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SUMMARY 

In Ref. 6 Cesari presented a general method, based on concepts from 
functional analysis and algebraic topology, for establishing the existence of 
periodic solutions to nonlinear differential equations. The present study 
shows that this method can be extended to solutions which are not periodic. 
In particular it is demonstrated that the equation 

x" + hx' + e x + c x^ = Q(t), (A) 

where Q(t) is a step-function and x' = dx/dt, possesses a general solution 
of the form 

00 00 m k t r "ï 
x = x + E E . e \a + b Sin nut + c Cos nut i, (B) 

s n=l m=l L nin mn mn J 

where x is a static equilibrium value. Further, this result indicates the 

validity of using truncated forms of (B) for the purpose of approximation. 
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Introduction 

The vector equation 

X' = X(x) + Q(t). (1.1) 

where X is a r e a l , nonlinear , analyt ic , vec to r function of x, Q(t) a vector 
step-function and x ' = dx/dt , a r i s e s in a wide c l a s s of p rob lems in science 
and engineering. Unfortimately for those seeking to apply it . the genera l 
solution of this equation is unknown, except for a ve ry l imited c l a s s of 
specia l c a s e s . See Refs. 1 and 2. It i s , the re fore , a worthwhile objective 
to seek the form of the solution to equation (1. 1) o r to special c a se s of this 
equation. 

In the p re sen t study attention will be confined to the s c a l a r equation 

x " + hx ' + e x + e x = Q(t), h > 0, (1.2) 

where 

t ^ 0, Q(t) = 0 

t > 0. Q(t) = Q. 

and having ini t ial conditions t ( -0) , x = 0, x ' = 0. Alternat ively this equation 
may be wr i t ten as the equivalent sy s t em 

^2 

-hx, c^x^ - CgX^ + Q(t) 
(1.3) 

F o r values of t > 0 the solution of th is sys tem may be expressed as 

t > 0 +0 t > 0 t > 0 

Xj = x^(-O) + r x^dt = x^(-O) + ƒ Xgdt + ƒ Xgdt = ƒ 

-0 -0 +0 +0 

x^dt (1.4) 

and t > 0 

X2(-0) + ƒ X- dt 

t > 0 

X2(-0) -̂  ƒ I 
-0 

-hx, ^ ^ 
CgXj + Q(t) |dt 



t >0 t > 0 t > 0 

X2(-0) - h [x^ ] - / (c^x^ + CgX^jdt + I Q(t)dt 

+0 t > 0 +0 t > 0 

= X2(-0) - h [x^] - h [x^] - | ( c ^ x ^ + C3xJ)dt - /(c^x^ + CgxJ)dt 

-O +0 -O +0 

+0 t > 0 

+ /Q(t)dt + ƒ Q(t)dt 

- 0 + 0 

t > 0 t > 0 t > 0 

= -h [ X J - [(CjX^ + Cgxjjdt + / Q(t)dt 

+0 +Ö +0 

° ^ t > 0 t > 0 t > 0 

x^ = - h [Xj] - / (c^x^ + CgXj)dt + I Q d t (1.5) , 

+0 +Ó +0 

Differentiating these express ions with respec t to t then gives 

-hx2 - CjXj - CgxJ + Q. 
(1.6) 

This means that , for values of t > 0, the solution of (1. 6) with initial values 
taken at t(+0) i s the same aa that of (1.3) with init ial values taken at t (-0) . 

The equivalent s c a l a r equation to (1.6) i s 

3 
x " + hx ' + e x + e x = Q, (1.7) 

1 V 

and of pa r t i cu la r i n t e re s t a r e those solutions which tend asymptot ical ly, a s 
t—• 00, to finite constant va lues . These s tat ic equi l ibr ium, o r s t eady-s ta te , 
va lues a r e defined by 

X = Xg, X' = x " » 0 (1.8) 

Substituting this condition into (1.7) gives 



- 3 

from which it ntiay be concluded that, for a given value of Q, there are , at 
most, three values of x to which the solution may tend asymptotically as 

t > 00 . 

Define the new variable | by 

5 = X - X (1. 10) 
This means that if the solution of (1.7) is asymptotically stable with respect 
to a value x . then f is the ordinate measured from this final steady-state 

value. Now 

x' = C', x " = I " 

and upon substitution into (1. 7) gives 

C" + hV + c^( | + Xg) + 03(5 + Xg)^ = Q. 

Subtracting (1. 9) from this equation then yields 

f" + hC' + (c^ + 3CgX^)^ + ed.Cg) = 0, (1.11) 

where e(^.c^) = CglSx^S^ + f^), (1.12) 

and with initial values t = 0, I = -x , g' ^ 0. 

As defined, the static equilibrium points x are stable spiral or nodal 
points in the sense of Poincare, of which there are several, depending on 
the signs of c and c and on the relative magnitude of h. See Ref. 3, 

Chapter 15. Initially, in order to simplify the problem, only the case 
c > 0, c„ > 0 will be considered. For this case only one position of static 

equilibrium exists, i. e. one real root of (1. 9), and this is either a stable 
spiral or stable nodal point. The situation may conveniently be described by 
means of the diagram shown in Fig. 1. See, for example, Ref. 4. The 
points A, C and E correspond to typical initial values, Q = 0, x = 0 , whilst 

the points B, D and F are related final values for which Q / 0, x / 0. 
s 

The problem is then to determine the form of the solution of (1. 11) between 
the static equilibrium points (they are static equilibrium points prior to the 
application of the step-function) A, C and E, and the final static equilibrium 
points B, D and F, respectively. Further, it is required to know whether 
the form of the solution is dependent on the position of the points A , . . . . F 
on Fig. 1, i. e. how the form of the solution correlates with the nature of 
the singularities at A , . . . . F. 

Since equation (1.11) is analytic in ?, then provided 5(t = +0) = -x , 
s 

and thereby Q, is not too great, an answer to the previous problem can be 
obtained from Lyapunov's Expansion Theorem. See Ref. 5, pp. 95-106. 
Writing (1. 11) in vector form 
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A? + q(€,Cg), (1.13) 

where 

A = 

- ( C j + 3C3X^) 

and q(4, Cg) = 

•edi .cg) 

then (1. 13) is in the form discussed in Ref. 5. Let the characteristic roots, 
X., of A be distinct with negative real parts and satisfy no relation of the form 

X. = m^Xj + m2X2 

having integers 

m ,m > 0, m + m- > 1. 

Let | u (t), u (t)j be a base for the solution of 

V = AC, 

the general solution of which is 

u(t) = a^u^(t) + a2U^(t), 

(1. 14) 

(1.15) 

where the a. are constants. The Expansion Theorem then states that the 

general solution of (1. 13), in a restricted neighbourhood of | = 0, defined 
by II a II < p > 0, is 

where 

C(t) = L Z'"(t;a), m = l 

Z (t;a) = u(t), 

Z"'(t;a) = X(a) exp | t I mA^j 

(1.16) 

(1.17) 

a is the vector [a , a ] and X(a) is a polynomial of degree m in the a.. 

Since, for a given Q, only one singularity exists, then it may be argued 
from the fundamental existence theorem that the solution (1. 16) will vary 
continuously with c and a, or x . It may, therefore, reasonably be 

<3 S 

anticipated that the solution (1. 16) can be extended to a neighbourhood whose 
size is much greater than that envisaged in the theorem. A shortcoming of 



the Expansion T h e o r e m is that it offers no means of determining the s ize of 
the region for which the theorem is valid. 

A technique which has been applied successfully to exis tence proofs 
r e l a t ed to per iodic solutions of nonl inear differential equations is that due 
to C e s a r i . See Refs. 6, 7 and 8. It i s the purpose of the presen t paper to 
explore the applicat ion of th is method, suitably modified to deal with a c l a s s 
of non-per iodic solut ions, to the solution exis tence problem associa ted with 
equation (1.13)and hence with (1.2). 

2. The Exis tence Theorem 

In formulat ing the exis tence theorem it is convenient, for the purpose 
of siniplifying some of the a lgebraic and t r igonomet r ic manipulation, to 
divide the solutions up into two c l a s s e s . Those for whom the cha rac t e r i s t i c 
roo ts of A a r e r e a l and negative, and those for whomi the roots a r e complex 
and have negative r e a l p a r t s . The components of the solutions to equation 
(1. 13) may then be expressed as 

» /xv 'S 'S mkt f , , -n i t , nit •} ,„ , , 
C.(t) = L ^ L e { ,a + .b e + .c e V , (2.1) 

D n=l m = l L j m 3 mn j mn J ' 
in the ca se of r e a l roo t s , and 

| , ( t ) = 2 , E e " ^ * ( , a + ,b Sin nut + .c Cos nut"), (2.2) 
^i ' n = l m = l I j m j mn ] mn J ' 

in the case of complex roo t s , where m, n, k, 1 and u a r e r e a l and m, n 
a r e posit ive in t ege r s . Since these a r e only a modified r e - s t a t e m e n t of 
(1. 16), and the solutions given by the Expansion Theorem a r e genera l 
solutions (See Ref. 5, p. 99), then (2. 1) o r (2. 2) a re genera l solutions. 
F u r t h e r , it i s intended to d i scuss only the ca se of solutions of the form (2. 2). 

Cons ider the function space S of r e a l vector functions S(t) = [ C^(t), ^2^^^\ 

whose components have the form (2.2) and having a no rm i/(C) defined by 

v(^) = sup I |C I (2.3) 
(0 < t ^ oo)J=l J 

A project ion opera to r P may be defined in S by the re la t ions 

PC = (P j€^ , P2C2) (2.4) 

n=r m=s ,„1,* ^ 
P,C. = E E e K a + ,b Sin nu t + .c Cos nut . (2.5) 

j j n=l m = l t J m j mn j mn J 
2 

where r , s > 1. Also, by definition, P = P . 



The subspace S of S is defined by 

S = {€ :?eS , P? = o) 

and, thereby, if ? eS then 

(2.8) 

00 
k.(t) = E 
J n=r+l m=s+l 

00 mkt r 1 
E e ^ ,a + ,b Sin nu t + .c Cos n u t I (2. 7) 

I. j m j mn J mn J j m j mn J mn 

An ope ra to r H on S may be defined by the re la t ion 

HC.= g S e 
3 n=r+l m=s+l 

, . r .a mk.b + nu .c 
mkt J j m , ] mn j mn { mk / 1 \2 , , .2 

(mk) + (nu) 

Sin n u t 

mk.c - nu .b -
j mn 1 mn _ .1 

+ ''—5 «̂  Cos nu t V , 
(mk)'' + (nu) -• 

(2.8) 

which co r r e sponds to the Integrat ion of C.tS with the constants of integration 

taken to be ze ro . Fu r the r , cons ider the o p e r a t o r s f, F and T on S defined 
by 

f| = q5 - Pq€ 

FC = Hf4 

and 

y = T | = P5 + F C ; 

o r , in m o r e detai l , 

n 
h - ̂ h 

(2.9) 

(2. 10) 

(2.11) 

.(Cj + SCgX^)!^ - 0(4^) - hC2 + P{(Cj + 3CgX^)C^ + 6(5^) + h42l 

. (2.12) 

F ? 

H(€2 - PC2) 

H [-(c^ + SCgX^)!^ - ü{i^) - hC2 + P((Cj + 3CgXg)Cj + 0(Ci) + hSgj 

and 

y " 

(2. 13) 

P € , + H(C2 - P?2) 

P?2 + H[ - ( c^ + 3CgX^)C^ - (J(Cj) - hC2 + P}(Ci + SCgX^)^^ + (/(f^ +h?^^ 

(2.14) 
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In Section 3 an approximate solution (3. 1) will be developed whose 
components cor respond to P . 4 . of (2.5) with r = s = 3. By placing cer ta in 

bounds on v(f), Isl , v(^ - P?) and JC - P?! it is possible to define a 
subspace Sj! of S and, provided ce r t a in inequali t ies a r e satisfied, it will be 

K 
shown that T:S 

R 
S!! and is also a contract ion mapping. 

K Because T is a 

contract ion in S' , Banach 's fixed point theorem (See Ref. 9, p. 141) may be 

invoked to conclude that y{t) ex i s t s uniquely in S* and is continuously 

dependent on the approximate solution (3. 1), This means that .a , .b 

4 , 5 , a r e uniquely de termined by and continuously and .c with m, n 
J mn 

depepdent on a . . . 2^3 ' 1^11' b c 
' 2 33 ' 1 1 1 " 

• ' 2 ^ 3 3 ' 

If y(t) e S* is a fixed e lement of T in S* then 

y = Py + Fy 

or 

y-Py= 

H(y2 - Py2) 

H ; -(c^ + 3c3X )̂y^ - e(y^) - hyg + P[(c^ + 3CgxJ)y^ + e(y^) + hy2y 

Differentiating this express ion with r e spec t to t gives 

y^ = y2 + P (y i - y2) 

y ' = - (c^ + 3c3x2)y^ - O(y^) - hy2 + P{y' + (c^ + 3Cgx2)y^ + e(y^) + hy2l 

Thus y(t) will satisfy (1.13) provided 

P(yi - ya) = 0 (2. 15) 

P{y 2 ^ ^^2 ^ (̂ =1 -" ^""s^^^i ^ Hy,)] = 0 (2. 16) 

If y(t) i s the fixed e lement descr ibed , then y = C and y (t) will be given 

by (2. 2). Cons ider an approximate form for y.(t) given by 

yj(t) 
n=l m= l ^J 

a + ,b Sin nut + .c 
m j mn J mn 

Cos n u t j . (2. 17) 

Then by a p rocedure , closely para l le l ing that in Section 3, of substi tution 
into (2. 15) and (2, 16) and equating of coefficients of dist inct t e r m s the re 
a r i s e an approximate set of de termining equations which a r e the same as 
those in the set of equations (3.68) to (3.76). If, instead of the approxim­
ation (2. 17), the proposed exact solution (2. 2) Is used in this procedure there 
will a r i s e an exact set of de termining equations 
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V = ^ a 2 ( u 2 . k 2 ) . c g a ^ . 

V ^ - ^ (k^ . 3u2)^b22 - 4uk^C22 + Cga2 

^ 3 ^ ^'^^1^22 -̂  t'^' - 3 '^ ')l^22 ^ ^3«3 

^ 4 ^ ^^hl - ^'^•^1^31 ^ ° 3 " 4 

^ 5 ^ " ^"'^1»'31 ^ •̂̂ 1^=31 ^ '̂ 3*^5 

V g = 4(k2 - 2u2)^bgg . 12uk^C33 + Cga^ 

^ = 1 2 " ^ * ' 3 3 ^ ^^'^^ - 2 '^ ') l^33 ^ «3«7 

"^R— €i<* = 0) + x^ = E , E ( ,a 00 , c ) + X 8 1 s n=l m = l l m 1 m n ' e 

V Q ^ C , ( t = 0) = E E („a + n ) 
" 2 n=l m=l 2 m 2 m n ' 9 

= O 

= O 

= O 

' (2. 18) 

= O 

00 00 f , 
E, E I m k ( , a + , c ) + n u , b \ = O 

n=l m = l '• u m 1 m n ' 1 mn^ J 

b and substituting these into the 
1 Oo 

Taking the exact va lues of ^a , '** 

exp re s s ions on the left hand side of equations (3. 68) to (3. 76), respect ively , 
will then give r i s e to the set of equations 

^ ^ 1 « 2 ( " ^ + k 2 ) + C g a ^ o 

V 2 = (k^ - 3u2)^b22 - 4uic^C22 + Cga2o 

(2 19) 
^ 8 ^ 1^11 "• 1^2 ^ 1̂ =22 ^ 1̂ =31 ^ I'^SS + ^8 

V g ^ k f ^ c ^ ^ + 2(^a2 + ^C22) + 3(^C3^ + ^Cgg)J 

• ^ ' ^ t l h l ^ 2 ^ ^ 2 2 ^ 1 > ^ 3 1 ^ ^ ^ 3 3 ! ' . 

where a . _ , . . . . , o „„ a r e given In Section 3. Thus, if < » . _ , . . . . , o „ „ a r e 

good approximat ions to a . , . , . . , a„, respect ive ly , and o „ and a_ a r e ve ry 

s m a l l then V . , . . . . . , V Q will be only slightly different from zero . 



Denote by A the n ine-ce l l defined by L b | .< M J X J . L C | < p J x | , 

c „I < A'QIX 1, M . , . . . . . , /̂ Q > 0, in the Euclidean nine-space of 
1 0«5 Ï7 S 1 O 

Car te s i an co -o rd ina te s .b , . . . . , . c . Let M and M be mappings, 

descr ibed by the se t s of equations (2. 18) and (2. 19), respect ive ly , from the 
vec to r space of components (-b , . . . . , b ) to the space of components 

(V , . . . . , V ) and ( v , , . . . . , VQ), r espec t ive ly . These mappings a r e s inglo-

valued and continuous. Define C and C as the closed e ight -ce l l s descr ibed 

by M A and M A , respect ively , where A is the boundary of A, It may 

be verif ied d i rec t ly whether, or not, the origin of the imago nine-Bpace l ies 
in C , whether C has non-zero o r d e r , v(C . 0), with r e spec t to the origin o o ' ' o ' " 
(see Ref, 9, p. 15 and p. 30), and the dis tance 

|(u,v) - o| = | { v j + V2 + . . . . + V g V I (2.20) 

of the or igin from points on C , may be de termined. Fu r the r , the es t imate 

for I (U, V) - (u, v ) | , the dis tance between points in C and points in C , 

given by equation (6. 1) may be used. If it can be es tabl ished that 

g lb | (U ,V) - ( u , v ) | < l ub | (u ,v ) - o | . (2.21) 

then by Rouche 's t heo rem (see Ref. 10, Vol. 3, p. 103) it follows that 

v(C, 0) = v(C^,0) / 0 (2.22) 

or that 

7 ( M , A,0) = 7 (M^ ,A ,0 ) / 0 (2.23) 

where 7 (M, A, 0) is the local topological degree of M at the or igin re la t ive 
to A. It then follows from Ref, 9, p. 32, Theorem 6.6 that t he re is a 
point In the in t e r io r of A for which v = v„ = . . . . "" v = 0, and another 

1 ^ J 
point in the i n t e r i o r of A for which V, = V_ = = V„ = 0. This impl ies 

1 ^ a 
that the exact sys t em of determining equations (2. 18) a r e satisfied for 
ce r t a in values of . b , . . . . , , b contained in the ce l l A and, therefore , 

1 1 1 1 0 0 
y = 5, as given by (2.2) , i s an exact solution of (1. 13) and, thereby, (1. 11), 
for ce r t a in values i ^ » . , . . . . . . . b contained in A. 

3. An Approximate Solution 

As a f i rs t s tep in proving that (2. 2) is a solution of the equation (1. 13), 
it i s proposed to show that 
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3 3 
5,(t) = E E e"^ I .a + ,b Sin n u t + ,c C o s n u t " l (3.1) 
J n=l m = l l ] m j mn j mn J ^ ' 

i s an approximate solution to (1. 13). Thus 5j niay be wri t ten as 

. kt , „ 2kt , ^ 3kt ,„ „, 
€ = A e + B e + C e , (3. 2) 

where 

A = .a + b Sin u t + + c Cos 3 u t , (3.3) 
J J 1 J 11 J I J 

and 

B = a2 + ,b2 . Sin u t + + C2g Cos 3 u t - (3.4) 

C = ,a + .b Sin u t + + c Cos 3 u t (3.5) 

Differentiating (3.2) with respec t to t gives 

I ! = (kA. + ADe'^* + (2kB, + B'.)e^*^^ + (3kC. + C;)e^'^\ (3.6) 
j 3 ] j 3 3 J 

where 

A'. = u ( . b , , Cos u t - , c , . Sin ut) + 2 u ( . b , - Cos 2ut - , c , „ Sin 2ut) 
3 3 11 j 11 J 12 j 12 

+ 3u(.b Cos 3ut - c Sin 

B ' = u( .b Cos u t - .c Sin ut) + 2u(,b Cos 2ut - .022 Sin 

+ 3U .b Cos 3ut - .c Sin 3ut) 

and 

C'. = u (,b_, Cos u t - .c Sin ut) + 2u(.b Cos 2ut - ,c Sin 2u t ) 
j j o l 3>^^ i oZ J o < J 

+ 3u(.b Cos 3ut - .c Sin 3ut), 

Substituting for 4, and C in the f i rs t component equation of (1. 13) then gives 

(kA^ + A'^)e^* + (2kBj + B'^)e^''* + (3kCj + c'^)e^^* 

. kt „ 2kt ^ 3kt ,„ „ , 
= A2e + B2e + 026 . (3. 7) 

which upon equating the coefficients of the dist inct t e r m s (Note. Two t e r m s 
a r e dist inct if they a r e not l inear ly dependent. Thus the dist inct t e r m s a r e 

of tlie form ae , be Sin nu t and ce Cos nu t . respect ively) gives 
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r i s e to the sys t em of equations 

2 ^ = ^ 1 ^ 2^2 = 2kia2 2^3 = ^ ^ ^ 3 

2 ^ 1 = ' ^ l ^ l - V l l 2 ^ 1 = 2kib2^ - u^c^^ 2^31 = ^ ^ ^ 3 1 " ^ 3 1 

2'^H '- ' ^ l ^ l l ^ V l l 2^21 = ^k^c^^ + u^b2j 2^3^ = 3k^C3j + u^bg^ 

2 ^ 2 = ' ^ 1 ^ 2 - ^'^1^12 2 ^ 2 '- 2(^*^22 ' ^ 2 2 ^ 2 ^ 2 = ' ^ ^ 3 2 " 2'-i<=32 

2^12 = ^1^12 ^ 21^1^2 2^22 = 2(kiC22 + o,^b22) 3^33 = 3kjC32 + 2Ujbg2 

2 ^ 3 = ^^1^3 - 3 V l 3 2^23 = 2kib23 - 3u^C2g 2*^33 = ^^^1^33 " V 3 3 ) 

2 ^ 3 = ^^1^3 ^ ^ ' ^ 1 ^ 3 2*^23 = 2kiC23 + 3u^b23 3^33 = 3(k^C33 + u^bgg) 

(3. 8) 

which will be r equ i red l a t e r . 

Now from (3. 2) 

g\ - ( A / * + B^e^'^* ^ C ^ e ^ ^ ^ ' 

= A^e^ ' ^ + 2A^B^e^^* + (B^ + 2A^C^)e^^^ + ^B^C^e^»^* + C^e^^^ 

and 

5̂  = A ê̂ '̂ * . Z^IB/"^' . 3(A2C^ . A^B2)e^ t̂ . (B\ . 6A^B^C )̂e^^* 

. 3(A^C2 . B2c^)e^^^ . 3B ĉ2e«>̂ ^ . cY'''. 

thus 

= A^(c^ + 3 0 3 x ^ ^ . 1 B^(c^ . 3c3x2) . 3CgX^(P^A2)] e^»^* 

^ l^i^^i ^ ^^3^s) -̂  ^^s^s^^i^i^i^ " ^a^Pi^?)^'' '*' <3-̂ ) 

where , to be consis tent with the degree of approximation made in equation 
3kt (3. 2), only t e r m s up to e have been re ta ined and the projection operatoi 

P now r e f e r s specifically to the conditions r = s = 3. Substituting from 
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(3 .2) , (3.6) and (3.9) into the second component equation of (1.13) then gives 

(kA2 + A^)e^* + (2kB2 + B'^)e^^^ + (3kC2 + C^)e^^* 

+ h(A2e^^ + B2e2''* + 026^''*) + A^(c^ + 3 ^ 3 ^ ^ ^ ' ' * 

+ [B^(c^ + 3Cgx2) + 3CgX^(P^A2)]e2^t 

+ { C , ( c j + 3Cgx2) + 6CgX^(P^A^B^) + Cg(P^A3)} e^^* = 0 

o r , upon r e - a r r a n g i n g , 

{(k + h)A2 + A2 + A^(c^ + 3CgX^)] e^* 

+ ((2k + h)B2 + B2 + B^(c^ + 3CgX^) + 3C3X^(P^A^)] e^*"* 

+ {(3k + h)C2 + C2 + C^(c^ + 3C3X^) + 6c3X^(P^AjB^) + C3(PjA^)]e^*'* = 0 (3 

Excluding the t r i v i a l case k —»00, then in o r d e r to satisfy equation (3. 10) each 

of the coefficients of e , e and e , respect ive ly , must be zero for al l t. 
This means that the constant t e r m and the coefficients of Sin u t , Cos u t , . . . . 
. . , Cos 3ut in each of the [^ b r acke t s mus t be zero . Thus for each f ] 
b racke ted express ion the re is es tabl ished a set of seven equations. Taking 
the th ree se t s of seven equations a r i s ing from (3. 10), together with two more 
equations a r i s ing from the ini t ial conditions at t(+0) and twenty-one equations 
in (3. 8), t he r e a r e a total of fourty-four equations whose s imultaneous solution 
defines the fourty-two coefficients , a i b , , , . . . . , „ b , „c„„ in A , . . . . , C„ 

. . . ., . , 1 1 1 1 1 1 A 00 £t 00 1 £t 

and the values of k and u . 
2 3 

The t e r m s A , A B and A a r e , obviously, going to give r i s e to 
cons iderab le labour in the i r expansion. Considerable reduction in the amoimt 
of work may be achieved by f i r s t consider ing the set of seven equations 

kt 
a ssoc ia ted with the coefficient of e in (3. 10). These a r e 

(k + h)2aj + (Cj + 3c3X^)^a^ = 0 (3. 11) 

< ^ - ^ ^ ) 2 ^ 1 - V l l ^ ^'^l -̂  3c3x2)^b^^ = 0 (3.12) 

(k + h)2C^^ + U2b^^ + (c^ + 3 C g x \ c j ^ = 0 • (3. 13) ^ 
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^^ ^ ^ ^ 2 ^ 2 - 2 ^ 1 2 ^ (°1 ^ 3 ^ 3 ^ ^ l ' ' l 2 • ° (^- ^^) 

(k + h)2Cj2 + 2w2bj2 + (Cj + 303X^)^0^2 " ° (3. 15) 

<̂  ^ ' ^ ) 2 ^ 3 • 3'^2'=13 •*• f^ l ^ 3c3x2)^bj3 ' O (3. 16) 

('̂  ^ ^)2'^13 ^ ^ ' ^ 2 ^ 3 ^ ( ^ -̂  303X^)^0^3 = O (3. 17) 

Substituting from the f i rs t seven equations of (3.8) into equations (3.11) to 
(3. 17) then gives 

E^a^ - 0 (3. 18) 

(E - u ^ ) i b j j - u J j C ^ j - 0 (3. 19) 

(E - w^)jC^j + w J ^ b j j - 0 (3.20) 

(E - 4u^) jb j2 - 2 w V l 2 " ° ^^'^^^ 

(E - 4u^)jC^2 + 2wJjb j2 = 0 (3.22) 

(E - 9u^)ib^3 - 3uJ jC j3 - 0 (3.23) 

(E - 9(j^)iCjg + 3 u J j b ^ 3 - 0, (3.24^ 

where 

E - k ^ + hk + c , + 3c,,x^ (3. 25) 
1 O S 

and 

J • 2k + h. . (3. 26) 

In addition the re a r i s e two equat ions from the Init ial conditions on 
C, and S„ at t(+0). When t • +0, S, - - x , o r , from (3.2) to (3.5) 

3 
E ( ,a + , c , + , c „ + , c _) + x - 0. (3.27) 

m=l 1 m 1 m l 1 m2 1 m 3 ' s 

Also when t » +0, €Ï "̂  So " ° °^' '""""^ ^^' ^̂  *° ^^' ^^ 
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E ( m k ( , a + , c , + , c „ + .,c „) + u ( , b , + 2 ,b „ + 3,b „)] = 0 
^=1 I 1 m 1 m l 1 m2 1 m3 1 m l 1 m2 1 m3 j 

3 
I 

m= 

(3.28) 

In o r d e r to de te rmine the va r ious unknowns in the se t of equations 
(3. 18) to (3. 28) it i s convenient to f i rs t cons ider the solution of the l inea r 
equation obtained by putting c ^ ^ 0 in (1. 13). The c h a r a c t e r i s t i c roots 

assoc ia ted with "this equation a r e 

Th ree c a s e s ex is t : (a) roots r e a l and unequal, (b) roo t s complex, and (c) 
r o o t s r e a l and equal; the case of pure ly imaginary roo t s does not occur 
un less h = 0. Only in ca se (b) does the solution of this l inea r equation have 
the form of (3. 1). Attention, the re fo re , will be r e s t r i c t e d to th is c a s e , 

2 
where 4 c . > h . This being so, then the solution to the l inea r problem will 

contain only the coefficients b . and «c , whils t a l l the other coefficients 

a r e ze ro . The se t of equations (3. 18) to (3. 28) thereby reduce to 

(E - u)^)jb^^ - wJjC^^ = 0 (3.30) 

(E - u^)iC^j + u J j b ^ ^ = 0 (3.31) 

1°11 "̂  "'s " ° ^^'^^^ 

k^c^^ + Wjb^^ = 0 • . (3.33) 

together with (3. 25), in which c Is taken to be ze ro , and (3. 26). F r o m 
(3. 32) and (3. 33) 

, b , , = kx / u and , c , , = - x 
1 1 1 s ' 1 1 1 s 

which upon subst i tut ion into (3.30) and (3.31) gives 

2 
(E - u )x k /u + uJx = 0 ,-

S 6 

- (E - u^)x + kJx = 0. s s 

Since the ca se x = 0 is t r iv ia l , then it may be a s sumed that in genera l 
s 

X / 0 and these equations may be divided through by x to give 
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k(E - u^) + u^J = O (3. 34) 

(E - u^) - kJ = O (3.35) 

Multiplying (3. 35) by k and subtracting from (3. 34) gives 

(k^ + u^)J = 0. 

2 2 
Now k and u are real and, therefore, k + u / O unless k = O, u = 0. 
This would be a trivial result, therefore it follows that J = 0. Thus, from 
(3. 26), 

k = - i h . (3.36) 

Putting J = 0 in (3. 35) gives 

E - u^ = 0 = k^ + hk + c - u^. from (3. 25) 

= i h ^ - i h ^ + c^ - u^, from (3.36) 

or 
2 

1 4 "1 
u^ = c, - i h ^ = c, - k^ (3.37) 

Returning to the problem of solving (3. 18) to (3. 28) simultaneously when 
c / 0, it will be observed that (1. 13) is analytic in C and c„ and it follows 

from Ref. 3, p. 36, Theorem 8.4 that the i.olution of (1.13) is continuous in 
c„ for t in some open interval I and c„ in some open interval 1„. The 

proposed solution (2.2) is to be valid for (!0) «: t ^ oo, and it follows from 
the formulation of the above theorem, that y, (2.2) is the solution described 
in the theorem then L : (+0) >̂  t $ oo and I„: 0 ^ Cg ^ /J, where /i > 0. Thus 

the coefficients .a , ,b and .c in (2. 2) must be continuous in c_ for j m J mn j mn ' 3 
c in I_. Now the coefficients ib . c / 0 for c = 0, x / 0, and since 

3 A 1 X 1 1 1 1 Ö S 

these coefficients are continuous in c , then «b , . , c ^ 0 for c„ / 0, 
x / 0. 

s ' 

Now upon squaring (3. 19) and (3. 20) and adding there arises the 
equation 

{(E - u V + "^J^ l ( ib i i + jc^^) = 0 

Since ,b , c ^ 0 for c„ / 0, x / 0. then it follows that 
1 1 1 1 1 1 w S 

(E - u^)^ + u^J^ - 0 (3. 38) 
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F r o m (3.18) e i ther E = 0 or a = 0. If E = 0 then upon substitution into 
(3.38) 

u^u^ + J^) = 0 

Since J i s r e a l th is equation can only be satisfied by the trivial result 
u = 0. It follows that 

^a^ = 0 (3. 39) 

Subtracting c X (3.19) from ^b X (3.20) gives 

" J < i ^ n ^ i ^ n > - ' • 

which impl ies that 

u J = 0 (3.40) 

F o r u to be zero would be t r iv ia l , so J = 0. Thus from (3. 26) 

k = - | h (3.41) 

Substituting J = 0 into (3. 38) gives 

2 2 2 
u = E = k + h k + c , + 3c„x 

1 3 s 

= c + 3c x^ - -h^ . from (3.41) (3.42) 
1 0 S 4 

It is worthy of note that the values of k and u, as given by (3. 41) and (3. 42), 
respect ive ly , will be the same r e g a r d l e s s of the degree of the approximation 
used in (3. 1), 

Putting J = 0 in equations (3. 21) to (3. 24) gives 

(E - 4u^)jb^2 = (̂ ^ - *'^^)i*=l2 ' ^^ - ^"^^^^13 ^ ' ^ " ^'^^>l'=13 " ° ' 

2 
which upon substituting E = w , from (3.42), gives 

- 3 " ' l ^ 2 = - 3 - ' l ^ 2 = - « ' ^ ' l N 3 = -«'^'1^13 = «• 

Since u = 0 would be t r iv ia l , then 

A2 - 1^2 = 1^ 3 = 1̂ =13 = ° (3-^2) 

Substituting from (3.39) and (3.43) into (3.3) gives 
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A^ = jb^^ Sin u t + ^c^^ Cos ut , (3.44) 

froim which 

A"' = P^A^ = ^b^^Sin^wt+ ^c^^ Cos^wt + 2jbj^j ^c^^ Sin u t Cos ut 

= I j b ^ j d - Cos 2ut) + I jC^^(l + Cos 2ut) + ^b^^ ^c^^ Sin 2ut 

= \ ^Al ^ Al^ - l ^ l 1^1 S ^ 2ut - i (^b2^ - /^^) Cos 2ut 

(3.45) 

2kt The set of equations associated with the coefficient of e in (3. 10) now 
become 

^ a 2 ( c ^ . 3 c 3 x 2 ) . | c g x ^ ( ^ b f ^ .^cf^) -0 (3.46) 

- V 2 I ^ ( ^ ^ 3Vs) l^21 = ° (3.47) 

U2b2i + (c^ + 303X^)^021 - 0 (3.48) 

- 2 ^ 2 2 + (^1 ^ 3c3x2)^b22 + 3c3X^^bii ^c^^ = 0 (3. 49) 

2"2^2-^<^l^ 303x^)^022 - I V s ^ l ' ^ l l - l ^ l ) - ' (3.50) 

-3"2'=23-^(^1^3c3X^)^b23 = 0 (3.51) 

3-^2^23^(^^303x2)^023 = 0 (3.52) 

Substituting for c from (3.8) into (3.47) gives 

.u(2k^C2i + Uib2i) + (c^ + 3c3x2)^b2i = 0 

o r 

.2kUiC2i + (Ci + 303x2 -u2) lb2 i = 0 

or. from (3. 42) 

-2kuic + k 2 b 2 ^ - 0 (3.53) 
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Similarly, from (3. 48) 

2^"l'^21 "̂  ^^1*^21 " ° (3.54) 

Squaring (3. 53) and (3. 64) £uid adding the squares gives 

k V + 4u2)(ib2^ . ^c^^). 0. 

Since k " 0 and u • 0 Is trivial, then 

1 ^ 2 1 - 1 ^ 2 1 " ° (3-55) 

Substituting for c^„ In (3.51) and b in (3.52) then gives the pair of 

equations 

-eukjCgg + (Cj + Scgx^ - 9u2)^b2g - 0 

«'*l ' '23 •" (̂ =1 ^ 3C3X2 - 9u2)iC23 - 0. 
which upon squaring and adding these equations yields 

( 3 6 ^ 2 + (cj + 303x2 - 9u2) ' l (^b^g + ^c2g) . 0. 

or, from (3. 42), 

{(6uk)2 + (k2 . 8u2)^"i (^b^g + ^c2g) - 0. 

The expression in the \ j brackets can only be zero If both u and k are 
zero, and since this would be trivial then 

1^23 " l'^23 • 0 (3. 56) 

Substituting from (3. 55) and (3. 56) Into (3. 4) gives 

^1 • 1^2 •*• 1^2 S ^ 2ut + 1C22 Cos 2ut. 

and, therefore, 

Aî l- Vl^l-

- ( jb j j Sin wt + jC^j Cos u)t)(ia2 + ib22 Sin 2wt + ^c^^ Cos 2ut) 

• 1*2 1^11 ^^" "* •" 1*2 1̂ =11 ^°« "* •" 1*̂ 11 1^2 ^ ^ "* ^^" 2ut 
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+ .0 b Cos ut Sin 2ut + b c Sin ut Cos 2ut 

+ - c . . .c 2 Cos u t Cos 2ut 

= (l*2 1^11^1 1^1 1̂ 22 - l l ^ l 1̂ 22> ^^" "* 

^ (l*2 l'^ll ^ è 1^1 1̂ 22 + I 1̂ 11 1̂ 22> ^°« "̂ ^ 

^ i ( l ^ l 1^22 ^ 1^1 1^22) S^" 3ut - i ( ib j i ib22 - iC^^ ^022) Cos 3ut 

(3.57) 

Also 

A^ = P^A = (jbji Sin u t + ^c^i Cos ut) 

= ! i^i(i^n -̂  i^L) ^'^ "* ^ ! 1̂ 1(1̂ 11 ^ i^i) ^ - "* 

•*• i l* ' l l (3l ' ' l l " l'^ll^ ^^" 3ut - i iCii(3^b2^ - ^c^^) Cos 3ut (3. 58) 

3kt The set of equations associated with the coefficient of e in (3. 10) are now 

V 3 ^ (^1 ^ 3Cgx2)^ag = 0 (3.59) 

V 3 I - V 3 I + («=1 •" 3'̂ 3^s)l^31 

•*• ̂ ^^3 (̂1*2 1^1 4 1̂=11 1^2 - I 1^1 1^22' 

^ 1 ^ 3 1^1(1^11 ^ l ^ l ) - ' (3-«0) 

V 3 I ^ "^2^31 "• ("1 ^ 3c3xf) ^Cgi 

"̂  ^^3^(l*2 1^1 "" I 1̂ 11 1̂ 22 •*• I 1^1 1̂=22 

4'=3i^i(i^n^i'^?i) =° (3-") 
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t ' 

^ S \ 2 - 2"2^32 ^ e^l ^ 3c3x2)^b32 = 0 

^2^32 -̂  2U2b32 + ( c , + 303X^)^032 = 0 
i 

•^2^3 - 3 ^ 3 3 ^ ( ^ ^ 3c3x2)^b33 

^ 3c3X^(^b^^ ^C22 -̂ ^c^^ ^b22) + f Cg ,b^^(3 ic2^ - ^b^^) = 0 

• '^2'=33 •" 3-^2^3 ^ ( ^ ^ 3c3x2)^Cgg 

- 3 V s ( l ^ l 1*̂ 22 - 1 ^ 1 1^22^ - \% l ^ l ( 3 l ^ n - 1 ^ 1 ^ = ° 

' Substituting for a from (3. 8) into (3. 59) gives 
£1 0 

(u2 + 4k2)^ag = 0 , 

,1 

: f rom which it follows that 

^ag = 0. (3.66) 

Substituting for b and c from (3.8) into (3.62) and (3.63) gives 

p a i r of equations 

k(3kib32 - 2U1C32) - 2u(3kiC32 + 2Uib32) ^ (c^ + 3c3x2)^b32 = 0 

k(3k^C32 + 2uib32) + 2u(3kib32 - 2UiCg2) + (c^ + 3Cgx2)^C32 = 0, 

which upon substi tution from (3. 42) Euid r e - a r r a n g e m e n t gives 

(4k2 - 3u2)^b32 - 8ukiC32 = 0 
, -

8uk^b32 + (4k2 - 3u2)^C32 = 0 . 

Squaring these equations and then adding the squa res gives 

[(4k2 - 3u2)2 + (8uk)2-^ (^b22 + ^0^2) = 0. 

% • • 

(3.62) 

(3.63) 

t 

(3.64) 

(3.65) 

the 

' 

•• 
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The express ion in the ^ J b racke t s can only be zero if both u and k a r e ze ro , 
and it follows that 

1 ^ 2 = l'^32 = ° (3- « ' ) 

Substituting for 2b22. 2^22' 2^31 ' 2'^31' 2^33 ^'^ 2^=33' *^ appropr ia te , 
in equations (3.46), (3.49), (3.50), (3.60). (3.61), (3.64). (3.65), (3. 27) and 
(3.28), due r e g a r d being taken of the r e s u l t s given in (3.39), (3.41), (3.42), 
(3. 43), (3. 55), (3. 56), (3. 66) and (3. 67), gives the foUowing set of nine 
equations, in the nine unknowns ^b^^, ^c^^, ^a2. ^h^^. ^c^^. ^h^^. ^c^^, 

b and . c , to be solved s imul taneously: 

^ a ^ + k2) + c3«jQ . 0 

(k2 - 3u2)^b22 - 4dc^C22 + C3«2o " 0 

4ukib22 + (k^ - 3u2)^C22 + 03^3^ - 0 

^ ^ i b g i - 4u»kiC3i + Cga^Q " 0 

4uk jbg i + 4k2cg^ + CgOgo = 0 

4(k2 - 2u2)^bgg - 12ukiCgg -r cgag^ = 0 

12uk^b33 + 4(k2 - 2u2)^C33 + c^a^^ - 0 

1 ^ 1 ^ 1*2 -̂  1̂ =22 " 1^31 + l'^33 "- \ "• °3'^80 = ° (3' ''"> 

' ^ t i ' = 1 1 ^ 2 ( i a 2 + ,022)4- 3 (^031+^033)} 

^ ' ^ l l ^ l ^ 2ib22 + ibg^ + 3 i b g g ] + Cga^Q = 0. (3. 76) 

where 

«10 = l '^s(l^?i •" I'^ll) 

«20 = 3Xg j b ^ i iC^i 

«30 = - | ^ s ( l ^ l l - 1 ^ 1 ^ 

1 1 3 2 2 
«40 = ^^s( l*2 1 ^ 1 •" 2 1 ^ 1 1^22 - 2 1 ^ 1 1^22^ "̂  4 l ^ l ( l ^ l "" 1 ^ 1 ^ 

(3. 

(3. 

(3. 

(3. 

(3. 

(3 

(3 

68) 

69) 

70) 

71) 

72) 

.73) 

.74) 
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«50 ^ ^^s(l*2 1^1 ^ I i h l 1^22 ^ l 1^1 1*̂ 22̂  "̂  ! l*=ll(l^?i ^ 1^1^ 

«60 = 3x3(ibi^ ^022 + ic^^ ^b22) + J ib^^(3ic2^ - ^b^^) 

«70 '- - 3 ^ s ( l ^ l 1^2 - 1^1 1^22^ - 1 l ^ l ( 3 l b ? i " 1^1^ 

«80 = 0 

«90 = °-

The coefficients .b , . . . , c „ may be expressed in terms of x in the 
. . . . l l l l o o S following way: 

1^1 = (^/'^ ^ ^l^^s' 1̂ =11 = (-1 -̂  ^ 2 ) ^ ' 1*2 = ^3^s' 1^22 = ^ 4 ^ ' 

1*̂ 22 " V s ' 1^31 " ^e^'s' 1^31 " V s ' 1^33 "" ^8''s' l'^33 " ^'^B' 

whereupon equations (3. 68) to (3. 76) become 

3̂ =3 l \ h - 3 V s ^ 2 ' ^ s ( " ' ^ '^ '^^ -̂  l « 3 ^ t ^ ^ ( ! ) V G ^ ( ) = 0 (3.77) 

•^'3\h ^ 3c3^x3e2 + x ^ - 3u2).^ - 4ukx^e5 - 803X3 ^ + G2( ) = 0 (3.78) 

• 3 ' = 3 E ^ ^ 1 - 3 - 3 % ^ •" ^^^\'A ^ C^' - 3 '^ ' )V5 ^ I V s ( l • ( ^ ) ' l ^ ^ 3 ( ) - 0 

(3.79) 

3 3 r . , „ , k , 2 1 3 3 k , „ 3 k „ 3 „ 3 k lv:[>-^M'. 77C„x - e„ + 6c„x -e„ - 3c„x e - 3c x - e , 2 3 s u 2 3 s u 3 3 s 4 3 s u 5 

+ 4k2x ê  - 4ukx t^ + 1 C-x3 ^ [l + (Ji)^] + G , ( ) = 0 (3.80) 
B 6 s " 4 3 s u ' 'u ' 4 ' 

- I ^=3^' ^ 1 ^ ! ' 3 \ (3 ^ (S)' ] ^ - 6<=3% 3̂ ' 3C3X^ ^ e, - 803X3,^ . 4ukx^eg 

+ 4k2x^c, - f 03x3(1 + (^)2 J + 0 5 0 = 0 (3.81) 

3 2 , , , k2 3 3 k „ 3 ^ „ 3k ^ . / , 2 . 2 , 
4 V s l ^ - (ü̂  J ^ l - 2 ' ^ S ^ ü ^2-303X3.4 +3c3X^-e3 +4(k - 2u )x^eg 

- 12.kx^^9 4 V a l 3 - ( ^ H ^ « 6 ( ) " 0 ^'-''^ 
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2 " 3 ^ ü^ l - 4 " 3 ^ Kü^ - ^^^2 - 3<̂ 3̂ s ^^4 " 3^3Vs ^ ^^ukx^e^ 

+ 4(k2 - 2u2)x^eg ^ ?'^3^s(3 (^)^ - 1] + G,̂ ( ) = O (3.83) 

(^2'- ^ ^ ^ 5 - ' ^ "- %K '- ° (3-84) 

^\i'2 + 2(̂ 3 ^ 5̂) •" 3(̂ 7 ^ ^9^^ -̂  "^1^1 ^ 2̂ 4 + Cg + 3eg] = O, (3.85) 

where 

^l = I V s ( 4 ^ 4 ) (3-86) 

^2 = 3Cgx3eje2 (3.87) 

S = - | V s ( 4 - ^ 2 ) (3-88) 

«4 = «3^si^^ l^ ^ 3e2e, - 3ê c3 . f ^ (Sĉ  + ^) 

- | V 2 -^1^1(^1 -^^2)^ (3-«9) 

S = ^ 3 ^ K ^ ^ 3.^e, + 3e2e3 - | (^ H- 3̂ )̂ ^ ^ ^̂ 2̂ ^ 1^2(4 ^ 2̂̂ 1 (3-90) 

S = V s i 3 V 5 ^ 3^e, - | e^C2- | ^ M ( . i + ^H^^ - 4)} (3.91) 

«7 = ^3^s{- 3 î̂ 4 ^ 3^2 ,̂ - 1 ^ 1 ^ - I e' - i (1 - ^2^3^? ' 4)} (3- ^2) 

Gg = O • (3. 93) 

Gg = O (3.94) 

The task of determining €.,...., €n in terms of o from these nine simult­
aneous cubic equations would be formidable, this, however, is not required. 
The reason for deriving this system of equations is firstly that they define, 
in detail, the mapping M , and secondly they provide a guide to the choice 

of the nine-cell A. Provided e^,....,er. are of the first order of small 
1 a 

quantities compared with imity, then G- , . . . ,G„ contain terms of the second 

and higher orders of small quantities only. Under these conditions the 
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equat ions m a y be approximated by the l i nea r se t defined by (3. 77) to (3. 85) 
with G . , . . . , G all zero . Since the t e r m s not containing £ . . , . , . ,£ , . a l l 

p o s s e s s e x as a mul t ip l ie r then it follows that the solutions to the 
O S 

degenera te l inea r set may be wr i t ten 

3 h '- V s ^i (V V ^' ")' (3. 95) 

where e,—»0 as c —» 0. 
1 i 

4. Sonae Norms 

F r o m (2. 2) 

ow «J m k t f 

I , = E E e , a + , b Sin n u t + , c Cos n u t V 
1 n=l m = l L 1 m 1 mn 1 mn j 

Differentiating this express ion with r e spec t to t gives 

.' -̂ S mkt | „ = C, = E E e i mk , a + (mk ,b - nu , c ) Sin nut 
2 1 n=l "1=1 •• 1 m 1 nm 1 mn ' 

+ (mk , c + n u . b ) Cos n u t ^ 
1 mn 1 mn J • 

But from (2. 2) . 

S ï? mkt 5„ = E E e XJSL. + „b Sin n u t + „c Cos n u t ] , 

2 n=l m=l ^2 mn 2 mn 2 mn J 

the re fo re i t m u s t follow that 

„a = mk , a 
2 m 1 m 

„b = mk . b - nu , c 
2 mn 1 mn 1 mn 

„c = mk , c + n u . b 
2 mn 1 mn 1 mn 

(4.1) 

This i s , of c o u r s e , a genera l iza t ion of the r e s u l t s se t out in (3. 8). 

Now 

è', E E e "• \ , a + , b Sin n u t + , c Cos n u t ) 
n=l m=l ' l m 1 mn 1 mn J 
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and s ince, from (3.41), k < 0, then 

u , U s s [U 14- i,b I + ic n 
1 n=l m=l *- 1 m ' 1 mn' 1 mn -1 

Thus 

V ( 5 J = sup U J = E 2 I L a I + l ,b I + I c \] (4.2) 
* 1' n .+ ,- ^ n=l m=l I 1 m 1 mn' ' l mn'J 

U ^ X -S. 00 

Also 

00 00 xnkt 
Ig I = E E e ( „ a + _b Sin n u t + - c _ Cos n u t ] 

2' n=l m=l 12 m 2 mn 2 mn J 

4 L E -j La 1 + J„b I + L c j l , from (3.41), 
n= 1 m= 1 ' • 2 mn' 2 mn 2 mn' j 

^ L E ( 1 mk , a + m k , b - nu. c + m k . c + nu, b \ \ , 
n= 1 m= 1 ^ 1 m 1 mn 1 mn' 1 mn 1 mn •' 

from (4. 1), 

< E . E , [ m l k | l a I + (mikl + n u ) ( L b | + L c \)]. 
n=l m = H 1 m " ' 1 mn 1 m n ' J 

thus 

v(5„) = sup | | „ | = E E , [ m l k l L a | + (mikl + n u ) ( L b j + Lc | ) l 
0 < t < """1 ^''^ 1 m' ' ' M mn ' 1 m n " J 

(4.3) 

F r o m (2. 3) 

2 
1/(1) = sup E U I = sup (IcJ + k „ | ) = sup | ? J + sup | 5 „ | 

0 < t ^ o o M J 1 ^ 1 2 

= E E { ( H mlkl) l a I + ( 1 + n i f k l + n u ) ( | b I + I c I ) ] (4.4) 
n=l m=l '• 1 m 1 mn 1 mn J 

F r o m (2. 5) 

n=r na=s 
P ,4 , = L E e ( , a + .b Sin nu t + .c Cos n u t ) , r , s > 1, 

j j n=l m=l ^ j m ] mn J mn i 



'rw^S5t3B5W»nRWH»!flHflir^i!W!p>5!5)(^^ 

- 26 

and, thereby, 
i 

; 00 00 m k t r 1 
I 5, - P 5 . = E E e ] a + .b Sin nu t + .c Cos nut (4 
; 3 3 n=r+l m=s+l I j m j mn j mn J ' 
I 

Thus 

I i/(€ - P I ) = E E ( ( l + m l k l ) L a ^ | + (l + m | k | + nu)(Lb j + L c |)1 
• n=r+l m=s+l L 1 Ï " 1 mn 1 m n ' J 

I' It follows that (^-^^ 

II 

j I'(PI) ^vd) . 
I and \ (4.7) 
: v ( | - P I ) ^ v ( l ) 

j for a l l I in S. 
I' 

Now from (2. 8) 

' 00 oo 1 i r jS mk.b + nu c 
I vie T3C \ - r r ^"^kt J J m , j mn j mn „ , * 
! H ( | . - P | , ) - E L e \ " ^ + *—5 r̂ Sin nu t 
t J J n=r+l m=s+l ^ " ^ (mk)' ' + (nu)'' 
i 
I . . . •. 

mk.c - nu.b 
t . j mn 1 mn „ . ] 

+ ' '-^ ^ Cos nu t [ ; 
I (mk)' ' + (nu) ^ 

thus 

H(i^-P i j= ? ? - " ' M ^ ^ 
1 1 n=TM-l m = H+i L m k 

m k , b + nu .c 
1 mn 1 mn „, . 

- Sin n u t 
n=r+l m=s+l •• ^^ (mk)^ + (nu)^ 

m k , c - n u . b 
1 mn 1 mn „ .-t 

+ 5 Cos nut \ , 

(mk)^ + (nu) •* 

whilst 

H(l2 - PI2) = HI2 - HPI2 = Ĉ  - PHI2 = 1^ - P | ^ . 

The n o r m of H ( | - P | ) Is given by 

i / H ( | - P I ) = sup E^ I H ( | J - P | j ) l 

= 8 U P I H ( | J - P | j ) | + s u p J H d g - P ig ) ! 
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= supUd^ - P|j)l + sup l l j - P | J . 

Now 

sup 11, - P | J = E E ("La I + Lb l + L c \l 
O^t^oo ^ ^ n=r+l m=s+ll '^"^ 1"^" 1 mn ) 

and 

sup | H ( | , - P | j | = E E j ll!ml ^ mikl -̂  nu | | ^ | ^ . 
0 <t ^ 00 ^ ^ "=r+l ^=«+1 ^ ^ 1 ^ ' (mk)2+(nu)2 ^ "^" ' 1 mn' '^ 

thus 

* > < » <- 1 1 1 

(mk) +(nu) 

If the values of m and k are such that mikl ^ 1, then the following 
inequality 

(mjkl)"^1 + mikl +nu) > 1+((mk)2 +(nu)2] (mikl + nu) (4.9) 

holds for all values of u > 0. This may be shown by the following obvious 
steps 

(mlkl) '^l+mjk| +nu) >[(mk)2 + (nu)2} |(mk)2 + (nu)^ + m|kl + nu] 

{(mk)2 + (nu)2}(l + m|kl + nu) > mlk|[(mk)2 + (nu)^ + m|kl + nu} 

nu [(mk) + (nu) + nu] > mj k| nu 

(mk) + (nu) + nu > m|k|, for mikl ^ 1. 

Using this result in (4. 8) gives 

i / H ( | - P | ) < E E ^, (mlk|)'^{( 1 m i k b i a I 
n=r+l m=s+l >• ^ ^ 

+ (1 + mikl + 1 l b I + Lc 1)1 * ' mn '1 mn' J 

<7—. \ . 1 , I E ë [(1 + mil ) L H I 
^ (s + l)|k| n=r+i in=s+l ^ 1 "^ 

+ (1 + n kl + nu)(Lb | + Lc [)} 1 mn' 1 mn' •* 
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or 

vH(| - P | ) ^ g " ^ ( ^ - - PI) ^ g " ^ ( | ) , (4.10) 

where g = (s + l ) lkL 

If h is a real analytic operator in S, then it is true that 

i /HIhl - P ( h | ) ] < g " ^ [ h | - P(h |)] ^ g'^i/(h|) (4.11) 

It will also be obsei^ed that 

E E (1 + mlkl)(| a I + | b | + | c |) ^ ( | - P | ) 
n=r+l m=s+l -̂  "^ -̂  ^^" ^ ^^^ 

or (1 + g)i.(|^ - P|^) ,< v ( | - PI) 

or i/( |j - P|^) ^ (1 + g ) " ^ ( | - PI) ; . (4. 12) 

and that 

n = L m L l " ^ ' ' ' < ' l V n l ' ll'^mn' ^ ' i V n ' ) ^'^h ' ^«2» 

or gi/( |^ - P|^) .^i^dg - Pig) 

or v d i - PS^) ^ g ' ^ ( C 2 - P^g) (4.13) 

From (4. 12) and (4. 13) 

max i/dj - Pl^) = g"^i'(C2 - P^g) = (1 + g) '^ I'd - P€) 

or ./(Ig - PI2) = Y-f-^ vd - PI) (4. 14) 

Also 

vHd, - Pl̂ ) - ë I | ( - I^I) ' \VI ^ "'2'' " ""2 ( ' l O -^'iVrJ)}-
1 1 n=r+l m=8+ll ^ "^ (mk)'^ + (nu) 1 mn j 

But 

(mk)"2(mlk| + nu) > [(mk)^ + (nu)^} (m|k| + nu). u > 0, m|k| > 1, 

therefore 

i/Hd, - P | , ) ^ E E ( m k ) ' 2 ( m k L a | + (m|,kl + nu)(Lb | + Lc j \ 
**1 * 1 ' ^ n=r+l m=s+l ' '1 m' * '̂  '^'1 mn' ' l mn'J 
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< g-2 E E { m | k | | a I + ( m | k l + nu)(| b I + | c | ) | 
n=r+l m=s+l '• '• ^ 1 mn' 1 mn' J 

< g i^dg - p?2) 

< g"^ (1 + g)"^ 1/(1 - P | ) (4. 15) 

5. Conditions for T to be a Contract ion Mapping in S 
R 

Consider the nine ce l l A defined in Section 2. Then | is defined as 
the vec to r having components I * | * , where 

1 A 

:k 3 3 mkt 
I* = E E e"""^ 
3 n=l m = l 

( ,a + .b Sin n u t + .c Cos n u t V r , s > 1 , (5.1) 
\ j m j mn j m n J ' 

with ^ag, ^ b ^ j , ^c^^ , ^b22, 1C22. i b g j , ^Cg^, ^bgg and ^Cgg contained in 

A; the remaining coefficients a.., e tc . being zero . Thus 

e* A kt ^ ^ 2kt ^ _ 3kt 
I . = A,e + B.e + C.e 
•3 j j 3 

where 

(5.2) 

A = b Sin u t + c Cos u t 

^ 1 = 1*2 "" l ' '22 ^ ^ 2ut + ^022 Cos 2 u t 

C = b Sin u t + c Cos u t + b Sin 3u t + c Cos 3ut J 

(5.3) 

and 

A2 = (kjb^^ - u•^c^^) Sin u t + (kĵ c^^^ + u^b^^^) Cos u t 

Bg = 2k^a2 + 2(k^b22 - ^^c^^) Sin 2u t + 2(k^C22 + ^^h^^^ Cos 2u t 

Cg = (Skjbgj - UjCg^) S i n u t + (3kjC3^+ u^b3^) Cos u t 

+ 3(k^b33 - u^Cgg) Sin 3ut + 3(k^Cgg + u^bgg) Cos 3 u t J 

It follows from (4. 2), (4. 3) and (4. 4) that 

(5.4) 
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u(q) - l^b^J + l^c^^l + |^a2| + l^b22U l̂ c 
22 

^ l l^3l ' ^ l l^3l ' ^ l l^33' ^ ll^33l 

-< r^M. (5.5) 

v(?p - ( |k|+ u)(|^b^J + |^c^J) + 2|k||^a2l +2(lk|+u)(|^b22l +I1C22I) 

+ O I k U uXl^bgJ + 1^03^1) + 3 ( |kU u)(l^b33U 1^033!) 

^ T 2 M ' 

viV') «,c(/j), 

where 

T (/.()= .E p 
1 J=l 3 

(5.6) 

(5.7) 

(5.8) 

T 2(P) " W\^2 + A'g + 2(^j + ^^ + ^5) + 3(A.g + M7 + Âg -̂  ^9^1 

+ ^̂ 1̂ 2 + ^3 ^ ^6 + ^ "̂  2(^4 + ^̂ 5) + 3(A.Q + Mg)] 

and 

c(/u) = T J(A<) + T 2 ( M ) 

(5.9) 

(5. 10) 

Define S' to be the set of all |(t), as given by (2. 2), which satisfy the 
conditions 

PI = I* 

1/(1) ^ d > (5.11) 

1/(1 - PI) ^ 6 

where d and 6 will be chosen below. Then 

i /P | = 1/(5*) <. c 

for every | in S . 

Consider the mapping T : S„—> S defined by (2. 11), then 

Py = P T | = P ( P | + F4) = P P | + P F | . 

But PPf 
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J 
and P F | = PHf| = 0, 

thus j 

Py = PI = I*. 

Also ; 

y^ - Py^ = H(y2 - Py2) = Ĉ  - P l^ I 

and ; 
'I 

72 - Py2 = H[ . (c j + 303X^)1^ - o( | j) - h |2 + P[(c^ + Scgx;)!^ + o ( | p + h |2 ] ] 

or, from (3. 42), 

y2 - Pyj " H[-(u2 + k2)|^ - 0(|^) - h |2 + P[(w2 + k2)|^ + 0(|^) + h|2^ ]. (5. 12) ' 

It is required now to obtain conditions for T : S „ — ' S „ . For this 

purpose i/(y - Py) will be evaluated by means of inequalities involving 
^iy..>.^JQ. T . a n d 6 . Now 

^(y - Py) " ^(yi - Py^) + v(y^ - Y>y^ 

which from (4. 13) gives 

v(y - Py) ^ g ' N l + g) viy^ - Pyj) (5. 13) 

Writing 

«1 " PCj + («1 - P«i) . 

then 

ö(l^) - C3(3x^|2 ^ ^3j 

- c.3l3x^{(P|j)2 + 2{P | j ) ( | j - P | j ) + d j - PCj)^] 

+ (P|^)3 + 3(P|^)2( | j - P|^) + 3 P | j ( | j - P | j ) 2 + d j - P | j )3 ) 

Thus, from (5. 12), 

^(yg - Pyg) = «/H{(U2 + k2)(|^ - p | ^ ) + h(i2 - Pig) + ie(€i) - Pe(Ci)]] 
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= vn[{J + k^)(l^ - P5^) + h(l2 - P?2) 

+ 3c3xJ(Pl^)2 - P(Pl^)2] + 6c3xJ(Pl^)(l^ - P I ^ ) -

P(Pl^)(l^ - Pl^)J 

+ SCgX̂  [d^ - Pè/ - P(?jL - P^/] + Cg[(Pli)^ - P(P?i)^] 

+ 3C3[(P|^)2(|^ - P5) - P(P|^)2(g^ . P5^)-| 

+ 3Cg[(P?^)(|j - P|^)2 - P(P|^)d^ - P|^)^j • 

-Cg[(l^ - P 5 ^ ) 3 - P ( l ^ - Pl^)3j^ 

or 

^(y^ - Pyg) « ("^ + k^)i/H(|^ - Pl^) + Ihl i/Hd2 " ^^2^ . • 

+ Slcgijxjz/HLPC^)^ - P(Pi^)^J 

+ 6lc3l|XgUH[(P|^)(|^ - Pl^) - P(P|j)(l^ - Pl^)] 

+ aicgll X J I / H [ ( | ^ - P|^)2 - P(|^ - P|^)2] + |cgivH[(P|^)3 . P(P|^)3] 

+ 3|cgLH[(P|^)^(|^ - P|^) - P(P|^)^d^ - Pl^)] 

+ 3lc3LH[(P|^)d^ - P|^)^ - P(P|j)d^ - P|^)^] 

+ | C 3 L H [ ( | ^ - P|^)3 . P(|^ - P|^)3] ; -, • (5.14) 

Consider the terms in this inequality in order, with | eS* 
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Then 

i/H(|^ - P|^) $ g " ^ l + g ) ' ^ i / ( | - PI) ^ g ' ^ 1 + g)'-^ó (5.15) 

and 

i/Hdg - Pig) = i/d^ - pi^) ^ (1 + g)'-^ 1/(1 - p i ) 

$ ( 1 + g)'^6 (5.16) 

Now 

P5^= | * = A ^ e ^ . B / ' ^ ' . C / ^ ' . 

(P|^)2= A^e^k^. 2 A ^ B / ' ^ ^ ( B ^ . 2A^C^)e^»^S 2B^C^e^^* . c2e^^ \ 

P(PI^) = A^ e + 2A^B^e , 

and, therefore, 

(P | j )2 - P (P | j ) ^ = (B^ + 2A^C^)e^''* + 2B^C^e^^* + C^e^'^L (5. 17) 

Also 

| ( B 2 . 2 A ^ C y ^ * . Z B ^ C / ' ^ U C2 e^^M 

< IBJ + 2Â Ĉ  + 2B^C^ + cji 

-$ I Too •̂  JSQI Sin ut + 7Q^ Cos ut + . . . . + 7 Q g Cos 6ut I 

-̂< l^oo' ^ '^oi ' ^ l^oi' "• "•' -̂  l^oe' 

where y^^. ^^^ , y^^ are quadratic relations in ^b^^, i ^ n ' • • • • • i<^33-

Thus 

4(PSi)' - P(P5i)'] = I Tool + UoJ + LQJ + . . . . + | y j = <̂ .̂ (5.18) 

and from (4. 11) 

I /H[ (P | ^ )^ - P ( P | J ) ^ J « g'^ ^j . (5. 19) 
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i/H[(P|^)d^ - P|^) - P(P|^)( |^ - PI j ) ] 

i / [ (P | j ) ( l j - P | j ) - P ( P | j ) ( l j - P5j)J, from (4.11), < g 

< g ' 

< g " 

<g" 

I / [ ( P | J ) ( I J - PIj)] 

I p i j l i / d i - P5j) 

TJ(M)I/(5J - PI j ) . from (5.5) 

(1 + g)" T^(M)i'd - P 5 ) 

< g ' * ( l + g)"^ T^(M)6 (5. 20) 

i/H[(|^ - P |^)^ - P( |^ - P|^)^J 

Now 

< g ' ^ ^ [ d i - Pi/ - p(5j - P i j ) ^ j 

< g ' ^ l / ( l , - P I J ^ 

^g'^[l/(l^ - Pi^)f 

< g ' ^ i + g)"^[i 'd - P5)]^ 

< g " \ l + g)'^6^ 

(P|^)3 = A3e3^* + 3AjB^e^^* + 3 ( A J C J + A^B^)e^''* 

+ (Bj +6AjB^C^)e^^*+ 3(AjC^ + B^C^)e''^* 

^ - ^ _2 8kt ^ „3 9kt + 3B C e + C e 

p(pi,)̂ = Ay^\ 

(5.21) 
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(Plj)^ - P(P5i)^ = SAln^e'^^ + 3 (A2C^ + A^B2)e^^* 

+ ( B 3 + 6AjBjCj)e^^^ + 3(A^C^ + B^C^)e'^''* 

+ 3B^c2e«^ .- cy^'K 

Therefore 

|(P|^)3 - P(P|^)3| < | 3 A J B ^ + 3(A^C^ + A^B^) + (BJ + BA^B^C )̂ 

+ 3(AjC^ + B^C^) + 3B^cJ + c3L 

< 1 a»o ^ PQI Sin ut + o». Cos ut + . . . . + a_g Cos 9utl 

^ ''^oo' •*• 1^01* ^ ''^oi' ^ ••••^•l^og'-

where O^Q , ô g are cubic relations in ^h^^. ^c^^ '1^33 ' 

Thus 

.[(Pl^)' - P ( P | / ] = \aj + \pj + la^J +•••• +U09I = ^ (̂ -22) 

and, from (4. 11), 

./H[(P|p3 . p(pg^)3] ^g-%2. • (5.23) 

Also 

uU[(Pi/(i^ - PIj) - P(P |^ )^ |^ - Pk/ 

^g'^v[(P^/(i^ - P|^) - P(P |^)^ |^ - P | j )] 

<g"^4(P5i)^(^i - p«i)] 

< g " S p i j ^ 1/(1̂  - pi^) 

^ g " ^ l + g ) " ^ ^ 6 (5.24) 
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i/H[(Pi^)dj - pij)^ - p(Pij)(ij - pij)^] 

^g"^f(Pll)(Cl - P5j)^ - P(P|j)dj - P|j)^j 

<g'^ v[(P5l)(€l - P5i)^J 

«g"Mpijl[»/dj - Pij)]^ 

< g " ^ l + g) '^Tj6^ (5.25) 

and 

I/H[(|J - P|j)3 - P(|^ - P|j)3j 

<g'^4(€l - Pi/ - P(€i - Pi/] 

^g '^f fd i - Pi/] 

<ë'\v{i^ - P|j)j3 

< g ' ^ l + g)"^6^ (5.26) 

Substituting the appropriate inequalities into (5. 13) and (5. 14) gives 

v(y - Py) < (1 + g'^i'(y2 - Pyg) " (^^^^Vz ' ^2^ " ^ (5-27) 

where 

N= ( ^ ) { ( u ^ + k2)g"^6 + | h | ( l + g) -S + slcgijxjg"^^^ 

+ e l c g l l x j g ' ^ l + g ) "^ j6 + sIcgllx^lg'^lH- g ) ' ^ ^ 

+ I c 3 l g ' ^ 2 + alcglg 'Nl + g ) 'V i6 + s l c g l g ' ^ l + g)"^ jó^ 

+ Icg|g"^l + g)"363] (5.28) 

The conditions for T : S*—> S„ may now be established. First it is 

required to ask whether, for | in S„, 
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i'(y - Py) « v d - P | ) ^ 6 

or, from (5. 27), whether 

N < 6 (5. 29) 

Now for I in S* Py = P | = P | * = | * and, therefore 

v(i) = v[Pi + (I - PI)} $ v(P|) + v d - PI) 

< c + 6 < d (5. 30) 

Similarly 

i/(y) <i / (Py)+ v(y - Py) < c + i/(y - Py) (5.31) 

If the inequality (5. 29) holds then from (5. 31) 

i/(y) < c + 6 < d 

and hence y is in S_. Choosing it 

d = c+ 6 , (5.32) 

with 6 satisfying (5.29), theii T : S*—>S*. 

Conditions for T to be a contraction mapping in Sp may be established 
in the foUowing way. With | , Ï in S* 

xt 

v{y - y) < ( i + g"^»/[(y2 - Pyg) - (yg - ^^2^] ^^°^ (Ö-13 ) 

< (1 + g" )v(y2 - y2^' ^^^^ ^ 2 " ^2' 

< (1 + g'\[{^^ + k ^ d ^ - i^) + hd2 - i^) + e(Ci) - e(ii)l 

< (1 + g'hv[{J^ + k ^ d j - Ij) + hd2 - ig) + SCgX^d^ - i]) 

^ C3(|3 - 13)] 

< ( i + g'\[(J^ + k2)(i^ - i^) + hdg - 12)+ 3cgx^d^ + i^)(ij - i^) 

cg(|2 + I i^ + i^jd^ - 1 / 
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< ( 1 + g '^[(w^ + k2)i/(|^ - i j ) + Ihli/(|2 - i2) + 6lcg | |x jdi / ( | j - ï j ) 

+ s lcgid^i /dj - 1 / 

4 ( 1 + g"^)((w^ + k ^ g - ^ + Ihl + elcgllxjdg-^ +3\cjd^g'^jv{i2 - 'h^ 

4g"^{(w^ + k^) + g|h| + e j c j l x j d + 3\cjd^]u(i - ï ) . 

It follows that T is a contraction mapping in S* if 
K 

(u^ + k^) + gjhl + 6 | c J Ix 1 d + s l c - ld^ < g 
o S J 

or upon substitution from (5. 32) this becomes 

(u^ + k^) + lcgl{6lxgl(c + 6) + 3(0 + 6)2} <g( l - |h | ) (5.33) 

When the inequalities (5. 29) and (5. 33) hold then T is a contraction in 
S„, and it may be concluded, on the basis of Bauiach's fixed point theorem 

that the fixed element 

so 00 mkt ( 1 
y.(t) = E E e i .a + ,b Sin nut + .c Cos n u t \ 

i n=l m=l I-] m j mn j mn i 

exists, is imique in S_ and is continuously dependent on | . Thus .a , 

.b , .0 for m > s, n > r are uniquely determined by and continuously 
3 mn j mn ^ J J J 
dependent on .a„ . b , , , . . . , .c for these in A. ^ ] 1' 3 11' ' 3 s r 

6. An Estimate for glb|(U,V) - (u,v)L 

The method used in Ref. 7 for estimating la - a _L . . . . , ' ^ _ - ^^„J 

1 ^ 1 1 Ü «5 dU 

(U, V) - (u, v) | is only appropriate to the case of periodic 
solutions. In the present case the cruder, but more general, estimate given 
by Cesari in Ref. 6, p. 164 will be used. Thus 
|(U,V) - (u,v)| <2==Mnz/(y - Py) ^ (6.1) 

where M is the Lipschitz constant for (1. 11) and n = 2. The exact value of 
M is not important, it is sufficient to know that (1. 11) is analytic in | and 
that M will be finite. Also if the inequality (5. 29) is satisfied then (6. 1) 
becom.es 

http://becom.es
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| (U ,V) - (u.v)l $ 2 ^ X 2M6. 

which means that 

g lb | (U ,V) - (u ,v ) | ^ M j 6 , (6.2) 

where M is a finite constant . 

7. An Es t ima te for lubj (u, v) - Oi 

Since A t , . . . , i 4 , define the ce l l A, and hence S „ , it is c l ea r that if 

S_ i s to contain the proposed exact solution then A mus t contain the point 

( , b . , , . . . , , c ) defined by the leading coefficients of the exact solution and 
1 1 1 1 .30 

P I » . . . . M Q m u s t be chosen so as to make this poss ible . Now 

\^hj = I ( k / u + e j ) x j < ( | k / J + l e j ) l x j 

. 1 + e2)x^l < ( 1 + Ie2l) |x^ ' l ^ l 

1^2' ^ ' W ^ l " 3 l ' ^ s ' 

l'^33 ' V s ' ^ ' " 9 " ^ 

(7.1) 

and if / U . . . . . I I L ( Q a r e chosen so that 

| k / u l + | e j < A<̂  

1 + kgl < «2 

^ ' < ^ 

kg l ^ ^ 

(7.2) 

then I j b j j l < M i l x J , l j C j j l ^ M g l x J jjCggl ^MglXgl a s requ i red . 

The nine ce l l A is then defined a s the set of points cor responding to all 
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combinations of c , . . . , ê  in the intervals 

7w - /Uj< ê  < Mĵ  - l^/u, 1 - jL̂  '̂  e„< 2 - ^ - 1 . -A'g ̂  eg < Mg, . . 

-Mg < eg < Mg. (7.3) 

The set of points defining the boundary eight-cell Ag is obtained by taking 

e , , . . . , e n , in turn to be their extreme values in the above definition. Thus 

A„ is made up of the following collection of eight-cells 

^1 = ^/<^ ' M .̂ 1 -M2<e2< Mg - 1. -^'3^^3=5 Mg -Mg^ eg< Mg 

ê  = Mj - >*/w. 1 - Mg « e^< ^2 ' ^' "^3 < 3̂ ^ ^ 3 ' ' ' ' •Mg< e g ^ Â g 

V u * M i < e j < M j - / u . 1 -A^2< ^2^ ^ 2 - ^' - ^ 3 < ^3 < *^' '^9 = ^9' J 

(7.4) 

where e . . . . , e_ take on all values over their respective intervals. 

When the exact values of e , . . . , c_ are substituted into (3.77) to (3.85) 

they give v . . , . . . ,Vq and hence define M . Thus C is given by M A where 

A is the eight-cell defined by (7.4). The distance |(u,v) - ol is then 

2i i l(u.v) - ol = l [ v j + v^ + . . . + v^j^l (7.5) 

In order to employ the inequality (2. 21) it is required to determine 
lub|(u, v) - o | . This may be done by means of the inequality 

lubl(u.v) - 0 U | [(lubvj)^ + (lubv2)^ + . . . . + (lubVg)^]^| (7.6) 

which, if required, degenerates to 

lub|(u,v) - o| > lub (7.7) 

I IvJ 
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In the p r e s e n t c a s e use will be made of 

l ub | (u ,v ) - o| > lub jv j I 

only. 

(7.8) 

Consider the evaluation of lubv . 

whether any mininaa exis t in v., as e.,, . . 
(3.77) gives 

The f i rs t s tep is to de te rmine 

, €„ va ry over A 
B' 

Differentiating 

^""l , k 3 ^ ^ ^ 1 , 3, k ^ . 
TTT- - 3c„ —x_ +-^^ = 3 c ^ x J - + e J 9e, '3 u s 8e, 3 s 

8v 3 8 G j 

3 V s ( - ^ ^ ^ 2 ^ 

^'^l 2 2 ^ ^ 1 2 2 
1 = , ^ ( ,2 ^ ^2j ^ 1 __ ^ y ^ ,2^ 
Ó O 

ae. 
1 

ac. 
ae, 

for i = 4 , . . . , 9. 
y 

(7.9) 

Now in the subsequent analys is the va lues of M i . . . . , M n will be chosen so that 
1 y 

the va lues of e . , , . . . , e^ on A a r e , at mos t , of the f i rs t o r d e r of sma l l 

quant i t ies compared with imity. Thus the der iva t ives BG /de^,. . . ,dG /de^ 

a r e , at mos t , of the f i rs t o r d e r of sma l l quant i t ies . Excluding the case 
2 2 2 

X = 0, c - = 0, then 3c„x and x (u + k ) will never be ze ro . With 
s 3 3 s s 

e., = k / u - p o r e- - 1^^ - k / u on A^ , the l eas t condition for a min imum is 

av. av. av. 

ae„ ae, ae, 

But av / a e / 0 and dvJde f 0 in th is r ange , so that t he r e can be no 
X ^ X o 

minimum on the pa r t of A defined by e . = k / u - A .̂ o r e ~ ^i - k /u . 

S imi l a r a rgumen t s apply for e„ = 1 - /j„ and e = IA - 1 , . . . . , e 

^9 = -^9- Thus no min ima ex i s t s in v . (e . . , . eg ) for e^. , 

•^9 = '^9' 
eg in A^ . 

It may be concluded that lubv is the value of v . at one of the " c o r n e r " 

va lues (v J and these a r e readi ly evaluated. Thus 

min (v,) 
1 c = lubv. (7. 10) 

A, 
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8. Application of the Existence Proof when c„ is Small 

It is intended to apply the existence proof of Section 2 in the case 
when c is smal l . 

Some guidance to the choice of 1^.,.,,,^^ may be obtained from the 

l inear ized second approximations obtained in Section 3. It can be seen from 
3 

these that provided e x is chosen to be sufficiently smal l , then e , . . . , 6 
O S 1 " 

will always be smal l . Designate the values given by (3. 95) by 

E , . I c „ | . (8.1) 
i l 11 ' 3 " 

where these quantit ies define a n ine-cel l , A . A sat is factory choice for A 

is then a cel l slightly l a r g e r than A and such that A is contained in the 

in te r ior of A. F o r th is purpose the values of iu.,...,iu defining A may be 
chosen to be 

Mj = |k /u | + (1 + nE j Jc3 l 

^2 = 1 + (1+ 5)E2jc3 l 

Pg = (1 + ?)EgJc3l V . C > 0 

9̂ = (1 ̂  ^^^M 

It then follows from (5. 8) that 

Tj = (1 + Ik/u|) + (1 + OJcgl E E.J = T^ + T J C J 

(8.2) 

(B.3) 

and 

T„ = R^ + R . l c - I . 
2 o 1 3 

( 8 . 4 ) 

F r o m (5. 18), ^ may be expressed in the form 

h '- ^ l l ' ^^s ' ^ '^12'°3 ' • *11'*12 > ° 
(8.5) 

and from (5. 22) 

2̂ = ^2 l ' '=3 ' ^ <^22'^3'^ ^ *23'*=3'^' *21 '^22 '^23 > ° 
(8.6) 
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The inequality (5. 29) may, alternatively, be written as the equation 

N = B6 (8. 7) 

with 0 ^ B < 1. Similarly the contraction condition may be written 

(u^ + k^) + glhl + Ic3l{6|xgld + 3d^J = Cg (8.8) 

where 0 < C < 1. Now (8. 7) may be re-arranged to give 

I C3I g " ^ l + g)"363 + 3lc3lg-^l + g ) ' ^T J + 1x^1)6^ 

+ (A- B)6+ lc3lg ' \3 lxgUj + ^ ) = 0, (8.9) 

where 

A = (u^+ k ^ ) g ' ^ l +g)"^ + | h l ( l+ g)"^+ 3lc3lg"^Tj(Tj + 2 |xJ) (8.10) 

Since, by definition, 6 must be real and positive, then only the real and 
positive roots of the cubic (8. 9) are relevant. For the present purpose it is 
convenient to restrict the choice of c , g, x and B, and hence j ., (L and (L, 

to ranges of values which cause (8. 9) to have only one positive real root and 
such that this root is small compared with unity. That the choice of such a 
root is possible may be seen in the following way: Write (8. 9) in the form 

KJIC3I63 +K2lc3l6^ + (A- B)6+ lc3 lg"^3 lx j0 j+ 4^) = 0 

with K., K > 0. Then if the desired root 6 exists it must follow that 

2 3 
6 > 6 > 6 and 

KJIC3I6 + K2IC3I6 + (A - B ) 6 + l c 3 l g ' ^ 3 l x J ^ + ^ ) > 0 

[ B - A - lc3l(Kj + K2)}6 . Ic3lg"^3 |x^l^ + rj^) <0 

6 < [ B - A - C 3 K ^ ' ^ | c 3 l g " ^ 3 | x J ^ + ^ ) , 8.11) 

or 

or 

where 

K = Kj + K2. 

Thus 6 > 0 provided c is sufficiently small and B > A. 



- 44 -

Values of u, k, x and c may always be chosen to satisfy the 

contraction condition (8. 8) and B chosen to be A < B < 1. Writing (8. 8) 
in the form 

(u^ + k^) + glhl = Cg - IC3I fj(Xg,d) 

and (8. 10) in the form 

(u^ + k^) + glhl = Ag(l + g) - |c3lf2(g.Tj.Xg) 

then 

A - g " \ l + g)"^{Cg + |c3l(f2 - fj)} (8.12) 

and 

A—?-C/(l + g) as 0 3 ^ 0 . 

It follows that with 0 < C < 1 and c„ sufficiently small then A < 1 in (8. 12). 

B may now be chosen so that A < B < 1. Thus if u, k, x and c„ are 
s o 

chosen to satisfy the contraction condition and A and B calculated on the 
basis of (8. 12), then (8. 7) will be satisfied. 

From (8. 12), (8. 5) and (8. 6) it follows that 6 may be written 

6 < ( B - A - |c3(K)'^g"^[j2lc3p + J g l c g P t j j c j ' ^ j . (8.13) 

Hence from (6. 2) 

glb|(U,V) - (u,v)| < M ^ ( B - A - Ic^lKf'^g'^lj^lc/ + ...+ jjcj"^} (8.14) 

This quantity may be made as small as desired by taking | c„| sufficiently 
small. 

From (2. 19) and (3. 77) it will be observed that 

(^^c = ± 3 0 3 ^ x3 i,^ . k/u ) ± 303x3 (^2 - 1) ± - y + k2)^3 

+ fc3x3[lMk/u)2jMGj)^. 

Now (G J must, from (3.86) and (8.1), have the form 

( V c = ^13''=3'' 

and, tlierefore, from (8.2) , 
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(^l^c "- ±3C3 ^ x3 (1 ^ ? )E^Jc3l ±303x3(1 + ?)E2^ic3l 

± X (u^ + k2)(l + ?)E„ J e I + 3c x3 [ l + (k/u)2] ± G , J c J 3 . 
31 3 3 s ' - ' ' ' -' 13 3 

The minimum co rne r value of v , on A has the form 
1 D 

h^(Vc|A„ = lhl^3'^^2'^3' '^S'^3' 'l ' h ' S ' 4 > ° («-̂ ^̂  

o r 

lubl (u ,v) - o b l u b l v j = | m i n ( V j ) ^ | ^ = j^L^lc3l + L2IC3P + Lglc3|3J. (8.16) 
B 

It follows from (8. 14) and (8. 16) that, provided I c J is chosen to be 
sufficiently smal l , 

glb[(U,V) - (u,v)l < lubl (u ,v) - ol 

and from (2. 21) the des i red resu l t follows. 

The contract ion condition may seve re ly r e s t r i c t the range of values of 
u and k, or h, for which the resu l t is valid. In o rder to widen the range of 
validity the value of s, and thereby g, may be made l a rge r . This has the 
des i red effect provided | hj < C. When s is increased the number of equations 
in the set corresponding to (3. 68), , (3. 76) i nc reases and requ i res much 
m o r e extensive manipulation. However, the basic resu l t (3. 95) is left 
unchanged, and the equation defining v , although possess ing more t e r m s , will 

yield a form for m i n ( v ) . which always has a leading t e r m L | c _ L 
B 

It follows that the existence theorem i s valid for a wider range of u and k 
than predicted by taking s = 3, but that the manipulation required to 
de te rmine the ranges of u and k is too lengthy to at tempt by analytic means . 
Having shown that solutions of the form (2. 2) exist for jc I smal l for some 

rangesof values of u and k c lose to zero , the obvious next s tep is to develop 
a numer ica l technique for evaluating the coefficients .a , .b , ,c on a 

j m 3 mn j mn 
digital computer , and this i s being pursued. 



References 

1. Kamke, E. 

2. Chr is topher , P . A . T. 

3. Coddington, E. A. 
and Levinson, N. 

4. Chr is topher , P . A. T, 

5. Lefschetz, S. 

6. Cesa r i , L. 

7. Chr is topher , P . A. T. 

8. Chr is topher , P . A. T. 

9. Cronin, Jane 

10. Alexandroff, P . S. 

- 46 -

Differentialgleichungen lösungsmethoden und 
lösungen. Vol. 1, 5th edition, Akademische 
Verlagsgesel lschaft Beker and E r l e r Kom. - G e s , , 
Leipzig, 1956. 

A c lass of nonlinear differential equations with 
exact solutions. College of Aeronautics, 
Cranfield. Report Aero . No. 187. 

Theory of ordinary differential equations. 
McGraw-Hil l , 1955. 

Studies in stabil i ty and control analysis of a i r ­
f rames having nonlinear aerodynamic c h a r a c t e r ­
i s t i c s . College of Aeronaut ics , Cranfield. 
Note Aero. No. 171. 

Differential equations: geometr ic theory. 
In tersc ience , 1957. 

Fimctional analysis and periodic solutions of 
nonlinear differential equations. Contributions 
to differential equations. Vol, 1, No. 2, 
pp. 14 9-187, 1963. 

A new c lass of subharmonic solutions to 
Duffing's equation. College of Aeronautics, 
Cranfield. Report Aero. No. 195. 

An extended c la s s of subharmonic solutions 
to Duffing's equation. College of Aeronautics , 
Cranfield. Report Aero. No. 199. 

Fixed points and topological degree in non­
l inear analys is . American Mathematical 
Society, Mathematical Surveys, No. 11, 1964. 

Combinatorial Topology. Graylock P r e s s , 1960, 



STABLE SPIRALS 

D»0 

/ / / / / 

C,+ 3C3XI 

FIG.I. CLASSIFICATION OF POINTS OF STATIC EQUILIBRIUM. 




