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On Estimating the RMS Delay Spread from the
Frequency-Domain Level Crossing Rate

Klaus Witrisal Student Member, IEEE

Abstract—t is shown that the level crossing rate (LCR) of strongly supports the claim that th& R, is a valuable means
a Rayleigh distributed stochastic process is proportional to the for estimatingr,.,,s in a simple way.
second centralized moment of the normalized power spectrum of Analytical results from previous studies have shown that
the underlying complex Gaussian process. This proportionality . .
factor is independent of the power spectrum. The relation can be Sl.JCh an independent factor does not exist for the more gerleral
applied for estimating the rms delay spread of time-dispersive£ Ricean case. However, the factor has been compared for widely
frequency-selective) radio channels from swept-frequency power varying channel models, suggesting that the model's impact
measurements, where the rms delay spread is proportional to js very small and can thus be neglected [2]. For instance, the
the LCR in the frequency-domain, independent of the channel difference betweerf(+', K, ) for a rectangular delay power

impulse response. . . . .
P P _ profile and an exponentially decaying one is less than 4% at
Index Terms—Channel measurement, level crossing rate, any givenk-factor.

Rayleigh channels, rms delay spread. The result of the present paper can be generalized to any

band-limited, Rayleigh distributed, WSS stochastic process. It
I. INTRODUCTION is proven that there exists a fixed function-frelating the level

I N PREVIOUS works by the author [1], [2], it has beencrossing rate to the second centralized moment of the normal-

shown that a strict proportional relationship exists betweé%ed p();)wer gpectrum (or pezodlograrm oféhel(;e;o-mean) CO_IEE'
the level crossing rate of a frequency-selective radio channeﬂl?x aussian process underlying the Rayleigh process. 1he

the frequency domaifLCR;, Nx(r)), and the channel's root paper focuses on the application of the relation to channel mea-

. S : surements, without loss of generality.
mean square (rms) delay spreagl.. This relation is written as T : .
d (rms) y spread The paper is organized as follows. The mathematical model

Ne(r') = Tos f(r, K, ). (1) of the radio channel is introduced in Section I, followed by
the outline of the proof in Sectionlll. Details are found in the
The proportionality factorf(+’, K,«) is a function of the two Appendixes. The paper is concluded by a discussion of the
threshold level at which theL.CR; is observed(s’), the approximations introduced in the proof (Section IV).
RiceanK -factor of the channe{K'), and channel parameters
(expressed by). It was suggested to use this relation for Il. DEFINITIONS AND MATHEMATICAL MODELING
estimating the channel's,,,; using swept-frequency power

measurements, from which thBCR; can be determined The time-dispersive=f frequency-selective) radio channel is
[1]-[3]. described by its complex, lowpass equivalent IR

The above relationship was proven upon a second order, wide nl
sense stationary (WSS) stochastic model of the frequency se- h(r) = Z Bio(r — i) 2)
lective radio channel [2]. A non-zero-mean complex Gaussian =0
process is underlying this model; therefore, the formula cavhere{3;} are the complex-valued ray amplitudes afnd}
be applied to channels having a Ricean fading distributioare the rays’ respective delay times. The time-variability of a
Rayleigh channels are a special case among these, hawhysical radio channel is neglected in this equation. The fre-
K =o0. quency-selectivity of the above-described channel is seen from
The RiceanK -factor can be determined prior to applying (1)the frequency dependency of its transfer function (TF)
However, the impact of the current channel ', K, ) (ex- n—1
pressed by) remains an uncertainty, and might thus be a source H(f) = Z Bie 92T ()
of systematic estimation errors. i—0

In this paper it is shown for Rayleigh fading channels thathe similarity of this equation to Rice’s sum of sinusoids
the proportionality factobetween thd.CR; and s is inde-  syggests thakf(f) could be the underlying complex Gaussian
pendent of the channel impulse respofiBg. This new finding process of any Rayleigh proceB¢f) = |H(f)| (compare [4,

(3.7-2)~(3.7-4)], [5)).
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— -1 -1 ! ! ! ‘
wherer™ = (3.5, 7™13i1*) /(X020 18i%), m = {1,2} and P R o S SR S o]
Trms 1S S€en to be the second centralized moment of the norm: : : : .
ized power delay profile. For simplified notation we introduce | . ] ST R A
-1 i inA =t -1 _m : : R - =
pi = |32 /(C05 |3i[2), yielding 7 = S 7. | DTS T SOP S
oL WP Fr S TR Sl i

IIl. OUTLINE OF THE PROOF

r of LCR, [%]

The proof is based on the calculation of the level crossing
rate for a discrete-time (or discrete-frequency—as requireg 4k

in our specific case) stochastic process. The probability of & +——+ approx. A: mean error; n = 20 N
. . . ™ e + =+ approx. A: stdv. of error; n =20
level crossing between adjacent samples is the probability tt~ _g| |e—e approx. A: meanermor;n=10 |-+ - NN
the current sample’s magnitudg is larger than a specified © - © approx. A: stdv. of error; n = 10
th hold | s hile th di t A—--A  approx. B: mean error; r' = -6 dB
reshold valuey,, > r, while the preceding sampte, -, was -8 |y v approx. B, mean ermor. ' = B dB| 3
smaller,r,,_; < r. TheLCR; is thus written as %— — approx. B: mean error; r' = 0 dB

_10 I I I i
0 0.02 0.04 0.06 0.08 0.1

normalized sampling interval f -t
s rms

Nr(ry=P(R, >r, Rp_1 <7)/fs 5)

wheref, [Hz] is the samplingntervalin the frequency-domain,

andR, andR,_; denote correlated random variables. KnowlFig. 1. Computational and simulation results depicting the errors introduced

edge of the bivariate cumulative distribution function (CDF) gfY the approximations.

{Ry, R,_1}, denotedFr, r, ,(r1, 72), iS required to obtain

the LCR;. the LCR; must be independent of the sampling interyal

P(R,>7 Ry_1<7) =P (Ru_1<7) — P(Rp<r,Ru_1 <) Therefqre, the probability quation ) r_nu_st b_e proportion_al to

fs, to yield a constanL.CR,; with (5). This implies that (7) is

=R, (1) = IR, Ry (y7) ®) also proportional to,,s, because it is seen from (8) thatand

where Fg, ,(r) = Fr, g, ,(cc,r) is the CDF of (any) 7wms have the same influence @n. Thus thelL.CR; is propor-

sampler,,_;. Using an expression of the bivariate Rayleighional to 7, ..

CDF given in [6, eq. (10-10-3)], the probability (6) becomes  In Appendix B, it is shown mathematically that (7) can be

P(R,>r Ry <7) approximated as (Approx. B) )

_ = 2 N 2p. N P(R,, > 7, R,y <r)= e T T 9
=e X{Q<\/1_pc7,\/1_pc7> (Ry 2 1 ) N V p )
2. 2, where the approximation is exact in the limjt — 1. This con-
—Q <\/ = \/ 1= )} () dition is fulfilled strictly for f, — 0, i.e., for an infinitely small
) ] ) ) ~ sampling interval, and approximately, if the sampling theorem
wherer” is the normalized threshold level = 7/v/2¢0; pe IS holds. With (8) and (5), the CR; for Rayleigh fading channels
the correlation coefficient of the squared magnitudes p. < pecomes

1 defined asp. = cov(R2, Rg_l)/\/var(Rg)var(R2 );

n—1

and Q(a, b) is the Marcum’s@-function (see [, (2-1-123)]). Ng(+') = W e Tone. (10)
p. Is related to the auto-covariance coefficients of the under-
lying complex Gaussian proces$, (where|Z,| = R,) as Itshould be noted that (10) is identical to the result of the con-
pe = |11)? /43, wherey,, = (1/2)E{Z.Z} ... }- tinuous-frequency analysis presented in [1], [2], for= 0.
It is seen that the crossing probability (7) is solely deter-
mined by the correlation coefficient. and byr’. Calculating IV. DISCUSSION ANDCOMPUTATIONAL RESULTS

p. based on the stochastic or deterministic model of a Rayleigh

distributed process [e.g., for the channel description (2)] thusFI.g' 1 deplcts c_omputatlonal an_d 5|_mu|a_t|on results sup-
leads to the level crossing rate. porting the discussion of the approximations introduced.

It is shown in Appendix A that using (2) and (4), the coeffi- Apprpx. A, leading tg. [see. (8)], |s.evalua.ted by simulating
cient g, can be approximated by (Approx. A) sets of |'mpulse responseand comparing Fhe|r ex'ap];-values
¢ ' as obtained from (11) to the approximation. Using (9) and (5),
pe =1 —A4r? f272 (8) these values were transformedi6@'R;-values to allow for a
. : . more practical comparison. Relative errors are shown. The er-
if the productf, rems < 1/2r, which essentially means that therg_rs’ small standard deviations indicate thatis largely inde-

sampling theorem must be honoreq. This resuit is valid regargendent of the structure of the IR. All errors increase as the sam-
less of the current channel model, i.e., regardless of the del

magnitude structure of the channel IR. Therefore, ItA&R; is g}jgr%?tei/a(l 1";’ (|;1 crea)s)ei. lzlf/t(e;ohat tc)))h;J;:LzlghEesaricglrl]ngljnthe—
independent of the channel model. e Tmax)) = Trms given.

Equation (8) allows an interesting observation, suggesting . ) . o .
hat theL.CR. is broportional tor Provided that the sam- Each IR consists of rays with unit-variance, Rayleigh distributed magni-
tha ¢ 1S proport rms- FTOVI tudes, and arrival times being uniformly distributed within a unit time interval.

pling theorem is not violated (i.e., strictly speaking, for— 0), The IR’s were then normalized with respect to power ang.
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this range off,, the systematic error due to approx. A is less APPENDIX B

than~2%. In order to find an asymptotic expression for (7) in the limit
The systematic error of approx. B [eq. (9)] compared to (7) . 1 '\ve use the relation of the Marcum-function to the

is less than~1%, for the samef, and for thresholds’ = DF of a Ricean random variable (see [7, (2-1-142)])
{-6, —3, 0} dB. Larger negative errors are evident for smaller b

7/, since the sampling interval gets more impact as the fades get 1- Q(a, b) = / UC,(uzﬁLaz)/QIO(au)du' (15)
deeper and narrower. 0

It is concluded that the final expression (10) is a practic&/henaw becomes largdy(au) may be replaced by its asymp-
equation for deriving the LCR of Rayleigh processes. totic expression, as suggested in [4, eq. (3.10-19)], [5]. This
yields the following approximation for the Ricean CDF, being
valid for ab > 1 anda > |b — a| (see [4], [5]), which is ful-

APPENDIX A filled for p. — 1.

1—Q(a, b) gl_,_lerfb__a
The correlation coefficient, = |+1]? /43 is derived from the 202 V2
autocorrelation function of the underlying complex Gaussian 1 a2 { b—a 14 (b—

a)?
processy, = (1/2)E{Z. 2}, ,,,}. Inthe case of the frequency " fera Ia 852 } . (16)

si':rfgviéiillc;tf:r??ﬁ:gtig:sJg;:lcnon is called the spaced- flSepIacing the error function by the first terms of its power series
q y ' g expansion, the most important terms of (16) can be identified,

b—a_ 2 [b—a (b—a)3
wmI%E{H( DH*(f +mfs)} Zp eimmimfs - (11) NG \f[ 72 o2 +} 17)

= For the two@-functions in (7),6 — a« anda are

To calculatey,,, for one particular channel realization, the ex- (1= 50) 2pc e p 1=pes oy
pectation operator should be considered as the average over (he Wr.1r= PN T, =
frequencyy. But this equation also holds for a set of channels

with common stochastic properties, or for any Rayleigh process, 4, ;; :{ 1 } /LT/ ~ 2 P>1  (18)
where the right-hand side of the equation is the Fourier trans- ’ VPe 1=pe 1=pe

form of its (normalized) power spectrum (cf., [4, eq. (3.7-11)}espectively, where the approximations and the inequities hold
[5]). The squared magnitude &f,, is for p. — 1. Keeping the most significant terms yields

1 1
, = n—1 ' Qla, by 11 =5 — —(b a)
|r(/}7n| :r(/}nﬂ/}:‘n — Z <Z piGJQﬂ"rﬂnfs> <Z pke—]Qﬂ"rkrnfs>

L1
= +
5 1,11 ﬁ&ml -

e

n—1 n—1
2 i 2 — Tk s| - . .
[Z pet Z Z pipycos2( Tk)mf] Plugging this result mto (7), the approximation (9) is obtained.

1=0 k=i+1
(12)
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