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1. Introduction and main results

Since the development of the H*-calculus in [8,53], motivated by the Kato square
root problem (see [4,54]), this holomorphic functional calculus turned out to provide an
efficient way to tackle other problems in mathematics as well. For instance, in the theory
of (stochastic) partial differential equations ((S)PDEs), the boundedness of the H -
calculus plays an important role. It can be used to obtain well-posedness and regularity
of the, possibly nonlinear, (S)PDE. There is a vast literature on the H*-calculus for
sectorial operators, see, e.g., the monographs and lecture notes [3,12,23,26,27,30,46,58,
62]. For applications to PDEs, see, e.g., [7,10,13,29,47,55,66,69] and to SPDEs, see, e.g.,
[1,14,24,59-61].

A particular problem that can occur in the analysis of a (stochastic) PDE on a spatial
domain O C R? is that the solution or its derivatives may exhibit blow-up behaviour
near the boundary 9O. To solve the PDE on a Sobolev space W*P?(0), it is required
to impose additional conditions such as smoothness of the domain and/or unnatural
boundary conditions for the data.

(i) Smoothness of the domain: for regularity of second-order elliptic operators on
WkP(0O) one needs that O is a C**2-domain, see [42, Chapter 9]. This condi-
tion is also present in regularity theory for parabolic SPDESs, see [38].

(ii) Unnatural boundary conditions for the data: as illustrated in [42, Chapter 9], one
obtains regularity for second order elliptic operators on W#P(0), however the
operator will not be sectorial. To obtain a sectorial operator, additional boundary
conditions on the data need to be specified, see [11]. Furthermore, for higher-order
regularity for the heat equation dyu — Au = f on O with homogeneous Dirichlet
boundary conditions, additional conditions on f need to be imposed as well, see,
e.g., [20, Section 7.1.3].

To circumvent these additional conditions, weighted spaces for the solution are used with
a spatial weight of the form w, (x) := dist(z, dO)" for some suitable v € R. In this way,
the solution is allowed to have a certain blow-up near the boundary. Weights are also
commonly used for SPDEs as is motivated in [38, Examples 1.1 & 1.2].

Motivated by the applications to (S)PDEs mentioned above, it is natural to study the
H*°-calculus for differential operators on inhomogeneous weighted Sobolev spaces. In this
paper, we take up the study of two commonly used elliptic differential operators: the
Laplace operator with Dirichlet and Neumann boundary conditions on the half-space
Ri. We consider Ap;, on W’“’p(]R{i, Wyt kp) and Aney 0N Wk“’p(]Ri, Wytkp) for k> —1
and v € (=1,2p — 1) \ {p — 1}. Our main results include the bounded H>-calculus
for —Apj; and —Aneu, growth bounds on the corresponding semigroups and maximal
regularity results on these weighted Sobolev spaces. The mathematical statements of the

main theorems are presented in Section 1.1.
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The study of the H-calculus for differential operators with Dirichlet and Neumann
boundary conditions on Sobolev spaces has been taken up before, see [10,29]. The H®°-
calculus on weighted Lebesgue spaces is considered for instance in [5,6,48,52]. In these
papers, the weights belong to the class of Muckenhoupt A, weights. In [49] the first
and fourth authors studied the Dirichlet Laplacian on weighted Lebesgue spaces with
weights outside the A, range. The current paper extends the H*-calculus results of
[49] and we present the first theorems on inhomogeneous weighted Sobolev spaces with
weights outside the A, class.

Parabolic and elliptic differential equations on weighted spaces have already been
studied extensively in the literature, see, e.g., [15-17,34-37,40,41] for the deterministic
setting and [31-33,43] for the stochastic setting. In these papers, weighted spaces are used
to obtain (stochastic) maximal regularity for elliptic operators on homogeneous weighted
Sobolev spaces. The new aspects of our approach, compared to the aforementioned works,
are the following.

(i) We prove the boundedness of the H*-calculus, which gives the boundedness of
many singular integral operators. In particular, it yields (stochastic) maximal reg-
ularity and bounded imaginary powers.

(ii) Using a scaling argument, we show that our results on inhomogeneous weighted
Sobolev spaces recover maximal regularity for the heat equation on homogeneous
spaces as well. In particular, we recover parts of the results for the heat equation
in [16,17,40,41]. Moreover, we can allow for weights in time.

(iii) We can treat power weights with exponents v € (—1,2p — 1) \ {p — 1}, extending
the typical range v € (p — 1,2p — 1) considered for higher-order regularity in the
homogeneous setting with Dirichlet boundary conditions.

(iv) The main results are presented for both the Dirichlet and the Neumann Laplacian.
The weighted higher-order regularity for the Neumann Laplacian is new. Weighted
second order regularity for elliptic and parabolic equations with Neumann bound-
ary conditions is considered in [16,17,37].

In contrast to our study of the Laplacian on Ri on inhomogeneous weighted Sobolev
spaces, more general elliptic differential operators on domains are considered in the
aforementioned works on homogeneous weighted Sobolev spaces. Moreover, negative and
fractional smoothness parameters were studied. In our case, we can also consider the
following generalisations.

(i) The bounded H®°-calculus obtained for the Laplacian on Ri can be transferred
to bounded domains using perturbation theorems for the H°°-calculus. In partic-
ular, for the Dirichlet Laplacian, we can use the weights to weaken the required
smoothness of the boundary from C*+2 to C1* for A € [0, 1] depending on +. This
will be done in a forthcoming paper.
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(ii) Our results for, e.g., the Dirichlet Laplacian remain true on the complex interpo-
lation space

WHOP(RY, wyy oroyp) := WEP(RE, wryap), WHHTP(RY, wy g (k1))

with 6 € (0,1). To characterise this complex interpolation space one can use the
characterisations used in [40,41,51] for homogeneous weighted Sobolev spaces. Sim-
ilarly, it is expected that negative smoothness can be obtained via duality.
For negative smoothness we do consider —Ap;, on W‘l*p(Ri,wﬁy) with v €

(=1,p — 1). In this case, the H*-calculus can be derived from the calculus for
—Apir and —Apney OD LP(Ri,wv).

(iii) For applications to stochastic PDEs it is well known that a bounded H *°-calculus
yields stochastic maximal regularity in the setting without gradient noise, see [60].
In an upcoming paper, we will study the setting with gradient noise in which the
H>-calculus plays a crucial role.

1.1. Main results

We start with the definition of the inhomogeneous weighted Sobolev spaces on Ri.
Throughout this section we assume that p € (1,00) and v € (—1,00)\ {jp—1:j € Ny }.
Moreover, for z € R?, we write z = (21,7) € Ry x R47L. Let w, (z) := dist(z, 0R? )Y =
|z1]7, then we define the weighted Lebesgue space LP (Ri, w,) as the space consisting of
all strongly measurable f: R? — C such that

"
112 (e w0,y o= (/If(x)lp w,(z) dx) " < 0.
Rd

The associated k-th order weighted Sobolev space for k € Ny is defined as
WhP(RE, wy) = {f € D'(RY) : V]a| < k,0°f € LP(R%,w,)} .

For the definition of the weighted Sobolev space with k£ = —1, we refer to Section 4.3.
For p € (1,00), k € Ny and v € (=1,00) \ {jp—1:j € N1}, we define the following
spaces with Dirichlet and Neumann boundary conditions

WhRRS w,) = {f € W (R w) s Te(f) = 0if k > 21,
WAL R wy) = {f € WEP(RY w,) : Te(@1 f) =0 if k=1 > 1L},

where Tr denotes the trace operator. We will elaborate in Section 3 on the existence of
these traces. Equivalently, in many cases, these spaces with boundary conditions can be
defined as the closure of test functions.
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Let p € (1,00), k € NoU{—1} and v € (—=1,2p—1)\ {p—1} be such that v+ kp > —1.
The Dirichlet and Neumann Laplacian on ]Rfl|r as we will consider in this paper are defined
as follows.

(i) The Dirichlet Laplacian Api, on WFP(RE, w. k) is defined by
d
Apypu:=Y 0%u with D(Apy) = WHPP(RY, wyipp).
j=1
(ii) The Neumann Laplacian Ane, on WFHP(RY w.p,) is defined by
d
ANegll 1= Z@?u with  D(ANeu) := Wﬁ:u?”p(Ri, Weytkp)-
j=1

In addition, we study the corresponding Dirichlet and Neumann heat semigroup. Let
G?:R? — R be the standard heat kernel on R?, defined by

1 —lz|?

d —
GZ(.’E) = W@ iz

For z € C; and x,y € R‘i, we define the kernels

H¥*(2,y) == G4z1 — 1,7 — ) £ GL(x1 + 11,7 — 7).

The Dirichlet and Neumann heat semigroups Tp;, and Txey are defined by

Tow(2)f(z) = HE 5 f(z) = / HE (2,9) f (4) d,
Rd

Tren(2) f(x) == HI % f(a) = / H(2,9) () dy,
R

for any f € LP (Ri, w~) with 7 such that the formulas are well defined.
The main results of this paper are summarised in the following theorems. We start
with the main result for the Dirichlet Laplacian (see Theorems 4.10, 5.1, 6.1 and 7.1).

Theorem 1.1 (Main results for the Dirichlet Laplacian). Let p € (1,00), k € NoU {—1}
and~y € (—1,2p—1)\{p—1} be such that y+kp > —1. Then for Api, on WEP(RL w1 pp)
the following assertions hold for all A > 0:

(i) A — Api; is sectorial of angle w(A — Apy) =0,
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(ii) (Toi(2))zex, with o € (0,%) is an analytic Co-semigroup on WFP(RL, w4 pp)
which is generated by Apir,
(#ii) A — Apir has a bounded H -calculus of angle wis (A — Apiy) = 0.

In addition, the semigroup Tpir(t) on WHEP(RL w,iyy) satisfies the following growth
properties:

(iv) if v+ kp € (—1,2p — 1), then Tpi(t) is bounded and assertions (i) and (iii) hold
for A =0 as well,

(v) if v+ kp > 2p—1, then Tpi(t) has polynomial growth and for any e > 0 there are
constants ¢,C > 0 only depending on p,k,v,e and d, such that

ytkp—2p+1

c(l+t 7 ) <|Tpu®)| <CA+t 2

w+kp;?p+1+e)’ t> 0.

Theorem 1.1 in the special case k = 0 has already been established by the first and
fourth authors in [49, Theorem 4.1 & 5.7]. The case k = 0 is used as the basis for
an induction argument to obtain Theorem 1.1 for general £ € Ny. For this induction
argument, we directly use the estimate from the definition of a bounded H°-calculus
together with perturbation arguments and commutator estimates. The fact that d; and
Apir do not commute complicates the analysis.

Concerning the Neumann Laplacian we obtain the following results (see Theorems 5.2,
6.2 and 7.2).

Theorem 1.2 (Main results for the Neumann Laplacian). Let p € (1,00), k € Ng U
{=1} and v € (=1,2p — 1)\ {p — 1} be such that v+ kp > —1. Then for Aney on
WHFLP(R w1 pp) the following assertions hold for all A > 0:

(i) X — Aneu is sectorial of angle w(\ — ANen) = 0,
(i1) (Tneu(2)):zex, with o € (0,%) is an analytic Co-semigroup on WHTLP(RYL, w4 )
which is generated by ANeu,
(@) A — ANeu has a bounded H*-calculus of angle wgo (A — Anen) = 0.

In addition, the semigroup Tneu(t) on WFTIP(RY w.yk,) satisfies the following growth
properties:

(iv) if v+ kp € (—1,p— 1), then Txeu(t) is bounded and assertions (i) and (iii) hold
for A =0 as well,

(v) if v+ kp>p—1, then Tneu(t) has polynomial growth and for any € > 0 there are
constants ¢,C' > 0 only depending on p,k,v,e and d, such that

yt+kp

c(14+75) < I Tnea()] < C(1+1

ytkp—ptite
2p )

) t>0.
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Theorem 1.2 will be derived in a similar way as Theorem 1.1, but additionally,

we can also use the results from Theorem 1.1. This is illustrated by the fact that
MR\, ANeu)f = R(A, Apiy )01 f for appropriate f.

Remark 1.3.

(i)
(i)

(iii)

(iv)

(v)

Theorems 1.1 and 1.2 also hold for vector-valued weighted Sobolev spaces, which
is the setting used throughout this paper.

Theorems 1.1 and 1.2 are false for v ¢ (—1,2p — 1). If v > 2p — 1, then the
Laplacian is not sectorial (see Example 6.9). If v < —1, then the Laplacian will
only be sectorial if additional boundary conditions are included in the domain of
the operator, as is illustrated in [49, Section 5.5].

By complex interpolation in the parameter v, we can obtain the statements in The-
orem 1.1 for v = p—1, although, the domain will need to be changed. The existing
interpolation theory for weighted spaces with boundary conditions is inadequate
here.

The growth of the Dirichlet and Neumann heat semigroup is a result of the be-
haviour of the weight away from the boundary z; = 0. Replacing the weight w4 xp
by a weight which behaves like w1, near zero and becomes constant at infinity,
or, considering a bounded domain, would result in a bounded semigroup. We refer
to [39] and [56] for related results on the Dirichlet heat semigroup on weighted
spaces.

It is an open question if the condition € > 0 in the upper bound for the semigroups
is optimal or that actually € = 0 holds.

As a consequence of Theorems 1.1 and 1.2, we obtain maximal regularity for the

Laplace and heat equation. These results will be presented in Section 8.

1.2. Outline

The outline of this paper is as follows. After introducing some preliminary results in

Section 2, we study Sobolev spaces with power weights and their properties in Section 3.

In Section 4 we collect some known and straightforward results concerning the H°-

calculus for the Laplacian on lower-order weighted Sobolev spaces. Then, in Section 5

we study the sectoriality of the Laplacian on higher-order weighted Sobolev spaces and

in Section 6 we prove growth estimates for the corresponding heat semigroups. Section 7

deals with the H°-calculus of the Dirichlet and Neumann Laplacian. Finally, in Sec-

tion 8 we derive elliptic and parabolic maximal regularity results on inhomogeneous and

homogeneous spaces.
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2. Preliminaries
2.1. Notation

We denote by Ny and N; the set of natural numbers starting at 0 and 1, respectively.
For a € R we use the notation (a); = a if a > 0 and (a); = 0 otherwise.

For d € N the half-space is given by R = Ry x R4, where R, = (0,00) and for
z € R we write z = (21,7) with 21 € Ry and 7 € R%"!. For v € R and z € R% we
define the power weight w,(z) := dist(z, ORL)Y = |zq]7.

For two topological vector spaces X and Y, the space of continuous linear operators
is L(X,Y) and L(X) := L(X,X). Unless specified otherwise, X will always denote a
Banach space with norm || - || x and the dual space is X' := L(X,C).

For a linear operator A : X O D(A) — X on a Banach space X we denote by o(A) and
p(A) the spectrum and resolvent set, respectively. For A € p(A), the resolvent operator
is given by R(\, A) = (A — A)71 € L(X).

We write f < g (resp. f 2 g) if there exists a constant C' > 0, possibly depending
on parameters which will be clear from the context or will be specified in the text, such
that f < Cg (resp. f > Cg). Furthermore, f =~ g means f < g and g < f.

For an open and non-empty O C R% and k € N U {oc}, the space C*(O; X) denotes
the space of k-times continuously differentiable functions from O to some Banach space
X. In the case k = 0 we write C(0; X) for C°(0; X).

Let C°(0O; X)) be the space of compactly supported smooth functions on O equipped
with its usual inductive limit topology. The space of X-valued distributions is given by
D'(0; X) := L(C>(0); X). Moreover, C>(0; X) is the space of smooth functions with
its support in a compact set contained in O.

We denote the Schwartz space by S(R% X) and &'(R%; X) := L(S(RY); X) is the
space of X-valued tempered distributions. For f € S'(R? X) its Fourier transform is
denoted by Ff = f and its inverse as F~1f. For O C R¢ we define S(0; X) := {ulo :
u € S(RY X)}.

Finally, for § € (0,1) and a compatible couple (X,Y") of Banach spaces, the complex
interpolation space is denoted by [X, Y.

2.2. Sectorial operators

For w € (0,m), let ¥, = {z € C\ {0} : |arg(z)| < w} be the sector in the complex
plane.

Definition 2.1. An injective, closed linear operator (A, D(A)) with dense domain and
dense range on a Banach space X is called sectorial if there exists a w € (0, 7) such that
a(A) C X, and

sup |[|AR(A, A)| < oc. (2.1)
AEC\Z,,
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Furthermore, the angle of sectoriality w(A) is defined as the infimum over all possible w.

Remark 2.2. Let A be a linear operator on a Banach space X satisfying (2.1), then A
is closed. Moreover, if X is reflexive, then A has dense domain. Furthermore, if A has
dense range, then A is injective. See [26, Propositions 10.1.7(3) and 10.1.9].

We state a lemma that relates the growth of the semigroup e *4 to the estimate on
the resolvent of A. For related results of this type, we refer to [63].

Lemma 2.3. Let A be a linear operator on a Banach space X and let o > 1. The following
are equivalent.

7 ere exist w € (0, 5) an 1 > 0 such that o Q_w(m
i) Th . 0’2T dC 0 h th A b)) d

1 1
A+ A <O+ o AETny.
[0+ ey <G (R +y) e

(i) There exist n € (0,%) and Cy > 0 such that —A generates an analytic Co-
semigroup on X, and

le™*Mlex) < Callz*H+ 1), zeX,

Proof. We first prove that (i) implies (ii). Let p > 0, then there exists a constant K,
independent of A and p, such that

1 1 K 1
A At <C < —(——+1
1O+ A oo < (e * ) < iy Gt +1)

since p < ko|A + p| and |A| < k1|A + p| with constants ko, k1 > 0 only depending on w.
By standard theory for analytic semigroups (see [26, Theorem G.5.2]) it follows

lle —z(ut+A )||£X)<K1( +1> zZ€Xz_y.
ne—

The result follows upon taking u = 1/|z| because
= — (L a—
lle ™| 2ix) = [e™]le > FTH £ x) < Ca(l2]*7" +1).

We now prove that (ii) implies (i). First, let A\ € ¥, for w € (0, 7). By the Laplace
transform we obtain

IO+ A) Yl o) = H/e*”e*”‘ - 02/6 ReAt(ga—l 4 1) dt
0 0

- Kl ) <K+ )
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where the constants K and Kj only depend on w and C5. By considering the rotated
operator e A with |0 < 7, we obtain (i). O

2.3. The holomorphic functional calculus

We first introduce the following Hardy spaces. Let w € (0,), then H'(X,) is the
space of all holomorphic functions f : ¥, — C such that

I fllzi s,y = sup [[t — f(eiyt)HLl(R+,%) < 0.
|v|<w )

Moreover, let H*(X,,) be the space of all bounded holomorphic functions on the sector
with norm

1f [ (s, = sup |f(z)]-
zZ€EX,,

Definition 2.4. Let A be a sectorial operator on a Banach space X and let w € (w(A4), ),
v € (w(A),w) and f € H'(X,). We define the operator

1
T omi

£(A) - /f@R%Aﬂz
ox

where 0, is traversed downwards. The operator A has a bounded H*(X,,)-calculus if
there exists a C' > 0 such that

IF(A] < Clf e,y forall fe H () NH®(,).

Furthermore, the angle of the H*-calculus wy(A) is defined as the infimum over all
possible w > w(A).

For details on the H>-calculus we refer to [23] and [26, Chapter 10].
Remark 2.5. If the sectorial operator A is in addition invertible, then the behaviour of

the function f € H*(X,) in the neighbourhood of 0 is immaterial. By Cauchy’s theorem,
we can equivalently define

£4) = 5 [ FORG ) d,
r,

where T', is the boundary of ¥, \ B(0, ) with § > 0 small enough such that B(0,0) C
p(A). See [23, Section 2.5.1] for more details.
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For the main results of this paper as presented in Section 1.1, we can also use vector-
valued spaces and to this end, we need the UMD condition. Recall that a Banach space
X satisfies the geometric condition UMD (unconditional martingale differences) if and
only if the Hilbert transform extends to a bounded operator on LP(R; X). We list the
following relevant properties of UMD spaces.

(i) Hilbert spaces are UMD spaces.
(i) If p € (1,00), (S, %, ) is a o-finite measure space and X is a UMD Banach space,
then LP(S; X) is a UMD Banach space.
(iii) UMD Banach spaces are reflexive.

In particular, X = C is a UMD Banach space. For more details on the UMD property
we refer to [25, Chapter 4 & 5].

We state the following lemma on the H°°-calculus for the Laplacian on Sobolev and
Bessel potential spaces with weights w € A, (R%). This result is folklore and follows easily
from the H>°-calculus on LP(R¢,w; X) and lifting.

Let s € R, then the Bessel potential operator is

Jof=(1=Apf=F 1 1+]-»>Ff), feSR:X).

For p € (1,00), s € R and w € A,(R?) (see Section 3), the weighted Bessel potential
space H¥P(R%,w; X) C 8'(R%; X) is defined as the space consisting of all f € §'(R%; X)
such that J,f € LP(RY, w; X) and

||fHHsvp(]Rd,w;X) = HJSf”LP(Rd,w;X) < Q.

Lemma 2.6. Let p € (1,0), s € R, w € A,(R?) and let X be a UMD Banach space.
Then —A on H*? (R w; X) with domain H*T2P(RY w; X) has a bounded H*-calculus
of angle wgo (—A) = 0. In particular, if k € Ng, then the same statement holds for —A
on WFP(R® w; X) with domain W*+2P (R4 w; X).

Proof. Let w € (0, 7). The case s = 0 follows from [57, Proposition 3.6(b)], i.e., there is
a constant C' > 0 such that for f € H(Z,) N H*(Z,)

1 (=)l e @i wix) < Cllf o lullo@iwx), v LPREw; X).  (2.2)
Moreover, the H>-calculus of the Laplacian is given by (see [26, Theorem 10.2.25])
F=Du=F (- PFu),  uwe LR w;X).
Therefore, by (2.2) and lifting we obtain for u € H*?(R%, w; X)

Hf(_A)u”HS’P(Rd,w;X) = ||J8f(_A)u”LP(Rd,w;X) = ||f(_A)J5u||LP(]Rd,w;X)

< Cllf e o [ Tsull e a,wix) = Clf e o) 1ull g @ wix),
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which proves boundedness of the H>-calculus on H*P(R% w; X). The last statement
about the H>-calculus on W*?(R9, w; X) follows from [57, Proposition 3.2]. O

We note that the UMD condition on X is necessary for the H>-calculus on L?(R%; X),
see [26, Section 10.5].

3. Weighted Sobolev spaces

In this section, we introduce the inhomogeneous weighted Sobolev spaces and derive
certain properties that will be used throughout this paper.

3.1. Inhomogeneous Sobolev spaces with weights

Let O € {Rd,Ri}. We call a locally integrable function w : O — Ry a weight. For

€ [1,00), w a weight and X a Banach space, we define the weighted Lebesgue space
L?(O,w; X) as the Bochner space consisting of all strongly measurable f: O — X such
that

I fllze(0.wix) = /||f DK% ) < o0.

An important class of weights is the class of Muckenhoupt A, weights. For p € (1, 00)
and a weight w : O — Ry we have w € A4,(0), if

—1
[W]a,0) == = sup |B|/ dm |B|/ pldxp < o0,

where the supremum is taken over all balls B C O. A weight is called even if w(—xz1,%) =

w(zy,T) for (z1,7) € RE. We have w € A,(R?) and w is even if and only if w € A,(R%).

We refer to [22, Chapter 7] for more details on Muckenhoupt weights and their properties.
For v € R we define the spatial power weight w, on ]R‘_f_ by

w.(z) = dist(z, ORL)Y = |21]7, zeRY.

For O € {R% R4} it holds that |z1|” is in A,(O) if and only if v € (—1,p — 1), see [22,
Example 7.1.7] or [19].

We now turn to the definition of inhomogeneous Welghted Sobolev spaces. Let p €
(1,00) and O € {R% R%1}. Let w be a weight such that w™ 7~ T € L{ (0O). For k € Ny
and X a Banach space, we define the k-th order weighted Sobolev space as

WEP(O,w; X) == {f € D'(O; X) :V|a| < k,0%f € LP(O,w; X)}

equipped with the canonical norm.
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The local L! condition for w™ 7T ensures that all the derivatives 9° f are locally
integrable (by Holder’s inequality), so that the weighted Sobolev space is well defined.
The condition w™ 71 € L} (R9) holds in particular if w € A,(RY) or w = w, with

loc

v € (—o0,p — 1). The condition w wT € L (R%) holds if w € A,(R%) or w = w, with

loc

v € R. For v > p—1 one has to be careful with defining the weighted Sobolev spaces on
the full space because functions might not be locally integrable near x; = 0, but on Ri
we can allow for any v € R, see [45].

Moreover, we recall from [49, Lemma 3.1] that for p € (1, 00) and w such that wTFT €
Li .(R.), we have the Sobolev embedding

WHP(R 4, w; X) < C([0,00); X). (3.1)
We will frequently make use of Hardy’s inequality, see for instance [49, Lemma 3.2].

Lemma 3.1 (Hardy’s inequality on R ). Let p € (1,00) and let X be a Banach space. Let
u € WHP(Ry,wy; X) and assume either

(i) v <p—1 and u(0) =0, or,
(i) v>p—1.

Then

ull Lo ® s w0y —pix) < Cprllt | Lo ® 0005

Using Hardy’s inequality and (3.1), we can define weighted Sobolev spaces with zero
boundary conditions. For p € (1,00), k € Ng, vy € (—1,00)\ {jp—1:j € N;} and X a
Banach space, we define the following spaces with vanishing traces

Wg’p(Ri,wW;X) = {f € WHP(RY, wy; X) : Tr(0°f) = 0 if k — |a| > VTJfl},
ngf(Ri,wv;X) = {f € Wk’p(]Ri,wW;X) :Te(f)=0if k > WTJfl}, (3.2)

eu

Wﬁ’p (RY, wy; X) == {f € WHP(RY, wy; X) : Tr(01f) =0if bk — 1> VT'H}
For w € A, (]Ri) the Sobolev spaces with boundary conditions are

Wg’p(Ri,w;X) ={fe Wk’p(Ri,w;X) (Tr(0%f) =0if |o| <k — 1},
WHP(RY w; X) := {f € WFP(RY w; X) : Ta(f) = 0 if k> 1}, (3.3)
WeP (RE w; X) == {f € WFP(RE Jw; X) : Te(d1f) = 0if k > 2} .

We check that all the traces in the above definitions exist. For the traces in (3.3) this
follows from (3.1). For (3.2), let f € W*P(R4, w,; X) and a € N{ be such that k—|a| >
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VTfl. Then for v € (jp—1,(j + 1)p— 1) with j € Ny, note that k — |a] > j 4+ 1 and thus
by Hardy’s inequality (Lemma 3.1) and (3.1)

wh=lebP(RE s X) s WHETIOLP(Rw,; LP(RYY; X))
= WP (R wy; PR X))
— WHP(R,y, wy_jp; LP(RYTY X)) < C([0, 00); LP(RITL; X)).

We conclude that 0% f € C([0,00); LP(R?!; X)) and thus the spaces in (3.2) are well
defined.

Remark 3.2. An important observation is that for v € (—=1,00) \ {jp—1:j € N1} we
have by definition

WhE(RY, wy; X) = WP (RE, wy; X) = WHP(RY, wy; X) if y>kp—1,
WhE(RY, wy; X) = WP (RE, wy; X) ity > (k—1)p—1.

Although we will not consider weights w, with v < —1 we can nonetheless define
WS%?(R(-%-:WW;X) = W§7P(Rivww§x) = Wk’p(Rivw'y;X)’
see [49, Lemma 3.1(2)].
3.2. Properties of weighted Sobolev spaces
We collect certain properties of weighted Sobolev spaces for later reference. We start
with the following weighted Sobolev embeddings, which are a direct consequence of

Lemma 3.1, see also [44, Section 8.8].

Corollary 3.3 (Hardy’s inequality on R% ). Let p € (1,00), k € N1, v € R and let X be a
Banach space. Then

WoP (RL, wy; X) < WELP(RE w,_p; X) ify<p-1,
WHhP(RE, wy; X) — WHIP(RE Jw,_p; X) ify>p—1,
WP (R, wy; X) = Wi P (RY, w—p; X) ifyé¢{jp—1:j€N}

We continue with a density result. To deal with the Neumann boundary condition
we do not only need approximation by compactly supported functions, but density of
functions of which only certain derivatives have compact support, is required as well.
For j € Ng and X a Banach space, define

CEREX) = {f € CX(RL; X) : 0] f € C2(RE; X))} (3.4)
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Note that the condition B{f € CCOO(Ri;X) implies that 9%f € CgO(IRi;X) for all
a = (a1,d) € Ng x NI with a; > j.

Lemma 3.4. Let p € (1,00), j,k € No such that k > j and v > (k — j)p — 1, and let X
be a Banach space. Then C° (R+,X) is dense in W’”’(Ri,wv, ). If, in addition, X
is reflexive and k > j+ 1, then the statement holds for v = (k — j)p — 1 as well.

Remark 3.5. In particular, C°(R?;X) = %(R_‘j_;X) is dense in WHP(R?, w,; X)
if v > kp—1,0or vy > kp—1 when X is reflexive. The density of Cgo(Ri;X) in
WhP(RY w,; X) for v € R\ {jp—1:j € Ny} with v > kp — 1 also follows from
[49, Proposition 3.8] and Remark 3.2.

In general, it holds that C2°(R%; X) is dense in Wéc’p(Ri, wy; X) fory e R\ {jp—1:
j € Ny}, see [19, Proposition 3.8]. However, density of C2°(R%; X) in WFP(RY, w,; X)
is not true for all v € R.

Proof. Take ¢ > 0 and fix f € Wk’p(Ri,wy;X). By [44, Theorem 7.2 & Remark
11.12(iii)], which also holds in the vector-valued case, and a standard cut-off argument,
we find a g € C°(R?; X) with its support in [0, R] x [—R, R]4~! for some R > 0 such
that

1 = gl et i) < - (3.5)

Let ¢ € C*>°(R) be such that ¢ = 0 on [0,3] and ¢ =1 on [1,00) and set ¢y, (z1) :=

¢(nz1). We construct a sequence (gn)n>1 as follows:

o If j =0, define gn(x) = ¢n(sc1)g(£v)
e If j > 1, define

j—1

(z —1 i ~
D e ./wlfw L, (1)0g(t,7) dr.
m=0 1

Note that by integration by parts g,(z) = g(x) for all z € R% with 2y > 1. For |a| < k
with oy < j and x € Ri with z1 < 1 we have

10%gn ()] < Cllgllcrrsma x) 1l Lo ® -
Moreover, we have
N gn(x) = n(z1)0]g(x), = eRY, (3.6)

so that in particular &g, € C®(R%; X). Let Kg := [~ R, R]*"". Using the properties of
gn We obtain
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”gn - gHW’“P(Ri,wW;X)

< S ([ [10vs@at a7’
0

lal<k Kr

+ S ([ [ 1@t an az)”
0

la|<k g
ar<j ¢

o1—j A N
£0 0 S ([ [ manpio Vgt ad dn )

la| <k m=0 Kg 0
a1>)

d—1
L((k—j)p—1— 2R) P
< CppF=p=1=7) %HQHC’CH(H@ x)loller-i .y,
where the sum for ay > j comes from taking a; — j derivatives of (3.6) and the product
rule. Hence, as v > (k — j)p — 1, taking n large enough we obtain using (3.5) that

||f - gnHW’ch(Rd w3 X) < Hf - gHkaP(Rd w3 X) + ||g - gnHWk,p(]Rd Jwy 3 X) < 2e.

Now let v = (k — j)p — 1 and X be a reflexive Banach space. Note that the sequence
(gn)n>1 is bounded in the reflexive space W*» (]R‘i, wy; X). As a corollary of the Banach-
Alaoglu theorem, (g, )n>1 has a weakly convergent subsequence, say g,, — g weakly in
WhP(R, w,; X) as £ — oo. Since g, — f in D'(R%; X) as n — oo as well, we find g = f
by uniqueness of the limit. With the Hahn-Banach separation theorem, this implies that

——weak —— |||
feCHRLX) =C3[RE;X)

where the closures are taken in the weak and norm topology of W"P(R4, w,; X), re-
spectively. O

Let # € R and define the pointwise multiplication operator
M?:CPREX) —» C2RLX) by Mlu(z) =2 - u(), zeRL. (3.7)
By duality the operator extends to M? : D'(R%; X) — D'(R%;X) and M~ acts as
inverse for M? on D'(R‘j_; X). Moreover, we write M := M. We first study the bound-

edness properties of the multiplication operator M7 with j € Nj.

Lemma 3.6. Let p € (1,00), j € Ny, k € Ny and let X be a Banach space.
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(Z) ]f/y € (Jp_ 1700); then
M7 WEP(R? Jw.; X) — WEP(RY Jw,_jp; X)) ds bounded.
(i) If v € (—1,00) \ {€p —1: £ € N1}, then
M Wéc’p(R‘j_,wW; X) — Wf’p(Ri, Wa—jp; X) 1S an isomorphism.

Proof. It suffices to consider R instead of R‘i, since derivatives with respect to x; with
i €{2,...,d} commute with M7. For (i) note that by the product rule

min{i,j}
(MIuw)D = 3" ep Ml i€ {0, kY.

n=0

Hence, by Hardy’s inequality (Lemma 3.1 using v > jp — 1)

k min{i,j}
||Mju||Wk’p(]R+7w77jp§X) S Z Z ||Mj7nu(7lin)”LP(RJr;ww,jp;X)
i=0 n=0
k min{i,j}
=20 > 1@y w0 S Mllwes @)
i=0 n=0

For (ii), by density of C°(Ry;X) in Wg’p(R+,wv;X) (see [49, Proposition 3.8]), we
have that

M7 WGP Ry, wn; X) = Wo P (R, wy i X)
is bounded. It remains to show that the inverse is also bounded, whereby density it
suffices to consider u € C°(Ry; X). Again by the product rule
(M) = 3 6 M),
n=0
so that by Hardy’s inequality

k %

Ml ®y w.:x) S Z Z 1M Loy i) S Nullwes®y i) O
=0 n=0

Analogous to Lemma 3.6 we obtain the following result for M? with 6 > 0.

Lemma 3.7. Let p € (1,00), 8 > 0, k € Ny and let X be a Banach space. Moreover, let
v,y —0p € (—1,00)\ {jp—1:75 € Ny}. Then

MY Wé“’p(IR{jl_,wv; X)— Wéﬂ’p(Ri,wv_gp;X) s an isomorphism.
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Proof. As in the proof of Lemma 3.6 it suffices to consider Ry and v € C®°(R4; X).
The required estimates follow from the formula

i
(MEu) D =", g M0 e {0, k),
n=0

and Hardy’s inequality (Lemma 3.1). O
Using Lemma 3.6 we obtain a useful characterisation for induction arguments.

Lemma 3.8. Let p € (1,00), ke N;, vy € (k—1Lp—1,00)\{jp—1:7 >k} and let X
be a Banach space. Then

||f||Wk=P(Ri,w,Y;X) ~ Z ”Maaf||W’V*1«T’(Ri,w,\,,p;X)7 f € Wk’p(Rivw’y;X)v

lo|<1

where the constant only depends on p,k,~v,d and X.
Proof. From Lemma 3.6 we have that

MWy P (RY, wy; X) = Wo ™ P (RY, wy s X)
is an isomorphism and hence for g € ngl’p(Ri, wy; X) it holds

HMg“W’“*lvT’(Rd WAy —p3X) S Hg”W’“*lvP(Rd w3 X) and

lgllws-ro@®e w,ix) = M7 Mgllwe-ro®e w,ix) S IMIllws-1o®e 0, _ix)-

Therefore, Remark 3.2 gives that for f € W’”’(Ri, wy; X), we have

1 lwer @ i) = D 10 lws-ro@e w,ix)

l|<1

~ Z ||M3af||wk*1,P(Rd Wy p;X)s O

la<1

We close this section with a complex interpolation result in the parameter v, which
will only play a role in Section 6.2 to improve the estimate on the growth of the heat
semigroup. Complex interpolation of LP-spaces with a change of measure dates back to
Stein and Weiss [64,65]. Related results on weighted Sobolev spaces can be found in
[9,28,50].

Proposition 3.9. Let p € (1,00), k € Ny and let X be a Banach space. Let —1 < vy <
v <y < oo be such that v = (1 —0)y + 0y > kp — 1 for some 6 € (0,1). Then

[WEP(RY, way; X), WEP(RE wy,; X)] ) = WHP(RY, wy; X).
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Proof. For k = 0 the result is a special case of the Stein-Weiss theorem, see, e.g., [27,
Theorem 14.3.1]. From now on assume that k£ € N; and we first prove the inclusion “<”.
Let N := Zla\<k 1 and define the operator

T : Wk’p(Rﬁﬂw’Yo;X) + Wk’p(Rivw'h;X) - Lp(Ria w’YO;XN) + Lp(Rivw’h;XN)a
by T'f := (0% f)|aj<k- It is straightforward to verify that for j € {0,1} the mapping
T : WHP(RY, wy,; X) = LP(RY, wy,; XN)

is bounded. Therefore, by properties of the complex interpolation method and the Stein-
Weiss theorem, we have that

T : [WFP(RYL, w.y; X), WHP(RL, wy; X))o — LP(RE w.,; XV)
is bounded and

[ lwee ®e awyix) S NTF Lo ®e awy:xv) S Wl wes ®e g i), WEe (R 0., )05

where the constant only depends on p, k, 7,9, v1 and d.
To prove the other inclusion “<=”, note that C>*(R%; X) is dense in W*?(R?, w.; X)
by Lemma 3.4. Thus it suffices to show that for all f € C(R%; X)

Il ower e s ), WP ®RE 0y, 1301, S I lwer ®E a0, :x)5

where the constant may depend on p, k,7,70,71 and d. For j € {0,1} we define §; :=
Y+j(11—70)- Let S:={s € C : 0 < Res < 1} and for z € S define T'(z): C(R%; X) —
WhP(RY wgy; X) + WFP(RE, wg,; X) by

T(2)f(z) = e 2, P ), zeRY.

Then 7'(-) f is bounded and continuous on S and analytic on S for all f € C>°(R%; X).
Let t € R and o = (a,a) € Ng x N§~! with |a| < k. By the product rule and Hardy’s
inequality (Corollary 3.3 using that v > kp — 1), we have

HaaT(j + it)fHLP(Ri-,wﬁj;X) = e”aaf”Lp(Ri’w“f;X)

a;—1

a;—n
—_ 2 _ ~
3 cnan ™ T[S = 0l =+ 1[IM 0107 ) o)
n=0 m=1
S I lwes®e w,:x)

and therefore for j € {0,1}
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flelﬂlk) HT(j +it)f||W’“=P(Ri,ij;X) S’ ||fHWk’p(Rd Wy X)*

Using that C°(R%; X) is dense in WHP(R?, w,; X), it follows by Stein interpolation
[68, Theorem 2.1] that

||T(0>fH[Wk,p(Rd 7wﬁ0;X)7Wk,p(Ri,rwﬁl X)), 5 HfHWk,p(]Ri,wn,;X)'

It remains to show that for f € C°(R%; X) we have

I f 1w s.o (e Wi X ), WEP(RE iy 5X)]6 ST flliwrr we Wi X), WP (R ,ws, ;X))o (3-8)

To this end, let T771(0) : C(R%; X) — C°(R; X) be defined by

0 (g —
T 10)g(x) := sc{’('h o) -g(x), zeRYL.
Then we claim that for g € C°(R%; X) we have

HT71(9)9H[Ww(Ri,wm;x),ww(Rd Wayy3X)]e S Hg”[Wk’P(Ri,wBO;X),Wk’P(Rd way X))o

Applying thisto g :=T(8)f € C’(?O(Ri; X) proves (3.8), which in turn proves the propo-
sition.

To prove the claim, note that by Lemma 3.4 (using that 5; > v > kp — 1) and
properties of the complex interpolation method, it suffices to prove for g € CSO(R‘i; X)
and j € {0,1}

\|T_1(9)9||wk»p(Ri,w7j;x) S glwrr @ s, 53)-

Note that v, + 0(y1 — v0) = B;, so for any |a| < k we obtain by Hardy’s inequality

Otlfl

||3QT_1(9)9HLP(R1,%,X) S (HaagllLP(]Ri,ij,X) + Z% HMn_al@?aagHLp(Ri,wﬂj7X))

5 HgHW’“vP(Rd Wg X))

This proves the claim and finishes the proof. O
4. The Laplacian on lower-order weighted Sobolev spaces

We first note some properties of the Dirichlet and Neumann Laplacian on the half-
space in some known and easy cases. That is, we collect the results for the Dirichlet
Laplacian on L from [49] in Section 4.1. Moreover, with a similar reflection technique
as in [49], we derive boundedness of the H>°-calculus for the Neumann Laplacian in the
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case of A, weights in Section 4.2. Finally, in Section 4.3 we consider the weak setting for
the Dirichlet Laplacian corresponding to k = —1 in Theorem 1.1.
Throughout this paper the Dirichlet and Neumann Laplacian will be defined as follows.

Definition 4.1. Let p € (1,00), v € (—=1,2p — 1)\ {p — 1}, k € Ng U {—1} be such that
v+ kp > —1 and let X be a Banach space. The Dirichlet and Neumann Laplacian on
Rff_ are defined as follows.

(i) The Dirichlet Laplacian Api, on WHP(RY, w4 pp; X) is defined by
d
Apirth 1= Z 8J2<u with — D(Apy) := WS:;Q’p(Riv Wrytkop; X).
j=1

For k = —1 we elaborate on the definition of W~"?(R%, w.; X) withy € (—1,p—1)
in Section 4.3.
(ii) The Neumann Laplacian Axey on WHTHP(RE w4y X) is defined by

d
ANeull 1= Z@?u with  D(ANey) := Wﬁ:u&p(Ri,warkp;X).
j=1

Moreover, recall that the semigroups Tpi, and Tney are as defined in (1.2).
4.1. The strong setting for the Dirichlet Laplacian

The H-calculus for the Dirichlet Laplacian on Lp(Rff_,w,y;X) with v € (-1,2p —
1)\ {p — 1} is already obtained in [49]. We will use this theorem (see Theorem 4.2
below) in Sections 5 and 7 as the basis for an induction argument to show that the
Dirichlet Laplacian is sectorial and has a bounded H>°-calculus on W-» (Ri, Wt kop; X)
with £ > 1 as well.

Theorem 4.2 ([/9, Theorems 4.1 & 5.7]). Let p € (1,00), w € A,(R%) or w = w,, with
ve(=1,2p—1)\{p—1} and let X be a UMD Banach space. Let Ap;, on Lp(le_,w;X)
be as in Definition 4.1 with k = 0 and let Tpy on LP(Ri, w; X) be as in (1.2). Then, the
following assertions hold for all X\ > 0:

(i) A — Api; s a sectorial operator of angle w(A — Ap;) =0,
(ii) (Toi(2)):zex, witho € (0,%) is a bounded analytic Co-semigroup on LP(RL, w; X)
which is generated by Apiy,
(7ii) A — Apir has a bounded H™-calculus of angle wiee (A — Apiy) = 0.
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Remark 4.3 (The case v = p — 1). We will not consider the special case v = p — 1
since Hardy’s inequality fails in this case. Nonetheless, Theorem 4.2 remains true if one
considers Ap;, on LP (Ri, wp—1; X) with the different domain

— WP (RS wp_1;X)
D(Apy) = {f € C®(RL; X) : flpre =0}

This can be proved using [49, Propositions 5.1 & 5.3] which do hold for v = p — 1, and
interpolation (Proposition 3.9).

The proof of Theorem 4.2 for w € Ap(]Rff_), which includes w, with v € (=1,p — 1),
goes via an odd reflection to R? and using the H>-calculus of A on LP(R? w; X), see
[49, Theorem 4.1]. Since the kernel of the Dirichlet heat semigroup has a zero of order
one at the boundary, the range for v can be extended.

4.2. The Neumann Laplacian in the A, setting

Let p € (1,00) and w € A,(R%) or, equivalently, w € A,(R%) and w is even. Using a
similar reflection technique as in the proof of Theorem 4.2, we prove that the Neumann
Laplacian has a bounded H®°-calculus on LP(Ri, w; X)) and Wl’p(Ri, w; X). To reflect
the Neumann boundary condition we need an even extension in the first variable.

For f € LP(RY,w; X) and y = (y1,9) € R x R4™! we define the odd and even
extensions by

Eoaaf(y) = foaa(y) = sign(y1) f(|ly1],y)

(4.1)
Eevenf(y) = feven(y) = f(|y1|7 37)

Moreover, for k € Ny let Wfdﬁ (R, w; X) and WEP (RY w; X) be the closed subspaces

even
of all odd and even functions in W*?(R% w; X), respectively.

We have the following lemma on odd and even extensions.

Lemma 4.4. Let p € (1,00), w € A,(R?) be even and let X be a Banach space. Then

Eoda : WEP(RY Jw; X) — WEA(RY, w; X), ke{0,1,2},
Eeven : WEP (R w; X) — WEP (R, w; X), ke {0,1,2,3},

even

are isomorphisms and

1
||u||W’“»P(Ri,w;X) < HEOdduHW’“‘P(]Rd,w;X) <2» Hu”W"’P(Ri,w;X)? ke {0? 172}7

1
||u||kaP(R‘_{_,w;X) < HEeVenu”Wk»p(Rd,w;X) <2 ||UHWk,p(]Rd w;X) ke {Oa 17273}
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Remark 4.5. It should be noted that Lemma 4.4 does not hold for odd extensions and
k > 3, or even extensions and k > 4 unless additional boundary conditions are specified
(cf. Remark 1.3(ii)).

Proof. The statement for the odd extensions is proved in [49, Lemma 4.2], thus it remains
to prove the statement for the even extensions. It is straightforward to verify the case
k = 0. For k£ = 1 the Neumann trace does not exist and therefore, arguing similar as in
[49, Lemma 4.2], we obtain for u € Wl’p(Ri, w; X)) the formula

0% Ueyen (x) = sign(z1)* (0%u)(|z1], x), (4.2)

where o = (o, @) and |a| < 1. This proves that Uueyen € WHP(RY, w; X) and that the
required estimates hold. This finishes the case k = 1.

Note that sign(z1) in (4.2) is not differentiable so we cannot differentiate once more.
Instead, if u € Wé’e’;(R‘i,w;X), then dyu € Wé}f(Ri,w;X) and we can use that
O1Ueven = (01U)oda to obtain

”uevenHW?wP(Rd,w;X)

d
= ||ueven||W1xP(]Rd,w;X) + ||<81u)0ddHW1vP(Rd,w;X) + Z ||8jueven||W1wP(]Rd7w;X)
=2
. d
< 2% (||u||W1vP(]Ri,w;X) + ||81UHW1129(R‘1 Jw; X) + Z ||aju||W1’P(]Rd+,w;X))
=2

1
=27 ||u||W2=P(]Ri,w;X)7

using the estimates for the odd and even extension with k£ = 1. Similarly, for k£ = 3, the
estimate follows using the estimates for the odd and even extensions with k& = 2.
Conversely, let k& € {2,3} be fixed and let Uueyen € WH*P(RY, w; X). Then by [49,
Lemma 3.6] there exists a sequence (up)n>1 C C>(R% X) such that u, — Ueven
in WFP(RY w; X) as n — oo. In addition, un(—-,-) = Ueven(—+") = Ueven(-,-) in
WkP(R?, w; X). This implies that the sequence vy, := £ (uy, 4 uy(—, -)) satisfies

v, € C’SO(Rd;X), (01v,)(0,-) =0 and v, — Ueyen IN Wk’p(]Rd,w;X).

Continuity of the trace implies that u = Ueven|R1 satisfies Tr(0yu) = 0. This proves that

u € Wﬁﬁl(Ri, w; X) since the norm estimates are again clear. O

Using the even extensions we can obtain the H°°-calculus for the Laplacian on Ri
with Neumann boundary conditions.

Theorem 4.6. Let p € (1,00), w € A,(RL) and let X be a UMD Banach space.
For ¢ € {0,1}, define the Neumann Laplacian Axe, on WIZVP(Ri,w;X) with domain
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D(ANew) = Wé’gf’p(R‘Lw;X) and let Tyew on WHP(RY, w; X) be as in (1.2). The fol-
lowing assertions hold for all A > 0:

(i) X — AnNeu is a sectorial operator of angle w(A — ANew) = 0,
(ii) (Tneu(2)):zex, with o € (0,%) is a bounded analytic Co-semigroup on WP (RE, w;
X) which is generated by Aneu,
(i) X\ — Aneu has a bounded H* -calculus of angle wge (A — Aneu) = 0.

Proof. This proof goes via a reflection argument from ]Ri to R? and using the H-
calculus for A on LP(R% w; X) and W1P(R? w; X), see Lemma 2.6. The argument is
completely similar as in [49, Section 4] for the Dirichlet case if one considers the even
extension from Lemma 4.4 instead of the odd extension. O

We state two corollaries of Theorems 4.2 and 4.6 concerning the Dirichlet and Neu-
mann resolvent equation. Similar results on LP(R%, w; C) with w € A,(R%) are already
contained in [16,17].

Corollary 4.7 ([/9], Corollary 4.3 € 5.8). Let p € (1,00), w € Ap(RL) or w = w,
with v € (=1,2p — 1) \ {p — 1} and let X be a UMD Banach space. Then for all f €

LP(RY,w; X) and X € Sr_, with w € (0,7) there exists a unique u € Wé’if(Ri,w;X)
such that Au — Apyu = f. Moreover, this solution satisfies

_lal
Z AT 2 Haﬁu”LP(]Rd wix) < Clfl e ®e wix)s
[B1<2

where the constant C only depends on p,w,w,d and X.
For the Neumann Laplacian we have the following result.

Corollary 4.8. Let p € (1,00), ¢ € {0,1}, w € A,(RL) and let X be a UMD Banach
space. Then for all f € WS (R4, w; X) and X € T,_,, with w € (0,7) there exists a
unique u € Wﬁ_ﬁ’p(Ri, w; X)) such that A\u—Aneyu = f. Moreover, this solution satisfies

18l
Z X210 ull e e wix) < Clfllwer®e awsx)s
|8]<2

where the constant C only depends on p, £, w,w,d and X.

Proof. This follows from Theorem 4.6 using the same argument as in [49, Corollary
43]. O
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4.3. The weak setting for the Dirichlet Laplacian

In this section, we prove Theorem 1.1 with £ = —1, which corresponds to the weak set-
ting for the Dirichlet Laplacian. This follows from combining the results for the Dirichlet
and Neumann Laplacian in the strong setting.

The space W~1P(R?, w; X) with w € A,(R%) consists of all f € §’(R%; X) such that

d
=fo+> 0;f; with fo,f; € LP(RY,w; X) for all j € {1,...,d} (4.3)
j=1

equipped with the norm
d
Il ey 1= 108 { 3 155l o et sy * (4:3) holds }.

Jj=0

As usual, the derivatives are understood in the sense of distributions, i.e., (4.3) reads

fi@0), ¢ e SRL;X).

B

flp) = foly) —

1

<.
Il

For f € W=1P(R?, w; X) with w € A,(R%) we define the Dirichlet heat semigroup as

(Toi(2)f)(9) = f(Tou(2)p), ¢ € S(RL;X). (4.4)

This definition coincides with the definition for functions f € LP (Ri, w; X ). Moreover,
for f € WLP(RY, w; X) and ¢ € S(R?; X) it holds that

d
(Toir(2)1)(#) = (Toir(2) fo) (#) + (01 TNeu(2 )+ > (05Toiu(2)15)(9)
Jzz (4.5)
= (TDir(z)fO)((p) - (TNcu fl 8130 Z TDlr 390)

Using Corollaries 4.7 and 4.8 we can derive elliptic regularity for the Dirichlet Lapla-
cian on W~1P(R4, w; X). For a similar result on R¢ without weights, we refer to [42,
Section 4.4].

Proposition 4.9. Let p € (1,00), w € AP(R‘i) and let X be a UMD Banach space. Then
for all f; € Lp(Rff_,w X) with j € {0,...,d} and A € X,_,, with w € (0,7), there exists
a unique u € WD (Rff_,w X) such that A — Appu = fo + Z] 10;fj. Moreover, this
solution satisfies
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d
1_181 _1

> IAET O Ul Lo et iy < T2 foll oo iy + C D 1 Fill o @t iy

[BI<1 j=1

where the constant C only depends on p,w,w,d and X.

Proof. For the existence and the estimate it suffices to consider the equations

Avg — Apirvg = fo, v9(0,-) =0,
Av1 — Aneuts = f1, (01v1)(0,-) =0, (4.6)
)\’Uj _ADir'Uj = fj, vj(O,-) =0 for j € {2,,d}

Corollaries 4.7 and 4.8 yield solvability of the above equations and the estimates

1_181 _1
Z |Al27 2 Haﬁvonm(m,w;x) < O [ foll o e wix) (4.7)
[8]<1
and
_lsl )
Z \/\|1 2 ”aﬁUjHLP(]R{i,w;X) < C||fj||LP(Rj_,w;X)> jedl,... d}. (4.8)

1<|B|<2
Then v 1= vy + 2?21 O;v; € Wé’fr)(Ri, w; X)) satisfies A\u — Apyu = fo + 2?21 0;f; and

1_181
> A Haﬁuﬂm(m,w;x)
[8]<1

d
1_181
< Z |A[27 2 (HaﬁUOHLP(Rd ,w;X)+Z”aﬁajvj”Ll’(Ri,w;X))

[B1<1 Jj=1

d
< CIANT2 | foll o (ra wix) + CZ I fill e ®e wsx)s

j=1

using (4.7) and (4.8). Finally, since Au — Ap;u = 0 has a solution u € W];’if(IRflH w; X)),
we obtain by Lemma 4.4 that ueqq € WP (R4, w; X) — S'(R?; X) and satisfies Muoqq —
Auoaq = 0 on R4, By employing the Fourier transform it follows that ueqq = 0 and thus
u = 0 as well. This proves the uniqueness and finishes the proof. O

Sectoriality and boundedness of the H*°-calculus for —Ap;, on W‘l’p(Ri, w; X) can
be derived from the same properties of —Ap;, and —Apey 0n LP(R’i,w; X). We close
this section with the main result for the Dirichlet Laplacian in the weak setting.

Theorem 4.10. Let p € (1,00), w € A,(RL) and let X be a UMD Banach space.
Define the Dirichlet Laplacian Api; on W™1P(RL, w; X) with domain D(Apy) =
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WIl)’if(Ri, w; X) and let Tpy, on W=HP(RE, w; X) be as in (4.4). The following assertions
hold for all X\ > 0:

(i) X\ — Apiy is a sectorial operator of angle w(A — Apy) =0,
(ii) (Toi(2))zex, with o € (0,%) is a bounded analytic Co-semigroup on W—1P(R%,
w; X ) which is generated by Apy,
(7ii) A\ — Apiy has a bounded H™-calculus of angle wie (A — Apiy) = 0.

Proof. Let f € W~1P(RY, w; X) such that f = fo+ Y 7_, 9;f; with f; € LP(R?, w; X)
for j € {0,...,d}. Moreover, let v; be the solutions to the equations in (4.6).

To prove (i), note that by Corollaries 4.7 and 4.8, we obtain for z € ¥,_, with
w e (0,7)

d d
|Z|||R(Z’ADir)f”W—lvP(]R‘j_,w;X) < 7| Z ||UJ'HLP(R‘j_7w;X) < CZ Hfj||Lz»(Rd+,w;X)-

Jj=0 Jj=0

Taking the infimum over all possible f; yields that —Ap;, is sectorial of angle 0. Together
with [27, Proposition 16.2.1] this proves (i).
We continue with the proof of (ii). By (i) and [26, Theorem G.5.2] we have that Ap;,
generates the bounded analytic Cp-semigroup (S(z)).ex, and
1
Sz)f = — /ezsR(s,ADir)f ds, z€¥,, f€ Wﬁl’p(Ri,w;X), (4.9)

T omi
T

where T' is the upwards orientated boundary of ¥,/ \ B(0,r) for some r > 0 and ¢’ €
(% + |arg 2], & +0).

We show that S(z) = Tpir(2) on W=HP(RY, w; X) for z € ,. It follows from (4.9),
Theorems 4.2(ii) and 4.6(ii), commuting d; and the resolvent, and (4.5) that

d
S = 55 [ € (Rls Bouhfo + O1R(s, Axeufy + Y- 0,R(s. i)y ) ds

r J=2
d
= Toir(2) fo + A TNeu(2) f1 + D 0;Toie(2) f; = Tow(2) ],
j=2

which completes the proof of (ii).
Finally, to prove (iii) let w € (0,7) and ¢ € H*(3,) N H>*(X,). By Theorems 4.2 and
4.6, we obtain

16(=Apie) f w10 ®Re wix) < NO(=Aix) foll Lo wix) + [10(—Axeu) fill Lo (RY wix)

d
+ Z 16(=Apir) f5ll Lo &2 i)

Jj=2
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d
< Clglla=(s.) Z ”fjHLP(]Ri,w;X)'
=0

Taking the infimum over all possible f; yields that —Ap;, has a bounded H*°-calculus
of angle 0. Together with [27, Proposition 16.2.6] this proves (iii). O

5. Sectoriality of the Dirichlet and Neumann Laplacian

In this section we study the sectoriality of —Ap; and —Apey on weighted Sobolev
spaces of arbitrary order k € Njy. The results of this section are summarised in the
following theorems.

Theorem 5.1 (Sectoriality of A — Apy). Let p € (1,00), k € No, v € (=1,2p — 1) \
{p—1} and let X be a UMD Banach space. Let Api, on WEP(RE w, i yp; X) be as in
Definition /.1. Assume that either

(i) v+ kpe (—=1,2p—1) and A > 0, or,
(i) v+ kp>2p—1and A > 0.

Then A — Apy, is sectorial of angle w(\ — Api,) = 0.

Theorem 5.2 (Sectoriality of A — ANeun). Let p € (1,00), k € Ng U {—1}, v € (-1,2p —
1)\ {p—1} and let X be a UMD Banach space. Let Aney on WFHP(RY w4 X) be
as in Definition /.1. Assume that either

(i) v+kpe(—1,p—1) and X\ > 0, or,
(it) v+ kp>p—1and A > 0.

Then A — ANey 18 sectorial of angle w(A — ANeu) = 0.

Theorems 5.1 and 5.2 will be proved using elliptic regularity for the corresponding
resolvent equations. The elliptic regularity for the Dirichlet and Neumann resolvent equa-
tion is shown using an induction argument on k in Sections 5.1 and 5.2, respectively.
Finally, in Section 5.3 the elliptic regularity is used to finish the proofs of Theorems 5.1
and 5.2.

5.1. FElliptic regularity for the Dirichlet Laplacian

We start with a preliminary result on the solvability of the resolvent equation if the
right hand side is compactly supported. Recall that we defined the Schwartz space on
RY as S(RY; X) := {ulge :u e S(R%; X)}.
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Lemma 5.3. Let X be a Banach space. Then for all f € CZ(R%; X) and A € X, with
w € (0,7) there exists a unique u € S(RL; X) such that

Au—Au=f, u(0,)=0.

Proof. Let f,qq be the odd extension of f as in (4.1). Then foqq € CX(R% X) C
S(R?; X) and taking the Fourier transform of the resolvent equation A\u — Au = f,qq on
R? yields a solution u,qq € S(R?; X) given by

uodd(zla’f) = (-7:71 [5 = %])(%1,5% € € Rda A€ 271’—0.}'

Note that —ueqq(—1,T) also solves the resolvent equation on R%. By uniqueness of the
solution we obtain ueqq(21,Z) = —Uoda(—2x1,%) and therefore uoqq(0,Z) = 0. Thus the
restriction u 1= Uodd\Ri solves A\u — Au = f on ]R{i with u(0,-) = 0. The uniqueness
follows from Corollary 4.7. O

Recall that the pointwise multiplication operator M is defined in (3.7). By [A1, A3] =
A1As — Ay Ay we denote the commutator of two operators A; and As. For a € R we
use the notation (a)y = a if @ > 0 and (a); = 0 otherwise. Moreover, note that for all
u € S(R%; X) we have the commutation relation

[MI0% Alu = —j(j — 1)MI=20% — 2jM?710,0%,  j €Ny, acNg  (5.1)

The next proposition provides the key argument for proving the sectoriality of the
Dirichlet Laplacian on Wk’p(]Ri,wwrkp;X) for K > 1. A version of the proposition
below with improved growth gy, on the right hand side of the estimate will be obtained
in Section 6.2.

Proposition 5.4. Let p € (1,00), k € Ng, v € (-=1,2p — )\ {p — 1}, w € (0,7) and
let X be a UMD Banach space. Let Api on Wk’p(]Ri,w7+kp;X) be as in Defini-
tion 4.1. Then for all f € W’”’(Ri,wwrkp;X) and A € ¥,_,,, there exists a unique
u € ngz’p(Ri, Wotkp; X ) such that Au — Apiu = f. Moreover, this solution satisfies

_ 181
S A 0Pl ) € Ol O lwr @t iy (5:2)
|B]<2

where

(5.3)

? ’y 7p
gk‘,’y()\) : {

1+ [~% ifyep-1,2p-1)

and the constant C only depends on p,k,v,w,d and X.
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Proof. For any k € Nj the uniqueness of u € WS$27P(Ri,w7+kp;X) is clear from
Corollary 4.7 and Hardy’s inequality (Corollary 3.3). The proof for the existence and
the estimate goes by induction on k > 0. The case k = 0 is stated in Corollary 4.7.
Assume that the statement of the proposition holds for a fixed & € Ny and for all
v € (—=1,2p— 1)\ {p — 1}. It remains to prove the statement for k£ + 1. Throughout the
proof, C' denotes a constant only depending on p, k,7v,w,d and X, which may change
from line to line.
First, take f € C°(R%; X). Lemma 5.3 implies that

Au— Appu = f, u(0,-) =0, (5.4)

has a unique solution u € S(R%; X). For |a| < k+1, let vy = M*+19%u. Then we have
V0(0,-) =0 and by (5.1) and (5.4)

Mg — Apitq = ML f — k(k 4+ 1) M*~10%u — 2(k + 1) M*9,0%u. (5.5)

Since f € C*(R4;X) and u € S(R%; X), we find that the right hand side of (5.5) is
an element LP(R%,w.,; X). Therefore, the case k = 0 (see Corollary 4.7) implies that
Vo € WS}f(R‘j_, wy; X) and by Hardy’s inequality (if £ > 1) it holds that

181

S A 10 vl ot )
[81<2

< CIIM*™10 fll Lo a i) (5.6)
+ C(RIM* T 0%l Lo e i) + [MFO10%Ul| o i)

1
< C||f||Wk+1=P(Rd A Wny 4 (k4+1)p3X) +C Z ||8 uHW"vP(Rd Wyt kp;X) "
1<|8]<2

If v € (—1,p—1), then note that v+ (k+1)p € ((k+1)p—1, (k+2)p—1). With Hardy’s
inequality (Lemma 3.1) and the induction hypothesis twice (once with « replaced by
v+ p), we find

S
D 10ullwtr @2, 0ix)

1<]o<2
5 5
<C Z Z 101070 uHL"(R‘i:wwwkmx) + Z 1 UHW’“'p(Rd Wyt kp; X)
[6]=1|B|<k |6]=2
5 5
<C Y (10 ullwrr @) T 10% it R 1 000) (5.7)
5]=2
_k
<C(1+ A 2)||f||Wk,p(R1,ww+p+kp;x)
(k—1)4

F O+ AT ) lwer®e awysipix)

_k
< AN w0 e o1,y
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using Hardy’s inequality (Corollary 3.3) once more in the last estimate. If y € (p—1,2p—
1), then the induction hypothesis and Hardy’s inequality yield

_1
Z H35U||Wk»p(m,ww+kp;x) S CL+N72) gy M llwsr ®E w40 x)
1<]6]<2 (5.8)

ka1
<O+ 7)) fllwesrem

4wyt oy ps X))

From the above estimates, the definition of v, and the fact that || < k+1 was arbitrary,
we further estimate (5.6) as

_lal
SN e ||3’6Mk+13au|\m(m,ww;x) < Crrry N llwst0®e w4 1)p5) -
[B]<2 || <k+1

(5.9)
From (5.9) we obtain
_ 181
> T E 0 Ul s R )
|B1<2
7m (63 (0%
< 3 Y W (10°M Ol g + I 00 U g ) )

[B]<2 |a|<k+1

S Cgk+177()\) ||f||Wk+1'p(Ri,’w,y+(k+1)p;X)

_
O Y Y NI s @ -

Je{1,2} j—1<[6]<j
where in the last step we also used Hardy’s inequality and
(MM 01]10% = —(k 4+ 1) M*9%u,

[MFHL 0210 = —k(k + 1)M* 0% — 2(k + 1) M*9,0%u.

To estimate the last sums, consider the cases v € (—1,p—1) and v € (p — 1,2p — 1)
separately. Then arguing similar as in (5.7) and (5.8), respectively, gives

S NI Ul ®e s pyix) < Cr1 (NI lwrr10®e w4 s1ypix)-
Je{1,2} j—1<I61<y
(5.10)

This proves the required estimate for f € C(R%; X).
To conclude, let f € WHHP(RY w, 4 (441)p; X). Then by Lemma 3.4 there exists a
sequence (fy)n>1 C C°(R%; X) such that

fo—= f in WRPPP(RE w1y X)) as n— oo

Every f, defines a u,, € WS:;:s’p(Ri,wwr(kH)p;X) such that Au, — Apju, = f, and
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llun — UM“WS;;"”P(Ri Slfn— fmHW’HlvP(Ri,wVHkH)p;X) —0 asm,n— oco.

Woyt (h+1)p3X )

Completeness of W[k)it‘g’p (R4, Wy 4 (k+1)p; X ) implies that u,, converges to some

k+3.p (mpd .
u € Wpi " (RE, oyt (1)p5 X)-
Moreover,

1A= Aie) (= 0) @ ) S im = 5@ iy = O
as n — oo. Therefore, (A — Apj)u = limy, 0o (A — Apiy)tty, = limy, o0 fr, = f. Thus, for
any f € Wk+1’p(Ri,w7+(k+1)p;X) there exists a u € ngd’p(Ri, Wry 4 (k+1)p; X ) solving

Au — Apyu = f and the required estimate holds. This finishes the proof. O
5.2. Elliptic regularity for the Neumann Laplacian

We continue with elliptic regularity for the Laplace operator with Neumann boundary
conditions. Analogous to Lemma 5.3 the Neumann resolvent equation can easily be solved

if the right hand side f is in CZ§(R%; X), ie., 0°f € CP(RY;X) for a = (o,d) €
N; x N¢™1, see (3.4).

Lemma 5.5. Let X be a Banach space. Then for all f € éﬁ(@; X) and X € X_, with
w € (0,7) there exists a unique u € S(RL; X) such that

M—Au=f, (01u)(0,-) =0.

Proof. This follows similarly as in Lemma 5.3 using an even extension from ]Ri to R4
instead of an odd extension. Note that this extension satisfies feyen € CCOO(]Rd;X ) C
S(R%:X). O

The following proposition contains the key result for proving the sectoriality of the
Neumann Laplacian. A version of the proposition below with improved growth gi41 .4
on the right hand side of the estimate will be stated in Section 6.2.

Proposition 5.6. Letp € (1,00), k € NoU{—1}, v € (—1,2p—1)\{p—1} such that y+kp >
—1, w € (0,m) and let X be a UMD Banach space. Let Anen 01 Wk+1’p(Ri,w7+kp;X)
be as in Definition 4.1. Then for all f € Wk+1’p(Ri,w7+kp;X) and A € X,_,, there
exists a unique u € Wﬁ:ug’p(Ri7w7+kp;X) such that Au — Anewt = f. Moreover, this
solution satisfies

_18l
> 10wl wisro e 1pi3) < Okt W s ®e w115
|B]<2
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where (cf. (5.3))

Y AR R I AT G
k+1 )
7 L+~ ifye(p—1,2p—1)

and the constant C only depends on p, k,v,w,d and X.

Proof. Throughout the proof, C' denotes a constant only depending on p, k,~y,w, d and
X, which may change from line to line. The proof proceeds in two steps. We first prove
the case v € (p — 1,2p — 1) and k& > —1 with induction similar as in the proof of
Proposition 5.4. Secondly, we prove the case v € (—1,p — 1) and k > 0 using the
previous step.

Step 1: the case v € (p—1,2p— 1) and k > —1. Let v € (p — 1,2p — 1). The case
k = —1 is stated in Corollary 4.8. Assume that the statement of the proposition holds
forall v € (p —1,2p — 1) and a fixed k € Ny U {—1}. We prove the statement of the
proposition for k + 1.

First of all, note that uniqueness of u € Wﬁ:f’p(Ri,w,H(kH)p;X) follows from
Corollary 4.8 and Hardy’s inequality (Corollary 3.3). Take f € C®(R%;X) and let
u € S(R%; X) be the unique solution to

AU — ANentt = f, (01u)(0,-) =0, (5.11)

see Lemma 5.5. For |a| < k + 2 define v, = M**29%u. Then v, satisfies the Dirichlet
boundary condition v, (0,-) = 0 and the equation

Mg — Apicve = M*20%f — (k+1)(k + 2)M*0%u — 2(k + 2) M*+19,0%u.

Applying Corollary 4.7 with v —p € (—=1,p — 1) yields the estimate (5.6) with k and ~
replaced by k + 1 and vy — p, respectively. The rest of the argument is analogous to the
Dirichlet case, see (5.8)-(5.10). For f € C°(R%; X) we obtain the estimate

IB\ _kt2
S N 10Ul n @t i) < O INTF) izt a0
[B1<2

By a density argument similar as in the proof of Proposition 5.4 the induction is finished.
This proves the statement of the proposition for k € NgU{—1} and vy € (p—1,2p—1).

Step 2: the case v € (—1,p—1) and k > 0. Let v € (—1,p — 1) and note that for
k = 0 the result in already contained in Theorem 4.6. Therefore, we let k € Nj from
now on. Then uniqueness of u € Wet>? (R%, wy4p; X) follows from the uniqueness in

Wﬁ}ﬁl(Ri, wy; X) (case k = 0) and Hardy’s inequality.



34 N. Lindemulder et al. / Journal of Functional Analysis 289 (2025) 110985

To continue, take f € é’f’l(ﬁ;X ). Lemma 5.5 implies that the resolvent equation
(5.11) has a unique solution u € S(R%; X). Let j € {1,...,d} and define v; = d;u. If
j =1, then vy satisfies

vy — Apivr = 01 f, v1(0,-) = 0.
If j € {2,...,d}, then v; satisfies
/\’Uj — ANquj = 6jf, ((911}]‘)(0, ) = 0.

Applying Step 1 for k —1 and v+ p € (p — 1,2p — 1) to estimate v; for j € {2,...,d}
and Proposition 5.4 to estimate vy, yields

_18l
SO 107l yis1.0 (R i)
1B1<2

d

_ 181
= Z A= (||aﬁu|\wk,p(u{<d AWyt kepi X) JFZ||<{9B”UjHwk,p(m,zuwrk.p;)())
1Bl<2 j=1

d
<O+ ) (I lwir @ ey + S 105 lwin @t o,y )

j=1

_k
<C(1+ A 2)Hf”W"‘“*P(Ri,kapxy

From Lemma 3.4 we have that CZ9 (M; X)) is dense in W*T1P (R w4 p; X). Therefore,
a similar density argument as in the proof of Proposition 5.4 yields that for any f €
Wk+1*p(Ri,w7+kp;X) there exists a u € Wﬁ:ug’p(Ri,w,Hkp;X) solving (5.11) and the
required estimate holds. This finishes the proof. O

5.8. Sectoriality and the proof of Theorems 5.1 and 5.2

The sectoriality of the Dirichlet and Neumann Laplacian in Theorems 5.1 and 5.2 is
now an easy consequence of Propositions 5.4 and 5.6.

Proof of Theorems 5.1 and 5.2. Let v € (=1,2p — 1)\ {p — 1} and k € Ny U {-1}
be such that v + kp > —1. We first consider the Dirichlet Laplacian. Assume that
vy+kpe(—1,2p—1)and A >0, or, v+ kp > 2p — 1 and A > 0. We prove that A — Ap;,
on Wk’p(Ri,w,erkp;X) with domain WSﬁQ’p(Ri,w7+kp;X) is sectorial of angle zero.
Note that this operator is closed by the estimate in Proposition 5.4 (see Remark 2.2).
The resolvent estimate for A — Ap;, now follows from Proposition 5.4 (corresponding to
B = 0 below, the estimates for || € {1,2} will be needed in Section 7). Indeed, we have
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_18l
sup Y |z' 7 0P R(z, A - Apie) fllwkn R 00,4y X)
zeC\X,, 18]<2

_18l
= sup Y [z— A 10° Rz, Avie) fllwer @4 1, 0:0)
FEM 5 <2

_ 18]
<O swp Y |2 0P RG Apin) fllwr Re w1y
ZEMZ 0w ‘BISQ

<C GASJFZP gkv’Y(z)||f||Wk=P(]Ri,w,y+;w;X) = Cgkv’Y()\)”fHkaP(Ri,wn,_'_kp;X)v
z S

(5.12)
using that for z — A € X, _,

r A < |z|  ifwelf,m)
AL ifwe 0,7

sin w

Note that gi () = 1if v+ kp < 2p—1, so that the constant in the sectoriality estimate
is independent of X\. Thus —Ap;, is also sectorial in this case.
Furthermore, by Proposition 5.4 the mapping

A= Apir : WS:EQ’p(RivaJrkP;X) - Wk’p(Ri,w'erkp; X)

is surjective. The sectoriality now follows from Remark 2.2. This finishes the proof of
Theorem 5.1

The proof of Theorem 5.2 for the Neumann Laplacian on Wk+1*p(Rfl'_,w7+kp; X) is
O

similar to the Dirichlet case using Proposition 5.6
6. The Dirichlet and Neumann heat semigroup
In this section, we study the growth of the Dirichlet and Neumann heat semigroup.

Recall that the odd and even extensions from R‘i to R? are defined as in (4.1). Let
z € C4 and recall from Section 1.1 that we defined the kernels

Hg’:t(x7y) = Gg(xl_ylai_miGg(xl +y17§_17)a x7y6Ri7 (61)

where G¢ is the standard heat kernel on R¢, see (1.1). The Dirichlet heat semigroup Tp;,
is defined for f € LP(R?,w,; X) with v € (=1,2p— 1)\ {p — 1} by

Toir(2)f(x) == HS™ % f(z) = / HE (z,y) f(y) dy = /Gﬁ(fv — ) foaa(y) dy, (6.2)
R4 R4

and the Neumann heat semigroup Tney is defined for f € WP (Ri,wV;X ) with v €
(-1,p—1) and ¢ € {0,1} by
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Tren(2)f(z) 1= HO % f(z) 1= / HE (2,9) () dy = / GUx — ) foven(y) dy. (6.3)
RY Rd

Note that the above definitions of the semigroups are well defined by Theorems 4.2 and
4.6.
We prove the following theorems concerning the heat semigroups.

Theorem 6.1 (Dirichlet heat semigroup). Let p € (1,00), k € Ng, v € (=1,2p — 1) \
{p — 1} and let X be a UMD Banach space. Let Api; on WHP(RY w.yrp; X) be as
in Definition 4.1. Then (Tpir(2))zex, with o € (0,%) is an analytic Co-semigroup on
Wk’p(R‘i,w.Hkp;X) which is generated by Api,. Moreover, the heat semigroup Tpi(t)
on Wk’p(]Rff_, Wotkp; X ) satisfies the following growth properties:

(i) if v+ kp € (—1,2p — 1), then Tpi(t) is bounded,
(ii) if v+ kp > 2p — 1, then Tpi(t) has polynomial growth and for any € > 0 there are
constants ¢,C > 0 only depending on p,k,v,e,d and X, such that

kp—2p+1 Yt+kp—2p+1lte

1+t < T <C(1+7 3 7),  t>0.

Theorem 6.2 (Neumann heat semigroup). Let p € (1,00), k € Ny U {-1}, v €
(—=1,2p — 1) \ {p — 1} such that v+ kp > —1 and let X be a UMD Banach space.
Let Anew on WFHP(RE w4 kp; X) be as in Definition 4.1. Then (Ixeu(2)):ex, with
o € (0,%) is an analytic Co-semigroup on W*TEP(RL w3 X) which is generated
by ANeu- Moreover, the heat semigroup Tneu(t) on Wk“‘l’p(]R‘i,warkp;X) satisfies the
following growth properties:

(i) if v+ kpe (—1,p—1), then Tneu(t) is bounded,
(ii) if v+ kp >p—1, then Txeu(t) has polynomial growth and for any € > 0 there are
constants ¢,C > 0 only depending on p,k,~v,e,d and X, such that

) t>0.

ytkp—p+1 ytkp—ptlte
2p ) PP )

c(l+¢ < Txeu () < C(1 4t

From Theorems 5.1 and 5.2 together with [26, Theorem G.5.2], the statements in
Theorems 6.1(i) and 6.2(i) immediately follow. In Section 6.1 we prove that the generators
of the Dirichlet and Neumann heat semigroup are Ap;, and Aney, respectively. Finally,
in Section 6.2 we study the growth of the semigroups and prove Theorems 6.1(i) and
6.2(i).

6.1. Generators of the Dirichlet and Neumann heat semigroup

We start with some preliminaries about the consistency of the resolvents and the
semigroups.
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Let Xy and X; be two compatible Banach spaces and suppose that By € £(X() and
B; € £(X1). Then we call the operators By and By consistent if

Bou = Biu for all u € Xy N X;.

For z € ¥ C C the two families of operators By(z) € L(Xy) and Bj(z) € L(X;) are
called consistent if By(z) and Bj(z) are consistent for all z € X.

From Theorems 4.2(ii) and 4.6(ii) we obtain an easy corollary on the consistency of
the semigroups.

Corollary 6.3. Let j € {0,1}. Let p; € (1,00), 0 € (0,%) and let X be a UMD Banach

space. Let z € ¥, then the following assertions hold.

(i) If v; € (—1,2p; — 1)\ {p; — 1}, then e*Pi on LPi (R4, w,,; X) for j € {0,1} are
consistent.

(ii) If v; € (—=1,p; — 1) and ¢; € {0,1}, then e**Nev on W4 Pi (R, wy,; X) for j €
{0,1} are consistent.

To prove Theorems 6.1 and 6.2 we need the semigroups to be consistent on the
weighted Sobolev spaces that we consider. To this end, we prove the consistency of the
resolvents. We start with the consistency of the resolvents for the Dirichlet Laplacian.

Lemma 6.4 (Consistency of Dirichlet resolvents). Let j € {0,1}. Let p; € (1,00), k; €
No, 7; € (=1,2p; — 1)\ {p; — 1} and let X be a UMD Banach space. Let A; := Ap;,
on WFiPi (R4 wy, 14,5 X) be as in Definition 4.1. Then the resolvents R(z, Aj — \) for
j € {0,1} are consistent for all A >0 and z € ¥r_,, with w € (0,7).

Proof. First, let kg = k1 =0 and A = 0, then by [2, Proposition 2.4] and Corollaries 4.7
and 6.3, we have that the resolvents are consistent. If A > 0, then consistency of the
resolvents for A = 0 implies

R(Z, Ay — /\) = R(Z + A, ADir) = R(Z, Ay — /\), (64)

since z+ A € X+ X, C 3, . This proves the case kg = k1 = 0.

To prove the general case it now suffices to prove that for fixed j € {0, 1} the resolvents
on WkiPi(R% w.y, 4i,p,; X) and LP7 (R%, w,,; X) are consistent. By Proposition 5.4 the
resolvent equation

(z+ Nu— Appu = f, 2€¥, w, fELP (Ri,ww;X) N Wki-pi (Ri,w7j+kjpj;X)

has unique solutions uy € WP (R, w,,; X) and uy € WP (RL w453 X). By
Hardy’s inequality (Corollary 3.3) it follows that ug = w;. This proves the lemma. O
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Moreover, we have a similar lemma on the consistency of the Neumann resolvents.

Lemma 6.5 (Consistency of Neumann resolvents). Let j € {0,1}. Let p; € (1,00), k; €
No, ¢; € {0,1}, v; € (—1,p; — 1) and let X be a UMD Banach space. Let Aj := Aneu
on WFHpi(RE w4 r.p3 X) be as in Definition /.1. Then the resolvents R(z, Aj — )
for j € {0,1} are consistent for all A >0 and z € E,_,, with w € (0, 7).

Proof. By [2, Proposition 2.4] and Corollaries 4.8 and 6.3, the case kg = k; = 0 with
A = 0 follows. Arguing as in (6.4) gives the result for A > 0 as well.

To prove the general case, it now suffices to prove that for fixed j € {0,1} the resol-
vents on Wi 423 (R w4, X) and W4Pi (RS, w,,; X) are consistent. This follows
similarly as in the proof of Lemma 6.4 using Proposition 5.6 and Hardy’s inequality. O

We can now prove that the Dirichlet and Neumann semigroup are generated by Ap;,
and Apeu, as is stated in Theorems 6.1 and 6.2, respectively.

Proof of Theorems 6.1 and 6.2: generator identification. Let p € (1,00), k € Ny and let
v € (=1,2p—1)\{p—1}. We first prove that (Tpi:(2)).ex, with o € (0, ) is an analytic
Cp-semigroup on W’“’p(Ri, Wytkp; X ) generated by Ap;,. Let

Ap :=Apir on LP(R‘j_,wW;X) and A;:=Ap; on Wk’p(Ri,wwrkp;X)
be as in Definition 4.1. By Theorem 5.1 and [26, Theorem G.5.2] we have that A; — A
with A > 0 generates the bounded analytic Cp-semigroup (e~**S(z)).ex, and

1
e MS(2)f = — /ezsR(s + X\ AL f ds, 2 €%, feWFP(RL wyiky; X), (6.5)

27
r

where I' is the upwards orientated boundary of X,/ \ B(0,r) for some r > 0 and ¢’ €
(% +|arg2], & +0).

We show that S(2) = Tpir(z) on WFP(RE, w.,4xp; X) for z € 5. By (6.5), Lemma 6.4
and Theorem 4.2(ii) we obtain for f € W*P(RL, w4 pp; X)

e MS(2)f =

1 1
zs (s=N)z -z
i /e R(s+ X\ Ag)fds = 5 /e R(s, Ap)f ds = e *Tpir(2)f.
r

r

Therefore, S(z) = Tpi(z) and thus Tpi(2) is the analytic Cop-semigroup generated by
A;. This completes the Dirichlet case from Theorem 6.1.
We continue with the Neumann Laplacian. If v € (=1,p — 1) and k € Ny, then define

Ap := ANeuw ODN Wl’p(R‘j_,wq,;X) and A := Aneu ON Wk+1’p(Ri,w,y+kp;X).

Ifye(p—1,2p—1) and k € Ny U {—1}, then define
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Ag:=A LP(RY ; X d A=A WP (RY ; X
0 ‘= ANeu O ( 4y Wy—p; ) a1l 1= ANeu On ( 4 Wry+kps )

For both cases, we can proceed similarly as for the Dirichlet Laplacian using Theorem 5.2,
Lemma 6.5 and Theorem 4.6(ii). This proves that (Tneu(2)).cx, with o € (0,F) is an
analytic Co-semigroup on W*1P(R%, w, 1 1,; X) which is generated by Aey, as stated
in Theorem 6.2. O

6.2. Growth of the Dirichlet and Neumann semigroups

We proceed with investigating the growth of the Dirichlet and Neumann heat semi-
group on weighted Sobolev spaces and we prove Theorems 6.1(ii) and 6.2(ii).

Before turning to the growth of the semigroups, we first reconsider the elliptic regu-
larity estimates from Propositions 5.4 and 5.6. In particular, using complex interpolation
we can improve these estimates with a sharper function g () on the right-hand side
of the estimates. This will allow us to find sharper growth rates for the semigroups later
on.

Let p € (1,00), k € Ng, v € (—=1,2p — 1) and let € > 0. Then we define

yt+kp—2p+1l+te . (66)

1 ify+kpe(—1,2p—1)
ey, (A) = _ .
14 |2l 2p ify+kp>2p—1

For the Dirichlet Laplacian, we obtain the following improved elliptic regularity result.

Proposition 6.6 (Elliptic reqularity for the Dirichlet Laplacian). Let p € (1,00), k € Ny,
v € (—=1,2p—1)\{p—1},e > 0, w € (0,7) and let X be a UMD Banach space. Let Ap;, on
Wk’p(Ri,w7+kp;X) be as in Definition /.1. Then for all f € Wk’p(]R‘_f_,wﬂﬁkp;X) and
A€ X, there exists a unique u € ngz’p(Ri7w7+kp; X) such that Au — Apyu = f.
Moreover, this solution satisfies

_18l
SO ||8BUHW’“TJ(Ri,w,Y+kp;X) < Chiy e M lwer Re 00,44y )
|8]<2

where hy ~ .« is defined in (6.6) and the constant C' only depends on p,k,v,&,w,d and X.

Proof. By Proposition 5.4 we only have to prove the estimate for & € N;p. First, let
v € (p—1,2p — 1) and without loss of generality we may assume ¢ € (0,2p — 1 — 7).
Define v = p—-1—-¢ € (-l,p—1)and vy = 2p—1—¢ € (p—1,2p — 1). Then
v =(1—0)y + 6y1 with @ = (y —p+ 1+ ¢)/p. Then Proposition 3.9 twice, properties
of the complex interpolation method, Lemma 6.4 and the estimate in Proposition 5.4,
yield
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_lsl
Z A1 ||a,8u||Wk~P(]Ri,w7+k,,;X)
|B1<2

il
<C Z A 0% (W2 (RE 1 113 X), WEP (RS 10, 13 X)]
[8]<2

< O(gka’Yo (/\))lie(gkfh( )) ”f”[Wk P(RE wWag 4 kp; X)), WHEP(RE Wy 1 1p;X)]6

<O+ M) T @ ) U lwrs @ 0

yt+kp— 2p+1+z )

C(l + |A” £ llws. P(RE Wyt p; X))

where we used that

k—1 k 1 Y+kp—2p+1-+c¢
— 1-0)—=0=—(k—140)=-— .
—1-0) -3 5( +90) %

If v € (—1,p — 1), then by inspection of the inductive proof of Proposition 5.4, we
see that on Wk’p(IR{i, Wy4kp; X ) the function gy on the right-hand side of the elliptic
regularity estimate (5.2) is determined by gi ~(X) = gr—1,+p(A). Thus in a similar way,
we obtain for v € (—=1,p — 1) and k > 2 the estimate

18]

Z \/\|177||3BUHWM(W iy X) < Ot yip e Q)L e e w,yipix)
[8]1<2

and the result follows upon noting that hg_1 y4pc(A) = hiy(A). O
In a similar way, there is the following improved elliptic regularity result for Ayey.

Proposition 6.7 (Elliptic regularity for the Neumann Laplacian). Let p € (1,00), k €
NoU{—=1} and v € (—1,2p— 1)\ {p — 1} be such that v+ kp > —1. Moreover, let € > 0,
w € (0,7) and let X be a UMD Banach space. Let Aney on WETLP(RL, w.ypp; X) be
as in Definition J.1. Then for all f € Wk+1’p(Ri,w7+kp;X) and A € Xr_,,, there exists
a unique u € Wﬁ:u?”p(]Ri, Wytkp; X ) such that Au — Anewt = f. Moreover, this solution
satisfies

> I B 0Pl o 3 S Chictry et 530
|B1<2

where hy - is defined in (6.6) and the constant C' only depends on p,k,7v,e,w,d and X.

Proof. The proof uses Proposition 5.6 and is analogous to the proof of Proposi-
tion 6.6. O

With the elliptic regularity estimates from Propositions 6.6 and 6.7 at hand, we can
establish (almost) optimal growth bounds for the Dirichlet and Neumann heat semigroup.
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Proof of Theorems 6.1(ii) and 6.2(ii). We start with the Dirichlet case, i.e., we prove
that for y+kp > 2p—1, the semigroup Tp;,(t) on Wk-» (RﬂiH W+ kp; X ) grows polynomially
and there are constants ¢, C > 0 only depending on p, k,~,e,d and X, such that

y+kp—2p+1 yt+kp— 2p+1+
) )
)

c(1+1¢ < |Tpu@)|| < C(1+t t>0,e>0. (6.7)

By Proposition 6.6, Lemma 2.3 and the fact that Ap;, generates Tpj,, it follows that
Tpir(t) grows at most polynomially and the upper bound in (6.7) holds.
It remains to show that Tpi(t) grows at least polynomially. We provide an ex-

ample of a function h € WFP(R? w,yp; X) such that || Toi(t)h| s, PRE w1 X) 2
cp)kﬁthp e . By setting h = ( ® g with g € S(R?™; X) if d > 2, it suffices to find an
nHrkzﬂ 2p+1

¢ € WFP(Ry, wytkp) such that | Tow ()¢ wes®,y w,ynp) = Coknt 22
For ( it suffices to take the cut-off function defined by

(e C®(R;) suchthat ((z)= {1 if < (6.8)

0 ifx>

IN[JRNITE

Note that ¢ € W*P(R, wy4kp). Let t > 1 and using that 1 — e™® > § min{a, 1} for
a > 0, we obtain

I 1 _le—y|? u\
_ P y+kp —e
||TD1r(t)§HLP(]RJr,wwrkp) z /x ‘/ 47Tt (1 ‘< )
0 0
1
3

dx

% et fareor| [
0

e vite (4\/E)—pt7”kp;2p“/xv+(lc+1)p

0 0

1
2

—
[N

lo— 22
e —= ydy‘ dx

1

0

0

yt+kp—2p+1
= Cpk,y T :

Therefore, if v+ kp > 2p — 1, then the semigroup Tpi,(t) on WHP(RE, w. i pp; X) grows
at least polynomially and ||Tpi(¢)|| > 1 for all ¢ > 0. This implies the lower bound in
(6.7) and finishes the proof of Theorem 6.2(i).



42 N. Lindemulder et al. / Journal of Functional Analysis 289 (2025) 110985

It remains to prove Theorem 6.2(ii), i.e., for v+ kp > p — 1 the semigroup TNeu(t)
on W’H‘l’p(Ri,wwrkp;X) grows polynomially and there are constants ¢,C > 0 only
depending on p, k,7,e,d and X, such that

Ytk p p+1 ytkp—pt+ite
2p )

c(1+1¢ ) S I Txen®) | S C(1+¢ t>0,¢e>0. (6.9)

The upper bound in (6.9) follows from Proposition 6.7, Lemma 2.3 and the fact that Ayey
generates Tney. The lower estimate follows from the same example as in the Dirichlet
case above. Indeed, we obtain for t > 1

t

Vi 2 .
_p _le—yl p
ITxen I s sy = (4P g/xvﬂcp’/e #* 4y ar
0 0

1
2
/ dy‘ dx

1
z»—):\/Ez JM / LRp

Cp kAt
0

~ ytkp—p+1
= Cp,k,y .

This finishes the proof of Theorem 6.2(ii). O

Remark 6.8. By inspection of the above proof, it follows that the example for the poly-
nomial growth fails if the weight w4y, is replaced by a weight that behaves as wy1xp
near zero but becomes constant as x; — oo. Using such a weight we expect that the
corresponding heat semigroup is actually bounded. Similarly, on bounded domains the
semigroup will be bounded as well.

We end this section with an example that shows that the range for « in Theorems 1.1
and 1.2 is optimal in the sense that the theorems fail for v > 2p — 1. To this end, recall
that

1

2
/ y*|log(y)|? dy < oo (6.10)
0

if and only if @« > —1 and f € R, or, a = —1 and 8 < —1.

Example 6.9. Let p € (1,00),k € Ng and v > 2p—1. We provide an example of a function
h € WEP(RE, wyqpp; X) such that Tpi(t)h ¢ WHP(RYL, wyyrp; X) for all ¢ > 0. By
setting h = f®g with g € S(R?™1; X) if d > 2, it suffices to find an f € W*P(R ., w4 k)
such that Toi(t)f & WFP(R ., weqkp)-

Let ¢ be as in (6.8) and define

fl@) == a7%log(x)|" % ((z),  w€Ry.
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A straightforward computation shows that for j € {0,...,k} we have fU) ¢
LP(R4,wy4kp) and thus f € Wkp(]RJr,w,wrkp) Note that the heat kernel satisfies
Ht1 > 0, so that for ¢ > 0 and = € (0, )We obtain

_lz— yl

zy _ _p+l
Toie(t) f (z) (1—e %)y 2 log(y)| = dy

\/_

Y

1
2
1 _ _p¥l (6.10)
Ct,w/y Hlog(y)|” 2 dy =" oo,
0

where

2 €T
Ctp = inf y lem (1 — e__tu) >0, for z € (0, %) and t > 0.

Therefore, Tpi:(t) f(z) = oo on (0, 3) and in particular Tpi(t)f & W5P (R, wysip)-
Analogously, for the Neumann Laplacian the example f(x) := 27} log(m)ﬁ%((:ﬂ)
shows that the range for « in Theorem 1.2 is optimal.

7. The H°°-calculus for the Dirichlet and Neumann Laplacian

In this section, we prove the following theorems concerning the H*°-calculus.

Theorem 7.1 (H*-calculus for A — Apy;). Let p € (1,00), k € Ng, v € (=1,2p — 1)\
{p—1} and let X be a UMD Banach space. Let Api, on WEP(RE w, i yp; X) be as in
Definition /.1. Assume that either

(i) v+ kpe(=1,2p—1) and A > 0, or,
(i) v+ kp>2p—1and XA > 0.

Then A — Apiy has a bounded H*-calculus of angle wge (A — Apy) =0
Theorem 7.2 (H*-calculus for A\ — Aneu). Let p € (1,00), k € NoU{—1}, v € (-1,2p—
)\ {p—1} and let X be a UMD Banach space. Let Aney on WFEP(RE w4 X) be

as in Definition J.1. Assume that either

(i) y+kpe(-1,p—1) and A > 0, or,
(i) y+kp>p—1and A > 0.

Then A — ANen has a bounded H-calculus of angle wise (A — Aneun) = 0.
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In Sections 7.1 and 7.2 below we prove some preliminary estimates on the Dirichlet
and Neumann resolvent, respectively. In Section 7.3 we prove Theorems 7.1 and 7.2.

7.1. Preliminary estimates for the Dirichlet resolvent

We start with a preliminary lemma on commutators of the Dirichlet resolvent and
derivatives.

Lemma 7.3. Letp € (1,00), k € Ng, v € (=1,2p—1)\{p—1} and let X be a Banach space.
Let Ap;, on Wk’p(Ri,w7+kp;X) be as in Definition /.1. Then for all u € Cgo(Ri;X)
and z € p(Apir) we have

(i) [0}, R(z, Api)]u = 0, neNy, je{2,...,d},
(ii) [0%, R(z, Apir)]ju = 0,
(ZZZ) [M@f, R(Z, ADir)]u = —2]‘%(27 ADir)ﬁf“R(z, ADir)u, le {O, 1}.

It should be noted that R(z,Ap;;) and 9; do not commute since 9; R(z, Apir)u does
not satisfy the Dirichlet boundary condition. This causes various complications in the
proof of Theorem 7.1.

Proof. Let j € {2,...,d}, then using that Ap;, and 9; commute gives

(2 — Api)[9, R(2, Apir)Ju = (2 — Apir)9; R(2, Apir )u — Oju
j(z — ADir)R(z7 ADir)u — 8ju = 0,

since 0 R(z, Apir)u € D(Apiy) by Lemma 5.3. This proves (i) for n =1 and the general
case follows by iteration. Note that 0?7 = Ap;, — Z?:z [“)72,
fact that R(z, Api) and Ap;, commute.

Finally, using (5.1) and M{R(z, Api;)u € D(Aps,), we compute

so (ii) follows from (i) and the

(z — Api) [MO!, R(z, Api)]u
= 2MO*R(z, Apiy)u — Api MOYR(z, Apy )u — Mdtu
= 2MOYR(z, Apir)u — MAJR(z, Apiy)u — 2007 R(2, Api)u — Mdtu
= MO (2 — Api)R(z, Apir)u — 208 R(2, Apiy)u — Mt
= —28f+1R(z, Apir ),

which proves (iii). O
In the following two lemmas, we prove estimates for the commutators in Lemma 7.3(iii),

which are required in the proof of Theorem 7.1. We start with an estimate for the com-
mutator in Lemma 7.3(iii) with £ = 0.
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Lemma 7.4. Let p € (1,00), k € No, v € (=1,2p — 1)\ {p — 1}, A > 0 and let X be
a UMD Banach space. Let Apiy on Wk’p(Ri,w,y+kp;X) be as in Definition 4.1. Let
0<v<w<mandletT, be the downwards orientated boundary of ¥, \ B(0, %) Then
there exists a C > 0 such that

| [ 7RG = SptiR(z A~ Apiuds|

WEP(RE wey g X)
< Cllf e o llullwer ®e w, i x);

for all f € HY(S,) N H®(Z,,) and u € WHP(RY, w4 kp; X). Moreover, the constant C
only depends on p, k, v, \,w,v,d and X.

Proof. From (5.12) in the proof of Theorem 5.1 we obtain for any o € (0, )

sup |2||R(z,A — Apy)|| < oo and sup 2|7 [|01R(z, A — Api)|| < oo.
2€C\Z, 2eC\Z,

Therefore,

H/f(z) 2, A — Apir)O1R(2, A — Apyiy) udzH

Whop( Ri7w7+kaX)

|dz|

R we 4 1p3X) |Z|%

< fllmee(z.) / 2R (2, A = Apir) [[122 01 R(2, A — Apir) [ [l e
r,

< Cllf s s llullwes ®e w,ppix)- O

To continue, we prove an estimate for the commutator in Lemma 7.3(iii) with ¢ =1
under the additional assumption that A — Ap;, has a bounded H°°-calculus.

Lemma 7.5. Let p € (1,00), k € Nog, v € (-L,2p— 1)\ {p—1}, A > 0 and let X be
a UMD Banach space. Let Ap; on Wk’p(Ri,w7+;€p;X) be as in Definition 4.1. Let
0<v<w<o<mandletT, be the downwards orientated boundary of £, \ B(0,%).
Assume that X — Api; has a bounded H*>(3,,)-calculus on WHP(RY, wyypp; X). Then
there exists a C > 0 such that

| 56 gty S OVl

for all f € HY(S,) N H*®(Z,) and u € WEP(RL w4 yp; X). Moreover, the constant C
only depends on p, k,v, \,w,v,0,d and X. In addition, if k = 0, then the constant C' can
be taken independent of .



46 N. Lindemulder et al. / Journal of Functional Analysis 289 (2025) 110985

Proof. Let g(z) = zf'(z). We first claim that g € H>*(X3,). Indeed, fix a ¢’ € (w,0),
then by Cauchy’s differentiation formula and the substitution s +— s|z|

z
sup |zf'(2)] < Sup‘ / f
z€X, z€X,
0% 1

-2
< Hf”Hoo(E ) sup / ‘|Z| 7’ |Z|*1|d$‘

.
< s,y sup / s 2] las
2€Xy, ‘Z|
%,/

< Cw,cf”fHHOO(E,,)-

Secondly, we claim that for Ap;y, := A — Apy, and v € S(Ri; X) with v(0,-) = 0, we have

27_“ /f ADer (Z ADII‘)v dz = g(ADlr)

where g(Ap;,) is defined through the extended H*°-calculus, see [27, Section 15.1]. Define
the regulariser

n 1

Cn(2) ::n—i—z_ 14+ nz

for z € X, and n € Ny,

and for v/ € (0,v) define the downwards orientated contour I',s = 9(3,/\ B(0, 2)). Then
using the dominated convergence theorem, the functional calculus for Ap;R?(z, Api;),
Fubini’s theorem and Cauchy’s differentiation formula, we obtain

1 2
2_7Ti/f(Z)ADirR (2 Apir)v dz = nlgr;OQ_m/C" 2) Apir R* (2, Apir)v dz
o G()f ()
o nll»H;o (27-‘-1)2 / (Z — 8)2 SR(SuADir)'U dsdz
r,r,,
— = /
= lm / (Gof) (5)sR(s, Apie)o ds
= lim _/Cn SR S ADlr)UdS
n—o0 271
+ lim _/C s)sR(s, Apir)v ds

= g(Apw)v,
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where in the last step we used for the first term [26, Theorem 10.2.13] and for the second
term we used that |sC/ (s)| is uniformly bounded on T/, the dominated convergence
theorem and ¢/, — 0 pointwise as n — co. This proves the second claim.

Let u € C¢° (R‘i; X). Then by invertibility of Apj,, introducing an additional ADirAf)ilr
and using the claims, we obtain

Wk’p(Rivw’Y+kP;X)

H / f(z)RQ(z, ADir)ADirABilrafu dzH
r,

= Api R2(2, Apir) Aph0u dz|
H / f(Z) P = (Z’ P ) D1r81u az Wk’p(Riawarkp%X)
r, (7.1)

- 27r||g(ADir)A]5i1r8%u”W’W"(Rd Wy kpi X )
< C||g||H°°(Ew) ||A]5i1r8%uHWk«P(Ri,w,y_'_kp;X)

< Cool = | Api Ot ullwrs ®2 w1

where in the penultimate step we used the H>°(X,,)-calculus of Ap;,. From Lemma 7.3(ii)
and Proposition 5.4 we find

508l ) = VRN Sl i
< Cglc,v ()‘) ||u||Wk’p(Ri,w7+kp;X)’

where C is independent of A and gy is as in (5.3). By density (Lemma 3.4) the desired
estimate follows.

Finally, assume that £ = 0. Then we obtain (7.1) with a constant independent of .
Indeed, this follows from using the H*°-calculus on L? (Ri, wy; X)), see Theorem 4.2 and
[27, Proposition 16.2.6]. Moreover, (7.2) also holds with a constant independent of A by
(5.3). This finishes the proof. O

7.2. Preliminary estimates for the Neumann resolvent

In this section, we provide some preliminary estimates required for the proof of the
H*°-calculus for the Neumann Laplacian. This proof will be given in the next section,
relying on the H*-calculus for the Dirichlet Laplacian on W*? (Ri,w7+kP;X ) with
keNjandye (-1,2p—1)\ {p—1}.

We start with a lemma on commutators for the Neumann Laplacian.

Lemma 7.6. Let p € (1,00), k € NoU{-1}, vy € (-1,2p — 1)\ {p — 1} and let X be a
Banach space. Let Aney on Wk“’p(Ri,wwrkp; X) be as in Definition 4.1. Then for all
u € éﬁ(Ri;X) and z € p(Aneu), we have

(i) [a‘;L?R(Z?ANeu)]u:O7 n €Ny, je{2,...,d},
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(ii) [0%, R(z, ANeu)]u = 0,

In addition, let k € Ny, Apy on WHP(RY w,yyp; X). Then, for all u € éﬁ(@;X)
and z € p(Aneu) N p(Apir), we have

(iii) 1 R(z, ANenw)u = R(z, Apiy)O1u.

Proof. The statements (i) and (ii) follow similarly as in Lemma 7.3 using Lemma 5.5.

For (iii), set & := R(z, ANeu)u, then @ € S(R%; X) with (8:@)(0,-) = 0 and zu —
ANen® = u by Lemma 5.5. Moreover, it holds that (z — Api, )01t = 01 (2 — ANeuw )t = O1u
and applying the Dirichlet resolvent gives the result. O

We continue with an estimate for the commutator of M and the Neumann resolvent.

Lemma 7.7. Letp € (1,00), k € NoU{—1}, v € (p—1,2p—1), A > 0 and let X be a UMD
Banach space. Let Aney 0n W"”‘H’p(Ri,wwrkp;X) and Apir on W’”l’p(Ri,wwrkp;X)
be as in Definition /.1. Then, for all u € CX(RL; X) and z € p(Anen) N p(Api), we
have

MR(z, ANeuw)u = R(z, Apir)Mu — 2R(z, Apir )01 R(2, ANeu ) U-
Moreover, there exists a C' > 0 such that
[MfA = ANew)ullwrtir®e w,,ppix) S [1FA = Apic) Mullyesro®e aw,,ppix)
+ Cllf oo o) 1wl wrsre ®e a4 ppix)s

for all f € HY(X,) N H*(Z,) with w € (0,7). Moreover, the constant C' only depends
on p,k,v,\,w,v,d and X.

Proof. Note that R(z, Api;)Mu € D(Ap;,) by Lemma 5.3 and M R(z, ANew)u € D(Apiy)
by Lemma 5.5. Therefore, arguing as in Lemma 7.3(iii), we obtain

(Z — ADir) [MR(Z, ANeu)’LL — R(Z, ADir)Mu} = —2(91R(Z, ANeu)u.

To prove the estimate, let 0 < v < w < 7 and I',, be the downwards orientated boundary
of ¥, \ B(0, %) Then

IM (A = Axew)tllwrsrn®e w41 x)

< NFA = Api ) Mullyrian®e w4 pp:ix)

WHFLP (RE Wy —pt (k1) 5 X)

n 2” /f(z)R(z, A — Apin) A R(2, A — Anen)u dz
r,
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and the latter term can be estimated similarly as in the proof of Lemma 7.4 using
Theorem 5.1 with k+1 and v —p € (—1,p — 1), and Theorem 5.2. O

7.8. Proofs of Theorems 7.1 and 7.2

Before turning to the proof of Theorem 7.1, we prove an estimate for the derivatives
in directions 2,...,d of the functional calculus on the spaces Wk’p(Ri,w7+kp;X). For
this we will use a perturbation argument in the parameter + inspired by [49, Proposition
5.3].

Lemma 7.8. Let p € (1,00), k € Ny and let X be a UMD Banach space. Let A > 0 and
consider either of the following cases:

(i) ve (=1,p—1) and A:= X\ — Apy, or,
(ii) ye(p—1,2p—1) and A := X\ — Apy,, or,
(iii) v € (=1,p—1) and A := A\ — ANeu,

where Apir and ANeu 0N Wk’p(Ri,wv+kp;X) are as in Definition /.1. Let w € (0, %)
and o = (0,a) € Ng x N§™! with |a| = k. Then for all f € H'(X,) N H®(,) and
u € CX(R%; X) we have

10% F(A)ull Lo R4 i) S ClF L o) [ullwrr 2w, yipix)s
where the constant C only depends on p, k,~v,w,a,d and X.

Proof. Throughout the proof, C' denotes a constant only depending on p,k,v,w,a,d
and X, which may change from line to line. We proceed by induction on k& > 0. The
case k = 0 follows from Theorems 4.2 and 4.6. Let k € Nj be fixed. Assume that the
statement of the lemma holds with & replaced by ¢ for all £ € {0,...,k — 1}. We prove
the estimate as stated in the lemma.
Let a = (0,a) € No x N¢™! be such that |a| = k. For any 6 € (0,1) set g := M*+D%,
and ¥(x1,y1) := (z—z - )k—H. Then for z € R4 we have
1
F(Au(e) = ay " FA) (@] — MO ) ()
k
+ay TN g f(A) (2} M) ()

=0

= xl_(k+1)9f(A)(¢(x1, )9)(x)

k
+ 3 gy T (A (M) (),
j=0
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where ¢jj, = (—1)k1J (k;‘l). For the latter sum, we find

k
o= 073 ey 7T pAY (M0 )|

=0 Lr(RE w4 1p; X)

i (7.4)
& (k+1—4)0
<O 0% f(AM PPull Lo ®e ws1 %)
§=0
where v; := v+ kp — (k+ 1 — j)fp. Now choose 6 € (0,1) such that
Ye(Lp-1)  and ye((G-Dp-1Ljp—-1) ifye(-Lp-1), 75)

YeP-1,2p—1) and ;€ (p—1,(G+1)p—1) ifye(p-1,2p-1).

The conditions 7vg,v1 € (—1,p — 1) and 9,71 € (p — 1,2p — 1), respectively, lead to

+(k—1)p+1 ~y+kp+1 +(E=1)p+1 ~y+kp+1 :

o€ (” kpp T )N (2 (k+1)5 77(k+1;)p) iftye(-1,p-1),
+(k=2)p+1 v+ (k—1)p+1 +(k=2)p+1 v+ (k—1)p+1 .

S (7 ( kp)p - ( kp)p )m(v Ek-&-l;;i - Ek+1§£ ) ifye(p-12p-1).

Therefore, we can take

+(k—D)p+1 ~y+kp+1 :
96(7 kpp ,“’(kﬁ)p) ifye(-1,p—1), )
+(k—=2)p+1 y+(k—1)p+1 . ’
96(W kpp - (k+1)§ ) ifye(p—-1,2p-1),

and it is straightforward to verify that these intervals are non-empty for the given ranges
of . Moreover, if (7.6) holds, then the other conditions on ; for j € {2,...,k} in (7.5)
are automatically satisfied.

Write o = 3+gfor some E,g € Ngfl such that |§| =k—(j—1)and |5~| = j—1. Using
that derivatives on R?~! commute with the resolvent (Lemmas 7.3(i) and 7.6(i)) and

that the resolvents are consistent (Lemmas 6.4 and 6.5), we can estimate the right-hand
side of (7.4) as

k
Z|‘aaf(A)M(kJrlfj)eUHLp(Ri’wwj -X)
=0
~ k rs e .
< ”f(A)aaM(k+l)9u||LP(]Rj_,wm;X) + Z H35f(A)3BM(kH*J)GUHLp(Ri,%;X)

Jj=1

k
< Cllf s (10 MEFD )y g ey + D IO M s )
j=1

< Cllfllae o lullwes ®e w1 1pix)»
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using the induction hypothesis in the penultimate step, which is allowed by (7.5) and
(7.6). In addition, we have applied Lemma 3.7 in the last step.
In view of (7.3), it remains to show the estimate

= 7 0% F(A) (@1, )9) (@) Lo (R i)

< C||f|\H°o(zw)||9HLP(R1,%,(H1)9P;X) (7-7)
< Clf e o lellwr e w4 ipix)

where the last estimate follows from Hardy’s inequality (Corollary 3.3).
Let v € (0,w) so that

where 'y = {re* : r > 0} are both orientated downwards. To prove (7.7) we estimate

the integrals over I'y separately and by symmetry it suffices to consider only I'y. We

define § = 75 and write z = re” with 7 > 0. Then we have the Laplace transform

representation
R(z,A) = —(rél=™ 4 A)™! = e (re ™ 4 €9 4)71

T . (7.8)
— 7616/67”6 ‘seft)\e 6T(t616) dt,
0

where T is the Dirichlet or Neumann heat semigroup from (6.2) and (6.3), respectively.
For z,y € R% and z € Cy, recall that G is the standard heat kernel on R? (see (1.1))
and the Dirichlet and Neumann heat kernels are given by H%%(z,y) := G¥(x1 —y1, T —
7) + G4z1 +y1,7 — 7), see (6.1). It holds that Hé* (z,y) = H*(z1,y1)GI YT — 7).
Moreover, for |a| = k and z € C 4 we have the following estimate on derivatives of G471

|z —gl*
|2[*

nga?%§—®|§am(M—§+ NGf%f—@L ZyeRL (19)

Indeed, let (s) = e~ with s € C which satisfies ¢(™(s) = p(s)q(s) where p(s) is a

polynomial of degree n € Ny. Then, |¢(™(s)| < C,,(1+|s|?)% |¢(s)| and upon noting that
Gl(z —y) = (47rz)_%q(%) for 2,y € R, we find with the chain rule

d’n
— !
dzn ?

|z —y|?

E

Write & = (g, . . ., aq) € N¢™ then from G4~ 1(z —7) = H?:z GL(z; —y;) and the one
dimensional estimate above, we find

(2= )| < Calzl7H (14 ) IGi -l wyeR, neN,
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|z, |2 1 o
i = 0E) 16 s )

E

d
05GI @ - )l < Ce [T 1772 (1 +

j=2

~ ~12( k
_k r—1vY 2
<l 5 (1+ E ) @ -

~ _ ~k
_k r—Yy
< Can(l:78 + EdD et @ - g,

which proves (7.9).
Let h € C2°(R%; X). It follows from (7.9) that

|07 T (16 () x < / (HLE (o, y)||02GE G — ) 10() | x dy

5
< Osar [ (78 + ELI0) B )G - DI ay

RY
7 =91"" s
<Coax Y | S Hi (@ 0)1h(@)]1x dy,
mE{O,l}RdJr 2
(7.10)
where it was used that
e Plwy —yy |2 —e=i%g
[Hygis (o1,30)| = (4mt) =3 |e™ T2l —em e
z191
t
:(47#),%6,%‘ / eieiisst’
0
1 1 cos(o)ley—vy1? _cos(Dayy
< c0s(0) 47rt6 It (1 —e ¢ ) Cs tcos_l(é)(:cl,yl),
1 _1 _cos(®)my-y? _cos(9)m1yy 1
|Ht€’f§(x1,y1)\ = (4nt) " 2e 4 ( ! ) = Htéjsfl(é)(xlvyl)a
d—1 () _ cos(8)|z—|? d—1 -
|Gte‘6 (.17 - N)‘ (47Tt) ¢ E = Gt cos~1(9) (37 - m

So by (7.8), (7.10) and the substitution t — cos(d)t, we find
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HJJH/f(Z)aaR(%A)W(xh-)g)($> dsz
Ty

< leisey [ [ e =T 01, Jg)e)x dear
0 O

N . (7.11)
o ap 615 x _
_ COS( eI /Ha () (4 (a1, -)9) ()| x

t

|z —gl*™ 4, dt
< Crapllflm=s, D, / o e B (@ y) [, yn) g (v) | x dy —.

me{0,1} R

For any = € R? we have

o) o0
, e
/t (gt Gd( )dt C/tf(mgl*)k*%efllet ﬁ
t t
0 0

(oo}
_ C|m|—d—(m+1)k/ ik d —4 ds _ _ Cd’k|x|—d—(m+1)k.
0
Therefore, after the substitution § — & — § we obtain for m € {0,1}

T — dt
/ /= T b o) e, )l ay

O]Rd

o}

ke [, GnADE dt SO
= [l [ (G - D £ G+ D) G ) llaln.F - Dl dy
R4 0

1 1
:Cd,k/lﬂkm[ - - + — _
J |(y_i _ Ly_yl)|d+(m+1)k |(y_i + 1’;/_1)|d+(m+1)k

zf k+
"y_gfl‘ lg(yr, @HXm

dy
1
dy
/ e (2 »y)||9(y1»$—ylif)||ka+1 = Lyn(2)
Rd

performing the substitution g — y1¥y in the last step, where

1 1

+ ~ o k-‘rl ~ d
£(07) = | o * o - 1 () e R
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Recall that 7o = v+ kp— (k+1)0p and to show (7.7) we estimate the LP(R%, w.,, )-norm
of the left-hand side of (7.11). To this end, it remains to bound ||Ly| 1» g4

(RE wq)
m € {0,1}. With Minkowski’s inequality and the substitutions Z + Z 4417, y1 + 1y; |
and z1 — T1y1, we obtain

for

dy
< km pt+ _ ‘
HLWHLP(R‘_{,HJA,O)N 331’—>/|y| l (y ay)Hg(yla yl:’lj)HLP(]Rd 1X)yk+1 LRy wayg)
Rd
=1 / F5m % (2 ) g, M ogens o —2
™y Pyt Ry wyg)

= wﬁ/lyl’mfi(yu )IIQ( Mo v dy]
]Rd

/|y|km£i(y1’ )Hxl'_””l Hg( )HLP(Rd 1X)‘
Rd

- Hg”LP “’70 kp) X)/|y| gi (yla )y
Rd

Lr( RJr’w’yo)

k—1
y; dy
LRy wng) "

L (k+1)0+k—1
dy,

which yields (7.7) if the latter integral is finite for the given ranges of 7. Indeed, note
that for any a € R we have using the substitution y — ay

‘(a7@|d+(m+1)k |a|k+1 ‘(1’g)|d+(m+1)k: |a|k+1 ’
d—1 Rd-1
therefore

. o L (k41)0+k—1
/‘y|km€$(y1,y)y1p (k+1)6+ dy
R4

1 1 L (k41)04+k—1
= Cakom + {1ty d
d,k, / |:y1 7 1|k+1 |y1 + 1‘k+1 |y1 | Y1 n
R
B (k+1)0+k—1
=:Cy km /E (y1)|y |1€Jrl dy. (7.12)
Ry

For y; € (0,%) we have (*(y;) < C and |yf — 1|*™! < C since 6 > 0. Moreover, by (7.6)
it follows

Lo (k+1)0+k—1> -1,
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so that the integral in (7.12) over y; € (0, 3) is finite. For y; € (1, 2) it follows by the
mean value theorem that there is no singularity at y1 = 1 and that the integral in (7.12)
over the interval (3, 2) is finite. Finally, if y; > 2, then (y{ — 1)¥*! < C’ygkﬂ)e and

1 : _
Gy = Wit DI ()M e A=A A :
(y1 — )P (yy + 1)k — yijﬁ if A=X— Apy

where we recall that the Dirichlet and Neumann Laplacian correspond to £~ and ¢,
respectively. Therefore, using that v € (—1,2p — 1) \ {p — 1} for the Dirichlet Laplacian,
we obtain

/E yo)lyd — 1|kJrl S fdys < C/ Py < oo,

(S5

Similarly, using that v € (—1,p — 1) for the Neumann Laplacian, we obtain

/z+ T L T A C/ % 4y < oo

2

This proves (7.7) and therefore this finishes the proof. O

We can now give the proof of the bounded H°°-calculus for the Dirichlet Laplacian
using Lemmas 7.3-7.5 and 7.8.

Proof of Theorem 7.1. For A > 0 we show with induction on k& > 0 that Ap; :=
A — Apir on Wk’p(wy+kp) = W’“’p(Ri,w7+kp;X) has a bounded H®-calculus of an-
gle wp(Apiy) = 0. Throughout the proof, C' denotes a constant only depending on
p,k,v, \,w,d and X, which may change from line to line.

The case k = 0 is stated in Theorem 4.2. For some fixed k € Ng we assume that Ap;,
on WHP(w.,1,) has a bounded H>-calculus of angle 0 for all v € (=1,2p—1)\ {p—1}.
That is, for w € (0, §), we have the estimate

1 (Apin)ullwsrw, ) < ClF e @ [Ullwer @, i) (7.13)

forall y € (=1,2p — 1)\ {p—1}, f € H(Z,) N H*®(X,) and u € WFP(w,1y,). We
prove that Ap;, has a bounded H> (X, )-calculus for o € (w, §) on W’“‘Lp('w v+ (k+1)p)-

Let 0 <v<w<o<Z feHY(S,)NH®,) and u € C*(RL; X). By writing
a = (a1,a) € Ng x N¢™! we obtain

I1f (Api)ullwr+1p w4 oiryy) = 1L (Apic)ullwrr i),
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+ Z 16 F (Apir)ull Lo w1 (111),)

|a|=k+1
a1>1

+ Y 10%F(Api)ull Lou, s y) =2 T1 + T2 + Ts.
1(0,&)|=k+1

To apply the induction hypothesis we use that all the resolvents on the spaces we consider
are consistent by Lemma 6.4. Furthermore, we define the downwards orientated contour
I, =9(2, \ B(0,3)), see Remark 2.5.

By Lemma 3.6 (using Remark 3.2), Lemma 7.3(iii) and 7.4, the induction hypothesis
(7.13) and Hardy’s inequality (Corollary 3.3), it follows that

T = ||M_1Mf(ADir)U||Wk,P(wW(kH)p) S ||Mf(ADir)U||W’w(wwkp)

’ / f(2)R(z, Api)01 R(z, Apir)u dz”

I

< If(Api) Mullwep w4y +2

Wk’p(wﬁHrkp)
< OHfHHoo(ZW)(||MU||Wk’P(w7+kp) + ||U||W’cvv(ww+kp))
< Ol fllaee sy lullwr+re (w4 i) -

We continue with T5, so let o = (a1,a) with |a] = k+ 1 and «; > 1. Using that
Mﬁ‘laf’u = GfMﬁlv - Eafv for £ = a; — 1, we compute

||a?1aaf(ADiT)uHLT’(w,H_(,H_l)p)
= ||M(918?1_1a&f(ADir)U”Lp(warkp)
< MO f (Apiv)ullwrr w, i) + (@1 = DIf (Apic)ullwerw. )

The second term can be estimated with the induction hypothesis (7.13) and Hardy’s
inequality. For the first term, by Lemma 7.3(ii)+(iii), the induction hypothesis (7.13),
Lemma 7.5 and Hardy’s inequality, we obtain

[ MO f(Apic)ullwep (w4 )

< \|f(ADir)Malu||Wk,p(wwp)+2H/f(z)R2(Z,ADir)afudzH

r, WEP (w4 ip) (714)

< Ol fll e gy IMOrullwrr w1y + Clf Nz l0llwep (w40

S C”f”H‘X’(ZU) Hu||Wk+l’p(w.Y+(k+1)p)'

This shows the estimate

T < Cl fllas= s lullwrsro @, oy,

From Lemma 7.8(i)+(ii) it immediately follows that
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Ts= Y 0% (Api)ull Lou, sy < CllES @ ullwesne o, -
1(0.) | =k+1

Combining the above estimates for T, Tb and T3 yields that for any 0 < w < 0 < 3

1 (Api)ullwrsn o, ) < CllF i o llulwesiog, o0y, u € CE(RE; X)

and by density (Lemma 3.4) this estimate extends tou € W*T1P(w. , 5.41)p). Since w and
o were arbitrary, this proves that Ap;, has a bounded H *°-calculus on Wk+1’p(w7+(k+1)p)
of angle 0. This finishes the induction argument.

Finally, we show that if v+ kp € (—1,2p — 1), then we can allow for A =0. For k =0
and v € (—1,2p— 1)\ {p — 1} the result is already contained in Theorem 4.2. Therefore,
it remains to consider k =1 and v € (—1,p — 1). From here on, let C' > 0 be a constant
that is independent of A. Note that v+ p € (p — 1,2p — 1), so that by Theorem 4.2 and
[27, Proposition 16.2.6]

Ty = || f(Apin)ull o (wy ) < Clf o) llullLe(w, )

Using Theorem 4.2 instead of (7.13) in (7.14) with k = 0 yields

Tz = | MO f(Apir)ul e (w.) < Cllfllze s, lullwiew, )
using that the constant in Lemma 7.5 is independent of \. Finally, by Lemma 7.3(i) and
Theorem 4.2 we obtain

d d
T5 = > |f(Apie)djull Lo(w, 1) < Clf sy D 105l o, 4

=2 =2

< Cllf @ lullwro @, )

By combining the above estimates, we have for v € (—1,p — 1) and for any A > 0

[ fX = Apir)ullwirw,.,) < Clfllas=s)llullwiew, ),

where the constant C' is independent of A. Letting A | 0 and using the dominated
convergence theorem yields that —Ap;, on WP (wy+p) has a bounded H>°-calculus of
angle 0. O

We conclude this section with the proof of the H*°-calculus for the Neumann Lapla-
cian, which can be derived from Theorem 7.1 for the Dirichlet Laplacian and Lem-
mas 7.6-7.8.

Proof of Theorem 7.2. We prove that Anenw = A — Aney on WHFLP(w . p)) =
W’H-LP(Ri’ Watkp; X ) has a bounded H>-calculus of angle wgoe (Aney) = 0 for A > 0.
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Note that if v+ kp € (—1,p — 1), then the result is already contained in Theorem 4.6
and holds for A = 0.

We first consider the case k € Ngand vy € (p—1,2p—1). Let 0 < v < w < F,
fe H (S,) N H>(X,) and u € C®(R%; X). By writing a = (a1,a) € Ng x N¢™* we
obtain

£ (Axea)ullwss o, ) = 1 (ANewtllwe o, nn)

+ > 110 F(ANew)tl Lo ()

|| =k+1
alzl

+ Z Ha&f(ANeu)uHLp(w,y+kp) =T +1T> +Ts.
1(0,8)|=k-+1

We use that all the resolvents on the spaces we consider are consistent by Lemma 6.5.
Throughout the proof, C' denotes a constant only depending on p, k,v, A\,w,d and X,
which may change from line to line. Moreover, we write Api := A — Apir.

By Lemma 3.6 (using Remark 3.2 and v > p — 1), Lemma 7.7 and Theorem 7.1 with
v—p€(=1,p—1), it follows that

Ty = [|M 7'M f(ANe) ullwer (o, i) S IMF(ANew)llwen (w00
< 1 f(Api) Mullwres(w, _,h,) + Cllf o) llullwes w, )
< Ol o) IMullwes ., ) + 1ellwesw, )
< O\ fll e sy lullwr s+t (w0

where we used Hardy’s inequality (Corollary 3.3) in the last step. By Lemma 7.6(iii) and
Theorem 7.1, we obtain

T =Y [10°01f(Axew)ull Lo, 1) < I1F (A1) Dl s 1)
|| =k

< Cllflla= @ lO1ullwes @, ) < ClFlae @ lullwrsrs @, )

Finally, using Lemma 7.8(iii) with k + 1 and v — p € (—=1,p — 1), gives

Ts= > 0% f(Axe)tll Lo, sy < ClF e ollullwesiog, ,\)-
1(0,8)|=k+1

The above estimates and density (Lemma 3.4) prove boundedness of the H*-calculus
for Anew on WHTLP(w, 1) with k € Ny and v € (p—1,2p — 1).

It remains to consider the case k € Ny and v € (=1,p —1). Let w € (0,%), f €
HY(X,) N H*>(%,) and u € éﬁ(@;X). Then writing a = (0,&) € Ng x NJ™1, gives
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||f(ANeu)u||W’ﬂ+1vp(ww+kp) = Z ||aaf(ANeU)u||W’W(wwﬂc,,)
[(0,&)[<1

+ 101 (Aol (o, -

We estimate these terms separately using that the resolvents on the spaces we consider
are consistent by Lemma 6.5. Moreover, note that v +p € (p — 1,2p — 1), so that
WEP (w4 pp) = WEDH (w1 _1y,) and we can apply the result proved above with
k — 1. Together with Lemma 7.6(i), we obtain

Z Haaf(ANeU)u”W’Cvp(wwkp): Z ”f(ANeU)aauHW<’°*1>+1’P(ww+p+(k,1)p)

1(0,a)[<1 1(0,a)[<1

<Ol Do 10%ullwonineu, g
[(0,6)|<1

< Ol f e llellwetirw, )

Moreover, using Lemma 7.6(iii) and Theorem 7.1 for v € (—1,p — 1), yield

101 f (ANew)ullwr (w, . r.,) = 1 (ADir)Orullwrp (w4 1)
< Ol fllae s ll01ullwrr w, 1)

S Cllf e o lullwrsrr @, )

The above estimates and density (see Lemma 3.4) prove boundedness of the H-calculus
for Aney in the case v € (—1,p — 1). This completes the proof. O

8. Elliptic and parabolic maximal regularity

In this final section, we study the elliptic maximal regularity of the Laplace equation
and parabolic maximal regularity of the heat equation on homogeneous and inhomo-
geneous Sobolev spaces. As discussed in the introduction, there is extensive literature
on maximal regularity for elliptic and parabolic problems on homogeneous weighted
Sobolev spaces, which is obtained via completely different techniques. We refer to [40,41]
for Dirichlet boundary conditions and [16,17] for Neumann boundary conditions.

Using our regularity results on inhomogeneous spaces and a scaling argument, we
derive maximal regularity on homogeneous weighted Sobolev spaces as well. Moreover, in
certain cases our regularity results correspond to results earlier obtained in [16,17,40,41].

For p € (1,00), k € Np, v € R and X a Banach space, we define the homogeneous
space

WEP(RY w4 X) = {f e DR X) :V]a| < k,0°f € LP(Ri,wMa‘p;X)}

equipped with the canonical norm. In comparison to the existing literature, we have for
~v > —1 by Hardy’s inequality (Corollary 3.3)
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WHEP (R weykp; X) = WHP(RY, wygnp; X) = Hy L 4(RY; X)),
where for § € R the homogeneous spaces
Hp (R X) = {f € D'(RE X) : Vo] < k0% f € LP(RY wy—asjappi X) |,

are as used in for instance [40,41] with X = C. For these homogeneous spaces, we recall
the following density result.

Lemma 8.1. Let p € (1,00), k € No, v € R and let X be a Banach space. Then
Cfo(Ri;X) is dense in Wk’P(Ri7w,y+kp;X)_

Proof. This follows from [40, Theorem 1.19 & Corollary 2.3], where it should be noted
that these results also hold in the vector-valued case. O

For v € (=1,2p—1)\ {p — 1}, we define the space with Dirichlet boundary conditions
Wll)ﬂi?’p (Ri’ Wrytkp; X)
= {1 e DRY;X) VI8 < 2,07 f € WEPRY, w1 X), Te(f) = 0}

equipped with the canonical norm. Similarly, for v € (—1,p — 1), we define the space
with Neumann boundary conditions

kt2,
W’N;_J2 p(Rdw Wy ip; X)
= {f eD'(RL; X) V|8 < 2,00F € WHP(RY w4 p; X), Tr(d1 f) = o}
equipped with the canonical norm. Note that for the given ranges of v we have that
WhT 2P (RE w1 X)), WETZP(RE w0y pps X) = W2P(RE, w5 X)), (81)

so that the Dirichlet and Neumann traces are well defined. For Neumann boundary
conditions, we will not consider the homogeneous counterpart of W#*+1.» (R‘j_, Woytkp; X)
with v € (—1,p — 1) to avoid weights w, with v < —1.

Definition 8.2. Let p € (1,00), k € Ny and let X be a Banach space. The Dirichlet and
Neumann Laplacian on homogeneous spaces are defined as follows.

(i) For v € (—=1,2p—1)\{p—1} the Dirichlet Laplacian Ap;, on W’“’p(R‘i, Woytkp; X)
is defined by

d
Apypu:=Y u  with D(Apsy) = WP (R, wyypp; X).
j=1
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(ii) Fory € (—1,p—1) the Neumann Laplacian Axe, on WEP(RE, w1 1p; X) is defined
by

d
ANeult 1= Z@fu with  D(Aneu) = W§;2’p(Ri,wv+kp; X).
j=1

8.1. Elliptic mazimal regularity on homogeneous Sobolev spaces

We recall that elliptic regularity on the inhomogeneous spaces W*» (Ri, Wt kop; X )
has already been studied in Sections 5.1, 5.2 and 6.2. By Proposition 5.4 and a scaling
argument, we obtain the following regularity result for the Dirichlet Laplacian.

Corollary 8.3 (Homogeneous elliptic regularity for —Api). Let p € (1,00), k € Ny,
ve (=L,2p—1)\{p—1}, w € (0,7) and let X be a UMD Banach space. Let Api; on
Wk’p(Ri,w,y+kp;X) be as in Definition 8.2. Then for all f € Wk’p(Ri,wq,+kp;X) and
A€ Ya_y, there exists a unique solution

yE+2.p(pd .
u € Wpg (R, wykp; X)

such that Au — Apyu = f. Moreover, this solution satisfies

_ 181
S A N0 ulln @t ) < O i@t 50
18]1<2

where the constant C' only depends on p,k,v,w,d and X.

Proof. Note that the uniqueness follows from (8.1) and Corollary 4.7. For existence
and the estimate we use a scaling argument. Let f € C°(R%;X), then Lemma 5.3
yields a smooth solution u to the equation. Let > 0 and set u,(z) := wu(rz) and
fr(x) == f(rx). Then u, satisfies u,(0,-) = 0 and the equation r*\u, — Apyu, = r2f.,

so by Proposition 5.4 we have for all £ € {0,...,k} the estimate

_lal
Z r2A[1 ”aﬁuT||W€’P(]Ri,w,y+gp;X) < Cgé,’v(r2>‘)Hr2f7“||W"P(Ri,w7+ep;X)7
|B1<2

where gy, is defined in (5.3). After the substitution z — r~'z we obtain

_ 1l -
> Y A0 g i)

1BI<2 [a|<t

< Cgey(r*A) Z T‘alifHaafHLP(Ri,wwup;X)-
la|<e
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Letting r — oo and summing over ¢ € {0, ..., k} yields the estimate for f € C2°(R%; X).
Here it should be noted that

. 2 . K —
Jim geo (rA) = lim ge(y) = C,

where C' =1 or C' = 2 depending on ¢ and . By Lemma 8.1 and a similar density argu-
ment as in the proof'of Proposition 5.4, we obtain that for every f € W» (R‘i, Wt kp; X)
there exists an u € W&t Zp (Ri, Wt kp; X ) solving the equation and the required estimate
holds. O

In a similar fashion, we obtain the following elliptic regularity result for the Neumann
Laplacian.

Corollary 8.4 (Homogeneous elliptic reqularity for —Anew). Let p € (1,00), k € Ny,
v € (-l,p—1), w € (0,m) and let X be a UMD Banach space. Let Anew on
WhP(RE w.y1p; X) be as in Definition 8.2. Then for all f € WHP(RL, w,1k,) and
A€ Xa_y, there exists a unique solution

W k+2.p pd .
u€ WNeu (R-‘r’w"/"rkiﬂ’ X)

to Mu — Anewtt = f. Moreover, this solution satisfies

_ 181
S A 0Pl @ i) < Ot @)
|B]<2

where the constant C only depends on p, k,v,w,d and X.

Proof. The proof is analogous to the proof of Corollary 8.3 using Proposition 5.6. O

Remark 8.5.

(i) Second order Riesz transforms: for A\ = 0 we obtain the regularity estimates from
Corollaries 8.3 and 8.4 as well. Indeed, if u € ngtQ’p(Ri, Wt kp; X ) 1s a solution
to —Apyu = f, then u also satisfies the equation Au — Apj,u = Au+ f with A > 0.
Therefore, by Corollary 8.3 we obtain

Z ||3ﬁu||Wk,p(Ri,w7+kp;x) < Clﬁ% [[Au+ fHWw(Ri,wwkp;x)
|B8l=2

= CHf||Wk’p(Ri7wfy+kp;X).

The same proof works for the Neumann Laplacian.

(ii) The results from Corollaries 8.3 and 8.4 with £k = 0 and v € (—1,p — 1) coincide
with the inhomogeneous results in Corollaries 4.7 and 4.8. Moreover, these cases
have already been obtained in [16,17] for the scalar-valued case.
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(iii) The regularity result in Corollary 8.3 with k € Ng, vy € (p—1,2p—1) and X =C
is already covered in [40, Theorem 4.1].

8.2. Mazimal L1-regularity

We now turn to maximal regularity for the heat equation
Ou — Au = f,

with Dirichlet or Neumann boundary conditions and zero initial condition. We will view
this as an abstract Cauchy problem. For an introduction to maximal regularity in this
setting, we refer to [27, Chapter 17].

For any T € (0, o0], we define the time interval I := (0,T"). Let A be a linear operator
with domain D(A) on a Banach space Y and for some f € Li _(I;Y) consider the

abstract Cauchy problem

Suu(t) + Au(t) = f(t), tel,
u(0) = 0.

(8.2)

We call a strongly measurable function u : I — Y a strong solution to (8.2) if u takes

values in D(A) almost everywhere, Au € L{ (I;Y) and u solves

t t
u(t) + /Au(s) ds = /f(s) ds, for almost all t € I. (8.3)
0 0
Moreover, for ¢ € (1,00), v € A,(I) and f € Li(I,v;Y) a strong solution u to (8.2) is
called an L4(v)-solution if Au € LI(I,v;Y).

Definition 8.6 (Maximal L9(v)-regularity). A linear operator A on a Banach space Y has
maximal L(v)-regularity on I if for all f € L1(I,v;Y) the Cauchy problem (8.2) has a
unique L?(v)-solution v on I and

[AullLo(r,0v) < Clf Lo vy,
where the constant C' is independent of f.

The following two corollaries on maximal regularity for the Dirichlet and Neumann
Laplacian follow immediately from Theorems 4.10, 7.1 and 7.2 together with [27, Theo-
rems 17.3.18 & 17.2.39 & Proposition 17.2.7].

Corollary 8.7 (Inhomogeneous mazimal regularity for —Api.). Let p,q € (1,00), k €
NoU{-=1}, v € (-1,2p— 1)\ {p — 1} and let X be a UMD Banach space. Let Ap;; on
WHP(RY, woqrp; X) be as in Definition 4.1. Assume that either
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(1) y+kpe(—1,2p—1), T € (0,00] and v € Ay(I), or,
(i) y+kp>2p—1,T € (0,00) and v € Ay(I).

Then —Api, has mazimal L1(v)-regularity on 1. In particular, for every T € (0,00) and
[ € LI, v;WEP(RE wyqpp; X)) there exists a unique Li(v)-solution u to (8.2) with
A = —Apy,, which satisfies

”u”Wl’q(Ia“?Wk’p(Rivwwk’p;X)) T Hu”Lq(17v;W§:§2’p(Ri7ww+kp;X)) (8.4)

S Ol parowrn R w41 X))

where the constant C' only depends on p,q,k,v,v,T,d and X.

Corollary 8.8 (Inhomogeneous mazimal regqularity for —Aneu). Let p,q € (1,00), k €
NoU{-1}, vy e (-1,2p— 1)\ {p— 1} and let X be a UMD Banach space. Let Aney on
Wk“‘l’p(Ri,wwrkp;X) be as in Definition /.1. Assume that either

(i) v+kpe(-1,p—1), T € (0,00] and v € A,(I), or,
(1) y+kp>p—1,T € (0,00) and v € Ay(I).

Then —AnNew has mazimal L(v)-regularity on I. In particular, for every T € (0,00) and
f € LYI,v; WrHLP(RY (w.ypp; X)) there exists a unique L9(v)-solution u to (8.2) with
A = —Aneu, which satisfies

||U||Wlwq(I,v;WkHvP(]Ri,ka,,;X)) + ”u”Lq(Ivv%sz:uS'P(Rivwwkmx))
< Ol a(rowr+10RE w4 1p5X))>

where the constant C only depends on p,q,k,v,v,T,d and X.

Remark 8.9.

(i) Corollaries 8.7 and 8.8 do not hold for T' = oo in general. This follows from
Dore’s theorem (see [18] or [27, Theorem 17.2.15]) and Theorems 6.1(ii) and 6.2(ii),
respectively. On the other hand, the shifted operators A — Ap;; and A — Aney with
A > 0 do have maximal L?(v)-regularity on R, see [27, Propositions 17.2.27 &
17.2.29].

(ii) Corollaries 8.7 and 8.8 only concern the Cauchy problem (8.2) with zero initial
data. In addition, maximal regularity can be used to obtain existence and unique-
ness for the Cauchy problem with non-zero initial data, see [21, Section 4.4] and
[27, Section 17.2.b]. In particular, if v = ¢7 is a power weight with n € (—1,¢— 1),
then the space for the initial data is the real interpolation space

(WHP(RY, wykps X), D(A))) 1y

L
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with A = —Ap;j, or A = —Aney, see [21, Example 4.16]. Characterisations of real
interpolation spaces of weighted Sobolev spaces can be found in [67, Chapter 3].

In the following corollaries, we derive maximal regularity on homogeneous spaces.

Corollary 8.10 (Homogeneous mazimal regularity for —Api; ). Let p,q € (1,00), k € Ny,
ve(-1,2p—1)\{p—1}, v e Ay(Ry) and let X be a UMD Banach space. Let Ap;, on
Wk’p(Ri,w7+kp;X) be as in Definition 8.2. Then —Api, has mazimal Li(v)-regularity
on Ry. In particular, for every f € LY(Ry,v; W’“’p(Ri,wwrkp;X)) there exists a unique
L1(v)-solution u to (8.2) with A = —Anpj,, which satisfies

||atu||Lq(R+;U;Wk’p(Ri7w'y+kp§X)) + Z ||8Bu”Lq(RJr’v;Wk’p(R-dF’w'V*kp;X))
B1=2 (8.5)

< CHf||Lq(R+,v;Wk,p(Ri,ww,cp;x)),
where the constant C only depends on p,q, k,~v,v,d and X.

Proof. Let f € C°(Ry x R4; X), then f € L9((0,T),v; WEP(RL, wyqpp; X)) for all
T > 0. Corollary 8.7 yields that for any 7' > 0 there exists a unique L4(v)-solution
ur to (8.2) on (0,7T) satisfying the estimate (8.4). If T3 < T, then the restriction of
ur to (0,71) coincides with wg,. This allows us to construct a solution u : Ry —
WSﬁQ’p(Ri,w7+kP;X) — W§$2’p(Ri,w7+kp;X) that coincides with uy on (0,7 for
every T' > 0. Moreover, u is a strong solution to (8.2) on Ry (with —Ap;, considered as
an operator on the homogeneous space WP (R%, w. 4 1p; X)).

To show the regularity of u, let r > 0 and set u,.(t,7) := u(r?t,rx) and f.(t,z) :=
f(r*t,rx). Then u, satisfies the equation dyu, — Apju, = 72 f,, so by (8.4) we have for
all £ € {0,...,k} the estimate

19surl| La((0,1),0 (2 )52 RE w0 1.003%)) F [rll La(0,1) 002 W e 20 RE 01003

2
< Ol frllpago,),062);Wer (R wy 4 i X))

since v(r?-) € A,(R;) with the same A4, constant by [22, Proposition 7.1.5(1)]. After the
substitutions z — r~1z and t — r~2¢, we obtain

al—4 feY
D 00 U pa((0.02) 0520 (RE 0 403
|a| <

la|—€—2) qo
+ oy 10%ull La(0,2),0,10 (R 10,4 05
o] <e+2

4
<C Y O N a((0,02) s R g0
|a|<E
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Letting » — oo and summing over £ € {0,...,k} yields the maximal regularity estimate
(8.5). Thus u is an L%(v)-solution and we claim that it is also unique on R. Indeed, if
f =0, then for every T' > 0 we have

[l o, ysmirs s R xS 1AW L1 (o 13080 (RE 01 4 105%)

T
g—1

< Al i iy ([ 10T O1)
0

<0,
which follows from taking the supremum over [0,7] in (8.3), Holder’s inequality and
(8.5). This yields that u =0 on [0,T] for all T > 0. Therefore u = 0 on Ry as well and
this proves the uniqueness.

Finally, from [49, Lemma 3.5] and Lemma 8.1, it follows that C2° (R4 xR%; X) is dense
in LY(Ry,v; Wk7p(Ri,w7+kp;X)). Therefore, a density argument (see [27, Proposition
17.2.10] using that —Ap;, is closed by Corollary 8.3) gives the result. O

Similarly, we have maximal regularity for the Neumann Laplacian on homogeneous
spaces.

Corollary 8.11 (Homogeneous mazimal regularity for —Anew). Let p,qg € (1,00), k €
No, v € (-L,p—1), v € Ay(Ry) and let X be a UMD Banach space. Let Aney on
Wk’p(R‘i,wwrkp; X) be as in Definition 8.2. Tﬁen —AnNeu has mazimal LI (v)-regularity
on Ry. In particular, for every f € LI(Ry,v; Wk’p(R‘i,w,Hkp; X)) there exists a unique
L1(v)-solution u to (8.2) with A = —AnNeu, which satisfies

19l gy ot ®e s i) + D 107Ul oy ostirer e, i)
51=2

< C”fHL‘1(RJr,'U;W’CwIJ(Ri,w.Y_;_kp;X))7
where the constant C only depends on p,q,k,v,v,d and X.
Proof. The proof is analogous to the proof of Corollary 8.10, using Corollary 8.8. O
We conclude with some remarks concerning Corollaries 8.10 and 8.11.

Remark 8.12.

(i) The maximal regularity estimate from Corollary 8.10 for v € (p — 1,2p — 1) and
v =1 is already obtained in [41, Theorem 3.2].

(ii) For k =0 and v € (—1,p —1) similar regularity results as those in Corollaries 8.10
and 8.11 are contained in [16, Theorem 6.4] and [17, Theorem 2.3] for the shifted



N. Lindemulder et al. / Journal of Functional Analysis 289 (2025) 110985 67

operators A — Ap;; and A — Aneq With A > 0. The time weights for k¥ > 1 appear
to be new in the homogeneous setting. These time weights play an important role
in nonlinear evolution equations, see, e.g., [16], [27, Chapter 18] and [62].

(iii) More general elliptic operators with time and space-dependent coefficients are
treated in for example [15, Theorem 2.1], [16, Theorem 6.4] or [41, Theorem 3.2].
We only proved results for the Laplacian by taking limits in our maximal regularity
estimates for inhomogeneous spaces.
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