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Loop-shaping is widely used in precision motion control, but conventional approaches — focused on phase
margin and open-loop gain — are inadequate for piezo positioning systems where open-loop phase critically
affects performance. This paper proposes generalized loop-shaping guidelines tailored for nonlinear piezo-
actuated stages. A constant-in-gain lead-in-phase reset controller is developed to implement the guidelines by
overcoming waterbed effect in linear control. An intuitive methodology for shaping filter design is presented
to ensure reliable reset control implementation. Using (higher-order) sinusoidal input describing functions,

nonlinear motion control is designed. Experiments demonstrate closed-loop bandwidth flatness (+1 dB) and

enhanced sensitivity function.

1. Introduction

Loop-shaping is a well-established frequency-domain methodology
for linear control design, widely applied in precision motion systems
to achieve high performance (precision and bandwidth) and stability
margins, as reflected by the closed-loop and sensitivity functions. Tradi-
tionally, it focuses on the open-loop phase near the crossover frequency
(the frequency where the open-loop gain crosses 0 dB) to ensure
robust stability and desirable transient characteristics (characterized by
phase-margin constraint), while performance is tuned via the crossover
frequency and the open-loop gain shaping (see, e.g., [1]). Unfortu-
nately, this traditional approach is not adequate for ultra-precision
motion systems.

In piezo-actuated positioning systems with very high stiffness and
lightly-damped resonance, the open-loop phase is also critical for
performance where the open-loop gain unavoidably remains close to
unity over a wide frequency range around the crossover frequency —
the unity gain crisis not captured by conventional methods — due
to performance-stability trade-offs. For piezoelectric nanopositioning
stages, offering superior precision and bandwidth over electromagnetic
actuators (see, e.g., [2]), a flatness of +1 dB in the closed-loop response
in addition to the maximum possible cross-over frequency is typically
desired, which conventional loop-shaping struggles to achieve due to
missing the open-loop phase shaping in the frequency range of crisis.

This work shows that shaping the open-loop phase over a wide fre-
quency range — without altering the gain — can extend the crossover
frequency while preserving the flatness constraint. However, such
phase enhancement requires a constant-in-gain lead-in-phase (CgLp)
filter, unavailable in linear control. Reset control, introduced by Clegg
[3], serves as one of the control types (see, e.g., [4] for another type)
that provides a nonlinear means to overcome this limitation (see,
e.g., [5-71). CgLp reset control closely approximates this property and
has enabled high-performance motion control, thanks to the recently
developed analytical frequency-domain tools (see, e.g., [8]). Although
integration of a reset element leads to a nonlinear motion control (see,
e.g., [9]), recent advancements have enabled reset control design by
loop shaping. The phase advantage can be analyzed via the sinusoidal
input describing function (SIDF), though higher-order SIDF (HOSIDF)
analysis reveals limitations due to the generated higher-order harmon-
ics in feedback characterized by multiple resets per cycle [10]. Shaping
filters [11,12] can mitigate these effects, though generalized design
guidelines remain lacking.

Nonlinearities in piezo actuators, such as hysteresis and amplifier
saturation, further limit achievable performance in a large travel range
(see, e.g., [13]). Feedforward compensation can reduce but not elim-
inate these effects [14,15]. Thus, there is a need to a robust motion
control to preserve performance against the nonlinearities. Although
measured frequency response generally represents linear dynamics, the
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P n

Fig. 1. Control loop elements; P: Plant’s uncertain dynamics, P: nominal
measured frequency response, M: Multiplicative uncertainty. C: Linear con-
trol. Kp: Proportional gain. C: CgLp control, R: First-order reset element, C,:
Shaping filter, k., k,: CgLp internal parameters, C,: Lead filter.

HOSIDF [16] provides a means to characterize such nonlinearities as
frequency-domain uncertainties. However, the measurement-based use
of the HOSIDF in piezo-actuated systems remains unexplored [17].

This paper integrates loop-shaping theory, practically effective reset
control, and nonlinear analysis into a unified framework. The main
contributions are:

New loop-shaping guidelines enabling high cross-over frequency
and flat closed-loop response (+1 dB) even if the open-loop gain
is unavoidably near unity in a wide frequency range;

Extension to uncertain systems ensuring robustness in perfor-
mance;

A CgLp reset controller with a generalized shaping-filter synthesis
method for viable open-loop phase shaping;

Use of HOSIDF to represent nonlinearities in piezo actuators as
frequency-domain uncertainties by real measurements.

The paper is organized as follows: Section 2 gives the required mathe-
matical tools. Section 3 describes the experimental setup and nonlinear-
ity characterization. The problem is also motivated. Section 4 develops
the analytical formulations for loop shaping; Section 5 details nonlinear
control design; Section 6 reports experimental validation; and Section 7
concludes.

2. Preliminaries

The feedback control structure is considered as Fig. 1.
The piezo stage system is categorized by the uncertain dynamics P
as follows:

P(jo) = P(jw).M(jw) (€Y

where P and M respectively denote the measured frequency response
for small input’s amplitude and the frequency-domain multiplicative
uncertainty due to larger travel ranges. In this work, M is obtained
by the ratio between P and the 1st-order sinusoidal input describing
function, assuming that the amplitudes of the higher-order sinusoidal
input describing functions are negligible. Therefore, P is represented
by an uncertain region in the Bode plane that contains P.

C(jw) stands for linear control elements with the unity DC gain. Kp
is used to set the cross-over frequency w,. C = 1 is selected to represent
a scenario of linear motion control design; otherwise, C denotes the
constant-in-gain lead-in-phase (CgLp) reset control for the scenario of
the nonlinear motion control design.

The generalized first-order reset element R with the state-space
dynamics below is used to construct the CgLp reset control:

if ") #0
if ’(1)=0 @

x(1) = —wlx(t) + 0l
x(t+) = yx(1)
u(r) = x(t)
where ¢/, x,u € R respectively denote the input, state and output
of the reset element. ¢” is produced by the shaping filter C; that is

used for the resetting condition. The shaping filter lets bandpass the
control nonlinearity in the required frequency range (see, e.g., [11]).
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The hybrid dynamics of the reset control consists of the base linear
dynamics Ry and the switching dynamics R,, represented by the first
and the second differential equation in (2) respectively. co; eR,, is the
corner frequency of the base linear dynamics and y € (—1,1) C R is the
resetting coefficient of the switching dynamics.

The 1st-order and higher-order sinusoidal input describing functions
R and R, of generalized first-order reset element (2) are given by Guo
et al. [18], Hou et al. [19], Zhang and HosseinNia [20] as follows:

Ry(j) =~ (14 jO).

ot ’

h;“ jON e =DCsif p : odd
R,(jw) =14 "ol

0 if n : even, 3)
Oy =0.0,,

6 = 20U=pure o)
7r(l+ye_”% )(w2+w;2)
O, = /“Cs(wcos (£Cy) + @' sin (£Cy))
Fig. 2(a) visualizes the phase advantage of reset element (2) with no
shaping filter (C;, = 1) compared to its base-linear dynamics. The
phase lag reduces as y decreases from 1 (base-linear dynamics) to —1
with negligible change in gain according to the 1st-order describing
function—implying that the Bode’s gain-phase relationship which is
the inherent limitation of linear control elements is flexed in the
reset element. This phase advantage highlights an opportunity for
approximating a constant-in-gain lead-in-phase dynamics by C.
The first-harmonic frequency response of the nonlinear control is
denoted by C, and calculated by

(o) = k.(R(jo) + kf).Cp(jw) 4

where the lead filter C; together with the proportional gains k., k, are
selected as follows such that the frequency response characteristics of
C, is Cglp [21]:

X jw—+1
CLlo) = To=

>

+1
Y e ®)
— o) o — 1601y y
@, = aw,,q = 1+7r2(1+y)’
_ =1-=2
S~ wf—w,’k“_l of

Fig. 2(b) visualizes C, for different y. Such a property is not realiz-
able by linear control (for example, an effort will end up to the unstable
dynamics with transfer function %).

On the other hand, the phase advrantage from reset control is entan-
gled with the cost of higher-order harmonics. To utilize reset control in
feedback, the following two assumptions are considered [8]:

+ The reset element output and thus the closed-loop response are
input-to-state convergent.

» Resetting time instants occur periodically with the time interval
similar to a single sinusoid with the first harmonic.

The convergence in the earlier assumption has been studied by Dast-
jerdi et al. [22] where investigation of closed-loop stability and H-
condition [23-28] are extended to the frequency domain for the pri-
mary versions of CgLp reset control. Performance is validated by the
frequency-domain tools which will be provided later in this section.
For a reliable control design based on the 1st-order describing function,
zero-crossing more than two times per cycle, which is referred to as
multiple reset, is not permitted with regard to the latter assumption.
Shaping filter allows for tuning the phase advantage alongside fre-
quency as a trade-off technique with the higher-order harmonics to
ensure a reliable feedback control design. Shaping filter will be further
discussed in Section 5.1.

For the case of the linear motion control, where ¢ = 1, the
sensitivity and complementary sensitivity functions .S and T are given
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Fig. 2. Frequency response characteristic of reset control based on sinusoidal
input describing function; (a) Generalized first-order reset element with w, =
27 x 10 rad/s. (b) Constant-in-gain lead-in-phase realization with o, = 27 X 10
rad/s, o, = 2z X 100 rad/s.

by

S(0) = 157
L(jw) = Kp.C(jw).P(jo)

. _ L(jw)
TU®) = 151G 6)

where L denotes the open-loop function. In the case of the nonlinear
motion control, higher-order harmonics are generated due to the reset
control. In this case, it is first assumed that the higher-order harmonics
have negligible effects on the performance during the control design
process. Therefore, sensitivity and complementary sensitivity functions
S, and 7; below are considered for control design [8]:

. . Ly(jo
$10®) = 15,55 T100) = T %
Ly(jo) = C(jw).Kp.C(jo).P(jw)
where £, denotes the open-loop function based on the 1st-order de-
scribing function. Next, the frequency-domain tools pseudo-sensitivity
and pseudo-complementary sensitivity functions S, and 7, below are
used to validate the control design based on the 1st-order describing
function regarding the higher-order harmonics [8]:

S (jo) = max {Zi:l |S;(jo, k)| sin (nwt + £S;(jo, k))}, @)
T (o) = max {22 | T;(jeo, k)| sin (noot + AT;(joo, k) }

S, and T, capture the higher-order harmonics effects that are calculated
by:

S,(jw) = -T,(jo) = =Sy, (jnw).L,(jo).

(S1(®)"  (RGo)"! Lo 1

1$1Go)" 1" [RG@)|"! SuU®) = 750 0
Ly (jo) = Cpy(jo).K p.C(jw). P(jw), Cy (jw) = 9
Ry(jw).Cp(jw), L,(jo) = C,(jw).Kp.C(jnw).

P(jnw)

The subscript bl refers to the base linear dynamics of the associated
element. R denotes the complex coefficient of the sinusoidal reference
in the Fourier series. S, and T, are representative of the all harmonics
effects that must be close to S, and T, for the performance to be
preserved against the higher-order harmonics.

The open-loop bandwidth is defined by the frequency range (0, w,].
The cross-over frequency w, is the angular frequency at which |L|
or |£| crosses 0 dB. The closed-loop bandwidth is categorized by
the maximum frequency up to which the complementary sensitivity
function |T'| or |7| is close to the O dB line. A hard metric for the
closeness is defined by the +1 dB bound around the 0 dB in case of
the piezo-actuated stages.

3. Problem statement
3.1. Nano-positioning system

A piezoelectric-actuated nano-positioning stage of the type
P-621.1CD PIHera is considered as a case study to motivate the problem

Mechatronics 118 (2026) 103554

Fig. 3. Laboratory setup: (1) Piezoelectric stage with capacitor sensor, (2)
E712 module, (3) Vibration isolation table, (4) CompactRio/FPGA, (5) Host
personal computer.
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Fig. 4. Plant dynamics: The nominal frequency response function (FRF) and

the total distortion based on the multi-sine identification. The lower bound
(LB) and the upper bound (UB) on uncertain FRF.

and validate the developed control scheme by experiments. The plant is
equipped with a stack piezoelectric as the actuator with the maximum
open-loop travel range of the [—10,120] ym. A photo of the laboratory
setup is given in Fig. 3.

The linear dynamics of the plant is identified by the measured
frequency response as in Fig. 4. There is a lightly-damped resonance
at high frequency where phase lag due to delay is significant. The
resonance is closely followed by a high mode.

A multi-sine input voltage equivalent to a travel range of 1 pm
is used to identify the linear dynamics around the position 50um.
The distortion thus represents the standard of deviation due to noise
and nonlinearity. It is concluded that the nominal frequency response
function is reliable around the selected operating point for sufficiently
small input amplitudes.

Fig. 5 depicts the measured 1st-harmonic and 2nd-harmonic sinu-
soidal input describing function of the plant for different travel ranges.
The maximum amplitude of the 2nd harmonic is much below the
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Fig. 5. 1st-order and 2nd-order describing function measurements at
frequencies  {3.3,300,720,747,770,1150,1297} Hz for input voltages
{0.25,0.5,1,1.5,2,2.5,3,3.5,4,4.5,5,5.5} V at low frequency. The input voltages
{0.25,0.5,1} V are selected around the resonances and anti-resonances since
there will be (anti)notch filters in the control loop.

minimum amplitude of the 1st harmonic. The results leave a fair as-
sumption that the travel range, or the nonlinearity, mostly appears as a
variation in the 1st-order describing function. Therefore, an appropriate
nonlinear model for the plant in the frequency-domain is given by the
uncertain region on top of the nominal frequency response as depicted
in Fig. 4.

3.2. Motivation

The aim for piezoelectric-based nano-technology is to achieve ultra-
high precision and closed-loop bandwidth in positioning beyond the
capability of the other precision motion systems e.g., electromagnetic
actuators. In some applications, e.g., scanning, the real position is
needed to precisely track high-speed references with the precision of +1
dB in magnification—a phase shift between the reference and the real
position is not important and it can be compensated by time-advancing
the reference. As there have been difficulties in implementing feed-
forward control for piezo systems due to system’s nonlinearities, this
time-domain performance metric is mainly reflected by the magni-
tude of the complementary sensitivity function |T'|. Therefore, the
following frequency-domain constraint is required to hold in the closed-
loop bandwidth while pushing the closed-loop bandwidth frequency
forward:

Constraint: |T(jw)| € [-1,+1] dB (10)

Rejection of disturbances and uncertainties defines the other important
aspect of precision, which is captured by the peak of error e in Fig. 1.
This time-domain performance metric is reflected by the magnitude of
the sensitivity function |S|. For piezo systems, the following frequency-
domain objective function is thus required to hold with an aim for the
precision of nano-meter level in positioning:

Objective function: minimize |S(jw)| (1

Loop shaping is a standard methodology to optimize linear motion
control for precision systems in industry.

Based on the traditional guidelines by loop shaping, performance
and robust stability are often optimized by a high cross-over frequency

Mechatronics 118 (2026) 103554

Table 1

The values of the control parameters.
Parameter Value Unit Parameter Value Unit
; 27 % 100 rad/s o] 27 % 100 rad/s
®,, 27 X 747 rad/s o’ 27 x 1287 rad/s
0, 50 Q'] 5
0, 0.5 0, 0.5
o, 27 X 200 rad/s
, 27 x 10 rad/s op 27 % 35 rad/s
Y -0.2 ), 27 X 500 rad/s
oy 27 X 40 rad/s [N 27 x 410 rad/s
Oy 5 0, 0.05
o 0.5 [ 5

w,, high and low open-loop gain |L| respectively below and above w,,
and a certain range of phase margin within a narrow neighbor around
o,. The latter implies that ~L is paid attention only for robust stability.
The traditional guidelines have shortcomings to fulfill requirements
(10) and (11).

To fulfill flatness requirement (10) with a high closed-loop band-
width, the following open-loop gain property in addition to push-
ing the cross-over frequency f, forward is needed according to the
loop-shaping guidelines:

|L| & [-5.54,19.28] dB 12)

Inequality (12) is derived from the second equation in (6). (10) is
satisfied for an open-loop gain beyond 19.28 dB irrespective of the
open-loop phase. Below —5.54 dB, |T| is kept below the flatness re-
gion irrespective of the phase, which is desired above the bandwidth
frequency. (12) implies that the slope of |L| must be extremely high at
w,.. This is also needed to satisfy (11), and additionally |L| must be as
high as possible in the open-loop bandwidth. However, |L| unavoidably
remains close to the unity gain within a wide frequency range F =
[F,, F,] around f,, highlighting the particular challenge in systems such
as piezo-stack actuators where the first resonance is lightly damped
at very high frequency. This is in contrast to the requirement for the
extremely high slope gain property, which is referred to as the unity
gain crisis. The following example will illustrate why the frequency
range of crisis F is created for a piezo-stack actuator.

Motivating example
The linear control below is applied to the nominal frequency re-
sponse of the piezo system in Fig. 4:

C(jw) = Cpy(j).Cy o).
Cprlo) = (1 + 2).(1 4 55), a3
({%2 Qllwm Jotl (ﬁ)%o;lﬂ);’ Jo+l

(B2 P+ G

Cy(jw) =
N(l ) 1, Jo+1
(l)m

o+l '(ﬁ)% a
A minimum set of linear elements have been selected. Two integrators
with the corner frequencies w;, | are included to provide high |L| in
the open-loop bandwidth. Two notch filters with the corner frequencies
w,,,w) are included to suppress the first two resonances for the stability
and vibration considerations. The control parameters are selected as
in Table 1 regarding the trade-off between high performance and high
stability margins. Kp is selected such that the cross-over frequency w,
is set to 200 Hz, which leaves a phase margin of 61°.

Fig. 6 depicts the shaped open-loop function L based on the tra-
ditional loop-shaping guideline and the consequence on the sensitivity
and complementary sensitivity functions S, T. Fig. 6(a) shows the gain
and phase of the open-loop function. In addition to the phase lag
from delay, the notch filters distribute the resonances’ phase lag till
lower frequencies. Therefore, The integrations’ cut-off frequencies o, »’
have to be selected far below the first resonance to preserve robust
stability—defined by a phase margin around 60° — 70°. As a result, |L|
remains close to the stiffness line within a wide frequency range below
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Fig. 6. Linear motion control; (a) Open-loop function, (b) Closed-loop and

sensitivity functions. The critical frequency range F is indicated by the black
circles.

the resonance frequency. Moreover, w, is restricted by this region to
have a minimum phase margin. Therefore, the unity gain crisis is
created within the critical frequency range F = [33,443] Hz. From Fig.
6(b), two overshoots below and above the cross-over frequency w, are
visible in the complementary sensitivity function, which implies that +1
constraint (10) is violated. Also, a concavity on the sensitivity function
around 80 Hz is observed, which is not desired due to objective function
1n.

It is noted that pushing w, forward by using the phase lead from a
differentiation is not beneficial as it makes IF wider. Therefore, the unity
gain crisis becomes worse. Moreover, differentiation at high frequencies
is avoided due to noise amplification.

In next section, the key role of the open-loop function’s phase «L
in the closed-loop performance (10) and (11) in the critical frequency
range F will be shown while 2L has been often paid attention only
at the cross-over frequency w,. The developed theories are tailored to
preserve robustness in performance against dynamics uncertainties. To
utilize the theories, a constant-in-gain lead-in-phase (CgLp) element is
needed to shape «L. Given that there is no linear element with a CgLp
property, a new systematic methodology for shaping filter design is
provided to let utilize CgLp reset control for this purpose.

4. New guideline in loop shaping

In the previous section, it was motivated that shaping the open-loop
function gain |L| is not sufficient for high-stiff motion systems with a
lightly damped resonance, e.g., piezo-stack stage, to fulfill hard flatness
constraint (10) and to prevent the creation of concavities on the mag-
nitude of the sensitivity function in a wide frequency range F. In this
section, two analytical formulations are presented by two theories for
systems with deterministic and uncertain frequency response functions
respectively. The formulations determine the admissible region for the
open-loop function phase L to let flatness constraint (10) hold in .
The theories are followed by a remark to utilize the formulations such
that the sensitivity function improves in IF. Consequently, new guideline
for loop shaping is presented, revealing that the flatness constraint on
|T| is always achievable by shaping ~L in addition to |L| as long as the
dynamics uncertainties are limited. The new loop-shaping guideline is
used to design the nonlinear control C in the next section.

Theorem 1. Let the control structure be given by Fig. 1 with M = 1
and C = 1. Furthermore, let the open-loop function, denoted by L, be
represented by pe/® where p € R,,,0 € R. For a given p, the open-loop
phase requirement 6* to achieve |T'| = p where p € R is constant, is obtained
by:

0* = arccos (D),

D=-05!- 0.5p(%) a#

Mechatronics 118 (2026) 103554

== -1dB
-20 - -|T| = 0.5 dB
T|=0dB

-40 - -|T| = 0.5 dB
—|T|=1dB

Phase of the open-loop fi

Magnitude of the open-loop function [dB]

Fig. 7. Visualization of analytical formulation (14) in Theorem 1 and bound-
aries (17) in Corollary 2 for the +1 dB criterion.

and it is feasible if the following condition holds:

De[-1,1] (15)

Proof. The desired open-loop L* is defined by L* := pe/®" and the
additional phase requirement 4 is thus given by § = 6*—6. The Cartesian
representation L = L, + jL; is considered. The equality constraint
|T'| = p is therefore expanded as follows using (6):
L*
ﬁ =r= |1+Ze/9| =PA=> N
p=p|l+(L,+jL;))cosé + jsinb)| =

2 2 _
I+ L=

p‘\/l+2L,cosé—2Lisiné+L§+L?:

2 A N
14+ 25402 =21, sinf — 2L, cos =

i inp 0y — sing -5 _ )\ —
ZL’(L_, sinf — cos f) = 2L,(C089 sinf — cos f) =
2;:5 (sin@sind — cos O cos §) = —2pcos(d + 0)

* 1 2-1
= cosf* = —0.5; - O.Sp.(”p—z)

1e)

If the pair of p, p are given such that the right side of the last equation
belongs to [—-1,1], analytical formulation (14) is derived by taking
arccos from both sides of the last equation in (16). []

Corollary 2. Following Theorem 1, the open-loop phase requirement 6* is
obtained as 6* € [9;,9;‘\4] to achieve |T| = p where p € [p,,. py] unlike
Theorem 1. The boundaries ), 6%, are obtained by:

Pay =1

0 = arccos (—0.5l —-0.5p.( ) (17a)
4 M

-1
2

0y = arccos(—O.Sl —-0.5p.( ) (17b)
p

m

and they are feasible if (15) respectively holds for p = p,,.,py-

Proof. Analytical formulation (14) is decreasing with p. []

Fig. 7 visualizes derived analytical formulation (14) in Theorem 1
for different values of p and derived formulation (17) in Corollary 2
for p € [-1,1]. The solid curves determine the desired range of 2L
for different values of |L| which does not satisfy (12) if the flatness
constraint on |T| is considered as (10) with the +1 dB bound. The
curves are plotted for the case that (12) does not hold and shaping «L
can satisfy the flatness constraint.

Next, a corollary is presented to let utilize Corollary 2 in the motion
control design for a system with a deterministic dynamics.

Corollary 3. Following Theorem 1 and Corollary 2, the required open-
loop phase modification @ for the system with the deterministic frequency
response P(jw) at each frequency w is calculated by

O(w) = 6" (w) — O(w) (18)
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where 0* is obtained by (17) and 6 denotes the open-loop phase £L for the
given linear control C and Kp.

Proof. Following the proof of Theorem 1, L(w) = p(w)e/®@ and
L*(®) = p()e/? @, Analytical formulation (17) is applied at each
frequency. [

In the following, the theories are extended to a system with an
uncertain frequency response which is reflected by M # 1.

Theorem 4. Let the control structure be given by Fig. 1 with M = nel®
and C = 1. The dynamics uncertainty is bounded in gain and phase as
n € [n7l with n € (0,11 € R, € [1,00) C R and § € [5,5] with
8 € (—,0] C R,$ € [0, 00) C R. Furthermore, let the open-loop function,
denoted by L, be represented by oe’® where o € R, ,, 9 € R. The conserved
open-loop phase requirement 9* is obtained as 9* € [9;,97 ] to robustly

M
achieve |T| = p where p € [p,,. py 1. The boundaries 9%,,9}, are obtained

by:

9 e[9;,93,1 (19a)
9 =95 5.9, =9, -5 (19b)
* 1 [)ﬁ,l_l
9, = arccos (0.5 — 0.5¢0.(-%5—)),
o = Pmo_ (19¢)
© = max(min( = ,0),0),0=pN,0=p.n
Bl T T
9 = (=0.51 —0.50.(%! d
u = arccos (=0. a0 g.(?)) (19d)

Proof. Following the proofs of Theorem 1 and Corollary 2, a robust
region for the open-loop phase is needed with the robustness against
M. The proof continues for two cases as follows:

Case (A) 0 < p < 1: The upper bound ¢}, is increasing with p.
Therefore, the solution of the relevant min-max optimization problem
returns ¢ = p.q to conserve 0, as 9}, against the gain uncertainty #.
9, is further conserved as 9}, against the phase uncertainty &.

Case (B) p > 1: The Hessian of the lower bound 6* with respect to
p is negative and its local minimum exists at p = P’ZW . Therefore,

M
the solution of the relevant max-min optimization problem returns ¢
to conserve 6% as 9, against . 9, is further conserved as 9 against

6. I

Fig. 8 visualizes derived analytical formulation (19) in Theorem 4
for a specific uncertainty bound. It is shown how the nominal region in
Fig. 7 shrinks to the robust region for the open-loop phase requirement.

Next, a corollary is presented to let utilize Theorem 4 in the motion
control design for a system with bounded dynamics uncertainty.

Corollary 5. Following Theorem 4, the required open-loop phase modifi-
cation 9 for the system with the uncertain frequency response P(jw) at each
frequency w is calculated by

() = 9*(w) — O(w) (20)

where 9* is obtained by (19) and 6 denotes the open-loop phase £L for the
given linear control C and K p.

Proof. Following the proof of Theorem 1, L(w) = o(w)e/*® and
L*(®) = o(w)e!™ @, Analytical formulation (19) is applied at each
frequency. [J

Remark 6. As a result of the robust region in Theorem 4 compared
to the nominal region in Corollary 2, flatness constraint (10) becomes
conservative as the following:

Conserved constraint: |T(jw)| € T(jw),

. o (21)
T(jw) = [T(jw),T(jw)] C [-1,+1] dB

Mechatronics 118 (2026) 103554

—[T[=-1dB

- <|T| = 1 dB, conserved against gain uncertainty

|T| = —1 dB, conserved against gain and phase uncerthinty
|T] = 1 B, conserved against gain and phase uncertaifty e

Phase of the open-loop function [degree]

Magnitude of the open-loop function [dB]

Fig. 8. Visualization of the conserved boundaries in Theorem 1 where =
0.9,7=11,6=5=1°

such that the complementary sensitivity function fulfills (10) in the
worst cases of # and 6.

Next, two remarks are given to include sensitivity function improve-
ment in shaping #L.

Remark 7. Constraints (10) and (21) are mapped onto the sensitivity
function plane by (6) as lower and upper bounds that are respectively
the nominal and conserved regions as the following:

Nominal bounds: |S(jw)| € S*!(jw),

+1(; +1/; <=t

S (jo) = [S* (jo), S~ (jo)] dB

Conserved bounds: |S(jw)| € S(jw),

S(jw) = [S(jw), S(jw)] C S*!

(22a)

(22b)

The conserved region is then enlarged to S*( jw) as the lower and
upper bounds for the worst cases of # and §. The bounds for the worst
cases without shaping the open-loop function phase is denoted by the
region S*!'(jw).

Remark 8. The open-loop phase «L plays a key role in the magnitude
of the sensitivity function within the frequency range of crisis F since
|L| is close to O dB in this region. Based on (6) and (7), any phase
lead in L reduces |S| and vice versa. Therefore, Corollaries 3 and 5 are
utilized such that any lag in phase is avoided.

The new guideline in loop shaping for the motion control design are
therefore given as follows:

1. Increase the open-loop gain in the open-loop bandwidth (for
example by integration) and increase the cross-over frequency
..

2. For the deterministic case, M = 1, go to step 3 and skip step 4.
For the uncertain case, M # 1, skip step 3 and go to step 4.

3. Apply Corollary 3 with regard to Remark 8 in the critical fre-
quency range IF to obtain the required range of the additional
phase in the open-loop function L.

4. Apply Theorem 4 with regard to Remark 8 in the critical fre-
quency range IF to obtain the required range of the additional
phase in L.

5. Realize the required modification in «L by designing C.

6. Repeat steps 1 to 5 as long as C is feasible.

Based on the new loop-shaping guideline, C needs to provide phase
lead without changing the gain (|C| = 1). There is no linear element
with a constant-in-gain lead-in-phase (CgLp) property due to the Bode’s
gain phase relationship—the inherent limitation of linear control. In
the next section, CgLp reset control is utilized, which enables the
applicability of the new loop-shaping guideline in the motion control
design. A systematic methodology for shaping filter design is presented
to secure the reliability of the reset control design based on describing
function.
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5. Nonlinear motion control design

In this section, the motion control is designed for the piezo stage
with the uncertain frequency response P as in Fig. 4 based on the
new loop-shaping guideline given in the previous section. The actuator
is supposed to operate in 25% of its full travel range around the
operating point of 50 pm. Thus, the uncertain region of the system’s
dynamics is assumed to shrink by 25%. To design the motion control,
the motivating example in Section 3.2 is considered. Nonlinear control
will be included in the motion control to shape the open-loop phase
based on Theorem 4. Therefore, it is expected to meet the performance
metrics—the fulfillment of flatness constraint (10), which was violated
by linear control even for the deterministic dynamics, and the improve-
ment of sensitivity function by guarantee—while keeping the cross-over
frequency w, the same as before. Step 6 of the given guideline is
avoided to focus on the efficacy of the theorem and the validation of
the control design.

Fig. 9 shows the nominal and robust regions to shape the phase of
the open-loop function in the critical frequency range F. The nominal
regions are obtained by Corollaries 2 and 3 and the robust regions are
obtained by Theorem 4 and Corollary 5. F' = [F/,F;] C F denotes
the maximum feasible frequency range where there is a feasibility for
shaping the phase of the open-loop function to meet flatness constraint
(10). It is seen from Fig. 9 that I’ with F| = Fy, F; = 334 is obtained
due to the dynamics uncertainties. Therefore, this region is the focus of
the study.

Figs. 10 and 11 depict how the complementary sensitivity and
sensitivity functions are expected to meet the performance metrics (10)
and (11). The boundaries for the nominal and the worst-case scenarios
(respectively associated with M = 1 and the most deviation due to
M # 1) are calculated with regard to Remarks 6 and 7. It is seen
that the bounds in the robust nonlinear control design are conserved
compared to the non-robust nonlinear control design to guarantee
the performance metrics for the worst-case scenario. The expected
region for the case of linear control design based on the traditional
loop-shaping guideline violates flatness constraint (10). Moreover, the
expected regions for the sensitivity function show the possibility for
improvement by nonlinear control in both the nominal and uncertain
cases.

The derived regions in Fig. 9 together with Remark 8 demand
for an additional control element with the constant-in-gain lead-in-
phase (CgLp) property which is not realizable by linear control. Next,
CgLp reset control is exploited to design the nonlinear control C and
consequently realize the desired open-loop phase.

5.1. CgLp reset control design

CgLp reset control-introduced in Section 2— is considered as the
nonlinear control C in Fig. 1. As it was shown in Fig. 2, it is possible
to add phase to the open-loop function with almost no change in the
magnitude using the first-order reset element R based on the 1st-order
sinusoidal input describing function. The frequency response of the
CgLp reset control C based on the 15t-order describing function is given
by (4).

The reset element R produces higher-order harmonics in addition to
the 1st harmonic. Caution is required to avoid any closed-loop stability
and performance issues. Therefore, the intensity of the switching sub-
dynamics R, must be limited. Regarding the illustrations in Fig. 2, the
closer the resetting coefficient y to 1 and the narrower the lead band
[w,, /], the less nonlinearity is introduced by the reset element.

Moreover, the higher-order harmonics usually cause multiple-resets
at low frequency where nonlinear control is not needed because of the
feedback loop. It is recalled from Section 2 that multiple-resets at a
specific frequency refers to the occurrence of more than two resets per
one cycle at that frequency. The describing function analysis is not valid
if multiple-resets occurs, which must be avoided based on the provided
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Fig. 9. The nominal and robust regions in the new loop-shaping guideline
and the comparison between the open-loop functions’ phases of the linear
control and the nonlinear control in the critical frequency range F; (a) The
boundaries (UB: Upper bound, LB: Lower bound) of the additional required
phase in addition to the CgLp phase «C,. (b) The boundaries for shaping the
open-loop function’s phase on top of the open-loop functions’ phases L and
<L, in linear and nonlinear control.

)
g
£
&
=
= ol LB and UB on |T| for M # 1 —|T| for M =1 ‘i
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Fig. 10. The comparison of the designed nonlinear control based on the new
loop-shaping guideline with the designed linear control based on the tradi-
tional guideline by the describing function-based complementary sensitivity
function. In addition, the regions in nonlinear control design (dotted light blue
line for non-robust design and dotted green line for robust design) and the
expected regions due to the dynamics uncertainty (dotted red line for linear
control and dotted dark blue line for robust nonlinear control) are specified
by LB (lower bound) and UB (upper bound).

discussions in Section 2. Shaping filter, shown by C; in Fig. 1, is a
solution to avoid the multiple-resets. Next, a new simple and conceptual
scheme is presented to design the shaping filter systematically.

The switching sub-dynamics R, is not activated if the phase of the
shaping filter is selected as «C; = ZRy,. This is intuitive based on (2)
because the zero-crossing time instants are the same for ¢” and u, which
means that there is no resetting action. In this case, the dynamics of R is
fully described by its base linear sub-dynamics Ry and no higher-order
harmonics are generated. On the other hand, the phase advantage of R
for the given y, ,, w is fully available and the higher-order harmonics
are not avoided if 2C; = 0 is selected. Thus, the intuitive and practical
methodology for shaping filter design is given as follows:

1. Set £C; = £ZRy,.
2. Specify the frequency range where reset control is needed. It is
F' =[F’, Fz’] in the motion control design problem.
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Fig. 11. The comparison of the designed nonlinear control based on the
new loop-shaping guideline with the designed linear control based on the
traditional guideline by the describing function-based sensitivity function. The
equivalent regions in Fig. 10 are included. The figure is split in two frequency
ranges for a more convenient visualization.

3. Shape «C, such that it is equal or greater than 0 in the frequency
range . For that, one notch filter around Fl’ , one anti-notch
filter around F, and one lead filter are suggested.

4. Tune the parameters of the filters in the previous step to keep
«C, within the region obtained by the new loop-shaping guide-
line.

The shaping filter is thus given by the following transfer function:

(0 1 .
(L2241 L jo+l
C(j0) = T A
Jo (L2 o+l
@ ON QN-fHN 23
(42024 L jot1 23)
(2 +1).-2 0404 "
@ GRS N
w4 QL&'"’A

To validate the expected performance based on the 15t-order de-
scribing function before an implementation, the difference between the
15t-order describing function-based functions S;,7,— where only first
harmonic is considered— and pseudo functions S, 7,,— where all the
control harmonics are considered— are investigated. If the difference is
not negligible, the intensity of the switching sub-dynamics is lowered.

Eventually, the parameters of the CgLp reset control including the
parameters of the shaping filter are selected as in Table 1. Fig. 12
depicts the shaping filter phase ~C which is aligned with the presented
steps for the shaping filter design. «C, follows «Ry, before F;. It
immediately increases and decreases after F; and F, respectively.

Fig. 9(a) shows how the designed CgLp reset control realizes the
additional phase requirement within most of the feasible critical fre-
quency range F’. As a result, the 1st-order describing function-based
open-loop phase 2L, in case of the nonlinear motion control lies in
almost all of the both nominal and robust regions while the open-
loop phase «L in case of the linear motion control does not satisfy the
phase requirement for the nominal dynamics in [37, 120] Hz and for the
uncertain dynamics in [37, 131] Hz, which is shown by Fig. 9(b). Thanks
to the designed shaping filter, no multiple-resets occurs.

Figs. 10 and 11 show that the 15t-order describing function-based
complementary sensitivity and sensitivity functions 7;, S, are located
in the conserved bounds as long as the open-loop phase is located in
the robust region except in the beginning of the frequency range of
concern because the magnitude of the CgLp reset control is not perfectly
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Fig. 12. The shaping filter phase together with the base linear phase.

constant. An idea is to recalculate the regions for the phase shaping by
considering the slightly changed open-loop function’s gain. This idea is
not explored in this work to focus on the mentioned contributions. This
fulfillment of the conserved bounds was expected based on the provided
guarantee by Theorem 4, Corollary 5, Remarks 6 and 7. S, T, are also
plotted to confirm the satisfaction of the conserved bounds by their
closeness to S;, 7;. Therefore, it is expected that the calculated dotted
red and dark blue lines in Figs. 10 and 11 encounter the measured
complementary sensitivity and sensitivity functions according to the
provided guarantee by Theorem 4. This validation is provided in the
next section by experiment.

6. Experimental results

The designed nonlinear motion control in Section 5.1 is validated
and compared with the linear motion control of Section 3.2 by ex-
periments. The laboratory setup explained in Section 3 has been used
for the experiments. All of the experiments have been run around the
operating point of 50 pm where the frequency response of the plant has
been identified.

Fig. 13(a) depicts the measured complementary sensitivity function
for the two cases of linear and nonlinear motion control. The travel
range of 10 pm has been selected. The +1 dB flatness constraint is
satisfied in the frequency range of concern F/ by nonlinear motion
control—as it was expected from Theorem 4 in Section 4— while it is
violated by linear motion control. Fig. 13(b) shows that the measured
sensitivity function is approximately located in the region—which was
calculated for the worst-case scenario— except for the beginning of
F’, which could be from the system’s noise and the slight mismatch
between |S_ | and |S,| while designing the nonlinear control. This latter
issue needs further considerations to be resolved in the future.

Fig. 14 depicts the triangular tracking response—a typical trajectory
in precision motion systems—regarding the +1 dB flatness constraint.
25% of the full stroke has been selected, which is the maximum
considered travel range in the robust nonlinear control design. It shows
that the designed nonlinear motion control is robust against the plant’s
nonlinearity while the linear motion control with the same cross-over
frequency w, violates the +1 dB bounds.

Fig. 15 depicts the achieved performance—the +1 dB constraint—by
nonlinear motion control in tracking a sinusoidal reference at 100 Hz.
In contrast to the considered problem, where only 25% of uncertainty
is considered, almost the full stroke operation is investigated in this
experimental study. The full uncertainty in Fig. 4 makes the robust
region in Fig. 9 smaller such that the open-loop phase 2L, still passes
the region at 100 Hz. The +1 dB constraint is satisfied for small and
large travel ranges in the case of the nonlinear motion control while it
is violated in the case of the linear motion control. The measurements
presented in Fig. 14 and Fig. 15 were conducted without control
redesign although the linear dynamics of the plant was probably altered
due to several operations.
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Fig. 13. Measured frequency-domain performance metrics around the operat-
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Fig. 15. Sinusoidal tracking for different travel ranges where the red lines
specify the +1 dB constraint; (a) Linear motion control. (b) Nonlinear motion
control. It is noted that the phase shifts are not shown.

The cumulative power spectral density of the sinusoidal tracking
errors in linear and nonlinear motion control are shown in Fig. 16 for
different travel ranges. Additionally, the boundaries for the nonlinear
dynamics in Fig. 11 have been converted to the boundaries on the
power spectral density and are shown here. The plots are devided by
the input’s power and then multiplied by 2 for normalization.

By selecting the normal structure of CgLp (see e.g., [29]), it is simply
possible to shape the open-loop phase £, following the designed steps
for the shaping filter design. Therefore, it is easy to guide the CgLp
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Fig. 16. The comparison of the designed nonlinear motion control with the
designed linear motion control by the cumulative power spectral density of the
error in sinusoidal tracking at 100 Hz. The pre-calculated LB (lower bound)
and UB (upper bound) on PSD (power spectral density) are indicated for both
linear and nonlinear control.

reset control phase completely through the robust region. In addition,
the slight change in the gain of the CgLp reset control with normal
structure is in favor of the sensitivity function, unlike the considered
structure in this work. However, this approach needs an aggressive
resetting sub-dynamics R,, which leaves the 1st-harmonic analysis
unreliable. This is our future research direction to let implement a
highly aggressive reset control with reliable 1st-order sinusoidal input
describing function-based control design.

7. Conclusion

It was shown that the open-loop phase is crucial for performance
within a wide range of frequency for motion control design of piezo-
actuated positioners. A new set of guidelines for loop shaping was
presented by rigorous analytical formulations. The guidelines were
extended to the case with dynamics uncertainty due to the nonlin-
earities of the large travel ranges. An effective reset control design
was provided by presenting a practical and intuitive methodology for
shaping filter design.

A rigorous analysis of closed-loop convergence would further
strengthen the reliability of the proposed reset control framework,
particularly for broader applications in piezo-positioning systems. The
extension of the guidelines to reset control design by loop shaping
for systematic integration with the state-of-the-art hysteresis com-
pensator, inner-loop active damping control, and feedforward control
represents a meaningful direction for future research. In addition, the
development of more aggressive CgLp reset control strategies aimed
at achieving substantial performance improvements— where shaping
filters alone may be insufficient for a successful realization of loop
shaping— is considered an interesting direction for further research.
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