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Abstract

Quantum repeaters are critical in the development of the quantum internet because they enable
quantum communication over long distances. Third-generation quantum repeaters or one-way
quantum repeaters are the most advanced quantum repeaters that do not require two-way com-
munication between nodes. Borregaard et al. (2019) proposed an architecture of one-way quantum
repeaters based on photonic tree-cluster states. Tree-cluster states are highly entangled multi-qubit
states that can protect quantum information from transmission losses. Creating these highly entan-
gled multi-qubit states is a challenging and error-prone process. Conventional tree-cluster genera-
tion methods use an emitter that emits and entangles with photons. These methods, however, suffer
from multiple photon emissions, which leads to errors. This paper presents a system for generating
tree-cluster states that employ two different spin-cavity systems. The first spin-cavity system gen-
erates single photons using a cavity-assisted Raman scheme that prevents multiple photons from
being emitted. The generated photons are scattered with a phase dependent on the spin state by
the other spin-cavity system. The analytical model of the two spin-cavity systems for producing
and scattering single-photons is presented. Furthermore, we model the errors that may occur dur-
ing these processes.

We introduce a protocol for implementing a CZ gate between photons and spin. After that, this
protocol is used to generate tree-cluster states. Furthermore, we optimize the entanglement be-
tween spin and photons by using the detuning between the two spin-cavity systems. Finally, we
generate tree-cluster states using the spin-cavity system model and the photon-spin entanglement
protocol. Following that, the effect of imperfect entanglement on the fidelity of the generated tree-
cluster states is investigated. The fidelity of tree-cluster states with imperfect entanglement is then
compared to the fidelity of tree-cluster states with single-qubit depolarising errors on photons. Un-
fortunately, we could not determine the relation between imperfect entanglement and the fidelity of
the generated tree clusters in this study. Furthermore, we did not investigate the effects of imperfect
entanglement on the encoding and decoding of information in tree-cluster states.
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1
Motivation

In the past decades, there have been massive developments in experimental quantum computing
[1]. Recently, scientists from Google claimed to have achieved the much-sought quantum supremacy
[2]. Quantum computing utilizes the properties of quantum systems to gain an advantage over clas-
sical systems. Moreover, the principles of quantum mechanics can be used to implement secure
quantum communication [3, 4]. A quantum network capable of communicating between two dif-
ferent points on the earth could be used to build the quantum internet [5, 6]. The underlying idea for
quantum communication is efficiently distributing quantum information over long distances. Due
to the presence of noise and losses in channels, the idea of quantum repeaters has been proposed
for quantum communication over long distances [7].

Quantum repeaters function by segmenting the network into smaller pieces and sending in-
formation over those pieces [8]. The idea behind quantum communication is the distribution of
entanglement between two parties on the network. Quantum repeaters have been classified into
generations based on how well they distribute entanglement and deal with errors during the trans-
mission process [9]. The traditional (first generation) quantum repeater design is based on the her-
alded quantum entanglement distribution, which necessitates long-lived quantum memory and
two-way communication between sender and receiver. On the other hand, third-generation quan-
tum repeaters rely on quantum error correction codes to deal with loss and operation errors and
only require one-way communication. All-photonic quantum repeater architectures which utilize
highly entangled states for quantum communication have been proposed [10, 11, 12]. Varnava et
al. [13] proposed the use of photonic tree-cluster states for quantum communication. Other than
quantum communication, cluster states have found their application in photonic quantum com-
puting [14, 15] and quantum simulations [16]. Therefore, it is imperative to develop effective meth-
ods for generating photonic clusters due to their various uses.

Generating an entangled multiphoton state is a highly challenging task because photons do not
interact with each other. Therefore, entangling photons with each other requires a non-linear inter-
action or a measurement [10]. Non-linear interactions are weak [17] and measurements are prob-
abilistic. Earlier approaches for generating multiphoton states employed pair-wise "fusion" of Bell
pairs to grow multiphoton cluster states [18, 10]. This process requires the generation of many Bell
states and measurement of photons to merge different Bell pairs. Implementing these schemes for
one-way quantum communication would require many two-qubit operations at each repeater and
a significant number of qubits. Moreover, due to measurements being involved in the cluster gen-
eration, these methods are probabilistic, thus its not practical to use them in quantum repeaters.
Buterakos et al. proposed a method to deterministically generate arbitrary large cluster states using
only one emitter and an auxiliary qubit [19]. Their scheme requires an emitter that can be repeat-
edly entangled to a memory/auxiliary qubit and single-qubit gates on photons and emitter. The

1



2 1. Motivation

details of their protocol can be found in the reference [19].
Recently, Tiurev et al. [20] proposed architecture for deterministic generation of entangled

multiphoton states using solid-state emitters. Their approach can be used to generate the Green-
berger–Horne–Zeilinger (GHZ) state or a one-dimensional cluster state. Borregaard et al. [21] pro-
posed a design of a one-way quantum repeater based on tree-cluster states. In the paper, they also
discussed the process for the generation of tree-cluster states. They require an emitter and two
memory qubits for generating the tree cluster. Yuan Zhan et al. [22] proposed a protocol for gener-
ating arbitrary sized tree-cluster states using just one emitter. These schemes involve exciting the
spin to an excited state and emitting a photon by decaying to the ground state or other stable state.
They also require a protocol-specific set of single-qubit operations between different excitations.
The main issue with generating photons by spontaneous decay is that it is possible to have multiple
excitations while driving the spin to the excited state. To reduce the chance of multiple excitations,
one could make the driving pulse short, but short driving pulses have a wide distribution in the
frequency domain, leading to the driving of other transitions, therefore, errors. One could also in-
crease the coupling between the spin and the waveguide but it could lead to higher decay rate, thus
requiring shorter driving pulse widths.

To overcome the problems of emission-based schemes, we propose a scattering-based scheme
for entangling photons with spin. Our system consists of two spins, each of them coupled to their
respective cavity. The first spin-cavity system emits single-photons as time-bin qubits by undergo-
ing cavity-assisted Raman transitions, we call that system the Emitter. Time-bin qubits are a type
of encoding in which the presence of the single-photon is limited to one of two non-overlapping
spatiotemporal modes, early |E〉 and late |L〉 [23]. The second spin-cavity system, which we refer to
as the Gate, reflects the time-bin photons with state-dependent reflection coefficients. Applying a
set of single-qubit gates on this spin could entangle it with the incoming photons. We will begin by
describing the entanglement protocol for entangling photons with the spin. Then, we will model
the photon generation process in the first spin-cavity system and the photon reflection process in
the second cavity system. In what follows, it can be observed that improving the coupling of the spin
to the cavity decreases the probability of having multiple excitations. The procedure for generating
tree-cluster states will next be introduced. Furthermore, we optimize the Gate’s parameters to max-
imize the photon-spin entanglement fidelity. Finally, we will simulate the generation of tree-cluster
states and estimate the fidelity of the generated states. The structure of the remainder of the thesis
is as follows:

• In chapter 2 we introduce all the basics essential to comprehend the remainder of the report.
We introduce the Hamiltonian of a spin-cavity system necessary for modeling photon-spin
interaction. Then we introduce the methods for solving the dynamics of the spin-cavity sys-
tem. The last parts of this chapter introduce the basics of tree-cluster states and motivate
Silicon vacancy centers for realizing our system for generating tree-cluster states.

• Chapter 3 starts by introducing the protocol for entangling photons with a spin coupled to a
cavity. The modeling of the Emitter and the Gate is introduced in this chapter. Furthermore,
the model for errors in Emitter and Gate is also described in this chapter.

• Chapter 4 presents the results of the thesis. We present the results of the optimization of Gate
parameters. The protocol for tree-cluster generation is explained after that. We introduce
the method for the estimation of tree-cluster fidelity. Finally, we estimate the fidelity of the
tree-cluster states generated by our system and discuss the results.

• The conclusions and outlook are provided in chapter 5.



2
Background

This chapter introduces the fundamental principles necessary for understanding the remainder of
the report. We begin by introducing the Jaynes-Cummings Hamiltonian in sec. 2.1. Following that,
we shall introduce the equations governing the dynamic behavior of the system which are the mas-
ter equation (sec. 2.2) and the Heisenberg-Langevin equation (sec. 2.2.1). In section 2.3 we intro-
duce the method for solving the dynamics of the system. Finally, we discuss the tree-cluster state
and their properties in sec. 2.4.

2.1. Jaynes-Cummings model
We present the Jaynes-Cummings model in this section, which is used to describe the interaction
of an atom with the optical modes of a cavity [24]. The Jaynes-Cummings model can be used to
describe the interaction between a two-level atom and the cavity modes. The Jaynes-Cummings
model can be extended to more than two levels [25] and we use the extended models because our
system have more that two levels.

2.1.1. Three-levelΛ-system inside a cavity
The system consists a spin with three levels coupled to a cavity, shown in fig. 2.1. It has two ground
states, |g 〉 and | f 〉, and one excited state |e〉. We can write the Hamiltonian of the system as a sum
of contributions from Hamiltonian of spin, field and their interaction.

Ĥ = Ĥs + Ĥ f i eld + Ĥi nt (2.1)

The electromagnetic fields are quantized inside the cavities, however we do not talk about the quan-
tization of the field in this report, it can be found in [26, 27]. Omitting the vacuum term (ħωc /2) of
the field, we can write Ĥa and Ĥ f i eld as (ħ= 1),

Ĥs =ωg |g 〉〈g |+ω f | f 〉〈 f |+ωe |e〉〈e| (2.2)

Ĥ f i eld =ωc ĉ†ĉ (2.3)

where, ωg , ω f and ωe are the frequencies of the levels of the spin, and ωc is the cavity resonance
frequency. Considering the interaction between the spin and photon field and making the rotating
wave approximation by ignoring the fast oscillating terms in the interaction Hamiltonian [27]. The
interaction Hamiltonian is given by

Ĥi nt =
(
g |e〉〈 f | ĉ +H .C .

)+ (
Ω(t ) |e〉〈g |e−iωL t +H .C .

)
(2.4)

3



4 2. Background

Here Ω is the amplitude of the driving laser and ωL is its frequency. g is the coupling between the
spin and the cavity field. The Jaynes-Cummings Hamiltonian for the system is thus given by

Ĥ =ω f | f 〉〈 f |+ωg |g 〉〈g |+ωe |e〉〈e|+ωc ĉ†ĉ

+ (
g |e〉〈 f | ĉ +H .C .

)+ (
Ω(t ) |e〉〈g |e−iωL t +H .C .

) (2.5)

To simplify our analysis of dynamics of the system, we move to the rotating frame of the ground
states and the cavity. In the rotating frame, the Hamiltonian is

Ĥ =∆ |e〉〈e|+δĉ†ĉ + (g |e〉〈 f | ĉ +H .C .)+ (Ω |e〉〈g |+H .C .) (2.6)

where∆ is the detuning between the levels and the cavity frequency and δ is the two photon detun-
ing (as shown in fig. 2.1). These two detunings are described as,

∆=ωe −ωg −ωL

δ=ω f +ωc −ωg −ωL

In our analysis, we will assume that δ is zero. Thus, ω f +ωc =ωg +ωL .

Figure 2.1: A three-levelΛ-system coupled to a cavity

2.1.2. Four-level system inside a cavity
The Hamiltonian of a spin with four levels (shown in fig. 2.2), two ground states (|0〉 and |1〉) and
their respective excited states (|e0〉 and |e1〉) can be written in a way similar to a three-level system.
In our system, we do not drive this system using a laser, therefore, only spin cavity interaction come
into the Jaynes-Cummings Hamiltonian. The coupling of the two levels with the cavity are g1 and
g2. Again, to write the interaction part of the Hamiltonian, we have applied the rotating wave ap-
proximation and neglected the fast oscillating terms in the interaction Hamiltonian.

Ĥ =ω0 |0〉〈0|+ω1 |1〉〈1|+ωe0 |e0〉〈e0|+ωe1 |e1〉〈e1|+ωc ĉ†ĉ

+ (
g0 |e0〉〈0| ĉ +H .C .

)+ (
g1 |e1〉〈1| ĉ +H .C .

) (2.7)

We move into a rotating frame rotating with the cavity frequency to simplify the Hamiltonian of the
system [28].

Ĥ =∆0 |e0〉〈e0|+∆1 |e1〉〈e1|+
(
g0 |e0〉〈0| ĉ +H .C .

)+ (
g1 |e1〉〈1| ĉ +H .C .

)
(2.8)

where ∆0 and ∆1 are the detuning between levels and cavity frequency.

∆0 =ωe0 −ω0 −ωc

∆1 =ωe1 −ω1 −ωc
(2.9)
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Figure 2.2: The level structure of a four-level spin required for photon-spin entanglement

To realize the level structures as shown in fig. 2.1 and 2.2, one could use a quantum dot coupled
to a photonic waveguide [20]. One other exciting system that could be used is a Silicon vacancy
center (SiV) coupled to a nanocavity. SiV centers exhibit a four-level structure when a magnetic
field is applied [29]. Orthogonal magnetic fields allow the spin to undergo spin-flipping transitions
resulting in fast spin initialization and photon generation [30, 31]. Moreover, SiV centers can be
efficiently coupled to diamond nanocavities [32] and a recent study demonstrated systems with a
single-photon Rabi frequency g = 2π×6.81 GHz, cavity decay rate κ= 2π×328 GHz, atomic decay

rate γ = 2π×0.1 GHz and a cooperativity of 4|g |2
κγ ≈ 6 [33]. The level structure of SiV centers along

with their ability efficiently couple to cavities make them an attractive choice for experimental im-
plementation our system.

So far, we have introduced the Hamiltonian of the systems. In the next section, we will introduce
the equations that govern the time evolution of the system.

2.2. Master equation
The master equation is a valuable equation for determining the dynamics of a system which is inter-
acting with the environment, such systems are called open quantum systems. Our system is a spin
coupled to a cavity interacting with the environment or reservoir. The derivation of this equation
is not a part of this report. The derivations could be found in [34, 27]. The master equation in the
Schrödinger picture may be represented as (ħ= 1)

ρ̇ =−i [Ĥ ,ρ]+∑
x

(
LxρL†

x −
1

2
{L†

x Lx ,ρ}

)
(2.10)

where ρ̇ represents the time derivative of ρ and Ĥ is the Hamiltonian of the system. The first term
describes the evolution of the system according to this Hamiltonian. The Lx are called the Lindblad
operators or quantum jump operators for different system-environment interactions. The sum over
x in the equation describes the transitions in the system due to interactions with the environment.
Each LxρL†

x term is responsible for introducing the jump in the evolution of the system, whereas,
the term 1

2 {L†
x Lx ,ρ} is needed to normalize the density matrix of the system.

For a spin-cavity system, we assume that spontaneous emissions are caused by the interaction
between the spin and the vacuum state of the environment. We treat the decay as jumps from the
excited state to the ground state. For a three-level system with excited state |e〉 and ground states
|g 〉 and | f 〉 the jump operators are

L̂γg =
√
γg |g 〉〈e|

L̂γ f =
√
γ f | f 〉〈e|

(2.11)

Here, γg and γ f are the respective rates of the decay. The master equation governs the evolution of
the density matrix of the system. Therefore, it is capable of dealing with mixed states. However, it
comes with the cost of dealing with a large number of differential equations for the entries of the
density matrix. The computational power required for solving dynamics of a system with n degrees
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of freedom scales up with O (n2). The method of Stochastic Hamiltonian has been introduced [35]
to reduce the required computational power. We will introduce the Stochastic Hamiltonian in the
coming sections in this chapter, sec. 2.3.

Extending the master equation to the Heisenberg picture might seem trivial. However, it is not
correct to write the master equation in the Heisenberg picture in general. We discuss the evolution
of the system in the Heisenberg picture in the next section.

2.2.1. Heisenberg-Langevin equation
The Heisenberg equations of motion describe the time evolution of operators according to the
Hamiltonian of the system. These equations look similar to the equations in the Schrödinger pic-
ture. However, we cannot write the equation for operators describing the dynamics of an open
quantum system similar to the master equation [27]. If we describe the dissipation by introducing
terms similar to Lindblad operators, it could lead to unphysical results (sec. 8.4 of [27]). Therefore,
to ensure that the results obtained from the equation are true to the physics, we have to introduce
the Langevin noise operator f̂ to account for dissipation in the system. This noise operator has zero
mean, so its average effect is zero (〈 f̂ 〉 = 0), but its second moment is non-zero (〈 f̂ 2〉 6= 0).

However, if we start with an environment in the vacuum state (so that f̂ |vac〉 = 0), it is possi-
ble to ignore the noise operator in the equation. In this case, the Heisenberg-Langevin equation
matches with the master equation [27]. Under this assumption, for an operator Â, the Heisenberg-
Langevin equation is of the form (ħ= 1)

˙̂A = i [Ĥ , Â]+∑
x

(
L†

x ÂLx − 1

2
{L†

x Lx , Â}

)
(2.12)

where ˙̂A represents the time derivative of Â. We use this equation to find the dynamics of opera-
tors of our spin-cavity systems. We also assume that these conditions hold so that we can ignore
contribution from the Langevin noise operator.

Solving the master equation involves dealing with a number of differential equation because
we solve for the density matrix of the system. Stochastic Hamiltonian is a method solve the master
equation without having to deal with density matrices. In the next section, we introduce the method
of stochastic Hamiltonian and discuss the consequences of using such a method.

2.3. Stochastic Wavefunction
To model our system, we need to solve the master equation. We have to model a spin coupled to
a cavity undergoing spontaneous emissions. The spin has three levels, and the cavity also has two
photonic degrees of freedom. There are a total of six degrees for freedom in the spin-cavity system.
To solve the master equation to study the dynamics of the system, we would have to solve a differ-
ential equation for each element of the density matrix. In order to avoid solving a large number of
differential equations, the method of stochastic Hamiltonian was developed [35, 36]. The stochastic
Hamiltonian allows us to solve the Schrödinger equation of the wavefunction, with some caveats.
In the remaining part of this section we will derive the stochastic Hamiltonian and study the conse-
quences of using it to model our system.

The master equation takes the following form (ħ= 1)

ρ̇ =−i [Ĥ ,ρ]+∑
x

(
LxρL†

x −
1

2
{L†

x Lx ,ρ}

)
(2.13)

expanding the commutation relation between H and ρ.

ρ̇ =− i Ĥρ+ iρĤ −∑
x

1

2
L†

x Lxρ−
∑
x

1

2
ρL†

x Lx +
∑
x

LxρL†
x

(2.14)
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We expand the density matrix to write it as a sum of pure-states and rearrange the terms

ρ̇ =∑
m

pm

[
−i

{(
Ĥ − i

∑
x

1

2
L†

x Lx

)
|ψm〉〈ψm |

−|ψm〉〈ψm |
(

Ĥ + i
∑
x

1

2
L†

x Lx

)}
+∑

x
Lx |ψm〉〈ψm |L†

x

] (2.15)

The first two terms in the sum can be written in terms of Ĥe f f given by

Ĥe f f = Ĥ − i

2

∑
x

L†
x Lx (2.16)

In terms of the He f f the master equation can be written as,

ρ̇ =∑
m

pm

[
−i

(
Ĥe f f |ψm〉〈ψm |− |ψm〉〈ψm | Ĥ †

e f f

)
+∑

x
Lx |ψm〉〈ψm |L†

x

]
(2.17)

The first term in the preceding equation is analogous to the master equation of a pure state evolving
in accordance with a Hamiltonian Ĥe f f . The second term makes the density matrix transform due
to the jump operators. The Schrödinger equation for the wavefunctions evolving according to the
stochastic Hamiltonian is

d

d t
|ψm〉 =−i Ĥe f f |ψm〉 (2.18)

The stochastic Hamiltonian is not Hermitian. Hence the wavefunction at the end is not normal-
ized. The method of stochastic Hamiltonian can be used to simulate systems using the Monte Carlo
method. We will not simulate systems numerically. Instead, we will use the stochastic Hamiltonian
to analytically find the time evolution of a system that does not undergo any spontaneous emis-
sions. Therefore, we analyze a system that could interact with the environment without having to
deal with density matrices.

The last term in eq. 2.17 is the term that adds the population to the target state of the jump
operators (the ground states of the three-level system, eq. 2.11). If we assume that jump operators
take the population from the excited state to a dump state (which is not a part of the system and has
no affect on its dynamics), then we may ignore the contribution of the last term in eq. 2.17.

L̂γg =
√
γg |õ〉〈e|

L̂γ f =
√
γ f |õ〉〈e|

(2.19)

In other words, we account for the population loss from the excited state, but we do not add that
population to the ground states. The population goes into a dump state, and we do not care about
the lost population. When we solve the system dynamics by using the Schrödinger equation and
the stochastic Hamiltonian we only find the solution in which no decay occurs. We can find the
probability of not "jumping" or decaying by using the square modulus of the wavefunction at the
end of the analysis.

2.4. Tree-cluster states
The tree-cluster state is part of a larger class of multi-partite states called the graph state [37, 38]. A
tree-cluster state can be represented by the branching parameters bi s. For a tree with l levels one
can define branching vector B̄ = [b0,b1, ...,bl−1] to indicate the connectivity of the tree, with bi being
the branching parameter of the ith level of the tree, as show in fig. 2.3.
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Figure 2.3: A tree with B̄ = [2,2,2]

Figure 2.4: CZ operation in quantum circuit is equivalent to an edge between vertices on graph state

A tree-cluster state (also a graph state) |Ψ〉 can be described as an eigenstate of a set of operators,
called the stabilizers. We can associate each vertex i of the state to a stabilizer operator si , defined
as

si =σx
i

⊗
j∈N (i )

σz
j (2.20)

where N (i ) is the set of vertices which are neighbors to the vertex i . Thus a stabilizer applies Pauli-X
operator to the vertex i and Pauli-Z operators to all its neighbors. The stabilizer acting on a cluster
state should not change the state,

si |Ψ〉 = |Ψ〉 (2.21)

This is the stabilizer definition of tree-cluster states. Other than this definition, they can also be
defined as an interaction between different vertices/qubits of the state. Each vertex in a tree state
is a qubit and each edge represents an entanglement operation between the two vertices/qubits it
connects. More specifically, the CZ gate is the entangling operation that is applied to the two qubits
in order to connect them with an edge. For two qubits, we have to prepare the qubits in |+〉 state
and apply a CZ gate to entangle them, as shown in fig. 2.4. The final state is described as,

|ψ01〉 =1

2
(|00〉 |01〉+ |00〉 |11〉+ |10〉 |01〉− |10〉 |11〉)

= 1p
2

(|00〉 |+1〉+ |10〉 |−1〉)

= 1p
2

(|+0〉 |01〉+ |−0〉 |11〉)

(2.22)

To validate the equivalence between this picture and the stabilizer picture, we can verify that the
state |ψ01〉 is indeed and eigenstate of the stabilizer operator si . For a two qubit state the stabilizers
are given by

s0 =σx
0σ

z
1

s1 =σz
0σ

x
1

(2.23)
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To check if |ψ01〉 is an eigenstate, we can apply the stabilizers to the two-qubit state

s0 |ψ01〉 = 1p
2
σx

0σ
z
1 (|00〉 |+1〉+ |10〉 |−1〉)

= 1p
2

(|10〉 |−1〉+ |00〉 |+1〉) = |ψ01〉
(2.24)

similarly it can be shown for the other stabilizer.
To characterize the quality of generated tree-cluster states, we make measurements on the gen-

erated tree-cluster state. Therefore, it is important to know what effects does a measurement has on
the state. To study the effects, we first introduce the concept of local complementation. A more de-
tailed description can be found in [38, 39, 40]. Local complementation τv is an operation that acts
on a vertex v of the graph by inverting the edges connecting the neighbors of v . If any two neigh-
bors were connected before local complementation, then after the operation the edge connecting
them is removed. Similarly, if two neighbors were not connected before, then after the local com-
plementation, they are connected by an edge. Using the local complementation, the measurement
on vertex v in different bases can be summarized as follows,

• Measuring in Z basis: Z measurement removes the vertex from the graph/tree up to local Z
rotation

• Measuring in Y basis: Applies a local complementation on the vertex v and removes the ver-
tex, up to local single-qubit operations

• Measuring in X basis: It applies a local complementation τu to one of the neighbors u ∈ N (v)
of vertex v . Then it does a Y measurement on v and then does τu again (up to single-qubit
operations on the state). An X measurement can also be represented as a series of local com-
plementations (τu ◦τv ◦τu) followed by Z measurement. It is also equivalent to (τv ◦τu ◦τv )
followed by a Z measurement.





3
Generating photon-spin entanglement

This chapter will explain the implementation of the entangling protocol in detail. Our methodology
utilizes the scattering of a photon off a cavity to entangle the photon with a spin coupled to the cav-
ity. We present a system that utilizes two spin-cavity systems. The first spin-cavity system generates
a single-photon encoded in a time-bin qubit, and the second spin-cavity system interacts with the
generated time-bin photon to give out an entangled photon-spin state.

We will first introduce the protocol for entangling photon and spin in section 3.1. In section 3.2,
we shall discuss the dynamics of the Emitter system. The errors in the Emitter are discussed in sec.
3.3. We will then describe the dynamics of the Gate system responsible for photon-spin interaction,
discussed in section 3.4. Lastly, the errors in the Gate system are explained in sec. 3.5.

3.1. Photon-spin entangling protocol
This section introduces the protocol for entangling time-bin photons with the Gate spin. The time-
bin encoded photons are generated in the first spin-cavity system, the Emitter system. The Gate,
which is the second spin-cavity system, reflects the time-bin photons with a reflection coefficient
depending on the state of the spin. The state-dependent reflection coefficients coupled with single-
qubit gates on the spin could therefore help us entangle photons with the spin. The design of our
system is shown in fig. 3.1.

Figure 3.1: System of two spins for generating cluster states

The Gate is a spin coupled to a single-sided. A single-sided cavity can only reflect the incoming
time-bin photons. The reflection coefficients of time-bin reflection depend on the state of the spin.
In the case of state |0〉 of the spin, the reflection coefficient is written as r0, and for the state |1〉, it is
written as r1. The ideal values of these coefficients are −1 for r0 and 1 for r1.

The two bases of a time-bin photon are early and late states, denoted by |E〉 and |L〉 respectively
[23]. When the early time-bin comes and scatters off the Gate, we call it Early scattering, and when
the late time-bin comes in, we call it Late scattering. An arbitrary superposition of the two time-bins

11
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is can be represented as a |E〉+b |L〉, where a and b are chosen such that the state is normalized. An
arbitrary state of spin is α |0〉+β |1〉, α and β also follow the normalization condition. Therefore the
arbitrary photon-spin state (|Ψps〉) is given by:

|Ψps〉 = (a |E〉+b |L〉)⊗ (α |0〉+β |1〉)
= aα |E〉 |0〉+aβ |E〉 |1〉+bα |L〉 |0〉+bβ |L〉 |1〉 (3.1)

In the next section, we will introduce the protocol to implement CZ operation between time-bin
photons and the spin. To get a CZ gate between the photon and the spin, we apply single-qubit gates
on the Gate spin between the early and late scattering. The protocol is discussed in the next section.

3.1.1. Entangling photons with spin using single-sided cavity
We combine the state-dependent reflection coefficients with single-qubit gates on the spin between
early and late scattering to entangle the photon and the spin. After the early time-bin scatters off
the cavity, we change the state of the spin so that the late time-bin interacts with a different state of
the spin. The reflection coefficients bunch differently for early and late states giving us an entangled
state between the photon and the spin. We represent the photon-spin interaction and the single-
qubit operations in the form of a quantum circuit, as shown in fig. 3.2.

Figure 3.2: Circuit representation of the photon-spin entangling protocol. The "Early scattering" and "Late scattering"
blocks symbolize photon scattering off the cavity.

We apply a Hadamard gate on the spin before and after late scattering, and we apply another
gate to the spin before and after the photon-spin interaction. The R−X (π/2) gate is a rotation of π/2
about the negative X-axis on the Bloch sphere, and it is given by:

R−X (π/2) = 1p
2

[
1 i
i 1

]
(3.2)

Applying this rotation to |0〉 and |1〉 states results in |i 〉 and |−i 〉 states respectively, as shown below,

R−X (π/2) |0〉 = 1p
2

(|0〉+ i |1〉)

R−X (π/2) |1〉 = ip
2

(|0〉− i |1〉)
(3.3)

Now that we have introduced all the single-qubit gates necessary to entangle photons with the
spin, we will see how the photon-spin state evolves under all these operations to give out an entan-
gled state. We start with an arbitrary unentangled photon-spin state |Ψps〉, given by

|Ψps〉 = (a |E〉+b |L〉)⊗ (α |0〉+β |1〉)
= aα |E〉 |0〉+aβ |E〉 |1〉+bα |L〉 |0〉+bβ |L〉 |1〉 (3.4)

Applying R−X (π/2) rotation on the spin gives us

|Ψps〉 = (a |E〉+b |L〉)
(
αp

2
(|0〉+ i |1〉)+ iβp

2
(|0〉− i |1〉)

)
(3.5)
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After early scattering the state becomes

|Ψps〉 =a |E〉
(
αp

2
(r0 |0〉+ i r1 |1〉)+ iβp

2
(r0 |0〉− i r1 |1〉)

)
+b |L〉

(
αp

2
(|0〉+ i |1〉)+ iβp

2
(|0〉− i |1〉)

) (3.6)

After the Hadamard gate on the spin, the photon-spin state transforms to the following state

|Ψps〉 =a |E〉
(
α

2
((r0 + i r1) |0〉+ (r0 − i r1) |1〉)+ iβ

2
((r0 − i r1) |0〉+ (r0 + i r1) |1〉)

)
+b |L〉

(
α

2
((1+ i ) |0〉+ (1− i ) |1〉)+ iβ

2
((1− i ) |0〉+ (1+ i ) |1〉)

) (3.7)

Scattering the late time-bin gives us

|Ψps〉 =a |E〉
(
α

2
((r0 + i r1) |0〉+ (r0 − i r1) |1〉)+ iβ

2
((r0 − i r1) |0〉+ (r0 + i r1) |1〉)

)
+b |L〉

(
α

2
((1+ i )r0 |0〉+ (1− i )r1 |1〉)+ iβ

2
((1− i )r0 |0〉+ (1+ i )r1 |1〉)

) (3.8)

Applying Hadamard gate on the spin results in

|Ψps〉 =a |E〉
(
αp

2
(r0 |0〉+ i r1 |1〉)+ iβp

2
(r0 |0〉− i r1 |1〉)

)
+b |L〉 α

2

(
r0(1+ i )+ r1(1− i )

2
|0〉+ r0(1+ i )− r1(1− i )

2
|1〉

)
+b |L〉 iβ

2

(
r0(1− i )+ r1(1+ i )

2
|0〉+ r0(1− i )− r1(1+ i )

2
|1〉

) (3.9)

Applying R−X (π/2) rotation on the spin would give us the output state as

|Ψps〉 =aα

2
|E〉 ((r0 − r1) |0〉+ i (r0 + r1) |1〉)

+ i aβ

2
|E〉 ((r0 + r1) |0〉+ i (r0 − r1) |1〉)

+ i bα

2
|L〉 ((r0 − r1) |0〉+ (r0 + r1) |1〉)

+ i bβ

2
|L〉 ((r0 + r1) |0〉+ (r0 − r1) |1〉)

(3.10)

Applying Z gate on the spin

|Ψps〉 =aα

2
|E〉 ((r0 − r1) |0〉− i (r0 + r1) |1〉)

+ i aβ

2
|E〉 ((r0 + r1) |0〉− i (r0 − r1) |1〉)

+ i bα

2
|L〉 ((r0 − r1) |0〉− (r0 + r1) |1〉)

+ i bβ

2
|L〉 ((r0 + r1) |0〉− (r0 − r1) |1〉)

(3.11)

This is the final state of the protocol for arbitrary initial unentangled states of photon and spin,
and for arbitrary reflection coefficients, r0 and r1.
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Ideally, we would like to have perfect reflection so that the magnitude of reflection coefficients
is unity, |r0| = |r1| = 1, and the phase difference between r0 and r1 is π. Simply, we want r0 = −1
and r1 = 1. If we put these values in the entangled photon-spin state, we get the following entangled
state.

|Ψps〉 =−aα |E〉 |0〉−aβ |E〉 |1〉− i bα |L〉 |0〉+ i bβ |L〉 |1〉
=− [

a |E〉 (α |0〉+β |1〉)+ i b |L〉 (α |0〉−β |1〉)]
=− [

(a |E〉+ i b |L〉)α |0〉+ (a |E〉− i b |L〉)β |1〉] (3.12)

We can ignore the global phase to get the following final photon-spin state

|Ψps〉 =
[
(a |E〉+ i b |L〉)α |0〉+ (a |E〉− i b |L〉)β |1〉] (3.13)

For a =α=β= 1/
p

2 and b =−i /
p

2 the initial state is

|Ψps〉 = 1p
2

(|E〉− i |L〉)⊗ 1p
2

(|0〉+ |1〉)

= |−i 〉⊗ |+〉
(3.14)

the final state after photon-spin entangling protocol for this initial state would be

|Ψps〉 =1

2
(|E〉+ |L〉) |0〉− 1

2
(|E〉− |L〉) |1〉

= 1p
2

(|+〉|0〉+ |−〉|1〉)
(3.15)

Therefore, the protocol takes the initial photon-spin state |−i 〉 |+〉 to a state which is the resulting
state of CZ between |+〉 and a |+〉 which is a maximally entangled state between photon and spin. If
the spin and the photon are two vertices of a graph state, this protocol forms an edge between them.

This protocol can entangle an arbitrary state of spin with a state of the photon. Coefficients of
|0〉 state and |1〉 state of spin do not change after the protocol, as shown in eq. 3.13. Consequently,
this protocol can entangle a photon to a spin that is already entangled with other photons. The
coefficients α and β could contain information about the states of other photons entangled with
the spin. And this protocol does not result in a state with a sum of the coefficients α and β in it.
Thus, entangling a new photon does not change the states of the other photons entangled to the
spin. Therefore, it can be used to generate graph states or tree-cluster states. The aim of this thesis
is the generation of tree-cluster states, and the protocol for tree generation is discussed in Chapter
4. The next section will model the single-photon source, the Emitter, which is the first of our two
spin-cavity systems.

3.2. Emitter Dynamics
Our system consists of two spins coupled to cavities, the Emitter and the Gate. In this section, the
dynamics of the Emitter system are explained. We will discuss how to generate single-photons and
the state of the time-bin qubits. After that, we will explore the different errors that can occur during
the photon generation in the next section.

3.2.1. The Emitter system
The system is a three-levelΛ system with two ground states |g 〉 and | f 〉, and an excited state |e〉 (fig.
3.3). The Jaynes-Cummings Hamiltonian in a suitable rotating frame is given by eq. 2.6. Here, Ω is
the amplitude of the driving laser that takes the spin from the ground state |g 〉 to the excited state |e〉.
The driving laser could be time-dependent or time-independent. For our analysis we will consider
that the drive is a square pulse. The transition |e〉 to | f 〉 is coupled to the cavity with a single-photon
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Rabi frequency g . When the spin makes a transition from the excited state |e〉 to the ground state
| f 〉, the spin releases energy in the form of a photon in the cavity mode. (In our analysis, we have
assumed ħ= 1)

ĤJC =∆ |e〉〈e|+δĉ†ĉ + (g |e〉〈 f |c +H .C .)+ (Ω |e〉〈g |+H .C .) (3.16)

where Ω is the amplitude of the laser pulse. ∆ is the detuning between the laser frequency and the
|g 〉 −→ |e〉 transition. δ is the two-photon detuning and we will assume that it is zero throughout this
analysis.

∆=ωe −ωg −ωL

δ=ω f +ωc −ωg −ωL

The choice of basis for our analysis are the following three spin-photon states, |g 〉 |0〉, |e〉 |0〉 and
| f 〉 |1〉. Where, |g 〉, | f 〉 and |e〉 are the states of the spin and |0〉 and |1〉 are the states of the photon
in cavity mode. Therefore, | f 〉 |1〉 state has a photon in the cavity mode and the spin in the ground
state | f 〉, while |g 〉 |0〉 and |e〉 |0〉 do not have a photon inside the cavity.

Figure 3.3: Level structure of the Emitter with dump-state and detunings

The photon in the cavity mode could escape the cavity in the output mode with a rate given by
κ. This photon is in the desired output mode, and it goes on to entangle with the Gate. Besides
generating a photon in the cavity mode, the spin could emit a photon by spontaneously decaying
to one of the two ground states from the excited state. If a spontaneous decay occurs, we will lose
the emitted photon to the environment, leading to errors. The rates of spontaneous emission are
denoted by γg for the |g 〉 ground state and γ f for the | f 〉 ground state. These transitions are included
in the dynamics as jump operators in the Lindblad equation, summarized in eq. 3.18.

To understand the evolution of the system according to the Hamiltonian, we solve the Lindblad
equation (introduced in sec. 2.2), given by:

ρ̇ =−i [ĤJC ,ρ]+∑
x

(
LxρL†

x −
1

2
{L†

x Lx ,ρ}

)
(3.17)

Lx are the jump operators which are given by,

L̂γg =
√
γg |g 〉〈e|

L̂γ f =
√
γ f | f 〉〈e|

L̂κ =
p
κĉ

(3.18)

To find out the output mode of the photon, we use the input-output relations of the cavity. The
input-output relations [41, 42] give us the output mode in terms of the cavity mode (the generated
photon in the cavity mode escapes in the output mode with a rate κ).

âout =
p
κĉ (3.19)
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Solving the Lindblad equation involves solving the density matrix. To reduce the amount of
computation required, we will use the method of the stochastic Hamiltonian (2.3). However, first,
we need to define the wavefunction of the system. To define the wavefunction we go back to the
basis states, those states are |g 0〉, |e0〉 and | f 1〉. We can define a time-dependent wavefunction
|ψ(t )〉 which would be a linear combination of the basis states with time-dependent coefficients.
The wavefunction is described as

|ψ(t )〉 = c0(t ) |g 0〉+ c1(t ) |e0〉+ c2(t ) | f 1〉 (3.20)

We are interested in solving the time dependence of this wavefunction. Specifically, we want to
find out the evolution of the | f 1〉 state, thus the coefficient c2(t ). The evolution of a wavefunction
according to the effective Hamiltonian is given by eq. 3.17. At t = 0 the spin is in the ground state
|g 〉, and there is no excitation in the cavity, that is, the cavity is empty. The Schrödinger equation for
solving the evolution of the wavefunction evolving according to the stochastic Hamiltonian is

d

d t
|ψ(t )〉 =−i Ĥe f f |ψ(t )〉 (3.21)

where stochastic Hamiltonian for the system is defined as,

Ĥe f f =∆ |e〉〈e|+δĉ†ĉ + (g |e〉〈 f |c +H .C .)+ (Ω |e〉〈g |+H .C .)

− i

2

(
γ |e〉〈e|+κĉ† | f 〉〈 f | ĉ

) (3.22)

where, γ= γg +γ f is the total decay rate. We will solve the differential equation using the method of
stochastic Hamiltonian. Therefore any spontaneous emission results in a population loss to dump
states, as shown in fig. 3.3.

3.2.2. Output mode of the photon
To find the mode of the outgoing photon, we first have to solve the equation 3.21 to find the time
dependence of the coefficient of the | f 1〉 state, c2(t ). The time-dependent Schrödinger equation
gives us three correlated differential equations in time-dependent coefficients c0, c1 and c2.

i ċ0 = c1Ω
∗

i ċ1 = c0Ω+ c1

(
∆− i

2
γ

)
+ c2g

i ċ2 = c1g∗+ c2δ− i

2
κc2

(3.23)

In order to get the solution of these equations analytically, we first make a few assumptions and
then make adiabatically elimination.

• Assumption 1: we are in the weak driving regime and we are far detuned from the level

Ω¿∆

• Assumption 2: the rate of photon emission is large compared to the rate of generation of pho-
ton inside the cavity. Furthermore, the rate of spontaneous emission is negligible compared
to single-photon Rabi frequency.

γ¿ g ¿ κ
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• Assumption 3: We have already introduced this assumption earlier, to group all the assump-
tions together we do it again here. δ is zero

δ= 0

Now we adiabatically eliminate the third differential equation by putting the second and the third
assumptions to use,

i ċ2 = c1g∗+ c2δ− i

2
κc2 ≈ 0

which gives us the relation between c2(t ) and c1(t ),

c2 =−2i g∗

κ
c1 (3.24)

Substituting c2(t ) in the second differential equation and adiabatically eliminating would give us a
relation between c1(t ) and c0(t ),

i ċ1 = c0Ω+ c1

(
∆− i

2
γ

)
+ c2g

= c0Ω+ c1

(
∆− i

2
γ

)
− 2i |g |2

κ
c1

= c0Ω+ c1

(
∆− iγ

2
(1+4C )

)
≈ 0

c1 = −Ω
∆− iγ

2 (1+4C )
c0 (3.25)

Here, C is the cooperativity of the system given by C = |g |2
κγ . Substituting c1(t ) in the first differential

equation would give us a differential equation in c0(t ).

ċ0 = i |Ω|2
∆− iγ

2 (1+4C )
c0 = bc0 (3.26)

where

b = i |Ω|2(∆+ iγ
2 (1+4C ))

∆2 + γ2

4 (1+4C )2
(3.27)

The solution of this equation is an exponential in time and using the initial conditions we can
find c0(t ) thus the |ψ(t )〉,

c0(t ) = ebt (3.28)

We know the relations between c0(t ), c1(t ) and c2(t ) from before, we can write down the wave-
function of the system in terms of the parameter b (eq. 3.27).

|ψ(t )〉 = ebt |g 0〉− Ω(∆+ iγ
2 (1+4C ))

∆2 + γ2

4 (1+4C )2
ebt |e0〉+

2iΩg∗
(
∆+ iγ

2 (1+4C )
)

κ
(
∆2 + γ2

4 (1+4C )2
) ebt | f 1〉 (3.29)

In terms of b (eq. 3.27), it is

|ψ(t )〉 = ebt |g 0〉+ebt i b

Ω∗ |e0〉+ebt 2g∗b

Ω∗κ
| f 1〉

This is the solution for a drive that is constant in time. In case we do not turn off the drive,
the population in the |g 0〉 state will get slowly transferred to the | f 1〉 state. The | f 1〉 state emits
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the photon simultaneously, and as a result, it decays to the | f 0〉 state. Having a significantly large
cavity decay rate (κ) compared to the spin-cavity coupling (g ) implies that as the spin undergoes
the cavity coupled transition, generating a photon in the cavity mode, which escapes the cavity
instantaneously. At longer times, the whole population of |g 0〉 state is transferred to the | f 1〉 via the
excited state, which in turn decays to the | f 0〉 state giving out a photon. The rate of decay from the
excited is low because we are in the weak driving regime (Ω¿∆).

3.2.3. Drive for generating time-bin photon
So far, we have only considered a drive that is constant in time. However, to generate time-bin pho-
tons, we have to turn the drive off for some time and then turn it back on again. In this subsection,
we will discuss the evolution of our system after the driving is stopped. First let us assume that the
drive is on from time t = 0 to t = T1 and from time t = T1 to t = T2 it is zero. For the time after t = T2,
it is on again. We will first find the solution for the wavefunction from time t = T1 to t = T2 and then
we will solve for time T2 < t .

For the analysis from t = T1 to t = T2, we can put the value ofΩ to zero in the differential equa-
tions, resulting in the following equation

i ċ0 = 0

i ċ1 = c1

(
∆− i

2
γ

)
+ c2g

i ċ2 = c1g∗+ c2δ− i

2
κc2

(3.30)

We know that the drive was on from t = 0 to t = T1, therefore the initial condition for solving the
set of differential equations 3.30 is the wavefunction at t = T1. In terms of b (eq. 3.27), it is

|ψ(t = T1)〉 = ebT1 |g 0〉+ebT1
i b

Ω∗ |e0〉+ebT1
2g∗b

Ω∗κ
| f 1〉

To solve the set of differential equations, we will again make use of our assumptions about the
various parameters, as discussed in the previous subsection. We can therefore adiabatically elimi-
nate the third differential equation and find the relation between c2(t ) and c1(t ).

i ċ2 = c1g∗+ c2δ− i

2
κc2 ≈ 0

c2 =−2i g∗

κ
c1

(3.31)

where δ was assumed earlier to be zero. substituting c2(t ) in the second equation gives an ordinary
differential equation in c1, as shown in equation 3.32

i ċ1 = c1

(
∆− i

2
γ

)
+ −2i |g |2

κ
c1

ċ1 =−i

(
∆− iγ

2
(1+4C )

)
c1

(3.32)

The solution of this differential equation is an exponential decay. After taking into account the
initial conditions, we get that for time T1 < t < T2,

|ψ(t )〉 =c0(T1) |g 0〉+c1(T1)e
−i

(
∆− iγ

2 (1+4C )
)
(t−T1) |e0〉

− 2i g∗c1(T1)

κ
e
−i

(
∆− iγ

2 (1+4C )
)
(t−T1) | f 1〉

(3.33)
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where,

c1(T1) =−Ω(∆+ iγ
2 (1+4C ))

∆2 + γ2

4 (1+4C )2
ebT1 (3.34)

c0(T1) = ebT1 (3.35)

For sanity check, let us look at this solution at t = T1. The exponential terms in the expression
dependent on t would become unity, and we are just left with:

|ψ(t = T1)〉 = c0(T1) |g 0〉+ c1(T1) |e0〉− 2i g∗c1(T1)

κ
| f 1〉 (3.36)

This is the same as the initial wavefunction, thus confirming that the wavefunction does not have a
discontinuity.

At this point, we can make a couple of observations. First, after the driving is stopped, c0 remains
constant. It makes sense as the population in the state |g 0〉 is not pumped to the excited state
anymore. Second, c2(t ) is an exponential decay, and it goes to zero with a rate roughly equal to γ(1+
4C )/2. This makes sense as no population is added to the |e0〉 state, and the remaining population
only undergoes the transition to the | f 1〉 state with a Purcell enhanced decay rate γ(1+4C )/2.

If we make sure that T2 −T1 is large enough such that the coefficients of states |e0〉 and | f 1〉 are
negligible at t = T2, then we can see that the wavefunction at a time just before T2 is given by:

|ψ(t = T1)〉 = c0(T1) |g 0〉 (3.37)

Mathematically the condition on T2 in terms of the rate of decay is therefore

1

γ(1+4C )
¿ (T2 −T1) (3.38)

For time T2 < t , the drive is on, therefore, the differential equations would look the same as the
differential equations for time 0 < t < T1, given by equation 3.23. The only difference is that this
time we will have different initial conditions.

|ψ(t = T2)〉 = c0(T1) |g 0〉 (3.39)

If we include these initial conditions in our solution for the differential equation, eq. 3.23, the solu-
tion for T2 < t would therefore be,

|ψ(t )〉 = c0(T1)eb(t−T2) |g 0〉+ c0(T1)eb(t−T2) i b

Ω∗ |e0〉+c0(T1)eb(t−T2) 2g∗b

Ω∗κ
| f 1〉 (3.40)

where b is defined in eq. 3.27. We can observe that this solution is also continuous at t = T2.
In conclusion, for a drive that is on only from t = 0 to t = T1 and for T2 < t we have the solution

for the wavefunction of the system. For 0 < t < T1,

|ψ(t )〉 =ebt |g 0〉+ebt i b

Ω∗ |e0〉+ebt 2g∗b

Ω∗κ
| f 1〉 , for 0 < t < T1,

|ψ(t )〉 =c0(T1) |g 0〉+ c1(T1)e
−i

(
∆− iγ

2 (1+4C )
)
(t−T1) |e0〉

− 2i g∗c1(T1)

κ
e
−i

(
∆− iγ

2 (1+4C )
)
(t−T1) | f 1〉 , for T1 < t < T2,

|ψ(t )〉 =c0(T1)eb(t−T2) |g 0〉+ c0(T1)eb(t−T2) i b

Ω∗ |e0〉

+ c0(T1)eb(t−T2) 2g∗b

Ω∗κ
| f 1〉 , for T2 < t

(3.41)

where b is defined in eq. 3.27.
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3.2.4. Defining early and late time-bin
In this subsection, we will introduce the state of the output photon. We know the dynamics of the
spin and the cavity photon, and we have a solution for the spin-photon wavefunction. Furthermore,
from the wavefunction, we know how the different states of the spin-photon system evolve as a
function of time.

For the mode of the generated photon inside the cavity, we focus on the dynamics of the | f 1〉
state. The coefficient of the | f 1〉 state is c2(t ), and from our previous analysis, we know its form for
our drive. In addition, we stop the drive for some time in order to separate the two states of the time-
bin, |E〉 and |L〉. We can define the early and late time-bins in terms of the coefficient c2(t ) before
and after t = T2 respectively. We define two new coefficients c2,E and c2,L to separate the modes of
the two time-bins. For the early time-bin, c2,E is of the form,

c2,E (t ) =2g∗b

Ω∗κ
ebt , for 0 < t < T1,

=−2i g∗c1(T1)

κ
e
−i

(
∆− iγ

2 (1+4C )
)
(t−T1)

, for T1 < t < T2

(3.42)

Similarly, for the late time-bin, c2,L is of the form,

c2,L(t ) = c0(T1)
2g∗b

Ω∗κ
eb(t−T2) for T2 < t (3.43)

From the input output relation, equation 3.19, the output mode of the photon in terms of the
cavity mode is known. Furthermore, we know the cavity mode from c2(t ). It is therefore possible
to define an operator Â which generates the output photon in terms of κ, c2(t ) and ĉ, as defined by
Tiurev et al. in [43].

Â†(t ) =
∫ t

0

p
κc2(t ′)ĉ†(t ′)d t ′ (3.44)

where the operator ĉ†(t ′) generates a photon in the cavity mode at time t ′ and obeys the Bosonic
operator commutation relations, [ĉ(t ), ĉ†(t ′)] = δt t ′ .

For the early and late time-bins we define operators Â†
E and Â†

L respectively in terms of c2,E and
c2,L . We can write the output-mode creation operator in terms of the cavity creation operator.

Â†
E =

∫ T2

0

p
κc2,E (t ′)ĉ†(t ′)d t ′

Â†
L =

∫ ∞

T2

p
κc2,L(t ′)ĉ†(t ′)d t ′

(3.45)

the operator ĉ†(t ′) generates a photon in the cavity mode at time t = t ′. Â†
E and Â†

L operators create
the photon in the output-mode in early and late time-bins.

We have assumed that the quantity T2 −T1 large as compared to the rate of the exponential
decay, as shown in eq. 3.38. Therefore, we can make an approximation in our definition of Â†

E .

Â†
E ≈

∫ ∞

0

p
κc2,E (t ′)ĉ†(t ′)d t ′ (3.46)

We can also simplify the definition of Â†
L so that it starts at t = 0 and goes on till infinity. Notice

in the definition of c2,L(t ′) that it depends only on the quantity t −T2. In the integral for Â†
L , we can

make a variable change in the exponential in the term c2,L(t ′). If we write the integral in terms of
t ′′, where t ′′ = t ′−T2, and if we also make suitable changes to the limits, the operator Â†

L can be
re-written as:
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Â†
L =

∫ ∞

0

p
κc0(T1)

2g∗b

Ω∗κ
ebt ′′ ĉ†(t ′′)d t ′′

=
∫ ∞

0

p
κc2,L(t ′′)ĉ†(t ′′)d t ′′

(3.47)

Defining the operators Â†
E/L now allows us to define the early and late time-bins. Applying these

operators on the vacuum state gives us the early and late states,

|E〉 = Â†
E |vac〉 =

∫ ∞

0

p
κc2,E (t ′)ĉ†(t ′)d t ′ |vac〉 (3.48)

− i |L〉 = Â†
L |vac〉 =

∫ ∞

0

p
κc2,L(t ′′)ĉ†(t ′′)d t ′′ |vac〉 (3.49)

We define the late state |L〉 with a phase because of our photon-spin entangling protocol. Recall
that the protocol takes the photon in |−i 〉 state to give out an entangled photon-spin state. Note
that the form of the integrals give us an illusion that there is a finite overlap between the early and
late time-bins. But we have to keep in mind that t ′′ is always greater than t ′ by T2 and the value of
c2,E (T2) goes to zero for large enough T2, i.e. c2,E (T2) ≈ 0.

3.2.5. Probability of getting output photon
So far, we have defined the states |E〉 and |L〉 of the early and late time-bins. Now we will look at the
probability of generating those time-bins. The probability of photon being in the early time-bin is
given by,

〈E |E〉 = 〈vac| ÂE Â†
E |vac〉

=
∫ ∞

0

∫ ∞

0
κ〈vac| ĉ(t ′)c∗2,E (t ′)c2,E (t ′1)ĉ†(t ′1) |vac〉 d t ′ d t ′1

=
∫ ∞

0
κ|c2,E (t ′)|2 d t ′

(3.50)

The integral of |c2,E (t ′1)|2 can be split into two separate integrals, one from t = 0 to t = T1 and the
other for t > T1.

〈E |E〉 =
∫ T1

0
κ|c2,E (t ′)|2 +

∫ ∞

T1

κ|c2,E (t ′)|2 d t ′

=κ
∫ T1

0

4|g |2|Ω|2
κ2(∆2 + γ2(1+4C )2

4 )
e
− |Ω|2γ(1+4C )

∆2+ γ2(1+4C )2
4

t ′

d t ′

+κ
∫ ∞

T1

|c2,E (T1)|2e−γ(1+4C )t ′d t ′

(3.51)

to make the expression a bit clearer, we define a new parameter A as,

A =− |Ω|2γ(1+4C )

2
(
∆2 + γ2(1+4C )2

4

) (3.52)
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the expression for 〈E |E〉 in terms of A thus becomes,

〈E |E〉 = κ
∫ T2

0

4|g |2|Ω|2
κ2(∆2 + γ2(1+4C )2

4 )
e2At ′ +κ

∫ ∞

T1

|c2,E (T1)|2e−γ(1+4C )t ′d t ′

= 4C

1+4C

(
1−e2AT1

)+ κ

γ(1+4C )
|c2,E (T1)|2

= 4C

1+4C

(
1−e2AT1

)+ κ

γ(1+4C )

4|g |2|Ω|2
κ2(∆2 + γ2(1+4C )2

4 )
e2AT1

= 4C

1+4C

(
1−e2AT1

)+ 4C

1+4C

(
|Ω|2e2AT1

∆2 + γ2

4 (1+4C )2

)
(3.53)

previously, we assumed that we are in the weak driving regime. We can therefore assume that the
second term in the final expression of 〈E | |E〉 is negligible in comparison with the first term. The
final expression thus becomes,

〈E |E〉 ≈ 4C

1+4C

(
1−e2AT1

)
(3.54)

Similarly the probability of finding the photon in the late time-bin in terms of A is,

〈L|L〉 = 〈vac| ÂL Â†
L |vac〉

=
∫ ∞

0

∫ ∞

0
κ〈vac| ĉ(t ′)c∗2,L(t ′)c2,L(t ′1)ĉ†(t ′1) |vac〉 d t ′ d t ′1

=
∫ ∞

0
κ|c2,L(t ′)|2 d t ′

= κ
∫ ∞

0

4|g |2|Ω|2
κ2(∆2 + γ2(1+4C )2

4 )
e2AT1 e2At ′d t ′

= 4C

1+4C
e2AT1

(3.55)

From the expressions of the respective probabilities of the photon being in the early or late time-
bin, we can make a few conclusions. First, the probabilities depends only on the time when the
driving was stopped, assuming that we are in the weak driving regime and the driving is restarted
after waiting for enough time so the spin can relax. Second, the probability of emitting the pho-
ton depends on the cooperativity of the system. Higher cooperativity implies that the spin-cavity
coupling is strong, thus the spin undergoes the desired transition from the excited state |e〉 to the
ground state | f 〉 rather than decaying spontaneously. Adding the two probabilities, we can get the
total probability (P ) of getting the photon in the time-bins.

P = 〈E | |E〉+〈L| |L〉
= 4C

1+4C

(
1−e2AT1

)+ 4C

1+4C
e2AT1

= 4C

1+4C

(3.56)

We can also choose the time T1 such that the relative probabilities of early and late photons are
different. For an equal superposition of early and late time-bins we can find T1 such that

e2AT1 = 1

2
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therefore we can find,

T1 = − log2

2A
(3.57)

where,

A =− |Ω|2γ(1+4C )

2
(
∆2 + γ2(1+4C )2

4

)
For this T1, we can normalize the early and late time-bin states, such that

〈E |E〉 = 〈L|L| = 1

|E〉 =
√

1+4C

2C

∫ ∞

0

p
κc2,E (t ′)ĉ†(t ′)d t ′ |vac〉

|L〉 = i

√
1+4C

2C

∫ ∞

0

p
κc2,L(t ′′)ĉ†(t ′′)d t ′′ |vac〉

(3.58)

In terms of these normalized |E〉 and |L〉 states, the output state of the photon for a drive that is on
from time t = 0 to t = T1 and for t > T2

|ψph〉 =
1p
2

(|E〉− i |L〉) (3.59)

3.3. Errors in the Emitter
In the previous section, we solved the dynamics of the spin-cavity system, and we found the state
of the emitted photon. This section will introduce the possible errors that can occur during photon
generation, and we will analyze the system in case these errors happen. Our goal is to find the
respective probabilities of these errors and possibly mitigate those errors.

During the photon generation, it is possible that the spin undergoes a spontaneous emission
of a photon and decays to one of the ground states. This photon is not in the cavity mode. Hence
it could escape the cavity, resulting in the loss of the photon to the environment. Spontaneous
emission could happen while the spin is in the excited state. We do not care about the state of the
spin just before it happens because the photon is lost to the environment, and the spin losses its
coherence. Instead, we care about the state of the spin after spontaneous emission, and we care
about the ground state to which the spin collapses.

The previous section assumed spontaneous emissions as "jumps" to ground states. We intro-
duced two jump operators L̂γg and L̂γ f to capture the effect of spontaneous emissions on the dy-
namics of the system. However, we used the stochastic Hamiltonian method to solve the dynamics
of the system. As discussed earlier, this means that we do not take in the contribution of a jump
operator to its target state. Hence we introduced a dump state in our system earlier. However, now
that we are interested in decay to one of the ground states, in our analysis in this section, we cannot
use the method of stochastic Hamiltonian anymore.

We need to distinguish the two different decays the spin could undergo. If the spin decays to the
|g 〉 state, it could generate a photon in the cavity mode by driving to the excited state. If the spin
instead collapses to the | f 〉 state, there is no way that it can emit a photon. Therefore, the analysis
in this section is divided into two parts. First, we will see what happens in case of decay to the |g 〉
state, and later, we will consider the case of decay to the | f 〉 state.

3.3.1. Decay to |g 〉 state
A decay to |g 〉 state could generate a photon in the cavity mode. It will happen if the decay to |g 〉
state happens when the driving is still on. In this case, the spin could go back to the excited state
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because of the drive. This could give out a photon (in the cavity mode), but it would be after the
system has lost all its coherence. The cycle of decay to |g 〉 state and excitation to the excited state
may repeat itself multiple times, and later we get a photon out in the cavity mode. This would also
result in a photon in the cavity mode, but it would not be in coherence with either of the |E〉 and |L〉
states.

Our analysis will distinguish between systems that have had one spontaneous decay from the
system without any spontaneous decay. For that, we will modify the jump operators L̂γg and L̂γ f so
that they carry the information about a decay if it occurs. When a spontaneous decay occurs, we
collapse to a different system, which we refer to as the "Dash system". The system carries the infor-
mation that we have decayed and is orthogonal to our original system (system with no spontaneous
decay).

|g ′〉 = |g 〉 |decay〉 (3.60)

〈g |g ′〉 = 0 (3.61)

We go from the original system to the Dash system only when a spontaneous emission occurs. So,
to model a change in systems, we introduce a slight change to the jump operators. Jump operators
now take us from the excited state of the original system to the ground states of the Dash system.

L̂γg =
√
γg |g 〉 |decay〉〈e|

=√
γg |g ′〉〈e|

L̂γ f =
√
γ f | f 〉 |decay〉〈e|

=√
γ f | f ′〉〈e|

(3.62)

In our analysis, we will limit ourselves to only one spontaneous emission and decay to |g 〉 state.
We will assume that the probability of having multiple decays is minuscule. Thus we can neglect the
cases with more than one spontaneous decay. A spontaneous decay can happen anytime during the
early time-bin generation or the late time-bin generation. Therefore, to reduce the complexity of the
problem, we will assume that we do not switch off our drive and that our drive is a step-function with
amplitudeΩ. The assumptions we made in the last section still hold for our analysis in this section
because we are physically in the same system. Furthermore, we will still keep dump states, meaning
that in case the decay happens again, we will go into a dump state, and therefore, we can ignore
the addition of population to |g 〉 state or | f 〉 state because of spontaneous decays while writing the
differential equations.

Ĥ =∆ |e ′〉〈e ′|+ (
Ω |e ′〉〈g ′|+H .C .

)+ (
g |e ′〉〈 f ′1|+H .C .

)
(3.63)

L̂1 =
√
γg |g ′〉〈e|

L̂2 =
√
γg |g ′〉〈e ′|

L̂3 =√
γ f | f ′〉〈e ′|

L̂κ =
p
κĉ

Ȧ = i [ĤJC , A]+∑
x

L†
x ALx − 1

2
{L†

x Lx , A} (3.64)

Solving the master equation and adiabatically eliminating some of the parameters, we get the
probability of getting a photon out as:
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d

d t

( |g ′〉〈g ′|)= i (Ω |e ′〉〈g ′|−Ω∗ |g ′〉〈e ′|)+γg |e〉〈e|
d

d t

( | f ′1〉〈 f ′1|)= i (g |e ′〉〈 f ′1|− g∗ | f ′1〉〈e ′|)−κ | f ′1〉〈 f ′1|
d

d t

( |e ′〉〈e ′|)=−i (Ω |e ′〉〈g ′|−Ω∗ |g ′〉〈e ′|)− i (g |e ′〉〈 f ′1|− g∗ | f ′1〉〈e ′|)−γ |e ′〉〈e ′|
d

d t

( |g ′〉〈 f ′1|)= i (Ω |e ′〉〈 f ′1|− g∗ |g ′〉〈e ′|)− κ

2
|g ′〉〈 f ′1|

d

d t

( |e ′〉〈g ′|)= i (∆ |e ′〉〈g ′|+ g∗ | f ′1〉〈g ′|+Ω∗ |g ′〉〈g ′|−Ω∗ |e ′〉〈e ′|)− γ

2
|e ′〉〈g ′|

d

d t

( |e ′〉〈 f ′1|)= i (∆ |e ′〉〈 f ′1|+ g∗ | f ′1〉〈 f ′1|+Ω∗ |g ′〉〈 f ′1|− g∗ |e ′〉〈e ′|)− 1

2
(γ+κ) |e ′〉〈 f ′1|

(3.65)

Solve the set of differential equations, we adiabatically eliminate the equations to find relations
between |g ′〉〈g ′|, | f ′1〉〈 f ′1| and |e ′〉〈e ′|. The calculations are shown in appendix A.

To make the adiabatic eliminations, we make a few assumptions. First, we assume that the
driving is weak compared to the detuning Ω¿ ∆. Second, we are in the Purcell regime, i.e., γ¿
g ¿ κ. These are the assumptions we had made earlier for solving dynamic of the system with no
spontaneous emissions. In this section, we will make another assumption that the detuning is small
compared to the cavity decay rate,∆¿ κ. Using these assumptions, we get the following differential
equation

d

d t
|g ′〉〈g ′| =− |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′|+γg |e〉〈e| (3.66)

We know the time dependence of |e〉 state from our analysis of the system without any spontaneous
decay in the previous section. The state |e〉〈e| as a function of time is

|e〉〈e| = |Ω|2
∆2 + γ2

4 (1+4C )2
e
− |Ω|2γ(1+4C )

∆2+ γ2
4 (1+4C )2

t
(3.67)

To simplify the expressions, we define a new parameter Q as

Q = |Ω|2
∆2 + γ2

4 (1+4C )2
(3.68)

Therefore, the differential equation now becomes,

d

d t
|g ′〉〈g ′| =−Qγ(1+4C ) |g ′〉〈g ′|+γg Qe−Qγ(1+4C )t (3.69)

Solving this differential equation gives us

|g ′〉〈g ′| (t ) = γg Qte−Qγ(1+4C )t (3.70)

We know the relations between |g ′〉〈g ′| and |e ′〉〈e ′|, and |e ′〉〈e ′| and | f ′1〉〈 f ′1| (A). From those rela-
tions, we can find the | f ′1〉〈 f ′1| (t ).

| f ′1〉〈 f ′1| (t ) = 4|g |2γg Q2

κ2 te−Qγ(1+4C )t (3.71)

To find the mode of the output photon, we will analyse the evolution of the | f ′0〉〈 f ′0| state. We
have assumed that we end up in a dump state if we decay again, therefore, any population in this
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state can only be due to the emission of the photon in the output mode. The differential equation
for the | f ′0〉〈 f ′0| is,

d

d t
| f ′0〉〈 f ′0| = κ | f ′1〉〈 f ′1| (3.72)

therefore,

| f ′0〉〈 f ′0| (t ) = κ
∫ t

0
| f ′1〉〈 f ′1| (te )d te (3.73)

Therefore the probability of emitting a photon after decaying to |g 〉 state (Pg ) once is,

Pg = κ
∫ ∞

0

4|g |2γg Q2

κ2 te−Qγ(1+4C )t d t

= 4|g |2γg Q2

κ

∫ ∞

0
te−Qγ(1+4C )t d t

= 4|g |2γg Q2

κ

1

(Qγ(1+4C ))2

= 4γg C

γ(1+4C )2

(3.74)

This is a surprising result because this expression could have been found by naively multiplying
probabilities of the following three steps. First step would be failing to emit a photon in either early
or late time-bin. Second step would be decaying to the |g 〉 state, given that we decay to one of the
ground states. The third step would be emitting a photon after excitation because of the driving
laser. Mathematically we can write the probability in terms of probabilities of all three steps. The
naive probability of emitting a photon after only one decay to |g 〉 state is,

Pnai ve = 1

1+4C
× γg

γ
× 4C

1+4C
(3.75)

This naive approach gives the same result as the extensive analysis because we still assume that the
dump states exist. Therefore, to find the probability of emission of photon in case of multiple decays
we can use the naive approach. Probability of emitting a photon in the output mode after n number
of decays to the |g 〉 state is,

Pnai ve =
(

1

1+4C
× γg

γ

)n

× 4C

1+4C
(3.76)

This probability can be verified by extending the analysis that we have done in this section. To find
the probability of emitting (or not emitting) a photon after k decays we use the the evolution of the
excited state of the system with k − 1 decays for k ≥ 1. Thus, we can go from the system without
any decay to a system with k decays find solving sequentially. However, we will not verify the naive
probability in this report. We would like to reiterate that this solution is for a drive that is a step
function in time.

To summarize, the output state of the photon after the spin decays once to |g 〉 can be written as,

ρg = 4γg C

γ(1+4C )2 |ψ̃ph〉〈ψ̃ph | (3.77)

we do not care what form |ψ̃ph〉 takes, because it is an error term, but it should be normalized.

〈ψ̃ph |ψ̃ph〉 = 1 (3.78)
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3.3.2. Decay to | f 〉 state
In case the spin decay is to the | f 〉 state, we would fail to get an output photon. We are driving the
population only from the |g 〉 state to |e〉 state, so once the spin decays to | f 〉 state, the population
cannot be pumped to other states by our drive. Unlike a decay to |g 〉 state, this would not give a
photon in the output mode, therefore, the output state in this case would just be a vacuum state.
To find the probability of this happening, we will use the naive approach. The probability of not
emitting a photon in the early and late time bin is given by,

Pfail =1− 4C

1+4C

= 1

1+4C

(3.79)

we call this probability of failure because if this happens, it will result in an error, thus failure. The
probability of decaying to | f 〉 state, given that a decay happened is,

P = γ f

γ
(3.80)

The probability of ending up in | f 〉 state after spontaneous emission (P f ) is therefore,

P f =
γ f

γ(1+4C )
(3.81)

The output state can be written in a form of a density matrix as:

ρ f =
γ f

γ(1+4C )
|vac〉〈vac| (3.82)

3.3.3. Final state of the output photon
As discussed previously, we can either have a perfect operation without any spontaneous emissions
or error because of spontaneous emission. We could either decay to the | f 〉 state after a spontaneous
emission or to the |g 〉 state. In case of decay to | f 〉 state, we will not get any output photon, but if
we decay to the |g 〉 state, we can still get a photon. It is also possible to decay to |g 〉 multiple times.
In case of multiple decays, the spin could get stuck in the cycle of repetitive excitation to the excited
state and decay back to |g 〉. After these repetitive decays and excitation, we could get a photon out
by going through the cavity coupled transition, or we could spontaneously decay to | f 〉 state and
end up with no photon. In our analysis, we restricted ourselves only to one decay and assumed that
the errors due to multiple decays are negligible. We can represent the output photon as a density
matrix given below.

ρph = 4C

1+4C
|ψph〉〈ψph |+

γg 4C

γ(1+4C )2 |ψ̃ph〉〈ψ̃ph |+
γ f

γ(1+4C )
|vac〉〈vac|+er r or (3.83)

where, in case of a decay to |g 〉 and an emission of a photon in the output mode gives us |ψ̃ph〉 which
is a normalized state and,

|ψph〉 =
1p
2

(|E〉− i |L〉)

is the output state in case of no decay. The error term includes states with higher order decays.
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3.4. Photon-spin entangling gate
So far in this chapter, we have introduced the protocol for entangling spin and photon. We mod-
eled one of our spin-cavity systems and discussed the different errors that can happen in it. In the
remaining two sections of this chapter, we will discuss and model the Gate and model the errors in
it. This section is divided into two parts. The first part deals with dynamics of the system and the
second part deals with the interaction between the photons coming from the Emitter and the Gate.

3.4.1. Dynamics of spin-cavity system
The spin-cavity system, which we call the Gate, is the system that interacts with the photons gen-
erated by the emitter. The idea is to reflect the incoming photons off this system with reflection
coefficients depending on the state of the spin. The system has spin with four levels, two ground
states with their respective excited states, coupled to a cavity as shown in fig. 3.4.

The Hamiltonian of the system in a suitable rotating frame with respect to the cavity frequency
is given by,

ĤJC =∆0 |e0〉〈e0|+∆1 |e1〉〈e1|+
(
g0 |e0〉〈0| ĉ +H .C .

)+ (
g1 |e1〉〈1| ĉ +H .C .

)
(3.84)

where ∆0 and ∆1 are detuning between levels and the cavity frequency, g0 and g1 are the single-
photon Rabi frequency of the levels. ∆0 and ∆1 are given by

∆0 =ωe0 −ω0 −ωc

∆1 =ωe1 −ω1 −ωc
(3.85)

Figure 3.4: Level structure of the Gate with spontaneous decay rates

To solve for the dynamics of the system during the photon-spin interaction, we will solve the
master equation in the Heisenberg picture. As described in section 2.2.1 we will ignore the contri-
bution of the Langevin noise operator. The Heisenberg-Langevin equations of motion for an ob-
servable Â are given by,

Ȧ = i [ĤJC , A]+∑
x

L†
x ALx − 1

2
{L†

x Lx , A} (3.86)

During the photon-spin interaction, the spin could undergo a spontaneous decay from the ex-
cited states to the ground states. This could result in the loss of the photon to the environment.
These decays are treated as jump operators while solving for the dynamics of the system. The Lind-
blad jump operators for the spontaneous emission are,

L0 =p
γ0 |0〉〈e0| =p

γ0σ
−
0

L1 =p
γ1 |1〉〈e1| =p

γ1σ
−
1

(3.87)
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where γ0 and γ1 are rates of decay of excited states. We define σ−
j as σ−

j = | j 〉〈e j |, where j ∈ {0,1}.

The input-output relations for the cavity for incoming fields â and b̂ are [41, 42],

âout = âi n −p
κa ĉ

b̂out = b̂i n −p
κb ĉ

˙̂c = i [ĤJC , ĉ]− κĉ

2
+p

κa âi n +p
κb b̂i n

(3.88)

κa and κb are the rates of cavity decay for the two mirrors, and κ is the total cavity decay rate. Sim-
plifying the differential equation involving the cavity annihilation operator gives us the following
equation,

˙̂c =−i (g∗
0σ

−
0 + g∗

1σ
−
1 )− κ

2
ĉ +p

κa âi n +p
κb b̂i n (3.89)

we have used the commutation relation between ĉ and ĉ†, [ĉ, ĉ†] = 1. Since the evolution of ĉ de-
pends on the observables σ−

0 and σ−
1 , we will next look at the evolution of these observables. The

differential equations from the master equation are,

σ̇−
0 = i [ĤJC ,σ−

0 ]+∑
x

L†
xσ

−
0 Lx − 1

2
{L†

x Lx ,σ−
0 }

=−i g0σ0,z c − (
1

2
γ0 + i∆0)σ−

0

σ̇−
1 =−i g1σ1,z c − (

1

2
γ1 + i∆1)σ−

1

(3.90)

where, σ0,z = |0〉〈0|− |e0〉〈e0| and σ1,z = |1〉〈1|− |e1〉〈e1|.
These equations depend on σ j ,z (t ) ( j ∈ {0,1}), thus we also have to find its time evolution. To

simplify the calculations, we assume that we are in a weak driving regime. This means that at any
point during the photon-spin interaction, the incoming photon field is so weak that the excitation in
the population the spin is negligible compared to the respective ground state population. Therefore
the σ j ,z (t ) can be approximated as,

σ̂ j ,z = | j 〉〈 j |− |e j 〉〈e j |
≈ | j 〉〈 j | = P̂ j

(3.91)

where P̂ j is the projector onto the ground state | j 〉, j ∈ {0,1}.

We have now established the differential equations that govern the dynamics of the photon-
spin interaction. These are 3.89 and 3.90. To solve the set of these equations we will go into the
Fourier domain by taking the Fourier transform on both sides of the equations. We can then use the
property of Fourier transform to simplify the differential equations.

Fourier transform of an observable Â is given by:

Â(ω) = 1p
2π

∫
Â(t )e−iωt d t (3.92)

we use the property of the Fourier transform that the Fourier transform of derivative of a function
f (t ) can be written as

f (t )
F−→ F (ω)

ḟ (t )
F−→ iωF (ω)



30 3. Generating photon-spin entanglement

Therefore, in the Fourier domain the set of equations are of the following form,

iωĉ(ω) =−i
(
g∗

0σ
−
0 (ω)+ g∗

1σ
−
1 (ω)

)− κ

2
ĉ(ω)+p

κa âi n(ω)+p
κb b̂i n(ω)

iωσ−
0 (ω) =−i g0P̂0ĉ(ω)−

(
i∆0 + γ0

2

)
σ−

0 (ω)

iωσ−
1 (ω) =−i g1P̂1ĉ(ω)−

(
i∆1 + γ1

2

)
σ−

1 (ω)

(3.93)

we can rewrite σ−
j (ω) ( j ∈ {0,1}) in terms of ĉ(ω) from the second and the third equations. This will

give a relation between σ−
j (ω) ( j ∈ {0,1}) and ĉ(ω) as shown below,

σ−
0 (ω) = −i g0P̂0ĉ(ω)(

iω+ i∆0 + γ0

2

)
σ−

1 (ω) = −i g1P̂1ĉ(ω)(
iω+ i∆1 + γ1

2

) (3.94)

Substituting these in the equation for ĉ(ω) and solving for ĉ(ω) gives us the solution for ĉ(ω),

ĉ(ω) =
p
κa âi n(ω)+p

κb b̂i n(ω)(
iω+ κ

2 +∑1
j=0

|g j |2P̂ j

i (ω+∆ j )+ γ j
2

) (3.95)

where, j in the sum corresponds to two ground states ( j ∈ {0,1}). The operator P̂ j is the projector to
the ground state | j 〉 ( j ∈ {0,1}).

For our protocol we are considering only single-sided cavities for entanglement generation.
Therefore, the contribution from the b̂ field can be ignored, resulting in the following equation.

ĉ(ω) =
p
κa âi n(ω)(

iω+ κ
2 +∑1

j=0
|g j |2P̂ j

i (ω+∆ j )+ γ j
2

) (3.96)

we can now substitute ĉ(ω) in the input-output relations to get âout in terms of âi n .

âout (ω) =

1− κa

iω+ κ
2 +∑1

j=0
|g j |2P̂ j

i (ω+∆ j )+ γ j
2

 âi n(ω) (3.97)

3.4.2. Photon-spin interaction
In the previous section, we solved the dynamics of the system during the photon-spin interaction,
and we found the outgoing field in terms of the incoming field. In this part of the report, we will
investigate the output mode of the reflected photon. The photon generated by the Emitter comes
in and interacts with the Gate. Therefore the output mode of the photon from the Emitter will be
the input mode to the Gate. From our analysis of the Emitter, the input mode for the gate is given
by equations 3.102 and ?? for the early time-bin, and equation 3.103 for late time-bin. Furthermore,
the reflection coefficient of the Gate in the Fourier Domain is given by,

r (ω) =

1− κa

−iω+ κ
2 +∑1

j=0
|g j |2P̂ j

−i (ω+∆ j )+ γ j
2

 (3.98)

One thing to keep in mind is that we are in different rotating frames for the Emitter and the Gate.
We need to be in the same frame in order to analyse the interaction between cavity and photon.
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We will move to the same rotating frame by introducing the detuning between the Gate cavity and
incoming photon, ωd .

ωd =ωc −ωph (3.99)

where ωc is the frequency of the cavity mode of the gate. This will modify the reflection coefficient
a bit, the new reflection coefficient is given by,

r (ωph) =

1− κa

−i (ωph +ωd )+ κ
2 +∑1

j=0
|g j |2P̂ j

−i (ωph+ωd+∆ j )+ γ j
2

 (3.100)

Rewriting the reflection coefficient in terms of the cooperativity of the system,

r (ωph) =

1− κa/κ
−i (ωph+ωd )

κ + 1
2 +

∑1
j=0

C j P̂ j
−i
γ j

(ωph+ωd+∆ j )+ 1
2

 (3.101)

The input mode of photon to the Gate after ignoring the contribution from the decay of the
excited state |e〉 of the emitter to the early time-bin is

c2,E (t ) = 2g∗b

Ω∗κ
ebt (H(t )−H(T1)) (3.102)

for T1 < t < T2. Similarly, for the late time-bin, c2,L is of the form,

c2,L(t ) = c0(T1)
2g∗b

Ω∗κ
eb(t−T2)H(T2) (3.103)

for T2 < t . where we have expressed the modes in terms of b, eq. 3.27.
For the photon-spin interaction we find Fourier transform of the photon modes. Recall that

we have already assumed that the decay of the early time-bin in instantaneous when the driving is
turned off. Thus we will ignore the contribution of c2,E (t ) for t > T1. The Fourier transform of the
input modes is

vE/L(ωph) = 1p
2π

∫
vE/L(t )e−iωph t d t

vE/L(ωph) =
√
κe

2π

∫
c2,E/L(t )e−iωph t d t

(3.104)

We will split b into real and imaginary parts, b = A+i B . Where A is given in eq. 3.52. We will rename
the cavity decay rate of the Emitter to κe to distinguish it from the cavity decay rate of the Gate.

vE (ωph) = 2g∗b

Ω∗κe

√
κe

2π

(
1

A+ (B −ωph)i

)
(e(A+(B−ωph )i )T1 −1) (3.105)

|vE (ω)|2 = 4|g |2|b|2
2π|Ω|2κe

(
3/2−p

2cosT1(B −ωph)

A2 + (B −ωph)2

)
(3.106)

We put the value of e2AT1 = 1/2. The function |v(ω)|2 assumes its maximum value at ω = B . This
function is bounded by two functions,
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4|g |2|b|2
2π|Ω|2κe

(
3/2−p

2

A2 + (B −ωph)2

)
≤ |vE (ωph)|2 ≤ 4|g |2|b|2

2π|Ω|2κe

(
3/2+p

2

A2 + (B −ωph)2

)
(3.107)

The full width at half maximum (FWHM) of these functions is

FW H M = 2A (3.108)

We can safely assume that the FWHM of |vE (ωph)|2 must be of the order of A. A and B are small
quantities because we are in the weak driving and high cooperativity regime. They depend on
(Ω/∆)2, which makes the values of A and B small. Hence, the FWHM and the frequency corre-
sponding to the maximum are small. Therefore, we are going to treat |v(ωph)| as a δ function.

vE (ωph) = 2g∗b

Ω∗κe

√
κe

2π

(
e AT1 −1

)
δ(ωph)

=Cvδ(ωph)

(3.109)

Cv = 2g∗b

Ω∗κe

√
κe

2π

(
e AT1 −1

)
Where Cv is the coefficient of the δ function. The output mode of the photon, g (ωph), is known in
terms of the reflection coefficient, r (ωph), and the input mode, v(ωph), ref. [44].

gE (ωph) = r (ωph)vE (ωph)

=

1− κa/κ
−i (ωph+ωd )

κ + 1
2 +

∑1
j=0

C j P̂ j
−i
γ j

(ωph+ωd+∆ j )+ 1
2

Cvδ(ωph)

=

1− κa/κ

−i (ωd )
κ + 1

2 +
∑1

j=0
C j P̂ j

−i
γ j

(ωd+∆ j )+ 1
2

Cvδ(ωph)

= R(0)vE (ωph)

(3.110)

In time-domain the the output mode of the photon is input mode times the value of reflection co-
efficient, r (ωph), at ωph = 0.

gE (t ) = r (0)vE (t ) (3.111)

A similar analysis can be done for late time-bin by treating vL(ωph) as a δ function because of it is a
similar function to vE (ωph). After the interaction between the late time-bin and the spin, the output
mode can be written in terms of R(0) and the input mode.

gL(t ) = r (0)vL(t ) (3.112)

3.4.3. Ideal values of reflection coefficient
The reflection coefficient is a function of the projector operators onto the ground states, P̂0 and P̂1.
This means that during the spin photon interaction it can take two values depending on the state of
the spin. If the Gate spin is initialized to |0〉 state, then the reflection coefficient takes the value,

r0 =

1− κa/κ
−iωd
κ + 1

2 + C0
−i
γ0

(ωd+∆0)+ 1
2

 (3.113)
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similarly if it is initialized to the |1〉 state then the reflection coefficient is,

r1 =

1− κa/κ
−iωd
κ + 1

2 + C1
−i
γ1

(ωd+∆1)+ 1
2

 (3.114)

Their values depend on the coupling of the levels to the cavity, loss in the cavity, the respective
detunings of levels, and the detuning between incoming photon field and cavity field.

In the ideal scenario, we want the |0〉 ground state to be decoupled from the cavity (g0 = 0) or
to have a really large detuning compared to the cooperativity, C0 ¿ ∆0. Furthermore, we prefer
that the |1〉 −→ |e1〉 transition is on resonance with the cavity field, and the cooperativity is really
large, C1 >> ∆1 ≈ 0 0 ≈ ∆1 À C1. Moreover, we want to drive the Emitter such that the photons are
on resonance with the cavity field of the Gate i.e., ωd ≈ 0. If we apply all these conditions to the
reflection coefficients, they take the following form

r0 =
[

1− 2κa

κ

]
, r1 =

[
1− κa

2κC1

]
(3.115)

Assuming that there is no cavity loss, κa = κ, and ignoring the terms with 1/C1, then the reflection
coefficients take the values required for the ideal photon-spin entanglement.

r0 =−1, r1 = 1 (3.116)

3.5. Errors during the photon-spin interaction
This section will identify the sources of errors in Gate operation. We will model these errors and
examine their effect on the state of the spin. We are curious what happens to the spin if these errors
happen because the spin has to entangle with many photons during tree-cluster generation. There
are two ways we could lose the photon during photon-spin interaction. We could lose the photon
in the mirrors of the cavity because of imperfect collection efficiency, or the spin could undergo a
spontaneous emission.

The rest of this section is divided into three parts. The first part deals with the case of no loss
(sec. 3.5.1). In the second part 3.5.2, we will analyze the cavity losses, and in the last part, we will
analyze spontaneous emissions (sec. 3.5.3). The circuit for the analysis in this section is shown in
figure 3.5. We will ignore the X-rotations in this analysis and assume that all the single-qubit gates in
the circuit are perfect. Thus, we will limit our analysis in the section only to a part of the photon-spin
entangling protocol.

Figure 3.5: The circuit for considering errors during photon-spin interaction. We start with an arbitrary state of the spin
and |−i 〉 state of the photon.

3.5.1. Lossless photon-spin interaction
Ideally, when the photon interacts with the Gate, we want the photon to reflect off the cavity with
reflection coefficients depending on the the state of the spin. These reflection coefficients are de-
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scribed in eq. 3.113 and 3.114. We will go through the evolution of the photon-spin state for all
operations in this circuit, fig. 3.5.

The starting state for this circuit is,

|ψ1〉 = 1p
2

(α |E0〉+β |E1〉− iα |L0〉− iβ |L1〉) (3.117)

The state after early scattering is,

|ψ2〉 = 1p
2

(r0α |E0〉+ r1β |E1〉− iα |L0〉− iβ |L1〉) (3.118)

The state after the first Hadamard is,

|ψ3〉 = 1

2

(
(r0α+ r1β) |E0〉+ (r0α− r1β) |E1〉− i (α+β) |L0〉− i (α−β) |L1〉) (3.119)

After late scattering the state becomes,

|ψ4〉 = 1

2

(
(r0α+ r1β) |E0〉+ (r0α− r1β) |E1〉− i (α+β)r0 |L0〉− i (α−β)r1 |L1〉) (3.120)

Final state after the second Hadamard gate is,

|ψ5〉 = 1p
2

(
r0α |E0〉+ r1β |E1〉− i

(α+β)r0 + (α−β)r1

2
|L0〉− i

(α+β)r0 − (α−β)r1

2
|L1〉

)
(3.121)

After the loss-less operation, the final photon-spin state is given by

ρ = |ψ5〉〈ψ5| (3.122)

The probability of no-loss operation is given by,

Pnl =Tr
(|ψ5〉〈ψ5|

)
=1

2

[|r0|2|α|2 +|r1|2|β|2 + 1

4
|(α+β)r0 + (α−β)r1|2 + 1

4
|(α+β)r0 − (α−β)r1|2

]
=1

4

[
2|r0|2|α|2 +2|r1|2|β|2 +|(α+β)|2|r0|2 +|(α−β)|2|r1|2

] (3.123)

We can normalize the density matrix ρ using the probability Pnl , the normalized density matrix is
given by

ρnormalized =
( |ψ5〉〈ψ5|

Pnl

)
(3.124)

The final state of no-loss in terms of the probability and the normalized density matrix is

ρnl = Pnl ×ρnormalized (3.125)

3.5.2. Cavity loss
Cavity loss are present in the system if the cavity mirrors are imperfect, i.e., κa < κ. To model the
loss of photon in the cavity, we define an output mode from the Gate cavity, the loss mode, as shown
in fig. 3.6.

We model the cavity loss as a transmission mode which losses the photon. Thus the rate of decay
of cavity in the loss mode is given by,

κloss = κ−κa (3.126)
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Figure 3.6: Loss mode and the output mode

In terms of this loss rate, we can write the input-output relation of the loss mode lout as,

l̂out (ω) =p
κloss ĉ(ω) (3.127)

We know the expression of ĉ(ω) in terms of âi n(ω). Using that to write the loss mode in terms of the
input mode we can write

l̂out (ω) =
p
κloss

p
κa(

iω+ κ
2 +∑1

j=0
|g j |2P̂ j

i (ω+∆ j )+ γ j
2

) âi n(ω) (3.128)

The loss coefficient similar to reflection coefficient can be found as,

l (ω) =
p
κl oss

p
κa(

iω+ κ
2 +∑1

j=0
|g j |2P̂ j

i (ω+∆ j )+ γ j
2

) (3.129)

Similar to reflection coefficients we can also find loss coefficients for the states |0〉 and |1〉. We will
again assume that the input mode to the Gate is a delta function in the Fourier domain centered at
ωph = 0. The loss coefficients therefore are,

l0 =
p
κloss

p
κa(

−iωd + κ
2 + |g0|2P̂0

−i (ωd+∆0)+ γ0
2

)
l1 =

p
κloss

p
κa(

−iωd + κ
2 + |g1|2P̂1

−i (ωd+∆1)+ γ1
2

) (3.130)

In terms of these loss coefficients, it is possible for us to write the final loss-mode photon-spin
state from circuit in fig. 3.5.

|Φ〉 = 1p
2

(
αl0 |E0〉+βl1 |E1〉+ (α+β)l0 + (α−β)l1

2
|L0〉+ (α+β)l0 − (α−β)l1

2
|L1〉

)
(3.131)

We take the partial trace of the density matrix, |Φ〉〈Φ|, over the photon states to get the spin state
after the photon is lost. The spin state is,

ρspin =Trph(|Φ〉〈Φ|) (3.132)

The photon-spin state after cavity loss is

ρcl = |vac〉〈vac|⊗ρspin (3.133)
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The probability of cavity loss happening Pcl can be found similar to the probability of no-loss,

Pcl =Tr (ρcl )

=1

4

[
2|l0|2|α|2 +2|l1|2|β|2 +|(α+β)|2|l0|2 +|(α−β)|2|l1|2

] (3.134)

The final photon-spin state can be written in terms of the cavity loss probability and the normalized
photon-spin state as

ρcl = Pcl ×
(
ρcl

Pcl

)
(3.135)

3.5.3. Spontaneous emission
In the previous section, we found the effect of cavity loss on the photon-spin state during their
interaction. In this section, we will find the photon-spin state after a spontaneous emission occurs.
The spontaneous emission results in the decay of the spin to the ground state and the photon is
lost to the environment. We limit our analysis only to straight decays, |e j 〉 −→ | j 〉 ( j ∈ {0,1}), and no
cross transitions. The probability of a spontaneous emission occurring (Pse ) is known in terms of
the reflection and loss probabilities [45].

Pse = 1−|r (ω)|2 −|l (ω)|2 (3.136)

The probabilities of spontaneous emissions for the two ground state of the spin are

Pse0 = 1−|r0|2 −|l0|2
Pse1 = 1−|r1|2 −|l1|2

(3.137)

The spontaneous emission could occur during the early scattering or the late scattering. Therefore,
we first look at the incoming states before each scattering and then infer the final state after each
decay. With probability Pse0 (Pse1) the |e0〉 (|e1〉) state could decay to the |0〉 (|1〉) state. Therefore,
the probability of ending up in any ground state is the probability of spontaneous emission times
the probability of being in the corresponding excited state during scattering.

The first two expressions in the following equation represent the case where the spontaneous
emission happens during the early scattering, and the last two represent the case of decay during
late scattering. The final photon-spin state is

ρse =Pse0 〈E0|ψ1〉〈ψ1|E0〉 |vac〉〈vac|⊗ |0〉〈0|+
Pse1 〈E1|ψ1〉〈ψ1|E1〉 |vac〉〈vac|⊗ |1〉〈1|+
Pse0 〈L0|ψ3〉〈ψ3|L0〉 |vac〉〈vac|⊗ |+〉〈+|+
Pse1 〈L1|ψ3〉〈ψ3|L1〉 |vac〉〈vac|⊗ |−〉〈−|

(3.138)

After spontaneous emission occurs in the early scattering, nothing happens during the late scatter-
ing because the time-bin photon is lost. That is why we have vacuum state in the final state. Only the
Hadamard gates act on the spin but two Hadamard gates cancel each other’s effect. Therefore the
final state of the circuit is the one in eq. 3.138. Extending the similar analysis to the late scattering
results in the following state

ρse = 1

4

[
2Pse0|α|2 |vac〉〈vac|⊗ |0〉〈0|+2Pse1|β|2 |vac〉〈vac|⊗ |1〉〈1|+
Pse0|α+β|2 |vac〉〈vac|⊗ |+〉〈+|+Pse1|α−β|2 |vac〉〈vac|⊗ |−〉〈−|] (3.139)

Although the state of spin after decay during late scattering is |0〉 or |1〉, the Hadamard gate acts on
the spin to give |+〉 or |−〉 in the final state of the circuit. The probability of having a spontaneous
emission is

Pse = 1

4

[
2Pse0|α|2 +2Pse1|β|2+
Pse0|α+β|2 +Pse1|α−β|2] (3.140)
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3.5.4. Final output state
The final photon-spin state after the Gate operation is summarised in the eq. 3.141

ρps = ρnl +ρcl +ρse

= Pnl ×ρnormalized +Pcl ×
(
ρcl

Pcl

)
+Pse ×

(
ρse

Pse

)
(3.141)

where, Pnl = Tr
(|ψ5〉〈ψ5|

)
and Pcl = Tr (|Φ〉〈Φ|) are the probabilities of no-loss operation and cavity

loss respectively. ρnormalized is the normalized density matrix after loss-less operation. |ψ5〉 and |Φ〉
are given in eq. 3.121 and 3.131 respectively and ρse is given in eq. 3.139.
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Performance

In the previous chapter, we introduced the protocol for entangling spin with single-photons. We
modeled the system for generating single-photons and for the photon-spin interaction. In this
chapter, we first find an appropriate point of operation in the parameter space of the Gate which
maximizes the Gate performance (sec. 4.1). The procedure for generating tree-cluster states is in-
troduced in the next section (sec. 4.2). Lastly, we estimate the fidelity of the tree-cluster states
created by the procedure, described in sec. 4.3.

All the simulations in this chapter are done using the QuTiP library in python.

4.1. Performance of the Gate
This section characterizes the performance of the photon-spin entangling operation using the Gate.
In the previous chapter, we introduced the protocol for entangling photon and spin and the analyt-
ical expressions for the reflection coefficients for the two different ground states of the spin. This
section aims to find the values of cavity parameters that yield the maximum entanglement fidelity
after the photon-spin interaction.

It is possible to have imperfect single-qubit gates during the entangling protocol. However in
this thesis, we assume that those gates are perfect and do not introduce any errors in the system.
We limit ourselves only to imperfect photon-spin interaction by making that assumption.

The spin entangling protocol takes an arbitrary unentangled state of photon and spin and en-
tangles them. However, for tree cluster generation, we only need to entangle |−i 〉 state of the pho-
ton to a |+〉 state of the spin. Plugging in the appropriate state parameters (α = β = a = 1/

p
2 and

b =−i /
p

2) in eq. 3.11 would give us the output state in terms of general reflection coefficients as,

|ψout 〉 =1

4
|E〉 ((r0 − r1) |0〉− i (r0 + r1) |1〉)

+ i

4
|E〉 ((r0 + r1) |0〉− i (r0 − r1) |1〉)

+ 1

4
|L〉 ((r0 − r1) |0〉− (r0 + r1) |1〉)

+ 1

4
|L〉 ((r0 + r1) |0〉− (r0 − r1) |1〉)

(4.1)

For the perfect state, r0 =−1 and r1 = 1. If we put these values in the above state, the prefect photon-
spin state |Ψ〉 after ignoring the global phase is given by

|Ψ〉 = 1

2
|E0〉+ 1

2
|E1〉+ 1

2
|L0〉− 1

2
|L1〉 (4.2)

39
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The measure of fidelity for the density matrix heralded over photon detection is given by

F (Ψ,ρnormalized) = Tr
( |Ψ〉〈Ψ|ρnormalized

)
(4.3)

where,

ρnormalized =
( |ψout 〉〈ψout |

Pnl

)
(4.4)

where |ψ〉 is the photon-spin state after reflection of the photon off the cavity. The density matrix
here is normalized, thus this is the fidelity heralded on photon detection. The probability of no-loss
operation Pnl , or the success probability in terms of the reflection coefficients is given by

Pnl =
1

4

[
3|r0|2|+ |r1|2 +

]
(4.5)

The reflection coefficients for the two ground states are given by

r0 =

1− κa/κ
−iωd
κ + 1

2 + C0P̂0
−i
γ0

(ωd+∆0)+ 1
2



r1 =

1− κa/κ
−iωd
κ + 1

2 + C1P̂1
−i
γ1

(ωd+∆1)+ 1
2


(4.6)

We will now find the value of parameters in the reflection coefficients that can help us achieve max-
imum fidelity.

In the ideal reflection case, we assume that we are in the high cooperativity limit, and we assume
that one of the levels (|1〉) is in resonance with the cavity field and the other level (|0〉) is far detuned.
In this case we get, r0 = −1 and r1 = 1. In realistic cases, both the levels may be detuned from
the cavity resonance by a finite amount, resulting in imperfect reflection coefficients. Moreover, it is
also possible to have finite cooperativity, leading to a significantly higher probability of spontaneous
emissions. Therefore, it is crucial to find operating values of the cavity parameters that maximizes
the fidelity and success probability of entanglement.

For our analysis in this section we will make a few assumptions. We will assume that the two
rates of decay, the two single-photon Rabi frequencies are the same for both the ground states and
the Cooperativities are the same.

γ1 = γ0 = γ
g1 = g0 = g

C1 =C0 =C

(4.7)

Thus, the only different parameters for both the ground states are ∆1 and ∆0. It may seem that they
are independent of each other, but in reality, we can find a relation between the two detuning in
terms of the splitting between the levels. Hence, we define a new parameter ∆ such that it is the
difference between the detunings for the pair of two-level systems.

∆=∆1 −∆0

= (ωe1 −ω1 −ωc )− (ωe0 −ω0 −ωc )
(4.8)

Assuming that the two ground states are at the same energy level (ω0 = ω1), then ∆ becomes the
splitting between the two excited states, as shown in fig. 4.1.

∆=ωe1 −ωe0 (4.9)
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We write∆0 in terms of∆1 and∆ for our analysis in this section and optimize the system for different
values of ∆.

∆0 =∆1 −∆ (4.10)

∆0 and∆1 are the detunings between the levels and the cavity mode, therefore, they can be negative
or positive. Similarly, the detuning between the excited states, ∆, may also be negative or positive,
depending on the level structure. In this analysis, we will consider that ∆ is positive. Moreover, we
prefer large ∆ and a large cooperativity for a near-ideal operation. If ∆ is large and the |e1〉 to |1〉
transition is resonant with the cavity, then the system for |0〉 state is far detuned and therefore r0

approaches −1 and r1 is close to 1.

(a) ∆ is negative, ∆0 and ∆1 are positive (b) ∆ and ∆1 are positive, ∆0 is negative

(c) ∆ is positive while ∆0 and ∆1 are negative

Figure 4.1: Some of the configurations of ∆, ∆0 and ∆1, each satisfying eq. 4.10

Another parameter that we must consider is the detuning between the cavity field and the in-
coming photon’s frequency, ωd . We can control the frequency of the incoming photon by changing
the frequency of the driving laser and changing the single-photon Rabi frequency of the Emitter.
This detuning can thus also be positive or negative. Therefore, we can find the values of κa , κ, C, γ,
ω, ∆1 and ∆ such that the entanglement fidelity is maximized. To find the maximum fidelity of the
Gate, we perform a grid search over different values of these parameters. The first step towards start-
ing the grid search is limiting some of the parameters. We solved the dynamics of the Gate assuming
that we are in the Purcell regime, γ¿ g ¿ κ. We already assumed that spontaneous emission rates
for the two excited states are the same. We will assume that they are constant throughout this anal-
ysis and all the rates in the system are in terms of γ. We also fix the cavity decay rate, κ, at 100γ or
simply κ/γ= 100 .

We optimize the parameters not to maximise the fidelity of the heralded state (referred as her-
alded fidelity in the rest of the report), but the fidelity of entanglement. Which is the heralded fidelity
multiplied with the success probability.

Fent = FHer alded ×Psuc (4.11)

Note that there are two fidelities in play. First is the heralded fidelity, it is the fidelity of the state
given the photon was not lost. The other is the entanglement fidelity, it is the fidelity of a state that
also takes photon loss (due to cavity loss or spontaneous emission) into account by considering the
success probability.

We begin by analysing the effect of varying∆1 andωd on the fidelity, we first fix other parameters
and plot the entanglement fidelity, and not the heralded fidelity. The underlying idea is that we can
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vary them over a range of values and find values which give us the best performance. We fix the
value of the cooperativity of the system at 100, and we plot the fidelity for ∆ = 20γ, ∆ = 50γ and
∆= 80γ. Moreover, we assume that we have the perfect cavity mirrors and that there is no loss in the
cavity, κa = 100γ. We make a contour plot of the entanglement fidelity for different values of ∆1/γ
and ωd /γ as a starting point of our optimization.

(a) ∆= 20γ (b) ∆= 50γ

(c) ∆= 80γ

Figure 4.2: Contour plot for entanglement fidelity vs ∆ and ωd

From the contour plots of the entanglement fidelity for different values of ∆ we can make a few
observations.

• The fidelity is symmetric about the point (∆/2γ,0). This is not surprising. Consider the case
when ∆1 increases from zero to ∆. Then, |0〉 state becomes less detuned to the cavity and
|1〉 becomes more detuned. Finally when ∆1 reaches the value ∆, the |1〉 state becomes far-
detuned and thus r1 assumes the value r0 had at the beginning and vice-versa.

• The region of high fidelity is broader for higher ∆. This makes sense because as ∆ becomes
large the contrast between the two reflection coefficient increases. Thus a higher fidelity can
be reach for wider range of values of ∆1 and ωd . Recalling that in the ideal case, we want the
|0〉 ground state to be decoupled from the cavity or to have a really large detuning ∆0. Having
a large value of ∆ helps us achieve exactly that.

• The regions of high fidelity come closer to the point (∆/2γ,0) as∆ is increased. In other words,
to maximise the fidelity we do not need to have large detunings ∆1 and ωd for systems with
large ∆.

From these observations we can limit the values ωd /γ and ∆1/γ can assume to optimize the search
for max fidelity. For small ∆, the optimal point is far away from the point (∆/2,0), therefore we can
safely limit ∆1 and ωd as

∆1/γ ∈ (−∞,∆/2γ)

ωd /γ ∈ (0,∞)
(4.12)
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We do not go to infinity or negative infinity, we just vary these parameters to a large positive or from
a large negative number.

In the previous plots we kept the value of cooperativity fixed at 100. We will now vary the cooper-
ativity from 0 to 100 and keep the ∆ fixed. Thus, for a given value of ∆we can find the optimal point
of operation over the parameters∆1,ωd and C. We plot the heralded infidelity (found by subtracting
the heralded fidelity from one) and the success probability optimized over ∆1 and ωd for values of
C.

(a) ∆= 20γ, κ= 100γ (b) ∆= 20γ, κ= 100γ

(c) ∆= 60γ, κ= 100γ (d) ∆= 60γ, κ= 100γ

Figure 4.3: Plot of heralded infidelity and success probability for values of C

From the figures, we can observe that the heralded infidelity decreases and success probabil-
ity increases for the larger ∆ (∆ = 60γ). The error in the values of infidelity decreases as well. The
reason for errors in the infidelity could be because of a coarse mesh that we have used for the grid
search. For a finer mesh of ∆1 and ωd one could decrease the errors. These errors do not affect
our optimization, the errors are so small that they can be safely ignored. One crucial observation
that could be made here is that the infidelity decreases rapidly at smaller cooperativity for smaller
∆. This could mean that a smaller value of cooperativity could lead to a higher fidelity for small ∆.
Whereas, for larger ∆s, we need to have cooperativity which is comparable to ∆. Similarly the suc-
cess probability also increases sharply for smaller values of cooperativity for smaller ∆. We should
also note that once the heralded fidelity and success probability reach their maxima, they do not
decrease. This could be explained by looking at the values of ∆1 and ωd where these maxima are
reached. For ∆= 20γ the values of ∆1 and ωd corresponding to the optimum point are summarised
in the table 4.1.
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C ωd /γ ∆1/γ Heralded fidelity Success Probability
2 6.0 -4.5 0.9895 0.8896
4 4.5 0.0 0.9988 0.9179
6 30.0 -19.5 0.9994 0.9180
8 45.0 -31.5 0.9994 0.9177

10 57.0 -42.0 0.9994 0.9181
20 96.0 -75.0 0.9992 0.9183
30 123.0 -97.5 0.9991 0.9183
40 142.5 -112.5 0.9993 0.9181
50 162.0 -129.0 0.9992 0.9182
60 180.0 -144.0 0.9993 0.9181
70 193.5 -154.5 0.9994 0.9181
80 211.5 -171.0 0.9992 0.9183
90 222.0 -178.5 0.9993 0.9182

100 237.0 -192.0 0.9992 0.9183

Table 4.1: Values of ∆1 and ωd for different C with the maximum heralded fidelity and success probability, for ∆/γ = 20
and κ/γ= 100

It can be observed that the errors in success probability and heralded fidelity are small and most
of the values have errors the order of 10−4. A surprising observation that can be made here is that
increasing cooperativity does not help, as one might intuitively think. We can observe that as the
cooperativity becomes large compared to∆, the values of detunings,∆1 andωd , needed for optimal
entanglement also become large. Therefore, for maximum performance and smaller detunings ∆1

andωd , we should have a cooperativity which is close to the value of∆/γ so that the required values
of detunings ∆1 and ωd are not large.

Finally, we optimize the entanglement fidelity over the values of ∆1/γ, ωd /γ and cooperativity
for a range of values of ∆/γ. As described earlier we keep the values of κ and κa fixed at 100γ. The
plot for maximum heralded infidelity is shown in figure 4.8a and the plot for success probability is
shown in fig. 4.8b.

(a) Heralded infidelity vs ∆/γ (b) Success probability vs ∆/γ

Figure 4.4: Performance of the Gate for different values of ∆/γ for, κ= 100γ

It can be inferred from the plots that we need to have a large splitting between the excited states
to have a good performance of the system. For a value of∆/γ= 20 we can get a probability of success
greater than 0.9 and an heralded infidelity less that 0.001. The value of splitting between the excited
states, ∆, is varied from 2γ to 100γ and the value of cavity decay rate is kept constant at 100γ. If
the value of κ/γ is changed from 100, it would not have any effect on the performance because of
the contribution of κ in the reflection coefficients. κ contributes to the reflection coefficients at two
places, κa/κ and ωd /κ. Since we assumed that there are no losses in the cavity, so the first term
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assumes a value of one. Let us now look at the contribution of κ in the reflection coefficients at the
other place.

r0 =

1− 1
−iωd
κ + 1

2 + C0P̂0
−i
γ0

(ωd+∆0)+ 1
2

 (4.13)

To study the effects of changing the value of κ, let us assume that we have the optimal values
of ωd and ∆1 for a given value of γ, C , ∆ and κ. Changing the value of κ would change the ratio of
ωd /κ. Therefore, we would not be at the optimal point for this new value ofκ. In order to move to the
optimal point, we can change the value of ωd such that the ratio ωd /κ is same as before. We would
then also have to change the value of ∆1 to go to the optimal point. Thus, it would only change the
range of ∆1 and ωd over which we can get maximum performance. We summarize the values of ∆1

and ωd which optimize the Gate performance for κ = 50γ in the following table for ∆ = 20 and for
various values of C.

C ωd /γ ∆1/γ Heralded fidelity Success Probability
2 3.0 -1.55 0.9901 0.8892
4 2.0 2.65 0.9989 0.9181
6 16.0 -5.75 0.9993 0.9182
8 23.0 -9.95 0.9993 0.9181

10 29.0 -14.15 0.9992 0.9182
20 48.0 -26.75 0.9993 0.9182
30 61.0 -35.15 0.9992 0.9182
40 72.0 -42.5 0.9992 0.9182
50 81.0 -47.75 0.9994 0.9181
60 90.0 -54.05 0.9993 0.9182
70 97.0 -58.25 0.9993 0.9182
80 106.0 -65.6 0.9992 0.9183
90 112.0 -68.75 0.9992 0.9182

100 119.0 -74.0 0.9992 0.9183

Table 4.2: Values of ωd /γ and ∆1/γ corresponding to maximum performance, and the values of heralded fidelity and
success probability for varying C. ∆ is kept constant at 20γ and κ is 50γ

We can observe that for the same value of ∆ = 20γ, changing the value of κ from κ = 100γ to
κ= 50γ does not change the heralded fidelity or the success probability. It just affects the values of
∆1 and ωd which result in maximum performance.

To summarize, we optimized the performance of the entanglement operation of the Gate. We
found the maximum heralded fidelity and success probability for a range of values of the splitting
between the excited states. Although, we did not consider the presence of losses in the cavity (κa =
κ), it is easy to extend this analysis to include cavity losses in the Gate.

In the next section, we will introduce the protocol for generating tree-cluster states.

4.2. Tree generation protocol
So far, we have introduced the protocol for entangling time-bin photons with a spin, and modeled
the Emitter and the Gate. In the previous section, we evaluated the performance of the Gate for
different values of its parameters. In this section, we introduce the protocol for generating the tree-
cluster state.

Our approach can generate a tree-cluster state with three levels for an arbitrary branching vector
B̄ = [b0,b1,b2]. The protocol requires one spin (for our system, it will be the spin of the Gate) and
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two memory spins that can be entangled with the spin similar to the protocol in [21]. One memory
spin serves as the zeroth level node, and the other serves as the first level node of the tree. For
photon-spin entanglement, the Emitter generates time-bin photons which scatter off the Gate and
entangle with the Gate spin.

We start by preparing the spin, and the memory spins in |+〉 state. Then the memory spins (the
dark blue and light blue spins in fig. 4.5) are entangled with each other, and the level one memory
spin (light blue spin) is entangled with the spin (the black spin in fig. 4.5). After the entanglement
between the spin and memory spins, b2 number of photons are generated in the Emitter in |−i 〉 state
and entangled to the spin (recall that the entangling protocol requires the photon in the |−i 〉 state
and not the |+〉 state) ((b) in fig. 4.5). Then the state of the spin is swapped to a photon using the
teleportation circuit shown in fig. 4.6 to get (c) in fig. 4.5. Swapping the state detaches the spin from
the system, therefore, we re-entangle it with the first level memory spin. This process is repeated
b1−1 more times to make the remaining branches, (d) in fig. 4.5. The state of the first level memory
spin is swapped to the spin and later to a photon. As shown in (e) in fig. 4.5, this generates one of
the tree branches. The memory spins are re-entangled with each other, and this whole process is
repeated b0 −1 more times to generate the remaining branches of the tree. Finally, the state of the
zeroth level memory spin is swapped with the spin and subsequently swapped with the photon to
generate an all-photonic tree-cluster state.

Figure 4.5: For a B̄ = [2,3,2] tree, we entangle the memory spins and Gate the spin as shown in (a). We emit two photons
from the Emitter and entangle them with the Gate spin, shown in (b). The third step (c) is swapping the state of spin with
another photon using teleportation circuit. We repeat the previous three steps 3 times to generate level three and level
two photons of the tree (d). Swapping the state of the memory spin with a photon gives (e). This generates one branch
of the tree. Repeating the whole process once again will give us the second branch of the tree. Then we swap the state of
memory spin with a photon to get a B̄ = [2,3,2] tree.

We use the circuit shown in fig. 4.6 to swap the state of the spin to a photon. The circuit maps an
arbitrary state of the spin to the photon generated in the |−i 〉 state. The circuit requires a Hadamard
gate on the time-bin qubits, and it could be implemented using the scheme in [46].

This protocol requires the entanglement of the spin with memory spins to generate a tree-
cluster state. Therefore, we require systems with access to nearby quantum memories for the exper-
imental implementation of tree-cluster generation. SiV centers have access to nearby 13C nuclear
spins, and the entanglement between them has been demonstrated [47]. Moreover, 29SiV centers
could also be used because of the presence of nuclear spin and electronic spin in the same defect
center [48].
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The states of memory spins can be swapped with the state of electron spin by using two CZ
gates [21]. However, we will use a circuit similar to the one in fig. 4.6 to swap the states of memory
spins with the spin. SiV centers coupled to diamond nanocavities provide an effective spin-photon
interface, and an accessible quantum memory [32, 48, 47]. These qualities make SiV centers an
attractive candidate for the experimental generation of tree-cluster states.

Figure 4.6: Circuit for swapping the state of spin with photon. The "Entangling Gate" in the circuit is the entanglement
operation between a photon and the Gate spin using the protocol illustrated in 3.1. It involves first entangling the spin
with a photon. Then a Hadamard gate is applied to the photon. The spin is measured in X basis and the measurement

result is used to correct the state of the photon to swap the state of spin to the photon.

We can use the tree-cluster generation protocol to generate trees with three levels and for an
arbitrary branching vector. We will show in the next section how we estimate the fidelity of the
generated tree-cluster state.

4.3. Fidelity estimation of the tree
In the previous section, we introduced the protocol for tree-cluster generation. The protocol can
generate a tree-cluster state of three levels, using two memory spins and one spin for scattering
and entangling the photons, given the branching parameters of the tree. This section characterizes
and estimates the fidelity of the generated tree-cluster states. Tree-cluster states can suffer from
correlated errors on the photons due to errors during generation. By now, we have a model for
entangling spins and photons and the protocol for generating the tree-cluster states already. We
first introduce the method for estimating the fidelity of the generated tree-cluster states, and then
we simulate the tree-cluster generation and use the measure to assess the performance of tree-
cluster states.

4.3.1. Estimation of tree-cluster fidelity
Tree cluster states are part of a larger class of multipartite entangled states, and characterizing the
entanglement of multipartite entangled states is a difficult task [49]. As the size of the multiqubit
state increases, the resources required to detect and measure the quality of entanglement increase
exponentially. There exist methods for estimating the lower bound fidelity of cluster states [49, 50,
51]. Tiurev et al. [50] used the stabilizer description of cluster states to estimate their fidelity. We
know that a complete set of stabilizer operators can define a tree-cluster state. Therefore, measur-
ing different combinations of these stabilizers can help us estimate the fidelity. The stabilizer si

associated with each vertex i of the state is defined as

si =σx
i

⊗
j∈N (i )

σz
j (4.14)

where N (i ) is the set of vertices which are neighbors to the vertex i . The tree cluster state, |Ψ〉, is the
eigenstate of the stabilizer operators with eigenvalue 1

si |Ψ〉 = |Ψ〉 (4.15)
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Furthermore, the stabilizers can be used to describe the ideal state |Ψ〉 [50],

|Ψ〉〈Ψ| =
N∏

i=1

1+ si

2
=

N∏
i=1

Si (4.16)

For an arbitrary cluster state ρ, the fidelity is defined as F = Tr (ρ |Ψ〉〈Ψ|). The fidelity of a state
can be estimated by measuring a combination of the stabilizers si , as shown in [50]. Similar to the
authors in [50], we define two combinations of stabilizers that can help us estimate fidelity of the
tree. We define the two combinations in terms of the levels of the tree. The first combination is
product of Si corresponding to all the vertices on odd levels, So , and the second combination is
product of stabilizers of vertices on even levels (including zero), referred to as Se .

|Ψ〉〈Ψ| =
N∏

i=1

1+ si

2
=

N∏
i=1

Si = SoSe = So +Se −1+ (1−So)(1−Se ) (4.17)

where So and Se are defined as

So = ∏
level(i)∈odd

Si Se =
∏

level(j)∈even
S j (4.18)

(a) So operator with stabilizers on the odd levels.

(b) Se operator with even-level stabilizers

Figure 4.7: Operators So and Se used for lower-bound fidelity estimations. So (Se ) would require X-measurement on the
photons on odd (even) levels and Z-measurement on photons on even (odd) levels. Since only one measurement has to
be done on a photon in each of So and Se , we can measure each stabilizer in just one measurement setting.

To find a lower bound of the fidelity we ignore the non-negative term (1−So)(1−Se ) in 4.17 [50].
The lower bound fidelity can be written in terms of P̂ operator defined as

P̂ = So +Se −1 ≤ |Ψ〉〈Ψ| (4.19)

The relation between fidelity and expectation value of this operator is,

F = Tr (ρ |Ψ〉〈Ψ|) ≥ Tr (ρP̂ ) (4.20)

Therefore, if we find the expectation value of P̂ operator, we can find a lower bound on the fidelity
of the generated tree-cluster state. In the next part of this section, we will discuss the method used
to measure the stabilizers to find the expectation value of P̂ .
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4.3.2. Estimation of fidelity
In the previous section, we found the expression for the lower bound fidelity of a tree-cluster state.
For making the estimation, we are required to measure a combination of stabilizers. More specifi-
cally, we need to find the expectation value of the P̂ operator. In this section, we describe how we
find the expectation value of P̂ by simulating the tree generation process to estimate the fidelity.

Generating a tree-cluster state requires us to entangle multiple photons to the spin. To estimate
the fidelity, we need to measure the tree photons in a certain basis (depending on the stabilizer)
for each photon. A tree-cluster state with a large number of photons has an exponentially large
number of real numbers in the density matrix of the state. Consequently in our simulations, we
cannot generate the complete tree cluster and then measure the stabilizers. To rid ourselves of
large density matrices, we measure the photon as soon as it is entangled with the spin and save the
measurement result for later analysis. This way, we only have to deal with states of two memory
spins, the Gate spin, and a photon. As a result, the amount of variables we need to deal with reduces
tremendously. Hence, the computational power required reduces as well. In simpler words, we
measure a photon before another photon entangles with spin rather than entangling photons first
and then measuring. The order of these two operations does not affect the generation of the tree-
cluster state because the emitted photons do not interact with the spin or the photons. This way, we
go through the tree generation and measurement in one go, and we have the measurement results
of each photon at the end of the run. From the measurement results, we can find the value of the
stabilizer for the run. We have to repeat this process multiple times for each stabilizer So and Se .

For estimation of tree fidelity, we first fix the heralded entanglement fidelity between spin and
a photon to a particular value and repeat the process of tree generation and measurement several
times. For each value of the heralded entanglement fidelity, we input the reflection coefficients
which correspond to it and entangle the spin with a photon using the photon-spin entangling pro-
tocol from section 3.1. Heralded entanglement fidelity means that we do not lose the photon to Gate
errors and all the photons come out after interaction with the Gate. Moreover, we assume that the
single-qubit operations on the spin and memory qubits are perfect during this whole process. Fur-
thermore, we assume that the entanglement between the memory qubits and between the memory
qubit and the spin is perfect. We will also assume that any qubit (spin or time-bin) measurement
does not introduce any errors to the system. Therefore, the only source of error during the tree
generation is the imperfect photon-spin entangling operation.

We generate a tree with branching vector B̄ = [2,3,2] in the simulation. The estimate of the
tree-cluster fidelity gets better as we increase the number of tries. For an uncorrelated state with 21
qubits, finding the expectation value of an operator might require a huge number of tries. However,
the correlations between different photon states in the tree can help us estimate the fidelity for a
relatively lower number of tries. To see if we can find a good estimate, we first plot the tree-cluster
fidelity against the number of tries for two values of heralded entanglement fidelity. As we increase
the number of tries, we want the fidelity to approach a certain value as the number of tries increases.

From the figures, we can observe that as the number of tries increases, the difference between
consecutive values of fidelity decreases, and it seems that the fidelity approaches a certain value. We
can find the mean and the variance of the values of tree-cluster fidelity for the two given heralded
entanglement fidelities. For heralded entanglement fidelity of0.9849 the mean tree-cluster fidelity
is 0.39184 and the variance is 0.00017, while for 0.9958 heralded entanglement fidelity the mean and
variance are 0.8093 and 0.00009 respectively. The tree-cluster fidelity increases as the heralded en-
tanglement fidelity increases, and the variance over all the number of tries decreases. The reason for
this could be the correlations in the tree-cluster state. As heralded entanglement fidelity increases,
the tree-cluster state comes closer to the ideal state, and thus the variance decreases, and the mean
fidelity comes closer to one.

To assess the effect of heralded entanglement fidelity on the tree-cluster fidelity, we vary the
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(a) Heralded entanglement fidelity = 0.9849 (b) Heralded entanglement fidelity = 0.9958

Figure 4.8: Fidelity vs Number of tries for fixed heralded entanglement fidelity

heralded entanglement fidelity of the photon-spin interaction and simulate n = 5000 tries. The plot
of the tree cluster fidelity estimate after varying the heralded entanglement fidelity is shown in fig.
4.9.

Figure 4.9: Fidelity of tree-cluster state for different values of heralded entanglement infidelity

We can observe that the tree cluster fidelity approaches unity as the infidelity approaches zero,
as it should for perfect entanglement. The tree cluster fidelity decreases linearly with increasing
heralded entanglement infidelity, but the values of infidelity may be so small that we can only find
the linear approximation of their actual relation. It is also possible that the relation between tree-
cluster fidelity and heralded entanglement fidelity is not linear even for these values of heralded
fidelity. We cannot comment because we only calculate the lower bound fidelity of the tree.

To relate the effect of correlated errors, caused by imperfect entanglement, to non-correlated er-
rors, we introduced single-qubit depolarising errors on individual photons of the tree-cluster state,
similar to [21]. The errors on each photon are thus independent of errors on other photons. A de-
polarising channel on the i’th photon is given by eq. 4.21.

Λi (ρ̂) = (1−ε)ρ̂+ ε

3
(σx

i ρ̂σ
x
i +σz

i ρ̂σ
x
i +σ

y
i ρ̂σ

y
i ) (4.21)

Where σx
i is the Pauli-X operator on the i’th photon and ε is the error.

For this simulation, we first generate perfect entanglement between spin and photon. To cal-
culate the tree fidelity, we run Monte-Carlo simulations such that a Pauli operator can act on the
photon with a probability ε/3. The value of ε is chosen such that the fidelity of the tree state af-
ter applying the depolarising errors is in the same range as the fidelity of tree state after imperfect
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entanglement. The method of fidelity estimation is same as before. We measure the photon after
it is entangled with the spin and depolarising errors are applied to it. The simulation was run for
n = 5000 tries, same as before. The plot the tree fidelity for depolarising errors juxtaposed with cor-
related errors as shown in fig. 4.10. It can be observed from the plot that for the same depolarising

Figure 4.10: Comparison between single-qubit depolarising errors (SQE) and correlated errors for [2, 3, 2] tree

error and entanglement infidelity, the fidelity of the tree in case of depolarising errors is better than
it is for imperfect entanglement. This is because depolarising errors on the photons are indepen-
dent of each other. A depolarising error on one photon does not affect the other photons. On the
other hand, an imperfect entanglement between photon and a spin affects the spin state and thus
could lead to errors during the entanglement of other photons to the spin. Therefore, entanglement
infidelity has a more severe effect on tree fidelity than depolarizing errors.

To compare the relative effect of errors, we find the slope of the two plots. The slope of the two
plots can be used to find how much an error during the spin-photon entanglement affects the tree
fidelity. To find the slope, we used the NumPy function numpy.polyfit to fit the two curves with
a straight line. The plot of the fit with the curves is shown in fig. 4.11. The respective values of
slopes for correlated errors and single-qubit errors are -39.564 and -24.580. The slopes are negative
because the x-axis is infidelity or the error. It can be seen that the slope of the two fits can be related
to the number of photons in the [2, 3, 2] tree-cluster state, which is 21. The slope for single-qubit
errors is close to the number of photons, while the slope of fit for entanglement infidelity is close to
twice the number of photons.
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Figure 4.11: Linear fits for entanglement infidelity and single-qubit errors

So far, we have varied the entanglement infidelity for just the [2,3,2] tree. Now, we would like to
investigate the tree fidelity for different types of tree-clusters with different number of photons. For
that, we run the simulations for a tree with branching vector B̄ = [1,1, x], shown in fig. 4.12. Here
x can take integer values greater than 1. We chose such a branching vector because it allows us to
vary the photon number uniformly. Another advantage of generating a relatively small tree is that
the simulation does not take a long time, thus allowing us to generate more data. We simulated from
x = 2 to x = 6 to find the tree fidelity for various entanglement infidelities and for n = 4000 tries, as
shown in fig. 4.13. Moreover, we fit the resulting plot to a line, using the function numpy.polyfit
to get the slopes. The fit and the curves are plotted in fig. 4.13.

Figure 4.12: B̄ = [1,1, x] for x = 3. Total number of photons in such a tree are x+3.
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Figure 4.13: Tree-cluster fidelity vs heralded entanglement infidelity for [1, 1, x] tree. The solid lines in the plot depict the
linear fits of the fidelity.

The values of the slopes are summarized in the table 4.3. We have also included the slope from
the fitting of the [2, 3, 2] tree.

Total number of photons Slope of linear fit
5 -9.385
6 -12.188
7 -14.262
8 -16.293
9 -18.929

21 -39.564

Table 4.3: Table summarizing the slopes

From these values, it can be concluded that the relation between tree-cluster fidelity F and the
entanglement infidelity ε can be roughly written in terms of the total number of photons N in a tree.
It can be observed that the slope of the curves depends nearly on twice the number of photons (2N ).
The relationship between F and ε can be expressed as

F (n,ε) = 1−2nε (4.22)

However, our confidence in this relation is low. This is because of two reasons, firstly, the values
of x (x ∈ {2,3,4,5,6}) were too small in this analysis, secondly, the number of tries (n = 4000) was
too small, which led to errors during fidelity estimation. We could not conclusively find the param-
eter the tree-fidelity depends on and the answer to that question is still unknown. One could use
the method we have developed to find a more accurate relation between tree fidelity and heralded
entanglement infidelity.

We think that the connectivity of a tree-state could be the reason for slope dependence on 2N ,
where N is the total number of photons in a tree-state. The depolarising errors do not result in
correlated errors because all the errors are independent of each other. However, in presence of
entanglement infidelity, imperfect entanglement in one edge of the tree state could affect other
edges of the tree state. Moreover, we believe that for a more connected graph state, the heralded
entanglement infidelity could lead to more errors in the fidelity of the graph state than its effect on
tree-cluster fidelity. It is important to find a metric that could be used to characterize the effect of
imperfect entanglement on the generated tree-cluster state, and graph theory could help us find
this metric.
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From graph theory, one metric that denotes the connectivity of a graph is the sum of all the
degrees (D) of a graph. For a tree graph, it is related to the number of vertices, N , as D = 2(N −1). If
the fidelity of the tree-cluster state depends on the metric D , then it could depend on the heralded
entanglement infidelity as,

Ftr ee =1−Dε

=1−2(n −1)ε
(4.23)

This relation is really close to the relation we had before in eq. 4.22. From our analysis we cannot
say which of the relations is correct. To investigate if the relationship between fidelity of a graph
and heralded entanglement infidelity does depend on the sum of all degrees, one could generate
different graphs and find an estimate of the fidelity for varying heralded entanglement infidelity.

In this section, we developed a method for estimating the fidelity of tree-cluster states. More-
over, we used this metric and the error model of the Gate to compare errors caused by imperfect
entanglement to single-qubit depolarising errors, which were used as the error model for trees [21].
This error model is a model that is motivated by physical parameters in a spin-cavity system (the
Gate) and it can be used to model correlated errors in tree-cluster state more accurately.

To summarize, in this chapter, we optimized the parameters of the Gate in order to get maximum
fidelity. We then introduced the protocol for generating tree-cluster states. We also introduced a
method to estimate the lower bound fidelity of tree-cluster states. We implemented the protocol
to generate tree-cluster states and used the method to find a relation between lower bound tree-
cluster fidelity and heralded entanglement infidelity. Moreover, we compared the tree-fidelity of
imperfect entangling operations with single-qubit errors on the photons (independent errors on
each photon) using the same approach. However, we could not conclude the exact dependence of
tree-cluster fidelity on heralded entanglement infidelity.
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Conclusions and outlook

5.1. Conclusions
In the thesis, we have introduced a system for generating tree-cluster states. We introduced a
scheme for entangling spin and photon by scattering them off a cavity. The schemes that have
been introduced in literature earlier use an emitter for generating and entangling photons to the
spin. This emission based entanglement generation suffers from multiple excitations during the
generation of a single photon. Our system mitigates the problem of multiple excitations during
photon generation by separating the generation and entanglement of photon. Our scheme has two
spin-cavity systems, one of which generates single-photons in time-bin qubits and the other entan-
gles with them. The photons are generated by a cavity-assisted Raman scheme, which inherently
prevents emission of multiple photons.

In chapter 3, we introduced the protocol and the operations required to entangle a time-bin
photon with a spin (sec. 3.1). The underlying idea for generating entanglement is using a combina-
tion of single-qubit gates on the spin before and after a time-bins reflect off the cavity. The time-bins
reflect off the cavity with reflection coefficients depending on the spin state. We then modeled the
system responsible for generating time-bin photons and found the analytical expression of time-bin
qubit states (sec. 3.2). Furthermore, we modeled the errors in the Emitter and found the probability
of emitting a photon after multiple spontaneous decays (sec. 3.3). We observed that the probabil-
ity of generating a photon after several spontaneous decays followed by excitations decreases by
1/(1+4C ) with each consecutive decay (3.3.1), where C is the cooperativity of the spin-cavity. Thus,
increasing the efficiency of the spin-cavity coupling (C ), reduces the probability of emitting pho-
ton after multiple excitations. Later in the chapter, we modeled the system (referred to as the Gate)
responsible for reflecting and entangling with the generated time-bin photons (sec. 3.4). We then
modeled the different errors that could occur during any photon-spin interaction and found the
output density matrix after the interaction (sec. 3.5).

Chapter 4 discussed the performance of the system. We began by optimizing the parameters
of the Gate in order to maximize the entanglement fidelity (sec. 4.1). We introduced the splitting
between the excited states (∆) and ran a numerical simulation to find the maximum fidelity de-
pending on the splitting (∆), the cavity decay rate (κ) and the spontaneous decay rate (γ). We found
that, in order to maximize the heralded fidelity and the success probability of entanglement, we
need to maximize the splitting between the excited states and have a cooperativity that is close to
the value of the splitting. Following that, we introduced the protocol for generating tree-cluster
states (sec. 4.2). The protocol is based on a previously introduced protocol [21] that requires two
memory qubits and one spin for generating trees with three levels. After that, we introduced the
methodology for the estimation of fidelity of generated tree-cluster states (sec. 4.3.1). We simulated
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the generation of the tree using the protocol in sec. 4.2 and used the procedure for fidelity measure-
ment (sec. 4.3.1) to estimate the effect of heralded entanglement infidelity on tree-cluster fidelity
(sec. 4.3).

Moreover, we compared the effect of heralded entanglement infidelity and single-qubit depo-
larising errors on the tree-cluster fidelity (fig. 4.10). We found that the tree-cluster fidelity depends
linearly on both errors for small values of the errors. Furthermore, we found that the slope of the
linear relation between the tree-cluster fidelity and single-qubit depolarising error probability de-
pends nearly on the number of photons in the tree-cluster. While, for the case of entanglement
infidelity, the slope depends on nearly twice the number of photons (as summarized in table 4.3).
Unfortunately, from our study, we could not conclude the exact relation between the slope and the
number of photons for imperfect entanglement.

5.2. Future Outlook
In this thesis, we modeled a system capable of generating a tree-cluster state, and we used the model
to simulate tree-cluster generation. We also found the impact of correlated errors caused by imper-
fect entanglement on tree-cluster fidelity and compared them to the effect of single-qubit depolar-
ising errors.

In this study, we assumed that the only source of errors during tree-cluster generation is imper-
fect entanglement, and all the other operations to be perfect. Moreover, we assumed that no photon
was lost during photon-spin interaction at the Gate. One could also extend the analysis that we have
done to include those errors and find their effect on the tree-cluster state. Moreover, the measure of
tree-fidelity that we have used (from sec. 4.3.1) gives us the lower bound fidelity. A more accurate
measure could be used to find tree-cluster fidelity instead of using the pessimistic approach of the
lower bound measure.

The comparison between single-qubit depolarising errors and imperfect entanglement showed
us that imperfect entanglement has a more drastic effect on the tree-cluster fidelity. We suspect
it might be related to the connectivity of the tree. For a more connected graph state, the effect of
entanglement infidelity on tree-cluster fidelity might be more drastic than it is for a tree state. The
slope of the linear approximation of the curve for such a graph might be steeper than what we have
for tree-cluster fidelity for the same values of entanglement infidelity. The relation between the
dependence of fidelity of a graph state on the entanglement infidelity can be found. Moreover, the
dependence could be related to the connectivity metrics of a graph.

The property of tree-cluster states that make them ideal for one-way quantum communication
is their loss tolerance [21, 13]. In case of loss of some photons from the tree-cluster state, it might
be possible to extract the information from the remaining vertices of the tree state. This is done
by "indirect measurement" [13]. An indirect Z measurement can be done by measuring a vertex
in X basis and measuring all but one neighbour of it in the Z basis. In the presence of correlated
errors, one could potentially use majority voting to predict or correct the outcome of an indirect
measurement. Furthermore, an analysis of the effect of imperfect entanglement on the coding and
decoding procedure of a tree could also be done. The error model developed in this thesis could
also be used to analyse the performance of one-way quantum repeaters in presence of imperfect
entanglement.

On that note, we hope that this thesis will help us take another step towards fault-tolerant tree-
cluster generation. We hope that the simulation framework that we have built for estimation of
tree-cluster fidelity could be used to build a better estimate of fidelity of graph states.
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Solving the differential equations

In this chapter, the differential equations of the dash system are solved in detail.

While solving these equations, we will keep in mind that the driving is weak compared to the
detuningΩ¿∆ and that we are in the Purcell regime, γ¿ g ¿ κ.

The equations of motion are as follows:

d

d t
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(A.1)

We start by adiabatically eliminating the third last equation. It give us,
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(A.2)

adiabatically eliminating and substituting the value of | f ′1〉〈g ′| and solving for |e ′〉〈g ′| in the
fifth equation gives
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We are in the weak driving regime Ω¿ ∆, so we can approximate the ∆+ 2i |Ω|2
κ as ∆. Furthermore,

we are in the Purcell regime, κÀ g À γ, so we can assume, κ+γ≈ κ. The simplified expression is,
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Substituting the expression for |e ′〉〈 f ′1| into the expression for |g ′〉〈e ′|, gives
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(| f ′1〉〈 f ′1|− |e ′〉〈e ′|)
+ 4|Ω|2|g |2
κ2(∆− iγ

2 (1+4C ))(∆+ iκ)
|g ′〉〈e ′|

(A.6)

again, being in the weak driving regime and in the Purcell regime, we can assume that the contribu-
tion of the second and third term on the R.H.S. of the equation is negligible. This simplifies the final
expression,

|g ′〉〈e ′| =− Ω

∆− iγ
2 (1+4C )

(|g ′〉〈g ′|− |e ′〉〈e ′|) (A.7)

similarly for |e〉〈 f ′1| we will neglect the terms with g /κ. Thus, simplifying the expression to the
following,

|e ′〉〈 f ′1| = − g∗

∆+ iκ
(| f ′1〉〈 f ′1|− |e ′〉〈e ′|) (A.8)

If we now substitute the expression for |e ′〉〈 f ′1| into the differential equation for | f ′1〉〈 f ′1|, we get

d

d t
| f ′1〉〈 f ′1| =i (g |e ′〉〈 f ′1|− g∗ | f ′1〉〈e ′|)−κ | f ′1〉〈 f ′1|

= − |g |2κ
∆2 + κ2

4

(| f ′1〉〈 f 1|− |e ′〉〈e ′|)−κ | f ′1〉〈 f 1| ≈ 0
(A.9)

this gives a relation between | f ′1〉〈 f ′1| and |e ′〉〈e ′|.

| f ′1〉〈 f ′1| =


|g |2
∆2+ κ2

4

|g |2
∆2+ κ2

4

+1

 |e ′〉〈e ′|
| f ′1〉〈 f ′1| ≈

(
|g |2

∆2 + κ2

4

)
|e ′〉〈e ′|

(A.10)

we can make this approximation because we are in the Purcell regime. Making substitutions for
|e ′〉〈 f ′1| and |g ′〉〈e ′| in the differential equation for |e ′〉〈e ′| would give us
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d

d t
|e ′〉〈e ′| =− i (Ω |e ′〉〈g ′|−Ω∗ |g ′〉〈e ′|)− i (g |e ′〉〈 f ′1|− g∗ | f ′1〉〈e ′|)−γ |e ′〉〈e ′|

= |g |2κ
∆2 + κ2

4

(| f ′1〉〈 f ′1|− |e ′〉〈e ′|)

+ |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
(|g ′〉〈g ′|− |e ′〉〈e ′|)

−γ |e ′〉〈e ′|

(A.11)

Substituting | f ′1〉〈 f ′1| in the equation and neglecting terms which are of second order in |g |2/κ2

d

d t
|e ′〉〈e ′| =−

(
|g |2κ
∆2 + κ2

4

+ |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
+γ

)
|e ′〉〈e ′|

+ |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′| ≈ 0

(A.12)

At this point we will make an assumptions. We will assume the following:

|g |2κ
∆2 + κ2

4

>> |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
(A.13)

if we further assume, that the rate of photon emission is huge compared to the detuning, that is
κ>>∆, then we can simplify the above relation to the following,

4|g |2
κ

>> |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
(A.14)

dividing both sides by γ(1+4C ),

4C

1+4C
>> |Ω|2

∆2 + γ2

4 (1+4C )2
(A.15)

This is not a new assumption. It is one of the consequences of having a really weak driving. Now,
neglecting the term in the differential equation for |e ′〉〈e ′| will give us a relation between |g ′〉〈g ′|
and |e ′〉〈e ′|. (

|g |2κ
∆2 + κ2

4

+γ
)
|e ′〉〈e ′| = |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′|

κ2γ
4 (1+4C + ∆2

κ2 )

∆2 + κ2

4

|e ′〉〈e ′| = |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′|

(A.16)

we neglect terms with ∆2/κ2, to get a final relation as,

|e ′〉〈e ′| = |Ω|2
∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′| (A.17)

Finally, we will use the relations we have found so far to first simplify the differential equation
for |g ′〉〈g ′|

d

d t
|g ′〉〈g ′| =i (Ω |e ′〉〈g ′|−Ω∗ |g ′〉〈e ′|)+γg |e〉〈e|

= − |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
(|g ′〉〈g ′|− |e ′〉〈e ′|)+γg |e〉〈e|

(A.18)
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Substituting |e ′〉〈e ′| would give us,

d

d t
|g ′〉〈g ′| =i (Ω |e ′〉〈g ′|−Ω∗ |g ′〉〈e ′|)+γg |e〉〈e|

= − |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2

(
1− |Ω|2

∆2 + γ2

4 (1+4C )2

)
|g ′〉〈g ′|+γg |e〉〈e|

(A.19)

neglecting |Ω|2/∆2 compared to 1 would give us,

d

d t
|g ′〉〈g ′| =− |Ω|2γ(1+4C )

∆2 + γ2

4 (1+4C )2
|g ′〉〈g ′|+γg |e〉〈e| (A.20)

We know the time dependence of |e〉 state from our analysis of the decay-less system in the previous
section. The state |e〉〈e| as a function of time is

|e〉〈e| (t ) = |Ω|2
∆2 + γ2

4 (1+4C )2
e
− |Ω|2γ(1+4C )

∆2+ γ2
4 (1+4C )2 (A.21)

to simplify the representations, we define a new parameter Q as

Q = |Ω|2
∆2 + γ2

4 (1+4C )2
(A.22)

Therefore, the differential equation now becomes,

d

d t
|g ′〉〈g ′| =−Qγ(1+4C ) |g ′〉〈g ′|+ (

γg Qe−Qγ(1+4C )t ) (A.23)

Solving this differential equation gives us

|g ′〉〈g ′| (t ) = γg Qte−Qγ(1+4C )t (A.24)

From the relations between |g ′〉〈g ′| and |e ′〉〈e ′|, and |e ′〉〈e ′| and | f ′1〉〈 f ′1|, we can find | f ′1〉〈 f ′1| (t )
and therefore the probability of emitting a photon.
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