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In this paper, we focus on the link density in random geometric graphs (RGGs) with a distance-based
connection function. After deriving the link density in D dimensions, we focus on the two-dimensional
(2D) and three-dimensional (3D) space and show that the link density is accurately approximated by the
Fréchet distribution, for any rectangular space. We derive expressions, in terms of the link density, for
the minimum number of nodes needed in the 2D and 3D spaces to ensure network connectivity. These
results provide first-order estimates for, e.g., a swarm of drones to provide coverage in a disaster or

crowded area.
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I. INTRODUCTION

Random graphs are created from a set of N nodes, placed
in a space V e RP, where each pair of nodes is connected by
a link with probability p, independently of the existence of
any other link [1]. If the node i at position r; and the node
J at position r; are connected with probability p;; = f(|r; —
r;|), where f(r) is a real function of the distance r, then we
talk about a random geometric graph (RGG). If f(r) = 1,-,,
where 1, is the indicator function,' then all nodes at distance
smaller than ry are connected almost surely [2,3]. Moreover,
the position r; of each node i itself can be either deterministic
or stochastic. In the latter case, the link existence is doubly
stochastic and depends both on the distance function f(r) and
on the random placement of nodes described by a probability
distribution Pr[r; < xp, .-+, rv < ayl.

There is extensive work in literature on the properties of
RGGs and their applications. RGGs can model transportation
networks such as wireless [4,5] and airline [6] networks as
well as infrastructural networks like power grids [7]. Also,
RGGs can be applied in analyzing the structure of large data
sets [8] and in modeling ad hoc networks, which are decen-
tralized networks that do not rely on a fixed infrastructure.
Applications of ad hoc networks include vehicular, disaster
relief, sensor, and flying swarm robotics networks [9,10].

In this work, we focus on the link density and the con-
nectivity of two-dimensional (2D) and three-dimensional (3D)
RGGs, with an application to wireless networks. We define
the link density as the ratio of the expected number of links
over the maximum possible number of links in an undirected
graph and the connectivity as the probability that a path ex-
ists between any pair of nodes in the graph. Bettstetter [5]
studies the number of nodes needed to provide connectivity
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in a 2D RGGs and Dall and Christensen [11] provide the
critical connectivity threshold in D dimensions. Van Mieghem
[12] presents the exact solution for the link density and the
average number of paths between any two nodes, when the
graph is randomly generated in a square. Erba er al. [8]
compare the average number of subgraphs in highly dimen-
sional RGGs characterized by indicator-based and exponential
distance functions. Moreover, multiple approximations to the
nodal degree in bounded spaces are performed [13—15], how-
ever they are related to the 2D space and to indicator-based
distance functions.

Focusing on connectivity in wireless communications,
Hekmat and Van Mieghem [16] derive the giant component
size for 2D RGGs with a log-normal distance function and
show that it is a good measure for connectivity. Ng et al. [17]
provide upper and lower bounds for the critical density of 2D
and 3D RGGs with a log-normal distance function and under
the unit disk model. By distributing the nodes inside or on
the surface of a sphere, Khalid and Durrani [18] provide exact
expressions for the mean node degree and the node isolation
probability. They leave as an open problem the derivation of
these expressions when the nodes are distributed in a cube. Fi-
nally, Dettmann and Georgiou [19] derive the full connection
probability in 2D and 3D convex domains for various distance
functions.

The main contributions of this work are the following:

(1) We derive an exact expression for the link density for
an RGG in a D-dimensional prism and any distance function
f(r) allowing its graph properties to be elegantly and accu-
rately deduced from an Erd8s-Rényi random graph G,(N),
whose theory is well developed [1].

For 2D and 3D RGGs modeling wireless networks that are
characterized by a simple distance-based path loss model and
Rayleigh fading:

(2) We derive an approximation of the link density in a
hypercube that illustrates the importance of the nodes placed
in its corners.

©2022 American Physical Society
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FIG. 1. Example realization of a RGG with f(r) = e~ and
N =25 in a 3D rectangular prism, where the link color refers to
the connection probability between two nodes. For visualization
purposes, only links with () > 10~ are shown.

(3) We analytically demonstrate how the link density de-
pends on the path loss exponent and on the prism size and
shape. We further show that the link density in the 3D space
is smaller than or equal to that in the 2D space.

(4) We show that the complementary distribution function
of the Fréchet distribution accurately approximates the link
density for any path loss exponent, prism size, and prism
shape.

(5) We deduce a general closed-form expression in terms
of the link density to approximate the minimum density of
nodes to ensure a connected network.

The paper is structured as follows. Section II describes the
network model. The link density in the D-dimensional space
is derived in Sec. III, which also presents an approximation
of the link density in a hypercube. The impact of the wireless
environment and the hyperprism’s shape and volume on the
link density is assessed in Sec. IV. Additionally, Sec. IV illus-
trates the high accuracy of the link density approximation with
the Fréchet distribution as well as a brief motivation on the
approximation accuracy. In Sec. V, we derive the minimum
number of nodes needed for connectivity based on the link
density. Finally, Sec. VI concludes the paper with a summary
and the future work.

II. NETWORK MODEL

A graph G(N, L) consists of a set N of N nodes and a set
L of L links. We assume that nodes are placed uniformly at
random inside a hyperprism in D dimensions, with one vertex
at the origin and with length Z; in the dth orthogonal direction
of the coordinate axes. The distance function f(r) provides
the connection probability between two nodes placed at r; =
(riy,---,ry)and r;y = (rj,---,rj,), where r = |r; — r;| de-
notes their mutual distance. Figure 1 draws an example of the
considered graph with £(r) = ¢ %" in the 3D space.

In wireless networks, the distance function f(r) is influ-
enced by the wireless channel between the nodes. The RGG
assumption on independent link existence for distinct node
pairs, is approximate for wireless networks, because wireless

transmissions interfere with each other, thus creating depen-
dency between the node pairs. Wireless networks that operate
on a dedicated frequency band or in isolation from other wire-
less networks and ensure orthogonal transmissions in, e.g.,
frequency or time, can be exactly modeled by RGGs.

The impact of the wireless channel is reflected by the
received signal power P, ;;, which depends on the distance
r between the transmitter i at location r; and the receiver j
at location r;. The average signal attenuation over distance
is given by the path loss, approximately characterized by a
power law. Assuming antenna gains G; and G at the transmit-
ter and receiver, respectively, the received signal power P, ;;
is [20]

re\?
Prvsif(1) = P GG K () (M

L\2
K:( ) <1,
dmr,

where P, ;; is the transmit power for communication from i
to j in watts [W], A is the wavelength in meters [m], 7. is the
reference distance for the antenna far field in meters [m], y is
the path loss exponent and r > r, is given in meters [m]. The
reference distance r, € [1, 100] depends on the propagation
environment and on the antenna characteristics [20] while it
further holds that r. > A, which implies K < 1. The range
of the path loss exponent y also depends on the propagation
environment with typical values [20] ranging between 2 and
6.5. Generally, the value of y is determined by empirical
measurements. The smallest value y = 2 corresponds to the
ideal case of free-space propagation.

Ignoring interference and thus assuming independent links,
the signal-to-noise ratio (SNR) I';; that the receiver j experi-
ences from the transmitter i is given by

with

Lij(r) = =

Prxi' Pxi'GiG'K
.,j(r)_ 1x,ij J (E)V’ (2)
Pnoise

Proise r

where Ppise 1S the thermal noise power. Assuming a fixed
transmission power P ;; = P ;i = P, at every node, two
nodes i and j are connected if and only if the I';; = T'j; is
greater than the SNR threshold I'y;,. Therefore,

f(l") = Pr[rij(r) > l—‘min]-
Using Eq. (2), this can be rewritten as f(r) = Pr[r < ry],

where
P.GiGK\""
ro = ,«u) , 3)
Pnoise Iﬂmin

and thus ry > r., denotes the maximum allowed distance be-
tween node i and node j such that they are connected.

Since the received power P, ;; reduces with distance r,
node i has a spherical coverage area and thus any node j
located within a sphere with radius ry is connected to the
node i. Hence, the distance function can be written as a step
function f(r) = 1,.

In reality, the received signal power P, ;; varies randomly
due to signal reflections, caused by the various objects in
the environment. Specifically, the received signal consists of
multiple copies of the transmitted signal, called multipath

024301-2
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FIG. 2. Distance function f(r) with respect to the normalized
distance r'TJ when 8 = —127 dB, A =0.08 m,and r. = 1 m.

fading, where each copy is received with different power, at
a different time and with a shift in phase and/or frequency.
The movement of any object in the environment, including the
transmitter and the receiver, may therefore lead to a received
signal power variation, modeled by the time-varying nature of
multipath fading. The received signal power P, ;;, at time ¢
and frequency v, is given by

re\vY
Praif(r:1.v) = PaGiGK (%) Hi ¢, I, ()

where H;_;(t, v) is the channel response to multipath fading
at time ¢ and frequency v on the channel between transmitter
i and receiver j. With Eq. (4), the distance function f(r) =
Pr[I";;(r, t, v) > I'yin] can now be written as

B /r\r
fr)=Pr [IlHi,-(t, ik=2(=) | ©
re
where B is the minimum required channel gain given by
Pnoise Iﬂmin
=— 6
B PLGiG, (6)

Because generally P,oise < Py, we have 8 < 1. For a “typ-
ical” drone-to-drone application, it is estimated that 8 <
10710 = —100 dB.

Assuming that H;_;(¢, v) is Rayleigh distributed [8], then
[|H;—;(t, v)||? is exponentially distributed with a mean of 1
and Eq. (5) becomes

fr)y=e 7 (7)

The distance function in Eq. (7) is commonly considered in
the literature with r. = 1 m for wireless networks [19], while
it also appears in studies on the properties of data sets and of
machine learning algorithms [8] in highly dimensional RGGs.
It is convenient to rewrite Eq. (7) with respect to the maximum
allowed distance ry, as derived for the case without multipath
fading, using Egs. (3) and (6):

fy=e G, @®)
for which lim, _, o, f(r) = 1,-,, and f(ry) = 1 ~ 0.3678.

e

Figure 2 illustrates the distance function f(r) for different
values of y in terms of the normalized distance, defined as the
ratio of the distance r over the maximum allowed distance
ro. A wider value range of y than [2,6.5] is considered to
understand the behavior of the distance function f(r) for all
real, positive numbers. Figure 2 exemplifies that for a given
y, the distance function f(r) reduces with distance r. Further-
more, the distance function f(r) increases in y for r < ry but
decreases in y for r > ry since with a higher y, the received
signal power P, ;; attenuates more quickly over distance r.

III. LINK DENSITY IN D DIMENSIONS

We define the link density p = % as the ratio of the

expected number E[L] of links over tﬁe maximum possible
number Ly, = v (12 D of links in an undirected graph. In this
section, we derive the link density of a RGG in a rectangular
hyperprism in D dimensions and provide an approximation to

the link density in a hypercube.

A. Link density analysis

The number of links L[{R}] in a RGG with nodal positions
(R} = {r1, r2,---ry}inspace V e RP is given by [12]

N N
LURN =Y Y fUri—rD,

i=1 j=i+l

where f(-) is the function generating an RGG with N. The
expected number of links E[L] is given by

ElL] = / Pr [(RYILURIIAIRY],
14

where Pr[{R}] = gy, ,....ry) (X1, - - -, xn) is the probability den-
sity function (pdf) of the position of the set of nodes, given by

Pr[{R}]:dPr[rlgxl"" ry < xy]

)

dx1 cee de
resulting in
E[L] = / dry---dry gy e iy (T, -
1%

N N
XYY fUri—=riD. ©)

i=1 j=i+l

JTN)

We can proceed further if we assume independence in nodal
positions, i.e., Prlr; <xi,--,ry <ayl = ]_[” | Pr[r, <
X,], with corresponding pdf

N
v =[] g ).

n=1

g{rl,m,rN}(xls e

Then, the expected number of links in Eq. (9) reduces to

EIL] = /Hdrngrnmz S fr— )

i=1 j=i+1

N
Z Z /drl/dr/gr,(rz)gr,(";)f(Vz—r/|)'

i=1 j=i+1
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Assuming identical distributions Pr[r, < x] = Pr[r < x] and
a same pdf g, (x) = g,(x) for any node n € N, the corre-
sponding link density p is

E[L]
Lmax

p= = /VdCI/‘;dS gr(q)gr(s) f(lg —sD. (10

When the nodes are placed uniformly at random inside
a D-dimensional rectangular hyperprism with edge lengths
Z1,Z>, -+ ,Zp and volume v = H?:l Z4, so that g,(x) = %,
the integral in Eq. (10) can be analytically evaluated. Nu-
merical evaluation of the more general expression given in
Eq. (10) is rather straightforward, given that the i.i.d. nodal
location density g, (x) is known. Choosing the uniform density
grx)= % and a square of size Z in 2D, the link density p
for an arbitrary distance function f(r) is derived in Ref. [12].
Appendix A generalizes the link density p to D dimensions
in a rectangular hyperprism. Because in Cartesian coordinates
the distance between nodes r; and r; is given by |r; — r;|* =
> (1, — ;)% we denote f(|r; — r;]) = h(lr; — rj|*) to
simplify the notation and Eq. (10) becomes

Z w2z —ug) (L
p=2D[) dul'-'/o d“DH%h Z”Z )
d

d=1 d=1
1D
where u; is the location variable in dimension d. The ana-
lytical derivation of Eq. (11) with D = 2 for general distance
function f(r) = h(r?) is presented in Appendix A. Analytical
derivation of Eq. (11) in higher dimensions D > 2 is cumber-
some.

Instead of integrating over the positions u; in D dimen-
sions, we can integrate over the distance between two nodes
and Eq. (11) is rewritten as the expectation of the distance
function f(R)

Tmax

p=E[fR)] = f(r)gr(ridr, 12)
where the random variable R € [0, ry.x] of the distance has
pdf gr(r). Even though Egs. (11) and (12) are the same when
nodes are independently placed at random inside a hyper-
prism, Eq. (12) is implicit and assumes the knowledge of the

pdf gr(r).

B. Link density approximation in a hypercube

A number of papers, e.g., Refs. [14,15,19], study the
boundary effects of the considered space on the nodal degree
and connectivity. In this work, the boundary effects are cap-
tured in the derivation of the link density p in Eq. (11). We
approximate here the link density p in Eq. (11) for the case of a
hypercube with Z; = - - - = Zp = Z to study the effects of the
nodes located at the corners of the hyperprism. Assuming that
one vertex of the hypercube is at the origin, we consider a part
of a hypersphere of radius Z and center at the origin, which is
entirely enclosed by the hypercube. Thus, in the 2D space, the
link density psquare-2p in a square is approximated by the link
density peirclesa in a quarter of a circle while in 3D, the link
density peube-3p in a cube is approximated by the link density
Dspheresg i an octant of a sphere. In Appendix B 1 and B2

— or _ - perror—ZD’ Y= 2
§ 8 r 5\\\\\ __perror-3D”Y:2
a NN\ _

5 M I perror—ZD’ Y= 3
5 6 - A
Q: \\ - - perror-SD’ Y= 3
a A\
g4t \
e 4 \
|
£ 2 F \ \
/M AR
0 1 1 = 1
10 10° 10!

Normalized side Z / ro

FIG. 3. Error from approximate solution of link density in
a square and a cube for r, =1m, K=4.65x 1073, and 8 =
—103.3 dB.

we derive the link densities peircle/s and psphere/s, respectively,
leading to

1
Prure2 = / h(Zx)27x — 85 + 26)dx + peroraps (13)
0

1

Peabesd = / I(Z) 4P =672 + 8 — x°)dx + Perrorsb.
0

(14)

where Perror-2p and perror.3p denote the errors introduced by the
approximations in the 2D and 3D spaces, respectively.

Appendix B 3 solves peircless and pypheress for any value of
y of the distance function (7). Comparing the link densities
Deircle/4 and Pgpneress With the exact link densities pquare-2p and
Peube-3p derived from Eq. (11), the errors perror-op and Perror-3p
are determined and shown in Fig. 3.

Figure 3 illustrates that the approximation of the link
density psquare-2p in the 2D space, as shown in Eq. (13),
is more accurate than the link density pcypesp in the 3D
space, as shown in Eq. (14), regardless of y. Indeed, the
partial circle/sphere does not cover the whole area/volume
of the square/cube and thus the nodes located in the dis-
tant corner are neglected. In general, the volume ratio of the
inschibed hypersphere over the hypercube is equal to vp =

%, which is independent of the size Z and rapidly
- bid

tends to zero with D. For example, v, = = 0.7854, v; =

T =0.5236,v4 = 5 = 0.3084, vs = 2 = 0.1644, and vg =

% = 0.0807. In other words, the higher the number of di-
mensions D, the worse the approximation and the larger the
ratio 1 — vp of the neglected “corner” volume. This explains
why the error peror3p is larger than the error perror-2p.
Additionally, Fig. 3 depicts that even though the frac-
tion of the uncovered area/volume is fixed for any Z, the
approximations are accurate when % is greater than about
2 and 2.8, for y =3 and y = 2, respectively. In particu-
lar, the approximations are accurate when the link densities
Dsquare-2D and Peupe-3p are greater than about 0.8 and 0.5, re-

spectively, and regardless of y. Apparently, the corner nodes
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that are neglected from the approximate link densities pcircie/4
and pgheress, have negligible influence on the link densities
Dsquare-2D and peuve-3p, Tespectively, for large Z. Typically,
links involving a corner node are characterized by a large
distance r and, consequently, a small connection probability
that tends to zero for large R. Furthermore, beside the size Z
of the hypercube, the accuracy also depends on y: since the
distance function f(r) decreases in y (for r > ry) the impact
of the corner nodes on the link density is less prominent for
large y.

When the nodes are placed independently and uniformly at
random in a square of size Z, the pdf of the distance between
two nodes gg(r) in Eq. (12) is equal to Ref. [21], for 0 < r <
Z,

2nZ%r — 8Zr% + 213

gr(r) = 7 : (15)
andforZ < r < \/_Z
23 4+ 8Zrr2 =272
gr(r) = Iz
272 (4arcsm( ) -2 - )
+ ~4 . (16)

After the transformation r = Zx, the pircle/s and perror-2p terms
in Eq. (13) are again found, using Egs. (15) and (16) in
Eq. (12), respectively. Therefore, the approximation (13) in-
deed neglects all links between nodes located at the corner
of the square. Similar conclusions apply for any number of
dimensions D.

IV. EVALUATION WITH SIMULATIONS

For the distance function f(r) in Eq. (8), the link density
p in Eq. (11) is simulated and the influence of the path loss
exponent y and of the geometry of the prism in 2D and 3D
is studied. We also show that the link density p is accurately
approximated by a Fréchet distribution We denote the side
ratiow = and the height ratio § = and assume that Z; >
Z, and 21 Z3, implying that 0 < a) land0 <§ < 1.

A. Impact of environment

Figure 4 shows the link density p,p and p3D in the 2D and
3D spaces versus the normalized length (; of side Z; w.r.t.
the maximum allowed distance ry, when varying y. Figure 4
shows that the link density p increases with the loss exponent
y when % is less than a threshold, that depends on the dimen-
sion and prism’s shape and size. For Z; < rp, the majority of
distances between two nodes obeys r < ry and thus the link
density p behaves similarly to the distance function f(r) for
r<r (% < f(r) < 1). When Z, is sufficiently larger than 7y,
the distance between two nodes » can be much greater than ry
and thus the distance function f(r) can take any value between
zero and one. This is also the reason why after a % threshold
value, the link density p behaves the same for any y.

When Z; ~ ry, border effects play a role, as previously
explained. Equation (3) demonstrates that r, decreases with
y and the border effects influence the link density when y
decreases, for a particular value of Z;. However, when Z;
is sufficiently larger than ry, the borders have no impact

1.0 r — y=2
vy=4

o 08
2
a 061
- ©,
g 04
—

02

0.0 [, . ,

101 10° 10!

Normalized side Z1 / ro

FIG. 4. Impact of the path loss exponent y on the link density
p in the 2D and 3D spaces for o« =0.75, § =05, r, =1 m, K =
4.65 x 107, and B = —103.3 dB.

on the link density. Moreover, lim,_,, f(r) = 1,-,, and for
y — oo in Eq. (3), it holds that ry = r.. Thus, the limit of
y — oo in Eq. (11), results in p = 0, due to the restriction
r > r. in wireless networks. Additionally, for Z‘ — 0 the link
density p — 1 because either the distance r between any two
nodes is very small (r — 0), as an effect of Z; — 0, and thus
lim,_,¢ f(r) = 1, or because lim, . f(r) = 1, as a result of
ro > 7.
The link density in Fig. 4 versus x = f—; is fitted by

Py =1—e (77 (17)

where Fx(z) = Pr[X < z] = e (5 1>, is a scaled Fréchet
distribution of r.v. X > 0 and the parameters a € (—00, 00),
b e (0,00), and ¢ € (0, 00) are the location of the minimum,
scale and shape of the Fréchet distribution, respectively. The
values of (asp, bop, cop) and (asp, b3p, c3p) fitting the link
density p curves in the 2D and 3D spaces, respectively, as
shown in Fig. 4, are given in Table I along with their standard
error. The root-mean-square error (RMSE) of each fit is less
than 0.01 and emphasizes the remarkably high accuracy of
the Fréchet approximation (17). The dependence of the fitting
parameters a,b,c on y, w, and §, shown in Appendix C,
highlights that the parameter ¢ &~ D approximately equals the
dimensions D, when the border effects are minimal.

In summary, the Fréchet distribution in Eq. (17) very accu-
rately approximates the link density with a distance function

TABLE 1. Fit values for Eq. (17) with w = 0.75, 6 = 0.5, r, =
1 m,K=4.65x 10, and = —103.3 dB.

% 2 4 10
amp —~1.09 + 0.02 —0.40 + 0.02 0.00 + 0.03
b 2.54 + 0.02 2.05 £ 0.02 1.79 + 0.03
e 2.28 + 0.01 2.18 + 0.02 1.99 + 0.03
asp ~2.00 % 0.02 ~1.27 £ 0.03 —0.29 £ 0.01
bip 3.31 £ 0.03 2.80 + 0.03 1.94 + 0.01
b 3.50 + 0.02 3.62 + 0.03 2.82 + 0.01
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FIG. 5. Link density comparison between the simulation of
Eq. (11) (blue), the fitting of a Fréchet (green) and the polynomial
solution from Egs. (18) and (19) for a square of size Z and y — oo.

fr)y= e for any physically interesting y and all prism
geometries. Therefore, this new insight motivates the use of
Eq. (17), instead of Eq. (11), in applications.

B. Hard RGG in a square and the Fréchet distribution

To motivate the accurate fitting with the Fréchet distri-
bution, we consider the special case of a hard RGG with
lim, _, o f(r) = 1,.,. Then, the link density in Eq. (12) for
a square of size Z is equal to pinrop = Gr(r) = Pr[R < rpl.
Setting x = rZ—U, Eq. (12) leads to, for 0 < ry < Z,

x
Pinfap(X) = — — —— + X" ", (18)

for Z < ro < £2Z,

.X_4 8(x_2 _ 1)3/2

Dinf2p(X) = ——— +

4/x72 -1
5 3 +4vx

1
+4x 2arcsinx — 2+ w)x > + 3 (19)

and for ry > /27, the link density pinrop = 1.

The link density pinr.op can be approximated by a Poisson
point process (PPP), where N nodes are uniformly distributed
in a circle with radius Z. The probability in a PPP to have an
isolated node equals pjso = €~P™"5, where p = % is the node
density. Hence, the probability to have a link is

PrlR< rol =1 — e P,

z.

Because pinrop = Pr[R < rp] we can write using x = =

X 72
Dinf-2D-pPP(X) = 1 — G, (20)

where b = +/N. Thus, pintop-ppp(x) satisfies Eq. (17) with
parameters (0, VN, 2) of the Fréchet distribution.

Figure 5 shows the link density for a square and for
y — 00 as derived (i) via simulations from Eq. (11), (ii)
by fitting Eq. (11) with the Fréchet distribution in Eq. (20),
and (iii) by Eqs. (18) and (19). Figure 5 illustrates that the
Fréchet distribution approximates the link density in Eq. (11)
remarkably well. Specifically, the fit of the Fréchet distribution

0.10 F

2 0.08 |-

o~

()

& 0.06 |

3

5 004 |

=

a 002}
0.00 F

10! 10° 10!
Normalized side Z1 / 1o

FIG. 6. Difference p,p — psp of link density between the 2D and
3D spaces, for different values of y when w =0.75,§ =0.5, r. =
1 m, K =4.65x 107>, and 8 = —103.3 dB.

with parameters (0, 1.65, 2) yields an RMSE of 0.005 and the
difference on a plot is hardly visible. The Fréchet distribution
is only slightly inaccurate when ry ~ Z, which is due to border
effects that are not captured in Eq. (20). Additionally, Fig. 5
shows that the link density in Egs. (18) and (19) are the exact
solutions of Eq. (11). The simplicity of the Fréchet distribu-
tion compared to the complexity of the exact link density (11)
is remarkable and motivates its use in applications.

C. Difference in dimensions

Figure 4 illustrates that the link density psp < pop, re-
gardless of the value of y. We identify three regions for %,
indicated by the encircled numbers in Fig. 4:

(1) pop = psp = 1: the distance between any two nodes is
small enough to provide a link.

(2) pap upper bounds psp: the 3D distance between any
two nodes is always larger than or equal to its projection in
the 2D space.

(3) pp — 0and p3p — O: the distance between any two
nodes is too large to provide a link.

Figure 6 shows the link density difference pp — psp of
the Fréchet approximation (17). The difference p,p — p3p
behaves similarly for any y and it is maximized at around
% = 2.75, which is dependent on the geometry given by w
and §.

D. Impact of shape and volume

The maximum distance between two nodes is

P =2+ 2 = 21+ 2,
3Dmax = le +222 +Z§ = Zl 1 + wz + 82' (21)

For a given value of the side Z; and the side length Z, (and
thus w), an increase of the height Z; (and thus §), reduces
the link density ps3p because the maximum distance r3p max
between two nodes increases, as also shown in Eq. (21).
Figure 7 illustrates the difference p,p — p3p in link density
between the 2D and 3D spaces, which increases with §. For
KL w,eg,w=1and § =0.1, the effect of Z; (and thus
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FIG. 7. Difference p,p — psp of link density between the 2D and
3D spaces for different combinations of w and § when y =2, r. =
1m, K =4.65x 107, and 8 = —103.3 dB.

8) in Eq. (21) becomes negligible and hence p,p — psp ~ 0.
Additionally, an increase of § shifts the maximum difference
P2p — p3p to a smaller % value because the shape of the prism
becomes more symmetrical.

Similarly, based on Eq. (21), when considering a constant
side Z; and height Z; (and thus §), an increase of the side
length Z, (and thus w) increases the size of the rectangle and
prism in the horizontal plane, given by Z; and Z,. Thus, the
maximum distances rop max and 73p max between two nodes in-
crease and hence both the link densities p,p and p3p decrease.
Figure 7 depicts that the difference p,p — psp also decreases
with an increase of w, which implies that p,p reduces faster
than ps3p.

V. APPLICATION TO DRONE NETWORKS

In future telecommunication networks, drones are expected
to provide coverage in a disaster area or when a ground base
station fails or to serve incidental traffic hot spots. When a
swarm of drones is deployed, the drones in the swarm are
expected to communicate with each other to avoid collisions
and exchange necessary information for collaborative tasks.
Thus, any drone should be able to reach any other drone
in the swarm to establish a connected network. While many
studies in literature focus on deploying a swarm of drones to
provide coverage and/or capacity to the access network, the
connectivity among the drones is usually ignored [22,23]. In
this section, the minimum number Np;, of drones that need
to be deployed for a connected network is computed, based
on the link density p. We model the drone network with a
RGG. Because drones can be deployed at the same altitude or
at different altitudes, e.g., for scenarios where both terrestrial
users and users in high-rise buildings are considered, the 2D
and the 3D spaces are considered.

Previously we have shown that the link density p depends
ony, w= %, § = ? as well as on ry and thus on B. To
evaluate the impact of each parameter, we refer to a baseline

TABLE II. Scenario configurations.

Scenario y B w )

So 2 —127 dB 0.75 0.5
S, 4 —127 dB 0.75 0.5
Sg 2 —80 dB 0.75 0.5
So 2 —127 dB 0.1 0.5
Ss 2 —127 dB 0.75 0.1

scenario Sy, which can describe a realistic drone network
and we propose a set of scenarios by unilaterally varying
the parameters of the baseline scenario to an extreme value,
as shown in Table II. We simulate 10* realizations for each
scenario and for each prism’s size Z; and derive the link
density p and the minimum number of nodes Np;,, such that
the network is connected. We measure connectivity via the
giant component size, which equals the number of nodes in
the largest cluster of the network divided by the total number
of nodes N in the network. When the giant component size
is equal to 1, the network is connected. The number of nodes
in the largest cluster are found after first creating N clusters,
where the nth cluster contains the nth node. Then, we merge
the clusters that have at least one common node. We repeat the
cluster mergers until no cluster shares a common node with
another cluster. The largest cluster is the one that contains the
most nodes. We regard the network as connected when the
giant component size is greater than or equal to 0.99.

Table II shows the chosen parameters for the considered
scenarios. Scenario Sy describes a network with a good prop-
agation environment (e.g., in high altitude), with a typical
minimum required channel gain § and drones placed in a
space where the horizontal plane is larger than the vertical
plane. In Scenario S, , the propagation environment is worse
(i.e., the path loss exponent y is higher) than the one in Sce-
nario Sy, which can indicate that the drones are flying closer
to the ground where there are many obstacles. The effects
of a higher minimum required channel gain 8 compared to
Scenario Sy are captured in Scenario Sg, implying an increase
of the noise power and/or a reduction of the SNR threshold
and/or a reduction of the transmission power. Scenarios S,
and S capture the impact of the space where the drones are
located. Specifically, in Scenario S, the horizontal plane is
narrower than the vertical plane while in Scenario Ss, the
vertical plane is much narrower than the horizontal plane.

Figure 8 shows the link density p and the minimum number
of nodes N, as derived from simulating the above-mentioned
scenarios. The fitted curves in Fig. 8 are deduced from all sce-
narios and follow a power law Ny, = apb where (azp, bop)
and (asp, bsp) are the fitting parameters with their standard
error, in the 2D and 3D spaces, respectively:

arp = 5.14 + 032, sz =—-1.12+ 004,
asp = 4.35 + 027, b3D = —1.23 £0.04.
The RMSE of the fitting is 2.96 and 2.73 for the 2D and 3D
spaces, respectively.
Figure 8 shows that the minimum number of nodes Ny,

needed for connectivity does not depend on the dimension
D of the space (2D or 3D), but only on the value of the

(22)
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FIG. 8. Minimum number of nodes N, needed for connectivity in respect to the link density p, for the scenarios shown in Table II, as

well as the fitting curves given by Eq. (22).

link density p. However, Fig. 8 also shows that the minimum
number of nodes Ny, needed for connectivity can vary per
scenario when the link density is less than about 0.5. For
example, when comparing Scenarios Sy and S,, we observe
that a reduction of the parameter w from 0.75 to 0.1, increases
the minimum number of nodes Npi, by about 10, when the
link density is equal to 0.2. Also, for link density p > 0.7,
the fitted curves are overestimating the minimum number of
nodes Npin. Therefore, we can conclude that Eq. (22) provides
arough approximation of the minimum number of nodes Npy;y-

VI. CONCLUSIONS

We have computed the link density in D-dimensional
RGGs, generated by a general distance function f(r) and
we have demonstrated its remarkably accurate approximation
by the Fréchet distribution function (17) for any path loss
exponent y and any prism geometry. Also, we indicated that
the link density p,p in the 2D space upper bounds that in
the 3D space, when the same propagation environment and
size of the horizontal plane are considered. Finally, based on
the giant component size, we have found that the minimum
number of nodes Np,;, needed for connectivity is a power law
of the link density p. The above-mentioned insights can be
helpful in applications requiring the deployment of a swarm
of drones. For example, when the size of and the propagation
conditions in a disaster or crowded area that require coverage
or extra capacity are known, Ny, provides an estimation on
the minimum number of drones that should be deployed to
have a connected swarm of drones.

While the Fréchet distribution (17) accurately approxi-
mates the link density p, a method to easily derive the fitting
values for different scenarios is left for further research. Here,
we assumed that the fixed nodes are independent and uni-
formly distributed in the D-dimensional space. In future work,
we will investigate how the node mobility and the spatial
distribution influence the minimum number of nodes Ny,
needed for connectivity. In most wireless networks, the links
are dependent due to interference. Thus, the impact of inter-
ference and potential ways to mitigate interference will also
be addressed.
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APPENDIX A: LINK DENSITY IN A RECTANGULAR
HYPERPRISM

When nodes are placed uniformly at random inside the
prism, the link density p, given by

E[L]

p= qu/ ds g, (q)gr(s) f(lg — s,

max

can be written as

dg [ ds
P=f—/ —fg —sD, (A1)
v UV Jv VU

where ¢ = (x1,x2,...,xp) and s = (y1,y2,...,yp) are the
coordinates of two random nodes and f(|g — s|) is the prob-
ability that two nodes at distance |¢ — s| are connected
by a link. In Cartesian coordinates, the distance |x — y|> =
S (x4 — ya)*. To simplify the notation, we denote A(|x —
y|>) = f(Jx — y|) and the integral in Eq. (A1) becomes

2
/dxl /dyl /de f dyp Zd 1 yd) ]
[Mi-i Z
(A2)
We use symmetry to reduce the 2D-fold integral to a D-fold
integral. We concentrate on the integration over the d dimen-

sion and denote wfl = Zle; ktd Xk — Vi )? that is independent
of dimension d (i.e., of x; and y,),

Z4 Zq D
/ dxd/ dya h| (xa —ya)* + Z(xk — )
0 0
d

k=
k#

Zd Zd
= / dxd/ dyq h[(xd —ya)* + wﬁ]
0 0
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After substitution u; = x4 — y4, where y, is kept constant,
followed by partial integration, we obtain

d Zy
/CM/dWhWﬂW+ZW W2

k;éd

Zt[ D
— 2/ dug (Zg — ug)h| wh + > (v — yi)?
0

k=1
kd

Any other dimension can be treated similarly and the inte-
gral in Eq. (A2) is reduced to the integral

—20/0 duy - /ZD ]_[(Z"_”") (Z )

d=1

(A3)

We can calculate the link density (A3) numerically for any
dimension D and analytically for D = 2,

4 Z 2
D= d duy (Z) —
Prect2D (2122)2/0 M1/O uy (Zy —uy)

X (Zo — ) h(uf + u3). (A4)
: __ 4(patpetpc)
Transformed to polar coordinates preciop = A

where

Z z
PA =/ h(r)rdr/z (Z) — rcos0)(Zs — rsin6)d6,
0 0

Zi arcsin(z%)
DB :/ h(r)rdr/ (Zy — rcos0)
Z 0

2

X (Z, — rsinf)do,

N Z3+Z3 arcsin (ZTZ)
pc Z/ h(r)rdr/ , (Zi—rcost)
Z a

| rccos (7‘ )

X (Zp — rsinf)do.
Solving the f-integrals of pa, pg, and pc separately, with
00) = / (Z) —rcosB)(Z, — rsinf)do

2
= 712,00 + Z1rcosO — Zrrsinf — %COS(29) +c,

where c is an integration constant, leads to the link density in
a rectangle

4
5 (pa + pB + po), (AS)

Z 2Z
with

pA=/ M)[&2
0

Z 77 72
DB =/ h(r)r[L Zir
. 2

2

Z>
—Z,Z, arccos ( ) + 27,/ Zz{|dr,
r

Prect-2D =

r2
—(Z+ Z)r+ 3]dr,

N a4
pc= f h(
z

Z1Zyw — 7% — 72
,)r[%

1

Z; Z
—Z,7Z; arccos (—) — 7,7, arccos (—)

r r
+Zl \/r2

APPENDIX B: LINK DENSITY APPROXIMATION IN A
HYPERCUBE

- =Zp =Z,Eq. (11) becomes

9D rZ z b D
:ﬁf du1~«~/ dup [ [(Z = ua)h| D ug ).
0 0 d=1 d=1

We transform the integral from Cartesian to polar coordinates
using the transformation in [24]. Because the boundaries of
the hypercube are a bit more involved, we consider the integral
over a part of the hypersphere of radius Z and center at the
origin, that is entirely enclosed by the hypercube,

2 /Rh()D"d /gd /gd
3D rreTdr Proc ¢p-1
VAL 0 o 0

D1 d—1
X 1_[ < —rcosgodl_[sm(pj)

d=1 j=1

r2
-Z2+ Zg\/ﬂ -z} - —:|dr.

2

For Z1 = Z2 =

PDcube

PDcircle =

D-2
X (Z—rsm<pD 11_[sm<pj>

j=1
D—1
x [ sin?'~ (B1)
d=1

and provides a lower bound for ppcype 0f the hypercube.

1. Two dimensions

Setting D = 2 and using ¢; = 6 in Eq. (B1), assuming that
the coordinates of the circle with radius Z are given in (r, 9),
we find for the 2D space

4 [ 3
Deirclel4s = —4/ h(")l’di’/ (Z — rcosf)
VAN 0
x (Z — rsin)do. (B2)

Using Eq. (A5) and the transformation r = Zx, Eq. (B2) be-
comes

1
Peircleld = / h(Zx)2rnx — 8x> +2x*)dx.  (B3)
0

2. Three dimensions

In the 3D space, we use ¢; =6 and ¢, = ¢, assuming
that the coordinates of the sphere with radius Z are given in
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FIG. 9. Panels (a), (b), and (c) illustrate the fitting parameters aop, byp, and cyp, respectively, for different values of w and y, while panel

(d) illustrates the RMSE of each fit. Panel (c) is in log-log scale.
(r, 6, ). Using Eq. (B1) we find

8 [* 3
Psphere/8 = —/ h(r)rzdr‘/‘2 sinf(Z — rcos6)do
VAN 0

T
2

X (Z —rcos¢sinf)(Z — rsin¢ sin6)de.

0
(B4)
The ¢-integral becomes
3
/ (Z — rsinf cos¢p)(Z — rsin 0 sin ¢p)d ¢
0
T _, . r2sin% 6
= EZ —2rZsin 0 + (BS)

Substituting Eq. (B5) in Eq. (B4), we get

big

8 % 3
Dsphere/8 = —/ h(r)r2dr/ sinf(Z — rcosf)
VAN 0

2 a2
9
x (%z2 — 2 Zsinf + Slzn )d@.

After substitution of the 6 integral

bid

7 T_, ) r?sin @
sinf(Z — rcos @) EZ —2rZsm9+T do
0

_ nZ3

3w Z3r 7,2 P
r _——

2 4 8

and letting r = Zx, we arrive at

1
Psphere/s = / h(Zx)(dmx* — 6mx® + 8x* — x7)dx.  (B6)
0

3. Formal solution of pp.ce in Eq. (B1) in higher dimensions

Both integrals (B3) and (B6) are of the form

1
Pheicte = / h(Zx)pa(x)dx,
0

where p,(x) = Z?:o a;x’ is a polynomial of degree n in x.
The integral can be elegantly solved if /(z) is an entire func-
tion.? Here, we confine to (z) = ¢~ ¥, which is not an entire
function if y is not an integer. With o« = SR”, the general

2An entire (also called integral) function is a complex function
without singularities in the finite complex plane (see Ref. [25, Chap-
ter VIII]).
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TABLE III. Fit values for parameter c3p.

® ¥ & RMSE
0.1 1.38 £0.05 0.06 +0.03 0.03
0.2 1.62 +£0.11 0.04 +0.05 0.07
0.3 1.85 £0.08 0.01 +0.03 0.05
0.4 2.15+0.04 0.05 +0.01 0.03
0.5 2.48 +0.03 0.13 £ 0.01 0.02
0.6 2.79 £ 0.05 0.21 £0.01 0.03
0.7 2.98 +0.07 0.26 +0.02 0.03
0.8 3.05+0.09 0.27 +0.02 0.04
0.9 3.06 £0.10 0.28 £+ 0.03 0.05
1.0 3.03+0.10 0.27 £ 0.03 0.05

integral above becomes®

n 1
PDircle = Zaj/ e " rldr. (B7)
j=0 70

From the definitions in Refs. [26, 6.5.3,6.5.4], I'(a, z) =
I'(@)[1 — z*y*(a, z)] and Refs. [26, 6.5.29], it follows that

VGRS =1 L ki + k)
A second powerful series is
(a,z)=¢" S E— B9
vimz =e gr(a+1+k) B9

The entire incomplete I" function y*(a, z) is an entire function
so that Egs. (B8) and (B9) converge for all a and all z. With

3We can transform the integral by letting x = ar” and r = () =
1 1 1 1
a vx7,thusdr=a 7 ix?fldx and
Jj+1

1 - a
. o 7 j+1
—ar?
/ e " rldr = / ex'v ldx.
0 Y Jo

The right-hand side integral can be written in terms of the incom-
plete T integral is I'(a,z) = fzoo e~*x"'dx, which is not an entire
function.

this preparation, we return to the integral (B7) and find, after
Taylor expansion of the exponential and invoking Eq. (BS),

(—a)

Z Zk‘(]—i—l—ﬂ/k)
1< *<j+1 ) <j+1>
=—Za]~y ol — ).
Y5 v 14

The other series (B9) leads to

PbDcircle =

00 r J+l
Pbcircle = —— Za/ Z +1( ) Olk.
(S +1+k)
Using r(lf(t;”) = ]_[;”;01 (x 4 1) then results into a factorial se-

ries (see, e.g., Ref. [27]),

Ot
PDcircle = €~ E E s
k 0

= (5 +1)

that converges for all «.

APPENDIX C: FRECHET FITTING OF THE LINK
DENSITY

The highly accurate Fréchet distribution for the link den-
sity,

p)=1-e (57,

has parameters a, b, ¢, that depend upon the path loss expo-
nent y and the prism geometry.

For the 2D space, Fig. 9 shows the influence of the path
loss exponent y on the ﬁtting parameters (axp, bop, C2p)
for different values of w = Z In particular, Fig. 9 shows
that —1.5 < ap <0, 1<b2D<3 and 1 < ¢p < 3. Also,
for a given w and y it holds |Z§g| < 0.5. Additionally, the
plot of cp versus the path loss exponent y in Fig. 9(c)
roughly illustrates two regimes for o < 0.3 and for w >
0.3. The lower values of w < 0.3 indicate the convergence
of the 2D space toward the 1D space in which the link
density p is more confined by the border effects. Hence,
the Fréchet fitting is slightly less accurate for @ < 0.3 than
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FIG. 10. Fitting parameters (asp, b3p, c3p) for different values of w and § and for y = 5.
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for higher values of @ > 0.3 and reflected by the RMSE
in Fig. 9(d), although the maximum RMSE <0.01 is still
very low.

The parameter c;p represents the shape of the Fréchet
distribution and Fig. 9(c) exhibits that the parameter c;p fol-
lows closely a power law cop(y) = ¥y 5. The values and
the standard error of the fitting parameters (v, &) and the
RMSE of each fitting are given in Table III. Additionally,
Fig. 9(c) illustrates that for @ > 0.3, the parameter c;p > 2
and approaches ¢, — 2 for higher values of y, because of the
minimal border effects as explained in Sec. III B. Generally,

when the border effects are minimal, the parameter c;p is
approximately equal to the dimensions D = 2.

A similar analysis for the 3D space in Fig. 10 illustrates the
dependence of (asp, bsp, c3p) on § = % for y = 5. Similarly
to the 2D space, the parameter c3p is approximately equal
to the dimensions D = 3 for graphs where the border effects
are minimal, i.e., for large w, 6 and y. Additionally, when
® — 0 and for large § (to minimize the border effects) the
3D space reduces to the 2D space and thus c3p = cop & 2.
Due to symmetry, when 6 — 0 and for large o, it again holds
c3p N cop R 2.
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