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Preface

This report was written as a conclusion to the Master of Science program
for the Faculty of Aerospace Engineering of the Delft University of Technol-
ogy. It describes the calculation of postseismic surface displacements following
intermediate-depth earthquakes in the Vrancea Region and how they contribute
to GPS observed displacements in south-east Romania.

The calculation of the displacements has been based on the lecture notes of
”Geophysical applications of satellite measurements” (AE4-877) and on the Geo-
physical Journal International paper ”Global post-seismic deformation”. The GPS
observed velocity vectors used in this report are obtained from a GPS network
covering a large part of Romania. A subject about which a more extensive read-
ing can be found in the EOS paper ”GPS Probes the kinematics of the Vrancea
seismogenic zone”.

Chapter (2) briefly explains the structure of the Earth, plate tectonics and the ge-
ometry of earthquakes in general and for the Vrancea region in particular. The
theory on which the postseismic calculations are based is given in Chapter (3).
This theory differs from the Normal Mode Analysis as it is used for the calcula-
tion of postglacial rebound in two ways. For postseismic relaxation, in addition
to the spheroidal component, a toroidal component to the surface displacements
has to be taken into account and an earthquake is modeled as an internal loading
to the Earth model, not a surface loading. Readers not interested in any theory
are directed to Chapter (5) for the general results of intermediate-depth earth-
quakes applied to several realistic Earth models. Chapter (6) gives a comparison
between the displacements as they where numerically modeled and observed by
a GPS network. Chapter (6) also contains more information about the GPS net-
work in Romania. Conclusions and recommendations can be found in Chapter
(7).

I would like to show my gratitude towards my supervisor Bert Vermeersen and
co-supervisors Riccardo Riva and Andre van der Hoeven for sharing their expe-
rience and providing me with all the information I needed.

I also want to thank all the students in the student rooms for their help con-
cerning all the problems I encountered during programming and with the English
language. For assisting me with the generation of the figures as they are present
in the report I would like to thank Mark Knegt and Riccardo Riva.

For their help with the grammar and structure of this report I would like to
thank Bert Vermeersen, Vanessa Ratard, Greet Leegwater and Bert Wouters. Of
which the last two also deserve together with my parents a special thanks for
comforting me or just enduring my presence during the whole graduation pro-
cess.
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Summary

The Vrancea region in Romania is known for its very complicated tectonic set-
ting. It is the border region of three main tectonic units in south-east Romania.
The collision between these units is believed to be the origin of the East and
South Carpathians. The Vrancea region is also the home of a large amount of
intermediate-depth earthquakes that are all confined to a relatively small volume
corresponding with a seismic detectable slab starting from a depth of 60-70 km.
What this slab exactly is, is still is a point of discussion among scientists. It re-
mains unanswered whether the slab is a subducted oceanic lithosphere or a part
of the lithospheric mantle that has been separated and sunk gravitationally into
the underlying mantle, and also whether the slab is still attached, in progress of
detachment or already detached.

What is known is that the horizontal crustal movement of the area between
the Vrancea region and the Black Sea is mainly in a south-east direction relative
to the assumed stable Eurasian platform. This was concluded in [van der Hoeven,
et. al., 2004] where GPS vector solutions are given based on data of the combined
Netherlands Research Center for Integrated Solid Earth Sciences (ISES), the German
Research Foundation (DFG) and Collaborative Research Center (CRC) 461 networks
in Romania. Also known is that when the tectonic processes mentioned above
are modeled they never result in acceptable approximation of the GPS observed
movements, some even result in displacements in the opposite direction. Thus,
the question arises : ”What is the contribution of the major intermediate-depth
Vrancea earthquakes of the last thirty years to the GPS observed movements in
the south-east of Romania?”.

To answer this question a study was undertaken of all available literature
about the Earth structure in the region. This resulted into two realistic laterally
homogeneous and radially stratified Earth models for the Vrancea region, one
being a five-layer model and the other a seven-layer model. The latter is almost a
replica of the five-layer model, with the exception of a low-viscosity zone being
inserted. The models are mainly based on a paper about the local lithospheric
strength [Lankreijer, et. al., 1997] for the upper part and postglacial rebound
studies for the deeper structure of the Earth.

The earthquakes used in the simulations are the March 4 1977, the August 30
1986, the May 30 1990 and the May 31 1990 earthquakes. These are, according
to the GMT catalogue, the only earthquakes of the last 30 years with a moment
magnitude larger than 6. These earthquakes are applied as internal loadings to
the incompressible, non-rotating, self-gravitating, Maxwell viscoelastic sphere
representing the Earth. The displacements on the Earth’s surface can then
be calculated by solving the equations governing infinitesimal, quasi-static
perturbations in the sphere by use of Normal Mode Analysis. Subsequently
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x Summary

similar simulations were done for several Earth models with varying parameters
resulting in three dimensional surface displacements for almost every realistic
structure of the Earth.

All the simulations resulted in horizontal movements whereof the direction
corresponds reasonably well with GPS observations in the area between the
Vrancea Region and the Black Sea. It was recognized that the best correlation was
obtained close to the Vrancea region, the region for which the Earth model was
constructed. The extent to which the magnitudes of the modeled displacements
and the observed movements correspond depends mainly on the depth of the
boundary between the upper and lower lithospheric mantle. The best correlation
was obtained for the models where the upper and lower lithospheric mantle are
20 km and 80 km thick, respectively. The viscosity of the lower lithospheric man-
tle also has an important influence on the resulting magnitude of the horizontal
displacements. When it is equal to 1019 Pa s the magnitude decreases rather fast
with increasing distance to the epicenters, leading to vectors that do not conform
to GPS observed motions in the far-field. This decrease does not take place when
the lower lithospheric mantle viscosity is equal to 1018 or 1017 Pa s. Models with
these compositions resulted in the best correspondence with the GPS observation
in the region of interest.

For further research related to the body of work presented in this report it is
recommended to proceed with the simulations using Earth models that are not
only radially stratified, so that variations in the thickness of layers are possible
and local low-viscosity zones can be included in the models. Furthermore it is
advised to continue the GPS observation, so as to further improve the accuracy
and allow a possibility to compare the vertical displacements to the numerically
modeled vertical displacements. The residual motions resulting from subtraction
of the GPS observations from the modeled values should then be compared to
crustal movements caused by all possible geological processes occurring under-
neath the Vrancea region.



Chapter 1

Introduction

Vrancea

Vrancea is a Romanian county in the Moldavia region and is located at the sharp
bending zone between the eastern and southern Carpathians (see Figure 1.1). It
forms the border zone between three main tectonic units: the East-European plat-
form to the north and north-east, the Moesian plate to the south and the Tisia-
Dacia block to the north-west [Dinter and Schmitt, 2001]. In [Lankreijer, et. al.,

Figure 1.1 Location of the Vrancea region, [Sperner, et. al.,2001]

1997] it is suggested that in the late Mesozoic there was a small ocean similar
to the Black Sea at the location of the Carpathians. The oceanic plate subducted
under the Tisia-Dacia block closing the small ocean and a collision followed be-
tween the European platform, that was attached to the oceanic plate, and the
Tisia-Dacia block creating the Eastern Carpathians. This oceanic plate pulled on
the attached continental platform, causing it to enter the subduction zone. How-
ever, other authors [Chalot-Prat and Girbacea, 2000], [Gvirtzman, 2002], [Girbacea
and Frisch, 1998] believe that the continental lithosphere is unsubductable due to
its higher buoyancy (Section 2.2). And, that the constant gravitational pull of the
subducted oceanic lithosphere caused the delamination between the continental
lithosphere and its underlying lithospherical mantle and roll-back of the latter.
Thus, implying that at the contact zone between the oceanic and continental crust
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2 Introduction

the opposite stresses were larger than the strength of the local material, causing
it to break. The dense oceanic lithosphere continued to sink gravitationally while
the fracture grew horizontally. This resulted in the present-day situation where
a delaminated lithospheric mantle is positioned vertical underneath the Vrancea
region, 130 km away from the break-off point. The resulting gap was filled by
material of the underlying asthenosphere (Section 2.1). Eventually this has led
to the brake-off of the subducted slab, oceanic lithosphere or lithospheric mantle.
This break-off has started in the west of the Carpathian Arc during early Miocene
[Nemcok, et. al., 1998] and moved along the arc-shaped Carpathians towards its
present position, the Vrancea area.

Another question is whether presently the slab is still attached, in progress of
detachment or already detached. Several seismologic measurements [Fan, et. al.,
1998], [Sperner, et. al., 2001], [van der Hoeven, et. al., 2004] have identified the
existence of a 20 to 60 km wide and 130 km long body, that has different material
characteristics than the surrounding area. The same measurements sometimes
detect an area above this body with no anomalies regarding the environs between
40 and 60-70 km depth; which could mean that the subducting body is already
detached. This is however contradicted by several authors (e.g. [Sperner, et.
al., 2001], [Chalot-Prat and Girbacea, 2000], [Gvirtzman, 2002]) who claim that the
measurements were done with too low a resolution, that the stresses measured in
the body are too large for it to be detached, or that the measured anomalies are
actually the asthenosphere risen.

A very important tool in efforts to answer these questions is GPS. GPS is
presently considered to be one of the most powerful space-geodetic tools to mea-
sure the three dimensional surface deformations [van der Hoeven, et. al., 2004]. In
the same paper velocity vector solutions are given for the present-day horizon-
tal crustal movement in Romania. These solutions are based on observation of
the combined Netherlands Research Center for Integrated Solid Earth Sciences (ISES),
the German Research Foundation (DFG) and Collaborative Research Center (CRC) 461
networks in Romania. The network has repeatedly been observed since 1998. For
the scope of this report its main conclusion is that the movement of the crust of
the area between Vrancea and the Black Sea is in the south-east to south direction.

This conclusion is important because many geological and geophysical stud-
ies [van der Hoeven, et. al., 2004] have tried to determine the cause of the GPS ob-
served surface displacements in terms of active long-term geodynamic processes
such as convergence, subduction and slab break-off. They all failed in giving a
good estimate of the crustal movement in the Vrancea region and the whole area
south-east (see Figure 1.1) as it was observed. These studies did not take into ac-
count that the earthquakes that occurred in the past could have a large influence
on the present-day crustal movement.

The fact remains that the structure under the Vrancea region as described by
the seismology field is confirmed by the location of major earthquakes (see Figure
1.2). Although minor earthquakes are spread all over the crust in Romania, the
largest in strength are confined to the same area, the subducting slab underneath
the Vrancea region (see Figure 1.2). Moreover, there is also an area of no seismic
activity between 40 and 60-70 km depth [Bala, et. al., 2003], [Chalot-Prat and Gir-
bacea, 2000], [Girbacea and Frisch, 1998]. Similarly, this is not proof that the slab
is already detached. It is important to have a better understanding of the effect
on the surface of all possible processes active inside the Earth so that they can be
linked to the horizontal and vertical displacements, measured by use of GPS. This
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Figure 1.2 Hypocenters intermediate depth earthquakes, [Linzer, et. al.,1998]

way a better understanding of the structure of Earth and what internal processes
can cause is obtained.

Postseismic deformation

The objective of this project as described in this report was to calculate the contri-
bution of the major earthquakes of the last 30 years to the present-day horizontal
and vertical crustal movements, using realistic Earth models and comparing the
results with GPS observed displacements of the Vrancea region. The surface dis-
placements induced by the redistribution of the stresses inside the different layers
of the Earth years after an earthquake, that caused the sudden build up of stress,
are called postseismic deformations. The earthquakes used for these calculations
are the 4 March 1977, the 30 August 1986, the 30 May 1990 and the 31 May 1990
events. These are according to the Harvard CMT catalogue the only events in the
Vrancea area in the last 30 years that reach a moment magnitude (MW ) higher
than 6. All these earthquakes occurred between a depth of 60 to 140 km, mak-
ing them intermediate depth events. This is an important fact because until now
most of the research on postseismic deformation concerned shallow earthquakes.
Still little is known about the effect of the events occurring at intermediate depth.

A realistic Earth model means that the model utilized for the simulation is the
most appropriate radially stratified sphere, when the known composition of the
Earth underneath the research area is considered. Here a strength profile of the
local lithosphere is used for the structure of the upper layers of the model, while
the viscosities and thicknesses of the layers of the mantle are based on postglacial
rebound studies. So, it is assumed that the Earth is built up of several layers with
constant material properties. Of course in reality the Earth can not be separated
into homogeneous layers, there are lateral discontinuities of all the material prop-
erties. The constant values should be seen as an average over the whole layer.
Furthermore, for the simulations a self-gravitating, viscoelastic Maxwell Earth
model is applied. The simulations approach used is almost totally analytical and
based on the Normal Mode Theory.

Structure of the report

The report is composed of seven chapters. In Chapter 2 the structure of the Earth,
global plate tectonics and the tectonic situation in the Vrancea region are dis-
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cussed. Following these is a discussion on earthquakes in general and the earth-
quakes used in this report.

Chapter 3 provides the mathematical background used to calculate the post-
seismic surface displacements induced by the earlier discussed earthquakes.
Here a set of equations describing the assumed conditions in laterally homoge-
neous spherical Earth models is given. Followed by a thorough explanation of the
method used to analytically solve these equation for an internal loading applied
to the model.

Based on the lithospheric strength profile as it is given in [Lankreijer, et. al.,
1997] and post-glacial rebound studies, in Chapter 4 values are assigned to the
different parameters of a five- and a seven-layer Earth model. Both of these mod-
els form the initial concept used to compose several other models by altering one
parameter (like viscosity or thickness of a layer) of the model.

The results of the actual calculations are presented in two parts. The em-
phasis in Chapter 5 lies on determining the influence of the intermediate depth
earthquakes on surface displacement. This is obtained by comparing the results
of the different Earth models.

In Chapter 6 one model that is realistic and whose results correspond to the
GPS observations is selected from all the simulated models and is adjusted ac-
cording to the latest research about the local composition of the Earth. Using the
Normal Mode Theory, deformations are calculated for several viscosities. The re-
sults are compared to the GPS measurements to find out what the influence of the
earthquakes on the observed velocities are in the area.

The report ends with conclusions and recommendation pertaining to the re-
sults obtained, in Chapter 7.



Chapter 2

Plate tectonics and earthquakes

In this chapter an introduction will be made to the global Earth structure and
plate tectonics mainly based on the theory as it was described in [Vermeersen,
2002a]. The source of the general description of earthquakes (section 2.3) is [Stein
and Wysession, 2003].

2.1 Earth structure

Based on seismologic research the interior of the Earth can be separated in three
layers: the crust, the upper-most layer, the mantle, the central layer and the core,
the interior layer. As Figure (2.1) shows, each of these layers can then be sub-

Figure 2.1 Internal structure of the Earth, [Sklyarov ]

divided into several other layers. The crust forms the surface we live on or the
ocean’s floor. In general the oceanic crust is thinner but denser than the conti-
nental crust. The boundary between the crust and the mantle is the so-called Mo-
horovicic discontinuity or Moho and is seismically detectable. The average depth of
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6 Plate tectonics and earthquakes

the Moho is 35 km but can vary from 0 km at a mid-ocean ridge (see Chapter 2.2)
to 70 km beneath mountains.

The mantle is almost 2900 km thick and contributes to about 80 % of the
Earth’s total volume. The mantle is split into the upper and the lower mantle
by the 670 km discontinuity. Beneath this boundary no earthquakes occur.

The lower mantle is separated from the core by the Core - Mantle Boundary
(CMB) at a depth of about 2900 km. The core exists of an outer core of molten
metal and a solid metal inner core that starts at a depth of approximately 5150
km. The mean radius of the Earth is 6371 km. The metal ’fluid’ in the outer core
moves with velocities of about 0.1 mm/s, which makes the core a sort of dynamo
that generates the Earth’s magnetic field.

There is also another possibility for the differentiation of the upper layers of
Earth: the crust and the most upper part of the mantle form the lithosphere. This
lithosphere is considered the strongest layer of the Earth and can reach to a depth
of about 200 km. The lithosphere is believed to be situated on a very hot, semi-
solid part of the upper mantle known as the asthenosphere. The asthenosphere is
a weaker part of the upper mantle.

2.2 Plate tectonics

The crust is not one whole shell; in global plate tectonics it is divided into 15
rigid plates (see Figure 2.2). The plates are rigid in the sense that it is assumed
that deformations take place at the boundaries. These 15 plates are of two types:
oceanic and continental ones. Figure (2.2) illustrates that many plates contain

Figure 2.2 Tectonic plates of the present-day Earth, [Mueller ]

a (part of a) continent and an (part of an) ocean and are thus a combination of
both crustal types. The boundaries where an ocean runs adjacent to a continent
inside a plate is called a passive plate margin. The plates move relative to each
other, with a maximum of about 100 mm/year. The direction and velocity of the
plate movement has hardly changed over the past million years . A boundary
between two moving plates is called an active plate margin or transform fault when
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the relative motion is mainly horizontal. It is important to note that although the
majority of movement processes occur at plate boundaries, they are not the only
place where the events can occur. Some plates are built up of smaller plates which
also move relative to each other. So the same events as described below can take
place inside a plate.

The fact that the plates move in different directions means that some plates
will collide while others will drift apart. In case of the latter, as there is no crust to
cover the mantle, an upward flow of molten materials from the mantle (magma)
reaches the Earth’s surface or the ocean floor. In oceans it is called a mid-ocean
ridge. There the magma condenses and becomes part of the diverging ocean
plates.

In the case of two plates moving towards each other again a differentiation
must be made between oceanic and continental plates. As stated previously an
oceanic plate is denser than a continental plate and it is possible that part of it
consists of the same material as the mantle below. When an oceanic plate runs
into another plate and a downward motion is triggered, the oceanic plate can
start to sink into the mantle below. This is known as subduction and the velocity
of the process can run up to 100 mm per year. The exact trigger of this process
is not always known but sediments on the ocean floor can be a driver. This total
process, the renewal and subduction of material, means that oceanic lithosphere
is not older than approximately 200 million years. When a subducted plate is
connected to a continental plate it is possible that over time the continental plate
will start subducting when it reaches the boundary. However, it would not to-
tally sink because of it lesser density. The part already subducted would proba-
bly tear off in time and sink further. In general conditions however, continental
plates will not subduct because of their lower density and thus higher buoyancy.
Buoyancy is the difference between the force pushing the plate down and the
upward pressure exerted by the underlying mantle. The Vrancea area is at the
moment one of the few places on Earth where late-stage development of active
ocean-continent collision, combined with subduction in a relative small area, can
be studied [van der Hoeven, et. al., 2004], [Sperner, et. al., 2001]. Although it is not
clear at what stage the subducted slab is at, it is known that the plates are past the
ocean-continental collision stage and have moved into a continental-continental
collision.

In case of two continental plates converging, both will thicken at the contact
zone and a chain of mountains arises. This is what happened in the Vrancea
region between the three main tectonic units: the East-European platform, the
Moesian plate and the Tisia-Dacia block. The collision created the Carpathians.

2.3 Earthquakes

The motion between two massive plates is not smooth. The deforming bound-
aries cause stress to build up along the fault. This process, that is part of the so-
called seismic cycle, can take over thousands of years and is called the interseismic
stage. During this stage there is a possibility of movement in the neighborhood of
the fault but the fault itself stays locked. The next stage is the pre-seismic stage; it
begins shortly before the actual earthquake and it is often associated with small
earthquakes (foreshocks). The earthquake itself is the moment when the built-up
stress (partially) releases because the rocks can no longer take the stress anymore
and break. It marks the co-seismic stage of the cycle. This is the most disastrous
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phase because in just a few seconds the fault can move a couple of meters with
sometimes catastrophic results for the people and buildings on the surface. The
final stage is known as the post-seismic phase and starts after the aftershocks. The
stress is then redistributed over all the layers of the Earth. It can be the cause
for surface velocities up to centimeters a year. Afterwards the fault settles into
interseismic behavior again.

Because of the long duration of the total process it is hard to study the cycle.
There is no data available for a whole cycle at one location. There is however data
from observation of different places. It is assumed that the total gives an insight
in the whole cycle but the accuracy of this assumption is not known. This means
that earthquake physics remains an uncertain research area where a variety of
techniques is used in several active studies. An important result from research
performed by seismology and geodesy for postseismic studies of earthquakes is
the fault geometry. When an earthquake occurs waves start traveling trough the
different layers of the Earth. By measuring the time the waves take to arrive to
seismometers at different sites and assuming velocity profiles for all the layers
the waves travel trough, it is possible to determine the location of an earthquake.
The amplitudes and shapes of these seismic waves are used to outline the size
of the earthquake and the geometry of the fault on which it occurred. The exact
technique used will not be further explained.

Figure 2.3 Fault geometry, [Stein and Wysession,2003]

Fault geometry is assumed to consist of a plane, the fault plane, that describes
the movement of two plates relative to each other due to an earthquake (see Fig-
ure 2.3). The intersection line of this plane and the Earth surface is called the
strike. The slip angle λ gives the direction in which the upper block moves with
respect to the lower block. This direction also determines the direction of the
fault. The strike angle φf can now be determined as the angle clockwise from the
geographical north in direction of the fault. The dip angle δ defines the direction
of the fault plane relative to the Earth’s local surface. The hypocentre is the center
of the earthquake and the epicenter is its perpendicular projection on the Earth’s
surface. The distance between these two defines the depth of the earthquake. The
main direction that the two tectonic units move relative to each other determines
whether an earthquake is classified as having a strike-slip or a dip-slip source. In
the Vrancea region the intermediate depth earthquakes are caused by subduction,
resulting in the assumption that all the earthquakes have a slip-dip source.

In this report the geometry was further simplified; it was assumed that the
units move or only vertical or only horizontal relative to each other. This means
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Table 2.1 Seismic source parameters for the Harvard CMT solution

Date d δ φf M0 LAT LONG
(km) (Deg) (Deg) (Nm) (Deg) (Deg)

4-Mar-77 83.6 62.0 235.0 1.99E + 20 45.23 26.17

30-Aug-86 132.7 72.0 240.0 7.91E + 19 45.76 26.53

30-May-90 74.3 63.0 236.0 3.01E + 19 45.92 26.81

31-May-90 87.3 69.0 309.0 3.23E + 18 45.67 26.00

Table 2.2 Seismic source parameters for the regional solution

Date d δ φf M0 LAT LONG
(km) (Deg) (Deg) (Nm) (Deg) (Deg)

4-Mar-77 94.0 70.0 220.0 7.08E + 19 45.34 26.30

30-Aug-86 131.0 65.0 235.0 5.01E + 19 45.52 26.49

30-May-90 91.0 63.0 236.0 3.55E + 19 45.83 26.90

31-May-90 79.0 69.0 309.0 4.47E + 18 45.83 26.89

that for a slip-dip source the slip angle was assumed to be rectangular and no fur-
ther consideration was given to two dimensional movements in the fault plane.
For the calculations of postseismic deformations at the Earth’s surface an earth-
quake was thus completely defined by its coordinates (LAT , LONG), depth (d),
dip (δ) and strike φf direction, moment magnitude MW and the date at which the
earthquake occurred. For each earthquake these quantities were measured by a
network of seismometers. It is noteworthy that these quantities can differ quite a
lot depending on the use of a global network like the Harvard CMT Catalog (see
Table 2.1) or a regional network of stations (see Table 2.2). It was not possible to
determine which of the two is better, so both of them are used to generate the
postseismic deformations that were compared with GPS measurements. How-
ever, this is not applicable to the first section of the research, as its objective was
to study the differences in surface displacements caused by intermediate-depth
earthquakes, for several Earth models. Thus, it was of lesser importance that the
quantities were not exactly known as the same set of data was used for all the
simulations. That is also why only the three strongest earthquakes as given in the
first three rows in Table (2.1) were used.





Chapter 3

Mathematical background

In this chapter the general equations will be discussed and solved. These are
the equations governing infinitesimal, quasi-static perturbations in a spherical,
incompressible, non-rotating, self-gravitating, Maxwell viscoelastic sphere repre-
senting the Earth, subjected to an internal load. Furthermore it will be assumed
that the Earth is laterally homogeneous and hydro-statically pre-stressed. Later-
ally homogeneous means that it is assumed the Earth consists of separate shells
(layers) of constant material properties, and a constant internal gravity accelera-
tion g. The quantities can and in most cases do differ for different layers. Figure
(3.1) shows how the Earth is divided into N layers; layer N being the core and
the top of layer 1 represents the Earth’s surface. Layer Ns is where the internal
loading will occur.

rN

rN−1

Core

ρN−1, ηN−1, µN−1, gN−1

ppp
rNs+1

rNs
ρNs , ηNs , µNs , gNs

ppp
r4

r3

r2

r1

ρ3, η3, µ3, g3

ρ2, η2, µ2, g2

ρ1, η1, µ1, g1

Figure 3.1 Layered structure of the Earth

Solving the equations means that in this report displacements and potential field
at the surface as a result of the internal loading are found.

The following notations are used in these derivations. A bold symbol will
always represent a tensor and an arrow on top of a symbol makes it a vector. Unit

11
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basis vectors of the spherical coordinates r, θ and φ are respectively given by

êr = ê1

êθ = ê2

êφ = ê3

3.1 Basic equations

A particle is taken inside the described sphere. The situation where the particle
is in equilibrium when a force per unit volume ~F is applied, that is, the force is
balanced by surface stresses, is given in vector notation by

∇ · σ + ρ~F = ~0 (3.1)

with a density ρ and the symmetric stress tensor σ. The ∇ operator in spherical
coordinates is given in Appendix (A). The pressure exerted by the surrounding
Earth on the particle is given as the pressure gradient:

dp

dr
= −ρ(r)g(r). (3.2)

This is a function of the radius to the center of Earth r. Equation (3.2) implies that
a displacement of the internal particle by an amount ~u will change the surround-
ing pressure and thus the pressure inside the particle. This change in pressure is
given as a function of the initial pressure p0 and the displacement vector ~u:

p = p0 + ~u · ∇p0 (3.3)

where the last term on the right hand side is the so-called convective term. Equa-
tion (3.3) expresses that the initial stress distribution is advected with the defor-
mation [Vermeersen, 2002b]. A relation between the pressure and the stress is
given by the hydrostatic condition

σij = −pδij (3.4)

in which the the subscript (ij) indicates the position of the stress element in the
tensor. The elements of the Kronecker delta tensor are given by δij [Vermeersen,
2002b].

A combination of equations (3.1) to (3.4) gives the balance of forces in the
deformed situation:

−∇p0 +∇ · σ −∇ (ρ0g~u · êr) + ρ~F = 0 (3.5)

where σ represents the acquired stress.
If the assumption is then made that the force ~F is equal to the gravity force

and that no other forces or loads work on the particle then the disturbance force
can be written as

~F = −∇φ (3.6)

The potential field φ and the density can be written as a function of their original
state, respectively:

φ = φ0 + φ1 with φ1 � φ0 (3.7)

ρ = ρ0 + ρ1 with ρ1 � ρ0 (3.8)
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where the subscript 0 denotes the initial state and the subscript 1 the infinitesimal
perturbation.

Combining equation (3.6) with (3.7) and inserting the result and equations
(3.2) and (3.8) in (3.5), neglecting second-order terms, gives the following lin-
earized equation of momentum:

∇ · σ −∇ (ρ0g~u · êr)− ρ0∇φ1 − ρ1g0êr = 0 (3.9)

Equation (3.9) states the conservation of momentum for a compressible self-
gravitating body only subjected to the gravity. The first term represents the influ-
ence of the stress and the second the advection of the hydrostatic pre-stress. The
third term describes the change in gravity and shall be zero when self-gravitation
is neglected. The last term, which describes the influence of the perturbed density,
shall be equal to zero because an incompressible body is considered and thus the
perturbed density ρ1 equals zero. This also has consequences for the perturbed
gravitational potential φ1 due to an infinitesimal displacement. This satisfies the
Poisson equation

∇2φ1 = 4πGρ1 (3.10)

where G is the universal gravitational constant, but may as result of incompress-
ibility be derived further into

∇2φ1 = 0 (3.11)

Now the symbol σE is introduced for the ”elastic part” of any tensor. According
to Hooke’s Law this stress can be written as [Vermeersen, 2002b]

σEij = λ
3∑

k=1

εkkδij + 2µεij (3.12)

which gives a relation between the stress σ and the strain ε in homogeneous and
isotropic materials. The elements of the tensor of infinitesimal deformations εij
are given by

εij =
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
for i, j = 1, 2, 3 (3.13)

where the elements between the parentheses are the partial derivatives of the
displacements ui to the positional coordinates xj .

In equation (3.12) λ and µ are constant material parameters called Lamé con-
stants. The latter is also referred to as the shear modulus or rigidity. They are
related to the isentropic incompressibility or bulk modulus k by:

k = λ+
2
3
µ (3.14)

It is also possible to write σE by combining the constitutive relation of Maxwell
viscoelasticity and the Newtonian viscosity for incompressible fluids, respec-
tively:

ε̇ij =
σ̇ij
2µ

+
σij
2η

(3.15)

η =
σij
2ε̇ij

for i 6= j (3.16)

as

σ̇Eij = σ̇ij +
µ

η

(
σij −

1
3

3∑
k=1

σkkδij

)
(3.17)
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in which the dot represents the derivative with respect to time. With equation
(3.17) and the derivative of equation (3.12) the relation of stress and strain for a
three dimensional Maxwell model is given by

σ̇ij +
µ

η

(
σij −

1
3

3∑
k=1

σkkδij

)
= 2µε̇ij + λ

3∑
k=1

ε̇kkδij (3.18)

Next the Laplace transformation of a function f(t) is introduced according to
[Bavinck and Meijer, 2002]:

F̃ (s) =
∫ ∞
−∞

f(t)e−tsdt (3.19)

with t the time and s the Laplace variable. The tilde denotes Laplace transformed
variables. The Laplace transformation of these equations is necessary for an ana-
lytical solution to be reached.

Equation (3.19) is then applied to equations (3.9), (3.11), (3.13) and (3.18) and
also to the condition of incompressibility, as an incompressible Earth is assumed:

∇ · σ̃(s) = ∇
(
~̃u(s) · ρ0g0êr

)
+ ρ0∇φ̃1(s) (3.20)

∇ · ~̃u(s) = 0 (3.21)
∇2φ̃1(s) = 0 (3.22)

ẽ(s) =
1
2

[
∇~̃u(s) +

(
∇~̃u(s)

)T]
(3.23)

σ̃(s) = λ̃(s)˜̄e(s)I + 2µ̃(s)ẽ(s) (3.24)

with the Laplace transformed Lamé parameters

µ̃(s) =
µs

s+ µ/η
(3.25)

λ̃(s) =
λs+ µk/η

s+ µ/η
(3.26)

and I the identity matrix with the proper dimensions. Equation (3.21) is the con-
dition of incompressibility and it states that the convergence of the infinitesimal
displacement vector is zero. All the mathematical operators are given in Ap-
pendix (A).

These five equations (3.20-3.24) are the basic equations that govern the quasi-
static deformations of a spherical, incompressible, self-gravitating viscoelastic
body [Piersanti, et. al., 1995]. These equations are partial differential equations
and are not directly analytically solvable.

3.2 Spherical harmonic decomposition

To solve the five basic equations (3.20- 3.24) the partial differential equations must
be transformed into ordinary differential equations. These can then be solved
by means of standard propagator techniques. The Correspondence Principle states
that the elastic solutions in the Laplace domain give a unique time-dependent
viscoelastic solution after an inverse Laplace transformation is performed [Ver-
meersen, 2002b].
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In order to get to a solution the relevant fields need to be split into spheroidal
and toroidal components [Piersanti, et. al., 1995]. This can be done for all ba-
sic equations separately, as laterally homogeneous viscosity and density profiles
were chosen. In order to do this first the spherical harmonics are introduced as

Ynm(θ, φ) = (−1)mNnmP
m
n (cos θ)eimφ (3.27)

with Nnm the norm factors:

Nnm =

√
2n+ 1

4π
(n−m)!
(n+m)!

(3.28)

The spherical harmonics Ynm(θ, φ) are related to the associated Legendre func-
tions Pmn (cos θ):

Pmn (cos θ) =
(1− (cos θ)2)

m
2

2nn!
dn+m

d(cos θ)n+m

(
(cos θ)2 + 1

)n (3.29)

where n is the degree and m is the order of the expansion.
Secondly the vector spherical harmonics ~S−1

n+m,
~S1
n+m,

~S0
n+m are introduced as

S−1
n+m(cos θ) = Ynm(θ, φ)êr,

S1
n+m(cos θ) =

∂Ynm(θ, φ)
∂θ

êθ +
1

sin θ
∂Ynm(θ, φ)

∂φ
êφ, (3.30)

S0
n+m(cos θ) = − 1

sin θ
∂Ynm(θ, φ)

∂φ
êθ +

∂Ynm(θ, φ)
∂θ

êφ.

Using this orthogonal set of vector functions a vector field can be expanded in a
spherical and a toroidal part. The harmonics ~S−1

n+m and ~S1
n+m form the spheroidal

basis, while ~S0
n+m is the toroidal basis [Hanyk, 1999].

This can be clarified by expanding the total displacement field ~̃u(r, θ, φ, s) and
the gravitational field φ̃(r, θ, φ, s) respectively, using the spherical harmonic func-
tion:

~̃u =
∑
nm

[
˜Unm~S−1

n+m + ˜Vnm~S1
n+m + ˜Wnm

~S0
n+m

]
, (3.31)

φ̃ =
∑
nm

φ̃nmYnm (3.32)

where
∑

nm represents
∑∞

n=0

∑n
m=−n.

By combining (3.30) and (3.31) the displacement vector ~̃u can be written as the
sum of the spheroidal and toroidal part:

~̃u(r, θ, φ, s) = ~̃uS(r, θ, φ, s) + ~̃uT (r, θ, φ, s) where (3.33)

ũr,S=
∑
nm Ũnm(r,s)Ynm(θ,φ) ,ũr,T= 0

ũθ,S=
∑
nm Ṽnm(r,s)

∂Ynm(θ,φ)
∂θ

,ũθ,T=−
∑
nm W̃nm(r,s) 1

sin θ
∂Ynm(θ,φ)

∂φ

ũφ,S=
∑
nm Ṽnm(r,s) 1

sin θ
∂Ynm(θ,φ)

∂φ
, ,ũφ,T=

∑
nm W̃nm(r,s)

∂Ynm(θ,φ)
∂θ

Now the same separation can be done for the basic equations (3.20-3.24) by substi-
tution of the expanded deformation vector (3.31) and gravity field (3.32). Starting
with the substitution of (3.31) in the condition for incompressibility (3.21), result-
ing in

∇ · ~̃uS =
∑
nm

(
dŨnm
dr

+
2Ũnm − n(n+ 1)Ṽnm

r

)
Ynm = 0
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and

∇ · ~̃uT =
∑
nm

W̃nm

r sin θ

(
−∂

2Ynm
∂θ∂φ

+
∂2Ynm
∂φ∂θ

)
= 0

for the the spheroidal and toroidal component, respectively. The latter does not
result into a significant relation. The conditions for the spheroidal component can
further be derived to

χ̃nm =
dŨnm
dr

+
2Ũnm − n(n+ 1)Ṽnm

r
= 0 (3.34)

Substitution of (3.32) in the incompressible Poisson equation (3.22) results in the
following second order differential equation:

∇2φ̃1 =
∑
nm

∇ ·

(
dφ̃nm
dr

~S−1
nm +

φ̃nm
r

~S1
nm

)
= 0

or ∑
nm

(
d2φ̃nm
dr2

+
2
r

dφ̃nm
dr
− n(n+ 1)φ̃nm

r2

)
Ynm = 0

or
d2φ̃nm
dr2

+
2
r

dφ̃nm
dr
− n(n+ 1)φ̃nm

r2
= 0 (3.35)

This formula can be rewritten by use of the potential stress Q̃nm:

Q̃nm =
dφ̃nm
dr

+
n+ 1
r

φ̃nm + 4πGρŨnm (3.36)

into:

dQ̃nm
dr

− (n− 1)
r

Q̃nm +
4πGρ(n− 1)

r
Ũnm + 4πGρ

dŨnm
dr

= 0 (3.37)

and after substituting (3.34) results in:

dQ̃nm
dr

− (n− 1)
r

Q̃nm +
4πGρ(n+ 1)

r
Ũnm −

4πGρn(n+ 1)
r

Ṽnm = 0 (3.38)

Although the choice to employ the quantity Q̃nm may seem remarkable, its se-
lection shall be clarified in Section (3.4.1) where the boundary conditions are dis-
cussed.

The symmetric tensor of infinitesimal deformations ẽ (equations 3.23 and A.2)
can also be written as the sum of a spherical and a toroidal component, by substi-
tution of (3.31):

ẽ =
∑
nm

 eS,rr + eT,rr
1
2 (eS,rθ + eT,rθ) 1

2 (eS,rφ + eT,rφ)
1
2 (eS,rθ + eT,rθ) eS,θθ + eT,θθ

1
2 (eS,θφ + eT,θφ)

1
2 (eS,rφ + eT,rφ) 1

2 (eS,θφ + eT,θφ) eS,φφ + eT,φφ

 where (3.39)

eS,rr=
dŨnm
dr

Ỹnm ,eT,rr=0

eS,rθ=
(
dṼnm
dr

+ Ũnm−Ṽnm
r

)
∂Ỹnm
∂θ

,eT,rθ=−
(
dW̃nm
dr
− W̃nm

r

)
1

sin θ
∂Ỹnm
∂φ

eS,rφ=
(
dṼnm
dr

+ Ũnm−Ṽnm
r

)
1

sin θ
∂Ỹnm
∂φ

,eT,rφ=
(
dW̃nm
dr
− W̃nm

r

)
∂Ỹnm
∂θ

eS,θθ=
(
Ũnm
r

Ỹnm+ Ṽnm
r

∂2Ỹnm
∂2θ

)
,eT,θθ=− W̃nm

r
∂
∂θ

1
sin θ

∂Ỹnm
∂φ

eS,θφ= 2Ṽnm
r

∂
∂θ

1
sin θ

∂Ỹnm
∂φ

,eT,θφ= W̃nm
r

(
2 ∂

2Ỹnm
∂2θ

+n(n+1)Ỹnm
)

eS,φφ= Ũnm
r

Ỹnm− Ṽnmr
(
∂2Ỹnm
∂2θ

+n(n+1)Ỹnm
)
,eT,φφ= W̃nm

r
∂
∂θ

1
sin θ

∂Ỹnm
∂φ
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The first invariant of the tensor of infinitesimal deformations ˜̄e is, according to
equation (A.3), equal to:

˜̄e = err + eθθ + eφφ =
dŨnm
dr

+
2Ũnm − n(n+ 1)Ṽnm

r
(3.40)

Comparison of equation (3.40) and (3.34) shows the first invariant of ẽ is equal to
the quantity χ̃nm which for the incompressible case is zero and thus:

˜̄e = 0 (3.41)

Inserting equation (3.41) into the stress tensor formula (3.24) gives:

σ̃(s) = 2µ̃(s)ẽ(s) (3.42)

which is a combination of the Laplace transformed shear modulus equation (3.25)
and the tensor of infinitesimal deformations equation (3.39). Therefore the stress
tensor can also be split into a spheroidal and toroidal component:

σ̃(s) = σ̃S(s) + σ̃T (s) = 2µ̃(s) [ẽS(s) + ẽT (s)] (3.43)

Now the last basic equation, the equation of momentum (3.20), can be split. Start-
ing with the left-hand-side, the equations (3.21), (3.23), (3.43) and (3.31) can be
combined, resulting in

∇ · σ̃ = 2µ̃(s)
(

1
2

[
∇ · ∇~̃u+∇∇ · ~̃u

])
= µ̃(s)

[
∇ · ∇~̃u

]
= µ̃(s)

∑
nm

(
Ũ
′′
nm + 2Ũ

′
nm
r − (N+2)Ũnm+2NṼnm

r2

)
~S

(−1)
nm +

µ̃(s)
∑

nm

(
Ṽ
′′
nm + 2Ṽ

′
nm
r + 2Ũnm−NṼnm

r2

)
~S

(1)
nm+

µ̃(s)
∑

nm

(
W̃
′′
nm + 2W̃

′
nm
r − NW̃nm

r2

)
~S

(0)
nm

(3.44)

whereN = n(n+1) and the prime ′ indicates the derivative with respect to radius
r. Note, this means that∇ · σ̃ is already split into a spheroidal and a toroidal part
because ~S(i) are the bases of this separation. After inserting equation (3.34) and
the three elements of the first row of the stress tensor σ̃ (equation 3.42) without
the summation and spherical harmonics notation:

σ̃rr,nm = 2µ̃Ũ
′
nm (3.45)

σ̃rθ,nm = µ̃

(
Ṽ
′
nm +

Ũnm − Ṽnm
r

)
(3.46)

σ̃rφ,nm = µ̃

(
W̃
′
nm −

W̃nm

r

)
(3.47)

equation (3.44) can be rewritten as:

∇·σ̃ = ∑
nm

(
σ̃
′
rr,nm−

12µ̃

r2
Ũnm+ 6Nµ̃

r2
Ṽnm−Nr σ̃rθ,nm

)
~S

(−1)
nm +∑

nm

(
σ̃
′
rθ,nm−

6µ̃

r2
Ũnm− 2(2N−1)µ̃

r2
Ṽnm+ 1

r
σ̃rr,nm+ 3

r
σ̃rθ,nm

)
~S

(1)
nm+∑

nm

(
σ̃
′
rφ−

(N−2)µ̃

r2
W̃nm+ 3

r
σ̃rφ,nm

)
~S

(0)
nm

(3.48)
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For the right-hand-side of the momentum equation (3.20) a similar expansion can
be done by making use of the expanded displacement and gravitational fields,
leading to:

∇
(

˜~u·ρ0g0êr
)

+ρ0∇φ̃1=
∑
nm

[
ρ0

(
φ̃
′
+g0Ũ

′) ˜~S(−1)
nm +ρ0

(
φ̃
r

+
g0Ũ
r

) ˜~S(1)
nm

]
(3.49)

Combining equations (3.48) and (3.49) results in a full separation of the momen-
tum equation into a spheroidal and toroidal component:

˜~S(−1)
nm : σ̃′rr,nm− 12µ̃

r2
Ũnm+ 6Nµ̃

r2
Ṽnm−Nr σ̃rθ,nm=ρ0

(
φ̃
′
+g0Ũ

′) (3.50)
˜~S(1)
nm : σ̃′rθ,nm− 6µ̃

r2
Ũnm− 2(2N−1)µ̃

r2
Ṽnm+ 1

r
σ̃rr,nm+ 3

r
σ̃rθ,nm=ρ0

(
φ̃
r

+
g0Ũ
r

)
(3.51)

˜~S(0)
nm : σ̃′rφ,nm−

(N−2)µ̃

r2
W̃nm+ 3

r
σ̃rφ,nm=0 (3.52)

The gravity acceleration g0 is given by the relation g0êr = ∇φ0 and is assumed
to be constant in every layer. It can thus be rewritten by inserting the Poisson
equation (3.10):

2
g0

r
= 4πGρ0. (3.53)

Equation (3.50) can then be rewritten by inserting equations (3.34), (3.36) and
(3.53) as follows:

σ̃
′
rr,nm−

12µ̃

r2
Ũnm+ 6Nµ̃

r2
Ṽnm−Nr σ̃rθ,nm=ρ0

(
Q̃nm−n+1

r
φ̃nm−2

g0
r
Ũnm−g0

2Ũnm+NṼnm
r

)
(3.54)

Now all five basic equations are spherical harmonically expanded, resulting in
several ordinary differential equations. Furthermore, the equations are decou-
pled into spheroidal and toroidal based equations. In the next section the equa-
tions will be re-arranged and written as two solvable sets of equations based on
the spheroidal and toroidal separation.

3.3 Ordinary differential equations

3.3.1 Spheroidal components

In the previous section it was described how the basic equations (3.20-3.24) can
be decoupled into a spheroidal and a toroidal component and written as ordinary
differential equations. A closer look at Section (3.2) reveals that for the spheroidal
component all the equations are written as a function of six components. These
components define the vector ~̃ynm as:

~̃ynm =
[
Ũnm, Ṽnm, σ̃rr,nm, σ̃rθ,nm, φ̃nmQ̃nm

]T
(3.55)

This vector can then be used to rewrite equations (3.34), (3.36), (3.38), (3.46), (3.51)
and (3.54) in a reduced form:

d~̃ynm(r, s)
dr

= S̃n(r, s) · ~̃ynm(r, s) (3.56)

where S̃n(r, s) is a 6x6 matrix given by:

S̃n(r, s) =



− 2
r

N
r

0 0 0 0

− 1
r

1
r

0 1
µ̃

0 0

12µ̃

r2
− 4gρ

r
− 6Nµ̃

r2
+Ngρ

r
0 N

r
− (n+1)ρ

r
ρ

− 6µ̃

r2
+ gρ
r

2(2n2+2n−1)µ̃
r2

− 1
r
− 3
r

ρ
r

0

−4πGρ 0 0 0 − (n+1)
r

1

−4πG
(n+1)ρ

r
4πGNρ

r
0 0 0

(n−1)
r


. (3.57)
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Note that the subscript 0, that denotes the initial condition, is disregarded. This
relation is correct for all the layers of the Earth with exception of layer Ns where
the internal loading applies. The solution for that layer is discussed later in this
section. For every other layer (i) with constant material parameters and constant
internal gravity, equation (3.56) can be solved into:

~̃y(i)
nm(r, s) = Ỹ

(i)
n (r, s) · ~̃C(i)

nm(r) (3.58)

where every ~̃C
(i)
nm(r) is a vector of six integration constants and every Ỹ

(i)
n (r, s) is

a so-called fundamental matrix [Vermeersen, 2002b]:

nrn+1

2(2n+3)
rn−1 0

(n+1)r−n
2(2n−1)

r−n−2 0

(n+3)rn+1

2(2n+3)(n+1)
rn−1

n
0

(2−n)r−n
2n(2n−1)

r−n−2

n+1)
0

(nρgr+2(n2−n−3)µ̃)rn

2(2n+3)
(ρgr+2(n−1)µ̃)rn−2 ρrn

(n+1)ρgr−2(n2+3n−1)µ̃

2(2n−1)rn+1
ρgr−2(n+2)µ̃

rn+3
ρ

rn+1

n(n+2)µ̃rn

(2n+3)(n+1)
2(n−1)µ̃rn−2

n
0

(n2−1)µ̃

n(2n−1)rn+1
2(n+2)µ̃

(n+1)rn+3 0

0 0 −rn 0 0 1
rn+1

2πGρnrn+1

2n+3
4πGρrn−1 −(2n+1)rn−1 2πGρ(n+1)

(2n−1)rn
4πGρ

rn+2 0


(3.59)

The product of the fundamental matrix and the matrix with the integration con-
stants would give the solution for each independent layer if the constants were
known. This is however not the case, so another method for solving the system
has been developed (Section 3.4) involving the inverse of the fundamental matrix:

Ỹ
−1
n (r, s) = D̃n(r)˜̄Yn(r, s) (3.60)

where D̃n(r) is a diagonal matrix with the elements

diag(D̃n(r))= 1
2n+1

(
n+1

rn+1 ,
n(n+1)

2(2n−1)rn−1 ,
1

rn−1 ,nr
n,

n(n+1)
2(2n+3)

rn+2,−rn+1
)

(3.61)

and

˜̄Yn(r, s) =



ρgr
µ̃
−2(n+2) 2n(n+2) r

µ̃
nr
µ̃

ρr
µ̃

0

− ρgr
µ̃

+
2(n2+3n−1)

n+1
−2(n2−1)

r
µ̃

(2−n)r
µ̃

ρr
µ̃

0

4πGρ 0 0 0 0 −1
ρgr
µ̃

+2(n−1) 2(n2−1) r
µ̃

(n+1)r
µ̃

ρr
µ̃

0

ρgr
µ̃

2(n2−n−3)
n

−2n(n+2) r
µ̃

(n+3)r
µ̃

ρr
µ̃

0

4πGρr 0 0 0 2n+1 −r


. (3.62)

For the layerNs a forcing vector is added to equation (3.56) resulting in [Piersanti,
et. al., 1995]:

d~̃ynm(r, s)
dr

= S̃n(r, s) · ~̃ynm(r, s) + ~̃fnm (3.63)

The vector ~̃fnm contains the spectral components of the spheroidal part of the
body force. When assumed equivalent to a point dislocation characterized by an
impulsive time-dependence, the vector can split be into two parts:

~̃fnm = ~̃fδ,nmδ(r − rs) + ~̃fδ′ ,nmδ
′
(r − rs) (3.64)

proportional to the Dirac delta function δ(r − rs) and to its radial derivative
δ
′
(r − rs), respectively. The radius at which the internal point dislocation is sit-

uated is represented by rs. The components of the coefficients ~̃fδ,nm and ~̃fδ′ ,nm
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are dependent of the source parameters (Tables 2.1 and 2.2) and are given in Ap-
pendix (B).

Equation (3.63) can be solved in a similar way as the homogeneous equation
(3.56). The solution is actually a sum of the previous solution (equation 3.58) and
the linearly independent heterogeneous solutions of equation (3.63) [Piersanti, et.
al., 1995]

˜~y(Ns)
nm (r,s)=

{
Ỹ

(Ns)
n (r,s)·

[
Ỹ

(Ns)−1

n (rs,s)

(
I

˜~fδ,nm+S̃n(rs,s)
˜~f
δ
′
,nm

)
+

˜~C(Ns)
nm (r)

]
, rs≤r≤ra;

Ỹ
(Ns)
n (r,s)·

˜~C(Ns)
nm (r), rb≤r<rs;

(3.65)

where I is the identity matrix, and ra and rb are the top and bottom boundaries
of the layer Ns, respectively. The fact that the solution for this layer depends
on the position within, means that the normal and shear stress (third and fourth
components in the vector ~̃ynm(r, s)) are not continuous when passing the point
dislocation.

3.3.2 Toroidal components

Similar to the spheroidal component a system of equations can be written for the
toroidal component:

d~̃znm(r, s)
dr

= T̃ n(r, s) · ~̃znm(r, s) + ~̃gnm. (3.66)

In this case the system is based on equations (3.47) and (3.52). Both these equa-
tions are a function of W̃nm and σ̃rθ,nm which are thus the components of the
vector ~̃znm:

~̃znm(r, s) =
[
W̃nm, σ̃rθ,nm

]T
. (3.67)

The matrix T̃ n is given by:

T̃ n =

[
1
r

1
µ̃

µ̃(n(n+1)−2)
r2 −3

r

]
. (3.68)

The vector ~̃gnm is similar to ~̃fnm and represents the spectral components of the
toroidal part of the body force equivalent to the point dislocation. It can also be
split into two parts:

~̃gnm = ~̃gδ,nmδ(r − rs) + ~̃gδ′ ,nmδ
′
(r − rs) (3.69)

The components of ~̃gδ,nm and ~̃gδ′ ,nm may be found in Appendix (B). The vector
~̃gδ,nm is zero for all layers except layer Ns and therefore the solution of all other
layers is equal to the homogeneous solution of equation (3.66).

A fundamental matrix Z̃n can be found assuming that the components of ~̃znm
are of the form [Piersanti, et. al., 1995]

z̃1,nm = rn+k

z̃2,nm = a(n)µ̃rn+k−1 . (3.70)

Inserting them into equation (3.66), results in a solution for the unknown a(n) and
k:

a(n) = n+ k − 1
k = 0 or k = −(2n+ 1)

. (3.71)
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The fundamental matrix Z̃n can therefore be written as:

Z̃n(r, s) =
[

rn r−n−1

µ̃(n− 1)rn−1 −µ̃(n+ 2)r−n−2

]
(3.72)

whose inverse is:

Z̃
−1
n (r, s) =

1
µ̃(2n+ 1)

[
µ̃(n+ 2)r−n r−n+1

µ̃(n− 1)rn+1 −rn+2

]
. (3.73)

The solution of equation (3.66) is given by:

~̃znm(r, s) = Z̃n(r, s) · ~̃Knm(r), (3.74)

where ~̃Knm(r) is the vector of unknown integration constants.
The heterogeneous solution is again only valid for the layer Ns and is given

by:

˜~z(Ns)
nm (r,s)=

{
Z̃

(Ns)
n (r,s)·

[
Z̃

(Ns)−1

n (rs,s)
(
I

˜~gδ,nm+W̃n(rs,s)
˜~g
δ
′
,nm

)
+

˜~K(Ns)
nm (r)

]
, rs≤r≤ra;

Z̃
(Ns)
n (r,s)·

˜~K(Ns)
nm (r), rb≤r<rs;

(3.75)

3.4 Propagator matrix technique

In Section (3.3) two solution vectors were derived: one for the spherical and one
for the toroidal part. Equation (3.58) gives for each layer the most general solution
for all the components of the vector ~̃ynm(r, s). It is actually the sum of several
linearly independent solution for each harmonic degree n and order m in the
Laplace domain. Equation (3.67) does the same for vector ~̃znm(r, s). However, the
relations are not always correct. As stated before, for the layer Ns at which the
internal loading applies, the solution vector ~̃ynm(r, s) is given by equation (3.65),
while equation (3.75) gives the solution vector ~̃znm(r, s).

In this section, these solutions of the separate layers will be combined to find
one vector solution at the Earth’s surface for both the spheroidal and the toroidal
component. In order to do so, boundary conditions at the surface, the Core-
Mantle Boundary and between internal layers should be discerned.

3.4.1 Boundary Conditions

Figure (3.1) shows that every layer is bounded y two layers. Layers (2) to (N-2)
are bounded by two other internal layers and layer (1) and layer (N-1) by only
one. The latter two are also bounded by respectively the free outer surface and
layer (N), the in-viscid outer core which is also seen as an external layer. For each
of these boundaries, conditions are determined below.

At the surface the deformations Ũnm, Ṽnm, W̃nm as well as the potential field
φ̃nm are the unknown quantities. It is required that the stresses σ̃rr,nm, σ̃rθ,nm and
σ̃rφ,nm are zero because there is no force to balance them (equation 3.1). To clarify
why the potential stress Q̃nm was chosen as a component of the spheroidal solu-
tions vector the following should be considered. If φ̃(e)

nm is the gravity potential of
the external layer the condition for the free surface can be written as [Vermeersen,
2002b]:

∂φ̃
(e)
nm

∂r
− ∂φ̃

(1)
nm

∂r
= 4πGρŨnm. (3.76)
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Combining this relation with:

∂φ̃
(e)
nm

∂r
= −n+ 1

r
φ̃(e)
nm (3.77)

and the fact that at the surface:

φ̃(e)
nm = φ̃(1)

nm (3.78)

results in:

Q̃nm =
dφ̃nm
dr

+
n+ 1
r

φ̃nm + 4πGρŨnm = 0 (3.79)

for the boundary between the top layer and the external layer.
This means that the boundary conditions at the surface can be summarized

as:
ỹ

(1)
3,nm = ỹ

(1)
4,nm = ỹ

(1)
6,nm = 0

z̃
(1)
2,nm = 0

(3.80)

where ỹ(1)
i,nm and z̃(1)

i,nm are the i-th components of the vectors ~̃y(1)
nm and ~̃z(1)

nm.
The internal boundaries are all considered to be chemical boundaries. This

means that it is assumed that no material can cross the boundary. Furthermore
it is required that all displacements, stresses and the gravity field are continuous
over the boundaries. Relation (3.79) already made it clear that this is also valid
for the potential stress. So there will be no ’cavitation’ or slip. This implies that at
every internal boundary the solutions of both adjoining layers should be equal,
for i = 1...N − 1:

~̃y
(i)
nm(ri+1, s) = ~̃y

(i+1)
nm (ri+1, s)

~̃z
(i)
nm(ri+1, s) = ~̃z

(i+1)
nm (ri+1, s)

(3.81)

The second external boundary is the boundary between the core and the last
layer of the mantle and is often referred to as the Core-Mantle Boundary (CMB).
The conditions there have been a point of discussion for a long time among geo-
physicists and are outside the range of interest of this report. So without going
into further detail it is stated that [Vermeersen, 2002b]:

~̃y
(N)
nm (rc, s) = Ỹ

(N)
n (rc, s) · ~̃C(N)

nm (rc) = IS,nm(rc) · ~Cc
~̃z

(N)
nm (rc, s) = Z̃

(N)
n (rc, s) · ~̃K(N)

nm (rc) = IT,nm(rc)kc
(3.82)

where ~Cc = (C1, C2, C3) is a vector of three constants and kc = ~̃K
(N)
2,nm(rc) is a

single constant. The matrices IS,nm(rc) and IT,nm(rc) are respectively given by:

IS,nm(rc) =



3r
(n−1)
c

4πGρc
0 1

0 1 0

0 0 4
3
πGρ2

crc

0 0 0

rlc 0 0

2(l−1)rn−1
c 0 4πGρc


(3.83)

and

IT,nm(rc) =
[
n−1
n+2r

3n+1
c + r−n−1

c

0

]
. (3.84)

where ρc is the uniform density of the core. Now all the information necessary is
available for finding both a spheroidal and a toroidal solution.
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3.4.2 Solution of the spheroidal equations

For every layer i = 1...N one solution exists (equations 3.58 and 3.65):

˜~y(Ns)
nm (ri,s) = Ỹ

(Ns)
n (r,s)·

[
Ỹ

(Ns)−1

n (rs,s)
˜~bf,n+

˜~C(Ns)
nm (ri)

]
rs≤ri≤rNs

˜~y(i)
nm(ri,s) = Ỹ

(i)
n (ri,s)·

˜~C(i)
nm(ri) else

(3.85)

where
~̃bf,n =

(
I ~̃fδ,nm + S̃n(rs, s) ~̃fδ′ ,nm

)
is the loading vector for the spheroidal part. Using the internal boundary condi-

tion (equation 3.81) every unknown vector of constants ~̃C(i)
nm(ri), for i = 1..N − 1,

can be written as a function of the propagation matrices and the vector of con-
stants of the next layer:

˜~C(i−1)
nm (ri−1) = Ỹ

(i−1)−1

n (ri,s)Ỹ
(i)
n (ri,s)

[
Ỹ

(i)−1

n (rs,s)
˜~bf,n+

˜~C(i)
nm(ri)

]
i=Ns

˜~C(i−1)
nm (ri−1) = Ỹ

(i−1)−1

n (ri,s)Ỹ
(i)
n (ri,s)

˜~C(i)
nm(ri) else

. (3.86)

Starting with the solution vector at the surface (equation 3.58 for i = 1) and in-
serting all the N − 1 equations (3.86) results in:

~̃y(1)
nm(r1, s) = ÃnỸ

(Ns)−1

n (rs, s)~̃bf,n + B̃nỸ
(N)
n (rc, s) ~̃C(N)

nm (rc) (3.87)

with

Ãn =

(
Ns−1∏
i=1

Ỹ
(i)
n (ri, s)Ỹ

(i)−1

n (ri+1, s)

)
Ỹ

(Ns)
n (rNs , s) (3.88)

B̃n =
N−1∏
i=1

Ỹ
(i)
n (ri, s)Ỹ

(i)−1

n (ri+1, s). (3.89)

The last two terms on the right-hand-side of equation (3.87) can be rewritten using
the boundary condition at the CMB (equation 3.82). This means that the solutions
at the surface are now a function of only three unknowns, the components of the
vector ~Cc. This vector can be solved using the boundary conditions at the surface
(equation 3.80). After these boundary conditions are used to define two projection
operators P 1 and P 2 as:

P 1~̃y
(1)
nm(r1, s) =

[
ỹ

(1)
3,nm, ỹ

(1)
4,nm, ỹ

(1)
6,nm

]T
= [0, 0, 0]T (3.90)

P 2~̃y
(1)
nm(r1, s) =

[
ỹ

(1)
1,nm, ỹ

(1)
2,nm, ỹ

(1)
5,nm

]T
= ~SS,n(R, s). (3.91)

A combination of equations (3.82), (3.87) and (3.90) results in the following solu-
tion for the vector ~Cc:

~Cc = −
[
P 1B̃nIS,nm(rc)

]−1
P 1ÃnỸ

(Ns)−1

n (rs, s)~̃bf,n, (3.92)

which is inserted together with equation (3.91) into equation (3.87) to result into
a solution of the unknown quantities at the Earth’s surface ~SS,n(R, s):

~SS,n(R, s) =
[
P 2 −G2G

−1
1 P 1

]
ÃnỸ

(Ns)−1

n (rs, s)~̃bf,n (3.93)
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withG1 andG2 3x3 matrices given as:

Gk = P kB̃nIS,nm(rc) , for (k = 1, 2) (3.94)

The solution can be simplified by rewriting the inverse matrixG−1
1 as [Lay, 1998]

G−1
1 =

G†1
G (s)

, (3.95)

to

~SS,n(R, s) =

[
P 2G (s)−G2G

†
1P 1

G (s)

]
ÃnỸ

(Ns)−1

n (rs, s)~̃bf,n (3.96)

whereG†1 is the transpose of the matrix of minors ofG1 and G (s) its determinant.
Both these quantities are easier to calculate for a 3x3 matrix than its inverse.

After a closer inspection of the algebraic structure of the matrixG1 (3.94) some
conclusions can be made. The determinant G (s) is a polynomial of the Laplace
variable s. The degree M of the polynomial depends on the rheological and den-
sity stratification of the chosen model. Furthermore the matrix is independent of
any displacements or forces applied to the model, so that the M solutions sj of
the so-called spheroidal secular equation:

G (s) = 0 (3.97)

are the same as in the post-glacial studies. This means that each of the compo-
nents of the solution vector can be written as a fraction with a degree M polyno-
mial in s in the numerator [Vermeersen, 2002b]. This structure makes it possible to
use the Residue Theorem (see Appendix C) for the inverse Laplace transformation
(equation 3.101) of equation (3.96) for each of the M solutions of sj .

All these roots are actually inverse times and their negative inverses τj de-
note a set of relaxation times of the relaxation modes. The relaxation modes are
customarily labeled according to the role played by the interface of each layer in
the relaxation process [Piersanti, et. al., 1995]. For spheroidal modes analytical
proofs have shown that if the Earth would be modeled by a homogeneous sphere
with Maxwell rheology a single mode M0 is triggered by the surface. This mode
remains present in a model with several layers. If a core is present in the model
a new mode C0 is introduced. This mode is for the deformation of the CMB. A
boundary between an elastic lithosphere and viscoelastic mantle triggers another
mode, labeled L0. These are the three modes that are present in the most basic
Earth models (Section 2.1). Any two adjoined viscoelastic layers can trigger buoy-
ancy modes if their densities are different. Buoyancy modes are usually labeled
Mi, with i = 1, 2, ... The most common are M1, the upper-lower mantle disconti-
nuity at 670 km depth and M2, the shallow upper mantle - mantle transition zone
at 400 km depth. In addition to those listed, modes are triggered if the Maxwell
times η/µ of two adjoining viscoelastic layers are different. It that case two ’paired’
modes called transient modes are introduced. They are commonly labeled Ti, with
i = 1, 2, .... It has been found that viscoelastic residues associated with these times
are of lesser influence than the other modes listed above [Vermeersen, 2002b].

Note that these roots are functions of the degree n but the subscript is disre-
garded for simplicity. First the solution vector is written as the sum of an elastic
term and M viscous terms:

~SS,n(R, s) = ~SeS,n(R) +
M∑
j=1

~SjS,n(R)

s− sj
(3.98)
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where ~SeS,n(R) are the elastic limits and ~SjS,n(R) the vector residues of the solution
kernel vector ~̃ynm(R, s). They are respectively given by:

~SeS,n(R) = lim
s→∞

~SS,n(R, s) (3.99)

~SjS,n(R) = −

[
G2G

†
1P 1

d
dsG (s)

]
ÃnỸ

(Ns)−1

n (rs, s)~̃bf,n (3.100)

The last step in determining the solution vector ~SS,n(R, s) is inverse Laplace trans-
formations. This method gives a solution as a function of time t. The inverse
Laplace transformation is defined as [Vermeersen, 2002b]:

f(t) =
1

2πi

∫ γ+i∞

γ−i∞
F̃ (s)estds (3.101)

where γ is a constant chosen such that all the singularities of the function F̃ (s)est

are on the same side of the line running trough γ − i∞ and γ + i∞. When these
points are also connected by a half-circle, on the side where the singularities are
positioned, a complex contour originates known as the Bromwich path. This makes
that the inverse Laplace transformation can be applied to equation (3.98) and a
solution can be found without even analytically knowing the primitive function
[Vermeersen, 2002b]:

~SS,n(R, t) = ~SeS,n(R)δ(t) +
M∑
j=1

~SjS,n(R)esjt (3.102)

Equation (3.102) shows that the solution in the time-domain dependents on the
degree n and consist of two terms. The first term, the elastic term, describes part
of the immediate response and equals zero for times larger then zero. The second
term, the viscoelastic term, describes the M exponential components that con-
tribute to the immediate response and give the postseismic viscous response. It is
clear that the viscous response should decay over time which only happens when
all the roots sj are real and negative for each harmonic degree. If there is a posi-
tive root the response will increase exponentially over time and become infinitely
large. This would be the case if the density of the layers increased with depth.
Any density inversion would trigger convection motions in the Earth model and
the assumed linearization breaks down [Vermeersen, 2002b].

3.4.3 Solution of toroidal equation

The time dependent solution for the toroidal component is found in a similar
way as for the spheroidal component (Section 3.4.2). Equations (3.74) and (3.75)
describe the general solution for each layer of the model. The vector of integration

constants ~̃Knm(r) can be eliminated by the use of the internal boundary condition
(equation 3.81) and the boundary condition at the CMB (equation 3.82) to result
into:

~̃z(1)
nm(R, s) = ẼnZ̃

(Ns)−1

n (rs, s)~̃bg,n + F̃ nIT,nm(rc)kc (3.103)
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with

Ẽn =

(
Ns−1∏
i=1

Z̃
(i)
n (ri, s)Z̃

(i)−1

n (ri+1, s)

)
Z̃

(Ns)
n (rNs , s) (3.104)

F̃ n =
N−1∏
i=1

Z̃
(i)
n (ri, s)Z̃

(i)−1

n (ri+1, s) (3.105)

~̃bg,n = I~̃gδ,nm + W̃ n(rs, s)~̃gδ′ ,nm (3.106)

According to the boundary condition at the surface (equation 3.80) it possible to
eliminate the last unknown constant kc by introducing two 1x2 projection param-
etersQ1 andQ2 in such a way that:

Q1~̃z
(1)
nm(R, s) = z̃

(1)
2,nm = 0 (3.107)

Q2~̃z
(1)
nm(R, s) = z̃

(1)
1,nm = ST,n(R, s). (3.108)

Similar as for the spheroidal solution the toroidal solution can now be written as:

ST,n(R, s) =
[
Q2H1 −H2Q1

H1

]
ẼnZ̃

(Ns)−1

n (rs, s)~̃bg,n (3.109)

where
Hk = QkF̃ nIT,nm(rc) , for (k = 1, 2) (3.110)

are two scalar functions in s. After inverse Laplace transformation (equation
3.101) the time dependent solution for the toroidal equations reads:

ST,n(R, s) = SeT,n(R)δ(t) +
K∑
j=1

SjT,n(R)erjt (3.111)

where SeT,n(R) is the term that gives the elastic contribution and SjT,n(R) are the
associated viscoelastic residues. They are defined similarly to equations (3.99)
and (3.100). The K solutions of the so-called toroidal secular equation

H1 = 0 (3.112)

are given by rj . The toroidal roots have a similar connection to a set of relaxation
modes as the spheroidal roots. Toroidal modes have, however, been proven to
coincide with the number of viscoelastic layers in the model. So there will be less
toroidal than spheroidal modes and therefore a lesser number of relaxation times.
These rules make it possible to calculate in advance how many relaxation times
are to be found by solving both the spheroidal and toroidal secular equation.
This is important because the root-searching is the only non-analytic part of the
calculation. This method ensures that the complete result is obtained after inverse
Laplace transformation.

The final step is to insert all solutions Ũnm, Ṽnm and φ̃nm from equation (3.102),
and W̃nm from equation (3.111) into the spherical harmonic expansion of the total
displacement ~̃u (equation 3.31) and gravitational field φ̃ (equation 3.32).



Chapter 4

Earth models

It has been described how the Earth can be generally divided into several lay-
ers (Section 2.1) and how an earthquake is defined by parameters such as depth,
magnitude and dip direction (Section 2.3). Chapter (3) then described how de-
formations and the gravity field at the Earth’s surface can be calculated if the
seismologic data is applied to a layered Earth model.

In this chapter all models used in the simulations are discussed. To begin, two
original Earth models are introduced. A choice was made for one five- and one
seven-layer model based on lithospheric strength measurements as performed
in [Lankreijer, et. al., 1997] (see Figure 4.1). These two models formed the initial
concept upon which all other models were based. By continually changing one
property of these base models several other models originated, all of which were
simulated.

Figure 4.1 Strength profile of the lithosphere in the Vrancea area, [Lankreijer, et. al.,1998]

4.1 Five-layer model

In this section it is described how an Earth model was developed consisting of
five layers. To calculate the deformations at the surface a constant value for the
viscosity, density and shear modulus of each layer was required as was the posi-
tion of every spheroidal boundary between the layers. The position of the layers
was determined starting from the center of Earth (0 km) to the outermost bound-
ary, the average Earth’s surface (6731 km). Due to the need for constant values,
average numbers were used for the three other properties. The density and the
shear modulus were calculated using a general Earth model, developed using
a considerable amount of seismological, data called PREM [Dziewonski and An-
derson, 1981]. The viscosity of the layers could not be calculated. One can only
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Table 4.1 Five-layer Earth model

Name Upper Radius Viscosity Density Shear modulus
(km) (Pas) (kg/m3) (Pa)

Lithosphere 6371 1050 3028 5.23E10

Lithospheric mantle 6321 1022 3378 6.76E10

Asthenosphere 6301 1019 3374 6.61E10

Mantle 6221 1021 4535 1.82E11

Core 3480 − 10932 −

use seismologic measurements or strength measurements from a certain area and
even then only as indicators. However, it was known that in models, the upper-
most layer is generally modeled as an elastic lithosphere and the lower-most layer
as an inviscid core. All the numbers are summarized in Table (4.1). The inviscid
core was modeled by means of its boundary conditions, thus only the parameters
used to calculate them in the simulation (see equations 3.83 and 3.84) are given in
the table.

As mentioned before this model was based on the findings as presented in
Figure (4.1). It gives a lithospheric strength profile based on temperature distri-
bution for a cross-section through the Vrancea region. All these graphs show a
clear separation between a strong upper layer and another strong layer starting
at a depth of 50 km. This latter layer ends at a depth of about 70 km to maximal
80 km. The exact depth is unclear because the figures show that there is quite a
difference between the calculations based on a dry or a wet composition of the
lithosphere. Here was chosen to take a 50 km thick lithosphere and a lithospheric
mantle with a thickness of 20 km. The thickness of the asthenosphere was based
on seismologic measurements [Lankreijer, et. al., 1997], [Chalot-Prat and Girbacea,
2000] which all indicate a transition at a depth of about 150 km. The CMB was
taken at its normal depth of about 2900 km.

The rest of the model parameters could not be derived from the lithospheric
strength profile. The viscosities of all the layers were chosen as they were found
most common in the literature where they were derived from postglacial rebound
studies. The very high viscosity of the lithosphere does not make it totally elastic
but it is a mathematical approach. It is so high that there was no effect noticeable
in the postseismic calculation; it only played a part in the coseismic deforma-
tions. This lithospheric mantle is not elastic but again the viscosity is so high that
the influence on the postseismic deformations within 30 years were small. The
main effect probably comes from the asthenosphere which has a lower viscos-
ity because it is made out of the same material as the lithospheric mantle but is
positioned deeper inside the Earth, where temperatures are higher. A difference
is that in the postglacial rebound studies the mantle usually is divided into an
upper and lower mantle and a transition zone in between, with all different vis-
cosities. In this five-layer model only one layer could be used for the mantle and
a mean value for the viscosity was chosen.
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Table 4.2 Seven-layer Earth model

Name Upper Radius Viscosity Density Shear modulus
(km) (Pa s) (kg/m3) (Pa)

Lithosphere 6371 1050 3028 5.24E10

LVZ 6326 1018 3379 6.78E10

Lithospheric mantle 6321 1022 3378 6.77E10

Asthenosphere 6301 1019 3374 6.61E10

Upper mantle 6221 5.1020 3650 8.88E10

Lower mantle 5701 5.1021 4878 2.19E11

Core 3480 − 10932 −

4.2 Seven-layer model

As stated before the graphs of the strength distribution (Figure 4.1) indicate sev-
eral layers but it is hard to define the exact boundaries between them. It is even
possible to say that in some parts of the cross-section of the Vrancea area there is
a gap between the lithosphere and the lithospheric mantle. This gap between two
layers, that are assumed to have high viscosities, coincides with a seismologically
detectable low-viscosity-zone (LVZ) in the region [Bazacliu and Radulian, 1999],
[Bada, et. al., 1999]. By inserting a LVZ with a thickness of 5 km into the five-
layer Earth model and separating the mantle into an upper and lower section, as
found in the field of seismology, a seven-layer Earth model was obtained. All the
properties of this model are given in Table (4.2).

It must be noted that the separation of the mantle makes the model more
realistic according to the models used in postglacial studies but in Section (5.2.2)
is will be shown that it hardly changes the outcome of the calculated postseismic
deformation. And it was tested by comparing the results of a six-layer model,
which is an exact copy of the five-layer model but with the mantle of the seven
layered model, to the results of the five-layer Earth model. The viscosity used for
the LVZ is not a measured value; it was chosen to equal 1018 Pa s because it is
lower than the other values, but still realistic.

4.3 Variation applied to original models

The models presented in Sections (4.1) and (4.2) are not irrevocably correct for the
Vrancea. Many uncertainties arise because of our limited knowledge of the Earth
structure. That is the reason why several variations of the original Earth models
were also simulated using the same mathematical approach.

It was assumed that the thickness and the elasticity of the lithosphere are cor-
rect. This is because the position of the Moho, which determines the thickness,
is well known due to elaborative seismic research [Gvirtzman, 2002], [Chalot-Prat
and Girbacea, 2000], [Girbacea and Frisch, 1998], and the lithosphere is generally
assumed elastic. For similar reasons no variations were applied to the properties
of the mantle and the core. This means that for the five-layer model the variation
focused on the viscosity of the lithospheric mantle, the asthenosphere and on the
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Table 4.3 Variation applied to five-layer Earth model

Varied property Value

Lithosphere mantle viscosity 1020 - 1022 - elastic

Asthenosphere viscosity 1017 - 1018 - 1019 - 1020

Depth of LMAB 50 km - 70 km - 90 km - 110 km - 130 km

Table 4.4 Variation applied to seven-layer Earth model

Varied property Value

LVZ viscosity 1017 - 1018 - 1019 - elastic

Lithosphere mantle viscosity 1018 - 1020 - 1022 - elastic

Asthenosphere viscosity 1018 - 1019 - 1022

position of the boundary between those two layers (LMAB) while the sum of their
total thickness was maintained constant (see Table 4.3).

For the seven-layer Earth model variations were applied to the viscosity and
the thickness of the low-viscosity zone and to the viscosity of the lithospheric
mantle and asthenosphere (see Table 4.4). The bold symbols in both Tables (4.3)
and (4.4) indicate the value of that property in the original model. Furthermore
it is emphasized that the values in these tables are always the only property that
was changed in comparison with the original model. This way it was possible
to determine the influence on the postseismic surface displacements, each of the
variation had. The results will be discussed in Chapter 5.



Chapter 5

Simulation results

In this chapter the results of the simulations of the Earth models as introduced in
chapter (4) are discussed. Starting with the five-layer model and all the variations
applied to it, a similar scenario for the seven-layer model follows. The figures in
this chapter describe the average displacement change over the period from 2002
to 2006 of the Earth’s surface, introduced by the three earthquakes given in the
first three rows of Table (2.1). Velocities are given for an area between 20 ◦ and 30 ◦

longitude and between 43 ◦ and 49 ◦ latitude, thus containing the whole country
of Romania.

5.1 Results for five-layer model

5.1.1 Original model

The results for the original model are presented in Figure (5.1) for the horizontal
velocities and in Figure (5.2) for the vertical velocities. Both figures consist of
four panels where (a) gives the postseismic velocity for the 1977 event, (b) for
the 1986 event and (c) for the 1990 earthquake. Part (d) is in both cases the sum
of the present-day velocities of all events.

An initial observation that can be made after studying Figures (5.1) and (5.2)
is that both the horizontal and vertical velocity fields for each earthquake, are
mirrored about the line through the epicenter and perpendicular to the strike
direction. This is a result of the fact that the earthquakes were modeled as a point
dislocation in a laterally homogeneous sphere. This mirroring condition is not
preserved when the velocities of the earthquakes are added.

Considering the horizontal velocities, Figure (5.1) shows clearly that the 1977
and the 1986 events are the main contributors to the total displacement field. The
surface velocity as a result of the 1990 earthquake is at least twice as small (see
Table 5.1). Table (2.1) clarifies that this result is proportional to the magnitudes
of considered the earthquakes. Also noticeable is the influence of the depth at
which the earthquakes occurred. The 1977 and 1990 event were located close to
the boundary between the lithospheric mantle and the asthenosphere while the
1986 event occurred rather close to the bottom of the asthenosphere, about 50 km
deeper. This results in a point of no displacement near the epicenters from where
the velocity vectors radially diverge and the presence of a relative large displace-
ment in the north-western far field caused by the 1977 and 1990 earthquakes (see
Figures 5.1.a and 5.1.c). Figure (5.1.b) shows that the 1986 event introduces al-
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Figure 5.1 Average horizontal surface displacement change from 2002 to 2006 over Romania as
result of three separate earthquakes (a-c) and their total (d). The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.2 Average vertical surface displacement change from 2002 to 2006 over Romania as
result of three separate earthquakes (a-c) and their total (d). The 2-D locations of the
earthquakes are indicated by a black triangle
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Table 5.1 Maximal velocities of the original five-layer model

4-Mar-77 30-Aug-86 30-May-90 Total
(mm/year) (mm/year) (mm/year) (mm/year)

Max. horizontal velocity 1.09 0.86 0.37 1.76

Min. vertical velocity -0.95 -0.82 -0.17 -0.77

Max. vertical velocity 3.39 1.17 0.94 3.81

most no movement in the far field and that the velocities close to the epicenter all
point in roughly the same direction, the southeast.

This results for the total displacements (figure 5.1.d) in almost no displace-
ment in the near field to the northwest of the earthquakes because there the ve-
locity vectors of the 1977 and 1986 events are in opposite directions. In the south-
east where the vectors of all earthquakes are in the same direction, the resulting
vectors are almost twice as large as those of the isolated earthquakes (see Table
5.1).

Similar conclusions are made after studying the vertical displacements (see
Figure 5.2). Again the 1977 (ranging from −0.95 to 3.39 mm/year) and the 1986
(ranging between −0.82 and 1.17 mm/year) earthquakes are responsible for the
largest velocity in absolute numbers (see Table 5.1). The 1977 event is now clearly
responsible for the largest vertical velocities when considering the positive max-
imum while the difference with respect to the 1986 event diminishes when con-
sidering the negative maximum. The influence of the depth of the earthquakes is
that the location of the maxima of the velocities for the 1986 event is different in
comparison to the location of the maxima of the velocities for the 1977 and 1990
earthquake. For the latter two the positive maximum is located at the epicenters.
The negative maximum is about four times smaller in absolute numbers and is
located to the northwest. For the 1986 event the epicenter lies in between the max-
imum and the minimum and the minimal vertical velocity is about two thirds of
the maximum in absolute numbers.

This results into a relatively small maximum of 3.81 mm/year for the total
velocity field (last column of Table 5.1). The combined maximal velocity is lo-
cated in between the maxima of all three events and is only slightly larger than
the maximal velocity of 3.39 mm/year caused by the 1977 event alone. The area
with positive velocities is enclosed by two small minima, one to the northwest
and one to the southeast. These minima are absolutely smaller then the minima
of both the 1977 and 1986 earthquakes. All the maximal values caused by the sep-
arate earthquakes are partly balanced by an opposite maxima induced by another
earthquake.

5.1.2 Varying model properties

Due to the uncertainties concerning several properties of the Earth model de-
scribed in Section (4.1) the same simulation theory is applied to a series of Earth
models where one parameter differs from the original model (see Table 4.3). This
way the result of changing one property is discussed.
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Table 5.2 Maximal horizontal velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1020 1.56 0.91 0.47 2.26

1022 1.09 0.86 0.37 1.76

1050 1.09 0.86 0.37 1.75

Lithospheric mantle viscosity

The postseismic velocities at the surface in all three directions are calculated for
models with a lithospheric mantle (LM) viscosity of 1020, 1022 and 1050 Pa s,
where the latter is effectively elastic. These results are illustrated in Figure (5.3)
for horizontal and in Figure (5.4) for vertical velocities. A first conclusion is that in
both the horizontal and the vertical case the shape of the contours is independent
of the viscosity but the scale in part (a) is larger compared to part (b) and (c).
This means that when the viscosity of the lithospheric mantle is increased start-
ing from 1020 Pa s, the magnitude of the present horizontal and vertical veloc-
ity vectors will decrease while their direction stays unaltered. However, there is
however a point from which this decline becomes minimal. This is as higher vis-
cosities cause larger relaxation times. And as equations (3.102) and (3.111) show,
the solution decreases exponentially with increasing relaxation time. These fig-
ures show that for a lithospheric mantle viscosity at least as high as 1022 Pa s no
contribution to the total postseismic displacement is visible.

These conclusions are endorsed by the numbers in the last column of Tables
(5.2) to (5.4) which respectively give the horizontal maximum and the vertical
minimum and maximum for all three earthquakes separately and for the total.
The tables also give an insight into the influence of the separate events to the to-
tal, but they do not describe the shape of the contours. What does stand out is
that the 1977 event causes the largest maxima for all the displacements, followed
by the 1986 event and then the 1990 earthquake. It also should be noticed that
the maxima of the 1977 and the 1990 events experience the most influence from
increasing the viscosity from 1020 to 1022 Pa s, while the effect on the velocities
caused by the 1986 earthquake is minimal. This can be explained by the fact that
the first two are positioned close to the lithospheric mantle, while the latter oc-
curred at a greater depth. Furthermore it is clear that there is indeed only a small
difference between a model with an elastic lithospheric mantle and one with a vis-
cosity of 1022 Pa s when considering the maxima of the average displacements.
The maximal horizontal velocities of the separate events are positioned closely to
each other so that the total is almost the sum of the three. For the vertical veloc-
ities the total is not much larger than the maxima of the 1977 event and in the
case of the minima, even smaller in absolute numbers. This suggests opposing
maxima for the 1986 event with respect to the other two as described in Section
(5.1.1). The general conclusion is that for this model the maximal velocities in-
crease when the lithospheric mantle viscosity decreases.

Lithospheric mantle - Asthenosphere boundary

Next it is studied what happens when the boundary between the lithospheric
mantle and the asthenosphere (LMAB) is shifted between 50 and 130 km depth
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Figure 5.3 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied lithospheric mantle viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.4 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied lithospheric mantle viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Table 5.3 Minimal vertical velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1020 -1.02 -0.86 -0.18 -1.05

1022 -0.95 -0.82 -0.17 -0.77

1050 -0.95 -0.82 -0.17 -0.77

Table 5.4 Maximal vertical velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1020 4.71 1.23 1.16 5.16

1022 3.39 1.17 0.94 3.81

1050 3.38 1.17 0.93 3.79

in steps of 20 km. This means that the thickness of the lithospheric mantle varies
between 0 and 80 km and the thickness of the asthenosphere between 100 and
20 km. The situations with an LMAB depth of 50, 90 and 130 km are illustrated
in Figures (5.5) and (5.6) for the horizontal and vertical displacement velocities,
respectively. They show that both the horizontal and the vertical velocities drop
significantly, from 2.91 mm/year to 0.74 mm/year, when a 40 km thick litho-
spheric mantle is inserted in the model and that the velocities drop even more,
to 0.54 mm/year, after thickening it to 80 km. Figure (5.5) also illustrates that
for the horizontal displacement field the contours near the epicenters shrink and
transform from an ellipse to a circular shape. Furthermore the center of these
contours shifts towards the northeast, the location of the maximum as a result
of the 1986 earthquake, and the velocities in the northwestern far-field seems to
vanish. From the results of the original model (Figure 5.1) it is known that this
could mean that the influence of the 1977 and 1990 events on the total, is reduced
by increasing the depth of the LMAB. This conclusion is supported by the devel-
opment of the vertical velocity contours when the depth of the LMAB is increased
(Figure 5.6). The correspondence between panel (c) and Figure (5.1.b), where the
average displacement field introduced by the 1986 event is given, is clear.

In Tables (5.5) to (5.7) the maxima of the horizontal and vertical velocities for
all three earthquakes and the total are given for all positions of the LMAB. They
clarify that there is indeed a downwards trend of the maxima with an increasing
LMAB depth. The most pronounced decrease occurs when the LMAB position is
altered from 70 to 90 km. The maxima of the 1977 event, which had the domi-
nating influence to the total, suddenly drop to much smaller values and the 1986
event becomes the main contributor. These numbers confirm what was already
visible in the figures. A similar fall occurs in the maxima of the 1990 event but
the influence of this earthquake to the total postseismic surface velocities is of
lesser importance. An explanation for this decline is that by changing the posi-
tion of the LMAB to a depth of 90 km, the 1977 and the 1990 earthquakes would
have taken place in the lithospheric mantle with a viscosity of 1022 Pa s, and as
previously discussed the postseismic contribution of this layer to the present-day
velocities is small due to its high relaxation time. Thus a reasonable inference is
that the influence of earthquakes that occur in this layer decreases in comparison
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Figure 5.5 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied lithospheric mantle - asthenosphere boundary depth. The
2-D locations of the earthquakes are indicated by a black triangle
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Figure 5.6 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied lithospheric mantle - asthenosphere boundary depth. The 2-D
locations of the earthquakes are indicated by a black triangle
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Table 5.5 Maximal horizontal velocity

LMAB depth 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

50 2.14 0.98 0.60 2.91

70 1.09 0.86 0.37 1.76

90 0.19 0.77 0.05 0.74

110 0.13 0.67 0.04 0.68

130 0.08 0.57 0.02 0.54

Table 5.6 Minimal vertical velocity

LMAB depth 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

50 -1.26 -1.06 -0.22 -1.91

70 -0.95 -0.82 -0.17 -0.77

90 -0.16 -0.61 -0.04 -0.45

110 -0.06 -0.39 -0.02 -0.24

130 -0.03 -0.25 -0.01 -0.19

to when they are located in a layer with a lower viscosity. The tables also show
that the maxima of the 1986 earthquake decrease under the influence of an in-
creasing lithospheric mantle thickness or, probably more important, a decreasing
asthenosphere thickness, though the lessening is more gradual.

A last remark about the tables is that sometimes the horizontal maximum of
the total is smaller than the corresponding value of a separate earthquake. This is
explained by the fact that the numbers in the table are vector magnitudes and that
after summation with a vector in a different direction the magnitude of the result
does not necessarily have to be larger. The general conclusion for this Earth model
is that the induced postseismic velocities decrease when the LMAB position is
lowered.

Asthenosphere viscosity

In the last situation the results are calculated for models with an asthenosphere
viscosity varying from 1017 to 1020 Pa s. The velocity field of three of these mod-

Table 5.7 Maximal vertical velocity

LMAB depth 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

50 6.61 1.53 1.57 7.25

70 3.39 1.17 0.94 3.81

90 0.73 0.88 0.16 1.33

110 0.26 0.62 0.08 0.88

130 0.14 0.29 0.03 0.40
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Figure 5.7 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied asthenosphere viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.8 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied asthenosphere viscosity. The 2-D locations of the earthquakes
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Table 5.8 Maximal horizontal velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 1.36 1.74 0.51 1.62

1018 1.20 1.38 0.33 1.72

1019 1.09 0.86 0.37 1.76

1020 0.54 0.16 0.11 0.63

Table 5.9 Minimal vertical velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 -7.34 -5.71 -2.63 -5.18

1018 -3.40 -2.60 -0.97 -2.82

1019 -0.95 -0.82 -0.17 -0.77

1020 -0.16 -0.11 -0.03 -0.26

els, the ones with an asthenosphere viscosity of 1018, 1019 and 1020 Pa s, are illus-
trated in Figure (5.7) for the horizontal postseismic velocities, and in Figure (5.8)
for the vertical velocities. All the maximal resulting velocities for the separate
earthquakes and the total are given in Tables (5.8) to (5.10). These tables clarify
that within the range of previously stated viscosities the maximal velocities as a
result of the separate earthquakes increase with decreasing viscosity. However,
Figure (5.7) and Table (5.8) show that this is not always true for the total velocities.
The total maximal horizontal velocities for models with asthenosphere viscosities
of 1017 to 1019 Pa s do not differ much, they even decrease with decreasing vis-
cosity. The reason for this can be deduced from Figure (5.7). By decreasing the
asthenosphere viscosity the shape of the contours widens and moves away from
the epicenters of the earthquakes. This happens for every earthquake and when
the resulting displacements are added, the maxima do not coincide anymore and
the velocity vectors point in different directions resulting in smaller total magni-
tudes.

The same widening of the shape of the contours is visible in Figure (5.8) for
the resulting vertical velocities. Take for example the 1 mm/year contour that
does not even surround all the triangles denoting the locations of the epicenters
in Figure (5.8.c). When the asthenosphere viscosity decreases to 1019 Pa s, panel
(b) shows that the contour has expanded to surround all the epicenters. A further

Table 5.10 Maximal vertical velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 8.84 6.54 2.79 6.87

1018 4.73 3.22 1.08 4.71

1019 3.39 1.17 0.94 3.81

1020 1.22 0.18 0.23 1.27
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decrease of the viscosity to 1018 Pa s results in a zero velocity contour that almost
surrounds the whole southeastern area of Romania.

Tables (5.9) and (5.10) show that the combined minimal and maximal veloci-
ties follow the trend of the separate earthquakes. They both increase in absolute
numbers with decreasing asthenosphere viscosity. The increase experienced by
the total is however low when compared to the sum of the increases of the ve-
locities induced by the separate earthquakes. This is again caused by difference
in location of the maxima. In general it is concluded that decreasing the astheno-
sphere viscosity can be the source of increasing present-day surface velocities and
it causes widening of the contours.

5.2 Results for seven-layer model

5.2.1 Original model

Similar as for the five-layer model a figure of the horizontal (Figure 5.9) and
one for the vertical (Figure 5.10) postseismic surface velocity is presented for the
seven-layer model as it is given in Table (4.2). Both are composed out of the results
of the 1977, the 1986 and the 1990 events and their total, respectively. The max-
imal velocities reached as a consequence of the separate earthquakes and their
total are given in Table (5.11). These figures and the table show that again the
1977 event has the largest influence to the total followed by the 1986 and then the
1990 earthquake. The way the results corresponding to the separate earthquakes
and their total mutually differ, is equal to the behavior of the five-layer model
(Section 5.1) so no new conclusions can be made.

It is more interesting to compare these results with the five-layer Earth model
(Figures 5.1 and 5.2) because the only difference is the low-viscosity zone (LVZ)
underneath the lithosphere and the separation in the mantle into an upper and
lower mantle with different viscosities. In Section (5.2.2) it shall be shown that
the influence of the latter is minimal. A difference is that the maximal velocities
increase but that the rise caused by the 1977 event is far greater than for the other
events meaning that both its positive maxima are more than twice as large as
the positive maxima caused by the 1986 earthquake. The largest differences are
visible in Figures (5.9) and (5.10) of the postseismic velocities of the 1977 and
the 1990 events, probably because they are located closer to the LVZ. There the
higher velocities in the far field northwest of the earthquakes have disappeared
and an area of high velocities, even higher than in the southeastern direction,
has appeared to the northwest, close to the epicenters. The velocity vectors on
opposite sides of the epicenters point in opposite directions.

When the total horizontal velocities of both Earth models are compared it is
visible that the LVZ causes larger velocities close to epicenters of the earthquakes,
but almost no movement in the far-field. Figures (5.9) and (5.10) clarify that ex-
cept for the bulge towards the northwest in Figure (5.9.d), the 1 mm/year con-
tours are of the same shape and cover approximately the same area, although
the velocities reached within are larger for the seven-layer model. The LVZ also
causes the velocities south and east of the epicenters to curve towards the south-
east.

Quite remarkable is that except for higher velocities inserting an LVZ has al-
most no effect on the vertical velocity pattern (compare Figures 5.2 and 5.10). A
comparison between Tables (5.11) and (5.1) shows that the difference is so that
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Figure 5.9 Average horizontal surface displacement change from 2002 to 2006 over Romania as
result of three separate earthquakes (a-c) and their total (d). The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.10 Average vertical surface displacement change from 2002 to 2006 over Romania as
result of three separate earthquakes (a-c) and their total (d). The 2-D locations of the
earthquakes are indicated by a black triangle
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both the positive and the negative maximum, induced by the seven-layer model,
are almost twice as large as for the five-layer model. Relative to the horizontal
velocity increase all three earthquakes cause an equally strong increase. Thus, it
may be concluded that for the induced postseismic vertical velocity the influence
of the LVZ does not depend on the distance between the LVZ and the depth at
which the earthquake occurred.

Table 5.11 Maximal velocities of the original seven-layer model

4-Mar-77 30-Aug-86 30-May-90 Total
(mm/year) (mm/year) (mm/year) (mm/year)

Max. horizontal velocity 1.91 0.90 0.43 2.32

Min. vertical velocity -1.54 -1.32 -0.23 -1.28

Max. vertical velocity 6.43 2.10 1.35 6.89

5.2.2 Varying model properties

In this section the resulting changes to the calculated displacements after varying
one model property will be discussed, similarly as for the five-layer model in
Section (5.1.2).

Low-viscosity zone viscosity

Figure (5.11) illustrates the calculated present-day horizontal velocities for the
models with an LVZ viscosity of 1017, 1018 and 1019 Pa s, respectively. They
clearly show that by increasing the LVZ viscosity, the movement in the north-
western near-field diminishes, while in the far-field the area of slightly larger ve-
locities expands and the local velocities increase. The resulting postseismic ver-
tical velocities are given in Figure (5.11) where only small differences in location
and shape of the contours are visible. The most significant is the disappearing of
the −1 mm/year contour when the viscosity reaches 1019 Pa s, while the positive
maximum remains equally large as in the preceding case.

The difference between the maxima reached shall be discussed by making use
of Tables (5.12) to (5.14) which give the maximal horizontal, the minimal vertical
and the maximal vertical velocity respectively reached for models with the above
mentioned LVZ viscosities, 1020 Pa s and elastic. In the latter case the model is
almost equal to the five-layer Earth model. When the last rows of Tables (5.12) to
(5.14) are compared to the numbers in Table (5.1), it is clear that the influence of
separating the mantle is indeed negligible.

The tables show that in all cases the 1977 earthquake induces the highest ve-
locities and thus contribute the most to the total result. Table (5.13) indicates that
the postseismic minimal vertical velocity decreases in absolute numbers when
the LVZ viscosity is increased from 1017 Pa s. The most remarkable drop occurs
when the viscosity is increased from 1018 to 1019 Pa s. As a result, the value of
the minimal velocity caused by all three earthquakes separate and for the total, is
reduced with more than a third. The difference between all the other cases is not
nearly as large.

For the maximal vertical velocity (see Table 5.14), a similar decrease occurs
for models with LVZ viscosities of 1018 Pa s and up. However, for a viscosity
of 1017 Pa s, the maxima of the 1977 and the 1990 events drop significantly to a
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Figure 5.11 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied low-viscosity zone viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.12 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied low-viscosity zone viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Table 5.12 Maximal horizontal velocity

LVZ viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 1.58 0.72 0.33 1.73

1018 1.91 0.90 0.43 2.32

1019 1.81 0.94 0.48 2.48

1020 1.19 0.85 0.38 1.84

1050 1.09 0.83 0.37 1.74

Table 5.13 Minimal vertical velocity

LVZ viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 -1.55 -1.33 -0.24 -1.31

1018 -1.54 -1.32 -0.23 -1.28

1019 -0.92 -0.92 -0.15 -0.81

1020 -0.85 -0.81 -0.15 -0.81

1050 -0.85 -0.79 -0.15 -0.78

value below the velocity magnitudes corresponding to an LVZ viscosity of 1019

Pa s. As the velocity corresponding to the 1986 earthquake also slightly drops,
the same is valid for the total. It seems that positioning of the earthquakes closer
to the LVZ causes the resulting maximal vertical velocity to be more sensitive to
changes applied.

Table (5.12) shows that there is probably no simple connection between the
viscosity of the low-viscosity zone and the maximal horizontal velocity reached.
For the 1986, the 1990 event and the total, the largest maximum is reached for a
viscosity of 1019 Pa s while a model with an LVZ viscosity of 1017 Pa s results in
the smallest value. The maximum corresponding to the 1977 event is obtained for
a viscosity of 1018 Pa s, while an elastic LVZ results in the smallest number.

In this case there does not seem to be a connection between the results of
the 1977 and the 1990 earthquake despite their similar location. And although
the 1977 event results in the largest maxima, its influence on the total horizontal
velocity does not seem to be as significant as the influence of the other two. This
can be explained by the fact that for this event the maximum is obtained in the

Table 5.14 Maximal vertical velocity

LVZ viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1017 4.88 2.01 0.92 5.75

1018 6.43 2.10 1.35 6.89

1019 5.95 1.47 1.25 6.29

1020 3.65 1.14 0.97 4.05

1050 3.33 1.12 0.94 3.74
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Table 5.15 Maximal horizontal velocity

LVZ thickness 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

5 1.91 0.90 0.43 2.32

10 1.72 0.88 0.34 2.07

20 1.17 0.73 0.25 1.62

Table 5.16 Minimal vertical velocity

LVZ thickness 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

5 -1.54 -1.32 -0.23 -1.28

10 -1.44 -1.36 -0.21 -1.22

20 -0.95 -1.25 -0.17 -1.66

area northwest of the earthquake epicenter (see Section 5.2.1), where the velocities
introduced by the 1986 event are almost zero. So the maximal values of their sum
are reached in an area where the maximum of the 1986 event is located. The other
two earthquakes only induced average values which makes the maximum of the
1986 event dominant.

Low-viscosity zone thickness

As a second variation three models were simulated with varying LVZ thickness:
5, 10 and 20 km. In these models the thickness of the lithosphere was kept con-
stant so it was the thickness of the lithosphere mantle that was also changed to
20, 15, and 5 km, respectively. The figures of the horizontal and vertical velocities
(Figures 5.13 and 5.14) illustrate that the largest differences between the velocity
fields are noticeable when the LVZ thickness is increased from 10 to 20 km. For
the model with an LVZ thickness of 20 km, the horizontal 0.5 mm/year contour
is equally large or even larger than for the other cases while the maximal velocity
reached within this contour is smaller. The same is valid for the zero velocity con-
tour of the vertical velocity. Figure (5.14.c) also shows that for a thickness of 20 km
the minimum is reached to the southeast of the epicenters whereas for the other
two cases there are two areas where the minus one contour is reached, situated
on opposite sides of the epicenters. The area surrounded by the −1 mm/year
contour in graph (c) is however larger and a higher minimum is reached. The
difference between the 5 and the 10 km LVZ thickness cases are insignificantly
small changes to the velocity and shape of the contours.

The last columns of Tables (5.15) and (5.17) where the maximal horizontal
and the vertical resulting velocities of all three earthquakes are given, confirm
the trend of declining velocities caused by an increasing LVZ thickness. The last
column of Table (5.16) confirms that in absolute numbers there is only a small
difference between the 5 and 10 km case and the model with the 20 km thick LVZ
results in clearly the largest minimum, that is −1.66 mm/year.

Similar to the preceding tables, not only are the maxima of the total defor-
mation given but also the velocities reached by the three earthquakes separately.
Again the largest maxima are reached as a result of the 1977 earthquake followed
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Figure 5.13 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied low-viscosity zone thickness. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.14 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied low-viscosity zone thickness. The 2-D locations of the
earthquakes are indicated by a black triangle
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by the 1986 and then the 1990 events, except for the minimal vertical velocity of
the model with an LVZ thickness of 20 km. In that situation, the −1.25 mm/year
minimum caused by the 1986 earthquake is smaller than the−0.95 mm/year min-
imum induced by the 1977 event. Tables (5.15) to (5.17) also clarify the differ-
ence between the depth at which the 1977 and the 1990 earthquakes occurred and
where the 1986 event took place. In the case of the 1977 and the 1990 earthquakes
the postseismic maximal velocities decrease with increasing LVZ thickness which,
corresponds to the results of the total. In the case of the 1986 earthquake the same
is true for the maximal horizontal velocity. However, the maximal and minimal
vertical velocity are reached when the LVZ is 10 km. A general conclusion is that
increasing the low-viscosity zone thickness results in a decline of the present-day
maximal velocities and rise in the absolute minimal vertical velocity.

Lithospheric mantle viscosity

A variation was then applied to the lithospheric mantle (LM) viscosity. Figures
(5.15) and (5.16) respectively give the horizontal and the vertical average defor-
mation change based on models with a lithospheric mantle viscosity of 1018, 1020

and 1022 Pa s, respectively. For the first case, it means that the model actually
has a 25 km thick layer with a viscosity of 1018 Pa s, in between an elastic litho-
sphere and an asthenosphere with a viscosity of 1019 Pa s. This probably makes
the model quite unrealistic because the strength profile (see Figure 4.1) clearly in-
dicates two strong layers but in Section (5.1.2) it was already demonstrated that
an elastic LM had almost no effect compared to the model with an LM viscosity
of 1022 Pa s. Comparison of Figures (5.15) and (5.16) with Figures (5.3) and (5.4),
respectively, shows that there is no reason to believe this result would change
by inserting an LVZ. All the figures of the horizontal velocities illustrate that the
decrease of the LM viscosity from 1022 to 1020 Pa s causes almost no change to
the 1 mm/year contour, however, the velocities inside are higher. For the vertical
velocities the same can be said for the zero velocity contour. The same compar-
ison leads to the conclusion that when model parameters are changed, inserting
an LVZ has no other effects than already discussed in Section (5.2.1) were both
the original Earth models where compared. For the horizontal velocities there is
almost no change to the direction of the vectors to the south-east of the epicen-
ters, the magnitude is however larger for the seven-layer model. Towards the
northwest the velocities in the far-field decrease and a bulge of high velocities
appears in the near-field. For the vertical velocities no change to the shape of the
deformation is visible and the LVZ causes almost a doubling of the maximal and
minimal velocity induced by the separate earthquakes and also for the total.

These numbers can be confirmed in Tables (5.18) to (5.20) where the maximal
horizontal and the minimal and maximal vertical velocities respectively for all the

Table 5.17 Maximal vertical velocity

LVZ thickness 4-Mar-77 30-Aug-86 30-May-90 Total
(km) (mm/year) (mm/year) (mm/year) (mm/year)

5 6.43 2.10 1.35 6.89

10 5.57 2.14 1.00 6.20

20 4.55 1.82 0.71 5.34
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Figure 5.15 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied lithospheric mantle viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.16 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied lithospheric mantle viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Table 5.18 Maximal horizontal velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 1,51 0,58 0,34 2,04

1020 2,10 0,94 0,50 2,76

1022 1,91 0,90 0,43 2,32

Table 5.19 Minimal vertical velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 -1,73 -1,12 -0,31 -2,62

1020 -1,36 -1,31 -0,21 -1,46

1022 -1,54 -1,32 -0,23 -1,28

Earth models are given. They clarify that the rank of the earthquakes concerning
the maximal velocities stays unaltered. These tables also demonstrate that de-
creasing the LM viscosity to 1018 Pa s causes a decrease of the positive maximal
velocities induced by all the earthquakes. This is remarkable because in the pre-
vious sections it has been demonstrated that decreasing the LVZ viscosity or the
asthenosphere viscosity generally causes an increase of all the maximal velocities,
both positive and negative, of the separate earthquakes. The only exception until
now is the reduction of the LVZ viscosity from 1018 to 1017 Pa s.

Asthenosphere viscosity

The last variation applied was to the asthenosphere viscosity. The resulting av-
erage horizontal and vertical deformations have been calculated for models with
an asthenosphere viscosity of 1018, 1019 and 1022 Pa s. The horizontal and verti-
cal velocities are respectively presented in Figures (5.17) and (5.18). Comparing
these to the results of the asthenosphere variation applied to the five-layer model
(Figures 5.7 and 5.8), shows that the influence of the changes are similar for both
models. The only differences between the models were previously discussed in
Section (5.2.1) and are assumed to be restricted to the change of including an LVZ
in a model.

The exact numbers of the maxima can be found in Tables (5.21) to (5.23) but
do not present any significant conclusions. Again the maxima of the 1977 event
are the largest, followed by the 1986 and the 1990 earthquakes. This order can
change when the viscosity is equal to 1022 Pa s but then the velocities are almost

Table 5.20 Maximal vertical velocity

LM viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 5,97 1,51 1,20 7,02

1020 7,55 2,08 1,54 8,02

1022 6,43 2,10 1,35 6,89
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Figure 5.17 Average horizontal surface displacement change from 2002 to 2006 over Romania for
an Earth model with varied asthenosphere viscosity. The 2-D locations of the
earthquakes are indicated by a black triangle
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Figure 5.18 Average vertical surface displacement change from 2002 to 2006 over Romania for an
Earth model with varied asthenosphere viscosity. The 2-D locations of the earthquakes
are indicated by a black triangle
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Table 5.21 Maximal horizontal velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 2,43 1,78 0,63 2,18

1019 1,91 0,90 0,43 2,32

1022 0,23 0,07 0,09 0,25

Table 5.22 Minimal vertical velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 -5,66 -4,19 -1,47 -4,59

1019 -1,54 -1,32 -0,23 -1,28

1022 -0,28 -0,02 -0,08 -0,28

insignificantly small. What stands out is that decreasing the asthenosphere vis-
cosity from 1019 to 1018 Pa s effects the results induced by the 1986 earthquake the
most. This is also valid for the five-layer model and is caused by the difference in
depth relative to the other two events.

Table 5.23 Maximal vertical velocity

Ast. viscosity 4-Mar-77 30-Aug-86 30-May-90 Total
(Pa s) (mm/year) (mm/year) (mm/year) (mm/year)

1018 9,56 5,86 1,52 10,27

1019 6,43 2,10 1,35 6,89

1022 0,04 0,06 0,01 0,05





Chapter 6

Comparison of modeled values
with GPS observations

In this chapter the resulting displacements of several realistic Earth models will
be compared to the GPS observed movements at the geographical location of the
GPS sites. After more information about the GPS observed and modeled veloci-
ties is given.

6.1 GPS observed values

Due to the use of permanent networks that provide accurate geodetic data, GPS
is now considered to be one of the most powerful space-geodetic tools to measure
the three dimensional surface deformation. Through field campaigns using dense
networks and repeating the measurements over spans of several years, the rela-
tive motions between stations are estimated with a very high precision of 2-3 mm
horizontally and 6-7 mm vertically. This way the crustal movements in Roma-
nia have been studied. The resulting velocity vectors are presented as the black
arrows in Figures (6.2) to (6.7). Those GPS vector solutions are based on data
generated by the combined Netherlands Research Center for Integrated Solid Earth
Sciences (ISES), the German Research Foundation (DFG) and Collaborative Research
Center (CRC) 461 networks in Romania. People that participated in accomplish-
ing the work have recapitulated it in the paper [van der Hoeven, et. al., 2004],
that should be considered as the source of all the information about the GPS-
network in Romania in this section and as the source for more information about
the project.

The observations started in 1995 when Romania decided to participate in the
Central Europe Regional Geodynamic Project (CERGOP) to create a network that
covers the main tectonic features of the central-eastern part of the continent, the
Central European GPS Geodynamic Reference Network (CEGRN), with eight stations
evenly distributed over the country. Up to 2003 these sites have been observed
by CERGOP in four campaigns.

In 1996, DFG funded the CRC 461 to install a GPS network consisting of 28
sites across an area of 250 by 380 km, concentrated around the Vrancea region.
Presently the network consist of 56 sites due to expansions achieved by the ISES in
close cooperation with the (Romanian) National institute for Earth’s Physics (NIEP)
in 2002 and 2003, extending the area covered to the Black Sea (see Figure 6.1). To
date this network has (partly) been measured in 12 GPS campaigns.
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Figure 6.1 GPS network in Central and South-East Romania. The campaign points are indicated by
the color-coded circles, the numbers within indicate the last two digits of the year the first
measurement at the site took place. The Vrancea region is situated between the
Intramoesian fault (IF) and the the Peceneaga-Camena fault (TF). PCF and COF
respectively indicate the Peceneaga-Camena fault and the Capidava-Ovidiu fault. TB
indicates the Transylvanian basin, EEP the East-European platform and MP the
Moesian platform. The blue area is the Black Sea. [van der Hoeven, et. al.,2004]

For the Dutch group data processing is performed using the Jet Propulsion
Laboratory’s (JPL) GIPSY-OASIS software package with a version of JPL’s precise
point positioning, calculating the GPS motions in the ITRF-2000 reference frame.
This results in GPS vectors relative to the assumed stable Eurasian platform. Fur-
thermore, it should be noted that not all the sites given in Figure (6.1) are used
in the interpretation of the results. Only the solutions based on stations observed
during at least four campaigns (older than 1998) and showing a sufficient confi-
dence level are used. Future campaigns will provide the information needed to
enlarge the number of horizontal velocity vectors for analysis. They also provide
more data of vertical movements leading to longer time series needed to provide
consistent solutions.

The most important conclusion in [van der Hoeven, et. al., 2004] for this report,
is that the observed present-day motion in the area between the Vrancea region
and the Black Sea, relative to Eurasian platform, tend to point away from the
Vrancea region. This indicates a plate divergence between the Tisia-Dacia block,
the Moesian plate and the East-European platform.

6.2 Modeled values

In Chapter (5) several Earth models were simulated and their results compared.
When all the figures of the horizontal velocities are examined one general con-
clusion can be made concerning the velocities in the region of interest, the area
between the Vrancea region and the Black Sea. Although the changes to the model
parameters can have a respectable influence to the magnitude of the vectors, they
always point more or less towards the southeast. This is the same direction the
velocities calculated on the base of the GPS observations are pointing, making it
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interesting to compare both velocity vectors (see Section 6.3). However, first more
information shall be presented in relation to the Earth model, earthquake param-
eters and the time span used for the calculations of the postseismic relaxation.
This as they differ from the previous chapter.

As stated before the original five- and seven-layer Earth models are based
on the strength profile [Lankreijer, et. al., 1997]. Although the profile can only
be used as an indication, recent measurements and research have pointed out
that the five-layer Earth model corresponds well with the local Earth structure
[Mocanu, 2004]. It was decided to use an Earth model with a 40 km thick elastic
lithosphere above a 100 km thick lithospheric mantle, and a mantle and a core
with no change in the depth of the Core Mantle Boundary (CMB). This means that
relative to the models used in Chapter (5.1) the asthenosphere has disappeared.
However, the lithospheric mantle is divided into an upper section (ULM) with a
fixed viscosity of 1022 Pa s and a lower part (LLM), for which it is assumed that the
viscosity is ranging between 1017 and 1019 Pa s. The value of the mantle viscosity
is equal to 1021 Pa s. The boundary between both parts of the lithospheric mantle
is believed to be situated at a depth of either 70 or 90 km. The density and shear
modulus are calculated by PREM [Dziewonski and Anderson, 1981]. This results in
six different Earth models that will be compared to the GPS observations. These
models are probably not adequate for other regions and therefore the different
vectors and their possible correlation will not be discussed for regions other than
the southeast of Romania.

Another difference to the data used to simulate the results in Chapter (5) is
that it was important for this simulation that the earthquake parameters were
correct. As discussed in Chapter (2) there are significant differences between the
seismic source parameters given by CMT Harvard (see Table 2.1) and the regional
institute (see Table 2.2). As there were no factors known, that could be used to
determine which is more accurate, both were applied to each Earth model. This
resulted in two different modeled sets of velocities. Furthermore, the 31 May 1990
earthquake was included so all the earthquakes with a moment magnitude larger
than 6 of the last 30 years were used for the postseismic relaxation calculations.
Finally, for the calculation of the velocities an average value was taken of the
postseismic displacements over a period from 1997 to 2003, the same period that
the GPS observations took place.

6.3 Comparison of GPS observed and numerically modeled
velocities

The resulting velocity vectors for the six Earth models described above and the
velocity vectors based on the GPS observations are given in Figures (6.2) to (6.7).
In these figures. the arrow of the GPS velocity vector is surrounded by an ellipse.
The surface of the ellipse is based on the standard deviation of the observations
at that station. The larger the ellipse, the more the observed values diverge from
their mean value. This also means that when a modeled velocity vector points
within the deviation ellipse at a site, the modeled value falls within the range of
values observed at that site. Therefore, the modeled values are considered to be a
good approximation of the observed value.

A general conclusion made concerning these figures is that the direction of
the modeled velocity vectors is almost independent of the model used and that
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Figure 6.2 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The legend in the lower left corner indicates the
source of the seismologic data used and the unit length of 2 mm/year. The box in the
upper left corner of the figures explain the structure of the lithospheric mantle of the
model. The major fault zones in the area are depicted by the black lines. The stars and
the last numbers of the year in which they occurred indicate the 2-D locations of the
earthquakes and their color corresponds with the legend.

the direction coincides reasonably well with the direction of the velocity vectors
based on the GPS observations. There are however small differences between the
direction of the vectors based on the seismic data of the CMT Harvard Catalogue
and the regional institute. This is not very odd when the location of the earth-
quakes according to both sources are considered. The most striking difference
is between the two dimensional locations of the May 31 1990 earthquake. Ac-
cording to the regional information the earthquake occurred at almost exactly the
same location as the May 30 1990 earthquake, while the CMT Harvard Catalogue
indicates a position almost 75 km westwards. The accuracy of this position is
questionable but as Tables (2.1) and (2.2) illustrate, the May 31 1990 earthquake
was ten times smaller than the May 30 1990 event, which already had the weak-
est influence to the total (see Chapter 5) making the influence of the first almost
insignificant.

The figures also show that the velocity vectors are always larger in magni-
tude when the upper lithospheric mantle (ULM) and the lower lithospheric man-
tle (LLM) thicknesses are 20 to 80 km compared to the model with same LLM
viscosity but a different lithospheric mantle division. This implies that for a cer-
tain LLM viscosity, the magnitude of the modeled results corresponds best to
the magnitude of the GPS observed velocities when the LLM is the thickest. For
the model with an LLM viscosity equal to 1019 Pa s (Figure 6.6) the correlation
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Figure 6.3 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The box in the upper left corner of the figures explain
the structure of the lithospheric mantle of the model.

is restricted to results based on the GMT Harvard data and close to the Vrancea
region. As the distance to the epicenters enlarges the velocity magnitude of the
modeled velocities rapidly decreases, while the magnitudes of the GPS observed
values remain almost constant.

For the models with an LLM viscosity of 1017 and 1018 Pa (Figures 6.2 and 6.4)
this is not the case. The correspondence between the modeled velocity vectors
and the GPS observed movements remains, independent of which seismic data
was used. Furthermore, because the magnitude does not decrease as rapidly, the
correlation also remains in the regions further away from the epicenters. This
happens not only in the southeast direction towards the Black Sea, but also in
the center of the figures, near the Peceneaga-Camena fault and to a lesser extend
for the Moesian platform. In the latter region the modeled values correspond well
with the observed values at site MAGU, but the magnitude of the observed veloc-
ity vectors at the other two local sites are a lot smaller while the modeled values
remain constant. Note the fact that the decrease of the velocity with increasing
distance to the epicenters is smaller for lower LLM (asthenosphere) viscosities, as
was already demonstrated in Chapter (5).

These conclusions are emphasized by the values in Table (6.1) where a misfit
value defined as

Nmf =
1
M

M∑
i=1

‖~ximod − ~xiobs‖
σiobs

(6.1)

is given. In the equation xi represents the motion vector at station (i) and the
subscripts mod and obs represent originated from postseismic model simulations
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Figure 6.4 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The box in the upper left corner of the figures explain
the structure of the lithospheric mantle of the model.

and GPS observations, respectively. The formula calculates the ratio of the dif-
ference between the magnitudes of the vectors to the standard deviation in the
direction of the difference. This means that the smaller this misfit value, the bet-
ter the modeled value approached the observed value. The value will be smaller
than 1 if the modeled velocity vector is a good approximation and thus falls in
the deviation ellipse. Here this value has been averaged for three combinations
of GPS sites:

A: stations GURA, MIHA and IAZU

B: A + stations GRUI, BUCU and MAGU

C: B + stations GARO, INDE and MACC

thus describing an expanding area. In situation (A) only the three stations rep-
resenting the tectonic unit between the faults and southeast of the Vrancea area
(see Figure 6.1) were included. In situation (B) the three sites representing the
Moesian platform are added and for situation (C) again three stations are added,
giving the results for the area surrounding the Peceneaga-Camena fault. The lo-
cations of the stations can be found in Figure (6.2). Table (6.1) shows what is
visible in Figures (6.2 - 6.7). The best correlation is obtained when the thickness
distribution of the LM is 20-80 km and the LLM viscosity is equal to 1017 or 1018

Pa s, independent of which source is used for the seismic data. For case (A) the
values are below one, so on average the three modeled vectors are within the un-
certainty range for these sites. When the three stations to the south of the Vrancea
region are included in the calculations (Case B) the misfit increases significantly
no matter which Earth model is used. The numbers decrease again when three
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Figure 6.5 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The box in the upper left corner of the figures explain
the structure of the lithospheric mantle of the model.

Table 6.1 The misfit value Nmf for three different situations. The name of the Earth models
consists of three pairs of numbers. The first two denote the logarithmic value of the
lower lithospheric mantle (LLM) viscosity and the others indicate respectively the
thickness of the upper lithospheric mantle (ULM) and the LLM in kilometers. The three
letters added to the model name denote the seismic source of the data. CMT = CMT
Harvard Catalogue. REG = regional network.

Model A B C

172080 CMT 0.837 2.151 2.116

174060 CMT 2.249 3.469 2.872

182080 CMT 0.654 2.160 1.887

184060 CMT 1.950 3.027 2.529

192080 CMT 1.350 2.445 2.345

194060 CMT 2.022 2.882 2.661

172080 REG 0.922 2.069 1.870

174060 REG 1.869 2.286 2.039

182080 REG 0.775 2.107 1.738

184060 REG 1.528 2.274 1.956

192080 REG 1.706 3.000 2.684

194060 REG 1.981 3.190 2.803
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Figure 6.6 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The box in the upper left corner of the figures explain
the structure of the lithospheric mantle of the model.

stations to the north of the Vrancea region are also included (Case C) but never
approximate the station’s observations as well as in the first case. This can be ex-
plained by the fact that the Earth model was based on the Earth structure beneath
the Vrancea region. The table also shows that for cases (B) and (C) the lowest
misfit values are acquired when the simulation is based on the seismologic data
from the regional institute.

It can be concluded that if models (172080) or (182080) of Table (6.1) do in-
deed describe the structure of the Earth in the Vrancea region, postseismic Earth
relaxation is the main contributor to the observed horizontal displacements of the
local Earth’s surface. Whereas, if one of the other Earth models are a better ap-
proximation, postseismic relaxations still contributes to the total displacements.
However, the main source should be searched in other, probably long-term, geo-
logical processes.
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Figure 6.7 The average horizontal displacement change for a period between 1997 and 2003 and
the GPS observed displacement changes, at the geographical position of the included
GPS sites in south-east Romania. The box in the upper left corner of the figures explain
the structure of the lithospheric mantle of the model.





Chapter 7

Conclusions and
Recommendations

In this final chapter the conclusions pertaining to the generated results given in
Chapters (5) and (6) are presented. The conclusions are mainly concentrated on
the area between the Vrancea region and the Black Sea. The discussion concerning
the whole displacement field of intermediate-depth earthquakes in general will
not be repeated. For more information on this subject refer to Chapter (5). After
the conclusions, recommendations for the required continuation of this research
are discussed.

7.1 Conclusions

It is concluded that GPS observations demonstrate that there is a contribution of
the four largest intermediate-depth Vrancea earthquakes of the last thirty years to
the present-day horizontal surface displacements in the area between the Vrancea
region and the Black Sea. The direction of the average displacements of the nu-
merically modeled values corresponds reasonably well with the GPS observed
vectors in this area and the directions remain practically unaltered when realis-
tic changes are applied to the Earth model. The extent to which the magnitudes
of the modeled values correspond to the magnitudes of the horizontal observed
displacements depends mainly on the structure of the lithospheric mantle in the
Earth model. It has been illustrated that the magnitude of the average displace-
ments can be increased by:

inserting a low-viscosity zone (LVZ) with a viscosity between 1017 and 1020

Pa s at the bottom of the lithosphere.

decreasing the viscosity of the upper lithospheric mantle (ULM) from elastic
to minimal 1020 Pa s.

decreasing the depth of the boundary between the upper lithospheric mantle
and the lower lithospheric mantle whilst keeping the total thickness constant.

decreasing the viscosity of the lower lithospheric mantle (LLM) to a minimum
of 1017 Pa s.

Note that the first three hardly change the location of the 0.5 mm/year contour,
which means that the increase is confined to the area close to the epicenters of
the earthquakes. Decreasing the LLM viscosity especially increases the velocities
in the far-field leading to wider contours that surround a greater area and to the
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relocation of the maximal velocities away from the epicenters towards the center
of the region of interest. It does, however, not always result in an increase of the
maximal average horizontal displacement.

In addition, an LVZ also results in a change of direction of the average hori-
zontal displacements in the south and east of the epicenters. This leads in south-
east Romania to a displacement field whereof almost all the vectors point towards
the south-east. Whereas, for the model without the LVZ, a radially distributed
displacement field was found. Furthermore it must be noted that an LVZ does
not influence the changes to the average displacements as a result of variations
applied to the parameters of the lithospheric mantle. Thus when for example an
LVZ is added to a model and the LLM viscosity is decreased, the total resulting
change to the displacements will be a combination of the changes induced by the
applied modifications separately.

All these findings lead to the conclusion that the GPS observed displacements
can be approached reasonably accurately by a realistic Earth model, meaning that
the intermediate depth seismicity should be considered as a very important com-
ponent of the observed horizontal crustal displacements. These GPS measure-
ments can, on the other hand, not give the definite answer to which Earth model
describes the Earth’s structure underneath the Vrancea region best. None of the
models used in the simulations can be excluded on a basis of poor correspon-
dence between directions. The correspondence between the magnitudes leads to
preference of the models with an ULM of 20 km, an LLM of 80 km thick and an
LLM viscosity of either 1017 or 1018 Pa s. The other Earth models can, however,
not completely be excluded because otherwise one would assume that processes
like ongoing subduction, mantle delamination, ongoing detachment or crustal re-
bound after detachment, correspond with hardly any horizontal displacements.

For the same reasons it is concluded that the vertical solutions of the GPS ob-
servations probably will not answer the question either. The differences between
the average vertical displacement pertaining to the different models are similar
to the average horizontal displacements. This means that even when the accu-
racy of the GPS observation increases, the comparison will probably again result
in a preference for a couple of models, but the comparison can not be completed
separately from the ongoing processes in the region.

7.2 Recommendations

The first recommendation concerns the Earth model used. In a region known for
its lateral inhomogeneity, a rather simple laterally homogeneous, radially strati-
fied model does not suffice to produce conclusive results. So, it is advised to simu-
late a laterally inhomogeneous model or a combination of several laterally homo-
geneous models with different compositions that approach the Earth’s structure
in the whole of Romania as accurately as possible. This way the discussion is no
longer restricted to south-east Romania, but accurate displacements will be also
available for the north-west of the Vrancea region where the effect of the ongoing
tectonic processes should also be noticeable. It also results in the possibility to in-
sert (a) local low-viscosity zone(s) where the presence of one has been pointed out
by seismology or tomographic imaging, and take to the decreasing lithospheric
thickness towards the Black Sea into account. Until the arrival of undisputed evi-
dence for the structure of the lithospheric mantle, it is not advised to continue the
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work with only one Earth model, but to proceed with simulating Earth models
based on all possibilities.

It is also recommended to continue the GPS observations to ensure results of
a higher precision for both the horizontal and vertical displacements. This will
make it in the first place possible to compare the vertical GPS observed values to
numerically modeled values. Secondly, it will lead to accurate residual motions
when the observed values are subtracted from the average displacements result-
ing from the improved Earth models. GPS measurements closer to the Romanian
coast of the Black Sea should also be considered useful, because the results have
identified that the largest differences between the Earth models are noticeable in
the far-field of the earthquakes. Relatively small displacements there would lead
to models with higher LLM viscosities and/or a thicker ULM.

The final recommendation is that those residual motions should be studied
closely together with the geological processes in the region. Due to the uncer-
tainties concerning the structure of the local Earth, especially the viscosity of
the lower lithospheric mantle, it might be useful to have the three dimensional
displacements as they are supposed to have been caused by subduction, mantle
delamination, ongoing slab-detachment and a sinking detached slab separately,
based on similar Earth models. This way, after comparing these results to the GPS
observed displacements and the numerically modeled postseismic displacements
based on several Earth models, a definite answer might be found to what the cor-
rect Earth structure in the Vrancea region is, and which processes are taking place
underneath. Or if this is too optimistic, at least some of the Earth models and
geologic processes can be excluded for further research.
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Appendix A

Mathematical operators

Following mathematical operators used in the report are explicitly written out in
spheroidal coordinates, starting with the∇ operator

∇ =
∂

∂r
êr +

1
r

∂

∂θ
êθ +

1
r sin(θ)

∂

∂φ
êφ (A.1)

This is followed by the introduction of the gradient of a vector ~v = vrêr + vθêθ +
vφêφ

∇~v =
3∑

k=1

3∑
l=1

[(∇~v)kl êkêl] with (A.2)

(∇~v)rr=
∂ur
∂r

, (∇~v)θr=
1
r
∂ur
∂θ
−uθ

r
, (∇~v)φr=

1
r sin θ

∂ur
∂φ
−
uφ
r
,

(∇~v)rθ=
∂uθ
∂r

, (∇~v)θθ= 1
r

∂uθ
∂θ

+ur
r
, (∇~v)φθ= 1

r sin θ

∂uθ
∂φ
−
uφ
r

cos θ
sin θ

,

(∇~v)rφ=
∂uφ
∂r

, (∇~v)θφ= 1
r

∂uφ
∂θ

, (∇~v)φφ= 1
r sin θ

∂uφ
∂φ

+ur
r

+
uθ
r

cos θ
sin θ

.

as well as the first invariant of a tensor t

t̄ = trr + tθθ + tφφ (A.3)

in which the subscript determines the positions in the tensor.
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Appendix B

Coefficients of the forcing terms

In this Appendix the forcing terms of the spheroidal ( ~̃fδ,nm and ~̃fδ′ ,nm) and of the
toroidal components (~̃gδ,nm and ~̃gδ′ ,nm) are given as obtained from [Piersanti, et.
al., 1995] for a dip-slip source with unit moment M . They are given in matrix
form and for a fixed degree n, the rows correspond to a distinct order m (m=-
2,..,2). For the spheroidal component there are two columns which refer to the
third and fourth component of the vector ~̃ynm. The single column present for the
toroidal case refers to the second component of the vector ~̃znm. The dip angle is
denoted by δ and r is the distance from the center of the Earth.

Spheroidal components

~̃fδ,nm :

m = −2
m = −1
m = 0
m = 1
m = 2


0 (2n+1)(n−1)(n+2)

16πr3 sin 2δ
n(n+1)(2n+1)

8πr3 cos 2δ − i(2n+1)
8πr3 cos 2δ

−2n+1
4πr3 sin 2δ 2n+1

8πr3 sin 2δ
i(2n+1)

8πr3 cos 2δ − i(2n+1)
8πr3n(n+1)

cos 2δ
0 2n+1

16πr3n(n+1)
sin 2δ

 (B.1)

~̃fδ′ ,nm :
m = −1
m = 0
m = 1

 0 − i(2n+1)
8πr2 cos 2δ

−2n+1
4πr2 sin 2δ 0

0 − i(2n+1)
8πr2n(n+1)

cos 2δ

 (B.2)

Toroidal components

~̃gδ,nm :

m = −2
m = −1
m = 1
m = 2


i(2n+1)(n−1)(n+2)

16πr3 sin 2δ
2n+1
8πr3 cos 2δ

− 2n+1
8πr3n(n+1)

cos 2δ

− i(2n+1)
16πr3n(n+1)

sin 2δ

 (B.3)

~̃gδ′ ,nm :
m = −1
m = 1

[
2n+1
8πr2 cos 2δ

− 2n+1
8πr2n(n+1)

cos 2δ

]
(B.4)
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Appendix C

Residue theorem

In this Appendix a short review is given of the theory concerning the residue
theorem as it is presented in [Vermeersen, 2002b]. There it is stated that a function
f(z) is called analytical at a point z = z0 if the function is differentiable in that
point and in a small surrounding area. When the function f(z) is analytical in
the complex plane, except in a singularity z = z0, then f(z) can be written as a
Laurent series:

f(z) =
∞∑

n=−∞
an(z − z0)n (C.1)

Integrating this function over a circle around z = z0 with radius r and replacing
z − z0 by reit results in:∮

c
f(z)dz = i

∞∑
n=−∞

anr
n+1

∮ 2π

0
ei(n+1)tdt (C.2)

According to the Cauchy theorem all the integrals on the right-hand side are zero,
except for n = −1, therefore:∮

f(z)dz = ia−1

∮ 2π

0
e0dt = 2πia−1 (C.3)

The coefficient a−1 is called the residue of f(z) in z = z0. The residue theorem states
that if there are a number of singularities in the complex plane, the integral over
a closed contour around these singularities is equal to 2πi times the sum of all the
residues belonging to the singularities.

For a singularity in z = z0 with a pole of order m the residue of f(z) in z = z0

is given by

a−1 = lim
z→z0

1
(m− 1)!

dm−1

dzm−1

(
(z − z0)mf(z)

)
(C.4)
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