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Abstract

Trajectory optimization is fundamental to dynamic system control, such as model predictive
control (MPC), with applications in robotics, aerospace, and autonomous vehicles. Tradi-
tional trajectory optimization methods often rely on minimal coordinate representations, such
as Euler angles, which introduce singularity, nonlinearity and potentially numerical instabil-
ity in rotational dynamics. To address these issues, matrix Lie groups have been adopted for
more structured and geometrically consistent dynamics modeling. Trajectory optimization
on matrix Lie groups can be formulated from two perspectives: constrained optimization,
which explicitly enforces manifold constraints in a higher-dimensional Euclidean embedding
space, and coordinate-free "unconstrained" optimization on the Lie group manifold, which
intrinsically respects the manifold structure by leveraging the geometric properties of the
manifold directly.

This thesis explores an efficient unconstrained approach to numerical trajectory optimiza-
tion on matrix Lie groups, which naturally preserves geometric constraints while reducing
problem dimensionality, leading to improved computational efficiency and convergence. We
propose a novel extension of Differential Dynamic Programming (DDP) and iterative Linear
Quadratic Regulator (iLQR) algorithms to matrix Lie groups within an unconstrained op-
timization framework. The study begins with a detailed treatment of derivative evaluation
on matrix Lie groups, including a Gauss-Newton approximation of the optimization Hessian.
This is followed by the development of a single-shooting DDP framework, which avoids explicit
manifold constraints by leveraging Lie group properties, ensuring efficient computation with
inherent validity guarantees. To further improve numerical stability and avoid convergence
to local minima, a multiple-shooting iLQR (MS-iLQR) algorithm is developed—enhancing
convergence efficiency and serving as the core contribution of this thesis.

The proposed methods are systematically benchmarked against baselines in various simulated
scenarios, including 3D SO(3) pendulum swing-up and SE(3) drone racing tracking tasks,
followed by an in-depth discussion. Results demonstrate that the proposed on-manifold un-
constrained trajectory optimization methods achieve solution validity, fast linear convergence
for practical usage, potential computational efficiency, effective warm-start initialization, and
ability to avert poor local minimum, particularly for rotational dynamics. Additionally, the es-
tablished baselines in higher-dimensional embedding space are also considered highly promis-
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ing in terms of implementation convenience, efficiency, and overall performance. Furthermore,
they can leverage geometric information to enhance convergence performance and improve
optimality while effectively addressing manifold drifting issues. The proposed framework
successfully integrates matrix Lie groups into modern trajectory optimization, paving the
way for broader applications in model predictive control (MPC) and constrained on-manifold
trajectory optimization settings.
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Chapter 1

Introduction

Model Predictive Control (MPC) has emerged as a powerful method for controlling dynamic
systems, particularly in scenarios requiring real-time optimization and adaptability to chang-
ing environments, such as motion planning in robotic systems [53, 41, 60, 52] and navigation
in autonomous systems [51, 7, 45]. Fundamentally, MPC operates by repeatedly solving the
trajectory optimization problem, an optimal control problem (OCP), which involves deter-
mining a sequence of control actions that steer the system from its current state to a desired
future state while optimizing an objective function and constraint satisfaction. The aim of
MPC is to achieve closed-loop convergence of the state to the reference trajectory.

One of the key challenges in MPC is the efficient solution of a trajectory optimization problem,
especially as the dimensionality and complexity of the system dynamics and the prediction
horizon increases. Differential dynamic programming (DDP) and its variant, iterative linear
quadratic regulator (iLQR), are prominent algorithms developed for trajectory optimization
problem to address these challenges. These methods leverage the structure of the optimal
control problem for efficient solution approaches, leading to notable linear complexity in the
time horizon and local quadratic convergence [43], with locally optimal feedback policies as
an extra output for stabilization.

However, traditional DDP and its variants are primarily formulated for unconstrained dy-
namics in Euclidean spaces. Many state-space system dynamics are represented in Euclidean
spaces without issues, e.g. chemical processes, electrical systems, etc. For robotics systems,
the dynamics is often derived from minimal coordinate representations. While mathematically
straightforward, these representations can introduce strong nonlinearity, high complexity, or
even numerical issues, especially in modeling rotational dynamics. A prime example is Euler
angles, one of the most widely used minimal representations for rotations, which suffer from
drawbacks such as intricate dynamic formulations, singularities in configuration representa-
tion, and challenges in interpolation and distance measurement.

In practice, over-parameterized representations become necessary, leading to the widespread
use of matrix Lie groups in modeling [22, 61, 50, 62, 59]. Matrix Lie groups provide a
natural mathematical framework for modeling various mechanical systems, including rigid-
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2 Introduction

body rotations, translations, and multibody dynamics, where system states evolve on non-
Euclidean geometries. As embedded subspaces of conventional Euclidean spaces, matrix Lie
groups offer efficient and structured representations with no singularity, less nonlinearity, and
natural integration of rotation and translation.

Thus, for implementing Model Predictive Control (MPC) with practical system dynamics
formulated on matrix Lie groups, it is crucial to investigate how to efficiently solve trajectory
optimization problems on the corresponding manifolds. This challenge forms the core focus of
this thesis. Extending conventional trajectory optimization algorithms to matrix Lie groups
is nontrivial due to fundamental differences in operations between Euclidean spaces and Lie
groups, affecting key aspects such as system dynamics representation, linearization, iteration
update strategy, and manifold constraint handling [61, 12].

To address trajectory optimization problems on matrix Lie groups—particularly with a focus
on DDP-like algorithms—two perspectives of optimization exist:

e A constrained approach treats the manifold constraints as general equality constraints,
requiring complicated and nonlinear constrained optimization in conventional Euclidean
space.

e An unconstrained (or intrinsic) perspective considers the manifold as the only space
that exists, allowing the optimizer to move freely but constrained naturally by the
manifold structure.

For constrained methods, which formulate problems in the Euclidean embedding space,
the general approach is to treat manifold constraints as general equality constraints, leading
to equality-constrained optimization with high complexity and nonlinearity in conventional
Euclidean space [22]. Since the complexity of this approach depends heavily on the manifold
constraints of the chosen matrix Lie group, practitioners often prefer quaternions due to their
simplicity, lower dimensionality, redundancy, nonlinearity and ability to be expressed within
the linear vector operation framework [56, 72, 36, 19].

For unconstrained methods, fewer approaches exist, necessitating further research. In recent
years, there has been growing interest in extending DDP and iLQR to matrix Lie groups to
leverage their geometric properties [12, 37]. By incorporating geometric information, these
methods significantly reduce degrees of freedom and inherently ensure the validity of states,
enabling efficient optimization with guaranteed feasibility. This highlights strong potential
for further development in this direction, which this thesis aims to explore.

Another notable methodology within the unconstrained category is Riemannian manifold
optimization [11, 10, 1], which defines its gradient and Hessian based on projection of the
extrinsic gradient from the higher-dimensional Euclidean space onto the tangent plane of the
manifold, allowing existing numerical optimization algorithms to be adapted to the mani-
fold setting. However, this method has not yet been applied to trajectory optimization, only
supports limited programming platforms, and thus requires a large amount of time for im-
plementation. As a result of time limitation, it fails to be a feasible baseline for this thesis.
Nonetheless, readers should be aware of its existence, as despite its limitations, it remains an
important research avenue in manifold optimization.

Chenghuai Lin Master of Science Thesis



1-1 Research Goal 3

1-1 Research Goal

Starting from this viewpoint, this thesis aims to explore the unconstrained category of method-
ologies, as well as the practical advantages and disadvantages of it in comparison to using
established constrained optimization solvers.

Specifically, the first goal is to exploit the structure of the manifold constraint during the
optimization process—such as taking derivatives and rolling out trajectories—and accord-
ingly adapt fundamental operations, and thus develop algorithms to solve the on-manifold
trajectory optimization problems, within the framework of modern trajectory optimization
algorithms, e.g. differential dynamic programming (DDP). The algorithms should not only
inherently preserve the validity of elements as members of the matrix Lie group but also
mitigate the increase in problem dimensionality caused by the inherent over-parameterization
of matrix Lie groups. This is achieved not by explicitly imposing constraints but rather by
utilizing geometry-informed operations intrinsically incorporated within the algorithm.

After that, To validate the effectiveness of the proposed methods, a systematic benchmark
study will be conducted against well-established baselines in both idealized and practical
application scenarios. In particular, we aim to evaluate the performance of the developed nu-
merical algorithms in solving various trajectory optimization problems on matrix Lie groups,
assessing their optimality, convergence, and other relevant criteria.

1-2 Contributions

The main contributions of this thesis are summarized as follows:

e Proposed and developed a single-shooting iLQR algorithm on matrix Lie groups with
a Gauss-Newton approximation of the problem Hessian, incorporating the geometric
derivatives of both dynamics and cost.

e Proposed and developed a Gauss-Newton-based multiple-shooting iLQR. algorithm on
matrix Lie groups, specifically addressing the poor local minimum issue caused by the
non-smooth cost function on matrix Lie groups by utilizing a warm-start strategy.

e Conducted a carefully designed and systematic experimental benchmark with in-depth
analysis, involving three baselines and four scenarios. The three baselines include one
widely used method and two additional proposed and designed in this thesis. The four
scenarios consist of two ideal tracking tasks on matrix Lie groups and two practical
underactuated applications.

e Implemented the proposed algorithms and three baselines, along with all benchmark
experiments, using Python, Manif, CasADi, and IPOPT. Additionally, all implementa-
tions are structured as an open-source, well-organized codebase.

1-3 Thesis Outline

The remainder of this thesis has the following structure.
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4 Introduction

Chapter 2 develops the theoretical foundation for trajectory optimization on matrix Lie
groups. It explains essential concepts of Lie group theory, derives the system dynamics
in both continuous and discrete time, and discusses the distinction between constrained and
unconstrained view for optimization on matrix Lie groups. The chapter also formulates the
problem and elaborates on the setup of the tracking problem.

Chapter 3 presents the numerical algorithms used for solving the proposed optimization prob-
lem. This includes derivative evaluations for matrix Lie groups and the implementation of
single-shooting differential dynamic programming (DDP) framework on matrix Lie groups. A
detailed discussion of a multiple shooting variant (MS-iLQR) is also included, focusing on the
development motivation from the cost function, derivation and further extension to handle
inequality constraints.

Chapter 4 demonstrates the effectiveness of the proposed approaches through simulations. It
explores a variety of application scenarios, including drone racing and 3-D pendulum swing-up
tasks, providing insights into performance and comparative analysis against baseline methods.

Chapter 5 concludes the thesis by summarizing the key findings and contributions. It also dis-
cusses limitations and provides directions for future research, such as extending the methods
to other matrix Lie groups and improving computational efficiency.
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Chapter 2

Trajectory Optimization Framework on
Matrix Lie Groups

This chapter begins with a brief introduction to matrix Lie groups, aiming to provide a
simplified concept framework for the readers, followed by an exploration of the associated
dynamics and their connections to conventional classical mechanics. Subsequently, the tra-
jectory optimization problem formulation is presented, starting with a general overview before
focusing on specific reference tracking problem. The continuous-time formulations are then
subsequently approximated by discrete-time optimal control problems.

2-1 Basics about Matrix Lie Groups

Lie theory is a complex and profound mathematical framework with a rich historical back-
ground. This section provides a concise overview of essential concepts, beginning with foun-
dational ideas necessary for understanding matrix Lie groups. It then delves deeper into the
structure of Lie algebras and key operations crucial for practical applications presented in
this thesis, particularly in characterizing velocities within this framework.

2-1-1 Matrix Lie Groups

Lie group encompasses both the concepts of the group and the smooth manifold in a unified
body: a Lie group G is a smooth manifold whose elements satisfy the group axioms [61]. A
formal mathematical definition is provided below, following the framework outlined in [25].

Definition 2-1.1 (Group). a group (G,o) is a set, G, with a composition operation, o, that
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6 Trajectory Optimization Framework on Matrix Lie Groups

for elements X, Y, Z € G, satisfies the following properties.

Closure under o: X oY € G
Identity E:Eo0 X =X o0& =X
Inverse X 1 : X loxX=XoXx ' =¢
Associativity : (X oY)o Z =X o (Yo Z).

(2-1)

Definition 2-1.2 (Smooth Manifold). A smooth or C*™° manifold is a topological manifold
M together with a mazimal atlas. The maximal atlas is also called a differentiable structure on
M. A manifold is said to have dimension n if all of its connected components have dimension
n. A I-dimensional manifold is also called a curve, a 2-dimensional manifold a surface, and
an n-dimensional manifold an n-manifold.

With these two definitions, we are able to define the Lie group.

Definition 2-1.3 (Lie Group). A Lie group is a smooth manifold G which is also a group
and such that the group product
GxG—G

and the inverse map G — G are smooth.

To build up the definition of matrix Lie group, several concepts are necessary beforehand.

Definition 2-1.4 (General Linear Group). The general linear group over the real numbers,
denoted GL(n;R), is the group of all n X n invertible matrices with real entries. The general
linear group over the complex numbers, denoted GL(n;C), is the group of all n X n invertible
matrices with complex entries.

Let M, (C) denote the space of all n x n matrices with complex entries and the definition of
convergence is introduced as

Definition 2-1.5 (Convergence). Let A,, be a sequence of complex matrices in M, (C). We
say that A,, converges to a matrix A if each entry of A,, converges (as m — oo) to the
corresponding entry of A (i.e., if (Ap)jr converges to Aj for all 1 < j,k < n).

Matrix Lie group is a specialized category of Lie groups whose elements are matrices and
composition operation is matrix multiplication. Here, a formal definition is given as

Definition 2-1.6 (Matrix Lie Group). A matrix Lie group is a subgroup G of GL(n;C)
with the following property: If A,, is any sequence of matrices in G, and A,, converges to
some matriz A, then either A is in G or A is not invertible.

The above narration introduces relatively formally the mathematic definition of Lie group
and matrix Lie group. Elaborate discussion about theses concepts above are skipped and can
be found in [25, 68, 61, 28]. It’s based on these definitions that many properties of matrix Lie
groups, which are of significant importance to practical applications, arise. To aid readers’
comprehension, several informal statements (not formal definitions) about matrix Lie groups
are provided below.
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2-1 Basics about Matrix Lie Groups 7

Figure 2-1: A manifold M and the vector space T'x M tangent at the point X, and a convenient
side-cut. Note that the velocity element X does not belong to the manifold M but to the tangent
space Ty M [61].

o A matrix Lie group G is a closed subset of GL(n;C).
o A matrix Lie group G is a closed subgroup of GL(n;C).

e A matrix Lie group G is both a group and a smooth manifold, in which their elements
are matrices.

Matrix Lie groups become the focus of this thesis because they are crucial and practical for
describing motions of rigid bodies and are regarded as the most intrinsic and natural method
for these description [50]. They are now widely used in the filed of state estimation [61],
simultaneous localization and mapping (SLAM) [27], aircraft [62] and spacecraft control [40].

Two important examples of matrix Lie groups are defined: special orthogonal group (SO(n))
and special Euclidean group (SE(n)). Special orthogonal group is very important in de-
scribing the rotation of the body, with SO(2) denoting the rotation at 2-D plane and SO(3)
denoting the 3-dimensional rotation, while special Euclidean group unifies both rotation and
translation.

Definition 2-1.7 (Special Orthogonal Group SO(n)). For any field F,
SO(n, F) = {R € GL(n, F)|[R"R = RR" = I,det(R) =1} (2-2)

Definition 2-1.8 (Special Euclidean Group SE(n)). For any field F,
R v n
SE(n, F) = {(o 1) IR € SO(n, F),v € R } (2-3)

The field F is often omitted for notation convenience and it becomes SO(n) and SE(n).

In short, the two defining aspects of a matrix Lie group—being both a smooth manifold
and a group—contribute distinct yet complementary properties. As a smooth manifold, it
resembles a curved, smooth hyper-surface as Figure 2-1, with a unique linear tangent space
at each point, enabling local calculus operations. As a group, its algebraic structure ensures
that combining elements through group operations results in elements that remain within the
manifold, supporting the nonlinear composition of distant points globally.

Master of Science Thesis Chenghuai Lin



8 Trajectory Optimization Framework on Matrix Lie Groups

2-1-2 Lie Algebra and its Operations for Matrix Lie Groups

Lie algebra, is an important concept, introduced to enable characterization of the rate of
change of a Lie element. This allows for the representation of the speed of rigid bodies in
practice. The formal definition of Lie algebra for a Lie group is given as [25].

Definition 2-1.9 (Lie Algebra for Lie Group). A finite-dimensional real or complex Lie
algebra is a finite-dimensional real or complex vector space g, together with a map [-,-] from
g X g into g, with the following properties:

1. [-,+] is bilinear,
2. [,+] is skew symmetric: [X,Y] = —[Y,X] for all X,Y € g,
3. The Jacobi identity holds:
X, 1Y, Z]) + [¥, 12, X]] + [Z, [X, Y]] = 0
forall XY, Z € g

in which the operation [, ] is called as Lie bracket.
For a matrix Lie group, its Lie algebra can be further defined as [25].

Definition 2-1.10 (Lie Algebra for Matrix Lie Group). Let G be a matrixz Lie group. The
Lie algebra of G, denoted g,is the set of all matrices X such that eX is in G for all real
numbers t.

For a direct visual understanding, consider a point X'(t) moving on a Lie group manifold M.
Its velocity, denoted by X = %—f, belongs to the tangent space Ty M at X, as illustrated in
Figure 2-1. Due to the inherent symmetry of Lie groups [46], the tangent spaces at different
points of the group are structurally identical, or more precisely, isomorphic. Consequently,
studying the local structure of a Lie group can be reduced to examining the tangent space
at the identity element e, which is exactly the Lie algebra g := T.M [68].

Indeed, the Lie algebra, being a finite-dimensional linear space, is isomorphic to Cartesian
space of the same dimension, denoted as R™. It is then handy to manipulate just the coor-
dinate vectors 7 € R". Two inverse linear maps are then defined as below, commonly called
hat and vee.

Hat :R" —g; 7+ 7" (2-4)
Vee:g — R" (") 7 (2-5)

To establish an analysis between a manifold and its tangent plane, addition operations are
required. The exponential map exp() enables the transfer of elements from the Lie algebra
to the group manifold, a process also known as the retraction operation. Intuitively, exp()
warps the tangent element around the manifold following the arc or geodesic. An inverse map
is also necessary, known as the log() function, which serves as the unwrapping operation. In
summary, two opposite mapping are given as

exp:g — M; 7" X =exp(t") (2-6)
log: M —g; X~ 71" =log(X) (2-7)
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2-1 Basics about Matrix Lie Groups 9

For notational convenience, the capitalized Exp and Log maps are defined as shortcuts to
map the Cartesian vector elements 7 € R™" = T, M
Exp:R" - M; 7+ X = Exp(7) := exp(7") (2-8)
Log: M —R";, X+ 7= Log(&X) :=log(X) (2-9)
In order to be able to manipulate increments between elements of a manifold with the ex-
pression in vector space, the plus and minus operations are introduced, denoted by @& and
©, combing one Exp/Log operation with one composition. Due to the non-commutativity of
the composition, we have left and right version of the definitions depending on the order of
operations. For X, Y € G, 7 € R" =2 T_ M, the right operators are
right-@: @": Y=X@" 7:=XoExp(t)e M (2-10)
right-©: ©": 7=Y0" X :=Log(X 'o))ecTxM (2-11)
and the left operators are
left-@: @' Y=70'X :=Exp(t)oX ¢ M (2-12)
left-c: o' 7=y X :=Log(YoXx 1) ecT.M (2-13)

The above operations are fully implemented in the manif library [61], which will be utilized
later for practical implementation. Note that tangent vector 7 is expressed in different frames
depending on the operation orders. For example, for plus operation,
7 € TxM when doing X @' 7 (2-14)
re€T.M when doing 7&'X (2-15)

Eventually, although the notation remains the same, the specific mathematical formulas of
these operations depend on which matrix Lie group is being considered, as Table 2-1.

Lie group M, o ‘ size ‘ dim ‘ X eM ‘ Constraint ‘ ™ eg ‘ T €R™ ‘ Exp(T) ‘ Comp. ‘ Action
n-D vector ‘ R™, + ‘ n ‘veR”‘ v—v=0 ‘ veR" ‘ v eR? ‘ v = exp(v) ‘v1+v2‘ v+
circle ‘ St ‘ 2 ‘ 1 ‘ zeC ‘ z'z=1 ‘ 16 € iR ‘ z = exp(if) ‘ z122 ‘ 2T
Rotation ‘ SO(2),- ‘ 4 ‘ 1 ‘ R ‘ R'R=1 ‘ [0], € s0(2) ‘ R = exp([f]x) ‘ RiRy ‘ Rx
Rigid motion | SE(2),- ‘ 9 ‘ 3 ‘ M = {R t} ‘ R'R=1 ‘ {[0(];( g} € 5¢(2) | exp <F0(]]X }) ‘ MM, | Rx+t
3-sphere ‘ 83, ‘ 4 ‘ 3 ‘ qgeH ‘ qg'q=1 ‘ 0/2 € H, ‘ =exp(6/2) ‘ q1q2 ‘ qxx*
Rotation | SO(3),-| 9 | 3 | R |RTR=1| [0],€5(3) | R=exp(lflx) | RiR2 | R=x
Rigid motion | SE(3),- | 16 ‘ 6 ‘ R ﬂ R'R=1 ‘ {[GJ)X 8} € se(3) | exp < {[0(];( 0} > ‘ MM, | Rx +t

Table 2-1: Typical matrix Lie groups and their associated properties [61].

2-1-3 Adjoint Representation
Given a matrix Lie group G, for all g € G and X,Y € g, the adjoint map Ad, is defined as
(25, 15]

Ady(Y)=gYg '€y (2-16)
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10 Trajectory Optimization Framework on Matrix Lie Groups

and the Lie bracket as
adyY =X, Y]=XY -YXe€g (2-17)

Note that on a matrix Lie algebra, the Lie brackets coincide with matrix commutator, namely
(X, Y]=XY -YX.

As mentioned before, in the isomorphic Cartesian space, there exists a vector 7 € R™, and
thus adjoint operations on it can also be further defined. The specific matrix representation
of this operation is dependent on the matrix Lie group chosen and the inner product used.
For example, it can be shown that [70] for SO(3), w,n € R3,

ad,n =w X7 (2-18)
and thus the adjoint matrix representation is ad,, = w”. Readers should be aware of the
difference between the two adjoint operators in (2-17) and (2-18), with the latter being a
matrix representation of the former in the isomorphic Euclidean space. They should also be
able to distinguish between the two based on the form of the variables, i.e., whether they are
represented as a skew-symmetric matrix or a Cartesian vector.

The adjoint operations as well as its dual operation, which would be introduced later in
Section 2-2-2, are important elements that help to build up the system dynamics formulation
on matrix Lie groups.

2-1-4 Derivatives on Lie Groups

Among the various approaches to defining derivatives in the context of Lie groups, this thesis
adopts the form of Jacobian matrices mapping vector tangent spaces, following [61]. This
choice allows increments to be properly and easily defined, ensures that derivatives have suit-
able dimensions, and thus facilitates seamless integration into existing optimization frame-
works.

The definition of the Jacobian depends on the operators used, either left- or right-, which
essentially indicates whether the local perturbation is applied to X from the left or the
right. As the right operation is utilized by default here, for a function between manifolds
f: M — N, the right Jacobian used in this thesis is defined as

Df(X) .. fX@1)Of(X) _ nwn
Dx T am T cR
-1
iy Log(f(X) Of(X o Exp(7))) (2-19)
_ OLog(f(X)~" o f(X o Exp(7)))

or 7=0
in which n denotes the dimension of the tangent plane. Note the Jacobian is defined as a 2D
tensor, i.e., a matrix, while numerically the derivative of a matrix with respect to another
matrix would result in a 4D tensor, which increases the computational complexity in practical
optimization. A highly similar definition exists for the left Jacobian but is omitted here, as
it is not used in this thesis. For more information, please refer to [61].
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2-2 Dynamics on Matrix Lie Groups 11

2-2 Dynamics on Matrix Lie Groups

After establishing the concept of matrix Lie groups, formulating an optimal control problem
requires modeling the system dynamics. This section first presents the dynamics from a Lie
group perspective and subsequently demonstrates its equivalence to classical mechanics.

2-2-1 Continuous-Time Dynamics on Matrix Lie Groups

Modeling dynamics on matrix Lie groups relies on the concept of the tangent bundle. In the
literature on group theory and manifold theory, the tangent bundle is independently defined
[25, 11], but it finds a unified interpretation within the framework of matrix Lie groups. To
facilitate understanding, a definition from the manifold perspective, following [11], is provided
here.

Definition 2-2.1 (tangent bundle). Given a smooth manifold M, the tangent bundle is
the disjoint union of the tangent spaces at all points of M:

TM= || T,M. (2-20)
pEM

An element of this disjoint union is an ordered pair (p,v), with p € M and v € Ty M.

For dynamics on matrix Lie group, the states are the ordered pair, residing in the tangent
bundle of matrix Lie group. Specifically, a big variety of systems can be then modeled with
state represented by pair {X,£"} € G x g, where X represents a matrix Lie group configu-
ration and & represents the velocity (rate of change) of it. For simplicity, this pair is often
abbreviated as {X,{}. Note that due to the symmetry properties of Lie groups, the velocity
dynamics on a matrix Lie group can be reduced to the Lie algebra space, corresponding to
the tangent plane at the identity element [46].

The continuous-time equations of motion for such systems consists of global dynamics and
local dynamics
X = fr( X, &) (2-21)
& = fe(&we) (2-22)
where fy denotes the global dynamics on matrix Lie group, i.e. the manifold and f¢ denotes
the local velocity dynamics on the local tangent plane.

For global dynamics fy, a dynamic system evolves following [15],
X = (X, &) = X&) (2-23)

where & € g represents the velocity in the body frame. The specific form of & depends
on the chosen matrix Lie group structure. Note that the dynamics formulation in (2-21) is
left-invariant [9], meaning it remains unchanged under left multiplication on the matrix Lie
group. Although a right-invariant form also exists, the left-invariant formulation is adopted
here due to its widespread use in the literature and the simplicity it brings to modeling the
dynamics.
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12 Trajectory Optimization Framework on Matrix Lie Groups

The derivation of the local dynamics fe is based on a reduction of variational principles [46],
employing a commonly used left-invariant Lagrangian £ : g — R defined as:

L(§) = %fTJbE, (2-24)

where Jp, is the generalized inertia matrix in the body fixed principal axes, leading to the
forced Euler-Poincare equations [46, 62]

Jpé = adfJpé + u, (2-25)

where u € g* represents the generalized control input force applied to the body fixed principal
axes, g* the cotangent space of Lie algebra, ad the coadjoint action. Please refer to [9] for
more backgrounds. The coadjoint action is the dual of adjoint action (Section 2-1-2) defined
as [46]

(adyY, Z) = (Y,adx Z) (2-26)

where X,Y,Z € g, and (-,-) denotes the pairing between g* and g. This pairing represents
the inner product used. For instance, in Euclidean space, it corresponds to the dot product,
i.e., (a,b) = a’b. The generalized input u accounts for several external driving phenomena,
including energy dissipation, such as air friction or gravity, and control actions, which depend
on the specific problem under investigation.

Therefore, the concrete formulation of the continuous-time dynamics on a matrix Lie group
is expressed as:

X = fr(X, &) = X&) (2-27)
& = fe(€uy) == J; " (adgjbg + u) . (2-28)

One would notice that f¢(&§,us) is not related to the configuration X; yet. However, this
notation might change if the generalized input includes terms related to the configuration
X;. For example, when gravity is considered as part of the generalized input u, transform-
ing the gravity into the body frame introduces the configuration, revising the function into
Je(X4, &, ug). Readers should not be surprised when encountering this form later.

Let us denote the system state x; as the pair {X}, & }. The matrix Lie group dynamics (2-32)
and (2-33) can then be unified as:

. X, A
T = [Xt] = f(a:t,ut) = [Jl tgt

& ) (adZJbﬁ + u) (2-29)

X,
Note that the vector l gt] is used here purely for notational convenience and does not represent
t

a strict mathematical expression, as Ay and & do not match in dimensions.
2-2-2 Equivalence to Classical Mechanics

A common concern regarding the formulation above is how the dynamics on a matrix Lie
group differ from the rigid body dynamics typically used in classical mechanics. In essence,

Chenghuai Lin Master of Science Thesis



2-2 Dynamics on Matrix Lie Groups 13

despite the seemingly different notation, they are fundamentally equivalent and and can be
verified correspondingly across different matrix Lie groups. Here, we illustrate this equivalence
using the example of SO(3).

For configuration represented by rotation matrices R € SO(3), the continuous-time equations
of motion in classical dynamics are given as follows [59]:

R = Ruw" (2-30)
Jo=Jwxw+mgpx Rles + M (2-31)
where:
e J: constant inertia matrix

e m: system mass

p: body-fixed vector from the pivot to the center of mass

g: gravitational acceleration constant
e e3: gravity direction in the inertial coordinate frame, i.e. (0,0, —1)T

e M: control moment vector in the body-fixed frame

The first equation represents the kinematic relationship between the rotation matrix R and
the angular velocity vector w, expressed in the skew-symmetric matrix form w”. The second
equation describes the rotational dynamics using Euler’s equations for rigid body motion.

Comparing with dynamics on matrix Lie group:
Xy = ) (2-32)
T = adf Jyé + . (2-33)
It is evident that despite notational differences, the configuration kinematics in (2-30) and
the manifold dynamics in (2-32) are fundamentally identical. Regarding velocity dynamics,
the gravitational term mgp x RTe3, combined with the control moment M in (2-31), can

be interpreted as the generalized input term u in (2-33). Thus, establishing the equivalence
reduces to determining the relationship between adszf and Jw X w.

As defined in Section 2-2-1, for any " € g, it has
(adgJw,n) = (Jw,ad,mn)

= (Jw,w x n) (2-34)
= (Jw X w,n)
which implies
ad),Jw = Jw X w (2-35)

and thus dynamics on matrix Lie group SO(3) is equivalent to the rotation dynamics in
classical mechanics.

Indeed, the dynamics (2-32) and (2-33) represent a unified framework for all matrix Lie groups
and fully align with the dynamics derived from classical mechanics, provided the system’s
Lagrangian remains the same and dynamics on matrix Lie group exploits the Euclidean dot
product as metric. Specifically, the rigid body rotation dynamics (2-30) and (2-31) becomes
a specialized case of this framework when the matrix Lie group is SO(3), as shown above.
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14 Trajectory Optimization Framework on Matrix Lie Groups

2-2-3 Discrete-Time Dynamics on Matrix Lie Groups

Dynamics discretization is essential for formulating the discrete-time optimal control problem,
necessitating the implementation of integrators to perform dynamics integration between
discrete sampling intervals.

For manifold dynamics (2-32), since A} belongs to a matrix Lie group and thus resides on a
manifold, linear operations are not feasible, rendering most integration methods developed for
Euclidean space inapplicable [62, 58]. Although substantial research has been conducted on
geometric integration on manifolds—particularly through variational integrators [24, 40, 38],
contributing to the academic fields of discrete mechanics and geometric control [34, 14]—these
areas fall beyond the primary scope of this thesis. Consequently, a simple "forward-Euler"
method on manifolds is employed due to its practicality, simplicity, and widespread use in
recent numerical studies [62, 65, 12]:

X1 = XpelSh = X, @7 héy (2-36)

in which h is the constant sampling time interval.

For velocity dynamics, as it is indeed in the Euclidean space, all the conventional integrators
can be used. However, for simplicity and to maintain accordance with the manifold dynamics,
forward Euler method is used for discretization.

o1 =&+ h fe(&oyun) = & + hJy (adg, Jole + up) (2-37)

Therefore, under this discretization, the concrete formulation of the discrete-time dynamics
on a matrix Lie group is expressed as:

X1 = Fa(Xp, &) 1= Xy @ hép = el (2-38)
ka1 = Fe(&yup) = & + hJy H(adf, S + uk) (2-39)

which with the state pair notation z; = {Xk, &k} can be rewritten as

Xk+1‘| Xk@hﬁk

_ 2-40
&+ hdy H(ad, S + k) (2-40)

= F(zg,ug) := [

Thtt = Lkﬂ

Again as before, the vector form of { Xy, &} is purely for notational convenience here.

2-3 Discussion about Constrained and Unconstrained Trajectory
Optimization

This section aims to explain the key insight of this thesis and thus motivates the formulation
and methodology in the following chapters. The discussion here partially follows [11].

Essentially, parameterizing the system’s configuration using a matrix Lie group is a modeling
approach based on non-minimal coordinates [22], thereby avoiding issues such as high nonlin-
earity, high complexity, and even singularities inherent in minimal coordinate-based modeling.
Therefore, problem formulation based on this over-parameterized representation, the matrix
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2-3 Discussion about Constrained and Unconstrained Trajectory Optimization 15

Lie group, is typically considered constrained from the perspective of being embedded in
a higher-dimensional Euclidean space, motivating the transition toward an unconstrained
framework.

As a toy example, a simple trajectory optimization problem consists of two components: a
set .S, called the search space, which contains all valid answers to our problem, both good and
bad, and a cost function f : S — R, which evaluates the cost for each element x € S. This
leads to the simplest optimization problem:

g‘éf;‘ f(z) (2-41)

An important special case arises when S is a linear space such as R™. Minimizing a function
f in R™ is called unconstrained optimization because the variable z is free to move around
R"™ without restrictions.

When S is not a Euclidean space but, in our case, a matrix Lie group, i.e., a smooth manifold,
two perspectives exist for the formulation above. On the one hand, optimization over such
surfaces can be viewed as constrained, in the sense that x cannot move freely in R™ but is
restricted to remain on the surface. This extrinsic perspective, which considers objects outside
the geometric structure, implicitly embeds the manifold into a higher-dimensional Euclidean
space R™ and is often referred to as the embedded viewpoint. On the other hand, an intrinsic
perspective considers the optimization unconstrained if the smooth manifold is regarded as
the only space that exists, allowing the optimizer to move freely, but only on the smooth
manifold.

The essential difference between the two categories of methods lies in how they handle the
manifold constraints = € S, such as RTR = I for SO(3) (see Table 2-1). Specifically, the
distinction primarily arises from the extent to which they exploit the geometric structure of
these equality constraints.

For constrained methods, extensive research exists in this area. The general approach is to
treat the manifold constraints as standard equality constraints, performing the optimization
within a conventional framework. One method that slightly leans toward utilizing the geo-
metric structure is the constraint stabilization technique [22], which introduces an additional
differential term representing the equality constraints into the dynamics to stabilize the state
on the valid manifold. However, this method assumes that the state is initially on or near
the manifold and that the optimization horizon is not excessively long.

For unconstrained methods, an notable approach is Riemannian manifold optimization [11],
which defines its gradient by projecting the extrinsic gradient in the higher-dimensional Fu-
clidean space onto the tangent plane of the manifold, thereby enabling the adaptation of
existing numerical optimization algorithms to the manifold setting. However, this method
requires the selection of a reasonable metric on the manifold, which adds an additional re-
quirement compared to the original problem setting.

Starting from this viewpoint, this thesis aims to explore the unconstrained category of method-
ologies. Specifically, the goal is to exploit the structure of the manifold constraint during the
optimization process, such as taking derivatives and rolling out trajectories. These operations
should inherently preserve the validity of the elements as members of the matrix Lie group.
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16 Trajectory Optimization Framework on Matrix Lie Groups

2-4 Unconstrained Trajectory Optimization on Matrix Lie Groups

In this section, the trajectory optimization problem formulation, an optimal control problem
(OCP), from the unconstrained viewpoint is presented, based on the dynamics ??. Here, we
initially start with a general formulation on matrix Lie groups, then later dive into a concrete
tracking problem formulation. After that, the continuous-time problems are approximated
into discrete-time optimization problem.

2-4-1 General Formulation

The optimal control problem (OCP) of trajectory optimization on matrix Lie groups is given
as:

T
13(11)‘1 /0 (X, &y ug)dt + I (X, &)

SUbjeCt to Xt - fX(Xtaft)v \V/t € [OvTL (2—42)
& = Je (X, &, ue) vt €[0,T],
Xo, &0 = Xo, &,

where

o {Xi, &} € G x g: system state, i.e. configuration and its velocity at time ¢,
e u; : system generalized input at time ¢,

e Xo,&, : given initial state, i.e. initial configuration X and its velocity &,
o (X, &, ue) : stage cost at time ¢,

o [(X7,&r) : terminal cost at the final time T,

e fx, fe : dynamics on matrix Lie groups (see Section 2-2-1).

The formulation essentially follows the optimal control problem (OCP) paradigm, consisting
of the cost function (stage cost and terminal cost), dynamics constraints, and initial states.
Additionally, as the manifold constraints X; € M are implicitly satisfied in the unconstrained
setting, this equality constraint is omitted in the optimization.

The usage of unified dynamics (2-29) can make the formulation more concise. Here we also
unify the configuration X and the velocity ¢ in the cost function, i.e. (:)(X,€, ) £ (-)(x,-).This
notation consolidates both the state configuration and velocity parameters within the cost
function’s architecture, leading to a more intrinsically direct formulation.

T
Hl(iI)l / C(xp, up)dt + In(z7)
u(- 0

subject to @ = f(xy, ur) vt € 10,77,
To = {‘)?0750}'

(2-43)
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2-4-2 Tracking Problem Formulation with its Cost Function Design

A tracking problem on a matrix Lie group is presented in this subsection, as it serves as a
representative example for demonstrating the proposed methodology and is widely applied in
practical control scenarios.

To construct the tracking problem, the primary task is to design a cost function that evaluates
the difference between the reference and the current trajectory while also accounting for the
input. However, designing such a cost function for matrix Lie group elements is non-trivial,
as it essentially involves defining a metric to measure the distance on the manifold [11, 71].

In this thesis, a Lie algebra cost function design is adopted, following the approach presented
in [66], in which it is also proved to be a Lyapunov candidate function. For a given tracking
reference { X, fit2Ere f7t}, the stage cost function is expressed in the quadratic form as:

+ U?Rut

T
E(Xt’gt’ut|Xref7t7§ref,t) = Tef7t‘| ' refit

ft - gref,t ft - fref,t
=Azl QAz; + ul Ruy

(2-44)

and the terminal cost as:

T
X1 © Xre f,T] v [XT © Xref,T

§r — &ref,r €1 — Erep 1 ] = Ax7QAzy (2-45)

lN(XT7 gT‘Xref,T7 gref,T) = [
where the © denotes one of the "minus" operations from Section 2-1-2. Also, weight matrices
are often chosen as diagonal matrices for simplicity, i.e.,

Q= lQOX c(gj : (2-46)

In this thesis, we also adopt this parameterization for the weight matrices @ and R.

As the composition operation on a matrix Lie group does not commute, careful consideration
is required when choosing to describe the configuration error using either the left error XtXfejlc,t
or the right error Xr_ejlf7t2(t (defined in Section 2-1-2). The crucial difference between these two
errors lies in the perspective from which they describe the error, corresponding to two different
elements on the matrix Lie group. Consequently, the Log operation applied to these errors
returns tangent vectors belonging to different tangent planes. Specifically, the Log of the left
error evaluates the error in the Lie algebra, while the Log of the right error provides the error
vector on a local tangent plane around the given reference, as mentioned in Section 2-1-2.

X &' Xopy = Log (XiX7h,) € M, X &7 Xypy = Log (X75,8) € T, M (2:47)

Here, it is important to emphasize that the two errors described above indeed have a special
relationship, the adjoint transformation (2-16), which is a linear transformation. However,
this transformation does not preserve the vector norm consistently across different tangent
planes, significantly affecting the cost function value. Please see appendix for proof of this
conclusion Appendix A-1.

Therefore, to maintain consistency in measuring the cost function—ensuring that the error
evaluation depends solely on the error itself and is not influenced by the location where the
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18 Trajectory Optimization Framework on Matrix Lie Groups

error is measured—it is more intuitive and reasonable to keep all error-measuring vectors on
the same tangent plane, and thus, in this thesis, the left error is utilized in the cost function.

Therefore, for tracking problem, stage cost function is

T
Xt @l Xreft Xt el Xreft T
O( X, &ty up| Xpe = ’ “| +uy Ru
( ! gt t| refit gref,t) ét - gref,t gt - gref,t t !
_ T _
— LOg(XtXreJl”,t) LOg(XtXrejlc,t) T (2_48)
- Q + ut RUt
ft - gref,t gt - gref,t
ée(l’m Ut|50ref,t)
and the terminal cost function is
T
XT @l XrefT XT el XrefT
In(Xp, &r| &, , = ’ ’
N( T £T| ref.T fref,T) [ gT - gref,T QN gT - gref,T
_ T _
— Log(XTXrejlf,T) N LOg(XTXre},T) (2_49)
§r — &ref,T §r — &ref,T

Zin(zr, ur|Tres,r)
More extensive discussion about the cost function will be presented in later sections, partic-

ularly in Section 3-3. For more backgrounds, please also refer to [66, 61].

Replacing the cost function in the general formulation (2-42) with the above design leads to
the the formulation for tracking problem.

T
Hl(igl /O K(Xta §t7 ut‘Xref,ta gref,t)dt + ZN(XT; €T|Xref,T7 gref,T)
w(-

subject to Xy = fa (X, &), VYt e[0,T], (2-50)
é:t = fﬁ(tht)ut)a vVt € [OaTL
XO» 50 = ?07 50,

or equivalently,

T
min [ e )t + (21l )

subject to &y = f(x¢, uy), vt € 10,71, (2-51)

To = {)?oago}-

2-5 Direct Transcription of Continuous-Time Trajectory Optimiza-
tion Problems

In practice, numerical methods for solving the optimization problem require Newton-based
iterations with a finite set of variables and constraints. As a result, the original infinite-
dimensional optimal control problem (OCP) must be transcribed into a finite-dimensional
approximation [23, 8|, i.e. discretization of the problem. This first discretize, then optimize
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2-5 Direct Transcription of Continuous-Time Trajectory Optimization Problems 19

approach is classified as a direct method in optimal control theory [23, 8]. Here, with the
horizon N and time interval A, we have the direct transcription of the general trajectory
optimization problem

N-1
D ];) Ue( Xy €y ure) + IN (X, En)
subject to  Xpy1 = Fa (X, ), k=0,...,N—1 (2-52)
Erv1 = Fe(&k, up), k=0,...,N—1
Xy, &0 = Xo, &g

where

o {A), &k} € G x g : system state, i.e. configuration and its velocity at timestep k,
e uy : system generalized input at timestep k,

o Xo,&, : given initial state, i.e. initial configuration X and its velocity &,

o (X, &, ue) ¢ stage cost at timestep ¢,

o [(X7,&r) : terminal cost at the final timestep IV,

o Fyx, F¢ : discrete dynamics on matrix Lie groups (see (??) in Section 2-2).

Note that the stage cost (-, -, ) now denotes different concept from £(-,-,-) , with the rela-
tionship

(k+1)h
lk(Xk‘v gka uk‘) = /kh K(Xta gta ut)dt (2_53)

Furthermore, the tracking problem is discussed. Ideally, the cost transcription relation (2-53)
should still hold for the tracking problem, i.e.,

(k+1)h
lk(Xkugk’uMXrefugref) = /k:h E(Xt)£t7ut’Xref,tu§ref,t)dt (2‘54)

However, for practice, the tracking reference is usually held constant between two timesteps,
as the sampling interval h is typically very small. In this thesis, we adopt the same setting
and thus have

_ T _
Log(Xka]lc’k)} [Log(Xka}’k) T Ry

&k — &ref ke §k — Sref ik

lk(angka Uk|Xref,k7€ref,k) = [ (2-55)

Sl (T, Uk|Tref k)

where {X,ef i, £} denotes the sampled reference. Note that time interval h is integrated into
the coefficient matrix @ and R so it doesn’t show up in the discretized cost formulation (2-55).
The complete tracking formulation thus is presented as

N-1
uo mg]{] L Z lk(Xk’agka uk’|XT’ef,k‘7£ref,k) + lN(XN7£N|Xref7N7£ref7N)
I R e
subject to X1 = Fa(Xk, &), k=0,...,N—1 (2-56)
&1 = Fe(&iyur), k=0,...,N—1
X07€0 = ‘?0750
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20 Trajectory Optimization Framework on Matrix Lie Groups

or equivalently,

N-—1
uo m’g]l\rfl Z lk(xka uk’xref,k) + lN(.Tk’xref’N)
= (2-57)
subject to 1 = F(zg, up), k=0,...,N—1
Zo = {fﬂag(]}

2-6 Chapter Summary

In this chapter, the problem formulation is developed step by step.

Firstly, a fundamental introduction to matrix Lie groups is provided in Section 2-1, covering
many important concepts, including Lie algebra and adjoint transformation, which are later
utilized to establish the system dynamics on matrix Lie groups in Section 2-2. The dynamics
are shown to be equivalent to classical mechanics under certain conditions and are then
discretized for practical implementation.

Subsequently, in Section 2-3, the key idea of this thesis is discussed, focusing on the distinction
between the constrained and unconstrained perspectives for the optimal control problem. It
also highlights the research category explored in this thesis: unconstrained optimization on
matrix Lie groups. The general trajectory optimization formulation is further specialized into
a tracking problem, with the design of its cost function elaborated upon.

Finally, to solve the optimization problem numerically, the problems are transcribed into the
corresponding finite-dimensional discrete-time problem in Section 2-5.
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Chapter 3

Numerical Algorithms for Trajectory
Optimization on Matrix Lie Groups

This chapter presents the key method for numerically solving the problem. Derivative evalu-
ation, a crucial aspect of optimization, is first elaborated. Building on this, the optimization
algorithm framework, the differential dynamic programming (DDP), is introduced along with
its mathematical derivation, covering both phases: backward recursion and forward roll-out.
Comments on implementation details are also included.

At this stage, the algorithm operates within the single shooting framework, whose draw-
backs are subsequently discussed to motivate the proposed multiple shooting algorithm, i.e.,
multiple-shooting iterative linear quadratic regulator (MS-iLQR). The main differences and
derivation of the multiple shooting algorithm are then detailed. Finally, as a side problem and
a tentative approach for future work on constraint handling, the input inequality constraint
handling based on the augmented Lagrangian method is presented.

3-1 Evaluating Derivatives on Matrix Lie Groups

Differentiating the dynamics and cost function on a matrix Lie group is key to performing
unconstrained optimization for the trajectory optimization problem formulated on it. Instead
of treating the manifold constraints as general equality constraints, the geometric structure of
the manifold is leveraged when taking derivatives, as defined in Section 2-1-4. This approach
reduces the derivatives dimensionality and restricts the gradient to the local tangent space.
In this thesis, the tracking problem (Section 2-4-2) is specifically investigated.

To perform optimization, two entities need to be differentiated with respect to the state
and input: the dynamics and the cost function. These entities also differ in the order of
derivatives required. The following two subsections address the differentiation of these entities,
respectively.

For practical implementation of the derivative derived in this chapter, the Lie theory library
manif [61] is employed. This header-only C++11 library, featuring Python 3 wrappers, is
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22 Numerical Algorithms for Trajectory Optimization on Matrix Lie Groups

designed for state estimation in robotics and provides functionalities including automatic
differentiation on commonly used matrix Lie groups such as SO(3) and SE(3).

3-1-1 Cost Function Derivatives

For the cost function, both the first-order and second-order derivatives, i.e., the Jacobian and
Hessian matrices, are required. Using the manif library, we are able to compute the Jacobian
and develop Gauss-Newton analysis for the evaluation of the Hessian.

From Section 2-4 and Section 2-5, for tracking problem, we have stage cost function as

T
D (X, &gy u| Xref s Ere k) = lL(;gk(i(kgi;fk)] [QOX C(QJJ [L(;gk(i(k;:;f ) + ul Ruy,
=Log(X X, )" QuLog(XX, ;) (3-1)
+ (& — &rep i) Qe (& — Everi)
+ ul Ruy,

and the terminal cost function as

€N gref, 0 Qf N §N - gref,N
_Log(XNXref N) Qx NLOg(XNXref N)
+ (€N = &repn) Qe n(EN — Eresn)

Let us consider the first-order derivative with respect to the state x = {X, § }. For notation
convenience, define [y, 1 (&X}) := Log(Xerefk)TQXLog(Xerefk) Ej = X O Xref iy we have

i\ OF;
_ (O, 3-3
dly1 ( 3B ) o, (3-3)

T —
(XNa £N|Xref N gref N) [Log(XNXre} N>‘| [QX’N 0 ] [LOg(XNXT@}vN)]

(3-2)

and thus

Ot (X)) _ (8Ek>T Ol
0Xy 00Xy OFE}
_ (OLog(XXjy)\ ' OLog(AX )T QuLog(Xi, ) ,)
0X}, OLog(X, Xref,k:)

(3-4)

_ <8Log(XkXTef &

T
) n
an 2QXLOg(XkXTef k) R

where n, represents the dimension of the Lie algebra plane and the blue-colored part requires
taking the derivative of the Log matrix function. Modern computation of the Log matrix
function [13] typically employs iterative algorithms, such as the improved inverse scaling and
squaring method [2], which makes differentiating it with respect to the matrix variable highly
challenging.

However, by exploiting the geometric algebra properties of the matrix Lie group [16], this
becomes feasible. This capability has been implemented in a toolbox, the manif library [61].
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3-1 Evaluating Derivatives on Matrix Lie Groups 23

With its assistance, we are able to compute the derivative of the blue-colored term, which is
a key contribution of this thesis. Thus, the first order derivative are

ol Log(Xp XL )
Ol _ [%ﬂ _ ()T 2 bog(X X ) | fe g0, N (35)
ox L Y
k € 2Q¢(&k — &ref k)
and a1
=% —9Ru,, ke{0,...,N—1} (3-6)
ouy

in which the blue parts are implemented with manif toolbox.

For Hessian matrix, manif only supports auto differentiation of Jacobian but no for Hessian.
For that, here we're proposing to evaluate a Gauss-Newton approximation of the Hessian
matrices.

X, (8Xk) 2Qx dEk+(d8X) 2Qx - By .
OE), 1 OE), 0By p )
(Gé’fk) 2Qx anka+(ka) (an) 2Qx - Ey,

and thus it has
oFE oF 0°F,
Al =(AX)T - (F2E)T - 2Qu - =2dXy, + (2Qu - B)T - A, - A,
DX, 0, axk (38)
oF oFE
~(dA&y) (an) 2Qx anka

With above, omitting second-order differential term, we have a Gauss-Newton approximation
of the Hessian matrix of [, ; w.r.t. X as

8Ek 8Ek
oy 3-9
which leads to the complete Hessian of cost function w.r.t. the state x as
GN OEL\T BEk
Hyy = [Hk,l 0 ] - l( ) 20x ! ] (3-10)
0 2@5 0 2@5
In summary, hessians of cost [ are
OEN\T OF
g, - |(ow) 2Qx 5y O
0 2Q)¢
(3-11)
H,, =2R
Huz = Onzxnu
3-1-2 Dynamics Derivatives
For dynamics on matrix on Lie groups in Section 2-2-3,
X1 Xk D" hé, Xy, ehéh
T = F(xp,u * _
wH l&m] (@) = e 4 hy Yadg, Jo&k + ur) & + hJy adf, Jube + ug)
(3-12)
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24 Numerical Algorithms for Trajectory Optimization on Matrix Lie Groups

its linearization is necessary for the optimization as we're essentially using a Newton method,
while hessian is optional. Around a given linearization point (X}, &;) Dynamics Jacobian
w.r.t. state is

OF (v, up) _ rg‘;:l 51 (313)
om |
in which the Jacobians of X} are consistently given as:
OXpy1 _ O(Xy @ hé) (3-14)
00X, 00X,
OXpy1 _ O(Xp " h&p) Ohge _ O( Xy O hép) h (3-15)
Ok Oh&, &k Oh&,

The blue-colored parts are obtained by manif auto-differentiation. Specific expressions for the
Jacobians of &1 vary depending on the matrix Lie group and its specific dynamics setting,
such as the inclusion of gravity. Generally, due to the usage of forward Euler discretization
method (Section 2-2-3), it holds that

041 Ofe
—r4 ey, 3-16
o8 o6, (3-16)
where B
O 4. _, (ady, J&)
de = g Iy (3-17)

The coadjoint operation adZ—]c is defined differently for each matrix Lie group. To illustrate
this, two simple examples of the fundamental dynamics on the matrix Lie groups SO(3) and
SE(3) are provided. These groups are not only among the most popular and widely used in
practical applications but also serve as the foundation for the application demonstrations in
this thesis.

For SO(3), velocity ¢ is the angular velocity,

W
f=w= |wy|, adf=ad}=-¢" (3-18)
Wy

and from Section 2-2-2, it holds that [70]:

adf, Julr = (Jolx)" - &

d(ady, Jyér) oz (3-19)
BT (k)"

In summary, for SO(3), we have the following:

(XD h (X P h&g
OF (p,up) _ [ 25 g b (3-20)
Ok 0 T4+ h- Iy =)y + (Jér)")
OF (zp,up) 0
T N 20
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3-2 Differential Dynamic Programming (DDP) on Matrix Lie Groups 25

For SE(3), the velocity £ is the concatenated vector of angular velocity w and translational
velocity v. The generalized inertia matrix and the coadjoint operation are given as:

|w Iy O P R (SN
&= [v]’ o = [0 mI3]’ ade = adg = _[ 0 wh (3-22)
It leads to
e 77 |Towr) wr + (mI3vg) vy
adgtjbgk - [ (mI31_)k)/\Wt
o (3-23)
O(adg, Jokk) _ {8(adgtJb§_k) a(adgtJbg‘k)] | (D) (md3up)"
& Owt Ovt (m[gﬁk)A 0
In summary, for SE(3), we have the following:
OF (zk,u k _ k
(8; ) 0 I+h-JY(~ by v (Lywr)"  (mI3v)" (3-24)
¥ b 0wl | |(mIstp) 0
OF (xp, ug) )
G5 ATk Uk) -9
Bur gy (3-25)

3-2 Differential Dynamic Programming (DDP) on Matrix Lie Groups

Differential dynamic programming (DDP) [49], alongside sequential quadratic programming
(SQP), represents a primary methodology within the realm of dynamic optimization [4].
This algorithm is distinguished by its linear complexity relative to the time horizon and its
local quadratic convergence [43].

The differential dynamic programming framework employs an iterative approach, utilizing
first- or second-order approximations of the dynamics and cost functions calculated along
trajectories specific to each iteration. It effectively mitigates the "curse of dimensionality"
faced by its antecedent, dynamic programming (DP), through local approximations around
the nominal trajectory. Each iteration of DDP involves solving a linearization subproblem and
typically includes two distinct phases: a backward phase and a forward phase, for which the
algorithm implicitly conforms to dynamic constraints. Additionally, DDP generates feedback
gains for real-time control as an ancillary outcome of the optimization process.

In the last decade, substantial progress has been documented in this domain [21, 29, 47, 31,
32, 42, 33, 4]. A notable development is the emergence of the Iterative Linear Quadratic
Regulator (iLQR) [63, 21]. In this section, we introduce and extend the DDP framework
to matrix Lie groups and develop a customized iLQR variant designed specifically for the
geometry structures.

3-2-1 Backward Recursion

The backward recursion phase solves the linearized subproblem at this iteration with Ric-
cati recursion, essentially derived as block factorization procedure for the solution of the
Karush-Kuhn-Tucker (KKT) system [20].
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26 Numerical Algorithms for Trajectory Optimization on Matrix Lie Groups

To start with, let us first define the perturbation (0x, Ju) around the nominal trajectory (X, )
on matrix Lie groups. This step is the main distinctive aspect when adapting the original
optimization methods to the manifold setting.

d0xg dug

dx=| 1 |, du=| 1 |, dxp= lg?], 07k, 06, € R™, ju € R™ (3-26)
k
oxN Sun
i) 3_3() uo Q_L()
TN TN UN UN

with the plus operation for state perturbation as

X @ 01y,

€ + 56, (3-28)

T + 0y =

Here, n, denotes the dimension of the Lie algebra space g, i.e. n, = dim(g), and n,, denotes
the control input dimension.

From Section 2-5, the formulation is given as

N-1
. mqun J(x,u) := Z lp(@, up|Trep k) + IN(Tk|Tres,N)
05 UN—1 k=0 (3_29)
subject to a1 = F(zg, ug), k=0,...,N—1
To = {'?0750}

In differential dynamic programming (DDP), a local version of Bellman’s principle of opti-
mality is applied to the optimal control problem (OCP) (3-29). Following its convention, the
optimal cost-to-go function V' (x) and action-value function Q(z,u) are defined iteratively as

Vk(.l‘k) = I%in lk($k, uk) + Vk+1(F($k, uk))

. (3-30)

= min Q(l‘k, uk)
U

with the boundary condition Vi (z) = Ix(x).

Here, considering a small perturbation (dx,du) around the nominal trajectory (x,u), DDP
utilizes a linear or quadratic approximation for the dynamics,

dxpy1 =F (X + dxg, g, + duy) — F (T, up)

T
~Apdzy + Broug + = ’ ' 3-31
ROk ROHk 2 |ﬁu;| ng;}k Fuu,k ouy ( )

~ Az + Broug

and a quadratic approximation locally for the k-th cost-to-go function,
1
Vk(.i'k + 6xk) ~ Vk(.i'k) + Vka5xk + iévam,kéxk (3—32)
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where
oOF oF oV, 0%V,
Ap = —— ER™XMe By = = cR™X™ V= K R Y, =~ g RN
oxy, Ouy, ’ oxy, ’ oz,
0’F 0’F 0’F
= anxnzxnz e anxnuxnu = R?’LZXTLZXTL“'
frm,k 8.1'% € ) fuu,k au% € ) fmu,k afEkaUk €

(3-33)
Note that F:Z; refers to the switching of the second and third dimensions of F.,,, as F, is a
3-D tensor.

On the other hand, the second-order Taylor expansion of the k-th action-value function
Qr(zk, ug) around the nominal trajectory (x,u) gives

11T o Q%, @r.][1
.k u,k
Qu(Tr, + 0y, Ug + dug) = Qp(Tn, Uk) + 5 |02 | Qo Quap Qlyr| |07 (3-34)

2
ou Qu,k Qur,k Quu,k du

where Quuk, Qzu ks Quuk and Qp, @y are the second-order and first-order derivatives of
action value functions.

By substituting (3-32) and (3-31) into definition of Q(x,u) from (3-30), neglecting terms of
order higher than two [49], relation between action-value function and cost-to-go function is
established:
Qo = Lok + AL Vari
Qu,k = lu,lf + Bl?‘év,k—i—l
Qx;v,k = lx:v,k + Ag‘/mc,k—‘rlAk + ng;leEI;m.k (3'35)

Qmu,k - l:pu,k + Blzvxa:,k—l-lAk + VlTk+1F¢uk
T
Quu,k = luu,k + Bgvxx,k+1Bk + m,k+1Fuu,k
in which ;2 k) lpu ks loa k. and 1y 1, [y, 1 are the second-order and first-order derivatives of stage
cost I (xk, uk).

The only difference between iterative linear quadratic regulator (iLQR) and differential dy-
namic programming (DDP) lies in the red-colored dynamical second-order derivatives terms,
which exsit in DDP but are discarded in iLQR, i.e., a Gauss-Newton approximation (for
Quzs Quus Quu)- This change is significant as fz iy fruk, fuuk are actually 3-dimensional ten-
sors, capturing higher order information of the system as well as demanding much more
calculation and storage resources, for which iLQR gains higher computation efficiency but
loses quadratic convergence. For matrix Lie groups, the choice of iLQR is further justified by
the significant difficulty of obtaining the Hessian matrix on the manifold.

Minimizing solely over du in (3-103) leads to a local optimal control policy

-1 -1
5“2 = _Qu%kQu,k - Quuijmu,k(Sxk

3-36
£ sk + Kpoxy ( )

with the feedforward term s, = —Q;}’kQu’k and the linear feedback term K = —Q:“ika’k.
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Furthermore, derivatives of Vj(z) are associated with those of Qg (x, ux) by plugging (3-106)
into (3-103), given as

T —1
an:,k = ch,k: - Qg;kauu’kau?k
T -1
Vs = Qo — QuukQuu x Qu ke

Along with the substitution, it obtains

(3-37)

. _ _ o 1 _ 1
min Qk (T + g, Uy, + duk) ~ Qk(Tk, Uk) — iQikQqu’kQu,k + V] owp + 5590%%3;71651%
k

(3-38)
Ignoring the second-order derivatives as iLQR and plugging (3-35) into (3-105) gives the
complete form of Riccati recursion,

V:c:r;,k = l:c:r:,k + Agvmc,k—i—lAk - (la:u,k + Bgvxx,k+lA)T(luu,k + Blzvxx,k—f—lB)_l(lxu,k + Bgvxx,k+lAk)

Vi = log + A Va1 — (louk + B Vaa o1 A) T (luwe + Bit Va1 B) ™ (Luk + Bf Vajr1)
(3-39)
In practice, as the solution converges, the first term in (3-106) essentially diminishes, yielding
the control only containing the second term, which is equivalent to the linear quadratic
regulator (LQR) feedback control law.

3-2-2 Forward Roll-out with Line Search

The optimized policy (3-64) gives a search direction for the control update in each iteration,
the forward roll-out in DDP is designed for the state update by forward simulating the dynam-
ics. Utilizing the control update (3-64), two fundamental approaches exist for implementing
the state update: namely linear roll-out [21], nonlinear roll-out [47]. Here we adapt these
roll-out schemes onto the manifold.

In practice, a line-search strategy [54] with its coefficient « € (0, 1] is necessary to ensure cost
reduction and convergence [29]. Incorporating this strategy, the control update on matrix Lie
groups is given as:

up = U + 5qu

(3-40)
oup == asi + Kioxy

where the difference between the new trajectory and the nominal trajectory is defined using
the right-minus operation, as the right Jacobian is utilized:

_ X, &7 A_f'k Log(/\_f'flxk) N 2
0Tk = Tp — T, 1= ~ = k_ = € R*"= 3-41
o lfk_fk] l &k — &k 0 (3-41)
where X}, ©" &), € R = T);k/\/l. As a reminder, the plus operation (3-28) was previously
defined as:
X ®" 07y, Xkeék
§k + 08k §k + 0&k,

Due to lack of other types of constraints, in single-shooting DDP framework, the cost function
is also the merit function [54] to guide the line search process.

xp + 0y = = (3-42)
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Linear Roll-out Linear roll-out forward simulates the dynamics by leveraging the linearized
perturbed dynamics (3-31) as
Tp1 = Tp1 + (Ardxy, + Broug)
= ZTg+1 + (Apdzg + Bi(asy + Kioxy)) (3-43)
= Tjy1 + ((Ax + BrKg)dzg + aBgsg)
Note the plus operation in (3-43) utilizes the definition (3-42).

Nonlinear Roll-out Nonlinear roll-out simulates the system by forward integrating the non-
linear discrete-time dynamics function as

Tyl =Tpy1 + 0Tpq1

=Tp41 + (F(i‘k + 0wy, up + 5u‘,§) — F(fk, ﬂk))

X1 ©" Log(X ) Xipa)
I Ek + &k — Sk
-;Elg—&—l/?];_llxlj-i-l (3'44)
| Sk &k — &k
X1
| Skl
=F(zy + 0xp, ug + 5u;r)

In Euclidean space, linear roll-out typically has a lower computational cost for two main rea-
sons: the computation of linearized dynamics is simpler and cheaper than that of complex
nonlinear dynamics, and dzj41 scaling linearly with oy allows for parallel line search across
all time instances [42]. However, linearization introduces prediction errors that can compro-
mise the trajectory’s feasibility. On the other hand, nonlinear roll-out avoids these errors
and ensures trajectory feasibility, but its line search process cannot be parallelized, reducing
computational efficiency.

However, for matrix Lie groups, the comparison between these two schemes seems some-
what one-sided. For operations on matrix Lie groups, the primary nonlinear and complex
aspect of the computation involves matrix exponential calculations. In matrix Lie groups,
unlike in Euclidean space, linear roll-out does not circumvent the complex nonlinear parts
through linearization and still requires matrix exponential operations to simulate dynamics
forward. Additionally, it still introduces prediction errors. Therefore, on matrix Lie groups,
the computational costs of linear and nonlinear roll-outs are essentially equivalent, but the
linear method is subject to prediction errors. Consequently, in this thesis, we primarily adopt
nonlinear roll-out, with linear roll-out presented only for comparison.

3-2-3 Stopping Criterion

Two stopping criteria are commonly used according to the literature. The first one is the

reduction (rate) of the cost from iterations [21], i.e.,

Jt—J
J

or [Jt—J|<e (3-45)
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where € is a tunable hyper-parameter. Though widely used in the robotics community, this
criterion is somewhat heuristic and engineering-driven but lacks theoretical support.

The second condition relies on the necessary condition for local optimality, which states that
the gradient of the Lagrangian, L, must be exactly zero at the solution. In this context, due
to the nature of direct shooting, the adjoint equation is utilized to compute this gradient [64].

The Lagrangian of the problem (3-29) is

N—-1
L(x,u,A) = J(x,u) + Z )\Z(F(CL‘]C, Ug) — Tht1)
k=0

N-1 N-1 (3-46)
= > (@i, wklTres k) + Iv @kl rer,n) + D A (F(2k, ug) — 1)
k=0 k=0

in which the Lagrangian multipliers, or the adjoint variables in optimal control theory are
defined as

T
A= [)\[-)F e ,A%,J . Ay €RM= (3-47)

To determine the optimality conditions, we set the derivatives of the Lagrangian to zero.

Derivative with respect to the Lagrange multipliers:

oL
k=0,...,N -1, W:F(xk>uk)_xk+1:0 g $k+1:F(xk,Uk) (3_48)
k

This equation is inherently satisfied during the forward rollout phase.

Derivative with respect to the states:

(9£ 8lk(a?k,uk) T(?F(afk,uk) T
= “ e N — 1 = — e
K 0’ ’ ’ axk 8xk + Ak 8$k )\k_l 0
T T
oy = Qo) OF (o ug) (3-49)
oxy, oxy,
al’N al'N a"L'N

The above equation, (3-84), is known as the adjoint equation and is used to iteratively compute
the Lagrange multipliers, which are also referred to as adjoint variables.

Derivative with respect to the control inputs:

oL _ Oly(w, ur) +)\;€3F($kz>uk)

k=0,...,N—-1
R T Ouy Ouy, Ouy,

(3-50)

Therefore, given an initial condition ¢ and an input trajectory u, we can verify that it satisfies
the necessary conditions for optimality by performing the following steps: first, simulating
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the system forward in time to solve for x (accomplished during the forward rollout); second,
solving the adjoint equation backward in time to compute A; and finally, verifying that

;i:Q k=0 N—1 (3-51)
It is worth mentioning that
gjk _ gui (3-:52)
when the conditions
g—i =0 and g—i =0 (3-53)

are satisfied. This result follows directly from fundamental principles in the calculus of vari-
ations.

In the algorithm realization in the next subsection, the above criteria based on the Lagrangian
derivative are utilized as convergence checks.

3-2-4 Algorithm Overview

This subsection provides an overview of the algorithm for the single-shooting iterative linear
quadratic regulator (iLQR) algorithm on matrix Lie groups, as implemented in this thesis.
The algorithm iteratively alternates between two steps:

1. Backward Recursion: Computes the local optimal policy and cost-to-go function by
solving Riccati-like equations.

2. Forward Roll-out: Updates the trajectory by forward-propagating the system using
linearized or nonlinear dynamics to ensure dynamic feasibility.

Iterations continue until convergence is achieved.

The complete implemented flowchart is depicted in Algorithm 1. Note that a simple line
search strategy is employed, utilizing a scaling factor n. Additionally, in practical applica-
tions, regularization techniques are commonly applied to the second-order derivative terms
to address issues of ill-conditioning [29, 63]. The flowchart illustrates the logic of incorporat-
ing regularization to preserve the positive definiteness of @, ensuring the optimality of the
solution for the linearized subproblem.

In the implementation, the convergence tolerance ¢ depends on the requirements of the ap-
plication. While 10~ is already sufficient for many practical scenarios, a stricter tolerance of
10~'2 is used in the experiments of this thesis to increase the number of iterations and fully
demonstrate the convergence capability. To summarize, all parameters are chosen as follows.

10 10\ 144
=107 =1 max = 1010 = mm:<> 3-54
€ ) Ho ) Hma: ) n 117 (67 11 ( )
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Algorithm 1 Single-shooting iLQR on Matrix Lie Groups

1. given: xp = {X07£0}7x7"8f,k = {Xk7§k}767 Ko, Hmaz, 1 Cmin

2: init: (x,u), zero vector u < 0, integrate trajectory x with xpq < F(zp, ug)
3: repeat

4 function BACKWARD RECURSION

5: Compute cost J(x,u)

6 Linearization around (x,w): Iy, ly, Ly, lows luw, Fry Fu
7 Vw,N7 sz,N <~ l$,N7 la:a:,N

8 for k=N-1,---,0do

9 Compute Qm,ka Qu,ka Qx:c,ka qu,ka Quu,k with (3_35)
10: L <— Lo
11: while Q,, ¥ 0 and u < pyq, do
12: Increase p

13: Quu < Quu + IUI
14: end while

15: Compute Ky, si with (3-106)
16: Compute Vi, Vig k. with (3-105)

17: end for
18: end function

19: function FORWARD RoOLLOUT
20: Jt«J, a+1
21: if Line Search then
29: while J* > J and o > oy, do
23: Roll-out trajectory (x,u™) with (3-64),(3-43),(3-44)
24: Compute cost J*(xT,u™)
25: a4+ na
26: end while
27: else
28: Rollout trajectory (x*,u™) with (3-64),(3-43),(3-44)
29: Compute cost J*(x+,ut)
30: end if
31: Compute gradient L,, of (x*,u") with (3-84),(3-85)
32: Update nominal trajectory (x,u) < (x*,u™)
33: end function

34: until L, < e
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3-3 Motivation for Multiple-Shooting: Cost Non-Smoothness

In this section, we further analyze the cost function for the tracking problem on matrix Lie
groups, revealing the non-smooth nature of it and the consequent effect. As discussed in
Section 2-4 and Section 2-5, we have stage cost function as

T 1
U (X, Eky Uk | Xref ks Eref i) = [LZi(fk;;ik)] [QOX C(Q)J lLZi(fkg;ﬁck)] + ul Ruy,
:Log(Xeref k)TQXLOg(Xeref k) (3-55)
+ (& — &rern) T Qe(&h — Erern)
+ ul Ruy,

and the terminal cost function as

T
Log(XN ref N) QX,N 0 LOg(XNXref N)
EN — &ref N 0 Qen|| &N —&refN
=Log(XnX ot n)" Qu NLog(XNX,} v )
+ (€N = GrepN) Qen(En — &rern)
In the cost design, the terms used to measure the distance in the Lie group configuration,
Log(XkXreflk)TQXLog(Xeref &), are emphasized for their non-smooth nature. While Xereflk
is indeed an element on the manifold that describes the difference between the current conﬁg—

uration and the reference the Log operation, which unwraps the geodesic from the identity
to the error XX} ref jp ONtO the Lie algebra space, is non-differentiable at certain boundaries.

(XNagN’Xref,N>€refN) [
(3-56)

For instance, in the case of the matrix Lie group S', as illustrated in Figure 3-1, when crossing
the boundary at z = €™, the Lie algebra Log(z) corresponding to configuration z exhibits a
sudden change in sign, resulting in numerical discontinuity. Although the quadratic form of
the cost design ensures continuity in terms of absolute values, it remains non-differentiable
at the boundary due to a jump in the derivative.

To provide a clearer explanation, visualizations of the norm of the difference term are pre-
sented in Figure 3-2, specifically for Log(RR;e%) in the case of 3D rotation group SO(3). For
simplicity, the coordinate axes are expressed in terms of Euler angles, which represent the
rotational configuration R with three degrees of freedom.

In Figure 3-2, one degree of freedom (z-axis) and two degrees of freedom (z, y) are plotted,
resulting in 2D and 3D visualizations shown in Figure 3-2a and Figure 3-2b, respectively.
The reference configuration Ry is determined by converting the zyx-Euler angles 6, = 30°,
0, = 10°, and 6, = 0°.

In Figure 3-2a, the cost function achieves its optimum at 6, = 30°, corresponding to the
condition where R = R,.t. The figure also demonstrates that, for a given reference X,ef, the
difference norm calculated using ©" and &' differs. Specifically, as discussed in Section 2-4-
2, the norms are linearly related due to the adjoint transformation, which acts as a linear
mapping between the two.

Most notably, at 6, = 30° & 7, the cost function exhibits a clear non-differentiable character-
istic. This non-smoothness property of the cost function is a critical issue that can lead to
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exp
log z = x exp(if)
g 1 = log(x*z)
1 \
\
T.S'>~R
T\ S'=iR~=R

Figure 3-1: The S! manifold is a unit circle (blue) in the plane C, where the unit complex
numbers 2z = 1 live. The Lie algebra s' = T.S" is the line of imaginary numbers iR (red), and
any tangent space T'S! is isomorphic to the line R (red). Tangent vectors (red segment) wrap
the manifold creating the arc of circle (blue arc). Mappings exp and log (arrows) map (wrap and
unwrap) elements of iR to/from elements of S (blue arc).

numerical instability or getting stuck in a bad local minimum, as a valid Jacobian does not
exist at these boundaries.

Most notably, at 8, = 30° 4+ 7, the cost function exhibits a clear non-differentiable character-
istic. This non-smoothness property of the cost function is a significant issue, as it can lead
to numerical instability or cause the solution to become trapped in a poor local minimum,
due to the absence of a valid Jacobian when crossing these boundaries.

This therefore motivates the following multiple-shooting iLQR, as one of the strengths of the
multiple-shooting variant is its ability to handle defects for the dynamics constraints, and
thus is able to warm-start the state variables with even infeasible trajectory so as to avoid
bad local minimum [21, 4], which is difficult in single-shootingn since it requires the nominal
trajectory to be dynamically feasible but it’s super challenging to obtain such an initial stable
control input.

3-4 Multiple Shooting Iterative Linear Quadratic Regulator on Ma-
trix Lie Group (MS-iLQR)

As discussed at the end of Section 3-3, for variants of single-shooting DDP, the initial guess for
optimization should be both dynamically feasible and sufficiently accurate, DDP is sensitive
to the initial guess, due to nonconvex nature of the problem.

In this section, a multiple-shooting iterative linear quadratic regulator (iLQR) on matrix Lie
groups is proposed and developed on the basis of the single-shooting DDP framework. As
most of the algorithm follows the algorithm framework in Section 3-2, mainly the differences
are delineated in this section.

3-4-1 Backward Recursion

Same as single-shooting DDP in Section 3-2-1, the backward recursion of multiple-shooting
aims to solves a linearized subproblem in each iteration and is proposed and developed in the
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Figure 3-2: Difference norm ||[R &' Rc¢||2 = ||Log(RR;61f)||2 with 1-d plot and 2-d plot.
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subsection.

The key idea of multiple-shooting improvement lies in the handling of the dynamics con-
straints, where it allows the constraint not being satisfied during iterations, naming the con-
straints violation as defect dj, € R?"#, and thus getting more flexibility and exploration so as
to find a better solution, i.e., for k=0,--- ,N — 1,

di; ZZF(fk, Ug) — Th41

_ [ (X, &) © Xpy1
FE(Xkafkauk) i1

Log(X, Very © Foe (X, k) (3-57)
| Fe( X, & ) — &

||D

R2nx
dﬁ k]

which further implies
Tkt ZF(ifk, uy) — dy,

| Fa(X &) 4|k
Fg(Xk,&c,uk) —de i

‘ [ Fx (X, &) ©" (—dri) (3-58)
Fe( X, &g, tig) — de g

_' Fx (X, &)t
_Fg(Xk,fmuk) de .

for which approximations for perturbed dynamics are derived as,

0Tyl =Tpg1 — Tt

Log (e Fae (Ay, &)~ Xig1)
| Sk1 — Fe( X, Sk, n) + de g
_Log(edr,k o e/\’kH@"‘FX(/\;kfk))
| Sk — Fe(Xn, &k tir) + de i

X1 o F (X, &) + dr
| Sot1 — Fe( X, €k Uk) + de i

:F(fk + dxy, U + 5uk) — F(fl_?k,ﬂk) + dg

5$k F:vx,k qu,k 5$k
(5uk] [FT Fuu,k] léuk * dk

zu,k

(3-59)

~ARdxy + Broug + = 5

~ARdzxy + Brdug + dy,

The blue highlight is used to emphasize that the defect dj is now incorporated into the
linearized differential relationship and the red highlight addresses approximation made during
the two steps due to non-commutativity of matrix Lie groups. Here in this thesis, we only
adopt the first-order approximation for development of iLQR as it’s highly challenging to
obtain hessian on matrix Lie groups.
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With Equation (3-59), same derivation, notation and results as Section 3-2-1 hold but only
differs in the expansion of action-value function Q(z,u):

11T o Q%, Qr.][1
z,k u,k
Qr(Tp + oy, Uy + dup) = Qp(Tp, uk) + = |02 | |Qup Quap Quyyil |07 (3-60)

2
ou Qu,k: Quz,k Quu,k ou

where .
Qm,k - lm,k + Ak (Vz,k+1 + sz,k+1dk+1)
Qui = lug + BE(Vers1 + Vawrr1drs1)
me,k = lmm,k + Agv;sz,k—&—lAk + ‘/JLTk+1F11A (3—61)

Qzu,k - l:vu,k + Bgvxx,k+1Ak + V;r,j:]nglqu,k

T T
Quu,k = luu,k + Bk V:L‘:):,k+1Bk + gg,k+lFu’lL,k

in which the different terms with single shooting algorithm are highlighted with blue color,
due to the presence of defect dj in the differential relationship (3-59). The red-highlighted
second-order terms are omitted in the implementation of iLQR.

Apart from (3-61), the derivations follow the same process as described in Section 3-2-1
and are therefore omitted here. Instead, we present only the two equations necessary for
implementation. Firstly, the value function derivatives are iteratively solved with

T -1
sz,k = Qw:v,k - qu,kQu%kau,k

B (3-62)
Vi = Quk — Qo k Qs 1 Quik
Secondly, the optimized control input is
5“;; = _Q:“ikQu,k - Q;ikau,kéxk (3—63)

= sk + Kpoxy

3-4-2 Forward Roll-out

In this subsection, two approaches, namely linear roll-out and nonlinear roll-out, are proposed
and formulated for state updates in the multiple-shooting setting.

Same as single-shooting DDP on matrix Lie groups, a line-search strategy is utilized for
convergence, leading to the same control update:

up = U —|—5u;€|r

3-64
Su & asy, + Kpdxy ( )

with B _
Sap = Tp — T = [X;k@_ ;:k _ [Loix_k 5_:7’“)1 c R (3-65)

Linear Roll-out Linear roll-out simply utilizes the perturbed dynamics (3-59) to update the

states:
Tp+1 = Tpe1 + (Apdzy + Brpouy + di)

= Tp41 + (Apdzy + Br(asg + Kioxyg) + di) (3-66)
= Tp41 + ((Ak + By K)oz + aBysy + dk)
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Nonlinear Roll-out The nonlinear roll-out is derived by right-perturbing the dynamics con-
straint for the nominal on matrix Lie groups

/?k+1 Q" X1 = FX(& @ OXs, {k + 0&k) (3-67)

in which 6Xp 1 e R?» =T )ng/\/l. Thus, an equivalent formulation can be derived as

Vit =X o F (X & 62Xk, & + 6&)
:)Ek__’_ll o F(.)Ek, f_k) o F(.)Ek, f_k)_l o FX(A_T'k DI, §_k + 0&k)
=X h F (X, &) o (F (X, &) P (X @ 6, & + 6&k)) (3-68)
=e®k o (F (X, &) F (X @ 6, & + 0&1))

—edak o oFa(Xe®OXy € +08k)O7 (F (X )

and leads to the nonlinear roll-out for configuration

Xpp1 = Xpy1 0 ek o P (X, &) o Fx(X), © 02X, &k + 66x)
= Xjp1 0 €™k o Fy (X, &) 0 Fa (X, &) (3-69)

_t «
2 Xk+1€6Xk+1

in which the configuration update increment in line search is denoted as 6 X%}, ;.

For velocity dynamics it has,
k1 + 06p1 = Fe(Xy ® 0, & + &, Ur, + Oup) = Fe( X, &k, up) (3-70)
and thus equivalently has

6811 = Fe( Xy &gy uk) — Eptn
= Fe(Xy, &y up) — Fe(X, &, tg) + Fe( Xy, Eg, tg) — Epra (3-71)
= Fe(Xp, &y un) — Fe( X, &y i) + de g

Therefore, we have the nonlinear roll-out for velocity,

i1 = Epy1 + Fe( X, &, up) — Fe( X, &, tg) + adg g

~ (3-72)
£ &1 + 060
in which the configuration update increment in line search is denoted as d¢;" ;.
Therefore, the complete nonlinear roll-out is unified as
X1 | | X 0 ek o Fy (X, &)t o Fa (X, &)
Tht1 = = |z S (3-73)
k1 1 + Fe( Xy Sy ug) — Fe( Xy &gy Un) + audg

Notably, the key design insight of the above roll-out schemes are that, the roll-out trajectory
should remains the same as the nominal trajectory when o = 0, which is reasonable as the
optimization shouldn’t proceed when the step size is set to be 0. Moreover, when o = 1,
the defect should be eliminated, ensuring the feasibility of the trajectory [48], as the roll-out
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3-4 Multiple Shooting lterative Linear Quadratic Regulator on Matrix Lie Group (MS-iLQR) 39

schemes above are obtained by differentiating the dynamics constraints (3-67) and (3-70),
which essentially drives the roll-out trajectory to satisfy the dynamic constraints.

Similar to single-shooting DDP on matrix Lie groups, nonlinear rollout offers significant
advantages over linear rollout. Firstly, linear rollout on matrix Lie groups does not achieve
the same computational efficiency benefits as it does in Euclidean space when compared to
nonlinear rollout. Secondly, in the context of multiple-shooting, linear rollout introduces
not only prediction errors due to linearization but also approximation errors, as illustrated in
(3-59). Therefore, nonlinear rollout on matrix Lie groups prevails due to its ability to perform
exact dynamics rollout while maintaining comparable computational efficiency.

In the multiple-shooting, implementing line search more extensive discussion.

Generally, line search requires guidance from a certain function. Two common designs are
employed to evaluate the quality of the step size and determine whether to accept the step
or not: the merit function method and the filter method [54]. In the merit function method,
constraints violations are penalized by incorporating them into the cost function. Conversely,
the filter method treats the entire problem as a multi-variable optimization problem and
establishes a domination set to evaluate the update. In this thesis, we utilize and discuss
the merit function method as most of the literature do [42, 29, 63], whose values need to be
ensured to have "enough" reduction in each iteration for acceptance.

Since the dynamic constraints are implicitly handled in DDP-style algorithms, whose forward
roll-out ensures that the dynamics are satisfied, the single-shooting DDP and its variants
are designed to optimize only the cost function rather than its Lagrangian. In other words,
because the DDP framework implicitly manages the dynamic constraints, when viewed as an
unconstrained optimization problem, its Lagrangian is identical to the cost function. There-
fore, in the single-shooting algorithm, although the Lagrangian multiplier A does not explicitly
appear and is absent from the cost function, the algorithm still functions correctly by using
the cost function as the merit function in the line search.

However, in multiple shooting, unlike single shooting, the optimization process allows for the
violation of dynamic constraints to provide greater flexibility. As a consequence, using only
the cost function as a merit function in the line search can mislead the optimization, causing
the solution to become infeasible in terms of constraint violations, as minimizing the cost
often contradicts the maintenance of constraints. In this case, we adapt the merit function
M (x,u) from [42] for line search in the forward rollout:

M(x,u) = J(x,u) + 7||d(x,u)|]2 (3-74)
in which d the stacked vector of dj, i.e.
T
d=[df - df_,] (3-75)

and v > 0 is a weighting parameter that balnaces the cost function and the defect violation.
An adaptive scheme is utilizied following [42].

_ Esy
T 0= o)A vl

+7, when |[|d(x,0)|lz>¢€ (3-76)
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where v sets a safety margin, o is a fixed tuning parameter, € represents the updating thresh-
old, Ejj represents the expected cost reduction

Esy =15 yoxn + S0 (1 0 + 1 pouy )
(3-77)

1
+3 (‘&cﬁzm, NOxN + SN 08T g 0k + Sul Ly xOus + 25x{zwk5uk))

Besides simply ensuring the merit function’s decreasing in the line search, a sufficient decrease
is important to produce convergence to a local optimum [54]. Here, a revised Armijo condi-
tion is utilized as acceptance condition for a search step to impose sufficient merit function
reduction

M(x,u) < M(x,u) + s(Es; — ayd(x, 1)) (3-78)

in which k is a tuning parameter.

3-4-3 Stopping Criterion

Same as Section 3-2-3, two stopping criteria are widely utilized for convergence check: reduc-

tion (rate) and gradient of Lagrangian.

The cost reduction (rate) condition remains identical to the one in Section 3-2-3, i.e.,
Jt—J
|J| or |JT—J|l<e (3-79)

However, verifying convergence with gradient of Lagrangian needs to be re-derived with slight
changes.

The Lagrangian of the problem remains unchanged:

N-1
L(x,u,A) = J(x,u) + > AL (F(an,up) — Tp1)
k=0

N-1 Nl (3-80)
= lp(@p, uplTres i) + In(@plTrer,n) + > N (F 2k, uk) — T1)
k=0 k=0
with the Lagrangian multipliers
T
A= [Ag, . ,Aﬁ,l} . A €Rme (3-81)

Taking the derivative of Lagrangian (3-80) with respect to each variables gives the following
optimality conditions.

Derivative with respect to the Lagrange multipliers:
oL
Mg
Unlike single shooting, in multiple shooting, this dynamic constraint is now no longer auto-
matically satisfied and thus requires convergence check using the dynamics defect by:

A
N

k=0,...,N—1, :F(xk,uk)—xkﬂ =0 = w11 :F(a:k,uk) (3—82)

(3-83)
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Derivative with respect to the states:

_ 0L _ Oly(wr,ug) | \pOF (g, ue) (¢

k=1 N, o= SRS g N[ AN =0
T T
F
ey = Do) OF @k w) Ty (3-84)
(%ck 8xk

k= N, oL _ 8[1\7(1’]\1) _)\T — 0 — )\T _ alN((I}N)

8xN 6)90N 81'N

Derivative with respect to the control inputs:

oL _ Oly(w, ur) +)\;€3F(l‘k>uk)

k=0,...,.N—-1
R T Ouy Ouy, Ouy,

(3-85)
The above conditions (3-84) and (3-85) are identical to the ones in single shooting discussed
in Section 3-2-3.

In practice, before convergence, gradient of cost w.r.t. input would be computed differently
from the single-shooting style in (3-85), as defect exists in the differential relations of the
dynamics states. That is,

oJ :8lk(:ck,uk) 4 8Vk+1 (F(xk,uk))

T
_ Ol (ap, up) N <3F> Vi1 (3-86)
_ Oli(wk, uk)

T T
oup, + Bk (Vx»kJrl + Va:x,k—i—ldk)

In summary, for multiple shooting, the adjoint equation (3-84) and input gradient (3-85) can
still be utilized to assess the convergence of optimality conditions. However, it is also necessary
to consider the violation of dynamic constraints, as these represent additional constraints that
must be satisfied concurrently, since dynamic feasibility is no longer implicitly enforced in
multiple shooting.

3-4-4 Algorithm Overview

This subsection provides an overview of the multiple-shooting iterative linear quadratic reg-
ulator (iLQR) algorithm on matrix Lie groups, as implemented in this thesis. The structure
of the multiple-shooting variant closely resembles its single-shooting predecessor, as discussed
in Section 3-2-4.

The complete flowchart of the implementation is depicted in Algorithm 2. A crucial aspect
of the algorithm to highlight is the initialization process. Specifically, we "warm-start" the
state variables with the tracking references, except for the initial state, leveraging the multiple-
shooting variant’s capability to handle the dynamics defects induced by this warm-start. This
is a key advantage of the multiple-shooting algorithm, as it brings the nominal trajectory into
a reasonably close neighborhood of the tracking reference and allows the initial roll-out to
avoid poor local minima.
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In the implementation, the convergence tolerance € depends on the requirements of the ap-
plication. While 10~ is already sufficient for many practical scenarios, a stricter tolerance of
10~'2 is used in the experiments of this thesis to increase the number of iterations and fully
demonstrate the convergence capability. To summarize, all parameters are chosen as follows.

er=e=10"2 puo=1, fumax = 10,

10 10 144 (3-87)
N=170 Cmin = (11) , =10, £=0.05

3-5 Inequality-constrained Multiple Shooting Iterative Linear Quadratic
Regulator on Matrix Lie Groups

In practical tracking problems, many real-world inequality constraints exist, such as control
input limits and mechanical joint limits. As an initial step toward practical application,
we integrate these inequality constraints into the algorithm using Augmented Lagrangian
methods.

3-5-1 Augmented Lagrangian Methods

In numerical optimization, the derivation of the Augmented Lagrangian method can be under-
stood from two distinct perspectives. On the one hand, it is viewed as a technique developed
by introducing a smoothing term to the minimax formulation of the original problem, also
known as the dual problem [18]. On the other hand, it can also be regarded as a penalty-
based method aimed at mitigating the likelihood of ill-conditioned problems encountered in
the quadratic penalty function method [54]. Here, we present a brief derivation from the
perspective of the dual problem, which provides a more intuitive and natural viewpoint.

For an inequality-constrained problem,

min  f(z)
v (3-88)
st. g(x) <0
it has Lagrangian
L(z,A) = f(z) + X g(z) (3-89)
and the corresponding unconstrained minimax dual problem as
minmax  L(z,\) = f(z) + Ag(x) (3-90)

Augmented Lagrangian methods smooths the highly non-smooth maxy>o function (w.r.t. x)
by adding proximal term, penalizing deviations from a prior estimate A with a smoothing
coefficient p:

1 _
. __ T () — )2 -
minmax  La(z, A, p) = f(z) + X g(2) 2/)0\ A) (3-91)
Solving the inner max problem by setting the derivative to be zero leads to
oL 1 < <
aTA = g(z) — ;(/\* —A) =0 < X =X+ pg() (3-92)
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Algorithm 2 Multiple-shooting iLQR on Matrix Lie Groups

1. given: 1o = {X0,§0}5$T6f,k‘ = {kagk},elaEZaMO’,umaxaT],O‘miny’YOa K

2: init: (x,u), zero vector u <— 0, X < [Z0, Tpef 15 Tref,2," > Lref,N]
3: repeat
4: function BACKWARD RECURSION
5: Compute cost J(x,u)
6: Linearization around (x,w): Iy, ly, Lo, lows luw, Fry Fu
T Vx,N; Vmc,N <~ lx,N; lx:c,N
8: fork=N-1,---,0do
9: Compute Qx,ka Qu,kv sz,kv Qzu,ky Quu,k with (3‘61)
10: W< [o
11: while Q,, ¥ 0 and u < e do
12: Increase u
13: Quu «— Quu + :U'I
14: end while
15: Compute Ky, sy with (3-106)
16: Compute Vj , Vig r with (3-105)
17: end for
18: end function
19: function FORWARD ROLLOUT
20: Y < Y
21: Update the defect weight v with (3-76), (3-77)
22: Compute merit function M (x,u) with (3-74)
23: a+—1
24: if Line Search then
25: repeat
26: Roll-out trajectory (xT,u™) with (3-64), (3-73), (3-66)
27 Compute cost J(xT,ut)
28: Compute defect dj with (3-57)
29: Compute merit function M (x",ut) with (3-74)
30: a <+ na
31: until acceptance condition (3-78) is satisfied or o < amin
32: else
33: Roll-out trajectory (x*,u™) with (3-64), (3-73), (3-66)
34: Compute cost JT(xT,ut)
35: Compute defect dj, with (3-57)
36: end if
37: Compute gradient L,, of (x*,u") with (3-84),(3-85)
38: Update nominal trajectory (x,u) « (x*,u')
39: end function
40: until L, < ¢; and i el <€
U 1 N 2
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and thus we have the update rule for Lagrangian multiplier A
A = max(0, A + pg(z)) (3-93)

Substituting (3-92) into (3-91) obtains a more practical definition of Augmented Lagrangian
L 4 that allows us to evaluate with the prior estimate multiplier A

La(w A p) = f(@) + Ag(a) + §9°() (3-94)

Additionally, in practice, the smoothing term p typically follows an update rule ¢, which is
required to be monotonically increasing [54, 29].

p=¢(p)=Bp (3-95)
In this work, we adopt the same approach as [29], utilizing a scaling factor 5 > 1.

Therefore, a general iterative framework for Augmented Lagrangian methods to handle inequality-
constraints is outlined as follows:

1. Solve the subproblem, minimizing £, with respect to x:

min £4(w: %, ) (3-96)

2. Update A and p:
AT = max(0, A+ pg(x)), p=d(p) (3-97)

3. Repeat until the constraint violation falls within the convergence tolerance:

llg(z)]|2 < e (3-98)

3-5-2 Inequality-Constrained MS-iLQR: Derivation

In this subsection, we are going to incorporate the Augmented Lagrangian methods derived
in Section 3-5-1 into the algorithm, so as to handle the inequality constraints.

Here, the inequality constraints are assumed to be stage-wise. This is a reasonable assumption,
as stage-wise constraints are among the most common features of inequality constraints,
including widely used examples such as input limits, collision avoidance, and mechanical joint
limits. Exploiting this feature facilitates the natural integration of these inequality constraints
into the serial sweeping framework of the algorithm, including the backward recursion and
forward roll-out.

At k-th stage, given state xp, = { X, ux }, the stage-wise inequality constraint is formulated as

g, ug) <0, Tp,up) €ER™, k=0,--- ,N—1
gr(Tk k)a g (T, ug) (3.99)

gn(zn) < gn(zy) € R™

with its corresponding Lagrangian multiplier A\, € R™s. Exploiting the stage-wise structure,
the Augmented Lagrangian is defined as

La(x, W, p) = Ly(zn) + 25 g Lio(ar, up) (3-100)
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where
1
Li(k, ur; M, p) :=li(2h, ug) + M g (2h, ug) + 3 o9k (T, ur) T gr (zh, ug)

1
=l (zg, ur) + (A + igk(wk, u) )" gr (g, ug)
(3-101)

1
Ln(zn; AN, p) =In(zn) + Ahgn (zn) + §Ip9N($N)T9N($N)

=In(rn) + (AN + %QN(xN)Ip)TgN(xN)

with penalty parameter I, = pl € R"*"s,

As discussed in Section 3-5-1, compared to the previous unconstrained algorithm framework,
the subproblem in each iteration now minimizes £4(x,u; A, p) instead of J(x,u). To be
precise, the earlier algorithm also minimizes its own Lagrangian; however, since previous
methods implicitly handle the dynamic constraints, their Lagrangian is identical to the cost
function.

Since the dynamics remain unchanged, the forward roll-out is identical to the unconstrained
case. However, the backward pass requires re-derivation, as the minimized function changes.
For the sake of mathematical rigor, we redefine and re-derive some components of the formu-
lation. Nonetheless, as will soon become evident, despite the notational changes, the resulting
form remains entirely consistent with the unconstrained case.

To start with, let us re-define the value function (cost-to-go) V' (zy) and action-value functions
Q(xg, ur) as
Vi(zr) = min L (T, ur; Ay p) + Vierr (F (2, ur))
A : (3-102)
= min Q(xg, ug)
Uk

with the boundary condition Vy(z) = Lx(x). Again, by doing a second-order expansion, we
have

11" o @7 171
B B o 1 x.k ’_l%k
Qr(@x + g, g + Sug) = Qu(Th, k) + 5|62 | | Qug Quak Quui| 07 (3-103)

du Qu,k Quz,kz Quu,k du

where -
Qx,k = Ex,k + Ak; (Vx,k+1 + Vxx,k+1dk+l)

Qu,k = Eu,k + Bg(vx,kJrl + me,k+1dk+l>
_ T T
KT ) 3 T,k T,
Qxx k Exz k + Ak; V;m: k+1Ak + /k+]F‘EI k (3—104)
T T
Q:cu,k: = Exu,k + Bk V;v:ak—i-lAk + Vr.k—&—lEtu,k
Quu,k = Euu,k + Bgvxx,k+lBk + VZk;.q.lEI,u,k,

Here, Lz ks Lou ks Luuks as well as L, and L, 1, represent the second-order and first-order
derivatives, respectively, of the stage Lagrangian Lx(xg, uk; Ak, p). It is evident that, for the
subproblem in each iteration, simply replacing the cost function-related terms () with the
corresponding derivatives of the Lagrangian allows for seamless integration into the inequality-
constrained framework. This ease of implementation is one of the most notable advantages
of the Augmented Lagrangian method.
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Due to the identical formulation of (3-104) with one described in Section 3-4-1 and the
subsequent derivations, only the two equations necessary for implementation are presented
here. First, the value function derivatives are iteratively computed using:

T -1
sz,k = Qx:p,k - Qzu,kQu%kau,k

- (3-105)
V:mk = Qaz,k - Qz;%k;Qm}’kQu,k
Secondly, the optimized control input is
* —1 —1
5uk = *Qukau,k - Qu%kau,k&Ek (3—106)

2 51, + Koz,

3-5-3 Inequality-Constrained MS-iLQR: Overview

In general, the inequality-constrained MS-iLQR on matrix Lie groups employs a two-layer
looping structure, consistent with the Augmented Lagrangian framework outlined in Section 3-
5-1. The inner loop minimizes £4 with fixed Lagrange multipliers A and penalty parameter
p, while the outer loop updates the Lagrange multipliers A and the penalty parameter p.

The complete flowchart of the implementation is depicted in Algorithm 2. Notably, the
convergence of the solution is checked within the inner loop, while the outer loop primarily
addresses the constraints and checks their convergence by the constraint violation norm.

Algorithm 3 Augmented-Lagrangian Inequality-Constrained Multiple-shooting
iLQR on Matrix Lie Groups
given: zo = {X0, &0}, Trepk = {Xref ko Erefik}s € Aoy Po
init: A < Ao, p < po
repeat
(x,u) <= Minimize L4 (x,u; A, p) with respect to x, u using Algorithm 2
Update A, p with (3-97)
until ||gx(zk, uk)|leo < €,k =0,--- ;N —1 and ||gn(zn)||cc < €

3-5-4 Input Inequality Constraints

For tracking problems, input constraints are among the most critical and representative in-
equality constraints, holding significant importance for the practical application of optimiza-
tion control algorithms. Therefore, as a key example, we explicitly present the formulation of
input constraints here, which is also implemented in the subsequent simulation experiments.

Give an upper bound Umq, and a lower bound u.,:,, the stage-wise input constraint are
formulated as

gu (@, ug) = ;Z’“_Jru?;";; <0, k=0,--- N (3-107)
with its Jacobians as
0 0 —I
a—i’i = 0y, xn, € R™*", a—zz = l / 1 € R"9*™u (3-108)
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and its hessians all being zero tensors:

&g, 8> gr, & gp.
sz = Ongxnzxnz, m = Ongxnzxnu, Tul% = Ongxnuxnu (3-109)

Note that for input constraints, ng = 2n,,.

To implement input constraints, it suffices to incorporate the formulation in (3-107) ,Jacobian
in (3-108), hessians in (3-109) into the constrained algorithm framework in Section 3-5-3.

3-6 Chapter Summary

This chapter presents the main methodology developed in this thesis.

To begin with, the key difference between implementing optimization on matrix Lie groups
and in Euclidean space lies in the evaluation of derivatives of both the cost function and the
dynamics. This process is described in Section 3-1, where a Gauss—Newton approach is devised
to obtain the necessary Hessian of the cost function. This analysis forms the foundation for
the subsequent algorithmic developments.

In Section 3-2, we adapt the single-shooting differential dynamic programming (DDP) frame-
work to matrix Lie groups, where we choose to use the iLQR variant. A detailed derivation
of the backward recursion is provided in Section 3-2-1. In Section 3-2-2, both linear and
nonlinear rollouts are introduced and compared, leading to the conclusion that the nonlinear
rollout generally provides better performance when optimizing on matrix Lie groups. Two
commonly used stopping criteria are discussed in Section 3-4-3, where we mainly derive, focus
on, and adopt the derivative of the Lagrangian as the optimality condition. Section 3-2-4 con-
cludes this part with a flowchart overview of the single-shooting iLQR algorithm on matrix
Lie groups.

Building on the previously developed single-shooting algorithm, Section 3-3 offers a detailed
discussion of the tracking cost function used. It highlights non-smooth behavior near certain
boundaries and the potential numerical issues that may arise. This analysis motivates the
development of a multiple-shooting approach, which can avoid poor local minima through a
dedicated warm-start strategy tailored to tracking tasks.

Based on Section 3-3, a multiple-shooting iterative linear quadratic regulator (iLQR) on
matrix Lie groups is formulated in Section 3-4. Overall, the multiple-shooting iLQR. follows
a structure similar to its single-shooting counterpart. Its main difference is that it allows
dynamic constraint violations, thus requiring a modified backward recursion in Section 3-4-1
and revised rollout schemes, particularly the nonlinear rollout described in Section 3-4-2. In
the forward rollout, a line search strategy is utilized, with a merit function that accounts
for dynamic defects in the cost, along with a specialized acceptance condition to ensure
convergence, as shown in Section 3-4-2. The stopping criteria are updated in Section 3-4-3,
and Section 3-4-4 presents an overview of the entire algorithm flow.

Finally, as a preliminary exploration, the multiple-shooting iLQR on matrix Lie groups is
further extended with an Augmented Lagrangian method to handle general stage-wise in-
equality constraints. Section 3-5-1 introduces this method from a dual minimax perspective.
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It is then incorporated into the algorithm derivation in Section 3-5-2, where Section 3-5-3 pro-
vides a complete flowchart. An important example of handling input constraints is discussed
in Section 3-5-4. Due to time limitations, this inequality-constrained framework remains a
preliminary attempt, and detailed formulations for state-related inequality constraints are
not presented. Nevertheless, the proposed stage-wise constraint approach can be extended to
manage more general state-related inequalities, not just input constraints.
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Chapter 4

Simulation and Results Analysis

In this chapter, simulation experiments are conducted to evaluate the proposed methodology.
First, the experimental setup will be introduced, including scenarios for evaluation on different
matrix Lie groups, aimed at demonstrating both the theoretical and practical value of the
proposed algorithm, along with a baseline for comparison. Next, simulation results from the
designed ideal and practical scenarios will be presented and analyzed. Finally, the chapter
concludes with a summary, following standard conventions.

All implementations, including the proposed algorithms, baselines, and benchmark experi-
ments, are open-sourced and organized in the codebase at: https://github.com/chenghuailin/
trajectory_optimization_matrix_lie_groups.

4-1 Simulation Scenarios

Two scenarios are designed for the simulation experiments. To demonstrate the algorithm’s
applicability to different matrix Lie groups and its potential value for controlling real-world
physical systems, this thesis designs tracking tasks both on theoretical fully-actuated matrix
Lie group dynamics, SO(3) and SE(3), and practical underactuated application, two distinct
scenarios: 3D pendulum tracking and drone racing tracking. The 3D pendulum is modeled
on SO(3), capturing its rotational dynamics in 3D space, while the drone is modeled on
SE(3), which simultaneously describes its translational and rotational dynamics in 3D space.
These two matrix Lie groups are also among the most typical and widely used in practical
applications.

4-1-1 Scenario: Matrix Lie Group Dynamics
To fully demonstrate the ability of the algorithm, the tracking tasks are designed on ideal
dynamics without constraints on two matrix Lie groups, SO(3) and SE(3), whose dynamics

completely follows the general dynamics (3-12) discussed in Section 2-2.
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Figure 4-1: 3-D pendulum visualization. The goal in swing-up application is to swing the
pendulum up to the upright position. The purple line denotes the generated 8-shape reference
for tracking on SO(3) in Section 4-1-1.

For SO(3), a 8-shape trajectory is generated by giving two sin waves with different amplitude
and periods to the X-axis and Y-axis rotation to the intrinsic ZXY Euler angles. Specifically,

the angle is given as

T . m T . 27
6, =0, Gx:§smgt, Hyzgsm?t (4-1)

For SE(3), we use the reference trajectory from the drone racing application scenario, which
will be introduced later in Section 4-1-3.

4-1-2 Scenarios: 3D Pendulum

Pendulum models have provided a rich source of examples in nonlinear dynamics and control.
A variety of pendulum systems are treated as application for controller demonstration, such
as cart pole system, acrobot system, etc., in the field of classic model-based control as well
as reinforcement learning [17, 4, 67, 55]. Here, in this thesis, we further extend a simple
2-D pendulum system example to a 3-D space and adopt a 3-D pendulum model in the first
experiment design.

The 3D pendulum is simply a rigid body (e.g., a cylinder stick), supported at a fixed pivot
point. Its configuration is commonly described with 3-D rotation matrix R € SO(3) [59],
which is essentially a specific kind of matrix Lie group, for which it naturally fits in the
algorithm framework proposed.

To make the model more practical, gravity is included into the dynamics as an extra term
in the generalized input of the dynamics. Additionally, we adopt the a challenging actuation
scheme using the pivot acceleration as [59, 5], leading to a revised velocity dynamics

Jo€ = adg Jp€ +mgp X RTes +mp x RTu (4-2)
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where e3 = [0,0,1]7 denotes the vertical downward direction in 3-d space, m denotes the
drone mass, g denotes the gravity acceleration, u is the pivot acceleration vector, expressed
in the inertial coordinate frame, p denotes the body-fixed vector from pivot to the center of
mass of the pendulum.

Notably, this is an underactuated system. In (4-5), as the cross product, which in practice is
implemented using a skew-symmetric matrix, i.e.mp x RTu = (mp)”" R, is an non-invertible
projection mapping. Specifically, because (mp)" is a 3 x 3 skew-symmetric matrix with
rank rank [(mp)"] = 2. Therefore, one degree of freedom is lost with this projection (mp)”",
rendering the system underactuated.

In this experiment, the 3-D pendulum is required to complete a swing-up task, so as to
demonstrate the practical value of the algorithms, for a physically existing system. Specifi-
cally, it is required to swing to the upright position x,cf = {Xycf,&rep} from a certain initial

T
zo = {Xo, &}, in which X € SO(3), ¢ € R3, the reference velocity is zero, i.e. &ef = [0,0,0} .
Therefore, in this example, reference is thus a fixed point, revising the stage cost function as

T
Log(XxX ;)| |Qx 0 ||Log(XuX, . }) T
l X7 7u Xre ) Sre = Tef ref +u Ru (4_3)
k(Xs €k Uk | Xrefs Erer) [ & — Eres 0 Qel| & —&rey R
and terminal cost function as
T
Log(XnX. ;)| [Qxn 0 ||Log(AnX, ;)
(X 7 X, Erer) = ref ) ref (4—4)
N( N§N| fg f) [ gN_gref 0 Q&N gN_gref

4-1-3 Scenarios: Drone Racing

Drone racing is a prominent competition and a widely researched topic in the robotics com-
munity [26]. The ultimate objective is to navigate a drone through multiple gates without
collisions within a predefined environment as fast as possible.

For this thesis, the objective in this scenario is to track a given reference trajectory provided
by a higher-level controller. Specifically, the reference trajectory Tyerr = {Xrefk,Eref i} is
precomputed using the methodology proposed in [56], which generates a series of dynamically
feasible way-points along a path that passes through multiple set-points in a forest-like envi-
ronment. In this setting, numerous columns are randomly placed, as illustrated in Figure 4-2.

For the drone’s dynamics, gravity is included into the dynamics as an extra term in the
generalized input of the dynamics. Also, drone is also an underactuated system, in which a
invertible relationship between the acceleration on rotations and z-axis (4 dimensions) and
the angular speed of four rotors [57]. Therefore, we represent the acceleration on these four
dimensions using input u, along with a projection matrix P, € R*4 to fit the input into the
formulated dynamics as

. . 0
Jp€ = angbﬁ + mg - RTey + Pyu (4-5)
where e3 = [0,0,1]7 denotes the vertical downward direction in 3-d space, m denotes the
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Figure 4-2: A forest scenario used for drone racing, illustrating a precomputed reference trajectory
for the tracking task. The colored spheres indicate the starting point, the ending point, and the
intermediate way-points.

drone mass, ¢ is the gravity acceleration, and

1.0 00

01 00

0010
=100 0 0 (4-6)

0 00O

0 0 0 1]

As the pre-computed reference trajectory

Trefk = {Xref,kagref,k}a Xref,k € SE(3)7 gref,k S R6 (4'7)

is a dynamically feasible trajectory that is not a constant, the tracking cost functions in this
application are completely identical to (3-55) and (3-56).

4-2 Baselines for Comparison

Choosing baselines for the proposed algorithms are indeed not trivial but vital and under
very thorough considerations, with each baseline serving at a specific goal on different levels.

In summary, the following three baselines are proposed for benchmarking:

e Unconstrained Euclidean embedding method with matrix norm cost, with its rotational
dynamics implemented with quaternions SU(2), termed as Embedded Unconstrained
Method.

e Unconstrained Euclidean embedding method with dynamics on the matrix Lie group
(2-29) and matrix norm cost, referred to as Embedded Unconstrained Method with M
Dynamics, or simply as Embedded with (w.) M Dynamics (Method).
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o Unconstrained Euclidean embedding method with both dynamics (2-29) and cost (2-55)
defined on the matrix Lie group, referred to as Embedded Unconstrained Method with M
Dynamics and Cost, or simply as Embedded with (w.) M Dynamics & Cost (Method),
or Embedded on M (Method).

Here, the term "embedded" refers to the over-parameterization of the state representation,
where redundancy allows the state to move freely in R™. For instance, in SO(3), although
the space has only three degrees of freedom, it is parameterized using nine decision variables,
enabling the state to leave the valid manifold and drift into R3*3. This corresponds to
the constrained perspective and formulation discussed in Section 2-3, where the decision
variables are explicitly restricted to the manifold through equality constraints.

Although the three baselines may appear somewhat complex, they are constructed sequen-
tially by incrementally introducing new components, along with their underlying logic. This
progression is summarized in Table 4-1.

Methods Embedded in R" | M Dynamics (3-12) | M Cost (2-55) M

SS-iLQR on M X v v SO(3), SE(3)

MS-LQR on M X v v S0(3), SE(3)

Embedded Unconstrained Method v X X SU(2) w./w.o. Translation Dynamics
Embedded w. M Dynamics v v X SO(3), SE(3)

Embedded w. M Dynamics & Cost (Embedded on M) 4 v v SO(3) , SE(3)

Table 4-1: Comparison of different methods in terms of embedding, dynamics, and cost function.

The baselines, along with their corresponding goal, will be introduced as follows. All of the
above are implemented using CasADI [3] and IPOPT [69] for SU(2), SO(3) and SE(3).

To maintain a concise narration, the proposed methods are referred to as MS-iLQR on M
and SS-iILQR on M, or, for brevity, simply MS-iLQR and SS-iLQR. Here, M represents the
matrix Lie group manifold.

4-2-1 Unconstrained Euclidean Embedding Method

An ideal baseline for the proposed method would be the constrained formulation discussed
in Section 2-3. However, enforcing highly nonlinear and complex manifold constraints is nu-
merically impractical, often leading to unsolvable optimization problems. This limitation has
been confirmed through practical implementations and explains why, in practice, embedded
FEuclidean methods are widely used without explicitly imposing manifold constraints.

Additionally, an embedded unconstrained baseline for SO(3) is not feasible in practice, as
the general matrix exponential map expm(-) required by its dynamics is inherently non-
differentiable and necessitates iterative computation. This is another reason why quaternions
are widely adopted for rotational dynamics modeling and control, despite their operational
complexity and lack of intuitive interpretation.

Note that for the matrix exponential map, if the variable is a valid matrix Lie group element,
it is still possible to compute the function efficiently in a closed-form manner using Rodrigues’
formula. However, applying this equation does not align with the baseline’s design, where
variables are embedded in a higher-dimensional space and are not guaranteed to be valid
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matrix Lie group elements. In such cases, Rodrigues’ formula is not only undefined but may
also alter the evolution of the system dynamics.

Therefore, although this baseline is used for benchmarking in SO(3) and SE(3) scenarios, it
is implemented using quaternions, i.e., the matrix Lie group SU(2). Due to the inability to
solve the problem while enforcing the quaternion constraint ||g|| = 1, this explicit manifold
constraint is removed, resulting in an unconstrained formulation where quaternion validity
is not guaranteed. The term Embedded Fuclidean, as discussed in Section 2-3, refers to the
case where states are allowed to move freely in the full Euclidean space R™. Accordingly, a
matrix norm || - || is employed for the configuration cost.

Specifically, for quaternion ¢ € R* and angular velocity w € R3, it has dynamics as

. 110
i=-5|,|®e (4-8)
Jw =u+ Jpw X w (4-9)

As discussed in Section 2-2-2, (4-9) is indeed equivalent to the velocity dynamics on matrix
Lie group (2-33). ® denotes the quaternion multiplication.

Therefore, the complete formulation of this baseline varies between the SO(3) and SE(3)
scenarios. For the SO(3) case, only rotational dynamics is required, with the state represented
as a quaternion, X} € R*, and angular velocity &, € R3. The formulation is given as follows:

min > 5e( X, € i Xretor Eret) + IN (XN ENG Xret, N, et V)
’ k

Sep1 = &k + J, (adf, ol +up) - h
where the stage cost is

lk(Xk; §k7 uk‘Xref,b gref,k) :O‘q‘ ‘Xk - Xref,k ‘
+ (gk - fref,k)TQf(fk - gref,k) (4'11)

+ ugRuk

and terminal cost is
_ T
IN(XNEN|Xref Ny Erep,N) = g N||XN — Xt N|| + (EN — &refN)” Qe Nn(EN — Erep,n)  (4-12)

For the SE(3) scenario, the formulation remains largely unchanged, except for the inclusion
of translation dynamics, which is also incorporated into the cost function design. In this
case, the state is represented by a 7-dimensional vector comprising a quaternion and position,
along with a 6-dimensional velocity vector consisting of angular velocity w and translational
velocity v in the body-fixed frame.

Xy = [q’f] eERT, &= [‘”"f] € RS (4-13)
Dk (%3
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with formulation given as follows:

min D le( Xy iy g Xret s vet ) + IN (XN ENG Koot N Eref, V)

k
® Qk> )
(4-14)

®q,§1>

o1 =&+ J; Nadf, ol + ur) - h

where the stage cost is

2 Wk

h
st Q1 =q — 5

DPk+1 =Pk +h-Im <Qk®
Vg

U (X, &k, ue| X f o Eref.ke) =0 l|a — Gret ]|
+ (P — Pretk)” Qp(Pr — Pretk)
+ (& = retn) T Qe (& — Eretk)

+ u;;FRuk

(4-15)

and terminal cost is
IN(XN,ENTXref Ny Eref,N) =g N||XN — Xret N ]|
+ (PN = PretN)  Qp.N (PN — Pret,n) (4-16)
+ (€N = &rern) Qe N(EN — &repN)

4-2-2 Euclidean Embedding Method with with M Dynamics

Embedded Euclidean Method with M Dynamics, serves as an intermediate product between
Embedded Unconstrained Method and Embedded on M method.

As discussed in Section 4-2-1, two concepts of matrix exponential map exsit. One is general
matrix exponential map expm(-), which is non-differentiable and requires iterative computa-
tion, while the other one utilizes Rodrigues’ formula for closed-form solution but is only valid
for matrix Lie group element. In this baseline, Rodrigues’ formula is exploited to construct
the dynamics constraints on matrix Lie groups M, while the cost function is still matrix
norm. This baseline is thus named as Fmbedded w. M Dynamics method.

Note that thought though identical formulation are used, this baseline is still implemented
in the embedded Euclidean space style and thus enjoys more possible degree of freedom than
states defined on the variables. For example, each R;, € R3*3 has 9 decision variables when
solving the problem.

min - Xgl (X, Eky Uk Xvet ks Eret ) + IN (XN, EN3 Xret, N5 Eref, )
St X = Al (417)
Ser1 =&+ Jy (adf, Sl +ur) - b
The red-highlighted exponential is computed using Rodrigues’ formula. For SO(3), it has

sin 6 1—cosf.

e = el =13 + g [Wlx + —— Wl

(4-18)
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where the angle § = |w| and [w]x is the skew-symmetric matrix generated by the 3-vector

T
angular velocity w. For SE(3), with velocity & = [wT UT} € RS, it has

A [w]x
f=et" = <e 0 ‘it> (4-19)

1 —cosd 6 —sinf
+

V=13 + T[W]x T[w]x (4'20)
The stage cost is given by:
U (X, &gy u| Xrep s Ere k) =0 || X — Xrer k]|
+ (gk - gref,k)TQﬁ(gk - gref,k) (4'21)

+ ugRuk

and terminal cost is

lN(XN, §N’Xref,N7 éref,N) - OéX,N‘ ‘XN - Xref,NH + (§N - gref,N)TQé,N<£N - fref,N> (4'22)

Note though the formulation above is highly identical to the formulation on matrix Lie groups,
the important difference is that now Aj € R™*",

4-2-3 Euclidean Embedding Method with M Dynamics and Cost

Embedded Unconstrained Method with M Cost, attempts to solve an exactly same problem
as (2-56) on matrix Lie group M, however, not using the proposed methods in this thesis,
but the widely-used auto-differentiation toolbox CasADi [3] for derivative evaluation. It’s
designed to compare two ways of obtaining the derivatives, while the problem formulation,
i.e. cost function, dynamics constraints remains the same as (2-56). The main difference
lies in the implementation for derivatives, using the information of geometry manifold or the
modern auto-differentiation toolbox, and thus the same problem formulation is utilized as
(2-56).

Compared to the Embedded w. M Dynamics method, the Embedded on M approach further
incorporates cost function design on the matrix Lie group, utilizing the Log(:) operation.
Similar to Exp(:), two concepts of Log(-) exist. The first is the general matrix logarithm
map, logm(-), which is non-differentiable and requires iterative computation [2]. The second
provides a closed-form solution but requires variables to be valid matrix Lie group elements.
The latter closed-form solution is adopted in this baseline, which is thus named Embedded w.
M Dynamics € Cost.

For R € SO(3), the Log(-) operation is given as

Log(R) = (Zan Q(R — RT)> (4-23)
cosf = tr(RQ)—l (4-24)
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For X = []g ﬂ € SE(3), the Log(-) operation is given as
_|w| _ |Log(R)
Log(X) = L}] = l Vol ] (4-25)

with V' follows definition as (4-20).

Note that thought though identical formulation are used, this baseline is still implemented
in the embedded Euclidean space style and thus enjoys more possible degree of freedom than
states defined on the variables. For example, each R;, € R3*3 has 9 decision variables when
solving the problem.

In the following sections, we would start to discuss the results under different scenarios. Note
that because many conclusions are highly identical, it will be brought up and analyzed in a
very detailed way at the first time, but only briefly mentioned next time it appears. In the
scenario analysis, mainly the significant differences would be addressed. After anaylsis for
four scenarios are done, an overall analysis would be conducted in an independent section.
Readers should be aware that analysis for four scenarios should be digested all together.

4-3 Scenario: Tracking on SO(3)

In this section, we present and discuss the results from the first scenario: tracking on SO(3).
In this scenario, the following the controller weights are kept identical to ensure comparability.

Qleo’“ 0]=[10[3 0], Qv =15Q, R=10"L,

Qe 0 I3 (4-26)
ay =10, axny =10ax, «aF=250, a4n =150,
The initial condition and system moment of inertia are also kept identical as
T 05 0 0
Ry = RyRwoRe0, wo=[0.15 015 015, J=|0 07 0 (4-27)
0 0 0.9

in which R, refers to rotation along the corresponding axis. This shows how we generate
initial rotation matrix Ry using ZYX euler angle 0, = 90°,0, = 10°,0, = 45°.

Figure 4-3 illustrates the violations of manifold-related properties, assessing the performance
of various methods in preserving matrix Lie group validity. The metrics considered include
orthogonality violations, norm constraint violation (particularly for quaternion SU(2)) and
manifold dynamics violation.

As shown in the figures, all methods achieve an extremely low level of dynamics violation,
indicating that the dynamic constraints are strictly satisfied. However, despite this strict
satisfaction, the Embedded Unconstrained Method exhibits a growing error accumulation in
terms of violating its norm constraint, ||¢|| = 1, reaching approximately 12% at the final
stage. Since a quaternion is used for coordinate transformation through conjugation, i.e.,
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2’ = qrq*, a 12% norm error translates to approximately a 25% scaling error, which is a
significant deviation.

In contrast, manifold constraints are strictly satisfied for all other methods, which are imple-
mented on SO(3), maintaining an accuracy level of around 1071°. Among them, MS-iLQR
on M exhibits slightly higher variance, while the other three methods maintain comparable
quality.

A key observation is that, although manifold-related constraints, such as orthogonality and
the determinant condition, are not explicitly incorporated into the problem formulation of
the two SO(3) embedding methods, their performance in maintaining solution validity are
comparable to proposed methods, which are essentially on the manifold. This suggests that
strictly enforcing the dynamics constraint on matrix Lie group, i.e. the M dynamics (3-12),
can ensure the manifold property of the final solution, provided the initial state lies on the
manifold. This finding aligns with the definition of Lie groups, as the manifold dynamics rely
on the composition operation of matrix Lie groups—matrix multiplication—under which the
group elements are closed.

Figure 4-4 presents four key metrics during optimization to analyze algorithm convergence.
It is important to note that the comparability between the two categories of methods is
relatively limited due to differences in the cost functions employed. Specifically, Embedded
Unconstrained method and Embedded w. M Dynamics utilize their own cost function based
on matrix norm respectively, while the other three methods use the same cost defined on
manifold (2-55).

In Figure 4-4a, for the three methods employing the manifold cost (2-55), MS-iLQR and
Embedded on M converge to the same optimal solution, whereas SS-iLQR is trapped in
a relatively poor local minimum and fails to converge. This highlights MS-iILQR’s strong
capacity to leverage warm-starts, as its initial cost is much closer to the final optimal cost
compared to Embedded on M, and it’s better at effectively avoiding poor local minima,
compared to SS-iILQR on M.

Figure 4-4b and Figure 4-4c highlight the convergence performance of the algorithms, which is
critical for practical applications. The gradients in Figure 4-4c, used as convergence criteria
here, provide the most direct demonstration of convergence behavior, while cost change is
also frequently used in many algorithms and literatures from the robotics community [29, 63].
While SS-iLQR on M often fails to converge due to poor initialization, both MS-iLQR and
SS-iLQR on M exhibit linear convergence initially, in which MS-iLQR show faster and ability
to converge to tolerance of 1072, Such linear convergence performance aligns with the Gauss-
Newton properties of the iLQR method, whose performance theoretically locally converge at
linear rate in iLQR [6].

In contrast, the three baseline methods, leveraging auto-differentiation from CasADi [3],
obtain second-order information (i.e., the Hessian matrix) and eventually achieve quadratic
convergence. However, for the two methods using the matrix norm cost, the convergence is
not consistently quadratic, as fluctuations of varying lengths are observed before quadratic
convergence appears. This behavior may result from difficulties in managing the dynamics
constraints and reducing defects (Figure 4-4d).

Embedded on M, by contrast, demonstrates typical quadratic convergence, efficiently reduc-
ing defects without fluctuations. This possibly suggests that the M cost provides possibly

Chenghuai Lin Master of Science Thesis



4-4 Scenario: Tracking on SE(3) 59

higher-quality derivatives with more valid guiding information, compared to the matrix norm
cost (4-21), even though both are derived via auto-differentiation.

Compared to the baselines, MS-iILQR demonstrates significant advantages by achieving highly
efficient convergence within the range of 10=7. There around 1077, it intersects with Em-
bedded w. M Dynamics and Embedded Unconstrained method, which both exhibit fastest
quadratic convergence among the auto-differentiation methods. MS-iLQR further intersects
sequentially with the Embedded w. M Dynamics around 1072, This implies that the choice
of method in practice depends heavily on the solution tolerance specific to the application. In
this scenario, MS-iLQR converges faster for tolerances larger than 10~7, while the Embedded
on M is preferable for tolerances more demanding than 10~7. The Embedded Unconstrained
Method is not preferable due to its large manifold violation, though overall it achieves com-
parable convergence performance with Embedded on M method.

Figure 4-4d illustrates the defect evolution during iterations. In the context of multiple shoot-
ing, the defect represents the violation of dynamics constraints. In the context of this thesis,
it additionally include state invalidity for the three embedded methods. The results indicate
that MS-iILQR excels in handling dynamics defects, leveraging the multiple-shooting DDP
framework, which inherently offsets defects when the line search step o = 1 [48]. Following
MS-iLQR, Embedded on M and Embedded Unconstrained Method also efficiently reduce
defects, demonstrating a typical quadratic tendency. In contrast, Embedded w. M Dynam-
ics require more iterations for exploration, reflecting relatively lower efficiency in managing
dynamics constraints.

Figure 4-5, Figure 4-7 and Figure 4-6 present the optimized solutions from all methods, where
Figure 4-6 and Figure 4-7 specifically depict the trajectory of the tip of an inverted pendulum
with the solved configuration. Figure 4-8 shows the error of final solution relative to the given
8-shape pendulum.

It can be observed that MS-iLQR on M, Embedded w. M Dynamics, and Embedded on
M produce similar identical final behaviors, almost perfectly aligning with the reference
trajectory. In contrast, Fmbedded Unconstrained Method shows noticeable fluctuating errors,
due to the quaternion norm violation, but generally follows the reference. The SS-iLQR on M
method, however, struggles with tracking the lower half of the figure-eight trajectory, twisting
in an incorrect direction.

4-4 Scenario: Tracking on SFE(3)

In this section, we present and discuss the results from the first scenario: tracking on SE(3).
Due to its complexity, two sets of experiments with difference tracking references, are con-
ducted under this scenario: one is a generated
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Figure 4-4: Performance by iterations for tracking on SO(3)
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4-4-1 Drone Racing Reference

In this scenario, the following the controller weights are kept identical to ensure comparability.

25I; 0 0 0
| 0 103 0 0
@=1y 0 I3 0}
0 0 0 Iy (4-28)
Qn=15Q, R=10"x1ls, ayx =25 axy=1l5ay,
Qg = 250, Qg N = 1.50éq, QP = 250]3, QPyN = 15QP

The initial condition and system moment of inertia are also kept identical as

05 0
R 0 0.7
Xy = [00 plol’ Ry = RyoRyo0R.0, po = prefo—13x1, &0 =0.1xlgx1, Jp= 0 0 09
0 0 0
(4-29

in which the initial rotation matrix Ry is generated using using ZYX euler angle 8, = 90°,60, =
10°,0, = 45°. The initial position is obtained by perturbing around the initial reference
position. The 3-by-3 identity matrix I in generalized inertia matrix J, indicates the system
mass m = 1.

In this scenario, we utilize the tracking reference obtained from the drone racing related
literatures [56], where a minimum time trajectory is sampled and refined. The obtained
tracking reference has sampling time dt = 0.004s and a horizon N = 955, which is excessively
large for practical application, but here we utilize the full-length of it, so as to make the task
more challenging for the algorithms for better benchmarks.

Figure 4-9 illustrates the violations of manifold-related properties, assessing the performance
of various methods in preserving matrix Lie group validity. As the results are highly similar to
one in Section 4-3, analysis and the corresponding conclusion are highly identical. Basically, all
methods, except Embedded Unconstrained methods, achieve a high level of solution validity,
approximately at the 107! level. Embedded Unconstrained method, in this scenario, shows
a significant error accumulation tendency, with the final squared error reaches higher than
50%.

Figure 4-10 presents four key metrics during optimization to evaluate algorithm convergence.
Still, only the three methods using M cost are comparable in terms of absolute value of cost.
Here, same as SO(3) tracking case, MS-iILQR on M and Embedded on M generally converge
to the same optimal solution, while SS-iLQR is trapped in a relatively poor local minimum
and fails to converge. Again, MS-iLQR demonstrates a strong ability to leverage warm-starts,
as it is initialized much closer to the optimum and avoids poor local minima.

Figure 4-10b and Figure 4-10c further highlight the convergence performance. Both MS-
iLQR and SS-iILQR on M exhibits linear convergence, which aligns with theory. Quadratic
convergence is observed for the three embedded methods, which appears after fluctuations of
varying lengths, following the same pattern as in the SO(3) tracking case. Among the three
baselines, Embedded w. M Dynamics converges the first, with Embedded Unconstrained
Method and Embedded on M after it accordingly. Notably, in this scenario, MS-iILQR
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outperforms all other methods in terms of convergence performance, as shown in Figure 4-
10c and Figure 4-10b, regardless of the convergence tolerance requirements.

Figure 4-10d illustrates the evolution of defect reduction during iterations. MS-iLQR again
demonstrates superior efficiency in minimizing defects due to the inherent advantages of
the DDP framework, whereas the three embedded methods are less effective in addressing
dynamics constraint violations.

Figure 4-11, Figure 4-13, Figure 4-12, and Figure 4-14 present the optimized solutions for
all methods, along with the norm of the error relative to the reference. The Embedded
Unconstrained Method exhibits significant tracking errors with large fluctuations, performing
the worst among all approaches. SS-iILQR also shows two peaks in error, particularly at stages
where it gets trapped in poor local minima, resulting in a rotation error exceeding 180° in
the wrong direction.

The other three methods—MS-iILQR on M, Embedded w. M Dynamics, and Embedded on
M—demonstrate strong performance in error reduction, with only minor fluctuations. Among
them, MS-iLQR and Embedded on M produce identical solutions, performing slightly better
than Embedded w. M Dynamics, which exhibits slightly higher variation and error.

A key difference compared to tracking on SO(3) is that, in this scenario, the final tracking
error diverges between methods utilizing manifold-based cost functions and those employing
matrix norm cost functions. Excluding the Embedded Unconstrained Method, whose poor
performance is primarily due to norm constraint violations, Embedded w. M Dynamics
converges more quickly but yields a slightly inferior final solution compared to MS-iLQR
and Embedded on M, both of which define their cost functions on matrix Lie groups. This
suggests that the M-based cost function provides better guidance toward optimality than
the matrix norm cost, leading to superior solutions. However, it may require more iterations,
influenced by other factors.

This observation further highlights a potential trade-off between solution quality and con-
vergence efficiency when performing tracking on SE(3). This trade-off should be carefully
considered when selecting methods for practical applications.

A key uncontrolled difference between the SO(3) and SE(3) tracking experiment setups lies
in the reference trajectory quality. In the SO(3) case, the reference is manually generated
using forward-Euler discretization, whereas in SFE(3), the reference is obtained from [56] and
is therefore not dynamically feasible under the dynamics used in (3-12).

In the following additional tracking task on SE(3), a manually generated reference is used to
further eliminate the influence of reference dynamics feasibility.

4-4-2 Generated Dynamically Feasible Reference

For further exploration, particularly to assess the impact of reference quality and cost function
selection, an additional experiment is conducted using a manually generated reference.
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The reference is generated via forward-Euler integration (2-38) with the velocity:

2sint
0
1
() = 2 (4-30)

cos (\/ﬂ)
i (v

The initial condition and system moment of inertia remain identical to those in Section 4-
4-1. The controller weights are also unchanged, except for the control input weight, set to
R = 1073[6-

Since most performance characteristics and behaviors are consistent with the previous case
in Section 4-4-1, redundant analysis and comparisons are omitted. Instead, we focus solely
on the differences. This additional experiment is motivated by the strong suspicion that the
unexpected convergence performance observed in Section 4-4-1 arises because the reference
trajectory in that case is inherently not dynamically feasible when discretized via Euler-
forward integration. Therefore, this experiment primarily examines the relative performance
of different baselines, providing meaningful insights into cost function design.

Figure 4-16¢ and Figure 4-16b illustrate the key convergence behaviors. Embedded on M
exhibits well-defined quadratic convergence, while the Embedded Unconstrained Method con-
verges more slowly due to initial fluctuations before quadratic convergence appears. Embed-
ded w. M Dynamics performs slightly worse, exhibiting even slower convergence.

Additionally, Figure 4-16d confirms similar relative convergence performance in handling dy-
namics constraint defects, highlighting the effectiveness of cost functions defined on the man-
ifold M.

The relative convergence rates in terms of gradient and defect of the baselines differ from the
results in Section 4-4-1. However, these results provide a more reliable comparison as they
eliminate the influence of reference quality, allowing for a fair evaluation across baselines.

Importantly, this result demonstrates that manifold-based cost functions not only provide
a more effective descent direction toward an optimal solution but also enhance efficiency
by accelerating convergence and reducing the number of required iterations through more
accurate guidance, particularly when using a dynamically feasible reference.

4-5 Application: 3D Pendulum Swing-Up Task

In this section, we present and discuss the results from the application: swing-up task for 3d
pendulum. In this scenario, the following the controller weights are kept identical to ensure
comparability.

fex 0] [013 0 B o
Q_[O Q£‘|_l 0 I3‘|7 QN_15Q7 R =10 2137

ay =10, axny =1L1bay, aq=10, a4y =150,

(4-31)
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The initial condition and system moment of inertia are also kept identical as

. 05 0 0
Ry = RyR,R., wo=[1. 1. 0], J=|0 07 0 (4-32)
0 0 09

in which R, refers to rotation along the corresponding axis. This shows how we generate
initial rotation matrix Ry using ZYX euler angle 0, = 0°,6, = 10°, 0, = 45°.

Notably, the swing-up task of 3d pendulum, is fundamentally a trajectory generation prob-
lem, as all states are initialized with the upright rotation reference. Consequently, in this
scenario, the warm-start initialization does not provide significant benefits for the three mul-
tiple shooting methods.

For this application, Embedded on M method cannot be solved using IPOPT [69] in com-
bination with the advanced linear solvers from HSL [30], despite tuning of parameters and
initialization. During iterations, the gradient of the Lagrangian in Embedded on M fre-
quently oscillates and explodes, resulting in the solver reporting an "Iterates Diverge" error,
which indicates failure to converge to a feasible solution due to numerical overflow.

A possible explanation for this phenomenon is that the logarithm operation is defined and
valid only on the matrix Lie group manifold. If the auto-differentiation of this function
introduces a minor error that pushes the state slightly off the manifold, subsequent iterations
may compute derivatives around a state that is marginally outside the manifold. These
derivatives could then be less accurate or even exacerbate the deviation, making the solution
increasingly invalid and infeasible.

Figure 4-21 illustrates violations of manifold-related properties, including the orthogonality
condition, quaternion norm constraints, and manifold dynamics. The general trends and
analysis closely resemble those in Section 4-3. However, it is noteworthy that in this task,
the final accumulated squared error remains relatively low, compared to other cases, staying
within the range of 4%.

Figure 4-22 presents four key metrics during optimization to evaluate algorithm convergence.
In Figure 4-22a, the swing-up task, as a trajectory generation problem, produces four distinct
trajectories, as shown in Figure 4-24 and Figure 4-25, resulting in four different final cost
values. Due to the different cost functions used, only MS-iLQR and SS-iLQR are comparable
in terms of cost function value. Notably, as seen in Figure 4-25, only MS-iLQR on M and
Embedded w. M Dynamics successfully achieve the swing-up goal. Note that in this scenario,
due to the random initialization strategy utilized, Embedded w. M Dynamics could obtain
two different solutions, approaching the swing-up position from two different angles, and only
one is shown here.

Figure 4-22b and Figure 4-22c highlight the convergence performance of the algorithms. Since
warm-start initialization provides no benefits in this case, all methods begin with similar
gradient and cost values.

Same as Section 4-3, the iLQR methods clearly exhibit linear convergence. Among them, MS-
iLQR on M demonstrates faster linear convergence with a significantly larger slope compared
to SS-iILQR. This linear convergence is highly efficient and even outperforms the quadratic
convergence shown in the final phase of Embedded w. M Dynamics, but still slightly slower
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Figure 4-21: Manifold constraint violation and dynamics violation for 3d pendulum swing-up

than Embedded Unconstrained method once convergence tolerance reaches more demanding
than 107°.

It is also important to highlight that, by comparing the performance of MS-iLQR and SS-
iLQR, MS-iLQR not only outperforms SS-iLQR through better initialization and the ability
to avoid poor local minima, but also demonstrates greater efficiency in terms of convergence
speed in this scenario. This is evident from the larger slope in Figure 4-22c.

Figure 4-22d illustrates the defect evolution during iterations. Consistent with the pattern
observed in Section 4-3, MS-iLQR on M efficiently eliminates defects due to its DDP nature.
In contrast, the two embedded methods require significantly more iterations for exploration,
with Embedded Unconstrained Method performing better than Embedded w. M Dynamics.

Figure 4-23, Figure 4-25, Figure 4-24, and Figure 4-26 present the final swing-up trajectory
solution, along with the norm of the error relative to the reference. As previously mentioned,
only MS-iLQR on M and Embedded w. M Dynamics successfully achieve the swing-up goal,
demonstrating comparable performance. Embedded w. M Dynamics reduces the configu-
ration error more effectively in the earlier phase, while MS-iLQR achieves a slightly smaller
error in the final state. Meanwhile, the Embedded Unconstrained Method again exhibits
significant error, whereas SS-iLQR shows a pronounced error peak due to being trapped in a
poor local minimum.
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Figure 4-22: Performance by iterations for 3d pendulum swing-up
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Figure 4-23: State and input for 3d pendulum swing-up
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Figure 4-24: Solved trajectory for 3d pendulum swing-up plotted together.
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Figure 4-25: Solved trajectory for 3d pendulum swing-up plotted separately.
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Figure 4-26: Comparison of configuration and velocity error norms relative to the reference for
3d pendulum sing-up.

4-6 Application: Drone Racing Tracking

In this section, we present and discuss the results from the application: drone racing tracking.
In this scenario, the following the controller weights are kept identical to ensure comparability.

25I; 0 0 0
|0 103 0 O
Q=19 0 I3 O
0 0 0 Iy (4-33)
Qn=15Q, R=107xl, ax=25 axny=1l5ay,
a; =25, agn =15a, Qp=1000I3, Qpy =15Qp

The initial state and system moment of inertia are also kept identical as

05 0 0O O

R _ 0O 07 0 O

Xo = [00 plol’ Ro=1I3, po=prefo—0.1x13x1, & =10 x1gx1, Jp= 0O 0 09 0
0 0 0 I

(4-34)

In the implementation, while the complete reference trajectory is available, the horizon of
the original reference is reduced to 150 to decrease computational complexity, given that the
underactuated dynamics are already highly challenging.

The discussion regarding Figure 4-27 follows the same analysis as in Section 4-4 and is there-
fore omitted. However, it is important to note that while the figure may suggest that the
error has saturated, further experiments with a longer horizon reveal that the error continues
to accumulate, approximately linearly with the stage.

Again, Figure 4-28 presents four key metrics during optimization to analyze algorithm con-
vergence.
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Figure 4-27: Manifold constraint violation and dynamics violation for drone racing tracking

In Figure 4-28a, only three methods using M cost are comparable. It’s observed that MS-
iLQR and SS-iLQR obtains the same solution, with MS-iLQR initialized much closer to the
final optimum, demonstrating its better ability to warm-start.

In Figure 4-28b and Figure 4-28c, MS-iLQR continues to exhibit linear convergence but with
slight periodic oscillations. In contrast, the two embedded methods utilizing M dynamics
converge significantly faster, demonstrating quadratic convergence. Notably, Embedded on
M achieves fast convergence within just 7 iterations, with minimal fluctuation. Meanwhile,
the Embedded Unconstrained Method converges the slowest among all methods.

MS-iLQR retains its strong defect reduction capabilities. However, in this application, its
advantage over the two embedded methods is less pronounced and can be considered only
marginally better. The two embedded methods also handle dynamics constraints efficiently,
achieving ||d|| < 1071* within just 5 iterations. In contrast, the Embedded Unconstrained
Method is the least efficient in handling dynamics constraints.

From Figure 4-31, Figure 4-30, and Figure 4-32, MS-iLQR, SS-iLQR, and Embedded on M
achieve comparable solutions in terms of optimality, with Embedded on M generally yielding
a slightly lower cost. This observation aligns with Figure 4-28a, where Embedded on M
attains a marginally lower absolute cost. In contrast, Embedded w. M Dynamics exhibits a
larger error compared to these three methods. This result further validates the advantage of
cost functions defined on M over those based on matrix norms.

Considering the tracking performance optimality, the efficiency in handling dynamics defect,
manifold constraint validity and the convergence performance, MS-iLQR emerges as the best
choice for the 3-d pendulum swing-up task.

4-7 Overall Discussion and Analysis

This sections serves to summarize the important conclusion and analysis that have been
conducted in the above four sections about the experiment results.

Regarding the validity of manifold-related constraints, an important conclusion is that, strictly
enforcing the dynamics on the matrix Lie group (3-12), is sufficient to preserve the manifold
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Figure 4-29: State and input for drone racing tracking
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Figure 4-30: Solved trajectory for drone racing tracking plotted together.
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Figure 4-31: Solved trajectory for drone racing tracking plotted separately.

property of the final solution, provided that the initial state lies on the manifold. The reason
for this is that the dynamics on M is implemented using the closed-form computation of
Exp(+), which is defined on the matrix Lie group and always returns a valid matrix Lie group
element. This, in turn, guarantees the validity of the evolution due to the closure property of
matrix Lie groups.

This is also validated by the results, that as long as the dynamics defect converges within an ac-
ceptable tolerance and a feasible, converged solution is found, the state validity is consistently
maintained at the level of 1071 across all methods, except for the Embedded Unconstrained
Method implemented with quaternions.

For the Embedded Unconstrained Method, violations of the norm constraint, which corre-
sponds to the manifold constraint on SU(2), accumulate over time as the stages progress.
While the rate of error accumulation varies depending on the scenario, a general linear trend
with respect to stage progression is observed, along with fluctuations and plateaus during
growth. The accumulated error is significant and cannot be neglected, particularly in long-
horizon tasks. For example, in the tracking task on SFE(3) with the drone racing reference,
which has a horizon of 955, the squared norm constraint violation exceeds 50% at the terminal
stage.

It is important to note that for all scenarios and baselines, the dynamics constraints have
never been violated and are strictly satisfied to a precision exceeding 10~!4. While this clearly
confirms that all dynamics constraints are feasible and satisfied, it also highlights a critical
issue with the Embedded Unconstrained Method. Despite satisfying the dynamics constraints,
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Figure 4-32: Comparison of configuration and velocity error norms relative to the reference for

drone racing tracking.
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its quaternion-based dynamics formulation allows the state to drift off the valid manifold,
llg|| = 1, evolving in the higher-dimensional Euclidean embedding space where the dynamics
is no longer well-defined or meaningful. This occurs because, in terms of computation, the
dynamics equations can still be evaluated outside the manifold. In contrast, this issue does
not arise for dynamics on matrix Lie groups, where state evolution is strictly constrained to
the manifold by the inherent properties of the operations used.

However, the error in quaternion dynamics is also highly dependent on how the dynamics are
handled, particularly the integration method used. In this thesis, all dynamics are discretized
using the Euler-forward approach, which, despite being the simplest method and widely used
in many applications, introduces a significant first-order discretization error of O(h) with
respect to the time step h. This further exacerbates the accumulation of errors, which is
fundamentally caused by the unconstrained nature of quaternion dynamics. Theoretically,
it’s also possible to reduce the error by using better integrator for the quaternion dynamics,
e.g. higher order implicit Runga-Kutta integration, but due to time limitation, this remains
out of the scope of this thesis.

For SS-iLQR on matrix Lie groups, though shown as linear convergence in many cases, its
high sensitivity to the initial states, especially initial velocity, results in poor performances in
most of the scenarios, i.e. not able to find the feasible optimum or even fail to converge, as
it would be easily trapped in poor local minimum due to the non-smooth nature of the cost
function on matrix Lie groups.

MS-iLQR on matrix Lie groups, as the key proposed algorithm in this thesis, demonstrates
promising capabilities in two key aspects. Firstly, it effectively leverages warm-start initial-
ization, as it is typically initialized much closer to the optimum compared to other methods.
This also allows it to avoid poor local minima caused by the non-smooth cost function on
matrix Lie groups, particularly when compared to SS-iILQR. Secondly, it exhibits fast linear
convergence and generally achieves faster convergence in scenarios with less stringent gradient
tolerances (around 10~* to 10~7), which are common in many practical applications.

Across different scenarios, MS-iLQR exhibits varying levels of convergence efficiency. It
demonstrates highly efficient convergence in tracking tasks on SO(3), achieving the fastest
convergence before the tolerance reaches 10~7. In tracking a drone racing reference on SE(3),
it outperforms all other baselines. In the 3-D pendulum swing-up task, MS-iLQR shows com-
parable convergence performance to the Embedded Unconstrained Method, converging faster
until around 10™* and still reaches 10~'? within 20 iterations. In tracking tasks using gener-
ated references on SE(3)before gradient reaches 1074, it’s only worse than Embedded on M.
However, in the drone racing tracking application, its convergence performance is relatively
poor, showing faster convergence only in the range of 1073. These observations also suggest
that the proposed MS-iLQR is more suitable for and more efficient in SO(3)-related tasks in
terms of convergence rate.

On the other hand, MS-iLQR consistently obtains comparable optimal solution across all
tasks, generally maintaining the lowest error levels among all methods. This indicates its
ability to obtain high-quality solutions while avoiding local minima, further demonstrating
the advantages of using the M-based cost function, which provides more informative guidance.

One notable consideration is that the proposed iLQR algorithm may not yet fully realize
its theoretical performance due to certain numerical implementation details, particularly in
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relation to preconditioning techniques used in mature solvers. Preconditioning plays a critical
role in modern solvers (including IPOPT, which is utilized by the three baselines) and has been
widely recognized for its importance. This was also observed during the experiments in this
thesis: when the horizon length is reduced (reducing the problem scale), when the controller
weight is more balanced (i.e., less ill-conditioned), or when applied to lower-dimensional
systems (e.g., SO(3) compared to SE(3)), iLQR methods generally show greater performance
improvements relative to the three baselines. In other words, the proposed iLQR-based
method may not be well-suited for long-horizon, high-dimensional systems.

The Embedded w. M Dynamics and Cost method, also referred to as Embedded on M,
demonstrates remarkably strong performance, making it a promising candidate for practical
applications. On one hand, it leverages both dynamics and cost functions formulated on
matrix Lie groups. On the other hand, its state remains embedded in Euclidean space,
benefiting from additional degrees of freedom, although these advantages may be constrained
by the derivatives of its cost function.

Overall, it is interesting to observe that Embedded on M exhibits strong performance across
different scenarios, both in terms of convergence and optimality. Regarding convergence, it
consistently demonstrates typical quadratic convergence with minimal fluctuation across all
scenarios, except for the tracking task on SFE(3) with the drone racing reference. In terms
of optimality, similar to MS-iLQR, it consistently achieves near-optimal solutions across all
tasks, generally maintaining the lowest error levels among all methods, as both approaches
utilize the same cost function.

The relatively poor performance of Embedded on M in tracking the drone racing reference
is attributed to the dynamic infeasibility of the reference trajectory, meaning it is inherently
incompatible with forward-Euler discretization. Specifically, integrating the reference velocity
results in a trajectory that significantly deviates from the given reference configuration. This
limitation is further addressed in an additional experiment involving the tracking of a dynam-
ically feasible trajectory on SFE(3), where Embedded on M regains its strong performance,
surpassing MS-iLQR after 8 iterations. Notably, the impact of reference quality on tracking
performance remains an open topic for further discussion.

However, it is worth reiterating that this method fails to solve the 3D pendulum swing-up task
due to a consistent overflow issue in the gradient of the Lagrangian, resulting in the "Iterates
Diverge" error thrown by the solver. This potentially suggests that, in some cases, inaccurate
derivatives may push the states away from the manifold, leading to error accumulation and
positive feedback, ultimately causing numerical instability that prevents convergence. The
timing and scenario of this phenomenon to occur also remains unclear and serve as an open
issue.

The design of Embedded on M method is motivated by the goal of investigating whether
problems formulated on matrix Lie groups can be effectively solved using auto-differentiation
tools. With its well performance in the experiment results, promising potential has been
demonstrated,to use auto-differentiation tool to solve the optimization problem formulated
on M in the Euclidean embedding space, which is highly convenient in practice.

Embedded w. M Dynamics method represents an intermediate approach between Embedded
on M and Embedded Unconstrained Method, also commonly utilized in practice [22]. This
method allows states to freely travel in R™ due to its cost function but still still strict the
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validity of the final solution by M dynamics constraints. Overall, this approach perform
relatively slower convergence than Embedded on M method, and slightly power optimality
than the solution that Embedded on M and MS-iLQR share.

The comparison between Embedded on M and Embedded w. M Dynamics is indeed inten-
tionally designed to show in the experiment, as the only algorithm difference is the usage of
cost function and it reveals important insights about the cost function design. The overall
better performance of Embedded on M over Embedded w. M Dynamics, indeed shows that
usage of M cost could help to improve convergence as well as optimality.

However, considering the results of tracking a generated reference on SFE(3) and the 3D
pendulum swing-up task, it is important to acknowledge that certain scenarios exist where
Embedded on M either fails to find a solution or is less efficient. The performance of these
methods is influenced by various factors in practical applications, such as reference trajectory
quality. Consequently, Embedded w. M Dynamics also emerges as a potentially valuable
algorithm for further investigation and practical implementation.

In general, results suggest that leveraging geometric information—whether through the cost
function alone or together with geometric derivatives - can enhance and accelerate conver-
gence, and also can lead to a more optimal solution. However, improper usage may lead
to numerical instability, while inappropriate application to certain scenarios may result in
suboptimal solutions.

In practice, the choice of algorithm depends on various factors, particularly system dynamics,
convergence tolerance requirements, and reference quality, as demonstrated throughout this
thesis. There is no universal solution that works optimally in all cases.

Both MS-iILQR and Embedded on M emerge as strong candidates for trajectory optimization.
The advantages of MS-iLQR are particularly pronounced in scenarios involving rotation-only
dynamics. However, the feasibility of Embedded on M remains a critical consideration. If it
proves infeasible for a given problem or performs relatively poorly, Embedded w. M Dynamics
should be considered as an alternative backup method.

Finally, although not the focus of this thesis, we collected computation time data for each
baseline across all scenarios, primarily to gain a general understanding of the computational
efficiency measured by time per iteration, as shown in Table 4-2 and Table 4-3. Note that,
the convergence tolerance is given as 1075.

It can be observed that, despite the proposed iLQR methods being implemented in Python
and therefore less efficient in execution compared to IPOPT, which is implemented in C++,
their time per iteration remains within the same order of magnitude, with only a few times the
difference—far less than the typical execution speed gap of several tens or hundreds of times
between Python and C++. This suggests that the proposed algorithms are highly efficient
and hold great potential. In future work, implementing the proposed methods in C++ is
highly promising and is listed as one of the recommended directions as Section 5-3-1.

4-8 Chapter Summary

This chapter presents the simulation experiments, benchmarking with three baselines under
four scenarios, and their corresponding results, accompanied by a detailed discussion.
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Table 4-2: Computation Time Statistics for tracking on SO(3) and SE(3).

Task Algorithm Overall Time Iterations Time per Iteration Notes
(s) (ms)
MS-iLQR on M 0.89911893 8 112.39
SS-iILQR on M 4.141107678 50 82.82 Terminated at Maximal Iterations
SO(3) Embedded Unconstrained 0.147 8 18.38
Embedded w. M Dynamics 0.562 14 40.14
Embedded on M 0.639 9 71.00
MS-iLQR on M 28.46574031 20 1423.29
SS-iILQR on M 29.69010083 32 927.82 Failed to Find Descent Direction
SE(3) with Drone Racing Reference ~ Embedded Unconstrained 12.038 24 501.38
Embedded w. M Dynamics 10.679 19 562.05
Embedded on M 27.028 27 1001.04
MS-iLQR on M 9.980528022 56 178.22
SS-iLQR on M 2.774326732 25 110.97 Failed to Find Descent Direction
SE(3) with Generated Reference Embedded Unconstrained 0.728 21 34.67
Embedded w. M Dynamics 0.78 20 39.00
Embedded on M 0.881 10 88.10

Table 4-3: Computation Time Statistics for 3D Pendulum Swing-Up and Drone Racing Tracking.

Task Algorithm Overall Time Iterations Time per Iteration Notes

(s) (ms)
MS-iLQR on M 1.063208194 19 55.96

Pendulum SS-iLQR on M 3.665605792 100 36.66 Terminated at Maximal Iterations
Embedded Unconstrained 0.21 10 21.00
Embedded w. M Dynamics 0.41 20 20.50
MS-iLQR on M 6.843712011 26 263.22

SS-iLQR on M 1.995928266 10 199.59 Failed to Find Descent Direction
Drone Embedded Unconstrained 0.986 19 51.89
Embedded w. M Dynamics 0.886 18 49.22
Embedded on M 0.798 7 114.00

In Section 4-1, four scenarios for the experiments are introduced. Two of these scenarios
involve ideal matrix Lie group dynamics described in the previous chapter, while the other two
are derived from real-world applications. Detailed setups, including the reference trajectories,
system configurations with revised dynamics, and cost functions, are provided. Subsequently,
three baselines, along with their respective purposes and designs, are introduced in Section 4-
2.

Simulation results for the four scenarios are presented in Section 4-3, Section 4-4, Section 4-5,
and Section 4-6, respectively. Each section discusses in detail issues related to solution validity
for manifold constraints, convergence, defect reduction, and solution optimality within the
corresponding scenario. These four sections collectively enable a comprehensive discussion in
Section 4-7.
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Chapter 5

Conclusion and Future Work

In this chapter, we revisit the thesis goal, summarize the chapters of the thesis, and outline
the thought process and work development from start to finish. This is followed by a detailed
summary of the specific innovative contributions presented in this thesis. Discussion about the
results follows and concludes the thesis. Additionally, several potential and valuable future
research directions aligned with the exploration conducted in this thesis are outlined.

5-1 Summary

This thesis initially focused on integrating the geometric properties of matrix Lie groups
into the framework of modern numerical algorithms, specifically differential dynamic pro-
gramming (DDP), by developing methods to solve trajectory optimization problems entirely
on the lower-dimensional manifold—an approach that was relatively unexplored and innova-
tive. Furthermore, the thesis aimed to quantitatively assess the strengths and weaknesses of
the proposed algorithms across various scenarios, thoroughly demonstrating their capabilities
while identifying the circumstances in which these methods should or should not be employed.
To achieve this, conducting a comprehensive experimental benchmark was established as the
second critical objective.

To accomplish these goals, the chapters were carefully structured to systematically present
the research and its narrative, with each chapter contributing to the progressive development
of the thesis.

In Chapter 2, a comprehensive formulation of the trajectory optimization problem on ma-
trix Lie groups was presented, with each component discussed in detail. To construct the
problem, the dynamical constraints on matrix Lie groups were developed and their relation-
ship with classical mechanics analyzed. These dynamics were then discretized to facilitate
problem transcription. The key concept of formulating an "unconstrained," lower-dimensional
problem on the manifold by leveraging its geometric structure was explained in detail, ac-
companied by a comparison with its embedded Euclidean "constrained" counterparts. This
led to the complete problem formulation in continuous time, including a specific form of the
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tracking problem where the cost function utilized the Lie group Log operations. Finally, the
optimal control problem was transcribed into discrete time, making it suitable for numerical
optimization algorithms.

In Chapter 3, numerical algorithms for the trajectory optimization problem on matrix Lie
groups were derived. The key to solving the trajectory optimization problem on the mani-
fold lay in leveraging lower-dimensional geometric derivatives, which were first developed in
detail with the aid of the Manif library. This led to the development of the single-shooting
DDP framework and its iterative linear quadratic regulator (iLQR) variant on matrix Lie
groups. Furthermore, analyzing the tracking cost on matrix Lie groups, formulated using ,
and identifying its non-smoothness property as the root cause of various numerical issues,
strongly motivated the development of the multiple-shooting variant, MS-iILQR, on matrix
Lie groups. In theory, MS-iLQR effectively mitigated poor local minima by utilizing its abil-
ity to warm-start. Finally, as an initial step towards constraint handling, the Augmented
Lagrangian method was introduced, re-derived, and applied to integrate general inequality
constraints, with input constraints specifically addressed.

In Chapter 4, comprehensive benchmark experiments with three baselines and four scenarios
were conducted and thoroughly analyzed. The scenarios included two ideal matrix Lie group
dynamics cases and two practical applications: drone racing tracking and 3D pendulum swing-
up. The analysis of results across these four scenarios provided insights into the algorithms’
performance from different perspectives, culminating in a final overall discussion that drew
several significant conclusions about all five algorithms.

The primary technical and innovative contributions of this thesis were summarized as follows:

e Proposed and developed a single-shooting iLQR algorithm on matrix Lie groups with
a Gauss-Newton approximation of the problem Hessian, incorporating the geometric
derivatives of both dynamics and cost.

e Proposed and developed a Gauss-Newton-based multiple-shooting iLQR algorithm on
matrix Lie groups, specifically addressing the poor local minimum issue caused by the
non-smooth cost function on matrix Lie groups by utilizing a warm-start strategy.

e Conducted a carefully designed and systematic experimental benchmark with in-depth
analysis, involving three baselines and four scenarios. The three baselines include one
widely used method and two additional proposed and designed in this thesis. The four
scenarios consist of two ideal tracking tasks on matrix Lie groups and two practical
underactuated applications.

e Implemented the proposed algorithms and three baselines, along with all benchmark
experiments, using Python, Manif, CasADi, and IPOPT. Additionally, all implementa-
tions are structured as an open-source, well-organized codebase.

5-2 Conclusion

In conclusion, this thesis successfully achieved its objective of exploring the unconstrained cat-
egory of trajectory optimization algorithms that operate directly on the manifold. Specifically,
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two algorithms—single-shooting iLQR on matrix Lie groups and multiple-shooting iLQR on
matrix Lie groups—were proposed and implemented, utilizing the proposed Gauss-Newton
approximation of the optimization Hessian. These methods effectively incorporate geometric
information into the modern DDP framework.

Furthermore, to comprehensively assess their performance, a benchmark was conducted across
four scenarios and three baselines—one widely used and two newly proposed.

The results demonstrated that the proposed MS-iLQR on M, leveraging the advantages of
reduced problem dimensionality and geometric Jacobians, exhibited practical linear conver-
gence, efficient defect reduction, effective warm-start initialization, and the ability to avoid
poor local minima. By utilizing manifold geometric information and solving the problem di-
rectly on matrix Lie groups, MS-iILQR on M generally achieved faster convergence in appli-
cations with practical tolerance requirements and showed strong potential for computational
efficiency while yielding optimal or suboptimal solutions depending on the scenario. Notably,
it was more likely to perform better in SO(3)-related cases.

Beyond MS-iLQR, experiments also indicate that baseline methods in higher-dimensional em-
bedding space remain viable for practical use and can leverage geometric information to a
certain extent. Specifically, manifold constraint violations can be mitigated by strictly en-
forcing the dynamics formulation. Additionally, incorporating the geometric Log(-) cost on
matrix Lie groups provides high-quality derivative information, leading to faster convergence
and improved optimality, although further investigation is required for different scenarios.
These findings also highlight the great potential of auto-differentiation tools for solving tra-
jectory optimization problems on matrix Lie groups.

5-3 Recommendations for Future Work

Some possible and interesting future work are listed as below, as extension on the basis of
this thesis.

5-3-1 Efficient Implementations for Computation Time Benchmarks

Although a relatively comprehensive analysis and benchmarking have been conducted in this
thesis, comparisons in terms of computation time and efficiency have been down-prioritized.
There are two primary reasons for this omission. First, this thesis primarily focuses on
aspects such as convergence, defect handling, and manifold constraint handling, which are
more closely related to the properties of the algorithms themselves rather than computational
efficiency. This allowed the experimental benchmarking to proceed without explicitly consid-
ering computational aspects. Second, due to the use of certain external libraries during the
early stages of algorithm development, most implementations were conducted in Python. As
a result, the computational efficiency is not directly comparable to solvers implemented in
lower-level languages like C++ or C (e.g., IPOPT, commonly used in other studies).

That said, the use of closed-form derivatives and lower-dimensional computations derived
from geometric information theoretically offers better computational efficiency compared to
widely used numerical tools. Therefore, developing an implementation in C, C++4, Rust, etc.
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of the proposed algorithms and conducting a detailed computational efficiency analysis would
be a highly meaningful and important direction for future research.

5-3-2 General Inequality Constraints Handling on Matrix Lie Groups

In this thesis, as a by-product, general constraint handling was theoretically developed using
the Augmented Lagrangian method and implemented with input constraints. However, due
to time prioritization reasons, its full capability was not showcased, tested, or extensively
experimented upon.

The developed Augmented Lagrangian method has the potential to handle not only input
constraints but also any stage-wise constraints, such as state-related constraints for avoid-
ing specific configurations (e.g., collision avoidance), provided that the cost evaluation and
Jacobian matrix are available to the interface. Further exploration of incorporating other con-
straints for various practical applications using the developed Augmented Lagrangian method
is absent but remains an interesting and valuable direction to fully utilize the constraint han-
dling framework.

Moreover, as highlighted in the literature review [44], there exist multiple mathematical ap-
proaches to constraint handling, many of which have shown promise and been integrated into
DDP frameworks in Euclidean space. However, few of these approaches have been applied to
matrix Lie groups, leaving a significant gap in extending constraint handling methods to this
domain. Expanding the proposed algorithm framework to include such unrealized approaches
would be an important and enriching contribution.

Finally, benchmarking different constraint handling methods would be both feasible and cru-
cial. Such a study would provide valuable insights, particularly on how these methods behave
on matrix Lie groups compared to their performance in conventional Euclidean spaces.

5-3-3 Application to Model Predictive Control

As outlined in Chapter 1, efficiently solving trajectory optimization—an optimal control prob-
lem—is central to the functionality of Model Predictive Control (MPC). The proposed tra-
jectory optimization method can be readily implemented using a receding horizon framework,
forming the basis of an MPC controller. Its performance, particularly in terms of timeliness
and accuracy, is both significant and worthy of further investigation.

Furthermore, as most of the thesis work is based on a cost function designed for tracking
tasks, extending the proposed methods to tracking MPC is a natural progression. Addi-
tionally, achieving better performance in tracking may require modifications to the problem
formulation, such as incorporating artificial references [39], which is also a promising direction
for future exploration.

5-3-4 Extension on Other Matrix Groups

In this thesis, although the developed theory can be applied to any type of matrix Lie group,
due to time constraints, only two representative matrix Lie groups—SO(3) and SE(3)—were
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implemented and utilized for experimental benchmarking. However, as demonstrated in the
final results, the performance of the proposed algorithms and benchmarks can vary signifi-
cantly depending on the scenario, suggesting that other types of matrix Lie groups are worth
investigating.

In particular, quaternion, i.e. SU(2), is highly recommended for further exploration, as it
is widely used in various applications and serves as a highly interesting potential baseline.
Additionally, it also has seen advancements in derivative computation theory [35].

5-3-5 Application Deployment and Benchmark

As demonstrated in this thesis, while the proposed algorithms exhibit strong capabilities and
excellent performance in ideal dynamics with full actuation, their behavior in practical appli-
cations—typically underactuated systems with various constraints—is less predictable than
expected and requires case-by-case investigation. For example, the algorithms perform well
on the 3D pendulum task but relatively poorly on the drone racing tracking task. The specific
distinctions influencing performance may include the choice of cost function, whether the sys-
tem is underactuated or fully actuated, the type of matrix Lie group, horizon requirements,
and the dimensionality of the system state.

In this context, investigating the types of application platforms that are most suitable for the
proposed algorithms would represent a valuable contribution.
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Appendix A

Mathematical Derivations

A-1 Comparison of Left- and Right-Error Cost Function Norms

For configuration X and reference X € M = SE(3), due to Lie group’s non-commutativity,
based on the left-minus and right-minus definition,

1

X ©" X = Log(X  X) = Log(61) =1 € TgM,

. 5 (A-1)
X O X = Log(XX ) = Log(d2) = v € T-M
and

Y1 # P2 (A-2)

In Lie group theory, they are related by the adjoint operation

— —1 A
09 = X1 X ~ = Ad=o

2 1 1 702 (A-3)

Uy = XYL X =ty = Adpin

Now we are considering a quadratic cost function defined with

J =T Quy (A-4)

and wondering if choosing either i; or 1y would affect the value of cost function, i.e. the
question is, whether the adjoint operation on Lie Algebra level would change the norm the
isomorphic Cartesian vector?

To begin with,

o2 = e "
= ¢?(Ad§Ad)?)1/)1
so the problem boils down to if Adz%Ady = I holds. For X = lﬁ ﬂ € SE(3),
R 0
sz = 3] (A)
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then we have

r T
R () R 0

i

B RTR+RT Zt R RTHTR
RT[{«R RTR

By comparing each term in the matrix, it appears that Adz,%Ady = I. Therefore, the choice
of 91 or 9 indeed affects the cost function value. This implies that selecting the left- or
right-error as the cost function on matrix Lie groups is a significant decision and should be
considered comprehensively.
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List of Acronyms

DDP differential dynamic programming

DP dynamic programming

iLQR iterative linear quadratic regulator
ocCPp optimal control problem

sSQP sequential quadratic programming
LQR linear quadratic regulator

SO(n) special orthogonal group

SE(n) special Euclidean group

MS-iLQR multiple-shooting iterative linear quadratic regulator
KKT Karush-Kuhn—Tucker

SLAM simultaneous localization and mapping
MPC Model Predictive Control
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