directly: alternative autoencoder architectures (attention-based or variational formu-
lations benchmarked against the current convolutional baseline); a sequence-aware model for the DI
trajectory, since the current Layer 3 treatment is essentially memoryless at each prediction checkpoint
and a recurrent or transformer-based model trained on the full per-specimen history could exploit tra-
jectory shape rather than only the instantaneous value; transfer learning across specimen geometries,
testing whether a model trained on one geometry or material transfers with limited fine-tuning; and a
joint or multi-task formulation spanning detection, ranking, indexing, and prognosis rather than treat-
ing them as four separate stages. Each of these builds directly on the pipeline architecture already
established (Section 4.1 of Chapter 3) rather than requiring a new framework.

7.5.4. External Constraints: Fractography Depth and the QPV Comparison
Two extensions follow from the external constraints identified in Section 7.4.4. First, beyond simply
expanding the Group C2 population (Section 7.5.2), the fractography protocol itself would benefit from
interrupting each validation specimen at multiple checkpoints across its life rather than only once at
the first statistical alarm (Section 7.3.4), which is the only way to test whether the pipeline’s indicators
respond to damage before it becomes visible at the resolution used here, a question this campaign’s
single-checkpoint design could not resolve. Second, as noted in Chapter 1, the original motivation for
this project was a comparison between the scanning LDV and a quantum photonic vibrometer (QPV)
for fatigue testing applications. With the fatigue monitoring pipeline, specimen protocol, and analysis
framework now established by this thesis, repeating a subset of the fatigue campaign with a functioning
QPV instrument, once available, would allow a direct comparison of measurement noise floor, spatial
resolution, and damage indicator sensitivity between the two measurement technologies on the same
specimen geometry and loading protocol, completing the original research direction that this thesis’s
topic change was forced to set aside.
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A
Sensor Characterisation Reports

(T1--T4)

This appendix reproduces the full result set of the T1–T4 sensor characterisation battery described in
Section 3.4.1. The tests characterise the intrinsic performance of the LDV and its drive chain, inde-
pendently of any specimen: with the sole exception of T4d, no beam was mounted, and the LDV was
pointed directly at the load cell and shaker armature. The consolidated outputs that propagate into the
fatigue protocol are summarised in the main text; the per-test detail is given here.
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A.1. T1 -- Noise Characterisation

(a) Noise power spectral density.

(b) Integrated (cumulative RMS) noise.

Figure A.1: T1 noise characterisation, shaker off, for both the LDV and the reference accelerometer on the load cell. (a) Noise
PSD: the LDV noise floor sits several orders of magnitude below the accelerometer’s across the full bandwidth. (b) Cumulative
RMS noise from 0 to f : the LDV reaches approximately 1.0× 10−5 m/s within the 0–1000 Hz band spanning the first three

bending modes, rising to approximately 1.8× 10−5 m/s across the full 50 kHz measurement bandwidth, consistently below the
accelerometer’s cumulative noise at every frequency.
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A.2. T2 -- Minimum Detectable Amplitude

Figure A.2: T2 cross-frequency metric comparison (accelerometer vs. LDV): SNR, amplitude uncertainty, frequency
uncertainty, stiffness-change resolution, and THD at 0.1, 10, and 1000 Hz, at the lowest achievable shaker drive voltage. The
extreme values at 0.1 Hz (SNR near −300 dB, THD near 200%) reflect that the shaker was driven at a fixed voltage rather than
a fixed force or displacement (Section 3.4.3): at 0.1 Hz the resulting displacement is far too small to produce a usable response
at all, whereas by 10–1000 Hz the same drive voltage yields an adequately excited, well-behaved response for both sensors.

A.3. T3 -- Broadband and Harmonic Excitation Quality

Figure A.3: T3a broadband excitation quality, repeated over three acquisitions under white-noise excitation at 0.1 amplitude.
Each column shows, top to bottom: FRF magnitude with the H1/H2 spread band and the Hv geometric mean, ordinary

coherence γ2 against the 0.9 “good” and 0.7 “warning” thresholds, and the corresponding noise-to-signal ratio. Coherence is
close to unity below approximately 5 kHz and falls away above roughly 10 kHz, which bounds the usable band for FRF

estimation well above the 0–500 Hz range within which the campaign’s tracked modes lie.
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Figure A.4: T3b total harmonic distortion against instantaneous frequency along a swept-sine excitation, at two drive
amplitudes, for the reference accelerometer (left) and the LDV (right). The 5% distortion threshold is marked. Both sensors
remain below the threshold across the low-frequency region containing the campaign’s drive frequency, with distortion rising

sharply only above approximately 100 Hz for the accelerometer and above 1 kHz for the LDV.

A.4. T4 -- Disturbance Sensitivity

Figure A.5: T4a sine-excitation power spectral density measured by the LDV at three optical power settings, plotted against
linear (left) and logarithmic (right) frequency axes, with the 10 Hz excitation marked. The measured response at the excitation
frequency is unchanged across settings; optical power affects the broadband noise floor rather than the signal, and the effect is

confined to frequencies well above the campaign’s measurement band.
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Figure A.6: T4d noise characterisation by specimen surface material, comparing aluminium against CFRP for both the
accelerometer and the LDV. Clockwise from top left: noise PSD on linear and logarithmic frequency axes, band-limited RMS by
frequency band, and overlapping Allan deviation against averaging time. The LDV’s noise floor on the aluminium surface is

roughly two orders of magnitude below the accelerometer’s across every band, which is the basis for the decision not to apply
a surface treatment to the specimens (Section 3.4.1).

The stand-off distance (T4b) and beam alignment (T4c) sub-tests were run over the same configuration
range and produced no measurable change in noise floor or SNR within the working envelope used for
the campaign; no figure is reproduced for them.



B
Modal Identification Method Selection

Section 6.1.1 of Chapter 6 reports that the conventional frequency-domain identification method pro-
duced ambiguous stabilisation diagrams for this campaign’s measurements, and that a time-domain
subspace method was adopted in its place. This appendix sets out why, since the reasoning turns
on the interaction between two specific measurement conditions and the internal mechanics of each
algorithm rather than on any property of the specimens.

Of the five modal identification methods available in the pipeline (circle_fit, N4SID, RFP, LSCF, and
SSI-COV – of which circle_fit, LSCF, and N4SID are surveyed in Section 2.6.1 of Chapter 2), LSCF –
the frequency-domain, matrix-fraction method that is the conventional industrial standard – was found
in practice to produce ambiguous stabilisation diagrams for this campaign’s baseline FRF measure-
ments, with genuine structural poles and spurious noise-driven poles not cleanly separable across the
tested model-order range. This is the expected failure mode for a frequency-domain global fit under
exactly these two conditions: LSCF fits a single rational polynomial across the full measured band, so
broadband noise at every frequency pulls the fit away from the true poles simultaneously, rather than
being locally contained the way it would be for a per-mode method; and when two modes are closely
spaced or heavily damped, their resonance peaks overlap in the frequency domain before the polyno-
mial fit ever has a chance to separate them, since the fit’s ability to resolve two poles depends on their
separation relative to their combined bandwidth, which shrinks precisely as damping increases. N4SID,
the time-domain subspace alternative, does not share this failure mode for two structural reasons: it
estimates a discrete-time state-space realisation directly from the raw time samples via a Hankel-matrix
singular value decomposition, so it never requires a clean FRF peak to already exist as a precondition
for fitting; and its model order is selected from the decay of the singular value spectrum rather than
from visual or automated pole-clustering across a frequency-domain sweep, which remains meaning-
ful even when two modes’ frequency responses visually overlap, provided the underlying state-space
realisation still has separable eigenvalues. This is consistent with Chapter 4’s own account of why
N4SID was adopted as the working method for this thesis (Section 4.1.3), and with Volume 1 of the
code documentation, which independently identifies N4SID as the recommended remedy specifically
when the default circle-fit method produces a high rate of non-convergent (NaN) damping estimates un-
der short or noisy scan acquisitions – exactly the symptom reported for several blocks in this campaign
(Section 5.2).

The practical consequence for this thesis is recorded in Section 4.1.3 of Chapter 4, where N4SID is
specified as the working identification method, and in Section 6.1.1, where the residual pole fluctuation
remaining even under N4SID is discussed.
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C
Supplementary Results Figures

This appendix collects figures referenced from Chapter 5 that supplement, rather than carry, the results
reported there. The remaining-life panels of Section C.1 share the layout of Figures 5.19–5.21 in the
main text and are reproduced here for the three formulations discussed more briefly; the fractography
figures of Section C.2 provide supporting detail for Section 5.7.2.

C.1. Remaining Useful Life Panels: Remaining Formulations
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Figure C.1: RUL trajectory (Layer 3 native export), Dcomp formulation, all eight Group C1 specimens overlaid. Panel layout
identical to Figure 5.19.
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Figure C.2: RUL trajectory (Layer 3 native export), DCAE (reconstruction) formulation, all eight Group C1 specimens overlaid.
Panel layout identical to Figure 5.19.
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Figure C.3: RUL trajectory (Layer 3 native export), DCAE,latent formulation, all eight Group C1 specimens overlaid. Panel
layout identical to Figure 5.19.
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C.2. Supplementary Optical Fractography

Figure C.4: Specimen C2-01 – Stage 1 pre-test surface-roughness characterisation of the notch root (profilometer export).
Reported values: Sa (arithmetic mean height) and Sz (maximum height) across sampled areas at the notch root, together with
the 3D height-mapped surface. This is the undamaged reference against which the Stage 3 comparison (Figure 5.26) is read.

Figure C.5: Specimen C2-01 – Stage 4 fracture surface, formal profilometer export (optical, height-mapped, and 3D
reconstruction views).

Figure C.6: Specimen C2-02 – Stage 4 fracture surface, formal profilometer export (optical, height-mapped, and 3D
reconstruction views).



D
Software Toolkit and Code Availability

Three software tools were developed for this thesis. Each is released publicly in its own repository,
together with the technical documentation summarised below, so that any result reported in this thesis
can be traced to the code that produced it and reproduced from the same inputs.

Tool Repository
LDV Analysis Suite https://github.com/Anfoso/The-LDV-Analysis-Suite
Synthetic Data Toolkit https://github.com/Anfoso/Synthetic-Data-Toolkit-
Fatigue Life Pipeline https://github.com/Anfoso/The-Fatigue-Life-Pipeline

D.1. The Three Tools
The LDV Analysis Suite performs the pre-campaign characterisation described in Section 3.4. It im-
plements the T1–T4 sensor characterisation battery (Section 3.4.1), which establishes the noise floor,
minimum detectable velocity, usable amplitude range, and disturbance sensitivities of the specific vi-
brometer installation, and the S1–S5 sample characterisation battery (Section 3.4.2), which establishes
each specimen’s modal parameters, measurement uncertainty, and linear excitation range before fa-
tigue loading begins. It is also the tool used to analyse the Group D1 diagnostic specimens (Sec-
tion 5.8.1).

The Synthetic Data Toolkit implements the physics-informed forward model of Section 3.1: a coupled
Basquin–continuum damage mechanics formulation (Section 3.1.1) evaluated at three levels of geo-
metric fidelity (Section 3.1.2), from a closed-form analytical beam through to a meshed finite element
model that resolves the notch as an explicit feature. It generates synthetic modal records with con-
figurable sensor noise (Section 3.1.3), which were used to select the specimen geometry, bound the
expected indicator response, and provide the model prediction against which the experimental record
is compared in Section 6.1.6. Tier 3 requires a finite element solver; Tiers 1 and 2 do not.

The Fatigue Life Pipeline is the analysis chain of Chapter 4, comprising the five layers, the S-N
characterisation module, and the live-monitoring path. It reads the HDF5 block records written during
testing (Section 3.5.4) and produces every result reported in Chapter 5. Its layers are independently
runnable, so an individual stage can be re-executed or replaced without repeating the whole chain.

D.2. Traceability: Thesis Section to Software Module
The table below maps each analysis stage described in this thesis to the pipeline component that
implements it, and to the section reporting its output.
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Table D.1: Mapping between analysis stages, the thesis sections that specify and report them, and the corresponding pipeline
components.

Stage Method Results Component
Feature extraction
(Layer 0)

§4.1, §4.1.6 §5.2 Baseline and fatigue
block processing;
shared feature extrac-
tion

Anomaly detection
(Layer 0)

§4.1.7 §5.2 Hotelling T 2 and
CUSUM

FRF autoencoder
(Layer 0.5)

§4.2 §5.3 Convolutional autoen-
coder

Indicator ranking
(Layer 1)

§4.3 §5.3 Correlation, PCA, and
SHAP-based sensitivity
ranking

Damage indices (Layer 2) §4.3.4 §5.4 Six DI formulations; lo-
gistic S-curve fitting

Remaining life (Layer 3) §4.4 §5.5 Trend extrapolation;
Gaussian Process popu-
lation model; prognostic
horizon

S-N characterisation §4.5 §5.6 Force characterisation,
Basquin fit, lead-time
overlay

Live monitoring §4.6 §5.7.1 Block polling and alarm
evaluation

D.3. Documentation and Reproduction
Each tool is accompanied by its own technical documentation, written independently of this thesis and
intended for a reader who wishes to extend or re-run the analysis rather than only to read its results. The
Fatigue Life Pipeline is documented in three volumes covering, respectively, the theory and equations
behind each layer, the software architecture and the design decisions behind it, and a step-by-step
user guide. The Synthetic Data Toolkit is documented in two volumes covering theory and usage. The
LDV Analysis Suite has a single user manual.

The documentation records known issues and unresolved limitations alongside the working function-
ality, including bugs found and fixed during development. This is deliberate: several of the limitations
discussed in Section 7.4 are properties of the implementation rather than of the method, and separating
the two requires the implementation to be inspectable.

All three tools are written in Python and depend only on widely available scientific packages. Exact
version requirements, installation steps, and the expected input data layout are given in the accompa-
nying documentation rather than reproduced here, since they are properties of the software rather than
findings of this research.



Declaration on the Use of Generative
AI

I acknowledge the use of generative AI tools in the preparation of this thesis and of the accompanying
software. The uses are set out below by category.
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Refining language
Generative AI was used to improve the clarity, grammar and readability of text I had already drafted,
and to identify repetitive or imprecise passages. The substance of every argument, the interpretation
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the mathematical formulation of each layer, the selection of algorithms, and the parameter values used
throughout. Generative AI implemented these decisions in code; it did not make them. All generated
code was tested against expected behaviour before use, and I am able to explain and reproduce the
operation of every component that produced a result reported in this thesis.
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Generative AI was used as a reviewing aid during revision of the manuscript. This went beyond lan-
guage refinement and is declared separately for that reason. It was used to check cross-references
and numerical consistency between chapters, to identify repeated material, to flag statements not sup-
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