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Summary

We address a fundamental challenge in modern propulsion and energy systems: ac-
curately modeling combustion under transcritical conditions, where operating pres-
sures exceed the critical pressure of the fuel but still lower than cricondenbar values
of the air-fuel mixture, leading to a complicated thermophysical mixture behav-
ior. Transcritical regimes are characterized by strong non-idealities and the possible
coexistence of vapor and liquid phases. The main objective of this work is to de-
velop a high-fidelity, physically consistent, and computationally efficient simulation
framework that captures these phenomena within a Large Eddy Simulation (LES)
context, enabled by a Multiphase Thermodynamics (MT) approach. This work has
been organized into chapters, each focusing on a key component of the study:

Chapter 1 introduces the motivation and scope of the research. It highlights the
limitations of existing modeling strategies in capturing phase transitions and non-
ideal thermodynamics in transcritical fuel sprays. The chapter outlines the primary
contributions of the dissertation: the development of robust phase equilibrium al-
gorithms, the extension of LES-MT to chemically reacting flows, the formulation of
a real-fluid multiphase flamelet model, and the integration of this framework with
tabulated chemistry techniques. Foundational thermodynamic concepts and the
relevance of these phenomena to practical combustion systems are also presented.

In Chapter 2, attention is directed toward a critical computational bottleneck:
Vapor-Liquid Equilibrium (VLE) calculations, which must be solved reliably and
rapidly at every grid point and time step in a simulation. This chapter presents
a new family of flash algorithms (spanning PT, VT, HP, and UV formulations)
constructed using a volume function based on the Helmholtz free energy. This
approach significantly reduces the dimensionality of the problem, yielding robust
convergence and substantial computational acceleration, especially in near-critical
and two-phase regions.

Building on this foundation, Chapter 3 develops the core LES-MT simulation
framework for modeling inert and reacting transcritical sprays. Real-fluid behavior is
captured using a cubic equation of state, coupled with the VLE solvers from Chapter
2. The turbulence is modeled via the ALDM LES framework, and combustion is
described using fugacity-based finite-rate chemistry. The framework is validated
against the ECN Spray-A benchmark, with simulations demonstrating excellent
agreement with experimental data for key metrics such as liquid /vapor penetration,
ignition delay, and flame lift-off. The results underscore the need of incorporating
accurate thermophysical models in transcritical spray simulations.

Chapter 4 shifts focus to transcritical counterflow diffusion flames (CDFs), which
serve as canonical flamelet configurations for turbulent combustion modeling. This
chapter extends the MT framework to laminar reacting flows, with a detailed treat-

IX



X SUMMARY

ment of molecular diffusion using the Dixon-Lewis formulation and a thermody-
namic correction to account for real-fluid effects. The combustion modeling remains
grounded in fugacity-based finite-rate kinetics. Applications include simulations
of OxyMethylene Ether-3 OME3; and OME3/n-dodecane blends, illustrating how
transport and chemical effects influence flame structure and ignition. The results
form the basis for generating accurate flamelet libraries under transcritical condi-
tions.

In Chapter 5, the full LES-MT framework is coupled with a tabulated chemistry
approach using flamelet libraries created by application of the methods of Chapter
4. This chapter introduces a Flamelet-Progress Variable (FPV) model for simulat-
ing turbulent, reacting, transcritical sprays. The formulation includes compressible
transport, real-fluid thermodynamics, and on-the-fly UV-flash calculations. The
framework is applied to various OME-based fuels, offering new insights into ignition
behavior, fuel evaporation dynamics, and soot precursor formation. Comparison
with ECN Spray-A data confirms the model’s predictive capabilities, while analysis
of differential evaporation rates highlights the sensitivity of transcritical combustion
to fuel composition.

Chapter 6 concludes the dissertation by synthesizing the scientific and techni-
cal contributions. The work establishes a comprehensive and validated modeling
framework for transcritical combustion, spanning from detailed thermodynamics to
turbulent reactive flow simulation. It provides a path forward for the predictive
simulation of high-pressure combustion systems and lays a foundation for the ex-
ploration of alternative fuels and advanced engine concepts.



Preface

Automobiles, aircraft, vessels, and rockets have one thing in common: they are
powered by internal combustion engines. Despite their successful and widespread
use, this technology is facing significant pressure to become more efficient and
environmentally friendly. In response, sustainable synthetic e-fuels are gaining
attention as promising carbon-neutral alternatives for fossil fuels. For any fuel
powering the engine, the operating pressure of the combustion chamber should be
kept at the highest possible level in order to maximize the engine’s thermal and
fuel efficiencies. The operating pressure of modern engines usually exceeds the
critical pressure of the injectant and is within the transcritical regime, where the
behavior of the fuel and oxidizer deviates significantly from ideal-gas assumptions.
Under these extreme conditions, a complex interplay of turbulent mixing, phase
change, and chemical reactions occurs. These phenomena, while holding immense
potential for improving engine performance, remain poorly understood.

To unlock the potential of these high-pressure operating conditions, a deeper
understanding of transcritical combustion is crucial. = This necessitates the
development of advanced physical and numerical models capable of accurately
accounting for the non-ideal behavior of fluid mixtures and the inherent challenges
associated with transcritical vaporization, turbulent mixing, and combustion. This
dissertation aims to address these challenges by developing high-fidelity simulation
frameworks capable of accurately modeling these complex phenomena.

Mohamad Fathi
Delft, June 2025
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Introduction

A theory is more impressive the greater the simplicity of its premises, the more
different kinds of things it relates, and the more extended its area of applicability.

Albert Einstein

This chapter provides the mnecessary background on transcritical combustion,
explains the challenges in simulating such complex flows, reviews existing modeling
approaches and their limitations, and clearly states the research objectives and the
structure of the dissertation

Parts of this chapter have been published as Transcritical real-fluid effects on dual-fuel
combustion of methane and n-dodecane in Appl. Energy Combust. Sci. Journal 24
(2025) [1].



2 1. INTRODUCTION

1.1. MOTIVATION

At subcritical pressures, atomization devices in propulsion systems rupture the
liquid fuel volume using aerodynamic shearing to ensure uniform droplet dispersion
in the combustion chamber. The hot environment of the chamber provides the
required enthalpy to evaporate fuel droplets, and the vaporized fuel then mixes and
burns with the surrounding gas. Many studies have investigated the combustion
dynamics of fuel sprays and the flame structures at low pressure, see Ref. [2] and
the references cited within, for example. In contrast, there is limited knowledge
about high-pressure reacting and non-reacting sprays. This gap in understanding
is partly due to the difficulties associated with experimental diagnostics [3] and the
complexities of analytical modeling [4].

turbulent mixing layer

gaseous oxidizer supercritical mixing

—
of two dense fluids
liquid gy
propellant l
AN G

subcritical/classical

two-phase disintegration

gaseous oxidizer

liquid core droplets and ligaments

Figure 1.1.: Schematic illustration of fuel evaporation pathways without phase separation (top)
and with phase separation (bottom), modified from Ma et al. [5]. Transcritical injections exhibit
a hybrid behavior involving both mechanisms.

Combustion of liquid propellants under high pressure is crucial for various
propulsion systems, but injection configurations are typically tailored to the
specific application. For example, in liquid rocket engines, a cryogenic liquid
oxidizer is usually injected alongside high-pressure gaseous fuel. The fuel coflow
is already supercritical, and the liquid oxidizer quickly reaches supercritical states
after a brief warming phase, where its temperature rises slightly over the critical
point. At supercritical pressures, the liquid-gas boundary vanishes, eliminating
surface tension and the need for latent heat of vaporization. Hence, the oxidizer
and fuel diffusively mix like two dense gases downstream of the injector [6].
Although supercritical injection has been extensively studied in the context
of rocketry, relatively little is known about the transcritical fuel spray flames
in high-power modern propulsion systems, where the liquid fuel injectant can
locally cross the two-phase region during mixing with air at pressures that are
nominally supercritical with respect to the fuel itself. Transcritical fuel sprays
resemble a combination of the classical two-phase disintegration with breakup and
evaporation of droplets and the supercritical turbulent mixing of two dense fluids,
see Fig. 1.1. This hybrid behavior complicates their numerical simulation; despite
comprehensive experimental campaigns, it is not well understood which type of
the jet disintegration dominates under exactly which conditions. Recent studies
questioned the established paradigms for high-pressure fuel injection, showing
that the physical understanding is still severely limited and detailed simulations
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are required [4]. Before examining the high-pressure transcritical injection, it
is essential to understand the Gibbsian thermodynamics of monocomponent and
multicomponent real fluids.

1.2. GIBBSIAN THERMODYNAMICS

In the Gibbsian version of equilibrium thermodynamics [7], the concepts of internal
energy and entropy are assumed to be known and are used to provide a detailed
description of the subsystems in equilibrium. Equilibrium thermodynamics consists
essentially of the first, second, and third laws. However, in order to obtain useful
results, these laws should be combined with an equation of state (EOS) to provide
knowledge of the fluid properties at any point in the system.

1.2.1. PURE-FLUID STATE OF MATTER

As shown in Fig. 1.2, the PT-state diagram is typically divided into four quadrants
(I-IV) for pure substances using the critical isobar and isotherm lines. Various
researchers have used different labels for these regions based on the transition or
phase change between them. Bellan [8] considers all states with temperatures or
pressures beyond the critical point as supercritical, including quadrants II, III, and
IV, as the coexistence of two phases is not possible in those regions. Tucker [9],
however, identifies only quadrants II and IIT as supercritical and excludes quadrant
IV due to its liquid-like properties. Oefelein [10] and Candel et al. [11] named
quadrant IV as transcritical to highlight the difference between the evaporation of
liquid and transcritical fluids .

7 T T T T
® Critical Point Saturation Line rf)
6F Saturation Curve 1 | === Widom Line 2
'
¢
—5Ff 1 F o
o \Y If o
2 4f E liquid or liquid-like ot ]
e Id
o
T, 1 F 1
I gas or gas-like
1 1k 1
0

100 110 120 130 140 100 110 120 130 140
Temperature [K] Temperature [K]

Figure 1.2.: Classical state of matter labeling (left) and its extention version (right) shown in
the PT-phase diagram of nitrogen computed using the open-source library CoolProp [12].

Whereas there is no physical phase boundary separating subcritical liquid from
transcritical states due to the smooth and continuous nature of the transition,
experimental evidence shows there is a liquid-gas structure in the supercritical
state space. This structure, marked by the Widom or pseudo-boiling line identified
through maxima in specific heat capacity at constant pressure, extends the




4 1. INTRODUCTION

saturation or coexistence line into the supercritical domain. This line separates
liquid-like and gas-like regions as shown in the right side of Fig. 1.2. Experimental
observations, such as sound dispersion (i.e., the frequency-dependent increase in
sound speed) measured by Gorelli et al. [13] and Simeoni et al. [14], confirm this
division, as sound dispersion (a property often found in liquids) was observed at
supercritical pressures. Thus, the quadrant III is not homogeneous and should
be viewed as comprising distinct liquid-like and gas-like supercritical states, see
Fig. 1.2.

REAL FLUID Vs IDEAL GAS

Gases mimic the behavior of an ideal gas at dilute conditions with relatively low
pressures or high temperatures. At low pressures or large volumes, the volume
of the particles would be negligible compared to the volume of the container. At
high temperatures, the interaction between molecules becomes insignificant due
to the high speed of the particle movements and little time to interact. Banuti
et al. [15] showed that the ideal gas regime is not only limited to the subcritical
gases, and supercritical fluids can be modeled as ideal gas, especially when their
temperature is higher than twice the critical point as shown in Fig. 1.3. Note that
the compressibility factor Z measures the amount of deviation of fluid behavior
from ideal gas one. It is defined as ratio of the actual pressure to the ideal-gas
prediction for a given temperature and density.

102 10*
4 — 1.05 - aLLEN
6

S 10.90 -
L ] o 5 1. ~
n3 {075 8 =—° 6~
Py real fluid &£ 2
s 1060 2 24 =
) i = =} 4 2
] 2 > liquid-like gas-like 5
o 10452 £ g
= o c 3 a
3 5 8 8

8 =030 o S
3! ideal ] ; 2 T3
3 ideal gas I0-15 o 2 L

‘ : : 0.00 ‘ : ‘ ‘ 40

0.5 1.0 1.5 2.0 2.5 115 120 125 130 135 140

Reduced Temperature T, = T/T, Temperature [K]

Figure 1.3.: Left shows compressibility factor for various reduced conditions. The black line
shows the boundary between the ideal gas and real fluid regions. Right shows variations of heat
capacity and density at reduced pressure of 1.05 for pure nitrogen. Thermodynamic properties
are computed using the open-source library CoolProp [12].

However, dilute conditions do not exist in transcritical processes, especially when
blending of liquid fuel and gaseous oxidizer is happening. As shown in Fig. 1.3, the
fluid properties (e.g., density, heat capacity) undergo rapid changes within a narrow
range of a few degrees around the pseudo-boiling point when subjected to pressures
slightly above the critical point. The area beneath the sharp peak of heat capacity
is indicative of the enthalpy required for pseudo-boiling [16]. Increasing the pressure
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results in a decrease in the peak of heat capacity, Banuti, Raju, and Thme [17]
shown that above reduced pressure of 10, the Frenkel rather than the Widom line
should be used for the distinction between the liquid-like and gas-like supercritical
state of matter. This line marks a transition in microscopic dynamics: the
liquid-like regime is characterized by collective, caged particle motion dominated
by potential-energy interactions, while the gas-like regime exhibits uncorrelated,
nearly ballistic motion governed mainly by kinetic energy [18].

1.2.2. PURE NITROGEN INJECTIONS

The behavior of cryogenic liquid nitrogen jets injected into a gaseous nitrogen
environment at a supercritical temperature (300 K) has been demonstrated by the
experimental images shown in Fig. 1.4, see Chehroudi, Talley, and Coy [19] for
the details. The injected liquid nitrogen, with initial temperatures ranging from
99K to 110K (subcritical), exhibits distinct structural changes depending on the
chamber pressure, reported here in terms of reduced pressure (p,), defined to be
the chamber pressure divided by the critical pressure of the pure nitrogen.

Figure 1.4.: Back-illuminated images of a cryogenic liquid nitrogen jet injected into a chamber
filled with nitrogen at a fixed supercritical temperature of 300 K but varying sub to supercritical
pressures. The numbers show the reduced pressure values. Images from Chehroudi, Talley, and
Coy [19].

CLASSICAL ATOMIZATION

At subcritical chamber pressures (p, < 1), the nitrogen jet displays conventional
liquid spray characteristics.  Surface instabilities develop downstream of the
injector, leading to the formation of fine ligaments and droplets similar to the
second wind-induced breakup regime described by Reitz and Bracco [20]. This
regime is marked by clear droplet ejection and interfacial instabilities, typical of
low-pressure liquid jet atomization.
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TRANSITION NEAR CRITICAL POINT

A significant morphological shift occurs near the critical pressure (p, ~ 1). Beyond
this threshold, droplet formation disapears, and the interface develops irregular
"finger-like" structures instead of discrete droplets (see Chehroudi [21]). The
mixing layer transitions to a dissolution-like process, attributed to the sharp
decline in surface tension and reduced vaporization energy requirements as the
fluid approaches supercritical conditions.

GAS-LIKE TURBULENT MIXING

At supercritical pressures (p,. > 1), the dense core of the jet shortens and thins,
resembling a turbulent gaseous jet. Classical atomization mechanisms are entirely
suppressed, with no observable droplet generation. These findings align with
the other experimental observations of Mayer et al. [6], and Roy and Segal [22],
confirming the dominance of diffusion-driven mixing over surface-tension-driven
breakup in supercritical regimes.

1.2.3. REAL-FLUID MIXTURE EFFECTS

Woodward and Talley [23] examined nitrogen jet structure evolution under various
pressures and environmental conditions. The experimental setup involved injecting
liquid nitrogen through a 0.25 mm injector into two environments: pure nitrogen at
2.8 MPa and 6.9 MPa, and a nitrogen-helium mix at 6.9 MPa. The critical pressure
of nitrogen is 3.4 MPa. Figure 1.5 presents their shadowgraph images at three axial
points downstream from the injector: near-field (0.0 to 1.9mm), mid-field (7.4 to
9.5mm), and far-field (15.0 to 17.1 mm).

(2) (3)

Figure 1.5.: Shadowgraph images of transcritical nitrogen injection, injector diameter 0.25 mm.
(a) and (b) into pure nitrogen at a sub and supercritical pressure; (c) into mixture of nitrogen
and helium at the same supercritical pressure. Taken at axial locations downstream of injector
exit, modified from Woodward and Talley [23].
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In Fig. 1.5, injecting the nitrogen jet into pure nitrogen at subcritical pressure
of 2.8 MPa showed the classical atomization with clear interfaces. At supercritical
pressure of 6.9 MPa, the jet thickened but stayed in a single-phase gas-like turbulent
mixing regime. However, when the nitrogen is injected into a nitrogen-helium
mixture at the same pressure of 6.9 MPa, surface tension effects appeared again.
The jet broke up into ligaments and droplets, despite the pressure exceeding
nitrogen’s critical point.

The observed difference roots in real-fluid mixture effects. While pure nitrogen
at 6.9 MPa remains in a supercritical state, the nitrogen-helium mixture exhibits
a higher effective critical pressure due to non-ideal mixing behavior.  This
causes local regions near the jet interface to temporarily enter a two-phase state,
reintroducing surface tension effects. The exprimental results demonstrate that
ambient composition can significantly alter jet breakup behavior, even under
nominally supercritical conditions relative to the injectant itself.

HYDROCARBON-NITROGEN MIXTURES

The increase in critical pressure for hydrocarbon fuels mixed with nitrogen, as
expected in most air-breating power systems, follows the Type III phase behavior
of Van Konynenburg and Scott [24]. This differs significantly from Type I mixtures,
which is expected for any two species with a similar molecular structure.

o Critical Locus o T “‘\\
=1 T = \. Critical Locus
2 B, 7 B N
g A g A
: / :
I 111
Temperature Temperature

Figure 1.6.: PT-phase diagrams of two mixture types: Type I for hydrocarbon mixtures and
Type III for binary mixtures of n-alkane and nitrogen. In contrast to the continuous critical
locus line for Type I, the critical line for Type III mixtures starts from the critical point of the
pure alkane (B) and ends at extremely high pressures.

The critical point of a mixture varies with its composition. Consequently, for
binary systems, evaluating the critical point over the entire composition range and
connecting these points yields the so-called critical locus. For Type I mixtures, such
as hydrocarbon-hydrocarbon systems, the critical locus forms a continuous line
connecting the critical points (CP) of the two components. The critical pressure
typically peaks at intermediate compositions before decreasing toward the CP of
the second component. In contrast, for Type IIT mixtures (e.g., hydrocarbons with
nitrogen), the critical locus begins at the CP of the hydrocarbon but diverges to
extremely high pressures as nitrogen is added, never reaching the CP of nitrogen.
The significantly different properties of molecules creates a telescopic effect where
the mixture’s critical pressure rises sharply with small additions of nitrogen.
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For example, Qiu and Reitz [25] showed such phase behaviour for normal-alkanes
with 12 to 14 carbons mixed with nitrogen. They used equilibrium thermodynamics
and confirmed that the critical pressure of the hydrocarbon-nitrogen system rapidly
exceeds the chamber pressure, forcing local regions of the fluid into a two-phase
state despite globally supercritical conditions.

VOLUMETRIC PHASE DIAGRAM

Last but not least, the pressure-volume (PV-state) diagrams of pure substances
and mixtures exhibit fundamental differences in phase behavior, particularly near
critical conditions. Figure 1.7 highlights some of these different features.

T < Tc

pure mixture

Pressure
Pressure

VL VG Volume VL VG Volume

Figure 1.7.: Representation of VT-phase diagrams with an isothermal curve at subcritical
temperature for pure substances and a mixture with a fixed compositon. The sketches are
abstract. CP denotes the critical point.

In pure substances, the PV-state diagram shows a distinct CP where the
liquid and gas phases become identical. Below the CP, isotherms (constant
temperature lines) have a flat section where pressure stays constant during phase
change, connecting the liquid (V1) and gas (Vi) volumes. At the CP itself, the
constant-temperature curve has a stationary inflection point, meaning both the
first and second derivatives of pressure with respect to volume are zero. The
compressibility factor (Z) always satisfies Z; < Zg for equilibrium states, and
liquid density remains higher than gas density (pr, > pg).

For mixtures, the PV behavior is more complex. Unlike pure substances,
mixtures do not have a single CP and it varies with composition. Isotherms in
the two-phase region are not flat but curved, and the points V and Vg do not
represent the equilibrium states anymore. At what appears to be the critical point,
the mathematical conditions of the stationary inflection point do not hold. The
compressibility factor Zj can be either smaller or larger than Zg at equilibrium,
though the liquid phase always remains denser (p;, > pg). This complex behavior
makes modeling mixtures, especially near critical conditions, significantly more
challenging than for pure substances.

For mixtures, the critical point no longer represents the limit for liquid-vapor
coexistence, see the phase diagrams of the Y8 and MY10 mixtures in Fig. 2.2.
Instead, two key boundaries emerge: the cricondenbar (maximum pressure
allowing phase equilibrium) and cricondentherm (maximum temperature allowing
phase equilibrium). Unlike pure substances, mixtures can maintain liquid-vapor
equilibrium above their critical temperature or pressure, as long as conditions
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remain below the limits set by cricondenbar and cricondentherm. This explains
why surface tension effects may unexpectedly appear in supercritical injections.
Local composition variations can create two-phase regions even when system
pressure and temperature exceed the pure component’s or even mixture’s critical
point as shown in Fig. 1.5.

1.3. TRANSCRITICAL FUEL SPRAYS

We consider cases where combustion is initiated by auto-ignition during or after
the injection of a cold liquid fuel in a pressurized chamber filled with a hot gas
oxidizer. The chamber pressure is greater than the critical pressure of the fuel but
less than the cricondenbar pressure of the fuel-oxidizer mixture. This operating
pressure causes the injectant to cross the two-phase region due to mixing with the
environment. Such turbulent reacting sprays at transcritical pressures have drawn
significant attention due to the complexity of the physical and numerical modeling.
Besides real fluid effects due to the high pressure, the possibility of coexisting
saturated liquid and vapor phases further complicates the modeling of transcritical
fuel sprays.

1.3.1. MULTIPHASE FLOW MODELING

The atomization of the liquid jet in a surrounding gas phase and phase change
from liquid to gas involve the transfer of momentum, heat, and mass. In subcritical
conditions, there is a clear separation between liquid and gas. Thermodynamic
and physical properties of the individual phases, together with latent heat and
surface tension at the interface, play a role in the fluid mechanical equations.
Transfer phenomena at the interface in fully resolved simulations are explicitly
computed, but in statistical modeling approaches are modeled according to
standard correlations. In transcritical conditions, a transition to a supercritical
state without sharp interfaces can occur; however, states in the subcritical
two-phase region may also be possible.

Different numerical methods have been developed to track the interface location
and to capture its dynamics accurately. These methods are broadly classified as
Lagrangian and Eulerian methods. The former method monitors the interface
based on moving meshes, while the latter captures the interface on a fixed grid.
Modeling the discontinuities or jump conditions across the interface leads to two
approaches. In the first approach, the discontinuities of the fluid properties and
jump conditions are smoothened across the interface; the governing equations are
solved in the whole domain. In contrast, the other approach uses the interfacial
jump-condition formulation, where the discontinuities or jump conditions are
treated without smoothening across the interface. The governing equations are
solved in each phase (or sub-domain) where the interfacial location at the sub-cell
level is used for sharply considering the discontinuities.

Previous state-of-the-art LES of the high-speed transcritical injection have either
modeled the transcritical multiphase flows by Lagrangian particle tracking (LPT)
methods with sharp vapor-liquid interfaces [26-28] or later by Eulerian single-phase
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dense-gas (DG) approaches with diffuse vapor-liquid interfaces [29-32]. LPT
methods represent the interface through discrete particles (droplets, bubbles,
or solid particles depending on the application) whose dynamics are governed
by interfacial transfer rates, particle size, and relative velocity, making them
particularly suitable for capturing discrete-phase effects in spray-dominated flows.
In contrast, DG methods treat the entire system as a single-phase flow using
real-fluid equations of state, which naturally captures thermodynamic non-idealities
and smooth property transitions across pseudo-boiling regions but lacks the ability
to resolve sharp interfacial features or discrete-phase physics. Both approaches are
efficient for many flows, but their inherent model assumptions impose significant
limitations at transcritical conditions. The standard LPT method is susceptible
to empirical tuning parameters and was developed for dilute mixtures, neglecting
the nonideal-fluid effects [33]. On the other hand, the DG approach excludes
transcritical phase separation. This may lead to nonphysical or ill-defined states
when a part of the flow passes the metastable boundaries, particularly at lower
transcritical pressures [5]. Furthermore, some important transcritical effects, such
as the high solubility of the saturated liquids or the different evaporation rates
of the components of the fuel, are not captured by these models; see also the
discussion in Refs. [25, 34-37], for example.

One effective remedy for breaking these limitations is to employ a consistent
multicomponent two-phase model for high-pressure flows using vapor-liquid
equilibrium (VLE) calculations [35]. The idea of adding VLE to real-fluid
thermodynamic calculations was initiated in the group of Rolf Reitz, University
of Wisconsin and initially used as post-processing of fluid dynamics simulations
due to the high computational cost. The model, which we refer to as multiphase
thermodynamics (MT), can represent multicomponent supercritical states and
coexisting multicomponent subcritical two-phase states. It also includes the effect
of dissolved ambient gases in the liquid fuel phase, which can become substantial
at high pressures [25, 33]. Note that the MT model does not include any ad-hoc
tuning parameters and is hence genuinely predictive. It provides detailed phase
information that can be directly and non-ambiguously linked to experimental
measurements [38].

MT-based high-fidelity studies show excellent agreement with experimental data
for the non-reacting transcritical sprays [39-43]; however, the applicability of this
method for reacting and non-reacting cases with many species, is limited due to
the surging the computational cost of classic VLE solvers, which exponentially
increases with the number of components in the mixture.

1.3.2. REACTING FLOW MODELING

High-fidelity simulations of transcritical reacting multiphase flows are computa-
tionally impractical unless utilizing a dynamic two-step reaction mechanism. In
practice, such reduced mechanisms may be insufficient due to their limited validity
range for which they are optimized. Hence, to include all the intricate details of
the combustion, identifying a very low-dimensional subspace (manifold) that can
effectively represent the reacting behavior of the whole system is inevitable.
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Flamelet models can effectively identify the required manifold when the flame
thickness is smaller than the flow’s smallest energy-containing length scale. There
is evidence that such conditions exist in high-pressure combustion engines [44].
According to the flamelet method, turbulent eddies corrugate or wrinkle the
turbulent flame on large scales, of which the laminar-like structure remains
unchanged on small scales. Therefore, it is possible to solve a set of laminar
counterflow flames separately with detailed chemistry at conditions close to the
target flame. Then the required thermo-chemistry data of the main (turbulent)
reacting flow are retrievable via a tabulation method using a few controlling
parameters representing the simulated laminar flame behavior. The minimal set
of controlling parameters, which construct the manifold, are usually a mixture
fraction indicating how much fuel is mixed with the oxidizer and a progress variable
representing the reaction progress rate between the fuel and oxidizer.

In LES-LPT methods, igniting flamelet models are typically considered due to
the fact that the main combustion mode in transcritical engines is non-premixed
and autoignition is inherently transient [45-47]. On the other hand, in
LES-DG methods, highly-reduced reaction mechanisms are typically used to
accurately examine the impact of the real-fluid environment and low-temperature
chemistry [48-50]. Nevertheless, the application of such combustion models in the
context of the LES-MT approach remains unexplored.

1.4. OBJECTIVES AND ACHIEVEMENTS

The main objective of this thesis is to significantly advance our understanding of
reacting transcritical multiphase flows in modern energy conversion systems. To
achieve this, we will develop numerical frameworks capable of solving the governing
equations of reacting flows using a multiphase thermodynamic approach within a
diffuse-interface method. The research is structured around four key sub-objectives,
each addressing critical challenges in the complex puzzle of modeling transcritical
reacting flows:

1. Developing a Robust and Rapid VLE Solver
Computationally efficient phase-splitting or flash calculations are essential in
any LES-MT of realistic multicomponent vapor-liquid fluid flows that need
millions of VLE calculations at each time step of simulations. At the same
time, such flash algorithms must be fault tolerant and robust because even a
method that fails to converge only once in a billion will eventually spoil the
entire simulation

2. Extending LES-MT method to Reacting Flows
Building upon the robust VLE solver, our second objective focuses on
extending multiphase real-fluid thermodynamics from inert to reacting
high-pressure flows. This will involve utilizing a highly-reduced reaction
mechanism and effectively capture real-gas effects on chemical kinetics.

3. Developing a real-fluid multiphase flamelet solver
A detailed analysis of transcritical fuel sprays necessitates accurate
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simulations of flamelets under relevant conditions. Such simulations demand
precise modeling of transport phenomena, particularly molecular diffusion, in
addition to accurate equilibrium thermodynamics and chemical properties.
Hence, the third objective is set to generalize the MT approach to compute
transport properties and the diffusion driving force for transcritical real-fluid
mixtures. The combination of these innovations provides a transcritical
flamelet solver with unprecedented accuracy.

4. Using the LES-MT method with Tabulated Chemistry

To precisely predict transcritical flame behavior and emissions, it is essential
to include detailed reaction mechanisms of fuel cracking and radical formation,
which initiate upon contact between the cold fuel and the hot environment.
We incorporate more chemical detail by employing the real-fluid multiphase
flamelet model developed for transcritical pressures, as our final objective.
This calibration-free approach can significantly improve our understanding
of the transcritical combustion of emerging fuels such as OME;3; or their
combination with traditional fuels such as n-dodecane.

1.5. DISSERTATION LAYOUT

The dissertation is organized into four main chapters, along with an introduction
and conclusion, each answering one of the aformentioned four sub-objectives
through innovative methodologies and frameworks for simulating complex real-fluid
behaviors under transcritical conditions.

Chapter 2 introduces a new family of fast and robust methods for phase-splitting
calculations under both isothermal and nonisothermal conditions. The foundation
of the new approach lies in the formulation of phase-equilibrium conditions for
multicomponent mixtures, which are expressed in an effectively reduced space
based on the molar-specific value of the volume function, a new thermodynamic
function derived from the Helmholtz free energy.

Chapter 3 presents a novel numerical framework designed for high-fidelity
simulations of inert and reacting sprays at transcritical conditions. The
modeling of high-pressure jet disintegration is accomplished through a diffuse
interface method that incorporates multiphase thermodynamics. This framework
integrates multicomponent real-fluid volumetric and caloric state equations with
the newly introduced VLE calculations of Chapter 2 to accurately compute the
thermodynamic properties of mixtures at transcritical pressures. Additionally,
combustion source terms are evaluated using a finite-rate chemistry model that
accounts for real-gas effects based on the fugacity of the species involved.

Chapter 4 points out a comprehensive numerical framework for the unsteady
flamelet calculations at transcritical pressures using real-fluid thermo-transport
and chemical properties. The transport properties of the working fluid are modeled
using high-pressure correction methods with a proper structural mixing rule in
the coexistence area. The real-fluid effect on diffusion driving force has been
quantified via the thermodynamic correction factor with a proposed extension to
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the multiphase transcritical regions. The impact of high pressure on reaction
source terms is also included via the fugacity of species in the mixture.

While Chapter 4 established the foundation for unsteady real-fluid multiphase
flamelets by solving low-Mach counterflow flame equations, Chapter 5 extends this
framework to turbulent high-speed (compressible) spray combustion described by
the fully conservative Navier-Stokes equations. As our final objetive, this chapter
presents the integration of such an advanced flamelet approach with compressible,
multiphase LES of the transcritical fuel sprays, explaining the two-way coupling
between the flamelet library and online multiphase thermodynamics. Beyond
methodology, this chapter provides novel physical insights for transcritical injection
and combustion of pure OME3 and n-dodecane fuels and their blends.







Rapid and Robust Phase
Equilibrium Calculations

This chapter lays the foundation by introducing a mew family of algorithms for
vapor—liquid equilibrium (VLE) calculations as the core of the MT model. These
algorithms work under various thermodynamic conditions and use a new formulation
that significantly reduces the computational cost. By reformulating the VLE problem
in a reduced space independent of the number of species, and using a Newton-based
method with an exact Jacobian, the approach achieves high speed, robustness, and
accuracy—even near challenging regions like phase boundaries or spinodal curves.

The content of this chapter has been published as Rapid Multi-Component Phase-Split
Calculations Using Volume Functions and Reduction Methods in AIChE Journal 67
(2021) [51].

15
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2.1. INTRODUCTION

In simulations of realistic multi-component vapor-liquid fluid flows, millions of
phase-equilibrium calculations are required every time step in the various forms,
depending on the chosen formulation of the governing equations. Methods similar
to what we used in the next chapter, that solve the compressible Navier-Stokes
equations based on the conservation laws for mass, linear momentum and total
energy, require a UV-flash, where the input is the overall specific internal energy
and volume, and composition. The calculation of thermodynamic equilibrium
properties of multi-component multi-phase mixtures typically consumes more than
three quarters of the total computational time [52] and thus imposes severe
limitation on the tractable space-time resolution or even the computational
feasibility of such numerical simulations. At the same time, flash algorithms have
to be fault tolerant and robust, because even a method that fails to converge only
once in a billion will eventually spoil the entire simulation.

The simplest case and workhorse of most phase-equilibrium calculations is the
so-called PT-flash, where the equilibrium pressure and temperature of the mixture
are already given. Most methods for calculating the isobaric-isothermal equilibrium
volume fractions and compositions follow the approach proposed by Michelsen
[53].  For solving flash problems at conditions other than constant pressure
and temperature, Michelsen [54] introduced an indirect method based on nesting
PT-flash calculations. For VT-flashes, for example, Michelsen’s method aims to
find the pressure at which the PT-flash results in the given total specific volume.
This results in an optimization algorithm, in which the pressure is adjusted in the
outer loop and a PT-flash is solved in the inner loop. Accordingly, UV-flashes are
solved by a bivariant optimization of temperature and pressure corresponding to
the given internal energy and volume.

Nested algorithms based on the PT-flash are also attractive for mixtures
with many components, because they offer the possibility of adopting reduction
methods [55], which provide a considerable speedup and, in addition, improve the
robustness of the algorithm [56]. The first reduction method was introduced by
Michelsen [55], who found that the phase-splitting problem can be fully defined
by only three reduced parameters regardless of the number of components when
all Binary Interaction Coeflicients (BICs) are zero. Hendriks and van Bergen [57]
successfully generalized the method for cases with some non-zero BICs through
an eigenvalue analysis of the binary interaction matrix. Nichita and Graciaa [58]
found a new set of reduced parameters for PT-flash calculations, for which they
demonstrated a notable decrease in the number of iterations relative to previous
reduction methods specifically near the phase boundary and the critical point.

Employing a direct VT-flash, on the other hand, could considerably reduce the
computational time by eliminating the outer pressure iteration loop, provided that
the method itself would be fast and robust enough. To this end, Mikyska and
Firoozabadi [59] introduced an alternative formulation of the VT-flash problem
based on a new thermodynamic function, the so-called volume function. They
solved the problem directly by a successive-substitution iteration (SSI) algorithm
with nearly the same number of iterations as a conventional PT-flash based
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solver requires for one inner iteration loop. Recently, Jindrova and Mikyska
[60] and Nichita [61] presented methods for solving the VT-flash problem via
direct minimization of the total Helmholtz free energy. Cismondi, Ndiaye, and
Tavares [62] directly included the pressure equality and volume constraint in a
new algorithm very similar to the PT-flash, and showed about 20 % reduction in
the computational time compared to Michelsen’s nested optimization technique.
However, for working fluids with a large number of components, these methods
lead to a significantly stronger increase of the computational time compared to the
nested approach that benefits from the quadratic Newton-Raphson convergence
rate in the reduced space.

In this chapter, by extending the work of Mikyska and Firoozabadi [59]
and Nichita and Graciaa [58], we present a very fast and robust method for
direct vapor-liquid phase-split calculations based on formulating phase equilibrium
conditions in terms of the molar specific value of the volume function (instead of
fugacity coefficients) and a corresponding reduction method. This new formulation
allows us to solve isothermal flashes (both PT and VT) directly and with the exact
analytical Jacobian matrix, which results in optimum quadratic convergence of the
Newton-Raphson method. Non-isothermal cases, such as UV and HP flashes, are
solved through nested univariate optimization with the corresponding isothermal
flash (PT for HP and VT for UV) and the readily available specific heat capacity
at constant pressure (for HP-flash) or at constant volume (for UV-flash) as exact
Jacobian.

2.2. GENERAL FORMULATION

According to the Gibbsian thermodynamics [63], a multi-component system
consisting of vapor and liquid phases is in equilibrium when the temperatures,
pressures, and chemical potentials of phases are equal, that is,

TV =1V, pl=pY, u=u, (2.1)

where T, p, and p; are the temperature, pressure, and chemical potential of the
component ¢ = {1...n} in a mixture with n components, and the superscripts L
and V refer to the values of the liquid and vapor phases.

The pressures can be computed as a function of temperature, molar specific
volume, and composition of each phase using the general form of the cubic equation

of states (EOS):
RT a
p= — , (2.2)
(v—=">0) (v+01b)(v + 02b)

where ¢ and d2 are the two volumetric EOS parameters (see below), R is the
universal gas constant, and v is the molar specific volume of the mixture. Here, the
energy and co-volume parameters a and b are computed using the van der Waals
mixing rules:

(IZZZZZ‘ZJ‘ (1—%2‘]‘) \/di&j, (23)
i=1 j=1
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and N
b= Z Z,’Bi, (24)
i=1

in which z; is the mole fraction of the component ¢, and &;; is the binary interaction
coefficient between the component 7 and j in the mixture. a; and b; are energy and
co-volume parameters of the pure component ¢, which are obtained through

a4 = QuR*T2p) {1 + e(w;) (1 - W)]z (2.5)

and .
bi = WRT..p;", (2.6)

where Tg;, p.; are critical temperature and pressure of the component i. The
two constants Q, and Q, as well as the form of the function of ¢(w;), in which
w; is the acentric factor, depend of the selected cubic EOS: for instance, in
the Peng-Robinson (PR) EOS: §; = 1+ /2 and 6 = 1 — /2, which result in
Q, = 045724, Q, = 0.0778, and

() = 0.37464 + 1.54226w; — 0.26992w? w; < 0.5
7 0.3796 + 1.485w; — 0.1644w? + 0.01667w?  w; > 0.5

In the Soave-Redlich-Kwong (SRK) EOS, with d; = 0 and 62 = 1, they are
0, = 0.42748, O = 0.08664, and

c(w;) = 0.48508 + 1.55171w; — 0.15613w?.

The equality of chemical potentials is typically expressed in terms of the K-factor
(also named K-value or equilibrium ratio, which is the ratio of the mole fractions
in the vapor (y) and liquid (z) phases), and the fugacity coefficient derived from
the Gibbs free energy. The logarithmic form of this relation for a two-phase
vapor-liquid mixture is

InK; =lnpl —Ing), for i=1...n, (2.7)

with ¢ as the fugacity coefficient and K as the K-factor. Mikyska and Firoozabadi
[59] derived a new thermodynamic function for the evaluation of the equilibrium
ratio via minimization of the Helmholtz free energy that uses the specific volume,
temperature, and mole fractions as its primary variables and eliminates the need
for knowing the equilibrium pressure and for solving the state equation for the
stable volume. They proved that the following relationship exists between the
K-factor and the volume function coefficient for the liquid and vapor phases:

Uvq)i(UVaTa Y1, ayn)
vEl®; (vl T, 2y, .y )’

K; = (2.8)

in which ®; is the volume function coefficient of the component i and can be
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computed analytically as a function of temperature, specific volume, and mole

fractions via
+oo 1 1 8
14
o 11 do. 2.9
n / v RT <82i>T,u,z]’¢i‘| ’ ( )

Vi = v®; (2.10)

We define

as the molar specific value of the volume function, such that, instead of using Eq.
(2.7), the natural logarithm of K-factors can be calculated by

InK; =Iney) —Inyl, for i=1...n. (2.11)

It can be shown that this (molar) specific volume function is related to the fugacity
coefficient via ¢; = RT/pyp;. By substituting the general cubic EOS (2.2) for the
evaluation of the partial pressure term in the integral (2.9), the following expression
is obtained for this new thermodynamic function:

~

Bi avl;i/ (bRT) ab; — 2bg; v+ 01b
I = In (v — b) — _ |
s == = e S ot 0ah)  r — 002 RT M\ o5 000 )
(2.12)

where g; is

g9i =Yz (1= kij) /aag, for i=1...n. (2.13)
=1

The equality of chemical potentials and component material balances can be
systematically expressed by means of K-factors in such a way that the vapor mole
fraction 6 is determined by the classic Rachford-Rice equation

zn: (K = n 0, (2.14)

where Z; is the overall mole fractions of component 7 in the feed. Then, molar
compositions of the liquid and vapor phases are obtained:

Zi

110(K,—1) M4 v=7 (2.15)

T
for ¢ = 1...n. This formulation leads to a notable reduction in the number of
variables in isothermal flash calculations; we know the overall composition of the
feed, therefore, knowing the n K-factors, we can compute the molar compositions
of the vapor and liquid. The molar specific volumes of the phases can then be
calculated by evaluating the state equations separately for vapor and liquid based
on the given pressure in PT-flash calculations [64], or by solving the pressure

equality equation along with a volume constraint based on the given volume in
VT-flash calculations [62]. The procedure is shown in Fig. 2.1.
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Figure 2.1.: Procedure for evaluating K-factors in multicomponent vapor—liquid equilibrium
during isothermal flash calculations.

2.3. REDUCTION METHOD

The basic idea of all reduction methods is to calculate the K-factors in a
lower-dimensional hyperspace spanned by parameters that are independent of
the number of components in the mixture. According to the classical theory
of reduction [63], such reduced parameters can be obtained by decomposing the
symmetric matrix 3;; = 1 — K;; that represents the binary interactions into matrices
composed of its eigenvectors and eigenvalues, that is,

B=SDS™' =8DST, (2.16)

in which the diagonal matrix D = diag (A1, ..., A\n) represents the eigenvalues
Ai(i =1...n) of the matrix 8, and the orthogonal matrix S = (81, ..., 8, ) includes
the corresponding eigenvectors 5;(i = 1...n) = (81, ..., 8in)?. For most mixtures
with a large number of components, only a few (m < n) eigenvalues are significant
as a result of negligible binary interactions between many components; we can
hence use the following approximation for the evaluation of the entries of the

matrix 3:
m

Bij = Z)\kskiskj ~ Z )\kskiskj. (217)
k=1 k=1

Defining §x; = sx;\/a; as entries of the reduction matrix with size of m x n, we can
express g;(i =1...n) in Eq. (2.13) as

m m

9i = Z Zj(z Nieskisks) /@iy = Z MMZ %j8kj) = Z AkSidr, - (2.18)
J=1 k=1 k=1 i=1 k=1

as a function of the reduced parameters

n
Q. = Zzzéki, for k=1...m. (2.19)

i=1
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Similarly, the energy parameter a of the mixture in Eq. (2.3) can be calculated
from these reduced parameters via

a=>3 Y 22> Meswiski)Vaia; = > M zidk)® =D Meai- (2.20)
i=1 j=1 k=1 k=1  i=1 k=1

Then, an equation for evaluation of the molar specific value of the volume functions,
;, can be derived by substituting ¢;(¢ = 1...n) and a into Eq. (2.12) using Egs.
(2.18) and (2.20):

Ity =Y hidpi + hng1bi + himyo, for i=1...n, (2.21)
k=1

where coefficients h are functions of gz (k =1...m), b, and v:
hi = 22 g In [(v 4+ 810) (v + 050) 1] ([01 — G2)bRT) "5 k=1...m

hmar = —(v =) "1+ (RTH) 71> " Apgi{vb(v + 61b) (v + 52b) 71 ...
k=1

—In [(0+ 81b) (v + 826) 1] (81 — 82) 7'},
hm_;,_z = ln(v - b)

(2.22)

Because the entries of reduction matrix §;; and b; are equal in the liquid and vapor
phases, all K-factors can be computed from:

InK; =Y hiéri + him 1bi + hipy 1, (2.23)
k=1

with h5 = hY — hE (o =1,...,m + 2). Performing the calculations in the h-space
with size m + 2 leads to another remarkable reduction in the number of variables
in the multi-component flash calculation, i.e., to dimension m + 2 instead of n
regardless of the number of components in the mixture.

We note that these h-based reduced parameters are Lagrange multipliers of the
classical reduced parameters, similar to the reduced parameters introduced by
Nichita and Graciaa [58]. Hence, the reduced-space iteration has a better condition
number and will converge faster than other methods [65].

For non-isothermal flash calculations, it is necessary to compute additional
thermodynamic quantities such as the specific molar enthalpy, internal energy, and
heat capacities at constant volume and pressure. They are typically calculated as a
summation of the ideal part, which is here evaluated as a function of temperature
using the 9-coefficient NASA polynomials [66], and the excess part obtained from
the state equation using the reduced parameters. Overall mixture quantities are
computed through

™ = (1—0)n" +6nY, (2.24)
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where n € {u, h, ¢y, ¢, } are specific internal energy, enthalpy, and heat capacities at
constant volume and pressure. The molar specific internal energy of the liquid or
vapor (superscripts L and V are not repeated for brevity) is computed by means of

Y e a—T (0a/0T) v+ 61
u—;zzui (T)+ AL In o) (2.25)

where u is the ideal gas (NASA polynomial) molar specific internal energy of pure
component i; a is obtained from Eq. (2.20) and its first temperature derivative is

Oa Iqx
5 = 2Z>\qu o7 (2.26)

8qk Wz Skz cz
9k :_ﬂ/ Z ORI (2.27)

where sgn(9;) is the sign function of variable ¥; = 1 + ¢(w;)(1 — /T /T¢;) and its
value is equal to plus one for ¥; > 0 and equal to minus one otherwise. The molar
specific enthalpy of the mixture is defined as

with

h=u+ pv, (2.28)

where p is either known or computed via Eq. (2.2). The molar specific heat
capacity at constant volume for a multi-component mixture can be computed via

no T (82a/0T>
=" 2l (T) + (0a/0T7) In (U i 51(’) : (2.29)
=1

(51 762)1) ’U+62b

Here, c“- is the molar specific heat capacity of the ideal gas at constant volume
for the component ¢, which is computed as a function of temperature using NASA

polynomials, and the second derivative 8%a/0T? is

Ck (2.30)

with

0? qk wl Skz cz
—_— = . 2.31
oT? V Z sgn (9 Dei ( )

The molar specific heat capacity at constant pressure of the mixture is computed
from the thermodynamic relation:

(0p/0T)*

TR (2.32)

Cp=Cy —
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where the derivatives of pressure with respect to the specific volume and

temperature are

0 RT 2 01+ 02)b

o _ _ IO L)L (2.33)
ov (U — b) (’U + (51b) (1) + (521))

and

dp R da/OT
OT  v—0b (v+6:b)(v+62b)°

(2.34)

2.4. NUMERICAL ALGORITHMS
2.4.1. ISOTHERMAL FLASHES

In this section, numerical solution procedures for two important isothermal phase
splitting cases, PT and VT-flashes, are presented. In Algorithm 1, we need to
estimate the initial K-factors at Step 0: if there is no promising data available
(blind flash), Wilson’s correlation

K; = (pei/p)exp[5.373 (1 + w;) (1 = T;/T)], for i=1...n (2.35)

is commonly employed for the initialization of the iteration. This is straightforward
if the pressure and temperature are known as in the PT-flash; in the case of a blind
VT-flash, however, the pressure is unknown. In this case, one could estimate the
pressure from the state equation of the mixture by using the total specific volume
0, temperature T, and overall mole fractions 2; as an input, but this will result in
negative pressures in many cases. A simple remedy is to set a minimum value in
pressure estimation [62], or to employ the initialization method based on the vapor
pressures of the components [67]. We propose to use the geometric average of the

Algorithm 1: VT and PT flash calculations

Result: K-factors of a multi-component vapor-liquid equilibrium

Step 0: Estimate initial values of K-factors using the input values or via the Wilson’s
correlation (Eq. 2.35) in case of blind flashes;

while convergence criteria not met do

Step 1: Calculate 6 by solving the Rachford-Rice equation (Eq. 2.14);

Step 2: Determine molar compositions z and y (Eq. 2.15) and then compute
parameters g and b for both phases (Egs. 2.19 and 2.4);

Step 3: Compute molar specific volumes v and vV using pressure equality and

volume constraint equations in case of VT-flash and two state equations of liquid
and vapor in case of PT-flash;

Step 4: Evaluate Jacobian matrix and update the reduced principal variables for the
Newton-Raphson iteration or update the principal variables via their definitions in
case of the successive substitution method;

Step 5: Update K-factors (Eq. 2.23) and check the convergence criteria (Eq. 2.71).
end
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pressures of the dew and bubble points estimated as

n

et N i
NI et (2.36)
=1 =1 "1

where pFet

7** is the vapor pressure of the pure component ¢, which can be
estimated from Raoult’s law and Wilson’s correlation, instead of using other excess

experimental data in the form of Antoine equation.

In Step 1, we need to solve the Rachford-Rice Eq. (2.14) to determine the
vapor mole fraction. Usually, a Newton method is coupled with a bisection
method for reasons explained by Michelsen and Mollerup [64]. In order to
preserve the fully quadratic convergence rate of the Newton method, we rather
use the convex transformation technique of Nichita and Leibovici [68]. In the
convex transformation technique, the first and last indexes are assigned to the
components with maximum and minimum K-factors, and vectors ¢; = 1/(1 — K;)
and d; = (¢ — ¢;)/(en, — ¢1) are obtained for all components. Two convex functions
of the variable o = (0 — ¢1)/(¢, — 6), can be then computed:

G(o) =1+ 0)S(0), (2.37a)
H(o)=—0(1+0)S(0), (2.37b)

where .
S(@) =3 m (2.38)

For any starting value oy in the range of (0,400), monotonic convergence of the
Newton iteration is guaranteed for one of these two functions. The estimated value
of o is updated via

| 0—=G(0)/G'(c), G(o)>0
Onew = { o — H(O’)/H/(O'), G(O') < 0 (239)

where G’ and H' are derivatives of G and H with respect to o:

G'(0) =S(o)+ (1 +0)S (o), (2.40a)
H'(0)=—(1420)S(0) —o(1 +0)S (o), (2.40b)

and

b a4 d)
S'(0) = ; @ rolrd) (2.41)

The Newton iteration is repeated with ¢,.,, until the convergence criteria are met.
The vapor mole fraction is then obtained via 8 = (¢; + o¢,,) /(1 + o).

In Step 2, the molar compositions of the liquid z; and the vapor y; for
(i =1...n) are calculated using Eq. (2.15). Then m reduced parameters g, and
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the mixture co-volume parameter b are obtained using Egs. (2.19) and (2.4)for
both phases.

In Step 3, the energy parameter a is computed for the liquid and vapor phases
using their m reduced parameters via Eq. (2.20). For the case of PT flash, in
which the value of the equilibrium pressure p is given, the specific volume is then
calculated for the vapor and liquid phases separately. For the general cubic EOS
Eq. (2.2) this means finding the roots of the cubic equation that is written below
for the liquid phase:

v} + 020F + o1vr + 00 = 0, (2.42)

where )
00 = faLbL/p — (bL —+ RT/p) 6162bLa
01 =6102b7 +ar/p— (61 + 02) by, (b + RT/p),
02 = ((51 + 6y — 1) by, — RT/p.

The same equation holds for the vapor phase. We use Cardino’s algorithm to
determine all roots of Eq. (2.42). If more than one real root is found, the root
associated with the lowest Gibbs free energy is selected [64].

For the VT-flash, in which the value of the total molar specific volume ¥ is
given, we first compute the molar specific volume of one phase from the volume
constraint (1 — 0)vr, + vy = 0 and then substitute it into the pressure equality
equation. The resulting equation is a quintic function of the other phase specific
volume that is given below for the liquid phase:

4 2
S5U7 + avf 4 s3v7 + i + v 450 = 0, (2.43)
where
s = (aka¥ —aY¥al)e® — (akal —a)al)o6® + (afa) — al)ov® + alo?,
a1 = (afal —ata) +afaf —afaf) 0 + (afad +3ad —af) 0°0 + (baf — 3ad)0?...
+2(ak —ala¥)o0 + (aFa) — Vol + 2aLaY — 208)06% + (akal — o) al)6?,
¢ = (afay —aVal +aka) —aYak —ak +al)6® + (0® — 300t +3ak)0 ...

+ ay —af ok 4+ 30k — 208 +a))90% + (o) ok — ata —2afay +2a8)6? ...
+ (3ot — o + a¥)9%0 + 2(ak — afal —30d)00 + (akal — al)e,
G =(afay —afak +af —ay —af +a))0® + (3ot — af —2a% +2aY)06%. ..
( L—20la —a) — 30k 4+ 205)0% + (=60t + 205 — 2aY)06 . ..
(20% + alad + 30k — ak)o — 30% + 300l — ok,
a=[(aF —a) —ak +a¥)0? + (0 — 2oL + ok — )0 — 30 + aF)(6 - 1),

§5:—(9—1)2 .

Here, parameters a;(i = 1...5) are computed via the following expressions using




26 2. RAPID AND ROBUST PHASE EQUILIBRIUM CALCULATIONS

the liquid and vapor co-volume and energy parameters:

] = b(51 + 52) — CL/RT, Qg = b(b5152 + CL/RT) , i3 = b(6162 - 1),

; (2.44)

ay=b (61 + 6y — (51(52), a5 = —b3(51(52.
Since there is no analytical solution, Eq. (2.43) has to be solved by iterative
methods to obtain vy,. We use a Newton method with a starting point very close
to the co-volume of the mixture in this study. Afterwards, the vapor’s specific
volume is obtained through the volume constraint vy = [0 — (1 — 0)v] /6.

In Step 4, we update the principal variables via their definitions in the
first iteration (corresponding to a successive substitution iteration (SSI)) or
evaluate Jacobian matrix and update the reduced principal variables for the
Newton-Raphson iteration (NRI). In the case of the SSI, the new values of the
reduced principal variables are obtained as the difference between the h values of
the vapor and liquid phase calculated via Eq. (2.22). In the case of the NRI, first
the error functions

ea =hY —hE—h2, for a=1...m+2 (2.45)

and the associated Jacobian matrix:

e, ORY  OhE

Jap = o = 2%
T ons  ony ond

—0p8, for o,f=1...m+2 (2.46)

are calculated, in which d,p is the Kronecker delta function. Next, the resulting
set of linear equations JARD = €, can be solved by using the Gauss elimination
method with partial pivoting to compute Ah® = fzﬁew — Hﬁzd and the new values
of the reduced principal variables

R = A

new old

+ AR®. (2.47)

In order to find the analytical expressions of the entries in the Jacobian matrix
(2.46), we used the classical m + 2 reduced parameters including g (k =1...m), b,
and 6 as the helping variables in the derivative chain rule for the required partial
derivatives

ohi, _i <8hz; ah@@ﬁ) g, <ahg; ohi, a«ﬂ) ob Ok vl 9

ons ~ 2\ og 0w o ) ons T\ ow " ow aw ) ond T ow 06 ond
(2.48)

for j being L and V. The required partial derivatives of the coefficients h are

k=1
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obtained by Eq. (2.22). The derivatives with respect to the reduced variable ¢ are

6ha/8qk = 25ak/\k ln[(v + (51[))(1} + 52b)_1]/[(51 — 52)bRT], a=1:m
Ohmy1/0qr = 2M,qe{vd/ [(v + 51b) (v + d2D)] . ..
({0 + 610)/(0 + 62D)] /(51 — 82}/ (RTIR),
Ohmt2/0q) = 0.

(2.49)

In addition, the derivatives with respect to the co-volume of the phase are

Oha /Ob = 2Xaqa{vd/ [(v + 61b)(v + 62D)] . ..
—In[(v+61b)/(v+ 02b)] /(61 — 02)}/(RTH?*); a=1:m
Ol 1/0b = —1/(v — b) + av{2In[(v + 61b) /(v + d2b)] /[bv (81 — 62)] . . .
— [46,05 0% + 30b(61 + 62) + 202 /[(v + 61b) (v + 62b)]*}/(RTH?),
Ohynia/Ob = —1/(v —b),
(2.50)

where a is computed via Eq. (2.20) as a function of reduced parameters The
derivatives respect to the specific volume of the phase are

Oha/OV = —=2X0q0 /[RT (v + 610) (v + 02b)]; a=1:m
Oy 1/O0 = a[208105 + v(61 + 02)]/[RT (v + 61b) (v + 02b)°] + 1/(v — b), (2.51)
Ohmyo/0v=1/(v—0).

Next, the partial derivatives of the specific volume in Eq. (2.48) are obtained
through the implicit function theorem. For PT-flashes, we directly utilize the
general cubic EOS (2.2) for each phase as follows:

v’ |dq, = —(dp/dqr ) /(Dp/dv)’, for j =L,V (2.52)

with dp/Ov from Eq. (2.33). Using the relationship between a and g, we can
compute dp/9qy, as

Op/0qr = —2Xkqr/[(v + 61b) (v + d2b)]. (2.53)
Moreover, the derivatives with respect to the co-volume of the mixture are
o O = —(dp/ob)! /(Op/dv)!, for j=L,V (2.54)
with
Op/Ob = RT/(v — b)* + a[26162b + v(d1 + 02)]/[(v + 81b) (v + 52b)]%. (2.55)

It is obvious that in PT-flashes, the partial derivatives of the specific volumes with
respect to the vapor mole fraction are zero, i.e.

/00 =0, for j=L,V. (2.56)
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Using the implicit function theorem for VT-flashes, we define the function
f =p"” —pY and then compute the required derivatives as

Ov' [og,, = —(01/0a})/(Df /Ov), for j =L,V (2.57)
o O = —(0fJOV)/(Df Jov?), for §j=L,V, (2.58)

where partial derivatives of f can be computed using the chain rule. For example,
when j = L, we obtain

af Jovt = (9p/ov)* — (9p)ov)Y (9v" Jov™), (2.59)
af /0gf = (9p/dar)" — (9p/dar)" (9a} /9af), (2.60)
af |ob" = (0p/ab)" — (op/ob)Y (8" Job"), (2.61)

along with ovV /ovl = dq)/ /gt = 0bY JObL = (6 — 1) /6. Subsequently, the partial
derivatives of specific volumes with respect to the vapor mole fraction are computed
through

ov? /00 = —(0f/00) /(Df /Ov), for j=L,V, (2.62)

where 9f /00 for the liquid and vapor phases can be calculated as follows:

@f/00)" =071 (af — ¥ )(0f/0q))
k=1

+ (bE = b)Y (af /OB ) + (v — V) (0f JovY), (2.63)
@0f/00)" = (1—0)""> (@) — aF)(0f/daf)
k=1
+ (BY —bE)(0f JobE) 4 (vV — L) (af JouT). (2.64)

Finally, partial derivatives of the reduced parameters qx(k =1...m) as well as b
with respect to principal variables h? (8=1...m+2) can be obtained via their
definitions: for all m reduced parameters

n

0qi/Oh5 = (02:/Oh5) Sk, (2.65)

i=1
and for the co-volume parameter

n

Ob/OhG =" (92:/0hF) b;. (2.66)

i=1

In both equations, we need the derivatives of the phase mole fractions z;, which
are equal to x; and y; for liquid and vapor phases, with respect to the principal
variables. Using the Rachford-Rice equation and the definition of the equilibrium
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ratio, we obtain
Ox; JOhG = d; [00K;/0hG + (K; — 1)90/0h3] , (2.67)
and
Ayi/OhG = d; [(1 — 0)0K;/0hg + K;(K; — 1)00/0h%] (2.68)
where d; = —z;/[1l +0(K; —1)]>. The partial derivative with respect to the
principal variables is expressed as follows for all K-values:
OK;/Ohg = K;sp;, for B=1...m
OK,; /0% 1 = Kib;, (2.69)
OK;/OhLy .o = K;

and for the vapor mole fraction and the index in the range from 8 =1 to m + 2:
00/0hG = " di(0K;/0hg)/) Y " di(K; —1)°. (2.70)
i=1 i=1

In Step 5, the logarithm of the equilibrium ratios is computed from the updated
principal variables via Eq. (2.23) and the following convergence criterion is checked:

[In K7 — In K| < e (2.71)

We propose and use €5, = 1072 for the initial SSI and &5 = 10710 for the NRI, but
one SSI step is usually enough for most cases. If the solution does not converge, we
jump back to step 1 with the new K-values.

2.4.2. NON-ISOTHERMAL FLASHES

This section explains the numerical solution method for the HP- and UV-flashes.
The main idea is to use the most appropriate isothermal flash (that is, PT for
HP and VT for UV) and iterate its input temperature in such a way that the

Algorithm 2: UV and HP flash calculations

Result: Equilibrium temperature

Step 0: Estimate the initial value of temperature;

while convergence criteria not met do

Step 1: Execute one VT-flash or PT-flash according to the availability of the specific
volume or pressure and the latest available temperature;

Step 2: In case of UV-flash, compute the specific internal energy and ¢, of the
mixture, or in case of HP-flash, compute the specific enthalpy and ¢, of the
mixture;

Step 3: Update the temperature and check the convergence criteria;

end
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specific internal energy (UV) or enthalpy (HP) converges to the given value. The
numerical procedure is summarized in Algorithm 2 and explained more in detail in
the following:

In Step 0, the temperature of the mixture is estimated. To provide an initial
guess at regions close to the critical point or near phase boundaries, one can
estimate the temperature by considering the mixture as a single-phase mixture and
then iterate the EOS for the given specific internal energy or enthalpy.

In Step 1, we perform an isothermal flash calculation using the method that most
closely corresponds to the targeted non-isothermal problem, that is, we perform
a PT-flash in the case of the HP problem and a VT-flash for the case of the
UV-flash. It is clear that for the first iteration these iso-thermal flashes require an
estimate of the K-factors (it might exist from previous data otherwise those can be
estimated via Wilson’s correlation as discussed above) whereas for the subsequent
iterations, the previously computed values of K-factors can be used to accelerate
computations.

In Step 2, the internal energy of the mixture u™ and its derivatives with
respect to the temperature, i.e. ¢ for the case of UV-flash and the specific
enthalpy of the mixture 2™ and its derivative with respect to the temperature,
i.e. c;’”"”, for the case of HP-flash are computed. All derivatives are computed from

the reduced variables as explained in the previous section.

In Step 3, the estimated temperature is updated by a Newton iteration with line
search . in the range of [0, 1] for the case of UV-flashes:

T =T — ZL(0—u™") /] (2.72)
and for the case of HP-flashes:
T =T — L(h — h™®) /e (2.73)

Using the line search .Z ensures global convergence of the algorithm and renders
the temperature initial guess less important. Subsequently, the relative error is
computed, i.e. &, = |[(h — h™%)/h| or g, = |(& — u™*) /4| for HP or UV-flashes,
respectively. Steps 1 to 3 are repeated until the convergence criterion is satisfied,
for the calculations presented in this chapter until ¢, < 10719,

2.5. NUMERICAL RESULTS

We have developed a Fortran implementation of the proposed flash algorithms for
the four discussed isothermal and non-isothermal flash calculations, and tested it
for a large number of different multi-component mixtures and different cubic EOS.
The representative selected cases that we will discuss in the following use PR EOS,
and the values for the critical temperatures, critical pressures, and acentric factors
are listed in Table 2.1.
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Table 2.1.: Species critical properties and acentric factors.

Name | T, [K] | pe [bar] | w[-] | Name | T, [K] | pc [bar] | w [-]
Cy 190.6 45.4 0.008 | nCsg 507.5 30.1 0.305
Co 305.4 48.2 0.098 | nCry 540.3 27.4 0.305
Cs 369.8 41.9 0.152 | nCsg 568.8 24.9 0.396
nCy 425.2 37.5 0.193 | nCio 617.9 21.0 0.484
nCs 469.6 33.3 0.251 | nCia 691.9 15.2 0.747

2.5.1. CONVERGENCE BEHAVIOR AND ROBUSTNESS

Two mixtures with specified compositions including a synthetic condensate gas
and synthetic oil are selected in order to validate and evaluate the performance
of the proposed flash algorithms. In each test case, we first generated the phase
diagram for a wide range of temperatures and pressures using the PT-flash. Next,
VT-flashes have been conducted along isochores drawn on the phase diagram. For
each case, we will discuss in detail the vapor-liquid equilibrium result and the
convergence graphs for three algorithmically challenging points that are selected
close to the critical point and near the phase envelope boundaries. The first fluid
is the Y8 mixture introduced by Yarborough [69]. It is a six-component synthetic
gas condensate of normal alkanes including 80.97 Cq, 5.66 C,, 3.06 C3, 4.57 nCs,
3.30 nC7, and 2.44 nC;y mole percents with a zero binary interaction matrix. With
our reduction method, the latter results in only three governing equations for the
reduced variables. The second fluid is the MY10 mixture introduced by Metcalfe
and Yarborough [70]. It is a ten-component mixture with overall molar fractions
of 0.35 Cyq, 0.03 Cq, 0.04 C3, 0.06 nCy, 0.04 nCs, 0.03 nCg, 0.05 nC7, 0.05 nCs,
0.30 nCyg, and 0.05 nCy4. For this mixture, all binary interaction coefficients are
zero except those between the methane and the other components as reported by
Firoozabadi and Pan [71]. This sparse binary interaction matrix results in three
non-zero eigenvalues \; = 9.9574, Ay = 0.0707 and A3 = —0.0280.
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Figure 2.2.: Phase diagrams for the Y8 and MY 10 mixtures including isochores and the states
selected for the detailed analysis of the convergence of the flash algorithms.
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In Fig. 2.2, the phase diagrams for the two mixtures with contours of vapor
mole fractions are shown. These diagrams are generated without any convergence
problems of the blind PT-flashes over a fine Cartesian grid with 800 x 800 nodes for
the pressure-temperature range shown in the figure. This very fine grid is selected
to check the applicability of the PT-flash algorithm at many different conditions
that are very close to the phase boundaries and the critical point, where other
methods may converge either very slowly or not at all.
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Figure 2.3.: Vapor mole fraction curves as a function of temperature generated by the VT-flash
algorithm corresponding to the lines shown in Fig. 2.2.

Next, VT-flashes have been conducted along isochores drawn on the phase
diagram. Selected isochoric lines are drawn in Fig. 2.2 to show the pressure
evolution during constant volume heating or cooling of a typical condensate gas or
synthetic oil. The corresponding vapor mole fraction curves shown in Fig. 2.3 were
computed using the proposed VT-flash algorithm with a starting temperature of
200K and a step size of 1K up to the saturation point. The retrograde behavior
of MY10 for specific volumes lower than or equal to 0.2874L/mol is an interesting
phenomenon: by increasing the temperature from 200K the vapor mole fraction
first increases with temperature and then decreases to zero. We verified that
the results agree with the previous implementation of Michelson’s methods [72]
and that the results of the VT-flashes are the same as those obtained with the
PT-flashes up to machine round-off precision.

Table 2.2.: Total mixture properties of the test fluids.

Y8 mixture MY10 mixture
Point A Point B Point C Point D Point E Point F
T K] 295.40000 335.20000 375.30000 509.10000 566.60000 563.50000
p [bar] 198.10000 134.50000 194.80000 104.90000 75.400000 32.700000
v [L/mol] 0.0805680 0.1533446 0.1273056 0.2280903 0.3846589 1.0596464
h [KJ/mol] | -94.704181 -90.636841 -87.895981 | -142.74142 -124.94053 -120.73426
u [KJ/mol] | -96.300235 -92.699326 -90.375895 | -145.13409 -127.84086 -124.19930
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Table 2.3.: Molar composition of vapor and liquid in equilibrium at the states selected for the
analysis of the convergence of the flash algorithms.

Vs Point A Point B Point C
Liquid Vapor Liquid Vapor Liquid Vapor
Cy 0.74744792  0.84906008 | 0.47658529  0.87746005 | 0.60400388  0.81762325
Ca 0.06057858  0.05408446 | 0.06296756  0.05530475 | 0.05844115 0.05652908
Cs 0.03589832  0.02725004 | 0.05092726  0.02646516 | 0.03965730  0.03025112
nCs 0.06266242  0.03497518 | 0.13974651  0.02656967 | 0.09067889  0.04396745
nCr 0.05032462  0.02204618 | 0.13898012 0.01144221 | 0.09260111 0.03070421
nCio 0.04308814  0.01258406 | 0.13079327  0.00275817 | 0.11461768  0.02092489
MY10 Point D Point E Point F
Liquid Vapor Liquid Vapor Liquid Vapor

C1 0.32277170  0.65714256 | 0.27245022  0.42483512 | 0.07783597  0.38155198
Co 0.02889804  0.04243037 | 0.02539431  0.03444446 | 0.00953245  0.03237280
Cs 0.03944780  0.04622895 | 0.03581565  0.04403788 | 0.01633421  0.04274357
nCy 0.06033169  0.05625849 | 0.05673424  0.06315144 | 0.03147630 0.06330675
nCs 0.04080501  0.03091922 | 0.03964769  0.04033998 | 0.02627885  0.04159069
nCg 0.03095915  0.01918057 | 0.03106314  0.02897407 | 0.02441470 0.03064750
nCr 0.05206707  0.02668295 | 0.05397352  0.04616557 | 0.05015849  0.04998163
nCg 0.05247517  0.02207942 | 0.05603950  0.04417191 | 0.06088237  0.04873841
nCio 0.31843114  0.09209178 | 0.36069877  0.24142602 | 0.52938744  0.27340711
nCis 0.05381324  0.00698568 | 0.06818296  0.03245354 | 0.17369922  0.03565955

The performance of the isothermal and non-isothermal flash algorithms is
investigated for six algorithmically challenging points (A-F) marked in the phase
diagrams of the mixtures, see Fig. 2.2. The overall thermodynamic properties at
these points are listed in Table 2.2 and results for the molar composition of the
vapor and liquid in equilibrium are shown in Table 2.3. These values are the same
for all types of flash calculations.
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Figure 2.4.: PT-flash convergence for the Y8 and MY10 mixtures at the points marked in
Fig. 2.2.

The evolution of the Euclidean residual norm for the PT-flash calculations at
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points A (198.1bar, 295.4K), B (134.5bar, 335.2K), and C (194.8 bar, 375.3K)
for the Y8 mixture, and at points D (104.9bar, 509.1K), E (75.4bar, 566.6 K),
and F (32.7bar, 566.6 K) for the MY10 mixture are plotted in Fig. 2.4. For
all points, one SSI has been carried out on the initial K-factors obtained from
Wilson’s correlation before switching to the NRI. The results indicate that the
PT-flash algorithm requires about 6 — 8 iterations for the points at the heart of the
two-phase dome, near the phase boundaries, and close to the critical point.
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Figure 2.5.: VT-flash convergence for the Y8 and MY10 mixtures at the points marked in
Fig. 2.2.

The convergence of the residuals of VT-flash calculations are shown in
Fig. 2.5 for the points A (0.0806 L/mol, 295.4K), B (0.1533L/mol, 335.2K),
and C (0.1273L/mol, 375.3K) corresponding to the marked points on the phase
diagram of the Y8 mixture, and for the points D (0.2281L/mol, 509.1K),
E (0.3847L/mol, 566.6K), and F (1.0596 L/mol, 563.5K) corresponding to the
tagged points on the phase diagram of the MY10 mixture. Initial values for
the K-factors were obtained from Wilson’s correlation using a pressure obtained
from the state equation by the overall composition and given temperature and
volumes, i.e. p = {188.8,119.3,193.2,95.5,74.1,33.2} bar for points { A to F }. As
for the PT-flashes, one initial SSI was executed before switching to NRI. The
VT-flash results show the same excellent convergence behavior as observed for
the PT-flashes, that is, both algorithms have optimum quadratic convergence and
require only very few iterations, with only two iterations difference between points
close to and far from the extreme conditions.

Figure 2.6 shows the convergence of the relative errors for the blind HP-
flash at points A (—94.704kJ/mol, 198.1bar), B (—90.637kJ/mol, 134.5bar),
and C (—87.896kJ/mol, 194.8bar) for the the condensate gas and at
points D (—142.741kJ/mol, 104.9bar), E (—124.941kJ/mol, 75.4bar), and
F (—120.734kJ/mol, 32.7bar) for the synthetic oil. We initialize the iteration
with a temperature of 250 K for Y8 and 400K for MY10, far away from the true
solution, in order to test the robustness of the non-isothermal flashes at extreme



2.5. NUMERICAL RESULTS 35

1E-01 1E+00
Y8 mixture MY10 mixture
1E-02 1E-01 4
2 —0—Point D

Q —O0—Point A c\
1E-03 \ —o—Point B 1802 . o—Point E
Point C 1E-03 \ Point F

1E-04 \ \
1E-04 2

1E-05 \

\ 1E-05 \
1E-06 o Q

\ 1E-06 o

1807 . 0 1E-07 N\,
1808 1E-08 >
1E-09 1E-09
1 2 3 4 5 6 7 8 9 10 11 12

Iteration Iteration

Relative error
Relative error

w1
o
N
w
S

Figure 2.6.: HP-flash convergence for the Y8 and MY10 mixtures at the points marked in
Fig. 2.2.

conditions. As the convergence plots show, they rapidly converge within very few
iterations even with a poor inital temperature guess.
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Figure 2.7.: UV-flash convergence for the Y8 and MY10 mixtures at the points marked in
Fig. 2.2.

Figure 2.7 shows results for the blind UV-flash at the points A (—96.300kJ/mol,
0.0805L/mol), B (—92.699kJ/mol, 0.1533L/mol), and C (—90.376kJ/mol,
0.1273L/mol) for Y8 and at the points D (—145.134kJ/mol, 0.2281L/mol),
E (—127.841kJ/mol, 0.3847L/mol), and F (—124.199kJ/mol, 1.0596 L/mol) for
the MY10 mixture. As before, the initial temperature guess is 250 K for the Y8 gas
condensate and 400 K for the MY 10 oil mixture. The initial values for the pressure
are the same as used for the VT-flash at these points, see above. We observe rapid
convergence within 4 to 7 iterations to within a relative error of 1078, For the most
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of engineering applications, it is, however, not necessary to know the temperature
with such a high precision and a much larger error, say 0.1 K can be tolerated.
The algorithms for both non-isothermal flashes yield temperature differences of less
than 0.1 K in just 3 iterations.

2.5.2. COMPUTATIONAL TIME

In this section, we analyze the computational performance of the proposed flash
algorithms for different mixtures and demonstrate the improved efficiency resulting
from using a reduction method and direct VT-flashes instead of PT-flashes in
the inner iteration loop of UV-flashes. For a fair quantitative evaluation, the
computational time required for the new flash algorithms is compared with the
highly optimized implementation of a conventional method that was developed
in [30] for large-scale turbulence-resolving CFD simulations of transcritical fuel
injection. Both algorithms use the Newton method to achieve fast convergence.
The calculations were performed on an Intel Xeon W-2123 CPU at 3.60 GHz using
the Intel Fortran compiler.
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Figure 2.8.: Phase diagram of binary mixtures of n-heptane and ethane at various molar
compositions computed by the proposed algorithm. The symbols denote experimental reference
data for the dew-point and bubble-point lines [73, 74]. The black box encloses the
pressure-temperature domain that was used for measuring the computational performance of
the flash algorithms.

The test fluid is a mixture of ethane and normal heptane. The phase diagrams
of this binary mixture for various molar compositions are shown in Fig. 2.8. To
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study the effect of the number of components in the mixture, we have added
pseudo-components with properties identical to those of ethane and normal heptane
and adjusted the mole fractions in a way that the total composition remains
constant. First, PT-flash calculations were carried out for a mixture with 26.54%
ethane and we record the total computational time required for the computation
of 100 x 100 states in the pressure-temperature range enclosed by the black box in
Fig. 2.8. Then, the mixture’s internal energy and specific volume computed by
the PT-flashes are used for executing the corresponding UV-flashes. In order to
assess the performance of the proposed UV-flash at conditions that are similar to
what we typically encounter in CFD simulations, initial guesses of pressure and
temperature were computed by adding random perturbations to the true values:

Tguess - Ttrue + TAT; (274&)
Pguess = Ptrue T TAP, (274b)
where r is a random number generated in the range [—0.5,0.5]. The perturbation
amplitudes AT and Ap are set to 20K and 20kPa, which corresponds to the

maximum change that we can expect between two subsequent time steps in CFD
simulations.

12 40

11 | —Oo—PT-flash current work / —0—UV-flash current work /

10 — PT-flash conventional y 35 ' —o—UV-flash conventional /
'g‘ 9 / 'g 30 /
2 g e o

‘ 25

g, / ¢ /
= ( o £
g6 / g 20 J
B s / 8 /
= 515 ¢
Q Q g

4 )
: S : /
o3 < Y10 el

i / /

5 5 o~
1 o s
0 Lo nn . 0—0—0—0—0—0—0 0 (om
2 6 10 14 18 22 26 30 2 6 10 14 18 22 26 30
Number of components Number of components

Figure 2.9.: Computational time for PT-flashes and UV-flashes vs. number of mixture
components. Shown is the total CPU time for 100 x 100 flash calculations in the part of the
phase diagram highlighted in Fig. 2.8.

The results are shown in Fig. 2.9. The computational time for the current
PT-flash algorithm is always lower than the highly optimized reference method.
The difference becomes more significant as the number of components is increased,
which shows the importance of reduction methods for both iso-thermal and
non-isothermal flashes. Surprisingly, we also measure a performance gain for the
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two-component mixture, where the number of variables is not reduced by the new
method. In this case, the reduction method acts as a preconditioner and reduces
the number of required iterations for the PT-flash. Furthermore, it should be
noted that the computational performance the UV-flash based on the VT-flash is
much less sensitive to the amplitude of the imposed pressure perturbation Ap than
the conventional method based on the PT-flash. For instance, the conventional
method becomes more than five times slower for Ap = 400 kPa, whereas the total
time required for the new method remains unchanged.

2.6. CONCLUSIONS

This chapter was motivated by the need for computationally efficient and very
robust vapor-liquid phase-split calculations in turbulence-resolving CFD simulations
of high-pressure liquid-fuel injection and reacting transcritical multiphase flows in
modern energy conversion systems, such as rocket engines, gas turbines, and jet
engines. Such simulations typically require 10'° to 10 flash calculations for given
overall specific internal energy, volume, and composition and unknown pressure,
temperature, volume fractions, and phase compositions (isoenergetic-isochoric flash
— UV-flash). The standard methods for such applications that we have used in the
past [72] are based on a nested PT-flash and suffer from poor conditioning near the
spinodal® and coexistence curves and polynomial growth of the computational cost
in terms of the number of mixture components. To this end, and building upon
and extending the work in [59] and [58], we have developed a new multi-component
reduction method for direct PT-flash and VT-flash calculations based on the
formulation of phase equilibrium conditions in terms of the molar specific value of
Mikyska and Firoozabadi [59)’s volume function and a corresponding adaptation
of Nichita and Graciaa [58]’s reduction method. The computational cost of
solving the PT-flash and VT-flash in terms of the new reduced set of variables
is almost independent of the number of components and the point in the phase
diagram. The reduced-space Newton-Raphson iteration, using the exact analytical
Jacobian matrix, results in optimum quadratic convergence in very few iterations.
We further showed that the non-isothermal UV and HP flashes are efficiently
solved through univariate residual minimization with the naturally corresponding
isothermal flash (PT-flash for HP-flash and VT-flash for UV-flash) and the specific
heat capacity at constant pressure (for HP-flash) or at constant volume (for
UV-flash) as exact Jacobian. We have thoroughly verified the reliability and
efficiency of the algorithmic implementation. The computational results show a
considerable speed-up compared to conventional methods, as well as improved
robustness and better convergence behavior near the spinodal and coexistence
curves of multi-component mixtures, where the preconditioning by the reduction
method is most effective.

1The spinodal is a boundary defining the absolute limit of metastability, beyond which a phase
becomes intrinsically unstable and undergoes spontaneous phase separation.



High-Fidelity Simulations of
Transcritical Sprays

Building on Chapter 2, this chapter presents a new simulation framework for
transcritical fuel sprays, where the MT model is coupled with a finite-rate chemistry
(FRC) formulation. The approach removes the need for empirical spray breakup
models by resolving transcritical vaporization directly through diffuse-interface
methods. Combined with the RKPR equation of state and fugacity-based chemistry,
the model accurately captures real-fluid effects in both inert and reacting sprays.
Validation against experimental data from the Engine Combustion Network (ECN)
Spray-A shows excellent agreement in key metrics like ignition delay, spray
penetration, and flame lift-off.

This chapter’s content has been published as Large Eddy Simulations of Reacting and
Non-Reacting Transcritical Fuel Sprays Using Multiphase Thermodynamics in Physics of
Fluids 34 (2022) [75].

39



40 3. HIGH-FIDELITY SIMULATIONS OF TRANSCRITICAL SPRAYS

3.1. INTRODUCTION

Aligned with Gibbsian thermodynamics and experimental reports [76-79], a
transcritical mixture can locally enter the two-phase regime and interfaces between
liquid-like and gas-like phases may form. Transcritical jets and sprays, therefore,
resemble a combination of the classical two-phase disintegration with breakup and
evaporation of droplets and the supercritical turbulent mixing of two dense fluids.
This hybrid behavior complicates their numerical simulation.

Traditional large-eddy simulation (LES) of the high-speed transcritical injection
have either modeled the transcritical multiphase fluid flows by Lagrangian particle
tracking (LPT) methods with sharp vapor-liquid interfaces [80-82], or by Eulerian
single-phase dense-gas (DG) approaches with diffuse vapor-liquid interfaces [4,
29, 83]. LES-LPT and LES-DG approaches are efficient for many flows, but
their inherent model assumptions impose significant limitations at transcritical
conditions. The standard LPT method is very sensitive to empirical tuning
parameters and was developed for dilute mixtures, neglecting real-fluid effects. The
LES-DG approach, on the other hand, excludes transcritical phase separation and
may lead to nonphysical or ill-defined states when a part of the flow passes the
meta-stable boundaries, specially at lower transcritical pressures [5]. Furthermore,
some important transcritical effects such as the high solubility of the saturated
liquids or the different evaporation rates of the components of the fuel are not
captured by these models [25].

Using multiphase thermodynamics (MT) in the context of a diffuse-interface
method has been demonstrated recently to be a promising technique to overcome
the aforementioned limitations [30, 35]. In this formulation, the fully conservative
Navier-Stokes equations (NSE) are solved for a hypothetical multi-component fluid
mixture with thermo-transport properties computed using a suitable equation of
state (EOS) coupled with vapor-liquid equilibrium (VLE) calculations. Although
the weak surface tension force is neglected, the method can accurately capture the
flow physics including the subcritical region of coexisting multi-component vapor
and liquid as well as the non-ideal fluid behavior such as dissolution of the ambient
gas in the compressed liquid.

LES-MT studies show excellent agreement with experimental data for the
non-reacting transcritical sprays [39, 41, 72]; however the applicability of the
method to reacting flows remained as an open question mainly due to the high
computational cost of the VLE calculations, which increases with the number of
components in the mixture, and due to the need for chemistry models that can
capture the departure from ideal-gas behavior in regions with high pressures and
low temperatures. The latter can be solved using an appropriate reduced reaction
mechanism [84] and utilizing the fugacity values of species in the mixture for the
evaluations of real fluid effects on the reaction rates [85].

The non-ideal fluid behavior becomes apparent when using an appropriate EOS.
Two-parameter cubic EOS, such as the Soave-Redlich-Kwong (SRK) [86] and
Peng-Robinson (PR) [87] models, are very popular because of their computational
efficiency [38, 88-91]. The intrinsic drawback of these two-parameter cubic EOS
is the use of a universal critical compressibility factor, which can severely limit
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their accuracy close to the critical point. To overcome this limitation, volume
translation methods can be employed to improve the density predictions, but the
calculation of consistent caloric properties is computationally very expensive and,
thus, simplified approximations are typically used in practice [30] . Another option
is utilizing a cubic EOS with three parameters. The Redlich-Kwong-Peng-Robinson
(RKPR) model of Cismondi and Mollerup [92] calibrates the cubic EOS using the
actual value of the compressibility at the critical point, and provides a consistent
framework for real-fluid thermodynamic modeling at tractable computational
cost [93].

In this chapter, we present several novel physical and numerical models that
improve the accuracy and computational efficiency of high-fidelity simulation of
turbulent reacting and non-reacting multiphase flows at transcritical pressures. The
framework is provided by a fully conservative formulation of the multi-component
compressible Navier-Stokes equations with multiphase thermodynamics models
and the adaptive local deconvolution method (ALDM) for LES turbulence
modelling [94]. Improved accuracy compared to previous LES-MT simulations
is provided by the RKPR EOS [92] for transcritical vaporization and real-fluid
properties, and by fugacity-based finite rate chemistry for combustion modeling.
The computational cost is significantly reduced by the rapid VLE solver of Chapter
2 and by utilizing a highly-optimized reaction mechanism [84], which reduces
the required number of transported species. The proposed LES-MT method is
validated by comparing computational results with experimental data reported for
the transcritical reacting and non-reacting Engine Combustion Network (ECN)
Spray-A benchmark test cases.

3.2. PHYSICAL AND NUMERICAL MODELS

We use the LES-MT method for solving reacting multiphase compressible Navier-
Stokes equations in a fully conservative form with real-fluid thermo-transport
properties and fugacity-based finite-rate chemistry. In this section, the required
physical and numerical models for the MT-based simulations are presented.

3.2.1. GOVERNING EQUATIONS

The three-dimensional compressible reacting Navier-Stokes equations (NSE)
describe the conservation of mass, species, momentum, and total (absolute) internal
energy:

Op+V - (pu) =0, (3.1)

OpYi + V- (pYju) = V - j; + wi, (32)
Opu+V - (puu+pl) =V - T, (3.3)
Oper + V- [(per +p)u] =V - (u-7 —q), (3.4)

where p is the mass density of the mixture, u is the velocity vector, p is the
thermodynamic pressure of the mixture, and e; = e + |u|?/2 is the total absolute
specific internal energy of the mixture and e is the corresponding absolute specific
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internal energy. For species i = 1,2,..., N with N being the total number of
components comprising the mixture, Y; is the mass fraction, j; is the diffusive
mass-flux vector, and w; is the net mass production rate. 7T and q denote the
viscous stress tensor and the vector of heat fluxes. I is the unit tensor and V is
the nabla operator.
The viscous stress tensor is modeled by assuming a Newtonian fluid and Stokes’
hypothesis
T=pn(Vu+ (Vu)') —2/3u(V - u)L (3.5)

The molecular viscosity coefficient p of the multi-component mixture is estimated
using Chung’s correlations [95]. We neglect bulk-viscosity effects in our
computations because accurate models to be used at pressures close to the critical
point are unavailable.

For multi-component fluid flows, the total heat flux vector

a=-AVT -V hijs (3.6)

consists of heat conduction and interspecies enthalpy diffusion, and is a function
of the thermal conductivity of the mixture A, temperature 7', and the partial
mass absolute enthalpy h; of component ¢. Similar to the viscosity, the thermal
conductivity of the mixture is modeled by Chung’s correlations [95].

By neglecting Soret and Dufour effects, the mass diffusion j; is modeled using
Fick’s law through a simplified correlation based on the mixture-averaged diffusion
approximation along with an extra term to ensure zero total mass diffusion

ji = pDiVY; = Y; 3201 pD; VY. (3.7)

The effective binary diffusion coefficient between species ¢ and the bulk mixture is
approximated by
N

pDi = (1= Xi) /3252 Xi/(pDij), (3.8)
where X; is the mole fraction of species ¢, which can be computed via X; = Y; M /M;
from the mass fractions and the mean molecular weight M =1/ (Ziv Y /M;) of the
mixture, with M; being the molar mass of the species i. The product of density and
the binary mass diffusion coefficient of species 7 and j, pD;;, can be approximated

accurately with Chapman and Enskog theory [95] without high-pressure corrections
if the system pressure is under 100 bar [96].

3.2.2. MULTIPHASE THERMODYNAMICS

Simulations of multi-component fluid flows at elevated pressure require proper
volumetric and caloric EOS that account for the volume of molecules and interactive
forces between them in order to accurately calculate pressure and temperature from
the density, internal energy, and mass composition of the mixture. The partial
mass enthalpies of all components in the mixture are additionally required for the
evaluation of the interspecies enthalpy diffusion flux. At transcritical pressures,
additional phase-splitting calculations should be carried out to account for the
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coexistence of vapor and liquid phases. In this section, we present the equations
required for the computation of temperature, pressure, and partial mass enthalpies
of a general fluid in a single phase or two phases in equilibrium.

VOLUMETRIC EQUATION OF STATE

A volumetric EOS represents the thermodynamic relation between the pressure,
specific volume (inverse of the density), and temperature of a single-phase
substance that can be pure or a multi-component mixture. The most popular
volumetric EOS is the ideal gas (IG); however, its applicability is limited to gaseous
media with a compressibility factor close to unity, that is, it is only appropriate
at relatively high temperatures and low pressures. For the typical pressures and
temperatures of transcritical fuel sprays, cubic EOSs are an attractive compromise
between accuracy, model complexity, and computational cost.

The most widely used cubic EOS are SRK [86] and PR [87]. Both are formulated
based on two model parameters. They have the intrinsic limitation of predicting
a unique and universal compressibility factor at the critical point, which therefore
results in a systematic error for the specific volume (or density) at conditions close
to the critical point. To overcome this limitation, Cismondi and Mollerup [92]
proposed a three-parameter cubic EOS. This so-called RKPR EOS considers the
effect of the actual critical compressibility factor as the third EOS parameter. In
Fig. 3.1, we compare the accuracy of various cubic EOS against the highly accurate
reference EOS of Lemmon and Huber [97] for pure n-dodecane at the ECN Spray A
operating pressure 60 bar. The data shows that RKPR EOS significantly improves
on the known deficiencies of two-parameter EOS (SRK and PR). The RKPR EOS
can also yield more accurate predictions of caloric properties than the perturbed
chain-statistical associating fluid theory (PC-SAFT) EOS [98], such as shown for
the heat capacity in the temperature range 450 K < T < 750K in Fig. 3.1. The
advantages of using the RKPR EOS for predicting fluid properties at transcritical
and supercritical pressures have also been previously highlighted [72, 93, 99].
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Figure 3.1.: Density (left) and constant-pressure heat capacity (right) of pure n-dodecane
predicted by PC-SAFT [98], PR [87], SRK [86], and RKPR [92] compared with the reference
EOS of Lemmon and Huber [97] denoted by circles.
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The RKPR EOS is employed for all application examples discussed in the
present work. However, as for the general cubic EOS,

p=RT/(—b) — a/[(T + 8:b)(T + 52b)], (3.9)

includes IG, SRK, PR, RKPR, and other EOS as special cases, all thermodynamic
model relations are presented in form of this general cubic EOS, in which R is the
universal gas constant, ¥ = M/p is the molar specific volume, a is the attractive
energy parameter, and b is the co-volume parameter. §; and J are two constant
parameters in the case of two-parameter cubic EOS, whereas they are variables
computed from one extra constraint in the case of three-parameter cubic EOS.

With the RKPR EOS, the energy parameter is
a= (362 +3¢d+d>+d—1)/(3¢ +d — 1)2(R*T2/p.)[3/(2+ T/T.)]™,  (3.10)

where d = (1462)/(1+8), € = 1+ 200+ 6)]F + [4/(1+ 1)), and

m = (—2.4407Z. + 0.0017)w? + (7.4513Z, + 1.9681)w + (12.5040Z, — 2.7238),
(3.11)
with Z, = 1.168Z, being the tuned critical compressibility factor. The co-volume
parameter of the RKPR EOS is

b= (RT./p.)/(3¢ +d - 1). (3.12)
The third parameter
81 = 0.428 4 18.496(0.338 — Z..)0-66 + 789.723(0.338 — Z,.)%-512 (3.13)
is an empirical function of Z,., and d5 follows from the constraint
da=(1-101)/(1+ ). (3.14)

In these equations, p., Te, Z., and w are the critical pressure, critical temperature,
critical compressibility factor, and acentric factor of the pure fluid.

The conventional approach to extend this pure-fluid cubic EOS to multi-
component mixtures is based on considering the mixture as a pure hypothetical
substance and estimating the EOS parameters via the van der Waals mixing rule:

N N
a=73_y 2 XiXjaij,
b=, Xibi,
0y = Z;Nﬂ Xi01,i
0y = fo\il Xid2,

(3.15)

where a;; is obtained through a combination rule that can include any possible
binary interaction effects among the components. We use the classical combination
rule

=

aij = (1 — Qij)(aiaj) 5 (316)
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with g;; being the binary interaction coefficient between components ¢ and j in
the mixture. In contrast to the pseudo-critical combination rule, in which a;; is
estimated by the pure-fluid formula of the energy parameter with critical quantities
estimated based on those for components ¢ and j, the classical combination
rule (3.16) provides the possibility of applying reduction methods for the phase
equilibrium calculations, which can significantly reduce the computational costs
for mixtures with many components. Using the reduction theory as explained in
Chapter 2, the energy parameter of the mixture can be computed through

1
a= ZkNgl \eq;  where g = Ef\il Xiskia?. (3.17)

Here, \; and sg; are significant (non-zero) eigenvalues and their corresponding
eigenvectors for a symmetric matrix with entries g;j =1— 045. Ny, is the number
of significant eigenvalues. More often than not, binary interaction coefficients are
set to zero due to lack of accurate data or just to simplify the computations. In
that case, the matrix of Q/ij becomes a diagonal matrix, and NV, = 1 regardless of
the number of components in the mixture.

Single-Phase Pressure: The RKPR EOS explicitly provides the thermodynamic
pressure of a thermodynamically stable mixture whose molar composition, specific
volume, and temperature are specified. The required temperature is computed
via the caloric EOS, which is explained in the next subsection for non-ideal
multi-component fluids.

CALORIC EQUATION OF STATE

A caloric EOS provides a thermodynamic relation between a caloric property like
specific internal energy, and two other properties such as temperature and specific
volume for a mixture with specified molar or mass composition. Real-fluid caloric
EOS can be derived by the departure function formalism using the volumetric
EOS. For the general cubic EOS (3.9), the molar specific internal energy @ = Me
of a multi-component real fluid is obtained as

€ =YL, Xih; (T) = RT + (a — T0a/dT)/[(85 — 61) b] In[(F + 61b) /(9 + 62b)],
(3.18)

where the first two terms account for the absolute internal energy of the mixture
at the actual temperature but at the standard pressure, and the last term accounts
for the internal energy change via an isothermal thermodynamic path from the
standard reference pressure to the actual value.

The molar specific enthalpy at standard pressure is usually computed using
polynomials [100]

E: (T)/R = —Ai,l/T —|— Ai,g IHT —|— E?:]_ Ai,j_;,_gTj/j —|— Ai,Sa (319)

where A, 1. g are the calibrated polynomial coefficients for each component ¢, which
include the formation enthalpy.
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Single-Phase Temperature: The temperature of a stable mixture with specified
molar composition, molar specific volume, and molar specific internal energy is
determined implicitly via the caloric Eq. (3.18). It can be computed numerically
by an initial guess and Newton iterations:

T =T~ L(e—e)/c, (3.20)

where £ is the line search parameter in order to ensure global convergence, € is
the target energy, and €* is computed via Eq. (3.18) using T*. Here, ¢ is the
molar specific heat capacity at constant volume and computed at temperature 7.
The thermodynamic relation required for the evaluation of ¢y using the departure
function formalism for a general cubic EOS is

ty = Ziil Xicp,;(T)— R+ T0?a/0T?[(51 — 52)b] In[(F + 61b) /(T + 52b)].
(3.21)
The specific molar heat capacity of the component ¢ at the standard pressure is
computed by taking the derivative of the polynomial (3.19) with respect to the
temperature, which yields

e (T) /R =374 Ay jTI2. (3.22)

VAPOR-LIQUID EQUILIBRIUM

When vapor and liquid phases coexist, phase-splitting calculations are necessary in
order to correctly determine the thermodynamic properties of the multi-component
mixture, of which overall values of molar specific internal energy €, molar specific
volume ¥, and molar composition X; are known. The required phase-splitting or
flash calculations are briefly explained in this section.

The two-phase equilibrium state of a fluid with N components is described by
N equations for species mass conservation and 2 + N equations for temperature,
pressure, and species chemical potentials of the two phases. This set of 2N + 2
equations must be supplemented with two more constraints in order to uniquely
determine the molar specific volume, temperature, and molar composition of
the multi-component liquid and vapor phases. These two constraints define the
type of the flash problem. As we solve the conservative form of the governing
Navier-Stokes equations, that is, transport equations for the mixture energy and
density, isoenergetic-isochoric phase-splitting calculations also known as UV-flash
calculations must be carried out. The two additional constraints for UV-flash
calculations are

J=(1-a)d + ad,, (3.23)

and
e=(1—-a)e + ae,. (3.24)

Subscripts [ and v refer to liquid and vapor values, and « is the vapor mole
fraction, defined as the ratio of the moles of the vapor phase to the total mole of
all phases. In order to evaluate the required specific internal energies of the liquid
and vapor phases, we use Eq. (3.18) for each phase separately, and to compute «,
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we use total mass balance rewritten as
a= (M- M)/(M, — M), (3.25)

with M as overall average molecular weight computed using overall mole fractions
X;. M; and M, are average molecular weights for the liquid and vapor mixtures
that are computed from the liquid mole fractions X;; and vapor mole fractions
Xy,i, respectively. The molar compositions of liquid and vapor phases represent
the solution of the phase-splitting calculations.

In order to solve flash equations efficiently, we use the new method from
the previous chapter that performs UV-flash calculations very fast and robust
via Newton iterations with the exact Jacobian of the equilibrium temperature
used for VT-flash calculations. The VT-flash here refers to isochoric-isothermal
phase-splitting calculations, which this method formulates in an effectively reduced
space in terms of the molar specific value of the volume function of Mikyska and
Firoozabadi [59] and reduced parameters similar to those used by Nichita and
Graciaa [58]. In the following, we briefly explain how this method can be used
to determine the equilibrium temperature and pressure in a general cubic EOS
framework. For a comprehensive review and practical implementation guidelines,
interested readers are referred to the original article [51].

Equilibrium Temperature: The temperature in the two-phase region is
obtained through an iterative method similar to that used for the single-phase
case, but using specific vapor and liquid internal energies and heat capacities to
determine the overall values.

e =(1-a)e +ae;,
¢y = (1 - a)ey, + acy,. (3.26)
Vapor and liquid quantities require the molar composition and specific volume
of that phase, which are the results of rapid VT-flash calculations together
with the vapor mole fraction. The iterative method can be terminated when
le —e*|/|e| < 107,

According to Fathi and Hickel [51], the VT-flash problem can be formulated
based on effectively reduced parameters H = ("Hf,...,?—[%m 4o) derived from
Helmholtz free energy using species molar specific volume functions. The reduced
parameters are determined iteratively by applying the Newton-Raphson method
for N,, + 2 error equations

= —
En=Hpo(H) — Hpy(H) - HE =0, (3.27)
for k=1,..., N, + 2 with the Jacobian matrix

08 _ OHin  OMiy
= = — — = — i, 3.28
oHS — oHD  oHD Y (328

Tij
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— —
for k,j=1,..., Ny, + 2. In order to compute H, and H; as well as the required
partial derivatives analytically, we first compute the K-factors

K = S0 Hitsws +HRY, 1bi+HR, 1o (3.29)

with K; = y;/x; being the K-factor of the component ¢ in the mixture. Afterwards,
the vapor mole fraction is initially obtained by the solving the classic Rachford—Rice
equation

Y X (K = D]/ + ek — 1)] = 0. (3.30)

Next, the vapor and liquid molar compositions are obtained from the material
balances and the K-factors through

Xi,l = Xi/[l + a(ICZ — 1)}, (331)

Xiw = Xi,K;,
for i =1,2...N. From the molar compositions for both phases, we compute the
required parameters of the RKPR EOS, including a, ¢, b, 41, §2 through the relations
given in the previous section for a stable single-phase mixture. The specific molar
volume of the vapor is then evaluated using the isochoric constraint.

Fy = [0 — (1 — a)d]/c. (3.32)

Requiring equality of pressures between two phases, the liquid specific molar
volume for the general cubic EOS is the solution of a fifth-order polynomial

—5 -4 3 2
U + 540 +¢s0) + U + i+ = 0. (3.33)

The polynomial coefficients ¢y 5 are listed in Ref. [51]. They are functions of
the parameters that we computed in the previous steps. Finally, Hy; or Hy . is
computed from

Hi = 2\eqeln [(0 +616) /(0 + 650)] /[(81 — 02)bRT, (3.34)
for k < N,
Hi = a/(RTH*){0b/[(T + 61b)(T + 52b)] . .. (3.35)
—In [(0 4 610)/(9 + 62b)] /(61 — 82)} — (v — b) 7, '
for k= N, + 1, and
Hy = In(J — b), (3.36)

for k = N,, + 2. Note that the subscripts [ and v are dropped for simplicity as
these equations apply to both phases. The required equations are listed in Ref. [51]
including the analytical expression of the components of the Jacobian matrix.

_>
Starting the procedure requires an initial guess for the vector H =
(HP, ... ,Hﬁm 4+2)- This can by calculated from K-factor values by following the
steps from the solution of the Rachford-Rice until the evaluation of Hy; and Hy .



3.2. PHYSICAL AND NUMERICAL MODELS 49

Then, the vector of reduced parameters can be computed using its definition via
HE = Hpo — He, (3.37)

for k=1,...,N,, + 2. Typically, the K-factors are available from previous time
steps in computational fluid dynamics simulations. In case of blind flashes, where
no previous equilibrium information is available, one can use Wilson’s correlation
as an initial guess.

Equilibrium Pressure Neglecting the surface tension force, the pressure is equal
for both phases in equilibrium. As we used this equality for the determination of
specific volumes, the equilibrium pressure is the saturation pressure of vapor or
liquid obtained by the flash calculations at the equilibrium temperature.

PARTIAL ENTHALPY

By definition, the partial derivative of a quantity with respect to the mole fraction
of a species while keeping temperature, pressure, and mole fractions of the other
species unchanged is called the partial molar value of that quantity. It can be
shown that thermodynamic relations between extensive quantities are also valid for
corresponding partial values. In this section, the calculation of the partial (mass)
enthalpy in the multiphase thermodynamics framework is briefly explained, as it is
required for the heat flux (3.6) and for some discretization schemes.

The (mass-basis) partial enthalpies can be computed easily from the mole-basis
ones: h; = h; /M;. The partial molar enthalpy for a single-phase mixture with
known temperature, specific volume and molar composition can be computed via
the thermodynamic relation

Ei =e; + p@i, (338)

where J; = (09/0X;)|r.p, X, is the partial molar volume, which can be obtained
from its definition for the considered volumetric EOS (3.9) as

9; = —{RT/( — b) + RTb; /(I — b)?...
+abi[2b01 62 + V(61 + 62)]/[(9 + 016) (9 + 620))° ... (3.39)
—a; /[(9 + 61b)(V + 62)]}/(Op/09)

T,X;

where a; = (9a/0X;)|r,p,x,,, can be computed using reduced parameters [51]:

a; = =2(X0" Agrswiay’?), (3.40)

and

(0p/09)|r,x, = —RT/(J — b)® + a [20 + (61 + 62) b] /[(9 + 61b)(J + 62b)]°.
(3.41)
The partial molar internal energy €; = (9¢/0X;)|r,p,x,., can be computed from
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the caloric EOS as

€; = B?(T) — RT + (Ez - Ebz/b)(a — T@a/QT)/[(E—f—_tS )(?9 + d2b )]
+[T(b13a/8T — b@al/aT) + ba; — abi]ln [(19 + 610 )/(’19 )} /[(52 — 51) bz}
(3.42)
Note that we have neglected the dependence of §; and > on the molar composition

in the above-proposed equations following the approach used by Gmehling et al.
[101] for SRK and PR EOS.

Equilibrium Partial Enthalpy: If the mixture is unstable in a single phase,
then phase-equilibrium calculations are necessary to determine the thermodynamic
properties of a stable mixture of saturated vapor and liquid phases. The overall
partial enthalpy of the component ¢ can then be estimated as

Xihiy ~ (1 — @)X 1hiy + aX; ,hi . (3.43)

3.2.3. REAL FINITE-RATE CHEMISTRY

Chemical reactions change the composition of a fluid mixture via the formation
and destruction of species, which is expressed in the species mass balance equations
by net mass production rates w;. At elevated pressures, finite-rate chemistry
models have to account for the non-ideal thermodynamic state. Differences from
the usually used ideal-gas definitions are addressed in this section.

Similar to the mass action law of the elementary reactions, the species net mass
production rates of reactions with non-integer stoichiometric coefficients can also
be expressed as

=M, N (WF -0, (3.44)

where N, is the total number of reactions, and v, and vf are the positive molar
stoichiometric coefficients of species i on the right (product) and left (reactant) side
of the reaction r, which might be non-integer numbers in general. The reaction
rate Q, of the reaction r depends on the concentrations of the reactants through

Q =k, - 1cj — ke T2, G (3.45)
The forward and backward rate coefficients kf, and kp, are usually expressed by
the Arrhenius law

k(T) = Aexp|—E,/(RT)], (3.46)

as an exponential function of the temperature, with A being the pre-exponential
factor and E, the reaction activation energy. In addition, n’, and n’,. are reaction
orders with respect to species j in the forward and backward reactions. Reaction
orders might be listed separately for global reactions, otherwise they are considered
equal to the molar stoichiometric coeflicients of that species in the reactants and
products.

It is important to note that the concentrations C; of the species j in Eq. (3.45)
should be computed in a thermodynamically consistent way for dense gaseous
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mixtures at high pressure. We propose to use the species’ fugacity for this purpose,
that is,
Cj ~ f;/(RT), (3.47)

with f; being the fugacity of species j in the mixture. The fugacity is computed
from the fugacity coefficient ¢; = f;/(X;p), which can be obtained using the molar
specific volume function

@ = RT/(pty), (3.48)

with %; being the molar specific value of volume function for species j, see
Ref. [51]. Using the definition of the fugacity coefficient and the molar specific
volume function, the required concentration can therefore be computed via the
following simple relation for non-ideal multi-component gases

Cj=X;/1; (3.49)
where 1; can be computed using the effective reduced parameters

Inwy; = S0 Hisrg + H, 4165 + Hvp, 42, (3.50)

with Hi,...,Hn,,+2 computed using the gas or supercritical mixture temperature,
composition and specific volume via Egs. (3.34-3.36). Note that in the limit of very
high temperature, the fugacity coefficient tends towards unity and the ideal-gas
mixture formula C; = X;p/(RT) is recovered consistently.

The fugacity-based evaluation of concentrations via Eq. (3.47) simplifies the
computation of the backward reaction coefficient whenever it is not explicitly
provided. In such cases, the backward rate coefficient should be computed using the
equilibrium constant K. = ky/kp. If the reaction rates are expressed as proposed
in terms of the fugacity, the equilibrium constant can be computed similarly to the
ideal-gas formula in [102] from

Ke,r = [p°/(RT)]" exp[ASy /R — AHY /(RT)], (3.51)

with v, = Zivzl (vP — vE) being the net change in the number of species in the

reaction, and AH; and AS; being the reaction enthalpy and entropy net change
at the standard pressure p°® = 1 atm.

3.2.4. LARGE EDDY SIMULATION

In this work, LES is utilized for turbulence modeling. LES provides the
time-accurate evolution of the large scales of fluid flows that encompass almost all
of the mechanical energy of the turbulent fluid motion. The evolution of the large
scales is governed by a coarse-grained or low-pass filtered form of the Navier-Stokes
equations. The effect of nonlinear interactions between the large resolved scales
and the small truncated ones is taken into account via an appropriate modeling of
the subgrid-scale (SGS) stress tensor.

In explicit LES, the SGS tensor is approximated based on the continuous filtered
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differential equations and model expression depending on, e.g., the filtered strain
rate and possibly other quantities for which additional transport equations are
needed, and the discretization of the continuous filtered transport and model
equations in space and time is carried out afterwards using standard approximation
theory. For implicit LES, however, the coarse-grained discrete numerical model
is directly derived in a single approximation step that includes models for the
effects of unresolved interactions consistent with a specifically tailored high-order
numerical discretization [103].

The LES presented in this chapter have been performed with the adaptive local
deconvolution method (ALDM) of Hickel, Egerer, and Larsson [94], which is a
physically consistent implicit LES method based on a nonlinear, solution adaptive
finite-volume discretization scheme and spectral turbulence theory. ALDM is
appropriate for LES of the full Mach number range without any user-defined
model parameters. Its performance in comparison to common explicit LES models
has been reported by Muller et al. [32] for several transcritical and supercritical
nitrogen jets. As discussed by Matheis and Hickel [35], ALDM does not account
for all additional SGS quantities that appear after low-pass filtering the non-linear
equations used for the evaluation of the thermo-transport properties and chemistry
sources in transcritical flows. Although novel ideas towards modelling some of
these terms have been proposed, their performance for transcritical conditions
at high Reynolds numbers remains unclear due to a lack of experimental data
for high-order statistics and spatial details. ALDM has been extensively verified
and validated for transcritical injector flows; for example, by Matheis et al. [89]
for Tani’s cryogenic coaxial injector, by Muller et al. [31] for Oschwald’s coaxial
injector, and by Matheis and Hickel [35] for the non-reacting ECN Spray-A.

3.2.5. NUMERICAL IMPLEMENTATION

Real-fluid multiphase thermodynamics and the fugacity-based finite rate chemistry
model are implemented in our fluid flow solver INCA (https://inca.cfd). We
employ the same discretization schemes for the transport equations as Matheis and
Hickel [35]. In this subsection, these schemes are briefly reviewed.

The governing equations are discretized in space by a conservative finite-volume
scheme that uses a second-order central difference method for the diffusion terms,
and ALDM for the inviscid fluxes. The van Albada limiter [104] is utilized for
the mass and energy flux reconstruction to avoid spurious oscillations with possible
under- or overshoots at sharp density gradients.

A second-order Strang-splitting scheme is utilized to separate the stiff chemical
reactions from the advection and diffusion mechanisms. The method consists of
three major steps: First, the solution is updated by considering only the reaction
source terms in half a time step by means of a stiff ODE solver. We used VODE
[105] for this purpose, which is a variable-coefficient implicit solver based on
5th-order backward differentiation formulas. Second, the obtained solution is set
as the initial condition for a full advection and diffusion time step with the explicit
third-order strong stability preserving Runge-Kutta scheme of Gottlieb and Shu
[106]. Finally, the solution is updated with the second half reaction step. The



3.3. TRANSCRITICAL ECN SPRAY-A 53

time step size is dynamically adapted according to the Courant—Friedrichs—Lewy
stability condition with CFL=1.

3.3. TRANSCRITICAL ECN SPRAY-A

3.3.1. EXPERIMENTAL SETUPS

The standard reacting and non-reacting test cases of ECN Spray-A [107] are
selected for validation and demonstration. The fuel is pure n-dodecane (CiaHag)
with a low temperature of 363 K, and is injected into a chamber with a pressure of
60 bar and a temperature of 900 K. At these conditions, the cold liquid n-dodecane
undergoes a transcritical vaporization process, since the chamber pressure is much
higher than the critical pressure (18.2bar) of n-dodecane. The injection rail
pressure is 1500 bar and the injector consists of a hydro-eroded single-hole nozzle
with the nominal diameter of D = 0.09mm leading to the injection of about
3.5mg of n-dodecane fuel with a relatively constant jet velocity of about 600 ms~?
during the injection time of about 1.5ms. The chamber gas is mostly nitrogen, to
which oxygen is added for the reacting case. Elevated concentrations of carbon
dioxide and water vapor result from burning acetylene along with hydrogen in the
preparation stage. Table 3.1 summarized the initial molar composition of the gas
in the chamber.

Table 3.1.: Mole percentage of species in the chamber of reacting and non-reacting cases.
(O] N, CO; HO
Non-reacting 0.00 89.71 6.52 3.77
Reacting 15.00 75.15 6.23 3.62

3.3.2. COMPUTATIONAL SETUP
GRID SPECIFICATIONS

All simulations have been carried out using a mesh generated for a three-
dimensional rectangular domain with a length of 934 D in the axial direction and
467 D in the lateral directions, with D = 0.09 mm being the nominal diameter of
the injector nozzle.

To minimize the total number of computational cells, we instruct the flow solver
INCA to perform static zonal mesh refinement within a user-defined region of
interest. This region of interest is defined as a 10° cone that encloses the injected
jet. The target level of refinement inside the cone is defined based on the distance
from the injector nozzle, with resolution steps at axial locations 665, 411, 254, 157,
97 and 60 D from the injector nozzle. The resulting mesh is shown in Fig. 3.2.
The multi-block structured grid consists of 2864 blocks and 12.7 x 106 cells with
seven resolution levels, which are marked by L1 to L7 in Fig. 3.2. Around
40 % of the cells belong to the finest level with Aymin = Azpin ~ 10.25um and
AZmin = 2AYmin located in the near-nozzle region (z/D < 60), see the zoomed
area on the left side in the figure.
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Figure 3.2.: A mid-plane section of the 3D multi-block structured grid with 7 levels of mesh
refinements generated for LES-MT of reacting and non-reacting ECN Spray-A.

BouNDARY CONDITIONS

The injector nozzle is not resolved; instead, a suitable transient inflow condition
is used at the injector’s nozzle exit plane. This inflow is pure n-dodecane at a
temperature of 363 K and a pressure of 60 bar with a transient axial velocity that
provides the same amount of momentum as the experiment. We calculated the mass
flow rate with the CMT virtual injection rate generator (http://www.cmt.upv.es)
with input parameters according to the experimental conditions and a fuel density
of 687.24kgm~3 consistent with the RKPR EOS at the given pressure and
temperature. Fig. 3.3 shows the generated transient injection velocity. Subsonic
inlet conditions are used as the Mach number of the pure liquid is approximately
0.5 at the nozzle exit. Mass densities and the velocity vector are imposed as
Dirichlet boundary conditions, and a homogeneous Neumann condition is used for
the static pressure. The transient profile is directly used as a boundary condition
without adding any artificial turbulent fluctuations at the boundary. The induced
shear and hydrodynamic pressure fluctuations at 600ms~—' are expected to be
strong enough to create turbulence almost instantaneously.

Subsonic pressure outflow conditions are imposed at the exit face, with a
constant static pressure of 60bar as a Dirichlet condition and extrapolation of
the other independent flow variables from the domain inside. Adiabatic no-slip
conditions are applied for all other boundaries of the rectangular domain.

REACTION MECHANISM

The finite-rate chemistry model formulated for the real-fluid effects in Section 3.2.3
is used for the calculation of chemical source terms in the species mass conservation
equations. To alleviate the already high computational load of the LES-MT
method, the highly-reduced global two-step reaction mechanism of Hakim et al. [34]
is selected. This mechanism was calibrated using Bayesian inference for the precise
prediction of the ignition delay time of n-dodecane combustion at the experimental
condition of the ECN Spray-A test case. The reduced mechanism has 6 species.
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Figure 3.3.: Transient injection velocity profile used for the simulation of reacting and
non-reacting ECN Spray-A test cases, computed for using RKPR EOS.

Similar to the approach of Westbrook and Dryer for the oxidation of paraffins, the
incomplete oxidation of n-dodecane is accounted for by two-step reactions as given

below:
CioHog + 12.505 — 12CO + 13H50, (352)

The forward reaction rates (in cgs units) are expressed in Arrhenius form
Q1 = A; exp[—31944/(RT)|CE >y, C&Z° (3.54)

Q2 = 3.98 x 10" exp[—40000/(RT)|CeoCo0C . ..
—5 x 108 exp[~40000/(RT)|Cco,

The logarithm of the Arrhenius pre-exponential factor of the first reaction varies
according to the local fresh-gas condition dynamically through

(3.55)

In A; = 0y + 61 exp(fapg) + 03 tanh[(04 + O5¢0)To + Og). (3.56)

The best possible values of 6y to 6 found by matching the ignition delay time

Table 3.2.: The optimal parameters for evaluation of the pre-exponential factor of n-dodecane
reaction in the reduced mechanism of Hakim et al. [48].

90 01 92 03 04 05 06
27.38 -2.13 -2.05 1.89 -0.01 2.87e-4 8.43

with the skeletal mechanism of Narayanaswamy, Pepiot, and Pitsch [108] are listed
in Table 3.2. The local fresh gas temperature T; and equivalence ratio ¢y can be
estimated using the local value of mixture fraction [48]. The mixture fraction is




56 3. HIGH-FIDELITY SIMULATIONS OF TRANSCRITICAL SPRAYS

computed here by tracking the inert nitrogen mass fraction:
=08 —,)/ Y, (3.57)

with Y¢F = 0.72 in the oxidizer stream of reacting case.

1071 F ¢ Narayanaswamy et al. 3

Current work

10~2

10-3 k

Ignition delay time [s]

10-4 ¢

0.8 1.0 1.2 1.4 1.6
1000/ Temperature [1/K]

Figure 3.4.: Ignition delay time for the skeletal mechanism of Narayanaswamy, Pepiot, and
Pitsch [108] and the current work using the reduced mechanism of Hakim et al. [84] for the
stoichiometric mixture of the fuel and oxidizer of ECN Spray-A.

We evaluate the performance of the reduced two-step 6-species reaction
mechanism of Hakim et al. [84] by calculating the ignition delay time in a
homogeneous constant-volume reactor for a stoichiometric mixture of the fuel and
oxidizer of the reacting Spray-A case. The volume of the reactor is set according
to the initial temperature, stoichiometric composition, and pressure of 60 bar using
the RKPR EOS. Table 3.3 lists the critical values and the acentric factor of the
species required for the simulations of ECN Spray-A with this reduced reaction
mechanism. Figure 3.4 shows the time elapsed until the temperature of the reactor
has increased by 400 K above its initial value. We observe an excellent agreement
between the ignition delay time predicted by the reduced two-step mechanism used
in this study and the skeletal mechanism of Narayanaswamy, Pepiot, and Pitsch
[108] with 876 reactions and 164 species.

Table 3.3.: Critical properties and acentric factor of the species.
Species T [K] pe[bar] Z.[[] wl]]
CioHgs  658.0 18.20  0.251 0.576

O, 154.6 50.43  0.288 0.022
N 126.2 34.00 0.289 0.038
CO2 304.2 73.83 0.274 0.224
H-0O 647.1 220.6 0.229 0.345
CcO 132.9 34.99  0.299 0.048
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3.4. NUMERICAL RESULTS

In this section, we use experimental reference data of the reacting and non-reacting
ECN Spray-A in order to evaluate and validate the proposed multiphase
thermodynamics and real-fluid finite rate chemistry model for transcritical fuel
sprays.

3.4.1. NON-REACTING CASE

We compare experimental and numerical flow visualizations of the inert Spray-A
at 7 specific instants after the start of injection (ASOI) in Fig. 3.5. The left
column shows experimental schlieren images [109] and the right column shows
predictions of our LES-MT model. The non-reacting jet first penetrates in the
axial direction and spreads in the radial direction while evaporating and mixing
with the hot chamber gas, and then maintains an approximately constant radius
after some downstream distance from the injector nozzle. In the experimental
schlieren images, the saturated dark regions represent the liquid phase. For
LES-MT snapshots, we show colored contours of the liquid volume fraction (LVF),
which also indicate the amount of the liquid phase, and density gradients in the
single-phase gaseous regions, where LVF=0. The liquid penetration length is
reported to be about 10mm in the experiment, which is in excellent agreement
with our numerical results, see also Fig. 3.6.

Figure 3.6 shows the temporal evolution of the liquid penetration length (LPL)
and the vapor penetration length (VPL) for the LES-MT numerical simulation
and experimental measurements [110, 111]. For the LES-MT, LPL and VPL are
defined as the maximum axial locations with a LVF of 15% and a mixture fraction
of 0.01 %, respectively, similar to previous studies [30]. The LPL signals of LES
and experiment are in excellent agreement. For the VPL, we observe excellent
match up to about 0.6 ms. At later times, the simulation predicts slightly larger
values than those measured in the experiment. This could be due to the coarsened
mesh at those locations far from the nozzle, or due to measurement uncertainties.
The estimated uncertainty of the experimental measurements is indicated by the
gray-shaded area and significantly increases with time. On the right side of
the same figure, we also compare an experimental snapshot with highlighted
liquid and vapor boundaries with a numerical visualization. The agreement is
good, considering that both snapshots are instantaneous samples of independent
realizations of highly turbulent flows.

We present ensemble-averaged profiles of the mixture fraction on the center
line and at two downstream locations in Fig. 3.7. The statistics have been
computed by ensemble averaging LES data collected at 8 circumferential sections
every 0.5us during the time interval highlighted in Fig. 3.3. LES-MT results
follow the measured axial profiles very well. At the first station, x =18 mm, the
n-dodecane mass fraction on the jet axis is overestimated by the LES compared
to the experiment; however, the LES data fully agree with the experimental data
further downstream, which can also be seen from the radial profiles at * =36 mm.

Figure 3.8 shows global scatter plots of the temperature and the mole fractions
of the major species n-dodecane and nitrogen as a function of the mixture fraction.
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Figure 3.5.: Schlieren images of the non-reacting Spray-A (left: experiment [109]) and density
gradient contours of LES-MT solution, overprinted in the two-phase region by liquid volume
fraction contours (right).

Each point represents an instantaneous local state of the resolved LES-MT flow
field for the non-reacting case at 680us. The data points are colored with the
molar vapor fraction in a way that green is completely vapor and purple is
completely liquid. The two-phase region at the nominal operating pressure of
60 bar is indicated in the temperature/mixture-fraction diagram. A hypothetical
temperature profile predicted by multiphase thermodynamics assuming isenthalpic
mixing at 60 bar is also shown. Two-phase boundary and isenthalpic curve cross
each other at a mixture fraction of about 0.34 for this case using RKPR EOS. The
LES data points follow the isenthalpic line strikingly well. This is explained in
more detail in Refs. [30, 35]. In the two-phase region, liquid and vapor phases have
different molar compositions, as determined by phase-equilibrium computations.
The vapor and liquid compositions are shown for the two major species, n-dodecane
and nitrogen, in the mole-fraction/mixture-fraction diagrams in Fig. 3.8. The
diagrams indicate that the saturated liquid contains only about 90 % n-dodecane
and the rest is mostly nitrogen. This is a consequence of the high solubility
of nitrogen in n-dodecane at transcritical pressures, and questions the standard
pure-fuel assumption made for liquid droplets in traditional LPT methods.
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Figure 3.6.: Vapor and liquid penetration trajectories for LES-MT and experiment [110,
111] for the non-reacting ECN Spray-A on the left, and an experimental schlieren image
with highlighted vapor and liquid boundaries compared with an LES-MT temperature contour
overprinted with LVF in the liquid and two-phase region at the same instance on the right.
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Figure 3.7.: Axial (left) and radial (right) profiles of mean and RMS fluctuations of the
mixture fraction computed using LES-MT method in comparison with Rayleigh scattering
measurements [111] for the non-reacting Spray-A.

Figure 3.9 shows the contours of the molar composition of the overall mixture
as well as the compositions of the liquid and vapor phases for all species. Here,
the overall refers to the total mixture within the two-phase region, i.e., the mole
fraction in each cell is computed based on the total number of moles of each
species present in both the saturated liquid and saturated vapor phases. The
figure indicates the spatial evolution of mixing process controlled by multiphase
thermodynamics. While the heavy n-dodecane molecules represent about 90 % of
the total moles of the liquid core, they are in the minority in the vapor phase, which
consists mainly of light nitrogen molecules corresponding to the initial composition
of the chamber gas. The fuel-rich liquid core extends up to about 3mm from
the injector nozzle. Far from the nozzle and close to the tip of the liquid core,
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Figure 3.8.: Scatter plots of the LES results for the non-reacting Spray-A at 680us colored
by vapor mole fraction values. The temperature / mixture-fraction diagram (left) shows also
the temperature variation during an isenthalpic process (dashed line) and two-phase region
boundaries at 60bar. The n-dodecane (middle) and nitrogen (right) mole fraction diagrams
show the overall as well as the saturated liquid and vapor phases.

where the vapor mole fraction is close to unity, the mixture composition is close to
the saturated vapor phase and, accordingly, the mixture fraction is close to 0.34.
Water has roughly the same concentration in the liquid and vapor phases, which is
in contrast to nitrogen, n-dodecane, and carbon dioxide. This means that water in
contact with the cold n-dodecane dissolves quickly into the liquid phase, while the
other species in the environment mostly stay in the saturated vapor phase.

3.4.2. REACTING CASE

The temporal evolution of the reacting ECN Spray-A is shown in Fig. 3.10. This
figure shows experimental schlieren images [109] on the left side and corresponding
snapshots of the LES-MT solution on the right side. Similar to the inert test case,
the liquid phase appears as a saturated black region in the experimental schlieren
images and contours of the LVF show the predicted amount of liquid for the
LES-MT. There is a very good agreement between the experiment and simulation,
and the jet develops very similar to inert spray up to the auto-ignition. The
ignition delay time is approximately 400us for both experiment and simulation.
Around the ignition time, low-temperature reactions are activated in a significant
portion of the vaporized fuel. This is detectable between 20 and 25 mm after 314 us
via brighter regions in the schlieren images, and visualized by blue iso-temperature
surfaces at 920K for the LES-MT results. The high-temperature ignition occurs
after the low-temperature reactions created a sufficient concentration of radicals
and intermediate species. The highly reacting region is highlighted by the red
iso-temperature surface at 2000 K for the LES results in the last snapshot at 680 us.
The high-temperature ignition is a rapid volumetric process. An abrupt radial
expansion of the reacting jet, compared to the inert case, is observed near the
location of the flame front. We observe good agreement of the experimental flame
lift-off length (LOL) with our LES-MT result which is about 15mm as shown in
the last snapshot.

The reacting transcritical jet can be characterized by three important lengths
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Figure 3.9.: Instantaneous molar composition of the overall fluid, as well as the composition
of the vapor and liquid phases. The background contour represents the temperature field from
dark to light shades. In the two-phase region, contours of the species mole fraction of saturated
liquid, saturated vapor and overall mixture are presented.

scales: LPL, VPL, and LOL. Figure 3.11 shows the time evolution of these lengths
for our LES-MT results and the experimental measurements [110, 111]. For the
LES-MT, LPL and VPL are computed by the method explained above for the
non-reacting case. The LOL is computed as the minimum axial location where the
temperature exceeds 1800 K. The uncertainty of the experimental measurements is
indicated by the grey area around the dotted lines in Fig. 3.11. The numerically
predicted and experimentally measured LPL evolution is in excellent agreement.
The VPL evolution is in very good agreement up to about 40 mm and afterwards
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Figure 3.10.: Time sequence snapshots of reacting Spray-A for experiment (schlieren images
on the left [109]) and LES-MT (right). The white border in the last snapshot of the experiment
shows the non-reacting vapor boundary at the same timing. For the LES-MT, background
contours of the density gradient are overprinted by liquid volume fraction contours in the
two-phase region, and blue and red iso-surfaces for temperatures of 920 K and 2000 K enclose
the regions of low and high temperature reactions. The flame lift-off length (LOL) is indicated
in the last snapshot.

the values predicted by the simulation are slightly higher than the experimental
data. This is consistent with the results for the non-reacting case. The evolution
of the flame LOL is again in excellent agreement with the experiment, even though
we use a highly reduced reaction mechanism for the simulation. In order to
visualize the flame shape and volume, an experimental snapshot with highlighted
high temperature boundaries is compared with the temperature contour plot for
an LES-MT snapshot at the same time instant on the right side of Fig. 3.11. The
numerical and experimental flame snapshots are in good qualitative agreement.

Figure 3.12 shows species mole fraction contours on a plane normal to the axial
direction at x = 18 mm and ¢ = 590 us, that is, at a distance larger than LOL of
the developed flame. Accordingly, there exists no liquid phase at this location.
The molar composition indicates partially premixed conditions of the fuel and
environment even in the core of the reacting jet. The molar composition at the
core is more close to the saturated vapor phase.
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Figure 3.12.: Instantaneous snapshots of species mole fractions located at plane x = 18 mm at
590 pus ASOI in the reacting case.

The auto-ignition process is illustrated in Fig. 3.13, where we show global
scatter plots of the temperature in mixture fraction space at three different time
instants. The first snapshot taken at 380us is representative for the very late
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pre-ignition state, where significant low-temperature reactions are occurring and
the temperature is slowly increasing around the stoichiometric mixture fraction.
The spatial distribution of these low-temperature kernels is shown in Fig. 3.10.
The second snapshot is taken at 420 us, that is, shortly after the auto-ignition time
(t = 400us). Several high-temperature flame kernels have been formed in regions
with a stoichiometric mixture fraction, where enough radicals and intermediate
species coexist. In the third snapshot at 590 us, the ignition process is completed
and has provided enough thermal energy for the propagation of the flame. We see
that the high-temperature reactions are spreading into the fuel-rich regime.
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Figure 3.13.: Scatter plot of the temperature in mixture fraction space close to and after the
ignition time.

3.5. DISCUSSION

The above presented results of ECN Spray-A simulations demonstrate the potential
of LES-MT modelling for the accurate prediction of reacting and non-reacting
turbulent multiphase fluid flows at transcritical pressures. The proposed LES-MT
method is free from the main limitations of classical Lagrangian methods, which
do not account for the solubility of real-fluid mixtures at elevated pressures and
additionally may suffer from inaccurate density predictions if ideal-gas models
are used, and Eulerian dense-gas (DG) models, which can become arbitrarily
inaccurate in the two-phase region (where they may predict negative pressures,
e.g.). Moreover, high-pressure combustion typically initiates in low-temperature
reacting zones in which the fluid state and transport properties deviate strongly
from ideal-gas laws. Making ideal-gas assumptions, which is very common in
combustion simulations, or the assumption of a dense-gas without accounting for
local two-phase regions, can lead to large errors and uncertainties in transcritical
combustion simulations. Furthermore, the LES-MT method provides the possibility
of applying different reaction mechanisms in the liquid and vapor phases. Classical
DG methods cannot make this distinction and have to apply the reaction
mechanism on the overall composition, including possible condensates. For these
reasons, we emphasize that real-fluid and phase-equilibrium effects should be
considered in transcritical jets and flames. Doing so can yield very accurate
predictions for the spreading angle, liquid penetration lengths, vapor penetration
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lengths, ignition delay time, and flame lift-off length, such as shown in Fig. 3.14

and discussed in the previous sections.

a Non-reacting
™ ' Spray-A

Two-phase zone

5 mm

Spreading angle ~ 12°

Low-temperature
reacting zone

Reacting

Figure 3.14.: Volume renderings at 800 us after the start of transcritical injection of n-dodecane
(C12Hg6 at 363K) into a preheated chamber at 900 K without oxygen (left) and with oxygen

(right) using a real-fluid finite-rate chemistry and multiphase thermodynamics models.

The

operating pressure is 60 bar which exceeds the critical pressure of n-dodecane.
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Figure 3.15.: Liquid- and vapor-penetration lengths for the LES-MT of the present work,
LES-DG of Hakim, Lacaze, and Oefelein [83], and highly-calibrated LES-LPT of Gadalla et al.
[82] against the ECN Spray-A experiment [110, 111].

The LES-MT method is accurate and calibration-free. To put its performance
into perspective, we compare results for the vapor and liquid penetration
trajectories of Spray-A computed with the present LES-MT method, LES-DG
results of Hakim, Lacaze, and Oefelein [83], results of the highly-calibrated
LES-LPT method of Gadalla et al. [82] and the reference experiments [110, 111]
in Fig. 3.15. The figure shows the initial 0.2ms of the transient start-up during
which we expect a similar behavior for the reacting and inert cases. Predictions of
the current method are very close to the measurements for both liquid and vapor
length. Gadalla et al. [82] have calibrated the initial droplet size for their LES-LPT
method in such a way that the liquid length is close to the experimental data. This
calibration, however, apparently affected the vapor length prediction unfavorably.
The single-phase DG method yields the least accurate prediction for this case. As
the liquid phase boundaries are not directly predicted by the single-phase method,
Hakim, Lacaze, and Oefelein [83] defined the boundary of the liquid regions via the
mixture fraction value at which the density gradient peaks.
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The major drawback of the LES-MT method might be the highly non-uniform
computation costs, which limits the parallel scalability of flow solvers with
domain decomposition methods. The wall-clock time for simulating 10us of the
reacting spray, including the time needed for writing snapshots every 0.5us, is
approximately 8.5h on 16 nodes with two Intel Xeon Gold 6248R CPU (24 cores at
3.00 GHz), which corresponds to approximately 6500 CPUh. On average, about
40% of the CPU time is used for evaluating the EOS and transport properties,
and the majority of the rest is used for evaluating the reaction rates, the spatial
derivatives of the Navier-Stokes equations, communication, and snapshot output.

Last but not least, it should also be mentioned that we have applied LES in a
rather straightforward way without specifically addressing turbulence-combustion
interactions other than by providing reasonable spatial and temporal resolution.
The unresolved thermodynamic microstructure (SGS variations of pressure,
temperature, and composition) has without doubt nonlinear effects on the
resolved-scale solution [112], and it seems reasonable to assume that transcritical
multiphase flows are much stronger affected than ideal-gas or single-phase real-gas
flows. Hence, the quantification of uncertainties resulting from the unresolved
microstructure on the resolved pressure, temperature, and subgrid-scale terms is
the subject of our future studies.

3.6. CONCLUSIONS

We have presented a real-fluid finite-rate chemistry multiphase thermodynamics
model for the numerical simulation of transcritical vaporization, auto-ignition,
and combustion of a cold or cryogenic fuel injected into a hot high-pressure
environment. The methodology is based on solving the fully conservative form
of the compressible multi-species Navier-Stokes equations along with real-fluid
volumetric and caloric state equations. These state equations provide accurate
real-fluid thermodynamic properties for multi-component fluids that can exist
either in a single phase or undergo phase transitions during vaporization and
condensation. Multiphase and real-gas effects are also considered in the finite-rate
chemistry model, which we propose based on the fugacity or molar specific volume
function of the species.

The methodology has been demonstrated and validated for the transcritical
reacting and non-reacting ECN Spray-A. LES results obtained with the proposed
thermodynamic models are in excellent agreement with the experimental reference
data for both cases.  The time evolution of temperature in the mixture
fraction space proves the existence of the low-temperature and high-temperature
combustion stages in the autoignition process of Spray-A, which have been reported
experimentally.

The very good agreement of auto-ignition time, flame lift-off length, and flame
structure might be surprising because only a simple two-step reaction mechanism
has been applied. However, one should note that Hakim’s mechanism has
been specifically calibrated for the considered flow conditions including low- and
high-temperature ignition stages. In our LES, real-gas vapor-liquid equilibrium
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calculations accurately determine the saturated vapor composition, and this
composition and the rate with which it mixes with the oxidizer determines when
and where auto-ignition takes place.







Transcritical Multiphase
CounterFlow Diffusion Flames

In Chapter 4, the focus shifts to counterflow diffusion flames to better understand
the microscale physics of transcritical combustion. Here, advanced models are
developed to simulate the nonideal transport and chemical behavior of transcritical
mixtures. The chapter also introduces models for calculating fugacity-based diffusion
driving force, and extends these to the multiphase regime. For completeness, this
chapter includes a brief outline of material that has been presented previously.
Stmulations show how real-fluid effects alter flame dynamics and ignition behavior,
and demonstrate that common assumptions like ideal-gas behavior or unity Lewis
number can lead to large errors.

The content of this chapter has been published as Numerical Simulation of Transcritical
Multiphase Combustion Using Real-Fluid Thermochemical and Transport Properties in
Combustion and Flame 275 (2024) [113].

69
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4.1. INTRODUCTION

Experimental studies showed that transcritical fuel injection is a mixing-controlled
process depending on the amount of oxidizer dissolved in the liquid fuel stream [114,
e.g.]. Consistent with these experiments, many numerical studies have modeled
transcritical jets using diffuse-interface methods. In this formulation, the working
fluid is modeled as a single-phase dense gas (DG), and the thermo-transport
properties of the working fluid are computed via a suitable equation of state
(EOS) with high-pressure correction schemes for transport coefficients. However,
the applicability of the DG approach in transcritical conditions is limited to very
high pressures close to the cricondenbar. This is because neglecting the effect
of transcritical phase separation at lower pressures can lead to non-physical or
ill-defined states when the flow locally passes one of the mechanical, thermal, and
diffusional stability limits [4].

To overcome these limitations, we use the LES-MT model as explained in
Chapter 3. In the MT method, rapid phase splitting (flash) calculations as
explained in Chapter 2, provide information on the composition and amount of
saturated vapor and liquid phases, based on which the thermo-transport properties
can be determined with suitable mixing rules in the coexisting regions. Considering
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Figure 4.1.: Mixture properties computed by RKPR EOS [92] without VLE (DG) and with
VLE (MT). Variation in pressure of a binary mixture of hydrogen and oxygen as a function of
the specific volume (left). Composition functionality of the fugacity of n-dodecane in a binary
mixture with nitrogen (right).

VLE in real-fluid thermodynamics effectively eliminates the drawbacks of DG-based
approaches for describing the two-phase region [72]. For example, as shown in
Fig. 4.1, problems such as negative pressure values with non-physical compression
during volume expansion as reported by Ma et al. [5], or non-physical anti-diffusion
due to the negative derivative of fugacity of species relative to its mole fraction as
reported by Jofre and Urzay [4], disappear via the phase-splitting calculations with
the MT method.

Due to the high pressure in the combustion chamber, the thickness of a
transcritical flame is much smaller than the size of turbulent eddies in practice [44].
In other words, while turbulent eddies bring the fuel and oxidizer together on
a macroscopic scale, molecular diffusion completes the mixing process on the
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mesoscopic scale of the flamelet thickness so that combustion can occur. Hence, a
classical counterflow diffusion flame (CDF) setup under the relevant conditions can
be effectively utilized for the detailed study of transcritical flames.

Accurate simulations of transcritical CDF require precise modeling of the
transport phenomena, specifically molecular diffusion. In pressurized environments,
the diffusion driving force deviates from that of dilute conditions on the basis of the
mole fraction of species. These deviations are neglected in most studies because of
the complexity of the calculations. Guven and Ribert [115] showed the importance
of including the chemical potential as the actual driving force in supercritical
flames; however, its implementation for transcritical multiphase effects remains an
open question.

In addition to molecular diffusion, modeling the dynamic viscosity and thermal
conductivity requires transcritical two-phase treatment as well. One might conduct
a separate evaluation of those properties for the saturated vapor and liquid
mixtures and combine both values with a suitable mixing rule; however, it is
unclear how different mixing rules would affect the simulation results.

This chapter represents a comprehensive numerical framework developed based
on the multiphase thermo-transport models for studying transcritical counterflow
flames. The RKPR EOS of Cismondi and Mollerup [92] coupled with the rapid
VLE solver of Fathi and Hickel [51] is used to efficiently model the non-ideal
behavior of the working fluid. Dynamic viscosity and thermal conductivity are
modeled with the Chung [116] method combined with a new mixing formula in
the two-phase region. The diffusion mass flux is computed using the Dixon-Lewis
formula with the thermodynamic correction factor to account for the species’
actual diffusion driving force. The correction factor is computed consistently with
the applied EOS and extended for two-phase conditions. To cover the whole range
of real fluid effects on high-pressure combustion, a real finite-rate chemistry model
based on the fugacity of species in the mixture is utilized.

To ensure completeness and maintain a coherent narrative, this chapter also
provides a summary of selected material introduced in earlier sections, allowing the
reader to follow the discussion without needing to refer back to previous chapters.

4.2. GOVERNING EQUATIONS

In a transcritical counterflow setup, the liquid or liquid-like supercritical fuel and
the gaseous or gaseous-like supercritical oxidizer come from opposite directions and
mix by diffusing across the stagnation plane. The combustible mixture ignites and
generates a stable flame close to the stoichiometric region. The working pressure
is higher than the critical pressure of the pure components in the fuel stream and
lower than the cricondenbar pressure of the mixtures in-between. The problem
configuration is shown schematically in Fig. 4.2.

The low-Mach variable-density form of reacting Navier-Stokes equations (NSE)
can be utilized directly as the governing equations for the transcritical reacting
counterflow problem. The governing equations can be reduced to a quasi-
one-dimensional form along the axis of symmetry. Similar to Zambon and
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Figure 4.2.: Schematic of a transcritical counterflow diffusion flame with an operating pressure
above the critical pressure of the liquid stream.

Chelliah [117], this dimensional reduction can be carried out by writing the Taylor
series expansion of the variables in the radial direction about the symmetry axis:

262
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with ¢(x,r,t) denoting any variable of interest, x and r are the axial and radial
coordinates, and t is time. The zero subscript indicates the value along the
symmetry axis.

Along the axis of symmetry, the values of the radial velocity v and the first-order
derivatives of all other variables are zero. Moreover, the second-order derivatives
of all variables can be neglected except for the dynamic pressure, p;, of which
the radial dependency must be kept because of its role in the radial-momentum
equation. The non-zero first derivative of the radial velocity is referred to as
the stretch rate K(z,t) = (0v/0r) |r=o, and the non-zero second derivative of the
dynamic pressure is called the pressure curvature A(t) = (9%p1/0r?) |,—o. Note
that by applying a radial derivative to the axial momentum equation, it can be
shown that A is not a function of the axial direction and can be a constant or a
function of time only.

The resulting equations along the symmetry axis at » = 0 are:

Do~ (42)

8(;? +p %Zk = —% +wg (4.3)
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where u is the axial velocity, p is the density, T' is the temperature, and c¢,, A and
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1 are heat capacity, thermal conductivity, and dynamic viscosity of the working
fluid. Y, hk, Ji, and W are the mass fraction, partial enthalpy, diffusion flux, and
net production rate of the species k = 1,2,..., N with N being the total number
of species.

Since the pressure curvature is not a function of the axial location, it can be
computed employing the density and the strain rate at one of the boundaries via

A = —paod?, (4.6)

where the subscript co denotes the reference boundary and a is the applied strain
rate at the boundary.

The axial momentum equation is implicitly included in this low-Mach model
because the effect of the axial gradient of the dynamic pressure on the energy
change was neglected. The axial velocity can be computed via the continuity
equation after the density variation has been determined from the primary variables
like temperature and species mass fractions. This can be done by replacing the
density with the specific volume p = 1/9, and through thermodynamic relations
under the assumption of constant thermodynamic pressure:

O _ 50T 8Yk

where ay, is the volumetric thermal expansion coefficient at constant pressure and
composition, which is defined as a, = (1/9) (09/9T) |p)y,, and Uy is the partial
volume of species k, which is defined mathematically as ¥ = (09/0Y%) |1,py,.,-
Substitution of the temporal variation of density in the continuity equation
(4.2), yields an equation for the variation of the mass flux pu throughout the
computational domain reads as:

dpu a, | 0 Ohy, N
2 +< ——i—pZﬂk > :C:lax( ) ZJ thwk]
N
N
+ p;ﬁk (8%‘ + wk) — 2pK. (4.8)

That is, the axial mass flux can be computed at any time from the primary
variables.

In summary, the governing equations for transcritical counterflow flames in the
context of the multiphase single-fluid mixture formalism are Egs. (4.2)-(4.5) with
the constraint Eq. (4.8). The required thermo-transport properties are presented
in the next section.

Flamelet models or tabulated chemistry methods typically use the mixture
fraction Z and the progress variable C to universally represent the flame structure
(independent of spatial coordinates). They can be defined algebraically as functions
of the species and/or energy variables. In the present study, we do not address the
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construction of lookup tables; however, the structure of the flame is discussed as
a function of the mixture fraction Z. For this purpose, the following transport
equation is added to the governing equations:

oz 02 _0 (1 Aoz
P ot

= 4.
p ox ox (4.9)

Lez ¢, Ox

The Lewis number Lez for this (and only this) auxiliary variable is set to
unity. In the presence of preferential diffusion, the mixture fraction obtained from
this equation is not identical to the mixture fraction obtained from the species
transport equations and generalization is needed, but it is sufficient to represent
the flame structure, which is the purpose here. See Ref. [118] for a discussion of
the differential equations for Z and C in the case of preferential diffusion.

4.3. REAL-FLUID TRANSCRITICAL PROPERTIES

At high-pressure conditions, the fluid properties deviate strongly from ideal-gas
or ideal-liquid models. In addition, the fluid mixture can locally enter into a
subcritical two-phase regime, in which interfaces between liquid-like and gas-like
phases may form, and the mixture properties do not directly follow from the EOS.
In this section, we present a suitable volumetric and caloric EOS coupled with a
VLE model that properly describes these effects.

4.3.1. THERMODYNAMIC PROPERTIES

The general cubic EOS is used as the volumetric EOS to express the relations
between the molar-specific volume, pressure, and temperature of the real-fluid
mixture:

p=TRT/(0—b)—a/ [(J+61b) (J+6b)] . (4.10)

The symbol R denotes the universal gas constant, ¥ = W/p is the molar specific
volume with W being the mean molar mass of the mixture, a and b are the
attractive energy and co-volume parameters, and §; and d2 are two extra calibration
parameters. The parameters are determined via a suitable mixing rule on the basis
of the molar composition and individual species properties. For instance, energy
and co-volume parameters are computed using the van der Waals mixing rule as
follows: N N

a =31 2= XiX (1= Kig) \/aady

4.11
b= ZZI\LI Xib; , ( )

where k;; is the binary interaction coefficient between species 7 and j. @; and b;
refer to the values of pure species of these parameters, which can be obtained
using the acentric factor and the critical temperature and pressure. Cubic EOS is
generally known as an appropriate compromise between complexity and accuracy;
the modeling framework described in the following is, however, not limited to this
choice and is also applicable to other EOS.



4.3. REAL-FLUID TRANSCRITICAL PROPERTIES 75

The general cubic EOS can be cast into a specific cubic EOS by choosing a
functional form for the model parameters in Eqgs. (4.10) and (4.11) [51, e.g.].
SRK [86] and PR [87] are traditionally the most popular cubic EOS. However,
as suggested by [35], the RKPR EOS of Cismondi and Mollerup [92] should
be selected for transcritical conditions. RKPR yields better predictions close to
the critical point by including a calibrated critical compressibility factor in its
formulations. Figure 4.3 compares the performance of these cubic EOSs against
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Figure 4.3.: Density prediction of PR, SRK, and RKPR EOSs for pure n-dodecane against the
reference work of Lemmon and Huber [97] (left), and a ternary mixture of methane, n-butane,
and n-dodecane against experimental measurements of Regueira et al. [119] (right).

the highly accurate EOS of Lemmon and Huber [97] for pure n-dodecane, and
against experimental data of Regueira et al. [119] for a ternary mixture of methane,
n-butane, and n-dodecane. We clearly see that the RKPR EOS predicts the density
more accurately than SRK and PR at high pressures, and also that errors of the
ideal-gas EOS are unacceptably large.

The caloric EOS for real fluids can be derived using the departure function
formalism. For the general form of cubic EOS, the molar-specific internal energy of
the fluid mixture is expressed as:

é=Y_ Xphj—RT+(a—T0a/OT)/ (62 — 61)b]In [(V + 61b) / (0 + 620)] . (4.12)
k=1

The molar specific enthalpy fzz of the pure species k& at the standard
pressure (including the enthalpy of formation) is calculated via so-called NASA
polynomials [100]:

;LZ/'R = —ak71T71 +ar2InT + ap 3T + ak74T2/2 .
+ ak75T3/3 + ak’6T4/4 + CLZ"7T5/5 +ars , (413)
where ay;.g are polynomial coefficients of the species k, and their values are

tabulated in the reference paper [100]. In the following, the formulations required
for the computation of the thermodynamic properties using the aforementioned
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kinetic and caloric state equations are elaborated.

SINGLE-PHASE REAL-FLUID THERMODYNAMICS

This subsection summarizes the required formulations for evaluating the

thermodynamic properties of a stable single-phase multi-component fluid mixture.

It includes the equations necessary to calculate mole fractions, density, thermal

expansion coefficient, constant-pressure heat capacity, and partial volume and

enthalpy of the species for given temperature, pressure, and species mass fractions.
Mole fractions are computed from known mass fractions via

Xp = WY3/ Wi, | (4.14)

where W =1/ Egil Y} /Wy, is the mean molar mass of the mixture and Wy, is the
molar mass of the species k. The molar-specific volume is determined by rewriting
the cubic EOS as follows:

9 + 020% + 010 + 00 = 0 (4.15)

with
00 — —ab/p — (b + RT/p) 61(52[)2 s
01 = 61020> + a/p — (61 4+ 62) b (b+RT/p) , (4.16)
02 = ((51 +(52 — 1)b—RT/p .
Cardano’s algorithm is typically used to determine the roots of Eq. (4.15). In case
of more than one real root, the root associated with the lowest Gibbs free energy
should be selected [63]. The density is eventually calculated using p = W/4.

The partial volume of species ), = U}, /Wy is computed from the partial molar
volume U, = (819/ OXk)|T,px,.,- The partial derivative is evaluated by assuming
that é; and Jo are composition independent. For the general form of cubic EOS
one obtains:

Ik = —ART/[(B = b) + (5 — b)2 /b] — (90 /X)) /[(9 + 61b) (9 + 6ab)] ... (4.17)
+ aby[268185 + 9(1 + 82)]/[(9 + 81b) (9 + 62b)]2}/(9p/ D) |7, x, (4.18)

in which (9p/09)|r.x, is

(0p/90)|1,x, = —RT/(9 — b)? + a[20 + (61 + 62) b] /[( + 61b) (D + 62)]% .
(4.19)
The volumetric thermal expansion coefficient can be computed using the
thermodynamic relation

ap = — (1/9) (0p/0T) |5 x, (9p/09) " |r.x, (4.20)

with
(0p/0T) |5, x, = R/(0 = b) = (8a/OT) ] [(9 + 61)( + 82)] - (4.21)

The heat capacity of the mixture can be computed via ¢, = ¢,/W with the
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following thermodynamic relation for its molar specific value,
& = &0 — T(Op/OT)? |5 x, (Op/00) r.x, - (1.22)

where ¢, = (9¢/0T) |5 x, is the molar specific heat capacity of the mixture at
constant volume, and can be obtained from the caloric EOS as:

G =Y Xy — R — (T9%a/0T?)/ (62 — 61) b} n [(J + 61b) / (9 + 620)] . (4.23)
k=1

with ¢, = dl_zi(T)/dT being the molar specific heat capacity of the pure
component k at standard pressure, which is the temperature derivative of
Eq. (4.13).

The partial enthalpy of species k is defined as

hi = (éx +p1§k)/Wk , (4.24)
in which the molar partial internal energy of the species e, = (0¢/0Xy) |7,p x,., is
e = hS — RT + (9), — 9by /b)(a — T (9a/OT))/[(D + 61b) (9 + 62b)] . ..

+ {b[(8a/0Xy) — T (8%a/OTIXy)] — bla — T (9a/IT)]} ...
x In [(9 + 610) /(9 + 62b)] /[(62 — 61) b7] . (4.25)

for the general cubic EOS.

MuLTI-PHASE REAL-FLUID THERMODYNAMICS

When the boundary of the two-phase region is crossed during the mixing at
transcritical operating conditions, the fluid becomes thermodynamically unstable
in a single phase. That is, its Gibbs free energy is not a minimum for the given
temperature, pressure, and composition, and thus it splits into vapor and liquid
phases with different compositions to lower the Gibbs free energy.

Phase-splitting (flash) calculations must be performed to determine the
equilibrium amount and compositions of the saturated vapor and liquid mixtures.
In this study, we use the rapid isothermal-isobaric flash (PT-flash) calculation
method of Fathi and Hickel [51], which is formulated for general cubic EOS. For
a comprehensive review and practical implementation guidelines, the readers are
referred to Ref. [51].

Once the vapor fraction and the molar composition of the liquid and vapor phases
are determined, the aforementioned single-phase thermodynamic correlations are
used to separately evaluate all properties of interest for each phase. The combined
total properties of the two-phase mixture are obtained as follows: The total value
of a mole-specific quantity ¢ in the multiphase region is

o=0-0)p" +6p" , (4.26)
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with 6 being the vapor mole fraction, and superscript L and V refer to the value in
the liquid and vapor phases. The mixture value of a molar partial quantity ¢y, is

o= (1—-0)pp X}/ Xy + 0@, X\ /Xy, (4.27)

where X ,f and X ,2/ denote the mole fraction of species k in the liquid and vapor
phase and X, = (1 — )X} + 60X} .

4.3.2. TRANSPORT PROPERTIES
ViscosITY AND CONDUCTIVITY

We first review Chung’s method for single-phase multi-component mixtures
and afterwards discuss how the overall transport properties can be effectively
determined when the mixture is thermodynamically unstable. Following Chung
et al. [116], and neglecting the effect of molecular polarity, the dynamic viscosity
with the unit [Pas] is modelled as

1= 36.344 x 1077 u (WT,)/292/3 | (4.28)

in which W [gmol™'], T [K], and 9. [cm®/mol] are the molar mass, critical
temperature, and critical molar specific volume. The factor p, is

gy = THPQF(Gy+EeYs). ..
+ ErY?Gaexp(Bs + BoT, ' + E1T,?) (4.29)
with T, = 1.2593T/T.. and Y, = 9./(61) are the effective reduced temperature and

density, respectively. The correction factor F, = 1 — 0.276w is computed using w as
the representative acentric factor, and the other parameters are

Q, = 11617, %19 40.525¢ 07737« 4 216224387~ |
Gy = [El/Y*(]. — 67E4Y*) + E2G16E5Y* + E3G1] / (E1E4 + Es + Eg) s
G = (1-05Y.)/(1-Y.)?>.

The coefficients E; = a; + bjw depends on the calibrated parameters a; and b;
available in the original paper [116].

The thermal conductivity with the unit [W m~! K~!] is approximated as
A =312 x 10°G4(G3 ' + BeY.)u® /W + G5B, Y2(T/T,.)?C3 (4.30)

where ;° with unit [Pas] is the low-pressure (or ideal-gas) viscosity of the mixture.
The latter is estimated as

pd = 40.785 x 1077 F,(WT)'/2/(9?/3Q,) , (4.31)
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and the remaining parameters are

Gs = 0.1134(T./W)Y297%/3
Gy 1+ a(0.215 + 0.283a — 1.061 + 0.2677)/(0.637 + B + 1.061a,3) ,
Gs [(Bl/Y*) (1 — eiB4Y"> + B2G1€B5Y* + BgGl] / (B1B4 + By + Bg) ,

with a = &/R —2.5, = 0.786 — 0.711w + 1.317w?, v = 2+ 10.5(T/T.)?, and
B; = ¢; + djw. The calibrated values of the parameters c¢; and d; are available
in the original paper [116]. All fluid-specific inputs required by this model can
be obtained from readily available data of individual stable components, such as
the molar mass, critical temperature, critical molar specific volume, and acentric
factor.

To estimate the overall transport properties of unstable mixtures, we first
determine the composition of the saturated vapor and liquid phases and compute
the transport properties of those (stable) mixtures via the aforementioned equations
separately. Afterward, we combine these values to find the overall transport
properties of the fluid. To this end, we recommend the use of the effective
medium theory (EMT) model [120], which was initially proposed for the evaluation
of conductivity in heterogeneous materials [121]. This model assumes a random
distribution of all participants in a heterogeneous environment, which is assumed
to be similar to the distribution of vapor and liquid phases in a transcritical
environment, where very small local variations can cause phase separation and
recombination.

With the EMT model, the overall dynamic viscosity and thermal conductivity
of the unstable multi-component mixture are calculated from their values in the
saturated liquid and vapor phase as

L 14

pt—pu po—p

1-© +0 =0, 4.32
( )uL+2u T 2 (4.32)

A=\ AV =\

(=0 oy T O ran = O

(4.33)

where O is the fraction of the total volume occupied by the vapor phase and can
be obtained from the vapor mole fraction 6 available from flash calculations as

0 =09v/[09Y + (1 - 0)9"] . (4.34)

Figure 4.4 compares predictions of two approaches for the evaluations of thermal
conductivity and dynamic viscosity of the mixtures in the context of MT. We see
that a naive application of Chung’s method using total fluid composition leads to
spurious oscillations of the conductivity and a too-low dynamic viscosity in the
two-phase region. Considering phase separation with an appropriate mixing rule,
like the proposed EMT model, provides the expected monotonous variation of the
transport properties in the two-phase region. Note that there exists no exact
reference data, as the effective mixture viscosity and conductivity depend on the
exact geometry of the phase interfaces, which is generally unavailable.
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Figure 4.4.: Thermal conductivity (left) and dynamic viscosity (right) of n-dodecane and
nitrogen mixtures at 60bar and 600K computed with the EMT model using RKPR EOS
coupled with VLE and Chung correlations, compared to predictions neglecting phase separation.

DirrusioN MAss FLUX

For real-fluid multi-component mixtures, the diffusive species mass flux due to the
composition inhomogeneities can be computed using the Dixon-Lewis formulation
in the generalized form of Fick’s law

N—-1
T = —p(Wi/W)Din Y crjd; (4.35)

Jj=1

in which Dy; is the Stefan-Maxwell diffusion coefficient of the species pair &, j and
ckj is the dimensionless multi-component diffusion factor matrix

=T+ Ay - (4.36)

The matrix A is constructed from the mole fractions and the Stefan-Maxwell
binary diffusion coefficients

Din
pe <
Z D
with d;; being the Kronecker delta, and Z is the identity matrix. The diffusion
driving force vector d; is usually approximated by the gradient of the species mole

fractions. For the present study, we include the so-called thermodynamic factor
matrix I' to represent high-pressure effects [122] as

W, Din\ Din
1) o+ X = — ) iN- 4.37
> b y (WN Drj ) Din (4.37)

N-1
= T (0Xy/0x) (4.38)
k=1

where
ij = Xj (8111 fj/an) |P,T,Xi¢k . (439)
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However, instead of using the above definition of T' directly, we express the
fugacity f; of species j as
fi = XiRT/v; , (4.40)

based on the specific volume function 1; of Fathi and Hickel [51], which is for the
general cubic EOS given by

In; =1n (0 —b) —b;/ (9 — b) +Dab;/ [(FRT)(D + 51b) (9 + d20)] . ..
— [ab; — b(9a/0X;)] / [(61 = S)0*RT) W [(9 + 810) / (9 + 20)] . (441)

Substituting Eq. (4.40) into Eq. (4.39), the thermodynamic correction matrix can
be written as the sum of an ideal and non-ideal contribution:

ij = 5jk - Xj (61111/)]/an) |P,T,Xj¢k . (442)

The second term represents the deviation from the ideal driving force for real-fluid
mixtures. The fact that it is derived analytically and only the second term is zero
when the mole fraction of the species j is negligible shows that this formulation is
free from the singularity problem of alternative formulations that was addressed by
Giovangigli, Matuszewski, and Gaillard [123].

In order to determine the Stefan-Maxwell binary diffusion coefficient of
real fluids, we generally recommend the correction method of Leahy-Dios and
Firoozabadi [124]. When the system pressure is under 100bar, computations
can be significantly accelerated by simply correcting the ideal binary diffusion
coeflicient with the mixture’s compressibility factor, that is,

D;; = 2DY; (4.43)
where z is the compressibility factor of the mixture, and D?j is the molecular
diffusion coefficients of component ¢ infinitely diluted in component j at negligible
pressure. We use the Chapman-Enskog theory [see, [95], e.g.] for the evaluation of
Y.

The computation of the dimensionless multi-component diffusion factors from
the inversion of the matrix given by Eq. (4.36) is very expensive. One common
remedy is known as the mixture-averaged method. Using this approximation, the
molar diffusion velocity of species ¢ in the mixture is calculated by assuming the
equality of the molar diffusion velocity of all other species. Although the results
of the mixture-averaged model are typically quite close to the full Dixon-Lewis
approach, specifically when there is a large amount of an inert gas like nitrogen in
the environment, considerable differences may be observed in cases that include a
very diffusive species like hydrogen or light radicals.

Recently, Naud and Arias-Zugasti [125] introduced a novel numerical framework
with the main idea of using no approximation for the (1 + M) most abundant
species and applying truncated power series expansion models for the other species
with negligible concentrations. They could reproduce the diffusion mass flux within
the accuracy of the Dixon-Lewis approach at a computational cost always lower
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than the mixture-averaged method. The model of Naud and Arias-Zugasti can be
rewritten as follows:

_pWi/WDiN Z;vzzl Cijdj , 1< M,
Ji = § —pWi/WDinciid; , M<i<N, (4.44)
N—-1 .
=2 =1 Jj ,1=N,

where ¢;; is computed with the method explained in the original work [125].

In the two-phase region, we approximate the effective non-ideal diffusion driving
force using Eq. (4.26) with ¢ being the amount of deviation from the ideal driving
force for the liquid and vapor phases. Figure 4.5 highlights one important effect
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Figure 4.5.: Diffusion mass flux for n-dodecane (left) and oxygen (right) computed at 60 bar
and 500K for a predefined mixture fraction distribution using the non-ideal driving force
formulations within a single-phase (DG) and multiphase (MT) model.

of the MT formulation on the non-ideal driving force at transcritical conditions on
the example of the diffusion mass fluxes of n-dodecane (left) and oxygen (right),
which were computed at a constant temperature of 500 K and constant pressure
60 bar using a predefined profile for the mixture fraction of pure n-dodecane fuel
and an oxidizer consisting of oxygen, nitrogen, carbon dioxide, and water. The
MT framework predicts the expected mixing of fuel and oxidizer, whereas the
application of a single-phase DG approach combined with the accurate model for
the non-ideal diffusion driving force leads to an anti-diffusion in the diffusional
spinodal of the two-phase region. These results demonstrate the importance of
consistent models; if meso-scale phase separation is ignored (single-phase DG),
then an accurate fugacity-based diffusion model will demix an unstable mixture
and thereby establish phase separation on the macro scale. This spurious demixing
intercepts the fueling of the flame, and might result in flame extinction or a wrong
ignition delay time in actual simulations.

4.3.3. CHEMICAL PROPERTIES

According to the mass action law, the species’ net mass production rates are

= My 30 () = v, (4.45)



4.3. REAL-FLUID TRANSCRITICAL PROPERTIES 83

where N, is the total number of reactions, and v}, and v/¥ are the stoichiometric
coefficients of species ¢ on the right and left side of the reaction r. The reaction
rate Q, is a function of the concentrations of the reactants through

v vl
Q =k, [, C7 — h, T, €7 (4.46)
The forward and backward rate coeflicients k¢ and k; are commonly computed by
the Arrhenius law.

Following the real-fluid finite-rate chemistry model of Fathi, Hickel, and
Roekaerts [75], the required concentrations of the species in Eq. (4.45) can be
calculated in a thermodynamically consistent way from the fugacity of the species
in the mixture or from the specific volume function defined in Eq. (4.40) as follows:

Cj = fi/(RT) = X;/¢; . (4.47)

When the reaction rates are expressed in terms of the fugacity or the specific
volume function, the backward rates can be calculated from the equilibrium
constant

Ker = [p°/(RT)]"" exp[ASY /R — AH/(RT)] (4.48)
where v, = Zf\il (vP —vF) is the net change in the number of species in the
reaction, and AH? and AS; are the net change in reaction enthalpy and entropy
at the standard pressure p° = 1 atm.

The present fugacity-based approach for real-fluid chemistry is conceptually
aligned with the earlier non-ideal model of Giovangigli and co-workers [126, 127]
which is used recently by Monnier, Ribert, and Duhem-Duvilla [128] for the
high-fidelity simulations of the oxy-combustion of methane in the context of liquid
rocket engines. While the Giovangigli’s formulation leverages the activity to
account for the non-idealities effects for the evaluation of the concentrations, the
current model utilizes the equivalent concept via the specific volume function.
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Figure 4.6.: Real gas effects on first and second ignition delay time as a function of inverse
temperature for stoichiometric mixtures of n-dodecane and air at two different pressures. For
the pressure of 20 bar, symbols denote experimental data of Vasu et al. [129].
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Figure 4.6 quantifies real-gas effects on the prediction of the ignition delay time
for stoichiometric mixtures of pure n-dodecane and air at two different pressures of
20 and 60 bar. Here we use a reduced chemical mechanism calibrated following the
methodology presented by Lapointe, Zhang, and McNenly [130]. The mechanism
consists of 65 species and 363 reactions, and yields predictions in very good
agreement with the experimental data of Vasu et al. [129], as shown in the figure.
The first (cold) ignition time is defined as the point in time when the temperature
rapidly ascends a few degrees during the first stage of combustion, and the second
(hot) ignition time is defined as the elapsed time until the initial temperature of
the mixture increased by 400 K. We observe that real-gas effects are noticeable but
small at 20 bar and become significant at the higher pressure of 60 bar. Note that
the ignition delay time is plotted on a logarithmic scale.

4.4, NUMERICAL IMPLEMENTATION
4.4.1. SPATIAL DISCRETIZATION

The governing equations are discretized on a one-dimensional grid with a
non-uniform distribution. All variables are stored at grid points {z;} and the
method of lines is followed to separate the space and time derivatives.

Viscous terms are discretized using the central difference scheme:

. gi— i — ¥i) — Tli— él it Yi—
9 (5’%)' _ o iryplic(Pivt = 9i) = Mimajalilpi — pic1) (4.49)

oz \Tox Cili_1(; 4+ Ci—q) 7

here written for a generic variable ¢ and the corresponding generic viscosity 7
; where 7,41/2 is the interpolated viscosity coefficient at ;41,2 = (2 + 24+1)/2,
and ¢; = x;41 — x; is the grid spacing. This formula is employed for the viscous
terms in the stretch rate, temperature, mixture fraction, and progress variable
equations. For the species equations, the first-order derivative of the diffusion flux
is discretized in a conservative way as follows:

03,
ox

_ 2Jk\i+1/2 - »7k|i—1/2 7 (4.50)
b+ i

i

using Eq. (4.44) to compute the value of species diffusion mass flux J|;11/2 based
on the interpolated solution at z;+,/2. The corresponding enthalpy transport in
the energy equation is

Ohy,
(Jk D )
where the partial enthalpies at locations ¢ £ 1/2 are estimated by averaging their
values at the adjacent grid points. Note that the first term on the right-hand side
stands for the inter-diffusion heat flux of species k, and the second term exists due

to writing the energy equation based on the temperature instead of enthalpy.
Convective terms are discretized using the QUICK-FD method [131] with the

Pieiv1/2Tkliv1/2 = Prjim1/2Tkli—1)2 N

- i ——— 4.51
£i+€i71 hk,z ) ( 5 )

=2 or

% %
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following formulation derived for the stretched grid:

9

o (4.52)

_ )izt @pi1 T v+ apiv Ui >0
i S5pi—1 +S6pi +STPit1 +s8vite , w; <0

with
Sr="Lili1/[(li—a +Li—1)(li—g + L; + i1 )li—a] ,
o= —(li—og +li1)li/[li—ali1(C; + £i—1)] ,
G3=[—02_ 1+ (20; — li_o)li—1 + Lil; o]/ [(lia + Li—1)lili—1] ,
Sa =Vlia(bica +Li1)/[(lica + L + Li1) (i + Li_1) ]
S5 = —Li(li + Lig1)/[(l; + lizy + Lig)lia (b + Liz1)]
S6 = [512 + (lig1 — 26;21)0; — i1 lin )/ [(4 + Liga)lilia]
G7 = (Ui + L)l /[lig1 (€ + i1 ]ls)
= —Lili_1/[(l; + Lig1)(li + iy + Lig1)lita] -

4.4.2. TIME INTEGRATION

The spatial semi-discretization yields a system of ordinary differential equations
(ODE) that can be written as

AU = T(U) + RWU) , (4.53)

where U = [Y1.n, K, T, Z]" is the vector of primary variables. All other variables,
such as the axial velocity u and fluid properties, can be computed from Y. The two
vectors on the right hand side of Eq. (4.53) denote the rates of change due to the
transport processes T(U) and chemical reactions R(U). The latter stiffly couples
the system of equations and would require very small time steps with explicit time
marching methods. We, therefore, use a suitable operator splitting method in
which the stiff reaction part is separated from the transport process. As shown in
the analysis of Speth et al. [132], the operators should be regrouped by adding and
subtracting a balancing term c,, that is kept constant during all splitting sub-steps
of time step n in order to guarantee that steady-state solutions are independent
of the time step size. In this study, we use the second-order balanced splitting
method of Wu, Ma, and Thme [49], which can be written in semi-discrete form as:

c, = —-TUy,)
dUY = RUD)—c,, with UV (t,) =U,
dU® = TUD)+c,, with UD(t, + At/2) =UD (¢, + At)
Uppy = UD (L, + AL . (4.54)

The balancing term ¢, = —T(U,,) is computed at the beginning of each time step.
The stiff reaction step, which is now a local system of ODEs for the specific heat
release and mass rates, is integrated by a variable-coefficient ODE solver using a
fifth-order backward differentiation scheme [105] over two half-time steps with an
update of the thermodynamic properties in between. For the non-stiff transport
step, we use a Lie-Trotter splitting of the diffusion terms and the remaining terms.
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For the implicit time integration of the diffusion terms, we use the trapezoidal rule
with second-order backward difference formula (TR-BDF2) [133]. A third-order
strong stability preserving explicit Runge-Kutta (RK) method [134] is used for the
remainder, in which the axial velocity and the thermo-transport properties are
updated each sub-step.

4.4.3. INITIAL AND BOUNDARY CONDITIONS

Dirichlet boundary conditions are imposed for temperature and species mass
fractions on both inlets. The stretch rate is set equal to the specified strain rate
on one side and a Neumann boundary condition is used on the other side. The
mixture fraction is 1 in the fuel stream and 0 in the oxidizer stream. In this study,
we put the stagnation point (point of zero axial velocity) at the origin of the axial
direction, which is in the middle of the computational domain.

All primary variables in the solution vector U can be initialized based on a
prescribed distribution of the mixture fraction in the computational domain. For
simplicity, we use a step profile around the stagnation point so that the mixture
fraction is 1 on the fuel side and is 0 on the oxidizer side and at the stagnation
point. Subsequently, the mass fractions are obtained via a linear combination of
their values at the boundaries and the local mixture fraction. Given the local
composition, the temperature can be computed with the assumption of adiabatic
mixing based on the enthalpy at the inlets and the local mixture fraction. The
stretch rate is computed using the density of the fluid at each point via

K(2) = V—A/p(a) , (4.55)

with A obtained from the boundary conditions, see Eqn. (4.6). For unsteady
igniting flames, initialization could also be based on the steady-state solution of
the inert case. However, to remove any case-dependency of initialization effects on
the transient results, we decided to use the initialization with a step profile also for
unsteady calculations.

4.5. RESULTS

In this section, simulation results are reported and analyzed for three flames.
First, supercritical gaseous hydrogen-oxygen flames are simulated for validation
purposes. Next, counterflow diffusion problems at parameters that match the ECN
Spray-A flame are considered, and the effects of different sub-models and model
assumptions are analysed in detail. Finally, the model is applied to study dual-fuel
combustion at high-pressure conditions.

4.5.1. SUPERCRITICAL FLAMES

We validate our solver against the results of Ribert et al. [135] for hydrogen-oxygen
counter-flow diffusion flames at supercritical conditions. The selected test case has
opposite streams of pure oxygen and hydrogen, both with an inlet temperature
of 300K. A strain rate of 2000s™! is applied to the fuel stream. For this test
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case, numerical results for different pressures ranging from 25bar to 250 bar are
reported by Ribert et al. [135]. We use a DG approach consistent with the
reference; however, it should be noted that there are some differences between
the supercritical flame modeling used in the current work and the models used
by Ribert et al. [135], which are listed in Table 4.1. We have performed a
grid-sensitivity study and all results presented in the following are grid-converged.

Table 4.1.: Differences between the present study and work of Ribert et al. [135] in the
high-pressure combustion modeling of the hydrogen-oxygen benchmark test.

Ribert et al. [135]

Present work

Equation of state RKPR [92] SRK [86]
Reaction mechanism O Conaire et al. [136] Li et al. [137]
Diffusion correction Leahy-Firoozabadi Takahashi
Diffusion driving force non-ideal ideal

Grid generation
Numerical scheme

locally refined
balanced splitting [49]

gradient-based locally refined
Newton marching [138]
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Figure 4.7.: Validation of the high-pressure combustion modeling with the detailed numerical
simulations of Ribert et al. [135] for hydrogen-oxygen counterflow diffusion flames with inlet
temperature 300K and strain rate 2000s—!. Left: mass fraction profiles of major species at
100 bar; right: temperature profiles at different pressures.

The results obtained with the present solver and data of Ribert et al. [135] are
shown in Fig. 4.7. The mass fraction profiles of major species at supercritical
pressure of 100 bar are depicted on the left side. On the right side, temperature
profiles for different pressures in the range 25 —250 bar are shown. As reported
in Ref. [135], pressure increase leads to a narrower flame with a higher peak
temperature for this moderate strain rate. The current method captures this flame
response very well and all results are in good agreement with the reference data.

4.5.2. TRANSCRITICAL FLAMES

The operating conditions of the ECN Spray-A setup are selected to study the
unsteady behavior of transcritical flames and to scrutinize the importance of
including real-fluid thermochemical and transport properties in simulations of this
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spray and similar setups. At a transcritical pressure of 60bar, Spray-A injects
liquid n-dodecane at a low temperature of 363 K into a preheated oxidizer at high
temperature of 900 K with a molar composition of 15 %Os, 6.23 %COa, 3.62 %H,0,
and 75.15 %No.

Unless otherwise stated, the CDF strain rate is set to 500s~! at the oxidizer
side. The hybrid reaction mechanism [130], which was already used for the IDT
study of a stoichiometric mixture of n-dodecane and air in Section 4.3.3, is used
here again. The initial conditions are prescribed as a step profile. We note
that the steady-state solution of the corresponding inert flow is not a suitable
initial condition for the study of the effects of the proposed thermochemistry and
transport modeling on the unsteady flame behavior because differences between
models would already be present in the initial conditions.

All simulations are conducted in the domain [-3 mm,+3 mm]. The grid is refined
towards the center and consists of 444 points in total. A uniform grid spacing of
0.002 mm is used for the center region between —0.01 mm and 0.02 mm. Outside of
this region, the grid is gradually stretched to the maximum spacing of 0.1 mm at
both ends of the domain.

REAL-FLUID THERMODYNAMICS

The high-pressure effects and the possible coexistence of vapor and liquid for
certain compositions of the mixture can play an essential role in inert or reacting
counterflow problems under the operating conditions considered. It is expected
that the models utilized for the thermo-transport properties of the working fluid
can significantly affect the predictions. To analyze these effects, we performed
simulations with different fluid models and otherwise identical setups.

Table 4.2.: Models for the transcritical n-dodecane flame: effects of real-fluid thermodynamics.

State Transport Diffusion Diffusion Chemistry

Label equation properties modeling driving force modeling
1G ideal gas Chung Dixon-Lewis ideal ideal
DG RKPR Chung Dixon-Lewis ideal ideal
MT RKPR+4VLE Chung+EMT  Dixon-Lewis ideal ideal

In this section, the effects of the equation of state and the multiphase mixture
model for inert and reacting CDF are evaluated using the models summarized in
Table 4.2. The only difference between the DG and IG methods is the applied
EOS. We used RKPR EOS for the DG method. The MT method is also based
on the RKPR EOS and additionally includes VLE calculations in the two-phase
region and EMT mixing rules.

Figure 4.8 shows steady-state results for the non-reacting case. It is clear that
using ideal gas (IG) volumetric and caloric EOS results in significant errors in
the thermo-transport properties at high pressure. Even accurate state equations,
such as the utilized RKPR, result in large errors in the two-phase region if phase
separation is neglected (DG). For instance, the density is strongly over-predicted
in the coexistence region, and the temperature and thermal conductivity profiles
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Figure 4.8.: Profiles of thermo-transport properties obtained with the proposed MT method
and the conventional DG and IG approaches for steady-state inert counterflow of n-dodecane
fuel in the transcritical Spray-A environment.

show a strange behavior that is mainly caused by the non-physical peak in the
heat capacity. By including phase-splitting calculations (MT), we obtain results
that are free of such artifacts.
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Figure 4.9.: Time evolution of maximum temperature (left) and mole fraction contours
for formaldehyde and hydroxyl radicals (right) obtained with the proposed MT method and
the conventional DG and IG approaches for the unsteady counterflow diffusion flame in the
transcritical Spray-A environment.
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Figure 4.9 shows results for the unsteady reacting case. The left panels show the
temporal evolution of the maximum temperature Ty, from which the ignition
delay time (IDT) can be deduced. The right panels show the mole fraction contours
for formaldehyde (CH20) and hydroxyl (OH) for the three methods in mixture
fraction — time coordinates. Formaldehyde is representative of radical formation
during the cold ignition phase, which can also be clearly distinguished in the T
diagram, and hydroxyl is used to visualize the hot reaction zone.

We observe large differences between the three models, which are mainly
due to severe discrepancies in the IDT predictions with the IG and DG
methods. Neglecting high-pressure effects with the IG approach results in a 50%
under-prediction of the IDT. This is expected because the IG method yields too
low values for fuel density and heat capacity, cf. Fig. 4.8, which results in an
accelerated initial heat-up process and a faster ignition. The opposite observations
are made for the DG approach, which shows a strong peak in heat capacity and
overestimates the density of the mixture in the transcritical vaporization region.
This hinders the heat-up process and results in a severe delay in the development
of the cold flame and the subsequent hot ignition.
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Figure 4.10.: Steady-state profiles of temperature, stretch rate, and mass fraction of major
species and the formaldehyde and hydroxyl radicals obtained with the proposed MT method
and the conventional DG and IG approaches for the unsteady counterflow diffusion flame in the
transcritical Spray-A environment.

The differences between the IG, DG, and MT methods are reduced once the
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exothermic chemical reactions have sufficiently heated the fluid within the flame.
This is expected because the cubic EOS is asymptotically consistent with ideal-gas
EOS in the high-temperature limit. Figure 4.10 shows the fully developed
steady-state results for the reacting case. The MT method can differentiate
liquid, co-existence, dense-gas, and dilute-gas regions, see density and temperature
profiles in the top-right panel. The IG method is accurate only in the latter
region, and the DG method over-predicts the density in the co-existence region.
The temperature profiles agree well within the hot flame and the oxidizer stream,
however, the peak temperature is over-predicted by about 50 K with the IG model.
Larger temperature differences are observed in the co-existence and dense-gas
regions. Similar to the temperature profile, the species mass fraction profiles of
the major species, see left panels, show the largest discrepancies in the two-phase
and dense-gas regions, whereas the minor species are stronger affected around their
peak concentrations. Overall, deviations from the ideal-gas conditions are much
smaller for steady-state conditions than for the transient ignition. Nevertheless,
one should keep in mind that incorrect predictions of the ignition delay time may
have potentially large effects on the combustor dynamics, and an over-prediction of
the peak temperature by 50 K can have significant effects on unwanted emissions.

REAL-FLUID DIFFUSION

Table 4.3.: Models for the transcritical n-dodecane flame: effects of non-ideal mass diffusion.

State Transport Diffusion Diffusion Chemistry

Label equation properties modeling driving force modeling
UL RKPR4+VLE  Chung+EMT  unitary Lewis ideal ideal
MC RKPR+4+VLE  Chung+EMT Dixon-Lewis ideal ideal
RMC RKPR+4+VLE Chung+EMT Dixon-Lewis non-ideal ideal

During mixing and reaction, heavy and light species diffuse at different rates. In
the following, we study the effect of non-ideal mass diffusion on our transcritical
benchmark’s inert mixing and reacting cases. Table 4.3 summarizes the models
considered. A unitary Lewis (UL) model is studied due to its popularity in the
combustion community. The standard Dixon-Lewis multi-component (MC) model
uses ideal-gas approximations for the diffusion driving force, whereas high-pressure
real-fluid effects are included in the RMC model through the thermodynamic
correction matrix. All simulations have been conducted in the context of the MT
approach.

Profiles of mass fractions and mass diffusive fluxes for the steady-state inert
test case are shown in Fig. 4.11. There is no significant difference between the
steady-state results of MC and RMC at the considered transcritical pressure of
60 bar. However, assuming a unitary Lewis number results in strongly increased
diffusion towards the oxidizer stream.

Figure 4.12 shows the results for the unstable reaction case, which reveals
the importance of accurate molecular diffusion models for ignition and flame
evolution. MT simulations using UL lead to a significantly shorter IDT compared
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Figure 4.11.: Profiles of species mass fraction and diffusion flux computed based on the
proposed MT method with unitary Lewis assumption (UL), multi-component method with
ideal driving force (MC), and multi-component method with thermodynamic correction (RMC).
Results show steady-state inert counterflow of n-dodecane fuel in the transcritical Spray-A
environment.

to the more accurate MC and RMC models. The difference between MC and
RMC results is significant and demonstrates that accurate modeling of not only
the diffusivity coefficients but also the diffusion driving force is essential. The
maximum temperature is also sensitive to diffusion modeling via the inter-species
heat flux. This net heat flux is zero with a UL approximation; consequently, the
maximum temperature remains constant after ignition. The MC and RMC results
show that there is about 100 K reduction within 2ms after ignition. The mole
fraction contours of formaldehyde and OH visualize the cold and hot flames. The
elapsed time between these two flames predicted using the Dixon-Lewis formula is
shorter than that obtained with the UL assumption. In addition, the hot flame
predicted with the UL method appears in the stoichiometric mixture fraction, and
its location does not change over time. However, for the MC and RMC methods,
the hot flame first appears in a fuel-rich location and then moves toward the
stoichiometric mixture fraction.

Fig. 4.13 compares the steady-state results for the different diffusion models.
Similar to the conclusions for the inert test case, there is no significant difference
between the MC and RMC results. However, the unitary Lewis (UL) assumption
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Figure 4.12.: Time evolution of maximum temperature (left) and mole fraction of formaldehyde
and hydroxyl radical (right) computed based on the proposed MT method with unitary Lewis
assumption (UL), multi-component method with ideal driving force (MC), and multi-component
method with thermodynamic correction (RMC), for the unsteady reacting counterflow simulation
of n-dodecane fuel in transcritical Spray-A environment.

leads to hugely different species profiles and changes the flame location.
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Figure 4.13.: Steady-state temperature and mass fractions profiles computed based on the
proposed MT method with unitary Lewis assumption (UL), multi-component method with ideal
driving force (MC), and multi-component method with thermodynamic correction (RMC), for
the reacting counterflow simulation of n-dodecane fuel in transcritical Spray-A environment.
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REAL-FLUID CHEMISTRY

The effect of high pressure on the heat reaction rates is studied. Table 4.4 shows
two numerical modeling sets with differences in the evaluation of chemical source
terms. The real-fluid chemistry model uses fugacity-based chemical source terms,
as discussed above.

Table 4.4.: Models for the transcritical n-dodecane flame: effects of real-fluid chemistry.

State Transport Diffusion Diffusion Chemistry

Label equation properties modeling driving force modeling
Ideal Chem. RKPR+VLE Chung+EMT  Dixon-Lewis non-ideal ideal

Real Chem. RKPR+4VLE Chung+EMT  Dixon-Lewis non-ideal non-ideal

Fig. 4.14 shows the effects of real-fluid chemistry models on the temporal
variations of the maximum temperature and the mole fraction of the formaldehyde
and hydroxyl radicals. The temperature plot shows that the use of a real-fluid
chemistry model results in a shorter IDT. The contour of formaldehyde shows that
this is mainly caused by the earlier creation of the cold flame.
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Figure 4.14.: Time evolution of maximum temperature (left) and mole fraction of formaldehyde
and hydroxyl radical (right) computed based on the proposed MT with RMC methods with
ideal and real chemistry models, for the reacting counterflow simulation of n-dodecane fuel in
transcritical Spray-A environment.

4.5.3. ALTERNATIVE FUELS

A possible remedy to reduce the formation of soot in a diesel engine is the use
of oxygenated fuels without a carbon-carbon bond in their molecular structure.
Oxymethylene ether-3 (OME3), a soot-free high-cetane number fuel with properties
close to those of diesel fuel, is one of the most promising candidates among such
fuels. Additionally, a dual-fuel configuration burning a light hydrocarbon such as
methane along with the main heavy hydrocarbon fuel can reduce the net amount
of the engine’s emissions. In dual-fuel engines, a low-reactive fuel like methane is
premixed with the oxidizer and combustion occurs by auto-ignition via transcritical
injection of diesel (or OMEj3) into this compressed lean fuel-air mixture. In this
section, we apply our model framework to compare the combustion of OMEg3 versus
n-dodecane in a diesel-like environment in single and dual-fuel configurations.
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Similar to the previous sections, a liquid fuel mixture with a temperature of
363 K is injected into a preheated oxidizer at a high temperature of 900 K. A
strain rate of 500s~! is also applied on the oxidizer side. The operating pressure is
60 bar, which is above the critical pressure of both fuels.

In the single-fuel case, the oxidizer has the same molar composition as the
ECN Spray-A benchmark with 15%0,. As a dual-fuel example, we use a
lean mixture for the oxidizer stream with a molar composition of 15%0s,
5.955 %CO3, 3.460 %H>0, 3.750 %CHy, and 71.835 %N5. This oxidizer mixture has
a methane-based equivalence ratio of 05. The concentrations are calibrated so that
15 % O, is maintained in the oxidizer stream.

The hybrid reaction mechanism of Lapointe, Zhang, and McNenly [130] is used
again for the combustion of n-dodecane, and the reduced mechanism of Lin et al.
[139] is chosen for the combustion of OME3. Transcritical real-fluid effects on
the thermochemical and transport properties are included using the RKPR EOS
coupled with a rapid VLE calculator, Chung correlations with the EMT mixing
rule, Dixon-Lewis diffusion formula with the thermodynamic correction factor, and
fugacity-based evaluation of the chemical source terms. The grid is the same as
used in the previous section for the n-dodecane CDF studies.

Figure 4.15 compares the unsteady flame behavior of transcritical n-dodecane
and OME; fuels for single-fuel (without methane in the oxidizer) and dual-fuel
configurations. The evolution of the maximum temperature shows that OME;
ignites faster than n-dodecane. Dual fueling retards ignition for both fuels, but
the delay is greater for n-dodecane. The presence of methane burning along
with the primary fuel increases the maximum temperature of the flame. The
temporal contours of formaldehyde in single- and dual-fuel environments confirm
the retardation of ignition and show a slight change in the cold-flame structure.
The OH concentration is higher in the dual-fuel environment, consistent with a
higher heat release. The dual-fuel hot flames stabilize at a richer mixture fraction
compared to the single-fuel case.

Figure 4.16 shows the steady-state profiles of the mass fraction of acetylene and
temperature for the single and dual fuel cases. Acetylene is selected because it is
a primary soot precursor at elevated pressures. As expected, OME3; combustion
produces negligible amounts of acetylene (note the different scaling of the axis
for n-dodecane). In general, the response of the OME;s flame structure to dual
fueling is similar to that of the n-dodecane flame. For both fuels, we find that
adding methane to the environment increases the peak of acetylene and the flame
temperature, and the flame becomes thicker. The former effect is stronger for
n-dodecane. The vertical dotted lines indicate the VLE region, which is narrower
and is more on the left for OME3. That is, OME3; evaporates faster than
n-dodecane.

One of the advantages of OME3 is that it can be mixed with other standard
fuels such as diesel and benzine. In the following, we study the effects of blending
OME; with different portions of octane in a setup similar to that used for the
previous single-fuel transcritical test case. The reduced mechanism of Lin et al.
[140] is chosen for the combustion of the binary mixture of OME; and octane.
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Figure 4.15.: Time evolution of maximum temperature (left) and mole fraction of formaldehyde
and hydroxyl radical (right) for the unsteady counterflow simulation of n-dodecane (nC12) and
oxymethylene ether-3 (OME3) fuels in single-fuel (SF) and double-fuel (DF) environments.

Figure 4.17 compares the unsteady flame behavior of transcritical OME3z-based
fuels with various molar percentages of iso-octane. Tracking the maximum
temperature shows that adding octane to OMEg delays ignition, which is an
expected result. The temporal contours of formaldehyde confirm the retardation
of the cold-flame ignition and show a noticeable change in the structure of the
cold flame. The peak and steady-state temperatures are similar for all fuel blends
considered, whereas the peak OH concentrations shift slightly to lower mixture
fractions when octane is added.

Figure 4.18 shows the steady-state profiles of the temperature and mass fraction
of acetylene for various fuel blends with iso-octane. Adding octane to the OME3
fuel increases the peak of acetylene, while the thermal shape of the flame remains
almost unchanged. The amount of acetylene is still meager compared with the
n-dodecane flame shown previously for the same conditions.

Figure 4.19 compares mole-fraction profiles for OME3; and octane in the
saturated vapor and liquid phases. The mole fractions of OMEs and octane in the
saturated liquid composition are reduced during mixing and vaporization. This
reduction indicates that combustion products diffuse into the liquid phase.

APPLICATION IN MULTI-DIMENSIONAL SIMULATIONS

To demonstrate the application of the multiphase laminar flamelet model in multi-
dimensional computational fluid dynamics simulations at transcritical pressure, we
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Figure 4.16.: Temperature and acetylene mass fraction profiles for the steady-state CDF
simulation of n-dodecane (nC12) and oxymethylene ether-3 (OME3) fuels in single-fuel (SF)
and double-fuel (DF) environments.

present and analyze results for a reacting shear flow using a fuel stream sandwiched
between two oxidizer streams with a relatively high difference in velocities. The
computational domain is two-dimensional; therefore, a fully realistic structure of
turbulent-flow features cannot be expected. However, the selected configuration
can represent the multiphase reacting behavior of real fluid mixtures and the
important role of the presented CDF for such complex simulations.

The cold and liquid fuel stream consists of pure OMEs. The hot and gaseous
oxidizer streams have the same composition as used for the dual-fuel counter-flow
diffusion-flame study with 15% oxygen and a methane-based equivalence ratio of
0.5. The operating pressure is set at 60 bar, and the cold and hot temperatures are
set at 365 K and 900K, reproducing the operating conditions of the transcritical
ECN Spray-A injector. The momentum shear layer is characterized by a relative
velocity difference of 50ms~! and initialized using a tangent hyperbolic function.
The Kelvin-Helmholtz instability is initiated by adding random perturbations with
a turbulence intensity of 5% to the velocity field.

Periodic boundary conditions are applied for all directions. The mesh is uniform
and consists of 336 x 336 cells in a square domain of length L = 10mm. The
initial thickness of the fuel stream is L/10, similar to the work of Tekgul et al.
[27]. The CFL number is set to 1.0, and no subgrid-scale model is utilized for
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Figure 4.17.: Time evolution of Tmax (top) and mole fraction of formaldehyde and hydroxyl
radical (bottom) computed for OME3 fuel blended with different molar percentages of iso-octane.
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Figure 4.18.: Temperature and acetylene mass fraction profiles for the steady-state reacting
counterflow simulation of OME3 fuel blended with different molar percentages of iso-octane.

these 2-D simulations. The simulation is performed using the INCA flow solver
(http://inca.cfd). For the purpose of this demonstration, a fast-chemistry
assumption is a reasonable choice [27]. Therefore, we solved a transport equation
for the mixture fraction under the assumption of fast combustion with an efficient
one-dimensional lookup table for the composition, which was constructed based on
the steady-state results of the laminar CDF.

Figure 4.20 shows a snapshot of the solution at 0.8ms. The locations of hot
and cold flames are highlighted using the mass fraction contours of OH and CH5O.
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Figure 4.19.: Mole fraction profiles of the fuel components in the steady-state reacting
counterflow simulation of OMEs3 blended with different molar percentages of iso-octane. Dashed
lines indicate the total mole fraction, and solid lines indicate the concentration in vapor and
liquid. The background shows the variation of the vapor mole fraction.

On the right, the background shows the temperature variations. The contour is
superimposed with the vapor mole fraction to indicate the transcritical two-phase
region for this test case.

4.6. CONCLUSIONS

We have presented a comprehensive framework of models for the efficient and
accurate simulation of real-fluid transcritical flames, developed using multiphase
thermodynamics and real-fluid finite-rate chemistry, and applied these models in
parametric studies that contribute to the in-depth understanding of the properties
of transcritical diffusion flames.

The framework includes novel strategies for the accurate evaluation of transport
properties in two-phase regions and addresses the computation of thermodynamic
correction factors using real-fluid EOS coupled with the rapid VLE solver
of the multiphase thermodynamic approach. All equations and numerical
schemes required for unsteady simulations of multiphase counterflow flames at
trans/supercritical pressures have been presented in detail. The application as a
promising sub-model for flamelet-based CFD simulations of turbulent combustion
was briefly demonstrated.

The effects of transcritical mixing and evaporation have been studied for a
series of steady and unsteady simulations of inert and reacting counter flows of
transcritical n-dodecane and an oxidizer stream corresponding to the ECN Spray-A
benchmark, which is too close to operating conditions of internal combustion
engines and gas turbines. From these studies, the following main conclusions are
drawn:

o Using a suitable EOS coupled with VLE calculations is essential for the
accurate prediction of the unsteady behavior of flames at transcritical
pressures. A single-phase model neglecting phase separation over-predicts
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Figure 4.20.: Top: mass fraction contours of OH (red) and CH20 (blue) for the reacting shear
flow simulation at 0.8 ms. The background features CH20O contours, overlaid with OH contours,
and color bars represent the varying mass fractions. Bottom: temperature contours (green) in
the background of the snapshot. Vapor mole fraction contours (brown) are superimposed to
indicate the locations of vapor-liquid coexistence.

the heat capacity and density in the two-phase region, and thereby causes a
significant delay of the ignition. On the other hand, ideal-gas approximations
underestimate those key properties and shorten the ignition delay time.

e The unitary-Lewis assumption, which is very common in combustion
modeling, changes the flame temperature and structure and should not be
made at transcritical pressures. A unitary species fugacity approximation
for modeling the mass diffusion driving force only affects the transient flame
behavior but not the steady state solution.

¢ Real-fluid effects on combustion kinetics can be modeled effectively with the
proposed fugacity-based finite-rate chemistry model. Real-fluid chemistry
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accelerates the cold-flame formation and thereby reduces the ignition delay
time.

We have also studied OME;3 as a promising soot-free alternative to diesel fuels
in single- and dual-fuel configurations. The computational results confirm that
OME3; reduces the soot precursor acetylene by 97% compared to n-dodecane. In
general, although OMEg ignites a bit faster than n-dodecane, the flame structure
is similar. Dual fueling with methane retards the ignition of both fuels, but this
delay is relatively minor for OME3 compared to n-dodecane.







Transcritical Combustion
using Tabulated Chemistry

This chapter integrates the real-fluid transcritical flame results from Chapter 4
into an effective compressible flamlet approach to simulate full reacting sprays with
detailed combustion while maintaining computational efficiency. This Flamelet
Progress Variable (FPV) method is coupled with the LES-MT solver.  For
completeness, the chapter provides a concise overview of certain material that was
discussed earlier, ensuring that all essential elements are available in a self-contained
form. The framework is validated for both conventional and alternative fuels,
including OME3, n-dodecane, and their blends. Results highlight how OME3, for
example, changes ignition characteristics and reduces soot formation.

The content of this chapter has been published as Large Eddy Simulations of Transcritical
e-Fuel Sprays Using Real-Fluid Multiphase Flamelet-based Modeling in Combustion and
Flame 275 (2024) [141].
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5.1. INTRODUCTION

Polyoxymethylene dimethyl ethers (OMEs) are carbon-neutral e-fuels with a
significant amount of oxygen in their molecular structure. The absence of C-C
bonds in the chemical structure of OMEs leads to a significantly reduced soot
formation and makes them practically soot-free during combustion. In addition,
their high oxygen content enhances combustion efficiency and reduces carbon
monoxide and particulate matter emissions [142-145]. Although previous studies
have focused predominantly on OME; due to synthesis challenges, recent research
is moving toward higher OMEs due to their favorable properties, such as boiling
point, lubricity, and viscosity, which are similar to diesel [146]. This similarity
allows higher OMEs to be effectively blended with conventional fuels. Investigating
the combustion properties of these green synfuels, particularly under transcritical
high-pressure conditions, requires advanced simulation techniques to predict not
only their emission profile using a detailed chemistry but also the complex
interactions in mixed fuel systems.

Flamelet-based combustion modeling is commonly used to simulate reacting
flows with detailed chemistry. Flamelet methods are very effective at high
pressures, where the flame becomes thinner and the Kolmogorov eddies cannot
change the inner laminar structure of the flame [44]. Flamelet models provide
an accurate representation of the actual flame through a pre-tabulating database
of one-dimensional flamelets using a few controlling parameters. This can be
achieved using the flamelet-generated manifold (FGM) method, which effectively
incorporates transport effects into the generation of tabulated chemistry [147].
As the main combustion mode in transcritical engines is non-premixed and
autoignition is inherently transient, the flamelet database is typically generated
based on the results of unsteady counterflow diffusion flames (CDF) [26, 46, 47].

As shown in Chapter 4, the ignition of CDFs is significantly influenced by
the methods used to model the thermodynamic and transport properties. In
transcritical settings, ignoring the real-fluid effects or the two-phase region would
yield an incorrect transient result. Unlike classical flamelet models based on
ideal-gas assumptions, recent studies [148-151] have sought to include real-gas
effects in their tabulated chemistry. The first step to consider phase separation
in transcritical flamelets was taken by Traxinger, Zips, and Pfitzner [38] to
study transcritical combustion under rocket engine conditions. They used VLE
calculations along with flamelet equations expressed in the mixture fraction space
using the unitary Lewis assumption with an approximate scalar dissipation rate
profile. The approach used in the present chapter constructs a flamelet-based
library solving governing equations for the igniting CDF expressed in the physical
space. The present model does not make a unitary Lewis assumption; instead,
it utilizes detailed fugacity-based diffusion and chemistry models. It accurately
captures the effects of both the two-phase region and the real-fluid properties in
the flamelet database.

A remaining modeling problem to be addressed is the representation of the
influence of subgrid scale (SGS) fluctuations on the resolved chemical source term.
In the present work, this influence is neglected by evaluating the source term
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directly from the resolved composition (species concentrations and temperature)
via the laminar kinetic rate expressions often called the well-stirred reactor (WSR)
model in literature. This choice aligns with a substantial body of prior LES studies.
As summarized by Hadadpour et al. [152], a broad range of turbulence-chemistry
interaction (TCI) closures has been employed in 21 LES investigations of ECN
Spray A and Spray H configurations, also listing the minimum cell size. It shows
that a wide range of models has been used, divided as follows: WSR, (8 studies),
Partially Stirred Reactor (PaSR) (4), Conditional Moment Closure (CMC)(1),
Flamelet (1), FGM (3) and Transported PDF (4). Because these studies also
differ in the adopted chemical mechanisms, no definitive conclusion can be drawn
regarding the relative performance of the different TCI strategies. Notably, the
smallest LES cell sizes-down to 62.5um-have been used in combination with the
WSR model, whereas other closures typically rely on grids up to eight times
coarser. This agrees with the fact that in explicit LES modeling, where the
LES filtering is controlled by the computational mesh, the accuracy of the WSR
approach is expected to increase with grid refinement, because the assumption of
homogeneity becomes more plausible.

This chapter presents a novel numerical framework to efficiently include real-fluid
multiphase thermo-transport effects within an MT-based and tabulated reacting
flow solver, allowing high-fidelity simulation of high-pressure transcritical fuel
sprays with detailed chemistry. The transcritical flamelet library is generated using
unsteady simulations of multiphase counterflow flames at transcritical pressures,
including the effects of real fluids and subcritical vaporization. The fluid flow
solver uses the RKPR EOS coupled with the rapid VLE solver of Fathi and Hickel
[51] and employs the adaptive local deconvolution method (ALDM) for LES-based
turbulence modeling [148].

In gas turbines and diesel engines, the air-fuel mixture can easily traverse
the metastable region and enter the physically forbidden (unstable) area of
the two-phase dome [5]. Hence, the proposed method is first validated by
comparing numerical results with the available experimental measurements for the
transcritical n-dodecane Spray-A of the engine combustion network (ECN) [110,
153]. To expand our understanding of the combustion characteristics of OMEs, we
additionally performed Spray-A simulations using OME3; and a mixture of OMEj3
and nCjy, providing novel insights into the dynamics of evaporation, ignition
behavior, and soot formation in different fuel configurations.

For completeness and to maintain a self-contained presentation, this chapter
includes an outline of selected material introduced in earlier sections. This allows
the reader to follow the developments without referring back to previous chapters.

5.2. TRANSCRITICAL SPRAYS

The representative benchmark case of ECN Spray-A has been selected because
it considers transcritical conditions typically encountered in modern internal
combustion engines. The standard experimental setup involves a fuel jet at a
temperature of 363K, which is injected at a speed of approximately 600ms~!
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over a duration of 1.5ms. This is achieved by a rail pressure of 1500 bar and
injection through a single-hole nozzle with a nominal diameter of D = 0.09mm
into a preheated oxidizer chamber at a temperature of 1000 K and a pressure of
60 bar. The chamber has a molar composition of 15 %03, 6.23 %COa, 3.62 %H-0,
and 75.15%Ny. The present study focuses on three different fuel types: pure
n-dodecane (nCiz), pure polyoxymethylene dimethyl ether 3 (OMEj), and a
mixture of both with a molar composition of 50% nCi> and 50% OMEs5.

Table 5.1.: Critical properties and acentric factors of major species
Species | T, [K] | pe [bar] | Z. Q2
OME3; 621.5 30.20 0.247 | 0.507
nCio 658.0 18.20 0.251 | 0.576
(02 154.6 50.43 0.288 | 0.022
Ny 126.2 34.00 0.289 | 0.038

The Spray-A operating pressure is much higher than the critical pressure of the
individual fuel species, see Table 5.1. For all three cases, the liquid fuel experiences
transcritical vaporization as it blends with the hot pressurized oxidizer. Spray-A
with the diesel-like fuel nCio has been extensively examined in the past. More
recently, experimental data have been reported for Spray-A with OME3 fuel. To
our knowledge, no experimental or numerical studies have been conducted for the
blended case.

5.3. NUMERICAL MODELS

The numerical models for MT-LES of transcritical fuel sprays with tabulated
real-fluid multiphase chemistry are detailed in this section.

5.3.1. GOVERNING EQUATIONS

Using the standard notation, the governing equations describing the conservation
of mass, momentum, and total (absolute) energy for a single-fluid compressible
flow can be written as

Op+ V- (pu) =0, (5.1)
Opu+V - (puu+pl) =V - T, .
Oper + V - [(per +p)u] =V - (u- 7+ AVT). (5.3)

where p is the density, u is the velocity vector, p is the thermodynamic pressure, T
is the temperature, and e; is the total specific energy which includes the internal
(absolute) energy e as well as the kinetic energy of the flow. There is no source
term in the energy conservation equation, as the internal energy includes the heat
of formation. A denotes the thermal conductivity. 7 is the viscous stress tensor
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that is estimated using molecular viscosity u as follows:
7=p(Vu+ (Vu)") —2/3u(V - u)l. (5.4)

To identify the thermodynamic state (p,T") and transport properties (A,u) of the
working fluid, we need to know the composition in addition to the internal energy
and mass density of the mixture. To avoid solving a very large number of
species transport equations, the composition of the mixture is determined through
a look-up table constructed based on the mixture fraction Z and the progress
variable C as controlling parameters. The solved transport equations for the
mixture fraction and the progress variable are

OpZ+V - (puZ) =V -(Nc,VZ)/Lez, (5.5)
OpC+V - (puC) =V - (A\/c,VC)/Lec + we. (5.6)

The source term of the progress variable, we, is also obtained from the look-up
table. The Lewis numbers Lez and Lec of the mixture fraction and the progress
variable are set to those used for the auxiliary equations in the generation of the
flamelet database; see Ref. [118] for a discussion of the differential equations for Z
and C in the presence of preferential diffusion.

In the appendix A.2, we explain the rationale for employing the fully conservative
form of the compressible Navier-Stokes equations instead of using pressure-based
solvers with the low-Mach assumption.

5.3.2. MULTIPHASE THERMODYNAMICS

The unique characteristic of the high-pressure transcritical environment is that
the working fluid can cross the two-phase region and become thermodynamically
unstable. Following the MT approach for modeling the real-fluid transcritical phase
separation, in addition to using suitable real-gas caloric and volumetric EOSs,
rapid and robust phase-splitting or flash calculations are required to account for
the transcritical formation of the vapor-liquid interphase.

SINGLE-PHASE CALCULATIONS

A cubic EOS is often chosen as a practical balance between precision, intricacy,
and computational expenses; the general form of cubic EOSs is

p=RT/(D —b) —a/[(+ 51b)(I + 52b)]. (5.7)

The symbol R represents the universal gas constant and ¥ = W/p is the molar
specific volume of the mixture. d¢; and do are volume parameters. a and b are
energy parameters that account for non-ideal behavior caused by attractive and
repulsive forces between molecules. For real-fluid mixtures, these parameters can
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be determined using the van der Waals mixing rule, which can be expressed as

N N
a=>Y > X;X;(1—kij)\Jaa, (5.8)

i=1 j=1
N

b= Xbi, (5.9)
=1

where X; is the mole fraction of species 7. The values of a; and b; are determined
for the pure species ¢, and k;; represents the binary interaction coeflicient between
species i and j. For two-parameter cubic EOS such as SRK and PR, a;
and b; are expressed as a general function of the acentric factor, the critical
temperature, and the critical pressure of the species along with constant values for
61 and d5. The latter results in a single universal compressibility factor at the
critical point and implies a systematic error in predicting the specific volume (or
density) when conditions are close to the critical point. To solve this problem,
Cismondi and Mollerup [92] proposed RKPR as a three-parameter EOS, in which
d2 = (1 =61)/(1 4 61) and 07 is a function of the compressibility factor. Using the
van der Waals mixing rule, we can determine ¢; by the following expression:

N
0= Xibri(Z), (5.10)
=1

with Zi = 1.168Z;,; where Z.; is the critical compressibility factor of species 4.
We consider RKPR the most promising three-parameter cubic EOS and use it
throughout this study. Phase diagrams computed using the RKPR EOS for the
considered nCy2 and OME; fuels are shown in Fig. 5.1. The two-phase dome
is highlighted using vapor mole fraction (VMF) contours, explained in the next
section. The figure shows an insignificant difference between the prediction of
saturated vapor and liquid density for RKPR EOS and the highly accurate EOS of
Lemmon and Huber [97] and the results of the molecular simulation of Kulkarni
et al. [154].

Moreover, RKPR EOS has shown reliable performance for blend system
predictions. Tassin, Mascietti, and Cismondi [155] showed that RKPR
significantly improves the phase equilibrium predictions for hydrocarbon mixtures,
particularly those with highly asymmetric molecules. Kim, Choi, and Kim [93]
further highlighted RKPR’s robustness in reacting flow environments, including
kerosene/LOx combustion.

Using Eq. 5.7, the thermodynamic pressure of the single-phase mixture can be
calculated directly when the temperature of the mixture is known. Determining
the temperature requires a caloric EOS. The caloric EOS for the single-phase real
fluids can be obtained by employing the departure function formalism consistent
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Figure 5.1.: Fuel phase diagrams using RKPR EOS showing vapor mole fraction (VMF)

contours. The symbols show accurate reference data from Lemmon and Huber [97] for nCi2
and from Kulkarni et al. [154] for OMEs3.

with the utilized volumetric EOS as follows:

N
e="Xih{ = RT + (a — T9a/IT)/[(82 — 5)b] In[(J + 616)/(9 + 6b)],  (5.11)

with e = e/W being the molar specific internal energy. The first two terms account
for the absolute internal energy of the mixture at the actual temperature but at
the (low) standard pressure, and the last term accounts for the internal energy
change along an isothermal thermodynamic path from the standard reference
pressure to the actual pressure. The molar specific enthalpy i_zj’ of pure species 7 at
the standard pressure (including the formation enthalpy) can be calculated using
so-called NASA polynomials:

i_l:/R = — CL,;JTil + ;i 2 InT + ai,gT + ai,4T2/2 . e
+a;5T%/3 + a; 6T /4 + ai7T° /5 + a; s, (5.12)

where a; 1 g are polynomial coefficients of the species 7, and their values for the
most common species are tabulated in Ref. [100].

Two-PHASE CALCULATIONS

In two-phase regions, the molar composition of the liquid and vapor phases is
typically calculated using the vector of K factors, which is defined as the ratio of
the mole fractions in the vapor phase (X") to the liquid phase (XT), such that:

X} =Xi/[1+6 (K; - 1)], (5.13)
X/ =XFK;, (5.14)
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X; is the overall mole fraction of component i in the mixture. The vapor mole
fraction 6 is determined by the Rachford-Rice equation

N
S°X(Ki — 1)/[1+6(K; — 1] =0, (5.15)
i=1

The natural logarithm of the K-factors are a complicated function of the
composition itself. One possible approach to estimate it initially is by using
Wilson’s equation, and then iteratively updating it via

InK; = Invp) —Inel, (5.16)

where v is the specific volume function and can be calculated for the general cubic
EOS as
Invy; = In(9 — b) — b; /(9 — b) + adb; /[(VRT) (I + 61b)(9 + 62b)] . ..
— (ab; — 2bs;)/[(61 — 82)b*RT] In[(I + §1b) /(9 + 52b)], (5.17)

N
with ¢, = > X;(1 — kij)\/@ia;. In addition to the thermal and mechanical
j=1

phase equilibrium conditions, two more constraints are required for the unique
determination of T and ¥ of each phase. As we solve the fully conservative
form of the compressible Navier-Stokes equations, that is, transport equations for
energy and density, isoenergetic-isochoric phase-splitting calculations, also known
as UV-flash calculations, must be performed. The two additional constraints for
UV-flash calculations are

9= (1-0)9" + 069", (5.18)
= (1 —0)er +0e". (5.19)

Q]

To iteratively solve the phase-splitting equations outlined above, we utilize
the method of Fathi and Hickel [51], which performs rapid UV-flash calculations
robustly via Newton iterations with the exact Jacobian based on an effective
reduction method. We note that tabulation methods are a suitable alternative
for non-reacting flows. However, when the number of species is large, both
memory requirements and table query time grow unfavorably, while the cost of
the Fathi-Hickel reduction method remains low and essentially independent of the
number of species. For a comprehensive review and practical implementation
guidelines, the readers are referred to the original article [51].

5.3.3. MULTIPHASE TRANSPORT PROPERTIES

Thermal conductivity and dynamic viscosity of liquid and gaseous fluids at high
pressures can be estimated using the correlations of Chung et al. [116]. Based
on the Chung method, a transport property ¢ € {\, u} is a complex function of
temperature, specific molar volume, molecular weight, acentric factor w, critical
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molar specific volume, and critical temperature:
¢ = f(T,0,W,T.,J,9). (5.20)

Chung et al. [116] also explain how to estimate the molecular weight, critical
temperature, critical molar specific volume, and acentric factor for a mixture with
a certain composition. Here, it is important to emphasize that the fundamental
assumption in this context is that the mixture constitutes a solitary (stable) phase.
Hence, it would be questionable to calculate the transport properties of a two-phase
mixture using these correlations directly [120].

A structural model can be used to calculate the transport property of a mixture
comprising two phases. As described in Ref. [120], this can be achieved by
performing separate Chung calculations for the saturated liquid and vapor phases.
Assuming that the vapor and liquid phases are randomly distributed within the
finite-volume cells, the transport property of the mixture are computed using the
effective medium theory (EMT) model [121]

(1-0)(¢" —8)/(¢" +2¢) +O(¢" — ¢)/(6" +2¢) = 0, (5.21)

with © = 09V /[09Y + (1 — 6)9"] being the volume fraction of the vapor phase.
The EMT model can evaluate transport properties without nonphysical oscillations
or underestimations for thermal conductivity or dynamic viscosity.

5.3.4. COMBUSTION MODELING

Although there are many reaction mechanisms for the combustion of pure OME;3
or pure nCys with air, no suitable reduced mechanism is available for their mixture.
This section explains how we have developed a reduced mechanism through a
decoupling methodology to cover this gap. Then, we describe our novel transcritical
combustion model using MT-based real-fluid flamelet simulations in the context of
the transient counterflow model (TCM).

REACTION MECHANISM

Since comprehensive reaction mechanisms of heavy fuels are usually inaccessible
or too complex for direct application, the use of a suitable reduced reaction
mechanism is inevitable. For our flamelet calculations in this study, we derived a
reduced chemical mechanism through a decoupling methodology in which the main
oxidation path of the fuels is integrated with an effective reduced Cs-Cs mechanism
and a detailed Hy/CO/C; mechanism. For the pressurized environment of internal
combustion engines, Lapointe, Zhang, and McNenly [130] used this methodology
and proposed an optimized reduced mechanism consisting of 65 species and 363
reactions for the oxidation of pure nCi3. To study blended fuels, we have added
the main OMEj3 oxidation pathway of Lin et al. [139] to the original Lapointe
mechanism. The final hybrid mechanism used here in this study consists of 76
species and 380 reactions. The mechanism is provided as supplementary material
with this article in both Cantera and Chemkin formats.




112 5. TRANSCRITICAL COMBUSTION USING TABULATED CHEMISTRY

(a) nCia (b) OME3
10% ¢ 102 ‘
E —— 10bar
Lot : 10! [ — 20 bar
E 60 bar
f ®  Exp.
o 100 = 10° E
£ : £
= ? =
2 107'¢ 2 107! E
1072 1072 F 1
E ®  Exp.
1073\\\\\\\\\\\\\\\ 1073\\\\\\\\\\\\\\\
0.8 1.0 1.2 1.4 1.6 0.8 1.0 1.2 1.4 1.6
1000 K]/ T 1000 K]/ T

Figure 5.2.: Comparison of ignition delay time (IDT) of the stoichiometric air-fuel mixture
calculated using the proposed hybrid mechanism (solid line) at various pressures with
experimental measurements (scatter) at 20 bar [129, 156].

Figure 5.2 illustrates the prediction of the ignition delay time (IDT) for the
stoichiometric mixture of nC15 and OMEg with air as the oxidizer via the proposed
reaction mechanism. Here, the IDT is defined as the time at which the combustible
mixture experiences a temperature rise of 400 K. The predictions based on the
hybrid mechanism agree very well with those reported for experiments at a pressure
of 20 bar [129, 156]. For both fuels, the figure additionally shows the decrease in
IDT due to the increase in pressure.

TRANSIENT COUNTERFLOW MODEL

The main idea behind any flamelet-based combustion model is that turbulent
eddies only distort the shape of the flame, while the inner structure of the flame
remains laminar. This means that we can solve a set of laminar cases separately
with detailed chemistry under conditions similar to those under the target flame
and retrieve the required thermochemistry data of the main (turbulent) reacting
flow using a tabulation method. To look up data, one can use a few controlling
parameters representing the simulated laminar flame behavior. Typically, the
control parameters that construct the manifold are a mixture fraction, indicating
the state of mixing between fuel and oxidizer streams, and a progress variable that
represents the degree of conversion to final products [157, 158].

Counterflow flames are widely used to generate the flamelet database. For
transcritical pressures, the configuration involves the injection of a liquid- or
liquid-like fuel and a gaseous- or gaseous-like oxidizer in opposite directions,
resulting in the formation of a reaction zone near the stagnation plane. The
governing equations of unsteady transcritical counterflow flames along the axis of
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symmetry can be expressed as:

Orp + O (pu) = —2pk, (5.22)
pO: Yy + pud, Yy = =0, Jr + wy, (5.23)
PO + pud K = 0, (10, K) — pK? + poca’e, (5.24)
pepO T + pucp0, T = 0,( A0, T) — TiOzxhi, — hiwg. (5.25)

where ¢, is the heat capacity of the mixture. Y3, hy, Ji, and w; are the mass
fraction, the partial enthalpy, the diffusion mass flux, and the net production rate
of the species k = 1,2,..., N with N being the total number of species. In the
equation of the stretch rate K, the subscript oo denotes the reference boundary
used to evaluate the pressure curvature p,.a?, where as, is the applied strain
rate. To solve these stiffly coupled equations, we use our in-house unsteady
real-fluid flamelet solver, developed specifically for this purpose; further details are
previously presented in Chapter 3.

The unsteady counterflow configuration required for the TCM of the target
sprays is as follows. The operating pressure is 60 bar. The fuel stream at 363K
and the oxidizer stream at 1000 K are injected into a computational domain from
opposite directions. This domain is initialized using the steady-state solution of
the corresponding inert case. The computational domain extends from —3 mm to
3mm and is discretized into 444 points. A uniform grid spacing of 0.002mm is
applied primarily in the center region between —0.01 mm and 0.01 mm. Outside of
the central region, the grid spacing gradually increases to 0.1 mm at both ends of
the domain.
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Figure 5.3.: Ignition delay time (IDT) as a function of applied strain rate at the oxidizer
side ax obtained from unsteady transcritical flamelet calculations using the proposed hybrid
mechanism.

Figure 5.3a examines the effect of the strain rate on the IDT for three different
fuels using MT-based TCM calculations. The results suggest that a strain rate
of 100s™!, which is very close to the one corresponding to the minimum IDT,
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is a suitable choice to accurately capture the initial stages of combustion in the
target sprays. Although accounting for varying strain rates in generating the
flamelet database would be more accurate, using a single representative strain rate
is deemed acceptable for practical simulation purposes [159].

To accurately predict the autoignition transition, it is essential to include
real-fluid thermochemical and transport effects in transcritical TCM computations.
Figure 5.3b shows IDT variations of n-dodecane against the applied strain rate
at the oxidizer side in the TCM using different models: MT (real-gas effects
with transcritical phase separation), IG (ideal-gas assumption), and IG&UL (IG
with unitary Lewis number). The results strongly suggest that the unitary Lewis
assumption should be avoided because of its significant impact on IDT predictions.
While both MT and IG models show a similar trend, the ideal gas model clearly
underestimates the ignition time.

To obtain the low-dimensional manifold, we solve Egs. (5.22)-(5.25) along with
the two transport equations 5.5 and 5.6 for the mixture fraction and the reaction
progress variable. In this study, Lewis numbers of the control parameters are set
to Lez = 1 and Le¢c = 2. The source term of the progress variable we is calculated
according to the oxidizer-based progress variable definition of Hadadpour et al.
[46]:

C =W, (YS,/YR,) — Yo,. (5.26)

This equation subtracts the actual amount of oxygen from that in case there is no
reaction. In this way, we can determine how much oxygen has been consumed
locally and thus how much progress has been made in the reaction. With the
mechanism used in this study, Ny is an inert gas. Therefore, the source term of the
progress variable is simply the oxygen consumption —wo, .

Due to the strong effects of differential diffusion, the governing equation for
the mixture fraction, computed by tracking the elements of the fuel composition
using Bilger’s definition [160], becomes very complex. To effectively resolve this
issue, we solved an additional transport equation along with our flamelet governing
equations for the mixture fraction [161]. The utilized mixture fraction equals the
Bilger mixture fraction only when all species have unitary Lewis numbers. The
amount of difference between them shows the strength of the differential diffusion
effect.

Figure 5.4 shows the difference between the mixture fraction based on the
transport equation utilized in this study and the one computed through post-
processing based on Bilger’s definition for the target sprays. Due to the unsteady
nature of the ignition process, the profiles are not constant, and the shaded area
highlights this variation. The deviation is significant from the initial steady-state
inert mixing condition to the final ignited flame, underscoring the important role
of differential diffusion at transcritical pressures. It should be emphasized that
the stoichiometric value of the utilized conserved scalar mixture fraction is not
constant nor equal to the Bilger value.

When using unsteady flamelets to build the FGM, the selected progress variable
must have a monotonic variation over time from the unburned to the burned
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Figure 5.4.: Deviation of the mixture fraction from Bilger’s definition for the unsteady

transcritical flamelet calculation (strain rate 100s~!). The shaded region illustrates the

temporal variations from the initial to the final states.
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Figure 5.5.: Temporal evolution of the progress variable as a function of mixture fraction from
the unsteady transcritical flamelet calculation (strain rate 100s~!). The blue dashed line marks
the steady-state condition. Solid lines of the same color represent transient profiles at the same
time.

states [162]. This results in a one-to-one mapping of each unique point in the (z,t)
domain to a unique point in the 2D output codomain (Z,C), with no two different
points in the domain mapping to the same point in the codomain. Figure 5.5
demonstrates the monotonic characteristic for our oxidizer-based progress variable
by showing the temporal profiles of C for three fuel types used to study transcritical
spray-A. In all cases, there is a monotonic increase in C with time, which means
that it is suitable to be used directly without further optimization [163].

Figure 5.6 presents the temporal evolution of the temperature profile in the
mixture fraction space for different fuels. The colored lines are plotted based on
a constant time interval. The figure illustrates that the most reactive mixture
fraction indicated by the peak temperature follows a similar trend for different
fuels. It initially shifts toward the rich side before returning to the steady-state
value. However, the rate of temperature change increases when OME3 is added
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Figure 5.6.: Temporal evolution of the temperature as a function of mixture fraction from the
unsteady transcritical flamelet calculation (strain rate 100s~!). The blue dashed line marks the
steady-state condition. Solid lines of the same color represent transient profiles at the same
time.

to nCyo fuel. Furthermore, as indicated by the steady-state dashed lines, adding
OMEg; causes an increase in maximum temperature. The latter indicates a higher
heat release rate for OME3 than for the other fuels.
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Figure 5.7.: Progress variable source term w¢ as a function of the mixture fraction and
progress variable generated based on the transient counterflow model.

Figure 5.7 shows the source term of the progress variable in the mapped space
of the mixture fraction and the progress variable. The source term of the progress
variable, which directly influences the increase in the progress variable, plays
a critical role in determining the predicted ignition delay in the LES of spray
combustion. This figure displays a significant increase in the source term with
higher concentrations of OMEgs, suggesting an earlier and more rapid ignition,
consistent with the previous trends observed in flamelet IDTs.

Figure 5.8 presents the compressibility factor as a function of the mixture
fraction, illustrating the deviation from the ideal gas law from the initial point
of inert mixing to the steady-state burnt condition. As shown in the figure, the
deviation from ideal gas behavior is evident from the initial to the final stage. This
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Figure 5.8.: Compressibility factor as a function of the mixture fraction computed for the
unsteady transcritical flamelet calculation (strain rate 100s~1). The shaded region illustrates
the temporal variations from the initial to the final states.

deviation is more pronounced for the OME3 fuel than for nCys.
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Figure 5.9.: Vapor mole fraction (VMF) 0 as a function of the mixture fraction and progress
variable generated based on the transient counterflow model.

Figure 5.9 highlights the importance of modeling transcritical phase separation
in flamelet calculations. In this figure, the two-phase region is depicted using the
contours of the vapor mole fraction (VMF) for all three cases. We can see that the
two-phase region in the mixture fraction — progress variable space is smaller for the
OMEg; fuel compared to nCi5. Although in the target LES simulations, we only use
the mass fractions from these flamelets and perform multiphase thermodynamics
calculations based on the density and internal energy of the flow to determine
whether the mixture is in a two-phase or single-phase state, the tabulated VLE
information from flamelets can significantly accelerate the iterative thermodynamic
calculations by providing a suitable initial guess.
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5.3.5. FLOW-TURBULENCE INTERACTIONS

Large eddy simulation (LES) offers a detailed representation of the large scales
of fluid motion that dominate the mechanical energy of turbulent flows. These
large scales are governed by a coarse-grained or low-pass-filtered form of the
Navier—Stokes equations in which the effects of the interactions between represented
and unrepresented scales are included through appropriate subgrid-scale (SGS)
modeling. In a finite-volume framework, the need for SGS modeling directly
originates in the residual of the non-linear fluxes, that is, in the limited ability
to represent the exact flux across cell faces with discrete reconstruction operators.
Thus, turbulence modeling and numerical discretization are intrinsically linked.
We use the LES method of Hickel, Egerer, and Larsson [94], which is based on
a nonlinear, solution-adaptive flux reconstruction method and spectral turbulence
theory. The method is well suited for applications across all Mach numbers and has
been extensively verified and validated for reacting and non-reacting transcritical
fuel injectors [72]. For simplicity of the computations and following common
practice, we neglect SGS terms that arise from low-pass filtering the non-linear
equations used to evaluate the properties of real fluids [35]. Furthermore, the
interactions between SGS turbulence and combustion can be neglected in the
context of ALDM with sufficiently fine spatial and temporal resolution, as shown
in Ref. [75]. Since the same grid resolutions and turbulence modeling are used in
this study, we opted not to include the variances of the progress variable and the
mixture fraction, see Eguz et al. [45] for a detailed analysis of the effects of the
turbulence-combustion interaction in the diesel spray context.

5.4. SIMULATION SETUP
5.4.1. MULTI-BLOCK STRUCTURED GRID

All simulations have been carried out using a multi-block structured grid generated
in a rectangular cubic domain with a size of 84 x 42 x 42mm. We utilize
the INCA flow solver (https://inca.cfd) with static zonal mesh refinement
within a user-defined region of interest [75]. This region is defined as a 10°
cone encompassing the injected jet. The level of refinement within this cone is
strategically determined by the distance from the injector nozzle, with specific
resolution steps at axial locations 60, 37, 23, 14, 9 and 5.5mm from the injector
nozzle. The resulting multi-block structured grid comprises 2864 blocks and
12.7x 106 cells distributed in seven resolution levels (L1 to L7). Approximately 40 %
of the cells are concentrated on the finest level L7, with Aymin = Azmin =~ 10.25 um
and AZpin = 2Aymin near the nozzle region.

5.4.2. BOUNDARY CONDITIONS

A transient inflow velocity boundary condition is implemented in the exit plane
of the fuel injector. For all types of fuel cases, the inflow velocity is calculated
to provide the same amount of momentum as in the standard case of ECN
Spray-A. Similar to our previous study [113], we first calculated the mass flow
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rate using the clean mobility and thermofluids (CMT) virtual injection rate
generator (https://www.cmt.upv.es), with input parameters that match the
experimental conditions and fuel densities calculated using the RKPR EOS at
the injection pressure and temperature of 60bar and 363 K. Then, we computed
the required inflow velocity using the fuel density. Figure 5.10 illustrates the
transient injection velocity generated for all fuel cases. The transient velocity
profile is used in a subsonic inlet boundary condition without adding any artificial
turbulent fluctuations. Fluctuations induced by shear and hydrodynamic pressure
are expected to be strong enough to create turbulence almost instantaneously.
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Figure 5.10.: Transient injection velocity profile for Spray-A test cases using RKPR EOS.

Subsonic outflow boundary conditions are imposed on the opposite end of the
domain, where a consistent static pressure of 60 bar is specified as the Dirichlet
condition, and the remaining flow variables are extrapolated from the internal
domain. Adiabatic no-slip conditions are enforced on all other boundaries of the
computation domain.

5.4.3. TABULATED CHEMISTRY

In the present combustion model, the mass fractions of the species are determined
by the mixture fraction and the progress variable. For this purpose, a two-
dimensional manifold is created for each fuel, using 256 x 1024 points to represent
the table space based on the mixture fraction and the dimensionless progress
variable. The dimensionless progress variable is computed via Cs = C/Cy(Z). The
subscript b denotes the values obtained from the final burnt state. The blue dotted
line in Fig. 5.5, shows the mixture fraction functionality of Cy(Z).
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5.4.4. FLOW SOLVER

All numerical models are implemented in our INCA flow solver (https://inca.cfd)
with the same discretization techniques used in our previous work [75]. The
governing equations are spatially discretized using a conservative finite-volume
scheme. A second-order central difference method is utilized for viscous terms
and ALDM for inviscid fluxes [94]. The van Albada limiter prevents spurious
oscillations at sharp density gradients for mass- and energy-flux reconstruction.

A second-order Strang splitting method separates the chemical reactions from
the advection and diffusion processes. This separation is required because the
VLE calculations are only valid for non-reacting mixtures. The splitting approach
comprises three main stages: Initially, the solution is advanced by incorporating
solely the source term of the progress variable in a half-time step. For this step,
we used the explicit sixth-order Runge-Kutta technique developed by Verner [164].
Subsequently, the updated solution is set as the initial state for the progress
variable, which is used to determine the new composition from the lookup table
and update the necessary thermo-transport properties for a complete advection and
diffusion time step. For the non-reacting step, we utilized the explicit third-order
strong stability-preserving Runge-Kutta method proposed by Gottlieb, Shu, and
Tadmor [134]. Finally, the solution is further advanced with the second half of the
time step similar to the initial one. The time-step size is dynamically adjusted by
the Courant-Friedrichs-Lewy stability criterion with a unitary CFL number.

5.5. NUMERICAL RESULTS

This section addresses two primary objectives. First, it aims to validate the
proposed multiphase flamelet-based solver for accurately modeling transcritical
combustion processes, emphasizing its capacity to capture key spray characteristics,
including vaporization behavior and ignition dynamics. Second, we present a
comprehensive comparison of the spray-A performance for pure nCiy, pure OMEg3,
and their mixture under identical transcritical conditions. The analysis includes
a detailed examination of transcritical vaporization phenomena, highlighting the
differential evaporation rates of fuel components and the interaction between
the liquid fuel and the surrounding environment. We also investigate ignition
characteristics, focusing on ignition times and penetration lengths, as well as
the evolution of various combustion zones, including two-phase, cool-flame, and
high-temperature regions. Finally, the study evaluates the formation of soot
using acetylene (C3Hs) as a key precursor, offering insight into the impact of fuel
composition on emissions.

5.5.1. OVERVIEW AND TEMPORAL EVOLUTION

The temporal evolution of the reacting Spray-A with three different fuels is
illustrated in Fig. 5.11, displaying instantaneous snapshots of the solution. Here,
the two-phase region is represented by the liquid volume fraction (LVF) contours,
shown in green, which also indicate the predicted distribution of the liquid injectant
in the transcritical combustion chamber. With regard to ignition delay time (IDT),
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Figure 5.11.: Time sequence snapshots of reacting spray-A with different fuels. The light
background contours display the mixture fraction, overlaid with the green contours of liquid
volume fraction in the two-phase region. The deep purple area shows the temperature isosurface
at 1800 K.

a good agreement is observed between the available experimental data from Pastor
et al. [153] (CMT) and the results of LES in the current work, using the reduced
hybrid reaction mechanism within the flamelet modeling framework based on MT.
These ignition times are summarized in Table 5.2 and are defined based on a
temperature increase of 400 K above the initial ambient temperature.

The ignition process across all fuel cases shows similar behavior, where around
the ignition time, low-temperature reactions are activated in a substantial portion
of the vaporized fuel. The iso-temperature surface at 1800 K is used to highlight the
most reactive regions (Fig. 5.11, deep purple). The transition to high-temperature
ignition is characterized by a rapid, volumetric expansion, with an abrupt radial
spread of the reacting jet observed in proximity to the flame front.

Figure 5.12 presents the temporal evolution of the liquid penetration length
(LPL) and the vapor penetration length (VPL) for the present simulations
alongside the experimental measurements [153]. For our LES, LPL and VPL are
defined as the maximum axial positions where the liquid volume fraction (LVF) is
5% and the mixture fraction is 1%, respectively. The results demonstrate excellent
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Table 5.2.: Ignition delay time predicted by the available experiments [153] and current work
simulations.

n012 MIX OME3
IDT (LES) | 242ps | 214ps | 149us

IDT (EXP) | 294ps - 194ps
nC12 Mix OME3
CMT | — VPL CMT
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Figure 5.12.: Comparison between CMT experiments [153] and current LES for the vapor
penetration length (VPL) and liquid penetration length (LPL) for all fuels. The uncertainty of
the measurements is expressed by the line thickness.

agreement between the LES and the experimental data for both LPL and VPL. It
should be noted that experimental data for the mixed fuel case are not available
and for pure OME3, data from OMEx, a mixture of OME3 and OME,, were
used as reference. The LPL values, which are listed in Table 5.3, show close
agreement with Sandia experimental data reported for the nCq5 case. In line with
the comparative study of Xuan et al. [165], our results demonstrate that the liquid
penetration length is indeed shorter for OME3 than for nCy5. This supports the
conclusion that OME3’s lower boiling point is more influential on the vaporization
length than its higher latent heat of vaporization or density.

Table 5.3.: Liquid penetration length predicted by the available experiment [110] and current
work simulations. The unit of numbers is mm.

1’1C12 Mix OME3
LPL (LES) | 98 | 88 | 7.9
LPL (EXP) | 94 R -

5.5.2. IGNITION ZONES

Figure 5.13 illustrates the three main zones in transcritical reacting sprays: (1) the
two-phase region, influenced by fuel properties and injection conditions, (2) the
cool flame region marked by CH5O formation, indicating low-temperature reactions
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Figure 5.13.: Comparison of two-phase region (in blue), hot and cold flame regions marked
by OH (in red) and CH20O (in green) distribution for different fuels at 670pus after the fuel
injection.

and first-stage ignition, and (3) the high-temperature reaction zone, highlighted by
OH radicals, representing second-stage ignition and complete combustion.

In general, the addition of OME3 to the n-dodecane fuel results in several
significant changes in the three characteristic zones. The length of the two-phase
region is reduced. The lift-off length of the cool flame also decreases, which
indicates a shorter distance from the nozzle where ignition initiates. Moreover, the
overall length of the cool flame region also decreases, leading to the formation of
the hot flame in closer proximity to the nozzle, with an extended flame length;
see Table 5.4. Another notable effect of adding OMEj5 is the disappearance of the
overlap between the cool flame and hot flame regions, which can be attributed to
differences in their stoichiometric and most ignitable mixture fraction. These
findings align with experimental results reported by Pastor et al. [153] regarding
the lift-off length (LOL) of Spray-A under similar conditions. They observed
a 20% reduction in LOL for oxygenated fuel OMEx compared to n-dodecane.
The measured LOL values were 13.7mm for OMEx and 16.6 mm for n-dodecane,
respectively.

Table 5.4.: Lift-off length of hot and cold spray flames. Numbers are in mm
nC12 Mix OME3
LOL (Hot Flame) 24.6 | 22.3 16.1
LOL (Cold Flame) | 15.2 | 13.3 | 104
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Figure 5.14.: Mixture fraction-temperature map for different fuel sprays at 0.5 (yellow), 1.0
(orange), 1.1 (red), and 1.5 (purple) times of the ignition time.

The auto-ignition process is depicted in Fig. 5.14 through global scatter plots
of temperature within mixture fraction space at various time instants (0.5, 1.0,
1.1, and 1.5 times the ignition time). The figure illustrates that the first and
second stages of the ignition for pure OME3 fuel start at regions with lower oxygen
concentration (i.e., higher mixture fraction) compared to pure n-dodecane. In the
case of mixed fuel, the behavior falls between the two pure fuel cases, reflecting
characteristics of both fuels during the ignition process.

5.5.3. TRANSCRITICAL VAPORIZATION
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Figure 5.15.: Comparison of transcritical evaporation of n-dodecane for pure nCis and mixed
fuel (nC12/OME3) cases. Contours show mass fraction of n-dodecane in the two-phase region
for the saturated vapor and the saturated liquid.

Figure 5.15 compares the transcritical evaporation of n-dodecane for pure
n-dodecane and mixed fuel scenarios. In both cases, the saturated vapor of
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n-dodecane becomes progressively richer as it travels through the combustion
chamber, driven by the increased evaporation of the liquid phase. For pure
n-dodecane, the saturated liquid jet undergoes a negligible dissolution of the
surrounding ambient gases (less than 3%), resulting in a relatively constant
composition from the inlet to the tip of the liquid jet. In contrast, for the mixed
fuel scenario, the n-dodecane mass fraction within the liquid jet increases from the
initial 50% at the inlet to about 75% at the jet tip. This behavior is directly
attributed to the differential evaporation rates of OME;3; and nCys species. OME;
has a higher volatility than nCjs, resulting in the enrichment of the saturated
liquid phase in n-dodecane as the jet advances.
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Figure 5.16.: Comparison of transcritical evaporation of OME3 for pure OME3 and mixed fuel
(nC12/OME3) cases. Contours show mass fraction of OME3 in the two-phase region for the
saturated vapor and the saturated liquid.

Figure 5.16 illustrates the transcritical evaporation of OME3 for two scenarios:
a mixed fuel (n-dodecane/OME3) and pure OME;. In both cases, the saturated
vapor becomes progressively enriched in OMEgs as it penetrates further into the
chamber due to the heat absorption from the surroundings that drives the phase
change from liquid to vapor. For pure OMEj3, the liquid jet composition changes
insignificantly from the nozzle to the jet tip, indicating that a negligible amount of
ambient gas (less than 5%) dissolves into the liquid. However, in the mixed fuel
case, the mass fraction of OME; in the liquid phase decreases from the initial 50%
at the nozzle to about 25% at the jet tip, suggesting that OME3 evaporates more
rapidly compared to n-dodecane.

5.5.4. SOOT FORMATION

The present simulations do not include detailed models for the formation of soot
particles; however, they represent key precursors in the formation of soot that
directly contribute to the growth of soot particles during combustion. Figure 5.17
presents the contours of CoHs (acetylene) for the developed flame at a distance
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nClz Mix OME3

Figure 5.17.: Acetylene mass fraction contours on a plane normal to the axial direction at
z = 30mm and 670ps after the start of the injection. The background shows temperature
contour lines.

larger than the lift-off length (LOL) for all fuel cases. Due to the absence of C-C
bonds, OMEj3 burns almost soot-free, while the nCys and Mix fuel cases show
considerable concentrations of CoHo within the core flame region, indicating a
higher propensity to soot formation. As anticipated, the addition of OMEs to nCia
can reduce the CoHy levels; the maximum acetylene concentration observed for the
mixed fuel is less than half of that for pure dodecane in this snapshot section.
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Figure 5.18.: Equivalence ratio-acetylene map for sprays with different fuels. The scatter
points show data at 670ps after the start of the injection. The solid lines show a Gaussian
curve fit through the upper points. The dashed lines show the location of the peak of the fitted
curves.

Figure 5.18 illustrates the global CoHy mass fraction versus the local equivalence
ratio for the three sprays. The LES results show that acetylene forms in equivalence
ratios between 2.5 and 5.0 for the n-dodecane fuel. Pastor et al. [153] reported an
upper limit of 5.5 in a similar context. For mixed fuel, acetylene forms between
2.0 and 4.5 and for OME3, between 2.0 and 3.0. Peak values are marked with
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dashed lines in Fig. 5.18. The lower ¢ for peak values for the Mix and OME3 cases
are mainly related to their lower stoichiometric air-fuel ratios, which are 15.59
and 8.59, respectively, compared to 21.18 for nCy,. The figure confirms that the
OMEj; spray flame can be expected to be nearly soot-free, but the two other flames
create a noticeable amount of CoHs. For Spray-A with nCio fuel, the amount
of acetylene produced, prcszdV, is approximately 1.76 x 10~%kg at 1000 us
after the start of the injection. This amount decreases by about 25% for the
mixed fuel, reaching approximately 1.29 x 1079 kg at the same time. This modest
reduction can be explained by considering the effect of the faster evaporation rate
of OMEg, resulting in a rapid depletion of OMEg3 in the fuel mixture and an
initial enrichment of the remaining nCi5. This procedure shifts the combustion of
n-dodecane to occur in a more fuel-rich environment, especially in regions with a
higher mixture fraction, thereby lowering the local oxygen concentration available
during the ignition phase. Lower oxygen availability at the start of combustion
leads to increased production of CoHs. Lastly, we note that the same bulk strain
is used in the generation of all chemistry tables. Consequently, the observed
reduction is not related to flame straining, as presented by Bao et al. [159]; rather,
it is directly a result of changes in fuel composition.

5.6. CONCLUSIONS

We have presented a new method for high-fidelity simulations of transcritical
combustion using a real-fluid multiphase thermo-transport solver based on the
LES-MT framework with a transcritical flamelet library. This model effectively
combines detailed chemical kinetics with multiphase interactions in complex fuel
sprays. Validation against experimental data for Spray-A with n-dodecane fueling
confirms the accuracy of the LES-MT approach in predicting ignition delay
time, vapor penetration length, and liquid penetration length under transcritical
conditions.

LES-MT results indicate distinct differences in the behaviors of transcritical
evaporation, ignition, and soot formation between the injection of pure n-dodecane,
pure OMEj3, and a nCio— OME;3 fuel mixture. Adding OME3 to nCi, shortens
the two-phase region and reduces the lift-off length of the cool flame, resulting in
earlier ignition. Although OMEj3 shows an advantage in being nearly soot-free,
the mixed fuel case shows a surprisingly modest reduction of soot formation due
to fuel-rich conditions and reduced oxygen availability, driven by OMEj3’s faster
evaporation. These findings, based on the proposed reduced hybrid reaction
mechanism, underscore the need for further studies to fully understand the complex
interactions in mixed fuels under varying conditions.







Conclusions

This dissertation set out to formulate accurate numerical models for high-fidelity
simulations of transcritical combustion. Operating modern propulsion systems
like rocket engines, gas turbines, and diesel engines under transcritical conditions
offers opportunities for improved fuel efficiency and engine performance, but the
complex physical phenomena, particularly the non-ideal behavior of fuel sprays
under extreme pressures and the interaction between turbulent mixing, transritical
phase-change, and chemical reactions, were poorly understood and hard to predict.
Addressing this gap required developing advanced physical and numerical models
that precisely account for the non-idealities of fluid mixtures and the challenges of
transcritical vaporization and combustion. To achieve this, the research focused on
four key objectives:

1. DEVELOPING A ROBUST AND RAPID VLE SOLVER

Computationally efficient and reliable phase-splitting calculations aka vapor-liquid
equilibrium (VLE) calculations are crucial for simulating transcritical multiphase
flows, where millions of such calculations are needed at each time step. Chapter
2 introduced a new family of VLE algorithms for isothermal and non-isothermal
conditions that formulate phase-equilibrium conditions in an effectively reduced
space, independent of the number of components. These new algorithms are
computationally efficient, robust, and fault-tolerant, offering quadratic convergence
even near complex phase boundaries, significantly outperforming conventional
techniques.  This development provides an essential foundation for feasible
high-fidelity simulations.

2. EXTENDING THE LES-MT METHOD TO REACTING FLOWS

Building upon the established Multiphase Thermodynamics (MT) approach for
non-reacting flows, Chapter 3 extended this framework to include reacting systems.
The LES-MT method, which uses a diffuse interface approach with real-fluid
equations of state and VLE calculations, was successfully applied to simulate
reacting and non-reacting transcritical fuel sprays. Validation against experimental
data for the ECN Spray-A benchmark showed excellent agreement for liquid and
vapor penetration lengths, ignition delay time, and flame lift-off length. This
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method demonstrated superiority over traditional Lagrangian Particle Tracking
(LPT) and Eulerian single-phase Dense-Gas (DG) approaches by accurately
capturing transcritical phase separation and real-fluid effects like the high solubility
of ambient gas in liquid fuel.

3. DEVELOPING A REAL-FLUID MULTIPHASE FLAMELET SOLVER

A detailed understanding of transcritical flames requires accurate simulation of
laminar flame structures under relevant high-pressure, multiphase conditions.
Chapter 4 presented a comprehensive numerical framework for unsteady flamelet
calculations that includes precise modeling of real-fluid thermo-transport and
chemical properties. This involved using the RKPR EOS coupled with VLE
for thermodynamic properties, the Chung method with an Effective Medium
Theory (EMT) mixing rule for transport properties in two-phase regions, and the
Dixon-Lewis diffusion formula with a thermodynamic correction factor (derived
consistently with the EOS and extended for multiphase regions) for diffusion
driving forces. Simulations of transcritical counterflow diffusion flames highlighted
the essential role of accurate real-fluid models; neglecting phase separation or
using ideal-gas assumptions led to significant errors in predicting unsteady ignition
behavior. The framework provides a tool for detailed analysis of transcritical flame
physics.

4. UsING THE LES-MT METHOD WITH TABULATED CHEMISTRY

To incorporate detailed chemical kinetics into computationally feasible large-scale
simulations, Chapter 5 integrated the MT-based LES approach with a transcritical
flamelet library generated the real-fluid multiphase flamelet solver. This framework
was validated against ECN Spray-A experiments, confirming its ability to
accurately predict key spray characteristics. Application to alternative fuels, such
as OME3; and its mixtures with n-dodecane, provided novel insights into the
differences in evaporation dynamics, ignition characteristics, and soot formation
under transcritical conditions. The results showed that adding OMEg3 shortens the
two-phase region and cool flame lift-off, accelerating ignition, but also revealed
complex interactions like differential evaporation influencing local composition and
potentially limiting soot reduction in blends.

The final outcome of this work can then be summarized as follows: addressing
critical challenges in VLE calculations, extending LES-MT to reacting flows,
developing detailed real-fluid flamelet models, and integrating them through
tabulated chemistry, this work provides unprecedented insights into high-pressure
transcritical injection and combustion phenomena. The successful validation
against experimental data and the detailed analysis of fundamental processes and
alternative fuels underscore the potential of this approach to become a powerful tool
for designing cleaner and more fuel-efficient engines in the future. While significant
advancements have been made, future work could explore further refinements, such
as incorporating detailed turbulence-combustion interaction models, implementing
dynamic load balancing for improved parallel performance, and conducting more
extensive studies on a wider range of new fuels and operating conditions.
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Appendices

A.1. SENSITIVITY TO GRID RESOLUTIONS

To evaluate the grid sensitivity of the numerical results presented, a grid
convergence study is conducted by refining and coarsening the base grid. The
finest grid has the minimum spacing of 6.84 um, while the coarsest has 20.50 um.
Applying the same local grid refinement procedure as used for the base grid (with
12.7 x 105 cells), we obtain a total cell number of approximately 1.2 x 105 for the
coarse grid and 36.1 x 10° for the finest grid.
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Figure A.1l.: Grid sensitivity of the temporal evolution of the temperature field superimposed
by the LVF distribution from 1 to 0 printed white to black colors.

Figure A.1 visualizes the temporal evolution of the jet on the three grids.
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The results obtained on the medium and fine grids are almost indistinguishable,
whereas too rapid penetration and a different jet break-up topology are observed
for the coarsest grid. Such a rapid nonphysical penetration was also reported for
too coarse meshes [35]. The main reason for this error is an insufficient number
of cells in the radial direction, resulting in extra momentum in the axial direction.
The corresponding liquid and vapor penetration trajectories are shown in Fig. A.2.
Only negligible differences can be observed between the results obtained on the
medium and fine grids.
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Figure A.2.: Grid sensitivity of the liquid and vapor penetration trajectories.

A.2. COMPRESSIBLE FORMULATION

Although pressure-based solvers that operate under low-Mach assumptions can be
suitable in some cases, like those used by Traxinger, Zips, and Pfitzner [38], they
are not ideal for test cases such as the ECN Spray-A configuration. In the Spray-A
setup, the sound speed of the liquid phase is approximately 900 ms~!, but it can
decrease to values lower than 300ms~' in the vaporized regions. With injection
velocities close to 600ms~!, local Mach numbers often exceed unity, as illustrated
in Fig. A.3.

Solving the fully conservative compressible Navier-Stokes equations is essential
to accurately simulate these regimes and capture dynamic pressure changes, shock
waves, and phase transitions [35]. Manifold retrieval techniques, which separate
pressure from thermodynamic states, fall short in such dynamic settings. In
contrast, the on-the-fly UV-flash method, updating internal energy and volume in
real time, maintains a tight coupling of thermodynamic and pressure fields in all
flow regions. For this reason, in our studies, instead of manifold retrieval, we use
on-the-fly UV flash calculations, like the compressible flamelet approach proposed
by Saghafian, Terrapon, and Pitsch [166].

The UV-flash method [51] is optimized for computational efficiency and remains
efficient regardless of the number of chemical species monitored. This makes
it suitable for LES of multi-component fuels in high-pressure, turbulent spray
environments. However, the intricate nature of such modeling can significantly
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Figure A.3.: Mid-plane contours of speed of sound and Mach number along with a 3D
rendering of mixture fraction iso-surface of 0.001. The orange line shows the edge of the
vaporizing region.

increase local computational expenses, often causing an uneven distribution of
workload with a traditional domain decomposition. Thus, employing dynamic load
balancing strategies [167] is crucial to maintain parallel scalability of simulations
that feature detailed spray flame modeling.







Epilogue

The models and frameworks presented here represent significant steps forward in
our ability to accurately predict the behavior of transcritical fuel sprays. By
confronting the challenges of real-fluid thermodynamics, robust phase equilibrium
calculations, and the nuances of high-pressure reaction kinetics, we have provided
unprecedented insights into these critical processes. Looking back, the complexity
of these phenomena underscores the necessity of the detailed, first-principles-based
approaches pursued. Looking forward, this research provides a powerful tool for
the continued development of cleaner and more fuel-efficient engines, enabling the
exploration of novel fuels like OMEs. The journey of discovery in transcritical
combustion is far from complete, but the foundations laid here offer a promising
path towards unlocking its full potential for the future of propulsion systems.

Mohamad Fathsi
Rotterdam, June 2025
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