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Simplicial Vector Autoregressive Models
Joshin Krishnan , Rohan Money , Baltasar Beferull-Lozano , Senior Member, IEEE,

and Elvin Isufi , Senior Member, IEEE

Abstract—The vector autoregressive (VAR) model is extensively
employed for modelling dynamic processes, yet its scalability is
challenged by an overwhelming growth in parameters when deal-
ing with several hundred time series. To overcome this issue, data
relations can be leveraged as inductive priors to tackle the curse
of dimensionality while still effectively modelling the time series.
In this paper, we study the role of simplicial complexes as induc-
tive biases when modelling time series defined on higher-order
network structures such as edges and triangles. First, we propose
two simplicial VAR models: one that models time series defined
on a single simplicial level, such as edge flows, and another
that jointly models multiple time series defined across different
simplicial levels, ultimately capturing their spatio-temporal inter-
dependencies. The proposed models use simplicial convolutional
filters to facilitate parameter sharing and capture structure-
aware spatio-temporal dependencies in a multiresolution manner.
Second, we develop a joint simplicial-temporal Fourier transform
to study the spectral characteristics of the models, depicting
them as simplicial-temporal filters. Third, targeting streaming
signals, we develop an online algorithm for learning simplicial
VAR models. We prove this online learner attains a sublinear
dynamic regret bound, ensuring convergence under reasonable
assumptions. Finally, we corroborate the proposed approach
through experiments on synthetic networks, water distribution
networks, and collaborating agents. Our findings show that the
proposed models attain competitive signal modelling accuracy
with orders of magnitude fewer parameters than the state-of-
the-art alternatives.

Index Terms—Simplicial convolution, simplicial complex, sim-
plicial vector autoregressive model, Hodge Laplacians.

I. INTRODUCTION

THE proliferation of applications across social, biological,
financial, water, power, communication, and transporta-

tion networks motivates models for the dynamic evolution of
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processes associated to them [2], [3], [4], [5], [6]. For example,
in a water network where vertices and edges represent respec-
tively junctions and pipes, we may be interested in modelling
the water demand based on past observations and the underly-
ing water distribution system [7]. Among the successful and
tractable approaches, the vector autoregressive model (VAR)
and its variations are prominent [8], [9], [10], [11], [12], [13],
[14], [15], [16], [17]. A VAR model characterizes the spatio-
temporal dependencies among the time-varying processes as a
linear combination of their past realizations.

Standard VAR models disregard any inherent structure in
the data. Consequently, they suffer the curse of dimensionality,
particularly when dealing with tens or hundreds of time series.
Several approaches have been proposed to overcome this chal-
lenge, including factor models [18], shrinkage estimators [19],
and low-rank data representations [20]. While these approaches
reduce the data demand, they neglect the underlying network
structure of the data and, consequently, do not grasp the in-
ductive biases inherent in them [21]. Given that the network
affecting the process is typically sparse, any model ignoring
this structure fails to capitalize on the sparsity of interactions
between the time series. Furthermore, when a new time series is
added to the system or when the underlying topology changes
slightly, we must retrain the model completely. However, this is
not the case for network-based VAR models such as the graph
VAR model (G-VAR) [14], which accounts for the structure
and captures the sparsity in the data via the so-called graph
convolutional filters [22]. The G-VAR considers the time series
as processes over the vertices of a graph and models their
evolution as a sparse linear combination of the time series in
the adjacent vertices. The graph convolutional filter enables
parameter sharing across vertices, facilitating its transferability.
Furthermore, the computational complexity of a G-VAR model
is linear in the number of time series, while that of standard
approaches is quadratic [8], [11], [18], [19], [20].

The G-VAR overcomes the challenges of standard VAR mod-
els, but it models only time series on the nodes of a graph.
However, real-world networks often contain time series on var-
ious higher-order structures, including edges (pair of nodes),
triplets, and beyond [23], [24] that influence each other in a
non-trivial manner. For instance, in a water network, the water
flow in the pipes can be better modelled as a process evolv-
ing over the edges of the network, whereas the pressure is a
process over the nodes. The mutual influence between these
edge and vertex signals underscores the need for a model that
can capture their dependencies based on the network structure.

1053-587X © 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Recent literature has proposed methodologies to process data on
higher-order topologies accounting for their underlying struc-
ture via simplicial complexes [23], [25], [26], [27], [28], [29],
[30], [31], [32], [33], [34]. A simplicial complex serves as a
mathematical representation of the higher-order connectivities
within networks, offering mathematical tractability reminiscent
of graphs employed for pairwise similarities [35]. Subsequently,
[36] extends signal processing concepts, such as the Fourier
transform and sampling, to the simplex by drawing analogies
with graph signal processing (GSP), and [37] introduces sim-
plicial convolutional filters. However, all these approaches are
tailored to process time-invariant data.

The overarching contribution of this paper is to develop
a simplicial-aware VAR model for time series defined over
higher-order networks. Leveraging the Hodge Laplacian rep-
resentation of simplicial complexes and simplicial convolution
filters, the proposed model efficiently captures temporal interac-
tions among signals across different higher-order network struc-
tures, while attaining orders of magnitude less parameters than
conventional VAR models. Our model assumes that the true
topology and corresponding Hodge Laplacians are given, and
its novelty lies in exploiting this known topology as an inductive
bias. In addition, we propose an online learning strategy aimed
at updating the time-varying parameters of the proposed model
from streaming time series. We organize the contributions of
this paper into four components:

1) We propose a simplicial complex VAR (SC-VAR) model
to capture sparse spatio-temporal dependencies in time-
varying processes. The SC-VAR model captures depen-
dencies between signals defined on distinct simplicial
levels, such as expressing the process at an edge as a
linear combination of processes at adjacent edges, ver-
tices, and triangles. A particular instance of the SC-VAR
is the simplicial VAR (S-VAR) model [1] that focuses on
modelling time series in a single simplicial level.

2) We show that the SC-VAR model is simplicially local,
shares parameters across simplices, and is equivariant to
both vertex permutations and edge orientations. These
properties play a central role in addressing the curse
of dimensionality and enabling seamless transfer of the
learned model to arbitrary simplices without re-training,
thereby giving our model a clear advantage over the stan-
dard VAR model.

3) We present an online algorithm for learning time-varying
SC-VAR model parameters from streaming time series,
featuring convergence guarantees. Our theoretical anal-
ysis establishes an upper bound for the dynamic regret,
attaining a sublinear dynamic regret under reasonable
assumptions suitable for real-world applications.

4) We introduce a joint simplicial-temporal Fourier trans-
form by extending the recent advances of simplicial
Fourier transform [36] and analyze the SC-VAR model in
the spectral domain to investigate the learned frequency
responses of the model. Unlike the analogous G-VAR
analysis [14], we show a coupled two-dimensional fre-
quency response between different types of simplicial
frequencies.

The rest of this paper is organized as follows. Section II
introduces two families of simplicial VAR models and discusses
their simplicial properties. Section III formulates the parameter
learning strategy. Section IV offers an in-depth spectral analysis
of the models. Numerical results are presented in Section V1,
and the paper concludes in Section VI.

II. VAR MODELS IN THE SIMPLEX

A VAR model expresses a multivariate time-varying process
xt ∈ R

N as a linear combination of its P preceding realizations
xt−1, . . . ,xt−P :

xt =

P∑

p=1

Wpxt−p + εt, (1)

where Wp ∈ R
N×N encompasses the parameters for the tem-

poral lag p, in which [Wp]i,j denotes the dependency between
[xt−p]j and [xt]i. The variable εt represents the noise, assumed
to be a temporally white zero-mean Gaussian process with
covariance σ2IN . For future reference, we write model (1) as:

xt := ΦVAR(xt−1, . . . ,xt−P ;HVAR),

HVAR = {W1, . . . ,WP }, (2)

where set HVAR collects all the N2P parameters. The VAR
model has been widely used in a variety of disciplines, including
statistical signal processing [38], finance [39], and neuroscience
[40]. However, it suffers from training instabilities when the
number of time series N becomes comparable with the num-
ber of training data [38]. Additionally, for network-based time
series, the introduction or removal of a node requires a complete
model retraining, along with a change in the dimension of the
parameter matrix, ultimately lacking inductive capabilities. To
address these limitations, we seek for inductive biases from the
data structure to effectively reduce the degrees of freedom of
the VAR model and aid learning [14]. Next, we show how this
can be achieved for data with a simplicial structure [35].

A. Simplicial Complex and Signals

We are interested in processing time-varying signals whose
underlying support is represented by a simplicial complex. Let
V = {1, . . . , N} be a set of vertices. A k−simplex Sk is a
subset of V containing k + 1 distinct elements. In a Euclidean
embedding, simplices of orders 0, 1, and 2, can be depicted as
nodes, edges, and triangles, respectively. A simplicial complex
(SC) of order K, denoted as XK , comprises a set of k-simplices
Sk, where k = 0, 1, . . . ,K. It adheres to an inclusivity criterion
stating that a simplex Sk belongs to XK iff all of its subsets are
also constituents of XK [35]. Two simplices of different orders
Sk−1
i and Sk

j are vertical adjacent (or vertical neighbours) if
Sk−1
i ⊂ Sk

j . And two simplices of the same order Sk
i and Sk

j

are horizontal adjacent (or horizontal neighbours) if they have
in common a vertical neighbour simplex Sk−1

l or Sk+1
l . To

ease exposition, we focus on SC of order up to K = 2, which

1Codes are publicly available at https://github.com/rohantmoney/Simplicial-
vector-autoregressive-model
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Figure 1. A simplicial complex and associated simplicial signals.

includes nodes, edges, and triangles. An example is provided
in Figure 1, where the node {3} and the edge {1, 3} are ver-
tical neighbours since {3} ⊂ {1, 3}, and the triangles {1, 2, 3}
and {1, 3, 4} are horizontal neighbours with the common edge
{1, 3}.

Adjacencies in a SC can be represented via the incidence
matrices and Hodge Laplacians [35]. Let Nk be the num-
ber of k−simplices in a SC. The incidence matrix Bk ∈
{−1, 0, 1}Nk−1×Nk employs (k − 1)− simplices as the row
indices and k−simplices as the column indices, capturing the
adjacencies between them. For instance, the matrix B1 repre-
sents the incidence from nodes to edges, and B2 represents the
incidence from edges to triangles. These incidence matrices ad-
here to the boundary condition B1B2 = 0, implying that there
is no interaction among simplices of different orders that are not
vertical neighbours. The structure of a SC is described by Hodge
Laplacians, which are high-order combinatorial Laplacian ma-
trices crafted from the incidence matrices. Hodge Laplacians
representing the structure of X 2 are given by:

L0 =B1B
�
1 ,

L1 = L1,d + L1,u :=B�
1 B1 +B2B

�
2 ,

L2 =B�
2 B2. (3)

Here, the 0th Hodge Laplacian L0 denotes the well-known
graph Laplacian [41] that encapsulates horizontal adjacencies
between vertices based on common edges. The 1st Hodge
Laplacian L1 expresses horizontal adjacencies between edges
based on two vertical adjacencies: i) based on common vertices
via the lower-Laplacian L1,d =B�

1 B1 and ii) based on com-
mon triangles via the upper-Laplacian L1,u =B2B

�
2 . The 2nd

Hodge Laplacian L2 expresses proximities between triangles
via lower edge adjacencies. Drawing parallels with the graph
signal processing literature [22], the Hodge Laplacian emerges
as a natural choice for a shift operator for signals defined on a
simplicial complex [26], [36].
Simplicial signals. Simplicial signals are functions from any
k− simplices to the set of real numbers. For example, when
considering the 1−simplices (edges), the edge flow x1

t := ft =
[f1,t, . . . , fN1,t]

� ∈ R
N1 can be defined, with fe,t denoting the

flow of the edge e in S1 at time t. Similarly, we define the

vertex signals over S0 as x0
t := vt ∈ R

N0 and triangle signal
over S2 as x2

t := τ t ∈ R
N2 ; see Figure 1. We also define sim-

plicial complex signals encompassing vertex, edge, and triangle
signals as xt = [x0

t
�
,x1

t
�
,x2

t
�
]� ∈ R

N0+N1+N2 . As it follows
from (3), proximities in a SC are translated into proximities be-
tween data points defined over the different simplices. The ob-
jective therefore is to exploit such proximities to process signals
vt, ft, and τ t [36].

B. Simplicial VAR (S-VAR)

The S-VAR model of order P for a k−simplicial time series
is defined as

xk
t =

P∑

p=1

Hk
p(Lk)x

k
t−p + εt, for k = 0, 1, 2, (4)

where {Hk
p(Lk)}Pp=1 are simplicial convolutional filters [1]

defined by:

Hk
p(Lk) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑L−1
n=0 βp,nL

n
k , for k = 0, 2,

Ld−1∑

n=0

βd
p,nL

n
1,d

︸ ︷︷ ︸
H1,d

p (L1,d)

+

L−Ld−1∑

n=0

βu
p,nL

n
1,u

︸ ︷︷ ︸
H1,u

p (L1,u)

, for k = 1.

(5)

Here L is the convolutional filter order, and {βp,n}L−1
n=0 are

the filter coefficients weighting xk
t−p shifted n times by Lk.

For simplicity, we have omitted the time index t for the filter
coefficients, even though they may vary over time. In X 2,
the convolution operations for the vertex (k = 0) and triangle
(k = 2) signals involve simplicial shifting operations using L0

and L2, respectively. However, the convolution of edge signals
(k = 1) involves simplicial shifting by both lower and upper
components of the first-order Hodge Laplacian [cf. (5)] as
shown in Figure 2.

Upon grouping all filters defining (4) in set Hk
S-VAR =

{Hk
1(Lk), . . . ,H

k
P (Lk)}, the S-VAR model can be seen as the

particular case of (2) (resp. (1)), i.e.,

xk
t =ΦS-VAR(x

k
t−1, . . . ,x

k
t−P ;Hk

S-VAR). (6)

Here, the convolution filter Hk
p(Lk) captures the spatial interac-

tions among the components of the simplicial signal xk
t−p that

are within a radius L− 1 by leveraging the adjacencies defined
by the Hodge Laplacian Lk, whereas the VAR regression cap-
tures the temporal interactions among the time-lagged signals
xk
t−1, · · · ,xk

t−P . Model (4) uses the simplicial structure as the
inductive bias by leveraging the simplicial convolution filters.
With this inductive bias, the model gains parameter-sharing
capabilities, allowing it to exploit structure-aware proximities
within the network and achieve a notably low parameter count.
The S-VAR model for a k−simplicial signal involves only LP
parameters, irrespective of the number of k−simplicials Nk.
This positions S-VAR as distinctly advantageous in real-world
networks with a few hundred or more time series, as compared
to the standard VAR (1) with N2

kP parameters. Furthermore,
S-VAR model effortlessly transfers the learned model across

Authorized licensed use limited to: TU Delft Library. Downloaded on December 12,2024 at 11:51:30 UTC from IEEE Xplore.  Restrictions apply. 
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Figure 2. Simplicial shifting of an indicator flow, with directed arrows indicating arbitrarily edge orientations. The colours blue, red, and black respectively
indicate high, intermediate, and low flow values, distinguished also by edge thickness variations.

close-by simplices (i.e., deploying a fixed model on another
simplex), obviating the need for model retraining when adding
(or removing) a time series to the network.

C. Simplicial Complex VAR (SC-VAR)

The S-VAR model (4) neglects the vertical adjacencies,
thereby overlooking the dependencies across distinct simpli-
cial levels, which may pose drawbacks in real-world networks.
For instance, in water networks, the hydraulic pressure at the
nodes (junctions) influences flows in the pipes. When such
information is available, exploring it may further improve our
understanding of SC signal inter-dependencies as well as the
model performance, e.g., in terms of prediction or parameter
learning. This vertical adjacency is represented by the incidence
matrices [cf. (3)] and leads to different types of signal couplings
[37]:
• Divergence flow. The incidence matrix B1 captures node-
to-edge proximities. Applying such a matrix to an edge flow ft
leads to the vertex signal:

vdiv,t =B1ft, (7)

in which the nth entry is the net flow through vertex n; i.e.,
the difference between the total inflow and outflow. A nonzero
divergence indicates that a node is generating or absorbing
flows, which corresponds to a source or sink node, respectively.
• Gradient flow. By applying the transpose matrix B�

1 to a
vertex flow vt, we obtain the so-called gradient flow:

fgrd,t =B�
1 vt, (8)

i.e., the difference of node signals at the extremes of an edge.
• Curl flow. Matrix B2 represents edge-to-triangle proximities,
and applying it to a triangle flow τ t yields the curl flow:

fcrl,t =B2τ t. (9)

Such a flow corresponds to an edge signal induced by the local
cycles of the triangles.
• Cyclic flow. Finally, we can induce triangle flows from edge
flows as:

τ cyc,t =B�
2 ft, (10)

which are flows circulating along the edges of triangles.
By leveraging these vertical couplings, we can process a

k−simplicial signal xk
t−p by first filtering it with a filterHp(Lk)

of the form (5), then transforming it into its adjacent simplex
via the incidence matrix as in (7)-(10), and finally filtering the
transformed signal via another filter Gp(Lk+1) or Gp(Lk−1) of
the form (5), e.g., Gp(Lk+1)B

�
k Hp(Lk)x

k
t−p. Following, this

convolve-transform-convolve principle, we define a SC-VAR
model of order P as:

vt =
P∑

p=1

H00
p (L0)vt−p +G01

p (L0)B1H
01
p (L1)ft−p + εvt

ft =
P∑

p=1

G10
p (L1)B

�
1 H

10
p (L0)vt−p +H11

p (L1)ft−p

+G12
p (L1)B2H

12
p (L2)τ t−p + εft

τ t =
P∑

p=1

G21
p (L2)B

�
2 H

21
p (L1)ft−p +H22

p (L2)τ t−p + ετt

(11)

The SC-VAR expression in (11) consists of three k−process
equations, each for k = 0, 1, and, 2, delineating the processes
related to vertices, edges, and triangles. The indices m and n of
filters Gmn

p (·) and Hmn
p (·) represent the simplicial levels after

and before the convolve-transform-convolve operations, i.e., we
are processing a n−simplicial signal on the m−process equa-
tion. When processing a k−signal on the k−process equation,
the transform operation is not required, and hence such terms
in (11) do not require the post-transform filters Gkk

p (·).
Upon collecting in vector xt = [v�

t , f
�
t , τ�

t ]
� ∈

R
N0+N1+N2 , the simplicial processes at time t, and defining

the block filtering matrix:
We can write (11) in the compact form:

xt =
P∑

p=1

Hp(L)xt−p + εt, (13)

where L= {L0,L1,L2} stands for the Hodge
Laplacians defining the 2−SC and εt = [ε�vt, ε

�
ft, ε

�
τt]

�.

Hp(L) =

⎛

⎝
H00

p (L0), G01
p (L0)B1H

01
p (L1), 0

G10
p (L1)B

�
1 H

10
p (L0), H11

p (L1), G12
p (L1)B2H

12
p (L2)

0, G21
p (L2)B

�
2 H

21
p (L1), H22

p (L2)

⎞

⎠ , (12)
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By grouping further all filters defining (11) in
HSC-VAR = {H1(L), . . . ,HP (L)}, the SC-VAR model is
seen as a particular case of (2) (resp. (1)), i.e.,

xt =ΦSC-VAR(xt−1, · · · ,xt−P ;HSC-VAR). (14)

The SC-VAR model accommodates the spatio-temporal mem-
ory of simplicial signals in three different ways: it is temporal
up to P past realizations, simplex horizontal due to the convo-
lutional operation, and SC vertical through the different trans-
formation operations. These intertwined SC memories allow
the SC-VAR to capture signal dependencies via the different
convolve-transform-convolve blocks. The S-VAR model (4) can
be derived from (11) by deactivating the off-diagonal filter
blocks in (12), leading us to primarily concentrate on the SC-
VAR model in the ensuing discussions.

The SC-VAR model benefits from the simplicial inductive
bias, allowing for parameter sharing and model transferability
to close-by simplicial complexes, similar to the S-VAR model.
It has 11LP parameters, and notably, the parameter count is in-
dependent of the process dimensions N0, N1, and N2. In large-
scale networks, the advantage of the SC-VAR model becomes
apparent over the standard VAR model, which requires (N0 +
N1 +N2)

2P parameters. This reduction in parameter count
stems from the fact that SC-VAR models signal dependencies
in a fundamentally different way than standard VAR. Instead
of considering all pair-wise interactions between signals, as in
a standard VAR, SC-VAR captures interactions among neigh-
boring simplices in the simplicial complex through simplicial
convolution operations. In real-world networks, signals often
interact more strongly with other signals within their topo-
logical neighbourhood. The simplicial convolution operation
captures these localized, network-aware interactions, allowing
the model to maintain a low parameter count. Our modelling
assumes that the true topology, and consequently the Hodge
Laplacians, are provided. The main novelty of our model lies in
its ability to leverage the known topology as an inductive bias.
While recovering the unknown topology from the data by esti-
mating the Hodge Laplacian matrices would be an interesting
pursuit, it is beyond the scope of the proposed framework.

Instead of the proposed SC-VAR model, an alternative is to
employ three distinct S-VAR models for each simplicial level,
resulting in a reduced parameter count of 3LP but disregarding
dependencies among vertical neighbours. Denoting by Nmax =
max{N0, N1, N2} the maximum number of simplices involved
and exploiting the sparsities in B1,B2,Lk as in [26], we can
compute the outputs of the SC-VAR model with a cost of order
at most O(LPNmax), which is substantially smaller than the
cost associated to the standard VAR model O(P (N0 +N1 +
N2)

2).

D. Simplicial Properties

We now study how the SC-based inductive biases contribute
to the equivariance properties [42] of simplicial-based models
and examine their impact on the vertical locality of the SC-VAR
model.

Proposition 1 (Equivariance Property): The SC-VAR model
(11) exhibits equivariance under permutations of vertex labels
and reorientations of edge flow directions.

Proof: See Appendix C.
The equivariance property signifies that it accommodates

arbitrary vertex labelling and edge flow orientations without
being influenced by different choices of arbitrariness. That is,
if we were to relabel the vertices (or reorient the flows) in a
simplicial complex and then apply the SC-VAR, the resulting
model output would be a relabeled (or reoriented) version of
the output obtained by applying the SC-VAR model before
the modifications. These findings generalize the concept of
equivariances seen for Euclidean and graph data [43] to the
simplex. In fact, they are the main reason why the parameter
sharing works in the SC-VAR models as it allows them to use
the simplices and the simplicial complexes as inductive biases
for identifying patterns in the data.

Proposition 2 (Vertical locality): Consider a simplicial com-
plex process xt = [v�

t , f
�
t , τ�

t ]
� composed of the vertex, edge,

and triangle processes whose evolution is modelled via the SC-
VAR model (11). Then, any simplicial process is influenced
only by its one-hop vertical adjacent simplicial processes.

Proof: See Appendix D.
The consequence of Proposition 2 is that, in a SC-VAR

model, a vertex process is not influenced by triangle flows,
implying that any modelling error in vt is not propagated into
the triangle flow model and vice-versa. It also implies, for
instance, that the performance of vertex signal modelling can
be improved by relying on edge signals but not on triangle sig-
nals. This vertical locality has further interesting consequences
when analyzing the SC-VAR model from a simplicial spectral
perspective, detailed in Section IV.

III. PARAMETER ESTIMATION

Learning model parameters faces a substantial challenge due
to the time-varying nature of real-world systems. In such in-
stances, traditional offline learning strategies prove inadequate,
prompting the exploration of online parameter updates as new
data samples appear. We first formulate an offline learning
strategy, which we subsequently adapt into an online algorithm.

To begin, we rephrase the SC-VAR model in (11) into a more
compact form. Consider a representative convolve-transform-
convolve termG01

p (L0)B1H
01
p (L1)ft−p in (11). Following Ap-

pendix A, this term can be reduced to a compact form:

G01
p (L0)B1H

01
p (L1)ft−p = Ṽ01

t−pβ
01
p , (15)

where Ṽ01
t−p ∈ R

N0×L2

collects the features in its columns.
These features are obtained via three steps: i) applying sim-
plicial shift operations on ft−p using the Hodge Laplacian
L1 to get L distinct simplicial shifted signals, ii) projecting
each shifted signal onto the vertex domain using (7), and iii)
performing again simplicial shift operations on each projected
signal using the Hodge Laplacian L0. The vector β01

p ∈ R
L2

collects the filter coefficients of the convolve-transform-
convolve operations. The sum over time lags 1 to P in (11)
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can be written as:
P∑

p=1

G01
p (L0)B1H

01
p (L1)ft−p =

P∑

p=1

Ṽ01
t−pβ

01
p =V01

t β01,

(16)

where V01
t = [Ṽ01

t−1, . . . , Ṽ
01
t−P ] ∈ R

N0×L2P and

β01 =
[
β01
1

�
, . . . ,β01

P

�]� ∈ R
L2P . Following the same

procedure for all the other terms in (11), the SC-VAR can be
expressed as:

vt =V00
t β00 + F01

t β01 + εvt = S0
tβ

0 + εvt

ft =V10
t β10 + F11

t β11 +T12
t β12 + εft = S1

tβ
1 + εft

τ t = F21
t β21 +T22

t β22 + ε2τt = S2
tβ

2 + ετt, (17)

where

S0
t = [V00

t ,F01
t ],S1

t = [V10
t ,F11

t ,T12
t ],S2

t = [F21
t ,T22

t ],

β0 =
[
β00�,β01�

]�
,β1 =

[
β10�,β11�,β12�

]�
,

β2 =
[
β21�,β22�

]�
.

Offline (batch) estimation. An effective approach for estimat-
ing VAR parameters involves minimizing the empirical mean
square error (MSE) combined with a regularization term that
incorporates priors, such as Bayesian priors [44] or sparsity
priors [8], [11], to reduce overfitting. We estimate SC-VAR
parameters by minimizing the empirical MSE over T0 samples
using a set of regularizers derived using Hodge Laplacians in
addition to the Tikhonov regularization:

βk∗ = argmin
βk

1

2

T0∑

t=P+1

ht(β
k) + ω(βk), for k = 0, 1, 2,

(18)

where

ht(β
k) =‖xk

t − Sk
tβ

k‖22 + ‖Sk
tβ

k‖2Rk
, (19)

ω(βk) =λ‖βk‖22. (20)

In (18), ω(βk) is a regularizer with a hyperparameter λ≥ 0.
The operation ‖ · ‖Rk

denotes the Mahalanobis distance given
by ‖y‖Rk

=
√

y�Rky, where we compose the matrix Rk

using appropriate Hodge Laplacians as:

Rk =

⎧
⎪⎨

⎪⎩

μ0L0 for k = 0,

μ1,dL1,d + μ1,uL1,u, for k = 1,

μ2L2, for k = 2.

(21)

Here, the regularization terms involving L0, L1,d, L1,u, and
L2 are respectively deployed to regulate the gradient, diver-
gence, cyclic, and curl flows [cf. (3), (7)-(10)] along with the
non-negative hyperparameters μ0, μ1,d, μ1,u, and μ2.

The optimization problem (18) is convex with solution:

βk∗ =

(
T0∑

t=P+1

Sk
t

�
(I+Rk)S

k
t + λI

)−1 T0∑

t=P+1

Sk
t

�
xk
t .

(22)

Online estimation. Note that (18) is an offline (batch) strat-
egy, meaning that the entire batch of data xk

t , t= 1, . . . , T0 is
required to compute the solution. In a data streaming setting, we
do not have access to all the data and need to adapt our algorithm
parameters on the fly. Offline learning produces time-invariant
parameter estimates, whereas online learning is capable of esti-
mating parameters that evolve over time. We can develop an on-
line strategy by replacing the cumulative loss

∑T0

t=P+1 ht(β
k)

with a running average loss using an exponential window [8]:

�t(β
k) =

1

2
δ

t∑

t′=P+1

γt−t′ht′(β
k). (23)

Here, γ ∈ (0, 1) is the forgetting factor of the window, and δ =
1− γ is set to normalize the exponential weighting window.
Note that (23) resembles the typical loss in a recursive least
square (RLS) problem. We expand (23) using (19) as

�t(β
k) =

1

2
δ

t−1∑

t′=P

γt−t′‖xk
t′‖22 +

1

2
βk�Φk

tβ
k − rkt

�
βk,

(24)

where

Φk
t = δ

t∑

t′=P+1

γt−t′Sk
t′
�(

I+Rk

)
Sk
t′ , (25)

rkt = δ
t∑

t′=P+1

γt−t′Sk
t′
�
xk
t′ . (26)

In more lenient terms, we refer to variables Φk
t and rkt as

the regularized weighted sample autocorrelation matrix and
weighted sample cross-correlation matrix. Then, the SC-VAR
parameters can be estimated online by solving the convex op-
timization problem:

βk
t

∗
= argmin

βk
�t(β

k) + ω(βk). (27)

The inclusion of the time index t in the SC-VAR parameters
indicates that they may evolve over time. To solve (27) online,
we use the stochastic gradient descent (SGD), resulting in the
online recursive update formula

β̂
k

t+1 = β̂
k

t − ηt(Φ
k
t β̂

k

t − rkt + λβ̂
k

t ). (28)

In an online setting, Φk
t and rkt in (28) can be updated recur-

sively as

Φk
t = γΦk

t−1 + δSk
t

�
(I+Rk)S

k
t , (29)

rkt = γrkt−1 + δSk
t

�
xk
t , (30)

which follow from (25) and (26).
Number of parameters and complexity. Consider an SC-
VAR model described by (17), with convolutional filters of
order L and k−simplicial process having dimension Nk for
k = 0, 1, 2. Its total number of parameters is P (4L2 + 3L),
while a standard VAR model [cf. (1)] requires N2P parame-
ters, where N =N0 +N1 +N2. In large real-world networks
with N in the order of hundreds, the SC-VAR model with
the choice L�N , enjoys a distinct advantage in parameter
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count over standard VAR models. This choice is reasonable
since we are often interested in capturing the local interactions
in the networks using L−hop convolution filters, where the
condition L�N holds true. The computational complexity of
the algorithm is mainly contributed by (28) and (29), and for a
k−simplex SC-VAR model, it is of order O

(
L2P 2 +N2

kLP ).

A. Dynamic Regret Analysis

We analyze the performance of the SC-VAR online learning
algorithm using the dynamic regret [8], [11]. Our analysis is
based on the following standard assumptions:

• A1. Bounded simplicial signals: there exists a finite B > 0
such that

{
|[xk

t ]n|2
}
k,t,n

≤B.
• A2. Bounded minimum and maximum eigenvalues of the

autocorrelation matrix Φk
t in (25) : there exist ρmin, ρmax >

0 such that Λmin(Φ
k
t )≥ ρmin and Λmax(Φ

k
t )< ρmax <∞,

for all t≥ P , where Λmin(·) and Λmax(·) are the minimum
and maximum eigenvalue operators.

• A3. Bounded spectral norm of the feature matrix Sk
t : there

exists a finite C > 0 such that
√
Λmax(Sk

t
�
Sk
t )<C.

A1 is reasonable as the signals from real-world applications
are bounded. The lower bound on the minimum eigenvalue in
A2 always holds true since Φk

t is a positive definite matrix,
which can be easily verified from (25). The upper bound on
the maximum eigenvalue in A2 can be obtained by combining
A1 and the fact that the sum of eigenvalues of Φk

t is equal to its
trace. To justify A3, recall that the feature matrix Sk

t collects
simplicial signals resulting from convolve-transform-convolve
operations in its columns. A3 holds true since the maximum
eigenvalue of Sk

t
�
Sk
t is bounded for simplicial complexes with

a finite number of vertices and bounded simplicial signals.
Dynamic regret. Dynamic regret is the cumulative sum of the
difference between the cost function evaluated at the estimated
and the optimal values of the model parameters over all time
instants. Let ct(β

k
t ) = �t(β

k
t ) + ω(βk

t ) be the cost function of
the optimization problem (27) at time t. Then, the dynamic
regret is defined as:

Rk[T ] �
T∑

t=P

[
ct(β̂

k

t )− ct(β
k
t

∗
)
]
, (31)

where β̂
k

t are the SGD parameter estimates obtained by (28),
and βk

t

∗
are the optimal parameters of the problem (27).

A prevalent approach to bounding the dynamic regret involves
considering the cumulative distance between two consecutive
instantaneous optimal solutions, known as path length:

W k[T ] �
T∑

t=P+1

∥∥∥βk
t

∗ − βk∗

t−1

∥∥∥
2
. (32)

Next, we derive an upper bound for the dynamic regret Rk[T ].
Theorem 1: Under assumptions A1 –A3, and with a constant

step-size η ∈ (0, 1/ρmax], if there exists a σ > 0 such that:
∥∥∥βk∗

t − βk∗

t−1

∥∥∥
2
≤ σ, for all t≥ P + 1,

then the dynamic regret Rk(T ) is upper-bounded by:

Rk[T ]≤ CB
√

Nk

(
1 +

λ+ ρmax

λ+ ρmin

)(
‖βk∗

P ‖2 +W k[T ]
)
.

(33)

Proof: See Appendix B.
An online algorithm should aim for a sublinear dynamic re-

gret, implying that Rk[T ]/T → 0 as T →∞. From Theorem 1,
the dynamic regret of the SC-VAR learning algorithm is sublin-
ear if the path length W k[T ] is sublinear, which holds true for
slowly varying systems, thereby assuring the convergence guar-
antees. Additionally, the upper bound in (33) becomes tighter
as C [cf. A3] decreases and the values of ρmin and ρmax [cf. A2]
become closer. This condition is met when the eigenvalues of
the feature matrix Sk

t are both small and approach each other.

IV. SIMPLEX-TEMPORAL FILTERING

VAR models enjoy a spectral interpretation as a temporal
multidimensional filter [38]. When data exhibit spatial variabil-
ity, as seen in the graph-VAR model (i.e., zero-simplex S-VAR)
[14], leveraging a joint graph and temporal Fourier transform
enables analyzing its behaviour as a joint graph-time filtering
[45], [46]. We extend this concept to the simplicial domain by
introducing a joint simplicial-temporal Fourier transform.

A. Joint Simplicial-Temporal Fourier Transform

Definition 1 (Simplicial-temporal Fourier transform
(STFT)): Let xk

t be a k−simplex process with matrix
Xk = [xk

1 , . . . ,x
k
T ] ∈ R

Nk×T collecting T realizations of this
process. The STFT is defined as

X̃k = STFT(Xk) :=U�
k X

kV∗
T , (34)

where VT is the DFT matrix, symbol * denotes the complex
conjugate operation, and Uk is the matrix collecting eigenvec-
tors of the kth Hodge Laplacian in its column.

To investigate Definition 1, we express the STFT operation
in terms of the discrete Fourier transform (DFT) operator [47]
and the simplicial Fourier transform operator (SFT) [36]:

STFT(Xk) := SFT(DFT(Xk)) = DFT(SFT(Xk)). (35)

The DFT consists of right-multiplying matrix Xk with the
complex conjugate of the DFT matrix VT :

DFT(Xk) =XkV∗
T , (36)

where [V∗
T ]t,m = 1√

T
e−jωm(t−1), with j =

√
−1, ωm =

2π(m−1)
T , and t,m= 1, · · · , T. The DFT is applied row-wise

to each time series and captures each process variability
across time. Likewise, we can take the eigendecomposition
of the kth Hodge Laplacian Lk =UkΛkU

�
k with

eigenvectors Uk = [uk1, . . . ,ukNk
] and eigenvalue matrix

Λk = diag(λk1, . . . , λkNk
). The simplicial Fourier transform

(SFT), applied individually to any simplicial signal xk
t , is

given by [36]

x̃k
t = SFT(xk

t ) =U�
k x

k
t , for all t= 1, . . . , T. (37)
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Vector x̃k
t collects the SFT coefficients, and each of its entries

captures the contribution of the respective eigenvector in Uk to
represent signal xk

t . The inverse SFT is defined as xk
t =Ukx̃

k
t .

We shall discuss in the rest of the section that these SFT coeffi-
cients are related to different signal variability over the simplex.
Definition 1 can be seen as the result of substituting (36) and
(37) in (35).
Simplicial frequencies. As the eigenvalues of L0 =U0Λ0U

T
0

carry the notion of frequency for graph signals, so do the eigen-
values of Lk =UkΛkU

T
k for a generic simplex Sk. I.e., they

can be ordered as 0≤ λk1 ≤ . . .≤ λkNk
. But differently from

the notion of frequency in the temporal and graph domain, in the
simplex (k ≥ 1), we have three types of frequencies, each with
its own characteristics. To understand these frequencies, we rely
on the Hodge decomposition that states that any k−simplicial
process space RNk can be decomposed into the three orthogonal
subspaces:

R
Nk = im(B�

k )⊕ im(Bk+1)⊕ ker(Lk) (38)

where im(·) and ker(·) are the image and kernel spaces of
a matrix and ⊕ is the direct sum of vector spaces. Hence,
any k−simplicial process xk

t can be decomposed into three
signals xk−1

d,t , xk
h,t, and xk+1

u,t of orders k − 1, k, and k + 1,
respectively, such that we can write xk

t as the sum of three
orthogonal components:

xk
t =B�

k x
k−1
d,t +Bk+1x

k+1
u,t + xk

h,t, (39)

where, once again, we can see the role played by the incidence
matrices Bk and Bk+1 to couple vertical adjacent signals [cf.
(7)-(10)]. Furthermore, the eigenvectors of Lk span R

Nk and
there exists an inherent coupling amongUk, the three subspaces
in (39), and the SFT in (37) [36], [37]. For the edge signal space,
such a coupling carries the following frequency interpretation:

• Gradient frequencies. Space im(B�
1 ) is known as the

gradient space. It is spanned by the eigenvectors Ug ⊆
Uk ∈ R

Nk×Ng of L1,d associated to positive eigenvalues.
For an eigenvector ug ∈Ug, the corresponding eigenvalue
λg = u�

g L1,dug = ‖B1ug‖22 is the �2−norm of the diver-
gence of ug [cf. (7)]. Thus, eigenvectors ug corresponding
to a large eigenvalue λg have a large divergence. Conse-
quently, for an edge flow ft with a large SFT projection on
such eigenvectors, we say that it has a high gradient fre-
quency. We refer to eigenvalues λg as gradient frequencies
and collect them in set Qg = {λg1, . . . .λg Ng

}.
• Curl frequencies. Space im(B2) is known as the curl

space. It is spanned by the eigenvectors Uc ⊆Uk ∈
R

Nk×Nc of L1,u associated to positive eigenvalues. For an
eigenvector uc ∈Uc, the corresponding eigenvalue λc =
u�

c L1uc = ‖B�
2 uc‖22 is the �2−norm of the curl of ug

[cf. (10)]. Thus, eigenvectors uc corresponding to a large
eigenvalue λc have a large curl. We refer to eigenval-
ues λc as curl frequencies and collect them in set Qc =
{λc1, . . . .λc Nc

}.
• Harmonic frequencies. Space ker(Lk) is called the har-

monic space. It is spanned by eigenvectors Uh ⊆Uk ∈
R

Nk×Nh that are the solution of L1uh = 0. Hence, the

corresponding eigenvalues are all zeros. We refer to λh = 0
as the harmonic frequencies and collect them in set Qh =
{λh1 = 0, . . . .λhNh

= 0}.
With these notions of frequencies, the SFT of an edge process

ft [cf. (37)] can be seen as building three simplicial embed-
dings at time t: (i) the gradient embedding f̃g =U�

g f ; (ii) the
curl embedding f̃c =U�

c f ; and (iii) the harmonic embedding
f̃h =U�

h f . The nth entry of the gradient embedding [f̃g]n is the
SFT coefficient associated to the gradient frequency λgn, and
similarly [f̃c]n is associated with the curl frequency λcn. For
the harmonic embedding, each [f̃h]n entry is associated with
the zero harmonic frequency λhn = 0. Simplicial frequencies
allows us to dissect the two-dimensional STFT spectrum into
its gradient, curl, and harmonic components, allowing analysis
in each component.

B. Two-Dimensional Filtering

Leveraging the STFT, we show that the simplicial-based VAR
models achieve a two-dimensional filtering. The subsequent
frequency analyses are grounded in edge processes, as they
represent the most general case in an order-2 SC.
S-VAR filtering. Consider the S-VAR edge process model:

ft −
P∑

p=1

( Ld−1∑

k=0

βd
p,kL

k
1,d +

L−Ld−1∑

k=0

βu
p,kL

k
1,u

)
ft−p = εt.

Upon applying the STFT to both sides, we obtain:

(
1−

P∑

p=1

h1
p(λn)e

−jωmp

)
f̃n(e

jωm) = ε̃n(e
jωm), (40)

where f̃n(ejωm) and ε̃n(e
jωm) are the n−th entries of the STFT

of ft and εt, respectively, and h1
p(λn) = h1,d

p (λn) + h1,u
p (λn)

is the simplicial frequency response of the pth filter H1
p(L1) at

frequency λn. The components of this frequency response are:

h1,d
p (λn) :=

Ld−1∑

k=0

βd
p,kλ

k
n and h1,u

p (λn) :=

L−Ld−1∑

k=0

βu
p,kλ

k
n,

(41)

which correspond to the frequency responses of subfilters
H1,d

p (L1,d) and H1,u
p (L1,u) [cf. (5)], respectively. Then, for

parameters βd
p,k and βu

p,k that satisfy the stability condition

1−
P∑

p=1

h1
p(λn)e

−jωmp 
= 0, (42)

the S-VAR model implements the two-dimensional simplicial-
time frequency response:

h1(λn, e
jωm) =

1

1−
∑P

p=1 h
1
p(λn)e−jωmp

, (43)

which is a rational two-dimensional function in the frequency
variables λn and ωm. Since the simplicial frequencies carry a
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different meaning, the frequency response (43) has the form

h1(λn, e
jωm)

=

⎧
⎪⎨

⎪⎩

(
1 +

∑P
p=1(β

d
p,0 + βu

p,0)e
−jωmp

)−1
for λn ∈ Qh,(

1 +
∑P

p=1(h
1,d
p (λn) + βu

p,0)e
−jωmp

)−1
for λn ∈ Qg,(

1 +
∑P

p=1(β
d
p,0 + h1,u

p (λn))e
−jωmp

)−1
for λn ∈ Qc.

(44)

That is, we have a two-dimensional simplex-temporal fre-
quency response, whose behaviour on the different types of
simplicial frequencies is governed by a different set of pa-
rameters. We remark that the filter indeed cannot differentiate
between signal components that lie within the subspace spanned
by eigenvectors corresponding to an eigenvalue with multiplic-
ity greater than one. For instance, it cannot provide distinct
responses to multiple harmonic components.
SC-VAR filtering. The SC-VAR model possesses a greater
challenge for frequency analysis compared to the S-VAR, due
to vertical signal transformations between adjacent simplices
in the convolve-transform-convolve operations. To ease expo-
sition, we discuss the input-output frequency behaviour of a
simplified SC-VAR model involving only one convolution oper-
ation2. This simplified transform-then-convolve version is given
by:

ft =

P∑

p=1

G10
p (L1)B

�
1 vt−p +G11

p (L1)ft−p

+G12
p (L1)B2τ t−p + εft

=

P∑

p=1

G10
p (L1)f

grd
t−p +G11

p (L1)ft−p +G12
p (L1)f

crl
t−p + εft

(45)

where in the second equality, we use the gradient transformation
(8) to write f grd

t−p =B�
1 vt−p and the curl transformation (9)

to write f crl
t−p =B2τ t−p. Expanding then the filters in (45) as

Gkl
p (L1) =Gkl,d

p (L1,d) +Gkl,u
p (L1,u) similar to (5) and apply-

ing Proposition 2 leads to:

ft =

P∑

p=1

(
G10,d

p (L1,d) + β10,u
p,0

)
f grd
t−p +G11

p (L1)ft−p

+
(
β12,d
p,0 +G12,u

p (L1,u)
)
f crl
t−p + εft (46)

where βkl,d
p,i , i= 0, . . . , Ld − 1 are the coefficients of the lower-

Laplacian filter Gkl,d
p (L1,d) and βkl,u

p,i , i= 0, . . . , L− Ld − 1

are the coefficients of the upper-Laplacian filter Gkl,u
p (L1,u).

Applying then the STFT (35) on both sides of (46), the input-
output relation in the spectral domain is:

Gradient frequencies (λn ∈ Qg):

f̃n(e
jωm) =

P∑

p=1

(
(g10,dp (λn) + β10,u

p,0 )f̃ grd
n (ejωm)

+ g11p (λn)f̃n(e
jωt)

)
ejωmp + ε̃grdfn (ejωm); (47)

2Deriving a spectral input-output relation for the general SC-VAR model
(11) presents a significant challenge due to filter blocks that include two
convolution operations with distinct Hodge Laplacians.

Curl frequencies (λn ∈ Qc):

f̃n(e
jωm) =

P∑

p=1

(
g11p (λn)f̃n(e

jωm)

+ (g12,up (λn) + β12,d
p,0 )f̃ crl

n (ejωm)

)
ejωmp + ε̃crlfn(e

jωm);

(48)

Harmonic frequencies (λn ∈ Qh):

f̃n(e
jωm) =

P∑

p=1

((
β10,d
p,0 + β10,u

p,0

)
f̃ grd
n (ejωm)

+
(
β11,d
p,0 + β11,u

p,0

)
f̃n(e

jωm)

+
(
β12,d
p,0 + β12,u

p,0

)
f̃ crl
n (ejωm)

)
ejωmp + ε̃hfn(e

jωm); (49)

where g11p (λn), g10,dp (λn), and g12,up (λn) are the simpli-
cial convolutional frequency responses of filters G11

p (L1),
G10,d

p (L1,d), and G12,u
p (L1,u), respectively. As it follows from

(47)-(49), we have different types of input spectral processes,
which, combined with the different simplicial filters, yield an
edge flow. At the gradient frequencies, the STFT output spectra
do not have any contributions from the curl component, and at
the curl frequencies, they lack contributions from the gradient
component. Similar to the S-VAR frequency response (44), we
can see an intrinsic coupling of the frequency responses at
different simplicial frequencies via the shared filter parameters.
However, contrasting (47)-(49) with (44), we note the increased
number of SC-VAR parameters yields a two-dimensional fre-
quency response with higher degrees of freedom.

V. NUMERICAL RESULTS

This section conducts comprehensive numerical experiments
to assess the performance of the proposed online SC-VAR algo-
rithm. The model’s efficacy is benchmarked against three online
algorithms: TIRSO [8], RFNL-TIRSO [11], and the moving
average algorithm. Both TIRSO and RFNL-TIRSO are state-
of-the-art online topology estimation algorithms. TIRSO is con-
structed utilizing a standard linear VAR model represented by
(1), requiring N2P parameters, where N is the number of
time series. In contrast, RFNL-TIRSO embraces a kernel-based
nonlinear VAR model with random feature approximation, de-
manding 2PN2D parameters, where D denotes the number of
random features. Both of these algorithms present formidable
competition for SC-VAR, as they take into consideration all
pairwise interactions among time series with a high parameter
count. We measure the performance of all models based on their
prediction accuracy, measured by the normalized mean squared
error (NMSE), which for a k− simplicial signal is defined as:

NMSE(t) =
1

N

N∑

n=1

∑t
t′=1([x

k
t′+tstep

]n − [x̂k
t′+tstep

]n)
2

∑t
t′=1 [x

k
t′+tstep

]2n
,

(50)

where [x̂k
t′+tstep

]n is the nth component of the tstep−ahead
prediction at time t′ and [xk

t′+tstep
]n is the ground truth.
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Figure 3. (a) Topology used to create the synthetic dataset. All the orientations are selected arbitrarily. (b) Comparative evaluation of NMSE (in log scale)
for 1-step ahead prediction between S-VAR and SC-VAR.

A. Synthetic Data

We create a synthetic dataset that includes vertex, edge, and
triangle signals with spatio-temporal interactions based on a
specified topology (see, Figure 3(a)), having N0 = 13 vertices,
N1 = 24 edges, and N2 = 12 triangles. First, we generated
three distinct VAR processes, V′ ∈ R

N0×T , F′ ∈ R
N1×T , and

T ′ ∈ R
N2×T using the standard VAR model (1) with zero-mean

i.i.d. Gaussian noise and variance 0.1. The VAR coefficients are
randomly sampled from N (0, 1), and to make the setting more
dynamic, they are completely changed at every 400 time step.
Subsequently, we modify these signals by inducing interactions
among them based on the topology in Figure 3(a) using the
following procedure:

V = sin(V′) +B1F
′,

F=B�
1 V

′ + sin(F′) +B2T ′,

T =B�
2 F

′ + sin(T ′). (51)

We generated a dataset comprising 110 realizations of
V,F, and T with T = 2000. A grid search, based on
the lowest NMSE, is performed across all algorithms to
optimize regularization hyperparameters using a validation
subset of 10 randomly chosen realizations. The NMSE
values reported in the experiments are averaged over the
remaining 100 realizations. The hyperparameters for SC-
VAR are P = 4, L= 8, λ= 0.001, and γ = 0.98. We assign
μ0 = μ1,d = μ1,u = μ2 = 0 since the model (51) does not
introduce any regulations to the gradient, divergence, curl, and
cyclic components. Following the analysis in [8], we choose
the step size ηt = 1/Λmax(Φt), where Λmax(·) represents the
maximum eigenvalue operation.

First, we compare the S-VAR and SC-VAR models through a
1−step prediction. Figure 3(b) illustrates that the SC-VAR con-
sistently outperforms the S-VAR in predicting all three signals.
This is because the S-VAR model relies solely on information
from a specific signal level, while the SC-VAR model incorpo-
rates information from all three signals.

In Figure 4(a)–4(c), we compare SC-VAR with the mov-
ing average, TIRSO, and RFNL-TIRSO algorithms for vertex,
edge, and triangle signal. For TIRSO and RFNL-TIRSO, we
combine all signals, resulting in a signal dimension of N =
N0 +N1 +N2 = 49. SC-VAR demonstrates highly competi-
tive results with the best performer RFNL-TIRSO, despite hav-
ing two orders of magnitude fewer parameters. The parameter
counts of all the algorithms are shown in Figure 5. SC-VAR’s
superior performance is attributed to its effective utilization of
topology information through the simplicial convolution oper-
ation, a distinctive feature absent in other algorithms.

Due to its minimal parameter usage, SC-VAR is also antici-
pated to exhibit outstanding performance with limited training
data in an offline learning scenario. To demonstrate this, we
present an offline experiment where we use the offline SC-VAR
learning strategy given by (22). For this experiment, we use the
offline version of the TIRSO algorithm and an LSTM-based
algorithm [48] as benchmarks. The LSTM algorithm comprises
15 hidden states with a total of 3900 parameters. We use the
Adam optimizer, 500 epochs, and a learning rate of 0.0004.
Using varying batch sizes of 40, 60, and 80, we train all models
and perform 1− to 4−step ahead prediction. From Table I, we
deduce the following: i) performance of all algorithms exhibit
a gradual degradation from 1− to 4−step ahead predictions;
ii) at larger batch sizes, all algorithms perform equally well
with LSTM being slightly better than the others; iii) at small
batch size, the SC-VAR algorithms outperforms the others. SC-
VAR demonstrates a distinct advantage in performing well with
limited training data, attributed to its low parameter count.

B. Water Networks

We present experiments with the Cherry Hills water network,
consisting of 36 nodes (0-simplices), 40 pipes (1-simplices),
and 2 triangles (2-simplices) [49]. Flow signals (in GPM) along
the edges and pressure signals (in PSI) at the vertices constitute
our dataset. Triangle signals were excluded from this exper-
iment because the Cherryhills topology consists of just two
triangles, without any substantial features associated with them.
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Figure 4. NMSE comparison based on 1-step ahead prediction: (a) for vertex, (b) for edge, and (c) for triangle signals.

Figure 5. Parameter comparison of various algorithms (in log scale).

TABLE I
NMSE PERFORMANCE OF ALGORITHMS ACROSS DIFFERENT

PREDICTION HORIZONS AND BATCH SIZES

Prediction NMSE
Batch (Different prediction horizons)
size Signals Algorithm 1-step 2-step 3-step 4-step

40

SC-VAR 0.80 0.82 0.84 0.86
Vertex VAR 3.37 3.82 4.26 4.84

LSTM 0.87 0.87 0.87 0.88

SC-VAR 0.77 0.78 0.79 0.79
Edge VAR 3.36 3.79 4.20 4.82

LSTM 0.86 0.86 0.86 0.87

SC-VAR 0.82 0.82 0.83 0.84
Triangle VAR 1.32 3.61 4.55 5.21

LSTM 0.87 0.87 0.87 0.89

60

SC-VAR 0.81 0.83 0.85 0.87
Vertex VAR 3.86 3.74 3.67 3.64

LSTM 0.83 0.83 0.84 0.85

SC-VAR 0.76 0.77 0.78 0.80
Edge VAR 3.91 3.74 3.69 3.68

LSTM 0.83 0.83 0.84 0.85

SC-VAR 0.81 0.82 0.83 0.84
Triangle VAR 3.93 3.76 3.70 3.68

LSTM 0.84 0.84 0.84 0.85

80

SC-VAR 0.79 0.81 0.83 0.86
Vertex VAR 2.75 2.65 2.61 2.62

LSTM 0.81 0.82 0.83 0.83

SC-VAR 0.73 0.74 0.75 0.77
Edge VAR 2.76 2.65 2.63 2.62

LSTM 0.80 0.80 0.82 0.83

SC-VAR 0.77 0.79 0.80 0.81
Triangle VAR 2.82 2.69 2.67 2.67

LSTM 0.82 0.82 0.82 0.84

Assuming a reference flow direction as in Figure 6(a), we gener-
ate time-evolving flow and pressure signals using the EPANET
software with a demand-driven model such that the water flows

meet the time-varying water demands at the nodes. Grounded
in hydrological principles, we expect that the pressure signals
will enhance the prediction of the flow signals, as pressure
has a significant impact on flows. We use the initial 20%
data samples to tune the hyperparameters (via grid search for
the best NMSE), resulting in P = 5, L= 4, λ= 0.0001, μ0 =
0.5, μ1,d = 0.5, μ1,u = μ2 = 0, and γ = 0.99. A similar tuning
of hyperparameters for all benchmark algorithms is also per-
formed using the same data samples.

The NMSEs for 1−step and 2−step predictions of flow sig-
nals are plotted in Figure 6(b) and 6(c), respectively. The RFNL-
TIRSO (D = 5) algorithm performs best, followed by SC-VAR,
S-VAR, and TIRSO. SC-VAR surpasses S-VAR by leveraging
additional information from the pressure signals, a capability
that S-VAR lacks. This observation aligns with hydrological
principles, highlighting the impact of pressure on flows. We un-
derscore that SC-VAR achieves competitive performance com-
pared to RFNL-TIRSO, with three orders of magnitude fewer
parameters (see Figure 5).

C. Collaborative Agents

In collaborative environments such as SWARM robots, team
sports, and wind farms, agent dynamics are mostly influ-
enced by the local interactions with nearby agents. SC-VAR
stands out as an effective model for capturing these dynamics,
given its ability to incorporate proximity-aware sparse inter-
actions. We demonstrate how SC-VAR can be used to predict
the behaviour of collaborative agents by using a real football
dataset [50]. The dataset includes the coordinates, speed, and
pairwise distances between 10 players, sampled at 0.05 seconds
intervals over 40 minutes. We calculate the mean coordinates of
the players for the first minute and build a 2−nearest neighbour
topology with an arbitrary orientation, resulting in 10 vertices,
14 edges, and 3 triangles, as shown in Figure 7(a). The rationale
for this choice is that the topology created from the initial match
position reflects the teams’ formation strategy. It is therefore
likely that the players will frequently return to positions closer
to their assigned formation strategy. The topology in this exper-
iment differs from the previous two, as it is an abstract topology.
One might also explore a dynamic topology during the game,
but such an approach would entail time-varying Hodge Lapla-
cians, which falls outside the scope of SC-VAR. The speeds
of the players and the distance between connected players are
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Figure 6. (a) Cherry Hills water network, (b) 1−step and (c) 2−step ahead prediction of water flows.

Figure 7. (a) Topology created with mean positions of football players. Comparative evaluation of NMSE for (b) 1-step ahead and (c) 6-step ahead prediction
of player speed.

considered as the vertex and the edge signals, respectively.
The triangle signals, defined by the areas enclosed by the tri-
angles, represents how spread out the players are on the field.
In this experiment, we use P = 6 for all algorithms and L= 8
for the simplicial models (chosen via grid search for the best
NMSE). The initial 20% data samples are used to tune the hy-
perparameters, resulting in λ= 0.01, μ0 = 0.01, μ1,d = μ1,u =
μ2 = 0, andγ = 0.9. A similar tuning of hyperparameters for all
benchmark algorithms is also performed using the same data
samples.

In Figure 7(b) and 7(c), we plot the NMSEs for 1−step
and 6−step predictions of players’ speeds. Despite having a
markedly lower parameter count (see Figure 5), SC-VAR out-
performs RFNL-TIRSO and achieves a prediction accuracy that
is highly competitive, on par with the top-performing TIRSO
algorithm. On the other hand, S-VAR trails behind other al-
gorithms, highlighting the essential role of information from
edges and triangles in predicting the speed. This experiment
stands as a testament to the efficiency of the proposed SC-
VAR model, adeptly capturing sparse higher-order interactions
within collaborative environments and opening up opportunities
for diverse real-world applications.

VI. CONCLUSION

We propose simplicial complex VAR models, which capture
the intricate spatio-temporal dependencies among signals de-
fined over higher-order network structures. Leveraging simpli-
cial convolution filters, our models capitalize on the underlying

simplicial structure as an inductive bias and feature parameter
sharing across simplices to achieve a significant reduction in pa-
rameters relative to the standard VAR model. Targeting stream-
ing signals from real-world time-varying networks, we develop
an online learning algorithm featuring a sublinear dynamic
regret bound. We further characterize the proposed methods
in the spectral domain via a joint simplicial-temporal Fourier
transform. Our experiments with both real and synthetic data,
demonstrate that the proposed model achieves highly compet-
itive performance compared to standard VAR-based models.

APPENDIX A

SC-VAR feature formulation strategy. Consider
a representative convolve-transform-convolve term
G01

p (L0)B1H
01
p (L1)ft−p in (11). The first convolution

operation can be written as:

H01
p (L1)ft−p = L1F̃pα

01
p , (52)

where

L1 = [L0
1,d, . . .L

(Ld−1)
1,d ,L0

1,u, . . .L
(L−Ld−1)
1,u ] ∈ R

N1×LN1 ,

α01
p = [α01,d

p,0 , . . . , α01,d
p,(Ld−1), α

01,u
p,0 , . . . , α01,u

p,(L−Ld−1)]
� ∈ R

L,

F̃p = IL ⊗ ft−p ∈ R
LN1×L.

Here, α01
p are the filter coefficients associated to H01

p (L1),
operation ⊗ denotes the Kronecker product, and F̃p is a block
diagonal matrix with ft−p as the diagonal blocks, repeated L
times. Using (52) and applying the same strategy for the second
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convolution operation, the representative convolve-transform-
convolve term can be reformulated as:

G01
p (L0)B1H

01
p (L1)ft−p =G01

p (L0)B1L1F̃pα
01
p (53)

= L0

[
IL ⊗ (B1L1F̃pα

01
p )

]
δ01p (54)

= L0

[
IL ⊗ (B1L1F̃p)

]
(IL ⊗α01

p )δ01p , (55)

where δ01p is the filter coefficients associated with G01
p (L0) and

the equality (55) follows from the mixed-product property of the
Kronecker product. In (55), IL ⊗α01

p ∈ R
L2×L has L distinc-

tive components, each one repeated L times, and δ01p ∈ R
L×1

also has L distinctive components. Hence, the total number
of variables to optimize is 2L. Treating α01

p and δ01p as opti-
mization variables causes nonconvexity issues in the learning
process since a pair-wise multiplication of the components of
α01

p and δ01p occurs. But we do not have to estimate α01
p and δ01p

separately, and hence, we define a new optimization parameter
vector of length L2:

β01
p := (IL ⊗α01

p )δ01p ∈ R
L2

(56)

Let

Ṽ01
t−p := L0

[
IL ⊗ (B1L1F̃p)

]
∈ R

N0×L2

(57)

Substitute (56) and (57) in (55) to get

H01
p (L0)B1H

01
p (L1)ft−p = Ṽ01

t−pβ
01
p (58)

We follow a similar procedure for all other convolve-transform-
convolve terms in (11) to generate the feature matrices
Ṽmn

t−p, F̃
mn
t−p, and T̃mn

t−p, for m,n ∈ {0, 1, 2}.

APPENDIX B

Proof of Theorem 1. The dynamic regret can be expanded as:

Rk[T ] �
T∑

t=P

[
ct(β̂

k

t )− ct(β
k
t

∗
)
]

(59)

≤
T∑

t=P

∇ct(β̂
k

t )
�(β̂

k

t − βk
t

∗
) (60)

≤
T∑

t=P

‖∇ct(β̂
k

t )‖2‖β̂
k

t − βk
t

∗‖2, (61)

where ∇ denotes the gradient operation, (60) follows from the
convexity of ct(·), and (61) follows from the Cauchy Schwarz

inequality. Next, we bound ‖∇ct(β̂
k

t )‖2 in (61).

Bounding ‖∇ct(β̂
k

t )‖2: Using the gradient in (28):

‖∇ct(β̂
k

t )‖2 = ‖Φk
t β̂

k

t − rkt + λβ̂
k

t ‖2 (62)

≤ ‖Φk
t β̂

k

t ‖2 + ‖rkt ‖2 + ‖λβ̂
k

t ‖2 (63)

≤ ρmax‖β̂
k

t ‖2 + ‖rkt ‖2 + λ‖β̂
k

t ‖2 (64)

= (ρmax + λ)‖β̂
k

t ‖2 + ‖rkt ‖2, (65)

where (63) follows from the triangle inequality and (64) follows
from the spectral norm properties and assumption A2.

Bounding ‖rkt ‖2 in (65): Using (26),

‖rkt ‖2 = ‖δ
t∑

t′=P+1

γt−t′Sk
t′
�
xk
t′‖2 (66)

≤ δ

t∑

t′=P+1

γt−t′‖Sk
t′
�
xk
t′‖2 (67)

≤ δ

t∑

t′=P+1

γt−t′
√

Λmax(Sk
t′
�
Sk
t′)‖xk

t′‖2 (68)

≤ δ
t∑

t′=P+1

γt−t′C‖xk
t′‖2 (69)

≤ δ
t∑

t′=P+1

γt−t′CB
√
Nk (70)

≤ CB
√

Nk(1− γ(t−P )) (71)

≤ CB
√

Nk, (72)

where (67) follows from the triangle inequality, (68) follows
from the spectral norm properties, (69) follows from assump-
tion A3, and (72) follows from the fact that γ < 1.
Bounding ‖β̂t‖2 in (65): Using (28),

‖β̂
k

t+1‖2 = ‖β̂
k

t − ηt(Φ
k
t β̂

k

t − rkt + λβ̂
k

t )‖2 (73)

= ‖(I− ηtλI− ηtΦ
k
t )β̂

k

t + ηtr
k
t ‖2 (74)

≤ Λmax(I− ηtλI− ηtΦ
k
t )‖β̂

k

t ‖2 + ηt‖rkt ‖2 (75)

≤ (1− ηtλ− ηtΛmin(Φ
k
t ))‖β̂

k

t ‖2 + ηt‖rkt ‖2 (76)

≤ (1− ηtλ− ηtρmin)‖β̂
k

t ‖2 + ηt‖rkt ‖2, (77)

where (75) follows from the spectral norm properties and (77)
follows from assumption A2. Substituting (72) in (77), gives:

‖β̂
k

t+1‖2 ≤ (1− ηtλ− ηtρmin)‖β̂
k

t ‖2 + ηtCB
√
Nk (78)

Let ζ = 1− ηtλ− ηtρmin in (78). Perform t− P + 1 recursions
of the expression (78), obtaining:

‖β̂
k

t+1‖2 ≤ ζt−P+1‖β̂
k

P ‖2 + ηtCB
√
Nk

t−P∑

i=0

ζi (79)

= ηtCB
√
Nk

1− ζt−P+1

1− ζ
(80)

≤ CB
√
Nk

λ+ ρmin
. (81)

In (80), we assume that the filter coefficients are initialized with
zeros, i.e., β̂P = 0. Also in (81), we assume that ζ ≤ 1. In order
to guarantee this assumption in our implementation, we choose
the value of the learning rate ηt to be

ηt ≤
1

λ+ ρmax
, (82)

such that the condition ζ ≤ 1 holds true (since ρmax ≥ ρmin).
Now, substitute (72) and (81) in (65) to get

‖∇ct(β̂
k

t )‖2 ≤ CB
√
Nk

(
1 +

λ+ ρmax

λ+ ρmin

)
. (83)
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Bounding ‖β̂k

t − βk∗

t ‖2 in (61): Loss function ct(.) is Lips-
chitz smooth and strong convex. Following the equation (E.71)
in [51], it can be proved that

T∑

t=P

‖β̂k

t − βk∗

t ‖2 ≤ ‖βk∗

P ‖2 +W k[T ]. (84)

Substitute (83) and (84) in (61) to upper bound the dynamic
regret, leading to:

Rk[T ]≤ CB
√

Nk

(
1 +

λ+ ρmax

λ+ ρmin

)(
‖βk∗

P ‖2 +W k[T ]
)
.

(85)

APPENDIX C

Equivariance property. Consider the following sets of permu-
tation matrices P and orientation matrices D.

P = {Pk ∈ {0, 1}Nk×Nk :Pk1=P�
k 1= 1, k = 0, 1, 2},

(86)

D = {Dk = diag(dk) : dk ∈ {±1}Nk , k = 1, 2;d0 = 1}.
(87)

Permutation matrices are such that products x̌k =P�
k x

k are
reorderings of the entries of xk and that the permuted Hodge
Laplacian Ľk =Pk

kLkPk is a reordering of the rows and
columns of Lk. Orientation matrices are such that products
x̌k =Dkx

k are reorientations of the flow directions in vectors
xk (edges or triangles flows) and that the reoriented Hodge
Laplacians are Ľk =DkLkDk.
Permutation equivariance. Consider a simplicial X 2 with
Hodge Laplacians L= {L0,L1,L2} [cf. (3)] and its permuted
version with the respective Hodge Laplacians

Ľ := {P�
0 L0P0,P

�
1 L1P1,P

�
2 L2P2}

for any permutation matrix P= diag(P0,P1,P2) such that
Pk ∈ P . Given also a set of parameters HSC-VAR. Then, for any
pair of a simplicial complex signal xt and its permuted version
x̌t :=P�xt, the SC-VAR output satisfies

x̌t : = Φ SC-VAR({P�xt−p}; Ľ;HSC-VAR)

=P�ΦSC-VAR({xt−p};L;HSC-VAR). (88)

Proof: Recall the SC-VAR model from (11). We enhance
the readability of the proof by assuming P = 1 and removing
the index p without loss of generality. Consider a permuted
system, where a k−simplex is permuted using a permuta-
tion matrix Pk ∈ P [cf. (86)]. After permutation, we have the
simplicial signals of the form x̌k

t =P�
k x

k
t , k = 0, 1, 2, with

Hodge Laplacians P�
k LkPk, k = 0, 1, 2 and incidence matri-

ces P�
mBmPm,m= 1, 2. The vertex process equation of the

permuted system can be written as:

v̌t =H00(P�
0 L0P0)P

�
0 vt−p

+G01(P�
0 L0P0)P

�
0 B1P1H

01(P�
1 L1P1)P

�
1 ft−p

(89)

In (89), any simplicial convolutional filter of the form
H(P�

k LkPk) can be written as:

H(P�
k LkPk) =

L−1∑

n=0

βn(P
�
k LkPk)

n

=

L−1∑

n=0

βnP
�
k L

n
kPk =P�

k H(Lk)Pk, (90)

where the second equality follows from the orthogonal property
PP� = I of the permutation matrix. Using the result (90) and
the orthogonal property of P, (89) can be simplified as:

v̌t =P�
0 [H

00(L0)vt−p +G01(L0)B1H
01(L1)ft−p] (91)

Similar results can be derived for edge and triangle processes,
hence, proving SC-VAR’s permutation equivariance.
Orientation equivariance. Consider a simplicial X 2 with
Hodge Laplacians L= {L0,L1,L2} [cf. (3)] and its reoriented
version

Ď := {D0L0D0,D1L1D,D2L2D2}

for any orientation matrice D= diag(D0,D1,D2) such that
Dk ∈ D. Given also a set of parameters HSC-VAR. Then, for any
pair of a simplicial complex signal xt and its reoriented version
x̌t :=D�xt, the SC-VAR output satisfies:

x̌t : = Φ SC-VAR({D�xt−p}; Ľ;HSC-VAR)

=D�ΦSC-VAR({xt−p};L;HSC-VAR). (92)

Proof: Similar to the permutation matrix Pk, a reorien-
tation matrix Dk in (87) also exhibits the orthogonal property
DkD

�
k = I. The proof for orientation equivariance can be de-

rived by adapting the proof of permutation equivariance with
the replacement of Pk by Dk.

APPENDIX D

Proof of Proposition 2. The basic principle behind proving
the claim is the boundary condition property between vertical
simplices, i.e., B1B2 = 0. Without loss of generality, we pro-
vide a sketch of the proof for vertex processes vt for P = 1.
The SC-VAR vertex process has the form

vt =H00(L0)vt−1 +G01(L0)B1H
01(L1)ft−1 (93)

Likewise, the SC-VAR edge process at time t− 1 can be ex-
panded as:

ft−1 =G10(L1)B
�
1 H

10(L0)vt−2 +H11(L1)ft−2

+G12(L1)B2H
12(L2)τ t−2. (94)

Substituting (94) into (93) yields

vt =H00(L0)vt−1

+G01(L0)B1H
01(L1)G

10(L1)B
�
1 H

10(L0)vt−2

+G01(L0)B1H
01(L1)H

11(L1)ft−2

+G01(L0)B1H
01(L1)G

12(L1)B2H
12(L2)τ t−2.

(95)
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In (95), the fourth term vanishes because when expanding
the expression B1H

01(L1)G
12(L1)B2, all subterms involve

B1B2, which evaluate to 0 according to the boundary condi-
tion. Hence, the vertex process vt is influenced only by past
vertex and edge processes but not by the triangle signals nor by
the transformation of triangle signals into curl flows [cf. (9)].
Similar arguments can be applied to prove the vertical property
of the triangle signal.
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