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summary

This thesis investigates crumpled thin-sheet bellows as a more compliant alternative to traditional cor-
rugated bellows in vibrationally isolated mechatronic systems (ASML lithography machines). While
conventional bellows rely on carefully engineered corrugations, the crumpled foil bellows studied here
achieve compliance through an irregular, crumpled morphology, making their dynamic stiffness and vi-
brational transmissibility difficult to predict. The first part of the thesis is a stand-alone literature review
into the diverse approaches employed to model wrinkled and crumpled thin sheets, with their structural
dynamics of particular interest. The second part presents original research in which realistic crum-
pled bellow geometries are generated using explicit non-linear simulations via the dynamic relaxation
method, and subsequently dynamically analysed using Hintz—Herting modal reduction. In this way,
the static and frequency-dependent emergent stiffness can be extracted and examined as functions
of compaction ratio and foil thickness. Experimental measurements of dynamic stiffness are used to
validate the numerical trends and to identify the limitations of linearised models for these systems.
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Introduction

Crumpling is a ubiquitous physical phenomenon that occurs across a wide range of length scales,
from the folding of proteins and the formation of flower buds to the buckling of Earth’s tectonic plates
[2]. In everyday life, it is perhaps most familiar in the wrinkling of fabrics: anyone who has worn a
freshly ironed shirt knows how easily unwanted creases can form. In many engineering applications
such imperfections are similarly undesirable; for example, wrinkles and creases in deployable space
structures such as solar sails may lead to decreased thrust force and control difficulties [3].

Despite this traditionally negative perception, crumpling has recently attracted attention as a potential
design principle rather than a defect. In particular, it has emerged within the broader field of mechan-
ical metamaterials: engineered structures whose effective mechanical properties arise primarily from
geometry and architecture rather than chemical composition [2, 4]. However, while conventional meta-
materials are typically constructed from carefully designed periodic structures, crumpled sheets form a
highly irregular and disordered network of ridges, vertices, and self-contacts. Yet, this complex struc-
tural disorder can also give rise to rich emergent behaviour, including low density, high compression
resistance, and strong shock and energy absorption [2, 4-6]. Because crumpling can be induced
through simple mechanical processing, it offers a potentially scalable and cost-effective route toward
disordered metamaterials with tuneable properties. Early applications include crumpled graphene for
micro-scale strain and pressure sensing [7], crumpled metallic foils as lightweight alternatives to solid
foams in sandwich structures [8], and controlled crumpling approaches for porous biomaterial implants

[9].

In this thesis, crumpling is investigated not as a defect nor as a metamaterial design strategy, but
as a functional mechanism for a novel use in engineering: enabling ultra-flexible mechanical links in
high-precision mechatronic systems.

1.1. Industrial context

With the advent of the information age and the recent rise of artificial intelligence, the global demand
for high-performance computer chips is set to ascend to new levels [10, 11]. A crucial step in pro-
ducing such chips is optical lithography, performed by the lithography machines developed by the
Dutch company ASML. Their state-of-the-art extreme ultra-violet lithography systems are capable of
patterning extremely small circuits onto silicon wafers with sub-13 nanometer resolution [12]. This is
achieved through an exceptionally complex combination of optics, high-precision mechatronic systems,
thermal control, vacuum technology, and advanced metrology [13]. For these machines, precision is
paramount; even the slightest vibrations [14, 15] or microscopic contamination [16] can compromise
imaging quality and reduce wafer yield.

Achieving this unprecedented level of precision requires machines that are increasingly large, more
sophisticated, and correspondingly more expensive to manufacture. To keep the cost per chip econom-
ically viable, lithography systems must not only be accurate but also deliver high throughput. The wafer
stage must therefore accelerate and decelerate at very high rates in order to expose wafers quickly,
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up to 5 g ~ 50 m/s? [17]. These rapid motions inevitably generate mechanical vibrations, which in
turn can degrade patterning accuracy. As a result, a substantial portion of the machine is dedicated to
vibration isolation, both for damping vibrations from internal sources such as moving stages, but also
for minimizing the influence of external disturbances such as mild seismic activity [14].

To achieve this, sensitive optical modules are suspended on large air-spring isolation systems [14].
These air mounts are designed to drastically reduce transmissibility, the extent to which vibrations in
one part of the machine propagate into another. In this architectural view, the machine is conceptually
divided into two domains: a grounded base frame that carries the high-acceleration wafer stage, and
the isolated frame consisting of the high-precision optical modules, see Figure 1.1.

Despite this separation, the isolated frame still requires power, cooling water, vacuum lines, and high-
bandwidth data connections. These utilities must be routed between the two frames, typically through
a network of cables, hoses, and tubes. Each of these elements, however necessary, provides an
additional mechanical connection (Figure 1.1), a parallel path through which vibrations can bypass the
air mount isolators. Consequently, considerable effort is invested in designing these so-called dynamic
links [18] to be as compliant as possible, thereby minimizing mechanical transmissibility.

Figure 1.1: A high-level architectural view of a lithography machine. A grounded base frame is vibrated by slight seismic
activity from the ground, but also by reaction forces associated with the fast accelerations of the wafer stage located in it. All
high-precision optical components are separated from the base frame by a vibration isolation system based on air mounts,
optimized for low mechanical transmissibility of vibrations. However, necessary dynamic links form a parasitic connection
parallel to these air mounts and thereby compromise isolation performance.

1.2. Dynamic links

In the literature on vibration isolation, system performance is commonly expressed in terms of trans-
missibility, defined as the ratio between the vibration amplitude of the isolated mass and that of the
source, as a function of frequency [19]:

T(f) = wir/upr (1.1)

with u;r and ugr the displacements of the isolated and base frames, see Figure 1.1. While transmis-
sibility is a useful measure at the system level, it becomes difficult to interpret when multiple compliant
connections are present in series or in parallel. For this reason, module-level evaluation focuses on the
dynamic stiffness of specific dynamic links, defined as the frequency-dependent relationship between
reaction forces and relative displacements [19]:

kayn(f) = Frr/|lurr — upp| (1.2)

with Frr the disturbing force on the isolated frame due to a relative displacement between frames.
Unlike transmissibility, the dynamic stiffness per component can be directly compared and added to-
gether.
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For an ideal isolation system with constant stiffness, the transmissibility decreases rapidly once the
excitation frequency lies well above the (damped) resonance, see the illustrative measurements in
Figure 1.2. This reduction follows a characteristic -2 slope in log-log space, corresponding to 102
reduction in transmitted vibration per decade increase in frequency [20]. Real air mounts, however,
do not maintain a constant stiffness: above a certain frequency their stiffness rises due to decoupling
caused by structural resonances and acoustics [21]. This causes the total transmissibility to deviate
from the ideal -2 slope and instead saturate to a plateau at high frequencies.

This saturation becomes even more pronounced when dynamic links are included; although such links
are designed to be highly compliant in the static (zero-frequency) limit, their stiffness also increases
with a nearly +2 slope due to their internal dynamics [19]. However, the first resonances and thus the
rise in stiffness typically occur at lower frequencies than for the air mounts. Consequently, at higher
frequencies the dynamic links may become a substantial source of stiffness compared to the isolator.
This pushes the system further away from the ideal transmissibility behaviour and reduces the achiev-
able isolation performance. These considerations highlight the importance of not only minimising the
static stiffness of dynamic links, but also understanding and controlling their full frequency-dependent
dynamic stiffness.

Figure 1.2: Typical behaviour of transmissibility and dynamic stiffness for three cases: an ideal air mount, a real air mount, and
a real air mount including the effect of dynamic links. The ideal isolator of constant static stiffness exhibits the characteristic -2
slope in transmissibility, leading to a rapid decay above resonance [20]. In contrast, real systems show a plateau in
transmissibility at higher frequencies due to the stiffening in the dynamic regime [19]. At sufficiently high frequencies, the
dynamic links become substantial contributions to the stiffness compared to the air mounts since their stiffness rise begins
earlier, thereby further degrading the achievable isolation performance.

One method to characterize the contribution of a specific link is to remove or replace components inside
the machine and measure the resulting change in total transmissibility [19]. From these system-level
measurements, using estimations for the mass and inertia properties, the corresponding forces are
inferred. However, this indirect approach is cumbersome, sensitive to assumptions, and difficult to
interpret as the effects of multiple links may overlap. Moreover, physically removing and reinstalling
components is time-consuming and costly, especially given that many links are deeply embedded in
the machine architecture.

For these reasons ASML invests heavily in the direct measurement of dynamic stiffness using dedicated
experimental setups, capable of applying controlled vibrations and measuring the resulting forces to
obtain their transfer functions [19]. At the same time, significant effort is directed toward developing
robust finite-element-based modelling strategies for predicting dynamic stiffness. Such simulation tools
enable rapid design iterations and optimization without the need for repeated physical prototyping.
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1.3. Problem statement: foil bellows

The dynamic link investigated in this work is a particularly unconventional one; whereas most dynamic
links in the machine consist of hoses or tubes with well-defined and tightly controlled geometries, the
component studied here is a randomly crumpled foil bellow, as shown in Figure 1.3. In the lithography
system, these bellows serve as vacuum barriers: they separate different vacuum regimes and prevent
particles generated near the wafer stage from migrating toward the highly sensitive optical modules.

Figure 1.3: A transparent, crumpled thin-foil bellow that is used in ASML lithography machines to separate vacuum regimes. It
also forms a mechanical dynamic link between the base and isolated frames. The crumpled nature of the foil allows for a
relatively simple method of manufacturing a highly compliant structure.

Due to the specifics of the system architecture, each bellow also forms a mechanical connection be-
tween the base and isolated frame, thereby contributing a parasitic stiffness. As with other dynamic
links, these parts must thus be designed to be as compliant as possible within the available working
volume. While cylindrical bellows are not uncommon in ASML systems, most are made from metal or
rubber and feature a well-engineered corrugated geometry to achieve the required compliance, see
Figure 1.4. The foil bellows considered here are fundamentally different: because no significant pres-
sure differential exists between the vacuum regimes, the structure does not need to withstand large
loads. This makes it attractive to use a thin polymer foil and rely on crumpling to introduce flexibility,
with the crumpling ridges acting as hinge-like features similar to those in corrugated bellows. The ef-
fective stiffness is thus primarily governed by the emergent ridge network created by crumpling, rather
than by a precisely engineered periodic geometry.

Figure 1.4: Schematic comparison between engineered corrugation ridges and disordered crumpled morphologies as routes
to compliant dynamic links.

However, the apparent simplicity of 'crumpling to induce compliance’ hides a fundamental knowledge
gap: the frequency-dependent dynamic stiffness of such a foil bellow, its key performance metric, is
not well-understood. Unlike engineered corrugations, a crumpled bellow does not have a prescribed
geometry that can be directly related to stiffness: its response emerges from a stochastic ridge network
whose morphology is shaped by manufacturing history and boundary conditions.
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From an industrial perspective, several practical design drivers motivate a systematic investigation.
Current foil bellows are manufactured from ultra-clean fluoropolymer films (PFA), which offer excel-
lent vacuum compatibility and flexibility [22]. However, increasing industrial and regulatory pressure to
phase out PFAS-type materials necessitates a transition toward alternative polymers [23]. Many candi-
date replacements with similar vacuum stability are substantially stiffer than PFA, directly affecting the
dynamic stiffness of the link.

Foil thickness plays a critical role in vacuum robustness, as sharp folds generated during crumpling may
lead to pinhole formation when the foil is too thin (see Figure 1.5). The degree of crumpling likewise
constitutes more than a manufacturing choice: it acts as a design variable that can further increase
the likelihood of pinholes, while also promoting geometric shortcuts—unintended contacts between the
foil and itself or surrounding hardware. Such contacts may introduce frictional constraints that add
parasitic stiffness to the system. These considerations illustrate that there exists a practical limit to the
permissible degree of crumpling, which naturally leads to the central question: how do the static and
dynamic stiffness of a crumpled foil bellow depend on foil thickness and the degree of crumpling?

Figure 1.5: At high degrees of crumpling, sharp vertices in the sheet may promote pinhole formation if the foil is too thin,
thereby compromising vacuum robustness (left). Similarly, excessive overlength increases the risk of mechanical shortcuts
between the foil and itself or surrounding machine components (shown in blue), where frictional contact may introduce
additional parasitic stiffness (right).

Answering such questions is challenging because analytical understanding of strongly crumpled struc-
tures remains limited. Classical buckling theory is highly successful near the onset of instability, where
deformations remain sufficiently small for linearised assumptions and mode superposition to hold [24].
In this regime, buckling often manifests as wrinkling: small, periodic undulations that are homoge-
neously distributed over the surface [25]. Yamaki [24] provides extensive analytical and experimental
results for various loading conditions of cylindrical shells, illustrating how post-buckled wrinkled mor-
phologies can be predicted under ideal conditions, see Figure 1.6. However, these frameworks are
still limited to idealized geometries and weakly post-buckled states; they do not encompass the ridge-
dominated, highly non-linear morphologies that are pertinent to crumpled bellows. Although studies
have investigated intentionally crumpled structures for crashworthy automotive components [26, 27],
they frequently only concentrate on reaction forces and plastic energy absorption rather than the struc-
tural characteristics of the resulting system.

A further obstacle is the inherently stochastic nature of crumpling. Even under nominally identical con-
ditions, small perturbations can lead to different ridge networks and therefore different stiffnesses. For
design purposes, quantities such as static and dynamic stiffness must therefore be characterised not
only as functions of design parameters, but also statistically across many realisations. This require-
ment for repeated sampling places a heavy burden on conventional finite-element workflows: strongly
buckled morphologies are numerically unstable, often leading to convergence difficulties and long run-
times [28]. For instance, a preliminary simulation that was previously carried out in ANSYS Structural
Mechanics, using 12 threads on ASML'’s internal computation cluster, produced runtimes of ~2.5 hours
for a single run. This demonstrates the inadequacy of conventional approaches for large parameter
studies and subsequent design optimization.
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Figure 1.6: Example of analytical predictions and experiments of linearly buckling cylindrical shells. The predicted periodic
wrinkle pattern is reproduced experimentally under near-ideal conditions [24]. However, this weakly post-buckled regime is
fundamentally different from the irregular, ridge-dominated morphologies that arise at higher degrees of compaction [25].

1.4. Research objective

The overarching aim of this work is therefore to develop the numerical methodologies needed to study
the static and dynamic stiffness of crumpled structures in a systematic, robust, and computationally
efficient manner. This includes creating reliable approaches for generating crumpled morphologies,
modelling their dynamic behaviour across relevant frequency ranges, and validating these models
experimentally. Taken together, these efforts seek to establish a foundation for understanding how
crumples govern stiffness and how this knowledge may be used to design flexible dynamic links.

These aforementioned goals may be summarised as follows:

1. Define the scientific context and research gap by critically reviewing the structural mechanics
and dynamics of buckled thin sheets, and examining relevant existing numerical approaches to
wrinkling and crumpling.

2. Formulate a repeatable modelling framework that enables robust generation of crumpled mor-
phologies and extraction of static and dynamic stiffness within practical computational cost.

3. Characterise parameter dependence and variability of emergent stiffness by determining how
static and dynamic stiffness change with sheet thickness and degree of crumpling.

4. Develop an experimental methodology for direct measurement of dynamic stiffness for highly
compliant crumpled structures.

5. Compare and validate numerical and experimental results, and interpret the observed trends
using physical insight into the mechanics of crumpled thin sheets.

1.5. Thesis outline
The thesis is structured in three parts.

The first part comprises a self-contained literature review, written in the format of an independent sci-
entific paper. It surveys experimental, theoretical, and computational studies on thin-sheet mechanics,
with particular emphasis on post-buckling behaviour and its implications for structural dynamics. The
review concludes by formulating a generalised computational workflow that integrates the key method-
ologies required to simulate and analyse buckled geometries in a dynamic setting.

The second part presents the research study, likewise structured as an independent paper. It inves-
tigates variations of a crumpled cylindrical shell inspired by the foil bellow case study. The proposed
workflow is applied to generate and analyse crumpled morphologies, enabling a statistical evaluation
of static and dynamic stiffness across a range of sheet thicknesses and compaction ratios.

The thesis concludes with an integrated discussion of the main findings, outlining key limitations and
directions for future research. Supplementary technical details, modelling procedures, and additional
results are provided in the Appendices to ensure transparency and reproducibility.



Structural Dynamic Simulation of
Post-Buckled Thin Sheets: a Review

This chapter contains the stand-alone literature review paper supporting the present research. It ex-
amines prior experimental, theoretical, and computational studies on wrinkling and crumpling of thin
sheets, with emphasis on their relevance to structural dynamics and statistical analysis. The review
identifies the key knowledge gaps, modelling challenges, and methodological limitations that motivate
the research contributions developed in the remainder of this thesis.

The discussed topics include:

» Experimental behaviour observed for thin-sheet buckling
— Wrinkle-to-crumple transition
— Structural dynamics of wrinkling

» Computational challenges particular to thin-sheet buckling
— Under-constrained buckling
— Small features
— Elasto-plasticity
— (Self-)avoidance

* Discretization methods and their relevant properties

Finite element analysis

Isogeometric analysis

Tension field theory

Discrete element analysis
* Solution procedures

Initial pertubation

Dynamic relaxation method

Arc-length method

Modal reduction

Uncertainty analysis
» Generalised computational workflow illustrating all relevant methodologies and their limitations
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Structural Dynamic Simulation of Post-Buckled Thin Sheets: a Review

Marco Bader?

“Department of Precision and Microsystems Engineering, Faculty of Mechanical Engineering, Delft University of Technology, the Netherlands

Abstract

We present a comprehensive review of the diverse approaches employed to model wrinkled and crumpled thin sheets, with their
structural dynamics of particular interest. To get better acquainted with the problem at hand, the experimental behaviour of such
sheets is discussed and the common computational challenges are presented. Notably, buckled thin sheets have been modelled
using various spatial discretizations besides traditional finite element analysis, such as isogeometric analysis, tension field theory
and discrete element analysis. Advanced solution procedures for buckled sheets are also examined, such as initial perturbations,
dynamic relaxation, arc-length methods, modal reduction and sensitivity analysis. A general flowchart with discussion is outlined
to assist the reader in traversing all these options in methods and pinpoint which are especially relevant to the user’s application.

Keywords: post-buckled thin sheets, wrinkling, crumpling, isogeometric analysis, tension field theory, dynamic relaxation,

arc-length methods

1. Introduction

The crumpling of a sheet of paper is an everyday phe-
nomenon that vividly illustrates the complex post-buckling
behaviour of soft thin structures. Beyond the household scale,
similar instabilities emerge in flower buds, the Earth’s crust,
and DNA packing, all of which reveal the intricate patterns that
can form through wrinkling and crumpling [1]. Until recently,
engineers have often regarded these features as nuisances that
negatively impact their finely designed systems. For instance,
wrinkles and creases in solar sails may lead to decreased thrust
force and control difficulties [1].

However, compacted crumpled sheets have also been shown
to exhibit rich mechanical properties such as high energy
absorption, enhanced compression resistance, and a tuneable
porosity [2-4]. Together with their low weight and ease of
manufacturing, these special qualities have spurred research
into so-called disordered metamaterials [4] across a wide range
of industries. Early applications include crumpled graphene for
micro-scale strain and pressure sensing [5], crumpled metallic
foils as lightweight alternatives to solid foams in sandwich
structures [6], and controlled crumpling approaches for porous
biomaterial implants [7].

Another engineering context that may show promise is where
thin buckled sheets are employed to realise highly compliant
joints or seals. For example, corrugated bellows common to
vacuum applications illustrate how deliberately engineered
ridge networks can produce flexible links with low vibrational
transmissibility [8], see Figure 1. Likewise, purposefully
buckled or even completely crumpled sheets might provide
a simpler and more economical path to multi-directional
compliance.

Figure 1: Schematic comparison between engineered corrugation networks and
stochastic crumpled morphologies as routes to compliant thin-sheet mechanical
links.

Realising this promise in design practice is hindered by the
fact that the structural mechanics and dynamics of crumpled
morphologies are still poorly understood. Analytical post-
buckling theory is typically restricted to idealised situations
close to the critical load, where deformations remain in a
linearised and periodically wrinkled regime [9].

In contrast, crumpling represents the non-linear and irregular
evolution of wrinkling [10]. For this regime there is no broadly
applicable analytical framework. Moreover, the morphology
is highly sensitive to initial imperfections and loading history,
such that stochastic variability between realisations is intrinsic
and many samples are needed to extract statistically meaningful
trends. For engineering purposes, where one often wishes to
explore parameter spaces, quantify uncertainty, and ultimately
optimise designs, efficient and robust modelling strategies are
therefore essential.
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However, the strongly non-linear and path-dependent nature
of buckled thin-sheet systems poses substantial computational
challenges [11]. Even in the wrinkling regime, numerical
models can rapidly lead to ill-conditioned system matrices and
convergence problems, making conventional finite element
approaches unstable or prohibitively expensive. Although a
wide range of techniques has been proposed to address these
issues [12], the literature still lacks a coherent overview that
connects these computational developments to the specific
task of dynamic analysis of crumpled flexible mechanical links.

To address this gap, this work aims to review how various
modelling strategies can support structural-dynamic analysis
for buckled thin-sheet structures. First, relevant experimental
insights into the wrinkle-to-crumple transition and the dynamic
behaviour of wrinkling are examined. Subsequently, common
computational challenges along with the advantages of alterna-
tive spatial discretisations and advanced solution procedures are
discussed. Finally, these methods are synthesised into a gen-
eralised workflow for the systematic, efficient and robust (dy-
namic) analysis of post-buckled thin-sheet structures.

2. Review method

Literature on the modelling of wrinkled and crumpled thin
sheets was collected from the Scopus and Google Scholar
databases using an iterative search strategy. A preliminary
broad search was conducted using the following keyword
combination:

("sheet" OR "membrane" OR "foil") AND
("wrinkl*" OR "crumplx") AND ("simulat*" OR
"model*") AND NOT "biox"

To efficiently screen the large number of resulting refer-
ences, the Al-assisted systematic review tool ASReview [13]
was employed. Relevant publications were first identified on
the basis of their abstracts, and these labels were then used to
train an active-learning model to prioritise similar documents.
This procedure was repeated three times on slightly different
datasets, each derived from modified search queries targeting
specific subtopics, with approximately 50 references manually
labelled for each run. The tool proved effective in identifying
additional papers closely related to the initially selected works.
However, its recommendations tended to focus on relatively
narrow thematic clusters, limiting its usefulness for mapping
the broader landscape of modelling approaches.

To complement this, for several key publications the web-
based tool Connected Papers [14] was used to generate citation-
based network graphs of closely related prior and derivative
works. In combination with manual forward- and backward-
citation tracking from these networks, this approach was found
to provide a more comprehensive overview of the literature on
the topic.

3. Experimental behaviour

To evaluate the accuracy and suitability of different mod-
elling approaches, it is deemed necessary to understand the
expected mechanical and dynamic behaviour of wrinkled and
crumpled structures. This section therefore briefly reviews the
wrinkle-to-crumple transition and its implications for structural
dynamics.

3.1. Wrinkle-to-crumple transition

The formation of wrinkles, crumples, folds, and creases
is a fundamental response of thin-sheet structures subjected
to compressive stresses. Such stresses can arise in a wide
variety of loading and geometric configurations, including
sheared, stretched, pressurised, or inflated systems. Because
the terminology used for these surface instabilities is not en-
tirely standardised, the following discussion adopts pragmatic
working definitions that are consistent with the cited literature.

Thin sheets are comparatively stiff in in-plane compression,
and therefore tend to relieve compressive stresses by buckling
out-of-plane, ultimately minimizing energy by trading mem-
brane energy for bending energy. Wrinkles provide an effective
mechanism for this relaxation: they are small-wavelength
undulations that typically form in a spatially homogeneous
manner around a slightly sheared or compressed region. Wrin-
kling usually remains within the elastic regime and is therefore
largely reversible once the compressive load is removed. [1, 10]

When geometric confinement is increased, Timounay et al.
[10] showed that crumples arise as the generic evolution
of wrinkles. A small number of smooth wrinkles sharpen
into stress-focusing ridges and vertices, while other wrinkles
disappear, see Figure 2. In this process, Gaussian curvature
and material stress are reduced over most of the sheet, with
stresses and (optionally plastic) deformations becoming highly
localised near the edges of individual crumples.

Figure 2: Wrinkle-to-crumple transition in a wide range of systems. The for-
mation of stress-localising crumples from homogeneous wrinkles is a generic
response to increasing confinement and compressive stress [10].
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Folds can likewise be viewed as a further evolution of
wrinkling, characterised by localised, deep surface valleys.
In the extreme, creases are formed, characterized by self-
contact and extremely sharp ridges. Although these terms
are sometimes used interchangeably with crumples, the terms
folds and creases are more commonly employed in the context
of stiff films bonded to soft substrates or floating on liquids
[11]. Various studies have attempted to predict which type of
instability (wrinkling, folding, creasing, or crumpling) will
emerge based on generalised system properties, with the aim
of characterising the wrinkle-to-crumple transition. [10, 15]

Various variables can affect the evolution from a wrinkled to
a crumpled structure. For example, the loading rate influences
the ratio of elastic to plastic deformation [2]; as a fast deforma-
tion does not allow for much material relaxation, the resulting
structure is more randomly folded (high entropy) with sharper
plastic ridges [2]. Furthermore, for highly compacted crumpled
sheets the packing density reaches a limit where the network
of self-contact and interlocking stiffens the system, despite the
fact that a significant part of the structure is still air [2]. In
various situations, there exists a power-law correlation between
the compaction force and this final packing density. Finally,
the elasto-plastic behaviour of materials can vary; aluminium
sheets are one example of a system that can be readily plasti-
cally creased [2, 4].

3.2. Structural dynamics of wrinkling

Although not available for crumpled structures, several
experiments have been performed on the vibrational behaviour
of wrinkled membranes compared to their unwrinkled state.

Photogrammetry is a method where multiple high-resolution
cameras are used to triangulate a 3-dimensional map of a
system’s wrinkled configuration. These measurements have
been used to compare computational findings with experi-
mental data [16-18]. If one is also interested in the modified
dynamics caused by wrinkling, Doppler-interferometry can be
used. These studies make use of scanning laser vibrometers
to capture the displacements of many points on the surface,
utilising the fast Fourier transform to calculate a collection of
mode shapes with corresponding eigenfrequencies [1, 19].

In general, wrinkles have been found to greatly influence
the dynamics of systems in a variety of situations [16, 20].
One often encounters new low-frequency mode shapes with
strong undulations localised to the wrinkled region, albeit with
low modal mass. The global mode shapes with high modal
mass, also present in the unwrinkled configuration, are affected
as well. Depending on the interaction of a particular mode
with the wrinkled region, the eigenfrequencies found are often
several percent lower. This is commonly explained via the
lower stiffness associated with the bent wrinkled structures
[16, 20].

As performing experiments in a perfect vacuum environment
is a difficult task, one should be aware of the effects the
surrounding air can have on the vibrational behaviour of
membranes. Kukathasan and Pellegrino [21] found that there
exists a coupling between a non-wrinkled membrane and
the surrounding layer of air, with the thickness of this layer
dependent on the mode number. The air acts as an additional
non-structural mass term which causes the eigenfrequencies
to decrease and mode shapes to change. As more air mass
is in play for the lower frequency modes, this effect is less
pronounced at higher frequencies. The results found for their
in-air model were subsequently backed-up by experimental
data. In a follow-up study using the same in-air computational
procedure on a wrinkled membrane, Kukathasan and Pellegrino
[19] found the same decrease in eigenfrequencies. Also notable
is that the vacuum modes with small modal mass, where only
the wrinkles vibrate, were removed by the added mass of air.

Puzzled by the high modal damping values (3-10%)
found by another experiment on a wrinkled sun-shield [22],
Kukathasan and Pellegrino [19] also searched for other sources
of damping besides material damping. They indeed found
non-linear behaviour at larger shaker excitations where the
apparent damping would increase. This was found to be
caused by energy scattering into the excitation of harmonic
modes at multiples of the actuation frequency. This hardening
non-linearity would lead to an increased apparent damping of
the system with increasing excitation amplitudes.

Hossain et al. [1] observed the dynamics of a systematically
creased tensioned membrane. Here the change in eigenfre-
quencies compared to the pristine configuration depended on
the mode and number of creases. It was argued that the mode
dependence relied on the specific interaction of the crease with
that mode, a feature that is also seen with wrinkles. Some
modes of vibration may stretch the crease, decreasing the
stiffness and thus decreasing the eigenfrequency. Other modes
may bend the crease, leading to the opposite reaction.

In another study a wrinkled inflated arch was subjected
to a transverse tip load by Wang et al. [20] under various
internal pressures. They found the wrinkling characteristics
to be sensitive to this inflation pressure, which in turn had an
effect on the vibrational behaviour. As expected, for pressures
leading to more wrinkling a larger decrease in eigenfrequencies
was found, especially for mode shapes interacting with the
wrinkled regions.

In conclusion, it may be assumed that wrinkles in any struc-
ture will have a considerable effect on the resulting mode shapes
and eigenfrequencies. Although highly dependent on the sys-
tem and wrinkling configuration, the reduced stiffness due to
the created undulations tends to decrease the eigenfrequencies
of the global modes. Unfortunately, little is known regarding
the dynamics of crumpled structures, or how these buckling in-
stabilities affect vibrational transmissibility.
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4. Computational challenges

The static and dynamic simulation of post-buckled thin struc-
tures poses some particular challenges compared to stiff solids.
The most pressing computational obstacles often discussed in
the literature are listed, roughly in order of priority.

1. Under-constrained buckling

For highly under-constrained buckling structures the so-
lution path often becomes unstable. These systems show
an extreme amount of bifurcation points associated with
the many configurations in which the sheet can buckle.
Each of these bifurcations marks an instability leading
to a (near-)singular stiffness matrix [23]. Traditional
computational methods aim to iteratively converge to the
equilibrium solution of a system by implicitly solving the
static or dynamic system of equations. For (geometrically)
non-linear systems, these Newton-Raphson (NR) type
integration schemes base their search direction on the
locally linearised system stiffness matrix. By taking the
inverse of this stiffness matrix, the appropriate step in the
solution space can be found. However, with the use of im-
plicit schemes this near-singular stiffness matrix can lead
to instability and slow convergence. Therefore, measures
must be taken to better condition the stiffness matrix,
while also carefully traversing the sudden snap-throughs
and snap-backs present at the bifurcation into buckling
[24, 25].

2. Small features

As the average size of wrinkles and crumples gets smaller
with lower bending stiffness, the number of wrinkles
in thin sheets can quickly become substantial. —The
mesh density needed to correctly capture the intricate
out-of-plane geometry is roughly inversely proportional
to the expected size of the wrinkles [24]. This decrease
in element size will subsequently lead to an increase
in computational time, even if the global out-of-plane
behaviour may not be overly complicated. Therefore,
measures which can lessen the need for high element
densities are often sought after.

3. Elasto-plasticity

The formation of folds and creases can lead to the need to
consider material plasticity effects. In ridges with extreme
bending, plastic deformation may relieve some bending
stress by plastic yielding, leading to a softer response.
The simulation of highly elasto-plastic materials such as
aluminium sheets would benefit from such a non-linear
material model [2]. However, it should be noted that the
intended use case of the present study does not concern
this extreme degree of compaction and will therefore not
focus on the particular implementations of elasto-plastic
materials models as seen in literature.

4. (Self-)avoidance

For highly compacted crumpled structures, the self-
contact of a sheet with its other faces starts to play a larger
role. The physical fact that a crumpled sheet should never
intersect itself is often coined self-avoidance in compu-
tational mechanics [4, 26, 27]. However, the computa-
tional cost to make sure these laws are respected is often
substantial. Therefore, in many cases phantom sheets are
considered where collision is neglected entirely. Never-
theless, one should make sure to mind the effects of colli-
sion of a sheet with itself or other objects, as the introduc-
tion of (self-)avoidance has shown to affect the number
and length of crumpling ridges predicted [2]. Again, as
the case study relevant to the present study does not en-
tail this extreme degree of compaction, collision detection
methods will also not be covered elaborately.

5. Discretization methods

The first step in the creation of any computational model
is to decide on the appropriate spatial discretization method.
Various techniques allow complex geometries to be segmented
into smaller elements, making their collection easier to solve.
The most familiar method to most engineers will be shell-based
finite element analysis, but other recent methods have shown
their capability in the modelling of thin sheets. Examples in-
clude spline-based isogeometric analysis, membrane-based ten-
sion field theory, and particle-based discrete element analysis.
These specialised methods will be explained and compared to
finite element analysis based on their characteristics relevant to
the (dynamic) simulation of buckled thin sheets.

5.1. Finite element analysis

Finite element analysis (FEA) is the most traditional method
for the simulation of all types of mechanical problems. Typ-
ically, buckling thin sheets are modelled using shell formula-
tion capable of six degrees-of-freedom (DoF) in order to con-
sider large displacements and rotations [28]. The static equi-
librium can then be solved using geometrically non-linear iter-
ative solvers, available in numerous commercial finite element
software. Linearised modal analyses can be performed on the
resulting buckled geometry and system matrices to obtain dy-
namic insights. For the purposes of this review, FEA will be
used as a benchmark to compare the other discretization meth-
ods in this section to. Also, it should be assumed that referenced
studies showcasing advanced solution procedures in section 6
make use of FEA unless otherwise stated.
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5.2. Isogeometric analysis

In a landmark 2005 paper by Hughes et al. [29], the frame-
work of isogeometric analysis (IGA) was proposed to bridge
the gap between computer-aided design (CAD) and traditional
FEA software. As is customary in CAD software, the geometry
of a body in IGA is represented using non-uniform rational B-
splines (NURBSs), defined by control points [30]. This method
eliminates the time needed to convert a spline-based CAD
geometry to a Lagrangian node-based discretised mesh suitable
for FEA. However, in practice analysis-aware geometric
modelling of the part is needed to create so-called watertight
models [31], as the boolean operations and trimming often
used in CAD cannot be used directly. One needs to create the
model out of several topologically rectangular patches, stitched
together with non-smooth connections. This fact introduces
the need for some additional precaution during design to make
sure non-symmetric stitches do not influence results.

In many aspects, the goal of simulation stays the same as
in traditional FEA: minimizing the residual between internal
and external forces, but now with the solution represented as a
vector of spline control-points instead of nodal displacements.
As the spatial discretization is in principle decoupled from
a solution procedure, the techniques of section 6 are also
applicable here. Because IGA is still in its infancy compared to
FEA, the preference of one method over the other is a highly
debated topic between researchers. However, the spline-based
structure does incur some unique advantages relevant to the
simulation of thin sheets in particular.

The first difference to FEA is the allowance for simulation
using exact geometries. As portrayed in Figure 3, a geometry
does not suffer from discretisation errors when build using
NURBS, with smooth splines connecting the geometry between
knots. As there is no need to approximate the geometry using
line-elements between nodes, performance improvements
may be applicable when considering fine structures. In his
introductory paper Hughes et al. [29] already notes the analysis
of thin shells in particular as a field notoriously sensitive to
geometric imperfection.
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Figure 3: Approximated node-based finite element geometry (left) and exact
knot-based isogeometric geometry (right). [29]

To test this notion Oesterle et al. [32] performed a buckling
analysis on an axially compressed thin-shell cylinder. It was
found that the correct analytical buckling mode shape was
obtained using far less total DoFs using IGA compared to var-
ious FEA shell representations. For example, for the buckling
cylinder the analytically predicted first buckling mode was

reproduced using a mesh with one to two orders of magnitude
less DoFs compared to the FEA representations. The effect
seemed particularly pronounced if numerous critical buckling
bifurcations appeared within a small range of load levels.

However, an accompanying analysis was performed [32]
to artificially add the geometric imperfections back into
the IGA model. By matching the size of the non-smooth
topologically rectangular patches in IGA to the element sizes
in FEA, the same approximated discretization was obtained.
Interestingly, this did not seem to change the results much and
the researchers concluded that the geometric exactness of IGA
is not the driving force behind the apparent reduction in the
required DoFs.

The second advantage of IGA may provide us the expla-
nation for IGA’s faster mesh convergence: two strategies to
reach convergence in FEA are h-refinement, simply increasing
the density of the discretized elements, and p-refinement,
increasing the polynomial order of the basis function of
elements. Using p-refinement allows for the representation
of more complex solution fields using the same number of
elements. However, in FEA the polynomial basis function will
always only maintain C° continuity across element boundaries.
A fundamentally new refinement method introduced in IGA
allows the user to also increase the order of continuity between
elements, at least within patches. These splines with additional
smoothness due to k-refinement [29, 31, 32] are intuitively
appealing for situations in which solutions are very smooth,
such as vibrations of structures and wrinkled thin shells.
This would subsequently lead to high accuracy per DoF for
these applications. Another advantage of k-refinement is the
possibility to eliminate optical branches in the eigenfrequency
spectrum for modal analysis. These optical branches are
fundamentally inaccurate spikes and outliers of eigenvalues
apparent in the second half of the frequency spectrum, seen
due to a side-effect of FEA’s C° continuity [31, 33, 34].

Another benefit for thin sheets in particular is the straightfor-
ward implementation of the Kirchhoff-Love (KL) shell theory.
Due to the spline’s C! or higher continuity the curvature of the
surface can be used directly to model the bending stiffness,
without the need to calculate separate rotational degrees of
freedom like in FEA. These KL-shells do also not suffer from
the same membrane locking effect as pure displacement shell
formulations due to their inter-element continuity, preventing
underestimations of deformations and stress oscillations for
small-thickness elements [35].

Of course, the use of IGA over FEA also carries multiple
downsides. Perhaps the most pressing one is the relatively lim-
ited software available as compared to the numerous elaborate
FEA packages. Nevertheless, IGA has been implemented in
open-source packages such as G+Smo [36] or as experimen-
tal features in larger FEA software, namely ANSYS LS-Dyna
[37] or Altair Radioss [38]. Performance improvements are
also certainly not guaranteed, as the higher degree of conti-
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nuity between elements leads to larger overlap between basis
functions and thus system matrices with increased bandwidth
[31]. Despite k-refinement generally allowing for reduced mesh
sizes, the actual improvement in computational time highly de-
pends on the geometry and analysis-type [39] and is not yet
well-understood. For example, Li et al. [37] found FEA to be
faster in principle in the case of a compressed solid cylinder, but
IGA did scale better on a higher number of computational cores.
Still, thin shells are considered one of the more interesting ap-
plications due to the natural implementation of Kirchhoff-Love
shell theory and the smooth nature of buckling shell problems.

5.3. Tension field theory

Tension field theory (TFT) is a wrinkling approximation
method often used for gossamer (extremely thin) structures in
aeronautical applications, such as deployable antennas, solar
sails and sun-shields [12]. First proposed by Wagner [40] in
1931 for the analysis of sheet metal girders, the theory as-
sumes the creation of a tension field for membranes under shear
stresses. Here, a membrane is defined as a sheet of infinitesimal
thickness and therefore negligible bending stiffness. Wrinkling
will therefore always be preferred to compression, leading to
a structure with no compressive stresses and uni-axial tension
along the wrinkle lines. Tension field theory refers to the
collection of methods to replicate this behaviour by removing
compressive stresses without modelling the small features of
the complicated wrinkled geometry explicitly, focussing on the
resulting average plane strains. [41]

The rich history of TFT begins with various analytical
formulations such as the variable Poisson’s ratio method in-
troduced by Stein and Hedgepeth [42]. Here, the compressive
stresses are released by allowing for the over-contraction of
wrinkled parts of the membrane via a variable Poisson-ratio.
Another influential contribution by Pipkin and Allen [43]
formulated wrinkling as an energy-minimization problem: by
introducing the relaxed strain energy density the membrane
was allowed to perform a ‘free’ zero-energy contraction along
the compression direction.

With the advent of FEA, Roddeman et al. [44] were the
first to implement TFT in simulation using a modified defor-
mation gradient tensor and membrane-elements. In order to
numerically predict which elements these wrinkling modifica-
tions should be applied to, a new procedure was introduced:
occasionally referred to as the iterative membrane properties
(IMP) procedure [19], the general goal is to iteratively deter-
mine which regions of the membrane should be wrinkled via
a wrinkling criterion, and subsequently applying a wrinkling
model to that region. A wrinkling criterion often determines
if an element should be considered to be in a taut, wrinkled
or slack state based on the in-plane stresses and strains found
in the previous iteration. The most accepted method looks at
the major and minor principal stresses and strains, the so-called
mixed (stress-strain) criterion [44, 45]:

e Taut (0, > 0)
Bi-axial tension: use standard membrane element stiffness
matrix.

e Wrinkled (0, < 0 and €,,,, > 0)
Uni-axial tension: apply wrinkling model to modify
membrane element stiffness matrix such that compressive
stresses are removed, resulting in zero stiffness in the com-
pression direction.

e Slack (¢,.x < 0)
Bi-axial compression: set membrane element stiffness ma-
trix to zero, allowing for a zero stiffness contraction as
needed.

Various formulations of a wrinkling model have been
implemented, such as the use of a variable Poisson’s ratio or
modified deformation gradient. However, most of these meth-
ods have been proven to be (mostly) mathematically equivalent
by Miyazaki [46]. Alternatives to IMP methods have also
been created, for example by the minimization of compression
using a penalty parameter modified material (PPMM) method
[47] or via energy-minimization using Pipkin’s relaxed strain
energy density model [45]. The most appropriate method often
depends on the available software, as many implementations
use custom user subroutines in FEA packages such as ABAQUS
or ANSYS. TFT has even been demonstrated by Verhelst [31]
using isogeometric analysis in G+Smo, see Figure 4. In this
figure it can be seen that the general outline of a stretched and
twisted thin cylinder is preserved in the TFT-approximation
by predicting taut and wrinkled regions. The most important
unifying feature of any wrinkling model is that the stress in the
principal direction of compression, normal to the wrinkle lines,
vanishes by allowing a zero-stiffness contraction.

Figure 4: Stretched and twisted thin cylinder using Neo-Hookean material in
isogeometric analysis [31]. Left figure shows the full Kirchhoft-Love shell
model, while the right figure shows a wrinkle approximation based on tension-
field theory. The black regions denote taut sections, while grey denotes a wrin-
kled region where a wrinkling model is defined based on Roddeman et al. [44].
While the shape of wrinkles is not calculated using the approximation, it should
be noted that the general outline of the right structure is consistent with the left
case.

Some advanced techniques have been devised to help
numerical stability for the use of TFT. Rossi et al. [24] use
a variable penalty factor to smoothen the transition between
states, such that the system does not land in a slowly converg-
ing loop by constantly switching states. Liu et al. [48] also
use penalty factors in a PPMM method to allow the system to
exhibit small but non-zero compressive stresses, such that the
non-singularity of the stiffness matrix is retained. Miyazaki
[46] notes that this also leads to a better model for a finite
thickness physical sheet, as the small compressive stresses
capture the real irreversible deformation around wrinkles
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as they depend on the deformation path. Taylor et al. [49]
decide to skip the inversion of the stiffness matrix entirely
by using a dynamic relaxation procedure, to be discussed in
section 6, combined with Pipkin’s relaxed strain energy density.

In general, TFT has been found to be an effective alternative
to full shell-based membrane models. As there is no need
to pick mesh sizes small enough to model the individual
small-wavelength wrinkles, significant reductions in computa-
tional effort can be achieved. Many examples have proven to
provide average plane strains consistent with shell-based FEA
while using only a fraction of the mesh fidelity, particularly in
systems with pre-tensioned or inflated membranes [41, 44]. For
example, Rossi et al. [24] showcase that the application of TFT
can provide the same results for an inflated airbag as full shell
simulation using only 236 instead of 4802 elements. However,
it should be noted that TFT is only applicable to very thin
sheets and provides us no information on the actual amplitude,
wavelength, or distribution of wrinkles. Nevertheless, efforts
have been made by Iwasa [17] to compare 3D photogrammetry
of a wrinkled membrane to computational results to find the
relation between predicted plane shrinkage and wrinkle size.

While most research into TFT focuses on the static solu-
tion of wrinkled structures, attention has been devoted into
expanding these models into structural dynamics. Comparing
wrinkled membrane configurations analysed with and without
a TFT algorithm, Hossain et al. [47] found that the application
of TFT does indeed influence the resulting eigenfrequencies
found. For the shell simulation, the appearance of wrinkles
decreases the eigenfrequencies compared to the unwrinkled
model. With the TFT algorithm then applied eigenfrequencies
increase slightly, attributed to the change in geometric stiffness
due to the minimization of compressive stresses. It should
be noted that this behaviour is dependent on the particular
vibrational mode, as not all modes share the same modal
participation factor in the wrinkled region. Hossain et al. [1]
used a PPMM wrinkling model, along with a local non-linear
material model to model creases, to numerically study the
modal dynamics of the creased system mentioned in section 3.
They found satisfactory eigenfrequencies within 10% margin
of error for both the single- and double-crease case.

Another study by Johnston and Brodeur [50] found less
clear correlations. Here a shell-based, TFT-based and physical
scale-model of a sun-shield were compared on their vibrational
modes. While the eigenfrequencies of the dominant mode were
similar, the two computational models differed significantly
in the total number of modes, modes shapes and effective
masses. More discrepancies were found comparing with the
physical model, such as the appearance of more slack regions
and asymmetries than predicted in the numerical studies. As
the slack regions carry no internal stresses and behave like
rigid material, their deformation is highly influenced by the
deformation of nearby wrinkles. TFT is often found to have
difficulty replicating these slack surfaces, as the wrinkles
themselves cannot be simulated [17].

5.4. Discrete element analysis

Due to an emerging interest in the use of highly compacted
sheets as a new type of metamaterial [2—4], modelling tech-
niques traditionally used in the field of computer graphics
are being adapted to analysis in mechanics. The overarching
strategy of discrete element analysis (DEA), also referred
to as 3D mass-spring systems [51], is to model a sheet as a
collection of mass particles with spring-dampers connecting
them to each-other.

Similarly to the simulation of cloth in computer animation
or atomic structures in molecular dynamics, a thin sheet
can be discretised into a collection of small masses. These
particles, often point-masses or rigid triangles, connect to their
neighbours via virtual springs and dampers. Andrejevic and
Rycroft [27] performed such a simulation of an elasto-plastic
thin sheet using a discretization of point-mass nodes, see
Figure 5. By translating traditional elasticity models from
continuum to discrete strain energy densities, the appropriate
parameters can be found for the in-plane spring-dampers
connecting these nodes. Bending stiffness was applied using a
penalty function on the misalignment of the normal vectors of
adjacent triangles, again aiming to imitate continuum bending
rigidity. Plasticity can be replicated by adding a constant value
to this bending penalty function to specify a non-flat shape as
the resting angle.

Contact-detection and self-avoidance is a particularly well-
developed subject in computer animation for fabrics and cloth.
The detection method used by Andrejevic and Rycroft [27]
assigns all nodes into blocks. During simulation all nodes
in the blocks within the local search space of a particular
node are checked for possible contact. If contact is detected,
one method is to correct the position and velocity of the
interacting nodes according to conservation of momentum.
However, this method can become problematic if multiple
contacts are present at once, as considering one contact
may cause further self-intersection. Another method relies
on penalty functions to separate the particles with stiff local
springs, which proved more robust for the researcher’s purpose.

Andrejevic and Rycroft [27] note the disparity in time
scales between the slower large-scale deformations as opposed
to the sudden localised buckling and snap-through events.
They implemented a hybrid integration scheme to adaptively
switch between an implicit quasi-static formulation and a
fully explicit dynamic formulation. In the quasi-static for-
mulation accelerations of nodes are approximated to zero,
and the subsequent differential-algebraic system of equations
is implicitly solved via a version of Newton’s method. If
large changes in local velocity are detected, for example
during rearrangement of ridges and vertices by buckling or
during abrupt self-contact, the solver switches to the fully
dynamic formulation. The buckling is now explicitly solved
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Figure 5: Microscopic model of a discretised sheet defined by point-masses in discrete element analysis [27]. In-plane stretching is governed by spring-dampers
between neighbouring nodes. Bending stiffness is defined via a penalty factor on the misalignment of normal vectors between adjacent triangles.

using a Runge-Kutta integration method with adaptive step-
control. Using this method the researchers were successful in
the simulation of highly compacted sheets, finding the same
logarithmic crease length growth as found in experiments [2, 4].

A common concern in DEA literature on stiff thin sheets
is the issue of bending locking [52]. As bending can only
occur along the vertices of adjacent triangles, sharp bends not
perfectly aligned with these directions can only be achieved
via the bending of multiple other ridges. When using a
coarser mesh this fact leads to an artificial stiffness to bending
and unrealistic bending behaviour. Narain et al. [52] used
an adaptive re-meshing procedure to iteratively refine their
triangle-based discretization to create edges aligning with
bending. For stiff thin shells they found that jittering would
occur when simply refining the mesh by splitting the existing
triangles. For this reason, a dynamic projection method was
introduced to interpolate node forces instead of node positions,
such that the dynamic equilibrium before and after re-meshing
is preserved. The researchers found adaptive re-meshing to be
an effective way to reduce mesh density while being able to
resolve fine features and large flat regions simultaneously.

Another way to prevent bending locking is by simply de-
creasing the stiffness of the bending springs (penalty factors).
However, this would make the material appear softer than may
be desired. Jin et al. [53] replaced the equality constraint on
the triangle edge lengths with an inequality constraint to allow
some element compression, such that this slight compression
can function as a surrogate model for bending modes that
would otherwise not be representable by the mesh. The
inequality constraint was implemented using a penalty function
(barrier method) and an optimization algorithm using Newton
steps and line searches to solve for the equilibrium shape. This
is an example of how form-finding problems in DEA are often
formulated as optimization problems, with an energy function
consisting of bending energies and penalty parameters to be
minimized [54].

The discretised nature of DEA leaves one major drawback:
many concepts found in continuous models that are often used
in dynamic analyses are absent. Lacking any form of traditional
system matrices, the inability to perform eigenvalue analysis
rules out any modal and harmonic analyses. This only leaves
explicit time-domain simulation to be used for structural dy-
namics. Due to the need for minuscule time-steps at higher
frequencies, this would be costly to simulate and has not been
attempted to the best of the author’s knowledge. Common tools
in computer graphics are also not designed for strict accuracy
in the prediction of stresses and strains, as they are mainly de-
signed for efficiency and visual realism. Only more recent stud-
ies provide any basic comparison to FEA in mechanical accu-
racy on simple problems [51]. Due to these two factors, DEA is
not (yet) considered a complete tool for the structural dynamic
analysis of thin sheets, and will be subsequently disregarded in
following discussion.

6. Solution procedures

When a spatial discretization method and other model defini-
tions have been established, the residual between external and
internal forces can be calculated. Regardless of the discretiza-
tion used, this residual and the corresponding solution vector
can be used in a generalized non-linear solution procedure in
order to integrate the residual to zero and find equilibrium. In
this section, the most commonly used advanced numerical so-
lution procedures relevant to buckled thin sheets will be cov-
ered, namely the introduction of initial perturbations, dynamic
relaxation, arc-length methods, modal reduction and sensitivity
analysis.
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6.1. Initial perturbation

Initial perturbations are often applied to sheets in order to
nudge the element nodes from their perfect initial condition,
such that the initiation of buckling becomes easier. Without
these perturbations, the structure would not prefer any one way
to buckle and would slowly approach a buckling bifurcation
with increasing load [55]. These buckling bifurcations are
associated with singularities in the system stiffness matrix,
which in turn contribute to stability problems for traditional
implicit solvers. By applying small perturbations the perfect
bifurcations can be smoothed and thus more easily passed
without full singularities forming [55].

In general two methods exist to apply initial perturbations.
The pseudo-random direct turbulence method uses randomly
assigned force perturbations on the nodes, setting the net force
on the total body equal to zero in order not to influence the
system behaviour [16, 56]. A more commonly used method is
to perform a linear buckling analysis on the initial configuration
in order to calculate the first (few) buckling mode(s) [57, 58].
This scaled buckling modes method uses a scaled superposition
of these modes to subsequently perturb the nodes. This
buckling mode version of perturbation would theoretically
cause the structure to buckle via the ’ideal’ buckling path and
is therefore repeatable. However, one could argue that the
turbulence method is more accurate to the imperfect systems
we find in reality, and could also be made repeatable by starting
the random number generator with a consistent seed. In either
case, the perturbations are removed shortly after the initial
buckling in order not to influence the final result by too much.
Liu and Cai [57] suggest a perturbation of 1%-100% of the
membrane thickness as a middle-ground for not making the
initial stage of buckling too slow while not influencing results.

6.2. Dynamic relaxation method

The dynamic relaxation method (DRM) is an explicit itera-
tive algorithm for the static analysis of structures. The method
avoids the calculation of a near-singular stiffness matrix by the
use of an explicit scheme. First given this name by Day [59],
the static solution is considered as the limit or steady-state part
to the transient response of the system. To illustrate this, the
static solution can be written as the solution of the system of
differential equations

f(u, ) = p, ey

with f being a generally non-linear vector function represent-
ing the internal forces, dependent on the nodal displacements
u and its time derivative 1, and p being the external forces.
Note that Equation 1 can be written in a linear form where the
left-hand side is converted to a product between the stiffness
matrix K and displacement vector u, to be solved algebraically.
However, in the general non-linear case the solution can be
iteratively solved for by integrating the solution via an implicit
Newton-Raphson (NR) type method using the inverse of the
locally linearized stiffness matrix K [60].

Alternatively, in DRM the equation is expanded by turning it
into the damped dynamic equation

M’ii + C’it + f(u, 0) = p, )

with M’ and C’ respectively the fictitious mass and damping
matrices. This is a problem in the pseudo-time domain, which
can be integrated using central finite difference methods
[55, 60].

Note that in the absence of any nodal velocities u or acceler-
ations i, Equation 2 reduces into the same form as Equation 1.
Thus it can be seen that the static solution may indeed be re-
garded as the limit of the damped dynamic response. As the
fictitious mass and damping matrices play no role in this final
solution, they can be artificially chosen based on heuristic rules
with the purpose of a fast but stable convergence. While various
methods to construct the mass matrix exist, a popular way intro-
duced by Underwood [61] is to choose a diagonal mass matrix
based on Gershgorin’s circle theorem. The diagonal mass el-
ements are based on the corresponding entries in the effective
stiffness matrix, and may be updated multiple times during iter-
ation via the equation

AAL?
m; = Z Kl 3)
J

2

where m; is the mass at node i, At’ is the fictitious time-step
and A an adjustable parameter used to improve stability. The
sum is taken over the absolute entries of the local tangent
stiffness matrix in all Cartesian directions j. The use of (a
version of) Gershgorin’s theorem ensures an optimum ratio
between the minimum and maximum eigenfrequencies of the
system [58, 62, 63].

For the fastest convergence possible, the fictitious damping
term should lead to a perfectly damped system. In practice,
viscous damping like in Equation 2 is usually avoided as a
trial analysis is needed to estimate the lowest eigenvalue via
Rayleigh’s principle [62]. Instead, kinetic damping is regularly
used [58, 60, 64]: setting C’ = 0 in Equation 2, the damping
behaviour is instead artificially replicated by studying the
systems total potential and kinetic energies. For a conservative
mechanical system, these two energy types alternate in their
magnitudes. When the kinetic energy is at its maximum, the
potential energy will be at its minimum, with this minimum
corresponding to the state most resembling equilibrium. When
using kinetic damping, the geometry of the system is frozen
at this peak of kinetic energy. By constantly resetting the
velocities to zero and restarting dynamic simulation from
this frozen geometry, a simple yet efficient artificial damping
behaviour is introduced, see Figure 6 [65].
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Figure 6: Typical histories of relative residual norm and kinetic energy of a sys-
tem with kinetic damping. At every peak in kinetic energy the nodal velocities
are reset to zero, leading to a damping effect without the need for viscous terms.
The residual norm can be seen to decrease, with a sharp decline when the dy-
namic relaxation scheme switches to implicit Newton-Raphson integration in
its final iterations [65].

DRM is particularly well suited to buckled thin sheets, as
there is no need for an inversion of the often near-singular
stiffness matrix due to its explicit nature. Since all quantities
can be treated as vectors, the DRM is easily programmable
and has low storage requirements, while also being ideal
for systems with highly non-linear geometric and material
behaviour [25].

Lee and Youn [63] successfully used viscously damped DRM
together with a TFT-based discretization to simulate a twisted
annulus and an inflated airbag. These results were used as
benchmarks by Nakashino et al. [65] for their expanded model
based on IGA and kinetic damping. Interestingly, both stud-
ies also perform some implicit NR-integration after their DRM
procedure to make the final steps towards equilibrium, see Fig-
ure 6. This showcases the effectiveness of using DRM for
the general form-finding for buckled structures, which may
be combined with implicit solvers for the final steps to reach
greater precision.

6.3. Arc-length method

Incremental NR-procedures are often adopted for problems
with highly non-linear boundary conditions which lead to
large forces and deformations. In these quasi-static methods
the forces or displacements are slowly increased from zero to
their final value, while equilibrium is continuously calculated.
Depending on the independent variable in these procedures
this procedure is respectively referred to as load-controlled
or displacement-controlled time-stepping. For post-buckling
analysis in particular these methods are essential to traverse
the highly non-linear and unstable behaviour near buckling
bifurcations, and thus also of importance to the simulation of
crumpled sheets.

10

Buckling bifurcations lead to the creation of multiple stable
and unstable branches. Referring to Figure 7 [66], this fact may
lead to one of the most difficult issues for either load-control or
displacement-control to solve: the creation of each additional
wrinkle or crumple corresponds to a bifurcation where localised
snap-through (BD in Figure 7) or snap-back (GI in Figure 7)
may occur. the buckling path is illustrated as a non-linear rela-
tion between loading and displacement. It can be observed that
the stable branch after a bifurcation point may lead to a (tem-
porary) reduction in either load or displacement. Load-control
and displacement-control cannot handle these bifurcations ef-
fectively and will suddenly snap to another part of the branch,
or even not find any continuation at all [67]. It should be noted
that Figure 7 is only a 2D simplification of the multidimensional
load-deflection space.

Figure 7: Buckling path plotted as non-linear function of load and displacement
[66]. Snap-through (line BD) and snap-back (line GI) events can cause large
jumps in the solution for traditional load-controlled or displacement-controlled
time-stepping.

The solution for this problem is to combine the two
paradigms of load-control and displacement-control in so-
called arc-length methods (ALM). The main two methods
were introduced by Riks [68] and Crisfield [67], both based
on the addition of a constraint on the displacement and load
increments to stay inside a defined hypersphere of certain
arc-length [69]. For both methods a prediction step of this arc-
length is taken tangent to the current position on the buckling
path, see point A in Figure 8. From this predicted solution
(B in Figure 8) the Riks method defines a hyper-plane (BC
in Figure 8) normal to the prediction tangent, to be traversed
via NR-iterations. Alternatively, Crisfield’s method constrains
the NR-iterations to the hyper-sphere (BD in Figure 8) or
the hyper-cylinder tangent to the loading parameter (BE in
Figure 8).

The Crisfield method is considered to be somewhat more
robust, but for ever more non-linear buckling paths, a related
but less popular method based on the normal flow algorithm
could also be considered [69]. Here, the NR-iterations are
forced along a path normal to the so-called Davidenko flow
curves. These curves can be seen as the contour curves
of constant perturbation (f(1,d) = &), positioned along the
solution curve (f(1,d) = 0). This ensures the fasted possible
path from the prediction point to the actual buckling path.
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Figure 8: Arc-length method based on Riks’ [68] and Crisfield’s [67] methods.
A prediction increment of certain arc-length is taken along the buckling path
tangent. From there Newton-Raphson iterations are taken to find the real equi-
librium point on the buckling path, either by walking normal to the prediction
tangent (Riks) or along the hypersphere defined by the arc-length (Crisfield).
[69]

In most cases DRM and ALM are used as two alternative
methods for solving highly non-linear systems. For example,
the analysis by Liu and Cai [57] shows ALM to come to a
similar result as DRM for a tensioned membrane. However,
Lee et al. [64] demonstrated an explicit ALM using dynamic
relaxation with kinetic damping. Here, the representation of
the external forces p in Equation 2 is expanded using an incre-
mentally increasing loading parameter A'*A’p,, (note that C’= 0
as kinetic damping is used). The loading parameters A"’ can
be subsequently constrained via Crisfield’s hyper-cylindrical
arc-length constraint. A fotal displacement constraint was also
tested, where the arc-length is calculated centred around the
initial configuration instead of the current configuration. Here,
step increments are not taken tangent to the current position
on the buckling curve, but in the direction through the origin
to the current position. For both methods the researchers
found good agreement with non-linear verification examples,
although direct comparison to traditional implicit NR-methods
in efficiency is lacking.

Verhelst et al. [23] used ALM to simulate a simple buck-
ling beam via an isogeometric representation in G+Smo, but
now without using initial perturbations. The ALM allowed for
a slow approach near to the bifurcation point. At a small dis-
tance from this limit point the first buckling mode was extracted
and applied to the system as a perturbation. In this way, it was
made possible to skip past the bifurcation and safely switch to
the buckling branch past it, without needing ‘random’ initial
perturbations which could influence results.

11

6.4. Modal reduction

Assuming one has been able to calculate the static crumpled
configuration of a thin sheet using one of the aforementioned
procedures, various methods exist to get information on the
dynamic behaviour. Traditionally, these structural dynamic
problems are tackled via frequency domain representations,
namely modal analysis [70]. By solving an eigenvalue problem
for the mass and stiffness matrices, one quickly finds the
relevant eigenmodes and natural frequencies of vibration.

For large interconnected mechanical systems engineers
are often interested in the combined dynamics of a large
number of subsystems. As modal analyses of the whole system
are too large and complex, dynamic substructuring (DS) is
often applied to compartmentalize the problem [70, 71]. DS
aims to decompose a large structure into subcomponents and
calculate the dynamics behaviour on component-basis, to be
combined later. This recombination may be performed using
frequency-based substructuring (FSB), which also allows for
integration of simulated and experimental data in the form of
frequency response functions. However, recombination via
component-mode synthesis (CMS) in the modal domain proves
more flexible and allows for the extraction of mode shapes
and time-domain behaviour. Here, modal reduction is used
to rewrite the equations of motion of a simulated component
into a basis of modal vectors [71, 72]. By only considering
modes up to a frequency of interest, the full set of physical
coordinates can be reduced to a smaller set of generalised
coordinates. Examples of popular methods to perform this
matrix projection into reduced modal coordinates are the
Guyan, Craig-Bampton and Hintz-Herting techniques [71],
which differ in how they handle the interfaces and reactions
between different components [70, 71].

It should be noted that standard modal analysis and CMS as-
sume linear system behaviour, and will thus be inaccurate for
non-linear material behaviour, self-contact, or large vibrations
with dynamic buckling [71]. To address the problem for large
vibrations, Weeger [34] proposed a nonlinear vibration analysis
based on the harmonic balancing method, in which the equa-
tions of motion are approximated in the frequency domain us-
ing Fourier expansions. However, this approach significantly
increases the system size and computational cost. To make the
method feasible, a nonlinear-compatible model reduction is re-
quired. Weeger [34] introduces a reduction based on modal
derivatives, which extends the linear modal basis to account for
nonlinear deformation effects. This approach enables accurate
prediction of nonlinear frequency responses while keeping the
computational effort manageable.
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6.5. Uncertainty analysis

Noting a lack of insight into uncertainty effects associated
with system imperfections, Luo et al. [73] performed experi-
ments and simulations to establish the sensitivity of wrinkling
amplitude to the non-uniformity of thickness for a stretched
Kapton film. Twelve sheets of varying thicknesses were
examined, and a substantial spread was found in the location
of wrinkles and the extremes in wrinkling amplitudes, see
Figure 9. Interestingly, post-buckling simulations of ‘perfect’
membranes with uniform nominal thickness were consistently
found to show less wrinkling than experiment would suggest,
indicating the important role uncertain initial conditions play
in the initiation of buckling.

Figure 9: Maximum and minimum out-of-plane wrinkling amplitudes of
stretched Kapton membranes from test samples and perfect simulated mem-
branes with uniform nominal thickness [73]. The imperfect test samples con-
sistently showed larger wrinkles than simulation would suggest. The spread
between experimental values indicates the importance of accounting for imper-
fections in experiment.

As experimental data will always be limited by sample size,
Luo et al. [73] set out to perform a probabilistic computational
analysis of the problem. It should be noted that for most
applications it is difficult to get an exact measure of the
non-uniform thickness profile, therefore an uncertain field
model with bounded-field description was used based on the
nominal thickness and tolerance provided by the manufacturer.
A probabilistic function determined a continuous thickness
field within the aforementioned bounds, utilising a spatial
correlation parameter to determine smoothness. The resulting
total out-of-plane displacement was calculated for numerous
models in order to construct a surrogate model to predict
input-output behaviour. The initial sampling points were
determined via orthogonal-maximin Latin hypercube design,
with subsequent sampling points efficiently added to maximise
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the expected value of a so-called improvement function. The
method was able to efficiently compute the expected upper
and lower bounds for the total out-of-plane displacement for
an increasing thickness tolerance bound, see Figure 10. These
bounds were proven to be consistent with the results from
10,000 Monte Carlo realisations.

Figure 10: Relationship between overall out-of-plane displacement and relative
tolerance bound for rectangular Kapton membrane simulations. The spread
for 10,000 Monte Carlo realizations is shown to be consistent with the predic-
tions for the upper (I';4x) and lower (I'),i,) bounds made by a trained surrogate
model. [73]

A generalization of the uncertainty analysis procedure was
presented by Vu-Bac et al. [74] in the form of a MATLAB tool-
box. The unified framework can be used to generate random
samples, build surrogate models to approximate the real sys-
tem, and perform sensitivity analysis. Again, sampling is per-
formed via the Latin hypercube method in order to get a rep-
resentative variety of data-points. Surrogate models can be
trained via multi-variable polynomial regression, taking over-
fitting in mind by using cross-validation to assess the validity
of the model by performing a priori predictions for a subset
of the training data. The surrogate model can then be used to
estimate the sensitivity indices of the model with correlated pa-
rameters, allowing for a variance-based sensitivity estimation
for interdependent variables.
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7. Discussion

A great variety of techniques to model the mechanics and
dynamics of buckling thin sheets has been presented. We have
developed a generalised flowchart to help the reader navigate
the relevant choices for themselves, see Figure 11. Many al-
ternative techniques are possible for the discretisation method,
material model, perturbation method and the specifics of the
post-buckling solver. The aim is to guide the user in finding a
suitable collection of methods for their application, discussing
(dis)advantages of the different options along the way.

7.1. Preprocessing

As concluded in section 5, DEA is out of the question for
structural dynamics due to the impossibility for eigenvalue
analysis, and thus the competition falls between FEA and IGA.
IGA has proven to have high accuracy per DoF, particularly
for thin sheets. The higher degree of continuity associated with

the spline-based meshes allow for fast k-refinement, while also
making KL-shells easily implementable. Another advantage
is the subsequent lack of inaccurate optical branches in the
eigenfrequency analysis, relevant to the structural dynamics.
However, the efficiency improvements of IGA are not yet
well-understood and may depend on the use-case. Along with
the relative lack of available software negatively impacting the
ease-of-use, FEA is still the best option for most engineering
proposes. However, IGA is a quickly developing field which
may be of interest to certain specialised applications.

Regardless of the spatial discretization, a TFT algorithm
may be used to greatly reduce mesh density. However, it should
be noted that TFT can only be applied to small-deformation
elastic wrinkling, and not crumpling. Furthermore, TFT may
only be applicable in situations of shearing, stretching and
inflation, as the slack regions present in compression cannot

Define model
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Start - Wrinkling approximation: Tension field theory
- Mesh size
- Boundary condtions

- Spatial discretization: Finite element analysis / Isogeometric

- Material model: Linear-elastic / Elasto-plastic / Hyper-elastic

Preprocessing

I_I\
Initial pertubation
) - Direct turbulance / Scaled
buckling modes
brrrrrrrrrrrrr J

7

Start post-buckling solver
- Incremental loading: Load-controlled / Displacement-

Continue post-buckling solver
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Modify convergence factors
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(/ Optimization) factors
- (Adaptive meshing)
Remove initial pertubation
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Figure 11: Flowchart for a general structural dynamic analysis of buckled thin sheets structures, developed with the aim to help the reader traverse the diverse
options in numerical methods. Sketches indicate the stage in the simulation process, inspired by the cylindrical bellow case study mentioned in the section 1.
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be captured accurately. Another disadvantage is the lack of
information on the wrinkling geometry itself, which may also
negatively impact the accuracy of subsequent modal analysis.

Materials models have not been covered explicitly in this
review. However, it should be noted that non-linear material
models may be needed in case of extreme compaction (elasto-
plastic) or stretching (hyper-elastic).

Regarding initial perturbations, scaled buckling modes may
be used to induce the preferred way of buckling for a certain
‘perfect’ structure. However, in practice no structure is perfect
and a more easily implemented random direct turbulence per-
turbation is probably sufficient. To make results repeatable a
consistent seed can be used for the random number generator.
It may also be interesting to perform sensitivity analysis on this
random perturbation to establish how much we expect experi-
mental data to differ between tests.

7.2. Post-buckling solver

For the non-linear post-buckling solver there exist multiple
ways to increment the loading for large deformations. In
problems with snap-through and snap-back buckling, load-
controlled and displacement-controlled time-stepping may
become unstable. ALM offers a combination of the two to
create a more stable method, ensuring that the buckling path is
not lost at bifurcation points, at the cost of more complicated
implementation.

Dynamic relaxation is also a useful method to ensure
stability despite the near-singular stiffness matrices found in
buckling. DRM with kinetic damping is easily implemented
via vector-representations and convergence can be intuitively
understood. However, convergence may still not be as fast
as the quadratic convergence of implicit Newton-Raphson
integration. For this reason some NR-iterations are preferred
after a DRM procedure to make the last steps toward equi-
librium. As modal analysis requires the calculations of the
system matrices either way, the implementation of implicit
NR-integration should not incur much more effort.

After a few iterations of the non-linear solver the initial per-
turbations should be removed in order to not influence the fi-
nal results. If convergence cannot be reached after more iter-
ations, the relevant convergence factors may be modified. Be-
sides simply reducing the time-step, specific methods allow for
the adjustment of their stabilization factors. Examples include
the fictitious mass matrix and kinetic damping criteria in DRM,
the arc-length in ALM, or the compression-minimizing penalty
factors in TFT. Adaptive meshing could also be considered in
order to more finely describe the mesh around crumple lines,
although thus far such methods have only been tested in DEA.
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7.3. Dynamic response

After the static post-buckling form-finding problem has
been solved, the buckled geometry can be updated and the
system matrices extracted. Mode shapes, eigenfrequencies
and modal masses can be calculated by solving the eigenvalue
problem on the updated mass and stiffness matrices. As most
engineering problems consider small-amplitude vibrations,
non-linear modal analysis is not required. A modal assurance
criterion (MAC) may be used to know what mode shapes to
compare between slightly different simulation by computing
their correlation in displacement [72]. Mode shapes and
eigenfrequencies may also be checked against vibrometer
measurements, allowing for the verification and improvement
of the modelling method. In the same vein, modal reduction
using component-mode synthesis may be used to calculate
the harmonic response for vibrational transmissibility between
specified interface nodes. The resulting transmissibility or
dynamic stiffness frequency response may again be compared
against measurements.

Depending on the perceived spread between measurement re-
sults, it may be of interest to perform uncertainty analysis on the
problem by building a surrogate model. Many variables are ex-
pected to impact buckling behaviour, such as sheet dimensions,
non-uniform thicknesses or the random initial perturbations.

8. Conclusion

We have presented a generalised framework for the dynamic
simulation of buckled thin sheets, highlighting a range of meth-
ods found in the literature. Both advanced discretization and
solver techniques are addressed, including comparisons be-
tween isogeometric and discrete element analysis versus tra-
ditional finite element approaches. Tension field theory is dis-
cussed as an effective tool for reducing mesh size, though it
must be applied with care. To handle the near-singular stiffness
matrices typical of buckled systems, advanced iterative solvers
such as dynamic relaxation and the arc-length method are con-
sidered. Finally, we propose performing dynamic analysis of
buckled sheets through modal reduction, complemented by un-
certainty analysis methods to improve the predictive reliability
of these complex systems.
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This chapter presents a self-contained research paper that details the proposed numerical and exper-
imental methodologies as applied to the foil bellow case study. It systematically describes the core
methodological framework and reports the resulting findings.
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Numerical and experimental analysis of structural dynamics of crumpled cylindrical foils
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Abstract

We investigate the structural mechanics and dynamics of crumpled cylindrical foils as ultra-compliant links for mechatronic sys-
tems. A systematic and computationally efficient finite element framework is developed to quantify how sheet thickness and degree
of crumpling govern the emergent static and dynamic stiffness. Realistic crumpled morphologies are generated using explicit dy-
namic relaxation in Radioss, after which stress removal and modal reduction are employed to extract stiffness behaviour for direct
comparison with shaker experiments. The results reveal a clear morphological transition from periodic wrinkling to stress-focusing
crumpled ridge network, accompanied by new power-law scaling laws of stiffness with thickness and crumpling degree. Variability
between measurements increases at higher crumpling levels, reflecting the intrinsic stochastic nature of ridge formation. Remain-
ing discrepancies between simulations and experiments expose the critical influence of non-linear effects, particularly plasticity and
self-contact, underscoring the need to incorporate these mechanisms to achieve fully predictive models of crumpled structures.

Keywords:

post-buckled thin sheets, crumpling, crumpling morphology, structural dynamics, dynamic relaxation, dynamic stiffness

1. Introduction

Anyone who has ever put on a freshly ironed shirt or dress
is familiar with the frustrations caused by unwanted wrinkles
and crumples. Likewise, in engineering contexts such buckling
instabilities can compromise the performance of carefully
designed structures. For instance, in aerospace applications
such as solar sails, wrinkles and creases can reduce thrust and
complicate control [1]. From a structural dynamics perspective,
wrinkles have been shown to significantly influence system
behaviour by reducing local stiffness and eigenfrequencies
[1-5].

These challenges have motivated the development of nu-
merous analytical and numerical methods to better understand
wrinkling phenomena. One prominent approach is tension field
theory (TFT), in which compressive stresses are relieved by
approximating out-of-plane wrinkling patterns by equivalent
in-plane membrane shortening [1, 4, 6-20]. While traditionally
implemented in finite element analysis (FEA) software, TFT
has also been applied to isogeometric analysis (IGA), which
represents geometry using continuous splines rather than nodal
discretizations [15, 21-28]. This approach is particularly
advantageous for wrinkled sheets, as the higher inter-element
continuity allows complex curved geometries to be captured
with fewer degrees-of-freedom (DoFs).

Despite these advances, thin-sheet buckling remains chal-
lenging to model due to the under-constrained nature of the
instability, which can induce matrix inversion instabilities in
implicit solvers. Arc-length methods (ALM) mitigate this by
following highly non-linear deformation paths using combined

load-displacement increments [29-34]. Alternatively, explicit
dynamic relaxation can bypass matrix inversions altogether,
computing the static buckled geometry as the long-term limit
of a damped dynamic system [35-43].

Still, most studies to date focus on the periodically wrinkled
regime. In contrast, crumpling represents a generic evolution
of wrinkling [44], in which periodic undulations give way to
a limited number of stress-focusing ridges. While full FEA or
IGA becomes impractical for highly crumpled and compacted
sheets, discrete element analysis (DEA) has been shown
capable of simulating such structures efficiently [41, 45-49].
DEA constructs sheets as networks of discrete mass elements
connected by springs and dampers, allowing efficient self-
contact handling. However, these methods have primarily
been developed for computer graphics and remain limited
with respect to engineering-oriented structural mechanics and
dynamics studies.

Despite these challenges, the study of crumpled sheets holds
promise for novel engineering applications. One such applica-
tion is the design of ultra-compliant mechanical links between
vibrationally isolated frames in vacuum mechatronic systems.
Instead of engineered corrugated pipes or bellows, crumpled
sheets naturally form multiple ridges and creases that function
as flexible hinges, see Figure 1. For these links, accurate
prediction of frequency-dependent vibrational transmissibility
or dynamic stiffness is critical, as internal dynamics can cause
apparent stiffening at higher frequencies [50].
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Figure 1: Comparison of engineered corrugation networks and stochastic crum-
pled morphologies as routes to compliant thin-sheet mechanical links.

However, to date literature on the structural dynamics
of post-buckled sheets is limited to modal analyses in the
wrinkled regime. Therefore, the present work aims to develop
a systematic, robust, and computationally efficient numerical
methodology for investigating the static and dynamic stiffness
of crumpled structures. This involves generating crumpled
morphologies, modelling their static and dynamic behaviour,
and validating the models experimentally. Collectively, these
efforts seek to establish a foundation for understanding how
crumples govern emergent system stiffness, and ultimately
leveraging this insight in the design of highly compliant
mechanical links.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the case study and outlines the numerical and
experimental methodologies. Section 3 presents the results,
first describing crumpling morphologies and then comparing
simulated and experimental stiffness data, including emergent
power-law scaling and variability trends. Section 4 discusses
the implications and discrepancies between simulations and ex-
periments. Finally, Section 5 summarizes the main contribu-
tions, with additional background provided in the Appendices.

2. Method

To demonstrate the feasibility of the proposed modelling ap-
proach a representative case study is employed, allowing direct
validation of the numerical results against experimental mea-
surements. The following sections first define the specifics of
the case study, followed by a summary of the numerical and
experimental methodologies.

2.1. Case study definitions

The present case study is motivated by a novel application of
crumpling for the creation of flexible dynamic links in vacuum
mechatronic systems [51]. Traditionally, corrugated bellows
are used to connect vacuum regions requiring flexible joints,
such as between two vibrationally isolated frames. These
bellows illustrate how deliberately engineered ridge networks
can provide compliant, low-transmissibility connections [52].
In an analogous manner, intentionally crumpled foils may offer
a simpler and more cost-effective approach to achieving multi-
directional compliance, provided their stiffness characteristics
can be accurately predicted and controlled.

Figure 2 presents a schematic of the system under con-
sideration. A cylindrical thin polymer sheet in its reference
configuration (left) is axially crumpled and fixed between a
top and bottom interface in the deformed configuration (right).
In this study, the dynamic stiffness, defined as the frequency-
dependent transfer function between a small excitation (< 1
mm) applied to the bottom interface and the resulting force
on the top interface, is used to quantify vibrational transmis-
sibility. The introduction of crumpling ridges is expected to
substantially reduce the dynamic stiffness in all directions, as
these ridges act as natural flexible hinges.

The degree of crumpling is characterized by the cylinder
overlength, defined as the ratio between the axial height of the
cylinder in the reference (h.f) and deformed (h4.f) configura-
tions:

hret — het

Overlength = i - 100%. (1)

def

In this study, overlength is varied by increasing h..s. Ad-
ditionally, multiple sheet thicknesses are considered: 50, 130,
250, and 500 wm. All other system parameters are held con-
stant, with a cylinder diameter D = 0.2 m and deformed height
hger = 0.13 m. The sheet material is fluorinated ethylene propy-
lene (FEP), with a density p = 2150 kg/m?, elastic modulus
E = 650 MPa, and Poissons ratio v = 0.4 [53].

Figure 2: Case study: axially crumpled cylindrical foils as an alternative to cor-
rugated bellow joints. The top interface is lowered towards the bottom interface
to induce crumpling. Crumpling overlength is defined as the ratio between the
axial heights of the reference (/r) and deformed (/gef) configurations. Over-
length is varied via /her, together with sheet thickness ¢. Cylinder diameter D
and deformed height hger are kept constant across all tests.

2.2. Numerical method

A computational methodology was developed with an em-
phasis on efficiency and user-friendliness. The workflow is di-
vided into four stages: (i) model definition, (ii) post-buckling
simulation to generate crumpled geometries, and calculation of
the (iii) static and (iv) dynamic responses. The key modeling
decisions are outlined below, with additional details provided
in Appendix A.
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2.2.1. Model definition

Finite element analysis (FEA) remains the standard approach
for structural mechanics and dynamics problems. However, for
buckling thin shells the choice of discretisation method requires
more careful consideration: discrete element analysis (DEA)
and isogeometric analysis (IGA) offer potential advantages but
also significant limitations in the present context.

DEA has been used successfully to simulate highly com-
pacted sheets with plastic creasing and extensive self-contact
[47]. However, existing DEA implementations are primar-
ily developed for computer graphics and lack support for
frequency-domain calculations due to their discretised nature
[46]. IGA, by contrast, has already been applied to modal
buckling of cylindrical shells [23] and typically requires fewer
total DoFs than conventional FEA. Nevertheless, the resulting
system matrices are considerably less sparse, which can offset
computational gains [15]. Due to the limited availability of
mature DEA and IGA software, a conventional finite-element
approach was selected for this proof-of-concept study.

Drawing inspiration from automotive crashworthiness
studies [54-56], two FEA solvers capable of handling highly
geometrically nonlinear phenomena were considered: Ansys
LS-Dyna and Altair Radioss. Radioss was selected for its clear
input syntax, extensive documentation [57], and availability as
the free stand-alone solver OpenRadioss, which benefits from
an active user community and supporting tools [58].

Cylindrical shell models with five reference heights
(her = 0.135, 0.15, 0.17, 0.20, and 0.25 m) were created
in Altair HyperMesh. Preliminary simulations and a mesh
convergence study (Appendix A) determined that 5 mm
square shell elements provided sufficient resolution for ridge
formation. Following Radioss recommendations [57], the
reduced-integration QEPH shell formulation (Quadrilateral
Elasto-Plastic Physical Hourglass Control) was employed. This
choice reduces computational cost and avoids shear locking
compared with fully integrated elements, while the spurious
zero-energy hourglass modes caused by the reduced integration
are stabilised effectively.

Unlike traditional crashworthiness studies [54-56], where
accurate plastic energy absorption and reaction forces play
a central role, the present simulations aim solely to generate
realistic crumpled geometries as quickly as possible. Con-
sequently, linear-elastic material behaviour was adopted and
self-contact was omitted, as the considered overlengths remain
moderate.

Geometric imperfections were introduced using the /RANDOM
keyword, superimposing Gaussian noise with an amplitude of
10 pm on the nodal coordinates. This is consistent with recom-
mendations that imperfection amplitudes should range between
1% and 100% of the shell thickness [32]. To capture sensitiv-
ity to initial conditions, each thickness-overlength combination
was simulated six times using reproducible random seeds.

2.2.2. Post-buckling simulation

The crumpling of thin cylinders is characterised by many
local instabilities and snap-through events, which renders
conventional incremental stepping procedures using implicit
solvers fragile [16, 34, 42]. The implicit stepping can be
improved by using an arc-length method to more closely
follow the non-linear loading paths found in snap-through
buckling. [29-31]. However, as for this work only the final
crumpled morphology is of interest, the dynamic relaxation
method (DRM) [35-40, 42] provides a more robust alternative:
the desired static equilibrium is obtained as the long-time
limit of a near-perfectly damped dynamic system, integrated
explicitly in pseudo-time. This method is especially powerful
for this form-finding application as it can easily deal with the
under-constrained buckling present here, as there is no need to
invert near-singular stiffness matrices in the explicit scheme.

Crumpling is induced by fixing all nodes at the bottom
interface while imposing a downward displacement on the
top interface. To minimize inertial effects and allow rapid
convergence to steady state, the displacement follows a smooth
sigmoid function over pseudo-time, producing small initial
and final velocities and reducing high-frequency oscillations.
Advanced mass scaling (DT/AMS) increases the stable time
step without significantly affecting low-frequency response
[57, 59, 60]. Additionally, adaptive viscous nodal damping
(/ADYREL) [57] suppresses residual oscillations, yielding an
effectively damped system.

Combined, these strategies allow efficient simulation of
crumpling in under five minutes on a standard laptop. Fur-
ther theoretical background and performance validation are pro-
vided in Appendix A.

2.2.3. Static response

To characterize the dependence of stiffness on overlength and
thickness, an effective measure of axial and radial link stiffness
is required. Direct tangent stiffness estimation from reaction
forces (k = dF'/dz) during crumpling is unreliable due to high-
frequency fluctuations, sensitivity to loading rate and mass scal-
ing, and local snap-through events, see Appendix A. Instead, a
secant stiffness is computed by applying a known probing force
Fprobe = 100 N to the top interface and measuring the resulting
displacement upope Via a single linear-implicit step:

F robe
Kstatic = ———. 2

Uprobe

This approach provides a global metric of morphology
compliance, unaffected by transient dynamics.

However, if this probing force was applied with elastic
stresses still present in the crumpled geometry, the cylinder
would spring-back to its original shape, which would be indis-
tinguishable from the deformation caused by the probing force.
Thus, a key challenge was to remove stored elastic stresses
post-deformation to establish a new crumpled but stress-free
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reference geometry. As Radioss does not offer a function to
automatically remove stresses in a single-run process, a novel
stress-removal strategy was adopted using an elasto-plastic
Johnson-Cook material law with strain-rate-dependent yield
strength oy, [57]:

1+ cln(i)], (3)
&0

where o is the base yield strength, ¢ is a dimensionless
strain-rate coefficient, and &/&; is the ratio between the local
and reference strain rate. Parameters were artificially set
(0yo = 1 Pa, ¢ = 1 x10% & = 1x 107 s7!) to ensure
linear-elastic behaviour during crumpling (high effective o, at
non-zero £). At the end of the deformation, nodal velocities
are frozen (¢ — 0), collapsing o, to near-zero and plastically
relaxing stresses while preserving geometry. While this method
does not completely eliminate residual stresses, the equilibrium
reached after unfreezing all nodes and relaxing is close to the
desired crumpled shape.

Oy =0y0

To post-process the simulation results, the deformation uprope
resulting from the probing force is automatically acquired by
extracting interface displacements from Radioss time-history
files, converted to a Python dataframe using the OpenRadioss
community library Vortex-Radioss [58].

2.2.4. Dynamic response

The dynamic behaviour of the crumpled foil is evaluated
using a modal reduction approach to reduce computational cost
while retaining essential interface dynamics. The full system is
projected onto a basis of rigid-body and elastic eigenmodes up
to 1000 Hz, following the Hintz-Herting methodology [50, 61].
This captures dynamic behaviour up to approximately 800 Hz
without the need for computing the full system response, see
Appendix A.

In practice, the crumpled geometry from Radioss is manu-
ally imported into an ANSYS modal analysis study. Interface
nodes are rigidly connected to master nodes, and a free-free
(no boundary conditions) modal analysis is performed. The
resulting modes form the basis for the Hintz-Herting reduction,
and the reduced-order model is exported using a proprietary
user routine. In MATLAB, modal superposition using 5%
modal damping is used to compute transfer functions from
interface forces to displacements, which are then inverted
to obtain the 6-DoF, frequency-dependent dynamic stiffness
matrix [50].

This method captures the principal dynamic characteristics
within the frequency range of interest but is limited to lin-
earized behaviour and thus does not account for contact or pre-
stress effects. Due to the high modal density of these compliant
structures, generating the reduction basis is still computation-
ally intensive. This underscores the advantage of the static se-
cant stiffness calculation via stress-removal, which can be per-
formed efficiently in a single Radioss run without repeated ge-
ometry export and import.

2.3. Experimental method

Experiments were performed using a 6-DoF dynamic stiff-
ness measurement system originally developed for air-mount
qualification and validated by Wijnen [50]. A schematic cross-
section and photograph of the setup are shown in Figure 3. A
specimen is clamped between a base frame (BF) and a metrol-
ogy frame (MF). Vertical axial excitation (<1 mm amplitude)
is applied to the BF using three in-phase piezoelectric stack
actuators. Alternatively, radial excitation can be introduced via
a horizontal shaker. The MF consists of a 500 kg mass that
can be suspended using a preload bellow to apply gravitational
preload. In this study, no preload was applied; the MF was
lifted to float freely above its end stops.

Transmitted forces and moments are measured using
three triaxial force sensors mounted on the MF. Interface
motions of BF and MF are reconstructed from accelerometer
arrays assuming rigid-body kinematics. Although the system
measures all six force and moment components, the present
study considers only axial (Z) and radial (X) forces and the
corresponding relative displacements. Dynamic stiffness is de-
fined in the frequency domain as the transfer function between
relative displacement (MF-BF) and transmitted force at the MF.

Time signals were recorded at 50 kHz over 60 s intervals.
Spectral estimation employed periodic block processing with
2 s blocks, Hanning windowing, and 50% overlap, yielding a
frequency resolution of 0.5 Hz. Signal power and coherence
functions were obtained from averaged spectra to verify data
quality, see Appendix B and C. To maximize measurement
coherence for highly compliant configurations (small thick-
ness, large overlength), excitation was applied using two
band-limited multi-sine signals (0-150 Hz and 100-500 Hz)
instead of a single broadband coloured-noise signal as used
by Wijnen [50]. Concentrating signal power within narrower
frequency bands proved essential, as transmitted axial forces
were small and easily masked by parasitic MF vibrations
arising from shaker reaction paths, see Appendix B

For each combination of foil thickness and overlength, three
independent measurements were conducted. Between repe-
titions, the sheet was manually perturbed to generate distinct
crumpled geometries. This procedure enables quantification of
both mean dynamic stiffness and variability arising from the
stochastic crumpling process.

Static stiffness is extracted from the low-frequency region of
the dynamic stiffness curves. However, for thin sheets with
large overlength limited signal-to-noise ratios obscure a clear
stiffness plateau. To obtain robust estimates, the dynamic stiff-
ness is first smoothed using a symmetric moving-average filter
(30 Hz bandwidth). Static stiffness is then defined as the mean
smoothed stiffness between 1 and 10 Hz. This procedure pro-
vided the most consistent and physically representative values
across all tested configurations and crumpling realizations, see
Appendix B.
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Figure 3: Schematic cross-section and photograph of the 6-DoF dynamic stiffness setup. The BF is excited using three vertical or one horizontal piezoelectric
actuator(s). Three triaxial force sensors on the MF measure transmitted forces and moments, while accelerometers reconstruct BF and MF motions. The MF (500
kg) can apply gravitational preload via a preload bellow; no preload was used in this study.

3. Results

This section covers the results of the applied numerical and
experimental methods, focusing on shared trends and discrep-
ancies found in the crumpled morphologies and static and dy-
namic stiffnesses.

3.1. Crumpling morphology

Figure 4 compares simulated and experimental config-
urations for increasing overlength and thickness.  While
post-buckling states are inherently imperfection-sensitive and
therefore not expected to match exactly between simulation
and experiment, both approaches reveal the same underlying
mechanical progression.

For small overlengths, the response is governed by classical
shell buckling. The deformation field closely resembles the
diamond-shaped modes predicted for cylindrical shells by
Yamaki [62], indicating that the structure remains in a near-
linear post-buckling regime. The surface pattern consists of
spatially periodic wrinkles with well-defined wavelength and
amplitude. Increasing thickness increases bending stiffness,
which energetically penalizes curvature and therefore drives
a coarsening of the wrinkle pattern: both wavelength and
amplitude increase, consistent with established membrane
bending scaling arguments [16].

As overlength increases, the deformation mechanism
changes qualitatively. The structure transitions from distributed
wrinkling to localized crumpling. Rather than maintaining a
periodic mode, the shell minimizes its elastic energy by con-
centrating Gaussian curvature into sharp ridges and vertices,
forming a network of stress-focusing ridges and vertices [44].
This localization reduces the energetically expensive bending
over large areas by confining curvature to narrow regions. In
this regime, a single characteristic wavelength is no longer
meaningful. Instead, the morphology is defined by ridge
density and ridge amplitude.

Again, thickness continues to act as the dominant mechan-
ical control parameter. Higher bending stiffness suppresses
fine-scale localization, resulting in fewer but more pronounced
ridges. This reflects a stiffness-controlled length scale se-
lection: as bending energy becomes more costly, the system
favours larger structural features to balance membrane and
bending contributions.

The experiments exhibit the same mechanics-driven transi-
tion from periodic wrinkling to ridge-dominated crumpling. Al-
though boundary imperfections introduced by hose clamps re-
duce wrinkle regularity, the governing trend remains similar.
In both simulation and experiment, increasing thickness leads
to systematic coarsening of surface features, confirming that
bending stiffness dictates the morphological length scale across
regimes.
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Overlength = 3.8% 15% 31% 54% 92%

Thickness =
50 um

Thickness =
250 pm

Overlength = 19% 33% 73%

Thickness =
50 um

Overlength = 3.8% 15% 31% 86% 108%

Thickness =
250 pm

Figure 4: Simulated and experimental crumpled morphologies for increasing overlength and thickness. Simulations show radial displacement relative to the cylinder
centreline (outward positive). The colour scale is limited to +24 mm to enhance contrast between configurations; the full displacement range spans —68 mm to +60
mm.

3.2. Static stiffness

Figure 5 shows the evolution of the von Mises stress in a
random element over pseudo-time, along with the axial height
of five cylinders with different overlength. It can be seen that
the cylinders are axially compressed to a final common height
along a sigmoid function (0-0.8 s). Thereafter, all nodal veloc-
ities are frozen in order to remove stresses using non-physical
plastic yielding (0.8 s), with a drop in von Mises stress as a
result. With the sheet now relieved of most stresses, the cylin-
ders are allowed to find a new (crumpled) equilibrium (0.8—1.0
s). Finally, a linear-implicit step is used (1.0-2.0 s) to apply
a probing force Fyope On the top interface of each stress-free
crumpled cylinder in axial or radial direction, with the magni-
tude of deformation uope indicating the effective stiffness kgaic
in that direction. As expected, the cylinders with largest over-
length deform most and thus have the lowest stiffness.

Figure 5: Evolution of von Mises stress and axial height for five cylinders with
different overlengths, probed for effective stiffness in the axial direction.
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Figure 6: Simulated and experimental responses of axial and radial static stiffness as a function of overlength and thickness. For each configuration, the mean value
of multiple realizations with different initial conditions is shown (six for simulations and three for measurements). Shaded regions indicate the absolute minimum

and maximum bounds for each configuration.

Figure 6 presents the axial and radial static stiffness as a
function of overlength, obtained from both simulation and
experiment. For each thickness, the mean stiffness is shown
together with shaded bands indicating the observed minimum
and maximum values. Several systematic trends emerge:
first, all configurations exhibit a fast exponential decay of
stiffness with increasing overlength, indicating that even mod-
est overlength already substantially diminishes the effective
structural stiffness. Second, stiffness increases monotonically
with thickness, reflecting the increased bending rigidity of the
shell. Notably, the overall shape of the stiffness-overlength
curves remains largely invariant across thicknesses, while their
absolute magnitude shifts. This suggests that the effects of
overlength and thickness act predominantly independently.

Despite the qualitative agreement in trends, clear quan-
titative discrepancies are observed between simulation and
experiment. In particular, the experimentally measured axial
stiffness exhibits a significantly steeper decay with overlength.
This stronger sensitivity is not observed in the radial direction,
where simulation and experiment display closer agreement,
aside from a systematic offset in magnitude.

Motivated by the apparent independence of thickness and
overlength effects (see Appendix C), the static stiffness kgatic
was modelled using a decoupled power-law relation,

kstatic = €xp (@) - (Overlength)’ - (Thickness)”, )

with a, B8, and y as fitting parameters obtained using least-
squares regression. To perform this fit, the model is linearized
by taking the logarithm of both sides, yielding:

In (kgtatic) = @ +B-In (Overlength) + - In (Thickness). (5)

This transformation ensures that relative variations are
weighted uniformly across the data range, preventing config-
urations with large absolute stiffness values from dominating
the fit.

The resulting parameters are summarized in Table 1. The
high R?-values indicate that the decoupled power-law relation
captures the dominant trends in the data. The lowest coeflicient
of determination (R? = 0.856) corresponds to the experimental
axial stiffness, consistent with its larger scatter and less smooth
behaviour in Figure 6.

A marked discrepancy is observed in the overlength expo-
nent B for axial stiffness: the experimentally obtained value
(8 = —1.8) is significantly more negative than the simulated
value (B = -0.85), reflecting the steeper decay observed
experimentally. In contrast, the radial stiffness exponents for
overlength agree within uncertainty bounds, indicating consis-
tent scaling behaviour between simulation and experiment in
that direction.

The thickness exponent y remains remarkably consistent
across all cases (1.4 < y < 1.6), suggesting that the influence
of bending rigidity on stiffness follows a natural scaling law
largely independent of loading direction.

Finally, systematic differences in absolute magnitude are re-
flected in the parameter a. For radial stiffness, where 8 and
v are nearly identical between simulation and experiment, the
difference in « corresponds to a multiplicative factor of approx-
imately exp (4.5 — 3.2) = 3.7. It should be noted that the abso-
lute value of « is unit-dependent and therefore does not carry
independent physical meaning beyond this global scaling offset.
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Axial stiffness Radial stiffness

Simulation Experiment Simulation Experiment
R? 0.960 0.856 0.963 0.939
a 35+02 4.6+0.8 32+0.2 45+03
B -085+0.03 -1.8+0.1 -0.52+0.02 -0.55+0.04
vy 140+£0.04 1.6+0.1 142+0.03 1.48+0.05

Table 1: Fitted parameters of the log-linear regression model in Equation 5,
for axial and radial static stiffness. Reported uncertainties represent standard
deviations obtained from the least-squares fit. The coefficient of determination
R? quantifies the goodness of fit.

The variability of static stiffness measurements across
repeated simulations and experiments is quantified in Figure 7
using the coefficient of variation (standard deviation normal-
ized by the mean) for each overlength. As no systematic trend
with sheet thickness was observed, data from all thicknesses
are grouped together. It should be noted that the limited num-
ber of experimental repetitions renders the standard deviation
sensitive to outliers, particularly at high overlength.

R2-value Axial stiffness  Radial stiffness
Simulation 0.305 0.079
Experiment 0.297 0.012

Figure 7: Scatter plot of normalised standard deviations (coefficient of vari-
ation) per overlength-thickness configuration, with all thicknesses grouped. A
linear regression indicates the general trend, along with a shaded 95% con-
fidence interval of the regression. The strength of correlation in the data is
represented by R>-values.

A weak positive correlation between stiffness variability
and overlength is apparent for both axial and radial directions
in simulations and experiments. This trend is consistent with
the expected increase in morphological divergence at higher
overlengths as cylinders transition from regular wrinkling
patterns to irregular, stress-focused crumpled states. At mini-

mal overlength, all realizations closely resemble the periodic
diamond-shaped wrinkle pattern, yielding nearly identical stiff-
ness values. With increasing overlength, deviations between
realizations grow due to the amplification of local snap-through
events and ridge localization, see Figure 8.

Experimental measurements display a more pronounced in-
crease in variability compared to simulations, reflecting addi-
tional sources of uncertainty such as imperfect boundary condi-
tions, clamping irregularities, and intrinsic noise of the mea-
surement system. Moreover, low-stiffness configurations at
high overlength approach the noise floor of the experimental
setup, further enhancing relative variability.

Perturbation 1 Perturbation 2

Overlength =
3.8 %

Overlength =
93%

Figure 8: Comparison of crumpled morphologies for the same thickness (t =
500 wm) but different seeds for the initial perturbation.

3.3. Dynamic stiffness

The dynamic response of the crumpled cylinders, expressed
as frequency—dependent dynamic stiffness, is shown in Fig-
ure 9. The shaded minimum-maximum bounds illustrate
variability across different realizations, reflecting the pro-
nounced sensitivity of resonance peak positions to small initial
geometric perturbations which are amplified during crumpling.
Background noise measurements, obtained without a bellow
fixed between the interfaces, are also included to represent
force cell disturbances caused by parasitic shaker vibrations
propagating through the springsuspension of the metrology
frame. These reference measurements indicate the effective
noise floor of the setup and highlight the intrinsic challenge
of testing ultra-compliant links. It should be noted that only a
representative subset of configurations is presented here; the
complete dataset, including coherence plots and additional
realizations, is provided in Appendix C.

Simulated results exhibit the expected characteristics of flex-
ible dynamic links. At low frequencies, the dynamic stiffness
coincides with the static stiffness, forming a flat baseline that
reflects quasi-static geometric compliance. The onset of the
dynamic regime occurs at the first structural resonance, beyond
which stiffness increases with frequency due to the cumulative
contribution of multiple vibration modes. Configurations
with lower static stiffness enter this dynamic regime at lower
frequencies, as their reduced structural rigidity leads to lower
natural frequencies. Consequently, the dynamic stiffness
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Figure 9: Dynamic stiffness transfer functions in axial and radial directions, for #+ = 50 um and # = 500 um and various overlengths. Shaded areas indicate
minimum and maximum bounds between three realisations. Measurements without any specimen present are indicated as background noise, resulting from force

cell disturbances due to reaction path vibrations.

curves progressively converge at higher frequencies. This
convergence suggests that while static response is governed
primarily by geometric factors such as ridge curvature and fold
topology, the high-frequency behaviour becomes increasingly
influenced by distributed mass participation, which is similar
across configurations of equal thickness.

The exceptionally high modal density observed in all
configurations is consistent with the presence of a hierarchical
ridge network, in which local bending and folding elements in-
troduce numerous low-mass, low-stiffness substructures. Each
ridge segment effectively behaves as a local oscillator, weakly
coupled to the global deformation field. The resulting dynamic
behaviour is therefore not dominated by a few well-separated
global modes, but rather emerges from the superposition of
many interacting local modes spanning a broad frequency
range. In such stochastic systems, small geometric variations

shift individual resonance frequencies without fundamentally
altering the overall response envelope. This underscores the
importance of interpreting general stiffness trends rather than
attempting peak-to-peak comparisons, which are inherently
non-repeatable and of limited physical significance.

For experimental measurements, configurations with small
thickness and high overlength are strongly influenced by
background noise transmitted through the shaker reaction path.
As specimen stiffness approaches the compliance of the mea-
surement frame, their dynamics become increasingly coupled.
While the low-frequency static region remains distinguishable,
the onset of the dynamic regime is partially contaminated
by setup resonances, reducing the reliability of individual
peaks. These measurements must therefore be interpreted with
caution, as some apparent resonances may originate from the
measurement system rather than the specimen itself.



Chapter 3 — Numerical and experimental analysis of structural dynamics of crumpled cylindrical foils

34

For thicker sheets, the signal-to-noise ratio improves sig-
nificantly, and the transition from static to dynamic stiffness
is more clearly resolved. In these cases, both simulations
and experiments indicate that the dynamic regime begins
around 100 Hz. Although resonance peaks shift in frequency
with overlength and between realizations, their overall shape
and spacing remain qualitatively similar, suggesting that the
global deformation mechanisms of the crumpled cylinders
are preserved despite geometric variability. Nevertheless,
individual peaks remain difficult to isolate unequivocally
from background contributions and should not be interpreted
literally; instead, the global evolution of the dynamic stiffness
envelope is of primary importance.

Overall, the dynamic behaviour of crumpled cylinders
appears to be governed by a transition from geometry-
dominated compliance at low frequencies to increasingly
inertia-dominated response at higher frequencies, superim-
posed with a dense spectrum of locally activated ridge modes.
This dual character explains both the sensitivity to initial crum-
pling configuration and the eventual convergence of stiffness
curves in the dynamic regime. It also provides a consistent
framework for interpreting discrepancies between experiment
and simulation, particularly in directions where non-linear ridge
mechanics or plastic deformation may enhance stiffness beyond
that predicted by the current elastic numerical model.

4. Discussion

The results presented in this study demonstrate that crum-
pling fundamentally transforms both the static and dynamic
stiffness of thin sheets. Increasing overlength initially produces
a pronounced reduction in static stiffness, marking the transi-
tion from a membrane-dominated response to one governed by
a sparse network of bending ridges and vertices. In this regime,
load transfer is concentrated in a limited number of hinge-like
features, allowing substantial compliance through localized
bending. However, as overlength increases further, the stiffness
reduction exhibits clear diminishing returns. Beyond moderate
overlengths, the static stiffness approaches an apparent lower
bound (see Appendix C), indicating that additional geometric
complexity does not translate into proportional gains in com-
pliance.

This saturation can be understood as a structural evolution
of the crumpled network. As the configuration densifies,
ridge-ridge interactions and self—contact become increasingly
frequent [63]. The structure gradually transitions from a hinge-
dominated system toward a contact—stabilized network with
finite residual stiffness. In this regime, further crumpling may
even induce local stiffening through mechanical shortcuts with
other parts of the machine, such that direct frictional contacts
bypass compliant bending ridges and provide unintended load
transfer paths. The effective stiffness is therefore governed not
only by geometric freedom, but also by contact topology.
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These mechanisms introduce an important engineering
trade-off. Larger overlengths (and small thicknesses) reduce
quasi-static stiffness and may be attractive for designing
ultra-compliant links. However, excessive crumpling increases
the risk of pinhole formation due to extreme local curvature,
as well as the likelihood of contact-induced stiffening and
mechanical shortcuts. From a reliability perspective, highly
densified configurations may therefore compromise structural
integrity or long-term durability. The results suggest that
stiffness reduction through crumpling is beneficial only within
a finite window: beyond that window, gains in compliance are
marginal.

Interestingly, a consistent anisotropy is observed between
axial and radial loading directions in both static and dynamic
responses. Axial stiffness is generally lower and exhibits
greater variability, reflecting the dominant role of a limited
number of ridge structures in accommodating axial deforma-
tion. Under axial loading, deformation energy is concentrated
in a small subset of highly stressed ridges, rendering the global
response sensitive to crumpling history and ridge orientation.
Radial stiffness, by contrast, is distributed over a larger ensem-
ble of circumferential load paths, resulting in a stiffer and more
repeatable response. This directional dependence highlights
that crumpled sheets cannot be described by a single effective
stiffness parameter; rather, they exhibit intrinsically anisotropic
and configuration—dependent behaviour.

The comparison between simulations and experiments
further underscores the importance of material and contact
nonlinearities. Although the numerical model captures the
overall stiffness trends and the convergence behaviour in the
dynamic regime, discrepancies in the axial response remain.
The simulations do not fully reproduce the experimentally
observed faster softening at large overlengths. A plausible
explanation is the absence of material plasticity in the current
model: Stress—focusing ridges with extreme curvature are
likely to undergo local yielding, permanently weakening hinge
stiffness. Incorporating plastic deformation in future models
is therefore essential for quantitatively accurate prediction of
crumpled-sheet mechanics.

In the dynamic domain, all configurations exhibit a transition
from geometry-dominated compliance at low frequencies to
inertia—dominated behaviour at higher frequencies, accompa-
nied by a dense spectrum of locally compliant ridge modes.
Importantly, the dynamic stiffness curves converge at higher
frequencies, irrespective of overlength. This convergence indi-
cates that increasing overlength primarily affects quasi-static
compliance, while offering limited benefit for high—frequency
dynamic isolation. From a design perspective, this suggests
diminishing returns when selecting extreme overlength values:
improvements in static flexibility do not proportionally enhance
dynamic performance.
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Taken together, these findings indicate that crumpling is a
powerful but bounded strategy for stiffness reduction. An
optimal crumpling state likely exists in which static compli-
ance is significantly enhanced, dynamic behaviour remains pre-
dictable, and risks associated with self—contact, plastic damage,
and pinhole formation are minimized. The combined static and
dynamic characterization framework developed in this study
provides a basis for identifying this balance and for guiding the
engineering design of crumpled sheet structures as compliant
dynamic links.

5. Conclusion

In this study, we have developed a systematic, robust, and
computationally efficient numerical framework for analysing
the static and dynamic stiffness of crumpled structures. Dy-
namic relaxation methods were used to quickly generate repre-
sentative crumpled morphologies, while stress—removal tech-
niques and modal reduction approaches were applied to ex-
tract the static and dynamic stiffness of these deformed con-
figurations. The numerical results were validated against ex-
perimental measurements of dynamic stiffness, obtained using
multi-sine shaker excitation to enhance the signal-to-noise ra-
tio. From these analyses, new power-law relationships were
identified to characterize the influence of crumpling on the
emergent stiffness of the structures. Observed discrepancies
in the scaling parameters highlight limitations of the current
simulation workflow, particularly the absence of plasticity and
self-contact effects, which should be addressed in future devel-
opments to improve predictive accuracy. However, this work
still marks a strong foundation for the understanding of crum-
pling in the engineering context of structural mechanics and the
design of ultra-flexible dynamic links.
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Conclusions

4.1. Main contributions

In this work, we investigated the static and dynamic mechanical behaviour of crumpled thin-sheet bel-
lows, motivated by their potential as ultra-compliant dynamic links for vibration isolation in vacuum
mechatronic systems. The primary challenge addressed was the inherent geometric non-linearity and
randomness of crumpled structures, which pose significant hurdles for both experimental characteriza-
tion and numerical modelling.

Our key contributions include the development of a combined experimental-numerical framework to
quantify axial and radial stiffness as functions of sheet thickness and overlength. Experimentally, we
adapted an existing measurement setup to measure static and frequency-dependent dynamic stiffness,
employing multi-sine excitation to concentrate signal power in targeted frequency bands despite low
force levels. Although the dynamic regimes of the transfer functions exhibited significant contamina-
tion by background noise, the results revealed some clear correlations: static stiffness decreased with
increasing overlength but showed diminishing returns, approaching a stable lower bound at high over-
lengths.

Numerically, we introduced an efficient and automatable explicit finite element approach using Altair
Radioss to generate realistic crumpled morphologies, integrated with a novel stress-removal technique
for single-run static stiffness evaluation. We further applied the Hintz-Herting modal reduction method
in ANSYS to predict dynamic stiffness for select configurations. Simulations qualitatively replicated
experimental trends, such as the convergence of dynamic stiffness between different overlengths in
the dynamic regime. In general, trends and discrepancies between experiments and simulation were
highlighted via the formulation of new power-law relations between stiffness, thickness and overlength.

Beyond methodological contributions, the thesis clarifies a fundamental design trade-off: increasing
overlength is highly effective in reducing stiffness, particularly in the (axial) crumpling direction. How-
ever, excessive crumpling introduces diminishing returns and practical risks: extreme local curvature
increases the likelihood of pinhole formation, dense self-contact may create unintended mechanical
shortcuts, and dynamic stiffness converges irrespective of further geometric complexity. Crumpling is
therefore a powerful but bounded stiffness-reduction mechanism. An optimal crumpling state likely ex-
ists in which compliance is maximized without sacrificing robustness, structural integrity, and dynamic
predictability.

While general quantitative agreement between simulations and experiments remains limited, this study
demonstrates that explicit modelling of crumpled geometries, combined with subsequent implicit (dy-
namic) analysis, provides a viable pathway for the study of such systems. The approach confirms
that even relatively simple linear material models can capture the dominant stiffness trends, while also
exposing their shortcomings such as the lack of plasticity or self-contact.

One conclusion is clear: crumpling may appear chaotic, but it is not beyond engineering control. Even
within its geometric disorder, there is structure, and within that structure, there is design space.
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4.2. Future work

The results of this thesis open several clear directions for further research aimed at improving predictive
capability, computational efficiency, and experimental robustness.

Adaptive mesh refinement

Crumpled membranes concentrate curvature and strain in narrow ridges and folds, forcing uniformly
fine meshes and high computational cost. Systematic implementation of adaptive mesh refinement
would localize mesh resolution where needed while keeping the remainder coarse. Given that Altair
Radioss already supports adaptive meshing [29], this represents a direct opportunity to significantly
reduce computation time without sacrificing accuracy, as demonstrated in prior studies [30-34].

Further automation

The current simulation workflow involves multiple manual steps, including geometry generation, pa-
rameter variation, and post-processing of modal reduction results. Increased automation would im-
prove both efficiency and reproducibility. In particular, scripting and programming in Altair HyperStudy
could enable systematic, automated variation of model parameters. Furthermore, results generated in
Radioss may be more easily transferred to Altair OptiStruct rather than ANSYS for the application of
modal analyses, although additional scripting would be required to implement the subsequent modal
reduction.

Alternatively, both explicit dynamic relaxation for crumpling and dynamic analysis via modal reduction
could potentially be performed in ANSYS LS-DYNA [35]. While LS-DYNA offers a broader feature set,
this comes at the cost of increased model complexity and a steeper learning curve. Initial experimenta-
tion with LS-DYNA via the ANSYS Workbench interface revealed limitations, such as restricted control
over damping in dynamic relaxation. Recreating the full workflow would require LS-PrePost, which
proved far less user-friendly than Altair pre- and post-processing tools.

Surrogate modelling

Exploring the full parameter space of crumpled foils is computationally expensive due to the high
dimensionality of systems and highly non-linear system response. Following Luo et al. [36], Latin
hypercube sampling could be used to efficiently generate representative configurations of key variables,
such as foil thickness, overlength, cylinder diameter, and reference height. These samples could train
surrogate models for capturing non-linear and interdependent effects of input parameters on static
and dynamic stiffness. Existing frameworks, such as that of Vu-Bac et al. [37], could enable rapid
evaluation of many parameter combinations, revealing trends, interactions, and sensitivities that would
be impractical with full-scale parameter sweeps. Such surrogate-based approaches facilitate efficient
design-space exploration and provide actionable insight into how geometric and material variability
influence foil bellow performance.

Experimental modal analysis

A more in-depth understanding of crumpled structure dynamics could be achieved by directly exam-
ining their natural vibrational modes. In this work, modal analysis via modal reduction was employed to
compute dynamic stiffness, but validation was limited to comparisons of emergent static and dynamic
stiffness rather than individual eigenfrequencies or mode shapes.

Direct experimental identification of eigenmodes in crumpled membranes is challenging due to irregu-
lar geometry and limited sensor access. Nevertheless, studies on wrinkled and folded thin structures
have demonstrated the feasibility of using laser-Doppler vibrometry to measure natural frequencies and
mode shapes [3, 38]. Advanced vibrometer systems incorporating depth scanning could potentially be
applied to crumpled membranes, providing insight into modal density, frequency spacing, and sensitiv-
ity to geometric perturbations. While exact correspondence of mode shapes between experiment and
simulation is unlikely due to stochastic crumpling, comparisons of frequency spectra could serve as a
meaningful validation metric.
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Elasto-plasticity

The influence of plastic deformation in crumpled membranes warrants further investigation as it is
suspected of increased weakening of bending ridges during axial deformations. The current stress-
removal approach is incompatible with conventional plasticity models, preventing explicit capture of
permanent deformations and their effect on stiffness evolution. Future work should explore methods to
measure static stiffness without relying on custom material models, such as custom user routines for
stress-removal. Incorporating plastic effects would be particularly relevant for understanding hysteresis
and the quick weakening of axial stiffness at moderate overlengths.

Self-contact

Self-contact is a defining feature of highly compacted crumpled structures and significantly affects
load transfer and stiffness saturation at extreme overlength, see appendix C. Radioss offers multiple
contact formulations based on Lagrange multiplier or penalty method which should be systematically
studied, informed by literature on crashworthiness [26, 27, 39] and approaches in discrete element
analysis [5, 31, 40—43]. A study varying contact stiffness, friction, and contact density could clarify the
role of self-contact in the experimentally observed transition from stiffness reduction to saturation.

Isogeometric analysis

While isogeometric analysis was not suitable for this study due to its relative immaturity compared
to conventional finite element methods, literature suggests that buckled shell structures could benefit
from spline-based modelling. IGA could reduce the number of degrees of freedom required to model
complex geometries, potentially yielding substantial computational speed-ups. IGA is already being
used in industry for automatic crash and crumpling simulations [33, 44], so it may also have benefits
for the foil bellow case.

Foil bellow design

Although not the primary objective of this study, the acquired results provide several preliminary
design insights for the foil bellow concept. As demonstrated in chapter 3, the axial stiffness increases
very rapidly with overlength, indicating that only a moderate overlength (30-60%) is required to obtain
a highly compliant link.

Furthermore, stiffness decreases strongly with decreasing sheet thickness. While thickness reduction
is therefore an effective strategy for enhancing compliance, careful consideration must be given to
manufacturability and durability. In particular, very thin sheets are more susceptible to pinhole formation
and material damage at sharp folds introduced during the crumpling process. A balanced design must
therefore account for both mechanical compliance and structural integrity.
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Measurement setup

Finally, the experimental setup can be further improved. The measured dynamic stiffness coherence
deteriorated above approximately 50 Hz, particularly for thin membranes with large overlengths. This
reduced the reliability of the higher-frequency results and introduced uncertainty in the identification
and interpretation of resonant behaviour.

The current setup was selected primarily based on availability and compatibility with the cylindrical
geometry of the foil bellow. However, it was not specifically designed for ultra-compliant structures that
generate extremely small force levels. For such low-stiffness systems, a purpose-built measurement
configuration is essential to accurately capture the true dynamic behaviour.

It is suspected that part of the measurement noise originates from parasitic shaker reaction paths trans-
mitted through the measurement frame. A redesigned setup with fully separated base and metrology
frames would significantly reduce such disturbances. For example, mounting the shaker on one gran-
ite isolation table and the force measurement system on a second, mechanically decoupled granite
isolation table (see Figure 4.1) would minimize force bypass and frame-coupling effects. In such a
configuration, the large suspended preload mass could likely be omitted, enabling a simpler and me-
chanically cleaner force-cell interface frame.

In addition, constructing a setup suitable for in-vacuo experiments would allow direct investigation of
the influence of surrounding air on the dynamic stiffness of the foil bellow. Although aerodynamic
effects were not considered critical for the present experiments, studies by Kukathasan and Pellegrino
[38, 45] indicate that fluid—structure interaction effects may become non-negligible for very thin, highly
compliant sheets. Quantifying this influence would further strengthen the interpretation of dynamic
stiffness measurements.

Figure 4.1: Schematic architecture of an improved measurement setup. The base and metrology frames are separated onto
two (granite) vibration isolation tables to eliminate shaker reaction path disturbances affecting the force measurements.
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Numerical method

This appendix documents additional details of the numerical implementation and support the modelling
choices outlined in chapter 3. It focuses on the explicit dynamic relaxation strategy, the static stiffness
extraction, the dynamic stiffness extraction, and validation studies.

For reference, all simulations were performed on a laptop equipped with an Intel(R) Core(TM) i7-9750H
CPU @ 2.60 GHz and 16 GB of RAM. Radioss explicit analyses were executed using shared-memory
parallelisation with 8 threads (command-line option -nt 8). Ansys modal analyses were executed on
6 threads.

A.l. Dynamic relaxation framework

In this work, static crumpled configurations are obtained using a dynamic relaxation approach in an
explicit finite-element setting. The underlying static problem can be written schematically as [29]

f(u) = p, (A.1)

where f collects the internal forces and p the applied loads, and u representing the solution vector of
nodal displacements. Instead of solving this highly non-linear equilibrium condition directly via load-
stepping and Newton-Raphson iterations, DRM interprets the desired static state as the limit of a ficti-
tious damped dynamic system in pseudo-time:

M i+ Cu+f(u) =p, (A.2)

with artificial mass matrix M’ and damping matrix C’. These terms are chosen such that the structure
oscillates around equilibrium and gradually settles into a static configuration. While M’ and C’ do not
influence the final equilibrium (if convergence is reached), they strongly affect the admissible time step,
the rate of convergence, and the robustness of the simulation.

In Radioss, this dynamic relaxation framework is realised by combining (advanced) mass scaling, which
effectively controls the admissable time-step, with dedicated dynamic-relaxation damping models that
suppress residual oscillations. The next subsections summarise the mass-scaling strategies used in
this study and the damping options that were found to be robust for thin crumpling shells.
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A.1.1. Mass-scaling strategies

For any explicit dynamic relaxation regime the absolute time-scale of the deformation is arbitrary, as
only the final equilibrium state is of interest. Consequently, the total runtime is determined by the
number of time-steps and the cost of each step, such that increasing the admissible time-step is crucial
for accelerating the simulation.

In explicit integration the stable time step is limited by the Courant stability condition: the increment must
be small enough that stress waves travelling through the material do not skip any elements between
updates [29]. For a characteristic element length /. and speed of sound ¢ in the material, the critical

time-step reads
At < AtCourant = lj = l(: E’ (A3)
c V E

where pis the density and E the material Young’s modulus. As a result, finer and more accurate meshes
directly reduce the admissible time step and increase the number of required increments. However,
for (quasi-)static problems the final equilibrium is not dependent on the mass of the system, only its
stiffness. Therefore, explicit solvers such as Radioss and LS-Dyna offer several mass-scaling options
to artificially increase density and thus the Courant time-step [29, 35].

In the traditional nodal mass-scaling scheme (DT/NODA/CST) [29], additional nodal mass is added in
regions where the Courant time-step falls below a user-defined threshold At,,,. This locally increases
p and therefore relaxes the stability limit. However, the time step only grows with /p, so substantial
mass must be added to achieve large gains in At. Beyond a certain point the artificial inertia dominates
the dynamics and distorts the crumpling process.

In the present problem, this effect manifests as the cylindrical shell lagging behind the motion of the top
rigid body when excessive nodal mass scaling is used: instead of crumpling, the shell folds globally due
to its large inertia. A representative comparison is shown in Figure A.1, where a cylindrical quadrant is
crumpled under four different mass-scaling strategies. Without mass scaling, over 2 x 10° time steps
are required and runtime is prohibitive. With aggressive traditional nodal mass scaling, the number
of time steps can be reduced by O(10%). However, this corresponds to an effective mass increase of
order dM /M = 1.5 x 10°, which leads to a folded rather than crumpled geometry as elements cannot
follow the applied boundary conditions in time.

To circumvent this limitation, advanced (or selective [35]) mass scaling (DT/AMS) is employed. Rather
than simply increasing the lumped masses on the diagonal of the mass matrix, this approach modifies
the mass matrix M by adding off-diagonal terms that compensate the diagonal increase [29, 30].

3 -1 -1 -1
= . me [—1 3 -1 -1
M =M + aA with A = 121 -1 3 -1 (A4)

-1 -1 -1 3

where M and M are the original and reformed mass matrices, « is the mass-scaling parameter, and the
assembly A is created from the constant elementary matrices A, here shown for a 4-node shell element
with element mass m.. In this way the total mass and translational kinetic energy of the system are
preserved. Only the higher eigenfrequencies of the system are decreased, while affecting the lower
frequencies as little as possible:

o? = w?/(1 + aw?) (A.5)

with w and @ the original and reformed eigenfrequencies.

Figure A.1 illustrates how advanced mass scaling can substantially reduce the required number of
time steps while preserving the physical crumpling morphology. Because the mass matrix is no longer
diagonal, however, the nodal accelerations cannot be updated explicitly in closed form and must instead
be obtained iteratively, increasing the computational cost per time step and thereby offsetting part of the
nominal runtime gain. In practice, a balance must therefore be found, typically by trial and error, where
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No mass scaling
dM/M =0
Time-steps = 217639 (100%)
Runtime = 504 s (100%)

Standard mass scaling
dM/M ~ 1.5 x 10°
Time-steps = 500 (0.23%)
Runtime = 6.65 s (1.32%)

Advanced mass scaling
dM/M =0
Time-steps = 500 (0.23%)
Runtime = 10.5 (2.08%)

Advanced mass scaling
dM/M =0
Time-steps = 50 (0.023%)
Runtime = 4.04 s (0.80%)

Figure A.1: Comparison between mass-scaling schemes for crumpling simulations of a cylindrical quadrant. The number of
required time steps, and thus the computational effort, can be reduced drastically. However, achieving this degree of speed-up
with standard nodal mass scaling requires an extreme amount of added mass (dM/M =~ 1.5 x 10%), which leads to the shell
lagging behind the imposed motion and folding instead of crumpling. Advanced mass scaling preserves crumpling at
comparable time steps by compensating the diagonal mass increase with off-diagonal terms, at the expense of a slightly higher
cost per time step.

the reduction in time steps outweighs the additional cost of each step. Moreover, there is a physical
limit to the admissible amount of mass scaling: for sufficiently large time steps the crumpled pattern
starts to deviate visibly from the reference solution. The examples in Figure A.1 illustrate this trade-off
between computational efficiency, geometric fidelity, and numerical robustness.

A sensitivity study on the allowable strength of mass-scaling for the cylinder case study is presented in
section A.3.
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A.1.2. Damping strategies

In dynamic relaxation only the final equilibrium state is of interest, so damping can be tailored to sup-
press transient oscillations and accelerate convergence. Radioss implements several DRM-oriented
damping options, of which two were tested here, inspired by the conclusions of chapter 2:

» Adaptive viscous nodal damping (/ADYREL), which adds a damping matrix
2p
C= T M (A.6)

to the equations of motion, with 3 a dimensionless relaxation factor (typically 5 ~ 1) and T" a
characteristic period of the modes to be damped. In the adaptive version, T is updated throughout
the simulation based on the evolving response, allowing the damping to remain effective as the
structure softens and the spectrum shifts.

* Kinetic damping (/KEREL), an empirical scheme which repeatedly resets all nodal velocities to
zero whenever the total kinetic energy reaches a local maximum. This method mimics critical
damping without the need for explicitly forming a damping matrix.

For a simple benchmark problem from the Radioss reference manual involving the static settling of a
simplified dummy structure [29], kinetic damping produced the shortest convergence time: the system
decayed rapidly to equilibrium in a few oscillations without noticeable overshoot. However, when ap-
plied to the crumpling of thin cylindrical quadrants, significant differences emerged between thick and
thin shells. Figure A.2 compares the final crumpled shapes for a thickness of 1000 ym and 100 um,
using either adaptive viscous damping or kinetic damping, without additional mass scaling.

For the thick shells, both schemes converged to similar geometries. For the thin shells, however, kinetic
damping became unstable: localised oscillations amplified and led to mesh distortion and non-physical
self-intersecting patterns, whereas the adaptive viscous scheme remained stable and produced a plau-
sible crumpled pattern. In addition, kinetic damping is not recommended in combination with auto-
matic mass scaling [29], which is essential for computational feasibility in the present study. For these
reasons, adaptive viscous damping (/ADYREL) was adopted for all production runs due to its greater
robustness, despite a slightly higher computational cost per time step.

Adaptive viscous damping (/ADYREL) Kinetic damping (/KEREL)

Thickness =
1000 ym

Thickness =
100 um

Figure A.2: Comparison between dynamic-relaxation schemes for thick (1000 pm) and thin (100 um) shells in crumpling
simulations of a cylindrical quadrant, without mass scaling.
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A.2. Static stiffness extraction

A key objective of this work is to obtain a robust static stiffness metric directly from the explicit crumpling
simulation. Ideally, the crumpling step and the subsequent stiffness evaluation could be performed in a
single, automated Radioss workflow. This section reviews the experiences gathered from trying various
methodologies, such as displacement- and force probing and stress removal methods.

A.2.1. Displacement- versus force-probing

The most straightforward approach to calculating stiffness is to infer it from the crumpling step itself:
apply an imposed displacement and read the reported reaction force in the same direction. However,
when inspecting the axial reaction forces for different overlengths (see Figure A.3b), it becomes clear
that this signal is poorly suited for extracting a meaningful stiffness.

At the onset of crumpling a pronounced force peak opposite to the imposed axial motion is typically
observed, associated with the first buckling event. After this initial instability, the reaction force drops
as the structure becomes more compliant due to the formation of curvature and folds. With increasing
deformation the force generally rises again, but not monotonically: discrete rearrangements of wrin-
kles and folds lead to sudden jumps as the morphology reorganizes. In addition, the signal contains
substantial high-frequency fluctuations, which are inherent to explicit time integration as all forces are
transferred via propagating sound waves of all frequencies.

As a consequence, extracting a stiffness from this curve is ill-posed. A local tangent stiffness, i.e.
k. = dF/dz, evaluated at the final position z = 0.13m, can become spuriously positive or negative
purely due to noise and local snap-through events. Even when switching the final increment from an
explicit to an implicit linear solve (see Figure A.3a), the apparent slope remains spurious and does not
show a consistent trend with increasing overlength. For some configurations, an apparent negative
local stiffness is observed (e.g. 31% and 54% overlength in Figure A.3a), reflecting a local release of
load during buckling/snap-through rather than a meaningful global stiffness of the structure.

Furthermore, the measured reaction force is not uniquely determined by the final geometry alone: it
depends on the chosen numerical time scale, see Figure A.3c. In particular, the reaction force level and
the average post-peak slope are sensitive to the amount of mass scaling, or equivalently the imposed
loading rate. Higher mass scaling or faster loading produces larger reaction forces and a noticeably
different mean force-displacement response.

These observations lead to the conclusion that reaction forces from the imposed-displacement crum-
pling stage are not a useful stiffness measure for the present purpose. The extracted values are domi-
nated by (1) high-frequency numerical noise, (2) mass-scaling/loading-rate dependence, and (3) local
tangent behaviour governed by intermittent buckling and fold rearrangements. In contrast, the quantity
of interest is a global, emergent stiffness that characterises the overall resistance of the final crumpled
morphology to an external load.

To obtain a more robust metric, the stiffness evaluation is reversed: instead of differentiating a noisy
reaction force curve, a known axial or radial test force is applied on the top interface, and the resulting
displacement is measured in the same direction. This defines an effective (secant) stiffness of the

crumpled structure,

For
—probe (A.7)

keff = )
Uprobe

which averages over local instabilities and is far less sensitive to transient fluctuations.

To further suppress the high-frequency dynamics common to explicit integration, this probing step is
performed using a single-step implicit linear solve. Practically, the imposed displacement constraint
on the top interface is released, the test load is applied, and the resulting quasi-static displacement is
computed. This yields a stiffness measure that is directly comparable across configurations and does
not require time-domain filtering and averaging of explicit reaction force histories.

However, a remaining complication is that the crumpling stage leaves the structure with significant
stored elastic strain energy. If the imposed displacement on the top interface were simply released, the
model would elastically spring back toward the reference configuration. This relaxation displacement
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Figure A.3: Analysis of axial reaction force versus displacement as a method to measure axial stiffness. For all simulations the
final step at z = 0.13 m was performed using a single-step linear implicit solve. This method of stiffness-measurement was
found to not be robust due to (1) high-frequency dynamics causing noise, (2) dependence on mass-scaling/loading rate and (3)
spuriousness of local tangent stiffness due to local buckling.

would be superimposed on the displacement caused by the test force, making it impossible to isolate
the deformation attributable to the stiffness probe.

Therefore, the stiffness probe requires a stress-free reference state: internal stresses must be removed
while preserving the final crumpled geometry. One option is to export the deformed mesh (e.g. from
HyperView) and re-import it into HyperMesh as a new, stress-free starting configuration. In practice,
this procedure is highly labourious, difficult to automate, and therefore not scalable for large parameter
studies.

To enable a fully automated workflow, where crumpling is followed by automatic stiffness evaluation
within a single run, an alternative approach is needed. Radioss does not provide a built-in function to
reset stresses between consecutive simulation phases/engine files. For this reason, a new numerical
strategy was developed that removes the internal stresses through artificial material behaviour.
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A.2.2. Stress removal via strain-rate-dependent plasticity
The stress-relaxation strategy described in chapter 3 is based on an elasto-plastic material law with a
strain-rate-dependent yield strength. A Johnson—Cook-type relation of the form

oy = 0y0[l+cIn(é/éo)] (A.8)

is used, where o, ( is the base yield strength, c is a dimensionless strain-rate coefficient, and ¢ /¢, is
the ratio between the local and reference strain rate. For brevity, the plastic-strain and temperature-
dependent terms of the full material law (/MAT/LAW2/PLAS_JOHNS) are omitted here [29].

During the crumpling phase the strain rate is non-zero throughout the structure. By choosing c and &g
such that even modest strain rates lead to a strong increase in o, the effective yield strength remains
well above the internal stresses generated by elastic buckling. As a result, the material response
remains elastic in this phase and the crumpled geometry is governed by elastic instabilities rather than
plastic flow.

At the end of the crumpling stage all nodal velocities are constrained to zero, forcing the strain rate to
vanish. In this limit the yield strength collapses back to its base value o, o, which is chosen to be very
small. The stored elastic stresses then relax plastically towards this near-zero level, while the nodal
positions remain fixed because the displacements are constrained. This procedure effectively erases
the internal stress while preserving the crumpled geometry as the new reference configuration.

In practice, some trial-and-error is required to select a suitable combination of parameters. If ¢, ¢ is
chosen too low, the material may begin to yield already in the early stages of the crumpling process
when the strain rate is still small, preventing the proper development of wrinkles and ridges. Conversely,
if o0 is too high, significant residual stresses remain after the freezing step. The parameter set used
in this work (Table A.1) strikes a balance: the crumpling stage remains effectively elastic, and the
subsequent freezing step reduces the stresses by several orders of magnitude without noticeable geo-
metric change. The remaining stresses do cause the frozen geometries to oscillate slightly around the
new reference configuration, as seen in chapter 3, but not enough to significantly affect the measured
stiffness.

Parameter name Symbol Value Unit
Elastic modulus E 650 x 106 Pa
Density p 2150 kg/m?
Poisson ratio v 04 -
Base yield strength Ty,0 1 Pa
Strain-rate coefficient c 1 x 108 -
Reference strain rate o 1x 10710 g1

Table A.1: Material parameters used for buckling-cylinder simulations in chapter 3. The Johnson-Cook-type plasticity model is
used according to Equation A.8 [29].



Chapter A — Numerical method

52

A.2.3. Stress removal via temperature-dependent plasticity
Interestingly, a similar stress-relaxation strategy can be implemented by exploiting the temperature
dependence of the yield strength using a related elasto-plastic material law (/MAT/LAW2/PLAS_ZERIL):

Oy = 0y,0*+ Cy exp(—C’gT + C4T1H(€/60)), (Ag)

where g, o is the base yield strength, C is the strain-rate formulation coefficient, C5 is the temperature-
effect coefficient, and C, is the coefficient for the combined strain-rate and temperature effect [29]. As
before, plastic-strain terms are omitted for brevity.

Using a concept analogous to the strain-rate-based relaxation, but now controlled by temperature in-
stead of strain rate, the yield strength can be tuned even more directly. With suitably extreme parameter
values (e.g. 0,0 = 0.1 Pa, C; = 1 x 10°, C5 = 10 and Cy = 0), a near-zero base yield strength can be
raised to a finite effective value purely by prescribing a temperature. This allows for an even smaller
nominal base yield strength, since it no longer depends on the build-up of strain rate in the initial loading
steps to increase o, see Figure A.4. In addition, this temperature-based scheme permits a crumpling
stage that does include plasticity, with the effective yield strength set directly via the chosen tempera-
ture. The strain-rate-based method cannot precisely control the local strain rates and thus cannot not
be finely tuned.

This more versatile scheme has been verified for solid elements. However, Radioss does not appear
to support temperature-dependent plasticity effects for shell elements, as concluded from dedicated
tests. This limits its applicability to the shell-based cylinder models used in this work.
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Figure A.4: Example of stress relaxation via a temperature-dependent elasto-plastic material law on a solid bending beam. By
using artificial material parameters, the yield strength can be reduced to near-zero when the temperature is increased, thereby
relaxing all stresses and effectively defining a new reference configuration. The contour plot shows the stress state just before
the temperature increase (t = 0.5 s). The line plots show the time histories of stress and temperature for a representative
element.

A.2.4. Post-processing

The relevant interface are stored in Radioss time-history files. These binary files are not directly read-
able by standard post-processing tools (besides Altair HyperView), but can be converted using an
open-source Python library developed within the OpenRadioss community [46]. Once converted to a
python data-frame, the displacements are related to the perturbing force to calculate the stiffness.

To cover the parameter space efficiently, each simulation run contains five cylinders with different ini-
tial heights, corresponding to five overlengths. For each thickness, the combination of overlength and
random seed is varied systematically, yielding an ensemble of stiffness values that reflects both deter-
ministic trends and stochastic variability associated with the initial imperfections.
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A.3. Validation studies

The preceding sections defined how static stiffness is extracted from stress-removed crumpled config-
urations. In this section, we assess how robust these stiffness measurements are with respect to key
numerical parameters. Specifically, we investigate how the strength of mass scaling, the assumed ma-
terial stiffness, and the mesh density influence the crumpled morphology, the extracted static stiffness,
and the computational cost. These parametric studies provide practical bounds on acceptable settings
for the main simulations reported in chapter 3.

A.3.1. Mass-scaling strength

In practice, the systematic study of chapter 3 was carried out using time steps ~750 times greater than
the Courant criteria. Each simulation was carried out in 2005 steps, referred to as ’strong mass scaling’
in Figure A.5 and Figure A.6. This At,,;, was used regardless of thickness, as it has no effect on the
Courant criterium (Equation A.3). While this is quite aggressive mass-scaling, crumpling morphologies
(Figure A.5a and Figure A.6a) and emergent stiffnesses (Figure A.5b and Figure A.6b) did not differ
substantially compared to their expected variability, especially for higher overlengths. There are some
differences in stiffness present between mass-scaling regimes in Figure A.5b and Figure A.6b, but not
enough to explain the discrepancy with experiment. While Figure A.5c and Figure A.6¢ both show a
significant increase in the internal deformation energy of the system, the kinetic energy is still a small
part of the total, indicating that kinetic effects are yet to have a disproportionate effect.

Overlength = 3.8% 15% 31% 54% 92%

No mass scaling
Time-steps = 154 377 (100%)
Runtime = 1412 s (100%)

Weak mass scaling
Time-steps = 20 007 (13.0%)
Runtime = 914 s (64.7%)

Strong mass scaling

Time-steps = 2 005 (1.31%)
Runtime = 239 s (16.9%)

(a) lllustrative crumpling morphologies and CPU-times

Energy ())
B8

S
\\\

20 7
7,
v
15 2P No mass scaling: Internal energy
4 — — No mass scaling: Total energy
10 Weak mass scaling: Internal energy

Weak mass scaling: Total energy
Strong mass scaling: Internal energy
— — Strong mass scaling: Total energy

0.0 0.1 02 03 04 05 06 07 08 09 10
Pseudo-time (s)

(b) Axial static stiffness vs. overlength (c) Combined internal and total energy of all five crumpling cylinders

Figure A.5: Effect of advanced mass scaling on (a) morphology and CPU-time, (b) emergent axial static stiffness, and (c)
internal and total energies. For all cases a 500 pm thickness is considered, using the same seed for the random perturbation.
For (b) all simulations are represented via the mean and min-max spread, along with the experimental results.
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Overlength = 3.8% 15%

No mass scaling
Time-steps = 152 756 (100%)
Runtime = 1496 s (100%)

Weak mass scaling
Time-steps = 20 007 (13.1%)
Runtime = 1100 s (73.5%)

Strong mass scaling
Time-steps = 2 005 (1.31%)
Runtime = 366 s (24.5%)

31% 54% 92%

(a) llustrative crumpling morphologies and CPU-times
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Figure A.6: Effect of advanced mass scaling on (a) morphology and CPU-time, (b) emergent axial static stiffness, and (c)
internal and total energies. For all cases a 50 um thickness is considered, using the same seed for the random perturbation.
For (b) all simulations are represented via the mean and min-max spread, along with the experimental results.
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A.3.2. Material dependence

If kinetic effects are negligible, the dynamic relaxation procedure should converge to a crumpled mor-
phology that minimises the internal energy. This internal energy is the sum of in-plane (stretching) and
out-of-plane (bending and twisting) deformation. The balance between stretching and bending, and
thus the equilibrium shape, is controlled by the relative stiffness of these two modes.

Classical thin-plate and shell theory tells us that the in-plane (membrane) stiffness scales as T' «x FEt,
while the bending rigidity scales as D « Et? [47]. Theratio D/T  t? therefore increases with thickness:
bending becomes relatively more expensive for thicker sheets. This causes the foil to take on a shape
which minimizes the amount of curvature, which is consistent with the increase in average wrinkle
wavelength observed in chapter 3.

Importantly, the Young’s modulus E cancels out of this ratio. For a linear elastic material under displacement-
controlled loading, we therefore expect that E does not affect the crumpled morphology that minimises

the internal energy. In other words, changing E should rescale forces, stresses and energies, but

not the geometry. It is, however, not a given that this idealised behaviour is preserved by the explicit
dynamic relaxation procedure and the associated numerical settings.

To assess the robustness with respect to the material stiffness, a small parameter study was carried out
for t = 50 ym. Simulations were repeated for several values of Young’s modulus, using three different
but consistent seeds for the random initial perturbation, see Figure A.7. As shown in Figure A.7a, the
resulting crumpled morphologies are visually almost identical for a given seed. For small and moderate
overlengths no systematic differences can be detected. Only at the largest overlengths do we observe
modest deviations between the softest and stiffest materials.

The corresponding static stiffness curves are plotted in Figure A.7b. For most configurations the curves
are of a similar shape, only with shifted magnitude. However, at the most extreme combinations of low
E and high overlength, the robustness of the stiffness extraction deteriorates. Very compliant structures
were found to exhibit numerical instabilities during the linear implicit step, and may move in the direction
opposite to the applied known force. This leads to an apparent negative stiffness and causes the
minimum—-maximum shaded uncertainty-band to collapse towards zero in the affected regions. These
cases highlight that the chosen material stiffness must remain compatible with the applied test forces
and with the parameters used in the stress-removal procedure.

Finally, the dependence of emergent stiffness on Young’s modulus is summarised in Figure A.7c. Here,
the axial and radial stiffnesses are plotted as a function of E for different overlengths, normalised by
their value at £ = 325 MPa. For most overlengths the curves follow the expected linear trend in both
directions. A notable exception is the axial stiffness at 92% overlength, where the stiffness increases
more rapidly than predicted. This deviation is likely linked to the changes in crumpled morphology
already observed in Figure A.7a for that extreme configuration.
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Overlength = 3.8%

Young’s modulus =
325 MPa

Young’s modulus =
500 MPa

Young’s modulus =
650 MPa

Young’s modulus =
800 MPa

Young’s modulus =
1000 MPa

Young’s modulus =
1300 MPa

15%

31%

54%

92%

(a) Crumpled morphologies for increasing Young’s modulus at different overlengths, using an identical random pertubation seed.

(b) Axial and radial static stiffness versus overlength for increasing Young’s modulus. Markers show the mean over three

random seeds; the shaded region indicates the minimum—maximum range.

(c) Increase of mean static stiffness for increasing Young’s modulus, normalised by first value.

Figure A.7: Effect of Young’s modulus on the crumpled morphology and emergent stiffness for t = 50 um.
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A.3.3. Mesh convergence
For all finite element analyses it is important to assess the influence of mesh density. This is partic-
ularly critical in simulations of crumpling, where the mesh must be fine enough to resolve the narrow
ridges and localised curvature that dominate the post-buckling response. In an explicit dynamic formu-
lation without mass scaling, the total runtime for a two-dimensional mesh is expected to scale with the
characteristic element size I, as

runtime o (Nsteps) : (Atstep) X (AtCourant)_1 : (Nelements) X (lc)_l . (Zc)_Z = lc_3a (A10)

where Atcourant X I is the Courant time step given by Equation A.3. This steep scaling indicates that
reducing the element size rapidly becomes expensive. Nevertheless, such refinement may be required
to capture the small-scale features expected for thin sheets.

To quantify this trade-off, we compare meshes for two thicknesses: ¢ = 500 um (Figure A.8) and ¢t = 50
pum (Figure A.9). For the thicker shells, we consider element sizes of I. = 7, 5, 4 and 2.5 mm, noting
that [, = 5 mm is used as the default in the remainder of this work. As illustrated in Figure A.8a,
coarser meshes produce visibly smoother and less sharply defined ridges than finer meshes, although
the qualitative morphology remains similar. When examining the resulting axial stiffness (Figure A.8b),
the curves for the 4 and 2.5 mm meshes fall within the variability bounds of the 5 mm baseline. This
suggests that a 5 mm mesh is sufficiently fine for the global stiffness response at t = 500 um. In
contrast, for . = 7 mm both the morphology and stiffness start to deviate: the less sharply crumpled
ridges yield a stiffer, less compliant emergent response.

The measured runtimes, shown in Figure A.8c, are consistent with the expected power-law dependence.
A fit of the runtime versus element size yields approximately runtime o /;72-%*. The dominant /2
contribution can be attributed to the increasing number of elements, while the remaining = I °->* reflects
the residual effect of the decreased Courant time step. In these simulations all runs are constrained to
a fixed number of 2005 time steps through advanced mass scaling, which partially suppresses the full
1! dependence of the explicit time step. However, achieving this fixed step count requires stronger
mass scaling for finer meshes, which in turn makes the updating and redistribution of the mass matrix
more intensive. As a result, the effective scaling exponent is reduced from the expected —3 to only
—2.54, but still clearly demonstrates the rapidly increasing computational cost of mesh refinement.

For the thinner bellow with ¢ = 50 um, the influence of mesh density is much more pronounced. As
shown in Figure A.9a, clear morphological differences appear once the element size is reduced below
l. = 5 mm. For coarser meshes, the characteristic feature size is effectively limited by the mesh
resolution: the ridges are overly smooth and many of the fine-scale details that are expected for such
a thin sheet are suppressed. Only for the finer meshes do the narrow ridges and highly localised folds
emerge clearly.

This is reflected in the axial stiffness results in Figure A.9b. In contrast to the ¢ = 500 um case, the
effective stiffness continues to decrease when the element size is reduced from 5 to 4 mm, indicating
that the 5 mm mesh is still not fully converged for this thinner geometry. Unfortunately, for the finest
meshes with [, = 2.5 and 1.25 mm the global stiffness matrices became too large and complex to
complete the linear implicit step required for the stiffness evaluation, due to insufficient virtual memory
on the available hardware. This also highlights an important practical distinction between simulation
methodologies: the explicit crumpling phase could still be carried out successfully for these meshes
because explicit integration avoids assembling and factorising large global matrices, whereas the sub-
sequent implicit stiffness analysis is limited by memory requirements. Moreover, for t = 50 um the
simulations with certain mesh sizes (e.g. . = 7 and 4 mm) proved less robust, occasionally yielding
non-physical negative stiffness values in the post-processing. These cases are interpreted as numer-
ical artefacts rather than meaningful mechanical responses, further underlining the sensitivity of the
thin-sheet problem to both mesh resolution and solver settings.

The corresponding runtimes are reported in Figure A.9c. A power-law fit suggests that, for this thinner
bellow, the runtime scales approximately as runtime oc /274, which is even steeper than the —2.54
exponent observed for the t = 500 um case. This indicates that the combination of increased mesh
density and stronger geometric nonlinearity makes the system more demanding to solve: the number of
elements again contributes roughly an -2 factor, while the remaining ~ I %7 captures a combination



Chapter A — Numerical method 58

of the Courant time-step limitation and the additional overhead introduced by more aggressive mass
scaling and more complex curvatures. Overall, these results demonstrate that for very thin sheets

the mesh must be refined beyond the level acceptable for thicker configurations, but at a substantially
increased computational cost.

Overlength = 3.8% 15% 31% 54% 92%

Element size =
7 mm
Runtime =110 s

Element size =
5 mm
Runtime =203 s

Element size =
4 mm
Runtime =410 s

Element size =
2.5 mm
Runtime = 1824 s

(a) Crumpled morphologies for increasing mesh densities at different overlengths, using an identical random perturbation seed.

(b) Axial static stiffness vs. overlength (c) Runtime comparison using power-law fit (runtime o I 2-5%)

Figure A.8: Effect of element size on the crumpled morphology (a), emergent stiffness (b) and runtime (c), using ¢ = 500 um

and E = 650 MPa. For element sizes of 4, 5 and 7 mm three simulations using different seeds were considered, while the 2.5
mm element size was only simulated once due to the extreme runtime.
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Overlength = 3.8% 15% 31% 54% 92%

Element size =
7 mm
Runtime =59 s

Element size =
5 mm
Runtime =184 s

Element size =
4 mm
Runtime =303 s

Element size =
2.5 mm
Runtime = 1216 s

Element size =
1.25 mm
Runtime = 6922 s

(a) Crumpled morphologies for increasing mesh densities at different overlengths, using an identical random perturbation seed.

(b) Axial static stiffness vs. overlength (c) Runtime comparison using power-law fit (runtime o< 1 %-74)

Figure A.9: Effect of element size on the crumpled morphology (a), emergent stiffness (b) and runtime (c), using ¢ = 50 ym
and E = 650 MPa. For element sizes of 4, 5 and 7 mm three simulations using different seeds were considered, while the 2.5
and 1.25 mm element sizes were only simulated once due to the extreme runtime. The two smallest element sizes also failed

the static stiffness calculation as there was insufficient virtual memory to perform the linear implicit step.
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A.4. Dynamic stiffness extraction

The crumpled foil bellow investigated in this thesis is discretised with a relatively fine shell mesh in
order to preserve the local curvature and ridge-like features that govern its global compliance. As a
consequence, solving the full-order finite element (FE) model directly in the frequency domain for (i)
many excitation directions, (ii) dense frequency grids, and (iii) a large set of geometric realisations and
overlength configurations, becomes computationally prohibitive.

To make dynamic predictions feasible at this scale, the dynamic response is evaluated on a reduced-
order model (ROM) obtained through component mode synthesis (CMS). CMS reduces the number
of degrees of freedom (DoFs) by projecting the solution space onto a carefully selected basis of
mode shapes, while explicitly retaining interface DoFs to preserve coupling and allow the extraction
of interface-level transfer functions. By doing so, the full set of physical coordinates is reduced to a
smaller set of generalized coordinates. [19, 48]

The procedure described below yields a frequency-dependent, linearised interface relation between
forces/moments and relative motions of the two interfaces. This relation is subsequently used to com-
pute transmissibility and the (6x6) dynamic stiffness matrix up to a prescribed upper frequency limit.
Note that a general introduction of the method is provided here, as it was already tested and described
in detail by Wijnen [19].

A.4.1. Reduced model formulation
Consider the linear, undamped FE equations of motion

Ma(t) + Kq(t) = £(0). (A1)

with q,f € R™ the physical DoFs and load vectors, and M and K the mass and stiffness matrices. In
CMS the DoFs are partitioned between boundary and internal DoFs as

q(t) = [?5((;))} . ApER"™, qeRY,  np <oy, (A.12)

leading to the partitioned equations for internal and interface DoFs (for the undamped case)

Mpp Mpgr| |aB Kpp Kspr| |aB fp
- = . A.13
I:MIB MH:| LU} * [KIB KH:| LU £ ( )
Centrally, CMS introduces a coordinate transformation
q(t) = Tp(1), (A.14)

with p € R"" a reduced set of generalised coordinates (n, < n). The reduced equations follow from
Galerkin projection,
M, = TTMT, K, = TTKT, f, = TTF, (A.15)

yielding M,.p + K,.p = f,.. This projection can be accomplished via various methods, each with their
advantages. For example, a purely static condensation (Guyan reduction) corresponds to expressing
internal DoFs solely via static constraint modes,

ar ~ -K;/Krzap, (A.16)

which is computationally attractive but neglects inertia in the reduction basis and therefore becomes
inaccurate unless the frequency range of interest lies well below the first eigenfrequency of the compo-
nent [19, 48].
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A.4.2. Hintz-Herting reduction basis (free-free method)

In this work the free-interface method of Hintz-Herting is used. This method is commonly recommended
when accuracy is required not only on the lowest modes but also on higher modes of the assembled
structure [19]. The Hintz-Herting transformation retains all boundary DOFs and approximates the inter-
nal DOFs by a combination of (i) static constraint modes, (ii) inertia relief modes, and (iii) a truncated
set of free-interface elastic modes. Following the formulation summarised by Wijnen [19], the physical
displacement vector is decomposed as

QB(t)]
t) = ~ t) + t) + t), A7
qa(t) [qj(t) as(t) + ar(t) + ae(?) (A7)
where qg is the contribution of static (constraint) modes, qr the contribution of inertia relief modes,
and qg the contribution of truncated free-interface elastic modes. The overall transformation combines
these three contributions into a reduction basis, which is then used to project the original equations of
motion into a reduced form. For the full mathematical formulation, see [19, 48].

Static (constraint) part. The static constraint modes approximate the deformation of internal DoFs
caused by static displacements at the boundary DoFs, assuming no external loads on the internals.
These ensure the reduced model provides a statically accurate response at the interfaces.

Inertia relief part. The inertia relief modes capture the rigid-body motions of an unconstrained (free)
component, representing how internal DOFs deform under inertial forces from rigid-body accelerations
(here 6 rigid-body modes for 3D). This avoids artificial constraints and accounts for overall rigid motion.

Free-interface elastic part. The free-interface elastic modes represent the flexible vibration modes
of the unconstrained component, truncated to a subset and adjusted (residualized) for compatibility with
the static constraint modes. These capture the dynamic, oscillatory behavior at higher frequencies.

The elastic mode set is truncated at a user-defined cutoff frequency. As a practical guideline for free-
interface elastic modes, the cutoff is typically selected at approximately 1.5—2.0x the highest frequency
of interest. [19, 48]. However, due to the high modal density for this case it was found that the response
remained intact using a lower truncation frequency. For the purposes of this study results were plotted
up to 800 Hz, with elastic modes being calculated up to a cut-off frequency of 1000 Hz.

A.4.3. Implementation
The workflow adopted in this thesis is as follows:

1. Geometry export: the crumpled equilibrium geometry obtained from the explicit crumpling sim-
ulation is exported from HyperView in Abaqus format and imported into ANSYS as an external
model.

2. Reconstruction of analysis model: material properties are redefined in ANSYS for linear dy-
namics; the two mechanical interfaces are reconstructed as rigid bodies. Each rigid interface is
represented by a master node carrying 6 DOFs (3 translations, 3 rotations), which serves as the
boundary set qp for the CMS formulation.

3. Modal analysis and CMS build: a free-free modal analysis is executed to obtain the modal
ingredients required for the Hintz—Herting basis. A proprietary APDL user routine performs the
Hintz—Herting reduction and exports the reduced description, namely the global mass properties
along with the modal deformations of the master nodes with associated eigenfrequencies.

4. Transfer function calculation: Using proprietary MATLAB code a state space model is con-
structed with the (reduced) mass and stiffness matrices via modal superposition and 5% modal
damping to compute the transfer from force to displacement defined as

H= Utop/Fbottom (A18)

Finally, the transfer function is inverted to calculate the dynamic stiffness. In matrix form, the
6-DOF dynamic stiffness is expressed as

w(w) = Kayn(w) Ax(w), (A.19)
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where w = [F, F,, F, M, M, M,]T is the interface wrench and Ax = [Au, Au, Au, Af, A, AG,|T
is the relative translation/rotation between the two interface master nodes. Diagonal terms of

Kqyn correspond to direct stiffness contributions, whereas off-diagonal terms represent coupling

between directions (e.g. force generated by a rotational excitation). While all terms are available

after the calculation, only Au, — F, and Au, — F, are compared to experiment to maintain

conceptual clarity.

A.4.4. Limitations
The adopted approach has the following limitations:

* Finite validity bandwidth: the ROM is only expected to be accurate up to the chosen mode
cutoff. Beyond this limit, omitted modes can contribute significantly and the predicted transmis-
sibility and Ky (w) become unreliable. Mode-cutoff guidelines (e.g. 1.5-2.0x above the highest
frequency of interest for free-interface elastic modes) provide a practical but not absolute guaran-
tee of accuracy [19, 48].

* Linear dynamics: the method assumes a linearised response around the imported equilibrium
geometry. Amplitude-dependent effects (contact, large-displacement nonlinearity, frictional dissi-
pation, etc.) are not represented.

» Loss of stress history: importing the mesh in ANSYS as an external model reconstructs the
crumpled geometry but does not transfer stress (or plastic deformation) history from the explicit
crumpling simulation. Consequently, pre-stress effects on stiffness are not included.

A.45. Validation

Figure A.10 presents a comparison between the static stiffness obtained using CMS-based modal
reduction, the Radioss-native stress-removal and probing force method, and the corresponding exper-
imental measurements. For the 500 um foils, both numerical approaches vyield largely comparable
results in terms of curve shape and stiffness magnitude. In contrast, for the 50 um foils, a pronounced
discrepancy in stiffness magnitude is observed between the two simulation methods.

Although neither numerical approach fully reproduces the absolute stiffness measured experimentally,
the comparison highlights a clear thickness-dependent sensitivity of the applied force-probing method-
ology. This suggests that modelling assumptions and numerical treatment become increasingly critical
for very thin, highly compliant structures.

CMS simulations are generally expected to provide higher fidelity results, as residual stresses are
fully eliminated during the export and modal reduction procedure in ANSYS. However, this approach
requires substantially greater computational resources and involves a more labour-intensive workflow.
The observed discrepancies therefore indicate that the stress-removal technique based on artificial
elasto-plasticity may require careful recalibration of material parameters and probing force levels when
applied to significantly thinner foils.

Figure A.10: Comparison of static stiffness obtained from experiments, Radioss stress-removal with force probing, and
CMS-based modal reduction.



Experimental method

B.1. Dynamic stiffness setup

All experiments were performed on ASML’s dedicated 6-DoF dynamic stiffness setup, which was origi-
nally developed by Philips Innovation Services for the qualification of air-mounts and later transferred
to ASML, see Figure B.1, Figure B.2 and Figure B.3. A detailed explanation and validation of this setup,
including finite-element modelling and experimental modal analysis, was already reported by Wijnen
[19]. While the setup has been partly rebuilt to fit larger specimens, the general architecture of the
setup has remained the same. Therefore, only a general introduction to the setup is provided here.

The setup consists of a granite anti-vibration base supporting a vertically actuated shaker table with
an exchangeable interface spacer. The specimen under test is clamped between this base-frame (BF)
interface and a force-cell interface connected to a cylindrical metrology frame (MF). A pneumatic bellow
lifts the 500 kg mass of the MF and may thus provide a controllable gravitational static preload, allowing
the operational loading conditions of in-machine vibration isolators to be mimicked. Here, the MF mass
is simply lifted above its end stops as no preload is required. Vertical excitation is provided by three
piezoelectric stack actuators mounted between the granite block and the shaker table; by driving these
actuators in phase, an effective single vertical input is obtained. Unlike Wijnen [19] horizontal (radial)
shaker vibrations are also considered in this work, using a TIRA TV 51120 (Figure B.2).

Forces transmitted through the specimen are measured by three triaxial Kistler 9027C force sensors
integrated in the force cells between the specimen and the MF. Combining these three local measure-
ments yields a global six-component force vector at the specimen interface. Motions of the BF and MF
are measured by arrays of accelerometers: three 1-dimensional B&K 4381 sensors in z-direction and a
single 3-dimensional PCB356B18 sensor per interface. From these measurements, global translational
accelerations and rotations about the z- and y-axes are reconstructed under a rigid-body assumption
for each interface, following the procedure described by Wijnen [19]. In the present study only the verti-
cal and horizontal force and the corresponding BF—MF relative motion are used for the scalar dynamic
stiffness, but the measurement chain is in principle capable of reconstructing the full 6 x 6 dynamic
stiffness matrix.

63



Chapter B — Experimental method

64

Figure B.1: Labeled schematic of ASML 6-DoF dynamic stiffness setup.
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Figure B.2: Measurement setup in radial shaker
configuration.

Figure B.3: Measurement setup with cylindrical bellow partly
fastened using hose clamps. Accelerometers are placed in a
triangle at the bottom of the BF spacer.
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B.2. Specimen preperation

Foil bellows are cut from longer sheets and transformed into a cylindrical shape by using a soldering
iron to create a melted seam, see Figure B.4 and Figure B.5. Figure B.6 shows the use of stickers to
measure the reference cylinder height h..; after each measurement session.

Figure B.4: Using a soldering iron to Figure B.5: Cylindrical bellow with Figure B.6: Stickers used for marking
create a melted seam. completed melded seam. reference cylinder height h,.¢ after
measurements in crumpled state.

B.3. Signal processing and dynamic-stiffness definition

The definition of dynamic stiffness follows Wijnen [19]. Let F.(f) denote the global vertical force mea-
sured at the force cell and Uyr . (f) and Ugr,.(f) the corresponding vertical displacements of the MF
and BF interfaces in the frequency domain, obtained by double integration of the measured accelera-
tions. The frequency-dependent vertical dynamic stiffness is then defined as

kdyn(f) = UMF,z(f) — UBF,z(f).

Data acquisition and basic signal processing closely follow the protocol of Wijnen [19]. Time signals
are recorded with a sampling frequency of 50 kHz over measurement windows of 60 seconds. The
recordings are divided into overlapping blocks of 2 seconds (50% overlap), each of which is multiplied
by a Hanning window to reduce spectral leakage. Fast Fourier transforms of the windowed blocks
are used to compute auto- and cross-power spectral densities, which are then averaged to suppress
measurement noise. From these spectra, frequency-response functions and coherence functions are
estimated and subsequently used to compute kqy,(f) and to verify measurement quality.
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B.4. Procedure and additions for the present study

The measurement sequence for the crumpled membrane links is built on the standard dynamic-stiffness
protocol of Wijnen [19], with several modifications:

1. For each foil thickness and overlength, the specimen is mounted between the BF and MF in-
terfaces, and fastened using hose clamps. The preload MF mass is lifted using the pneumatic
bellow to ensure it to be floating, such that there is no preload present.

2. For low-stiffness measurements, a broadband multi-sine voltage signal is applied to the piezo
actuators, exciting the setup over the frequency range 0-150 Hz or 100 - 500 Hz. Compared
to the coloured noise excitation used by Wijnen [19], the multi-sine allows for a higher signal-to-
noise ratio and more control over the spectral content at the cost of some additional signal design
effort.

3. For each combination of thickness and overlength, three independent measurements are carried
out. Between repetitions the foil is deliberately perturbed by hand so that the resulting data set
samples different crumpling realizations of the same reference configuration.

4. For each run, the recorded forces and accelerations are processed as described above to obtain
kayn(f). The three repeat measurements are then combined to estimate the mean and variability
of the dynamic stiffness for that configuration.

B.4.1. Multi-sine excitation

Figure B.7 and Figure B.8 illustrate the effect of employing stitched band-limited multi-sine excitation
signals on the measured dynamic stiffness and coherence. Compared to a single coloured-noise ex-
citation, the multi-sine approach allows the input energy to be concentrated in a predefined frequency
band. As a result, improved measurement coherence is obtained over the targeted frequency ranges.

Based on these observations, band-limited multi-sine excitations were adopted for the majority of
measurements presented in the main body of this work. Simple coloured noise excitation was used
only in cases where no significant difference in the resulting dynamic stiffness or coherence was ob-
served. While Figure B.8 showcases how using many separate bands is ideal for the greatest measure-
ment quality, performing such an extensive set of experiments is labour-intensive. Therefore, in this
study only two different bands were used: the standard multi-sine excitation signals were generated
in MATLAB by superposition of sine waves with frequency increments of 0.125 Hz over the ranges
[0 : 0.125 : 150] Hz and [100 : 0.125 : 500] Hz. The two measurements are subsequently stitched
together at 120 Hz. It should be noted that the multi-sine signal is not designed for frequency ranges
>500 Hz, as doing so did not provide much clearer data. However, these higher frequencies are still
partly excited due to high-frequency resonances of the shaker table.

(a) Dynamic stiffness (b) Coherence

Figure B.7: Axial dynamic stiffness measurements of ASML Foil Bellow TYPE B, comparing two separate band-limited
multi-sine excitation signals (0-150 Hz and 100-500 Hz) to a broadband coloured-noise signal.
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(a) Dynamic stiffness

(b) Coherence

Figure B.8: Axial dynamic stiffness measurements of ASML Foil Bellow TYPE B, comparing a single coloured noise
measurement (light blue) with multiple stitched-together band-limited multi-sine measurements. Note that the magnitudes in
dynamic stiffness have been artificially shifted to provide a clearer picture.
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B.4.2. Static stiffness extraction

For measurements involving foils with small thickness and large overlength, the signal-to-noise ratio
at low frequencies is relatively poor. Consequently, the low-frequency plateau corresponding to the
static stiffness in the dynamic stiffness curve is often obscured by measurement noise, complicating
the identification of a clear and well-defined static region. In such cases, extracting the static stiffness
from a single frequency point is unreliable, necessitating averaging over multiple points.

A simple approach, such as computing the mean over a fixed frequency interval, is insufficient in this
context. The frequency range over which the stiffness remains approximately constant varies between
configurations and cannot be prescribed uniformly. To address this challenge, a more robust extraction
procedure was implemented.

First, the dynamic stiffness signal is smoothed using a moving average with a symmetric window of
30 Hz width. This step attenuates high-frequency fluctuations while preserving the underlying trend of
the stiffness curve. The static stiffness is then defined as the mean of the smoothed stiffness within
the low-frequency range from 1 to 10 Hz. Empirical evaluation across the dataset indicates that this
procedure yields the most consistent and physically representative estimates of the static stiffness.
Several illustrative examples are provided in Figure B.9.

Figure B.9: Examples of static stiffness extraction from dynamic stiffness measurements. The raw signal is first smoothed
using a symmetric moving average with a 30 Hz window size. The static stiffness is then calculated as the mean value of the
smoothed stiffness between 1 and 10 Hz.



Additional results

This chapter presents supplementary findings and discussions not included in the primary text of chap-
ter 3.

C.1. Crumpled morphology

Figure C.1 shows the crumpled morphologies obtained for all thicknesses, now inlcuding ¢ = 130 ym
and ¢t = 500 ym. These thicknesses were not included in the main body of chapter 3, as they do
not introduce qualitatively new behaviour but rather provide additional confirmation of the previously
identified trend: increasing thickness results in a larger characteristic wavelength of wrinkles and an
increase in the overall scale of the crumpled structures.

Overlength = 3.8% 15% 31% 54% 92%
Thickness =

50 um

Thickness =
130 um

Thickness =
250 ym

Thickness =
500 pm

Figure C.1: Simulated crumpled geometries for increasing overlength and thickness (extended data). The results display the

radial displacement relative to the cylinder centreline, with outward displacements taken as positive. The colour scale is limited

to 424 mm to enhance the visibility of variations between small and large overlenghts. However, it should be noted that many
sections display more extreme displacement, as the actual absolute range extends from —68 mm to +60 mm.
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C.2. Static stiffness

The overlength-thickness contour plots in Figure C.2 more effectively demonstrate the power-law re-
lationship between overlength and thickness identified in chapter 3. The analysis of the interpolated
contour lines indicates a consistent trend: low stiffness values are associated with significant overlength
and minimal thickness, while high stiffness is found with reduced overlength and substantial thickness.
Intermediate regions display increasingly sloped diagonal lines, accurately represented by the multi-
plicative power-law model illustrated in blue. The axial stiffness measurements align worst with the fit
due to the noisy measurement data, as reflected by the jagged interpolation and lower R2-value for the
fit.

Alternative modelling laws, such as rational polynomials, were also explored; however, none offer the
same interpretability as the multiplicative power-law. Moreover, the power-law formulation is straight-
forward to fit, as it can be expressed in a linear form and solved via standard linear regression, an
advantage not generally shared by more complex models with additional parameters.

Figure C.2: Contour-plot representations of static stiffness data and subsequent power-law fit. The data from simulation or
experiment is averaged per configuration and linearly interpolated to generate contour contour-lines, with solid lines indicating
decades and dotted lines indicating sub-decades. It should be noted that the interpolated data does not always span the full
range of overlength and thickness, and thus data is absent at these higher overlengths. The multiplicative power-law fit, with
respective power-law exponents reported in chapter 3, is depicted by a blue filled contour.
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Figure C.3 presents extended measurement data for the radial stiffness at ¢t = 130 ym and ¢ = 250 ym.
Although such large overlength values are not directly relevant for the current design problem, they
provide additional insight into the mechanical response of crumpled structures in this regime. As an-
ticipated, for overlengths exceeding 100% the measured stiffness rapidly approaches a plateau, doing
so faster than predicted by the power-law behaviour obtained from simulations. This observation indi-
cates that the formation of self-contacting ridges within the structure introduces mechanical shortcuts
and frictional interactions that mitigate the reduction in overall stiffness, see Figure C.4, Consequently,
these findings further support the conclusion that practical designs should target an intermediate regime
(30-60%) in which additional overlength still yields a substantial decrease in stiffness.

Figure C.3: Radial static stiffness results (extended data).

Figure C.4: Severely crumpled morphology demonstrating self-contacting ridges at an extreme overlength
(t = 130 pm and overlength = 190%)
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C.3. Dynamic stiffness

The following section compiles all measured and simulated dynamic stiffness data, along with coher-
ence plots indicating measurement quality.

C.3.1. Axial stiffness measurements

(a) Dynamic stiffness

(b) Coherence

Figure C.5: Axial dynamic stiffness measurements for t = 50 ym, using two combined multi-sine measurements. Shade areas
indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was measured.
Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.6: Axial dynamic stiffness measurements for ¢ = 130 ym, using two combined multi-sine measurements. Shade
areas indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was
measured. Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.7: Axial dynamic stiffness measurements for ¢ = 250 ym, using two combined multi-sine measurements. Shade
areas indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was
measured. Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.8: Axial dynamic stiffness measurements for ¢ = 500 pm, using two combined multi-sine measurements. Shade
areas indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was
measured. Background noise indicates a measurement without a bellow present.
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C.3.2. Axial stiffness simulations

Figure C.9: Axial dynamic stiffness simulations for ¢ = 50 ym, calculated using modal reduction with modes up to 1000 Hz.
The shaded area indicates minimum-maximum bounds for three realisations.

Figure C.10: Axial dynamic stiffness simulations for t = 50 um, calculated using modal reduction with modes up to 1000 Hz.
The shaded area indicates minimum-maximum bounds for three realisations.
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C.3.3. Radial stiffness measurements

(a) Dynamic stiffness

(b) Coherence

Figure C.11: Radial dynamic stiffness measurements for ¢t = 50 pm, using two combined multi-sine measurements. Shade
areas indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was
measured. Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.12: Radial dynamic stiffness measurements for ¢t = 130 ym, using a single noise measurement. Shade areas
indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was measured.
Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.13: Radial dynamic stiffness measurements for ¢t = 250 ym, using two combined multi-sine measurements. Shade
areas indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was
measured. Background noise indicates a measurement without a bellow present.
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(a) Dynamic stiffness

(b) Coherence

Figure C.14: Radial dynamic stiffness measurements for ¢t = 500 ym, using a single noise measurement. Shade areas
indicate minimum-maximum bounds for three realisations. For the smallest overlength only one realisation was measured.
Background noise indicates a measurement without a bellow present.
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C.3.4. Radial stiffness simulations

Figure C.15: Radial dynamic stiffness simulations for ¢t = 50 ym, calculated using modal reduction with modes up to 1000 Hz.
The shaded area indicates minimum/maximum bounds for three realisations.

Figure C.16: Radial dynamic stiffness simulations for ¢t = 500 ym, calculated using modal reduction with modes up to 1000 Hz.
The shaded area indicates minimum/maximum bounds for three realisations.
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C.3.5. Interpretations

The additional frequency dimension in the dynamic stiffness data complicates the identification of clear
scaling relations, such as the power-law behaviour observed for static stiffness in chapter 3. Neverthe-
less, several consistent trends can be identified across the measurements.

For the axial dynamic stiffness measurements, the configurations with the smallest overlength (blue
curves) exhibit the most pronounced static stiffness plateau. This plateau remains well above the
background noise level, particularly for larger thicknesses. Only in the high-frequency regime (>300
Hz) do these stiffness curves approach the noise floor. Correspondingly, the coherence remains high
(>0.9) throughout the low- and mid-frequency ranges.

However, as the overlength increases the axial static stiffness decreases rapidly. Accordingly, coher-
ence begins to exhibit dips at progressively lower frequencies, indicating an increasing influence of
background noise due to resonances originating from the measurement setup. The variability between
repeated measurements also increases with overlength. This trend is consistent with the expectation
that larger overlengths lead to more diverse crumpling configurations, thereby increasing configuration-
dependent mechanical response.

In contrast, the radial dynamic stiffness measurements display substantially lower variability between
realisations. The reduction in stiffness with increasing overlength is less pronounced, and the dynamic
stiffness curves remain comparatively similar across different overlengths. This suggests that radial
stiffness is governed primarily by averaged, global deformation mechanisms of the crumpled structure,
rather than by the local axial bending of individual crumpled ridges, which appears to dominate the
axial response.

Although the experimental results reveal fundamental differences between the axial and radial evolution
with overlength, these differences are not reproduced in the numerical simulations. The discrepancy
is particularly significant for axial stiffness, where the low-overlength configurations are considerably
stiffer in experiment than predicted numerically. This observation supports the hypothesis that the axial
stiffness is influenced by non-linear mechanisms, such as plastic deformation within bending ridges,
which are not captured by the current simulation model.

Irrespective of measurement direction or method, all dynamic stiffness plots exhibit an exceptionally
high modal density. This behaviour can be attributed to the omni-directional compliance inherent to
crumpled structures. From a design perspective, the exact locations and shapes of individual peaks
and valleys are therefore of limited relevance. Instead, the overall stiffness trends and the magnitude
of deviations are of primary importance when considering these structures as dynamic links.

In this view, we observe that both experimental and numerical results demonstrate convergence of the
dynamic stiffness curves at higher frequencies. Since this convergence is also observed in simulation,
it cannot be attributed solely to background noise. This indicates diminishing returns when selecting
extreme overlength values, as the difference between overlengths disappears in the dynamic regime.
Consequently, the choice of overlength and thickness must be carefully balanced, not only to achieve
sufficiently flexible stiffness characteristics, but also to mitigate practical risks such as pinhole formation
and unintended mechanical shortcuts.
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C.3.6. Simulated eigenfrequencies

Figure C.17 shows the dependence of the first eigenfrequency on overlength for two foil thicknesses,
as generated by the modal reduction simulation. The eigenfrequencies are found to decrease via a
clear power-law relation. Some of this is expected: the mass m of the total system increases linearly

with h..¢, which would suggest the eigenfrequency should scale with f o \/k/m o« m=°% o h %5,

ref

However, the eigenfrequencies decrease even faster due to the fall in general stiffness &, such that
foch#% fort = 50 pm and f oc h;* for t = 500 pm. Thus, we see the mechanism why increasing
overlength not only lowers the static stiffness, but also lowers the frequency from which the dynamic
regime begins. Interestingly, for these simulations the drop-off in eigenfrequencyi/stiffness is slightly
faster for larger thickness, an effect we have not observed in other data.

Figure C.17: First eigenfrequency of crumpled cylinder as a function of overlength for foil thicknesses of 50 pm and 500 um.
Each marker corresponds to a single simulation with a unique initial pertubation. Solid lines indicate power-law fits based on
reference cylinder height hyes.
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Abstract

We present a comprehensive review of the diverse approaches employed to model wrinkled and crumpled thin sheets, with their
structural dynamics of particular interest. To get better acquainted with the problem at hand, the experimental behaviour of such
sheets is discussed and the common computational challenges are presented. Notably, buckled thin sheets have been modelled
using various spatial discretizations besides traditional finite element analysis, such as isogeometric analysis, tension field theory
and discrete element analysis. Advanced solution procedures for buckled sheets are also examined, such as initial perturbations,
dynamic relaxation, arc-length methods, modal reduction and sensitivity analysis. A general flowchart with discussion is outlined
to assist the reader in traversing all these options in methods and pinpoint which are especially relevant to the user’s application.
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1. Introduction

The crumpling of a sheet of paper is an everyday phe-
nomenon that vividly illustrates the complex post-buckling
behaviour of soft thin structures. Beyond the household scale,
similar instabilities emerge in flower buds, the Earth’s crust,
and DNA packing, all of which reveal the intricate patterns that
can form through wrinkling and crumpling [1]. Until recently,
engineers have often regarded these features as nuisances that
negatively impact their finely designed systems. For instance,
wrinkles and creases in solar sails may lead to decreased thrust
force and control difficulties [1].

However, compacted crumpled sheets have also been shown
to exhibit rich mechanical properties such as high energy
absorption, enhanced compression resistance, and a tuneable
porosity [2-4]. Together with their low weight and ease of
manufacturing, these special qualities have spurred research
into so-called disordered metamaterials [4] across a wide range
of industries. Early applications include crumpled graphene for
micro-scale strain and pressure sensing [5], crumpled metallic
foils as lightweight alternatives to solid foams in sandwich
structures [6], and controlled crumpling approaches for porous
biomaterial implants [7].

Another engineering context that may show promise is where
thin buckled sheets are employed to realise highly compliant
joints or seals. For example, corrugated bellows common to
vacuum applications illustrate how deliberately engineered
ridge networks can produce flexible links with low vibrational
transmissibility [8], see Figure 1. Likewise, purposefully
buckled or even completely crumpled sheets might provide
a simpler and more economical path to multi-directional
compliance.
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Figure 1: Schematic comparison between engineered corrugation networks and
stochastic crumpled morphologies as routes to compliant thin-sheet mechanical
links.

Realising this promise in design practice is hindered by the
fact that the structural mechanics and dynamics of crumpled
morphologies are still poorly understood. Analytical post-
buckling theory is typically restricted to idealised situations
close to the critical load, where deformations remain in a
linearised and periodically wrinkled regime [9].

In contrast, crumpling represents the non-linear and irregular
evolution of wrinkling [10]. For this regime there is no broadly
applicable analytical framework. Moreover, the morphology
is highly sensitive to initial imperfections and loading history,
such that stochastic variability between realisations is intrinsic
and many samples are needed to extract statistically meaningful
trends. For engineering purposes, where one often wishes to
explore parameter spaces, quantify uncertainty, and ultimately
optimise designs, efficient and robust modelling strategies are
therefore essential.



However, the strongly non-linear and path-dependent nature
of buckled thin-sheet systems poses substantial computational
challenges [11]. Even in the wrinkling regime, numerical
models can rapidly lead to ill-conditioned system matrices and
convergence problems, making conventional finite element
approaches unstable or prohibitively expensive. Although a
wide range of techniques has been proposed to address these
issues [12], the literature still lacks a coherent overview that
connects these computational developments to the specific
task of dynamic analysis of crumpled flexible mechanical links.

To address this gap, this work aims to review how various
modelling strategies can support structural-dynamic analysis
for buckled thin-sheet structures. First, relevant experimental
insights into the wrinkle-to-crumple transition and the dynamic
behaviour of wrinkling are examined. Subsequently, common
computational challenges along with the advantages of alterna-
tive spatial discretisations and advanced solution procedures are
discussed. Finally, these methods are synthesised into a gen-
eralised workflow for the systematic, efficient and robust (dy-
namic) analysis of post-buckled thin-sheet structures.

2. Review method

Literature on the modelling of wrinkled and crumpled thin
sheets was collected from the Scopus and Google Scholar
databases using an iterative search strategy. A preliminary
broad search was conducted using the following keyword
combination:

("sheet" OR "membrane" OR "foil") AND
("wrinkl*" OR "crumpl*") AND ("simulatx*" OR
"model*") AND NOT "biox"

To efficiently screen the large number of resulting refer-
ences, the Al-assisted systematic review tool ASReview [13]
was employed. Relevant publications were first identified on
the basis of their abstracts, and these labels were then used to
train an active-learning model to prioritise similar documents.
This procedure was repeated three times on slightly different
datasets, each derived from modified search queries targeting
specific subtopics, with approximately 50 references manually
labelled for each run. The tool proved effective in identifying
additional papers closely related to the initially selected works.
However, its recommendations tended to focus on relatively
narrow thematic clusters, limiting its usefulness for mapping
the broader landscape of modelling approaches.

To complement this, for several key publications the web-
based tool Connected Papers [14] was used to generate citation-
based network graphs of closely related prior and derivative
works. In combination with manual forward- and backward-
citation tracking from these networks, this approach was found
to provide a more comprehensive overview of the literature on
the topic.

3. Experimental behaviour

To evaluate the accuracy and suitability of different mod-
elling approaches, it is deemed necessary to understand the
expected mechanical and dynamic behaviour of wrinkled and
crumpled structures. This section therefore briefly reviews the
wrinkle-to-crumple transition and its implications for structural
dynamics.

3.1. Wrinkle-to-crumple transition

The formation of wrinkles, crumples, folds, and creases
is a fundamental response of thin-sheet structures subjected
to compressive stresses. Such stresses can arise in a wide
variety of loading and geometric configurations, including
sheared, stretched, pressurised, or inflated systems. Because
the terminology used for these surface instabilities is not en-
tirely standardised, the following discussion adopts pragmatic
working definitions that are consistent with the cited literature.

Thin sheets are comparatively stiff in in-plane compression,
and therefore tend to relieve compressive stresses by buckling
out-of-plane, ultimately minimizing energy by trading mem-
brane energy for bending energy. Wrinkles provide an effective
mechanism for this relaxation: they are small-wavelength
undulations that typically form in a spatially homogeneous
manner around a slightly sheared or compressed region. Wrin-
kling usually remains within the elastic regime and is therefore
largely reversible once the compressive load is removed. [1, 10]

When geometric confinement is increased, Timounay et al.
[10] showed that crumples arise as the generic evolution
of wrinkles. A small number of smooth wrinkles sharpen
into stress-focusing ridges and vertices, while other wrinkles
disappear, see Figure 2. In this process, Gaussian curvature
and material stress are reduced over most of the sheet, with
stresses and (optionally plastic) deformations becoming highly
localised near the edges of individual crumples.
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Figure 2: Wrinkle-to-crumple transition in a wide range of systems. The for-
mation of stress-localising crumples from homogeneous wrinkles is a generic
response to increasing confinement and compressive stress [10].



Folds can likewise be viewed as a further evolution of
wrinkling, characterised by localised, deep surface valleys.
In the extreme, creases are formed, characterized by self-
contact and extremely sharp ridges. Although these terms
are sometimes used interchangeably with crumples, the terms
folds and creases are more commonly employed in the context
of stiff films bonded to soft substrates or floating on liquids
[11]. Various studies have attempted to predict which type of
instability (wrinkling, folding, creasing, or crumpling) will
emerge based on generalised system properties, with the aim
of characterising the wrinkle-to-crumple transition. [10, 15]

Various variables can affect the evolution from a wrinkled to
a crumpled structure. For example, the loading rate influences
the ratio of elastic to plastic deformation [2]; as a fast deforma-
tion does not allow for much material relaxation, the resulting
structure is more randomly folded (high entropy) with sharper
plastic ridges [2]. Furthermore, for highly compacted crumpled
sheets the packing density reaches a limit where the network
of self-contact and interlocking stiffens the system, despite the
fact that a significant part of the structure is still air [2]. In
various situations, there exists a power-law correlation between
the compaction force and this final packing density. Finally,
the elasto-plastic behaviour of materials can vary; aluminium
sheets are one example of a system that can be readily plasti-
cally creased [2, 4].

3.2. Structural dynamics of wrinkling

Although not available for crumpled structures, several
experiments have been performed on the vibrational behaviour
of wrinkled membranes compared to their unwrinkled state.

Photogrammetry is a method where multiple high-resolution
cameras are used to triangulate a 3-dimensional map of a
system’s wrinkled configuration. These measurements have
been used to compare computational findings with experi-
mental data [16—-18]. If one is also interested in the modified
dynamics caused by wrinkling, Doppler-interferometry can be
used. These studies make use of scanning laser vibrometers
to capture the displacements of many points on the surface,
utilising the fast Fourier transform to calculate a collection of
mode shapes with corresponding eigenfrequencies [1, 19].

In general, wrinkles have been found to greatly influence
the dynamics of systems in a variety of situations [16, 20].
One often encounters new low-frequency mode shapes with
strong undulations localised to the wrinkled region, albeit with
low modal mass. The global mode shapes with high modal
mass, also present in the unwrinkled configuration, are affected
as well. Depending on the interaction of a particular mode
with the wrinkled region, the eigenfrequencies found are often
several percent lower. This is commonly explained via the
lower stiffness associated with the bent wrinkled structures
[16, 20].

As performing experiments in a perfect vacuum environment
is a difficult task, one should be aware of the effects the
surrounding air can have on the vibrational behaviour of
membranes. Kukathasan and Pellegrino [21] found that there
exists a coupling between a non-wrinkled membrane and
the surrounding layer of air, with the thickness of this layer
dependent on the mode number. The air acts as an additional
non-structural mass term which causes the eigenfrequencies
to decrease and mode shapes to change. As more air mass
is in play for the lower frequency modes, this effect is less
pronounced at higher frequencies. The results found for their
in-air model were subsequently backed-up by experimental
data. In a follow-up study using the same in-air computational
procedure on a wrinkled membrane, Kukathasan and Pellegrino
[19] found the same decrease in eigenfrequencies. Also notable
is that the vacuum modes with small modal mass, where only
the wrinkles vibrate, were removed by the added mass of air.

Puzzled by the high modal damping values (3-10%)
found by another experiment on a wrinkled sun-shield [22],
Kukathasan and Pellegrino [19] also searched for other sources
of damping besides material damping. They indeed found
non-linear behaviour at larger shaker excitations where the
apparent damping would increase. This was found to be
caused by energy scattering into the excitation of harmonic
modes at multiples of the actuation frequency. This hardening
non-linearity would lead to an increased apparent damping of
the system with increasing excitation amplitudes.

Hossain et al. [1] observed the dynamics of a systematically
creased tensioned membrane. Here the change in eigenfre-
quencies compared to the pristine configuration depended on
the mode and number of creases. It was argued that the mode
dependence relied on the specific interaction of the crease with
that mode, a feature that is also seen with wrinkles. Some
modes of vibration may stretch the crease, decreasing the
stiffness and thus decreasing the eigenfrequency. Other modes
may bend the crease, leading to the opposite reaction.

In another study a wrinkled inflated arch was subjected
to a transverse tip load by Wang et al. [20] under various
internal pressures. They found the wrinkling characteristics
to be sensitive to this inflation pressure, which in turn had an
effect on the vibrational behaviour. As expected, for pressures
leading to more wrinkling a larger decrease in eigenfrequencies
was found, especially for mode shapes interacting with the
wrinkled regions.

In conclusion, it may be assumed that wrinkles in any struc-
ture will have a considerable effect on the resulting mode shapes
and eigenfrequencies. Although highly dependent on the sys-
tem and wrinkling configuration, the reduced stiffness due to
the created undulations tends to decrease the eigenfrequencies
of the global modes. Unfortunately, little is known regarding
the dynamics of crumpled structures, or how these buckling in-
stabilities affect vibrational transmissibility.



4. Computational challenges

The static and dynamic simulation of post-buckled thin struc-
tures poses some particular challenges compared to stiff solids.
The most pressing computational obstacles often discussed in
the literature are listed, roughly in order of priority.

1. Under-constrained buckling

For highly under-constrained buckling structures the so-
lution path often becomes unstable. These systems show
an extreme amount of bifurcation points associated with
the many configurations in which the sheet can buckle.
Each of these bifurcations marks an instability leading
to a (near-)singular stiffness matrix [23]. Traditional
computational methods aim to iteratively converge to the
equilibrium solution of a system by implicitly solving the
static or dynamic system of equations. For (geometrically)
non-linear systems, these Newton-Raphson (NR) type
integration schemes base their search direction on the
locally linearised system stiffness matrix. By taking the
inverse of this stiffness matrix, the appropriate step in the
solution space can be found. However, with the use of im-
plicit schemes this near-singular stiffness matrix can lead
to instability and slow convergence. Therefore, measures
must be taken to better condition the stiffness matrix,
while also carefully traversing the sudden snap-throughs
and snap-backs present at the bifurcation into buckling
[24, 25].

2. Small features

As the average size of wrinkles and crumples gets smaller
with lower bending stiffness, the number of wrinkles
in thin sheets can quickly become substantial. —The
mesh density needed to correctly capture the intricate
out-of-plane geometry is roughly inversely proportional
to the expected size of the wrinkles [24]. This decrease
in element size will subsequently lead to an increase
in computational time, even if the global out-of-plane
behaviour may not be overly complicated. Therefore,
measures which can lessen the need for high element
densities are often sought after.

3. Elasto-plasticity

The formation of folds and creases can lead to the need to
consider material plasticity effects. In ridges with extreme
bending, plastic deformation may relieve some bending
stress by plastic yielding, leading to a softer response.
The simulation of highly elasto-plastic materials such as
aluminium sheets would benefit from such a non-linear
material model [2]. However, it should be noted that the
intended use case of the present study does not concern
this extreme degree of compaction and will therefore not
focus on the particular implementations of elasto-plastic
materials models as seen in literature.

4. (Self-)avoidance

For highly compacted crumpled structures, the self-
contact of a sheet with its other faces starts to play a larger
role. The physical fact that a crumpled sheet should never
intersect itself is often coined self-avoidance in compu-
tational mechanics [4, 26, 27]. However, the computa-
tional cost to make sure these laws are respected is often
substantial. Therefore, in many cases phantom sheets are
considered where collision is neglected entirely. Never-
theless, one should make sure to mind the effects of colli-
sion of a sheet with itself or other objects, as the introduc-
tion of (self-)avoidance has shown to affect the number
and length of crumpling ridges predicted [2]. Again, as
the case study relevant to the present study does not en-
tail this extreme degree of compaction, collision detection
methods will also not be covered elaborately.

5. Discretization methods

The first step in the creation of any computational model
is to decide on the appropriate spatial discretization method.
Various techniques allow complex geometries to be segmented
into smaller elements, making their collection easier to solve.
The most familiar method to most engineers will be shell-based
finite element analysis, but other recent methods have shown
their capability in the modelling of thin sheets. Examples in-
clude spline-based isogeometric analysis, membrane-based ten-
sion field theory, and particle-based discrete element analysis.
These specialised methods will be explained and compared to
finite element analysis based on their characteristics relevant to
the (dynamic) simulation of buckled thin sheets.

5.1. Finite element analysis

Finite element analysis (FEA) is the most traditional method
for the simulation of all types of mechanical problems. Typ-
ically, buckling thin sheets are modelled using shell formula-
tion capable of six degrees-of-freedom (DoF) in order to con-
sider large displacements and rotations [28]. The static equi-
librium can then be solved using geometrically non-linear iter-
ative solvers, available in numerous commercial finite element
software. Linearised modal analyses can be performed on the
resulting buckled geometry and system matrices to obtain dy-
namic insights. For the purposes of this review, FEA will be
used as a benchmark to compare the other discretization meth-
ods in this section to. Also, it should be assumed that referenced
studies showcasing advanced solution procedures in section 6
make use of FEA unless otherwise stated.



5.2. Isogeometric analysis

In a landmark 2005 paper by Hughes et al. [29], the frame-
work of isogeometric analysis (IGA) was proposed to bridge
the gap between computer-aided design (CAD) and traditional
FEA software. As is customary in CAD software, the geometry
of a body in IGA is represented using non-uniform rational B-
splines (NURBs), defined by control points [30]. This method
eliminates the time needed to convert a spline-based CAD
geometry to a Lagrangian node-based discretised mesh suitable
for FEA. However, in practice analysis-aware geometric
modelling of the part is needed to create so-called watertight
models [31], as the boolean operations and trimming often
used in CAD cannot be used directly. One needs to create the
model out of several topologically rectangular patches, stitched
together with non-smooth connections. This fact introduces
the need for some additional precaution during design to make
sure non-symmetric stitches do not influence results.

In many aspects, the goal of simulation stays the same as
in traditional FEA: minimizing the residual between internal
and external forces, but now with the solution represented as a
vector of spline control-points instead of nodal displacements.
As the spatial discretization is in principle decoupled from
a solution procedure, the techniques of section 6 are also
applicable here. Because IGA is still in its infancy compared to
FEA, the preference of one method over the other is a highly
debated topic between researchers. However, the spline-based
structure does incur some unique advantages relevant to the
simulation of thin sheets in particular.

The first difference to FEA is the allowance for simulation
using exact geometries. As portrayed in Figure 3, a geometry
does not suffer from discretisation errors when build using
NURBSs, with smooth splines connecting the geometry between
knots. As there is no need to approximate the geometry using
line-elements between nodes, performance improvements
may be applicable when considering fine structures. In his
introductory paper Hughes et al. [29] already notes the analysis
of thin shells in particular as a field notoriously sensitive to
geometric imperfection.
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Figure 3: Approximated node-based finite element geometry (left) and exact
knot-based isogeometric geometry (right). [29]

To test this notion Oesterle et al. [32] performed a buckling
analysis on an axially compressed thin-shell cylinder. It was
found that the correct analytical buckling mode shape was
obtained using far less total DoFs using IGA compared to var-
ious FEA shell representations. For example, for the buckling
cylinder the analytically predicted first buckling mode was

reproduced using a mesh with one to two orders of magnitude
less DoFs compared to the FEA representations. The effect
seemed particularly pronounced if numerous critical buckling
bifurcations appeared within a small range of load levels.

However, an accompanying analysis was performed [32]
to artificially add the geometric imperfections back into
the IGA model. By matching the size of the non-smooth
topologically rectangular patches in IGA to the element sizes
in FEA, the same approximated discretization was obtained.
Interestingly, this did not seem to change the results much and
the researchers concluded that the geometric exactness of IGA
is not the driving force behind the apparent reduction in the
required DoFs.

The second advantage of IGA may provide us the expla-
nation for IGA’s faster mesh convergence: two strategies to
reach convergence in FEA are h-refinement, simply increasing
the density of the discretized elements, and p-refinement,
increasing the polynomial order of the basis function of
elements. Using p-refinement allows for the representation
of more complex solution fields using the same number of
elements. However, in FEA the polynomial basis function will
always only maintain C° continuity across element boundaries.
A fundamentally new refinement method introduced in IGA
allows the user to also increase the order of continuity between
elements, at least within patches. These splines with additional
smoothness due to k-refinement [29, 31, 32] are intuitively
appealing for situations in which solutions are very smooth,
such as vibrations of structures and wrinkled thin shells.
This would subsequently lead to high accuracy per DoF for
these applications. Another advantage of k-refinement is the
possibility to eliminate optical branches in the eigenfrequency
spectrum for modal analysis. These optical branches are
fundamentally inaccurate spikes and outliers of eigenvalues
apparent in the second half of the frequency spectrum, seen
due to a side-effect of FEA’s C° continuity [31, 33, 34].

Another benefit for thin sheets in particular is the straightfor-
ward implementation of the Kirchhoff-Love (KL) shell theory.
Due to the spline’s C' or higher continuity the curvature of the
surface can be used directly to model the bending stiffness,
without the need to calculate separate rotational degrees of
freedom like in FEA. These KL-shells do also not suffer from
the same membrane locking effect as pure displacement shell
formulations due to their inter-element continuity, preventing
underestimations of deformations and stress oscillations for
small-thickness elements [35].

Of course, the use of IGA over FEA also carries multiple
downsides. Perhaps the most pressing one is the relatively lim-
ited software available as compared to the numerous elaborate
FEA packages. Nevertheless, IGA has been implemented in
open-source packages such as G+Smo [36] or as experimen-
tal features in larger FEA software, namely ANSYS LS-Dyna
[37] or Altair Radioss [38]. Performance improvements are
also certainly not guaranteed, as the higher degree of conti-



nuity between elements leads to larger overlap between basis
functions and thus system matrices with increased bandwidth
[31]. Despite k-refinement generally allowing for reduced mesh
sizes, the actual improvement in computational time highly de-
pends on the geometry and analysis-type [39] and is not yet
well-understood. For example, Li et al. [37] found FEA to be
faster in principle in the case of a compressed solid cylinder, but
IGA did scale better on a higher number of computational cores.
Still, thin shells are considered one of the more interesting ap-
plications due to the natural implementation of Kirchhoff-Love
shell theory and the smooth nature of buckling shell problems.

5.3. Tension field theory

Tension field theory (TFT) is a wrinkling approximation
method often used for gossamer (extremely thin) structures in
aeronautical applications, such as deployable antennas, solar
sails and sun-shields [12]. First proposed by Wagner [40] in
1931 for the analysis of sheet metal girders, the theory as-
sumes the creation of a tension field for membranes under shear
stresses. Here, a membrane is defined as a sheet of infinitesimal
thickness and therefore negligible bending stiffness. Wrinkling
will therefore always be preferred to compression, leading to
a structure with no compressive stresses and uni-axial tension
along the wrinkle lines. Tension field theory refers to the
collection of methods to replicate this behaviour by removing
compressive stresses without modelling the small features of
the complicated wrinkled geometry explicitly, focussing on the
resulting average plane strains. [41]

The rich history of TFT begins with various analytical
formulations such as the variable Poisson’s ratio method in-
troduced by Stein and Hedgepeth [42]. Here, the compressive
stresses are released by allowing for the over-contraction of
wrinkled parts of the membrane via a variable Poisson-ratio.
Another influential contribution by Pipkin and Allen [43]
formulated wrinkling as an energy-minimization problem: by
introducing the relaxed strain energy density the membrane
was allowed to perform a ‘free’ zero-energy contraction along
the compression direction.

With the advent of FEA, Roddeman et al. [44] were the
first to implement TFT in simulation using a modified defor-
mation gradient tensor and membrane-elements. In order to
numerically predict which elements these wrinkling modifica-
tions should be applied to, a new procedure was introduced:
occasionally referred to as the iterative membrane properties
(IMP) procedure [19], the general goal is to iteratively deter-
mine which regions of the membrane should be wrinkled via
a wrinkling criterion, and subsequently applying a wrinkling
model to that region. A wrinkling criterion often determines
if an element should be considered to be in a taut, wrinkled
or slack state based on the in-plane stresses and strains found
in the previous iteration. The most accepted method looks at
the major and minor principal stresses and strains, the so-called
mixed (stress-strain) criterion [44, 45]:

e Taut (0, > 0)
Bi-axial tension: use standard membrane element stiffness
matrix.

e Wrinkled (0,,;;, < 0 and €,,,, > 0)
Uni-axial tension: apply wrinkling model to modify
membrane element stiffness matrix such that compressive
stresses are removed, resulting in zero stiffness in the com-
pression direction.

e Slack (¢4 < 0)
Bi-axial compression: set membrane element stiffness ma-
trix to zero, allowing for a zero stiffness contraction as
needed.

Various formulations of a wrinkling model have been
implemented, such as the use of a variable Poisson’s ratio or
modified deformation gradient. However, most of these meth-
ods have been proven to be (mostly) mathematically equivalent
by Miyazaki [46]. Alternatives to IMP methods have also
been created, for example by the minimization of compression
using a penalty parameter modified material (PPMM) method
[47] or via energy-minimization using Pipkin’s relaxed strain
energy density model [45]. The most appropriate method often
depends on the available software, as many implementations
use custom user subroutines in FEA packages such as ABAQUS
or ANSYS. TFT has even been demonstrated by Verhelst [31]
using isogeometric analysis in G+Smo, see Figure 4. In this
figure it can be seen that the general outline of a stretched and
twisted thin cylinder is preserved in the TFT-approximation
by predicting taut and wrinkled regions. The most important
unifying feature of any wrinkling model is that the stress in the
principal direction of compression, normal to the wrinkle lines,
vanishes by allowing a zero-stiffness contraction.
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Figure 4: Stretched and twisted thin cylinder using Neo-Hookean material in
isogeometric analysis [31]. Left figure shows the full Kirchhoff-Love shell
model, while the right figure shows a wrinkle approximation based on tension-
field theory. The black regions denote taut sections, while grey denotes a wrin-
kled region where a wrinkling model is defined based on Roddeman et al. [44].
While the shape of wrinkles is not calculated using the approximation, it should
be noted that the general outline of the right structure is consistent with the left
case.

Some advanced techniques have been devised to help
numerical stability for the use of TFT. Rossi et al. [24] use
a variable penalty factor to smoothen the transition between
states, such that the system does not land in a slowly converg-
ing loop by constantly switching states. Liu et al. [48] also
use penalty factors in a PPMM method to allow the system to
exhibit small but non-zero compressive stresses, such that the
non-singularity of the stiffness matrix is retained. Miyazaki
[46] notes that this also leads to a better model for a finite
thickness physical sheet, as the small compressive stresses
capture the real irreversible deformation around wrinkles



as they depend on the deformation path. Taylor et al. [49]
decide to skip the inversion of the stiffness matrix entirely
by using a dynamic relaxation procedure, to be discussed in
section 6, combined with Pipkin’s relaxed strain energy density.

In general, TFT has been found to be an effective alternative
to full shell-based membrane models. As there is no need
to pick mesh sizes small enough to model the individual
small-wavelength wrinkles, significant reductions in computa-
tional effort can be achieved. Many examples have proven to
provide average plane strains consistent with shell-based FEA
while using only a fraction of the mesh fidelity, particularly in
systems with pre-tensioned or inflated membranes [41, 44]. For
example, Rossi et al. [24] showcase that the application of TFT
can provide the same results for an inflated airbag as full shell
simulation using only 236 instead of 4802 elements. However,
it should be noted that TFT is only applicable to very thin
sheets and provides us no information on the actual amplitude,
wavelength, or distribution of wrinkles. Nevertheless, efforts
have been made by Iwasa [17] to compare 3D photogrammetry
of a wrinkled membrane to computational results to find the
relation between predicted plane shrinkage and wrinkle size.

While most research into TFT focuses on the static solu-
tion of wrinkled structures, attention has been devoted into
expanding these models into structural dynamics. Comparing
wrinkled membrane configurations analysed with and without
a TFT algorithm, Hossain et al. [47] found that the application
of TFT does indeed influence the resulting eigenfrequencies
found. For the shell simulation, the appearance of wrinkles
decreases the eigenfrequencies compared to the unwrinkled
model. With the TFT algorithm then applied eigenfrequencies
increase slightly, attributed to the change in geometric stiffness
due to the minimization of compressive stresses. It should
be noted that this behaviour is dependent on the particular
vibrational mode, as not all modes share the same modal
participation factor in the wrinkled region. Hossain et al. [1]
used a PPMM wrinkling model, along with a local non-linear
material model to model creases, to numerically study the
modal dynamics of the creased system mentioned in section 3.
They found satisfactory eigenfrequencies within 10% margin
of error for both the single- and double-crease case.

Another study by Johnston and Brodeur [50] found less
clear correlations. Here a shell-based, TFT-based and physical
scale-model of a sun-shield were compared on their vibrational
modes. While the eigenfrequencies of the dominant mode were
similar, the two computational models differed significantly
in the total number of modes, modes shapes and effective
masses. More discrepancies were found comparing with the
physical model, such as the appearance of more slack regions
and asymmetries than predicted in the numerical studies. As
the slack regions carry no internal stresses and behave like
rigid material, their deformation is highly influenced by the
deformation of nearby wrinkles. TFT is often found to have
difficulty replicating these slack surfaces, as the wrinkles
themselves cannot be simulated [17].

5.4. Discrete element analysis

Due to an emerging interest in the use of highly compacted
sheets as a new type of metamaterial [2—4], modelling tech-
niques traditionally used in the field of computer graphics
are being adapted to analysis in mechanics. The overarching
strategy of discrete element analysis (DEA), also referred
to as 3D mass-spring systems [51], is to model a sheet as a
collection of mass particles with spring-dampers connecting
them to each-other.

Similarly to the simulation of cloth in computer animation
or atomic structures in molecular dynamics, a thin sheet
can be discretised into a collection of small masses. These
particles, often point-masses or rigid triangles, connect to their
neighbours via virtual springs and dampers. Andrejevic and
Rycroft [27] performed such a simulation of an elasto-plastic
thin sheet using a discretization of point-mass nodes, see
Figure 5. By translating traditional elasticity models from
continuum to discrete strain energy densities, the appropriate
parameters can be found for the in-plane spring-dampers
connecting these nodes. Bending stiffness was applied using a
penalty function on the misalignment of the normal vectors of
adjacent triangles, again aiming to imitate continuum bending
rigidity. Plasticity can be replicated by adding a constant value
to this bending penalty function to specify a non-flat shape as
the resting angle.

Contact-detection and self-avoidance is a particularly well-
developed subject in computer animation for fabrics and cloth.
The detection method used by Andrejevic and Rycroft [27]
assigns all nodes into blocks. During simulation all nodes
in the blocks within the local search space of a particular
node are checked for possible contact. If contact is detected,
one method is to correct the position and velocity of the
interacting nodes according to conservation of momentum.
However, this method can become problematic if multiple
contacts are present at once, as considering one contact
may cause further self-intersection. Another method relies
on penalty functions to separate the particles with stiff local
springs, which proved more robust for the researcher’s purpose.

Andrejevic and Rycroft [27] note the disparity in time
scales between the slower large-scale deformations as opposed
to the sudden localised buckling and snap-through events.
They implemented a hybrid integration scheme to adaptively
switch between an implicit quasi-static formulation and a
fully explicit dynamic formulation. In the quasi-static for-
mulation accelerations of nodes are approximated to zero,
and the subsequent differential-algebraic system of equations
is implicitly solved via a version of Newton’s method. If
large changes in local velocity are detected, for example
during rearrangement of ridges and vertices by buckling or
during abrupt self-contact, the solver switches to the fully
dynamic formulation. The buckling is now explicitly solved



Figure 5: Microscopic model of a discretised sheet defined by point-masses in discrete element analysis [27]. In-plane stretching is governed by spring-dampers
between neighbouring nodes. Bending stiffness is defined via a penalty factor on the misalignment of normal vectors between adjacent triangles.

using a Runge-Kutta integration method with adaptive step-
control. Using this method the researchers were successful in
the simulation of highly compacted sheets, finding the same
logarithmic crease length growth as found in experiments [2, 4].

A common concern in DEA literature on stiff thin sheets
is the issue of bending locking [52]. As bending can only
occur along the vertices of adjacent triangles, sharp bends not
perfectly aligned with these directions can only be achieved
via the bending of multiple other ridges. When using a
coarser mesh this fact leads to an artificial stiffness to bending
and unrealistic bending behaviour. Narain et al. [52] used
an adaptive re-meshing procedure to iteratively refine their
triangle-based discretization to create edges aligning with
bending. For stiff thin shells they found that jittering would
occur when simply refining the mesh by splitting the existing
triangles. For this reason, a dynamic projection method was
introduced to interpolate node forces instead of node positions,
such that the dynamic equilibrium before and after re-meshing
is preserved. The researchers found adaptive re-meshing to be
an effective way to reduce mesh density while being able to
resolve fine features and large flat regions simultaneously.

Another way to prevent bending locking is by simply de-
creasing the stiffness of the bending springs (penalty factors).
However, this would make the material appear softer than may
be desired. Jin et al. [53] replaced the equality constraint on
the triangle edge lengths with an inequality constraint to allow
some element compression, such that this slight compression
can function as a surrogate model for bending modes that
would otherwise not be representable by the mesh. The
inequality constraint was implemented using a penalty function
(barrier method) and an optimization algorithm using Newton
steps and line searches to solve for the equilibrium shape. This
is an example of how form-finding problems in DEA are often
formulated as optimization problems, with an energy function
consisting of bending energies and penalty parameters to be
minimized [54].

The discretised nature of DEA leaves one major drawback:
many concepts found in continuous models that are often used
in dynamic analyses are absent. Lacking any form of traditional
system matrices, the inability to perform eigenvalue analysis
rules out any modal and harmonic analyses. This only leaves
explicit time-domain simulation to be used for structural dy-
namics. Due to the need for minuscule time-steps at higher
frequencies, this would be costly to simulate and has not been
attempted to the best of the author’s knowledge. Common tools
in computer graphics are also not designed for strict accuracy
in the prediction of stresses and strains, as they are mainly de-
signed for efficiency and visual realism. Only more recent stud-
ies provide any basic comparison to FEA in mechanical accu-
racy on simple problems [51]. Due to these two factors, DEA is
not (yet) considered a complete tool for the structural dynamic
analysis of thin sheets, and will be subsequently disregarded in
following discussion.

6. Solution procedures

When a spatial discretization method and other model defini-
tions have been established, the residual between external and
internal forces can be calculated. Regardless of the discretiza-
tion used, this residual and the corresponding solution vector
can be used in a generalized non-linear solution procedure in
order to integrate the residual to zero and find equilibrium. In
this section, the most commonly used advanced numerical so-
Iution procedures relevant to buckled thin sheets will be cov-
ered, namely the introduction of initial perturbations, dynamic
relaxation, arc-length methods, modal reduction and sensitivity
analysis.



6.1. Initial perturbation

Initial perturbations are often applied to sheets in order to
nudge the element nodes from their perfect initial condition,
such that the initiation of buckling becomes easier. Without
these perturbations, the structure would not prefer any one way
to buckle and would slowly approach a buckling bifurcation
with increasing load [55]. These buckling bifurcations are
associated with singularities in the system stiffness matrix,
which in turn contribute to stability problems for traditional
implicit solvers. By applying small perturbations the perfect
bifurcations can be smoothed and thus more easily passed
without full singularities forming [55].

In general two methods exist to apply initial perturbations.
The pseudo-random direct turbulence method uses randomly
assigned force perturbations on the nodes, setting the net force
on the total body equal to zero in order not to influence the
system behaviour [16, 56]. A more commonly used method is
to perform a linear buckling analysis on the initial configuration
in order to calculate the first (few) buckling mode(s) [57, 58].
This scaled buckling modes method uses a scaled superposition
of these modes to subsequently perturb the nodes. This
buckling mode version of perturbation would theoretically
cause the structure to buckle via the ’ideal’ buckling path and
is therefore repeatable. However, one could argue that the
turbulence method is more accurate to the imperfect systems
we find in reality, and could also be made repeatable by starting
the random number generator with a consistent seed. In either
case, the perturbations are removed shortly after the initial
buckling in order not to influence the final result by too much.
Liu and Cai [57] suggest a perturbation of 1%-100% of the
membrane thickness as a middle-ground for not making the
initial stage of buckling too slow while not influencing results.

6.2. Dynamic relaxation method

The dynamic relaxation method (DRM) is an explicit itera-
tive algorithm for the static analysis of structures. The method
avoids the calculation of a near-singular stiffness matrix by the
use of an explicit scheme. First given this name by Day [59],
the static solution is considered as the limit or steady-state part
to the transient response of the system. To illustrate this, the
static solution can be written as the solution of the system of
differential equations

f(u, ) = p, ey

with f being a generally non-linear vector function represent-
ing the internal forces, dependent on the nodal displacements
u and its time derivative 1, and p being the external forces.
Note that Equation 1 can be written in a linear form where the
left-hand side is converted to a product between the stiffness
matrix K and displacement vector u, to be solved algebraically.
However, in the general non-linear case the solution can be
iteratively solved for by integrating the solution via an implicit
Newton-Raphson (NR) type method using the inverse of the
locally linearized stiffness matrix K [60].

Alternatively, in DRM the equation is expanded by turning it
into the damped dynamic equation

M’ii + Cu + f(u,0) = p, (2)

with M’ and C’ respectively the fictitious mass and damping
matrices. This is a problem in the pseudo-time domain, which
can be integrated using central finite difference methods
[55, 60].

Note that in the absence of any nodal velocities i or acceler-
ations ii, Equation 2 reduces into the same form as Equation 1.
Thus it can be seen that the static solution may indeed be re-
garded as the limit of the damped dynamic response. As the
fictitious mass and damping matrices play no role in this final
solution, they can be artificially chosen based on heuristic rules
with the purpose of a fast but stable convergence. While various
methods to construct the mass matrix exist, a popular way intro-
duced by Underwood [61] is to choose a diagonal mass matrix
based on Gershgorin’s circle theorem. The diagonal mass el-
ements are based on the corresponding entries in the effective
stiffness matrix, and may be updated multiple times during iter-
ation via the equation
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where m; is the mass at node i, At is the fictitious time-step
and A an adjustable parameter used to improve stability. The
sum is taken over the absolute entries of the local tangent
stiffness matrix in all Cartesian directions j. The use of (a
version of) Gershgorin’s theorem ensures an optimum ratio
between the minimum and maximum eigenfrequencies of the
system [58, 62, 63].

For the fastest convergence possible, the fictitious damping
term should lead to a perfectly damped system. In practice,
viscous damping like in Equation 2 is usually avoided as a
trial analysis is needed to estimate the lowest eigenvalue via
Rayleigh’s principle [62]. Instead, kinetic damping is regularly
used [58, 60, 64]: setting C’ = 0 in Equation 2, the damping
behaviour is instead artificially replicated by studying the
systems total potential and kinetic energies. For a conservative
mechanical system, these two energy types alternate in their
magnitudes. When the kinetic energy is at its maximum, the
potential energy will be at its minimum, with this minimum
corresponding to the state most resembling equilibrium. When
using kinetic damping, the geometry of the system is frozen
at this peak of kinetic energy. By constantly resetting the
velocities to zero and restarting dynamic simulation from
this frozen geometry, a simple yet efficient artificial damping
behaviour is introduced, see Figure 6 [65].
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Figure 6: Typical histories of relative residual norm and kinetic energy of a sys-
tem with kinetic damping. At every peak in kinetic energy the nodal velocities
are reset to zero, leading to a damping effect without the need for viscous terms.
The residual norm can be seen to decrease, with a sharp decline when the dy-
namic relaxation scheme switches to implicit Newton-Raphson integration in
its final iterations [65].

DRM is particularly well suited to buckled thin sheets, as
there is no need for an inversion of the often near-singular
stiffness matrix due to its explicit nature. Since all quantities
can be treated as vectors, the DRM is easily programmable
and has low storage requirements, while also being ideal
for systems with highly non-linear geometric and material
behaviour [25].

Lee and Youn [63] successfully used viscously damped DRM
together with a TFT-based discretization to simulate a twisted
annulus and an inflated airbag. These results were used as
benchmarks by Nakashino et al. [65] for their expanded model
based on IGA and kinetic damping. Interestingly, both stud-
ies also perform some implicit NR-integration after their DRM
procedure to make the final steps towards equilibrium, see Fig-
ure 6. This showcases the effectiveness of using DRM for
the general form-finding for buckled structures, which may
be combined with implicit solvers for the final steps to reach
greater precision.

6.3. Arc-length method

Incremental NR-procedures are often adopted for problems
with highly non-linear boundary conditions which lead to
large forces and deformations. In these quasi-static methods
the forces or displacements are slowly increased from zero to
their final value, while equilibrium is continuously calculated.
Depending on the independent variable in these procedures
this procedure is respectively referred to as load-controlled
or displacement-controlled time-stepping. For post-buckling
analysis in particular these methods are essential to traverse
the highly non-linear and unstable behaviour near buckling
bifurcations, and thus also of importance to the simulation of
crumpled sheets.
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Buckling bifurcations lead to the creation of multiple stable
and unstable branches. Referring to Figure 7 [66], this fact may
lead to one of the most difficult issues for either load-control or
displacement-control to solve: the creation of each additional
wrinkle or crumple corresponds to a bifurcation where localised
snap-through (BD in Figure 7) or snap-back (GI in Figure 7)
may occur. the buckling path is illustrated as a non-linear rela-
tion between loading and displacement. It can be observed that
the stable branch after a bifurcation point may lead to a (tem-
porary) reduction in either load or displacement. Load-control
and displacement-control cannot handle these bifurcations ef-
fectively and will suddenly snap to another part of the branch,
or even not find any continuation at all [67]. It should be noted
that Figure 7 is only a 2D simplification of the multidimensional
load-deflection space.
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Figure 7: Buckling path plotted as non-linear function of load and displacement
[66]. Snap-through (line BD) and snap-back (line GI) events can cause large
jumps in the solution for traditional load-controlled or displacement-controlled
time-stepping.

The solution for this problem is to combine the two
paradigms of load-control and displacement-control in so-
called arc-length methods (ALM). The main two methods
were introduced by Riks [68] and Crisfield [67], both based
on the addition of a constraint on the displacement and load
increments to stay inside a defined hypersphere of certain
arc-length [69]. For both methods a prediction step of this arc-
length is taken tangent to the current position on the buckling
path, see point A in Figure 8. From this predicted solution
(B in Figure 8) the Riks method defines a hyper-plane (BC
in Figure 8) normal to the prediction tangent, to be traversed
via NR-iterations. Alternatively, Crisfield’s method constrains
the NR-iterations to the hyper-sphere (BD in Figure 8) or
the hyper-cylinder tangent to the loading parameter (BE in
Figure 8).

The Crisfield method is considered to be somewhat more
robust, but for ever more non-linear buckling paths, a related
but less popular method based on the normal flow algorithm
could also be considered [69]. Here, the NR-iterations are
forced along a path normal to the so-called Davidenko flow
curves. These curves can be seen as the contour curves
of constant perturbation (f(1,d) = ), positioned along the
solution curve (f(4,d) = 0). This ensures the fasted possible
path from the prediction point to the actual buckling path.
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Figure 8: Arc-length method based on Riks’ [68] and Crisfield’s [67] methods.
A prediction increment of certain arc-length is taken along the buckling path
tangent. From there Newton-Raphson iterations are taken to find the real equi-
librium point on the buckling path, either by walking normal to the prediction
tangent (Riks) or along the hypersphere defined by the arc-length (Crisfield).
[69]

In most cases DRM and ALM are used as two alternative
methods for solving highly non-linear systems. For example,
the analysis by Liu and Cai [57] shows ALM to come to a
similar result as DRM for a tensioned membrane. However,
Lee et al. [64] demonstrated an explicit ALM using dynamic
relaxation with kinetic damping. Here, the representation of
the external forces p in Equation 2 is expanded using an incre-
mentally increasing loading parameter A'**'p,, (note that C’= 0
as kinetic damping is used). The loading parameters A"’ can
be subsequently constrained via Crisfield’s hyper-cylindrical
arc-length constraint. A total displacement constraint was also
tested, where the arc-length is calculated centred around the
initial configuration instead of the current configuration. Here,
step increments are not taken tangent to the current position
on the buckling curve, but in the direction through the origin
to the current position. For both methods the researchers
found good agreement with non-linear verification examples,
although direct comparison to traditional implicit NR-methods
in efficiency is lacking.

Verhelst et al. [23] used ALM to simulate a simple buck-
ling beam via an isogeometric representation in G+Smo, but
now without using initial perturbations. The ALM allowed for
a slow approach near to the bifurcation point. At a small dis-
tance from this limit point the first buckling mode was extracted
and applied to the system as a perturbation. In this way, it was
made possible to skip past the bifurcation and safely switch to
the buckling branch past it, without needing ‘random’ initial
perturbations which could influence results.
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6.4. Modal reduction

Assuming one has been able to calculate the static crumpled
configuration of a thin sheet using one of the aforementioned
procedures, various methods exist to get information on the
dynamic behaviour. Traditionally, these structural dynamic
problems are tackled via frequency domain representations,
namely modal analysis [70]. By solving an eigenvalue problem
for the mass and stiffness matrices, one quickly finds the
relevant eigenmodes and natural frequencies of vibration.

For large interconnected mechanical systems engineers
are often interested in the combined dynamics of a large
number of subsystems. As modal analyses of the whole system
are too large and complex, dynamic substructuring (DS) is
often applied to compartmentalize the problem [70, 71]. DS
aims to decompose a large structure into subcomponents and
calculate the dynamics behaviour on component-basis, to be
combined later. This recombination may be performed using
frequency-based substructuring (FSB), which also allows for
integration of simulated and experimental data in the form of
frequency response functions. However, recombination via
component-mode synthesis (CMS) in the modal domain proves
more flexible and allows for the extraction of mode shapes
and time-domain behaviour. Here, modal reduction is used
to rewrite the equations of motion of a simulated component
into a basis of modal vectors [71, 72]. By only considering
modes up to a frequency of interest, the full set of physical
coordinates can be reduced to a smaller set of generalised
coordinates. Examples of popular methods to perform this
matrix projection into reduced modal coordinates are the
Guyan, Craig-Bampton and Hintz-Herting techniques [71],
which differ in how they handle the interfaces and reactions
between different components [70, 71].

It should be noted that standard modal analysis and CMS as-
sume linear system behaviour, and will thus be inaccurate for
non-linear material behaviour, self-contact, or large vibrations
with dynamic buckling [71]. To address the problem for large
vibrations, Weeger [34] proposed a nonlinear vibration analysis
based on the harmonic balancing method, in which the equa-
tions of motion are approximated in the frequency domain us-
ing Fourier expansions. However, this approach significantly
increases the system size and computational cost. To make the
method feasible, a nonlinear-compatible model reduction is re-
quired. Weeger [34] introduces a reduction based on modal
derivatives, which extends the linear modal basis to account for
nonlinear deformation effects. This approach enables accurate
prediction of nonlinear frequency responses while keeping the
computational effort manageable.



6.5. Uncertainty analysis

Noting a lack of insight into uncertainty effects associated
with system imperfections, Luo et al. [73] performed experi-
ments and simulations to establish the sensitivity of wrinkling
amplitude to the non-uniformity of thickness for a stretched
Kapton film. Twelve sheets of varying thicknesses were
examined, and a substantial spread was found in the location
of wrinkles and the extremes in wrinkling amplitudes, see
Figure 9. Interestingly, post-buckling simulations of ‘perfect’
membranes with uniform nominal thickness were consistently
found to show less wrinkling than experiment would suggest,
indicating the important role uncertain initial conditions play
in the initiation of buckling.
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Figure 9: Maximum and minimum out-of-plane wrinkling amplitudes of
stretched Kapton membranes from test samples and perfect simulated mem-
branes with uniform nominal thickness [73]. The imperfect test samples con-
sistently showed larger wrinkles than simulation would suggest. The spread
between experimental values indicates the importance of accounting for imper-
fections in experiment.

As experimental data will always be limited by sample size,
Luo et al. [73] set out to perform a probabilistic computational
analysis of the problem. It should be noted that for most
applications it is difficult to get an exact measure of the
non-uniform thickness profile, therefore an uncertain field
model with bounded-field description was used based on the
nominal thickness and tolerance provided by the manufacturer.
A probabilistic function determined a continuous thickness
field within the aforementioned bounds, utilising a spatial
correlation parameter to determine smoothness. The resulting
total out-of-plane displacement was calculated for numerous
models in order to construct a surrogate model to predict
input-output behaviour. The initial sampling points were
determined via orthogonal-maximin Latin hypercube design,
with subsequent sampling points efficiently added to maximise
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the expected value of a so-called improvement function. The
method was able to efficiently compute the expected upper
and lower bounds for the total out-of-plane displacement for
an increasing thickness tolerance bound, see Figure 10. These
bounds were proven to be consistent with the results from
10,000 Monte Carlo realisations.
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Figure 10: Relationship between overall out-of-plane displacement and relative
tolerance bound for rectangular Kapton membrane simulations. The spread
for 10,000 Monte Carlo realizations is shown to be consistent with the predic-
tions for the upper (I';;4x) and lower (I'y,;,) bounds made by a trained surrogate
model. [73]

A generalization of the uncertainty analysis procedure was
presented by Vu-Bac et al. [74] in the form of a MATLAB tool-
box. The unified framework can be used to generate random
samples, build surrogate models to approximate the real sys-
tem, and perform sensitivity analysis. Again, sampling is per-
formed via the Latin hypercube method in order to get a rep-
resentative variety of data-points. Surrogate models can be
trained via multi-variable polynomial regression, taking over-
fitting in mind by using cross-validation to assess the validity
of the model by performing a priori predictions for a subset
of the training data. The surrogate model can then be used to
estimate the sensitivity indices of the model with correlated pa-
rameters, allowing for a variance-based sensitivity estimation
for interdependent variables.



7. Discussion

A great variety of techniques to model the mechanics and
dynamics of buckling thin sheets has been presented. We have
developed a generalised flowchart to help the reader navigate
the relevant choices for themselves, see Figure 11. Many al-
ternative techniques are possible for the discretisation method,
material model, perturbation method and the specifics of the
post-buckling solver. The aim is to guide the user in finding a
suitable collection of methods for their application, discussing
(dis)advantages of the different options along the way.

7.1. Preprocessing

As concluded in section 5, DEA is out of the question for
structural dynamics due to the impossibility for eigenvalue
analysis, and thus the competition falls between FEA and IGA.
IGA has proven to have high accuracy per DoF, particularly
for thin sheets. The higher degree of continuity associated with

the spline-based meshes allow for fast k-refinement, while also
making KL-shells easily implementable. Another advantage
is the subsequent lack of inaccurate optical branches in the
eigenfrequency analysis, relevant to the structural dynamics.
However, the efficiency improvements of IGA are not yet
well-understood and may depend on the use-case. Along with
the relative lack of available software negatively impacting the
ease-of-use, FEA is still the best option for most engineering
proposes. However, IGA is a quickly developing field which
may be of interest to certain specialised applications.

Regardless of the spatial discretization, a TFT algorithm
may be used to greatly reduce mesh density. However, it should
be noted that TFT can only be applied to small-deformation
elastic wrinkling, and not crumpling. Furthermore, TFT may
only be applicable in situations of shearing, stretching and
inflation, as the slack regions present in compression cannot
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Figure 11: Flowchart for a general structural dynamic analysis of buckled thin sheets structures, developed with the aim to help the reader traverse the diverse
options in numerical methods. Sketches indicate the stage in the simulation process, inspired by the cylindrical bellow case study mentioned in the section 1.
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be captured accurately. Another disadvantage is the lack of
information on the wrinkling geometry itself, which may also
negatively impact the accuracy of subsequent modal analysis.

Materials models have not been covered explicitly in this
review. However, it should be noted that non-linear material
models may be needed in case of extreme compaction (elasto-
plastic) or stretching (hyper-elastic).

Regarding initial perturbations, scaled buckling modes may
be used to induce the preferred way of buckling for a certain
‘perfect’ structure. However, in practice no structure is perfect
and a more easily implemented random direct turbulence per-
turbation is probably sufficient. To make results repeatable a
consistent seed can be used for the random number generator.
It may also be interesting to perform sensitivity analysis on this
random perturbation to establish how much we expect experi-
mental data to differ between tests.

7.2. Post-buckling solver

For the non-linear post-buckling solver there exist multiple
ways to increment the loading for large deformations. In
problems with snap-through and snap-back buckling, load-
controlled and displacement-controlled time-stepping may
become unstable. ALM offers a combination of the two to
create a more stable method, ensuring that the buckling path is
not lost at bifurcation points, at the cost of more complicated
implementation.

Dynamic relaxation is also a useful method to ensure
stability despite the near-singular stiffness matrices found in
buckling. DRM with kinetic damping is easily implemented
via vector-representations and convergence can be intuitively
understood. However, convergence may still not be as fast
as the quadratic convergence of implicit Newton-Raphson
integration. For this reason some NR-iterations are preferred
after a DRM procedure to make the last steps toward equi-
librium. As modal analysis requires the calculations of the
system matrices either way, the implementation of implicit
NR-integration should not incur much more effort.

After a few iterations of the non-linear solver the initial per-
turbations should be removed in order to not influence the fi-
nal results. If convergence cannot be reached after more iter-
ations, the relevant convergence factors may be modified. Be-
sides simply reducing the time-step, specific methods allow for
the adjustment of their stabilization factors. Examples include
the fictitious mass matrix and kinetic damping criteria in DRM,
the arc-length in ALM, or the compression-minimizing penalty
factors in TFT. Adaptive meshing could also be considered in
order to more finely describe the mesh around crumple lines,
although thus far such methods have only been tested in DEA.
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7.3. Dynamic response

After the static post-buckling form-finding problem has
been solved, the buckled geometry can be updated and the
system matrices extracted. Mode shapes, eigenfrequencies
and modal masses can be calculated by solving the eigenvalue
problem on the updated mass and stiffness matrices. As most
engineering problems consider small-amplitude vibrations,
non-linear modal analysis is not required. A modal assurance
criterion (MAC) may be used to know what mode shapes to
compare between slightly different simulation by computing
their correlation in displacement [72]. Mode shapes and
eigenfrequencies may also be checked against vibrometer
measurements, allowing for the verification and improvement
of the modelling method. In the same vein, modal reduction
using component-mode synthesis may be used to calculate
the harmonic response for vibrational transmissibility between
specified interface nodes. The resulting transmissibility or
dynamic stiffness frequency response may again be compared
against measurements.

Depending on the perceived spread between measurement re-
sults, it may be of interest to perform uncertainty analysis on the
problem by building a surrogate model. Many variables are ex-
pected to impact buckling behaviour, such as sheet dimensions,
non-uniform thicknesses or the random initial perturbations.

8. Conclusion

We have presented a generalised framework for the dynamic
simulation of buckled thin sheets, highlighting a range of meth-
ods found in the literature. Both advanced discretization and
solver techniques are addressed, including comparisons be-
tween isogeometric and discrete element analysis versus tra-
ditional finite element approaches. Tension field theory is dis-
cussed as an effective tool for reducing mesh size, though it
must be applied with care. To handle the near-singular stiffness
matrices typical of buckled systems, advanced iterative solvers
such as dynamic relaxation and the arc-length method are con-
sidered. Finally, we propose performing dynamic analysis of
buckled sheets through modal reduction, complemented by un-
certainty analysis methods to improve the predictive reliability
of these complex systems.
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Numerical and experimental analysis of structural dynamics of crumpled cylindrical foils
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Abstract

We investigate the structural mechanics and dynamics of crumpled cylindrical foils as ultra-compliant links for mechatronic sys-
tems. A systematic and computationally efficient finite element framework is developed to quantify how sheet thickness and degree
of crumpling govern the emergent static and dynamic stiffness. Realistic crumpled morphologies are generated using explicit dy-
namic relaxation in Radioss, after which stress removal and modal reduction are employed to extract stiffness behaviour for direct
comparison with shaker experiments. The results reveal a clear morphological transition from periodic wrinkling to stress-focusing
crumpled ridge network, accompanied by new power-law scaling laws of stiffness with thickness and crumpling degree. Variability
between measurements increases at higher crumpling levels, reflecting the intrinsic stochastic nature of ridge formation. Remain-
ing discrepancies between simulations and experiments expose the critical influence of non-linear effects, particularly plasticity and
self-contact, underscoring the need to incorporate these mechanisms to achieve fully predictive models of crumpled structures.

Keywords:
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1. Introduction

Anyone who has ever put on a freshly ironed shirt or dress
is familiar with the frustrations caused by unwanted wrinkles
and crumples. Likewise, in engineering contexts such buckling
instabilities can compromise the performance of carefully
designed structures. For instance, in aerospace applications
such as solar sails, wrinkles and creases can reduce thrust and
complicate control [1]. From a structural dynamics perspective,
wrinkles have been shown to significantly influence system
behaviour by reducing local stiffness and eigenfrequencies
[1-5].

These challenges have motivated the development of nu-
merous analytical and numerical methods to better understand
wrinkling phenomena. One prominent approach is tension field
theory (TFT), in which compressive stresses are relieved by
approximating out-of-plane wrinkling patterns by equivalent
in-plane membrane shortening [1, 4, 6-20]. While traditionally
implemented in finite element analysis (FEA) software, TFT
has also been applied to isogeometric analysis (IGA), which
represents geometry using continuous splines rather than nodal
discretizations [15, 21-28]. This approach is particularly
advantageous for wrinkled sheets, as the higher inter-element
continuity allows complex curved geometries to be captured
with fewer degrees-of-freedom (DoFs).

Despite these advances, thin-sheet buckling remains chal-
lenging to model due to the under-constrained nature of the
instability, which can induce matrix inversion instabilities in
implicit solvers. Arc-length methods (ALM) mitigate this by
following highly non-linear deformation paths using combined

load-displacement increments [29-34]. Alternatively, explicit
dynamic relaxation can bypass matrix inversions altogether,
computing the static buckled geometry as the long-term limit
of a damped dynamic system [35-43].

Still, most studies to date focus on the periodically wrinkled
regime. In contrast, crumpling represents a generic evolution
of wrinkling [44], in which periodic undulations give way to
a limited number of stress-focusing ridges. While full FEA or
IGA becomes impractical for highly crumpled and compacted
sheets, discrete element analysis (DEA) has been shown
capable of simulating such structures efficiently [41, 45—49].
DEA constructs sheets as networks of discrete mass elements
connected by springs and dampers, allowing efficient self-
contact handling. However, these methods have primarily
been developed for computer graphics and remain limited
with respect to engineering-oriented structural mechanics and
dynamics studies.

Despite these challenges, the study of crumpled sheets holds
promise for novel engineering applications. One such applica-
tion is the design of ultra-compliant mechanical links between
vibrationally isolated frames in vacuum mechatronic systems.
Instead of engineered corrugated pipes or bellows, crumpled
sheets naturally form multiple ridges and creases that function
as flexible hinges, see Figure 1. For these links, accurate
prediction of frequency-dependent vibrational transmissibility
or dynamic stiffness is critical, as internal dynamics can cause
apparent stiffening at higher frequencies [50].



Figure 1: Comparison of engineered corrugation networks and stochastic crum-
pled morphologies as routes to compliant thin-sheet mechanical links.

However, to date literature on the structural dynamics
of post-buckled sheets is limited to modal analyses in the
wrinkled regime. Therefore, the present work aims to develop
a systematic, robust, and computationally efficient numerical
methodology for investigating the static and dynamic stiffness
of crumpled structures. This involves generating crumpled
morphologies, modelling their static and dynamic behaviour,
and validating the models experimentally. Collectively, these
efforts seek to establish a foundation for understanding how
crumples govern emergent system stiffness, and ultimately
leveraging this insight in the design of highly compliant
mechanical links.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the case study and outlines the numerical and
experimental methodologies. Section 3 presents the results,
first describing crumpling morphologies and then comparing
simulated and experimental stiffness data, including emergent
power-law scaling and variability trends. Section 4 discusses
the implications and discrepancies between simulations and ex-
periments. Finally, Section 5 summarizes the main contribu-
tions, with additional background provided in the Appendices.

2. Method

To demonstrate the feasibility of the proposed modelling ap-
proach a representative case study is employed, allowing direct
validation of the numerical results against experimental mea-
surements. The following sections first define the specifics of
the case study, followed by a summary of the numerical and
experimental methodologies.

2.1. Case study definitions

The present case study is motivated by a novel application of
crumpling for the creation of flexible dynamic links in vacuum
mechatronic systems [51]. Traditionally, corrugated bellows
are used to connect vacuum regions requiring flexible joints,
such as between two vibrationally isolated frames. These
bellows illustrate how deliberately engineered ridge networks
can provide compliant, low-transmissibility connections [52].
In an analogous manner, intentionally crumpled foils may offer
a simpler and more cost-effective approach to achieving multi-
directional compliance, provided their stiffness characteristics
can be accurately predicted and controlled.

Figure 2 presents a schematic of the system under con-
sideration. A cylindrical thin polymer sheet in its reference
configuration (left) is axially crumpled and fixed between a
top and bottom interface in the deformed configuration (right).
In this study, the dynamic stiffness, defined as the frequency-
dependent transfer function between a small excitation (< 1
mm) applied to the bottom interface and the resulting force
on the top interface, is used to quantify vibrational transmis-
sibility. The introduction of crumpling ridges is expected to
substantially reduce the dynamic stiffness in all directions, as
these ridges act as natural flexible hinges.

The degree of crumpling is characterized by the cylinder
overlength, defined as the ratio between the axial height of the
cylinder in the reference (h.r) and deformed (hg4ef) configura-
tions:

Overlength = % - 100%. (1)
def

In this study, overlength is varied by increasing hg,s. Ad-
ditionally, multiple sheet thicknesses are considered: 50, 130,
250, and 500 wm. All other system parameters are held con-
stant, with a cylinder diameter D = 0.2 m and deformed height
hger = 0.13 m. The sheet material is fluorinated ethylene propy-
lene (FEP), with a density p = 2150 kg/m3, elastic modulus
E = 650 MPa, and Poissons ratio v = 0.4 [53].

Figure 2: Case study: axially crumpled cylindrical foils as an alternative to cor-
rugated bellow joints. The top interface is lowered towards the bottom interface
to induce crumpling. Crumpling overlength is defined as the ratio between the
axial heights of the reference (/.¢) and deformed (h4ef) configurations. Over-
length is varied via g, together with sheet thickness 7. Cylinder diameter D
and deformed height hger are kept constant across all tests.

2.2. Numerical method

A computational methodology was developed with an em-
phasis on efficiency and user-friendliness. The workflow is di-
vided into four stages: (i) model definition, (ii) post-buckling
simulation to generate crumpled geometries, and calculation of
the (iii) static and (iv) dynamic responses. The key modeling
decisions are outlined below, with additional details provided
in Appendix A.



2.2.1. Model definition

Finite element analysis (FEA) remains the standard approach
for structural mechanics and dynamics problems. However, for
buckling thin shells the choice of discretisation method requires
more careful consideration: discrete element analysis (DEA)
and isogeometric analysis (IGA) offer potential advantages but
also significant limitations in the present context.

DEA has been used successfully to simulate highly com-
pacted sheets with plastic creasing and extensive self-contact
[47]. However, existing DEA implementations are primar-
ily developed for computer graphics and lack support for
frequency-domain calculations due to their discretised nature
[46]. IGA, by contrast, has already been applied to modal
buckling of cylindrical shells [23] and typically requires fewer
total DoFs than conventional FEA. Nevertheless, the resulting
system matrices are considerably less sparse, which can offset
computational gains [15]. Due to the limited availability of
mature DEA and IGA software, a conventional finite-element
approach was selected for this proof-of-concept study.

Drawing inspiration from automotive crashworthiness
studies [54-56], two FEA solvers capable of handling highly
geometrically nonlinear phenomena were considered: Ansys
LS-Dyna and Altair Radioss. Radioss was selected for its clear
input syntax, extensive documentation [57], and availability as
the free stand-alone solver OpenRadioss, which benefits from
an active user community and supporting tools [58].

Cylindrical shell models with five reference heights
(het = 0.135, 0.15, 0.17, 0.20, and 0.25 m) were created
in Altair HyperMesh. Preliminary simulations and a mesh
convergence study (Appendix A) determined that 5 mm
square shell elements provided sufficient resolution for ridge
formation. Following Radioss recommendations [57], the
reduced-integration QEPH shell formulation (Quadrilateral
Elasto-Plastic Physical Hourglass Control) was employed. This
choice reduces computational cost and avoids shear locking
compared with fully integrated elements, while the spurious
zero-energy hourglass modes caused by the reduced integration
are stabilised effectively.

Unlike traditional crashworthiness studies [54-56], where
accurate plastic energy absorption and reaction forces play
a central role, the present simulations aim solely to generate
realistic crumpled geometries as quickly as possible. Con-
sequently, linear-elastic material behaviour was adopted and
self-contact was omitted, as the considered overlengths remain
moderate.

Geometric imperfections were introduced using the /RANDOM
keyword, superimposing Gaussian noise with an amplitude of
10 um on the nodal coordinates. This is consistent with recom-
mendations that imperfection amplitudes should range between
1% and 100% of the shell thickness [32]. To capture sensitiv-
ity to initial conditions, each thickness-overlength combination
was simulated six times using reproducible random seeds.

2.2.2. Post-buckling simulation

The crumpling of thin cylinders is characterised by many
local instabilities and snap-through events, which renders
conventional incremental stepping procedures using implicit
solvers fragile [16, 34, 42]. The implicit stepping can be
improved by using an arc-length method to more closely
follow the non-linear loading paths found in snap-through
buckling. [29-31]. However, as for this work only the final
crumpled morphology is of interest, the dynamic relaxation
method (DRM) [35-40, 42] provides a more robust alternative:
the desired static equilibrium is obtained as the long-time
limit of a near-perfectly damped dynamic system, integrated
explicitly in pseudo-time. This method is especially powerful
for this form-finding application as it can easily deal with the
under-constrained buckling present here, as there is no need to
invert near-singular stiffness matrices in the explicit scheme.

Crumpling is induced by fixing all nodes at the bottom
interface while imposing a downward displacement on the
top interface. To minimize inertial effects and allow rapid
convergence to steady state, the displacement follows a smooth
sigmoid function over pseudo-time, producing small initial
and final velocities and reducing high-frequency oscillations.
Advanced mass scaling (DT/AMS) increases the stable time
step without significantly affecting low-frequency response
[57, 59, 60]. Additionally, adaptive viscous nodal damping
(/ADYREL) [57] suppresses residual oscillations, yielding an
effectively damped system.

Combined, these strategies allow efficient simulation of
crumpling in under five minutes on a standard laptop. Fur-
ther theoretical background and performance validation are pro-
vided in Appendix A.

2.2.3. Static response

To characterize the dependence of stiffness on overlength and
thickness, an effective measure of axial and radial link stiffness
is required. Direct tangent stiffness estimation from reaction
forces (k = dF/dz) during crumpling is unreliable due to high-
frequency fluctuations, sensitivity to loading rate and mass scal-
ing, and local snap-through events, see Appendix A. Instead, a
secant stiffness is computed by applying a known probing force
Fprobe = 100 N to the top interface and measuring the resulting
displacement u,ope Via a single linear-implicit step:

F

probe

kstatic = . )
Uprobe

This approach provides a global metric of morphology
compliance, unaffected by transient dynamics.

However, if this probing force was applied with elastic
stresses still present in the crumpled geometry, the cylinder
would spring-back to its original shape, which would be indis-
tinguishable from the deformation caused by the probing force.
Thus, a key challenge was to remove stored elastic stresses
post-deformation to establish a new crumpled but stress-free



reference geometry. As Radioss does not offer a function to
automatically remove stresses in a single-run process, a novel
stress-removal strategy was adopted using an elasto-plastic
Johnson-Cook material law with strain-rate-dependent yield
strength o, [57]:

1 +cln(i)}, 3)
&0

where o is the base yield strength, ¢ is a dimensionless
strain-rate coefficient, and &/&g is the ratio between the local
and reference strain rate. Parameters were artificially set
(0yo = 1 Pa, ¢ = 1x10% & = 1x1071% s7!) to ensure
linear-elastic behaviour during crumpling (high effective o, at
non-zero &). At the end of the deformation, nodal velocities
are frozen (¢ — 0), collapsing o, to near-zero and plastically
relaxing stresses while preserving geometry. While this method
does not completely eliminate residual stresses, the equilibrium
reached after unfreezing all nodes and relaxing is close to the
desired crumpled shape.

Oy =0y0

To post-process the simulation results, the deformation uprope
resulting from the probing force is automatically acquired by
extracting interface displacements from Radioss time-history
files, converted to a Python dataframe using the OpenRadioss
community library Vortex-Radioss [58].

2.2.4. Dynamic response

The dynamic behaviour of the crumpled foil is evaluated
using a modal reduction approach to reduce computational cost
while retaining essential interface dynamics. The full system is
projected onto a basis of rigid-body and elastic eigenmodes up
to 1000 Hz, following the Hintz-Herting methodology [50, 61].
This captures dynamic behaviour up to approximately 800 Hz
without the need for computing the full system response, see
Appendix A.

In practice, the crumpled geometry from Radioss is manu-
ally imported into an ANSYS modal analysis study. Interface
nodes are rigidly connected to master nodes, and a free-free
(no boundary conditions) modal analysis is performed. The
resulting modes form the basis for the Hintz-Herting reduction,
and the reduced-order model is exported using a proprietary
user routine. In MATLAB, modal superposition using 5%
modal damping is used to compute transfer functions from
interface forces to displacements, which are then inverted
to obtain the 6-DoF, frequency-dependent dynamic stiffness
matrix [50].

This method captures the principal dynamic characteristics
within the frequency range of interest but is limited to lin-
earized behaviour and thus does not account for contact or pre-
stress effects. Due to the high modal density of these compliant
structures, generating the reduction basis is still computation-
ally intensive. This underscores the advantage of the static se-
cant stiffness calculation via stress-removal, which can be per-
formed efficiently in a single Radioss run without repeated ge-
ometry export and import.

2.3. Experimental method

Experiments were performed using a 6-DoF dynamic stiff-
ness measurement system originally developed for air-mount
qualification and validated by Wijnen [50]. A schematic cross-
section and photograph of the setup are shown in Figure 3. A
specimen is clamped between a base frame (BF) and a metrol-
ogy frame (MF). Vertical axial excitation (<1 mm amplitude)
is applied to the BF using three in-phase piezoelectric stack
actuators. Alternatively, radial excitation can be introduced via
a horizontal shaker. The MF consists of a 500 kg mass that
can be suspended using a preload bellow to apply gravitational
preload. In this study, no preload was applied; the MF was
lifted to float freely above its end stops.

Transmitted forces and moments are measured using
three triaxial force sensors mounted on the MF. Interface
motions of BF and MF are reconstructed from accelerometer
arrays assuming rigid-body kinematics. Although the system
measures all six force and moment components, the present
study considers only axial (Z) and radial (X) forces and the
corresponding relative displacements. Dynamic stiffness is de-
fined in the frequency domain as the transfer function between
relative displacement (MF-BF) and transmitted force at the MF.

Time signals were recorded at 50 kHz over 60 s intervals.
Spectral estimation employed periodic block processing with
2 s blocks, Hanning windowing, and 50% overlap, yielding a
frequency resolution of 0.5 Hz. Signal power and coherence
functions were obtained from averaged spectra to verify data
quality, see Appendix B and C. To maximize measurement
coherence for highly compliant configurations (small thick-
ness, large overlength), excitation was applied using two
band-limited multi-sine signals (0-150 Hz and 100-500 Hz)
instead of a single broadband coloured-noise signal as used
by Wijnen [50]. Concentrating signal power within narrower
frequency bands proved essential, as transmitted axial forces
were small and easily masked by parasitic MF vibrations
arising from shaker reaction paths, see Appendix B

For each combination of foil thickness and overlength, three
independent measurements were conducted. Between repe-
titions, the sheet was manually perturbed to generate distinct
crumpled geometries. This procedure enables quantification of
both mean dynamic stiffness and variability arising from the
stochastic crumpling process.

Static stiffness is extracted from the low-frequency region of
the dynamic stiffness curves. However, for thin sheets with
large overlength limited signal-to-noise ratios obscure a clear
stiffness plateau. To obtain robust estimates, the dynamic stiff-
ness is first smoothed using a symmetric moving-average filter
(30 Hz bandwidth). Static stiffness is then defined as the mean
smoothed stiffness between 1 and 10 Hz. This procedure pro-
vided the most consistent and physically representative values
across all tested configurations and crumpling realizations, see
Appendix B.



Figure 3: Schematic cross-section and photograph of the 6-DoF dynamic stiffness setup. The BF is excited using three vertical or one horizontal piezoelectric
actuator(s). Three triaxial force sensors on the MF measure transmitted forces and moments, while accelerometers reconstruct BF and MF motions. The MF (500
kg) can apply gravitational preload via a preload bellow; no preload was used in this study.

3. Results

This section covers the results of the applied numerical and
experimental methods, focusing on shared trends and discrep-
ancies found in the crumpled morphologies and static and dy-
namic stiffnesses.

3.1. Crumpling morphology

Figure 4 compares simulated and experimental config-
urations for increasing overlength and thickness.  While
post-buckling states are inherently imperfection-sensitive and
therefore not expected to match exactly between simulation
and experiment, both approaches reveal the same underlying
mechanical progression.

For small overlengths, the response is governed by classical
shell buckling. The deformation field closely resembles the
diamond-shaped modes predicted for cylindrical shells by
Yamaki [62], indicating that the structure remains in a near-
linear post-buckling regime. The surface pattern consists of
spatially periodic wrinkles with well-defined wavelength and
amplitude. Increasing thickness increases bending stiffness,
which energetically penalizes curvature and therefore drives
a coarsening of the wrinkle pattern: both wavelength and
amplitude increase, consistent with established membrane
bending scaling arguments [16].

As overlength increases, the deformation mechanism
changes qualitatively. The structure transitions from distributed
wrinkling to localized crumpling. Rather than maintaining a
periodic mode, the shell minimizes its elastic energy by con-
centrating Gaussian curvature into sharp ridges and vertices,
forming a network of stress-focusing ridges and vertices [44].
This localization reduces the energetically expensive bending
over large areas by confining curvature to narrow regions. In
this regime, a single characteristic wavelength is no longer
meaningful. Instead, the morphology is defined by ridge
density and ridge amplitude.

Again, thickness continues to act as the dominant mechan-
ical control parameter. Higher bending stiffness suppresses
fine-scale localization, resulting in fewer but more pronounced
ridges. This reflects a stiffness-controlled length scale se-
lection: as bending energy becomes more costly, the system
favours larger structural features to balance membrane and
bending contributions.

The experiments exhibit the same mechanics-driven transi-
tion from periodic wrinkling to ridge-dominated crumpling. Al-
though boundary imperfections introduced by hose clamps re-
duce wrinkle regularity, the governing trend remains similar.
In both simulation and experiment, increasing thickness leads
to systematic coarsening of surface features, confirming that
bending stiffness dictates the morphological length scale across
regimes.



Overlength = 3.8% 15% 31% 54% 92%

Thickness =
50 um

Thickness =
250 pm

Overlength = 19% 33% 73%

Thickness =
50 pm

Overlength = 3.8% 15% 31% 86% 108%

Thickness =
250 pm

Figure 4: Simulated and experimental crumpled morphologies for increasing overlength and thickness. Simulations show radial displacement relative to the cylinder
centreline (outward positive). The colour scale is limited to +24 mm to enhance contrast between configurations; the full displacement range spans —68 mm to +60
mm.

3.2. Static stiffness

Figure 5 shows the evolution of the von Mises stress in a
random element over pseudo-time, along with the axial height
of five cylinders with different overlength. It can be seen that
the cylinders are axially compressed to a final common height
along a sigmoid function (0-0.8 s). Thereafter, all nodal veloc-
ities are frozen in order to remove stresses using non-physical
plastic yielding (0.8 s), with a drop in von Mises stress as a
result. With the sheet now relieved of most stresses, the cylin-
ders are allowed to find a new (crumpled) equilibrium (0.8-1.0
s). Finally, a linear-implicit step is used (1.0-2.0 s) to apply
a probing force Fyope On the top interface of each stress-free
crumpled cylinder in axial or radial direction, with the magni-
tude of deformation upope indicating the effective stiffness kgtatic
in that direction. As expected, the cylinders with largest over-
length deform most and thus have the lowest stiffness.

Figure 5: Evolution of von Mises stress and axial height for five cylinders with
different overlengths, probed for effective stiffness in the axial direction.



Figure 6: Simulated and experimental responses of axial and radial static stiffness as a function of overlength and thickness. For each configuration, the mean value
of multiple realizations with different initial conditions is shown (six for simulations and three for measurements). Shaded regions indicate the absolute minimum

and maximum bounds for each configuration.

Figure 6 presents the axial and radial static stiffness as a
function of overlength, obtained from both simulation and
experiment. For each thickness, the mean stiffness is shown
together with shaded bands indicating the observed minimum
and maximum values. Several systematic trends emerge:
first, all configurations exhibit a fast exponential decay of
stiffness with increasing overlength, indicating that even mod-
est overlength already substantially diminishes the effective
structural stiffness. Second, stiffness increases monotonically
with thickness, reflecting the increased bending rigidity of the
shell. Notably, the overall shape of the stiffness-overlength
curves remains largely invariant across thicknesses, while their
absolute magnitude shifts. This suggests that the effects of
overlength and thickness act predominantly independently.

Despite the qualitative agreement in trends, clear quan-
titative discrepancies are observed between simulation and
experiment. In particular, the experimentally measured axial
stiffness exhibits a significantly steeper decay with overlength.
This stronger sensitivity is not observed in the radial direction,
where simulation and experiment display closer agreement,
aside from a systematic offset in magnitude.

Motivated by the apparent independence of thickness and
overlength effects (see Appendix C), the static stiffness kgtatic
was modelled using a decoupled power-law relation,

kstatic = exp (@) - (Overlength)’ - (Thickness)?, )

with a, B, and y as fitting parameters obtained using least-
squares regression. To perform this fit, the model is linearized
by taking the logarithm of both sides, yielding:

In (kgtatic) = @ +B-In (Overlength) +y - In (Thickness). (5)

This transformation ensures that relative variations are
weighted uniformly across the data range, preventing config-
urations with large absolute stiffness values from dominating
the fit.

The resulting parameters are summarized in Table 1. The
high R?-values indicate that the decoupled power-law relation
captures the dominant trends in the data. The lowest coefficient
of determination (R?> = 0.856) corresponds to the experimental
axial stiffness, consistent with its larger scatter and less smooth
behaviour in Figure 6.

A marked discrepancy is observed in the overlength expo-
nent S for axial stiffness: the experimentally obtained value
(B = —1.8) is significantly more negative than the simulated
value (8 = -0.85), reflecting the steeper decay observed
experimentally. In contrast, the radial stiffness exponents for
overlength agree within uncertainty bounds, indicating consis-
tent scaling behaviour between simulation and experiment in
that direction.

The thickness exponent y remains remarkably consistent
across all cases (1.4 < y < 1.6), suggesting that the influence
of bending rigidity on stiffness follows a natural scaling law
largely independent of loading direction.

Finally, systematic differences in absolute magnitude are re-
flected in the parameter a. For radial stiffness, where 8 and
v are nearly identical between simulation and experiment, the
difference in « corresponds to a multiplicative factor of approx-
imately exp (4.5 — 3.2) = 3.7. It should be noted that the abso-
lute value of « is unit-dependent and therefore does not carry
independent physical meaning beyond this global scaling offset.



Axial stiffness Radial stiffness

Simulation Experiment Simulation Experiment
R? 0.960 0.856 0.963 0.939
a 35+02 46+0.8 32+02 45+03
B -085+0.03 -1.8+0.1 -0.52+0.02 -0.55+0.04
vy 140+£0.04 1.6+0.1 142+0.03 1.48+0.05

Table 1: Fitted parameters of the log-linear regression model in Equation 5,
for axial and radial static stiffness. Reported uncertainties represent standard
deviations obtained from the least-squares fit. The coefficient of determination
R? quantifies the goodness of fit.

The variability of static stiffness measurements across
repeated simulations and experiments is quantified in Figure 7
using the coeflicient of variation (standard deviation normal-
ized by the mean) for each overlength. As no systematic trend
with sheet thickness was observed, data from all thicknesses
are grouped together. It should be noted that the limited num-
ber of experimental repetitions renders the standard deviation
sensitive to outliers, particularly at high overlength.

R2-value Axial stiffness  Radial stiffness
Simulation 0.305 0.079
Experiment 0.297 0.012

Figure 7: Scatter plot of normalised standard deviations (coefficient of vari-
ation) per overlength-thickness configuration, with all thicknesses grouped. A
linear regression indicates the general trend, along with a shaded 95% con-
fidence interval of the regression. The strength of correlation in the data is
represented by R>-values.

A weak positive correlation between stiffness variability
and overlength is apparent for both axial and radial directions
in simulations and experiments. This trend is consistent with
the expected increase in morphological divergence at higher
overlengths as cylinders transition from regular wrinkling
patterns to irregular, stress-focused crumpled states. At mini-

mal overlength, all realizations closely resemble the periodic
diamond-shaped wrinkle pattern, yielding nearly identical stiff-
ness values. With increasing overlength, deviations between
realizations grow due to the amplification of local snap-through
events and ridge localization, see Figure 8.

Experimental measurements display a more pronounced in-
crease in variability compared to simulations, reflecting addi-
tional sources of uncertainty such as imperfect boundary condi-
tions, clamping irregularities, and intrinsic noise of the mea-
surement system. Moreover, low-stiffness configurations at
high overlength approach the noise floor of the experimental
setup, further enhancing relative variability.

Perturbation 1 Perturbation 2

Overlength =
3.8 %

Overlength =
93%

Figure 8: Comparison of crumpled morphologies for the same thickness (¢ =
500 wm) but different seeds for the initial perturbation.

3.3. Dynamic stiffness

The dynamic response of the crumpled cylinders, expressed
as frequency—dependent dynamic stiffness, is shown in Fig-
ure 9. The shaded minimum-maximum bounds illustrate
variability across different realizations, reflecting the pro-
nounced sensitivity of resonance peak positions to small initial
geometric perturbations which are amplified during crumpling.
Background noise measurements, obtained without a bellow
fixed between the interfaces, are also included to represent
force cell disturbances caused by parasitic shaker vibrations
propagating through the springsuspension of the metrology
frame. These reference measurements indicate the effective
noise floor of the setup and highlight the intrinsic challenge
of testing ultra-compliant links. It should be noted that only a
representative subset of configurations is presented here; the
complete dataset, including coherence plots and additional
realizations, is provided in Appendix C.

Simulated results exhibit the expected characteristics of flex-
ible dynamic links. At low frequencies, the dynamic stiffness
coincides with the static stiffness, forming a flat baseline that
reflects quasi-static geometric compliance. The onset of the
dynamic regime occurs at the first structural resonance, beyond
which stiffness increases with frequency due to the cumulative
contribution of multiple vibration modes. Configurations
with lower static stiffness enter this dynamic regime at lower
frequencies, as their reduced structural rigidity leads to lower
natural frequencies. Consequently, the dynamic stiffness



Figure 9: Dynamic stiffness transfer functions in axial and radial directions, for + = 50 um and # = 500 um and various overlengths. Shaded areas indicate
minimum and maximum bounds between three realisations. Measurements without any specimen present are indicated as background noise, resulting from force

cell disturbances due to reaction path vibrations.

curves progressively converge at higher frequencies. This
convergence suggests that while static response is governed
primarily by geometric factors such as ridge curvature and fold
topology, the high-frequency behaviour becomes increasingly
influenced by distributed mass participation, which is similar
across configurations of equal thickness.

The exceptionally high modal density observed in all
configurations is consistent with the presence of a hierarchical
ridge network, in which local bending and folding elements in-
troduce numerous low-mass, low-stiffness substructures. Each
ridge segment effectively behaves as a local oscillator, weakly
coupled to the global deformation field. The resulting dynamic
behaviour is therefore not dominated by a few well-separated
global modes, but rather emerges from the superposition of
many interacting local modes spanning a broad frequency
range. In such stochastic systems, small geometric variations

shift individual resonance frequencies without fundamentally
altering the overall response envelope. This underscores the
importance of interpreting general stiffness trends rather than
attempting peak-to-peak comparisons, which are inherently
non-repeatable and of limited physical significance.

For experimental measurements, configurations with small
thickness and high overlength are strongly influenced by
background noise transmitted through the shaker reaction path.
As specimen stiffness approaches the compliance of the mea-
surement frame, their dynamics become increasingly coupled.
While the low-frequency static region remains distinguishable,
the onset of the dynamic regime is partially contaminated
by setup resonances, reducing the reliability of individual
peaks. These measurements must therefore be interpreted with
caution, as some apparent resonances may originate from the
measurement system rather than the specimen itself.



For thicker sheets, the signal-to-noise ratio improves sig-
nificantly, and the transition from static to dynamic stiffness
is more clearly resolved. In these cases, both simulations
and experiments indicate that the dynamic regime begins
around 100 Hz. Although resonance peaks shift in frequency
with overlength and between realizations, their overall shape
and spacing remain qualitatively similar, suggesting that the
global deformation mechanisms of the crumpled cylinders
are preserved despite geometric variability. —Nevertheless,
individual peaks remain difficult to isolate unequivocally
from background contributions and should not be interpreted
literally; instead, the global evolution of the dynamic stiffness
envelope is of primary importance.

Overall, the dynamic behaviour of crumpled cylinders
appears to be governed by a transition from geometry-
dominated compliance at low frequencies to increasingly
inertia-dominated response at higher frequencies, superim-
posed with a dense spectrum of locally activated ridge modes.
This dual character explains both the sensitivity to initial crum-
pling configuration and the eventual convergence of stiffness
curves in the dynamic regime. It also provides a consistent
framework for interpreting discrepancies between experiment
and simulation, particularly in directions where non-linear ridge
mechanics or plastic deformation may enhance stiffness beyond
that predicted by the current elastic numerical model.

4. Discussion

The results presented in this study demonstrate that crum-
pling fundamentally transforms both the static and dynamic
stiffness of thin sheets. Increasing overlength initially produces
a pronounced reduction in static stiffness, marking the transi-
tion from a membrane-dominated response to one governed by
a sparse network of bending ridges and vertices. In this regime,
load transfer is concentrated in a limited number of hinge-like
features, allowing substantial compliance through localized
bending. However, as overlength increases further, the stiffness
reduction exhibits clear diminishing returns. Beyond moderate
overlengths, the static stiffness approaches an apparent lower
bound (see Appendix C), indicating that additional geometric
complexity does not translate into proportional gains in com-
pliance.

This saturation can be understood as a structural evolution
of the crumpled network. As the configuration densifies,
ridge-ridge interactions and self—contact become increasingly
frequent [63]. The structure gradually transitions from a hinge-
dominated system toward a contact—stabilized network with
finite residual stiffness. In this regime, further crumpling may
even induce local stiffening through mechanical shortcuts with
other parts of the machine, such that direct frictional contacts
bypass compliant bending ridges and provide unintended load
transfer paths. The effective stiffness is therefore governed not
only by geometric freedom, but also by contact topology.
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These mechanisms introduce an important engineering
trade-off. Larger overlengths (and small thicknesses) reduce
quasi-static stiffness and may be attractive for designing
ultra-compliant links. However, excessive crumpling increases
the risk of pinhole formation due to extreme local curvature,
as well as the likelihood of contact—induced stiffening and
mechanical shortcuts. From a reliability perspective, highly
densified configurations may therefore compromise structural
integrity or long-term durability. The results suggest that
stiffness reduction through crumpling is beneficial only within
a finite window: beyond that window, gains in compliance are
marginal.

Interestingly, a consistent anisotropy is observed between
axial and radial loading directions in both static and dynamic
responses. Axial stiffness is generally lower and exhibits
greater variability, reflecting the dominant role of a limited
number of ridge structures in accommodating axial deforma-
tion. Under axial loading, deformation energy is concentrated
in a small subset of highly stressed ridges, rendering the global
response sensitive to crumpling history and ridge orientation.
Radial stiffness, by contrast, is distributed over a larger ensem-
ble of circumferential load paths, resulting in a stiffer and more
repeatable response. This directional dependence highlights
that crumpled sheets cannot be described by a single effective
stiffness parameter; rather, they exhibit intrinsically anisotropic
and configuration—dependent behaviour.

The comparison between simulations and experiments
further underscores the importance of material and contact
nonlinearities. Although the numerical model captures the
overall stiffness trends and the convergence behaviour in the
dynamic regime, discrepancies in the axial response remain.
The simulations do not fully reproduce the experimentally
observed faster softening at large overlengths. A plausible
explanation is the absence of material plasticity in the current
model: Stress—focusing ridges with extreme curvature are
likely to undergo local yielding, permanently weakening hinge
stiffness. Incorporating plastic deformation in future models
is therefore essential for quantitatively accurate prediction of
crumpled-sheet mechanics.

In the dynamic domain, all configurations exhibit a transition
from geometry-dominated compliance at low frequencies to
inertia—dominated behaviour at higher frequencies, accompa-
nied by a dense spectrum of locally compliant ridge modes.
Importantly, the dynamic stiffness curves converge at higher
frequencies, irrespective of overlength. This convergence indi-
cates that increasing overlength primarily affects quasi-static
compliance, while offering limited benefit for high—frequency
dynamic isolation. From a design perspective, this suggests
diminishing returns when selecting extreme overlength values:
improvements in static flexibility do not proportionally enhance
dynamic performance.



Taken together, these findings indicate that crumpling is a
powerful but bounded strategy for stiffness reduction. An
optimal crumpling state likely exists in which static compli-
ance is significantly enhanced, dynamic behaviour remains pre-
dictable, and risks associated with self—contact, plastic damage,
and pinhole formation are minimized. The combined static and
dynamic characterization framework developed in this study
provides a basis for identifying this balance and for guiding the
engineering design of crumpled sheet structures as compliant
dynamic links.

5. Conclusion

In this study, we have developed a systematic, robust, and
computationally efficient numerical framework for analysing
the static and dynamic stiffness of crumpled structures. Dy-
namic relaxation methods were used to quickly generate repre-
sentative crumpled morphologies, while stress—removal tech-
niques and modal reduction approaches were applied to ex-
tract the static and dynamic stiffness of these deformed con-
figurations. The numerical results were validated against ex-
perimental measurements of dynamic stiffness, obtained using
multi-sine shaker excitation to enhance the signal-to-noise ra-
tio. From these analyses, new power-law relationships were
identified to characterize the influence of crumpling on the
emergent stiffness of the structures. Observed discrepancies
in the scaling parameters highlight limitations of the current
simulation workflow, particularly the absence of plasticity and
self-contact effects, which should be addressed in future devel-
opments to improve predictive accuracy. However, this work
still marks a strong foundation for the understanding of crum-
pling in the engineering context of structural mechanics and the
design of ultra-flexible dynamic links.
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