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Abstract Given a metric measure space X, we consider a scale of function spaces
777 (X), called the weighted tent space scale. This is an extension of the tent space
scale of Coifman, Meyer, and Stein. Under various geometric assumptions on X we
identify some associated interpolation spaces, in particular certain real interpolation
spaces. These are identified with a new scale of function spaces, which we call Z-
spaces, that have recently appeared in the work of Barton and Mayboroda on elliptic
boundary value problems with boundary data in Besov spaces. We also prove Hardy—
Littlewood—Sobolev-type embeddings between weighted tent spaces.

Keywords Weighted tent spaces - Complex interpolation - Real interpolation -
Hardy-Littlewood—Sobolev embeddings

Mathematics Subject Classification 42B35 (Primary) - 46E30 (Secondary)

The tent spaces, denoted TP 49, are a scale of function spaces first introduced by
Coifman et al. [10,11] which have had many applications in harmonic analysis and
partial differential equations. In some of these applications ‘weighted’ tent spaces have
been used implicitly. These spaces, which we denote by 7;”*?, seem not to have been
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considered as forming a scale of function spaces in their own right until the work of
Hofmann et al. [15, §8.3], in which factorisation and complex interpolation theorems
are obtained for these spaces.

In this article we further explore the weighted tent space scale. In the interests of
generality, we consider weighted tent spaces ;"7 (X) associated with a metric measure
space X, although our theorems are new even in the classical case where X = R”
equipped with the Lebesgue measure. Under sufficient geometric assumptions on X
(ranging from the doubling condition to the assumption that X = R"), we uncover
two previously unknown novelties of the weighted tent space scale.

First, we identify some real interpolation spaces between 7" and 7" 7 whenever
5o # s1. In Theorem 2.4 we prove that

(T T g py = 2331 (M

for appropriately defined parameters, where the scale of ‘Z-spaces’ is defined in Def-
inition 2.3. We require pg, p1,q > 1 in this identification, but in Theorem 2.9 we
show that in the Euclidean setting the result holds for all pg, p1 > Oandg > 1. In
the Euclidean setting, Z-spaces have appeared previously in the work of Barton and
Mayboroda [4]. In their notation we have Z/"?(R") = L(p, ns + 1, ¢). Barton and
Mayboroda show that these function spaces are useful in the study of elliptic boundary
value problems with boundary data in Besov spaces. The connection with weighted
tent spaces shown here is new.
Second, we have continuous embeddings

sz gqu [N Ts []7 1.9
whenever the parameters satisfy the relation

1 1
S| —8sg=— — —. 2)
P po

This is Theorem 2.19. Thus a kind of Hardy—Littlewood—Sobolev embedding theorem
holds for the weighted tent space scale, and by analogy we are justified in referring to
the parameter s in 7,""? as a regularity parameter.

We also identify complex interpolation spaces between weighted tent spaces in
the Banach range. This result is already well-known in the Euclidean setting, and its
proof does not involve any fundamentally new arguments, but we include it here for
completeness.

These results in this paper play a crucial role in recent work of the author and Pascal
Auscher [2], in which we use weighted tent spaces and Z-spaces to construct abstract
homogeneous Hardy—Sobolev and Besov spaces associated with elliptic differential
operators with rough coefficients, extending the abstract Hardy space techniques ini-
tiated independently by Auscher et al. [3] and Hofmann and Mayboroda [14].
Notation Given a measure space (X, i), we write LO(X) for the set of J-measurable
functions with values in the extended complex numbers C U {£o00, £ioo}. As usual,
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by a ‘measurable function’, we actually mean an equivalence class of measur-
able functions which are equal except possibly on a set of measure zero. We will
say that a function f € L%(X) is essentially supported in a subset E C X if
ufx e X\ E: f(x) #0} =0.

A quasi-Banach space is a complete quasi-normed vector space; see for example
[18, §2] for further information. If B is a quasi-Banach space, we will write the quasi-
norm of B as either ||-||g or ||- | B||, according to typographical needs.

For 1 < p < oo, we let p’ denote the Holder conjugate of p, which is defined by

the relation | |
1 = — —/,

p p
with 1/00 := 0. For 0 < p, g < 0o, we define the number

again with 1/00 := 0. This shorthand will be used often throughout this article. We
will frequently use the the identities

8p.g +8q.r =p.rs
8pg = 5(1’,1/7
1/q = 800,q = 8¢7,1-

As is now standard in harmonic analysis, we write @ < b to mean that a < Cb for
some unimportant constant C > 1 which will generally change from line to line. We
also write a <¢,.c,,.. b tomean thata < C(cy, ¢z, .. .)b.

1 Preliminaries
1.1 Metric Measure Spaces

A metric measure space is atriple (X, d, i), where (X, d) is a nonempty metric space

and p is a Borel measure on X. For every x € X and r > 0, we write B(x,r) :={y €

X :d(x,y) < r}forthe ball of radius r, and we also write V (x, r) := u(B(x, r)) for

the volume of this ball. The generalised half-space associated with X is the set X :=

X x R4, equipped with the product topology and the product measure du(y) dt/t.
We say that (X, d, u) is nondegenerate it

0<V(x,r) <oo forallx € X andr > 0. 3)

This immediately implies that the measure space (X, u) is o-finite, as X may be
written as an increasing sequence of balls

X = U B(xo, n) “4)

neN
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for any point xo € X. Nondegeneracy also implies that the metric space (X, d) is sepa-
rable [7, Proposition 1.6]. To rule out pathological behaviour (which is not particularly
interesting from the viewpoint of tent spaces), we will always assume nondegeneracy.

Generally we will need to make further geometric assumptions on (X, d, u). In
this article, the following two conditions will be used at various points. We say that
(X, d, ) is doubling if there exists a constant C > 1 such that

V(x,2r) < CV(x,r) forall (x,r) e XT.

A consequence of the doubling condition is that there exists a minimal number n > 0,
called the doubling dimension of X, and a constant C > 1 such that

V(x,R) <CR/r)'V(x,r)

forallx e Xand0 <r < R < o0.
For n > 0, we say that (X, d, u) is AD-regular of dimension n if there exists a
constant C > 1 such that
c ' <vx,r)<cr” )

forall x € X and all r < diam(X). One can show that AD-regularity (of some dimen-
sion) implies doubling. Note that if X is unbounded and AD-regular of dimension n,
then (5) holds for all x € X and all » > 0.

1.2 Unweighted Tent Spaces

Throughout this section we suppose that (X, d, w) is a nondegenerate metric measure
space. We will not assume any further geometric conditions on X without explicit
mention. All of the results here are known, at least in some form. We provide statements

for ease of reference and some proofs for completeness.
For x € X we define the cone with vertex x by

I'(x):={(,t)e X" :yeBx,1)},

and for each ball B C X we define the tent with base B by

T(B):= X1\ (U F(x)) )

x¢B

Equivalently, T (B) is the set of points (y, t) € X such that B(y, t) C B. From this
characterisation it is clear that if (y, t) € T(B), then ¢t < rp, where we define

rp :=sup{r > 0: B(y,r) C B for some y € X}.
Note that it is possible to have rg(y ;) > t.

Birkhduser
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Fix ¢ € (0,00) and « € R. For f € LO(X™), define functions A7 f and C{ f on
X by

du(y) de\'
A9 Fx) = / , q——> 6
£ ( R ©)
and
COf(x) = ( 1f 09 d ()dt)l/q %
o= e \ @ S OO

for all x € X, where the supremum in (7) is taken over all balls B C X containing
x. We abbreviate C? := Cg . Note that the integrals above are always defined (though
possibly infinite) as the integrands are non-negative, and so we need not assume any
local g-integrability of f. We also define

AX f(x) := esssup |f(y,0) ®)

(y.n)el(x)

and

1
Co’ f(x) := sup ———— esssup |f(y,1)|.
* Bax W(B)' ( her(p)

Lemma 1.1 Suppose that ¢ € (0,00], « € R, and f € LO(X ™). Then the functions
A4 f and CL f are lower semicontinuous.

Proof For g # oo see [1, Lemmas A.6 and A.7]. It remains only to show that A% f
and C.° f are lower semicontinuous for f LO(X).
For each s > 0 write

Fr)+s:={(rt)eX :(y,t—s) e} ={(y,1) e X" :ye B(x,t —s)}.

Geometrically I'(x) + s is a ‘vertically translated’ cone, and I'(x) +s D I'(x) +r for
all » < 5. The triangle inequality implies that

I'x)+s cI'(x) forallx’ e B(x,s).
To show that A% f is lower semicontinuous, suppose that x € X and A > 0 are

such that (A% f)(x) > A. Then the set O := {(y,t) € I'(x) : |f(y,1)| > A} has
positive measure. We have

o
o=Jonr@+n".
n=1
Since the sequence of sets O N (I'(x) + n~1) is increasing in n, and since O has

positive measure, we find that there exists n € N such that O N (I'(x) + n~') has
positive measure. Thus for all x” € B(x, n_l),

{3, eTE): [fDl>2D0NTE+n"")
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has positive measure, and so (A% f)(x’) > A. Therefore A f is lower semicontin-
uous.

The argument for CJ° is simpler. We have (C5° f)(x) > X if and only if there exists
a ball B > x such that

———— esssup |f(y,1)] > A.
n(BYIF (et

This immediately yields (C5° f)(x") > A for all x’ € B, and so C5° f is lower semi-
continuous. O

Definition 1.2 For p € (0, o0) and g € (0, o], the tent space T?9(X) is the set
TP9(X):={f e LOX1): A1 f e LP(X)}
equipped with the quasi-norm

W llrracxy = AT F]| Lo -
We define T7°%9(X) by
T®9(X):={f € L%XT) :CIf € L¥(X)}

equipped with the corresponding quasi-norm. We define 7% (X) := L% (X ™) with
equal norms.

For the sake of notational clarity, we will write 7'7-9 rather than 7'7-9(X) unless
we wish to emphasise a particular choice of X. Although we will always refer to tent
space ‘quasi-norms’, these are norms when p, g > 1.

Remark 1.3 Our definition of A f gives a function which is less than or equal to
the corresponding function defined by Coifman, Meyer, and Stein [11], which uses
suprema instead of essential suprema. We also do not impose any continuity conditions
in our definition of 77 *°. Therefore our space 77-°°(R") is strictly larger than the
Coifman—Meyer—Stein version.

By a cylinder we mean a subset C C X7 of the form C = B(x,r) x (a, b) for
some (x,7r) € XT and 0 < a < b < oco. We say that a function f € LO(X™T) is
cylindrically supported if it is essentially supported in a cylinder. In general cylinders
may not be precompact, and so the notion of cylindrical support is more general than
that of compact support. For all p, g € (0, oo] we define

P9 :={f € TP : fis cylindrically supported}.

and
LY(XT) :={f € LP(X") : f is cylindrically supported}.

Birkhduser
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A straightforward application of the Fubini—Tonelli theorem shows that for all
g € (0,00) and forall f € LO(X™),

W l7aa =11fpacx+y
and so 799 = L9(X™"). When g = oo this is true by definition.
Proposition 1.4 Forall p, g € (0, 00), the subspace TP-4:¢ C TP+4 is dense in T"4.
Furthermore, if X is doubling, then for all p, q € (0, oo], TP is complete, and when
p.q # oo, LL(X™) is densely contained in TP.
Proof The second statement has already been proven in [1, Proposition 3.5],! so we

need only prove the first statement. Suppose f € 779 and fix a point xg € X. For
each k € N, define

Ci := B(xo, k) x (k™' k) and fi :=1¢, f.

Then each f is cylindrically supported. We have

lim [|f = fellgpq = lim / Al (e £)(x)P dpu(x)
k—o00 k—oo Jx

_ / lim A9 (1ee £)(x)P dpe(x)
Xk~>oo k

. du(y) de\P'
_ . q il
= /X <k11)120/”x) |Aee (. DI Vo0 1 > du(x)

. du(y) de\P
_ . q AHYY) dat
—/x</r(x)kli“éo'(lckf)(y’”' e t) dpu(x)

=0.

All interchanges of limits and integrals follow by dominated convergence. Hence we
have f = limy_,  fi, which completes the proof. O

Recall the following duality from [1, Propositions 3.10 and 3.15].

Proposition 1.5 Suppose that X is doubling, p € [1, 00), and g € (1, 00). Then the
L%(X ™) inner product

[ d
(f.g) = /; gD ) Tt ©)

identifies the dual of TP with TP,

! The cases where g = oo are not covered there. The same proof works—the only missing ingredient is
Lemma 3.1, which we defer to the end of the article.

Birkhauser
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Suppose that p € (0, 1], g € [p, oo], and B C X is a ball. We say that a function
a € LO(X7T)is a TP atom (associated with B) if a is essentially supported in T (B)
and if the size estimate
llallzgq < (B)’P4

'— p~1). A short argument shows that if a is a 77°9-atom,

holds (recall that§,, , := g~
then [lal|7rq < 1.

Theorem 1.6 (Atomic decomposition) Suppose that X is doubling. Let p € (0, 1]
and q € [p, o0). Then a function f € LX) is in TP9 if and only if there exists a
sequence (ax)reN of TP 1-atoms and a sequence (Ay)reN € £P (N) such that

f=> ha (10)

keN

with convergence in TP, Furthermore, we have

N ppa = inf [|Akller ) »

where the infimum is taken over all decompositions of the form (10).

This is proven by Russ when ¢ = 2 [22], and the same proof works for general
q € [p,00). For g = oo we need to combine the original argument of Coifman,
Meyer, and Stein [11, Proposition 2] with that of Russ. We defer this to Sect. 3.2.

1.3 Weighted Tent Spaces: Definitions, Duality, and Atoms

We continue to suppose that (X, d, t) is a nondegenerate metric measure space, and
again we make no further assumptions without explicit mention.
For each s € R, we can define an operator V* on L%(X*) by

VG, 1) == Vx, 1) fx,1)

for all (x,¢) € X ™. Note that for r, s € R the equality V" V* = V" holds, and also
that VY is the identity operator. Using these operators we define modified tent spaces,
which we call weighted tent spaces, as follows.

Definition 1.7 For p € (0, 00), g € (0, 0], and s € R, the weighted tent space TP
is the set
TP = (f e LOX1): VS F € TP9)

equipped with the quasi-norm
1/l = [V Fllgpa -
For g # o0, and with an additional parameter « € R, we define T:z,q by the quasi-

norm
1 fllzoa = [ICEOV ™ )| ooy -
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Finally, we define 7,0, > by the norm

I
gz = sup gyrea 1Vl

where the supremum is taken over all balls B C X. Note that T&%’q = T4, We write
TOO,l] — TOOJI
s T Us0

Remark 1.8 The weighted tent space quasi-norms of Hofmann et al. [15, §8.3] (with
p # o0) and Huang [16] (including p = oo with « = 0) are given by

||f||TJpq(]Rn) = H(ys t) e t_sf(% t)||Tp,q(Rn) ’ (11)

which are equivalent to those of our spaces TS’; ’nq (R™).In general, when X is unbounded
and AD-regular of dimension 7, the quasi-norm in (11) (with X replacing R") is
equivalent to that of our TSP ’nq. We have chosen the convention of weighting with
ball volumes, rather than with the variable ¢, because this leads to more geometrically

intrinsic function spaces and supports embedding theorems under weaker assumptions.

For all r, s € R, the operator V" is an isometry from 7% to T”;%. The operator
V=" is also an isometry, now from 7,77 to 7,”%, and so for fixed p and g the weighted
tent spaces T,/ are isometrically isomorphic for all s € R. Thus by Proposition 1.4,
when X is doubling, the spaces 7,77 are all complete.

Recall the L?(X*) inner product (9), which induces a duality pairing between
TP4 and TP"4 for appropriate p and ¢ when X is doubling. For all s € R and all
f. g € L*(X*) we have the equality

(f.e)=(Vf. V), (12)
which yields the following duality result.

Proposition 1.9 Suppose that X is doubling, p € [1,00), g € (1,00), and s € R.
Then the L2(X+) inner product (9) identifies the dual of 19 with Tfs’q .

Proof If f e T/ " and g € Tf;’q/, then we have V™° f € TP9 and V¥g € TP s0
by Proposition 1.5 and (12) we have

(LN VT Flrna [1Vo8llrra = W lgpa N8l

Conversely, if ¢ € (T”"?)’, then the map f = (V¢ f ) determines a bounded
linear functional on 779 with norm dominated by ||¢||. Hence by Proposition 1.5
there exists a function g € T7-4 with [|g|[;, . < |l@]] such that

e(N) =V (V) =(V"f8 =(f,V"3

Birkhauser
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forall f e T,”"?. Since
||V"'§||T_paq/ = 1gllyr.a S el

we are done. O

There is also a duality result for p < 1 which incorporates the spaces Tsozq with
a > 0. Before we can prove it, we need to discuss atomic decompositions.

Suppose that p € (0,1], g € [p,o0], s € R,and B C X is a ball. We say that
a function a € LO(X™) is a TV -atom (associated with B) if V~*a is a T?*?-atom.
This is equivalent to demanding that a is essentially supported in 7'(B) and that

llallzga < p(B)’ra.

The atomic decomposition theorem for unweighted tent spaces (Theorem 1.6) imme-
diately implies its weighted counterpart.

Proposition 1.10 (Atomic decomposition for weighted tent spaces) Suppose that X
is doubling. Let p € (0,1], g € [p, oc], and s € R. Then a function f € LO(X7) is
in TP? if and only if there exists a sequence (ay)reN of TP -atoms and a sequence
(A)ken € £P(N) such that

f=) ma (13)

keN

with convergence in T, Furthermore, we have

I fllzpa = inf [ Akllerqy)
where the infimum is taken over all decompositions of the form (13).
Using this, we can prove the following duality result for p < 1.

Theorem 1.11 Suppose that X is doubling, p € (0, 1), g € [1, 00), and s € R. Then
the L2(X+) inner product (9) identifies the dual of T4 with T4

—s381,p°

Proof First suppose that a is a T;"?-atom associated with a ball B C X, and that

geTi - Then we have

d
la. g)] < / VSaly. DIIVEg(y. Dl du(y)
T(B) t

< llallggs £BVTu(BY17 |Igll ooy

73‘,51’],

< W(B)Y Pt g | ey
_‘Y*‘Sl,p

= llgll oo’
Ly
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For general f € T/? we write f as a sum of 7,""?-atoms as in (13) and get

I @)l = N8l oo [IAler < 11811 oo 1Al

7:,81% 75’5|,P

using that p < 1. Taking the infimum over all atomic decompositions completes the
argument.

Conversely, suppose that ¢ € (T;"*?)’. Exactly as in the classical duality proof (see
[1, Proof of Proposition 3.10]), using the doubling assumption, there exists a function
g€ L?(;C(X+) such that

p(f)=(f. 8

forall f € T/*?*°. To show that g is in Tf?:gl/,,,’ we estimate ||V gl| g, for each
ball B C X by duality:

Vigl, s = sup (A VRDIIFIL
H HLq (T(B)) FeLa(T'(B)) La(T(B))
= sup  [V'f g)|||f||2c}(T(3))-
feL(T(B))

Holder’s inequality implies that
HVSfHTs;rq =< M(B)Sq’p ||f||Lq(T(B))
when f is essentially supported in 7'(B), so we have

HVSgHm’(T(B)) < u(B)’er lellzpay

and therefore

8p1—(1/4") ||
”g”ri’fifs’fp Sup wBTTEHE 1V &lli ray

el (TP9y Sup 1 (B)‘Sl’> 1481, +8¢.p
; BCX

IA

= ||§0||(Tsp,q), s
which completes the proof. O

Remark 1.12 Note that ¢ = 1 is included here, and excluded in the other duality
results of this article. Generally the spaces 77-¢ with p < ¢ are easier to handle than
those with p > q.

We end this section by detailing a technique, usually referred to as ‘convex reduc-
tion’, which is very useful in relating tent spaces to each other. Suppose f € LO(XT)
and M > 0. We define a function f¥ e LO(X™T) by

My, 1) = fx, M

Birkhauser
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forall (x,t) € XT. Forall g € (0, c0] and s € R we then have
ATV My = AMay=sIM )M,
and for o € R we also have
CL(v My = Cff (VM M,

Therefore, for p € (0, o0) we have

M — || aMay—sim M‘
Hf ’ T HA ( P LP(X)
M
— AMq st/M H
[arav=rpl|
M
Mp,M
i
and likewise for p = oo and g < oo we have
M
M _ oo,Mq
1 g = Nl 1 25500
The case p = g = oo behaves in the same way:
M _ —s/M MH _ M
—_ V - 00,00
7 e = [J DML, = 1N

These equalities often allow us to deduce properties of T;”'? from properties of

TS%‘,’,’M", and vice versa. We will use them frequently.

2 Interpolation and Embeddings
As always, we assume that (X, d, 1) is a nondegenerate metric measure space. We

will freely use notation and terminology regarding interpolation theory; the uninitiated
reader may refer to Bergh and Lofstrom [5].

2.1 Complex Interpolation

In this section we will make the following identification of the complex interpolants
of weighted tent spaces in the Banach range of exponents.

Theorem 2.1 Suppose that X is doubling, po, p1 € [1, oo] (not both 00), qo, q1 €
(1, 00), 50,51 € R, and 6 € (0, 1). Then we have the identification

P00 P11 Po-46
[Ty ™ Ty " lo = T,

Birkhduser
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with equivalent norms, where pe =(1 —Q)po +49p1 , = (1 —G)qo +9q1 ,
and sg = (1 — 60)sy + Os1.

Remark 2.2 In the case where X = R”" with the Euclidean distance and Lebesgue
measure, this result (with pg, p1 < 1 permitted) is due to Hofmann et al. [15, Lemma
8.23]. A more general result, still with X = R”, is proven by Huang [16, Theorem 4.3]
with go, g1 = oo also permitted, and with Whitney averages incorporated. Both of
these results are proven by means of factorisation theorems for weighted tent spaces
(with Whitney averages in the second case), and by invoking an extension of Calderdén’s
product formula to quasi-Banach spaces due to Kalton and Mitrea [19, Theorem 3.4].
We have chosen to stay in the Banach range with 1 < ¢g,q1 < oo for now, as
establishing a general factorisation result would take us too far afield.

Note that if pg = oo (say) then we are implicitly considering TO  with a = 0;
interpolation of spaces with & # 0 is not covered by this theorem. This is because
the method of proof uses duality, and to realise T q‘) with o 7 0 as a dual space we
would need to deal with complex interpolation of qua51 -Banach spaces, which adds
difficulties that we have chosen to avoid.

Before moving on to the proof of Theorem 2.1, we must fix some notation. For
q € (1,00) and s € R, write

(14)

] - d dt
L?(x+) = LfI(XnL’ qusfl) — 14 <X+, VI (y, 1) n(y) _)

V(y,t) t

(this notation is consistent with viewing the function V ~95~! as a weight on the product
measure dpu dt/t).

An important observation, originating from Harboure, Torrea, and Viviani [13], is
that for all p € [1, 00), g € (1,00) and s € R, one can write

WS llgpa = [[HF T LP(X 2 LE(X))]

for f € LO%(X*), where
Hf(x) =1rw) f.

Hence H is an isometry from 7Y to L?(X : L{(X™")). Because of the restriction
on g, the theory of Lebesgue spaces (more precisely, Bochner spaces) with values in
reflexive Banach spaces is then available to us.

This proof follows previous arguments of the author [1], which are based on the
ideas of Harboure et al. [13] and of Bernal [6], with only small modifications to
incorporate additional parameters. We include it to show where these modifications
occur: in the use of duality, and in the convex reduction.

Proof of Theorem 2.1 First we will prove the result for pg, p1 € (1, 00). Since H
is an isometry from Tf;j M o LPi (X : L?]’ (XT)) for j = 0,1, the interpolation
property implies that H is bounded (with norm < 1 due to exactness of the complex
interpolation functor)

[T, TR g — L (X : [LE (X)), LTI (X)) .
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Here we have used the standard identification of complex interpolants of Banach-
valued Lebesgue spaces [5, Theorem 5.1.2]. The standard identification of complex
interpolants of weighted Lebesgue spaces [5, Theorem 5.5.3] gives

[LO(xh), LI (XT)]p = LL (X ),
and we conclude that

1 fllgpoan = [[Hf | LP (X 2 LG (XD)]

< | 1, T |
forall f € [T, T/'"']y. Therefore
[TS{)JOqu’ TS[:lsql]e C ngeﬁ%. (15)

To obtain the reverse inclusion, we use the duality theorem for complex interpolation
[5, Theorem 4.5.1 and Corollary 4.5.2]. Since X is doubling, and by our restrictions
on the exponents, the spaces Ti," %" and T"*?" are reflexive (by Proposition 1.9) with
intersection dense in both spaces (as it contains the dense subspace Llcnax(qo’q')(X )
by Proposition 1.4). Therefore the assumptions of the duality theorem for complex
interpolation are satisfied, and we have

/ !
P6,49 Py-4,
T = (ploy

’ I ’ ’

Po-40 ISRUARTA

- [T—S() ’ T—sl ]9
P0,90 P1.91

= [ng s Tsl lo

where the first two lines follow from Proposition (1.9) and (15), and the third line uses
the duality theorem for complex interpolation combined with Proposition 1.9.

We can extend this result to pg, p1 € [1, oo] using the technique of [1, Proposition
3.18]. The argument is essentially identical, so we will not include the details here. O

2.2 Real Interpolation: The Reflexive Range

In order to discuss real interpolation of weighted tent spaces, we need to introduce a
new scale of function spaces, which we denote by zP = 7P (x)2

Definition 2.3 For ¢ € (0, ), c; € (1, 00),and (x, t) € X, we define the Whitney
region
Qeg.er (X, 1) 1= B(x, cot) x (¢;'1, 1) € X,

2 We use this notation because almost every other reasonable letter seems to be taken.
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and for g € (0, 00), f € LO(X™1),and (x, 1) € X+ we define the L?-Whitney average

1/q
W& e 1) = (]5{2 ( )If(E,r)quu(é)dt) .
cguep (X5t

For p,q € (0,00),s € R, ¢p € (0,00), ¢y € (1,00),and f € LO(X+), we then
define the quasi-norm

||f||Z§)’q(X;Co,C1) = HWLL‘I(),Q (Vﬁsf)HLp(XJr) .
and the Z-space
Z7(X; co, 1) == {f € LOX) 11l 209 (x.cg 0y < O9)-

In this section we will prove the following theorem, which identifies real interpolants
of weighted tent spaces in the reflexive range. We will extend this to the full range of
exponents in the Euclidean case in the next section.

Theorem 2.4 Suppose that X is AD-regular and unbounded, po, p1,q € (1, 00),
so Z 51 € R, and 6 € (0, 1). Then for any co € (0, 00) and ¢ € (1, 00) we have the
identification

(T TH" Do, py = Z5 1 (X5 co, €1) (16)

with equivalent norms, where pe_l =(1- G)po_l + Qpl_l and sg = (1 — 0)sg + Os1.

As a corollary, in the case when X is AD-regular and unbounded, and when p, ¢ >
1, the spaces Z P9(X; o, c1)are independent of the parameters (cg, ¢1) with equivalent
norms, and we can denote them all simply by Z”*¢.3 We remark that most of the proof
does not require AD-regularity, but in its absence we obtain identifications of the real
interpolants which are less convenient.

The proof relies on the following identification of real interpolants of weighted
L7 spaces, with fixed ¢ and distinct weights, due to Gilbert [12, Theorem 3.7]. The
cases p < l and ¢ < 1 are not considered there, but the proof still works without any
modifications in these cases. Note that the original statement of this theorem contains
a sign error in the expression corresponding to (17).

Theorem 2.5 (Gilbert) Suppose (M, 1) is a o-finite measure space and let w be a
weight on (M, ). Let p,q € (0,00) and 0 € (0, 1). For all r € (1, 00), and for
f € LY(M), the expressions

(”_ke ||1x:w(x)€(r—k,r_k+llf||L‘1(M)> "

kezller(z)

1-6
HS Hlx:w(x)fl/sf| L4 (M,w) LP (R, ds/s) (18)

3 One can prove independence of the parameters (cq, c1) directly when X is doubling, but proving this
here would take us even further off course.
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and

HS—Q ||1x:w(x)>1/sfHLq(M)‘ LP (R, .ds)s) (19)

define equivalent norms on the real interpolation space
(LI(M), LT (M, w))g, p.

The first step in the proof of Theorem 2.4 is a preliminary identification of the real
interpolation norm.

Proposition 2.6 Let all numerical parameters be as in the statement of Theorem 2.4.
Then for all f € LO(XT) we have the equivalence

A1 @ T Dop || = [l = [[rco £ 1L, LG X Dop ] L x,) -
(20)

Proof We use the notation of the previous section. We have already noted that the map
H: T’ — LP(X : LI(XT)) with Hf(x) = 1r(y) f is an isometry. Furthermore,
as shown in [1] (see the discussion preceding Proposition 3.12 there), H(T/?) is
complemented in LP(X : L{(X%)), and there is a common projection onto these
spaces. Therefore we have (by [23, Theorem 1.17.1.1] for example)

|| £ 1@t T Dy || 2 |[HF | (LPO(X 2 LE (X)), L2 (X 2 LE (X))o, || -

The Lions—Peetre result on real interpolation of Banach-valued Lebesgue spaces (see
for example [21, Remark 7]) then implies that

[F 1T T D0, pg || = [[HF T LPPX: (LS (X, LS (X )a,po)] |-

Since H f (x) = 1r(y) f, this proves (20). O
Having proven Proposition 2.6, we can use Theorem 2.5 to provide some useful

characterisations of the real interpolation norm. For f € LO(X Tyand a, b € [0, o],
we define the truncation

Jap = 1xx@n f-

Note that in this theorem we allow for pg, p; < 1; we will use this range of exponents
in the next section.

Theorem 2.7 Suppose po, p1,q € (0,00), s0 # s1 € R, and 6 € (0, 1), and suppose

that X is AD-regular of dimension n and unbounded. Let r € (1, 00). Then for f €
LO(X ™) we have norm equivalences
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l[x = [[1reo £ | (LEXT), LS, (X+))9,peHHL1’0(x)

~ ||gnGs1=50)(1-6) g ‘ .
‘ Hfroo’ T;’l(’q LPo(Ry.dt/T) o
~ Hr—n(sl—SoW ||fOJ||TP9~q‘ =
5o |1LPo (R dT/T)
N —nkf(s1—s0)
) H(r 150 }|f,7k,,fk+1||T£9'q)k€Z 0o (Z) =

Proof First assume that s; > s¢. Let u?o be the measure on X given by

du(y)dt

duld (v, t) := 9% )
Mso(y ) V1)t

Since X is AD-regular of dimension n and unbounded, we have that || f|| L9(ud) ~
111 (x+)- Also define the weight w(y, 1) := =175 5o that wi pdy = pd.

We will obtain the norm equivalence (23). For | < r < oo and k € Z, we have
rf < w(y,t) < r%1if and only if r € [r*—D/nG1=50) pk/n(s1=50)) (here we
use s1 > §p). Using the characterisation (17) of Theorem 2.5, and replacing r with
r161750) for f € LO9(XT) we have

[x = [tre £ TG, LE X0 ] 100 )

o 1/po
= (/X 1treo fllzaqu ) Loty i de))

1/pe
~ ( Zr—n(ﬂ—so)k@m) ||1F(x)frk’1,rk||22(u?0) du(x))

X kez

1/po
~ (Zr—"m—wkgl’@ / ATV fi ) (x) P du(x))
kel X

This proves the norm equivalence (23) for all f € Lo%(X*) when 51 >
so. If s1 < so, one simply uses the identification (L (XT), LI (X"))g,,p =
(LE (X*), LL (X)) 129, [5, Theorem 3.4.1(a)] to reduce the problem to the case
where so < s1.

The equivalences (21) and (22) follow from the characterisations (18) and (19) of
Theorem 2.5 in the same way, with integrals replacing sums throughout. We omit the
details here. m|

(r—n(sl—SO)k9 ||frk—1,rk | |TYI(;9“I VkeZ

2P0 (7) ’

Finally we can prove the main theorem: the identification of the real interpolants
of weighted tent spaces as Z-spaces.

Proof of Theorem 2.4. Suppose f € L°(X™T). Using the characterisation (23) in The-
orem 2.7 with r = ¢ > 1, and using aperture co/c1 for the tent space (making use of
the change of aperture theorem [1, Proposition 3.21]), we have
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£ 1™, T e, p |

polq
(s — _ dup(y) di
~ c n(s1—s0)k6ps / / / 170 f(y, )] ——22 — du(x)
Z ! B(x, col/cl) Vy,n t

keZ
polq
/Z —n(s1—50)k0pg f / / 1170 £ (y, d,u(y) dt
X keZ B(x.cot /1) V.ot
X —du(X)
po/q
/ Z —n(s1—50)k6pg /k 1 (ﬂ [r50 £ (v, )| dju(y) dt)
keZ ‘1 QC().C] (x,r)
dr
x Ldux)
-

o po/q d
:// r—n(sl—so)épg ﬂ |r—nS0f|q _rdu(x)
X JO Qco,cl (x,7) r
re/q
d
= / ﬂ |r="%0 £ 14 dp(x) “
x+ \J Qe ) r

= ||f||zl’94

(X:co.c1)’

using that B(x, cot/c1) X (ck ! ]1‘) C R¢0,¢; (x, r) whenever r € (cll‘_l, cll‘).

To prove the reverse estimate we use the same argument, this time using that for
rt € (21 2%y we have Qeg,er (x, 1) C B(x, 2cot) X (cf12k_1 , 125y, Using aperture
2¢( for the tent space, we can then conclude that

||f||Zp9 A (Xscone)
/
n(s1—s0)k6py ? —nso £1q e dr
Zz lr=0 f1 —dp(x)
X keZ 21 Qegep (1) r
2k 2k pelq
/Zz n(si so)k6p9/ /Cl / 0y )[4 du(y) ﬂ
XkeZ 2=t \ e 1261 JB(x,2¢01) Viy.0) 1
X —du(x)
ok Po/q
/ > s")km/ / ! / o f(y, e SEO) 4
XkeZ 2Rt \ e 2kt S B(x, 2¢01) V(y, 1) t
X —dM(x)

- ||f T T Do p 7

This completes the proof of Theorem 2.4. O
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Remark 2.8 Note that this argument shows that

H(rfnke(xlfso) Hfr_k’r_k-pl ||nge-4)kez

oy~ W25 scn.en
whenever X is AD-regular of dimension » and unbounded, for all pg, p; € (0, 00),
co € (0,00),and ¢ € (1, 0o). Therefore, since Theorem 2.7 also holds for this range
of exponents, to establish the identification (24) for pg, p1 € (0, 00) it suffices to
extend Proposition 2.6 to pg, p1 € (0, 0c0). We will do this in the next section in the
Euclidean case.

2.3 Real Interpolation: The Non-reflexive Range

In this section we prove the following extension of Theorem 2.4. In what follows,
we always consider R” as a metric measure space with the Euclidean distance and
Lebesgue measure. Throughout this section we use the real interpolation method for
quasi-normed Abelian groups, as described in [5, §3.11].

Theorem 2.9 Suppose that po, p1 € (0,00), g € [1,00), 5o # s1 € R, and 6 €
(0, 1). Then for any co € (0, 00) and c1 € (1, 00) we have the identification

(T R"), T (R")a, p, = Z& T R"; co, 1) (24)

with equivalent quasi-norms, where p@_1 =(1- 9)[)0_1 + 91)1_1 and syp = (1 —0)so+
0s].

The main difficulty here is that vector-valued Bochner space techniques are not
available to us, as we would need to use quasi-Banach valued L? spaces with p < 1,
and such a theory is not well-developed. Furthermore, although the weighted tent
spaces 7Y% embed isometrically into LP(X : LI(X1)) in this range of exponents,
their image may not be complemented, and so we cannot easily identify interpolants
of their images.* We must argue directly.

First we recall the so-called ‘power theorem’ [5, Theorem 3.11.6], which allows us
to exploit the convexity relations between weighted tent spaces. If A is a quasi-Banach
space with quasi-norm ||-|| and if p > 0, then ||-||” is a quasi-norm on A in the sense
of [5, p. 59], and we denote the resulting quasi-normed Abelian group by A”.

Theorem 2.10 (Power theorem) Let (Ag, A1) be a compatible couple of quasi-Banach
spaces. Let py, p1 € (0,00), n € (0, 1), and r € (0, oo], and define p := (1 —n)po +
np1, 0 := np1/p, and o := rp. Then we have

((A0)™, (ADP)p,r = ((Ao, A1)o,0)”

with equivalent quasi-norms.

4 Harboure et al. [13] avoid this problem by embedding T into a vector-valued Hardy space H U If we
were to extend this argument we would need identifications of quasi-Banach real interpolants of certain
vector-valued Hardy spaces H” for p < 1, which is very uncertain terrain (see Blasco and Xu [8]).
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Before proving Theorem 2.9 we must establish some technical lemmas. Recall that
we previously defined the spaces L(s’ (X1) in (14).

Lemma 2.11 Suppose x € X, a € (0, 00), and let all other numerical parameters be
as in the statement of Theorem 2.9. Then for all cylindrically supported f € LO(X™)
we have

K (o, Ir(ey 5 L (XH), LT (X))

= inf  (AT(V 0g0)(x) + 2 AT (V1) () (25)
f=¢o0+ei

and

K (o, Ir(ey f3 LL (X0, LT (xHP)
= inf  (AT(V000)(x)"° + a A9 (V) (x)P)  (26)
f=v0+¢1

where the infima are taken over all decompositions f = o + @1 in LO(XT) with
@0, @1 cylindrically supported.

Proof We will only prove the equality (25), as the proof of (26) is essentially the same.

Given a decomposition f = ¢o + ¢ in L(XT), we have a corresponding decom-
position 1r(x) f = 1r @0 + Ireo@r, with [T o | o ) = A?(V "0g0) (x) and
likewise for ¢j. This shows that N

K (a, Ireo f35 Li (X, LE (X)) < P inﬁr (AT (V™000) (x) + @A (V" 1g1) (1)) .
=%0T¢1

For the reverse inequality, suppose that 1) f = ¢o + ¢1 in LO(X™), and sup-
pose f is essentially supported in a cylinder C. Multiplication by the characteristic
function 1r)nc does not increase the quasi-norms of ¢y and ¢; in L?O(X ) and
L?l (X ™) respectively, so without loss of generality we can assume that ¢ and ¢ are
cylindrically supported in I'(x). Now let f = 19 4 11 be an arbitrary decomposition
in LO(X ™), and define

Yo = Iraeo + Lx+\rx) Yo,
Y1 = 1rmer + Ixnreo¥i-

Then f = %o + ¥ in LO%(X ™), and we have

ATV T00) (x) = AL(V " 0p0) (x) = [treeol g ()

and likewise for 171 The conclusion follows from the definition of the K-functional.
O

Lemma 2.12 Suppose f € LI(XT). Then A4 f is continuous.
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Proof Let f be essentially supported in the cylinder C := B(c, r) x (ko, x1). First,
for all x € X we estimate

du(y) dr\'
A9 f(x) < (/c'f(y’”'qu)

—1/q
< (;22 V(%Ko)) N Lacx+)
S Nax+y s

using the estimate (40) from the proof of Lemma 3.1.
For all x € X we thus have

d dr\ "4
w(y) ) _0

lim A7 f(x) — A7 f(z)| < lim (/ Mre) — e llf O, 01
=X 7—>X X+ Viy,t) t

by dominated convergence, since 1r(y) — 1r(;) — 0 pointwise as z — x, and since

du(y) dt

1/q
V.0 t> < AT+ AT @) S nacx.

</ Nre — Irollf (o, DI ——
X+

Therefore A7 f is continuous. O

Having established these lemmas, we can prove the following (half-)extension of
Proposition 2.6.

Proposition 2.13 Let all numerical parameters be as in the statement of Theorem 2.9.
Then for all f € LL(X™") the function

X [T f 1 (LG (X, LE (XT))e,py || 27)

is measurable on X (using the discrete characterisation of the real interpolation quasi-
norm), and we have

17 1T T8 0011 2 b o [T | E4 O 2 oy
(28)

We denote the quantity on the right hand side of (20) by ‘ ‘f | 1704 H

50,51,0

Proof First we take care of measurability. Using Lemma 2.11, for x € X we write

[Treo £ | (LG XY, LE (X)), p, |7
—ZZ kpot g (Zk Irw f3 Ll (X+) L! (X+))p9

keZ
=32kl nt (AT () + 2 ANV )
ez f=po+e1
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where the infima are taken over all decompositions f = ¢o+ ¢ in LO(XT) with g €
L?O (XT)and ¢ € L(SIl (X™) cylindrically supported. By Lemma 2.12, we have that
A4 (V~50¢y) and A7 (V ~S1¢) are continuous. Hence foreach k € Z and for every such
decomposition f = ¢ + ¢; the function x > A7(V ~0¢0)(x) 4+ 2K A9 (V=51 ¢1) (x)
is continuous. The infimum of these functions is then upper semicontinuous, therefore
measurable.

Next, before beginning the proof of the estimate (28), we apply the power theorem
with Ag = T, Ay = TS, py = po, p1 = pi1, and 0 = py. Then we have
p = po,n = 6Ope/p1,r = 1, and the relation pg = (1 — 1) po + np; is satisfied. We
conclude that

((quo,q’ Tsll)l’q)O,pe)pe = ((Tslo)qu)ma (Tsll)l’q)p])(?pg/pl,l-

Thus it suffices for us to prove

pPo
1716, @ Oy pall 2 | £ 12228 | 29)
forall f e LI(XT).
We write
[ 1D (T D op o ||
= Yo aTkmleg (25, i, (1)
keZ
=) 27mIr inf (||<po||”" 0+ 25011l )
é f=9o+e1 T Tyt
= Yo int [ AT 0 4 2TV ) (07 )
feZ f=0o+e1 Jx
=y okl f inf (AT T000) ()70 + 24 AT (V) ()71 ) diax)
7 X [=¢ot¢1

=) 2o / K (25 1o f (@) LEOXHP, LE (XD ) dp) - (30)
keZ X

- /X ra f | (LS X, L XY || dit)

= [ 110 1400, LG dnte) (1)
Po
=[|7 1283

where again the infima are taken over cylindrically supported ¢g and ¢;. The equality
(30) is due to Lemma 2.11. The equivalence (31) follows from the power theorem.
This completes the proof of Proposition 2.13. O

As a corollary, we obtain half of the desired interpolation result.
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Corollary 2.14 Let all numerical parameters be as in the statement of Theorem 2.9,
and suppose that X is AD-regular of dimension n and unbounded. Then

(T T 6, p — 239 (X5 co. ). (32)

Proof This follows from Theorem 2.7, Remark 2.8, and the density of L{(X™) in
(T, TS, p, (which follows from the fact that LI (X™T) is dense in both 7:5*¢
and TP, which is due to Lemma 1.4). ]

We now prove the reverse containment in the Euclidean case. This rests on a dyadic
characterisation of the spaces Z!? (R"; co, c1). A standard (open) dyadic cube is a
set O C R” of the form

0 =[]@%. 2" + 1) (33)

i=1

for some k € Z and x € Z". For Q of the form (33) we set £(Q) := 2 (the sidelength
of Q), and we denote the set of all standard dyadic cubes by D. For every Q € D we
define the associated Whitney cube

0 := 0 x (£(Q).2L(Q)),
and we define G := {Q : Q € D}. We write R’fl = (RMHT = R" x (0, 00). Note

that G is a partition of R'fl up to a set of measure zero.
The following proposition is proven by a simple covering argument.

Proposition 2.15 Let p,q € (0,00), s € R, ¢co > 0 and c¢; > 1. Then for all
feLP®Hh,

1/p

~ 1— rlq
111209 @ricg.e Zeoer | D0 L@ PN :
0eg

where

1%y izﬂlf(y, Dl dydt.
0
As a consequence, we gain a convenient embedding.

Corollary 2.16 Suppose g € (0,00), p € (0,q], ands € R. Then

ZPIRY) — TV T ®RY).
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Proof We have

1/p
dy dt\ P4
Wl ey = (/ (/r(x) OO ) “

pla 1/p
- dyd
= / 2 lémx);éra(Q)ﬁlt_”“f(y,t)lq t,ylHt dx
¥ \geg 0
pla 1/p
= / | 22 1m0 ze (@U@ TS | dx
0eg
1/p
= / D G es (@UQ) T PIIA111Y dx (34)
0<G
1/p
= | >« x e R : T() N Q # 2}
0eg
1/p
n(1-=ps) r/q
S| et (39)
Qe

=l z2a (x;c0,01 0

where (34) follows from p/q < 1, (35) follows from
lfx e R": T'(x) N Q # 2} = |B(Q,2¢(Q)| < 10| = £(Q)",

and the last line follows from Proposition 2.15. This proves the claimed embedding.
]

It has already been shown by Barton and Mayboroda that the Z-spaces form a real
interpolation scale [4, Theorem 4.13], in the following sense. We will stop referring to
the parameters co and ¢y, as Proposition 2.15 implies that the associated quasi-norms
are equivalent.

Proposition 2.17 Suppose that all numerical parameters are as in the statement of
Theorem 2.9. Then we have the identification

(ZSI;)O t](Rn) Zpl q(Rn))e,pg — ZQB"](RH).

Now we know enough to complete the proof of Theorem 2.9.

Proof of Theorem 2.9. First suppose that pg, p1 € (0, 2]. By Corollary 2.16 we have

17/ q(Rn) s Tp/ q(R”)
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for j =0, 1, and so
(ZEI®RY), ZE I R"))g, py = (T (R™), T (R™))g, py -
Therefore by Proposition 2.17 we have
Z& TR = (T ®R™), T (R™)a, py
and Corollary 2.14 then implies that we in fact have equality,
Zi R = (TR, T R™)o, -

This equality also holds for po, p1 € (1, 00) by Theorem 2.4. By reiteration, this
equality holds for all pg, p1 € (0, c0). The proof of Theorem 2.9 is now complete. O

Remark 2.18 This can be extended to general unbounded AD-regular spaces by
establishing a dyadic characterisation along the lines of Proposition 2.15 (replac-
ing Euclidean dyadic cubes with a more general system of ‘dyadic cubes’), and then
proving analogues of Corollary 2.16 and Proposition 2.17 using the dyadic character-
isation. The Euclidean applications are enough for our planned applications, and the
Euclidean argument already contains the key ideas, so we leave further details to any
curious readers.

2.4 Hardy-Littlewood—Sobolev Embeddings

In this section we prove the following embedding theorem.

Theorem 2.19 (Weighted tent space embeddings) Suppose X is doubling. Let 0 <
po < p1 <00,q € (0,00]and sy > s1 € R. Then we have the continuous embedding

Po.q Pi.q
Iy " — Ty

whenever s1 — 5o = 8, p,. Furthermore, when py € (0, o0}, g € (1, 00), and o > 0,
we have the embedding

P0+q 00.q
Ty, " — TSI;Q

whenever (s1 + a) — 0 = 8 py,c0-

These embeddings can be thought of as being of Hardy-Littlewood—Sobolev-type,
in analogy with the classical Hardy-Littlewood—Sobolev embeddings of homogeneous
Triebel-Lizorkin spaces (see for example [17, Theorem 2.1]).

The proof of Theorem 2.19 relies on the following atomic estimate. Note that no
geometric assumptions are needed here.

Lemma 2.20 Let 1 < p < g < ocand sy > s1 € Rwith sy — so = 81,. Suppose

. 1 .. , .
that a is a Ty, 9_atom. Then a is in Trl; 1 with ||a||nl’~q <1
"1
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Proof Suppose that the atom a is associated with the ball B C X. When p # oo,
using the fact that B(x, 1) C B whenever (x, t) € T(B) and that —4; , > 0, we have

||a||TS’1’"’ = HAq(V_Xla)HLP(B)
= |}V781'P||L°°(T(B)) || A7 (v
< (B’ u(B)* |lall g
S M(B)Sp,l+5q.p+5],q
=1,

°a)| |L!’(B)

where we used Holder’s inequality with exponent ¢/p > 1 in the third line.
When p = g = oo the argument is simpler: we have

llallggee = [[VT07al[ o o

= HV_SI’OCHLOO(T(B)) HV_SOaHLOO(T(B))
< u(B)>=! p(B)*1
=1

using the same arguments as before (without needing Holder’s inequality). O

Now we will prove the embedding theorem. Here is a quick outline of the proof.
First we establish the first statement for pg = 1 and 1 < p; < g by using part (1) of
Lemma 2.20. A convexity argument extends this to 0 < pg < p; < ¢, withg > 1.
Duality then gives the case 1 < g < pg < p1 < 00, including when p; = oo and
o # 0. A composition argument completes the proof with ¢ > 1. Finally, we use
another convexity argument to allow for g € (0, 1] (with p; < o0). To handle the
second statement, we argue by duality again.

Proof of Theorem 2.19 The proof is split into six steps, corresponding to those of the
outline above.
Step 1 First suppose that f € Tslo’q and 1 < p; < g. By the weighted atomic

decomposition theorem, we can write f = ), Arax where each gy is a Tsf)’q—atom,
with the sum converging in TS})”’. By Lemma 2.20 we have

||f||TSII’1*‘1 =< ||)\k||g1(N) .
Taking the infimum over all atomic decompositions yields the continuous embedding
1’ B
TSoq;)TxIl)lq (I <p=g=o0, Sl_s0=51,pl). (36)

Step 2 Now suppose 0 < po < p1 < ¢, 851 — S0 = 8p,p;»and f € ngo’q. Using
(36) and noting that ¢ /po > 1 and

POS1 — P0So = Podpy.py = 81,p1/po>
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we have

1/po
P1/p0.q/p
£ llgpra = || 701 TREP4/

1/po
L,
S|l

= A llzpoa .
which yields the continuous embedding
To" > T O<po<pi<qg<oo, g>1, si—s0="08pp). (37

Step 3 We now use a duality argument. Suppose 1 < g < pyp < p1 < oo. Define
7o 1= p, w1 = py, p i=q’, 00 := —s1,and o1 := —so, With 5] — 50 = 8, p,. Then

01 — 00 = —S0 + S1 = 8py,p; = Smp,71»
and so (37) gives the continuous embedding
0,0 TL,p
e P

Taking duals and considering that Ty "” is dense in 7,,"* results in the continuous

embedding
THo9 s T/ (1 < g < po<p1 <00, 51—50=38py.p)- (38)

Step 4 Now suppose that 0 < pg < ¢ < p; < oo and ¢ > 1, again with
s1 — 50 = 8py, p,- Then combining (37) and (38) gives continuous embeddings

pPo.q 9.9 pP1.q _ TP1,9q
qu (SN T50+6p0,q (SN TS0+6p0.q+‘Sq,p1 = TS] . (39)

Step 5 Finally, suppose g < 1, and choose M > 0 such that ¢/M > 1. Then using
a similar argument to that of Step 2, with Misy — Mso = M8y, p, = Spo/m, pi/M>

1M
M M,q/M
[ llgma = || £ 1 T
/M
M ppo/M.q/M
sl |

= llf Iz -

All possible positions of g relative to 0 < pg < p; < oo have thus been covered,
so the proof of the first statement is complete.

Step 6 For the second statement, we let (s1 + o) — 5o = 8,00, and first we suppose
that pg € (1, oo]. Let
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mo = (1+a) e,
my = pg € (1, 00],

/
p=q, 00=—S5, O] = —50.
Then o = 81 7, = &p,,00 and so we have
g1 — 00 = 81)0,00 — = 61,7{1 - 81,7‘[() = 87‘[0,7‘[1»

which yields
T30 — TP

Taking duals yields

po.q 0,9
71&() — n],a ’

which completes the proof when pg € (1, oc]. One last convex reduction argument,
as in Step 2, completes the proof. O

We remark that this technique also yields the embedding Ty, <> Ty ! when
(s1+a1) —(so+ag) =0,50 > s1,and 0 < g < .

Remark 2.21 The embeddings of Theorems 2.19, at least for p, g € (1, 00), also hold
with Z!9 replacing T”*? on either side (or both sides) of the embedding. This can be

s p.q . . p.q . ~
proven by writing Z;"" as a real interpolation space between tent spaces 73" with p

near p and § near s, applying the tent space embedding theorems, and then inierpolating
again. These embeddings can also be proven ‘by hand’, even for p, g < 1. We leave
the details to any curious readers.

3 Deferred Proofs
3.1 TP>*°.L > Estimates for Cylindrically Supported Functions

The following lemma, which extends [1, Lemma 3.3] to the case ¢ = o0, is used in
the proof that 77-°° is complete (see Proposition 1.4).

Lemma 3.1 Suppose that X is doubling and let K C X be cylindrical. Then for all
pe(0,00landall f e LOXT),

Lk fllrpce Skp Loy Skop N llzpoo
Proof When p = oo this reduces to
Ik fllzeox+y = N ooy < NS Hpoo(x+y s

which is immediate. Thus it suffices to prove the result for p < oco. Write K C
Bk x (kg, k1) for some ball By = B(ckg,rx) C X and 0 < kg < k] < 00.
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To prove that |[1x fll7p.c0 Sk.p [If 1l Loo(k)» Observe that

1k fllppee < | fllpoy m{x € X : T(x) N K # @}'/P

< £l Viek, r +x)'?

because if x ¢ B(ck,rx + k1) then I'(x) N (Bg X (ko, k1)) = . Note also that
V(ck,rk + k1) is finite and depends only on K.

Now we will prove that || f || k) <k.p |1 fll7p.co. First note that the doubling
property implies that for all R > 0 and for all balls B C X,

inf w(B(x, R)) Zx,R.ry 1(B). (40)
XEB
Indeed, if x € B and R < 2rp then

W(B) < u(B(x, R2rgR™"))) <x @reR™ )" w(B(x, R)).

where n > 0 is the doubling dimension of X. If R > 2rp then since 2rp R <1, we
have (B) < u(B(x, R)).
Let (x;) jen be a countable dense subset of Bg. Then we have

K = U(r(x,-) + ko) NK.
jeN

By definition the set {(y,#) € K : | f(y,1)| > 21 [| /1o (k) has positive measure,
so there exists j € N such that | f(y, )| > 21 [|f1lLeo (k) for (¥, f) in some subset
of (I'(x;) + «o) N K with positive measure. Since (I'(x;) +x9) N K C I'(x) N K for
all x € B(xj, ko), we have that A°(f)(x) > 21 I f 1l (k) for all x € B(xj, ko).
Therefore, using (40),

1
A% Fl Loxy = 5u(3<x1,xo>>l/" S 1o k)
>x.k WBOYP 1 fllLek)
>~k p 1 f Loy -
This completes the proof of the lemma. O

3.2 TP-*° Atomic Decomposition

As stated above, the atomic decomposition theorem for 77:°° can be proven by com-
bining the arguments of Coifman—Meyer—Stein (who prove the result in the Euclidean
case) and Russ (who proves the atomic decomposition of 772(X) for 0 < p < 1
when X is doubling).

First we recall a classical lemma (see for example [22, Lemma 2.2]), which com-
bines a Vitali-type covering lemma with a partition of unity. This is proven by
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combining the Vitali-type covering of Coifmann—Weiss [9, Théoreme 1.3] with the
partition of unity of Macfas—Segovia [20, Lemma 2.16].

Lemma 3.2 Suppose that X is doubling, and let O be a proper open subset of X of
finite measure. For all x € X write r(x) := dist(x, O€)/10. Then there exists M > 0,
a countable indexing set I, and a collection of points {x;}icy such that

e O =UieB(xi,r(x)),
o ifi, j € I arenot equal, then B(x;, r(x;)/4) and B(x;,r(x})/4) are disjoint, and
e foralli € I, there exist at most M indices j € I such that B(x;, 5r(x;)) meets
B(xi, 5r(x;)).
Moreover, there exist a collection of measurable functions {¢;: X — [0, 11}je; such
that
e supp; C B(x;, 2r(x;)),
e > . ¢i =1p (foreach x € X the sum ) _; ¢; (x) is finite due to the third condition
above).

Now we can follow a simplified version of the argument of Russ, which is essentially
the argument of Coifman—Meyer—Stein with the partition of unity of Lemma 3.2
replacing the use of the Whitney decomposition.

Proof of Theorem 1.6, with g = oo Suppose f € T7°°, and for each k € Z define
the set

OF :={x e X : A f(x) > 25}
The sets O are open by lower semicontinuity of A £ (Lemma 1.1), and the function
f is essentially supported in Ugez T (OF) \ T(O**1). Thus we can write

f = Z lT(Ok)\T(0k+l)f' (41)

keZ

Case 1 u(X) = oo. In this case we must have M(Ok) < oo for each k € Z, for
otherwise we would have || A f|;»x) = oo and thus f ¢ T/°°. Hence for each

k € Z there exist countable collections of points {xf }iesr € O and measurable
functions {gof}ie,k as in Lemma 3.2. Combining (41) with D« (pf‘ = 1, and
T(0%) c OF x R, we can write

G0 =YY oD ook (0 D (0, 1)

keZielk

- Yo,

keZ jelk

Note that

i
we shall pause to prove the second inequality. Since Xt is a Lindelof space, there exists
a countable set J such that 7(0*t1)¢ = U;c;T'(x;), where x; € (OFT1)¢ for each

< esssup(, ekt | f(r. 0] < 26F1 42)

Loo(X )
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i € J.Foreachi € J choose anull subset N; C I'(x;) with | f(y, 1) < A% f(x;) for
all (y,1) € T'(x;) \ Ni. Then | f(y, )| < 2Kt on T(OF*1) \ U;cs N;, which proves
the second inequality of (42).°
Define
af = 27K (BR) VPG,

where Bl.k = B(xf, 14r(xl(‘)). We claim that af‘ is a TP-°°-atom associated with the
ball Bl.k. The estimate (42) immediately implies the size condition

so we need only show that af is essentially supported in T(Bf). To show this, it is
sufficient to show that if y € B(x¥, 2r(x¥)) and d(y, (0%)¢) > ¢, then d(y, (BX)°) >
t. Suppose z ¢ Blk (such a point exists because ,u(Bl.k) < n(X) = o0), e > 0and
u ¢ OF such that

k
a;

< u(BM)Proe,

-

d(xf,u) < d(xf, (0N +e = 10r(xF) + e
Then we have

d(y,2) +&>d(z, x5 —dxk, y) +e
> 12r(xf) + ¢
= 2r(xf) + 10r(xf) +¢
> d(y, x,{‘) + d(x{‘, u)
>d(y,u)

=1,

where the last line follows from u ¢ OF and d(y, (0%)¢) > 1. Since z ¢ B{‘ ande > 0
were arbitrary, this shows that d(y, (Bl.k)c) > t as required, which proves that alk is a
T P-*°_atom associated with B{‘ .

Thus we have
Fon =3 3 kb,
keZ jelk

where
AR =2kl (BYP,

It only remains to show that

SN S A -

kel ielk

5 1 thank the referee specifically for pointing out the need for this argument.
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We estimate

Do K= 20y By

keZ ek keZ ielk
Sx 28PN (B () /4) (43)
keZ ielk
<Y 280k (44)
keZ

2k
< pizk_l P ulx € X D A f(0) > 1)) di
kel

= [l4= 717

LP(X)

= 1fllzp.ee,

using doubling in (43) and pairwise disjointness of the balls B(xf , r(xf‘) /4) in (44).
This completes the proof in the case that £ (X) = oo.

Case 2 4(X) < oo. In this case we may have OF = X for some k € 7, so we cannot
apply Lemma 3.2 as before. One can follow the argument of Russ [22, p. 131], which
shows that the partition of unity is not required for such k. With this modification, the
argument of the previous case still works. We omit the details. O
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