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Executive Summary

Accurately predicting gust loads on flexible, high-aspect-ratio aircraft remains a central challenge in
aeroelastic analysis. Traditional approaches, such as linear aerodynamic solvers and simplified struc-
tural models, have long been used for gust load estimation. While effective for conventional config-
urations, these methods become unreliable for highly flexible aircraft, where large deformations and
nonlinear aeroelastic interactions dominate. More recent methods, such as time-domain simulations
coupling unsteady vortex lattice or CFD-based aerodynamics with advanced structural solvers, address
these challenges but remain computationally demanding for routine design and testing.

Wind tunnel experiments play an essential role in aeroelastic validation. However, clamped models
do not represent free-flight conditions and often overestimate structural loads. Recent studies have
explored hybrid frameworks where numerically simulated free-flight responses are prescribed to wind
tunnel models to improve realism. These proof-of-concept tests demonstrated feasibility but relied on
idealized configurations that are not directly transferable to practical wind tunnel environments. The
objective of this thesis is therefore:

To design a flexible aircraft model for wind tunnel free-flight testing, and to develop its equiv-
alent beam representation for increased-fidelity aeroelastic testing.

A high-aspect-ratio wing was designed with a 0.75 m span, rectangular planform, and simplified struc-
tural layout tailored for fabrication and testing in TU Delft's Open Jet Facility. The configuration balances
the need for measurable aeroelastic effects with experimental feasibility.

A finite element model of the wing was developed in ANSYS to extract stiffness and inertia properties.
Static analyses provided spanwise bending and torsional stiffness, while modal analyses identified
natural frequencies and mode shapes. The wing was divided into four bays to capture structural vari-
ability, and sectional properties were derived for each. These data formed the basis of an equivalent
four-segment beam model.

The initial beam captured overall deformation trends but underestimated bending and torsional re-
sponses. lts stiffness values were tuned to align spanwise static deflections with the finite element
wing. Mass and inertia properties were distributed across the beam segments, after which modal anal-
yses were performed. Frequency mismatches were resolved by refining rotational inertias, and the
Modal Assurance Criterion analysis confirmed a strong correlation between the beam and the finite
element model. The validated beam successfully replicates the detailed wing’s static and dynamic be-
havior while increasing computational efficiency. It provides a reliable reduced-order representation
suitable for use in aeroelastic simulation frameworks.

In conclusion, this thesis demonstrates that a practical wing configuration can be designed for free-
flight testing and reduced to an equivalent beam model that captures its essential structural dynamic
properties. This reduced-order model bridges the gap between detailed finite element representations
and the requirements of real-time aeroelastic simulations, offering sufficient fidelity for gust response
analysis while remaining computationally efficient for use in hybrid wind tunnel experiments.

The immediate next step is to implement this validated beam in SHARPYy to perform gust response
simulations. This will enable motion profiles derived from numerical simulations to be prescribed to ex-
perimental models under realistic conditions, directly supporting the development of increased-fidelity
aeroelastic testing methodology.
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Introduction

1.1. Background

In pursuing sustainable aviation and reduced carbon emissions, the aerospace industry has adopted
a key strategy: minimizing structural weight. This shift has led to the evolution of aircraft designs, ulti-
mately increasing efficiency and cost-effectiveness by incorporating increased wingspans and higher
aspect ratios. These adaptations enhance aerodynamic performance by improving lift-to-drag ratios.
However, they also lead to more flexible structures, raising concerns about aeroelastic effects that may
compromise stability and control.

Greater structural flexibility intensifies the coupling between flight and structural dynamics, presenting
challenges in flight handling, ride quality, and overall safety. Consequently, aeroelastic analyses have
become increasingly important in addressing flutter, divergence, and gust response. These concerns
are further amplified in emerging configurations such as high-aspect-ratio Unmanned Aerial Vehicles
(UAVs), solar-powered platforms, and advanced transport concepts that have pushed the limits of tra-
ditional analytical methods, which often operate at lower dynamic pressures and exhibit pronounced
structural flexibility.

Among the aeroelastic concerns, the accurate prediction and analysis of gust loads has emerged as
a critical area of focus. Flexible aircraft are particularly vulnerable to atmospheric disturbances, which
can trigger complex unsteady responses and dynamic load amplification. As a result, reliable gust mod-
eling is essential for optimizing structural performance and meeting certification standards. Regulatory
bodies such as the European Union Aviation Safety Agency (EASA) and the Federal Aviation Admin-
istration (FAA) have responded to this need by enforcing stricter requirements for aeroelastic stability
and dynamic load prediction under discrete and continuous gust conditions.

1.2. Problem Statement

Accurately predicting gust loads on flexible aircraft remains a key challenge in modern aeroelastic
analysis. Historically, gust response analysis has often begun by estimating aerodynamic loads us-
ing the Doublet Lattice Method (DLM). While effective for conventional aircraft, this approach strug-
gles with highly flexible configurations due to their pronounced structural deformations and changing
aerodynamic properties. Gusts induce transient, dynamic loads that impose substantial stresses on
aircraft structures such as wings and tailplanes, leading to complex structural responses that extend
beyond the scope of traditional rigid-body or linear analyses. Modern approaches increasingly rely
on high-fidelity, time-domain aeroelastic simulations that account for nonlinear structural behavior and
non-planar aerodynamics to address these complexities. These methods are especially relevant when
dealing with large deformations and flow phenomena such as separation or shock motion, conditions
under which linear assumptions become insufficient. A well-documented example of the risks associ-
ated with inadequate modeling is the Helios mishap [1], which highlights the need for accurate dynamic
load prediction in highly flexible aircraft.
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1.3. Research Objectives

As flexible, high-aspect-ratio aircraft become increasingly prominent in modern design, so does the
need for test environments that can accurately reproduce their dynamic aeroelastic behavior. Wind
tunnel experiments remain indispensable for validation and control development, particularly when
supported by numerical models that can replicate free-flight conditions. Within aircraft certification and
experimental validation, there is growing interest in simulation-driven workflows that bridge the gap
between computational predictions and physical testing.

Sodja and De Breuker [2] introduced a hybrid methodology to enhance the fidelity of aeroelastic wind
tunnel testing. Their framework integrates measured aerodynamic loads into a simulation to estimate
aircraft motion, which is then used to control the motion of the physical model. To demonstrate the
feasibility of this concept, they tested a simplified feedforward approach in which the free-flight aeroe-
lastic response was simulated in advance and prescribed to the wind tunnel model as a motion profile.
This proof-of-concept demonstrated the method’s potential, but it was based on an idealized aircraft
configuration with a very high aspect ratio and extremely low flight speed. While suitable for demon-
strating the principle, such a setup is not directly transferable to practical wind tunnel environments,
where geometric, speed, and control constraints must be considered.

In this context, the present thesis aims to contribute by delivering a feasible design and a validated
numerical model of a flexible, high-aspect-ratio aircraft, tailored for testing in TU Delft's Open Jet Fa-
cility. Beyond experimental feasibility, this model provides numerical support for aeroelastic studies
that refine motion profiles and control strategies for increased-fidelity testing. Accordingly, the formal
objective of this thesis is framed as follows:

To design a flexible aircraft model for wind tunnel free-flight testing, and to develop its equiva-
lent beam representation for increased-fidelity aeroelastic testing.

This equivalent beam representation provides a simplified structural model of the aircraft wing, which
will serve as the basis for aeroelastic investigations in the increased-fidelity testing framework. To
achieve this objective, the following three sub-questions are addressed:

1. What level of fidelity is required for a flexible aircraft model to exhibit aeroelastic effects while
being suitable for free-flight wind tunnel testing?

2. How can the structural dynamic properties of the aircraft be represented by an equivalent beam
model that reflects its main stiffness and inertia properties?

3. How can the equivalent beam model be validated to ensure it reproduces the main structural
characteristics of the aircraft?

Answering these questions provides a validated structural representation of the flexible aircraft, which
supports the broader goal of enabling aeroelastic gust simulations and motion-profile-driven experimen-
tal testing.

1.4. Methodology

This thesis applies numerical techniques to develop and validate an equivalent beam representation of
a flexible model aircraft. The approach combines conceptual design, detailed finite element modeling,
and structural reduction techniques to ensure that the resulting beam model captures the essential
dynamic behavior of the aircraft while remaining computationally efficient. The workflow is divided into
three phases, each building on the previous one to address the research sub-questions systematically.
Figure 1.1 provides an overview of the adopted method.

Phase 1: Model aircraft design

In the first phase, a physical aircraft model is developed by defining the main wind tunnel requirements,
drawing on literature for design considerations, and selecting initial parameters. The aim is to produce
a model that shows meaningful aeroelastic effects while feasible for wind tunnel experimentation. This
process results in a detailed three-dimensional wing model that is the basis for subsequent structural
analysis.
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Phase 2: Structural modeling

The flexible wing’s detailed finite element model is developed in ANSYS R2 2023 in the second phase.
Static analyses evaluate deformation and extract stiffness properties, while modal analyses capture
the wing’s dynamic properties. Sensitivity studies are included to confirm the consistency of the linear
static deformation results. The extracted properties form the basis for an equivalent beam model that

reflects the main structural properties of the finite element wing while reducing complexity.

Phase 3: Derivation of an equivalent beam model

The final phase focuses on validating the equivalent beam model against the finite element wing. Static
deformation tests and modal analyses are carried out to assess how well the beam reproduces the
wing’s bending, torsional, and coupled responses. This validation ensures that the simplified beam

retains the fidelity required for aeroelastic analysis while remaining computationally efficient.

How
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Figure 1.1: Methodology and the overarching goal




Literature Review

This chapter reviews the state of the art in modeling and simulating the aeroelastic response of flexible
aircraft structures under gust disturbances. Modern aircraft adopt higher aspect ratios and lighter mate-
rials to improve aerodynamic efficiency, making them increasingly sensitive to unsteady aerodynamic
loading and aeroelastic coupling. The chapter reviews gust modeling approaches, including discrete
and continuous representations, to provide a comprehensive background for this thesis. A comparison
of major aeroelastic frameworks, from classical modal-based tools to nonlinear time-domain platforms,
is provided, followed by an overview of hybrid coupling approaches. Experimental methods are also ex-
amined, categorizing key techniques into free-flight, hybrid simulation, and benchmark model studies.
Finally, the chapter outlines a focused research gap, motivating the development of a validated equiv-
alent beam model as an initial step toward the broader goal of increased-fidelity aeroelastic testing of
flexible aircraft.

2.1. Gust Modeling in Aeroelastic Analysis

Understanding the influence of atmospheric gusts on aircraft structures is a fundamental aspect of
aeroelastic analysis. Gust-induced loads can cause unsteady aerodynamic forces, triggering complex
structural responses that significantly affect flight stability and fatigue life, particularly in flexible air-
craft. Accurate modeling of these disturbances is crucial for predicting transient load distributions and
evaluating structural stability under operational conditions [3]. Developing and applying gust models is
essential for simulating realistic environments and ensuring compliance with regulatory standards. This
section reviews the theoretical foundations and practical implementations of gust modeling approaches
used in industry and research.

2.1.1. Classification of Gusts

Gusts are typically classified according to their direction relative to the aircraft’s flight path. Vertical
gusts act perpendicular to the trajectory and dominate the aeroelastic response because of their direct
influence on lift. Longitudinal gusts, aligned with the flight direction, primarily affect drag and accel-
eration. Lateral gusts, oriented side-to-side, influence yaw stability and sideslip behavior. Figure 2.1
illustrates these directional types.

In addition to directionality, gusts can also be distinguished by their temporal characteristics. Discrete
gusts are deterministic profiles representing isolated disturbances widely used in certification analysis.
By contrast, Continuous gusts represent atmospheric turbulence modeled statistically over time. This
classification is summarized in Figure 2.2.
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Figure 2.1: Gust directionality [3]
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Figure 2.2: Classification of gust models
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2.1.2. Discrete Gust Models
Discrete gusts are favored for certification and design due to their simplicity and repeatability. The most
common profiles include:

1-Cosine Gust
Widely adopted in CS-25 [4] and FAR-25 [5], the 1-cosine gust simulates a smooth gust profile that
increases and decreases in velocity following a cosine function. It is defined as:

ug () = USS [l—cos (%)} = sin’ (%) for0 <z <2H

ug(xz) =0 otherwise

2.1)

Where u,(z) is the gust-induced velocity at a distance z along the flight path, Uy is the design (peak)
gust velocity, H is the gust gradient distance or half-length, and = is the mathematical constant pi arising
from the periodic nature of the cosine function.

Sharp-Edged Gust
This step input models an instantaneous change in velocity, mainly for theoretical and control analyses

3],
ug(x) = {OUd i i 8 2.2)
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Linear-Ramp Gust
Models a gradual gust encounter with linear rise, useful for comparing aircraft response variability [3].

UIZS cx, 0<x<H
ug(z) = Uygs, x> H (2.3)
0, z <0

These profiles are typically applied at the aircraft's aerodynamic center or center of gravity. Figure 2.3
shows velocity distributions.

<
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Figure 2.3: Velocity distributions of discrete gust models

Dynamic gust loading involves inertial forces due to elastic-mode accelerations. Governing equations
typically involve time-marching structural and aerodynamic coupling, accounting for modal response
and load integration [3]. While the gust gradient may seem arbitrary in static load prediction, it signifi-
cantly influences dynamic response [6].

2.1.3. Continuous Gust Models

Continuous turbulence models define atmospheric disturbances in the frequency domain via their
Power Spectral Density (PSD). However, these spectra can generate time histories using shaping
filters or frequency-domain (Fourier) synthesis methods. These models are vital in evaluating system
responses over long periods and are commonly used in flight control design and flutter clearance [3, 7,
8]. The most common models are:

Dryden Model
Well-suited for control analysis due to rational transfer functions [9].

Lyw 2
1 -
B QU?ULUJ +3 ( 1% )

D, (w) e RGE (2.4)
14 (2
(5°)
202 L 1
O, (w) = 1. 2.5
(%)
von Karman Model
Preferred in certification due to superior agreement with flight data and theoretical behavior [10]:
- 1 -5/6
202L 1.339L,w >
P, (w) =" 11 _— 2.6
(@)= 2l 1 (L) 26)
- 1-11/6
202 I, 1.339L,w >
O, (w) =" 11 = 2.7
(@)= 2ol |1y (L0 @7)
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Where ®,,(w) and @, (w) are the PSDs of the vertical (w) and longitudinal (u) gust velocity components,
respectively. The terms o2 and o2 represent the turbulence intensities (variances) in the vertical and
longitudinal directions, L,, and L,, are the corresponding turbulence scale lengths, V' is the mean air-
speed of the aircraft, and w is the angular frequency of the gust.

Figure 2.4 compares the PSDs of both models. Source code and settings used to generate the curves
are detailed in Appendix A.1.

Comparison of Dryden and von Kadrman PSD Models

25 Dryden Longitudinal
. —-- Dryden Vertical
—— von Karman Longitudinal
—— von Kérman Vertical
2.0r
=
E 15¢F
3
e
[a]
»n 1.0r
a
0.5
0.0 | e e e

Frequency w [rad/s]

Figure 2.4: Comparison of Dryden and von Karman PSDs

While continuous models offer more realistic representations, discrete gusts remain central to certifica-
tion. Flight data recorders show that extreme gusts often appear as isolated events [3, 11]. As such,
both approaches remain essential under EASA and FAA guidelines [4, 5].

2.2. Aeroelastic Simulations Tools and Modeling Approaches
Aeroelastic simulations integrate aerodynamic and structural solvers to capture the coupled response
of flexible aircraft to external disturbances such as gusts. The choice of simulation tool strongly de-
pends on the required fidelity, computational cost, and the specific nature of the study, whether it's
certification, design optimization, or advanced research. Over the years, several computational frame-
works have emerged, each implementing different numerical methods and offering varied capabilities.
This section reviews three significant categories of such tools: industrial solvers based on modal Finite
Element Method - Doublet Lattice Method (FEM—-DLM) coupling, research-oriented time-domain frame-
works using Unsteady Vortex Lattice Method (UVLM) and Geometrically Exact Beam Theory (GEBT)
models, and high-fidelity Computational Fluid Dynamics CFD—FEM approaches used in state-of-the-art
simulations.

2.2.1. MSC NASTRAN

NASTRAN (NASA Structural Analysis) is a widely used, industry-standard finite element solver with
robust linear and nonlinear structural analysis capabilities. For aeroelastic applications, it implements
DLM in its frequency-domain solvers, notably SOL 144 (static trim), SOL 145 (flutter), and SOL 146
(gust response). These modules rely on reduced-order modal representations of structural dynam-
ics, enabling computational efficiency for certification-level analyses. A typical NASTRAN aeroelastic
workflow involves:

* Modal analysis (SOL 103) to extract natural frequencies and mode shapes,
» Modal truncation to retain dominant flexible modes,
» Generation of Aerodynamic Influence Coefficient matrix (AIC) via DLM,



2.2. Aeroelastic Simulation Tools and Modeling Approaches 8

» Formulation of the coupled aeroelastic system in the frequency domain,
» Optional inclusion of rigid-body modes and control surface effects.

Governing Equations
1. The aeroelastic system is typically written as:

[—w*M + iwCq(w) + K+ Ko (w)] g = Fext(w) (2.8)

Where M and K are the structural mass and stiffness matrices, and C,(w), K, (w) are the aerody-
namic damping and stiffness matrices derived from DLM. The reduced frequency is defined as
k= wb/Us.

2. Aerodynamic forces are computed via:

Faero(w) = Q(w) q(w) (2.9)
where Q(w) is the AIC matrix.

Linear Analysis (SOL 144 and SOL 146)

Linear analysis in NASTRAN using DLM assumes small perturbations, incompressible and inviscid flow,
planar lifting surfaces, and enforces the downwash condition at the three-quarter chord point. In linear
trim (SOL 144), the lifting surface is modeled using a panel grid with quarter-chord vortex placement

and aerodynamic loads updated from trim parameters. Gust profiles such as the 1-cosine shape are
introduced via the GUST card.

. ) Calculate Flexible Aero
Initial Wing . . Read
Loads Assuming Linear
Shape

Deformations (SOL 144) Displacements

Figure 2.5: Linear aeroelastic workflow using SOL 144 [12]

These modules are suited for:

* Flutter boundary predictions,

+ Gust load factor estimations,

» Modal stability and control surface analysis,

* Integration with control systems in state-space form.

Quasi-Nonlinear Coupling
A quasi-nonlinear workflow couples SOL 144 (DLM) with SOL 106 (nonlinear static) to overcome linear
limitations. Aerodynamic loads are applied to a deformed structural mesh without feedback iteration.

Perform Nonlinear

Static Analysis on Read

Original Structure Displacements
(SOL 106)

Calculate Flexible Aero
Loads Assuming Linear
Deformations (SOL 144)

Initial Wing
Shape

Figure 2.6: Quasi-nonlinear aeroelastic coupling in NASTRAN [12]

Fully Nonlinear Iterative Coupling

A nonlinear iterative process is employed for strongly flexible wings or large deformations, such as
high-altitude-long-endurance (HALE) aircraft. Aerodynamic loads from SOL 144 are computed on a
rigid mesh and iteratively updated based on nonlinear displacements computed by SOL 106.
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Calculate Rigid Perform Nonlinear

Initial Wing Aero Loads (SOL St?tl'c Analysis on ' Read
Shape 144) Original Structure Displacements
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Deform Aero Converged? STOP
Mesh No ged: Yes

Figure 2.7: lterative nonlinear coupling using NASTRAN modules [12]

Each iteration updates the aerodynamic mesh orientation to reflect the deformed wing geometry. Al-
though this approach enables better accuracy for large-deflection scenarios, it is not natively supported
in NASTRAN and is typically orchestrated via MATLAB or Python scripts. Limitations include:

* No unsteady aerodynamic modeling (DLM remains steady/harmonic),
* High computational expense due to external iteration.

Overall, MSC NASTRAN remains a validated and widely adopted platform for linear aeroelastic anal-
ysis using modal FEM and DLM. Its frequency-domain solvers (SOL 144, 145, 146) provide efficient
workflows for regulatory compliance. However, for strongly nonlinear or time-domain scenarios, such
as gusts acting on highly flexible configurations, its native capabilities are limited. Table 2.1 presents
an overview of the strengths and limitations of MSC NASTRAN'’s aeroelastic capability.

Advantages Limitations

Industry-grade reliability and validation Frequency-domain only; no direct time-domain solver
Efficient for linear flutter and gust certification Assumes linear structural and aerodynamic behavior
Supports quasi-nonlinear workflows via external coupling Requires scripting for fully nonlinear workflows
Integrated modal and control system analysis Lacks wake roll-up, unsteady aerodynamic modeling

Table 2.1: Summary of MSC NASTRAN capabilities for aeroelastic simulations

2.2.2. SHARPy

SHARPYy (Simulation of High-Aspect-Ratio Planforms) is a versatile, open-source, Python-based aeroe-
lastic solver developed at Imperial College London [13]. It couples UVLM with GEBT, enabling fully
nonlinear, time-domain simulations of flexible aircraft structures. SHARPy supports both linear and
nonlinear simulations, and its modular architecture makes it suitable for a wide range of aeroelastic
applications, including flutter, gust loads, free-flight, and control system integration [2, 14—18].

Modular Solver Architecture

SHARRPY is built around a modular solver framework, illustrated in Figure 2.8, where the analysis flow
is defined in a case file using a sequence of solver modules. Each solver handles a specific simulation
aspect, allowing users to construct tailored workflows. Common modules include:

* BeamLoader — Loads structural definitions (GEBT-based composite beams)

* AerogridLoader — Sets up aerodynamic grids for UVLM

* AerogridUnsteady — Computes unsteady aerodynamic loads using UVLM (bound and wake vor-
tex rings)

* StructuralDynamicCoupledStep — Solves the nonlinear, coupled aeroelastic problem

* Modal, LinearAssembler, StabilityDerivatives — For linearization, modal reduction, and con-
trol
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Figure 2.8: SHARPY’s modular framework for a nonlinear, time-marching aeroelastic simulation [19]

Case File Configuration
SHARPYy simulations are configured using a main . sharpy configuration file in combination with several
structured .h5 files. Each file defines a specific subsystem of the simulation. This modular setup allows
easy swapping of structural, aerodynamic, or multibody definitions.

[SHARPy]

flow = ['BeamLoader',
'AerogridUnsteady’,

The key .h5 input files include:

'ArogridLoader'
'StructuralDynamicCoupledStep']

» .fem.h5: Defines the structural model using GEBT and contains:

Node and element definitions

Local stiffness and mass matrices
Boundary conditions and lumped masses
Beam orientations and element connectivity

* .aero.h5: Describes the aerodynamic surface grid for UVLM. It includes:

— Panel mesh (aligned with FEM grid)
— Airfoil sections and elastic axis locations

— Lifting and non-lifting surface tags

— Twist, sweep, and chord distributions

+ .mb.h5: Specifies multibody configurations, used to:

— Define multiple interconnected bodies

— Introduce joints, hinges, and relative motions
— Set parent-child topologies

* .nonlifting_body.h5: Optional file for modeling fuselages or other bluff bodies without lift. It

specifies:

— Axis geometry (circular or elliptical)

— Offsets and scaling factors

» .dyn.h5: Provides time-varying external loads or motion profiles:

— Forces and moments applied at specific nodes
— Rigid-body motion states (position, velocity)

— Gust inputs or prescribed trajectories

» .lininput.h5(Optional): Contains input data for linearization routines (e.g., to generate state-

space models).

» .rom.h5(Optional): Stores parameters for reduced-order models (ROMs), used for fast control-
oriented simulations.

Together with the solver sequence defined in the . sharpy file, these inputs enable complex, customiz-
able, and nonlinear coupled aeroelastic simulations in SHARPY.
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Governing Equations and Coupling
SHARPY solves the coupled nonlinear aeroelastic equations using a time-domain formulation. GEBT
equations govern the structural dynamics, while aerodynamic forces are computed using UVLM:

Mé + C(a.d) + K(Q) = facro(t) (2.10)
faoro(t) = UVLM(q, 4, t) (2.11)

The coupled equations are solved iteratively at each time step, ensuring accurate load-displacement
compatibility between structural and aerodynamic domains.

Simulation Capabilities
SHARPYy enables a wide range of aeroelastic analyses:

» Time-domain simulation of gust, maneuver, and free-flight responses,

» Nonlinear trim analysis for steady deformed flight conditions,

» Generation of linearized state-space models for control design and frequency analysis,
» Multibody configurations with hinges, constraints, and actuators,

+ External control system integration using a transmission control protocol interface.

A unique strength of SHARPY is its ability to simulate free-flight conditions by dynamically coupling
rigid-body motion with structural and aerodynamic solvers. This enables analysis of complex aeroelas-
tic interactions involving pitch—plunge—bending coupling, nonlinear trim, and transient gust responses.
Gusts are introduced as velocity perturbation fields superimposed on the freestream and can be de-
fined using standard profiles (e.g., 1-cosine, step, sine) in either body-fixed or inertial frames. Arbitrary
gust shapes are also supported, facilitating detailed studies of gust response and mitigation strategies

[2].

State-Space Linearization
SHARPY can generate linear state-space models of the form:

x=Ax+Bu, y=Cx+Du (2.12)

where x includes structural and aerodynamic states. These models enable control design, flutter pre-
diction, and gust analysis in the frequency domain.

Summary and Applications
SHARPYy stands out due to its:

* Fully nonlinear, time-resolved aeroelastic simulation capability

» Compatibility with experimental test data and motion prescription

* Open-source and extensible design, supporting custom solver development
» Relevance to gust load alleviation, flexible aircraft, and flight control

These features make SHARPY particularly suitable for academic and research applications where flex-
ibility, nonlinearity, and free-flight dynamics must be captured with high fidelity.

2.2.3. CFD-FEM Coupling Tools

The use of coupled CFD-FEM frameworks represents the current high-fidelity frontier of aeroelastic
modeling, particularly for nonlinear, time-domain simulations involving large structural deformations
and complex unsteady flows [20]. These tools are often employed when lower-order methods (e.g.,
DLM, UVLM) cannot capture critical fluid-structure interaction (FSI) phenomena, such as shock waves,
flow separation, or boundary layer effects in gust-loaded or maneuvering conditions.
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Framework Overview
CFD-FEM coupling typically integrates:

» A Navier—Stokes-based CFD solver (e.g., FUN3D, TAU, SU2, or elsA),

» With a nonlinear FEM-based structural solver (e.g., ANSYS, NASTRAN SOL 400, ABAQUS).
These simulations are performed in the time domain, with the flow and structure solvers exchanging
data such as surface pressure and deformation iteratively at each timestep. An example from ONERA’s

framework, elsA, is shown in Figure 2.9, which illustrates the CFD—FEM coupling process showing
mesh deformation and data exchange between solvers.

/ elsh \
CFD solver
wlesh Load
deformation computation Pre-processing

Aeroelastic
interface

Displacement
and velncm,r n;ﬁ;fén
fransfert

Figure 2.9: elsA CFD-FEM solver schematic [21]

elsA

FE
Structural
model

Structural data
extraction

/ Ael module

Coupling Strategies
The coupling can be realized through:
» Loose (weak) coupling where data is exchanged once per timestep; faster but potentially unstable
for strong FSI.
+ Strong coupling where sub-iterations per timestep ensure convergence of the fluid-structure sys-
tem; more stable but computationally expensive.

The second-order differential equation governs the structural dynamics:
Mu + Cu + Ku = Faero(?) (2.13)

where F .., is updated from CFD at each timestep.

Gust Response and Nonlinear Effects
CFD-FEM tools can directly model 1-cosine discrete gusts, atmospheric turbulence (e.g., von Karman
models), and shock-induced unsteady behavior [22]. They inherently resolve:

* Flow separation and shock—boundary layer interaction,
* Transonic flutter,
+ Buffeting due to wake interference.

However, they are generally prohibitively expensive for routine design tasks or broad parametric studies.
The active research areas include mesh deformation (via ALE or overset grids), convergence criteria,
and the coupled solver’s stability.

Example Tools and Applications

Tool CFD Solver FEM Solver Notes

FUN3D FUN3D NASTRAN / Abaqus NASA's high-fidelity suite; used in transonic aeroelastic benchmarks
elsA ONERA elsA  Samcef/ ZEbuLoN Applied in European gust response studies [21]

TAU DLR TAU Carat / Samcef Used in DLR’s flow-excited wing flutter studies

SuU2 SuU2 CalculiX / Code_Aster Open-source toolchain [22]

Table 2.2: Examples of CFD and FEM Solvers Used in Various Tools
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Limitations
+ Complex setup: Requires meshing, deformation tracking, and coupling interface coding.
+ Scalability: Not suited for optimization or real-time simulation without surrogate models.

Use cases
Despite limitations, CFD-FEM tools are critical in:

+ Certification-level gust load prediction,
+ Validating ROM-based models,
» Capturing flow-structure interaction where other models fail.

2.2.4. Other Frameworks

This subsection presents alternative aeroelastic modeling frameworks explored in the literature, focus-
ing on their applicability to nonlinear static analyses of highly flexible wings. These methods include
NeoCASS, intrinsic beam formulations, continuous shape-function ROMs, and rigid multibody dynam-
ics. Their common goal is accurately capturing large structural deformations and their interaction with
unsteady aerodynamics under static or slowly varying loading.

NeoCASS

NeoCASS, developed at Politecnico di Milano, is an open-source conceptual design suite integrating
structural sizing and aeroelastic modeling. It combines a geometrically nonlinear beam formulation
with iterative coupling to uncorrected Vortex Lattice Method (VLM) or strip theory aerodynamics. The
solver computes aerodynamic loads on an initially undeformed mesh and applies them incrementally
within a nonlinear structural loop. Key process steps involve:

* Incremental application of aerodynamic loads.

» Nonlinear structural solution with updated stiffness and internal forces.
+ Infinite plate spline deformation and aerodynamic loop restart.

» Convergence achieved via displacement-based criteria with damping.

Figure 2.10 illustrates the iterative process adopted in NeoCASS for static aeroelastic analysis [12].

Initial Wing

Shape

Aerodynamic Nonlinear .
( yr— LT > ) »  Deform Mesh .
Solver Structural Solver

Aerodynamic
Solver

Figure 2.10: NeoCASS aeroelastic solver [12]

Intrinsic Beam Models

The intrinsic beam method simplifies the governing nonlinear equations by directly modeling intrinsic
quantities (e.g., curvature, twist, stretch). A finite-element discretization allows a solution in complex ge-
ometries. Standard VLM-based aerodynamics are applied in the body-fixed frame. Multiple reference
frames (inertial, local beam, aerodynamic, and inflow) are defined to facilitate coordinate transformation
and load application. The governing equations use a rotation matrix:

[CFE(5)] = [ea(s) ey(s) ex(s)] (2.14)
Lift and gravity vectors are projected via the inflow frame:

cos(a) gsin(a)
Uc = 0 U, 9c= 0
sin(a) —gcos(a)
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Continuous Shape Function ROMs

This approach expresses wing deflections using weighted shape functions, enabling reduced-order
modeling of nonlinear structural dynamics. It is computationally efficient and suitable for rapid analysis.
The strain energy is expressed via a stiffness potential, with virtual work principles used to incorporate
external forces and aerodynamic loading via VLM:

Fi(s) = pUscl'(5)
Where T'(s) is the circulation generated along the quarter-chord.

Rigid Multibody Dynamics

Implemented in LMS Virtual.Lab Motion, this method discretizes the wing into rigid bodies connected via
six degrees of freedom (DOF) beam force elements. Equations of motion form a nonlinear differential
algebraic equation system, solved using backward differentiation formulas. Aerodynamic loads are
modeled using strip theory, applied directly at aerodynamic centers:

an(s) =sint (ZR0E) | Ls) = GoUneCra(san(s

This finite segment method captures large deformations while retaining numerical efficiency [23—26].

Comparative Analysis

A detailed comparative study by Howcroft et al. [12] evaluated each framework under tip load, static
angle-of-attack sweeps, and aeroelastic load tracking. Results are presented in Figure 2.11, showing
strong agreement between NeoCASS, intrinsic beam, and continuous ROM models. The multibody
method also showed good agreement but diverged due to strip theory aerodynamics.
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Figure 2.11: Variation in aeroelastic quantities vs angle of attack [12]

2.2.5. Comparative Summary of Frameworks

Aeroelastic modeling frameworks span a broad spectrum regarding fidelity, computational cost, and
applicability. Table 2.3 provides a qualitative comparison of the frameworks discussed in this section
across key modeling features.
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Framework Solver Domain Structure Model Aero Model Nonlinear Effects Gust Capable Computational Cost
MSC NASTRAN Frequency Linear / Quasi-nonlinear DLM Limited / Iterative v (linear gust) Low—Moderate
SHARPy Time GEBT (nonlinear beam) UVLM Full geometric v Moderate
CFD-FEM Time Nonlinear FEM RANS / Navier-Stokes Full geometric v Very High
NeoCASS Static Iterative Nonlinear beam (ROM) Strip / VLM Geometric nonlinearities v/ (static gust) Low—Moderate
Intrinsic Beam Static / Dynamic  Geometrically exact beam VLM Full geometric v Low—Moderate
Cont. Shape ROM Static Shape function ROM VLM Moderate—High v Very Low

Rigid Multibody Time (DAE) Rigid segments + springs Strip Theory Large rigid motion only v/ (via Strip) Low

Table 2.3: Qualitative comparison of aeroelastic modeling frameworks

Figure 2.12 offers a conceptual map for selecting a suitable framework depending on structural flexibility,
desired fidelity, and computational constraints.

> Intr
= Beam
ne]
2 © Time-domain solver
K Cont. Shape .
o Frequency-domain solver
> Static / ROM / Hybrid
Rigid
Multibody
Low

Rigid Structural Flexibility Highly Flexible

Figure 2.12: Framework selection map with solver domain classification

Discussion

Lower-order frameworks like MSC NASTRAN and NeoCASS remain valuable for preliminary design,
certification studies, or systems with moderate flexibility. SHARPy and intrinsic beam approaches
offer significant nonlinear modeling capability at a relatively modest cost. CFD-FEM coupling is re-
served for high-fidelity investigations requiring detailed flow resolution, such as transonic flutter or
shock-boundary-layer interaction. Continuous ROMSs provide a computationally efficient way to include
large deflection behavior for rapid evaluation. At the same time, rigid multibody frameworks are best
suited for subsystem-level control analysis and simplified aeroelastic loads. Ultimately, the selection of
an appropriate framework depends on:

» The degree of structural flexibility.

» The required fidelity of aerodynamic modeling.

+ Available computational resources.

* Target application: design, control, certification, or research.

2.3. Experimental Methods for Gust Response

Experimental investigations play a crucial role in aeroelastic research by validating simulation models,
revealing complex FSls, and supporting the development of ROMs. Various techniques have been
explored for gust response testing, including differing boundary conditions, gust generation methods,
and the structural flexibility of the tested configuration. Unlike purely computational approaches, phys-
ical testing captures real-world nonlinearities, structural damping, actuator effects, and manufacturing
imperfections. This section highlights selected experimental categories most relevant to the present
numerical modeling approach: free-flight testing, hybrid methods involving real-time actuation or feed-
back, and benchmark aircraft models. These studies provide context for the simulation framework’s
design choices and boundary conditions.
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2.3.1. Experimental Free-Flight Gust Testing

Several free-flight experiments have been conducted to study the aeroelastic response of flexible air-
craft to gusts. Relevant platforms include the TU-Flex demonstrator with variable wing flexibility [27],
the QT1 UAV with onboard strain sensors and model correlation using ASWING and NASTRAN [28],
and the NLR 5-DOF free-free aircraft model used for gust load prediction [29]. Additional subscale air-
craft have also been tested in controlled wind tunnel environments using embedded control and motion
tracking systems [30-32].

2.3.2. Hybrid Simulation Approaches

Hybrid aeroelastic testing approaches combine numerical simulations with physical experiments to
more accurately replicate flight conditions in a controlled environment. These methods are particularly
relevant for flexible aircraft, where rigid-body motion and structural deformation are strongly coupled,
and conventional clamped wind tunnel boundary conditions may not reproduce the actual aeroelastic
behavior observed in free flight.

Gjerek et al. [33] developed a stiffness-adjustable aeroelastic test rig with automated impulse response
characterization. Based on a 2-DOF aeroelastic section, shown in Figure 2.13, the system was con-
trolled via LabVIEW and MATLAB to experimentally map static and dynamic stability boundaries. This
versatile test bench would later serve as a platform for increased-fidelity hybrid testing.

.-_/"":-
k, = d

Figure 2.13: 2-DOF aeroelastic model [33]

Sodja and De Breuker [2] introduced a hybrid framework to increase wind tunnel experiments’ fidelity for
flexible aircraft configurations. Their methodology integrates the measured aerodynamic loads from a
wind tunnel setup into a simulation environment that predicts the aircraft’s free-flight motion. This motion
is then used to control the movement of the wind tunnel model, thereby emulating realistic boundary
conditions and flight dynamics. In addition to the feedback-based approach, Sodja and De Breuker
proposed a simplified feedforward implementation. In this method, the free-flight response of the aircraft
is first simulated using a high-fidelity aeroelastic solver, and the resulting motion profile is prescribed
directly to the physical model in the wind tunnel. This eliminates the need for real-time feedback while
still achieving high correlation with actual flight conditions, especially under gust excitation or when
nonlinear aerodynamic effects are present. To validate this concept, the authors used SHARPYy to
simulate the free-flight response of a flexible HALE-type aircraft subjected to 1-Cosine vertical gusts.
They then replicated the resulting heave-pitch motion in a wind tunnel using a modified version of
Gjerek’s aeroelastic apparatus [33], now equipped with actuators, illustrated in Figure 2.15. The study
demonstrated strong agreement between the numerical and physical responses, confirming that the
prescribed motion profile could reproduce free-flight dynamics with significantly greater fidelity than
conventional clamped tests.
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Figure 2.14: Increased-fidelity aeroelastic testing approach [2]
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Figure 2.15: Sodja and De Breuker’s aircraft model based on modified Gjerek’s aeroelastic apparatus [2]
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Other hybrid testing methodologies have also been developed to bridge simulation and experiment.
Meng et al. [34] introduced a strain-based sensing framework for capturing structural deformations in a
flexible wing subjected to gusts. A motion profile was extracted from experimental data and compared
against nonlinear time-domain simulations using a strain-based beam model, showing strong amplitude
and frequency response correlations. While at ONERA, Huvelin et al. [21] implemented a hybrid
aeroelastic testing setup by combining a CFD-FEM simulation environment with wind tunnel testing of
a scaled model. Their work integrated high-fidelity fluid simulations (URANS) with structural models to
validate gust responses of an aeroelastic airfoil and complete aircraft using numerical and experimental
data.

2.3.3. Benchmark Wing and Aircraft Models

A wide range of benchmark wings and flexible aircraft models have been developed to study nonlin-
ear aeroelastic effects, gust response, and flight dynamics in experimental and numerical contexts.
These models often feature high aspect ratio wings, tailored stiffness distributions, and carefully con-
trolled boundary conditions, offering valuable insight into aeroelastic behavior under realistic loading
environments. While the current thesis focuses solely on numerical simulations, the aircraft models
reviewed here inspired the selection of representative geometric, structural, and material parameters
during wing design. These benchmark aircraft and wing models provided rich case studies on structural
design trade-offs, gust response dynamics, and simulation validation. As such, they indirectly informed
the development and abstraction of the flexible wing model used in this thesis.

ONERA Aeroelastic Model Designed to replicate a 2-DOF aeroelastic system based on the OAT15A
airfoil, this wind tunnel test model was developed to validate gust response using CFD-FEM simula-
tions physically. It validated flow separation, pressure distribution, and time-domain response under
controlled gust excitations [21].

Pazy Wing (Israel Aerospace Research Center) Designed for large, nonlinear deformations, the
Pazy Wing features a NACAQ0018 airfoil with an aluminum spar, nylon-12 chassis, and polyester film
skin. It was fabricated to study geometrically nonlinear deflections under wind tunnel conditions, with
dual FE models in ANSYS and MSC NASTRAN. Experimental tests revealed limit-cycle oscillations
and significant tip deformations, making this a canonical reference for high-flexibility designs [35].

Figure 2.16: SOLIDWORKS model of the Pazy Wing [35]

Delft-Pazy Wing (TU Delft) A nearly identical version of the Pazy Wing developed at TU Delft, this
model features slightly different material combinations and instrumentation layout. The primary differ-
ence from the benchmark Pazy wing lies in the reduced thickness of the aluminum spar plate in the
Delft Pazy variant, which is 1.5 mm compared to 2.25 mm in the original design. This modification
aims to achieve comparable large deformations at a lower wind tunnel speed. It is tailored for hybrid
experimental setups involving SHARPy-driven motion and increased-fidelity aeroelastic testing. The
Delf-Pazy Wing features a similar assembly of aluminium spar, nylon-12 chassis, and polyester film
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skin. The design preserves the same fundamental geometry but allows integration with a rigid test rig
or actuator platforms [36].

QT1 Aircraft (Bras etal.) The QT1 is a flexible, high aspect ratio UAV developed as part of a broader
effort to assess in-flight aeroelastic behavior. The platform was equipped with strain sensors and sub-
jected to ground vibration and flight testing. Structural models in ASWING and MSC NASTRAN were
iteratively updated based on flight data to improve correlation with observed deformations and mode
shapes. The study demonstrated the importance of in-flight measurements for validating numerical
models and improving aeroelastic prediction accuracy [28]. Figure 2.17 presents a 3-view representa-
tion of the final design.
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Figure 2.17: QT1 aircraft platform 3-view [28]

TU-Flex (DLR / TU Berlin) A modular demonstrator UAV to collect data on coupled flight and struc-
tural dynamics. TU-Flex was used in wind tunnel and simulation environments, featuring interchange-
able wings with different flexibility classes (Flexible Aircraft and Very Flexible Aircraft). Gust response
studies confirmed clear distinctions in dynamic behavior across the two configurations under controlled
excitations [27].

HIRENASD Developed by DLR, the High REynolds Number Aero-Structural Dynamics (HIRENASD)
model represents a transport aircraft wing with a supercritical airfoil. It was used extensively in CFD-
FEM coupling studies and was a benchmark for transonic gust response and high-fidelity simulation
validation. Its high stiffness-to-weight ratio and realistic aerodynamic layout offer a solid testbed for
gust load prediction [37].

NLR 5-DOF Free-Free Model A conceptual aeroelastic testbed developed at NLR featuring two rigid-
body and three flexible modes, illustrated in Figure 2.18, has been used to study load prediction under
vertical gusts in free-flight simulations. The model captures key inertial and structural effects relevant
to low-frequency aeroelastic modes and serves as a validation platform for reduced-order models [29].
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Figure 2.18: NLR 5 DoF free-free aeroelastic model [38]
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HALE Wing Models (Tang & Dowell; Patil & Hodges) These high-altitude, long-endurance wing
structures were designed with slender planforms and low torsional stiffness. Tang’s model employed
balsa covering and steel spar flanges, while Patil and Hodges incorporated gravitational forces and
extensive structural deflection modeling. These models were pivotal in validating nonlinear gust re-
sponses and rigid-body-like mode interactions [39, 40].

2.4. Research Gap

The literature reviewed in this chapter highlights significant progress in both computational and ex-
perimental methods for aeroelastic gust response analysis. Aerodynamic modeling techniques range
from efficient, linearized solvers like DLM to high-fidelity CFD approaches. Structural solvers span
from linear FEM-based representations to geometrically exact nonlinear beam formulations. Moreover,
numerous aeroelastic frameworks, such as SHARPy, MSC NASTRAN, and NeoCASS, have enabled
coupled simulations, each offering a trade-off between fidelity, computational cost, and applicability to
nonlinear behavior.

Although experimental investigations of aeroelastic behavior using cantilevered wing models in wind
tunnels are well-established, gust response testing under free-flight conditions remains limited. This is
primarily because clamped or fixed boundary conditions do not accurately reflect the free-flight state of
an aircraft wing, often resulting in overestimated root bending moments and tip deflections. A notable
solution includes developing flight-test models to emulate free-flight conditions; however, replicating
realistic free-flight dynamics within a wind tunnel presents a substantial challenge. Recent efforts have
focused on developing flight-test models and hybrid simulation frameworks to bridge this gap.

Experimental studies have provided valuable insights into aeroelastic response, covering free-flight
setups, hybrid simulation techniques, and benchmark model testing under realistic gust excitations.
These efforts have been critical in validating computational models, capturing nonlinear structural ef-
fects, and exploring novel testing methodologies such as the feedforward framework by Sodja and De
Breuker [2].

The work of Sodja and De Breuker [2] has demonstrated the feasibility of prescribing simulated free-
flight responses to a wind-tunnel model, laying the foundation for increased-fidelity aeroelastic testing.
Their proof-of-concept provided valuable insight into the potential of this approach, but relied on an ide-
alized aircraft with a very high aspect ratio and extremely low flight speed. While effective for demon-
strating the principle, such a configuration is not well-suited for practical wind tunnel testing, where size,
speed, and control constraints must be considered.

Within this context, there remains a need for a dedicated aircraft model that is both experimentally
feasible and capable of capturing representative aeroelastic effects. In particular, a structural model
that combines sufficient fidelity with computational efficiency would enable real-time deployment in
hybrid testing frameworks. This thesis contributes in that direction by delivering the design of a flexible
aircraft model tailored for free-flight testing in TU Delft's Open Jet Facility. It also develops and validates
its equivalent beam representation based on finite element analysis. The reduced-order beam model
retains the structural fidelity required for aeroelastic simulations while remaining lightweight enough for
integration into increased-fidelity testing workflows.



Design of a Flexible Aircraft Model for
Aeroelastic Testing

Developing a flexible model aircraft is an essential step toward implementing the increased-fidelity
aeroelastic test methodology proposed by Sodja and De Breuker [2]. This methodology relies on repli-
cating the free-flight response of a flexible-wing aircraft using a motion platform in a wind tunnel en-
vironment. Before such a platform can be realized in hardware and software, it is essential first to
characterize the motion envelope of a free-flying, gust-excited aircraft. To that end, a scaled flexible
model is being developed specifically for free-flight aeroelastic wind tunnel testing. These flight tests
will be conducted in the same wind tunnel intended for eventual platform integration, and the recorded
dynamic response will serve multiple purposes:

+ To define the range of motion that the motion platform must reproduce,
» To provide reference data for validating the numerical digital twin and control algorithms,

» To serve as an experimental testbed for future integration of sensors and morphing wing tech-
nologies.

The design of the model aircraft is a critical step in ensuring meaningful aeroelastic behavior during
free-flight testing. The process is driven by initial requirements that balance geometric scaling, per-
formance, and functionality to provide sufficient structural flexibility and gust sensitivity. Insights from
literature on benchmark aircraft models, structural modeling approaches, and wind tunnel best prac-
tices inform the preliminary design choices. Key design parameters, including span, chord, stiffness,
and mass estimates, are defined to capture the key coupled deformation modes, such as bending—
torsion interactions, that characterize the aeroelastic response of flexible wings. These considerations
form the basis for the later chapters’ structural modeling and equivalent beam development.

3.1. Model Aircraft Requirements

An initial set of requirements was established to define the geometric, performance, and functional
characteristics of the model aircraft, reflecting the physical constraints of the wind tunnel environment
and outlining the design space within which it must operate effectively.

3.1.1. Dimensional Constraints

The experiments will be conducted in the Open Jet Facility (OJF) at Delft University of Technology, a
low-subsonic, closed-circuit wind tunnel capable of generating flow speeds up to 35 m/s in a controlled
environment. To ensure safe free-flight operation, the model must fit within the OJF’s 2.85 m x 2.85
m octagonal test section. This constraint ensures that the model fits well within the test section, with
enough clearance to avoid wall interference and boundary layer effects at the edges of the flow stream
[41].

21
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Figure 3.1: Schematic of Open Jet Facility [41]

3.1.2. Performance Requirements

As the aircraft is designed solely for free-flight testing within a wind tunnel environment, conventional
performance parameters such as take-off, climb, or cruise are outside the scope of this study. Instead,
the model emphasizes dynamic behavior, stability, and structural responsiveness to gust excitation.
Furthermore, the aircraft must be capable of sustained flight at the freestream velocities achievable
within the OJF, ensuring compatibility between aerodynamic performance and experimental conditions.

The maximum test speed is set at Vi,ax = 25 m/s, which corresponds to the flow limit of the OJF when
the gust generator is in operation. This upper bound defines the maximum aerodynamic excitation and
structural response expected during gust experiments [42].

The stall speed is constrained to V; < 15 m/s, based on preliminary estimates that balance mass budget,
wing planform, and the aerodynamic characteristics of a NACA0018 airfoil, similar to the Delft-Pazy
Wing [36]. This ensures the model operates within a practical angle-of-attack range and avoids post-
stall behavior during wind tunnel tests. These performance limits provide clear operational boundaries
for guiding the design process.

3.1.3. Modularity

The model must support modularity to facilitate rapid iteration and testing of different structural configu-
rations. Specifically, it should allow exchangeable wing sections and adjustable center of gravity (CG)
positions. This flexibility enables the evaluation of various stiffness distributions and stability character-
istics while simplifying component replacement in the event of damage.

3.2. Flexible Aircraft Design Considerations

This section presents key insights from a focused literature review on individual design parameters
relevant to the intended application of the flexible model aircraft. Many of these parameters, including
planform, airfoil, and overall configuration, are selected in a heuristic manner guided by precedent
studies rather than through performance optimization. The design prioritizes aeroelastic behavior over
aerodynamic efficiency, intending to produce a model that reliably exhibits significant structural flexibility
and gust sensitivity under wind tunnel conditions.

3.2.1. Wing

Configuration

The configuration of an aircraft refers to how its lifting surfaces are arranged relative to the fuselage.
Low-, mid-, and high-wing configurations are the three main types of arrangements for a monoplane.
The vertical positioning of the wing affects interference drag and longitudinal stability [43], as summa-
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rized in Table 3.1. High-wing and mid-wing configurations are often preferred for their favorable stability
characteristics. Since the scaled model is intended solely for free-flight testing inside the wind tunnel,
conventional take-off and landing operations are not required. As a result, landing gear integration is
unnecessary, and the associated drawbacks of high-wing configurations in accommodating gear place-
ment can be disregarded. A high-wing layout also provides practical benefits, such as simplifying the
adjustment of the wing’s fore—aft position relative to the fuselage and enabling modular swapping of
wing elements for testing. A high-wing configuration is therefore considered advantageous due to its
inherent stability and ease of experimental integration.

High Wing Mid Wing Low Wing

Interference Drag average low high
Longitudinal Stability stable neutral unstable
Landing Gear Integration more difficult moderate easier

Table 3.1: Comparison of wing placement configurations

Airfoil

Airfoil selection significantly impacts aerodynamic performance, structural integration, and stall charac-
teristics [44]. A review of prior studies suggests that symmetric, thick airfoils are often used in aeroelas-
tic testing for their predictable stall behavior and space for internal systems. Among candidate airfoils,
the NACA 0018 has demonstrated favorable nonlinear aeroelastic characteristics in flexible wing stud-
ies, particularly at high aspect ratios [45, 46]. It has also been used successfully in prior experimental
studies such as the Delft-Pazy wing [36]. Based on these findings, the NACA 0018 could be a viable
candidate airfoil for this model.

Angle of attack and Stall speed

The angle of attack («) is the angle between the airfoil chord line and the freestream airflow. During
steady flight, the lift generated is approximately linear with « until the stall angle is approached. To
maintain predictable behavior, literature recommends that the trim « remain within the linear portion of
the lift curve.

The stall speed, representing the minimum speed at which sufficient lift is generated to counteract

weight [44], is given by:
2w
s =4 ——— A
s e

where W is the weight of the aircraft, p is the density of air, .S,, is the wing planform area and C, ;.44 iS
the maximum coefficient of lift. This expression provides a useful constraint during preliminary sizing.

Aspect Ratio
The aspect ratio (AR) is a fundamental parameter influencing induced drag, structural characteristics,
and gust sensitivity [44], and is calculated as:

b2

AR = — 3.2

5 (32)
For a given wing planform area, the higher the AR, the more slender the wing. Table 3.2 below evalu-
ates the impact of AR on various parameters [43].

Large AR small AR

Induced Drag Cy; small large
Lift to Drag ratio L/D large smalll
Lift curve slope (7, large small
Wing mass m,, large small
Span (constant wing area S,,)) b large small

Table 3.2: Impact of wing aspect ratio
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A higher AR reduces induced drag and increases aerodynamic efficiency, but it also amplifies gust
response by making the wing more sensitive to changes in a. This behavior can be quantified using
the following relations:

ci
P = 3.3
Ca TARe (3-3)
L AR
Doman VLA 50 /Srer (34)
Cra= 4 (3.5)
do

where C/, is the coefficient of lift, L/ D,,, ... is the maximum lift to drag ratio, and ¢ is the Oswald efficiency
factor, which accounts for deviations from the ideal elliptical lift distribution (with e = 1 for a perfect el-
lipse, and e < 1 in practical cases). Kpp is an empirical constant used in Raymer’s approximation
[44] for estimating maximum lift-to-drag ratio in high-AR aircraft (typically K p = 13). The terms S,..¢
and S,.: are the reference and wetted areas, respectively, with S,./Sy.: being constant. AR also
influences the stalling angle such that low- AR wings will stall at a higher « than a high-AR wing due to
reduced effective « at the wing tips [44].

It is observed that smaller wing loading results in more pronounced responses to vertical gusts, which
can be expressed by the change in load factor (n) to angle of attack, given by [43]:

1
_dn_ 1 dL_ 3PV O (3.6)
da mypgdo gmw '
S.
wet

n(X

where g is acceleration due to gravity and V' is the freestream velocity. These formulations suggest that
a higher AR may enhance the model’s sensitivity to gust-induced deformations, making it a favorable
design feature.

Wing Sweep

Wing sweep is the angle between the quarter-chord line and a line perpendicular to the aircraft’s lon-
gitudinal axis. It affects stall behavior, pitch-up moment, and aerodynamic efficiency. While sweep is
beneficial at high subsonic or transonic speeds, it is generally not advantageous for low-speed flight.
The table 3.3 below summarizes the effect of wing sweep angle (A) on various parameters given by
[43], and Table 3.4 compares the effect of different types of wing sweep [43, 44].

Large sweep Small sweep

Critical Mach number large small
Maximum coefficient of lift Cr,.02 small large
Lift curve slope Cp , small large
Flight in turbulent air smooth bumpy
Required angle of rotation large small
Wing mass m,, large small

Table 3.3: General effects of wing sweep angle
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Forward sweep No sweep Aft Sweep

Risk of tip stall none none large
Risk of pitch up minor none large
Maximum lift coefficient C;.... small large very small
Risk of one sided stall minor very minor large
Risk of divergent wing deflection yes no no
Wing mass m,, very large small large
Longitudinal stability unstable neutral stable

Table 3.4: Impact of wing sweep type

Figure 3.2 describes the stability boundaries to avoid pitch-up for various quarter-chord sweep and
AR combinations of a wing, given by [44]. These values may limit the allowable AR to less than the
estimated one. Given the target flight regime and the aim to elicit a clear gust response, a straight

(zero-sweep) wing appears most appropriate.
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Figure 3.2: Effect of wing sweep and AR on wing-alone pitch up

Taper Ratio
Taper ratio (\) of an aircraft wing is defined as the ratio between the wing tip chord (¢;) and the root

chord (c,.) [44], written as:
A= (3.7)

Cr
It controls the spanwise lift distribution and can influence stall behavior [43]. The flow separation from
the wing first occurs when the distribution of lift coefficient (n) reaches its maximum along the span,
which can be approximated by [43] as:

Only for A =0, Cp maes OCCUursat: n= Wy?) =1—-AX (3.8)

Where y is the distance along the span. Figure 3.3 from [43] shows the distribution of the lift coefficient
along the wing span for various taper ratios for a non-swept wing with an aspect ratio of 10 and a
coefficient of lift equal to 1.
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Figure 3.3: Distribution of coefficient of lift along the wing span for various taper ratios

A taper ratio below 0.2 may increase the risk of tip stall, as shown in Figure 3.3. A moderate taper ratio
(A > 0.2) is suggested to balance aerodynamic efficiency and stall control. Accordingly, a rectangular
wing with A = 1 is considered advantageous, as it provides geometric simplicity and stall characteristics
that tend to develop more evenly along the span, making it suitable for wind tunnel free-flight testing.

Wing Twist

Wing twist (geometric twist) adjusts the local angle of attack along the span to improve stall progression
and lift distribution [44]. However, excessive twist reduces efficiency outside its design point. Historical
data recommend a twist ¢; of approximately —3° to delay tip stall without degrading off-design perfor-
mance. Since cruise optimization is not a significant concern, and to further reduce model complexity,
minimal or no twist could be considered acceptable for this application.

3.2.2. Overall Planform

An appropriate planform layout is essential for capturing meaningful aeroelastic responses under gust
excitation. Among the wide range of available configurations, only a few are compatible with the goals of
modularity, ease of testing, and a pronounced aeroelastic response. Since conventional performance
criteria such as take-off, climb, or cruise efficiency are not critical, the selection focuses on structural
simplicity and configurability. Standard layout configurations considered in the literature include the
Flying wing (FW), Blended wing body (BWB), and the conventional Tube and wing (TAW). Tables 3.5
and 3.6 list the significant trade-offs of FW and BWB configurations compared to the conventional TAW
layout.
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Advantages

Disadvantages

In cases of relatively low Mach numbers and
high altitude flight, the FW outperforms TAW
[47]

Shows a better aerodynamic response than
TAW [48]

FW has very low wing loading [48][49], less
than half of TAW [48]

Despite its larger wing, the FW has significantly
less S,.: than TAW due to the absence of a
fuselage, tail, and nacelles, which also reduces
empty weight and parasite drag [49]

Low wing loading in the FW, consequently, effi-
cient trailing edge flaps lead to low-speed flights
at a high « [49]

Requires larger engines [47]

Low-AR and the L/D is insensitive to it's AR
[47]

Only TAW configurations are capable of achiev-
ing high L/ D values as a result of very high-AR,
which leads to the reduction of C,; as a primary
effect [47]

Its uncommon wing architecture may imply
manufacturing and maintenance problems [48]

Issue of stability and controllability of the aircraft
without an empennage [49]

Slats need to be applied to the outboard wing
to increase the V, and to avoid uncontrollable
pitch up during gusts or maneuvers [49]

Table 3.5: Comparison of FW trade-offs

Advantages

Disadvantages

Aerodynamically, BWB is a more promising al-
ternative for conventional layout since it can
achieve 20-24% gain in L/D, making it a high
lift configuration due to its lifting body [49][50]

The low wing loading gives BWB a better high-
altitude buffet margin [49]

Increasing span is very effective from an aero-
dynamics point of view, which makes high-AR
possible [49]

Low-AR [49]

Given the same load volume, weight, and
cruise Mach number as TAW and FW, the air-
craft becomes inherently pitch-unstable when
trim drag is minimized [49]

The low wing loading makes BWB more sensi-
tive to gusts [49]

The integrated structure makes the BWB signif-
icantly more complex than TAW [49]

A greater span demands a higher thickness ra-
tio and advanced composites to limit bending
loads, but these materials may produce wings
too rigid for meaningful gust response [49].

Table 3.6: Comparison of BWB trade-offs

Given these trade-offs, a conventional tube-and-wing layout appears to be a suitable candidate for this
application. Its inherent stability, modular design potential, and compatibility with existing analysis tools
support this recommendation [44].

3.2.3. Static Stability and Tail sizing
Longitudinal static stability depends on the location of the aircraft's CG relative to the neutral point, the
aft-most position of the CG at which the aircraft remains neutrally stable in pitch. The horizontal tailplane
generates restorative moments to counter pitch disturbances and maintain trim. This relationship is
described by:

M = Lwl'g — (lt — Z'g)Lt (39)

where M is the net pitching moment, z, is the distance from the wing aerodynamic center (AC) to the
CG, L,, is the lift force produced by the wing, L, is the lift force produced by the horizontal tail, and [; is
the distance from the wing AC to the tail AC. The CG should be positioned ahead of the neutral point to
ensure a positive static margin, defined as the distance between the CG and neutral point normalized
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by the mean aerodynamic chord (c¢). Additionally, horizontal tails with lower aspect ratios tend to stall
later than the wing, preserving pitch control authority during post-stall conditions. These considerations
motivate the use of a horizontal tail with moderate surface area and sufficient moment arm to achieve
stable trim. Figure 3.4 illustrates a statically trimmed aircraft in level flight.

Figure 3.4: Aircraft in level flight [51]

Raymer [44] further recommends selecting the tail moment arm such that the horizontal and vertical
tail volumes meet minimum effectiveness criteria, such as maintaining horizontal tail volume coefficient
(V3) in the range = 0.5 — 1.0 and vertical tail volume coefficient (V) in the range = 0.02 — 0.05, that help
to ensure sufficient pitch and yaw stability control authority. These are defined as:
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where [;, and [,, denote the distances from the CG to the ACs of the horizontal and vertical tails, respec-
tively, and S;, and S, are their corresponding planform areas.

3.2.4. Propeller Effects

Inclusion of a propeller introduces additional aerodynamic and inertial complexities, such as slipstream-
induced lift variation and gyroscopic torques [52]. These effects are particularly relevant in the context
of a flexible-wing platform. Literature indicates that these interactions are non-negligible and may de-
grade the accuracy of rigid-body approximations. However, they can be challenging to predict, as seen
in [53].

Recent work by [54] provides a framework for examining the interactions between lifting surfaces and
propellers and the impact of propeller aerodynamics and inertial effects on the response of highly flex-
ible aircraft. Semi-analytical methods and experimental data, such as motor revolutions-per-minute,
can estimate propeller-induced forces and moments [55, 56]. Based on these findings, employing an
electric propeller is a practical choice for simplicity, with slipstream and inertial effects accounted for
through analytical or empirical corrections. The thrust required can be expressed using [44]:

T=D= %pszDSw (3.11)

here, T is the thrust required and C, coefficient of drag.

3.3. Preliminary Design Parameters

Based on the design objectives and considerations discussed in the preceding sections, this section
finalizes the preliminary configuration of the flexible aircraft model. The goal is to achieve a statically
stable, modular platform that exhibits pronounced aeroelastic response under gust excitation during
wind tunnel free-flight tests.

To this end, the aircraft model follows a conventional tube-and-wing configuration. Its primary structure
consists of a carbon fiber tube frame, onto which the batteries, propulsion and control electronics, and
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all lifting surfaces are mounted. This provides a lightweight yet rigid baseline while supporting modular
component integration.

3.3.1. Geometric and Stability Parameters

Table 3.7 presents the selected geometric parameters for the wing, horizontal, and vertical tail. These
values were derived using methods from Raymer [44], with adaptations suited to the specific aeroelastic
objectives of this flexible model.

Parameter Wing Horizontal tail Vertical tail Unit
Span b 1500 by, 500 b, 200 mm
Root chord c 200 Crh 150 Crv 150 mm
Aspect Ratio AR 75 AR, 5 AR, 2 -

Sweep A 0 Ap 16.7 A, 20.6 deg
Taper ratio A 1 AL 0.5 Ay 0.5 -

Tail arm - - In 750 Ly 800 mm

Tail volume coefficient - Vi 0.7 V., 0.04 -

Table 3.7: Scaled model aircraft parameters

The wing has a span of 1500 mm and a chord of 200 mm, giving an aspect ratio of 7.5, which increases
gust sensitivity while remaining structurally feasible. A NACA 0018 airfoil is used, with prior studies
showing suitable nonlinear aeroelastic behavior. The expected operating range is between angles of
attack of about 2°—6° at speeds of 15-25 m/s. The wing has no sweep or taper, simplifying construction
and avoiding pitch-up or unexpected stall effects. The horizontal and vertical tails provide volume
coefficients of 0.7 and 0.04, consistent with standard design guidelines, ensuring trim control and yaw
stability in gusts. Both tails have moderate sweep and taper to balance aerodynamic effectiveness with
simple construction and predictable behavior.
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Figure 3.5: Schematic overview of the scaled model aircraft
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3.3.2. Mass Distribution and CG Estimation

Table 3.8 summarizes the component-level mass budget and longitudinal positions. These values were
used to compute the initial center of gravity, located at 2cg = 271 mm from the nose. The battery pack
and wing mount are longitudinally adjustable, enabling targeted shifts in CG to explore stability effects
or emulate different configurations.

Component Mass (kg) Location (mm) Notes

Motor + prop 0.12 27 T-Motor AS2814, APC 11x5.5 prop

Batteries 0.451 400 5Ah, for motor
0.063 400 For electronics

Servos 0.016 250 Wing
0.016 1000 Tail

Microcontroller 0.036 200 BeagleBone Blue

ESC 0.043 200 YEP ESC 40A

Wing 20 250

Horizontal tail 0.01 1000

Vertical tail 0.05 1050

Table 3.8: Estimated mass budget and location of components

This modular internal layout facilitates future experimentation with different wing stiffnesses, such as
using the Delft-Pazy wing or tailored composite variants, without requiring fuselage redesign. The
preliminary design presented in this section defines the baseline configuration for the model aircraft,
integrating aerodynamic, stability, and modularity considerations. These parameters are inputs to the
next part, where the structural model is developed.

3.4. 3D Model Definition

The 3D model of the aircraft’s half-wing was created in CATIA V5 using the 3DExperience platform. It
consists of several geometrically detailed components that collectively form the wing’s structural and
aerodynamic architecture, which include the wing chassis, spar, and aileron, along with auxiliary parts
for actuation and instrumentation. Figure 3.6¢ provides a complete overview of all components.

The model is oriented in a global Cartesian coordinate system, with the origin (0,0, 0) located at the
center of the root face of the spar. The X-axis is aligned with the chordwise direction, the Y-axis spans
outward along the semi-span from root to tip, and the Z-axis points vertically upward, normal to the
wing surface as seen in Figure 3.6b. This coordinate system is adopted consistently throughout the
structural modeling process.

The wing features a rectangular planform with a half-span of 0.75 m and a constant chord of 0.2 m. A
continuous metallic spar runs spanwise from root to tip and is the primary load-carrying element, as
depicted in Figure 3.6a. The assembly comprises two distinct materials: a metallic spar and a three-
dimensional (3D) printed thermoplastic chassis. Material assignments and their mechanical properties
are detailed in the following chapter. Figure 3.6 presents multiple views of the half-wing assembly,
including top, cross-sectional, and exploded perspectives, with each subcomponent color-coded for
visual clarity.
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(a) Top view of the wing assembly
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(b) Cross-sectional view at the root showing spar placement
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(c) Exploded view of the halfspan

Figure 3.6: Detailed views of the 3D wing assembly



Structural Modeling

The hybrid testing methodology introduced by Sodja and De Breuker [2] employs free-flight wind tunnel
tests of a flexible, scaled aircraft as a validation step. This allows a direct comparison between the full
free-flight response of the aircraft and the response of a wing mounted on a motion platform driven
by numerically prescribed profiles. Within this context, the present chapter focuses on developing the
aircraft’s digital twin from a structural perspective.

The chapter begins with the finite element model developed in ANSYS R2 2023, where linear static
and modal analyses are performed to characterize the wing’s deformation behavior and natural fre-
quencies. Sensitivity studies are included to confirm the reliability of the extracted stiffness properties.
These results are then used to construct a reduced-order equivalent beam model that reflects the main
structural properties of the 3D wing while being computationally efficient and directly compatible with
SHARPY’s beam formulation. Finally, the correspondence between the finite element results and the
reduced beam model is assessed, establishing confidence in the simplified representation as the basis
for subsequent aeroelastic studies.

4.1. Model Simplification

The original aircraft half-wing was designed as a full assembly in CATIA V5. The assembly included
numerous functional components that produced a high level of detail, as seen in Figure 3.6¢c. While
these details are essential for manufacturing and mechanical design, they pose significant challenges
for structural finite element modeling due to mesh generation difficulties and the minimal contribution
of many features to global stiffness.

To facilitate efficient and stable FEM simulation, the 3D model was imported into ANSYS SpaceClaim
2023 R2. The non-structural features were systematically removed, retaining only the primary load-
carrying elements critical to global stiffness representation. The simplified model consists solely of the
wing chassis and internal spar, as shown in Figure 4.1.

Importantly, all major internal ribs and web structures were retained. These features are crucial in
distributing shear and bending loads and significantly affect torsional and out-of-plane stiffness. Their
inclusion ensures that the simplified model retains the necessary structural fidelity for linear static and
modal analyses.

Table 4.1 overviews the removed features, their engineering rationale, and the modeling treatment ap-
plied. This abstraction significantly improved mesh quality, reduced element count, and eliminated ar-
tificial stress concentrations, establishing a simplified yet dynamically representative model composed
of the wing chassis and spar.

32
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Removed Feature Reason for Removal Treatment If Needed Location

Not a structural load path;
meshing it adds complexity
Small and localized stiffness;
unnecessary in global response analysis
Holes, fillets, slots Cause local stress ra|§ers Removed Throughout structure
and poor mesh quality
Not needed unless hinge
moments are modeled
Small, nonlinear contacts,
not load-bearing
No contribution to stiffness

Root pin since the root dominates Removed Root cavity, below spar

Servo actuator Modeled as a point mass  On a rib, close to aileron

Sensor plates Modeled as point masses  Near tip, inside chassis

Aileron Modeled as point masses Trailing edge

Hinges Removed Wing-aileron web

Table 4.1: Overview of the removed features and their justification

These components either contributed negligibly to stiffness or were more effectively modeled as concen-
trated masses in subsequent dynamic analyses. This strategy preserved their inertial effects without
burdening the mesh with excessive geometric complexity.

This simplification yielded a reduced yet representative model composed of the wing chassis and inter-
nal spar. With the simplified geometry established, the next step involves defining the numerical model
setup and boundary conditions required for static and modal analysis.

B Wing chassis

B Spar e G .[%

Figure 4.1: Simplified 3D wing isometric view

4.2. Finite Element Analyses Setup

With the 3D wing geometry finalized, the finite element model was constructed in ANSYS Workbench
2023 R2. This section describes the finite element modeling approach to analyze the simplified wing
structure. The key aspects covered are material property assignment, element types, meshing strategy,
boundary conditions, applied loads, the simulation parameters, and the core assumptions used in linear
static and modal analyses.

4.2.1. Material parameters

The two components retained, the spar and the half-wing chassis, were given specific material prop-
erties corresponding to the materials intended for their fabrication. Aligned with the manufacturing
approach adopted for the Delft-Pazy wing, the wing chassis is modeled using 3D-printed Nylon 12,
while aluminum (7075-T6) is used for the internal spar. The material parameters used in the FEM
simulations are summarized in Table 4.2, with values obtained from relevant literature sources [35, 57,
58]. These properties ensure that the structural model accurately represents both stiffness and mass
contributions.
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Material Unit Aluminum Nylon 12
Parameters 7075-T6 3D Printed
Density Kg/m3 2795 930
Young’s modulus Pa 7.1e+10 1.7e+9
Poisson’s Ratio 0.33 0.394
Bulk Modulus Pa 6.9608e+10 2.673e+9
Shear Modulus Pa 2.6692e+10  6.0976e+8
Compressive Yield Strength Pa 4.68e+8 4.8e+7
Tensile Ultimate Strength Pa 5.3e+8 5.1e+7
Tensile Yield Strength Pa 4.68e+8 4.8e+7
Part Spar Wing chassis

Table 4.2: Material properties assigned and used in the FEM simulations

4.2.2. Contact Definitions and Boundary Conditions

To simulate the interaction between the wing spar and the surrounding chassis, a Bonded Contact in-
terface was defined, which enforces a no-separation and no-slip condition between the two surfaces,
effectively constraining them to deform together without relative motion. While such perfectly bonded
conditions do not precisely represent physical interactions due to surface roughness, play, or adhesive
imperfections, they serve as a practical approximation in finite element analysis commonly used to
model welded joints, adhesive layers, or tightly fastened connections [59]. In this case, the bonded
contact approximates the integrated behavior of the spar embedded within the 3D-printed wing struc-
ture, while also allowing the problem to remain linear since the contact area does not change during
loading, and small imperfections (gaps or penetrations) are ignored.

The wing was modeled as a cantilever beam by applying a Fixed Support boundary condition to the
entire root face of the structure, including both the spar and the wing chassis root faces as seen in
Figure 4.2. This constraint fixes all translational and rotational degrees of freedom, replicating a rigid
mounting of the wing at the root. This Fixed Support boundary condition was utilized for static and
modal analyses.

@ Fixed support

Figure 4.2: Fixed support boundary condition at the wing root

4.2.3. Meshing Strategy

The finite element model of the simplified wing structure employed second-order solid elements to
capture 3D deformation, curvature, and stress fields accurately. ANSYS Mechanical automatically
generated two element types during meshing: SOLID186 and SOLID187.

* SOLID186 is a 20-node hexahedral (or prism) element with three translational DOFs per node. It
offers quadratic displacement behavior and is ideal for structured regions with regular geometry.
The rectangular aluminum spar, being prismatic, was meshed using 1,800 SOLID186 elements
due to its regular shape.

* SOLID187 is a 10-node quadratic tetrahedral element with three translational DOFs per node. It is
optimized for automatically meshing irregular, curved, or complex geometries. The wing chassis,
which includes internal webs, rounded edges, and stiffening structures, was meshed using 54,573
SOLID187 elements.



4.2. Finite Element Analyses Setup 35

Both element types are compatible with large deformation physics, bonded contact interfaces, and
modal analysis, making them suitable for this phase’s static and dynamic evaluations. The default ele-
ment size was 5 mm, balancing fidelity with computational efficiency. The final mesh of the abstracted
wing consisted of 56373 solid elements and 125827 nodes, with the majority being quadratic tetrahedral
elements SOLID187. Figure 4.3 below depicts the meshed bodies.
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(b) Zoomed-in image of the wing mesh

Figure 4.3: 3D wing mesh

4.2.4. Point-Mass Allocation

To preserve the inertial effects of abstracted components, point masses were introduced in the FEM
model, represented by MASS21 elements. The calculations for mass distributions and CG coordinates
are in the Appendix A.2. These represent non-structural elements excluded from the mesh while en-
suring realistic mass distribution and dynamic response. Table 4.3 summarizes the implementation of
the servo actuator, aileron, and sensor plates as point masses.

Component Scoping / Location Mass [kg] Attachment / Behavior
Servo Single node at rib (CG position) 0.008 Direct, rigid

. Six nodes (one per rib thickness center) Remote, deformable (MPC)
Aileron with remote points at CGs 6 x 0.00367 with all 6 DOFs active
Sensor plates Two nodes per plate (one per rib face) 2 x 0.00183 Remote, deformable (MPC)

with remote points at CGs with all 6 DOFs active

Table 4.3: Overview of point-mass allocation in the FEM model

Figure 4.4 shows the placement of point masses on the wing. The modeling distinguishes between
rigid and deformable attachments: the servo actuator is rigidly connected, avoiding artificial compliance
similar to RBE2 elements, while the aileron and sensor plates are attached through deformable remote
points, analogous to RBE3 behavior, to preserve local flexibility without over-constraining the structure.
Multiple Point Constraint (MPC) coupling was used between the remote point and the selected node
set, ensuring a linear formulation. This setup consistently represents inertial effects in static and modal
analyses.
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Servo An,i!g
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Figure 4.4: Placement of modeled point masses on the wing structure

4.2.5. Derivation of Beam-Equivalent Spanwise Responses

To enable spanwise translational deformation analysis in static and modal simulations, a set of nodes
was identified along the elastic axis of the wing spar. Since the solid spar model contains no interior
nodes, direct extraction along the spar centerline was not feasible. Instead, an equivalent line of nodes
(BeamNodes) was defined on the spar surface to approximate displacements along the elastic axis.

For torsional analysis, two additional node sets were created at the leading and trailing edges of the
spar (spar_LE and spar_TE), providing a consistent basis to calculate twist along the span. These def-
initions ensured that the spanwise locations were aligned with the global Y-axis from root to tip, with
uniform spacing and free of irregular mesh artifacts.

These node sets were consistently used across static simulations to derive spanwise stiffness distri-
butions and modal analyses to extract displacement and twist mode shapes. The resulting spanwise
resolution of 5 mm would enable high-fidelity comparisons with the equivalent beam model. The de-
tailed conditions and methodology for node identification are provided in Appendix A.3. Figure 4.5
illustrates the location of these node sets on the 3D wing model.
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Figure 4.5: Visualization of the BeamNodes, spar_LE, and spar_TE named selections on the 3D wing model

4.2.6. Modeling Assumptions
The structural finite element simulations conducted in ANSY'S for static stiffness extraction and modal
analysis were based on standard assumptions that simplify material behavior and structural response.
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All materials were modeled using linear elastic constitutive laws, assuming a direct proportionality be-
tween stress and strain within the elastic range. This governed the force—displacement relationship
under unit moment loading in static simulations. At the same time, modal analysis ensured that natural
frequencies and mode shapes were extracted from a constant stiffness matrix.

The aluminum spar and the Nylon12 chassis were treated as isotropic materials with constant values
for Young’s modulus and Poisson’s ratio. Although Nylon12 can exhibit mild anisotropy depending on
the 3D-printing orientation, this effect was neglected to maintain consistency with beam theory simpli-
fications and to reduce modeling complexity.

All simulations were conducted under the small deformation assumption, meaning that strains and ro-
tations were considered sufficiently small such that geometric nonlinearities were not included. This
assumption validates the unit moment loading applied in static tests and the infinitesimal displacements
assumed in eigenvalue-based modal analysis.

The wing structure was represented as a merged solid consisting of the Nylon12 chassis and the em-
bedded aluminum spar, with perfect bonding at the interface. No interfacial compliance, slippage, or
delamination was modeled, allowing the structure to behave as a unified volume during static and
dynamic analyses.

4.3. Modal Analysis of Wing

A modal analysis of the 3D wing was conducted to determine its undamped natural frequencies and
mode shapes, providing the reference structural dynamics for constructing and validating the equiva-
lent beam model. The simulation setup, including material definitions, meshing, contacts, point masses,
and cantilevered boundary conditions, was identical to that described in Section 4.2, using eigenvalue
extraction. Figure 4.6 illustrates the modal analysis simulation setup.

B Full Wing Modal Analysis
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Figure 4.6: 3D wing modal analysis

In addition to the natural frequencies, the wing’s global mass and inertia properties were extracted from
the Solution Information summary, including the total mass, center of mass location, and full 3x3
rotational inertia tensor about the center of gravity. ANSYS also provided the modal effective mass for
each mode in all six degrees of freedom. The mode shape data were further post-processed to extract
spanwise displacement and twist distributions along the elastic axis, enabling direct comparison with
the equivalent beam model.

4.3.1. Modal Response and Shape Visualizations
Table 4.4 summarizes the 3D wing structure’s first five natural frequencies from the lowest in increasing
order.
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Mode Number Frequency [Hz]

4.24
21.98
35.84
99.59
63.14

A wON -

Table 4.4: First five natural frequencies of the 3D wing system

To characterize the deformation patterns of each mode, the translational and torsional deformation
components were extracted along the span. Specifically, u, denotes the in-plane displacement, v, the
vertical displacement, and 6, the twist. The angular displacement or twist was estimated using the
small-angle approximation as the difference in vertical displacement between the leading and trailing
edge nodes along the span:

tan(0,(y)) ~ 0, (y) = = W) =" with Az =0.060m (4.1)

where Az is the constant chordwise distance between sampling nodes at each spanwise location. u.Z
and uI'® are the leading and trailing edge vertical displacements respectively. Spanwise displacement
datasets for each mode are provided in Appendix A.4, Tables A.1-A.5.

To interpret the deformation data consistently across modes, the effective modal mass values reported
by ANSYS were used to identify the dominant deformation direction and scale the relative amplitudes
of the displacement components. Due to the modal analysis’s mathematical nature, the deformations’
absolute values are not physically meaningful since the shape vectors are determined only up to a
scalar constant. The magnitude of u,, u;, or §, in any mode shape has no real-world amplitude in-
terpretation. However, each deformation component’s relative shape along the span carries physical
meaning. Each deformation component was multiplied by its effective modal mass ratio mes/m.,, en-
suring that the plotted amplitudes reflected the true relative participation of v, u., and 8, in each mode.
The corresponding effective modal mass data are provided in Appendix A.5.

For instance, in Mode 1, the effective mass contributions are concentrated in the Z direction, with
negligible participation in X and ROTY:

Meff Meff

~0.00% Z: " ~61.62% ROTY :

m w m w m w

X:

~ 0.43% (4.2)

This confirms that Mode 1 corresponds to the first out-of-plane bending shape. Repeating this proce-
dure for the first five modes yields the classification summarized in Table 4.5, highlighting each case’s
dominant direction of deformation.

Mode Number  Z[%] X[%] ROTY[%] Mode Type
1 61.622 0.000 0.428 Out-of-plane Bending
2 15.006 0.000 0.088 274 Bending
3 0.007 0.012 0.132 Torsion
4 5325 0.013 0.034 374 Bending
5 0.001 61.235 0.000 In-plane bending

Table 4.5: Classification of modes based on dominant effective mass contribution
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As an example of the scaling, the factors applied to Mode 1 were:
vy = mn‘sz - 0'733}50868]”;0* 0 1 ou5E— 09 (4.3)
12 = Sth = 06?5682877701 = 06162 (4.4)
rory — MeRROTY _ 02519335 =02 _ oo g 4.5)

My

0.58870

The same procedure was applied to modes 1-5, and the resulting deformations along the span are
visualized in Figure 4.7. Additionally, the scaled DOFs of each mode were used to assemble the modal

vectors.
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Figure 4.7: Spanwise deformations (u., u., 6,) of the first five mode shapes of the 3D wing

The corresponding mode shapes are illustrated in Figure 4.8, highlighting the global deformation fields
and directions of motion for each frequency.
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Figure 4.8: 3D visualization of the global deformation fields for the first five modes
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4.4. Global Stiffness Extraction from Linear Static FEM

To extract the stiffness properties of the 3D wing structure, a set of linear static simulations was con-
ducted under prescribed unit moment loads. This analysis provides a basis for determining the wing’s
global bending and torsional stiffness, which is essential for constructing an equivalent one-dimensional
beam model in later stages. The same simulation model setup described earlier in Section 4.2 is re-
tained here.

4.41. Stiffness Extraction Methodology

The estimation of sectional stiffness properties from a FEM model can be carried out using the method-
ology proposed by Elsayed et al. [60]. In essence, the method is based on applying unit loads at the
tip of a beam-like structure and measuring the corresponding displacements or rotations in a static
linear FEM environment. By doing so, the flexural and torsional stiffnesses can be back-calculated
directly from the load—deflection relationship, without the need for complex postprocessing of stresses
or strain energy. The advantage of this approach is that it yields the effective, global stiffness values of
the structure, which are directly compatible with one-dimensional beam formulations used in SHARPY.

Elsayed’s method introduces two variants. In the first, known as the principal axis approach, the ap-
plied loads are aligned with the structure’s principal bending and torsional directions. This leads to
a decoupled formulation where each stiffness term is obtained independently from the correspond-
ing load-rotation response. In the second, more general off-axis approach, unit loads are applied in
arbitrary directions, and the resulting coupled response is resolved through a stiffness matrix formula-
tion. While the latter allows treatment of asymmetrical or misaligned structures with significant coupling
terms, the principal axis method is preferred when the structural axes are well aligned with the global
coordinate system and coupling effects are negligible.

In applying this method to the present wing, several assumptions are introduced. The wing is treated as
a slender beam, so that its deformation can be described by classical beam theory. The principal axes
of bending and torsion are assumed to coincide with the global axes of the FEM model, allowing the
response to be uncoupled. Loads are applied as concentrated moments at the tip of the wing, rather
than as distributed forces, so the total span length (L) enters explicitly in the stiffness formulation. Fur-
thermore, deformations are restricted to the linear elastic regime, and angular rotations are assumed
small enough that tanf ~ 6. Finally, any local compliance effects at the tip face are either negligible
or modeled using a Remote Point with deformable behavior. In this setup, the Remote Point acts as
a reference node that averages the motion of all nodes on the face, so that the measured rotations
correspond to the global beam deformation rather than small local warping of the tip surface.

Although these considerations suggest that the principal axis formulation may be appropriate, a valida-
tion test was performed to confirm that the wing’s structural axes are sufficiently aligned with the global
coordinate system. The FEM model setup described in Section 4.2 was retained. A Remote Point was
created at the centroid of the spar tip face at (0,0.75,0) m and linked to the surface with Deformable
behavior, thereby ensuring physically representative global rotation of the wing tip without artificially
over-constraining the section. Unit bending moments A, M, and M, were individually applied at this
point to induce deformation. The resulting rotations were tabulated in Table 4.6 below. The cross-terms
are reported as a percentage of the dominant rotation in each case.

Load case 0, [rad] 0, [rad] 0, [rad]

M, 6.56 x 102 2.69 x 1073 (4.10%) 1.08 x 10~¢ (0.0016%)
M, 3.2985 x 102 (5.40%) 6.107 x 102 6.1829 x 10-¢ (0.010%)
M, 1.0785 x 107 (0.463%) 6.0812 x 10~8 (0.026%) 2.333 x 104

Table 4.6: Rotations under unit moments about global axes

These results show that each global moment induces a response almost entirely in its intended axis,
with cross-terms below about 5%, which confirms that the structural axes are sufficiently aligned with
the global coordinate system for stiffness extraction with only minor flap—torsion leakage attributable
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to structural eccentricities such as spar offset, uneven material distribution, tip mass eccentricities, or
slight meshing imperfections.

A set of modeling options was also considered to minimize coupling effects, and their trade-offs are
summarized in Table 4.7. Although these adjustments could further isolate principal axis behavior, the
current model was deemed sufficiently representative of the actual wing while maintaining acceptable
decoupling.

Option Effect Trade-off
Use simpler, symmetric Reduces structural coupling; Less representative of the
geometry (e.g., spar-only) yields cleaner, axis-aligned bending actual wing structure
Apply moment directly Isolates bending in primary load path; Ignores interaction with
to spar tip face only minimizes influence of other structures chassis and full tip surface
Run modal analysis Identifies natural principal directions of deformation; Requires eigenmode interpretation
instead of static bending no applied load assumptions and doesn't yield El or GJ directly

Avoid rigid Remote Points  Allows natural, distributed rotation across the tip face Requires careful postprocessing and proper scoping

Table 4.7: Modeling options to reduce coupling and their trade-offs

Based on this validation, it was concluded that the wing’s response is dominated by principal axis
behavior. This justifies using the simplified, decoupled formulation proposed by Elsayed, in which
bending and torsional stiffnesses are obtained directly from the load—rotation relationship. Accordingly,
the stiffness values are computed as

M,L ML ML
FEI, = 5, =5 GJ = 4,

where EI, and EI, denote the bending stiffnesses about the X- and Z-axes, respectively, GJ is the
torsional stiffness, M., M,, and M, are the applied unit bending and torsional moments, L is the total

span length of the beam, and ¢, 8, and 6, are the corresponding rotations measured at the tip. This
formulation provides the effective stiffness values required for the equivalent beam representation.

EI . (4.6)

4.4.2. Load Case Setup

To extract the 3D wing structure’s bending and torsional stiffnesses using the Elsayed methodology,
unit moment loads were applied at the tip, and the resulting angular deformations were recorded. The
simulation setup was identical to that described in Section 4.2.

To apply the directional moments and to capture the corresponding rotations, a Remote Point was
created at the centroid of the spar tip face at coordinates (0,0.75,0) m. Depending on the load case,
this Remote Point was coupled either to the spar tip face alone or to both the spar and chassis tip
faces through the (MPC) formulation, with all six DOFs activated and the behavior set to Deformable. A
unit moment of 1 Nm was then applied about the axis of interest, and the resulting angular rotation was
measured using a Flexible Rotation Probe at the Remote Point. For each load case, the global
deformation field was visualized by extracting the corresponding translational displacement of the wing
tip using Directional Deformation.

Load Case M, [Out-of-plane Bending]

A unit moment about the X-axis produces upward or downward bending in the Z-direction. The spar
is the primary vertical load-bearing structure, while the chassis contributes minor out-of-plane stiffness
due to the absence of a skin. If the chassis tip face were included in the Remote Point coupling, its
greater compliance and surface area would artificially reduce the apparent stiffness. To avoid this, the
Remote Point was connected only to the spar tip face, which isolates flapwise bending and prevents
contamination from local compliance effects.

Load Case M, [Torsion]

A unit moment about the Y-axis induces twist along the spanwise axis. In this open structure, torsional
resistance arises jointly from the spar and the partially enclosing chassis. Since the spar and chassis
tip faces are aligned and act together in resisting torsion, both were coupled to the Remote Point. This
ensures that the distributed torsional compliance of the structure is captured, providing a physically
representative rotational response.
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Load Case M, [In-plane Bending]

A unit moment about the Z-axis produces in-plane bending, resulting in lag displacement in the X-
direction. The spar primarily carries in-plane loads, whereas the large, thin chassis walls contribute
minor stiffness and may undergo excessive local deformation. To prevent underestimation of the effec-

tive in-plane bending stiffness, the Remote Point was connected only to the spar tip face for this load
case.
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Figure 4.9: Primary translational deformation u, due to load case M,
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Figure 4.10: Torsion deformation due to load case 1,
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Figure 4.11: Primary translational deformation w, due to load case M

4.4.3. Global Stiffness Extraction and Results

The unit moment load cases produced distinct deformation fields corresponding to each principal direc-
tion of bending and torsion, as illustrated in Figures 4.9, 4.10, and 4.11. These deformation patterns
show that the applied moments generate dominant responses in the intended directions (out-of-plane,
torsional, and in-plane, respectively), with only minor secondary components. This confirms that the
wing deforms primarily about its principal axes, with negligible coupling, thereby validating the use of
the principal-axis stiffness formulation. The global rotational and translational response of the 3D wing
structure under each loading condition is summarized in Table 4.8.

Axis Load case Interpretation Tip Rotation [rad] Tip Displacement [m]
X M, Out-of-plane bending 0, = 6.555E-02 u, = 1.881E-02

Y M, Torsion 0, =6.107E-02 -

Z M, In-plane bending 0, = 2.333E-04 u, = -8.487E-05

Table 4.8: Linear static response of 3D wing to unit moment loads about principal axes

The corresponding global stiffness values were computed using Equation 4.6, assuming a beam length
of L = 0.75 m and unit moment magnitudes. The results are as follows:

1-0.75

. . 2
EI, [Out-of-plane Bending Stiffness] = CEEE X102 = 11.441 Nm
GJ [Torsional Stiffness] = L0 9 981 Nm?
6.107 x 10—2
EI, [In-plane Bending Stiffness] = _10n 3214.745 Nm?
2.333 x 104

In addition to tip displacements used for global stiffness extraction, the spanwise deformation fields
were extracted from the 3D FEM model along the elastic axis to study the shape of structural response
under unit moment loads. These deformations, illustrated in Figure 4.12, will be used to compare the
equivalent beam model developed later in the chapter.
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Figure 4.12: Spanwise deformations (u., us, 6,) due to unit moment loads

Stiffness Sensitivity Analysis for 3D Wing

While the primary stiffness values reported above reflect the selected modeling configuration, the ex-
tracted results are sensitive to the definition of the tip boundary condition, specifically the combination
of Remote Point behavior (rigid vs. deformable) and the choice of tip face selection (spar only vs. spar
+ chassis). A systematic sensitivity analysis was performed across all three loading cases to evaluate
this. The simulation environment described in Section 4.2 and the clamped-free boundary condition
were retained for all simulations, while only the Remote Point settings were varied. Four configura-
tions were tested for each unit moment load case (M., M,, and M.): a rigid Remote Point coupled
to the spar tip face only, a rigid Remote Point coupled to both the spar and chassis tip faces, a de-
formable Remote Point coupled to the spar tip face only, and a deformable Remote Point coupled to
both the spar and chassis tip faces. Table 4.9 summarizes the resulting stiffness values, where the
final configuration adopted for each load case is highlighted in bold.

Stiffnress Remote Point Spar Only Spar + Chassis

Rigid 12.23 31.28
2
EL INMT 5tormable 11.44 9.95
Rigid 12.97 23.86
2
GJINMTT betormable 12.48 12.28
Rigid 3216.81 3561.93
2
ELINMT  beformable 3214.74 788.74

Table 4.9: Sensitivity of extracted stiffness values to remote point behavior and face selection

Representative deformation visualizations for each load case and Remote Point configuration are pro-
vided in Figures 4.13 4.13, and 4.15.
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Figure 4.13: Wing deformation under unit moment M,
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Figure 4.14: Wing deformation under unit moment M,
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Figure 4.15: Wing deformation under unit moment M,
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The stiffness values remained relatively stable when the Remote Point was coupled only to the spar
tip face, regardless of whether a rigid or deformable formulation was used. This consistency indicates
that the spar dominates the structural response in all three loading directions.

When the chassis tip face was also included, significant variation in the extracted stiffness values ap-
peared, particularly with the Deformable Remote Point. The larger surface area and lower chassis
stiffness introduced excessive compliance, which was most pronounced in the in-plane bending case.
In this configuration, the effective stiffness dropped by more than 75%, highlighting the sensitivity of
the results to the choice of selection.

For the M, load case (out-of-plane bending), both rigid and deformable Remote Points coupled to the
spar tip face produced nearly identical deformation fields and stiffness values (12.23 Nm? vs. 11.44
Nm?2). This similarity suggests that uniform section rotation occurs naturally, independent of the cou-
pling type. Nevertheless, the deformable formulation was selected for consistency across all load cases
and to better reflect physical compliance.

In the torsional M, load case, the final configuration included both the spar and chassis tip faces. The
extracted stiffness of 12.28 Nm? confirmed that both surfaces contribute to torsional resistance. This
approach provides a more physically representative description of load transfer at the flush wing tip
interface.

For the in-plane bending M, case, the stiffness values were again nearly identical between rigid and
deformable Remote Points when only the spar tip face was selected (3216.81 Nm? vs. 3214.74 Nm?).
However, including the chassis tip face led to extreme underestimation due to dominant local warping
effects and was therefore excluded from the final setup.

Based on physical reasoning and the observed numerical trends, the following final configuration was
adopted. For M, a Deformable Remote Point coupled only to the spar tip face was used. In M,, the
Remote Point was coupled to both the spar and chassis tip faces, since both contribute to resisting
twist. For M, the configuration again employed a Deformable Remote Point linked solely to the spar
tip face. This setup was found to be best for capturing the global structural behavior of the wing while
minimizing the influence of local compliance artifacts.

4.5. Section-Wise Structural Analysis

To better capture the spanwise variation in stiffness properties, the 3D FEM wing model was decom-
posed into four discrete structural segments referred to as sections. The root region spans 0-0.05 m,
the mid-section spans 0.05-0.365 m, the aileron region spans 0.365-0.725 m, and the tip region spans
0.725-0.750 m. This division was chosen based on changes in structural cross-sectional properties
visible in the 3D geometry. Each section corresponds to a portion of the wing where material distri-
bution, internal geometry, or mass features differ. This segmentation allows for deriving non-uniform
stiffness properties that reflect the actual structural behavior along the span, rather than assuming a
uniform beam. Figure 4.16 illustrates the segmentation overlaid on the simplified wing model.
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Figure 4.16: Spanwise segmentation of the simplified wing model into four structural sections



4.5. Section-Wise Structural Analysis 48

4.5.1. Section Modeling Assumptions

The section-wise stiffness extraction was performed under a set of simplifying assumptions. Each
section was analyzed independently, assuming negligible interaction across section interfaces, which
allowed structural decoupling and simplified parameter extraction. Within a section, material properties,
cross-sectional geometry, and stiffness were treated uniformly so that each segment could be charac-
terized by a single representative E1 and GJ value. Tip loading was applied as unit moments at the
free end of each section, rather than distributed forces, to maintain consistency with the global wing
stiffness extraction and with Elsayed’s methodology. All sections were assumed to share the same
coordinate orientation as the global wing, enabling stiffness estimation to be decoupled into E1,, GJ,
and EI,. The boundary condition for each section was defined by fixing the root face, thereby emulat-
ing a clamped cantilever constraint. Linear elastic material behavior was assumed throughout, with no
geometric or material nonlinearity included.

4.5.2. Section-wise Linear Static Analysis

Each section was meshed and analyzed in ANSYS using the same modeling approach described for
the whole wing in Section 4.2. The material assignments, contact definitions, and point mass treatments
were retained identically. The mesh resolution varied across sections due to size and internal detail
differences. Figure 4.17 shows the FEM models for all four sections. Mesh statistics are summarized
in Table 4.10.

Section Node Count Element Count

Section 1 18795 9124
Section 2 52049 22749
Section 3 49383 21874
Section 4 5292 2255

Table 4.10: Node and element counts for each FEM section model
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Figure 4.17: Spanwise divided 3D FEM wing as four sections 1 through 4

4.5.3. Boundary Conditions and Remote Point Setup

Each section was modeled as a cantilevered beam segment using the same tip-loading methodology
applied to the whole wing, following Elsayed. The inboard faces of each section were assigned a
Fixed Support. A Remote Point was defined at the centroid of each section’s outboard spar tip face,
scoped to a dedicated Named Selection encompassing the relevant tip geometry. While all sections
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followed a cantilever boundary definition, the Remote Point behavior and face selecting strategy varied
depending on the structural context, as outlined below.

Sections 1-3

For Sections 1-3, the structures were modeled as idealized beams with rigid cross-sectional rotation.
The Remote Point behavior was set to Rigid, and all available tip faces, including the spar, web, and
chassis, were included in the coupling. Although these sections are not closed cross-sections, enforc-
ing rigid rotation of all tip faces forces them to behave as if they were nearly enclosed. This approach
ensures that the applied moment produces uniform section rotation, consistent with an equivalent beam
representation, and avoids spurious local twisting of individual faces.

Section 4

Section 4 terminates at the wing tip; therefore, its structural behavior differs from the inner sections.
Unlike Sections 1-3, which are bounded by internal ribs and webs that provide restraint, Section 4
has no continuation of structure beyond its free end. As a result, the local compliance of the tip region
plays a more significant role, particularly due to the greater flexibility of the chassis compared to the spar.
To capture this behavior, a targeted sensitivity analysis was performed in which the Remote Point was
varied. Both rigid and deformable behaviors were considered, and the coupling was applied either to the
spar tip face alone or to both the spar and chassis tip faces. This procedure mirrors the approach used
for the full wing and allowed the most representative configuration for Section 4 to be identified. The
resulting stiffness values for FI,, GJ, and EI, are summarized in Table 4.11. The final configuration
used for section 4 stiffness extraction is highlighted in bold.

Stiffness Type Remote Point Spar Only Spar + Chassis

Rigid 4.98 9.57
2
El [Nm7] Deformable 2.85 1.39
Rigid 48.22 102.04
2
GJ [Nm-] Deformable 24.11 41.33
Rigid 3002.71 3893.17
2
EI [Nm7] Deformable 2943.29 83.68

Table 4.11: Sensitivity of section 4 stiffness to remote point behavior and face selection

To complement the stiffness sensitivity data, Figures 4.18, 4.19, and 4.20 show the deformation fields
observed for section 4 under the unit moment load cases M, M, and M, respectively. Each figure
compares the four tested remote point configurations.

(a) Rigid, Spar Only (b) Rigid, Spar + Chassis

2

(c) Deformable, Spar Only (d) Deformable, Spar + Chassis
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Figure 4.18: Bay 4 deformation under unit moment M,
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Figure 4.19: Bay 4 deformation under unit moment 17,
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Figure 4.20: Bay 4 deformation under unit moment M,

The sensitivity analysis for Section 4 highlights how strongly the extracted stiffness values depend on
the Remote Point definition and the choice of coupled faces. In out-of-plane bending, the spar-only se-
lection with a Deformable Remote Point gave the lowest and most stable value (2.85 Nm?). Including
the chassis face reduced the stiffness even further (1.39 Nm?2) because the relatively flexible chassis
dominates the tip deformation. In contrast, rigid coupling inflated the apparent stiffness, especially
when both faces were included (9.57 Nm?), by enforcing uniform rotation across all nodes.

In torsion, both spar and chassis contribute to resisting twist. This is reflected in the much higher stiff-
ness when both faces were coupled, particularly under the Deformable Remote Point (41.33Nm?).
The spar-only values were significantly lower (24.11 Nm? deformable, 48.22 Nm? rigid), showing that
neglecting the chassis underestimates torsional resistance, while rigid coupling again produces an ar-
tificially stiff response.

For in-plane bending, the spar-only configuration with a Deformable Remote Point produced a value
of 2943.29 Nm?, consistent with the expected order of magnitude. Coupling both spar and chassis un-
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der a deformable formulation caused a severe drop in stiffness (83.68 Nm?), dominated by excessive
local deformation of the chassis tip face. The rigid couplings again produced higher values (3002.71
and 3893.17 Nm?2) by suppressing local warping.

Overall, these results show that rigid formulations consistently over-predict stiffness by constraining
natural deformation at the tip, while deformable couplings reveal the influence of the flexible chassis.
Based on these trends, the final configurations adopted were: spar-only deformable for E'1, and FE1,,
and spar+chassis deformable for GJ. This configuration provides stiffness values of the correct order
of magnitude compared to the full-wing analysis, while also avoiding the artificial stiffening introduced
by rigid couplings and the severe underestimation caused by chassis-dominated local deformations at
the tip.
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Figure 4.21: Linear static structural analysis for Bay 1
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Figure 4.22: Linear static structural analysis for Bay 2
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Figure 4.23: Linear static structural analysis for Bay 3
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Figure 4.24: Linear static structural analysis for Bay 4

Results and Postprocessing

The Figures 4.21, 4.22, 4.23, and 4.24 show the resulting displacement contours corresponding to
each unit moment M, M, and M. load case for each section 1 through 4, respectively. Each section’s
applied unit moment load cases resulted in distinct deformation fields aligned with the principal bending
and torsional directions. Angular rotations about the X, Y, and Z axes were extracted at the Remote
Point for each load case. Using the methodology of Elsayed et al. [60] and the principal stiffness
expressions in Equation 4.6, the out-of-plane bending, torsional, and in-plane bending stiffnesses were
tabulated in Table 4.12 for each section.
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Length Tip Rotational Deformations [rad] Static Stiffnesses [Nm?]
L [m] 0, 6, 6, EI, GJ EI,

Section1 0.050 3.623E-03 3.916E-04 1.153E-05 13.801 127.691 4335.385
Section2 0.3156  3.472E-02 3.230E-02 8.455E-05 9.073 9.753  3725.650
Section3 0.360 3.823E-02 3.457E-02 1.025E-04 9.417 10.414 3510.825
Section4  0.025 8.770E-03 6.048E-04 8.494E-06 2.851 41.333 2943.289

Section

Table 4.12: Extracted rotations and stiffness values per section using linear static unit moment loads

These values reflect the non-uniform structural composition across the span. Sections 2 and 3, which
cover most of the span, yield stiffnesses close to the wing’s general behavior. Section 1 shows the
largest stiffnesses at the root, consistent with material build-up and the clamped boundary condition.
Section 4 deviates most from the midTispan trends due to its very short length and lower material
content: EI, is the smallest, EI, remains of the same order as other sections, and GJ is higher
than in Sections 2—-3 because both the spar and chassis tip faces were included in the Remote Point
connection for the torsional load case.

4.6. Equivalent Beam Derivation

The preceding analyses of the 3D wing structure, both global and section-wise, produced spanwise
distributions of bending and torsional stiffness. The geometry must be simplified into a segmented
equivalent beam to use this structural model in SHARPY’s aeroelastic framework. This reduced-order
representation allows efficient aeroelastic simulation while retaining the essential structural flexibility of
the whole wing.

The equivalent beam was developed iteratively with validation interleaved. First, spanwise stiffnesses
obtained from the section-wise FEM analyses were assigned to the beam elements to reproduce the
3D wing'’s static response under unit bending and torsional moments. This stiffness configuration was
validated against the 3D model by comparing spanwise deflection and twist, including tip rotations.
With fixed stiffness, the beam’s modal properties were matched to the 3D wing by adjusting only the
mass and rotational inertia distributions until the natural frequencies and mode shapes agreed. A final
validation quantified using the modal assurance criteria confirmed that the updated inertias preserved
the static match while delivering consistent modal behavior relative to the 3D wing.

4.6.1. 1D Beam Model Definition and FEM Setup

A one-dimensional (1D) beam model was created in ANSYS SpaceClaim 2023 R2 as a line geometry
divided into four segments, each corresponding to a structural section. These line segments were
converted into Beam Bodies with temporary cross-sections for FEM setup. The beam was aligned with
the global Cartesian system identical to the 3D wing, with the span along the Y-axis, the chord along
the X-axis, and the vertical direction along the Z-axis. Local beam axes follow the standard ANSYS
convention. The resulting geometry and segmentation are shown in Figure 4.25.
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Figure 4.25: Spanwise segmentation of the 1D beam model into four sections
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The FEM setup of the beam model followed two main steps. First, the interfaces between the four
beam segments were connected using Bonded Contact to ensure structural continuity across the span.
Second, a uniform mesh size of 5 mm was applied along the total beam length of 0.75 m, yielding 150
elements and 151 nodes.

4.6.2. Stiffness Matching

The first step in the derivation of the equivalent beam model is to match its structural stiffness with
that of the segmented 3D FEM wing. In ANSYS Mechanical, stiffness values (E1,., GJ, EI,) cannot
be directly assigned. Instead, user-defined beam cross-sections must be specified through geomet-
ric properties, namely, the cross-sectional area A, and the second moments of area about each axis
(Iyy,1.-) and the torsional constant J. Following classical beam theory, these geometric parameters
are related to stiffness via material properties.

The flexural and torsional stiffnesses extracted from the 3D FEM static simulations of each section were
used to compute the required cross-sectional properties under the assumption of aluminum material:

EIBD

EI3P D _ GJ3P
E B

1D _ 1D _
Iyy - Izz - F G

4.7)

where E and G are Aluminum material properties, previously defined in Table 4.2. These computed
geometric properties were assigned to a user-defined beam cross-section for each beam segment. In
addition to stiffness, the cross-sectional area A was set to match the volume distribution of each 3D
section:

A= Vsection (4.8)

Lsection

where Vgeciion IS the volume of the material in the section obtained from the 3D FEM model and Lgection
is its spanwise length. The Table 4.13 below summarizes the spanwise cross-sectional properties of
the equivalent beam model.

Segment Length [m] Volume [m®] EI,[Nm?] GJ[Nm?] EI, [Nm? I, [m’] J [m*] I..[m4 A[m?]
1 0.050 5.055E-05 13.801 127.691 4335.385 1.944E-10 4.784E-09 6.106E-08 1.011E-03
2 0.315 1.406E-04 9.073 9.753 3725.650 1.278E-10 3.654E-10 5.247E-08 4.463E-04
3 0.360 1.870E-04 9.417 10.414 3510.825 1.326E-10 3.901E-10 4.945E-08 5.194E-04
4 0.025 1.587E-05 2.851 41.333 2943.289 4.015E-11  1.549E-09 4.145E-08 6.350E-04

Table 4.13: Spanwise segmented cross-sectional properties derived from stiffness-matching of FEM results

To validate the cross-sectional properties and confirm that the segmented beam reproduces the struc-
tural response of the 3D wing, linear static analyses were performed. Each beam segment was as-
signed the stiffness values obtained from its corresponding section. The beam root node was fixed to
emulate a clamped condition, and a Remote Point was defined at the tip to apply unit moments about
the X, Y, and Z axes. Angular rotations at the tip and spanwise translational and rotational defor-
mations were extracted for each load case along the beam nodes. This enabled direct evaluation of
bending and torsional stiffness along the span. The segmented beam was thus expected to reproduce
similar static compliance as the 3D FEM wing when subjected to equivalent tip moments.

Preliminary Results

The tip deformation results from the 1D beam model were compared directly with those of the 3D
FEM wing under identical unit moment loading and are summarized in Table 4.14. In addition to tip
displacements, the spanwise deformations were extracted from the 1D beam model. The Figure 4.26
visualizes the deformations along the beam for the three individual unit moment loads.



4.6. Equivalent Beam Derivation

55

E: Equivalent Beam Static Structural
IZ [El]

Expression: UZ
Unit: m
Time: 15
01/08/2025 10:22 PM

0.029408 Max
002614
0022673
0.019605
0016338
001307
0.0095026
0.0065351
0.0032675
©Min

0000 0150 0.200(m)

0075 05

(a) Translational deformation w . due to unit moment M,

E: Equivalent Beam Static Structural
Tuvist [6)]

Expression: RY

Unit: rad

Time: 15

01/08/2025 10:24 PM
0.067867 Max
0060327
0052786
0045245
0037704
0030163
0022622
0015082
0.0075408
0 Min

0.000 0.150 0.300(m)
[ SSaaaa— SS—0

0075 0.225

(b) Twist 6,, due to unit moment M,

E: Equivalent Beam Static Structural
U [Elz]

Expression: LX

Unit: m

Time:

15
01/08/2025 10:18PM

0 Max
-8373%-6
-1.6748e-5
2512265
-3,3496¢-5
-4187e-5
-5.024de-5
-5.8618e-5
-6.6992e-5
-7.5366e-5 Min

0.000 0150 0.300(m)
]

0075 0225

(c) Translational deformation w, due to unit moment M,

Figure 4.26: 1D beam spanwise deformations
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Quantity Load case 3D Wing 1D Beam Relative Error
Tip Displacement v, [m] M, 1.881 x 102 2.941 x 1072 +56.3%
Tip Rotation 6, [rad] M, 6.107 x 1072 6.789 x 1072 +11.2%
Tip Displacement u,, [m] M, —8.487 x 107° —7.536 x 107 —11.2%

Table 4.14: Comparison of tip deformation results under unit moment loading: 3D FEM wing vs. segmented beam

The segmented 1D beam shows notable deviation from the 3D FEM wing, especially in out-of-plane
bending. The tip displacement u, under M, is overestimated by about 56%. This is because bend-
ing loads concentrate at the clamped root, making the response highly sensitive to the local EI,.. This
arises because the applied bending moment is largest at the clamped root, making the tip displacement
highly sensitive to the effective FE 1, in that region.

In the 3D wing, multiple structural members such as the spar, ribs, and chassis share this load to resist
bending. At the same time, the 1D beam reduces it to a simplified line element, underestimating root
stiffness and increasing compliance. By comparison, since fewer dominant members govern these re-
sponses, torsional rotation and in-plane bending displacement deviate more moderately at +11% and
—11%. As a result, while the current beam formulation reflects the main structural trends, it does not
directly reproduce the static compliance of the 3D wing.

To address this, the following subsection introduces stiffness scaling, where the sectional stiffness
values obtained using Elsayed’s method are used as a starting point and then adjusted with per-section
or global scaling factors to improve the match between the beam’s static response and that of the 3D
wing.

Stiffness Scaling

Their cross-sectional stiffness properties govern the deformation of slender beams under applied loads
such that bending behavior is controlled by the product E1, while torsional response is dictated by GJ.
In bending, the applied moment is related to the beam’s curvature according to:

M=EI — (4.9)

where ‘Z%’ is the second derivative of the displacement field. The corresponding displacements are
obtained by integrating this relation along the span. Similarly, in torsion, the applied torque is related

to the twist gradient through:
M:GJ-d—H (4.10)
dy
with the total twist angle 6(y) obtained by integration. These relations highlight that adjusting the val-
ues of £1 and G J directly modifies the compliance of the equivalent beam under bending and torsional
moments, providing a straightforward way to scale stiffness properties to better match the 3D wing
response.

In practice, scaling the bending stiffness E1 uniformly rescales the deflection amplitudes while preserv-
ing the deformation shape. Simple scalar factors were applied only to the bending stiffness components
to exploit this. For each bending case, a global scaling factor v; was computed as the ratio of 1D beam
to 3D FEM tip responses:

beam
’Yi:ul'.:ﬁa iG{:L’,Z}, (411)

K2

and used to scale the second moments of area I, and I, across all sections.

For torsion, GJ affects the twist distribution more directly, and its accuracy depends on how the span-
wise variation of .J is defined. Hence, a single scaling factor proved insufficient. Although it corrected
the tip twist amplitude, the distribution remained linear and overestimated the 3D wing’s J distribution.
This stepwise behavior originates from assigning constant J values per section, which coarsely reflects
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the smoother stiffness variation of the real wing. To bring the torsion distribution of the beam closer to
that of the wing, a quadratic fit was constructed through the original FEM-derived J values and evalu-
ated at 5 mm resolution along the span. The fitted values were then averaged per section, reducing
abrupt jumps while retaining the four-segment beam representation. Finally, a global scaling factor was
applied to the beam to match the total tip twist:

beam,fitted
9’9

Figure 4.27 shows the fitted J(y) curve and the per-section averages, while the resulting global scaling
factors are summarized in Table 4.15. Table 4.16 reports the final optimized sectional properties.

Quadratic fit to J(y) with per-section averages (unscaled vs scaled)
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Figure 4.27: Quadratic fit to FEM-derived torsional constant J(y)

Load Case Property Global Scaling Factor ~

M, I, 1.564
M, J 0.805
M. L. 0.888

Table 4.15: Global scaling factors applied to sectional properties

[0) =, - 19), (4.13)
19 =, . 19, (4.15)

Section [, [m?] J [m?] I, [m4

1 3.040E-10 2.254E-09 5.422E-08

2 1.999E-10 6.787E-10 4.660E-08

3 2.074E-10 3.196E-10 4.391E-08

4 6.280E-11 1.441E-09 3.681E-08

Table 4.16: Optimized cross-sectional properties for each beam segment
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It is essential to note that the stiffness tuning was performed by scaling the second moments of area (1,
I..) and the torsional constant (J), rather than directly adjusting the material moduli (£, G). This deci-
sion was made because ANSYS requires physically valid material definitions for simulation accuracy
and numerical stability. Moreover, scaling geometric cross-sectional properties offers more localized
control over stiffness distribution across sections without altering the material model.

After calibration, the scaled properties were reassigned to the beam model, and static analyses were
repeated. The optimized tip results are summarized in Table 4.17.

Quantity Load case 3D Wing 1D Beam Relative Error
Tip Displacement v, [m] M, 1.881 x 102 1.880 x 1072 ~ 0%
Tip Rotation 6, [rad] M, 6.107 x 1072 6.107 x 1072 ~ 0%
Tip Displacement w,, [m] M, —8.487 x 107  —8.486 x 107° ~ 0%

Table 4.17: Comparison of tip deformation results using optimized cross-sectional properties

To assess the fidelity of the stiffness-optimized 1D beam model, its deformation response was com-
pared against the original 1D beam and the high-fidelity 3D wing model in terms of u., u,, and 6,,.
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Figure 4.28: Spanwise vertical displacement comparison

From Figure 4.28, the optimized 1D beam and the 3D wing exhibit closely matched vertical deflections
with identical deflection amplitudes and similar curvature, with only minor spanwise deviations. The
maximum absolute deviation from the 3D wing occurs at y ~ 0.55m (73% span) with |Au,| ~ 6.6 X
10~*m, corresponding to a local error of 7.4%. At the tip, the optimized beam agrees closely (9.8 x
10~°m, 0.53%). By contrast, the baseline beam shows its most significant error at the tip, overpredicting
deflection by 1.0 x 1072 m (55.6%). The deviation of the beams is attributed to residual differences in
the spanwise out-of-plane stiffness distribution FI,(y). Whereas the 3D wing exhibits a continuous
stiffness from spar—rib—chassis interactions and local MPC constraints, the 1D beam employs bay-
averaged sectional values, which match tip amplitude but not the exact curvature shape.



4.6. Equivalent Beam Derivation 59
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Figure 4.29: Spanwise horizontal displacement comparison

For chordwise displacement from Figure 4.29, the optimized beam again exhibits close agreement with
the 3D model. The curvature of the deformation is better preserved compared to the baseline beam,
which appears slightly stiffer. The optimized beam shows a maximum deviation of 1.15 x 10~¢ m at the
tip (y ~ 0.75m), corresponding to ~ 1.4%. The baseline beam exhibits a larger tip error of 1.05 x 10~ m
(~ 12.3%). Residual differences are attributed to bay-averaged EI, values and the omission of local
rib—chassis interactions, which slightly alter tip compliance in the FEM wing relative to the equivalent
beam.
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Figure 4.30: Spanwise twist comparison

The most notable improvement appears in the torsional response (¢,) as seen in Figure 4.30. The
original 1D beam significantly overestimates twist, producing a piecewise linear shape indicative of
section-wise stiffness discontinuities. In contrast, the optimized model closes the mismatch between
the twist amplitude and the smooth curvature observed in the 3D wing. This improvement was achieved
by fitting a quadratic spanwise profile to the 3D-extracted torsional stiffness values and scaling it to
match the total tip twist. Quantitatively, the optimized beam’s maximum deviation is 3.96 x 10~3 rad at
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y ~ 0.66 m (~ 8.2%), whereas the baseline beam deviates by 1.40 x 10~2rad at y ~ 0.49m (~ 45.7%).
The residual difference arises from condensing the smoothly varying torsional stiffness into a quadratic
fit, which reduces tip error but cannot fully capture local spanwise variations.

4.6.3. Modal Matching

While static stiffness matching ensures that the 1D segmented beam replicates the 3D FEM wing
structure’s load—deflection behavior under static conditions, modal matching is equally important for
capturing dynamic response in aeroelastic simulations. This subsection outlines the approach used to
match the natural frequencies and mode shapes of the equivalent beam to those of the 3D FEM model.

The goal of modal matching is to verify whether the 1D segmented beam, constructed with optimized
stiffness and mass properties, reproduces the dominant vibration modes of the 3D FEM wing. Ensur-
ing this agreement in natural frequencies and mode shapes is essential for the beam to capture the
structure’s dynamic response accurately.

Modal matching builds upon the stiffness-optimized 1D beam constructed in ANSYS. In static analysis,
only stiffness governs the deformation response, so density does not play a role. By contrast, mass
and inertia directly influence the natural frequencies and mode shapes in modal analysis, making them
essential inputs. Each of the four beam segments was assigned optimized cross-sectional stiffnesses
and corresponding mass per unit length (). In ANSYS Mechanical, cross-sectional definitions via
SECTYPE inputs do not explicitly support assigning mass or rotational inertia properties. Instead, ANSYS
implicitly computed these from the cross-sectional area A and the mass density p defined in the material
properties. To reflect the varying density of each 3D FEM section, four different materials were created,
all assigned a constant £ and G, but different densities p;. The density for each segment was calculated
using:

i = T\T/Lsectllon,z (4.16)

section,i

where msection.; 1S the total mass and Vsection,; is the volume of the material comprising the section i,
both extracted from the full 3D FEM model. ANSYS then uses these values to internally compute the
total mass and the inertia tensor using the relations:

Im:/sz dA, Iyy:/p:deA, Izzz/py2 dA (4.17)
A A A

and similarly for the products of inertia. These are integrated over the assigned cross-section and
scaled by density. Table 4.18 summarizes the resulting segment-wise mass properties.

Segment Length[m] Mass [Kg] Volume [m?] Density [Kg/m3] p[Kg/m] A [m?]

1 0.050 0.0596 5.055E-05 1178.685 1.192 1.011E-03
2 0.315 0.2099 1.406E-04 1493.172 0.666  4.463E-04
3 0.360 0.2944 1.870E-04 1574.492 0.818  5.194E-04
4 0.025 0.0247 1.587E-05 1556.067 0.988  6.350E-04

Table 4.18: Mass properties of the 1D beam model

To validate the assigned mass properties, modal analysis was performed on the segmented beam.
Each segment was defined with its optimized cross-sectional stiffness and density-based mass prop-
erties, and the root was fixed to reproduce the wing’s clamped—free boundary condition. The first five
natural frequencies were extracted, along with the corresponding displacement and torsional mode
shapes required for MAC comparisons.

As a preliminary validation step, the modal response of the segmented 1D beam was computed, and
the first five natural frequencies were compared to those of the 3D FEM wing model in Table 4.19.
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Mode Number Wing Mode Type 3D Wing[Hz] 1D Beam [Hz] Beam Mode Type

1 15t Bending 4.24 4.29 15t Bending
2 2" Bending 21.98 27.91 274 Bending
3 Torsion 35.84 63.58 Lag Bending
4 3¢ Bending 59.59 79.00 374 Bending
5 Lag Bending 63.14 153.14 4" Bending

Table 4.19: Initial 1D beam modal frequencies

The comparison revealed three main discrepancies. First, the mode order was incorrect: the lag mode
appeared as the third mode in the beam instead of the fifth, as observed in the 3D wing. Second, the
natural frequencies of the flap modes were consistently higher in the beam model. Finally, the torsional
mode was not captured within the extracted range, indicating that it had shifted to higher frequencies.
To address these, the following subsection introduces optimization-based modal tuning. The goal is
to align the beam’s inertia properties with those of the 3D wing structure to better reflect its dynamic
response.

Modal Optimization

Observation of the mass properties reported in the Solution Information of ANSYS showed that
the total mass and the principal inertias I, and I,, of the 1D beam closely matched those of the 3D
wing. However, the polar moment of inertia I,, was significantly underestimated in the beam model,
as summarized in Table 4.20.

Inertia [Kg m?] 3D Wing 1D Beam Difference  Error %

Iy 0.0294830 0.0298570 -0.00037400  -1.26
Iy 0.0010613 0.0000517 0.00100963 95.13
I.. 0.0305030 0.0299080 0.00059500 1.95

Table 4.20: Comparison of inertia tensor of 3D wing and 1D beam

To address this discrepancy, a correction strategy based on Point Masses was introduced. These
were positioned at the spanwise center of each of the four beam sections and assigned negligible
translational mass. Instead, each point mass was given a rotational inertia I,,, equal to one quarter of
the missing polar moment, namely

0.00100963
Lyyeacn = = —— = 0000252408  Kg m? (4.18)

and directly attached to the corresponding beam node. The point masses were placed at the spanwise
midpoints of each beam segment to distribute the additional torsional inertia evenly along the span and
avoid artificial concentration at the tip. This placement reflects a standard lumped-parameter modeling
practice intended to adjust torsional dynamic properties with minimal side effects on bending, rather
than the outcome of a dedicated sensitivity study. Figure 4.31 illustrates the placement of these point
masses along the 1D beam.

MAnsys

2023R2

Figure 4.31: Point masses along the 1D beam span
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With the difference in I,,, added, the modal analysis was rerun, and the updated mass properties of the
1D beam model were as follows:

Total Mass = 0.58861 Kg
The mass principal axes coincide with the global Cartesian axes
Center of Mass (X,Y,Z) = (0.0000, 0.38008, 0.0000)

Total Inertia about Center of Mass:

0.29864E — 01 0.0000 0.0000
0.0000 0.10616E — 02 0.0000
0.0000 0.0000 0.29915E — 01

This correction of I, inertia lowered the torsion frequency to 32.21 Hz. The relation governs the

torsional natural frequency f of a beam:
f= ¢/ (4.19)
Iy

With I, now matched to the 3D FEM wing via point masses, the torsional frequency can be controlled
using an optimization factor. To shift the torsional frequency from its current value feyrent to @ desired
target value fiarget, the necessary scaling factor for I,y is computed from:

Iyy,current _ ( ftarget )2 (4.20)
Ilyy,new fcurrent
Thus, the updated I,y inertia is:
2
Ilyy,new = Iyy,current <fcurrent) (4.21)
ftarget
Thus for:
ftarget,wing = 35.84 Hz
fcurrent,beam =32.21 Hz
= Scaling Factor = 32.21 i ~ 0.808 (4.22)
g T \3p84) T '

The torsional mass moment of inertia Iy, for all four beam segments was therefore multiplied by this
factor to raise the torsional frequency to the desired value as follows:

I&{,') =0.808 - Ié{}) for sections j = 1,2,3,4 (4.23)
. 0.000252408 x 0.808 = 0.000203957 Kg m? (4.24)

With torsional mass moment of inertia Iy, scaled, the attention shifts to aligning out-of-plane bending
frequencies. While mode shapes for these bending modes were qualitatively correct, their frequen-
cies remained high, especially for higher-order flap modes. To achieve a modal match between the
1D segmented beam model and the full 3D wing structure, an iterative refinement of the out-of-plane
inertia I,x per segment was adjusted using a global scaling approach. Starting from a base model with
optimized section-wise stiffness but no rotational inertia, the inertias were incrementally added to each
Point Mass located at the beam segment centers.

Through iterative tuning, a uniform value of I« per segment was identified that brought the first, second,
and third flap bending frequencies within £10% of the corresponding 3D wing modes. This process was
guided by the general inverse square frequency—inertia relationship:

fo——
IXX
Lz cach = 0.0007 Kg m? (4.26)

(4.25)
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which ensured that frequency reductions were achieved by increasing out-of-plane rotational inertia uni-
formly. This global tuning approach allowed frequency matching while preserving mode shapes. This
approach resulted in excellent agreement between the beam and wing modal responses as presented
in Table 4.21, with all five target modes appearing in correct order and frequency deviations under 9%.

Mode Number 3D Wing [Hz] 1D Beam [Hz] Error [%]

1 4.24 4.21 -0.58
2 21.98 23.63 +7.48
3 35.84 35.67 0
4 59.59 55.79 -6.37
5 63.14 63.57 1

Table 4.21: Initial 1D beam modal frequencies

The final, tuned inertia properties of the 1D beam are obtained from ANSYS as follows:

Total Mass = 0.58861 Kg
The mass principal axes coincide with the global Cartesian axes
Center of Mass (X,Y,Z) = (0.0000, 0.38008, 0.0000)

Total Inertia about Center of Mass:

0.32657F — 01 0.0000 0.0000
0.0000 0.86749E — 03 0.0000
0.0000 0.0000 0.29908E — 01

To interpret the deformation data consistently across modes, the effective modal mass participation in
each X, Y, and ROTY direction is computed using data obtained from Solution Information found
in Appendix A.6. Using equation 4.2, the participation of effective modal mass in the dominant direction
for each mode for both the 3D wing and 1D beam is compared and tabulated in Table 4.22 below.

Mode Dominant 3D Wing 1D Beam Mode
Number Direction Mass [%] Mass [%] Type
1 z 61.62 58.32 Flap Bending
2 4 15.00 15.56 2" Flap Bending
3 ROTY 0.132 0.09 Torsion
4 z 5.33 3 3" Flap Bending
5 X 61.24 61.04 Lag bending

Table 4.22: DOF participation for 1D beam modes

To visualize the mode shapes, the modal deformations along the span were plotted using the raw
spanwise deformation datasets in Figure 4.34. The raw modal DOF deformation dataset of the 1D
beam model can be found in the Appendix A.7.

Modal Assurance Criteria Validation

Following the optimization of the modal frequencies, the Modal Assurance Criterion (MAC) is employed
to verify the fidelity of the 1D beam in replicating the wing’s dynamic behavior and to quantify the
similarity between their mode shapes. The MAC between two mode shape vectors ¢, and 1 is defined
as:

ol
o79.) (v]v,)

where ¢, is the i-th mode shape vector from the 3D FEM wing and 1, is the j-th mode shape vector
from the 1D equivalent beam. The MAC value ranges from 0 (no correlation) to 1 (perfect correlation),

MAC(¢;, '(P]) = ( (4.27)
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and values above 0.9 are generally considered strong matches in structural dynamics [12].

The 1D beam’s and 3D wing’s spanwise deformation components u,, u., and fy were extracted. These
raw modal displacements were multiplied by their effective modal mass ratio mes/m,, to scale the
relative amplitudes of the displacement components. To ensure accurate and comparable MAC values
between the two models, the DOFs were stacked into a single vector following the order: [ug;u.;6,]
and normalized once using its Euclidean norm:

v

= (4.28)

Unorm ||v||2

where vhom is the stacked, normalized vector, v is the modal effective modal mass ratio-scaled, stacked
vector for each mode of the 3D wing and the 1D beam models. The resulting MAC matrix comparing the
first five modes of the two models is shown as a heat map in Figure 4.32. Additionally, the MACpeam-beam
and MAC.ing-wing Matrix heatmaps were plotted in Figure 4.33

Wing vs Beam MAC Matrix
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Figure 4.32: 3D wing vs 1D beam MAC matrix heatmap
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Figure 4.33: Orthogonal MAC matrices

The MACying.wing confirms perfect orthogonality of the 3D FEM reference model. In contrast, the
MACyeam-beam Shows a modest internal correlation between Modes 2 and 4 (= 0.23), indicating partial
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overlap among the second- and third-bending modes within the beam basis. Notably, the MACing-beam
exhibits strong diagonal values (> 0.97) for four of the five mode pairs, confirming excellent shape cor-
relation of the equivalent beam with the FEM wing. The exception is Mode 4 (third bending), where the
diagonal entry is reduced to 0.73. This lower value, along with the off-diagonal term of = 0.28 between
Wing Mode 2 and Beam Mode 4, demonstrates that the simplified 1D beam does not separate the
higher-order bending modes as cleanly as the FEM wing. This limitation is confined to higher-order
dynamics and arises from the reduced structural fidelity of the beam abstraction rather than errors in
stiffness or inertia extraction. The equivalent beam reproduces the primary modal content well, with
only a notable but acceptable degradation in the third-bending correspondence.
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Figure 4.34: 1D beam modal spanwise deformation profile visualization for each mode



Conclusion

This thesis aimed to design a flexible aircraft model for wind tunnel free-flight testing and to develop
its equivalent beam representation as a validated numerical model for increased-fidelity aeroelastic
analysis. Three sub-questions guided the research, each answered below.

What level of fidelity is required for a flexible aircraft model to exhibit aeroelastic effects while
being suitable for free-flight wind tunnel testing?

The design study resulted in a 0.75 m span rectangular wing configuration tailored for TU Delft's Open
Jet Facility. Literature-driven insights, combined with wind tunnel constraints, guided the selection of
geometry, material properties, and internal layout to ensure structural compliance and experimental
feasibility. The chosen geometry balances structural simplicity with sufficient flexibility to exhibit mea-
surable gust-induced deformations. This ensures that the wing is experimentally feasible and can dis-
play representative aeroelastic effects. The outcome confirms that a relatively simple structural layout
can provide the required fidelity for free-flight gust testing while remaining compatible with fabrication
and facility constraints. The resulting design also served as the basis for the finite element model used
to extract structural properties in the subsequent phase.

How can the structural dynamic properties of the aircraft be represented by an equivalent beam
model that reflects its main stiffness and inertia properties?

A finite element model of the wing was developed in ANSYS to extract stiffness and inertia characteris-
tics. Sectional variation in bending stiffness, torsional stiffness, and mass properties was quantified by
partitioning the wing into four bays. These sectional properties formed the basis for an equivalent four-
segment one-dimensional beam. The beam was parameterized by assigning sectional stiffnesses and
mass distributions, enabling the construction of a reduced-order representation that directly reflects the
wing’s spanwise structural characteristics.

How can the equivalent beam model be validated to ensure it reproduces the main structural
characteristics of the aircraft?

Validation was achieved through comparative static and modal analyses. Initially, the beam underesti-
mated bending and torsional responses, but tuning of stiffness parameters improved agreement with
the finite element wing’s spanwise deformation. Modal analysis revealed frequency mismatches, which
were corrected by refining distributed rotational inertias. The final tuned beam accurately reproduced
the finite element wing’s natural frequencies and deformation patterns. This was confirmed through
a Modal Assurance Criterion analysis, which yielded a near-diagonal matrix and demonstrated strong
correlation between mode shapes of the two models. This indicates that the simplified beam repro-
duces the dominant modal content well, with only minor limitations in separating higher-order bending
modes. The simplified beam retains the essential dynamic content of the detailed wing model, provid-
ing a reliable foundation for its use in aeroelastic simulations.

The main conclusion of this thesis is that the combined design of a feasible flexible aircraft and the
numerical validation of its equivalent beam representation establishes a practical and reliable base
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for increased-fidelity aeroelastic testing. The design phase ensured that the plane can exhibit mean-
ingful aeroelastic effects while remaining compatible with wind tunnel free-flight constraints, and the
reduced-order beam model provides a computationally efficient representation that accurately reflects
its structural dynamics. Together, these outcomes bridge detailed finite element modeling and the re-
quirements of real-time aeroelastic simulations, enabling future gust response analyses and supporting
the development of hybrid wind tunnel methodologies at TU Delft.

Limitations

While the equivalent beam model successfully replicated the static and dynamic behavior of the finite
element wing, several limitations remain. First, the validation process relied on stiffness tuning and
inertia adjustments to match modal frequencies, introducing dependence on calibration rather than a
purely predictive model. Second, the structural representation was restricted to four spanwise seg-
ments, which captures overall trends but may smooth out finer variations in stiffness distribution. Third,
the aerodynamic environment has not yet been coupled to the structural model; as a result, aeroelastic
effects under gust excitation were not directly simulated within this work. Finally, the study was limited
to numerical modeling, and no physical prototype was manufactured or tested, meaning that practical
considerations such as fabrication tolerances and material nonlinearities remain unverified.

Future Work

The next step is implementing the validated beam model in SHARPY to conduct gust response simula-
tions. This will allow the flexible aircraft to be analyzed in a coupled aeroelastic framework and provide
numerical motion profiles that can be prescribed in hybrid wind tunnel tests. Beyond this, several di-
rections exist for extending the research. Increasing the resolution of the beam segmentation could
capture local stiffness variations more accurately. Experimental validation, fabrication, and free-flight
testing of the designed wing in the Open Jet Facility are essential to confirm the numerical findings.
Incorporating unsteady aerodynamics and nonlinear structural effects within the SHARPy framework
would further enhance the fidelity of the simulations. Ultimately, combining the validated beam with
hybrid testing methods offers a pathway toward more reliable gust load prediction and improved aeroe-
lastic investigation strategies for future flexible aircraft.
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Appendix A

A.1. PSD Model Comparison Plot

This Python script generates a comparison plot of Power Spectral Density (PSD) curves for the longi-
tudinal and vertical turbulence components of the Dryden and von Karman stochastic gust models.

Assumptions and Settings
* Airspeed: V = 50 m/s (moderate flight speed).

» Scale lengths, L{ongtudinal) = 200 m, r(vettica) = 100 m.
« Turbulence intensities, g(ongitudinal) = 4 g s (vertica) = 1 g,
* Frequency range, w = 0.01 — 10 rad/s

import numpy as np
import matplotlib.pyplot as plt

# === Model parameters ===

omega = np.linspace(0.01, 10, 1000) # Frequency range [rad/s]
V = 50 # Airspeed [m/s]

Lu = 200 # Longitudinal scale length [m]

Lw = 100 # Vertical scale length [m]

sigma_u = 1.0 # Longitudinal turbulence intensity

sigma_w = 1.0 # Vertical turbulence intensity

# === Dryden PSD equations ===

Phi_u_dryden = (2 * sigma_u**2 * Lu / (np.pi * V)) * (1 / (1 + (Lu * omega / V)*x*2))

Phi_w_dryden = (2 * sigma_w**2 * Lw / (np.pi * V)) * ((1 + 3 * (Lw * omega / V)**2) / (1 + (
Lw * omega / V)*%2)*%2)

# === von Karmén PSD equations ===
Phi_u_vk = (2 * sigma_u**2 *x Lu / (np.pi * V)) * ((1 + (1.339 * Lu * omega / V)**2)*x(-5/6))
Phi_w_vk = (2 * sigma_w**2 *x Lw / (np.pi * V)) * ((1 + (1.339 * Lw * omega / V)**2)*x(-11/6))

# === Plotting ===

plt.figure(figsize=(10, 6))

plt.plot(omega, Phi_u_dryden, label='Dryden Longitudinal', linestyle='--')
plt.plot(omega, Phi_w_dryden, label='Dryden Vertical', linestyle='--"')
plt.plot(omega, Phi_u_vk, label='von_ Karman Longitudinal', linestyle='-"')
plt.plot(omega, Phi_w_vk, label='von_ Karman Vertical', linestyle='-"')

plt.xlabel ('Frequency, ,[rad/s]"')
plt.ylabel ('PSD,¢ () [arbitrary units]')
plt.title('Comparison 0of Dryden,and von Karman PSD Models')
plt.legend ()

plt.grid(True)

plt.tight_layout ()

plt.show()
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A.2. Point Mass Calculations

The calculations are detailed to determine the mass distribution and global CG of the point masses.
The X, Y, Z coordinates for the point masses and the volumes of the structures were determined using
the 3D Wing assembly in Ansys SpaceClaim 2023 R2 using the Measure tool.

Servo
Mass of servo = 7.4 + 0.5 g [61] (8 g considered for analysis)
Centre of Volume = (48.8, 524.3, 0) mm

Aileron

Total volume of aileron = 23734 mm?
Centre of Volume = (94, 544.7, 0) mm
Density of Nylon 12 = 930 kg/m3

.. Mass of aileron ~ 22 g

Since the aileron spans over six ribs, the mass will be equally distributed along the same.
== each point mass of aileron = 22/6 = 3.67 g

The y-coordinate of each rib’s trailing face centroid was found using the Node Selection filter in Ansys
Mechanical. Since the aileron spans along the Y axis, the X and Z coordinates of the point masses will
remain constant.

+ Aileron1 = (94, 432.5, 0) mm
+ Aileron1 = (94, 477.5, 0) mm
+ Aileron1 = (94, 522.5, 0) mm
* Aileron1 = (94, 567.5, 0) mm
* Aileron1 = (94, 612.5, 0) mm
+ Aileron1 = (94, 657.5, 0) mm

Sensor Plates
CG of leading bars+plate = (-52.5, 725, 0) mm
CG of trailing bars+plate = (52.5, 725, 0) mm

Volume of plate = 900.06 mm?
Volume of horizontal bar = 44.5*6*2 = 534 mm3

For a total of 4 bars and 2 plates:
.. Total volume = (4*534) + (2*900.06) = 3,936.12 mm3
Density of Nylon12 = 930 kg/m3 == Total mass = 3.93612e-6*930 = 0.00366 Kg = 3.66 g

Therefore, Plate1 (leading) = 3.66/2 = 1.83 g
Plate2 (trailing) = 1.83 g

A.3. Node Selection Criteria for Spanwise Deformation Extraction

To enable spanwise deformation analysis across both static and modal simulations, a set of node-based
Named Selections was carefully defined. These nodes were selected using ANSYS’s Worksheet fil-
tering with the following criteria, applied in order:

1. Add all mesh nodes at Z = 1.125 x 1073 m
2. Remove all nodes where X # 0
3. Remove all nodes with Node ID € [3900,22000]

This procedure yielded a set of nodes aligned along the global Y-axis from 0 to 0.75 m, located at
X =0and Z = 1.125 x 10~3 m free from unwanted mid-side nodes.
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For torsional analysis, two additional named selections were defined on the leading and trailing edges
of the spar: spar_LE (negative X) and spar_TE (positive X). These were created using the following
criteria:

1. Add all meshnodes at Z =0m
2. Filter nodes such that X = +0.03m
3. Remove all nodes with Node ID > 30000

This ensured a clean spanwise set of nodes from 0 to 0.75 m located at X = +0.03m and Z = 0, free
from unwanted mid-side nodes or irregular spacing.

A.4. 3D Wing Modal Raw Spanwise Deformation Data

This section contains the numerical data of the spanwise deformation fields extracted from the 3D wing
modal analysis for modes 1-5. Tabulated data is available at 5 mm resolution from root to tip. The
values include:

* Vertical displacement . (y) from the BeamNodes
* Horizontal displacement u,(y) from the BeamNodes
« Vertical displacements u2¥ (y) and ul'¥(y) from spar_LE and spar_TE

The twist angle 6, (y) was not obtained directly from the solver. Instead, it was computed post-process
using the vertical displacement difference between the trailing and leading edge nodes:

ul®(y) —ul®(y)
0.060

0y(y) =

where 0.060 m is the known chordwise distance between the node groups.

| Mode 1 |

‘ Uy ‘ Uy ‘ uZTE ‘ uﬁE ‘ Oy ‘

0 0 0 0 0
2.58E-05 -2.16E-07 2.16E-05 1.02E-05 -0.00019
1.05E-04 -6.51E-07 8.72E-05 4.78E-05 -0.00066
2.53E-04 -1.54E-06 1.97E-04 1.20E-04 -0.00129
5.03E-04 -2.13E-06 3.66E-04 2.45E-04 -0.00201
9.17E-04 -3.29E-06 6.38E-04 4.64E-04 -0.00289
1.66E-03 -4.60E-06 1.14E-03 9.13E-04 -0.00381
291E-03 -6.09E-06 2.19E-03 1.88E-03 -0.00518
4.66E-03 -7.69E-06 3.81E-03 3.41E-03 -0.00671
6.88E-03 -9.37E-06 5.98E-03 5.48E-03 -0.00831
9.68E-03 -1.10E-05 8.69E-03 8.10E-03 -0.00989
1.27E-02 -1.26E-05 1.19E-02 1.12E-02 -0.01135
1.63E-02 -1.38E-05 1.57E-02 1.49E-02 -0.01262
2.04E-02 -1.47E-05 1.99E-02 1.91E-02 -0.01353
2.49E-02 -1.49E-05 246E-02 2.37E-02 -0.01397
2.99E-02 -1.45E-05 295E-02 2.87E-02 -0.01357
3.53E-02 -1.33E-05 3.48E-02 3.40E-02 -0.01237
411E-02 -1.15E-05 4.05E-02 3.98E-02 -0.01065
474E-02 -9.31E-06 4.66E-02 4.61E-02 -0.00858
5.40E-02 -6.73E-06 5.32E-02 5.28E-02 -0.00622
6.11E-02 -3.88E-06 6.02E-02 6.00E-02 -0.00363
6.85E-02 -8.01E-07 6.76E-02 6.76E-02 -0.00087
7.63E-02 2.483E-06 7.55E-02 7.56E-02 0.002083
8.45E-02 6.004E-06 8.37E-02 8.40E-02 0.005233
9.31E-02 9.756E-06 9.22E-02 9.27E-02 0.00855
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0.10207
0.11141
0.1211
0.13113
0.14149
0.15219
0.16321
0.17456
0.18624
0.19825
0.21057
0.2232
0.23611
0.2493
0.26278
0.27653
0.29055
0.30485
0.31943
0.33427
0.34936
0.36469
0.38026
0.39606
0.41208
0.42833
0.44481
0.46151
0.47843
0.49555
0.51287
0.53038
0.54807
0.56594
0.58399
0.60223
0.62063
0.63921
0.65795
0.67683
0.69587
0.71504
0.73435
0.75379
0.77337
0.79307
0.8129
0.83284
0.85289
0.87305
0.8933
0.91364
0.93408
0.95461
0.97523

1.373E-05
1.787E-05
2.211E-05
2.642E-05
3.077E-05
3.515E-05
3.956E-05
4.402E-05
4.850E-05
5.307E-05
5.766E-05
6.224E-05
6.681E-05
7.136E-05
7.589E-05
8.039E-05
8.488E-05
8.938E-05
9.387E-05
9.831E-05
1.027E-04
1.071E-04
1.114E-04
1.1567E-04
1.199E-04
1.240E-04
1.281E-04
1.322E-04
1.363E-04
1.403E-04
1.442E-04
1.480E-04
1.518E-04
1.554E-04
1.590E-04
1.625E-04
1.660E-04
1.694E-04
1.726E-04
1.758E-04
1.789E-04
1.819E-04
1.848E-04
1.876E-04
1.902E-04
1.903E-04
1.928E-04
1.952E-04
1.975E-04
1.996E-04
2.016E-04
2.035E-04
2.050E-04
2.066E-04
2.079E-04

0.10093
0.11008
0.11961
0.12952
0.13981
0.15047
0.16147
0.1728
0.18435
0.19616
0.20829
0.22076
0.23356
0.24667
0.26009
0.27381
0.28779
0.30195
0.31634
0.33101
0.34597
0.36119
0.37668
0.39243
0.40841
0.42461
0.44095
0.45749
0.47427
0.49127
0.50849
0.52593
0.54358
0.56141
0.57941
0.59752
0.61579
0.63425
0.65289
0.67171
0.69069
0.70983
0.72911
0.74852
0.76799
0.78759
0.80735
0.82724
0.84727
0.86741
0.88766
0.908
0.92842
0.94884
0.96937

0.10165
0.11102
0.12078
0.13092
0.14145
0.15234
0.16358
0.17515
0.18694
0.19899
0.21137
0.22408
0.23712
0.25047
0.26414
0.2781

0.29232
0.30672
0.32136
0.33626
0.35145
0.36691
0.38263
0.39861
0.41482
0.43125
0.44781
0.46457
0.48156
0.49878
0.51621
0.53386
0.55171
0.56975
0.58795
0.60624
0.6247

0.64334
0.66216
0.68116
0.70031
0.71962
0.73906
0.75862
0.77824
0.79799
0.81788
0.8379

0.85805
0.87831
0.89867
0.91911
0.9396

0.96011
0.98072

0.012
0.015667
0.0195
0.023333
0.027333
0.031167
0.035167
0.039167
0.043167
0.047167
0.051333
0.055333
0.059333
0.063333
0.0675
0.0715
0.0755
0.0795
0.083667
0.0875
0.091333
0.095333
0.099167
0.103
0.106833
0.110667
0.114333
0.118
0.1215
0.125167
0.128667
0.132167
0.1355
0.139
0.142333
0.145333
0.1485
0.1515
0.1545
0.1575
0.160333
0.163167
0.165833
0.168333
0.170833
0.173333
0.1755
0.177667
0.179667
0.181667
0.1835
0.185167
0.186333
0.187833
0.189167
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0.99595
1.0168
1.0377
1.0586
1.0797
1.1008
1.122
1.1433
1.1646
1.186
1.2075
1.229
1.2507
1.2723
1.2941
1.3158
1.3377
1.3595
1.3815
1.4034
1.4254
1.4474
1.4695
1.4916
1.5137
1.5358
1.5579
1.5801
1.6023
1.6245
1.6467
1.6689
1.6911
1.7133
1.7354
1.7576
1.7798
1.802
1.8242
1.8464
1.8685
1.8907
1.9128
1.9349
1.9569
1.979
2.001
2.0231
2.0451
2.067
2.089
2.1109
21327
2.1546
2.1765

2.091E-04
2.105E-04
2.115E-04
2.126E-04
2.137E-04
2.149E-04
2.157E-04
2.171E-04
2.178E-04
2.185E-04
2.195E-04
2.203E-04
2.213E-04
2.224E-04
2.235E-04
2.246E-04
2.257E-04
2.268E-04
2.280E-04
2.292E-04
2.304E-04
2.316E-04
2.328E-04
2.339E-04
2.351E-04
2.362E-04
2.373E-04
2.383E-04
2.393E-04
2.403E-04
2.412E-04
2.421E-04
2.429E-04
2.436E-04
2.442E-04
2.447E-04
2.451E-04
2.453E-04
2.455E-04
2.456E-04
2.456E-04
2.455E-04
2.453E-04
2.450E-04
2.445E-04
2.438E-04
2.431E-04
2.422E-04
2.412E-04
2.401E-04
2.389E-04
2.376E-04
2.359E-04
2.348E-04
2.328E-04

0.99004
1.0108
1.0317
1.0527
1.0737
1.0949
1.116
1.1372
1.1584
1.1798
1.2013
1.2228
1.2444
1.2661
1.2878
1.3095
1.3313
1.3531
1.375
1.3969
1.4189
1.4409
1.4629
1.485
1.5071
1.5291
1.5512
1.5733
1.5955
1.6176
1.6398
1.662
1.6842
1.7064
1.7285
1.7506
1.7728
1.795
1.8172
1.8394
1.8615
1.8837
1.9058
1.9278
1.9499
1.972
1.9941
2.0161
2.0381
2.0601
2.0821
2.104
2.1258
2.1477
2.1696

1.0015
1.0223
1.0433
1.0643
1.0855
1.1067
1.1279
1.1491
1.1704
1.1918
1.2134
1.235

1.2567
1.2784
1.3002
1.322

1.3438
1.3657
1.3877
1.4097
1.4318
1.4539
1.476

1.4981
1.5203
1.5424
1.5646
1.5868
1.609

1.6312
1.6535
1.6757
1.698

1.7202
1.7424
1.7646
1.7868
1.809

1.8312
1.8534
1.8756
1.8978
1.9199
1.9419
1.964

1.9861
2.0081
2.0301
2.0521
2.0741
2.096

2.1179
2.1396
2.1614
2.1832

0.191
0.191667
0.193333
0.193333
0.196667
0.196667
0.198333
0.198333
0.2

0.2
0.201667
0.203333
0.205
0.205
0.206667
0.208333
0.208333
0.21
0.211667
0.213333
0.215
0.216667
0.218333
0.218333
0.22
0.221667
0.223333
0.225
0.225
0.226667
0.228333
0.228333
0.23

0.23
0.231667
0.233333
0.233333
0.233333
0.233333
0.233333
0.235
0.235
0.235
0.235
0.235
0.235
0.233333
0.233333
0.233333
0.233333
0.231667
0.231667
0.23
0.228333
0.226667
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2.1983
2.2201
2.2419
2.2637
2.2855
2.3072
2.329

2.3507
2.3724
2.3941
2.4158
2.4375
2.4591
2.4807
2.5024
2.524

2.309E-04
2.287E-04
2.265E-04
2.242E-04
2.218E-04
2.193E-04
2.168E-04
2.143E-04
2.116E-04
2.090E-04
2.062E-04
2.035E-04
2.007E-04
1.980E-04
0.000195

1.926E-04

2.1915
22134
2.2352
2.2571
2.2789
2.3007
2.3225
2.3442
2.366

2.3878
2.4096
2.4313
2.453

2.4747
2.4964
2.518

2.2051
2.2269
2.2487
2.2704
2.2922
2.3139
2.3355
2.3572
2.3788
2.4005
2.4222
2.4438
2.4654
2.487
2.5085
2.53

0.226667
0.225
0.225
0.221667
0.221667
0.22
0.216667
0.216667
0.213333
0.211667
0.21
0.208333
0.206667
0.205
0.201667
0.2

Table A.1: Wing raw spanwise deformation dataset for mode 1

| Mode 2

‘ Uy ‘ Uy ul® ulf Oy
0 0 0 0 0
-0.00017 9.15E-07 -0.00012 -9.38E-05 0.000453
-0.00066 2.07E-06 -0.00049 -3.93E-04 0.001672
-0.00155 4.13E-06 -0.00111  -9.13E-04 0.003253
-0.00301 2.19E-06 -0.00203 -1.76E-03 0.004468
-0.00536 -1.4E-08 -0.00347 -3.20E-03 0.004627
-0.00947 -7E-06 -0.00606 -6.12E-03 -0.00091
-0.01632 -2E-05 -0.01138 -1.22E-02 -0.01382
-0.02578 -4E-05 -0.01951 -2.14E-02 -0.03195
-0.03769 -6.4E-05 -0.03036 -3.36E-02 -0.05407
-0.05194 -9.2E-05 -0.04382 -4.86E-02 -0.07955
-0.06842 -0.00013 -0.05975 -6.62E-02 -0.10822
-0.08704 -0.00016 -0.07802 -8.64E-02 -0.14023
-0.1077  -0.00021 -0.0984 -0.10898 -0.17628
-0.13036 -0.00025 -0.12066 -0.13369 -0.21717
-0.15495 -0.00031 -0.14401 -0.15997 -0.266
-0.18137 -0.00037 -0.16849 -0.18782 -0.32217
-0.20948 -0.00044 -0.19456 -0.21755 -0.38317
-0.23914 -0.00051 -0.22221 -0.24905 -0.44733
-0.27024 -0.00058 -0.25139 -0.28224 -0.51417
-0.30267 -0.00066 -0.28202 -0.31699 -0.58283
-0.33634 -0.00074 -0.314 -0.35318  -0.653
-0.37117 -0.00082 -0.34719 -0.39067 -0.72467
-0.40709 -0.0009 -0.38141  -0.4293 -0.79817
-0.44404 -0.00099 -0.41625 -0.46864 -0.87317
-0.48193 -0.00107 -0.45177 -0.5088 -0.9505
-0.52066 -0.00116 -0.48814 -0.54988 -1.029
-0.56013 -0.00125 -0.5253 -0.59177  -1.10783
-0.60023 -0.00134 -0.56316 -0.6344 -1.18733
-0.64089 -0.00143 -0.60163 -0.67766 -1.26717
-0.68201 -0.00152 -0.64062 -0.72143  -1.34683
-0.72351 -0.00161 -0.68002 -0.76562 -1.42667
-0.76533 -0.0017 -0.71972 -0.81007 -1.50583
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-0.80739
-0.84962
-0.89194
-0.93427
-0.97654
-1.0187
-1.0606
-1.1022
-1.1434
-1.1842
-1.2244
-1.2641
-1.3032
-1.3416
-1.3792
-1.416
-1.4519
-1.4869
-1.5208
-1.5536
-1.5853
-1.6158
-1.6451
-1.6732
-1.6999
-1.7253
-1.7493
-1.7717
-1.7926
-1.8118
-1.8295
-1.8457
-1.8601
-1.873
-1.8841
-1.8934
-1.9008
-1.9064
-1.9101
-1.9119
-1.9119
-1.9101
-1.9063
-1.9007
-1.893
-1.8834
-1.8717
-1.8581
-1.8425
-1.8249
-1.8054
-1.784
-1.7606
-1.7352
-1.7078

-0.00179
-0.00188
-0.00196
-0.00205
-0.00214
-0.00222
-0.00231
-0.00239
-0.00248
-0.00256
-0.00264
-0.00271
-0.00279
-0.00287
-0.00294
-0.00301
-0.00308
-0.00315
-0.00322
-0.00328
-0.00334
-0.0034
-0.00346
-0.00351
-0.00357
-0.00362
-0.00367
-0.00372
-0.00376
-0.0038
-0.00384
-0.00387
-0.00391
-0.00394
-0.00397
-0.004
-0.00402
-0.00404
-0.00406
-0.00408
-0.00409
-0.0041
-0.00411
-0.00412
-0.00412
-0.00412
-0.00411
-0.00411
-0.0041
-0.00409
-0.00408
-0.00406
-0.00404
-0.00402
-0.004

-0.75952
-0.79952
-0.83967
-0.87986
-0.91999
-0.95997
-0.99973
-1.0392
-1.0783
-1.117
-1.1554
-1.1933
-1.2307
-1.2672
-1.303
-1.3379
-1.3718
-1.4048
-1.4371
-1.4686
-1.4991
-1.5284
-1.5563
-1.5829
-1.6081
-1.6319
-1.6542
-1.6755
-1.6957
-1.7144
-1.7314
-1.7467
-1.7603
-1.7719
-1.7818
-1.79
-1.7967
-1.8022
-1.8059
-1.8076
-1.8072
-1.8047
-1.8002
-1.7937
-1.7852
-1.7756
-1.7647
-1.7518
-1.7368
-1.7197
-1.7004
-1.6789
-1.6553
-1.6298
-1.6031

-0.8546
-0.89933
-0.94417
-0.98901
-1.0338
-1.0783
-1.1226
-1.1666
-1.21
-1.2531
-1.2957
-1.3378
-1.3792
-1.4198
-1.4595
-1.4982
-1.5359
-1.5725
-1.6083
-1.6432
-1.677
-1.7094
-1.7404
-1.77
-1.7981
-1.8247
-1.8496
-1.8733
-1.8959
-1.9168
-1.9359
-1.9531
-1.9685
-1.9819
-1.9934
-2.003
-2.0111
-2.0177
-2.0223
-2.0248
-2.0251
-2.0233
-2.0193
-2.013
-2.0047
-1.9951
-1.9841
-1.9709
-1.9554
-1.9377
-1.9177
-1.8955
-1.871
-1.8444
-1.8166

-1.58467
-1.6635
-1.74167
-1.81917
-1.89683
-1.97217
-2.04783
-2.12333
-2.195
-2.26833
-2.33833
-2.40833
-2.475
-2.54333
-2.60833
-2.67167
-2.735
-2.795
-2.85333
-2.91
-2.965
-3.01667
-3.06833
-3.11833
-3.16667
-3.21333
-3.25667
-3.29667
-3.33667
-3.37333
-3.40833
-3.44
-3.47
-3.5
-3.52667
-3.55
-3.57333
-3.59167
-3.60667
-3.62
-3.63167
-3.64333
-3.65167
-3.655
-3.65833
-3.65833
-3.65667
-3.65167
-3.64333
-3.63333
-3.62167
-3.61
-3.595
-3.57667
-3.55833
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-1.6784
-1.647
-1.6136
-1.5784
-1.5413
-1.5024
-1.4616
-1.419
-1.3745
-1.3282
-1.2801
-1.2303
-1.1789
-1.1258
-1.0712
-1.0151
-0.95737
-0.89814
-0.8374
-0.77523
-0.71171
-0.64689
-0.58083
-0.51359
-0.44519
-0.37565
-0.305
-0.23327
-0.16053
-0.08686
-0.01232
0.06304
0.13916
0.216
0.29352
0.3717
0.45049
0.52984
0.60969
0.68999
0.77067
0.85171
0.93305
1.0147
1.0966
1.1787
1.2611
1.3437
1.4265
1.5094
1.5925
1.6756
1.7588
1.8421
1.9254

-0.00398
-0.00395
-0.00392
-0.00389
-0.00385
-0.00381
-0.00378
-0.00374
-0.00369
-0.00365
-0.0036
-0.00355
-0.0035
-0.00345
-0.00339
-0.00334
-0.00329
-0.00323
-0.00317
-0.00311
-0.00306
-0.003
-0.00294
-0.00288
-0.00282
-0.00276
-0.0027
-0.00263
-0.00257
-0.00251
-0.00245
-0.00239
-0.00233
-0.00228
-0.00222
-0.00216
-0.00211
-0.00206
-0.002
-0.00195
-0.0019
-0.00185
-0.00181
-0.00177
-0.00172
-0.00169
-0.00165
-0.00161
-0.00158
-0.00154
-0.00151
-0.00148
-0.00145
-0.00142
-0.0014

-1.5751
-1.5452
-1.5131
-1.479
-1.4428
-1.4045
-1.3643
-1.3223
-1.2791
-1.2344
-1.188
-1.1397
-1.0896
-1.0377
-0.98415
-0.92893
-0.87223
-0.81453
-0.75563
-0.69524
-0.63338
-0.57008
-0.50541
-0.43941
-0.3722
-0.30391
-0.2349
-0.16495
-0.09392
-0.02186
0.051187
0.12516
0.19998
0.27557
0.35181
0.42844
0.50575
0.58373
0.66231
0.74143
0.82101
0.90099
0.98131
1.0617
1.1423
1.2234
1.3047
1.3864
1.4684
1.5506
1.6328
1.7152
1.7976
1.88
1.9626

-1.7874
-1.7559
-1.7223
-1.6864
-1.6484
-1.6082
-1.566
-1.5218
-1.4763
-1.4293
-1.3803
-1.3294
-1.2766
-1.222
-1.1656
-1.1075
-1.0479
-0.98719
-0.92528
-0.86181
-0.79683
-0.73038
-0.66252
-0.59332
-0.52289
-0.45135
-0.37916
-0.30603
-0.2318
-0.15653
-8.03E-02
-3.10E-03
7.49E-02
0.15364
0.23299
0.31259
0.39276
0.47355
0.55489
0.63671
0.71894
0.80151
0.88428
0.96722
1.0499
1.1328
1.2162
1.2998
1.3837
1.4676
1.5517
1.6359
1.7199
1.8038
1.8878

-3.53833
-3.51167
-3.48667
-3.45667
-3.42667
-3.395
-3.36167
-3.325
-3.28667
-3.24833
-3.205
-3.16167
-3.11667
-3.07167
-3.02417
-2.97617
-2.92783
-2.87767
-2.8275
-2.77617
-2.72417
-2.67167
-2.6185
-2.56517
-2.5115
-2.45733
-2.40433
-2.35133
-2.29797
-2.24452
-2.19098
-2.13772
-2.08467
-2.03217
-1.98033
-1.93083
-1.88317
-1.83633
-1.79033
-1.74533
-1.70117
-1.658
-1.61717
-1.57467
-1.54
-1.51
-1.475
-1.44333
-1.41167
-1.38333
-1.35167
-1.32167
-1.295
-1.27
-1.24667
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2.0087
2.092

2.1753
2.2586
2.3419
2.4251
2.5083
2.5914

-0.00137
-0.00135
-0.00132
-0.0013

-0.00128
-0.00126
-0.00124
-0.00122

2.0453
2.1281
2.2109
2.2937
2.3764
2.459

2.5415
2.6236

1.9718
2.0559
2.1399
2.2239
2.3079
2.3917
2.4753
2.5587

-1.225

-1.20333
-1.18333
-1.16333
-1.14167
-1.12167
-1.10333
-1.08167

Table A.2: Wing raw spanwise deformation dataset for mode 2

\ Mode 3
‘ Uy ‘ Uy ‘ ul® ul® Oy

0 0 0 0 0

-5.5E-056 -2.4E-06 0.000184 -1.86E-04 -6.17E-03
-0.00022 -1.7E-05 0.00058  -6.46E-04 -2.04E-02

-0.0005 -4.7E-05 0.001079 -1.32E-03 -4.00E-02

-0.00096 -9.9E-05 0.001692 -2.31E-03 -6.67E-02

-0.00169 -0.00018 0.00258  -3.96E-03 -1.09E-01

-0.00295  -0.00031 0.004422 -7.56E-03 -2.00E-01

-0.00501 -0.0005 0.007714 -1.46E-02 -3.71E-01

-0.00782  -0.00075 0.011619 -2.39E-02 -5.93E-01

-0.0113 -0.00104 0.015791 -3.52E-02 -8.50E-01

-0.01539  -0.00137 0.020033 -4.80E-02 -1.13E+00
-0.02003  -0.00173 0.02426  -6.20E-02 -1.44E+00
-0.02515  -0.00211 0.028456 -7.71E-02 -1.76E+00
-0.0307 -0.00252 0.03268  -9.31E-02 -2.10E+00
-0.03661  -0.00295 0.037054 -0.11 -2.45E+00
-0.04284  -0.00339 0.041979 -0.12773  -2.83E+00
-0.04932  -0.00387 0.047475 -0.14633 -3.23E+00
-0.056 -0.00436 0.053193 -0.16554  -3.65E+00
-0.06282  -0.00486 0.059061 -0.18523 -4.07E+00
-0.06973  -0.00538 0.065049 -0.20525 -4.50E+00
-0.07669 -0.0059  0.071163 -0.22552  -4.94E+00
-0.08363 -0.00644 0.077435 -0.24595 -5.39E+00
-0.09054  -0.00698 0.083918 -0.2665 -5.84E+00
-0.09735 -0.00754 0.090681 -0.28708 -6.30E+00
-0.10405  -0.0081 0.097965 -0.30774 -6.76E+00
-0.1106 -0.00867 0.10574  -0.32864  -7.24E+00
-0.11697  -0.00925 0.11384  -0.34953  -7.72E+00
-0.12317  -0.00984 0.12223  -0.37034 -8.21E+00
-0.12917  -0.01043 0.13091  -0.39103  -8.70E+00
-0.13496  -0.01103 0.13988  -0.41155  -9.19E+00
-0.14052  -0.01163 0.14913  -0.43187  -9.68E+00
-0.14585 -0.01224 0.15867 -0.45195 -1.02E+01
-0.15093  -0.01284 0.16848 -0.47175 -1.07E+01
-0.156574  -0.01345 0.17868 -0.49139 -1.12E+01
-0.16029  -0.01407 0.18922  -0.51108 -1.17E+01
-0.16456  -0.01469 0.20002  -0.53052  -1.22E+01
-0.16857  -0.01531 0.2111 -0.5497 -1.27E+01
-0.17233  -0.01593 0.22245  -0.56859  -1.32E+01
-0.17583  -0.01655 0.23408 -0.58717 -1.37E+01
-0.17906  -0.01717 0.24597  -0.60543  -1.42E+01
-0.18204 -0.0178  0.25811 -0.62334  -1.47E+01
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-0.18475
-0.18719
-0.18937
-0.19129
-0.19297
-0.19442
-0.19563
-0.19663
-0.1974

-0.19796
-0.1983

-0.19843
-0.19837
-0.19812
-0.19769
-0.1971

-0.19635
-0.19544
-0.19437
-0.19316
-0.19181
-0.19031
-0.18869
-0.18694
-0.18507
-0.18307
-0.18096
-0.17874
-0.1764

-0.17395
-0.17139
-0.16875
-0.16602
-0.16323
-0.16039
-0.15751
-0.15463
-0.1518

-0.14903
-0.14637
-0.14384
-0.14149
-0.13932
-0.13738
-0.13568
-0.13429
-0.13323
-0.13253
-0.13221
-0.1323

-0.13278
-0.13367
-0.13497
-0.13668
-0.13882

-0.01842
-0.01904
-0.01966
-0.02028
-0.02091
-0.02153
-0.02215
-0.02276
-0.02338
-0.024
-0.0246
-0.02522
-0.02582
-0.02643
-0.02703
-0.02763
-0.02823
-0.02882
-0.02941
-0.02999
-0.03058
-0.03115
-0.03173
-0.0323
-0.03286
-0.03342
-0.03398
-0.03453
-0.03507
-0.03561
-0.03613
-0.03666
-0.03717
-0.03767
-0.03817
-0.03865
-0.03914
-0.03959
-0.04005
-0.04052
-0.04098
-0.04143
-0.04188
-0.04233
-0.04277
-0.04322
-0.04364
-0.04408
-0.04452
-0.04497
-0.04541
-0.04585
-0.0463
-0.04674
-0.04718

0.27042
0.28299
0.29582
0.30879
0.32196
0.33533
0.34891
0.36266
0.37656
0.39054
0.40471
0.41902
0.43334
0.44776
0.46228
0.47691
0.49161
0.50636
0.52105
0.53582
0.55068
0.56543
0.58017
0.59493
0.60969
0.62445
0.63917
0.65369
0.66822
0.68276
0.69709
0.71129
0.72538
0.73933
0.75309
0.76658
0.77958
0.79242
0.80556
0.81827
0.8307

0.84282
0.85461
0.86599
0.87696
0.88708
0.89742
0.90767
0.91753
0.92688
0.93576
0.94416
0.95206
0.95943
0.96618

-0.64086
-0.65814
-0.67541
-0.69233
-0.70895
-0.72524
-0.74121
-0.75685
-0.77213
-0.787
-0.80165
-0.81628
-0.83055
-0.84453
-0.85821
-0.87161
-0.88471
-0.89748
-0.90986
-0.92207
-0.93431
-0.94619
-0.9578
-0.96914
-0.98021
-0.99098
-1.0014
-1.0114
-1.0212
-1.031
-1.0403
-1.0493
-1.058
-1.0664
-1.0745
-1.0821
-1.089
-1.0954
-1.1026
-1.1099
-1.1172
-1.1247
-1.1322
-1.1398
-1.1473
-1.1546
-1.162
-1.1706
-1.1795
-1.1889
-1.1987
-1.2089
-1.2195
-1.2305
-1.2417

-1.52E+01
-1.57E+01
-1.62E+01
-1.67E+01
-1.72E+01
-1.77E+01
-1.82E+01
-1.87E+01
-1.91E+01
-1.96E+01
-2.01E+01
-2.06E+01
-2.11E+01
-2.15E+01
-2.20E+01
-2.25E+01
-2.29E+01
-2.34E+01
-2.38E+01
-2.43E+01
-2.47E+01
-2.52E+01
-2.56E+01
-2.61E+01
-2.65E+01
-2.69E+01
-2.73E+01
-2.78E+01
-2.82E+01
-2.86E+01
-2.90E+01
-2.93E+01
-2.97E+01
-3.01E+01
-3.05E+01
-3.08E+01
-3.11E+01
-3.15E+01
-3.18E+01
-3.21E+01
-3.25E+01
-3.28E+01
-3.31E+01
-3.34E+01
-3.37E+01
-3.40E+01
-3.43E+01
-3.46E+01
-3.50E+01
-3.53E+01
-3.56E+01
-3.59E+01
-3.62E+01
-3.65E+01
-3.68E+01
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-0.14141
-0.14443
-0.14787
-0.15172
-0.15597
-0.1606
-0.16562
-0.17103
-0.17682
-0.18301
-0.18957
-0.19649
-0.20375
-0.21132
-0.21919
-0.22734
-0.23576
-0.24444
-0.25337
-0.26254
-0.27193
-0.28151
-0.29125
-0.30115
-0.31117
-0.32132
-0.33156
-0.3419
-0.35231
-0.36277
-0.37327
-3.84E-01
-3.94E-01
-4.05E-01
-4.15E-01
-4.26E-01
-4.36E-01
-4.47E-01
-4.57E-01
-4.68E-01
-4.78E-01
-4.88E-01
-4.99E-01
-5.09E-01
-5.19E-01
-5.29E-01
-5.40E-01
-5.50E-01
-5.60E-01
-5.70E-01
-5.80E-01
-5.89E-01
-5.99E-01
-6.09E-01
-0.61894

-0.04762
-0.04807
-0.04851
-0.04894
-0.04938
-0.04981
-0.05023
-0.05065
-0.05107
-0.05148
-0.05188
-0.05228
-0.05268
-0.05307
-0.05345
-0.05383
-0.0542

-0.05457
-0.05493
-0.05529
-0.05564
-0.05598
-0.05632
-0.05666
-0.05699
-0.05731
-0.05762
-0.05793
-0.05823
-0.05853
-0.05881
-0.05909
-0.05936
-0.05963
-0.05988
-0.06014
-0.06037
-0.06061
-0.06085
-0.06108
-0.0613

-0.06153
-0.06174
-0.06196
-0.06216
-0.06236
-0.06256
-0.06276
-0.06295
-0.06313
-0.06332
-0.0635

-0.06368
-0.06386
-0.06403

0.97286
0.97932
0.98513
0.99038
0.99508
0.99923
1.0028
1.0059
1.0082
1.0103
1.0122
1.0134
1.014
1.0142
1.0138
1.013
1.0117
1.0098
1.0079
1.0058
1.0031

1
0.99661
0.99287
0.98882
0.98444
0.9796
0.97475
0.96986
0.96456
0.95898
0.95318
0.94718
0.94098
0.93447
0.9277
0.92075
0.91454
0.90771
0.90075
0.89367
0.88649
0.87921
0.87182
0.86416
0.85672
0.84943
0.84188
0.83423
0.82653
0.81881
0.8111
0.80341
0.79564
0.78804

-1.2534
-1.2658
-1.2783
-1.2912
-1.3044
-1.318
-1.3318
-1.3459
-1.36
-1.3744
-1.3893
-1.4043
-1.4194
-1.4347
-1.4502
-1.4658
-1.4816
-1.4972
-1.5131
-1.5293
-1.5455
-1.5617
-1.5778
-1.594
-1.6102
-1.6262
-1.6419
-1.6578
-1.6738
-1.6896
-1.7052
-1.7206
-1.7357
-1.7507
-1.7653
-1.779
-1.7932
-1.8075
-1.8217
-1.8357
-1.8495
-1.8631
-1.8765
-1.8897
-1.9025
-1.9154
-1.9284
-1.941
-1.9534
-1.9656
-1.9776
-1.9896
-2.0014
-2.0131
-2.0245

-3.71E+01
-3.74E+01
-3.77E+01
-3.80E+01
-3.83E+01
-3.86E+01
-3.89E+01
-3.92E+01
-3.95E+01
-3.97E+01
-4.00E+01
-4.03E+01
-4 .06E+01
-4 .08E+01
-4 11E+01
-4.13E+01
-4.16E+01
-4 18E+01
-4.20E+01
-4.23E+01
-4 25E+01
-4.27E+01
-4.29E+01
-4.31E+01
-4.33E+01
-4.35E+01
-4.37E+01
-4.39E+01
-4 41E+01
-4 42E+01
-4 44E+01
-4 .46E+01
-4 47E+01
-4 49E+01
-4 50E+01
-4.51E+01
-4.52E+01
-4 .54E+01
-4 55E+01
-4 56E+01
-4 57E+01
-4 .58E+01
-4 .59E+01
-4.60E+01
-4 .61E+01
-4 .62E+01
-4.63E+01
-4.64E+01
-4 .65E+01
-4 .65E+01
-4 .66E+01
-4 67E+01
-4.67E+01
-4.68E+01
-4 .69E+01
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Table A.3: Wing raw spanwise deformation dataset for mode 3

| Mode 4

‘ Uy ‘ Ug ‘ ul® ul® Oy
0 0 0 0 0
0.000546 3.11E-07 3.85E-04 0.000342 0.000719
0.002142 -3.44E-06 1.53E-03 0.001413 0.001913
0.00493  -1.06E-05 3.41E-03 0.003177 0.003898
0.009386 -4.20E-06 6.35E-03 0.005774 0.009532
0.016415 8.39E-06 1.12E-02 0.009752 0.024162
0.028467 4.66E-05 2.10E-02 0.01662  0.07335
0.048234 1.20E-04 4.10E-02 0.03052  0.17385
0.075197 2.25E-04 7.02E-02 0.051713 0.3079
0.10875  3.56E-04 0.10783 0.079853 0.466283
0.14839  5.06E-04 0.15312 0.11453 0.643167
0.19365 6.72E-04  0.20539 0.15524  0.835833
0.24408  8.52E-04 0.26399 0.20139 1.043333
0.29924 1.05E-03  0.32823 0.2523 1.2655
0.35875 1.26E-03  0.39741 0.30709 1.505333
0.42224 1.49E-03 0.47005 0.36379 1.771
0.48925 1.73E-03  0.54598 0.42228  2.061667
0.55925 1.99E-03 0.62533 0.48337  2.366
0.63172  2.26E-03  0.70763 0.54683  2.68
7.06E-01 2.53E-03 0.79234 0.61235  2.999833
0.78225  2.80E-03 0.87893 0.67952  3.3235
0.85945  3.06E-03 0.96687 7.48E-01 3.6485
0.9374 3.33E-03  1.0556 8.17E-01 3.973167
1.0157 3.58E-03 1.1446 0.88686  4.295667
1.094 3.83E-03  1.2332 0.9564 4.613333
1.1719 4.07E-03 1.3214 1.0259 4.925
1.249 4.30E-03  1.4087 1.0948 5.231667
1.3251 4.52E-03  1.4948 1.1627 5.535
1.3998 4.73E-03 1.579 1.2292 5.83
1.4728 4.92E-03 1.6612 1.2939 6.121667
1.5437 5.11E-03  1.7408 1.3566 6.403333
1.6123 5.27E-03 1.8175 1.4169 6.676667
1.6782 5.42E-03 1.8909 1.4749 6.933333
1.7409 5.54E-03 1.9613 1.5311 7.17
1.8004 5.64E-03 2.0287 1.5857 7.383333
1.8564 5.72E-03  2.0921 1.6371 7.583333
1.9087 5.77E-03 2.1512 1.685 7.77
1.9573 5.81E-03  2.2056 1.729 7.943333
2.0019 5.83E-03 2.2551 1.7688 8.105
2.0422 5.83E-03 2.2995 1.8042 8.255
2.0782 5.81E-03 2.3386 1.8353 8.388333
2.1094 5.76E-03  2.3722 1.8621 8.501667
2.1357 5.68E-03 2.4013 1.8862 8.585
2.157 5.57E-03 2.4259 1.9075 8.64
2.1732 5.43E-03 2.4446 1.9243 8.671667
2.1844 5.27E-03 24573 1.9361 8.686667
2.1906 5.09E-03 2.464 1.9427 8.688333
2.1917 4.88E-03 2.4645 1.9439 8.676667
2.1877 4.65E-03 2.4588 1.9398 8.65
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2.1785
2.164
2.144
2.1186
2.088
2.0523
2.0116
1.9662
1.9161
1.8613
1.8019
1.7379
1.6696
1.5971
1.5208
1.4409
1.3577
1.2714
1.1823
1.0905
0.99613
0.89958
0.80112
7.01E-01
6.00E-01
0.49753
0.39459
0.29125
0.18778
0.084418
-0.01858
-0.12096
-0.22247
-0.32284
-0.42178
-0.51899
-0.61416
-0.70698
-0.79725
-0.88476
-0.96922
-1.0505
-1.1284
-1.2028
-1.2733
-1.3398
-1.4019
-1.4593
-1.5118
-1.5593
-1.6019
-1.6394
-1.6716
-1.6986
-1.72

4.40E-03

4.13E-03

3.82E-03

3.48E-03

3.12E-03

2.73E-03

2.32E-03

1.90E-03

1.45E-03

9.89E-04

5.01E-04

-8.36E-06
-5.43E-04
-1.10E-03
-1.67E-03
-2.26E-03
-2.85E-03
-3.46E-03
-4.08E-03
-4.72E-03
-5.36E-03
-6.01E-03
-6.67E-03
-7.34E-03
-8.01E-03
-8.68E-03
-9.36E-03
-1.00E-02
-1.07E-02
-1.14E-02
-1.20E-02
-1.27E-02
-1.34E-02
-1.41E-02
-1.47E-02
-1.54E-02
-1.61E-02
-1.67E-02
-1.74E-02
-1.80E-02
-1.87E-02
-1.93E-02
-2.00E-02
-2.06E-02
-2.13E-02
-2.19E-02
-2.25E-02
-2.31E-02
-2.37E-02
-2.43E-02
-2.49E-02
-2.55E-02
-2.60E-02
-2.66E-02
-2.71E-02

2.4469
2.4289
2.4061
2.3783
2.3445
2.3047
2.259
2.2074
2.1501
2.0873
2.0193
1.9475
1.8715
1.7907
1.7054
1.6158
1.5222
1.4249
1.3242
1.2206
1.1151
1.0075
0.89763
0.78593
0.67274
0.55845
0.44349
0.32832
0.2136
9.98E-02
-1.45E-02
-0.12863
-0.24196
-0.35402
-0.46438
-0.57261
-0.67833
-0.78101
-0.88109
-0.98007
-1.0762
-1.169
-1.2579
-1.3427
-1.423
-1.4986
-1.5694
-1.6361
-1.699
-1.7565
-1.8083
-1.8542
-1.8939
-1.9273
-1.9544

1.9305
1.9165
1.8993
1.879
1.854
1.8239
1.7887
1.7484
1.7031
1.6532
1.5992
1.5426
1.4833
1.4203
1.3534
1.2828
1.2086
1.1312
1.0508
0.96799
0.88381
0.7981
0.71054
6.21E-01
5.31E-01
0.43914
0.34671
0.25387
0.161
0.068447
-0.0241
-0.1162
-0.20737
-0.29727
-0.38558
-0.472
-0.55625
-0.63819
-0.71846
-0.79718
-0.87321
-0.94587
-1.0148
-1.0798
-1.1406
-1.1971
-1.2493
-1.2983
-1.3441
-1.3853
-1.4212
-1.4517
-1.4764
-1.4954
-1.5087

8.606667
8.54
8.446667
8.321667
8.175
8.013333
7.838333
7.65

7.45
7.235
7.001667
6.748333
6.47
6.173333
5.866667
5.55
5.226667
4.895
4.556667
4.210167
3.854833
3.49
3.118167
2.742833
2.365833
1.9885
1.613
1.240833
0.876667
0.52205
0.159967
-0.20717
-0.5765
-0.94583
-1.31333
-1.67683
-2.03467
-2.38033
-2.7105
-3.04817
-3.38317
-3.71883
-4.05167
-4.38167
-4.70667
-5.025
-5.335
-5.63
-5.915
-6.18667
-6.45167
-6.70833
-6.95833
-7.19833
-7.42833
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-1.7356 -2.76E-02 -1.9751 -1.5165 -7.64333
-1.7452 -2.81E-02 -1.9908 -1.5203 -7.84167
-1.7488 -2.86E-02 -2.0015 -1.5202 -8.02167
-1.7465 -2.91E-02 -2.0057 -1.5144 -8.18833
-1.7383 -2.96E-02 -2.0032 -1.5026 -8.34333
-1.7244 -3.00E-02 -1.994 -1.4847 -8.48833
-1.7048 -3.06E-02 -1.9781 -1.4605 -8.62667
-1.6796 -3.09E-02 -1.9554 -1.4303 -8.75167
-1.6486 -3.13E-02 -1.9262 -1.3943 -8.865
-1.6118 -3.17E-02 -1.8906 -1.3528 -8.96333
-1.5692 -3.21E-02 -1.8502 -1.3076 -9.04333
-1.5208 -3.25E-02 -1.8049 -1.2588 -9.10167
-1.4668 -3.28E-02 -1.7534 -1.2047 -9.145
-1.4076 -3.31E-02 -1.6957 -1.1451 -9.17667
-1.3432 -3.34E-02 -1.6321 -1.0801 -9.2
-1.2739 -3.38E-02 -1.5625 -1.0098 -9.21167
-1.1998 -3.41E-02 -1.4873 -0.93421 -9.21817
-1.1209 -3.43E-02 -1.4067 -0.85382  -9.21467
-1.0374 -3.46E-02 -1.321 -0.76905 -9.19917
-0.94928 -3.49E-02 -1.2317 -0.68141 -9.1715
-0.85676  -3.51E-02 -1.1385 -0.59067 -9.1305
-0.7601 -3.54E-02 -1.0407 -0.49592  -9.07967
-0.6596 -3.56E-02 -0.93849 -0.39717 -9.022
-0.5555 -3.58E-02 -0.83198  -0.29453 -8.9575
-0.44804 -3.60E-02 -0.72149 -0.18821 -8.888
-0.33739  -3.62E-02 -0.60727 -0.07848 -8.81313
-0.22373  -3.64E-02 -0.48975 0.03431 -8.73433
-0.10716  -3.66E-02 -0.36917  0.14946 -8.64383
0.012064 -3.68E-02 -0.24745 0.26593 -8.55633
0.1338 -3.70E-02 -0.12363  0.38432 -8.46583
0.2579 -3.72E-02 3.14E-03  0.50492 -8.36296
0.38411 -3.74E-02 0.1324 0.62783 -8.25717
0.5122 -3.75E-02 0.26391 0.75278 -8.14783
0.64194 -3.77E-02 0.39738 0.87958 -8.03667
0.77313 -3.79E-02 0.53252 1.008 -7.92467
0.90559 -3.81E-02 0.66903 1.1377 -7.81117
1.0392 -3.82E-02 0.80656 1.2684 -7.69733
1.1737 -3.84E-02 0.94445 1.3998 -7.58917
1.309 -3.86E-02 1.083 1.53E+00 -7.48333
1.45E+00 -3.87E-02 1.2223 1.67E+00 -7.37833
1.58E+00 -3.89E-02 1.3621 1.80E+00 -7.275
1.72E+00 -3.91E-02 1.5023 1.93E+00 -7.17167
1.86E+00 -3.93E-02 1.6429 2.07E+00 -7.065
1.99E+00 -3.95E-02 1.7835 2.20E+00 -6.96167
2.13E+00 -3.96E-02 1.9241 2.34E+00 -6.85833
2.27E+00 -3.98E-02 2.0645 2.47E+00 -6.755
2.40E+00 -0.04002 2.2044 2.60E+00 -6.65167

Table A.4: Wing raw spanwise deformation dataset for mode 4

U, ‘ Uy ‘ u

0 0 0 0 0
-7.51E-06 0.000149  -5.22E-05 3.70E-05 -0.00149
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-2.85E-05
-7.10E-05
-1.34E-04
-2.30E-04
-3.92E-04
-6.56E-04
-1.02E-03
-1.46E-03
-1.99E-03
-2.59E-03
-3.26E-03
-3.99E-03
-4.78E-03
-56.62E-03
-6.51E-03
-7.43E-03
-8.39E-03
-9.38E-03
-1.04E-02
-1.14E-02
-1.25E-02
-1.35E-02
-1.45E-02
-1.56E-02
-1.66E-02
-1.76E-02
-1.86E-02
-1.96E-02
-2.05E-02
-2.15E-02
-2.23E-02
-2.32E-02
-2.40E-02
-2.47E-02
-2.54E-02
-2.60E-02
-2.66E-02
-2.71E-02
-2.76E-02
-2.80E-02
-2.83E-02
-2.85E-02
-2.87E-02
-2.88E-02
-2.88E-02
-2.88E-02
-2.87E-02
-2.85E-02
-2.82E-02
-2.79E-02
-2.75E-02
-2.70E-02
-2.64E-02
-2.58E-02
-2.51E-02

-0.00022
-0.00104
-0.00227
-0.0039
-0.00593
-0.00836
-0.0112
-0.01443
-0.01805
-0.02204
-0.02641
-0.03115
-0.03625
-0.0417
-0.0475
-0.05365
-0.06015
-0.06699
-0.07417
-0.08169
-0.08953
-0.09771
-0.1062
-0.115
-0.12411
-0.13354
-0.14328
-0.15331
-0.16365
-0.17428
-0.1852
-0.19641
-0.20788
-0.21964
-0.23168
-0.24398
-0.25656
-0.26939
-0.28249
-0.29584
-0.30943
-0.32327
-0.33735
-0.35168
-0.36624
-0.38103
-0.39605
-0.4113
-0.42676
-0.44244
-0.45832
-0.47442
-0.49072
-0.50723
-0.52393

-8.52E-05
-1.08E-04
-1.38E-04
-1.91E-04
-2.75E-04
-4.32E-04
-6.84E-04
-1.02E-03
-1.45E-03
-1.95E-03
-2.53E-03
-3.17E-03
-3.86E-03
-4.58E-03
-5.33E-03
-6.12E-03
-6.95E-03
-7.80E-03
-8.68E-03
-9.58E-03
-1.05E-02
-1.14E-02
-1.23E-02
-1.32E-02
-1.41E-02
-1.49E-02
-1.58E-02
-1.66E-02
-1.73E-02
-1.81E-02
-1.88E-02
-1.94E-02
-2.00E-02
-2.06E-02
-2.10E-02
-2.15E-02
-2.18E-02
-2.21E-02
-2.23E-02
-2.25E-02
-2.26E-02
-2.26E-02
-2.25E-02
-2.24E-02
-2.21E-02
-2.18E-02
-2.14E-02
-2.10E-02
-2.04E-02
-1.98E-02
-1.92E-02
-1.84E-02
-1.76E-02
-1.67E-02
-1.57E-02

4.55E-05

1.76E-05

-3.21E-05
-1.16E-04
-2.91E-04
-5.74E-04
-9.90E-04
-1.52E-03
-2.15E-03
-2.88E-03
-3.69E-03
-4.58E-03
-5.52E-03
-6.51E-03
-7.53E-03
-8.59E-03
-9.69E-03
-1.08E-02
-1.20E-02
-1.32E-02
-1.44E-02
-1.56E-02
-1.68E-02
-1.80E-02
-1.92E-02
-2.04E-02
-2.16E-02
-2.27E-02
-2.39E-02
-2.50E-02
-2.60E-02
-2.71E-02
-2.81E-02
-2.91E-02
-3.00E-02
-3.08E-02
-3.16E-02
-3.24E-02
-3.30E-02
-3.36E-02
-3.42E-02
-3.47E-02
-3.52E-02
-3.56E-02
-3.59E-02
-3.61E-02
-3.62E-02
-3.63E-02
-3.63E-02
-3.62E-02
-3.61E-02
-3.59E-02
-3.56E-02
-3.53E-02
-3.48E-02

-0.00218
-0.0021
-0.00177
-0.00125
0.00027
0.002366
0.005101
0.008285
0.011777
0.015508
0.019423
0.023498
0.027677
0.032193
0.036687
0.041187
0.04574
0.050353
0.055037
0.059782
0.0646
0.069533
0.074767
0.080133
0.08565
0.091267
0.097
0.102817
0.108767
0.114833
0.121083
0.127633
0.134483
0.14155
0.148733
0.15605
0.16345
0.170933
0.178517
0.186167
0.194183
0.202683
0.211283
0.22
0.228783
0.237617
0.246483
0.255367
0.264267
0.273083
0.282167
0.291333
0.300517
0.309717
0.318917
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-2.43E-02
-2.35E-02
-2.26E-02
-2.16E-02
-2.06E-02
-1.95E-02
-1.84E-02
-1.72E-02
-1.60E-02
-1.47E-02
-1.34E-02
-1.21E-02
-1.07E-02
-9.27E-03
-7.84E-03
-6.40E-03
-4.95E-03
-3.49E-03
-2.02E-03
-5.66E-04
8.91E-04
2.33E-03
3.77E-03
5.18E-03
6.58E-03
7.96E-03
9.32E-03
1.06E-02
1.19E-02
1.32E-02
1.44E-02
1.57E-02
1.68E-02
1.79E-02
1.90E-02
2.00E-02
2.10E-02
2.19E-02
2.28E-02
2.36E-02
2.43E-02
2.50E-02
2.56E-02
2.61E-02
2.65E-02
2.69E-02
2.72E-02
2.75E-02
2.76E-02
2.77E-02
2.77E-02
2.76E-02
2.74E-02
2.72E-02
2.69E-02

-0.54083
-0.55792
-0.57519
-0.59265
-0.61027
-0.62808
-0.64606
-0.66421
-0.68252
-0.701
-0.71963
-0.73842
-0.75735
-0.77642
-0.79564
-0.815
-0.83449
-0.85412
-0.87388
-0.89376
-0.91376
-0.93388
-0.95411
-0.97446
-0.99493
-1.0155
-1.0362
-1.057
-1.0779
-1.0989
-1.12
-1.1412
-1.1625
-1.1838
-1.2053
-1.2269
-1.2485
-1.2702
-1.292
-1.3139
-1.3359
-1.3579
-1.38
-1.4022
-1.4244
-1.4467
-1.469
-1.4914
-1.5138
-1.5363
-1.5589
-1.5814
-1.6041
-1.6267
-1.6494

-1.47E-02
-1.35E-02
-1.23E-02
-1.11E-02
-9.79E-03
-8.43E-03
-7.01E-03
-5.53E-03
-4.00E-03
-2.43E-03
-8.27E-04
8.05E-04
2.46E-03
4.13E-03
5.81E-03
7.51E-03
9.20E-03
1.09E-02
1.26E-02
1.43E-02
1.59E-02
1.75E-02
1.91E-02
2.07E-02
2.23E-02
2.39E-02
2.54E-02
2.69E-02
2.83E-02
2.98E-02
3.11E-02
3.25E-02
3.39E-02
3.52E-02
3.64E-02
3.76E-02
3.87E-02
3.98E-02
4.08E-02
4.17E-02
4.26E-02
4.34E-02
4.42E-02
4.48E-02
4.54E-02
4.59E-02
4.62E-02
4.66E-02
4.68E-02
4.70E-02
4.71E-02
4.71E-02
4.70E-02
4.68E-02
4.66E-02

-3.43E-02
-3.38E-02
-3.31E-02
-3.25E-02
-3.17E-02
-3.09E-02
-3.01E-02
-2.92E-02
-2.82E-02
-2.72E-02
-2.61E-02
-2.50E-02
-2.39E-02
-2.27E-02
-2.15E-02
-2.03E-02
-1.91E-02
-1.79E-02
-1.66E-02
-1.53E-02
-1.41E-02
-1.28E-02
-1.16E-02
-1.03E-02
-9.10E-03
-7.88E-03
-6.68E-03
-5.51E-03
-4.37E-03
-3.25E-03
-2.18E-03
-1.13E-03
-1.05E-04
8.79E-04
1.82E-03
2.70E-03
3.53E-03
4.31E-03
5.03E-03
5.70E-03
6.33E-03
6.89E-03
7.39E-03
7.81E-03
8.16E-03
8.44E-03
8.63E-03
8.76E-03
8.82E-03
8.82E-03
8.75E-03
8.60E-03
8.37E-03
8.06E-03
7.66E-03

0.3281
0.337317
0.3465
0.355917
0.365417
0.374922
0.38441
0.393857
0.40323
0.412478
0.421595
0.430458
0.439223
0.447735
0.455942
0.463927
0.471688
0.479217
0.48645
0.493467
0.4994
0.506067
0.512383
0.518133
0.52381
0.52932
0.534692
0.539968
0.545103
0.550178
0.555208
0.560625
0.565978
0.571209
0.576365
0.581432
0.586388
0.591193
0.595765
0.600303
0.604687
0.608825
0.612755
0.61652
0.620147
0.623595
0.626875
0.62991
0.632932
0.635907
0.638663
0.641288
0.643773
0.646167
0.648442



A.4. 3D Wing Modal Raw Spanwise Deformation Data

88

2.65E-02
2.60E-02
2.55E-02
2.49E-02
2.42E-02
2.35E-02
2.26E-02
2.17E-02
2.08E-02
1.98E-02
1.87E-02
1.76E-02
1.64E-02
1.52E-02
1.39E-02
1.25E-02
1.11E-02
9.71E-03
8.24E-03
6.74E-03
5.21E-03
3.64E-03
2.04E-03
4.11E-04
-1.24E-03
-2.92E-03
-4.61E-03
-6.33E-03
-8.06E-03
-9.81E-03
-1.16E-02
-1.33E-02
-1.51E-02
-1.69E-02
-1.87E-02
-2.05E-02
-2.23E-02
-2.42E-02
-0.02597

-1.6722
-1.695
-1.7178
-1.7406
-1.7635
-1.7863
-1.8093
-1.8322
-1.8552
-1.8781
-1.9011
-1.9241
-1.9472
-1.9702
-1.9932
-2.02E+00
-2.04E+00
-2.06E+00
-2.09E+00
-2.11E+00
-2.13E+00
-2.15E+00
-2.18E+00
-2.20E+00
-2.22E+00
-2.25E+00
-2.27E+00
-2.29E+00
-2.32E+00
-2.34E+00
-2.36E+00
-2.39E+00
-2.41E+00
-2.43E+00
-2.45E+00
-2.48E+00
-2.50E+00
-2.52E+00
-2.5472

4.62E-02
4.58E-02
4.53E-02
4.48E-02
4.42E-02
4.35E-02
4.27E-02
4.19E-02
4.10E-02
4.00E-02
3.90E-02
3.79E-02
3.68E-02
3.56E-02
3.43E-02
3.30E-02
3.17E-02
3.02E-02
2.88E-02
2.73E-02
2.58E-02
2.43E-02
2.28E-02
2.12E-02
1.96E-02
1.80E-02
1.63E-02
1.46E-02
1.29E-02
1.12E-02
9.50E-03
7.75E-03
5.99E-03
4.22E-03
2.44E-03
6.52E-04
-1.14E-03
-2.93E-03
-4.73E-03

7.19E-03

6.64E-03

6.04E-03

5.37E-03

4.63E-03

3.83E-03

2.95E-03

2.00E-03

9.79E-04

-1.01E-04
-1.24E-03
-2.42E-03
-3.66E-03
-4.95E-03
-6.29E-03
-7.68E-03
-9.13E-03
-1.06E-02
-1.21E-02
-1.37E-02
-1.53E-02
-1.69E-02
-1.86E-02
-2.02E-02
-2.19E-02
-2.37E-02
-2.54E-02
-2.72E-02
-2.90E-02
-3.07E-02
-3.26E-02
-3.44E-02
-3.62E-02
-3.80E-02
-3.99E-02
-4.17E-02
-4.35E-02
-4.54E-02
-0.04723

0.650633
0.652697
0.654922
0.657203
0.659335
0.661393
0.663345
0.665205
0.666984
0.668643
0.670167
0.67183
0.673625
0.675245
0.67678
0.678227
0.679625
0.680983
0.682333
0.683583
0.685083
0.686933
0.688683
0.6904
0.6921
0.693717
0.695283
0.69675
0.698033
0.699367
0.700753
0.70196
0.703055
0.70406
0.704992
0.705878
0.706713
0.70753
0.708262

Table A.5: Wing raw spanwise deformation dataset for mode 5
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A.5. 3D Wing Effective Modal Mass Data

e

4%dss PRRTICIPRTION FRCTOR CALCULRTION

MODE FREQUENCY PERTOD PARTIC . FACTD
1 4.23517 0. 0.2T0TeE-04
2 21_5840 0. -0.33625E-03
3 35_835%7 0. -0_.83025E-02
4 £5.5801 0. —0.8gl51E-02
5 631425 0. -0 &0041

wwkws PRRTICIPATION FACTOR CRALCULATION =%=++
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Figure A.1: ANSYS-obtained effective modal mass data for modes 1-5 for all six DOFs

MCDE FREQUENCY PERTOD BARTIC . FRCTO
1 4_23317 0.23550 0.33155
2 21.5840 0. -0.455T74E-01
3 35_8357 0. 0.28744E-02
4 25_5881 0. 0.20222ZE-01
5 £3.1425 0. -0.25257E-03

ewdws DRRTICIPATION FACTOR CRLCULATION

MCDE FREQUENCY FERTOD BARTIC _FRCTO
1 423517 0.23550 -0.50153E-01
2 21.5840 0. 0.22784E-01
3 35_8357 0. -0 _278&RE-01
4 25_5881 0. -0.14132E-01
5 £3.1425 0. 0_.48518E-03

dkds DRRTICIPATION FRACTOR CALCULATION s%se+

MCDE FREQUENCY FERTOD PRRTIC _FRCTO
1 4 23517 0.23550 —-0_10723E-03
2 21_5840 0. E -0 _£5520E-04
3 35_8357 0. 0.48025E-02
4 55 _5881 0. 0_.48510E-02
5 £3.1425 0. 0.33258

Note:

(===

TOTRL MRSS
-Ele222
15002
-EB1651E-D4
-532460E-D1
112472E-04

EFF.MASS
TOTAL MRESS
375078

.12743€E-01
-T32ER7TE-D4
.3E2E33E-02
.TEl1E2E-De

EFF_MRASS
TOTAL MRSS
.487230
100517
150384
.32eT02E-01
-4E3364E-D4

EFF_MRASS

TOTAL MRSS
-58€253E-07
-36BE0TE-DT
-17SEHEE-D3
-186€67E-03
540453

The value reported in the "RATIO EFF. MASS TO TOTAL MASS” column may be internally scaled or
transformed depending on the participation factor normalization. In some modal configurations, this
column shows relative effective mass for the specific direction, not the actual ratio to the full model
mass. Specifically, the "RATIO EFF. MASS TO TOTAL MASS” column does not always mean “divided
by total model mass.” Instead, it sometimes reports the maximum modal contribution in that direction
as 1.0, and scales all other modes relative to it. Therefore, the ratio meg/miota is manually calculated.
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A.6. 1D Beam Effective Modal Mass Data

#&%sd DERTICIDATION

FREQUENCY
1 4_21544
2 23.
3 as.
4 55.
5 63.

FLCTOR CALCULATION ##+++* X DIRECTION

PERIOD PARTIC _FACTOR
0.23722 00000
0.42323E-01 o_0000
0.28030E-01 o_0000
0 00000
i —-0_E55544

EFFECTIVE MALSS

CUMILATIVE
MASS FRACTION
0_00000
_0oood
_0oo0oo
_00000
_0oo0od

RATIO EFF._MLES
TC TOTAL MASS

w@wss DRRTICIPATICN FACTOR CRLCULRTION

*&%ds DARTICIPATION FACTOR CRLCULATION

P T o

PERIOD PARTIC.ERCTO
0.237z22 0_0000
0.42323E-01 0.0000
0.28030E-01 0.0000
0 S23E-01 0.0000
0.15725E-01 0.0000

swsws T

DERIOD DARTIC.FRCTOR

0.23722 1. il
0.42323E-01 0_51edE6
0 0_000000
0 0_228543
0 0_000000

(===

DIRECTION

0_00000
0_176815E-01
0_00000

CUMULATIVE

MRS5S FRACTION
0_00000
0.00000
0.00000
0.00000
0.00000

CUMULATIVE
MRS5S FRACTION
0.717004
-508255
-508255
-545183
-545183

RATIO EFF.MLES
TC TOTRL MASS

&wss PRRTICIPATION FACTOR CRLCULATION

MODE  FREQUENCY
1 4.21544
2
3
2
5

MODE  FREQUENCY
2
3
2
z

MODE  FREQUENCY
2
3
2
5

PERIOD
-23722
.42323E-01

0.0000

swes+DOTX DIRECTION

0.00000

&wss PRRTICIPATION FACTOR CRLCULATION

swes+DOTY DIRECTION

RATIO EFF_MLES
MREE

CUMULATIVE
MODE FREQUENCY PERICD DPRRTIC.FRCICOR iy EFFECTIVE MRES MREE FRACTION
1 4.21544 g.2zvzz 0.0000 0.0 0 ooo 0.00000
2 23_827¢ 0.42323E-01 0.0000 0.0 d.00000 0_00000
3 35.&758 0.28030E-01 0.22537E-01 1.0 0.52811BE-03 1.00000
4 55_.7554 0_17523E-01 0.0000 0.0 d.00000 1.00000
5 83_5773 0.15725E-01 0.0000 0.0 ] 000 1.00000
wwkde DRRTICTIPATICON FACTOR CRALCULATION #«+*+ROTZ DIRECTION
CUMULATIVE
HMODE FREQUENCY EERIOD BRRTIC_FRCTOR MRS5S FRRLCTION
1 4 21544 0.237z2 0.0000 0_00000
2 23.e827¢ 0.42323E-01 0.0000 0.00000
3 ] 0.28030E-01 0.0000 0._.00000
4 0_17523E-01 0.0000 d.00000 0.00000
5 0.15725E-01 0.33418 0.111e77 1.00000
Figure A.2: ANSYS-obtained effective modal mass data of 1D beam for modes 1-5 for all six DOFs
Note:

The value reported in the "RATIO EFF. MASS TO TOTAL MASS” column may be internally scaled or
transformed depending on the participation factor normalization. In some modal configurations, this
column shows relative effective mass for the specific direction, not the actual ratio to the full model
mass. Specifically, the "RATIO EFF. MASS TO TOTAL MASS” column does not always mean “divided
by total model mass.” Instead, it sometimes reports the maximum modal contribution in that direction
as 1.0, and scales all other modes relative to it. Therefore, the ratio meg/miotal is manually calculated.
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A.7. 1D Beam Spanwise Modal Deformation Data

This section contains the numerical data of the spanwise deformation fields extracted from the 1D

modal analysis. Tabulated data is available at 5 mm resolution from root to tip. The values include:

* Vertical displacement . (y) from the BeamNodes

* Horizontal displacement u,(y) from the BeamNodes

+ Angular displacements 6(y) from BeamNodes

\ Mode 1
| | we |y

0 0 0

1.762E-04 8.233E-18 2.214E-15
7.027E-04 1.851E-17 4.449E-15
1.576E-03 3.194E-17 6.671E-15
2.794E-03 4.824E-17 8.875E-15
4 352E-03 6.335E-17 1.104E-14
6.248E-03 7.525E-17 1.088E-14
8.479E-03 8.534E-17 1.067E-14
1.104E-02 9.332E-17 1.043E-14
1.393E-02 1.011E-16 1.018E-14
1.715E-02 1.091E-16  9.942E-15
2.068E-02 1.183E-16 9.136E-15
2.450E-02 1.280E-16  8.203E-15
2.863E-02 1.358E-16  7.225E-15
3.304E-02 1.411E-16  6.320E-15
3.775E-02 1.427E-16 5.571E-15
4 275E-02 1.399E-16 4.923E-15
4.803E-02 1.343E-16 4.304E-15
5.359E-02 1.249E-16  3.645E-15
5.943E-02 1.139E-16 2.935E-15
6.554E-02 1.020E-16 2.137E-15
7.193E-02 9.166E-17 1.457E-15
7.859E-02 8.284E-17 9.040E-16
8.552E-02 7.337E-17 2.541E-16
9.271E-02 6.328E-17 -2.307E-16
1.002E-01 5.355E-17 -5.280E-16
1.079E-01 4.551E-17 -7.722E-16
1.158E-01 4.043E-17 -9.726E-16
1.241E-01 3.839E-17 -1.051E-15
1.325E-01 3.750E-17 -9.414E-16
1.412E-01 3.788E-17 -7.917E-16
1.502E-01 4.095E-17 -6.569E-16
1.594E-01 4.469E-17 -4.423E-16
1.688E-01 4.975E-17 -1.167E-16
1.785E-01 5.813E-17 3.160E-16
1.884E-01 6.898E-17 8.169E-16
1.985E-01 8.311E-17 1.297E-15
2.089E-01 1.019E-16  1.668E-15
2.195E-01 1.217E-16  1.967E-15
2.303E-01 1.425E-16  2.338E-15
2.413E-01 1.644E-16 2.686E-15
2.526E-01 1.892E-16 2.943E-15
2.640E-01 2.176E-16 3.216E-15
2.757E-01 2.480E-16  3.269E-15
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2.875E-01
2.996E-01
3.119E-01
3.243E-01
3.370E-01
3.498E-01
3.629E-01
3.761E-01
3.895E-01
4.031E-01
4.169E-01
4.308E-01
4.450E-01
4.592E-01
4.737E-01
4.883E-01
5.031E-01
5.180E-01
5.331E-01
5.484E-01
5.638E-01
5.793E-01
5.950E-01
6.108E-01
6.268E-01
6.429E-01
6.592E-01
6.755E-01
6.920E-01
7.087E-01
7.256E-01
7.429E-01
7.607E-01
7.788E-01
7.974E-01
8.164E-01
8.357E-01
8.554E-01
8.755E-01
8.960E-01
9.168E-01
9.379E-01
9.594E-01
9.812E-01
1.003E+00
1.026E+00
1.048E+00
1.071E+00
1.095E+00
1.118E+00
1.142E+00
1.166E+00
1.190E+00
1.215E+00
1.240E+00

2.806E-16
3.126E-16
3.412E-16
3.668E-16
3.861E-16
3.988E-16
4.115E-16
4.221E-16
4.289E-16
4.331E-16
4.389E-16
4.401E-16
4.395E-16
4.372E-16
4.317E-16
4.216E-16
4.084E-16
3.941E-16
3.775E-16
3.620E-16
3.443E-16
3.289E-16
3.139E-16
2.978E-16
2.808E-16
2.644E-16
2.454E-16
2.287E-16
2.148E-16
2.051E-16
1.994E-16
1.955E-16
1.950E-16
1.954E-16
1.906E-16
1.860E-16
1.808E-16
1.751E-16
1.682E-16
1.637E-16
1.563E-16
1.520E-16
1.457E-16
1.382E-16
1.312E-16
1.214E-16
1.144E-16
1.052E-16
9.878E-17
8.817E-17
7.690E-17
6.370E-17
4.954E-17
3.426E-17
1.595E-17

3.290E-15
3.290E-15
3.264E-15
3.162E-15
3.091E-15
2.980E-15
2.993E-15
2.937E-15
2.995E-15
3.123E-15
3.165E-15
3.221E-15
3.262E-15
3.488E-15
3.783E-15
4.019E-15
4.249E-15
4.533E-15
4.875E-15
5.435E-15
5.984E-15
6.433E-15
6.943E-15
7.366E-15
7.699E-15
8.115E-15
8.570E-15
8.950E-15
9.432E-15
1.000E-14
1.133E-14
1.278E-14
1.440E-14
1.610E-14
1.762E-14
1.926E-14
2.073E-14
2.206E-14
2.324E-14
2.462E-14
2.603E-14
2.736E-14
2.849E-14
2.931E-14
2.979E-14
3.002E-14
3.028E-14
3.031E-14
3.005E-14
2.945E-14
2.846E-14
2.719E-14
2.532E-14
2.350E-14
2.175E-14
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1.265E+00
1.290E+00
1.315E+00
1.341E+00
1.367E+00
1.393E+00
1.419E+00
1.446E+00
1.472E+00
1.499E+00
1.526E+00
1.563E+00
1.580E+00
1.607E+00
1.635E+00
1.662E+00
1.690E+00
1.718E+00
1.746E+00
1.774E+00
1.802E+00
1.830E+00
1.858E+00
1.886E+00
1.915E+00
1.943E+00
1.972E+00
2.000E+00
2.029E+00
2.058E+00
2.087E+00
2.115E+00
2.144E+00
2.173E+00
2.202E+00
2.231E+00
2.260E+00
2.289E+00
2.318E+00
2.347E+00
2.376E+00
2.405E+00
2.434E+00
2.463E+00
2.492E+00
2.521E+00
2.550E+00
2.580E+00
2.609E+00
2.638E+00
2.667E+00
2.696E+00

-3.695E-18
-2 172E-17
-3.692E-17
-5.534E-17
-7.114E-17
-8.724E-17
-1.049E-16
-1.180E-16
-1.261E-16
-1.311E-16
-1.300E-16
-1.260E-16
-1.192E-16
-1.106E-16
-9.999E-17
-9.049E-17
-7.364E-17
-5.418E-17
-3.257E-17
-5.749E-18
2.057E-17
4.530E-17
7.150E-17
9.990E-17
1.241E-16
1.516E-16
1.806E-16
2.102E-16
2.406E-16
2.721E-16
3.060E-16
3.358E-16
3.629E-16
3.840E-16
4.049E-16
4.203E-16
4.350E-16
4.479E-16
4.612E-16
4.764E-16
4.877E-16
5.034E-16
5.152E-16
5.238E-16
5.365E-16
5.465E-16
5.564E-16
5.700E-16
5.784E-16
5.902E-16
6.006E-16
6.110E-16

1.983E-14

1.778E-14

1.588E-14

1.371E-14

1.146E-14

8.872E-15

6.152E-15

3.5683E-15

1.180E-15

-1.167E-15
-3.564E-15
-4.807E-15
-5.776E-15
-6.295E-15
-6.514E-15
-6.489E-15
-6.628E-15
-6.815E-15
-7.116E-15
-7.521E-15
-7.780E-15
-7.883E-15
-7.881E-15
-7.993E-15
-8.033E-15
-8.244E-15
-8.544E-15
-8.686E-15
-8.714E-15
-8.952E-15
-9.058E-15
-8.812E-15
-8.414E-15
-7.862E-15
-71.212E-15
-6.805E-15
-6.471E-15
-6.203E-15
-5.860E-15
-5.446E-15
-5.196E-15
-4.683E-15
-3.956E-15
-3.323E-15
-2.475E-15
-1.642E-15
-7.010E-16
-3.200E-16
8.870E-17

6.988E-17

6.255E-17

8.490E-17

Table A.6: Beam raw spanwise modal deformation dataset for mode 1
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| Mode 2
‘ U, ‘ Uy ‘ 0y

0 0 0

-7.95E-04 -1.34E-19 2.60E-17
-3.15E-03 -8.66E-19 5.17E-17
-7.03E-03 -2.17E-18 9.48E-17
-1.24E-02 -4.08E-18 1.40E-16
-1.92E-02 -6.22E-18 1.86E-16
-2.74E-02 -8.32E-18 7.15E-17
-3.70E-02 -1.05E-17 -4.49E-17
-4 .80E-02 -1.30E-17 -1.53E-16
-6.02E-02 -1.58E-17 -2.69E-16
-7.37E-02 -1.90E-17 -3.70E-16
-8.83E-02 -2.27E-17 -6.97E-16
-1.04E-01 -2.73E-17 -9.78E-16
-1.21E-01  -3.19E-17 -1.26E-15
-1.39E-01 -3.61E-17 -1.53E-15
-1.58E-01 -3.94E-17 -1.91E-15
-1.78E-01  -4.24E-17 -2.15E-15
-1.98E-01 -4.55E-17 -2.42E-15
-2.20E-01  -4.81E-17 -2.73E-15
-2.43E-01  -5.04E-17 -2.93E-15
-2.66E-01 -5.11E-17 -3.21E-15
-2.90E-01  -5.09E-17 -3.45E-15
-3.15E-01 -5.17E-17 -3.86E-15
-3.41E-01  -5.05E-17 -4.13E-15
-3.67E-01  -5.00E-17 -4.33E-15
-3.94E-01 -4.76E-17 -4.63E-15
-4.22E-01  -4.47E-17 -4.78E-15
-4 50E-01 -4.12E-17 -5.24E-15
-4.79E-01 -3.63E-17 -5.53E-15
-5.08E-01  -3.14E-17 -5.91E-15
-5.38E-01 -2.56E-17 -6.28E-15
-5.68E-01 -1.91E-17 -6.59E-15
-5.99E-01 -1.34E-17 -6.84E-15
-6.30E-01 -5.76E-18 -7.27E-15
-6.61E-01  1.43E-18 -7.50E-15
-6.93E-01 9.21E-18 -7.64E-15
-7.24E-01 1.63E-17 -8.08E-15
-7.57E-01  2.32E-17 -8.42E-15
-7.89E-01 3.23E-17 -8.75E-15
-8.22E-01 3.89E-17 -9.04E-15
-8.54E-01 4.78E-17 -9.51E-15
-8.87E-01  5.74E-17 -9.85E-15
-9.20E-01 6.69E-17 -1.03E-14
-9.53E-01 7.51E-17 -1.08E-14
-9.87E-01 8.43E-17 -1.15E-14
-1.02E+00 9.68E-17 -1.23E-14
-1.05E+00 1.05E-16 -1.28E-14
-1.09+00 1.21E-16 -1.35E-14
-1.12E+00 1.34E-16 -1.43E-14
-1.15E+00 1.48E-16 -1.48E-14
-1.18E+00 1.63E-16 -1.53E-14
-1.22E+00 1.78E-16 -1.62E-14
-1.25E+00 1.96E-16 -1.67E-14
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-1.28E+00
-1.31E+00
-1.34E+00
-1.38E+00
-1.41E+00
-1.44E+00
-1.47E+00
-1.50E+00
-1.53E+00
-1.56E+00
-1.59E+00
-1.61E+00
-1.64E+00
-1.67E+00
-1.70E+00
-1.72E+00
-1.75E+00
-1.77E+00
-1.80E+00
-1.82E+00
-1.84E+00
-1.86E+00
-1.88E+00
-1.90E+00
-1.92E+00
-1.93E+00
-1.94E+00
-1.94E+00
-1.95E+00
-1.95E+00
-1.95E+00
-1.95E+00
-1.94E+00
-1.93E+00
-1.92E+00
-1.91E+00
-1.89E+00
-1.87E+00
-1.85E+00
-1.83E+00
-1.80E+00
-1.77E+00
-1.74E+00
-1.71E+00
-1.67E+00
-1.63E+00
-1.59E+00
-1.54E+00
-1.49E+00
-1.44E+00
-1.39E+00
-1.34E+00
-1.28E+00
-1.22E+00
-1.16E+00

2.09E-16
2.23E-16
2.43E-16
2.58E-16
2.79E-16
2.95E-16
3.12E-16
3.33E-16
3.53E-16
3.72E-16
3.91E-16
4.09E-16
4.26E-16
4.45E-16
4.61E-16
4.75E-16
4.93E-16
5.06E-16
5.24E-16
5.33E-16
5.46E-16
5.54E-16
5.68E-16
5.75E-16
5.83E-16
5.91E-16
6.01E-16
6.09E-16
6.14E-16
6.23E-16
6.31E-16
6.45E-16
6.48E-16
6.60E-16
6.75E-16
6.85E-16
6.98E-16
7.12E-16
7.26E-16
7.36E-16
7.56E-16
7.69E-16
7.84E-16
8.04E-16
8.16E-16
8.37E-16
8.50E-16
8.80E-16
9.00E-16
9.19E-16
9.39E-16
9.53E-16
9.80E-16
9.97E-16
1.01E-15

-1.74E-14
-1.79E-14
-1.85E-14
-1.90E-14
-1.97E-14
-2.02E-14
-2.06E-14
-2.12E-14
-2.16E-14
-2.18E-14
-2.24E-14
-2.28E-14
-2.30E-14
-2.34E-14
-2.38E-14
-2.41E-14
-2.42E-14
-2.46E-14
-2.47E-14
-2.47E-14
-2.49E-14
-2.53E-14
-2.55E-14
-2.60E-14
-2.62E-14
-2.63E-14
-2.63E-14
-2.64E-14
-2.64E-14
-2.66E-14
-2.63E-14
-2.62E-14
-2.62E-14
-2.60E-14
-2.59E-14
-2.54E-14
-2.49E-14
-2.46E-14
-2.43E-14
-2.37E-14
-2.34E-14
-2.26E-14
-2.22E-14
-2.16E-14
-2.10E-14
-2.06E-14
-2.01E-14
-1.95E-14
-1.91E-14
-1.86E-14
-1.82E-14
-1.76E-14
-1.69E-14
-1.63E-14
-1.52E-14
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Table A.7: Beam raw spanwise modal deformation dataset for mode 2

-1.10E+00
-1.03E+00
-9.67E-01
-8.98E-01
-8.26E-01
-7.53E-01
-6.79E-01
-6.02E-01
-5.24E-01
-4.44E-01
-3.62E-01
-2.79E-01
-1.95E-01
-1.09E-01
-2.16E-02
6.69E-02
1.56E-01
2.47E-01
3.39E-01
4.32E-01
5.26E-01
6.20E-01
7.16E-01
8.12E-01
9.09E-01
1.01E+00
1.10E+00
1.20E+00
1.30E+00
1.40E+00
1.50E+00
1.60E+00
1.70E+00
1.80E+00
1.90E+00
2.00E+00
2.10E+00
2.21E+00
2.31E+00
2.41E+00
2.51E+00
2.61E+00
2.71E+00

1.04E-15
1.06E-15
1.07E-15
1.09E-15
1.10E-15
1.12E-15
1.14E-15
1.15E-15
1.17E-15
1.19E-15
1.21E-15
1.21E-15
1.23E-15
1.25E-15
1.26E-15
1.28E-15
1.29E-15
1.30E-15
1.32E-15
1.33E-15
1.35E-15
1.35E-15
1.37E-15
1.38E-15
1.39E-15
1.39E-15
1.39E-15
1.41E-15
1.41E-15
1.43E-15
1.43E-15
1.45E-15
1.46E-15
1.46E-15
1.46E-15
1.47E-15
1.48E-15
1.49E-15
1.49E-15
1.50E-15
1.50E-15
1.50E-15
1.50E-15

-1.46E-14
-1.39E-14
-1.32E-14
-1.28E-14
-1.21E-14
-1.11E-14
-1.04E-14
-9.67E-15
-9.20E-15
-8.62E-15
-8.02E-15
-7.45E-15
-7.23E-15
-6.72E-15
-6.43E-15
-5.96E-15
-5.50E-15
-5.32E-15
-5.17E-15
-5.03E-15
-4.69E-15
-4.97E-15
-4.66E-15
-4.61E-15
-4.59E-15
-4.82E-15
-4 .93E-15
-5.09E-15
-5.15E-15
-5.91E-15
-6.02E-15
-6.66E-15
-6.76E-15
-7.50E-15
-8.02E-15
-8.27E-15
-8.85E-15
-9.15E-15
-9.15E-15
-9.24E-15
-9.40E-15
-9.61E-15
-9.92E-15

| Mode 3

‘ U, ‘ Uy, ‘ 0y
0 0 0
-4 .335E-15 -7.756E-16 8.631E-02
-1.159E-14 -1.928E-15 1.726E-01
-1.703E-14 -3.282E-15 2.589E-01
-1.887E-14 -4.769E-15 3.452E-01
-1.714E-14 -6.540E-15 4.315E-01
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-1.150E-14
-2.698E-15
6.847E-15
1.350E-14
1.349E-14
5.957E-15
-4.297E-15
-1.163E-14
-1.296E-14
-7.506E-15
2.897E-15
1.504E-14
2.623E-14
3.409E-14
3.753E-14
3.614E-14
3.012E-14
2.204E-14
1.623E-14
1.391E-14
1.441E-14
1.624E-14
1.849E-14
2.150E-14
2.515E-14
2.784E-14
2.924E-14
2.977E-14
2911E-14
2.627E-14
2.295E-14
2.052E-14
1.890E-14
1.879E-14
2.021E-14
2.183E-14
2.135E-14
1.921E-14
1.725E-14
1.620E-14
1.655E-14
1.892E-14
2.257E-14
2.527E-14
2.603E-14
2.476E-14
2.014E-14
1.344E-14
6.361E-15
3.949E-16
-2.928E-15
-1.768E-15
3.270E-15
1.097E-14
2.017E-14

-8.624E-15
-1.083E-14
-1.308E-14
-1.518E-14
-1.711E-14
-1.744E-14
-1.900E-14
-2.059E-14
-2.202E-14
-2.338E-14
-2.467E-14
-2.577E-14
-2.655E-14
-2.714E-14
-2.754E-14
-2.784E-14
-2.784E-14
-2.753E-14
-2.697E-14
-2.635E-14
-2.579E-14
-2.500E-14
-2.404E-14
-2.263E-14
-2.111E-14
-1.937E-14
-1.742E-14
-1.539E-14
-1.311E-14
-1.065E-14
-8.065E-15
-5.433E-15
-2.693E-15
-7.834E-17
2.732E-15
5.374E-15
7.878E-15
1.025E-14
1.260E-14
1.490E-14
1.702E-14
1.879E-14
2.012E-14
2.090E-14
2.129E-14
2.170E-14
2.187E-14
2.185E-14
2.162E-14
2.141E-14
2.068E-14
1.997E-14
1.886E-14
1.773E-14
1.629E-14

5.175E-01

6.034E-01

6.893E-01

7.753E-01

8.612E-01

1.147E+00
1.432E+00
1.718E+00
2.003E+00
2.288E+00
2.574E+00
2.859E+00
3.145E+00
3.430E+00
3.715E+00
4.001E+00
4.286E+00
4.571E+00
4.857E+00
5.142E+00
5.427E+00
5.712E+00
5.998E+00
6.283E+00
6.568E+00
6.853E+00
7.138E+00
7.423E+00
7.708E+00
7.993E+00
8.278E+00
8.563E+00
8.848E+00
9.133E+00
9.418E+00
9.703E+00
9.988E+00
1.024E+01
1.050E+01
1.076E+01
1.101E+01
1.127E+01
1.152E+01
1.178E+01
1.204E+01
1.229E+01
1.255E+01
1.280E+01
1.306E+01
1.332E+01
1.357E+01
1.383E+01
1.408E+01
1.434E+01
1.459E+01
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2.850E-14
3.485E-14
3.789E-14
3.725E-14
3.272E-14
2.460E-14
1.494E-14
5.709E-15
-2.691E-15
-1.044E-14
-1.694E-14
-2.124E-14
-2.316E-14
-1.972E-14
-5.732E-15
1.779E-14
4.269E-14
5.735E-14
5.414E-14
3.558E-14
1.515E-14
3.909E-15
8.182E-16
2.103E-15
4.519E-15
6.517E-15
7.353E-15
9.667E-15
1.232E-14
1.145E-14
7.539E-15
1.865E-15
-2.299E-15
-3.255E-15
-4.647E-17
7.364E-15
1.989E-14
3.486E-14
4.859E-14
5.339E-14
4.795E-14
3.574E-14
2.090E-14
3.520E-15
-1.761E-14
-3.697E-14
-4.800E-14
-4.880E-14
-4.276E-14
-3.342E-14
-2.259E-14
-1.484E-14
-8.503E-15
-1.837E-15
3.424E-15

1.464E-14

1.302E-14

1.097E-14

8.890E-15

6.645E-15

4.390E-15

2.088E-15

-5.947E-16
-3.398E-15
-6.298E-15
-9.179E-15
-1.217E-14
-1.501E-14
-1.751E-14
-1.940E-14
-2.099E-14
-2.231E-14
-2.333E-14
-2.468E-14
-2.565E-14
-2.607E-14
-2.631E-14
-2.604E-14
-2.559E-14
-2.501E-14
-2.406E-14
-2.318E-14
-2.228E-14
-2.117E-14
-2.023E-14
-1.915E-14
-1.797E-14
-1.686E-14
-1.572E-14
-1.470E-14
-1.321E-14
-1.187E-14
-1.064E-14
-9.358E-15
-8.345E-15
-7.199E-15
-6.022E-15
-4.808E-15
-3.393E-15
-1.887E-15
-8.907E-16
4.607E-16

1.790E-15

3.554E-15

4.932E-15

6.590E-15

8.177E-15

9.762E-15

1.103E-14

1.233E-14

1.485E+01
1.510E+01
1.536E+01
1.561E+01
1.587E+01
1.612E+01
1.638E+01
1.663E+01
1.689E+01
1.714E+01
1.740E+01
1.765E+01
1.791E+01
1.845E+01
1.899E+01
1.953E+01
2.007E+01
2.061E+01
2.115E+01
2.169E+01
2.223E+01
2.277E+01
2.330E+01
2.384E+01
2.438E+01
2.492E+01
2.546E+01
2.600E+01
2.653E+01
2.707E+01
2.761E+01
2.815E+01
2.868E+01
2.922E+01
2.975E+01
3.029E+01
3.083E+01
3.136E+01
3.190E+01
3.243E+01
3.297E+01
3.350E+01
3.404E+01
3.457E+01
3.510E+01
3.564E+01
3.617E+01
3.670E+01
3.723E+01
3.754E+01
3.785E+01
3.815E+01
3.846E+01
3.876E+01
3.907E+01
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Table A.8:

4.477E-15

-1.153E-15
-1.205E-14
-2.272E-14
-2.867E-14
-3.078E-14
-3.553E-14
-4.473E-14
-5.718E-14
-6.631E-14
-6.878E-14
-6.847E-14
-7.362E-14
-8.478E-14
-9.294E-14
-9.054E-14
-7.993E-14
-6.749E-14
-6.041E-14
-6.053E-14
-6.838E-14
-8.467E-14
-1.057E-13
-1.269E-13
-1.435E-13
-1.5562E-13
-1.639E-13
-1.703E-13
-1.730E-13
-1.739E-13
-1.809E-13
-1.609E-13
-1.588E-13
-1.652E-13
-1.686E-13

Beam raw spanwise modal deformation dataset for mode 3

1.355E-14
1.471E-14
1.578E-14
1.685E-14
1.765E-14
1.813E-14
1.861E-14
1.917E-14
1.946E-14
1.934E-14
1.942E-14
1.907E-14
1.858E-14
1.794E-14
1.709E-14
1.559E-14
1.413E-14
1.237E-14
1.027E-14
7.875E-15
5.115E-15
2.358E-15
-7.949E-16
-3.405E-15
-6.383E-15
-9.069E-15
-1.176E-14
-1.431E-14
-1.684E-14
-1.975E-14
-2.211E-14
-2.480E-14
-2.698E-14
-2.906E-14
-3.119E-14

3.937E+01
3.968E+01
3.998E+01
4.028E+01
4.059E+01
4.089E+01
4.119E+01
4.149E+01
4.180E+01
4.210E+01
4.240E+01
4.270E+01
4.300E+01
4.330E+01
4.360E+01
4.390E+01
4.420E+01
4.450E+01
4.479E+01
4.509E+01
4.539E+01
4.569E+01
4.598E+01
4.628E+01
4.658E+01
4.687E+01
4.717E+01
4.746E+01
4.775E+01
4.805E+01
4.818E+01
4.811E+01
4.818E+01
4.818E+01
4.818E+01

\ Mode 4

O
0 0 0
2.395E-03 1.234E-14 6.572E-13
9.426E-03 2.884E-14 1.345E-12
2.088E-02 5.415E-14 1.916E-12
3.654E-02 8.618E-14 2.374E-12
5.619E-02 1.103E-13  2.538E-12
7.963E-02 1.177E-13 8.778E-14
1.066E-01 1.179E-13  -2.652E-12
1.370E-01 1.107E-13  -5.493E-12
1.705E-01 1.074E-13  -8.400E-12
2.069E-01 1.090E-13 -1.127E-11
2.460E-01 1.170E-13 -2.081E-11
2.874E-01 1.300E-13 -3.076E-11
3.310E-01 1.398E-13 -4.057E-11
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3.765E-01

4.239E-01

4.728E-01

5.231E-01

5.746E-01

6.271E-01

6.804E-01

7.344E-01

7.889E-01

8.436E-01

8.985E-01

9.533E-01

1.008E+00
1.062E+00
1.116E+00
1.169E+00
1.221E+00
1.272E+00
1.322E+00
1.370E+00
1.417E+00
1.463E+00
1.507E+00
1.549E+00
1.589E+00
1.627E+00
1.663E+00
1.696E+00
1.728E+00
1.756E+00
1.783E+00
1.806E+00
1.827E+00
1.846E+00
1.861E+00
1.874E+00
1.883E+00
1.890E+00
1.894E+00
1.895E+00
1.893E+00
1.888E+00
1.879E+00
1.868E+00
1.854E+00
1.837E+00
1.817E+00
1.793E+00
1.767E+00
1.738E+00
1.707E+00
1.672E+00
1.635E+00
1.595E+00
1.552E+00

1.380E-13
1.247E-13
1.068E-13
8.828E-14
5.783E-14
2.282E-14
-1.695E-14
-5.138E-14
-71.727E-14
-9.703E-14
-1.255E-13
-1.621E-13
-1.947E-13
-2.160E-13
-2.223E-13
-2.270E-13
-2.203E-13
-2.019E-13
-1.815E-13
-1.482E-13
-1.018E-13
-4.811E-14
1.525E-14
9.335E-14
1.767E-13
2.685E-13
3.591E-13
4.486E-13
5.458E-13
6.480E-13
7.504E-13
8.445E-13
9.226E-13
9.777E-13
1.002E-12
1.002E-12
1.005E-12
1.001E-12
9.853E-13
9.638E-13
9.489E-13
9.178E-13
8.758E-13
8.246E-13
7.614E-13
6.811E-13
5.960E-13
5.088E-13
4.133E-13
3.135E-13
2.102E-13
1.128E-13
1.405E-14
-9.657E-14
-2.166E-13

-4.935E-11
-5.694E-11
-6.383E-11
-7.011E-11
-7.566E-11
-8.080E-11
-8.581E-11
-8.978E-11
-9.240E-11
-9.463E-11
-9.553E-11
-9.529E-11
-9.446E-11
-9.259E-11
-8.970E-11
-8.538E-11
-8.024E-11
-7.480E-11
-6.876E-11
-6.239E-11
-5.523E-11
-4.762E-11
-4.008E-11
-3.303E-11
-2.612E-11
-1.867E-11
-1.138E-11
-4.048E-12
3.055E-12
-1.284E-12
-6.107E-12
-1.124E-11
-1.652E-11
-2.196E-11
-2.752E-11
-3.309E-11
-3.832E-11
-4.385E-11
-4.925E-11
-5.423E-11
-5.940E-11
-6.468E-11
-6.985E-11
-7.385E-11
-71.744E-11
-8.083E-11
-8.366E-11
-8.617E-11
-8.833E-11
-8.963E-11
-9.041E-11
-9.134E-11
-9.162E-11
-9.167E-11
-9.158E-11
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1.507E+00
1.460E+00
1.410E+00
1.358E+00
1.304E+00
1.245E+00
1.179E+00
1.107E+00
1.028E+00
9.441E-01
8.547E-01
7.604E-01
6.619E-01
5.595E-01
4.537E-01
3.451E-01
2.341E-01
1.214E-01
7.257E-03
-1.076E-01
-2.228E-01
-3.377E-01
-4.519E-01
-5.647E-01
-6.759E-01
-7.847E-01
-8.908E-01
-9.937E-01
-1.093E+00
-1.188E+00
-1.279E+00
-1.364E+00
-1.444E+00
-1.519E+00
-1.587E+00
-1.650E+00
-1.705E+00
-1.753E+00
-1.795E+00
-1.829E+00
-1.855E+00
-1.873E+00
-1.884E+00
-1.886E+00
-1.881E+00
-1.867E+00
-1.845E+00
-1.815E+00
-1.776E+00
-1.730E+00
-1.676E+00
-1.613E+00
-1.543E+00
-1.466E+00
-1.381E+00

-3.329E-13
-4.535E-13
-5.703E-13
-6.764E-13
-7.609E-13
-8.566E-13
-8.149E-13
-8.545E-13
-8.780E-13
-8.938E-13
-9.210E-13
-9.467E-13
-9.561E-13
-9.519E-13
-9.305E-13
-9.001E-13
-8.687E-13
-8.242E-13
-7.860E-13
-7.463E-13
-7.072E-13
-6.787E-13
-6.426E-13
-6.063E-13
-5.663E-13
-5.274E-13
-4.882E-13
-4.385E-13
-3.854E-13
-3.392E-13
-2.988E-13
-2.657E-13
-2.352E-13
-1.990E-13
-1.579E-13
-1.156E-13
-8.154E-14
-5.537E-14
-2.601E-14
1.529E-14

6.777E-14

1.305E-13

2.069E-13

2.773E-13

3.457E-13

4.048E-13

4.648E-13

5.178E-13

5.765E-13

6.410E-13

7.035E-13

7.525E-13

7.925E-13

8.224E-13

8.545E-13

-9.118E-11
-9.054E-11
-8.963E-11
-8.806E-11
-8.577E-11
-8.011E-11
-7.306E-11
-6.410E-11
-5.469E-11
-4.573E-11
-3.643E-11
-2.764E-11
-1.841E-11
-8.554E-12
3.018E-12
1.437E-11
2.614E-11
3.731E-11
4.726E-11
5.637E-11
6.492E-11
7.352E-11
8.102E-11
8.728E-11
9.149E-11
9.331E-11
9.362E-11
9.164E-11
8.976E-11
8.716E-11
8.321E-11
7.841E-11
7.394E-11
6.770E-11
5.997E-11
4.986E-11
3.886E-11
2.848E-11
1.817E-11
8.189E-12
-2.740E-12
5.578E-12
1.377E-11
2.285E-11
3.241E-11
4.211E-11
5.098E-11
5.919E-11
6.654E-11
7.236E-11
7.809E-11
8.350E-11
8.759E-11
9.039E-11
9.276E-11
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Table A.9: Beam raw spanwise modal deformation dataset for mode 4

-1.289E+00
-1.189E+00
-1.084E+00
-9.713E-01
-8.528E-01
-7.285E-01
-5.987E-01
-4.636E-01
-3.236E-01
-1.791E-01
-3.038E-02
1.222E-01
2.783E-01
4.376E-01
5.996E-01
7.642E-01
9.309E-01
1.100E+00
1.270E+00
1.441E+00
1.614E+00
1.787E+00
1.960E+00
2.135E+00
2.309E+00
2.483E+00
2.658E+00

8.641E-13
8.642E-13
8.631E-13
8.578E-13
8.474E-13
8.320E-13
8.059E-13
7.559E-13
6.888E-13
6.043E-13
5.052E-13
3.904E-13
2.587E-13
1.268E-13
-4.443E-15
-1.292E-13
-2.451E-13
-3.562E-13
-4.651E-13
-5.695E-13
-6.670E-13
-7.670E-13
-8.563E-13
-9.406E-13
-1.029E-12
-1.105E-12
-1.171E-12

9.452E-11
9.510E-11
9.541E-11
9.506E-11
9.288E-11
8.993E-11
8.787E-11
8.527E-11
8.231E-11
7.968E-11
7.579E-11
7.025E-11
6.394E-11
5.725E-11
5.041E-11
4.245E-11
3.436E-11
2.740E-11
1.979E-11
1.290E-11
6.472E-12
1.114E-12
-4.001E-13
3.983E-13
9.933E-14
-2.932E-13
-3.936E-13

| Mode 5
‘ Uy ‘ Uy ‘ 0,

0 0 0
1.624E-13 -1.903E-04 -1.062E-12
2.669E-13 -7.239E-04 -2.404E-12
9.160E-14 -1.597E-03 -3.381E-12
-4.002E-13 -2.808E-03 -4.096E-12
-8.908E-13 -4.352E-03 -4.381E-12
-1.212E-12 -6.228E-03 1.589E-12
-1.481E-12 -8.430E-03 8.182E-12
-1.786E-12 -1.096E-02 1.511E-11
-1.800E-12 -1.381E-02 2.210E-11
-8.446E-13 -1.697E-02 2.902E-11
4.859E-12 -2.051E-02 5.184E-11
4.027E-12 -2.440E-02 7.574E-11
5.996E-12 -2.866E-02 9.996E-11
6.695E-12 -3.327E-02 1.210E-10
5.968E-12 -3.823E-02 1.391E-10
4.014E-12 -4.354E-02 1.557E-10
1.399E-12 -4.920E-02 1.699E-10
-1.245E-12 -5.519E-02 1.819E-10
-3.528E-12 -6.153E-02 1.926E-10
-5.176E-12 -6.820E-02 2.033E-10
-5.854E-12 -7.520E-02 2.115E-10
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-5.282E-12
-3.825E-12
-2.257E-12
-9.728E-13
1.666E-13
1.300E-12
2.329E-12
2.895E-12
2.658E-12
1.890E-12
9.240E-13
-1.417E-13
-1.002E-12
-1.242E-12
-1.022E-12
-6.911E-13
-1.853E-13
2.271E-13
3.365E-13
2.681E-13
4.202E-13
7.573E-13
9.362E-13
8.603E-13
5.808E-13
-2.778E-14
-8.034E-13
-1.394E-12
-1.746E-12
-1.944E-12
-1.808E-12
-1.443E-12
-9.332E-13
-2.586E-13
6.357E-13
1.426E-12
1.943E-12
1.899E-12
1.159E-12
1.021E-13
-1.082E-12
-2.244E-12
-3.120E-12
-3.322E-12
-2.605E-12
-1.280E-12
2.130E-13
1.603E-12
2.834E-12
3.840E-12
4.500E-12
4.860E-12
3.229E-12
4.106E-12
1.196E-12

-8.253E-02
-9.018E-02
-9.815E-02
-1.064E-01
-1.150E-01
-1.240E-01
-1.332E-01
-1.427E-01
-1.525E-01
-1.626E-01
-1.730E-01
-1.837E-01
-1.947E-01
-2.059E-01
-2.175E-01
-2.293E-01
-2.413E-01
-2.537E-01
-2.663E-01
-2.791E-01
-2.922E-01
-3.056E-01
-3.192E-01
-3.331E-01
-3.472E-01
-3.615E-01
-3.761E-01
-3.909E-01
-4.059E-01
-4.212E-01
-4.367E-01
-4.524E-01
-4.683E-01
-4.844E-01
-5.007E-01
-5.172E-01
-5.340E-01
-5.509E-01
-5.680E-01
-5.853E-01
-6.028E-01
-6.205E-01
-6.383E-01
-6.564E-01
-6.746E-01
-6.929E-01
-7.115E-01
-7.302E-01
-7.490E-01
-7.681E-01
-7.872E-01
-8.066E-01
-8.260E-01
-8.457E-01
-8.654E-01

2.166E-10
2.210E-10
2.225E-10
2.208E-10
2.182E-10
2.131E-10
2.053E-10
1.937E-10
1.807E-10
1.672E-10
1.524E-10
1.369E-10
1.201E-10
1.021E-10
8.484E-11
6.920E-11
5.394E-11
3.752E-11
2.234E-11
7.370E-12
-7.312E-12
1.255E-12
1.109E-11
2.189E-11
3.294E-11
4.371E-11
5.544E-11
6.738E-11
7.787E-11
8.988E-11
1.016E-10
1.132E-10
1.258E-10
1.381E-10
1.511E-10
1.615E-10
1.698E-10
1.777E-10
1.850E-10
1.908E-10
1.948E-10
1.970E-10
1.980E-10
2.001E-10
2.008E-10
2.009E-10
2.014E-10
2.028E-10
2.037E-10
2.040E-10
2.025E-10
1.988E-10
1.887E-10
1.744E-10
1.560E-10
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-3.016E-12
-6.479E-12
-7.495E-12
-5.434E-12
-1.135E-12
3.032E-12
4.953E-12
4.478E-12
2.301E-12
-4.520E-13
-2.778E-12
-3.812E-12
-3.298E-12
-1.678E-12
3.368E-13
1.845E-12
2.837E-12
3.548E-12
3.913E-12
3.791E-12
2.916E-12
9.385E-13
-1.874E-12
-4.981E-12
-6.810E-12
-6.659E-12
-4.900E-12
-2.358E-12
6.057E-13
3.758E-12
5.593E-12
5.374E-12
3.746E-12
2.161E-12
9.488E-13
2.226E-13
1.841E-13
-1.162E-13
-8.161E-13
-1.721E-12
-2.586E-12
-2.715E-12
-1.907E-12
-1.090E-12
-1.375E-12
-2.023E-12
-1.532E-12
-2.372E-13
1.237E-12
2.307E-12
2.263E-12
1.854E-12
2.750E-12
4.737E-12
5.667E-12

-8.853E-01

-9.054E-01

-9.256E-01

-9.459E-01

-9.664E-01

-9.870E-01

-1.008E+00
-1.029E+00
-1.050E+00
-1.071E+00
-1.092E+00
-1.113E+00
-1.135E+00
-1.156E+00
-1.178E+00
-1.199E+00
-1.221E+00
-1.243E+00
-1.265E+00
-1.287E+00
-1.309E+00
-1.332E+00
-1.354E+00
-1.376E+00
-1.399E+00
-1.421E+00
-1.444E+00
-1.467E+00
-1.489E+00
-1.512E+00
-1.535E+00
-1.558E+00
-1.581E+00
-1.604E+00
-1.627E+00
-1.650E+00
-1.673E+00
-1.696E+00
-1.720E+00
-1.743E+00
-1.766E+00
-1.790E+00
-1.813E+00
-1.836E+00
-1.860E+00
-1.883E+00
-1.907E+00
-1.930E+00
-1.954E+00
-1.977E+00
-2.001E+00
-2.025E+00
-2.048E+00
-2.072E+00
-2.096E+00

1.367E-10

1.171E-10

9.680E-11

7.636E-11

5.489E-11

3.131E-11

4.418E-12

-2.032E-11
-4.485E-11
-6.974E-11
-9.199E-11
-1.110E-10
-1.276E-10
-1.447E-10
-1.602E-10
-1.717E-10
-1.799E-10
-1.830E-10
-1.825E-10
-1.767E-10
-1.719E-10
-1.677E-10
-1.608E-10
-1.528E-10
-1.477E-10
-1.388E-10
-1.261E-10
-1.056E-10
-8.300E-11
-6.155E-11
-4.062E-11
-1.955E-11
7.646E-12

-2.661E-11
-5.788E-11
-8.890E-11
-1.202E-10
-1.517E-10
-1.797E-10
-2.057E-10
-2.299E-10
-2.511E-10
-2.716E-10
-2.925E-10
-3.106E-10
-3.228E-10
-3.331E-10
-3.424E-10
-3.495E-10
-3.562E-10
-3.603E-10
-3.589E-10
-3.523E-10
-3.484E-10
-3.405E-10
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4.238E-12
9.165E-13
-3.177E-12
-6.308E-12
-7.714E-12
-7.046E-12
-4.999E-12
-2.584E-12
-2.009E-13
1.797E-12
3.425E-12
4.537E-12
5.236E-12
5.046E-12
3.228E-12
5.487E-13
-1.213E-12
-1.860E-12
-2.754E-12

-2.119E+00
-2.143E+00
-2.167E+00
-2.190E+00
-2.214E+00
-2.238E+00
-2.261E+00
-2.285E+00
-2.309E+00
-2.332E+00
-2.356E+00
-2.380E+00
-2.404E+00
-2.427E+00
-2.451E+00
-2.475E+00
-2.498E+00
-2.522E+00
-2.546E+00

-3.308E-10
-3.209E-10
-3.066E-10
-2.854E-10
-2.620E-10
-2.375E-10
-2.105E-10
-1.781E-10
-1.450E-10
-1.158E-10
-8.568E-11
-5.609E-11
-2.609E-11
-1.581E-12
6.044E-12

2.326E-12

4.913E-12

5.903E-12

6.070E-12

Table A.10: Beam raw spanwise modal deformation dataset for mode 5
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