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Abstract

Anti-lock brake system (ABS) prevents the wheels from locking up and reduce the
total braking distance as far as possible. Simply ABS systems got better over time,
the current implementation is based on a traditional hydraulic disk brake and a small
wheel inertia.
Seen the need for making vehicles cleaner in the future, it can be expected that an
increasing amount of vehicles will be equipped with electric motors able to regenerate
energy during braking. The addition of this electric motor changes the properties of
the brake actuation and has an influence on the wheel inertia.
The objective of this thesis work is to study the change of dynamics induced by the
regenerative braking, assess the performance of traditional ABS systems on the new
vehicles and propose improvements to the ABS algorithms to suit the new requirements.
This thesis project used the software MATLAB to establish simulation model, which
include the single wheel dynamic model, hydraulic brake system model, electric mo-
tor brake system model and traditional ABS controller. Finally, an integrated con-
trol scheme for regenerative braking based on anti-lock brake system is implemented.
Specifically, the regenerative braking system is incorporated into ABS, the electric mo-
tor takes part in anti lock brake control. By using a low pass filtering, we built a
frequency splitter controller to distribute these two brake torques and research the re-
lationship between our two cost functions which are braking distance and recovered
energy.
Test results show that the control scheme not only realizes the harmony and compatibil-
ity between electric motor brake and conventional friction brake, recovering the energy,
but also fully takes the advantage of quick response of motor braking, better realizing
the anti-lock braking control of vehicles. According to the test performance, we must
make a trade off between the braking distance and recovered energy.
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“There is no future for the automotive industry without the promotion of
environmental technology. It is convinced that only companies that succeed
in this area will be acceptable to society.”
— Fujio Cho





Chapter 1

Introduction

As associated with energy independence and environmental issue, alternative fuel ve-
hicle, especially Electric and Hybrid electric vehicles (HEV) have become part of the
government policy all over the world. The United State mandated a strict fuel econ-
omy standard. China issued a new energy vehicle policy to accelerate and subsidize
the deployment of electric and set a goal of 500k for 2011 [1].
Over the last decade, the benefits and limitations of hybrid vehicle ownership have
become much better understood, which has led to the rapid broadening of the market.
However, the economic meltdown of recent years has hurt the global auto industry, and
the consumer hybrid sector has fared no better. Nevertheless, several factors will help
drive the consumer hybrid vehicle market in the coming years. These factors include
the anticipated post-recession rise in fuel prices, continuing advances in hybrid power
trains and battery technology. ABI Research foresees the market for consumer hybrids
driving ahead during the forecast period, to surpass 1.9 million units by the time 2013
rolls around (Figure 1-1)[2]. Figure 1-1 indicates an upward trend of market share of
HEV sales.
A hybrid electric vehicle combines a conventional internal combustion engine (ICE)
propulsion system with an electric propulsion system. Modern HEVs make use of
efficiency improving technologies such as regenerative braking. When we slow the
vehicle, the kinetic energy that was propelling the vehicle forward has to go somewhere.
Most of it simply dissipates as heat and becomes useless. That energy, which could
have been used to do work, is essentially wasted. Automotive engineers have given this
problem a lot of thought and have come up with a kind of braking system that can
recapture much of the car’s kinetic energy and convert it into electricity, so that it can
be used to recharge the car’s batteries. This system is called regenerative braking.
The energy efficiency of a conventional car is only about 20 percent, with the remaining
80 percent of its energy being converted to heat through friction.The main attraction of
regenerative braking is that it may be able to capture as much as half of wasted energy
during braking and put it back to work. This could reduce fuel consumption by 10 to
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2 Introduction

Figure 1-1: HEV market share

25 percent. Hydraulic regenerative braking systems could provide even more impressive
gains, because the system promises 25-45 percent improvements in fuel economy and
emissions [3]. The added efficiency of regenerative braking also means less pain at the
pump, since hybrids with electric motors and regenerative brakes can travel consider-
ably farther on a gallon of gas, some achieving more than 50 miles per gallon at this
point. And that’s something that most drivers can really appreciate [3].

However, in March this year (2010) Toyota company announced the recall in the whole
world. Dozens of Prius drivers in Japan and the United States have complained of a
short delay in braking taking effect during cold weather or on bumpy roads. More than
400,000 Prius cars and other hybrids were recalled worldwide. Concerns over safety
have done deep damage to Toyota’s reputation for quality and reliability which have
helped it to become the largest car maker in the world. It proves the need of more
research on the software configuration of regenerative braking and friction braking.
Unfortunately, it is still very difficult to find in the literature a detailed description of
the Anti-lock Braking System (ABS) control equipped with regenerative braking used
in practice[4][5][6].

1-1 Goal and problem formulation of this thesis

The objective of this thesis is to study the change of dynamics induced by the regen-
erative braking, assess the performance of traditional ABS on the new vehicles and
propose improvements to the ABS algorithms to satisfy the new requirements. So in
this thesis, on the one hand we will study how to combine the regenerative braking and
friction braking together, and the focus is currently on the straight line braking. On
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the other hand, braking performance by considering the braking distance and recovered
energy will be investigated.

1-2 Layout

In Chapter 2, a top layer overview of the model blocks will first be presented, then the
modeling of brake actuators, wheel dynamics and wheel speed sensors will be introduced
respectively. The anti-lock braking system (ABS) and the approach based on wheel
deceleration thresholds which is used in this project will be illustrated in Chapter 3.
The regenerative braking system module and control algorithms will be discussed in
Chapter 4. In the last chapter, there will be discussions drawn from the previous
chapters, at the same time, the related problems when implementing the controller
algorithms will also be introduced, some recommendations will be presented at the end
of the thesis.

Master of Science Thesis W.Li
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Chapter 2

System Modeling

This chapter will be devoted to introduce the dynamical models employed for the design
in terms of brake actuators, quarter car model and sensors. Approaches of modeling
simulation for each part also will be introduced separately.

In order to help understand the entire dynamic system, firstly we build a schematic
program. Figure 2-1 gives a top layer overview of the model blocks. To have a better
overview of the entire system, it is divided into three blocks: Actuators, Tyre and
Wheel dynamics, and Sensors. The first block contains the hydraulic brake actuator,
electric motor and transmission, also the brake caliper and the pump and brake fluid
dynamics are included. The tyre and wheel dynamics subsystem contains the formulas
relating the tyre and wheel’s inertia to the torques and forces imposed on it. All the
sensed signals from each block are passed through the sensor block.

Those three main block models in Figure 2-1 will be described separately in the following
sections.

Figure 2-1: An overview of the entire system model

Master of Science Thesis W.Li



6 System Modeling

Figure 2-2: Longitudinal wheel slip

2-1 Tyre and Wheel Dynamics Modeling

2-1-1 Tyre Forces and Modeling

In general, because of tire deformation and because of traction and braking forces
exerted on the tire, the wheel ground contact point velocity v is not equal to the
product ωr. Denoting by the velocity of a pure rolling wheel whose radius is r and
angular velocity is ω, the longitudinal slip coefficient λ can be defined as

λ = v − ωr
max{v, ωr}

= v − ωr cos(αt)
max{v, ωr cos(αt)}

(2-1)

Where αt is the wheel side-slip angle. In vehicle dynamics, side-slip angle is the angle
between a rolling wheel’s actual direction of travel and direction towards which is
pointing.
Actually, we mostly concentrate on braking maneuvers taking place on a straight-line.
So the equations becomes:

λ = v − ωr
v

(2-2)

With λ ∈ [0, 1]. In particular λ = 0 corresponds to a pure rolling wheel and λ = 1 to a
locked wheel.
The tractive effort coefficient and tire slip always have a relationship as shown in
Figure 2-3. From this figure we can see that the tractive effort coefficient reaches the
maximum value at the peak value point A. When the slip ratio is below point A, the slip
ratio can increase the traction force (longitudinal curve in Figure 2-3). Once the slip
ratio exceeds A, the traction force will decrease as a result of the decrease of adhesive
coefficient. In addition to the tractive forces, the wheel must also generate a lateral
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2-1 Tyre and Wheel Dynamics Modeling 7

Figure 2-3: Slip-Tractive coefficient curve

force (lateral curve in Figure 2-3) to direct the vehicle. Like the tractive forces, the
lateral force is also dependent on the slip ratio. The lateral force will be decreased as
the slip is increased. Thus, the steering ability will be decreased as the slip is increased.
The longitudinal tyre force Fx is modeled by a relation

Fx(λ, Fz) = µ(λ)Fz (2-3)

That is, by a function that depends linearly on vertical load Fz and nonlinearly on
the variable. For different road surfaces, this value is different, this can be seen from
Figure 2-4, the peak value that each road condition can generate is quite different. On
the asphalt dry surface, the maximum force is large, but on the snow road surface, the
maximum value is really small.
The function µ is usually called the road-wheel coefficient of friction. Many empirical
expressions have been developed for µ; For example, Pacejka model which is also known
as the magic formula uses trigonometric functions [7]. A simplified form of Pacejka’s
magic formula is shown below:

Fx(λ, Fz) = Msin(L arctan[Nk − P (Bk − arctan(Nk))]) (2-4)

where the analytic expression of the different terms which appear in (2-4) depend
on λ, Fz and on eleven parameters (b0, · · · , b10) which are related to the specific tyre
properties. The three coefficientsM,L and P are positive. This model is very accurate,
thus it is good for simulation, but the negative is also obvious, the function is complex.
Burckhardt model [8] uses exponential functions:

µ(λ; θr) = θr1[1− exp(= λθr2)]− λθr3 (2-5)

Note that the vector θr is constituted by three parameters only. The model is very
simple so it is suitable for analytic purposes. By changing the values of these three

Master of Science Thesis W.Li



8 System Modeling

Figure 2-4: Different road surfaces map

parameters, many different road-tyre friction conditions can be modeled. In this thesis,
the Burckhardt model will be employed.

2-1-2 Wheel Dynamics

In this section, we introduce a mathematical model of the wheel dynamics. The problem
can be best explained by observing a quarter car model as shown in Figure 2-5. The
model consists of a single wheel attached to a mass m. As the wheel rotates, driven
by inertia of the mass m in the direction of the velocity v, a tyre reaction force Fx
is generated by the friction between the tyre surface and the road surface. The tyre
reaction force will generate a torque that initiates a rolling motion of the wheel causing
an angular velocity ω. A brake torque applied to the wheel will act against the spinning
of the wheel causing a negative angular acceleration. The equations of motion of the
quarter car are:

Jω̇ = rFx − Tb (2-6)
mv̇ = −Fx (2-7)

• ω[rad/s] is the angular speed of the wheel;

• v[m/s] is the longitudinal speed of the vehicle body;

• Tb[Nm] is the braking torque;

• Fx[N ] is the longitudinal tyre road contact force;
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2-1 Tyre and Wheel Dynamics Modeling 9

Figure 2-5: Quarter car forces and torques

• J [kgm2],m[kg] and r[m] are the moment of inertia of the wheel, the quarter car
mass and the wheel radius respectively.

Here an important parameter is introduced that is normalized linear wheel deceleration.
It is defined as:

η = − ω̇r
g

(2-8)

Observer that η is the linear deceleration of the contact point of the tyre, normalized
with respect to the gravitational acceleration g. It is useful since it can be easily and
directly compared with the longitudinal body deceleration.
By recalling the previous expression of Fx, the following quarter car model is obtained:


Jω̇ = rFzµ

(
v − ωr
v

)
− Tb

mv̇ = −Fzµ
(
v − ωr
v

) (2-9)

In (2-9) the state variables are ω and v. Since ω, v and λ are linked by an algebraic
relationship, it is possible to replace the state variable ω with the state variable λ. This
can be simply obtained by plugging the following two relationships:

λ̇ = −r
v
ω̇ + rω

v2 v̇, ω = v

r
(1− λ)

into the equation (2-9), so obtaining:

λ̇ = −1

v

(1− λ
m

+ r2

J

)
Fzµ(λ) + r

vJ
Tb

mv̇ = −Fzµ(λ)
(2-10)
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10 System Modeling

It is assumed [9] that the longitudinal dynamics of the vehicle (expressed by the state
variable v) is much slower than the rotational dynamics of the wheel (expressed by the
state variable λ or ω) due to large differences in inertia. Henceforth, v is considered as
a slowly-varying parameter. Under this assumption, the equation (vehicle dynamics)
(2-7) is neglected, and the model reduces to a first order model of the wheel dynamics
only, we work on the following system dynamics:

λ̇ = −1
v

(1− λ
m

+ r2

J

)
Fzµ(λ) + r

vJ
Tb (2-11)

2-1-3 Analysis of Linearized Model

A possible approach for the design of a braking control system is to recast it into
a standard regulation problem. So the first step is the computation and discussion
of the equilibrium points for system (2-6), and linearization of the model around its
equilibrium [10].
First notice that, by setting v̇ = 0 and ω̇ = 0 in (2-6), the corresponding equilibrium
is given by λ = 0 and Tb = 0. This corresponds to a constant speed condition without
braking; apparently, this equilibrium condition is trivial and meaningless for the design
of a braking controller.

By calling back our system dynamics (2-11), by replacing v as v = ωr

1− λ , this expression
can be written as

λ̇ = −1− λ
Jω

(Ψ(λ)− Tb) (2-12)

with ω > 0 and

Ψ(λ) =
(
r + J

rm
(1− λ)

)
Fzµ(λ) (2-13)

The equilibrium points we are interested in during braking are characterized by λ̇ = 0.
Consider now the following variables, defined around an equilibrium point (character-
ized by T̄b, λ̄, ¯̇ω and η̄):

δTb = Tb − T̄b, δλ = λ− λ̄, δω̇ = ω̇ − ¯̇ω, δη = η − η̄

Using these variables and the key definition µ1(λ̄) = ∂µ(λ)/∂λ |λ=λ̄ (the slope of the
µ(λ) curve around equilibrium), the transfer function Gλ(s) from δTb to δλ is given by:

Gλ(s) =
r

vJ

s+
[
µ1(λ̄)Fz
mv̄

(
(1− λ̄) + mr2

J

)] (2-14)
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2-1 Tyre and Wheel Dynamics Modeling 11

Figure 2-6: Bode plots of Gλ(s) at different longitudinal speeds

Similarly, the transfer function Gη(s) from δTb to δλ is given by:

Gη(s) =

r

Jg

[
s+

(
µ1(λ̄)Fz
mv̄

(1− λ̄)
)]

s+
[
µ1(λ̄)Fz
mv̄

(
(1− λ̄) + mr2

J

)] (2-15)

Stability condition for Gλ(s) and Gη(s):

µ1(λ̄)Fz
mv̄

(
(1− λ̄) + mr2

J

)
> 0

which can be simply reduced to µ1(λ̄) > 0. This means that Gλ(s) and Gη(s) are
open loop unstable if the equilibrium λ̄ occurs beyond the peak of the curve µ(λ).
Minimum-phase condition for Gη(s):

µ1(λ̄)Fz
mv̄

(1− λ̄)

which can be simply reduced to µ1(λ̄) > 0. This means that Gη(s) is non minimum
phase if the equilibrium λ̄ occurs beyond the peak of the curve µ(λ).
Although we consider the vehicle speed v as a slow varied parameter which does not
affect the stability and minimum-phase properties, it has effect on scaling the wheel
dynamics. Bode plots of Gλ(s) at different longitudinal speeds are shown in Figure 2-6.
Clearly, as the velocity is decreased, the dynamics gets faster. This scaling effect must
be somehow taken into account in the design of a braking controller. This issue has
been extensively considered in [11]. Assume for a moment the setpoint λ∗ corresponds
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Figure 2-7: Hydraulic braking system

to a slip value near the peak of the friction cure. The family of frequency responses
corresponding to values of v between 0.75 m/s and 32 m/s. It can be observed that
the bandwidth (−3 dB frequency) is between 42 rad/s and 75 rad/s (depending on v).
The details can be seen in [11].

2-2 Actuators Modeling

The design of automatic braking control systems is clearly highly dependent on the
braking system characteristics and actuator performance. In this part, we will study the
hardware of the vehicle which is important to the control system design. The currently
implemented hydraulic brake actuator and the electric motor will be introduced.

2-2-1 Hydraulic Actuated Brake

Hydraulic actuated brake (HAB) uses brake fluid to apply brake pressure to pads or
shoes. Most cars have a hydraulic braking system. The main parts of this system are
a chamber called a master cylinder, which is located near the brake pedal; at least one
wheel cylinder at each wheel; and tubes called brake pipes, which connect the master
cylinder to the wheel cylinders. The cylinders and brake pipes are filled with brake
fluid.
Inside the master cylinder, there is a piston, which can slide back and forth. In a simple
hydraulic system, the brake pedal controls this piston by means of a rod or some other
mechanical links. When the driver pushes on the pedal, the piston inside the master
cylinder exerts pressure on the fluid and slides forward a short distance. The fluid
transmits this pressure through the brake pipes, forcing pistons in the wheel cylinders
to move forward. As the wheel cylinders move forward, they apply brake pressure to
pads or shoes.
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2-2 Actuators Modeling 13

In these systems the pressure generated by the driver on the pedal is transmitted to the
hydraulic system via a Inlet Valve, which communicates with the brake cylinder. More-
over, the hydraulic system has a second valve, the Outlet Valve, which can discharge
the pressure and which is connected to a low pressure accumulator.
In the braking system, the braking torque acting on a wheel can be simply defined as:

Tb = rdγd · F⊥ (2-16)

where Tb is braking torque, rd is the brake disc radius, F⊥ is braking force which acts on
the disc vertically and γd is the brake pad friction coefficient. In the hydraulic brakes,
this force can be expressed as

F⊥ = A · Pb (2-17)

where A is the brake piston area and Pb is braking pressure generated by the hydraulic
fluid. Once the brake disc is fixed, the values of rd and A are constant, so we can just
use one simple equation to represent the hydraulic brake, which is:

Tb = γ · Pb (2-18)

Notice that, the parameter γ is changing during braking depending on the brake tem-
perature. In general, the efficiency will increase with the temperature, up to a certain
level where fading starts and friction drops rapidly. This means that the anti-lock
braking system algorithm needs to be robust to changes in the brake properties [12].
In hydraulic braking the brake pressure Pb is our control variable, the HAB actuator is
capable of providing three different control actions, namely

• Increase the brake pressure. In this case the Inlet valve is open and the Outlet
one closed;

• Hold the brake pressure. In this case both valves are closed;

• Decrease the brake pressure. In this case the Inlet valve is closed and the Outlet
one open.

The hydraulic dynamics model is represented in Figure 2-8. In this figure we can see,
the control variable brake pressure goes through the servo-valve and the pressure flow
rate can be controlled by valves, in the end it flows past the hydraulic system, and the
hydraulic line a transport time delay between the desired and the actual brake pressure.
These factors limit the performance of the actuation.
Some system identification work of the hydraulic dynamics model have been done in
the laboratory [12], they also use a simplify model low pass filter, and the identified
results of these two models almost the same, so we can simplify the dynamics into a
low pass filter. A rough identification of the characteristics gives: a pure time delay
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14 System Modeling

Figure 2-8: Hydraulic dynamics model

Figure 2-9: Hydraulic simulation block

∆t = 7 ms, a pressure rate limit between rmax = +750 bar/s and rmin = −500 bar/s,
and a second-order dynamics with a cut-off frequency of 60 Hz and a damping factor
ξ = 0.33. The simulation block in this design can be seen in Figure 2-9.

2-2-2 Electric Motor

An electric motor uses electrical energy to produce mechanical energy, very typically
through the interaction of magnetic fields and current-carrying conductors.
In general, DC (direct current) motors are most desirable in two situations. The first
is that when the only power available is DC, which occurs in automobiles and small
battery powered devices. The other is when a torque-speed curve needs to be carefully
doctored.
As technology and manipulation advances in AC (Alternating Current) motors, this
becomes a less important aspect, but historically the DC motor has been easy to con-
figure making it good for servo and traction application. With high current and low
voltage relative to the power supplied these motors provide high torque at low speed.
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(a) Electric motor (b) Physical analysis

Figure 2-10: Equivalent circuit of a permanent motor

The variations of the standard DC motor are the universal motor, which has been
slightly modified to run on AC power, and the brushless DC motor, which is a highly
complex device compared with the standard motor. DC motors are used in applications
requiring velocity or position control and when a high starting torque is needed as AC
motors have difficulty in this area.
The control logic may change the efficiency in different motor sizes, but the control
variable current is common aspect to all. An analysis of the electric motor control is
coming up.
In the regeneration brake, the electric motors are most important components. Because
they are reversible machines, they can function as motors or as generators.

• A motor receives electrical power from a battery and transforms it in torque
developing a Counter Electromotive Force (CEMF), which opposes the battery.

• A generator receives mechanical power from a mechanical actuator and transforms
it in electrical power developing a counter torque, which opposes the actuator.

Figure 2-10 represents an equivalent circuit of a permanent motor. According to the
Kirchhoff’s law, we can get the following equation:

V = E +Ra · I + La ·
dI

dt
(2-19)

where V,E,Ra, La, I represent armature voltage, CEMF voltage, resistance, inductance
and armature current respectively.
According to the law of electromagnetic induction, we get

E = Ke · ωr (2-20)

The torque generated by a current carrying coil in magnetic field is

Tm = Kt · I (2-21)
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Figure 2-11: Characteristic map of the electric motor

where Ke is CEMF constant and Kt is torque constant. ωr is rotor speed and Tm is
torque motor supplied.
From equation (2-20) and (2-21), we can see that the motor torque is proportional
to armature current and CEMF voltage is proportional to the speed. By controlling
the current I, we can control the motor brake torque. But the limitation is that such
braking force is not large enough to cover the required braking force due to the motor
power limitation.
Figure 4-1 represents the characteristic curve of the electric motor. For the electric
motor implementation, there are three main factors we must take into account, which
are maximum torque limitation (kick point 1), maximum motor speed limitation (kick
point 2) and electric motor power limitation (P = T · ω). In this design, the modeling
of electric motor is shown in Figure 2-12.
The module named as "Limitation Compute" in Figure 2-12 is used to limit the electrical
power of the system by considering the following equation:

Pelectric = −RI2 +KeωI

we want to enforce that Pelectric ≤ Pmax (or −Pmax) depending on the sign of the power
flow. By solving the second order equation, the control variable current limitation Ilim
can be found.
From the model we used in this project we can see that between the control input
variable (current) and the output variable (motor torque) is a constant gain value (kt),
obviously there is no limitation for the bandwidth in this model. This is the main
advantage of the electric motor, no time delay. However, compare to the traditional
friction brake, the maximum torque of the motor is not large.

2-2-3 Transmission

Adding the electric motor means the need of a transmission. In other words, the electric
motor is connected to the opposite side of the transmission as the wheel. This vehicle
configuration is shown in Figure 2-13. In this design, we use fixed gears. As with fixed
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Figure 2-12: Electric motor simulation block
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Figure 2-13: Additional inertia

gears, the transmission gear ratio is defined by the speed ratio, which is in this case
the motor side speed divided by the wheel side speed.
Notice that by introducing the electric motor with the transmission, we add an extra
inertia to the wheel side, so now we replace this additional inertia by an equivalent
inertia on wheel side (represented by Jeq in Figure 2-13).

Tm = Jm · ωm (2-22)
Teq = Jeq · ωeq (2-23)
Teq = i · Tm (2-24)
ωeq = ωm

i
(2-25)

where Jm is motor inertia, ωm, ωeq, Tm and Teq are motor side speed, wheel side speed,
motor side torque and wheel side torque respectively, i is constant transmission gear.
By doing some substitutions, we can get the equivalent inertia on wheel side:

Jeq = i2 · Jm (2-26)

2-3 Sensors

The term sensor has become common, as in the past 20 to 40 years measuring gages have
also come into use in consumer applications (e.g. motor vehicle and domestic appli-
ance technology). Sensors-another term for measuring detectors or measuring sensors-
convert a physical or chemical (generally non-electrical) variable φ into an electrical
variable e; this process often also takes place over further, non-electrical intermediate
stages.

2-3-1 Basic and Overview

The electrical sensor outputs are not only provided in the form of current and volt-
age, but are also available as current or voltage amplitudes, frequency, phases, pulse
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Figure 2-14: Basic sensor function

widths, and cycles or periods of an electrical oscillation, or as the electrical parameters,
resistance, capacitance, and inductance. A sensor can be defined using the following
equation:

1. e = f(Φ, Y1, Y2 . . . ) Sensor output signal

2. Φ = g(e, Y1, Y2 . . . ) Required measured variable

If the function f or g are known, then they represent a sensor model with the help
of which the measured variables sought maybe mathematically calculated from output
signal e and the influencing variables Yi practically without error (intelligent or smart
sensors)[13].

2-3-2 Wheel Speed Sensors

The ABS control algorithm implemented in this project is based on the wheel deceler-
ation thresholds. In this control logic, the only measured variable is the wheel speed.
Wheel speed sensors are used to measure it. The speed signals are transmitted via
cables to the ABS control unit of the vehicle which controls the braking force individ-
ually at each wheel. This control loop prevents the wheels from locking up so that the
vehicle’s stability and steerability are maintained.
Since 1998 active wheel speed sensors have been used almost exclusively with new
developments instead of passive (inductive) wheel speed sensors.
In the following part, we introduce the principle of this sensor. A sinusoidal signal is
produced as the impulse wheel teeth opening pass in front of the sensor, which causes
changes in the magnetic field. The change occurs as the metallic teeth and open spaces
on the impulse wheel pass the sensor.
In Figure 2-15, the impulse wheel rotates at wheel speed 1.) as the tooth passes the
sensor=the magnetic core increases, there is high magnetic flux 2.) this increases the
signal amplitude. As the impulse wheel continues at wheel speed, 3.) the gap passes the
sensor, which causes the magnetic field to collapse, which in turn creates low magnetic
flux 4.) Signal amplitude is decreased, which completes the cycle for a complete signal.
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Figure 2-15: Principle of the passive wheel speed sensor

Table 2-1: Actuators comparison

Electric motor Friction brake

Torque Tm = Kt · I Tb = rdγ · F⊥
Dynamics Fast Slow
Max torque Low High

The sensor and impulse wheel are exposed to a harsh environment, including temper-
ature extremes, vibration, grit and dirt, water, etc., all of which can affect the system
efficiency.

2-4 Short Conclusion

This chapter first gives a top layer overview of the model blocks, then introduces the
wheel force dynamics, two important brake actuators (hydraulic brake and electric
motor brake) and wheel speed sensors. In each part, we analyze its control logic and
show some simulation blocks in this project design. A short comparison between these
two actuators is shown in Table 2-1. The max torque of electric motor is usually around
200 Nm, not big enough to cover all required brake torque. The max torque of friction
brake is much bigger, more than 1000 Nm.
In the hybrid electric vehicles, the regenerative braking can not be used for many
reasons such as high state of charge or high temperature of the battery to increase the
battery life. So that is why the torque generated by the motor needs to work with the
friction braking torque together. In short, the direction of development of modern cars
is modular, integrated, mechatronics, and ultimately realize automotive steer by wire
system.
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Chapter 3

Anti-lock Braking System

Anti-lock braking system (ABS) technology has been used in the automotive industry
since the 1980’s [14] and is implemented in most modern cars today. According to the
Bosch website, 76 percent of all new vehicles were equipped with ABS in 2007 and it
has become a standard equipment for passenger cars in the EU, the U.S. and Japan.
There are two reasons for installing an ABS system in a car. The first objective is to
avoid wheel lock-up and preserve the tyre ability or produce a lateral force, and thus
vehicle maneuverability. Furthermore, the wheel slip is kept in a neighborhood of the
point that maximizes the tyre force in order to minimize the vehicle’s braking distance.
In braking control system, two output variables are usually considered for regulation
purposes: wheel deceleration and wheel slip. These output variables have characteristics
that are somehow complementary.
Approaches based on wheel slip regulation [9][15][16] have several nice features: they
are often based on clear mathematical background and the torque applied to the wheel
converges to a fixed value. However, their usage nevertheless confronts us with two
difficulties. Firstly, it is not always very clear how to estimate the wheel slip precisely
due to the fact that the vehicle speed is difficult to measure. Secondly, the value of
wheel slip λ∗ for which the longitudinal tyre force is maximal is general unknown and
not easy to estimate in real-time.
Approaches based on wheel deceleration thresholds [8][17] have quite interesting prop-
erties too: they are very robust with respect to friction coefficient changes and can
keep the wheel slip in a neighborhood of the optimal point, without using explicitly
the value of the optimal set point. But a particularly unpleasant characteristic of these
approaches is that they are often based on heuristic arguments, and thus tuning the
thresholds involved in this kind of algorithms might be a difficult task.
In this thesis, we use wheel deceleration control, cooperating work with the electric
motor and the performance of regenerative braking is tested based on the reasonable
thresholds setting.
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3-1 Wheel Deceleration Control

Wheel deceleration is the controlled output traditionally used in ABS, since it can be
easily measured with a simple wheel sensor. By calling back the previous chapter 2,
the quarter car model used in this thesis is represented by:

Jω̇ = −RFx + T (3-1)

The vehicle is supposed to brake with the maximal constant deceleration a∗x allowed by
road conditions, which is a∗x = −µ(λ∗)g. In other words

v̇x = a∗x

The vertical forces Fz on the front and rear axles are assumed constant and equal to
those one would have at equilibrium for this constant deceleration a∗x. The front and
rear wheel dynamics are then assumed decoupled.
Let λ∗ = −λ0 be the optimal negative wheel slip, such that µ′(λ∗) = 0. If we define
the wheel slip offset x1 and the wheel acceleration offset x2 by

x1 = λ− λ∗ (3-2a)
x2 = rω̇ − a∗x (3-2b)

we obtain the following dynamical system:

ẋ1 = 1
vx

(x2 − (λ∗ + x1)a∗x) (3-3a)

ẋ2 = − a

vx
µ̄
′(x1)(x2 − (λ∗ + x1)a∗x) + u (3-3b)

where a = R2

J
Fz and u = R

J
Ṫ . The function µ̄(·) is defined as

µ̄(x) = µ(λ∗ + x)− µ(λ∗).

3-2 Five-phase Hybrid Control Strategy

To ensure the robustness, the choice can be made between classical robust control and
hybrid robust control. The first methods often depend on a certain model and work with
deterministic rules, while hybrid control uses predetermined thresholds for control. By
using the methods based on the deterministic rules, the action can be relatively easily
explained and robustness can be proven, but it will be difficult to obtain the optimum
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value. Using hybrid control, a suboptimal region will result from this type of control.
In hybrid control, robustness can be guaranteed through methods such as limit cycle
analysis, if increasing the number of hybrid rules, the control performance can come
very close to the optimum braking value. So in this thesis, we choose the five-phase
ABS control algorithm [17].

For ABS regulation, the control objective is to keep the unmeasured variable x1(slip
offset) in a small neighborhood of zero, with a control u that only uses the measured
variable x2 = Rω̇ − a∗x.

3-2-1 Simplified First Integrals

Consider a dynamics system

ẋ = f(x), where x ∈ Rn.

For this system, a first integral is a function of the state I(x) that remains constant
along the trajectories of the system. That is, such that

d

dt
I(x(t)) =

n∑
i=1

∂I

∂xi
(x(t))fi(x(t)) = 0.

Thus, on any time interval [t0, t1], we have

I(x(t)) = I(x(t0)), (3-4)

for all t ∈ [t0, t1].

In the particular case of two-dimensional dynamical systems, first integrals can be used
to compute the phase-plane evolution of the system. Indeed, the evolution of any of
the two variables of the system can be deduced from the other variable using (3-4).

In this project, our control variable is brake torque, based on the first integral solutions,
we analysis the torque variations depicted as control actions in each phase respectively.

Constant torqueWhen the control variable is such that u = 0, the torque applied
to the wheel remains constant. Therefore, the torque itself is a first integral.

Large torque variations When u 6= 0, to find exact first integral is difficult.
Nevertheless, for controls having the following particular form u = u0/Rω with u0 large
enough, an approximative description of the system’s evolution still can be obtained.

Small torque variations This variation corresponds to the phase 5 in Figure 3-
2, during this phase the brake torque increased slowly. For controls having the particular
form u = u0x2/Rω with u0 small enough, an approximative description of the system’s
evolution can still be obtained.
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(a) The braking force is immediately applied of which
stability is guaranteed deterministically

(b) The braking force keeps increasing

(c) When instability region is reached, braking force
is set to decrease quickly

(d) Once wheel slip is in the stable region, holding the
brake pressure

Figure 3-1: The different steps taken by the ABS controller. The highest guaranteed braking
force is applied immediately. Once this is reached, the force is slowly increased until instability
occurs. Braking force is consequently reduced. The last known stable braking force is applied as
soon as wheel sip is in the stable region

3-2-2 The Algorithm

The ABS control process is that by increasing, decreasing or holding the brake pressure
to avoid the wheel lock up and optimize the braking distance. By calling back the
previous chapter 2, we want to keep the slip value in a optimal region, so if the value
of λ is smaller than the optimal value λ∗, the system always stay in the stable region,
our ABS controller will not be used. Once λ exceeds the optimal value λ∗, the ABS
controller will start to work immediately. Figure 3-1 gives a graphical interpretation of
the ABS control process when finding the optimal braking force.
Actually, in the real driving condition, the value of λ is difficult to measure, so we use
a deceleration threshold which is measurable. It means that the deceleration threshold
should be larger than the maximal constant deceleration. In this simplified model,
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Figure 3-2: The five-phase ABS regulation logic

the maximal constant deceleration a∗x allowed by road conditions is described as a∗x =
µ(λ0)g. Obviously, for different road conditions the value of λ0 is different, so the value
of a∗x is different. We need to use adaptive a∗x to the current road condition, but this
is very difficult. Therefore, we use an empirical value for the controller design which is
equal to 0.25. By calling back the previous function µ(λ) we can get the value of a∗x as
−10.78 m/s2.
The choice has been made to build a hybrid controller with deterministically determined
thresholds. In this fashion, deterministic design is the basis of the controller and hybrid
control is used to fine tune the system and further increase performance. The basic
ABS control regulation logic that we will consider is described on Figure 3-2. As shown
in this figure, there exist five phases and each phase has its own trigger condition. As
soon as one of these guard conditions that determine a discrete transition from the
current phase becomes true, the algorithm will switch to the next phase and change
the control action immediately [18][19].

PHASE 0 Once x1 < 0 and x2 < 0, it means that the wheel has entered the unstable
domain: if the brake pressure is maintained constant then the wheel will lock.

PHASE 1 We rapidly decrease brake torque by taking Ṫb = −u1/Rω until x2 ≥ ε1.
The aim of this phase is to change the sign of the wheel’s angular acceleration by
decreasing brake torque rapidly. The consequence of this brake pressure decrease
is that the wheel slip will first stop increasing and then will start decreasing.

PHASE 2 As soon as x2 ≥ ε1, we maintain a constant brake torque. The variable
x2 will first increase while x1 < 0; and then decrease once x1 > 0 (provided that
Phase 3 is not triggered before). All along Phase 2, we have x2 < ε2 and x2 > ε3.
Indeed, Phase 3 is triggered when x2 > ε2, while Phase 4 is triggered when x2 ≤ ε3.
The practical aim of this phase is to detect whether we are in the stable or in the
unstable region wheel dynamics.
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PHASE 3 In this phase, we rapidly increase brake torque until x2 ≤ ε1, which will
trigger the second phase of the algorithm. Phase 2 and Phase 3 will then alternate
until x2 ≤ ε3, which will trigger the fourth phase. From a physical point of view,
the aim of this phase is to prevent the wheel from returning too far into the stable
region (which would increase the braking distance).

PHASE 4 As soon as x2 ≤ ε3, we rapidly increase the brake torque until x2 ≤ −ε4,
which will trigger the fifth phase. Once this phase has been triggered, we know
that we are in the stable region of the wheel dynamics. We can thus increase the
brake pressure in order to change the sign of wheel deceleration and increase slip
again.

PHASE 5 The aim of this phase is to detect that the wheel has reached the unstable
region, and it is necessary to start again the algorithm from the beginning.

Note that these guard conditions only depend on the value of the measured variable
wheel acceleration offset x2 = Rω̇ − a∗x.

3-3 Algorithm Tuning

In the brake pressure dynamics, the hydraulic line and the servo-valve used to control
the pressure in the disk brake limit the performance of the actuation. In a first approx-
imation, the controlled valve will introduce a second-order dynamics and the hydraulic
line a transport time delay between the desired and the actual brake pressure, the
influence of these factors should be taken into account before designing a ABS system.

The parameters chosen in this tuning work are: pure time delay set as 7 ms and the
second order system of dynamic response with a natural frequency of 60 Hz and a
damping factor of 0.33.

In five-phase ABS control algorithm, nine parameters need to be chosen: the wheel
deceleration threshold εi and the brake pressure derivatives ui.

In the simulation analysis, we used symmetric thresholds (that is ε5 = ε1 and ε4 = ε3
)which are recommended in [17]. Choosing symmetric thresholds usually gives better
results and simplifies considerably the tuning of the control parameters ui.

Before we start to analyze the sensitivity of these parameters, three main different
trends of tuning parameter need to be introduced. Usually when we set a cost function
J and through changing the value of input variable x, there exists three different trends
which is shown in Figure 3-3. For trend 1, by increasing the variable x, the value of cost
function J is decreasing, and according to the trend direction, the smaller the better.
However, for trend 2, it is just the opposite. For trend 3, we can see that the optimal
value is a convergence on both sides.
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Figure 3-3: The trends for cost function

Figure 3-4: a− λ map
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Figure 3-5: The noise effects. Due to the noise effects, at some points the actual wheel
deceleration exceed threshold âx which will result in ABS start working

3-3-1 Sensitivity Analysis of Tuning Parameters

Actually, once the vehicle steps into the unstable region, the wheel will lock up imme-
diately, so the value of a∗x can not be set too large. However when setting this value
too small, here we use âx to estimate the value of a∗x, from Figure 3-4 we can see that
âx < a∗x, the correspond maximum braking torque of âx is much smaller than the max-
imum torque of a∗x, this will lead to a long braking distance. In practice, the roads
are uneven, also some sensing errors and other noise effects result in the deceleration
value close to the threshold, this can be seen in Figure 3-5. At some points, it will lead
to the wrong control action, the ABS start to work where actually the deceleration is
below the threshold. In order to test the sensitivity of acceleration and deceleration
thresholds setting, we first choose an average deceleration threshold and test the ABS
performance by using a large and a small acceleration threshold separately then vice
versa.

• ε1 This threshold is used to determine when phase 2 is triggered. If x2 ≥ ε1, we
stop decreasing the brake torque and start to maintain a constant brake torque.
We choose three different values of ε1, which are 11 m/s2, 20 m/s2, 90 m/s2 re-
spectively.
For the small value, ε1 = 11 m/s2, the results are shown in Figure 3-6(a) and
Figure 3-6(b), we can see that the wheel lock up gradually, the reason is that
because ε1 is small, so the guard condition can be triggered easily and step into
the next phase, the decreasing torque is not sufficient, then the slip is gradually
increasing which leads to the wheel lock up.
For the mid value, ε1 = 20 m/s2, the results are shown in Figure 3-6(c) and
Figure 3-6(d), we can see that the ABS control loop works well.
For the large value, ε1 = 90 m/s2, the results are shown in Figure 3-6(e) and
Figure 3-6(f), we can see that after reaching the first phase, the system can not
trigger the guard condition anymore to step into the next phase, because the
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(a) small ε1: speed (b) small ε1: slip and brake pressure

(c) mid ε1: speed (d) mid ε1: slip and brake pressure

(e) large ε1: speed (f) large ε1: slip and brake pressure

Figure 3-6: ε1 effect analysis
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threshold setting is too large. So the ABS works in phase 1, decreasing the
braking torque until zero.

• ε3,4 As soon as x2 ≤ ε3, we rapidly increase the brake torque in phase 4 and until
x2 ≤ ε4, which will trigger the fifth phase. We choose three different values of ε1,
which are 11 m/s2, 20 m/s2, 90 m/s2.
For the small value, ε3,4 = 11 m/s2, according to the description of previous phase
4, we know that once phase 4 has been triggered, we are in the stable region of
the wheel dynamics, we can thus increase the brake pressure in order to change
the sign of wheel deceleration and increase slip again. However, if this threshold
is set small, it means that the brake torque will start increasing at a very small
slip value which is much smaller than the optimal value (which would increase the
braking distance). It can be seen in Figure 3-7(b) and Figure 3-7(d), the average
slip value in Figure 3-7(b) is much smaller than the one in Figure 3-7(d).
For the mid value, ε3,4 = 20 m/s2, from Figure 3-7(c) and Figure 3-7(d) we can
see it works better than the small value of ε3,4.
For the large value, ε3,4 = 90 m/s2,from Figure 3-7(e) we can see the wheel lock up
gradually, because the threshold of ε3,4 is large, then the phase 4 can be triggered
more easily than before, the decreasing torque in phase 1 is not sufficient, the slip
is gradually increasing which leads to the wheel lock up. Here we have to pay
attention to that we use symmetric switching threshold, ε3 = ε4. When ε3,4 are
setting large, the phase 4 can be triggered more easily (ε4 is large), in another
side, it is difficult to get out phase 4 (ε3 is large), so the algorithm will stay in
phase 4 for a long time.

Therefore, it is essential that setting an appropriate acceleration threshold to ensure
the reliability of ABS regulation logic, also it is necessary to take comprehensive con-
sideration of thresholds selecting and pressure derivative setting. Now we study the
effects of pressure derivative setting.

• u1 This parameter is used in phase 1. Once the driver ask for a large torque to
brake the wheel, and the wheel may have a locking trend, we rapidly decrease
the brake torque by taking Ṫb = −u1/Rω to avoid wheel lock up. In order to
study the sensitivity of u1, here we choose three different values of u1, which are
u1 = 5.6× 103 pa, u1 = 5.6× 104 pa, u1 = 5.6× 105 pa.
For the small value, u1 = 5.6 × 103 pa, from Figure 3-8(a) we can see that the
wheel lock up quickly. Because Ṫb = −u1/Rω is not large enough to supply a fast
decreasing pressure derivative, then the wheel lock up.
For the mid value, u1 = 5.6×104 pa, from Figure 3-8(c) and Figure 3-8(d) we can
see that as soon as phase 1 triggered, by decreasing the brake torque, it prevents
the wheel from locking up successfully.
For the large value, u1 = 5.6×105 pa, from Figure 3-8(e) and Figure 3-8(f) we can
see that our five phase ABS regulation logic works, but because of large u1, the
decreasing torque derivative is too big, in some periods of time, the slip is almost
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(a) small ε3,4: speed (b) small ε3,4: slip and brake pressure

(c) mid ε3,4: speed (d) mid ε3,4: slip and brake pressure

(e) large ε3,4: speed (f) large ε3,4: slip and brake pressure

Figure 3-7: ε3,4 effect analysis
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(a) small u1: speed (b) small u1: slip and brake pressure

(c) mid u1: speed (d) mid u1: slip and brake pressure

(e) large u1: speed (f) large u1: slip and brake pressure

Figure 3-8: u1 effect analysis
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equal to zero (which will lead to a long braking distance). This can be seen in
Figure 3-8(f).

• u3 The value of u3 used in Phase 3 is to prevent the wheel from returning too far
into the stable region.
For the small value, u3 = 800 pa, in phase 3 the increased torque is small, it can
not well prevent the wheel from returning too far into the stable region, then the
braking torque will stay in small slip region (much lower than the optimal value)
longer time which will lead to a longer braking distance. This can be seen in
Figure 3-9(a) and Figure 3-9(b).
For the mid value, u3 = 2.5 × 104, we can see that the brake pressure in trough
region (ABS state 3) shown in Figure 3-9(d) is larger than the result shown in
Figure 3-9(b), it is better than before.
For the large value, u3 = 5× 105 pa, from Figure 3-9(e) we can see the wheel lock
up quickly, because after we rapidly decrease the brake torque in phase 1, then
the guard condition of phase 3 is triggered, by using a big value of u3, the value
of Ṫb = u3/Rω is large, so the brake torque will increase too much then the wheel
lock up quickly.

• u4 This parameter is used in phase 4, once the fourth phase is triggered, we can
increase the brake torque by taking Ṫb = u4/Rω. Here we also use three values to
test its sensitivity, the values are 8× 103 pa, 8× 104 pa, 8× 105 pa.
For the small value, u4 = 8× 103 pa, because the increased torque is very small,
from Figure 3-10(b), we can see that the system stays in state 4 for a long time.
If the wheel returns too far away from the stable region, and in phase 4 it can not
get a quick increasing torque, then the system will work in a small slip region too
long, which means the braking distance will become longer.
For the mid value, u4 = 8 × 104 pa, from Figure 3-10(c) and Figure 3-10(d), we
can see that our ABS works well.
For the large value, u4 = 8× 105 pa, the wheel lock up quickly which is shown in
Figure 3-10(e). Because the increase torque in phase 4 is too large then the wheel
lock which can be seen in Figure 3-10(f).

• u5 This parameter is used in phase 5. The aim of this phase is to detect that
the wheel has reached the unstable region, and it is necessary to start again
the algorithm from the beginning. If too big value of u5 is chosen (here we use
5×104 pa), the wheel might lock, this can be seen in Figure 3-11(e) and Figure 3-
11(f).
Then we use other two different values to check its performance, a small value
50 pa and a mid value 2 × 103 pa. The results are shown in Figure 3-11, we
can see that the average slip value shown in Figure 3-11(d) is slightly larger than
the value shown in Figure 3-11(b). So the results show that the performance of
parameter u5 is not so sensitive to a smaller value region.
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(a) small u3: speed (b) small u3: slip and brake pressure

(c) mid u3: speed (d) mid u3: slip and brake pressure

(e) large u3: speed (f) large u3: slip and brake pressure

Figure 3-9: u3 effect analysis
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(a) small u4: speed (b) small u4: slip and brake pressure

(c) mid u4: speed (d) mid u4: slip and brake pressure

(e) large u4: speed (f) large u4: slip and brake pressure

Figure 3-10: u4 effect analysis
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(a) small u5: speed (b) small u5: slip and brake pressure

(c) mid u5: speed (d) mid u5: slip and brake pressure

(e) large u5: speed (f) large u5: slip and brake pressure

Figure 3-11: u5 effect analysis
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3-3-2 Optimal Tuning

As we know, the main objective of ABS is to maintain the maximum brake force to
reduce the brake distance. So we choose the braking distance as the cost function
to define the optimality, however from the previous figures we can see that the wheel
always lock up before the vehicle speed is equal to zero. Because we consider the vehicle
speed v as a slow varied parameter which does not affect the stability and minimum-
phase properties but it has effect on scaling the wheel dynamics. As the velocity is
decreased, the dynamics gets faster, this can be seen in chapter 2. By using adaptive
threshold setting, the situation can be improved. So in this thesis, we compare the
braking distance from the initial braking speed to 7 m/s, then the cost function can
be defined as below:

d =
∫ 7

v0
vdt

First we select some reasonable deceleration thresholds, then we tune the pressure
derivative parameters based on the analysis of parameters sensitivity above, the optimal
values we choose as: ε1,5 = 20 m/s2, ε2 = 25 m/s2, ε3,4 = 14 m/2 and u1 = 5.6 ×
104 pa, u2 = 0, u3 = 8× 103 pa, u4 = 8× 104 pa, u5 = 220 pa. The results are shown in
Figure 3-12 and the braking distance is 60.47 m.

3-3-3 The Effect of Transport Time Delay

The main difference between the ideal braking system and the practical braking system
is the transport time delay. This time delay is caused by the following reasons:

• The delay generated by the brake transmission medium. For example, in the
hydraulic brake system due to the fluid component, the braking fluid transmit to
the wheel mask cylinder need some time.

• The transmission delay of brake actuator systems. For example, to overcome the
brake friction pair dead zone and brake clearance will take some time.

During this test, first we keep the previous optimal tuning thresholds fixed and just
change the time delay, then for each time delay, according to our cost function, we
compute the braking distance. The test results are shown in Table 3-1 and Figure 3-
13(a). We can see that with time delay increasing, the braking distance is increasing.
Obviously, the time delay affects negatively the ABS braking performance. As shown
in Figure 3-14, the system reaches the deceleration threshold at point A, it should begin
to decrease the brake torque, however the brake torque will keep increasing to the point
B which is caused by the time delay. Now if the deceleration threshold set to large and
the road coefficient is low, the wheel will be locked possibility in AB time period. The
same for the decreasing process, the braking torque reaches the acceleration threshold
at point C, the brake torque will keep decreasing for a short while due to the time
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(a) Vehicle and wheel speed (b) Slip

(c) Limit cycle (d) Brake pressure

Figure 3-12: Optimal tuning results

Table 3-1: The effect of time delay

Delay Braking distance

7 ms 60.47 m
11 ms 60.74 m
13 ms 60.87 m
15 ms 61.28 m

Table 3-2: The effect of bandwidth

Frequency Braking distance

60 Hz 60.47 m
55 Hz 60.76 m
50 Hz 61.00 m
45 Hz 61.56 m
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(a) Brake distance with different time delay (b) Brake distance with different bandwidth

Figure 3-13: Braking distance

Figure 3-14: Time delay analysis

delay. During this short time, if the wheel rotational inertia is small, the wheel speed
will recover too much which will make braking distance long.
Taking these factors into account, we know that the actual braking system is different
to the theoretical braking system. So if the time delay is large, we need to choose a
small deceleration threshold in order to avoid the wheel locked.

3-3-4 The Effect of Bandwidth

In the previous section we already analyzed the effect of time delay, in order to check
if the change of bandwidth will cause the same response, now we study the effect of
bandwidth. The values of bandwidth tested here are 60 Hz, 55 Hz, 50 Hz, 45 Hz, the
results can be seen in Figure 3-13(b) and Table 3-2.
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Table 3-3: Parameters list

Surface θr1 θr2 θr3

Asphalt, dry 1.28 23.99 0.52
Asphalt, wet 0.86 33.82 0.35
Cobblestone, dry 1.37 6.46 0.67
Snow 0.19 94.13 0.06

The results demonstrate that decreasing the bandwidth as well as increasing the time
delay have the same effect which is the extension of braking distance.

3-3-5 The Effect of Road Condition

In this project, the ABS uses only wheel speed sensors to detect our input variable wheel
angular velocity, which can also be used to calculate reference slip ratio with estimated
vehicle speed. Therefore, the road friction coefficient, which determines the vehicle
deceleration during braking, is an important parameter to estimate vehicle speed. This
section analyzes braking performances on different road surfaces and make an optimal
tuning for each road surface.
The model here we used is:

µ(λ; θr) = θr1[1− exp(−λθr2)]− λθr3

By changing the values of these three parameters, many different road conditions can
be modeled. In Table 3-3, the corresponding parameters are listed. In this section these
four curves will be used to study the effect of different road conditions.
First we keep the optimal tuning fixed, just change the surface to detect the effects,
the results are shown in Figure 3-15
From Figure 3-15 we can see that by using optimal tuning parameters of asphalt dry
in other road conditions, the work performances are not good. For asphalt wet sur-
face,from Figure 3-15(b) we can see that at the beginning of the brake process, the
wheel almost lock up. Because according to the road surface characteristic map, the
value of µ(λ∗) of asphalt wet is much smaller than asphalt dry, if use the same u1 in
phase 1, the decrease torque derivative is not large enough, the wheel might lock up.
For cobblestone surface, we can see that our algorithm works, but the problem is that
the braking distance is longer than before due to the small value of µ(λ∗) by using the
same tuning in asphalt dry surface. For snow surface, we can see that the wheel lock
up quickly, since the maximum value of µ(λ∗) is really too small.
Now change the parameters to find the optimal setting for each condition. The initial
brake speed is 130 km/h.
For wet asphalt road surface, after several tests, the optimized settings are ε1,5 =
30 m/s2, ε2 = 35 m/s2, ε3,4 = 25 m/2 and u1 = 2.1×105 pa, u2 = 0, u3 = 2×104 pa, u4 =
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(a) Asphalt dry (b) Asphalt wet

(c) Cobblestone (d) Snow

Figure 3-15: Fixed tuning with different road surfaces
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(a) Vehicle and wheel speed (b) Slip

(c) Limit cycle (d) Brake pressure

Figure 3-16: Optimal tuning for wet asphalt surface

1.3× 105 pa, u5 = 220 pa. The results are shown in Figure 3-16, the braking distance is
d = 100.08 m we can see that on the wet asphalt road condition, the braking distance
is much longer than the dry asphalt due to the small value of µ(λ∗).

For cobblestone road surface, the optimized settings are ε1,5 = 30m/s2, ε2 = 35m/s2, ε3,4 =
25 m/2 and u1 = 6× 104 pa, u2 = 0, u3 = 8.1× 103 pa, u4 = 8.2× 104 pa, u5 = 220 pa.
The results are shown in Figure 3-17 and the braking distance d = 71.58 m, clearly,
the brake distance on the cobblestone road is shorter than the road of wet asphalt but
still larger than the dry asphalt road surface, these differences can be well explained
by the map of road-wheel coefficient of friction, the peak value of Asphalt dry is larger
than the Cobblestone and Asphalt wet.

For snow road surface, the optimized settings are ε1,5 = 30 m/s2, ε2 = 35 m/s2, ε3,4 =
25 m/2 and u1 = 5× 105 pa, u2 = 0, u3 = 2× 104 pa, u4 = 2× 105 pa, u5 = 220 pa. The
braking distance is d = 696.86 m.

After studying the optimal tuning on different road surfaces, the robustness analysis
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(a) Vehicle and wheel speed (b) Slip

(c) Limit cycle (d) Brake pressure

Figure 3-17: Optimal tuning for cobblestone surface

Master of Science Thesis W.Li



44 Anti-lock Braking System

(a) Vehicle and wheel speed (b) Slip

(c) Limit cycle (d) Brake pressure

Figure 3-18: Optimal tuning for snow surface
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Table 3-4: Braking distance (4 ms delay) for different additional inertia

Inertia Braking distance

2.6063 kg ·m2 ∫ 7
v0
vdt = 59.51 m

3.8563 kg ·m2 ∫ 7
v0
vdt = 59.55 m

5.1063 kg ·m2 ∫ 7
v0
vdt = 59.55 m

also need to be considered. We hope we can find one optimal tuning for all different
road conditions, actually during this project, by testing on different road surfaces, it
is really difficult to find an optimal tuning that could be implemented for snow and
asphalt dry road surface (from the road surface characteristic map in chapter 2, we can
see their peak values are really different). For example, in phase 1, if we use a large
pressure derivative, this could prevent the wheel from locking up on the snow surface.
However, according to the previous sensitivity analysis, this value is really large for
asphalt dry road surface (maybe lead to a long braking distance). In another side,
if the pressure derivative is not large enough which is reasonable for asphalt dry, but
when apply to the snow surface, it maybe will lead the wheel lock up.
The difference between the asphalt dry and the cobblestone is not big, it is possible
to find one optimal tuning that could adopted by such road conditions. This also
convinced by the values of optimal tuning on these two road conditions.

3-3-6 The Effect of Inertia

In this thesis, we will use an electric motor, since we introduce an electric motor to our
brake system, so the inertia changes. Actually, in this project, the inertia of the motor
we used is 0.036 kg ·m2. In this section, we test the additional inertia sensitivity, here
we use three different additional inertia values, 0.225 kg ·m2, 0.425 kg ·m2, 0.625 kg ·m2.
According to the transmission section analysis, we know that by transmitting to the
wheel side, the equivalent inertia should be equal to i2 · J , so the values of inertia on
the wheel side are . The results are shown in Table 3-4. From the results we can see
that the braking distance is not so sensitive to the additional inertia changed.

3-4 Short Conclusion

This chapter presents one of traditional control approaches that is wheel deceleration
control. In this thesis project we use five phase algorithm control strategy in our system.
In this algorithm, there are two variables, the deceleration threshold ε and the pressure
derivative u, based on the sensitivity analysis, the optimal tuning for the asphalt dry
road condition is found. And the effects of transport time delay, bandwidth, inertia
changed and road surface are introduced separately. Based on the optimal tuning found
in this chapter, the following chapter will study the regenerative braking, the electric
motor will corporate work with the friction brake.
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The control of ABS is complicated and sometimes may not be effective due to the non-
linear characteristics and unknown environmental parameters. In the modern vehicle
design many control algorithms are proposed such as fuzzy logic control [20][21][22],
neural network [23], and other intelligent control [24][25][26].
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Chapter 4

Regenerative Brake Control

In conventional brake designs, the forward momentum of the vehicle is lost when the
brakes are applied. This energy is converted to heat via friction and is dissipated into
the surrounding air. In order to reuse this lost energy, the regenerative braking is come
to light.
The regenerative braking enables the vehicle to capture some of the energy that would
otherwise be lost when the vehicle slows to a stop. The applied braking force is propor-
tional to the current (Tm = Kt · I). The regenerative braking process slows the vehicle
but not enough to bring the car to a stop exactly. Generally, a regenerative braking
system is typically used in parallel with a traditional friction brake design, the reasons
are: (1) the regenerative braking torque is not large enough to cover the required brak-
ing torque; (2) the regenerative braking can not be used for many reasons such as a
high state of charge (SOC) or high temperature of the battery to increase the battery
life [27].
Having two brake systems sounds like a good idea from a safety perspective, but it also
means that the actions of these two independent systems need to be coordinated to
balance energy recovery with the need for braking precision.
According to the actions of two braking systems, we know that the hydraulic brake
does not react fast enough to provide precise braking controls due to the time delay.
Electric motor brakes have fast dynamics response but the torque is limited. So in
the coming up sections we will study how to combine them together and improve the
braking performance.

4-1 Friction and Motor Brake Cooperative Work without ABS

First we disconnect our ABS controller, then we make a torque allocation of the motor
brake and friction brake.

Master of Science Thesis W.Li



48 Regenerative Brake Control

Figure 4-1: Motor torque characteristics

In order to provide an appropriate motor brake torque for a given driving condition, a
control algorithm is required to determine the allocation of the motor brake and friction
brake corresponding to the driver’s demand. Figure 4-1 shows the motor characteristic
curve used in this design.
From Figure 4-1 we can see that. If the required motor torque is a, the braking can be
achieved only by the motor brake since a is smaller than the available motor torque.
When a braking torque c which is larger than the available motor torque is demanded,
the conventional friction brake has to be operated together with motor braking to
supply the missing torque, d. Also the motor power limitation need to be taken into
account. Thus the algorithm we used in this design can be presented in Figure 4-2:
Now using the control structure depicted in Figure 4-3 to test the system performance,
in this structure we can see we have three input variables which are driver desired
brake torque Tdesired, wheel speed ω and estimated friction brake efficiency γ̂. The
outputs are motor current I and pressure P which can be calculated by using equations
I = Tmotorreal/Kt and P = Tfriction/γ̂ respectively. Since we know that the parameter
γ depends on the brake temperature and is difficult to model. During this design we
use γ̂ to estimate it. The specifications of motor are listed in Table 4-1. The testing
results are shown in Figure 4-4.
Figure 4-4(a) and Figure 4-4(b) show the results of different brake torques, we can see
that for a larger torque, the controller works in the condition Tdesiredω > Pmax, so the
brake system calls for additional friction brake torque. Notice that in the motor torque
curve there are two kick points, the first one is due to the motor max power limit which
is equal to Pmax/ω, and another point is due to the motor max torque limit which is
saturated by Tmax. For a smaller torque, it works in the condition Tdesireω < Pmax, so
the motor can supply the whole brake torque.
Figure 4-4(c) and Figure 4-4(d) represent the results of different initial speeds. For
speed 20 m/s, the power limited torque is larger than the max motor torque limited,
so we can see the motor torque first increases linearly then keep constant due to the
max torque limited.
Figure 4-4(e) and Figure 4-4(f) represent the effects of γ̂. In the actuator part we
already introduced this parameter which is difficult to model, in this project we just
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Figure 4-2: Brake torque allocation flow chart
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Figure 4-3: Brake system with control allocation module

Table 4-1: Motor specification

Item Symbol Value Units

Max power Pmax 56280 w
Inertia Jm 0.036 kg ·m2

Resistance Rin 0.056 Ohm
Inductance L 0.00213 H
Max current Imax 329 A
EMF constant Ke 1.37 V s
Torque constant Kt 2.37 Nm/A
Max torque Tmax 286 Nm

assume that γ̂ = γ, but here we have a quick sight to check its effect. We know the
control variable pressure can be computed from P = Tfriction/γ̂, if the estimated value
of γ̂ is larger than the real value of γ, from the equation, we know the value of P
will become small then the friction brake torque will decrease, this can be seen from
Figure 4-4(e). The actual brake torque is smaller than the desired brake torque (which
would increase the braking distance). If γ̂ < γ, the actual brake torque is larger than
the desired torque (which would lead to the wheel lock up). In this project, the more
interesting thing is to study the performance of friction and motor brake, also due to
the time constraint, this variable is not controlled, we can just briefly assume that
γ̂ = γ.

Now we change the road surface to test the controller performance. The initial pa-
rameters setting here are: Tdesired = 1500 Nm, v0 = 36 m/s, γ̂ = γ. The results are
shown in Figure 4-5. Obviously, the performances are different due to the different road
conditions, but from these figures we can see that the motor brake torque with friction
brake torque is equal to the desired brake torque, our control allocation module works
well. In the following section, we will implement the ABS controller into the brake
system.
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(a) Torque 1500 Nm (b) Torque 500 Nm

(c) Brake speed 30 m/s (d) Brake speed 20 m/s

(e) γ̂ > γ (f) γ̂ < γ

Figure 4-4: Input variables of control allocation module test

Master of Science Thesis W.Li



52 Regenerative Brake Control

(a) Asphalt wet: speed (b) Asphalt wet: torque

(c) Cobblestone: speed (d) Cobblestone: torque

(e) Snow: speed (f) Snow: torque

Figure 4-5: Control allocation module test with different road conditions
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4-2 Friction and Motor Brake Cooperative Work Equipped with
ABS

In the previous section, we already designed a control allocation controller. Now we
need to implement the ABS controller to the brake system, the system structure is
presented in Figure 4-6.

First, we just keep the optimal tuning which is presented in the last chapter fixed,
and check the results. In another word, we add a motor brake model and a distribute
controller to the traditional friction brake structure. Now we have to consider two
things, the first one is braking distance what we want to minimize, the second thing
is the recovered energy what we want to maximize. During this design, we study the
performance of torque coordinate work for the high speed region (from initial speed to
7 m/s). The initial parameters setting here are: Tdesired = 1650 Nm, v0 = 36 m/s, γ̂ =
γ. The torque allocation is shown in Figure 4-7(a).

Braking distance is:

d =
∫ 7

v0
vdt = 60.28 m

Recovered energy is:
E =

∫
Pdt = 60 kJ

Compare to the traditional friction brake in the last chapter, the braking distance is
60.48 m, we can see it is improved. Because motor brake has fast dynamics response,
there is no time delay, so once the desired brake torque signal is implemented, the
motor will generate the brake torque immediately.

As introduced in chapter 2, the friction brake has slow dynamics and the motor brake
has fast dynamics. The control allocation module we used in Figure 4-6 finally we
can see that motor torque is constant due to the torque limited and the friction brake
vibrates by increasing or decreasing the hydraulic pressure according to the ABS control
algorithm.

However, the hydraulic system has a time delay, the response control action is a little
bit late, and the electric motor has fast dynamics, no time delay. Thus, we want to take
advantage of this property, so we make the friction brake torque constant and ABS will
work on the motor torque by controlling the current. The torque allocation is shown in
Figure 4-7(b). In order to compare with the previous regenerative brake, we compute
the braking distance and recovered energy again.

Braking distance is:

d =
∫ 7

v0
vdt = 58.97 m
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Figure 4-6: Friction and motor brake cooperative work equipped with ABS

(a) Motor torque constant (b) Friction torque constant

Figure 4-7: Two different cases. The first figure is motor torque constant, finally works at the
maximum motor torque, the recovered energy is maximum. The second figure is friction constant,
due to the motor fast dynamics, the braking distance should be shorter than the first case, but
the recovered energy is lower.
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Table 4-2: Brake performance comparison

System Torque distribution Braking distance Recovered energy

1st structure friction brake vibrate 60.28 m 60 kJ
2nd structure motor brake vibrate 58.97 m 39.60 kJ

Recovered energy is:
E =

∫
Pdt = 39.60 kJ

The comparison of the results in these two structures are listed in Table 4-2. Clearly,
in the first structure the motor torque is constant at max torque, compare to the
second structure the recovered energy is much larger, but the braking distance is longer
than the second structure. In the first case, the ABS algorithm works on the friction
brake, due to the time delay of friction brake, the braking distance becomes longer
(1.31 m). However, in the opposite case, in the second structure, we keep friction
constant, the ABS algorithm works on the motor brake (no time delay), the braking
distance improved. However, the recovered energy is less than before, the recovered
energy of the 2nd case is only 66% of the 1st case.

Notice that, the purpose here is to show two really different conditions, because we have
two cost functions, in the first case we can see we got much more recovered energy, but
the braking distance is longer. In the second case, the braking distance is improved,
but the recovered energy is really smaller than the first case.

In Figure 4-8 we draw a map for these two functions, the x axis stands for the recovered
energy, the y axis is represented by the braking distance. The red dot lines shown in
Figure 4-8 depict the minimum braking distance and the maximum recovered energy
respectively. From the road surface map we can easily find the maximum of the brake
force, so the minimum braking distance can be easily calculated by using this value, and
the maximum recovered energy limited by the electric motor power. Also the results
of the previous two cases are plotted in the figure.

Obviously, the cross point of these two lines is the best performance, but actually
according to the previous analysis, it is really impossible to reach to this point, the
trade off must be made. For example, in case 1, if we can keep this recovered energy
and decrease the braking distance, or in case 2, if we can keep the braking distance and
increase the recovered energy, or if there is some other approaches to make a trade off.
So the coming up work also the goal of this project is to find the trade off between the
braking distance and the recovered energy.

4-3 Frequency Splitter

From the last section we already tested two different structures (motor torque constant
and friction torque constant separately), now the more interesting thing as shown in
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Figure 4-8: Trade off between the braking distance and the recovered energy

Figure 4-9: Change direction

Figure 4-9 is that what will happen if we make a trade off. According to the charac-
teristics of friction and motor brake, we know that the friction brake has time delay
but the brake torque is large, motor brake has fast dynamics but the max torque is not
big enough. So in order to take advantage of their properties, we put a low pass filter
(see Figure 4-10) into the control allocation module. By choosing a cut-off frequency
Fc, the low frequency part applies to the friction brake, and the high frequency part
applies to the motor brake. Now the whole system model is shown in Figure 4-11.

Figure 4-10: Low pass filter module
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Figure 4-11: Final brake model

4-3-1 Frequency Splitter Analysis

Here we test our frequency splitter by using a signal that contains both low frequency
and high frequency, the input sinusoidal signal contains low frequency part (0.15 Hz)
and high frequency part (79.57 Hz). After going through the splitter, the results are
shown in Figure 4-12. As we can see, if the cut-off frequency is really small, the low
frequency part almost equal to zero, and the whole signal will pass through the high
frequency, because according to our structure, we use the total input signal minus the
frequency part to get the high frequency part, now the low frequency part is zero, so
the total input signal will pass through the high frequency part. If the cut-off frequency
is too big, the whole input signal will pass through the low frequency part, so the high
frequency part will be zero.

4-3-2 Constant ABS tuning

As we introduced before, our global objective is to test the performance of the system
by considering two factors (braking distance d and recovered energy E). From our final
model we can see that in this model there are three parameters, for ABS controller we
have two parameters which are deceleration threshold ε and pressure derivative u, for
frequency splitter we have one parameter which is cut-off frequency Fc.
Actually the tuning of ABS is done empirically, design a new ABS controller is really
expensive in term of time, also it is not the goal in this project. Therefore, we use a
constant ABS parameters ε̄, ū and just tuning the cut-off frequency Fc. So the coming
up work is to decide the constant ABS parameters ε̄, ū.
Our hybrid brake model has two brake modules, the hydraulic module has time delay
7 ms and the electric motor brake module has 0 ms time delay. From the left plot
of Figure 4-13, we can see, after going through the controller, our desired torque is
separated into two parts, one is applied to the hydraulic brake and another one is
applied on the motor brake then we get our final actual brake torque with a time delay.
Clearly, if the brake torque allocation is different, the delay of this hybrid system is
different, so this variable is changing. In order to tune ε̄, ū we want to use a unique
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(a) Cut-off frequency f = 0.02 Hz. The cut-off frequency
is very small, thus low pass filter loses split ability, the low
frequency shown in figure almost equal to zero.

(b) Cut-off frequency f = 5 Hz. The signal separate into
two parts (low frequency and high frequency) what we
expected.

(c) Cut-off frequency f = 100 Hz. Since the cut-off fre-
quency is really large, the whole signal pass through low
frequency part, and the high frequency part almost equal
to zero.

Figure 4-12: Signal test: low frequency vs high frequency
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Figure 4-13: Time delay module

Table 4-3: Braking distance (additional inertia) for different time delay

Delay Braking distance

7 ms
∫ 7
v0
vdt = 60.38 m

4 ms
∫ 7
v0
vdt = 60.24 m

2 ms
∫ 7
v0
vdt = 60.12 m

time delay, also the ABS controller should work for the whole system, thus we choose
an average time delay as 4 ms, this can be seen in the right plot of Figure 4-13.
Since we introduce a electric motor to our brake system, so the system inertia changes.
As introduced in chapter 2, here we add this equivalent motor inertia change on wheel
side, the value is Jm · i2. The structure for this testing we used is the traditional friction
brake with ABS, the only thing we need to change is wheel side inertia now we use
Jw + Jm · i2. Using the previous fixed optimal tuning we test three different time delay
7 ms, 4 ms, 2 ms respectively. The results are shown in Table 4-3.
Clearly, along with the time delay decreasing, the braking distance is decreasing, the
reason is already explained in last chapter. Now we make an optimal tuning for the
average time delay 4 ms, after tuning and testing many times, the optimal values we
selected are ε1 = 23, ε2 = 30, ε3 = 20;u1 = 4.8× 104, u3 = 3.5× 104, u4 = 5× 104, u5 =
220. The braking distance is:

d =
∫ 7

v0
vdt = 59.51 m

4-3-3 Improved Schematic with Frequency Splitter

Now we implement this constant ABS setting to our final model, then we start to check
the sensitivity for the cut-off frequency Fc, first we choose a value 4 Hz, the brake
torque allocation plot is shown in Figure 4-14. From this figure we can see that the
motor brake torque vibrates around zero, so it is not good for improving the braking
performance, we hope motor brake can play a more important role. So we introduce a
new bias parameter to boost this average level.
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Figure 4-14: Brake torque allocation

The sensitivity testing results of the cut-off frequency is shown in Figure 4-15. By calling
back the previous explanation of signal test Figure 4-12(a), if the cut-off frequency is
very small, thus low pass filter loses split ability, the low frequency shown in the figure
almost equal to zero. From Figure 4-15(a) we can see that the motor torque works at
the maximum torque due to the torque limitation, but the total brake torque is larger
than it, so still we need friction brake torque.

However, If the cut-off frequency is very big, from the previous explanation of signal
test Figure 4-12(c), we know the whole signal pass through low frequency part, and
the high frequency part almost equal to zero. Here we can see the motor torque is not
equal to zero, because we already used a bias value 400 Nm, so the motor torque here
is equal to 400 Nm, this can be seen in Figure 4-15(f). Clearly, the motor bias value
will effect our braking performance, this parameter must be taken into account in this
design.

By using a vector of frequency values (from 1.5 Hz to 15 Hz), we test the effects of
different motor bias constant value, here we use 300 Nm, 500 Nm, 700 Nm, the results
are shown in Figure 4-16.

From this figure we can see that by increasing the bias constant value, the braking
distance is decreasing and the recovered energy is increasing, but when this value closes
to the maximum of motor torque (for example, when bias value equals to 700 Nm),
the braking distance is increasing (see black line in Figure 4-16). The explanation for
this situation can be represented in Figure 4-17, since the value is large, so we can see
it exceeds the maximum motor torque, and the actual motor brake torque is saturated
by this maximum value, thus the braking performance is restricted.
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(a) cut-off frequency: 0.08 Hz (b) cut-off frequency: 0.9 Hz

(c) cut-off frequency: 4 Hz (d) cut-off frequency: 15 Hz

(e) cut-off frequency: 50 Hz (f) cut-off frequency: 100 Hz

Figure 4-15: Torque allocation with different cut-off frequency
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Figure 4-16: Brake performance with different constant bias values

Figure 4-17: Brake performance with large constant bias value
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Until now we already analysis the sensitivity of the cut-off frequency and the motor
bias parameter, in order to find a more accurately boundary shape, now we use couple
of the motor bias values and the cut-off frequencies to find the cost function boundary,
the results are shown in Figure 4-18(a). By using these results we can draw our cost
function boundary, the shape is shown in Figure 4-18(b).

4-4 Short Conclusion

In the regenerative braking, two actuators (friction brake and motor brake)need to
be merged and two cost functions need to be made a trade off. First we consider two
different cases by setting motor torque constant and friction torque constant separately.
By implementing a low pass filter we can distribute brake torque, low frequency region
will apply to the friction brake, and high frequency region will implement to the motor
brake. After tuning the cut-off frequency of low pass filter, a series of data depicted a
boundary between braking distance and recovered energy what we expect to get.
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(a) Test results of different cut-off frequency and motor bias value

(b) Boundary shape

Figure 4-18: Cost function boundary
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Chapter 5

Conclusions and Recommendation

5-1 Conclusions

This thesis report has been set out to accomplish the following goals:

1. Introduce the reader to nonlinear wheel dynamics and related brake control prob-
lems.

2. Describe two brake actuators, traditional hydraulic brake and electric motor brake.

3. Introduce a ABS wheel deceleration control based on the thresholds switching.

4. Present a model of the traditional friction brake system equipped with ABS and
validate this model.

5. Present a model of the entire system (merge two actuators)and test this model.

6. Verify the developed controller performance by considering the braking distance
and recovered energy.

Based on the five phase algorithm used in traditional ABS control, we add a fast
dynamics component electric motor to the system. The control problem in wheel de-
celeration control caused by the additional inertia changed in regenerative brake has
been explained. By using a low pass filter, the friction brake torque and motor torque
are distributed separately, the steps have been explained to understand the reasoning
behind each area of the developed frequency splitter. The simulation programme of the
entire system has been described in detail and validated using three structures. The
boundary between braking distance and recovered energy has been found. Conclusions
are that according to this project, the performance of braking distance is improved.
However, in regenerative brake the braking distance and the recovered energy we need
to make a trade off.
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5-2 Recommendation

The thesis here seems to be an end but is really a new beginning, according to the
whole process during this project, here I will list some recommendations
Road Surface In this project, the ABS uses only wheel speed sensors to detect
the input variable wheel angular speed, which can also be used to calculate reference
slip ratio with estimated vehicle speed. Therefore, the road friction coefficient, which
determines the vehicle deceleration during braking, is an important parameter in esti-
mation vehicle speed. In the chapter 3, the effect of road condition is done, the model
we used is:

µ(λ; θr) = θr1[1− exp(−λθr2)]− λθr3

By changing the value of θri, many different road conditions can be modeled.
However, in the final part (regenerative braking equipped with ABS) due to the time
limitation, we only got simulation tests on asphalt dry road surface. So future work
should include the testing of the controller on other road surfaces such as asphalt wet
or cobblestone surface.
T ire Test Bench In this thesis, all the results we obtained are simulated in
the computer. In simulations, many controllers show robust behavior when tested in
simulations and can cope with the nonlinearities described in Chapter 2. Neverthe-
less, a controller’s performance is better observed by testing it on a real system. A
controller’s sensitivity to predefined noise signals or errors can be simulated, but the
various influences on signals on an experimental setup such as drift, additive noise,
delays, and other system dynamics make it a more thorough test. So, in future work,
the control algorithms and the simulations what we have done in this thesis should be
tested on a real tire test bench and implemented in a test vehicle.
Transmission The transmission gear implemented in the simulation is a reason-
able constant value in order to simplified the model. For future work, a continuously
variable transmission (CVT) is recommended. CVT is an emerging automotive trans-
mission technology that offers a continuum of gear ratios between high and low extremes
with fewer moving parts. In paper [4], CVT speed ratio control algorithm is suggested
during the braking. The optimal operation line is obtained to operate the motor in
the most efficient region. It is found from the simulation that the regenerative braking
algorithm including the CVT ratio control provides improved fuel economy as much as
4 percent for federal urban driving schedule.
Friction Brake Coefficient In chapter 2 we already introduced this pa-
rameter γ which is friction brake coefficient, since it is a time varying variable, depends
on the temperature, it is difficult to model. In this project we just assume that γ̂ = γ,
but actually the estimation precision should be taken into account.
We know the control variable pressure can be computed from P = Tfriction/γ̂, and the
friction brake torque expression is Tf = γ · P , so we can see if the estimated value of
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γ̂ is larger than the real value of γ, the value of P will become small then the friction
brake torque will decrease. In another side, if γ̂ < γ, the actual brake torque is larger
than the desired torque.
Notice that, if our system is an open loop control, obviously, these estimate errors
will effect our braking performance directly. However, our ABS system is a closed
loop control system, it will complement by itself. If these errors are too big, clearly
the braking performance will be effected, but if these errors are not so big, what will
happen, if our ABS system will deal with these changes or not. So it is necessary to do
more work in future based on this factor.
Adaptive Motor Bias V alue In the last chapter, we design a frequency
splitter and introduce a motor bias value. From sensitivity analysis of this value, we
can see if the bias choose too small or too large, during the ABS control cycle, the
lower part or the upper part of the motor torque will be saturated, and the braking
performance is losing. In this project we already estimated the boundary between the
braking distance and the recovered energy these two cost functions, in future still more
precisely work should be done.
Finally, more future work could also be done to expand the Quarter Car Model (QCM)
into a more advanced model, for instance by introducing wheel coupling or weight
shifting of the vehicle.

Master of Science Thesis W.Li



68 Conclusions and Recommendation

W.Li Master of Science Thesis



Appendix A

Simulation schematic
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70 Simulation schematic

Figure A-1: Final simulation programme
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Glossary

List of Symbols

Abbreviations
ε ABS threshold (m/s2)
γ Brake pad friction coefficient (no dimension)
λ Wheel slip (no dimension)
µ Coefficient of friction (no dimension)
ω Wheel speed (rad/s)
Fc Cut frequency (Hz)
Fx Friction force (N)
Fz Vertical load (N)
J Wheel inertia (kg ·m2)
Jm Motor inertia (kg ·m2)
m Quarter mass of the vehicle (kg)
R Tyre radius (m)
Tb Brake torque (Nm)
Tf Friction brake torque (Nm)
Tm Electric motor brake torque (Nm)
u ABS pressure derivative (Pa)
v Vehicle speed (m/s)
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