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Modeling Acoustical Pressure and Particle
Acceleration Close to Marine Seismic

Airguns and Airgun Arrays
Mark K. Prior , Alexander J. Duncan, H. Özkan Sertlek, and Michael A. Ainslie

Abstract—Comparisons are made of sound pressure and parti-
cle acceleration predicted by two methods in the vicinity of two
arrays of marine-seismic airguns. Data describing the array prop-
erties and the environmental conditions are taken from test cases
designed to facilitate intermodel comparison. The two propagation
approaches, one based on method of images and the other on wave
number integration, are shown to be capable of giving line-on-line
agreement when the latter method implements the full form of the
Hankel transform; when the more approximate Fourier transform
is used, predictions are shown to differ at ranges of a few meters
from the source.

Index Terms—Acoustic propagation, airgun, particle accelera-
tion, pressure waveform, marine-seismic.

I. INTRODUCTION

INCREASING societal concern about the impact of under-
water sound on marine life has led to the development of

regulations regarding acceptable levels of sound that may be
radiated or transmitted during seagoing industrial activities, in-
cluding marine seismic surveys. These regulations can require
that initiators of underwater sound demonstrate that acoustical
levels are within acceptable limits. At-sea monitoring of sound
levels is complex and expensive and it would be beneficial if a
modeling capability could be developed so that levels could be
accurately predicted before the start of sound-generating activ-
ities. Models exist to describe the generation and propagation
of underwater sound and it is important that their suitability for
use is demonstrated by validation of their predictions against
reference solutions.

Comparison of model predictions against experimental mea-
surements is an important part of any validation process. How-
ever, a model-measured comparison only represents a mean-
ingful test of a model’s capability if the measurements and
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processing are fully calibrated and detailed environmental data
were gathered during the acquisition of the acoustical data. Any
uncertainty in calibration leads to uncertainty in the acoustical
field against which the model predictions are to be compared.
Insufficient environmental information often prevents the situa-
tion under study being described to the model to a level of detail
sufficient to provide a test of the model’s capabilities. While
data sets suitable for airgun signature model validation studies
exist they are limited either to single airguns (or clusters) [1]
or to the precise equipment configurations and environmental
conditions predominant during the data acquisition [2].

While comparison with measured data is always desirable,
important information regarding model capabilities can be ob-
tained in the absence of measured data by model–model com-
parisons in well-characterized test cases [3], [4]. In these test
cases, the environment may be specified precisely, removing
the problems associated with incomplete environmental infor-
mation that can occur with model–measurement comparisons.
In some cases, it may be possible to derive precise solutions
to hydrodynamic and wave equations and these solutions repre-
sent “benchmarks” for a specified scenario. The departure of any
model’s prediction from these benchmarks can be considered a
measure of that prediction’s error in this scenario. In the absence
of a trusted benchmark, useful insights into the validity of model
assumptions may still be obtained by comparison between the
predictions of different models. Models produce their results via
different techniques, each subject to particular approximations.
If two models based on different approaches produce the same
predictions in a well-specified test case, then the models’ pre-
dictions are mutually consistent, increasing confidence in both.
There remains the possibility that two models may make the
same mistake and predict the same erroneous value. However,
the risk of this occurring is reduced if the models are based on
approaches subject to different types of approximation. Thus,
if a model based on approximations that assume low frequency
and short range makes predictions that agree with one based on
approximations that assume high frequency and long range, it
may reasonably be stated that any agreement at intermediate fre-
quencies and ranges provides support for their mutual validity
in that intermediate regime.

To improve confidence in current modeling capabilities for
sound fields generated by marine-seismic airguns, a series of test
cases has been developed [5]. These cases include descriptions
of the ocean environment and airgun arrays. The environmental
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description data they use are based on similar descriptions used
in test cases designed for assessing the validity of models used to
predict the performance of sonars [3]. They represent a common
ground in which two types of model may be run and compared:

1) models describing the production of sound by airgun ar-
rays;

2) models describing the propagation of sound from arrays
to receivers.

This paper describes a comparison of two models that predict
the propagation of sound from airguns to nearby receivers. Both
approaches use the same source description but employ different
approximations in their propagation modeling to convert from
the time-domain source waveform to the sound pressure time
series at the receiver. One approach is based on the method of
images by which propagation from source to receiver is com-
bined with propagation from the image of the source associated
with reflection from the sea surface and whose pressure signal
is inverted in sign due to the pressure-release boundary condi-
tion imposed at the air–water interface. The second approach
is more sophisticated and is based on a wavenumber integra-
tion technique [6]. The method of images provides an accurate
solution shortly after transmission and at locations close to the
array where the direct and surface-reflected paths are the only
valid routes by which sound can get from source to receiver,
thus providing a valuable check in this regime on wavenumber
integration predictions. The wavenumber integration method is
potentially valid over a much larger spread of times and source-
receiver ranges. A comparison of the two methods therefore
represents an effective investigation of their validity.

In addition to the sound pressure, a measure of particle mo-
tion is also needed. This type of descriptor of the acoustical
field is particularly relevant to applications associated with the
impact of underwater sound on marine life because taxa such
as crustaceans and fishes are thought to sense particle motion
(particularly particle acceleration) rather than acoustical pres-
sure [7]. The simple far-field relation between the two does not
exist in all cases, e.g., close to the source or close to a reflecting
boundary.

Comparisons are made in terms of predictions of sound
pressure and particle acceleration. To satisfy the assumptions
made in the derivation of the two methods, calculations are re-
stricted to receiver locations close to the center of two arrays
of marine-seismic airguns. Source array and environmental data
are taken from test cases developed for the purpose of model
validation [8].

Section II describes the test cases in terms of source and en-
vironment descriptions while Section III describes the source
model used to produce the source waveform for the two
approaches. The propagation models used by the two ap-
proaches are described in Section IV and results are presented in
Section V. Finally, Section VI and Section VII provide the sum-
mary and conclusion, respectively, of this paper.

II. TEST CASE SPECIFICATIONS

A. General

Test cases were designed to represent a complete specification
of the acoustical problem that must be solved to predict the

TABLE I
ENVIRONMENTAL PROPERTIES

acoustical field in an underwater environment in which marine-
seismic airguns operate. Such a specification requires details of
the airguns and the environment. These two areas are described
in Sections II-B and II-C.

B. Environment

The propagation medium considered was representative of a
shallow-water environment with 50 m of seawater overlying a
sandy seabed. It was based on an environment previously used
for validation of sonar-performance models [3]. Not all models
are capable of using the full environmental description data and
some, for example, have their own internal model of seawater
attenuation. For the study reported here, only those parameters
were used which could be input to both propagation models.
Description data are given in Table I. Parameters which were
not used are indicated by gray text.

C. Sources

Two sources were considered, comprising a subset of those
described in the test cases [5]. source 1 represented the simplest
case of a single airgun deployed at a depth of 5 m. The airgun
was specified in terms of its manufacturer and model type and
a chamber pressure. source 2 represented a single line array of
airguns of various models and volumes, all fired at the same
time and with the same chamber pressure. Details are given
in Table II with (x, y, z) locations described in terms of right-
handed Cartesian axes with origin at the sea surface and with
(positive) depth increasing downwards.

The data in Table II describe powerful acoustical sources and
it is possible that the pressure fluctuations that they cause may
represent a significant fraction of the ambient pressure at their
deployment depths. With such large departures from ambient
pressure, it is possible that the assumptions of linear acoustics
may no longer be valid. However, the work reported here is
restricted to an assumption of linear acoustics. In this sense, a
solution is provided to a well-posed mathematical problem but
there remains a question regarding how well that solution fits the
physics of the situation. An investigation of the consequences
of any potential nonlinearities is outside the scope of the work
reported here.
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TABLE II
SOURCE PROPERTIES

Operating overpressure is the airgun pressure relative to the atmospheric pressure.

Fig. 1. Source waveform for source 1 (single airgun).

III. AIRGUN SOURCE MODEL: AGORA-2

The data in Table II were used to produce an acoustical de-
scription of each source. This description took the form of a
source waveform [10], sometimes referred to as a “notional sig-
nature” and being the product of distance and sound pressure
in the acoustical far-field of a sound source in a hypotheti-
cal, infinite, uniform, lossless medium with the same acoustical
properties as the seawater in Table I. The dimensions of the
“source waveform,” which is a function of time, are pressure
times distance. An example of waveform for source 1 is shown
in Fig. 1.

The source waveform of each airgun source was calculated
using the AGORA computer code [11]. This model initially con-
siders each airgun separately and solves differential equations
to give the motion of a bubble formed by the given volume of
air injected at the given chamber pressure. The bubble motion
is then modified in a first-order perturbative approach that takes
into account the effect of other bubbles. This perturbation al-
lows for the fact that the motion of the bubble wall is affected by

pressure fields radiated by neighboring bubbles and by surface-
reflected waves from bubbles, including itself. This means that
the source waveforms produced by AGORA include the influ-
ence of the surface-reflected wave on the motion of the bubble
but do not include that wave itself. This surface reflection, also
known as the “surface ghost,” is a propagation effect that should
be included in the propagation model.

The bubble of air released at high pressure by the airgun
undergoes a series of expansions and contractions, resulting in
a corresponding sequence of compressions and rarefactions in
the surrounding water. These density changes propagate into the
bubble’s far field, and manifest themselves as a series of positive
and negative peaks in the source waveform. This process is not
loss free and the amplitudes of successive peaks in the signature
decrease as the system loses energy to radiative and dissipative
processes.

The time between the peaks in the source waveform caused
by the initial injection and the first bubble collapse is deter-
mined by the operating chamber pressure, deployment depth,
and volume of the airgun. Arrays of airguns are designed so that
the secondary peaks in their signatures occur at different times
while their initial injections are usually synchronized. This is
done to produce a strong, single initial peak with destructive in-
terference between airguns and surface-reflected paths reducing
the amplitude of subsequent peaks.

The AGORA-2 model includes the possibility of summing
source waveforms for individual airguns to produce a far-field
time-domain array signature as a function of vertical and hori-
zontal angle. However, this was not done in this study. Instead,
source waveforms from individual airguns were considered sep-
arately and their pressures summed coherently at the points of
interest after propagation. This was done because the model-
comparison process was carried out at distances from the array
that were small compared to its dimension and the validity of
the far-field criterion was questionable.

IV. PROPAGATION

A. General

The source waveform may be combined with a transfer func-
tion describing propagation between source and receiver to pro-
duce a sound pressure signal at a receiver. In the case of a
homogenous environment, this transfer function amounts to a
delay and a division by the range between source and receiver.
In more complicated environments, a more sophisticated model
is required but the transfer function retains dimensions of L-1.

The test case specification [5], [8] provided a list of output
options in terms of acoustical field variables and receiver lo-
cations at which these should be produced. The work reported
here considers a subset of these, namely sound pressure and
sound particle acceleration calculated at horizontal offsets of 3
and 30 m.

B. Method of Images

In the first method, the total sound pressure at a point was
modeled as the sum of the contributions from direct and surface-
reflected paths [12], [6]. The direct path results in a contribution
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to the sound pressure equal to the source waveform divided
by the direct path distance. The surface-reflected path makes
a similar contribution but the source waveform is inverted to
allow for the fact that the sea surface has a pressure-reflection
coefficient of -1. The sound pressure pj at a point (xr , yr , zr ) is
therefore a function of time given by

pj (xr , yr , zr , t) =
sj

(
t − rd , j

cw

)

rd,j
−

sj

(
t − rs , j

cw

)

rs,j
(1)

where subscript r denotes the receiver position, subscript d refers
to the direct path, subscript s is the surface-reflected path, cw

is the seawater sound speed, and sj (t) is the source waveform
of the jth airgun in the source array. The ranges are given by
straight-line geometry. The total sound pressure at a point is the
sum over j of the contributions of all airguns.

The simplicity of the method of images was deliberately cho-
sen so that the predictions would form a baseline case against
which more sophisticated propagation models could be com-
pared. The predictions of the method of images can be straight-
forwardly understood and the reasons for features observed in
the data explained. More sophisticated models employing nu-
merical solution methods provide answers that may be precise
but which have no physical insight that helps to interpret them.
Thus, a change in the gradient of pressure with time predicted
by a sophisticated model might be due to the arrival of the
surface-reflected wave or it may be a consequence of a numer-
ical error in the model’s formulation. Comparison between the
predictions of sophisticated models and the method of images
thus allows insight to be obtained as to the physical processes
underlying some of the features that might be observed in model
predictions.

The simplicity of the method of images results in it being sub-
ject to significant limitations of applicability. The contributions
of the two paths take the form of time-shifted and amplitude-
scaled versions of the nominal airgun signatures. This neglects
the effects of dispersion and deformation of the signal that
may take place along those single paths due, for example, to
frequency-dependent attenuation.

This implementation of the method of images also neglects
contributions other than the direct and surface-reflected paths.
Although the method can be extended to include seabed re-
flected paths and paths involving multiple seabed and surface
reflections [12], [6] the complexities of dealing with the reflec-
tion of a low-frequency spherical wave from a realistic seabed
[13] would negate the method of images’ advantage of sim-
plicity and is not needed at close proximity to the source. The
test-case environment included a seabed and reflections from
this contribute to the acoustical field at times greater than the
travel time from source to seabed to receiver. The method will
therefore be accurate at the short times in which absorption and
the contribution of seabed-reflected paths may be neglected.

In addition to sound pressure, particle motion was also consid-
ered in the form of predictions of sound particle acceleration.
This was calculated via Euler’s equation using a numerically
calculated acoustical pressure gradient.

Numerical calculations of gradients require a compromise to
be reached between competing concerns of spatial precision and

gradient accuracy. Acoustical gradients change with position so
that if a gradient is required at a point, it is necessary that the
calculation be made close to that point. However, numerical
estimation of gradients requires the acoustical field to be sam-
pled over a finite spatial window. If this window is made too
small then field differences may include a significant contribu-
tion from numerical rounding errors.

The optimal size for a spatial window to calculate acoustical
gradients may be expressed in terms of an average acoustical
wavelength, λ̄, based on the concept of the centroid frequency,
f̄ , calculated using the signal amplitude spectrum as a weighting
factor [14], [15].

This approach yielded values of λ̄ of 9.7 and 13.4 m for
sources 1 and 2, respectively. The larger values for source 2 are
a consequence of the increased low-frequency content of the
signals produced by the larger airguns deployed at the front of
the line of sources.

An alternative method of calculating the window size was
also tried in which the autocorrelation time of source waveforms
was calculated then converted to a spatial length by a scaling
factor of cw . This was observed to give similar results of 9.7 and
10.6 m.

The numerical gradient calculations reported here used a spa-
tial window with extent λ̄/4 in the x-, y-, and z-directions. This
fraction was selected after a sensitivity study in which the win-
dow size was varied and the stability of results observed. A cube
of points with spacing equal to λ̄/80 was centered on each re-
ceiver location of interest, covering the selected spatial extent,
the acoustical pressure was then calculated as a function of time
at the resulting 8000 points. The gradient in the x-direction was
calculated by fitting a first-order polynomial to the pressures at
the points, plotted as a function of their x-coordinate. Similar
procedures yielded the gradients in the y- and z-directions.

Alternatively, the method of images can be modified to avoid
the necessity of numerically calculating spatial gradients of the
pressure field. This replaces the numerical spatial derivative
with a time derivative, which is advantageous because airgun
signal models can simulate signals at arbitrarily small time steps,
making the numerical calculation of the time derivative simple
and accurate. The foundation of this approach is to substitute
(1) into Euler’s equation and carry out the spatial derivative
analytically, which results in the following equations for the
three components of the acceleration vector (see Appendix for
derivation)

aj =
r̂d,j

ρrd,j

{
1
cw

∂sj (t′d,j )
∂t′d,j

+
1

rd,j
sj (t′d,j )

}

− r̂s,j

ρrs,j

{
1
cw

∂sj (t′s,j )
∂t′s,j

+
1

rs,j
sj (t′s,j )

}
. (2)

Here, t′d,j = t − rd,j /cw is often known as the retarded time
and is the time at which a signal arriving at the receiver at
time t via the direct path was transmitted by airgun j, and
ts,j = t − rs,j /cw is the retarded time for the signal traveling via
the surface-reflected path. r̂d,j is the unit vector in the direction
from airgun j to the receiver, and r̂s,j is the unit vector in the
direction from the surface-reflected image of airgun j to the
receiver.
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C. Wavenumber Integration Method

The wavenumber integration method for acoustical propaga-
tion modeling (also known as the integral transform method)
is described in detail in [6, Ch. 4] so only a brief outline is
given here. This method applies to range-independent waveg-
uides and uses the separation of variables technique to separate
the Helmholtz equation into a differential equation in depth,
and a Hankel integral transform in range. The depth equation
is solved first (either analytically for simple cases or numeri-
cally for more general cases) to give the so-called horizontal
wavenumber spectrum, from which the acoustical field is calcu-
lated by way of the Hankel transform (HT). The advantages of
this method are that it can accurately deal with both sea-surface
and seabed reflections and that modeled seabeds can range in
complexity from simple fluid half-spaces through to arbitrary
stacks of fluid and elastic layers.

The wavenumber integration solution is theoretically exact,
but the practicalities of its numerical evaluation introduce some
errors. In particular, it is common practice to use an exponential
approximation to the Hankel function that allows the HT to
be evaluated by way of a fast Fourier transform (FFT), greatly
speeding up the calculation of the acoustical field. Computer
codes that use this approximation are often referred to as fast-
field programs. This approximation converges rapidly as range
increases but is inaccurate at ranges of the order of an acoustical
wavelength. Since this may be significant with respect to the
distances outlined in the test cases, the comparison between
FFT and HT results is a topic of interest here.

Two implementations of the wavenumber integration method
were used to generate the results presented in this paper. Both
used SCOOTER [16] to solve the depth equation, and the first
used its companion program FIELDS to calculate the acoustical
field using the exponential approximation to the Hankel func-
tion. The second implementation used a version of FIELDS that
had been modified by the authors to use an exact HT for the
field calculation. These are referred to in the results section of
this paper as the FFT and HT implementations, respectively.

Because the wavenumber integration method is based on the
Helmholtz equation, it calculates the acoustical field one fre-
quency at a time. When modeling a broadband source such as an
airgun it is therefore necessary to run the program many times
to build up the complex transfer function between the source
and receiver and then use Fourier synthesis [6] to simulate the
received waveform.

The results presented in this paper were computed using a
frequency spacing of 1 Hz over the interval 1 to 2000 Hz. Re-
ceivers were spaced 0.3 m in depth and 0.35 and 0.33 m in range
for the FFT and HT implementations, respectively, and 0.3 m
in depth for both implementations. The slightly different range
resolutions were required to minimize interpolation errors when
interpolating onto the output grids, which were constrained by
having different maximum output ranges of 3.5 km and 100 m
for the FFT and HT cases, respectively.

wavenumber sampling in SCOOTER is determined indirectly
by specifying the minimum and maximum horizontal phase
speeds, cmin and cmax , and a maximum range, rmax . The corre-

sponding horizontal wavenumber integration range is then kmin
to kmax where kmin = ω/cmax , kmax = ω/cmin and ω is the
angular frequency. The transform relationship between the spa-
tial and wavenumber domains results in a wavenumber spacing
of δk = π/rmax , and an output calculation range grid spacing
δr = 2π/kmax = cmin/f where f is the frequency. The out-
put grid range limits and resolution are specified when running
FIELDS by specifying the minimum and maximum ranges and
the number of grid points required.

The FFT and HT results presented here were calculated us-
ing frequency dependent minimum phase speeds of 0.35f and
0.333f respectively to achieve calculation range resolutions of
0.35 and 0.33 m. In both cases, the maximum phase speed was
set to 109 m/s to include energy propagating very close to the
vertical.

Experience using SCOOTER has shown that best results are
achieved by setting rmax equal to at least double the maximum
range at which the transmission loss is to be calculated, but
for short range runs this can still result in an undesirably coarse
sampling of the wavenumber domain. The algorithm used for de-
termining this parameter was rmax = max(2rm , 2000δr) where
rm is the maximum output grid range. This led to values of rmax
of 7 km and 666 m for the Fourier transform and HT cases,
respectively.

The range and depth components of the particle acceleration
due to each gun in the array were calculated from the simulated
waveforms, with spatial pressure gradients approximated by nu-
merical derivatives calculated by using first-order central finite
differences [17]. The range component of the acceleration vec-
tor was resolved into X and Y components and each component
of the acceleration vector was then summed over the guns in the
array.

V. RESULTS

A. Source 1

1) Pressure: Fig. 2 shows sound pressure versus time for
source 1 using the two propagation methods considered and
calculated for a receiver at a depth of 15 m at x = 3 m, y
= 0. In the upper panel, the pressure predicted by the Fourier
transform (FFT) method is plotted alongside the result of the
image method (IM). Both curves show zero sound pressure at
times less than the ∼7 ms travel time taken for sound to go from
the airgun to the receiver. Both methods predict pressure to rise
rapidly after this time but the FFT results show a more rapid rise
to a higher peak value. This is emphasized in Fig. 3 where only
the earliest times are shown.

The black line marked top and bottom with diamond symbols
in Figs. 2 and 3, shows the arrival time of the surface-reflected
path. Both curves show a rapid decrease of pressure with time as
this negative pressure partially cancels out the positive pressure
of the direct-path contribution. At around 53 ms, Fig. 2 shows
the arrival of the bottom-bounce path, closely followed by the
surface-bottom path at around 60 ms. Both these paths are absent
from the IM results and the changes in pressure associated with
them are present only in the FFT and HT results. At times
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Fig. 2. Sound pressure versus time at (x, y, z) = (3, 0, 15) m due to source 1.
Upper panel compares IM (IM, dash–dot curve) with Fourier-transform results
(FFT, dark green curve). Lower panel compares IM (IM, dash–dot curve) with
full HT results (HT, dark green curve). Vertical lines mark times at which
boundary reflections arrive. Green vertical lines show arrivals of multipaths
with an additional bottom bounce. Triangles show arrival of surface–bottom–
surface path.

Fig. 3. Sound pressure versus time for a receiver at (3, 0, 15) m in the presence
of source 1. Only earliest times are shown. Upper panel compares IM (IM, dash–
dot curve) with Fourier-transform results (FFT, dark green curve). Lower panel
compares IM (IM, dash–dot curve) with full HT results (HT, dark green curve).

around 100 ms the pressure climbs to a positive peak as a result
of the collapse and re-expansion of the air bubble after its first
oscillation. In the vicinity of this peak, the agreement between
IM and FFT is similar to that observed for the first peak.

The lower panels in Figs. 2 and 3 show a comparison between
the IM and HT results. Here, the agreement between the two sets
of predictions is excellent with line-on-line matching until the
arrival of later multipaths that are excluded from the IM results.

These results indicate that the HT approach provides a ref-
erence solution to the propagation wave equation for the case

Fig. 4. Pressure time series for a receiver at (30, 0, 15) for source 1. Upper
panel compares IM (IM, dash–dot curve) with Fourier-transform results (FFT,
dark green curve). Lower panel compares IM (IM, dash–dot curve) with full HT
results (HT, dark green curve).

Fig. 5. Particle acceleration in the vertical direction versus time at (x, y, z) =
(3, 0, 15) due to source 1. Upper panel shows comparison of method of images
with Fourier-transform results. Lower panel compares IM with HT results.
Vertical lines mark times at which boundary reflections arrive.

of the receiver at (3, 0, 15) m in the test-case environment with
source 1. The IM approach is also accurate before the first bot-
tom reflected arrival. The disagreement between the FFT results
and the other two solutions suggests that the exponential approx-
imation to the Hankel function is not valid in this case, almost
certainly because of the short ranges considered (the receiver is
a fraction of an average wavelength from the source).

Fig. 4 shows pressure time series for a receiver at (30, 0, 15),
i.e., at approximately ten times the distance from the source.
The increased distance results in closer agreement between the
FFT and the other two results.

2) Particle Acceleration: Fig. 5 shows particle acceleration
in the vertical direction, calculated for the receiver at (3, 0, 15) m
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Fig. 6. Particle acceleration in the radial direction versus time at (x, y, z) = (3,
0, 15) due to source 1. Upper panel shows comparison of method of images with
Fourier-transform results. Lower panel compares IM with HT results. Vertical
lines mark times at which boundary reflections arrive.

in the presence of the single airgun source 1. The acceleration is
shown to rise rapidly from zero, reaching a positive peak approx-
imately 1 ms after the first arrival. This positive peak represents
a downward acceleration of the water elements, driven by the
arrival from above of the pressure wave from the airguns. The
passage of the peak of the direct path changes the sign of the
pressure gradient as the peak moves below the receiver and
the water elements feel a net upward force, resulting in nega-
tive acceleration. The magnitude of this negative acceleration
decreases with time as the peak of the pressure wave moves fur-
ther below the receiver but the arrival of the pressure-inverted
surface-reflected wave pushes the particle acceleration into a
deep trough. This changes with time in a mirror-image of the
passage of the direct wave and the particle acceleration then dies
out steadily with time until at later times, beyond the scales of
Fig. 5, the signal due to the first bubble collapse arrives.

Both panels show reasonable agreement between the IM, FFT,
and HT methods with the main differences arising in the peaks
and troughs. Close inspection of the HT and FFT data shows
small oscillations in the acceleration predicted for times earlier
than the arrival of the direct path. Since there is no possible
physical cause of these features, they are most likely caused by
numerical effects associated with the transforms employed in
the HT and FFT methods.

Fig. 6 shows particle acceleration in the radial direction for a
receiver at (3, 0, 15) in the presence of source 1. The lower panel
shows features similar to those already discussed for the vertical
acceleration but the amplitudes of the radial acceleration are
generally lower because the line joining source and receiver
is at an angle of approximately 73.3° to the horizontal and the
majority of particle motion is therefore oriented vertically. The
upper panel shows that the FFT method is not producing reliable
results for this situation. The decrease in acceleration after the
passage of the peak of the direct path is not large enough and the
acceleration remains positive, i.e., away from the source, even

Fig. 7. Particle acceleration in the radial direction versus time at (x, y, z) = (30,
0, 15) due to source 1. Upper panel shows comparison of method of images with
Fourier-transform results. Lower panel compares IM with HT results. Vertical
lines mark times at which boundary reflections arrive.

Fig. 8. Pressure versus time at (x, y, z) = (3, 0, 15) m due to source 2. Upper
panel shows comparison of method of images with Fourier-transform results.
Lower panel compares IM with HT results. Vertical lines mark times at which
boundary reflections arrive. Green vertical lines show arrivals of multipaths with
an additional bottom bounce.

after the pressure gradient should be driving water molecules
back towards the source. This problem is another manifestation
of the FFT method’s inapplicability to short ranges where the
exponential approximation to the Hankel function is not valid.

Fig. 7 shows radial acceleration for a receiver 30 m from
source 1. In this case, the HT and FFT methods produce very
similar results and the validity of the exponential approximation
to the Hankel function is not in question.

B. Source 2 (Case 03)

1) Pressure: Fig. 8 shows pressure time series in the same
format as for preceding cases for a receiver at a distance of 3 m
along the x-axis. In the figure, the vertical lines show the arrival
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Fig. 9. Particle acceleration in the vertical direction versus time at (x, y, z) =
(3, 0, 15) due to source 2. Upper panel shows comparison of method of images
with Fourier-transform results. Lower panel compares IM with HT results.
Vertical lines mark times at which boundary reflections arrive.

times of multipaths at the receiver from the source at (0,0,5) m.
Arrivals from all the airguns in the array will be slightly spread
around these times because of the different airgun positions.

The trends in results are similar to the case for source 1 with
very good agreement between the HT and IM results and an
overestimation of the pressure by the FFT results. Slight dis-
agreements are observed between HT and IM results at around
peak pressures but after this, further disagreements are restricted
to times at which bottom-reflected multipaths are present.

The results for source 2 show consistent small differences
between the IM and HT results that were not as pronounced for
source 1. This suggests that there are small phase differences
between the two models in the source 2 case that were not
present in the source 1 case. This most likely results from a
complex-plane interpolation that is required at each frequency
to calculate the transfer function at the required receiver location
from the regularly spaced (in range) output of the wavenumber
integration program. This interpolation is not present for source
1 because, for a single source, the output range grid can be
chosen so that the receiver lies on a grid point, but it is impossible
to do this simultaneously for all guns in an array. Consequently,
small phase differences arise for source 2.

2) Particle Acceleration: Fig. 9 shows vertical particle ac-
celeration for a receiver at (3, 0, 15) in the presence of source 2.
The FFT results are shown to overestimate acceleration relative
to the IM and HT cases which agree closely. The exponen-
tial approximation employed by the FFT method is particularly
challenged in this situation because the receiver is directly be-
low one of the airguns in source 2 so that the horizontal offset
is zero. Similar problems are not observed in Fig. 10 where the
results for the receiver at (0, 3, 15) are shown. Although this
receiver has the same offset, it is oriented perpendicular to the
array axis so that no source is directly above the receiver. The
FFT results are shown to be very similar to the HT and IM re-
sults, despite the small horizontal offset. The HT and IM results

Fig. 10. Particle acceleration in the vertical direction versus time at (x, y,
z) = (0, 3, 15) due to source 2. Upper panel shows comparison of method
of images with Fourier-transform results. Lower panel compares IM with HT
results. Vertical lines mark times at which boundary reflections arrive.

Fig. 11. Particle acceleration in the radial direction versus time at (x, y, z) =
(30, 0, 15) due to source 2. Upper panel shows comparison of method of images
with Fourier-transform results. Lower panel compares IM with HT results.
Vertical lines mark times at which boundary reflections arrive.

in both cases show curve shapes similar to the results already
discussed for source 1. Differences occur in that acceleration
moduli are higher because of the increased volume of the airgun
sources and the curve shows some small-scale structure arising
from interference between the contributions of the six airguns.
Similar results are observed for the receiver at (−3, 0, 15).

Fig. 11 shows radial acceleration for a receiver at (30, 0,
15) in the presence of source 2. In the context of this extended
source, “radial acceleration” indicates “acceleration horizon-
tally away from the origin” and, for this receiver on the x-
axis, radial acceleration is synonymous with acceleration in the
x-direction.
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All three methods show good agreement and the curves show
a complicated pattern with rapid oscillations of acceleration with
time as the contributions from the six airguns interfere before
the arrival of the surface-reflected wave. After this arrival, the
oscillations continue, with the sign of the acceleration changing
repeatedly. The main differences between the IM and trans-
form results occur in the peaks and troughs where the spatial
smoothing of the IM cases results in slight differences with the
predictions of the transform-based methods.

VI. SUMMARY

Comparisons between the Fourier transform and HT versions
of the wavenumber integration method show that the more ap-
proximate Fourier transform form is inaccurate at the shortest
ranges considered here. Predictions of pressure made by the ex-
ponential method disagree with those made using the full HT
and with the method of images. Agreement between these latter
two is indicative that they are both valid, given that they are
based on very different derivations and it is unlikely that they
would both make the same error and predict the same, erroneous
values.

Comparison between the method of images and HT results
from the wavenumber integration method can be excellent with
“line-on-line” agreement possible. Agreement is only observed
in the absence of bottom-bounce paths that are not included in
the sum over images which considers only direct and surface-
reflected paths. This restricts model agreement to short ranges
and short times after transmission, i.e., before sound has had
time to travel to the seabed and return to the receiver. This
restriction might be overcome with a more sophisticated method
of images including bottom reflections and multiple surface-
bottom interactions.

Good agreement between models is more easily achievable in
sound pressure than in particle acceleration. This is partly due to
the finite-difference scheme used to calculate pressure gradients
needed to predict particle acceleration. Intermodel agreement is
hardest to achieve in regions of peaks and troughs of particle
acceleration, i.e., where the absolute value of acceleration is
highest.

VII. CONCLUSION

The method of images provides a useful reference solution for
propagation at short ranges from arrays of marine-seismic air-
guns. It can be compared with the results of more sophisticated
models and, since it is extremely simple and its approximations
are explicit, a sophisticated model agreeing with its predictions
may be considered to have been at least partially verified.

The exponential version of the HT used in some wavenumber
integration methods is not capable of reproducing the (near-
identical) results of the method of images and wavenumber
integration methods using the full HT. This is because the ex-
ponential version represents a far-field approximation to the HT
that is unsuitable for use at the shortest ranges considered.

The short-range results reported here provide a reference
point for comparisons of other propagation modeling meth-
ods. These comparisons may be in terms of sound pressure

and particle acceleration but it should be remembered that the
acceleration waveforms can straightforwardly be integrated to
give particle velocity or displacement. These measures of parti-
cle motion may be the basic output of other modeling methods
whose validity is under study. Also, they may be the metrics of
particle motion that are more relevant to the study of the acous-
tical impact of marine-seismic airguns on particular species.

APPENDIX

DERIVATION OF THE ANALYTIC FORM OF THE PARTICLE

ACCELERATION DUE TO A POINT SOURCE THAT EMITS AN

ARBITRARY WAVEFORM, AND ITS SURFACE-REFLECTED IMAGE

Define the position vector of the receiver relative to airgun j
as rd,j , r̂d,j as the corresponding unit vector and rd,j = |rd,j |.
Substituting the first term in (1) into Euler’s equation, gives the
contribution of the direct path signal from airgun j to the particle
acceleration at the receiver

ad,j =
−1
ρ

∇
[
sj (t′d,j )

rd,j

]
. (3)

Here, t′d,j = t − rd,j /cw is the so-called retarded time for the
direct path.

Using a local spherical polar coordinate system centered on
the airgun and recognizing that for a point source the only
nonzero acceleration component is in the radial direction, (3)
becomes

ad,j =
−1
ρ

∂

∂rd,j

[
sj (t′d,j )

rd,j

]
r̂d,j . (4)

Applying the quotient rule gives

ad,j =
−1

ρrd,j

{
∂sj (t′d,j )

∂rd,j
− sj (t′d,j )

rd,j

}
r̂d,j . (5)

Using the chain rule

∂sj (t′d,j )
∂rd,j

=
∂sj (t′d,j )

∂t′d,j

∂t′d,j

∂rd,j
= − 1

cw

∂sj (t′d,j )
∂t′d,j

.

Substituting into (5) gives

ad,j =
r̂d,j .

ρrd,j

{
1
cw

∂sj (t′d,j )
∂t′d,j

+
1

rd,j
sj (t′d,j )

}
. (6)

Carrying out the same procedure starting with the second
term in (1) gives the acceleration due to the surface-reflected
signal, and adding the accelerations due to the two paths
gives (2).
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