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A B S T R A C T

Large eddy simulation (LES) paradigms are used in the present work to predict premixed and partially
premixed turbulent flames with flamelets based thermochemistry and presumed filtered density function
approach for turbulence-chemistry interaction modelling. The combustion model requires a closure for the
scalar dissipation rate of a progress variable, in which a modelling constant must be chosen. The present work
focuses on the computation of the model constant through dynamic procedures based on the scale-similarity
assumption, which requires the application of test-filters. In particular, two test-filtering approaches for LES,
based respectively on an algebraic formulation and a newly proposed differential equation, are tested for
flame configurations at different levels of turbulence, and using block-structured and unstructured meshes.
The analysis shows that the differential filter, unlike the algebraic one, is handled well in situations of
weak turbulence at comparable computational costs. At higher turbulence conditions the outcome looks less
dependent on the test-filter and mesh topology used, although quantitative differences in the behaviour of the
dynamically-computed model constant are still observable and discussed. Further analyses to understand the
behaviour of the two filters are presented in the paper.
1. Introduction

Accurate and cost-effective modelling approaches are required to
aid the design of new-generation gas turbines, able to meet the low-
emissions targets set by the Paris agreement. Computational fluid
dynamics is a powerful tool to predict the complex flow features
within this design process. Among various techniques, LES represents a
viable compromise between affordable computational cost and accurate
prediction of the turbulent flow field. In a LES, only large scales are
resolved, with models to mimic the effect of the small, subgrid scale
(SGS) motions. Since combustion is a small-scale phenomenon [1],
the turbulence-combustion interaction must be modelled in a LES.
Among common closures for turbulent reacting flows in the con-
text of LES there are the artificially thickened flame method [2],
the conditional moment closure [3–6], transported [7–9] and pre-
sumed [10–12] filtered density function (FDF) approaches, and the
flamelet approaches [13–16], of which each has its own advantages
and limitations. A more extensive overview of different modelling
approaches for LES of reacting flows can be found elsewhere [1,17,18].
The present work focuses on a flamelet-based combustion modelling
approach combined with a presumed FDF approach. In this approach,

∗ Corresponding author.
E-mail addresses: g.ferrante@tudelft.nl (G. Ferrante), chenzhi@pku.edu.cn (Z.X. Chen), i.langella@tudelft.nl (I. Langella).

a database of one-dimensional laminar premixed freely-propagating
flames (flamelets) is used to describe all possible thermochemical states
of the mixture. This database is accessed using four controlling vari-
ables, namely a Favre-filtered progress variable, 𝑐, to track the reaction
progress, a mixture fraction, 𝜉, to track the mixedness level, and their
respective subgrid variances 𝜎2𝑐 and 𝜎2𝜉 , whose Favre-filtered transport

equations are directly solved in the LES (e.g. see [19,20]). In this frame-
work, the progress variable SGS scalar dissipation rate (SDR), 𝜀𝑐 , was
shown to be a critical parameter for the correct estimation of 𝜎2𝑐 . This
term represents the unresolved part of the filtered SDR, �̃�𝑐 , defined as:

�̄��̃�𝑐 = 𝜌̃𝑐 (∇𝑐 ⋅ ∇𝑐) + �̄��̃�𝑐 , (1)

where 𝜌 is the mixture density and �̃�𝑐 is the filtered diffusion coefficient
of 𝑐. Overbar and tilde symbols refer respectively to simple and Favre
filtered operations. Models for 𝜀𝑐 are commonly proportional to the SGS
variance and can be written in general form as:

�̃�𝑐 = 𝑓1𝜎
2
𝑐 ∕𝛽𝑐 , (2)

where 𝛽𝑐 is a modelling constant and 𝑓1 is a function that depends on
turbulence and combustion parameters. Past works have shown that
vailable online 27 April 2024
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this function needs to account for the dissipation of both SGS turbulent
and reactive processes and therefore simple approaches such as the
linear-relaxation model are not suitable for this quantity [21]. In the
present study the model originally proposed in [22] and then adapted
for LES in [19–21] is used, and the reader is referred to these works
for further details. The model constant 𝛽𝑐 depends on flame curvature,
diffusion and reaction processes, and is generally scale-dependent. Its
choice is of crucial importance to obtain the correct estimation of SGS
variance. Note that these considerations are generalizable also for other
combustion model constants in different approaches, although they
may signify different processes. Thus, while the use of a static value of
the combustion constant may lead to good results, it requires an accu-
rate preliminary tuning. Furthermore, the value might need to change
in space and time for cases where the aforementioned processes or the
numerical mesh (thus the LES filter) is not homogeneously distributed,
and for such cases a single constant value might not be suitable. Rel-
atively recently, scale similarity assumptions for modelling parameters
such as flame wrinkling and flame surface density have been proposed
and investigated, e.g. see [23–26]. Dynamic models based on the scalar
dissipation rate have been also investigated [19,27]. Although these
models were observed to work on different regimes, the assumption
of scale similarity is arguable for reacting quantities, and it is unclear
whether the application of dynamic modelling leads to correct estima-
tion of the modelling constant. An example was provided in [28], where
it was discussed that on unstructured meshes the classical test-filter
approaches based on Gaussian shapes lead to excessive noise and in-
correct results due to the pseudo-Fourier condition [29]. Nevertheless,
to the best of the authors’ knowledge, a thorough investigation of the
influence of the test filter in dynamic modelling for combustion LES still
does not exist. In the present work we aim to fill this knowledge gap by
investigating different techniques for test filtering, and testing the out-
comes on two different configurations at different levels of turbulence,
in order to evaluate the performance for different turbulent kinetic
energy spectra. In particular, classical test-filtering approaches are com-
pared to the so-called differential filters, where the general test filtered
quantity 𝜙 is obtained through the resolution of a differential equation
rather than the direct application of a Gaussian filter. This class of fil-
ters has been commonly used for non-reacting flows (e.g. see [30]), but
not for reacting cases. In this work we discuss advantages and limita-
tions of these as compared to algebraic approaches from both modelling
and computational cost perspectives, for the case of a flamelets-based
combustion closure where the model constant within the scalar dissi-
pation rate of a progress variable is unknown. The analysis suggests
that algebraic formulations give acceptable predictions at relatively
high turbulence levels, while differential formulation provides good
estimations for a much wider range of conditions and mesh types at
the cost of a relatively marginal increase of computational effort.

The remainder of this paper is organized as follows. In Section 2 the
combustion modelling and the dynamic procedures for the estimation
of the model constant are presented and discussed. In Section 3 the two
selected test cases are introduced, and further details of LES, meshes
and boundary conditions are reported. Results for the two cases are dis-
cussed in Section 4. A further discussion on the numerical approaches
for dynamic modelling is presented in Section 5. Concluding remarks
are provided in Section 6.

2. Modelling

2.1. LES and combustion modelling

The Favre-filtered, density varying Navier–Stokes equations for re-
acting flows are, in Einstein’s notation:

𝜕𝜌
𝜕𝑡

+
𝜕𝜌�̃�𝑗
𝜕𝑥𝑗

= 0 (3)

𝜕𝜌�̃�𝑖 +
𝜕𝜌�̃�𝑖�̃�𝑗 = −

𝜕𝑝
+ 𝜕

(

𝜇
𝜕�̃�𝑗

)

−
𝜕𝜏𝑖𝑗 (4)
2

𝜕𝑡 𝜕𝑥𝑗 𝜕𝑥𝑖 𝜕𝑥𝑗 𝜕𝑥𝑗 𝜕𝑥𝑗
𝜕𝜌ℎ̃
𝜕𝑡

+
𝜕𝜌�̃�𝑗 ℎ̃
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(

𝜌̃𝑇
𝜕ℎ̃
𝜕𝑥𝑗

)

−
𝜕𝜏ℎ
𝜕𝑥𝑗

(5)

In the above equations, 𝑢𝑖 is the velocity component in direction 𝑖,
𝑝 is the modified pressure, 𝜇 is the dynamic viscosity estimated via
Sutherland’s law, 𝑇 is the thermal diffusivity, ℎ is the specific absolute
enthalpy (sum of formation and sensible enthalpies), 𝑥𝑖 is the coordi-
nate in direction 𝑖 and 𝑡 represents time. The Favre-filtered temperature
𝑇 is computed from enthalpy by inverting the following relation:

ℎ = 𝛥ℎ
0
𝑓 + ∫

𝑇

𝑇0
𝐶𝑝,mix(𝑇 ′) 𝑑𝑇 ′ (6)

where 𝐶𝑝,mix and 𝛥ℎ0𝑓 are the specific heat at constant pressure and
he formation enthalpy at 𝑇0 = 298.15 K of the mixture, respectively.
sing the theorem of the integral mean, temperature can be found from
q. (6) as 𝑇 = 𝑇0+(ℎ̃−𝛥ℎ̃0𝑓 )∕𝐶

𝑒𝑓𝑓
𝑝 , where 𝐶𝑒𝑓𝑓𝑝 = ∫ 𝑇𝑇0 𝐶𝑝(𝑇

′)𝑑𝑇 ′∕(𝑇 −𝑇0)
is the mixture effective specific heat capacity at constant pressure. A
low-Mach approximation is used, for which density is computed from
the operative pressure 𝑝𝑟 and from temperature using the equation of
state for ideal gases, 𝑝𝑟 = 𝜌𝑅0𝑇 ∕𝑊 , where 𝑅0 is the universal gas
onstant and 𝑊 is the molar mass of the mixture. All the introduced
hermodynamic quantities, i.e. mixture molecular weight 𝑊 , enthalpy
f formation 𝛥ℎ0𝑓 and effective specific heat 𝐶𝑒𝑓𝑓𝑝 are computed from

1D laminar flamelets, preintegrated and tabulated consistently with the
presumed filtered density function framework explained later in this
section.

The unresolved stress tensor, 𝜏𝑖𝑗 is closed using eddy diffusivity as
𝜏𝑖𝑗 = −2𝜌𝜈𝑠𝑔𝑠

(

𝑆𝑖𝑗 − 𝑆𝑘𝑘𝛿𝑖𝑗∕3
)

, where 𝑆𝑖𝑗 is the Favre-filtered stress

ensor and 𝛿𝑖𝑗 is the Kronecker delta. The subgrid scale (SGS) viscosity
n this equation is closed using a one-equation model as 𝜈𝑠𝑔𝑠 = 𝐶𝑣𝑘1∕2𝛥,
here 𝛥 is the LES filter width (estimated as the cubic root of the local

ell volume in the computation), 𝐶𝑣 ≈ 0.1 is a model constant, and
is the SGS kinetic energy computed using the following transport

quation [31,32]:

𝜕𝜌𝑘
𝜕𝑡

+
𝜕𝜌�̃�𝑗𝑘
𝜕𝑥𝑗

≈ 𝜕
𝜕𝑥𝑗

(

𝜇 𝜕𝑘
𝜕𝑥𝑗

)

+ �̃�𝑖
𝜕(𝜏𝑖𝑗 + 2𝑘𝛿𝑖𝑗∕3)

𝜕𝑥𝑗
−
𝜕𝑓𝑗
𝜕𝑥𝑗

(7)

In the above equation, 𝑓𝑗 = 𝜌(𝑢𝑗𝑢𝑖𝑢𝑖 − �̃�𝑗𝑢𝑖𝑢𝑖)∕2 ≈ 𝐶𝑓 𝜌𝛥
√

𝑘(𝜕𝑘∕𝜕𝑥𝑗 ) is
the turbulent transport of 𝑘 and 𝜖𝑘 ≈ 𝐶𝜖𝜌𝑘3∕2∕𝛥 its SGS dissipation rate.
The values of the model constants are 𝐶𝜖 = 1.048 and 𝐶𝑓 = 0.094.
The pressure-work term was shown to be negligible in the context of
the SGS stress modelling [32] and therefore it is not considered in
the equation for 𝑘. Finally, a gradient hypothesis is assumed for the
unresolved transport of ℎ, i.e. 𝜏ℎ = −(𝜈𝑇 ∕ Pr𝑇 )𝜕ℎ̃∕𝜕𝑥𝑗 .

In order to close the above set of equations, a combustion model
is needed. A flamelet assumption is used in the present work, i.e. the
flame is assumed to be thin enough that the smallest turbulent scales
can only wrinkle and corrugate the flame, without affecting its internal
structure. This way the turbulent flame can be seen as an ensamble of
thin, one-dimensional laminar flames, whose thermochemical structure
can be computed a priori. It was shown in many past works (e.g [33,
34]) that in the context of LES the flamelet assumption holds for a
wide range of combustion regimes, including relatively high Karlovitz
numbers. This is because at high Karlovitz numbers the turbulent
flame can still be seen as an ensamble of locally thin laminar flames
distributed in space, leading to a broad flame brush. In the present
work the thermochemical state is assumed to be dependent only on
the reaction progress and the mixedness level. The latter is estimated
using the Bilger’s mixture fraction [35], whose Favre-filtered transport
equation reads:

𝜕𝜌𝜉
𝜕𝑡

+
𝜕𝜌�̃�𝑗𝜉
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(

𝜌̃𝜉
𝜕𝜉
𝜕𝑥𝑗

)

−
𝜕𝜏𝜉
𝜕𝑥𝑗

(8)

with 𝜏𝜉 representing the SGS transport of 𝜉, which is closed using a
gradient hypothesis as for the enthalpy equation. It is worth noting
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that the diffusivity of 𝜉, 𝜉 , is assumed to be that of species under the
ssumption of unity Lewis number. Despite one of the case investigated
nvolves hydrogen, additional analyses (not shown) using models for
ifferential diffusion [36,37] have shown that differential diffusion
ffects can be neglected for this relatively high turbulence case given
he objectives of the present work, therefore the unity Lewis number
ssumption is retained here for simplicity.

The reaction progress is estimated using a scaled progress variable,
efined as 𝑐 =

∑

𝑌𝑘(𝜉)∕max(
∑

𝑌𝑘(𝜉)), where ∑

𝑌𝑘 is a suitable combi-
nation of species 𝑘 with mass fraction 𝑌𝑘 and max(

∑

𝑌𝑘(𝜉)) refers to the
equilibrium value. Following previous works [20,34,38,39], the sum
of CO2 and CO is used here when the fuel is a hydrocarbon, and the
mass fraction of water vapour is used when the fuel is hydrogen. This
choice guarantees a monotonic behaviour of the progress variable as
the reaction progresses, at least for the cases under investigation, which
is essential for the correct behaviour of the flamelet modelling. In either
cases and in the assumption of unity Lewis number, the Favre-filtered
transport equation for 𝑐 is:

𝜕𝜌𝑐
𝜕𝑡

+
𝜕𝜌�̃�𝑗𝑐
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(

𝜌̃𝑐
𝜕𝑐
𝜕𝑥𝑗

)

−
𝜕𝜏𝑐
𝜕𝑥𝑗

+ �̇�𝑐 (9)

where 𝑐 is the diffusivity of 𝑐, taken equal to 𝜉 under the unity Lewis
number assumption, and 𝜏𝑐 is again closed using a gradient hypothesis.
The last term in the above equation is the filtered reaction rate of 𝑐.
Since the flame in the cases to be investigated in the present work is
not resolved, �̇�𝑐 cannot be directly taken from the laminar solution, as
one has to take into account the SGS wrinkling effect by turbulence.
A filtered density function (FDF) approach is used here to close this
term [18,40]:

�̇�𝑐 (𝑐, 𝜉, 𝜎2𝑐 , 𝜎
2
𝜉 ) = 𝜌∫

1

0 ∫

1

0

�̇�𝑐
𝜌
𝑃 (𝑐, 𝜉; 𝑐, 𝜉, 𝜎2𝑐 , 𝜎

2
𝜉 ) 𝑑𝑐 𝑑𝜉 + �̇�np (10)

where �̇�𝑐 is the reaction rate in Arrhenius form taken from the lam-
inar one-dimensional solution and 𝑃 (𝑐, 𝜉) is the joint FDF of 𝑐 and 𝜉,
whose shape depends on the Favre-filtered values of 𝑐 and 𝜉 and their
respective SGS variances, 𝜎2𝑐 and 𝜎2𝜉 . Following previous works [41–
43], the joint FDF is presumed as the product of two 𝛽 functions,
i.e. 𝑃 (𝑐, 𝜉; 𝑐, 𝜉, 𝜎2𝑐 , 𝜎

2
𝜉 ) ≈ 𝑃𝑐 (𝑐; 𝑐, 𝜎2𝑐 )𝑃𝜉 (𝜉; 𝜉, 𝜎

2
𝜉 ). The above assumption

implies statistical independence at the SGS level of 𝑐 and 𝜉, which was
shown to be satisfactory in the context of LES [18,40,41]. The term
�̇�np, appearing in Eq. (10), is a correction factor to account for the non-
premixed mode contribution in inhomogeneous flows, and is computed
as [44]:

�̇�np ≈ 𝜌𝑐(̃𝜉∇𝜉 ⋅ ∇𝜉 + 𝜀𝜉 )∫

1

0 ∫

1

0

1
𝜓𝑏(𝜉)

𝑑2𝜓𝑏(𝜉)
𝑑𝜉2

𝑃 (𝑐, 𝜉) 𝑑𝑐 𝑑𝜉 (11)

here 𝜓𝑏 is the value of progress variable on the burnt side for each
alue of 𝜉 and 𝜀𝜉 is the SGS scalar dissipation rate (SDR) of 𝜉, which is
odelled using linear relaxation as 𝜀𝜉 = 𝑐𝜉 (𝜈𝑡∕𝛥2)𝜎2𝜉 , with 𝑐𝜉 ≈ 2 [26].

The SGS variances of 𝑐 and 𝜉 are estimated in this work using their
espective transport equations:

𝜕𝜌𝜎2𝜉
𝜕𝑡

+
𝜕𝜌�̃�𝑗𝜎2𝜉
𝜕𝑥𝑗

= ∇ ⋅
[

𝜌
(

̃𝜉 +
𝜈𝑡
𝑆𝑐𝑡

)

∇𝜎2𝜉
]

−2 𝜌 𝜀𝜉 +2 𝜌
𝜈𝑡
𝑆𝑐𝑡

(

∇𝜉 ⋅ ∇𝜉
)

(12)

𝜕𝜌𝜎2𝑐
𝜕𝑡

+
𝜕𝜌�̃�𝑗𝜎2𝑐
𝜕𝑥𝑗

= ∇ ⋅
[

𝜌
(

̃𝑐 +
𝜈𝑡
𝑆𝑐𝑡

)

∇𝜎2𝑐
]

− 2 𝜌 𝜀𝑐 + 2 𝜌
𝜈𝑡
𝑆𝑐𝑡

(∇𝑐 ⋅ ∇𝑐)

+ (�̇�𝑐 𝑐 − �̇�𝑐𝑐) (13)

here the gradient hypothesis for the SGS transport terms is already
ppearing in the equations, 𝑆𝑐𝑡 ≈ 0.7 is the SGS Schmidt number,
nd the last term in Eq. (13) is modelled consistently to Eq. (10). The
ubgrid SDR of 𝑐 in Eq. (13) is modelled with Eq. (2), where 𝑓1 is
omputed as [22,42]

1 =
[

1 − exp
(

−0.75𝛥
)][

(

2𝐾𝑐 − 𝜏𝐶4
) 𝑠𝐿 + 𝐶 ′ 𝜖𝑘

]

(14)
3

𝛿𝑡ℎ 𝛿𝑡ℎ 3 𝑘 t
In the above equation 𝑠𝐿, 𝛿𝑡ℎ and 𝜏 are respectively laminar flame
speed, thermal thickness and heat release factor, and are obtained from
the flamelets. Other parameters are non-tuneable, the reader can find
more information in [20,42].

2.2. Dynamic estimation of model constant

The value of the model constant 𝛽𝑐 in Eq. (2) might vary in space
epending on the local flow conditions. In such cases dynamic ap-
roaches can be used to avoid the fine-tuning of the modelling constant.
ynamic approaches have been employed in LES as an effective method

o model subgrid quantities and are based on the scale similarity as-
umption [45]. These methods have been largely used for non reacting
lows to model the subgrid stress tensor through the knowledge of
he neighbouring smallest resolved scales (Germano’s identity) [46].
he concept of similarity between the smallest resolved scale and
he unresolved scales comes in this case from the argument of the
urbulence cascade within the inertial range of the turbulent kinetic
nergy (TKE) spectrum, and is enforced in the LES by the use of a test
ilter width about twice that of the smallest resolved scale. In case of
eacting flows the application of such procedures is less trivial due to
he energy release by the flame at the small scales. Nevertheless, the
pplicability of scale-similarity was shown to still hold for a number
f different modelling approaches including flame wrinkling, flame
urface density, and scalar dissipation rate [19,25,32,47–50].

A dynamic procedure for the modelling of the subgrid scalar dis-
ipation rate is employed here, following previous works e.g. [19]. By
ndicating the filtered scalar dissipation rate of 𝑐 with �̃�𝑐 ≡ ̃𝑐∇𝑐 ⋅ ∇𝑐 =
̃𝑐∇𝑐 ⋅∇𝑐+𝜀𝑐 , the application of scale similarity to the next (test-filter)
cale reads

𝜌�̃�𝑐 − �̂�
̂̃𝑐∇̂̃𝑐 ⋅ ∇̂̃𝑐 = �̂�𝑓1(𝐪)

𝜎2𝑐
𝛽𝑐

(15)

here 𝑓1(𝐪)𝜎2𝑐 ∕𝛽𝑐 is the functional form used for 𝜀𝑐 , the symbol ⋅̂
ndicates the test-filter operation and 𝐪 ≡ (𝑘, 𝜖𝑘, 𝛥,…) is the entire set
f spatially-varying parameters to which 𝑓1 depends on. By using Ger-
ano’s identity, the left-hand side of above equation can be rewritten

s:

̂𝜌̃𝑐∇𝑐 ⋅ ∇𝑐 +
̂

𝜌𝑓1(𝐪)
𝜎2𝑐
𝛽𝑐

− ̂𝜌̃𝑐∇𝑐 ⋅ ∇𝑐
⎞

⎟

⎟

⎠

+
(

𝜌 ̂̃𝑐∇𝑐 ⋅ ∇𝑐 − �̂�
̂̃𝑐∇̂̃𝑐 ⋅ ∇̂̃𝑐

)

=
̂

𝜌𝑓1(𝐪)
𝜎2𝑐
𝛽𝑐

+
(

̂𝜌̃𝑐∇𝑐 ⋅ ∇𝑐 − �̂�
̂̃𝑐∇̂̃𝑐 ⋅ ∇̂̃𝑐

)

At this point 𝛽𝑐 can be found in two ways. In the first case, one assumes
that it is scale-invariant, i.e. 𝛽𝑐 = 𝛽𝑐 , and the equation can be solved
explicitly as

𝛽𝑐 =
�̂� − 𝑎
𝐿

=
𝜌𝑓1𝜎2𝑐 − �̂�𝑓1𝜎

2
𝑐

�̂� ̂̃∇̂̃𝑐 ⋅ ∇̂̃𝑐 − ̂𝜌̃∇𝑐 ⋅ ∇𝑐
, (16)

where the parameters 𝑏 = �̄�𝑓1𝜎2𝑐 , 𝑎 = �̂�𝑓1𝜎2𝑐 and 𝐿 = �̂� ̂̃∇̂̃𝑐 ⋅ ∇̂̃𝑐 −
̂𝜌̃∇𝑐 ⋅ ∇𝑐 have been introduced for simplicity. On the other hand, the

assumption of scale-invariance might be too restrictive as 𝛽𝑐 was found
in previous studies to actually depend on the filter size, as discussed
earlier. As an alternative, one can relax this assumption by rewriting
Eq. (15) as:

𝛽𝑐 = − 𝑎
𝐿 − 𝑏∕𝛽𝑐

= −
�̂�𝑓1𝜎2𝑐

(

�̂� ̂̃∇̂̃𝑐 ⋅ ∇̂̃𝑐 − ̂𝜌̃∇𝑐 ⋅ ∇𝑐
)

−
̂

𝜌𝑓1(𝐪)
𝜎2𝑐
𝛽𝑐

(17)

The above equation needs an estimation for 𝛽𝑐 on the right-hand side of
he equation, which is usually taken in LES solvers from the previous
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time step or the previous iteration (if more than one per time step).
On the other hand, a minimum number of iterations is required for
the iterative process to converge, which limits the application of this
method.

Another issue related to the applications of Eqs. (16) and (17)
is that a test filter has to be chosen. In the context of non-reactive
simulations with eddy-viscosity type closures it was shown that the
LES filter is similar to a Gaussian filter when the LES is well resolved
(minimal influence of mesh), and approaches a box filter as the mesh
coarsens [45]. The choice of the test filter has of course impact on
the calculation of the 𝛽𝑐 parameter. In the present study an algebraic
and a differential filter are compared. The test-filtering operation on
the general, spatially-varying quantity 𝜙 is described by the following
convolution operation

�̂�(𝑥) = ∫
𝜙(𝑥′) (𝑥 − 𝑥′) 𝑑𝑥′ (18)

where  is the integration volume and  is the test filter function. In the
algebraic case, the test filter is obtained by imposing a shape function
(usually a Gaussian shape) of a certain width, taken to be twice the LES
filter width in the present work. After discretization the above integral
assumes the general form:

𝜙 =
∑

𝑘 𝐴
𝑓
𝑘𝜙

𝑓
𝑘

∑

𝑘 𝐴
𝑓
𝑘

, (19)

where 𝐴𝑓𝑘 are weight coefficients evaluated on the numerical cell
and its surrounding cells. The issue with this formulation is that the
evaluation of both coefficients 𝐴𝑓𝑘 and function values 𝜙𝑓𝑘 is subject
to interpolation errors, which may become particularly relevant on
unstructured meshes [28].

Following [28,51] the convolution within the filtering operation
can be expanded in series of Taylor around the value at point 𝑥.
Without loss of generalities, for the one-dimensional case and assuming
a symmetric filter, this would read as

𝜙(𝑥, 𝑡) = 𝜙(𝑥, 𝑡) + 𝛥2

24
𝜕2

𝜕𝑥2
𝜙(𝑥, 𝑡) + (𝛥4) (20)

Similarities with the Fourier diffusion differential equation can be
noted. Solving this equation directly can however lead to numerical
instabilities (Pseudo Fourier conditions). In the present work it is pro-
posed to solve this equation implicitly in the finite volumes framework
within the time marching integration. In order to do so, the quantity
𝜙(𝑥, 𝑡) can be seen as the solution of the following differential equation:

𝑑𝜙(𝐱, 𝑡)
𝑑𝑡

=
𝛥2𝑥
6𝛥𝑡

∇2𝜙(𝐱, 𝑡). (21)

where 𝛥𝑡 is the LES time step, and 𝛥 = 2𝛥𝑥 has been used, with
𝛥𝑥 = 1∕3 being the LES filter width estimated as the cubic root of the
local cell volume  . Eqs. (20) and (21) are equivalent to the third order
f the latter is solved with an implicit Euler time marching scheme.
he advantage of solving the differential equation is that it can be
mbedded within the finite volume framework therefore minimizing
he noise produced by interpolation errors, at the cost of additional
omputational effort.

. Test cases and numerical details

For the analysis in the present work, two test cases are selected. The
irst, Case A (Fig. 1, left), is the lifted jet flame in hot vitiated coflow
eveloped by Cabra et al. [52]. This setup consists of a central nozzle
ssuing a fuel mixture composed of 25% H2 and 75% N2 in volume. The

bulk velocity of the fuel stream is 107 m/s, allowing for a significant
amount of turbulence to develop in the shear region downstream the
nozzle exit. The hot coflow in this configuration is issued at 1045 K and
is composed of the products of lean H /air flame at an equivalence ratio
4

2 t
of 𝜙 = 0.25 (H2O, O2 and N2). This case is characterized by relatively
igh Reynolds number and a relatively wide turbulent kinetic energy
pectrum.

The second case, Case B (Fig. 1, right), is the lean premixed, bluff-
ody stabilized flame studied in [53]. In this set-up, a low bulk velocity
tream of 5m∕s of methane/air mixture at equivalence ratio 𝜙 = 0.75
nd inlet temperature 𝑇in = 300 K is issued into a cylindrical duct
ith confinement ratio 𝑅out∕𝑅in = 2. The Reynolds number based on

he bluff body diameter 𝐷 = 25 mm is Re = 7950. This configuration
eads to moderate levels of turbulence in the bluff body wake, where a
ecirculation zone is formed, which is ad hoc to compare the ability of
he dynamic models for relatively narrow energy spectrum.

The two cases, summarized in Tables 1–2, are simulated using
n in-house solver developed in OpenFOAM v9, which uses the finite
olume approach and a low-Mach approximation to solve the reacting
avier–Stokes equations along with the four transport equation for the
ontrolling variables discussed in Section 2. The Pressure-Implicit with
plitting Operator (PISO) loop [54] is used for the pressure-velocity
oupling, with a minimum of 5 additional outer iterations per time
tep for the other equations. An implicit Euler scheme is used for time
arching along with a time step ensuring that the CFL number is below
.3 everywhere in the domain. Second order schemes are used for the
patial gradients, with Gamma limiters [55] in the region of the flame
here strong gradients are present. The numerical domains for the two

ases are sketched in Fig. 1.
Two block-structured meshes of 0.9 and 2.6 million hexahedral cells

re generated using Ansys ICEM CFD software and used for cases A and
, respectively. Additionally, case A is also simulated on a tetrahedral
omputational grid of 3.3 million cells to investigate the effects of
he test filter also when an unstructured mesh is in use. Each grid is
efined within the flame region to have a ratio between filter size and
aminar flame thickness of about 1. The Pope criterion is employed [56]
o assess that at least 80% of the total turbulent kinetic energy falls
ithin the resolved scales and ensure a suitable grid resolution. For

his purpose midplane contours of the ratio 𝑘𝑠𝑔𝑠∕(𝐾+𝑘𝑠𝑔𝑠) are shown in
ig. 2, where 𝑘𝑠𝑔𝑠 is the subgrid kinetic energy taken from its transport
quation and 𝐾 is the resolved turbulent kinetic energy. The contour
lots show that the modelled 𝑘𝑠𝑔𝑠 falls below the 20% of the total
urbulent kinetic energy in the regions of interest of the domain, i.e
round the flame. It has to be noted that high values of this ratio
re encountered at the walls, where most of the kinetic energy in
he boundary layer is modelled through wall functions, and in low
urbulence regions of the domain, where both 𝑘𝑠𝑔𝑠 and 𝐾 approach
ero, which also explains the relatively larger values observed for case
(bluff body).
For case A, constant ambient pressure is imposed at the outlet and

t the lateral cylindrical surface, while zero normal gradient condition
s imposed to the other quantities. Constant temperature conditions
re imposed at the jet and coflow inlet according to Table 1, and
constant axial velocity of 3.5 m/s is imposed at the coflow inlet.
synthetic eddies generator [57] is used to impose a time-varying

urbulent velocity profile at the jet inlet. A target mean velocity profile
nd rms velocity profile are imposed according to the measurements
eported in [58–60]. The flame lift-off height was observed to be very
ensitive to the turbulent inlet condition [58] and a value for the
ntegral turbulent length scale 𝑙0 must be accurately chosen. As no
xperimental characterization is available for this quantity, a sensitivity
nalysis was performed and a value of 𝑙0 = 0.07D was selected for the
lock-structured mesh, as it was observed to provide a good represen-
ation of jet spreading, and good agreement with measured averaged
nd rms mixture fraction and velocity profiles. A mesh sensitivity
nalysis (reported in the Appendix Section) and the Pope’s criterion
or turbulent kinetic energy reported in Fig. 2 show that the block-
tructured and the unstructured meshes have similar level of refinement
nd are able to resolve most of the turbulent kinetic energy. However,

he instantaneous velocity conditions produced by the synthetic eddies
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Table 1
Operating conditions of the lifted hydrogen flame case.

𝐷 [mm] 𝑈bulk [m/s] Re 𝑇 [K] 𝑋H2
𝑋O2

𝑋N2
𝑋H2O

Jet 4.57 107 23-600 305 0.25 – 0.7427 –
Coflow 210 3.5 18-600 1045 – 0.1474 0.7534 0.0989
Fig. 1. Sketches and rendering from LES of the piloted jet lifted flame of Cabra et al. [52] (left) and the premixed, low-turbulence bluff-body flame of Dawson et al. [53] (right).
Fig. 2. Pope criterion: ratio of the subgrid kinetic energy 𝑘𝑠𝑔𝑠 (from turbulence model) and total turbulence kinetic energy (𝐾 resolved + modelled).
Table 2
Operating conditions of the bluff body case.

𝑈bulk [m/s] Re 𝑇 [K] 𝜙 𝑋CH4
𝑋O2

𝑋N2

Reactants 5 m/s 7950 300 0.75 0.073 0.194 0.733

generator can be dependent on the selected mesh, also for same values
of the integral length scale. For this reason, to obtain similar turbulent
velocity field (mean and rms velocity) near the nozzle exit 𝑥 = 1D,
where experimental measurements are available, a value of 𝑙0 = 0.05𝐷
was imposed for the unstructured mesh. On the two meshes, the
comparisons between the two test filter strategies, which represent the
objective of the present work, are conducted at the same integral length
scale value.

For case B, a plenum is located downstream of the flame region to
prevent influence of the outlet boundary conditions on the flame and
constant ambient pressure is imposed at its outlet. Adiabatic boundary
conditions are used for temperature and enthalpy at the wall and no-
slip conditions for the velocity. Spalding wall functions are used for the
turbulent viscosity at the wall [61].

The precomputed and tabulated thermochemistry is built on pre-
mixed freely propagating laminar 1D flamelets at given reactants con-
ditions. The calculation is performed using the CHEM1D solver [62]
together with GRI3.0 mechanism [63] for the methane-air flame (case
B) and San Diego mechanism [64] for the hydrogen flame (case A).
A unity Lewis number is considered for every species when modelling
the diffusive transport in both test cases. Under this assumption, the
5

mixture fraction value is constant along a single flamelet and equal to
its value in the reactants.

Respectively 100 and 50 points are used in the precomputed table
for the progress variable space (varying between 0 and 1) and its
SGS variance (varying between 0 and 𝑐(1 − 𝑐)). For case B a single
methane-air flamelet at an equivalence ratio of 𝜙 = 0.75 and reactants
temperature of 𝑇𝑟𝑒𝑎𝑐 = 300 K is considered. For Case A (lifted jet flame
in hot coflow), also mixture fraction and its SGS variance are among
the control variables, therefore a database of 300 freely propagating
premixed flamelets is built, with reactants equivalence ratios spanning
the flammability range, corresponding to a mixture fraction range 𝜉 =
[0.1, 0.75] and stoichiometric conditions at 𝜉st = 0.474. In this case, the
mixture fraction represents the mixing between jet and coflow streams.
Therefore, the reactants temperature and species mass fractions vary
linearly with the mixture fraction, between their value in the coflow
(oxydiser stream 𝜉 = 0), to their value in the jet (fuel stream 𝜉 = 1), as
reported in Table 1.

When tabulated, the mixture fraction 𝜉 range is discretized with 160
linearly spaced points within the flammability limits, and its subgrid
variance 𝜎2𝜉 is discretized using 15 exponentially-spaced points between
0 and 𝜉(1−𝜉). Thermodynamic states outside the flammability limits are
linearly interpolated between the values at the lean (rich) flammability
limit and air (fuel) conditions.

A typical computation of a characteristic flow through time for cases
A and B takes about 4k and 12.5k CPU-hours (on block-structured
meshes), respectively, using 256 cores in parallel on a 2.6 GHz Intel
Xeon processor architecture. The CPU time for the different strategies
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Fig. 3. Time required, in seconds per iteration, to compute the modelling parameter 𝛽𝑐
using differential (−) and algebraic (−) test filters, for different number of CPU-cores,
𝑛CPU used in parallel. The scaling obtained using a static (fixed) value of 𝛽𝑐 (−) and
the ideal scaling (−−) are also reported for reference.

for the definition of the model parameter are compared in Fig. 3. The
two dynamic strategies show a similar computational cost, which is up
to 26% higher than for the static case at 256 cores used in parallel.
For larger number of cores the computation time using the differential
filter is up to two times higher than for the algebraic filter due to
non-optimized scalability within the algorithm currently implemented.

4. Results

The objective in this section is to understand capabilities of the
differential test-filter of Eq. (21) in predicting the correct flow field
as compared to the algebraic approach of Eq. (19). In order to have
a detailed comparison and drive quantitative insights on the accuracy
of the proposed filter, case A (lifted flame in hot coflow) is investigated
first. In fact, a wide amount of data is available for this case from
the experimental campaigns [52,65], which includes radial profiles of
velocity, temperature and mixture fraction, allowing to validate the
models proposed. This case is thus analysed next before the bluff-body
case. Note that the modelling constant 𝛽𝑐 in Eq. (2) is evaluated for
both test-filter approaches by the use of Eq. (16). Further considerations
involving the use of Eq. (17) are given instead in Section 5.

4.1. Jet flame in hot coflow

This case is firstly analysed using the block-structured mesh in order
to minimize possible interpolation errors in the computation of the
coefficients in Eq. (19). An overview of the flow field as predicted
by using the two test filters is presented in Fig. 4, showing midplane
contours of temperature, modelling constant 𝛽𝑐 , and SGS variance of
𝑐, 𝜎2𝑐 . As can be seen from the figure, the 𝛽𝑐 field as predicted by the
differential test filter appears to be very similar to that predicted by
the explicit algebraic formulation. This similarity is attributed to the
aforementioned minimization of interpolation errors by the use of a
block-structured mesh, and to the relatively high level of turbulence
associated with the high bulk velocity of the fuel jet, leading to a
relatively wide spectrum of scalar dissipation rate. Consequently, the
instantaneous features of the subgrid variance of progress variable,
whose value depends on the SDR, are also similar. The temperature
contour in the same figure further reveals that the lift-off height is pre-
dicted similarly when either the algebraic or the differential filter are
used. Radial profiles of mean mixture fraction, temperature, velocity,
and their variances, shown in Fig. 5, further indicate that both filter
methods perform very well as compared to the experimental data. The
results above lead to the two important following observations:

1. An algebraic test filter holds well for reacting cases with a
relatively high level of turbulence and block-structured meshes,
even if the code used interprets any mesh as unstructured;
6

2. The model proposed in Eq. (21) mimics well the same flow field,
indicating that this equation is consistent and accurate despite
the truncation to the third order.

Now that the two test-filter approaches have been validated against
experimental results, further investigations can be conducted by replac-
ing the block-structured mesh with an unstructured one in order to
assess whether there is any difference in the results obtained by the
use of the two test filters. It is worth to note that the unstructured
mesh is constructed to maintain the LES filter size in the region of
the flame equal or very similar to that of the block-structured mesh,
which is in turn of the order of the laminar flame thickness. This way
the two test filters can be directly compared for the same filter width.
Instantaneous flow features in terms of progress variable reaction rate,
𝛽𝑐 and 𝜎2𝑐 are shown in Fig. 4 (top row). When the differential filter is
used, the lift-off height on the unstructured mesh is predicted at about
the same position estimated when the block-structured mesh was used
(about 50 mm from the nozzle exit). Vice versa, when the algebraic
filter is used, the lift-off height is predicted about 15 mm upstream. This
is a consequence of somewhat lower values of 𝛽𝑐 predicted in the latter
case, resulting in lower values of SGS variance 𝜎2𝑐 (see Fig. 4, top-right),
which in turn imply higher values of reaction rate in the flamelet model
used and thus an acceleration of the flame towards more upstream
positions. This shift is of course reflected in the statistics presented in
Fig. 5. It is worth noting that overall better results are obtained by
using the block-structured mesh as compared to the experimental data.
Nevertheless, this result is biased by selection of the inlet turbulence
length scale value imposed to the synthetic eddies generator. A fine
tuning of this parameter for the unstructured mesh, however, goes
beyond the scope of this work, where the objective is to mimic the
main effect of the modelling constant on the SDR (and consequently
the SGS variance), which for this configuration is immediately reflected
on the flame liftoff height discussed above. It is also worth noting that
unstructured meshes are known to introduce more numerical diffusion
(for the same filter size) than block-structured meshes [26,66], which
implies that the turbulence imposed at the nozzle exit may develop
less quickly than for the block-structured mesh. The reader can find
a mesh sensitivity analysis (for both BS and US meshes) and additional
comments on this point in the Appendix Section.

Further insights on the behaviour of the model constant when
algebraic and differential test filters are used is provided by looking
at the distribution of 𝛽𝑐 within the domain in Fig. 6. Values are
collected using several time snapshot only for the regions within the
flammability limits and with the further condition 0.05 ≤ 𝑐 ≤ 0.95
in order to exclude points outside the flame front. Note that, being 𝛽𝑐
scale-dependent in principle, its distribution is expected to be different
when different meshes are used, which is evident from the figure. Some
differences between algebraic and differential test-filter methods in the
distribution of the modelling parameter 𝛽𝑐 are visible already for the
block-structured mesh case. In particular, a clear peak is not clearly
distinguishable in the logarithmic plot in the case of the algebraic
filter. Nevertheless, the mean value of 𝛽𝑐 predicted in the two cases
is similar. By looking at the scatter plots and conditional mean of SGS
scalar dissipation rate in Fig. 7 (right), one can notice indeed that this
quantity is predicted equivalently for any value of SGS variance. Similar
scatters are also observed, which explain why the statistics predicted
on the block-structured mesh are very similar when the two test filters
are used, despite the differences observed in Fig. 6. A different relative
behaviour is observed instead for the unstructured mesh cases. Here the
distribution of 𝛽𝑐 in Fig. 6 (left) leads to an overall lower mean value
in the case of the algebraic filter, consistently with the instantaneous
field contours observed for Fig. 4. By looking at the conditional means
of subgrid SDR in Fig. 7 (left), one can notice that now this quantity
is overestimated when the algebraic test-filter is used. This larger SDR
justifies the lower SGS variances observed in the contours of Fig. 4, and
thus the acceleration of the flame upstream.
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Fig. 4. Comparison between instantaneous fields of filtered reaction rate of progress variable (left), 𝛽𝑐 parameter (centre) and SGS variance of progress variable 𝜎2𝑐 (right), as
predicted using the algebraic and differential filters, for Case A (jet in hot coflow). Results are shown for the unstructured (top) and block-structured (bottom) meshes.

Fig. 5. Radial profiles of time averaged temperature and mixture fraction at different axial locations from experimental measurements (symbols) and LES: unstructured mesh with
differential (—) and algebraic (- -) test filters; block-structured mesh with differential (—) and algebraic (- -) test filters.

Fig. 6. Distribution of 𝛽𝑐 in the lifted flame for the jet in hot coflow configuration (case A) for unstructured (left) and block-structured (right) meshes, obtained using differential
and algebraic test filters. Vertical dashed lines indicate mean values.
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Fig. 7. Scatter plots of subgrid scalar dissipation rate of progress variable, 𝜀𝑐 versus subgrid variance of 𝑐, 𝜎2𝑐 , as obtained on unstructured (left) and block-structured (right)
meshes, for both algebraic and differential test filters. Conditional means are also shown.
Fig. 8. Comparison between instantaneous fields of filtered reaction rate (left), 𝛽𝑐 parameter (centre) and SGS variance of progress variable (right), as predicted using the algebraic
and differential filters, for Case B (bluff-body stabilized flame) on block-structured mesh. Mie scattering images taken from [53] are also shown on the left for reference.
From the above analyses one can conclude that, for conditions of
relatively high turbulence (implying relatively wide turbulent kinetic
energy spectrum), the algebraic test filter provides similar results to
the differential filter. Nevertheless, the differential filter outperforms
the algebraic one in terms of accuracy, particularly on unstructured
meshes (as observed for the lift-off prediction), which is attributed to
the increased noise produced by interpolation operations for a fixed
filter width, for such a mesh. For this reason, and by the investigation of
the results presented, it is plausible to expect that as the mesh accuracy
converges towards DNS size (cell volume  → 0) and interpolation
errors become less relevant, the two test filters might converge to
the same result. In the next Section it will be shown that different
considerations apply in conditions of weak turbulence.

4.2. Weakly-turbulent bluff body stabilized flame

In [67] it was noted that a dynamic formulation for the estimation of
𝛽𝑐 would not hold in conditions of weak turbulence due to the limited
range of turbulence scales available. The weakly turbulent premixed
case investigated experimentally in [53] (Case B in this work) is thus
chosen to further assess the capabilities of algebraic and differential
test filters in predicting the correct values of the combustion modelling
constant within the subgrid SDR model of Eq. (2). Only the block-
structured mesh as discussed in Section 3 is used. The use of an
unstructured mesh is expected in fact to affect the outcomes in terms
of accuracy as observed for the jet flame in case B. Since relative
differences in the flow field are already observed when using the
two test-filters on the block-structured mesh for this case as will be
discussed next, the use of an unstructured mesh for similar LES filter
size is expected to amplify these differences and therefore this analysis
is not repeated here.

Midplane contours of filtered temperature, 𝛽𝑐 distribution (in loga-
rithmic scale) and subgrid variance 𝜎2 as predicted by using algebraic
8

𝑐

and differential filter methods on the block-structured mesh are shown
for the bluff-body case in Fig. 8. Unlike the jet flame in hot coflow
case, here the two test-filter methods lead to different results also
using the block-structured mesh. When the algebraic test filter is used,
the dynamic procedure does not seem able to describe with sufficient
resolution the local variations of the combustion model constant 𝛽𝑐
across the flame region. This leads to significantly different distribution
of subgrid variance, which in turns affects the resolved wrinkling of
the flame as observed in the figure. By looking at the distribution of
𝛽𝑐 in Fig. 9, one can notice that a well-defined peak value cannot be
identified for the case of algebraic test-filter. Further inspection of the
data shows that in many regions of the flame 𝛽𝑐 oscillates between the
imposed cutoff values, and 𝛽𝑐 → 0 in most of the domain (note that 𝛽𝑐
in the numerical algorithm is truncated to 𝜀 > 0 to avoid a division by
zero), implying a range of values across the flame is not predicted by
the algebraic test-filter. This results in erroneous high values of the sub-
grid SDR, and consequent low values of subgrid variance, which in turn
implies the flame behaves in large extent as a laminar flame. This is
not the case in the experiments for this configuration, as could be seen
from the OH-LIF and Mie scattering images reported in [53] (See Fig. 8,
left). Previous studies [68] highlighted the importance of the flame
turbulence interaction, describing how the flame assumes a laminar-
like behaviour close to the base of the bluff body and contributes to
turbulence generation further downstream in the shear layer. From
the comparison with the calculated non-reacting flow field, the flame
appears to damp the weak turbulence generated in the shear layer
around the bluff body, as a result of thermal expansion. On the other
hand, the use of the differential filter results in a better calculation of 𝛽𝑐
which now assumes a well-defined range of different local values across
the flame front (Fig. 8), and a clear peak in its distribution is present
(Fig. 9). Consequently, higher values of 𝜎2𝑐 are obtained in the flame
region. Note that also in this case the presence of the flame dumps
the turbulence at the base of the bluff body, when compared to the
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Fig. 9. Distribution of 𝛽𝑐 over the flame front in the bluff-body stabilized flame (case B) obtained using differential and algebraic test filters applied on block-structured mesh.
Vertical dashed line indicate the mean value.
non-reacting case (not shown). However, the formation of instabilities
sustaining the turbulent structures in the shear layer can be observed
further downstream in Fig. 8. By looking at the scatter plots of subgrid
SDR in Fig. 10, it is found that the conditional SDR is overestimated in
the case of the algebraic test-filter at low values of subgrid variance,
while for values of 𝜎2𝑐 above about 0.04 algebraic and differential test-
filters predict essentially the same result. This supports the argument
that the two filters behaves differently in conditions of weak turbulence
(𝜎2𝑐 → 0), and that the difference is caused by values of 𝛽𝑐 saturating
towards the lower cutoff limit at these conditions (𝛽𝑐 → 0 implies
larger values of 𝜀𝑐). This behaviour, from the numerical point of view
of the test-filter algorithm, is similar to that observed in Fig. 7 for
the unstructured mesh. However, in that case low values of 𝛽𝑐 were
produced by noise arising from interpolation accuracy, resulting in
overestimation of 𝜀𝑐 for a wider range of values of 𝜎2𝑐 . For the bluff
body case investigated in this section, instead, overestimations of 𝜀𝑐 are
observed only for relatively low values of 𝜎2𝑐 , indicating that the issue
is in the estimation of the model constant in quasi-laminar regions.
It is worth noting that additional tests were conducted (not shown)
using a static approach with a value of 𝛽𝑐 imposed as the mean of
the values obtained from dynamic procedure. These tests resulted in a
quite different flame structure as compared to the results from dynamic
approach, indicating that imposing a single value for the combustion
parameter is not trivial for this turbulence-evolving study case, thus
stressing out the relevance of using robust dynamic approaches for this
kind of combustion configurations.

5. Numerical considerations on dynamic approaches

In Section 4 the estimation of the combustion modelling constant 𝛽𝑐
was performed using Eq. (16) and the assumption of scale invariance.
A question that might arise is whether this assumption has effect on the
results presented, in particular the predictions obtained by the use of
the algebraic test-filter. Additional considerations are therefore given
in this section regarding the use of Eq. (17), where the assumption of
scale invariance is relaxed. Additional simulations have been performed
on this purpose on the bluff-body stabilized case (Case B) by using the
algebraic test filter and replacing Eq. (16) with Eq. (17). It is worth
noting that the value of 𝛽𝑐 appearing on the left-hand side of Eq. (17)
is not exactly the same of that appearing on the right-hand side, as the
former appears under the test-filter operator symbol. In first instance,
the two values are assumed to be the same. This way Eq. (16) and
(17) are equivalent and only differ in the method used to solve for 𝛽𝑐 .
Further considerations about this assumption will be provided later in
this section.

In order to solve Eq. (17), an iterative procedure needs to be
applied. By defining 𝛼𝑐 = 1∕𝛽𝑐 , this equation can be rewritten as:

𝛼 ≈ 𝛼 = 𝛼 = 1∕𝛽 ≈ �̂� 𝛼 − 𝐿 (22)
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𝑐 𝑐 𝑐,𝑛+1 𝑐,𝑛+1 𝑎 𝑐,𝑛 𝑎
Fig. 10. Scatter plots of subgrid scalar dissipation rate of progress variable, 𝜀𝑐 versus
subgrid variance of 𝑐, 𝜎2𝑐 , as obtained on block-structured mesh for differential (●) and
algebraic test filters (●). Conditional means are also shown: algebraic test filter (—),
differential filter (—).

where due to scale invariance, 𝛼𝑐 was taken outside the test-filter
operation on the right-hand side of the equation, and 𝑛 refers to
the generic iteration number. This equation as written has the form
of a fixed-point iterative equation with preconditioning, and always
converges for values of 𝑏∕𝑎 < 1. On the other hand, convergence needs
more than one iteration. Assuming the initial guess is of the order of
magnitude at least of the exact value (which could be the case by taking
the modelling constant value from the previous time step in a LES),
typically order of ten iterations are needed for 𝛼𝑐 to converge to the
exact value. This poses challenges in the implementation of Eq. (17)
in numerical codes due to the increased computational cost. One can
alternatively use acceleration methods such as Aitken’s extrapolation
algorithm [69] to reduce the number of iterations necessary. This is
shown for two combinations of values (�̂�∕𝑎, 𝐿∕𝑎) in Fig. 11, where it
can be seen that less iterations are indeed required for convergence to
the exact value, provided by Eq. (16). Note that 𝐿 and 𝑎 have to be
of opposite sign for 𝑏∕𝑎 < 1 in order for 𝛼𝑐 to be positive. For values
of �̂�∕𝑎 > 1 (Fig. 11, right), the fixed point iterative method diverges,
while use of Aitken’s algorithm still ensures convergence. Nevertheless,
when used in the LES, values of 𝛽𝑐 were observed to diverge even when
using Aitken’s method, i.e. the value of 𝛽𝑐 (or equivalently 𝛼𝑐) was not
converging to any value at least in some region of the LES numerical
domain. Since the only difference, for a fixed timestep (implying frozen
conditions of the values 𝑎, 𝑏 and 𝐿) between Eqs. (23) and (17) is that
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Fig. 11. Convergence of Eq. (22) to the exact solution 𝐿∕(�̂� − 𝑎) for different combinations of �̂�∕𝑎 and 𝐿∕𝑎. When �̂�∕𝑎 > 1 (case on the right) the fixed point iteration diverges,
while Aitken’s method still provides convergence.
Fig. 12. Convergence of Eq. (24) towards the exact solution of Eq. (22) ( ), given by 𝐿∕(�̂� − 𝑎) for two combinations of 𝑏∕𝑎 and 𝐿∕𝑎. Solid lines indicates iterations with fixed
oint ( ) and Aitken’s acceleration method ( ).
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𝑐 is taken outside the filtering operation, the different behaviour in the
ES must be due to the test-filtering operation, and/or the numerical
oise associated by its application.

In order to estimate the error introduced by taking out the model
onstant from the test-filtering operator, one can expand 𝛼𝑐 and 𝑏𝛼𝑐 in

series of Taylor using Eq. (20). Eq. (23), assuming 𝛥 = 2𝛥, can then be
rewritten as

𝛼𝑐 ≈
𝑏
𝑎
𝛼𝑐 −

𝐿
𝑎
+ 𝛥2

6

(

1
𝑎
𝑑2(𝑏𝛼𝑐 )
𝑑𝑥2

−
𝑑2(𝛼𝑐 )
𝑑𝑥2

)

(23)

n order to have an estimation of the effect of the additional term on the
ight-hand side of Eq. (23), in first analysis it is assumed that 𝑎, 𝑏 and
𝐿 are constant (as before), and a Gaussian shape with amplitude 1 and
width 𝜎 = 𝛿𝑡ℎ is assigned across the flame to 𝛼𝑐 as initial guess, where
𝛿𝑡ℎ ≈ 1 mm is the laminar thermal flame thickness. Eq. (23) becomes:

𝛼𝑐 ≈
𝑏
𝑎
𝛼𝑐 −

𝐿
𝑎
+ 𝛥2

6
𝑑2𝛼𝑐
𝑑𝑥2

( 𝑏
𝑎
− 1

)

= 𝑏
𝑎
𝛼𝑐 −

𝐿
𝑎
+  (24)

Two values for 𝛥 where tested, 𝛥 = 𝛿𝑡ℎ∕10 (representative of a resolved
flame) and 𝛥 = 𝛿𝑡ℎ (representative of the LES Case B). For both
cases it is observed that, when the iterative method converges, it
converges to the solution given by Eq. (22), which implies that the
assumption herein of scale-invariance for 𝛼𝑐 is not strong for LES filters
up to the order of 𝛥. This is shown for the coarser filter width in
Fig. 12. Nevertheless, convergence is relatively slow as compared to
what was observed in Fig. 11, and the Aitken’s method does not seem
to accelerate convergence.

For 𝑏∕𝑎 > 1 the iterative process, unlike what observed for Eq. (23),
diverges even when using the Aitken’s acceleration method, which
is due to the sign change in the term (𝑏∕𝑎 − 1) in Eq. (24). This
demonstrates that the occurrence of instability in the computation of
𝛼𝑐 (equivalently 𝛽𝑐) is to be found in the regions where 𝑏∕𝑎 > 1 and
𝐿∕𝑎 > 0 (the latter ensuring 𝛼𝑐 > 0). These regions have been extracted
from the LES results with the differential test-filter and Eq. (16), for
which the divergence issue does not manifest, and are highlighted
10

for a random timestep in Fig. 13 for case B (bluffbody). As can be
noticed, there is a non-negligible region surrounding the flame where
the iterative process would not converge (𝑏∕𝑎 > 1), which explains
the observation made in the LES when 𝛽𝑐 was computed iteratively.

nother interesting aspect is that term  in Eq. (24) is lower in
magnitude but of the same order of magnitude of the other two terms
in the same equation. As the magnitude of  grows with the filter size

, one can expect that the same becomes the dominant term for filter
izes larger than 𝛿𝑡ℎ, and different considerations might apply in that
ase. From the figure one can notice that the term 𝑏∕𝑎 remains mostly

positive in the region of the flame.

6. Conclusions

Large eddy simulations have been performed for a lifted jet flame
in hot coflow and a bluff-body stabilized premixed flame using a
flamelet/presumed PDF approach. The combustion modelling constant
within the subgrid scalar dissipation rate (SDR) model, needed within
the subgrid variance equation of progress variable, is estimated using
a dynamic procedure and the assumption of scale similarity. A test-
filtering operation based on a pseudo-Fourier differential equation has
been proposed and associated results are compared to those obtained by
using the standard algebraic approach based on explicit evaluation of
a Gaussian filter shape. The two test-filters have been further tested on
both block-structured and unstructured meshes in order to shed light on
possible effects of non-orthogonality in the mesh, which results in nu-
merical noise during the process of evaluation of the filter coefficients
in the algebraic approach.

Results show that when a sufficient level of turbulence is present
and the LES is well resolved, algebraic and differential filters predicts
the same flow field if a block-structured mesh is used. This further
indicates that the proposed differential filter method is able to mimic
the correct results with great accuracy. When an unstructured mesh is
used, by keeping the LES filter size about the same across the flame,
the algebraic test-filter approach fails in estimating the correct flame
position, which is observed to be due to an overestimation of the
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Fig. 13. Midplane contours at a random time of the various terms appearing in Eq. (24), as extracted from the LES of Case B with combustion constant 𝛽𝑐 = 1∕𝛼𝑐 computed using
Eq. (16) and differential test-filter. Red isolines refer to 𝑐 = 0.1 and 𝑐 = 0.9, and are to mark the flame position.

Fig. 14. Radial profiles of time averaged (left) and rms (right) axial velocity at different axial locations from experimental measurements (symbols) and LES: 1M cells BS mesh
(—), 3M cells US mesh (- -), 8M cells BS mesh (—), and 8M cells US mesh (- -). All simulations refer to an integral length scale reported at the inlet of 𝑙0 = 0.07𝐷.

Fig. 15. Radial profiles of time averaged mixture fraction (left) and temperature (right) at different axial locations from experimental measurements (symbols) and LES. Legend
is as for Fig. 14.
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Fig. 16. Instantaneous velocity field at 𝑥 = 0𝐷 (top) and 𝑥 = 1𝐷 (bottom) for different meshes.
subgrid SDR, which in turns is due to underestimation of the modelling
constant. On the contrary, the use of the differential filter allows to
recover the correct flame position. It is believed that the algebraic test
filter is affected by the noise produced by interpolation operations on
the unstructured cells in the evaluation of the test-filter coefficients.
This is not the case for the differential test-filter, where the solution is
bounded to satisfy the differential equation.

In conditions of weak turbulence, it is observed that the algebraic
test filter fails in the estimation of the correct values of the combustion
modelling constant, resulting in an incorrect flame with laminar char-
acteristics. On the other hand, the differential test-filter is still able to
provide a meaningful range of values of the model constant, resulting in
a wrinkled flame which better resembles that observed in experiments.
These results indicate that the differential test-filter proposed here is
more versatile that its algebraic counterpart, being able to deal with
a much wider range of conditions and meshes, at the expense of an
increased computational cost.
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Appendix. Mesh sensitivity for the lifted flame in hot coflow

Turbulence resolution is among the most sensitive aspects for the
Cabra flame (test case A), as it affects the jet/coflow mixing and
the intensity of the shear layer, ultimately determining the correct
prediction of the jet flow features and flame stabilization. Moreover,
the Cabra flame exhibits a strong sensitivity to the imposed turbulent
boundary conditions. A mesh sensitivity is carried out in this section
to provide some evidence on the above points. Note that by meaning
of Pope’s criterion (Fig. 2 in the main text) the 3M cells unstructured
mesh has a degree of refinement which is comparable to the 1M cells
block-structured grid in the region of the flame, as 80% of the turbulent
kinetic energy is resolved in both cases.

In Figs. 14–15 the sensitivity of the computed statistics to the
mesh refinement is reported for both the block-structured (BS) and
unstructured (US) meshes. Note that, due to time limitation and limited
resources, we have performed the additional simulations for the non-
reactive case, implying comparisons with experiments are meaningful
only upstream of the flame front (about 𝑥 = 11𝐷). The following
observations are made:

• For the BS mesh, for which the 1M cells case yields already a
good match with experiments, the predicted turbulent flow field
appears to be almost insensitive to the mesh refinement.

• Refining the unstructured mesh from 3M to 8M cells does not lead
to substantial differences in the turbulent velocity and tempera-
ture fields prediction, while some improvement is observed from
the mixture fraction radial profiles. This suggests that numerical
diffusion plays a stronger role on the US mesh as one would
expect.

• The rms level at 1𝐷 obtained using the US meshes is under-
predicted as compared to experiment, which leads to incorrect
mixing further downstream. Given the strong sensitivity of the
studied flame to the turbulence level upstream, the value of 𝑙0
imposed at the inlet was changed in the simulations presented in
Section 4 in order to ensure that the lift-off height would remain
about the same as for the BS mesh in the reacting flow case.

Further indication of the effect of numerical diffusion is illustrated
in Fig. 16, showing instantaneous contours of velocity field at two
transversal locations, 𝑥 = 0𝐷 (nozzle exit), and 𝑥 = 1𝐷. Results show
that at 𝑥 = 0𝐷, where the synthetic turbulence conditions are imposed,
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similar turbulent characteristics are obtained on block-structured and
unstructured meshes. Nevertheless, differences are clearly observable
one diameter downstream, which is a result of stronger numerical
diffusion in the unstructured mesh case and imposed integral length
scale. This results suggest that to obtain the same level of turbulence
resolution of the block-structured mesh one has to further refine the
mesh in the unstructured case. This additional refinement is however
not performed in this study since the objective is to compare algebraic
and differential test-filters, which is performed at a fixed LES filter
size. Nevertheless, the analysis above indicates that one has to be
mindful when interpreting results obtained from block-structured and
unstructured meshes.
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