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SUMMARY
Amplitude-preserving data processing is an im
fields. The amplitude-variation details in sc
amplitude variation is directly related with
istics. We propose a novel seismic nois

ic in many scientific
important because the

resenting spatially correlative seismic data
y which the random noise is distinguished
from the useful energy by the hig nomial coefficients. The seismic energy is
the most correlative alg
the flattening operator for creating the flattened

jed subsequently. The flattening operator is created

fve trace continuation and OPT can well preserve the strong
eismic data. In order to obtain a robust slope estimation perfor-

ost significant steps in the
aging workflow. It has great

. 2016; Xue et al., 2016b; Asgedom et al., 2017,
Zhang et al., 2017; Chen, 2018).

In the pasMeveral decades, a large number of algorithms have
been developed for seismic noise attenuation. Stacking the seis-
mic data along the spatial directions, for example, the offset direc-
tion, can enhance the energy of spatially coherent useful waveform
signals as well as mitigate the spatially incoherent random noise
(Liu et al., 2009a; Xie et al., 2016; Wu & Bai, 2018c). One of
the commonly used state-of-the-art algorithms is the prediction-
based method, including —x predictive filtering (Abma & Claer-
bout, 1995), f~x deconvolution (Canales, 1984), the polynomial

© The Author(s) 2018. Published by Oxford University Press on behalf of The Royal Astronomical Society.

fitting based approach (Liu ef al., 2011) and non-stationary pre-
dictive filtering (Liu et al., 2012; Liu & Chen, 2013). This type
of methods utilize the predictive property of useful signals along
spatial direction to create a regression-like model for distinguishing
between signal and noise.

Another type of commonly used methods are based on data de-
composition. This type of methods assume that noisy seismic data
can be decomposed into different components where signal and
noise are separated based on their frequency difference or morpho-
logical difference (Huang et al., 2017). Empirical mode decomposi-
tion (EMD; Huang et al. 1998; Chen 2016) and its improved version,
for example, ensemble empirical mode decomposition (EEMD; Wu
& Huang 2009), complete ensemble empirical mode decomposition
(CEEMD; Colominas et al. 2012;), have been used intensively for
reducing the noise in seismic data (Chen et al., 2016a) . Variational
mode decomposition was proposed by Dragomiretskiy & Zosso
(2014) for substituting EMD because of its explicit control on the
decomposition performance. It has been utilized for noise attenu-
ation in Liu et al. (2017) and for time-frequency analysis by Liu
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Figure 1. Trace prediction for clean data. (a) Reference trac
field. (c) Predicted gather from the reference trace. (d) Fla;
predicting the reference trace from each trace in Fig. (

Fig. (a).

ing can be applied to reject
those s at correspond to noise, which

is fo sform from the thresholded coeffi-
cients hen, 2017). This type of methods are
closely ¢ compressive sensing paradigm (Lorenzi
etal., 2016) sed sparse transforms are Fourier transform,

curvelet transfo andes et al., 2006; Herrmann et al., 2007; Her-
rmann & Hennenfent, 2008); Wang et al., 2011; Zu et al., 2017),
seislet transform (Fomel & Liu, 2010; Chen & Fomel, 2015a; Gan
et al., 2015a; Gan et al., 2015b), shearlet transform (Kong ef al.,
2016), Radon transform (Foster & Mosher, 1992) and a variety of
sparse wavelet transforms (Mousavi & Langston, 2016b; Anvari
et al., 2017), for example, synchrosqueezing (Daubechies et al.,
2011; Mousavi et al., 2016; Mousavi & Langston, 2016a, 2017)
or empirical wavelet transforms (Liu et al., 2016b), etc. Recently,
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Figure 3. (a) Curved events. (b) Flattened events by predicting the first trace
from each trace in (a). Note that during trace prediction, the amplitude is
well preserved.
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jvely learned from the data itself, instead
ional transforms.

jon methods are one of the most effective methods in
ocessing community, which includes the Cadzow
, 2008), singular spectrum analysis (SSA) (Vau-
tard et al., 1992; Wu & Bai, 2018a; Zhou et al., 2018), damped
SSA (Chen et al., 2016b; Zhang et al., 2016a,b), and multistep
SSA (Zhang et al. , 2016c). There are two least-squares projec-
tion step in the damped SSA method. The first step can be con-
sidered as a rank reduction method while the second step can
be interpreted as a compensation step for the non-optimal perfor-
mance of the rank-reduction method, that is, the approximated signal
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Time (s)

Time (s)

Slope of Noisy d
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Plane-wave orthogonal polynomial transform

isy data. (c) Slope calculated from the clean data using PWD algorithm. (d) Slope calculated from the

subspace in the traditional rank-reduction framework is a mixture of
both signal and noise subspaces. From a different aspect, Xue et al.
(2016a) proposed a rank-increasing method for iteratively estimat-
ing the spike-like noise instead of estimating signals in deblending
of simultaneous-source data (Zu et al. , 2016a,b; Bai & Wu, 2017;
Zhou & Han, 2018; Wu & Bai, 2018d; Bai et al., 2018a,b).

Mean and median filters utilize the statistical difference between
signal and noise to reject the Gaussian white noise or impulsive
noise (Liu et al., 2009b; Liu, 2013). In addition to these classic
noise attenuation methods, some advanced denoising methods have
been proposed in recent years. Time-frequency peak filtering (Ka-
hoo & Siahkoohi , 2009; Lin et al., 2013, 2015) based approaches
utilize the high-resolution property of time-frequency transform
to distinguish between useful signals and random noise. Instead
of developing a standalone denoising strategy, Chen & Fomel
(2015b) proposed a two-step denoising approach that tries to solve a
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thogonalization, Chen
coherent signals fro

backbone features we need to keep in
mind when 8 o a new denoising algorithm. In this paper, we
are solving the s problem that is often neglected in traditional
seismic data processing by proposing the plane-wave orthogonal
polynomial transform (OPT) method. Here we want to clarify that
the amplitude variation we mention here refers to strong amplitude
variation, not simply the edge details or weak signals that are often
mentioned in the literature. We first introduce the basic knowledge of
the OPT, which is the key component that brings us the amplitude-
preserving capability in the proposed framework. We then intro-
duce the theory of plane-wave trace continuation that is used for
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flattening the seismic events without damaging the amplitude in-
formation. We show that both plane-wave trace continuation and
OPT can well preserve the amplitude variation details in the seis-
mic data, which accounts for the superb performance of preserving
the amplitude details in the real data applications. Considering the
strong influence of the slope estimation to the plane-wave flattening,
we introduce a robust slope estimation method that can substitute
the traditional plane-wave destruction (PWD; Fomel 2002) based
methods in the presence of strong noise. A group of synthetic, pre-
stack and post-stack field seismic data are used for demonstrating
the performance of the proposed framework.

2 THEORY

2.1 Orthogonal polynomial transform

In a seismic profile, the amplitude of time 7 and space x can be
expressed as:

M—1

At,x) =) Ci(0P; ), 0]

Jj=0
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, 1, M — 1} is aset of orthogonal polynomials
and M 1 ber of basis functions and {C(¢), /=0, 1,2, , M
—l}isa oefficients. The P;(x) is a unit basis function that
satisfies the condition:

Pi(x) Pi(x) = &;j, @

where 8; denotes the Kronecker delta. The spectrum defined by
C;(?) denotes the energy distribution of the /—x domain data in the
orthogonal polynomials transform domain. Besides, the low-order
coefficients represent the effective energy and the high-order coef-
ficients represent the random noise energy. We provide a detailed

Plane-wave orthogonal polynomial transform 2211
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where [ - 17 denotes matrix transpose. In this paper, we choose M =
20, which indicates that we select 20 orthogonal polynomial basis
function to represent the seismic data. Hence, inverting equation
PP is simply inverting a 20 x 20 matrix and is computationally
efficient.

In the OPT method, we need to define the order of coefficients
we want to preserve, the process of which corresponds to applying
a mask operator to the orthogonal polynomial coefficients. Mask

Offset (m) Offset (m)
400 600 800 400 600

Time (s)
Time (s)

(a)

Offset (m)
400 600

——————————
Zoomed A (OPT)

omd A (KL)
(c) ()

ure 10. Zoomed frame box A from Fig. 8. (a) Zoomed noisy field data.
b) Zoomed filtered data using EMD method. (c) Zoomed filtered data using
KL method. (d) Zoomed filtered data using the proposed method.

operator can be chosen to preserve low-order coefficients and reject
high-order coefficients. It takes the following form:

Ci(t)for j<rt
0 for j>rt

M(Cj(1) = { , ®)

where M denotes the mask operator, Cj(#) denotes the orthogonal
polynomial coefficients at time 7 and order ;. T denotes a threshold
for coefficients rejection. In this paper, we chose T = 2.

The coefficients after applying the mask operator 5 become

C = M.(C). (0)
The useful signals can be reconstructed by
A =Cp, @)

where A denotes the denoised data.

2.2 Plane-wave trace continuation

In this section, we will derive a plane-wave flattening operator so
that the seismic data can be flattened locally and the OPT can then
be applied to the flattened gather.

The key question here is how to map the curved events into flat-
tened events. We do the data mapping by a recursively predicting
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Figure 11. Zoomed frame box B from Fig. 8.

how we predict traces fol-
ich we call plane-wave trace

cat the first trace in the gather as the
the gather, we need to predict the first
aces and arrange them together. In a brief
, predicting the first trace from the jth (j # 1)

d =P,Ps,---P;;_,d;, (8)

where P, , denotes a prediction operator to predict trace d, from
trace d,. Specifically, P, ,_; denotes the prediction between two
traces from right to left. In the inverse process, the jth trace can be
predicted in a similar recursive formula from left to right:

dj =Pj—l.j "'P2,3P1,2d1~ (9)

Plane-wave orthogonal polynomial transform 2213
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Figure 12. Zoomed frame box C from Fig. 8. (a) Zoomed noisy field data.
(b) Zoomed filtered data using EMD method. (c) Zoomed filtered data using
KL method. (d) Zoomed filtered data using the proposed method.

Predicting from the jth trace to (f + 1)th trace (or from the (j +
1)th trace to jth trace) requires solving the plane-wave equation:

ou du

—4+o0— =0, (10)
dx at

where u(?, x) is the seismic record and o is local slope. In the case
of the constant local slope, eq. (10) has the following solution:

u(t,x) = f(t — o), (In

where fis the waveform function. In the variable-slope case, we can
solve eq. (10) by discretizing it. Let u} denote u(vAz, pAx), and
then we obtain:

)+1 )
.117-:—1 - “7;“ ”1,);+1 —u,
2Ax 2Ax (12)
+1 41 )
+O_v u;‘H B u.'lj"*'l + u;+ B u; -0
P 2At 2At '

Rearranging the terms in eq. (12), we get

1 U; v+1 1 6;) v+1
(Ax+At>”P+‘+ Ax T ac)t T
(13)
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Offset (m)
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o
from the first trace in a gather, and predict each trace in the gather
from the first trace, following a given local slope field. Fig. 1(a)

shows the initial status of the trace prediction process, where only o

the first trace is shown. Following the slope field shown in Fig. 1(b),
we can predict a complete gather from the first trace using the plane-
wave equation. The complete gather is shown in Fig. 1(c). Itis clear Figure 15. Local slope estimation of the pre-stack field data.
that the morphology of the predicted gather is consistent with the
local slope shown in Fig. 1(b). Fig. 1(d) shows a flattened gather

Local slope
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from the curved events shown in Fig. 1(c). We flatten the events by
predicting the first trace from each trace shown in Fig. 1(c). For a
clear view of the first trace, we plot it in Fig. 1(e).

We then show an example in the presence of random noise. The
noisy data is simulated with d = s + n, where s is signal, that is, the
solution to a wave equation in some random medium. The signal
has a certain mean and variance, and a certain spatial and temporal
correlation structure. n is the noise, for which, presumably the
expectation (n) is zero. The overall spatial variance of the noise is a
certain number, and its covariance with the signal is zero. The noise
is distributed in the 2-D plane following a Gaussjan rule and has no
spatial correlation. Fig. 2(a) shows the noi

slope field shown in 2(b), we predict
first trace, and show the gather in Jao.

trace prediction can prese in th&arting trace
We then use anoth plitude preserv-
ing feature of the ) i shows a complete

gather containin

estimation

actor in plane-wave OPT is the local slope cal-
racy of the slope estimation affects performance
operation and the following OPT. In this part, we

(15)

_a _ _E o[ Fou)

W B [Hoe[Full (1)

where Hpy is frequency response function of the partial derivative in
the x direction, and Hpr is frequency response function of the partial
derivative in the ¢ direction. F, and F; denote the Fourier transform
along the x and ¢ directions, respectively. It can be straightforwardly
derived that

)
B Hi(u) '

where #, (u) denotes the Hilbert transform of « along x direction
and H,(u) denotes the Hilbert transform of « along # direction.
Fig. 4 shows a slope calculation test. We calculate the slope from
the noisy data using the traditional PWD method and the robust
slope calculation method, respectively. As a comparison, an accu-
rate slope estimation from the clean data using the PWD algorithm
is used to evaluate the robustness of different slope estimation ap-
proaches in the case of noise. Fig. 4(a) shows the clean data, and
Fig. 4(c) shows the slope estimated from the clean data using the
PWD algorithm, which is deemed to be the accurate slope. Fig. 4(b)
shows the noisy data by adding some Gaussian white noise. Fig. 4(d)
shows the slope calculated using the robust slope estimation. It is
salient that the slope estimated from the noisy data is fairly close to

(17)
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Figure 18. First post-stack field data example. (a) Field data. (b) Filtered ¢
the proposed method.

the accurate slope field. However, using the traditional PWD algo
rithm, it is difficult to obtain an acceptable slope estimatjg

to obtain robust slope estimation performance
of strong random noise.

It is worth mentioning that, by eq
consider the spatial gradient of amy
spatial amplitude change (e.g.
estimation method also works,

2.4 Plane thogonal polynomial transform

We have introd: 1n detail the theory of plane-wave trace contin-
uation, that is, how we predict an arbitrary trace in a seismic gather
from a random starting trace. We have shown that by discretizing
the plane-wave equation, we can derive the spatial trace contin-
uation relation, which can be used for trace prediction. We have
presented that during trace continuation, the amplitude of seismic
waveforms can be well preserved. Regarding the slope estimation,
which is an important factor in the plane-wave trace continuation
operator, we introduce the robust slope estimation approach. We

Depth (m)
3000 2500 2000 1500 1000

Depth (m)
3000 2500 2000 1500 1000

tered data using KL method. (d) Filtered data using

at the robust slope estimation approach can obtain ro-
slope estimation in the presence of strong noise. Considering
¢ amplitude-preserving capability of the OPT in a flattened dimen-
on, we can cascade the plane-wave trace continuation operator and
the OPT together to obtain a twofolds amplitude-preserving perfor-
mance during a complete workflow. Thus, we name the cascaded
framework as the plane-wave OPT. The complete framework for
noise attenuation using the plane-wave OPT is shown in Algorithm
1.

Algorithm 1 Plane-wave OPT

Input: Noisy data D. Order of coefficients to be preserved 7.
Output: Denoised data D.

: Forward plane-wave flattening: D=PWF(D)

: Forward OPT: C = OPT(D)

. Mask: C = M(C, )

. Inverse OPT: D=IOPT(C)

: Inverse plane-wave flattening: D=IPWF(15)

[ N S R N R

The forward OPT corresponds to inverting P (PP)~!. The in-
verse OPT corresponds to multiplying the orthogonal polynomial
coefficients by P. In Algorithm 1, the detailed implementations of
the forward plane-wave flattening operator and the inverse plane-
wave flattening operator are shown in Algorithms 2 and 3, respec-
tively.

In Algorithms 2 and 3, note that N denotes the number of spatial
traces. 1 and —1 in the operator PWTC() denote predicting from a
trace to the first trace and predicting the first trace to another trace,
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the proposed method.

Algorithm 2 Plane-wave flattening

Input: Matrix containing curved events D.
Output: Matrix containing flattened events D.
Setting the first trace as the reference tra
1. forn=1,---, N do
2: Predict the first trace: ﬁ(n)
3: end for

ZPWTC(D(n), —1)

i) denote the ith column (or trace) in the

3 EXAMPLES

The first example is a synthetic example, as shown in Fig. 5. We
apply the Karhunen—Lo¢ve (KL) filtering method (Jones & Levy,
1987) and the proposed method to a flattened data set with strong
amplitude variation. Fig. 5(a) shows the clean data and Fig. 5(d)
shows the noisy data. Figs 5(b) and (c) show the denoised data us-
ing the KL filtering method and the proposed method, respectively.

Filtered data using KL method. (d) Filtered data using

and (f) show the removed random noise using two ap-
es. We can observe clearly from Figs 5(b) and (c) that the KL
filtering causes significant damages to the events, while the proposed
method preserves the amplitude-variation details successfully.

In order to compare the amplitude between different seismic
profiles in detail, we compare the amplitude for a single trace from
each section shown in Fig. 5. The trace is chosen as the 20th trace
in each section of Fig. 5. The comparison is presented in Fig. 6. A
zoom-in comparison is shown in Fig. 6(b). The black line is from
the clean data. The red line is from the noisy data. The blue line
corresponds to the KL method. The green line corresponds to the
proposed method. It is apparent that the green line is very close
to the black line while the blue line deviates from the black line
too much in most areas. This trace amplitude comparison further
confirms the superior performance of the proposed algorithm.

In order to numerically compare the denoising performance, we
use the commonly used signal-to-noise ratio (SNR) defined as fol-
lows to quantitatively measure the performance (Chen & Fomel,
2015b):

2
lIsll

SNR = 101log,, Is— s8I

(18)
where s denotes the noise-free data and § denotes the denoised
data. In addition, to quantitatively measure the noise removal in the
case of no discernable signal damage, we define the metric as the

root-mean-square (RMS),
RMS = [[n||,, 19)

where n denotes the removed noise. Although the amplitude range
varies a lot for different data sets, the RMS metric provides us a
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Figure 20. Denoising comparison for the second post-stack field data. (a
Filtered data using SSA. (d) Filtered data using the proposed method.
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Figure 21. arison for the second post-stack field data. (a) Re-
moved noise ust redictive filtering. (b) Removed noise using SSA.
(c) Removed noise Using the proposed method.

quantitative way to evaluate the noise removal performance for one
specific data set among different denoising methods, for example,
how much better method A performs than method B.

In order to compare the performance of two methods in different
noise level, we increase the variance of noise from 0.1 to 1.0, and
calculate the SNRs of denoised data of both methods and show

a. (b) Filtered data using f~x predictive filtering. (c)

le 1. To see the varied SNRs more vividly, we plot
data from Table 1 in Fig. 7. The black line shows the SNRs
rying with input noise variances. The red line shows the SNRs
rresponding to the KL method. The blue line shows the SNRs of
the OPT method. It is obvious that both methods obtain large SNR
improvement for all noise levels and the SNRs of the OPT method
are always higher than the KL method. We can also observe clearly
that the difference between the proposed OPT method and the KL
method increases as noise variance becomes larger, which indicates
that the proposed method outperforms the KL method more when
the seismic data becomes noisier.

For computational cost comparison, the KL method takes 0.62 s
for processing the data shown in Fig. 5(d) while the proposed algo-
rithm takes 0.01 s. The data contains 151 samples and 61 traces. The
computation is done on a PC station equipped with an Intel Core i7
CPU clocked at 3.1 GHz and 16 GB of RAM. Note that both KL and
OPT methods require the events to be flattened in order to obtain
the best performance, thus we only compare the cost difference in
the filtering stage.

The second example is a pre-stack field data example. Fig. 8(a)
shows the original data. Figs 8(b)—(d) show the denoised data using
EMD method, KL method and the proposed method, respectively.
Fig. 9 shows the removed noise sections using three approaches.
Fig. 9(a) shows that some low-frequency energy is damaged while
Fig. 9(c) shows that the removed noise is stronger. In this exam-
ple, the calculated RMSs for Figs 9(a)—(c) are 389.49, 449.22
and 506.26, respectively. Thus, the proposed method removes
12.7 per cent more noise than the KL method and 30.0 per cent more
noise than the EMD method.
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Figure 23. Comparison of local similarity between denoised data and removed noise. (a) Local similarity using f~x predictive filtering. (b) Local similarity
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Figure 24. Comparisons of the average spectrum of all the traces. The black
line denotes the average spectrum of raw data. The green line corresponds to
the proposed approach. The red line corresponds to f/~x predictive filtering
method. The blue line corresponds to the SSA method.

In order to comprehensively compare three different approaches,
we zoomed four frame boxes (A, B, C and D) to show the detailed
difference. Fig. 10 shows the comparison from frame box A. It is
obvious that the KL approach causes some residual noise while
EMD and OPT approaches obtain good results, more careful ob-
servation can show that the proposed method can obtain a more
coherent image. Fig. 11 shows the comparison for frame box B. It is
obvious that OPT method obtains the cleanest result. Fig. 12 shows
the comparison for frame box C. It is still obvious that OPT method
can make the events more coherent and more importantly, presex
the amplitude-variation-with-offsets details well. Fig. 13 shows tf!
comparison for frame box D. Both Figs 13(b) and (c) show obviou

zero amplitude in the zoomed section.
For this example, we also demonstrate the plg
process in Fig. 14. Fig. 14(b) shows the flatt

almost zero everywhere,
flattening process does
slope estimated fro:
parison between di
A zoomed co i

post-stack seismic image shown in
spatial traces and 194 temporal sam-
ples. The s¢ age contains highly curved events and the
amplitude alon events is not continuous, which will make
the seismic interpretation difficult. After using three approaches,
the EMD method, the KL method and the proposed method, the
denoised images are shown in Figs 18(b)—(d), respectively. It is ob-
vious that the proposed OPT based filtering approach can obtain a
well smoothed seismic image with the continuity and the amplitude
of events enhanced greatly. The EMD based approach, however,
cannot effectively smooth the seismic events, and still leaves a lot
of discontinuity in the image. The KL filtering approach obtains a

much better filtering performance compared with the EMD based
approach, however, it is not as successful as the performance of the
proposed OPT based approach.

We can find the mechanism that caused the tremendous difference
of denoised images from the comparison in the flattened domain,
as shown in Fig. 19. It is even more obvious that the OPT based
approach obtains a nearly perfect smoothing along the flattened
images (equivalent to along the structure in the original domain).
The EMD based approach can achieve some smoothing, but remains
less continuous than both KL and OPT based approaches. In this
example, the calculated RMSs of removed noise are QQ15 for EMD
method, 0.016 for KL method and 0.019 for the i

the KL method and 25.0 per cent more noi
The next field data example is sh i

ods. For this example, we fu
proposed method with th

lot the F—K spectra of different

y The F—K of the raw data is shown in
F—K spectra corfesponding to different methods are
). Comparing the F—K spectra of different
m of'the raw data, it is easy to find that both

ectrum energy around the edges (large wavenum-
ents). SSA method causes significant damages to useful

¥n this example, we also calculate the local similarity between the
pnoised data and removed noise for different methods. The local
ilarity is an effective way to detect the lost signals in the removed
noise. High local similarity indicates that in the noise section, there
are significantly similar components as the useful signals, that is,
there is lost energy in the noise. The calculation of local similarity
is provided in Appendix B. The local similarity maps for different
methods are shown in Fig. 23, where we can clearly observe the
high similarity anomalies in the f~x predictive filtering and SSA
results. Although there are also some similarity anomalies in the
result from the proposed method, the similarity value is relatively
lower than the other two methods. From this test we conclude that
the proposed method causes less damage to useful energy.

We also plot a comparison of the average spectrum of all the
traces for different data in Fig. 24. The green line corresponds to
the proposed approach. The red line corresponds to f~x predictive
filtering method. The blue line corresponds to the SSA method.
It is quite obvious that the energy preservation of the proposed
method in signal frequency band (20-60 Hz) is quite successful.
The proposed method mitigates more high-frequency noise than
f — x predictive filtering method, which confirms the observation
from Fig. 22. We admit that the high-frequency noise of the pro-
posed method is slightly more than the SSA method. However,
the proposed method preserves more useful energy than the other
two methods in the spectrum. This field data further confirms the
superior performance of the presented algorithm.

In this example, to compare the noise removal performance, we
need to make sure the removed noise sections do not contain dis-
cernable signal energy, as required by the metric defined in eq. (19),
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and have to adjust the parameters for the /~x and SSA methods. The
denoised data and the removed noise sections using the adj
parameters are shown in Fig. 25. In this case, the calculated
for Figs 25(d)—(f) are 0.059, 0.071 and 0.086, respectively. Th
proposed method removes 21.1 per cent more noise than the
method and 38.0 per cent more noise than the f~x

4 CONCLUSIONS
The OPT can be used to effectiv

tion for flattening the
flattening process
to be amplitude

prediction in the
both demonstrated
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TRUCTION OF
TRANSFORMS

enote a set of polynomials, which satisfies
condition:

N
Z Pr(xi)Pi(xi) = 8-

i=0

(AT)

Plane-wave orthogonal polynomial transform 2223
It is known that as polynomials, P;(x;) can be expressed
J
Pi(x) =Y auxf, (A2)

k=0
a;; denotes polynomial coefficients. It is natural that x; can be ex-
pressed based on superposition of different polynomials:

j
x/ = ZﬂjkPk(x)- (A3)

k=0

Based on eqgs (A3) and (A4), jth polynomial can be expressed as
lower order polynomials

j—1
Pi(x;) = {xj - Zﬂjkpk(xi)} /Bjj (A4)
k=0
Get squares of eq. (A3) and ¢ n obtain
Bij = (AS5)
and
N
(A6)

construct the set of polynomials. We
based on eq. (AS), and thus Py = 1/8¢0, then
construct P;. In the same way, we can construct

RPENDIX B: LOCAL SIMILARITY

imilarity between vectors a and b is defined as

e=Jaog (B1)

where o denotes dot product, ¢; and ¢, come from two least-squares
minimization problems:

¢, = argmin ||a — Be, |3 (B2)
€]

¢, = argmin ||b — Ac, |13, (B3)
)

where A is a diagonal operator composed of the elements of a
and B is a diagonal operator composed of the elements of b. Note
that in eqs (B1)—~(B3), a, b and ¢ denote vectorized 2-D matrices.
Egs (B2) and (B3) can be solved using shaping regularization with
a local-smoothness constraint:

¢, = [M1+ T(B"B — »31)] "' TB’b, (B4)

¢ = [MI+TATA — 23D 'TA  a, (BS)

where T is a smoothing operator and 1, and X, are two parameters
controlling the physical dimensionality and enabling fast conver-
gence when inversion is implemented iteratively. These two param-
eters can be chosen as A; = ||BB||, and A, = ||ATA|],.
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