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Nomenclature

The nomenclature contains the complete list of symbols and abbreviations for both the thesis report and
journal article. Due to the appended journal article, formatting differences between the nomenclature
and article may occur.

List of Abbreviations

AD Anderson-Darling

AIS Automatic Identification System

BPSK Binary phase-shift keying

C/A Coarse acquisition

CDDIS Crustal Dynamics Data Information
System

Corr. Correction

CRC Cyclic redundancy check

DOP Dilution of precision

DSSS Direct-sequence spread spectrum

ECEF Earth-centred, Earth-fixed

Elev. Elevation angle

ENU East-North-Up

ESA European Space Agency

GDOP Geometric dilution of precision

Geom. Geometric

GIM Global Ionosphere Map

GNSS Global Navigation Satellite System

GPS Global Positioning System

GSSC GNSS Science Support Centre

HDOP Horizontal dilution of precision

IALA International Association of Marine
Aids and Lighthouse Authorities

ICING Independent Critical Navigation

IGS International GNSS Service

ITU International Telecommunications
Union

KS Kolmogorov-Smirnov

LEO Low-Earth orbit

NAVISP Navigation Innovation and Support
Program

Param. Parameter

Perf. Performance

PNT Position, navigation and timing

Pos. Position

PPS Pulse-per-second

PR Pseudorange

PRN Pseudo-random noise

R-mode Ranging mode

RSS Residual sum of squares

SE Standard error

SNR Signal-to-noise ratio

St. dev. Standard deviation

Std. err. Standard error

STEC Slant total electron count

Stud. Studentized

TD Technology demonstrator

TEC Total electron count

UTC Coordinated universal time

VDE-SAT VDES satellite component

VDE-TER VDES terrestrial component

VDES VHF Data Exchange System

VHF Very High Frequency

List of Symbols

β Model parameter

∆t Measured time offset

δt Relative time offset

δtr Receiver clock offset
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δtt Transmitter clock offset

δρϵ All non-clock errors in pseudorange

ϵr Error in geometric range estimate

ŷ Estimated response

β̂ Estimated model parameter

r̂r Estimated receiver position

E ECEF reference frame

f Function

H Design matrix

J Jacobian matrix

K Geometric factor matrix

r∗t Corrected satellite position

rTELt Satellite position from telemetry

rt Satellite position

R Rotation matrix

vTELt Satellite velocity from telemetry

vt Satellite velocity

x Estimated state

ωe Earth angular rotation rate

Φ Sum of squared residuals

ρ Geometric range

ρ∗ Corrected range

ρ1 C/A pseudorange

ρ2 L5-band pseudorange

ρtrue True geometric range

ρc Ionosphere-free pseudorange

σ Standard deviation

Cov(x) Position covariance matrix

Cov(ρ) Observation covariance matrix

θ Dynamic parameters

ρ̃ Pseudorange

A Final combined set

c Speed of light in a vacuum

D Diagonal element of geometric factor
matrix

dIgr Ionospheric group delay

eρ Pseudorange residual

Ec/N0 Carrier-energy-to-noise ratio

Es/N0 Signal-to-noise ratio

f Frequency

f Least-squares residual

f1 C/A-code frequency

f2 L5-band frequency

N Navigation set

N Variable number of observations

n Number of observations

O Observation set

p Number of parameters

R2 R2-metric

Sn VDES slot number

T Telemetry set

t Time

t t-statistic

tr Time of reception

tt Time of transmission

X Predictor

x Observed predictor

XECEF X-coordinate in ECEF-frame

Y Response

y Observed response

YECEF Y-coordinate in ECEF-frame

ZECEF Z-coordinate in ECEF-frame



1
Introduction

This introduction will provide a broader look at the problem that is central in the journal article in chap-
ter 2. It is necessary to first understand the technical background presented in this introduction to
understand the methods and conclusions of the article. First, the need for reliable PNT in the Arctic
and the contemporary threats to the current system is presented in section 1.1. Further, a brief overview
of the applicability of the VHF (Very High Frequency) Data Exchange System (VDES) to the problem,
as well as a required technical overview of the system is given in section 1.2. Prior research on the
topic of alternative sources of position, navigation and timing (PNT), leading up to VDES ranging as a
PNT-source, is presented in section 1.3. Finally, the research objective, highlighted sub-goals, and a
short overview of the applied methods for this thesis project are given in section 1.4.

1.1. PNT in the Arctic
The requirements for continuously available PNT become ever more demanding in a growing and dig-
italizing maritime industry. In the northern regions of Norway, PNT information is essential for critical
infrastructure: navigation of shipping routes, search & rescue and medical evacuation, and air traffic
control. These critical services are under threat in conditions where Global Navigation Satellite Sys-
tems (GNSS) are unavailable, which in the same northern regions are becoming increasingly common,
and are now a nearly daily occurrence which can affect the safety of those living in the far-North123. In-
tentional and unintentional disturbances of GNSS in the Arctic drive the need for an alternative system
to ensure the continuation of critical operations when GNSS becomes unavailable.

There are three primary reasons for the limited GNSS availability in the Arctic. All large GNSS
constellations are designed with their primary goal of covering the mid-latitudes, meaning the orbital
inclinations of these constellations are typically 60°. This results in no satellite passes over the polar
regions, illustrated in Figure 1.1, and subsequently GNSS observations become more rare, and are
only available at lower elevation angles for users in the Arctic. Similarly, GNSS augmentation systems
are typically based on Geostationary orbits, causing limited coverage for users above 75° latitude (De
Jong et al., 2014). Further, the International Association of Marine Aids and Lighthouse Authorities
(IALA) recommendation R0129 on GNSS vulnerability describes how ”jamming of GNSS signals can
be achieved quite easily using relatively low-cost equipment” (IALA, 2012b, p. 7). This issue is further
accelerated in the Arctic where signal power levels are lower due to the required long propagation of
signals to the user. Additionally, the Arctic is a region of high ionospheric scintillation, which causes a
reduction in accuracy and has also been correlated with loss of the signal entirely (Aquino et al., 2005).
Poor PNT-coverage, intentional jamming of low-power signals, and ionospheric scintillation add up to
the contemporary issue of limited GNSS availability in the Arctic, particularly affecting users in Northern
Norway.

A primary mitigation to the issue of poor PNT-coverage in the Arctic is answered by the growing
interest in low-Earth orbit (LEO) satellite constellations. The geometry of these constellations can

1URL https://www.nrk.no/tromsogfinnmark/kraftig-okning-av-gps-jamming-over-finnmark-1.16309499, Accessed 3/10/2023.
2URL https://www.nrk.no/tromsogfinnmark/mangedobling-av-gps-jamming-mot-norge-1.16563000, Accessed 3/10/2023.
3URL https://www.tv2.no/nyheter/innenriks/ambulansefly-kunne-ikke-lande-etter-gps-utfall/10397144/, Accessed 3/10/2023.
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Figure 1.1: Visualized ground tracks of all major GNSS constellations over the North Pole (Reid et al., 2016, Fig. 14)

directly respond to the primary concerns presented above. More constellations of LEO satellites are
being proposed every year, with large-scale constellations like Iridium NEXT, and OneWeb providing
global coverage, including polar areas (Maine et al., 1995; de Selding, 2015). An added benefit of LEO
constellations is also the significantly closer proximity to the user, meaning possibly higher received
power levels at the user. For Iridium, the path attenuation of a transmitted signal has shown to be up
to 30 dB less at the receiver than for GPS (Reid et al., 2020, p. 1364). Modern satellite constellations
could thus provide a benefit to the issue of poor PNT-coverage in the Arctic.

1.2. VHF Data Exchange System
Developments in the digitized maritime industry may be a part of the solution to the problem of GNSS
disturbances in the Arctic. Over the past decade, a new digital data exchange system, VDES, in the
maritime frequency bands has been developed, enabling a transition to digitized operations at sea
(Lázaro et al., 2019). VDES has allocated frequencies in the range of 156.025 - 162.025 MHz, a part
of the marine VHF radio frequency band, and is an evolution of the Automatic Identification System
(AIS). The need for digital data transmission channels in this frequency band has been recognised
by the International Telecommunications Union (ITU), which has refined the VHF frequency band and
defined channels for data transmission (IALA, 2019). Additional, technical specifications of VDES and
its satellite component VDE-SAT have also been defined by the ITU (ITU-R, 2022). VDES builds on
the mature AIS tracking system by providing means to a one- and two-way data exchange between
ships, shore and satellites, as illustrated in Figure 1.2. With data exchange capabilities over alternative
frequencies, it is possible that ranging application of VDES can form a robust contingency as PNT in
the Arctic, resistant to the disturbances present at GNSS-frequencies. This section will briefly present
the required technical information on VDES required for the technical analysis of the journal article in
chapter 2.

A VDES packet is made up of frames, which again are defined by slots containing data (IALA,
2019). A frame is a 60 s transmission, equally divided into 2250 slots of approximately 26.667 ms, syn-
chronized in time, using GNSS, to coordinated universal time (UTC) time. After a ramp up sequence,
each slot contains a sync word, followed by the transmission Link ID specifying the channel configu-
ration. Furthermore, a slot will contain the transmitted data, ending with a cyclic redundancy check
(CRC), which is a form of error control where the bits of the transmitted message are interpreted as
a high-degree polynomial and evaluated to a checksum (Sheng-Ju, 2015). This checksum is then re-
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Figure 1.2: An illustration of the many communication channels available over VDES (ITU-R, 2022, Fig. 1).

evaluated at the receiver side to verify the received string of bits. Each slot will contain six repetitions
of the (encoded) data and CRC which are combined at the receiver, meaning each data transfer has
one associated checksum by CRC.

The physical layer channel defines key technical parameters for the transmitted signal. The VDE-
SAT Link ID 29 is characterized by a 150 kHz bandwidth and a binary phase-shift keying (BPSK) mod-
ulation, transmitted over a frequency of 161.8625 MHz, near the upper limit of the VDES-band (ITU-R,
2022). The channel also incorporates a spread spectrum technique to double the bandwidth of the
transmitted signal. This is done by a direct-sequence spread spectrum (DSSS) technique where the
transmitted symbols are first modulated with a known spreading sequence with two chips per symbol,
doubling the number of transmitted symbols. The results is a wider bandwidth for the transmitted signal,
making it more resistant to interference and jamming (Kang et al., 2013).

This section has briefly presented details on VDES. The system context is established, and an
overview of the system functionalities is presented and illustrated in Figure 1.2. Further, the technical
details required to understand all aspect of the work in the journal article in chapter 2 are explained. This
concerns largely the VDES packet structure and physical layer characteristics. With this information,
all considerations regarding VDES in the journal article should be clear to the reader.

1.3. Prior research and ICING
Navigation using stray signals has been a topic of research for many decades. Often called ”signals
of opportunity”, typically considered signals are stray cellular and now 5G signals, TV, Wi-Fi and even
analogue audio transmission (Kapoor et al., 2017; Jia & Kassas, 2022; Kassas et al., 2022). The
applications vary from direct navigation-aid to integrity monitoring of GNSS. Another signal that has
been studied as a possible signal of opportunity, as a tool for ranging, is AIS.

The first developments of AIS Ranging mode (R-mode) was published in a 2009 plan from IALA
with a proposal for its development as ground-based augmentation to GNSS (IALA, 2012a). Feasibility
studies of AIS as a source of ranging signals followed the years after, with positive conclusion on
the possible error level using ground-based signals of opportunity from AIS base stations (Johnson &
Swaszek, 2014). Testbeds were built in the Baltic sea, and outside Dalian, in China, that verified the
results of the feasibility studies (Hu et al., 2015; Gewies, 2018). At the same time, research on the
same application to ground-based R-mode using the novel VDES, instead of AIS, showed a significant
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performance increase (Šafář et al., 2020). These results are also verified by test campaigns run in
Germany (Wirsing et al., 2019). Later, statistical lower bounds of the performance of simulated ranging
signals based on the satellite component of VDES, VDE-SAT, gave similarly positive conclusions for
R-mode applications with LEO satellite systems (Šafář et al., 2021). The most recent and relevant
literature give positive recommendations for the use of VDE-SAT as a possible augmentation to modern
GNSS (Šafář et al., 2018; Owens et al., 2021).

There is no research in the field of VDE-SAT ranging considering signal propagation effects, nor em-
pirical verification of VDE-SAT ranging performance. This knowledge gap was identified and resulted
in the launch of the European Space Agency (ESA) project ICING4 (Independent Critical Navigation),
with the goal of testing a concept where VDES is used to provide purpose-designed ranging signals for
critical navigation applications in the exposed GNSS-conditions of the Arctic. This is the first investiga-
tion into what could form the basis of a backup or contingency satellite navigation system for maritime
users in polar regions. The ICING project is funded under the Navigation Innovation and Support Pro-
gram (NAVISP), and conducted by a consortium with Space Norway as lead, and Kongsberg Seatex
as subcontractor. Space Norway is the design authority and owner of the VDE-SAT payload on-board
the NorSat-TD satellite, which will be used as part of the project. This LEO-satellite was launched on
April 15 2023 to about 500 km altitude, in a polar and sun-synchronous orbit with an inclination of 97.4°,
and has an expected mission lifetime of three years5. This new technology demonstrator (TD) satellite
gives Space Norway a unique opportunity to quickly test the concept of a VDE-SAT payload for demon-
strative PNT-services without the need for new VDES infrastructure or changes to the ITU-approved
VDES standard. In turn, the project provides an opportunity to answer the open questions on the effect
of propagation effects, and verification of the performance of VDE-SAT as a PNT-source.

1.4. Research objective
The motivation behind the development of VDE-SAT pseudoranges is the apparent weaknesses in the
Arctic region associated with the continued reliance on traditional GNSS. The successful launch of the
NorSat-TD satellite has allowed for relevant VDES range measurements in the near-Arctic, which are
obtained using a ground station located in Trondheim. This opportunity, its connection to the larger
problem and the current knowledge gap, is summarised in the following research objective statement.

To achieve a better understanding of the characteristics of empirical VDE-SAT ranging sig-
nals, and assess the current limitations and possibilities of VDE-SAT pseudorange acting
as a source of PNT for critical navigation.

This is a top-level goal of the complete thesis project, which is further divided into three sub-goals.
The first, and most central sub-goal for this research, is the one concerning the characteristics of the
signal. Since the use of VDE-SAT ranging signals is an entirely new technology, an important aspect
of the research is first to characterise the performance and behaviour of the signal. This is done by
way of a statistical assessment of the ranging signal. The inherent statistical properties of the signal
are evaluated using the available data, and the influence of the time-delay due to the ionosphere is
investigated as a primary source of error in the signal. The second sub-goal ties directly to the main
research question, and is one that questions the performance level possible for a semi-autonomous
VDE-SAT PNT-service. This is an important question to answer, as the long-term goal is to obtain a
PNT-service that does not rely on GNSS. The state-of-the-art research indicates that the novel VDE-
SAT pseudoranges are too imprecise to replace GNSS entirely, but what may be possible in the future
based on the contemporary empirical performance of the system has not yet been quantified. The third
and final sub-goal assess the positioning performance of a combined system of VDE-SAT and GNSS
PNT-sources. More directly applicable to the contemporary problem, the topic of the combination of
GNSS and a VDE-SAT PNT-source will answer the question of current possibilities with the state-of-
the-art VDES technology. The multiple source performance of a VDE-SAT PNT-source is therefore an
important and contemporary topic following the main research question.

4URL https://navisp.esa.int/project/details/112/show, Accessed 6/10/2023.
5URL https://database.eohandbook.com/database/missionsummary.aspx?missionID=1012, Accessed 6/11/2023.

https://navisp.esa.int/project/details/112/show
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Summary
Traditional Global Navigation Satellite Systems (GNSS) are subject to intentional or un-
intentional disturbances in the northern regions of Norway, leading to loss of critical
infrastructure. The novel VHF Data Exchange System (VDES) has been suggested as
an alternative positioning, navigation and timing (PNT) system for a possible GNSS-
contingency service, based on signal simulations and statistical estimates. However, an
empirical investigation into the feasibility of such a GNSS-contingency service remains
to be done, and has only recently become possible after the launch of the NorSat-TD
satellite with purpose-designed VDES ranging capabilities. This paper presents an analy-
sis of the characteristics of empirical VDE-SAT range measurements and a system-level
performance analysis of a GNSS-contingency system based on the signal performance
of empirical ranging data gathered from NorSat-TD. Using the equated error level of
the signal, the positioning performance of simulated autonomous systems of VDE-SAT
PNT-sources is analysed, followed by an assessment of the combination of the empirical
VDE-SAT range measurements and traditional GNSS measurements in a critical GNSS-
contingency scenario. In total, 236 VDE-SAT pseudorange observations obtained from
eleven satellite passes recorded in July 2023 were used. Residual analysis shows that
these observations have a large and constant mean error of about 416 km, with a stan-
dard deviation of 260.8m. The previously neglected atmospheric propagation effects on
a VDE-SAT range measurement is shown to be significant, and the largest effect is likely
to be the time-delay due to the ionosphere. The system performance analysis shows
that VDE-SAT as a PNT-source could be used as a possible future general navigation
backup system, with a positioning accuracy within 1000m. Finally, an important conclu-
sion is that a contemporary GNSS-contingency system is possible with the measured
signal performance, where NorSat-TD acting as a PNT-source can, under the correct
geometric conditions, allow a positioning accuracy within 1000 m in combination with
partial GNSS coverage at the user.

1 | INTRODUCTION

Significant disturbance of Global Navigation Satellite System (GNSS) is affecting critical infrastructure in the northern regions of Norway, and the
problem is becoming increasingly common the past years123. Alternative navigation systems are needed to ensure continued operations under
critical GNSS-down conditions, driving the development of purpose-designed ranging signals using alternative communication systems. The topic of
this paper is the analysis of experimental pseudorange measurements over the novel VHF (very high frequency) Data Exchange System (VDES) acting
as a source of position, navigation and timing (PNT) information in regions known for poor GNSS coverage.

1URL https://www.nrk.no/tromsogfinnmark/kraftig-okning-av-gps-jamming-over-finnmark-1.16309499, Accessed 03/10/2023.
2URL https://www.nrk.no/tromsogfinnmark/mangedobling-av-gps-jamming-mot-norge-1.16563000, Accessed 03/10/2023.
3URL https://www.tv2.no/nyheter/innenriks/ambulansefly-kunne-ikke-lande-etter-gps-utfall/10397144/, Accessed 03/10/2023.
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VDES is an evolution of the well-establish Automatic Identification System (AIS), which was first investigated as a source of alternative ranging
signals in the project ACCSEAS (Johnson and Swaszek, 2014). Further research on the topic saw VDES in ranging mode (R-mode) outperforming that
of AIS, shifting the focus to the digital exchange system (Šafář et al., 2020). The current state-of-the-art research has resulted in statistical lower
bounds of the performance of the satellite component of VDES, namely VDE-SAT, based on simulation studies, and experimental results only of the
terrestrial VDES component, VDE-TER (Šafář et al., 2021;Wirsing et al., 2023). An important novelty of this research is then the analysis of the ranging
performance of experimental VDE-SAT range measurements. This study is also expanded to compare studies of simulated constellations of VDE-SAT
capable satellites acting as augmentation or backup to GNSS, with the system performance of the same constellations providing range measurements
with signal performance equal to that of the empirical data (Šafář et al., 2018; Owens et al., 2021).

This work is made possible in support of European Space Agency (ESA) project ICING, funded by the Navigation, Innovation and Support Program
(NAVISP) of ESA, lead by Space Norway out of Oslo, Norway, with subcontractor Kongsberg Seatex in Trondheim, Norway. Space Norway is the design
authority and owner of a VDE-SAT payload on-board the NorSat-TD satellite, which will be used as part of this project. This gives a unique opportunity
to gather empirical data to test the concept of using a VDE-SAT payload for demonstrative PNT-services. The objective of this study is to achieve a
better understanding of the characteristics of VDE-SAT ranging signals, and assess the current limitations and possibilities of VDE-SAT pseudorange
signals acting as a PNT-source for critical navigation. This is done bymeans of a statistical parametric analysis of empirical pseudorangemeasurements,
and a system performance analysis by way of simulating the identified signal characteristics in select system variations.

The paper begins by describing the details of the gathered empirical data, in section 2. This section describes the testing infrastructure, the range
measurements and required auxiliary data, and provides an overview of the data set that serves as input to the analysis. Further, section 3 describes
the applied methodology, starting with the method used to describe the signal characteristics in section 3.1. There, the basic statistical and parametric
analyses are described, as well as the applied signal corrections. The last section of the methodology is section 3.2, which details the methods used
to evaluate the system performance, using the signal characteristics identified in the previous section. All results are shown in section 4, and further
discussed in section 5. The paper ends with conclusions and recommendations for further work in section 6.

2 | DATA DESCRIPTION

F IGURE 1 The ground station antenna
mounted at the top of the array, on the roof
of Pirsenteret in Trondheim, Norway.

The topic of analysis for this research paper are the first empirical VDE-SAT range measurements.
This section will first present the surrounding infrastructure used for the testing campaign, where
the information is largely based on internal project design and interface documents. Further, the
section will present the information from the observation-, navigation- and telemetry-data that is
used for the analysis. Finally, the section concludes by presenting the resulting measurements from
the test campaign that will be used in the analysis of this paper.

2.1 | Testing infrastructure

All VDE-SAT data is gathered through the same link, which is a one-way link from the NorSat-TD
satellite to a dedicated ground station located in Trondheim, Norway. NorSat-TD was launched
on April 15 2023 into a low-Earth orbit (LEO), at an approximately 550 km altitude. On-board the
satellite is a VST x50VDES transceiver produced byKongsberg Seatex and owned by SpaceNorway,
connected to a 3-element 8 dBi Yagi-Uda antenna in an Earth-limb pointing mode, transmitting
signals at a 161.8625 MHz frequency. A modified firmware of the VST x50 transceiver is required
for the ranging capabilities needed for this project, but the transmitted signals are physical layer-
compatible with the defined specification of VDES Link ID 29 with a 150 kHz bandwidth (ITU-R,
2022). The VDES transceiver receives its required pulse-per-second (PPS) input directly from a
GNSS receiver on-board the satellite, meaning a key assumption for this project is that the satellite
remains time-synchronized to GNSS through a valid PPS input.

TABLE 1 The position parameters of the
ground station antenna.

Pos. element Value
Latitude 63.441518◦

Longitude 10.403556◦

Height 37.0 m
XECEF 2812.412 km
YECEF 516.355 km
ZECEF 5682.185 km

The ground terminal consists of a VDE terminal, an external clock source, and the receiving
antenna. The VDE terminal is a modified Kongsberg Seatex VDES 300 ship-terminal, with a GNSS
and VHF antenna interface. This terminal uses a µBlox GNSS timing module, and an external high
precisionKongsberg 10MHz rubidium clock as a timing source. TheVHF antenna is a dipole Comrod
AV7M antenna, designed for maritime communication, and seen at the top of the array in Figure 1.
The location of the antenna is given in Table 1, in geodetic coordinates and the WGS844 earth-
centred, earth-fixed (ECEF) reference frame.

4URL https://earth-info.nga.mil/?dir=wgs84&action=wgs84, Accessed 6/10/2023.
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2.2 | Measurements and auxiliary data

The ranging measurements included in this work were recorded on three days, July 11th, 18th and the 25th, for all satellite passes on these days. The
measurements were sorted by pass, and distributed in three distinct parts. First, the observation measurements provide the results at the receiver,
which include the VDES slot number Sn of the measured ranging burst, time offset ∆t , and information on the signal quality with a measure of the
signal-to-noise ratio (SNR). These measurements also contain an error check using cyclic redundancy check (CRC), to detect packet losses in the
received message (Sheng-Ju, 2015). An observation setO is given in Equation 1. Secondly, in the event of no packet loss, the transmitted navigational
message N is also recorded at the receiver. This contains the proprietary navigational message as defined at the time of transmission, with satellite
position rt and velocity vt in theWGS84 ECEF-frame and timestamp of transmission t t in Coordinated Universal Time (UTC), summarised in the set in
Equation 2. Finally, auxiliary NorSat-TD telemetry data was used in the analysis. Included in the setT of telemetry data in Equation 3 is an alternative
satellite position rTELt and velocity vTELt , given in the same ECEF-frame and evaluated at the time of transmission t t .

O = {Sn , ∆t , SNR, CRC} (1)

N = {t t , rt, vt} (2)

T = {rTELt , v
TEL
t } (3)

A pseudorange measurement is a simple range measurement based on the time-of-flight of a transmitted signal (Milliken and Zoller, 1978). In the
VDES one-way link described in section 2.1, both the transmitter and receiver slot timing is synchronized to UTC time through a GNSS PPS signal.
The time offset at the ground station between the start of the slot SN , also reported as the timestamp t t at which the ranging signal was transmitted,
to the time at the receiver t r is measured using proprietary time estimation techniques, as a measure of the time-of-flight of the signal, meaning
∆t = (t r − t t ) . Each measurement of the time offset can then readily be transformed into a pseudorange measurement at the time of reception by
multiplying the time difference by the speed of light in a vacuum, as seen in Equation 4.

ρ̃ (t r ) = c × (t r − t t ) (4)

The ranging signals are made possible by modifications to the ranging burst transmitted over the VDE-SAT downlink SAT-MCS-0.150 (Link ID
29) format (IALA, 2019). Simulations of the physical layer of this ranging burst, conducted by Kongsberg Seatex, show that the timing estimate
error in ∆t , neglecting all other noise-contributing effects, introduces a standard deviation of 274.8 ns in each pseudorange ρ̃, or equivalently 82.2 m.
The simulations are conducted with a realistic carrier-energy-to-noise-ratio Ec/N0 = −13.5 dB, which with the implemented spreading factor of 2 is
approximately equivalent to an SNR of Es/N0 = −10.5 dB. Little improvement is seen in the timing estimate error with increasing SNR. This can then be
considered a lower bound of the possible range error with the modified ranging burst. This lower estimate is based on simulations entirely neglecting
propagation effects, meaning it is a performance bound for ranging signal propagation error corrections. The quantified timing error corresponds well
with literature on the performance bound of VDES ranging signals (Šafář et al., 2020, 2021). The introduced bias from the transmitter is not known
in detail, and is expected to be measured and introduced as part of the navigational set N in later iterations

The reported satellite position in the transmitted navigational message N could not be used in the analysis, as the satellite firmware did not
have full functionality during the test campaign, missing this feature. The recorded satellite telemetry in the set T was implemented to be used in
the analysis, as an alternative source of the satellite position. This recorded satellite telemetry comes from the same GNSS receiver that transmits
the required PPS input to the VDE-SAT payload. The telemetry is recorded in minute-intervals, and the satellite position was interpolated between
these intervals using a cubic spline interpolation with a "not-a-knot" boundary condition at either end, to the timestamp of transmission t t . The first
derivative of the cubic spline was used as the satellite velocity. The faulty navigational message entries of N were in that way circumvented by using
the satellite telemetry inT as an alternative.

The results of the test campaign in the month of July resulted in eleven passes across three days, shown with key data metrics in Table 2. In total,
242 pseudorange observations were measured with no packet loss. Additionally, the principle of studentized residuals are applied, where measure-
ments of a pass that deviate past three standard deviations away from the mean of that pass are assumed outliers (Thompson, 1935). Eliminating
measurements three standard deviations away from the mean correspond approximately to eliminating the 95th-percentile of a sample size between
30 and 40, which is a typical sample size for a single pass (Tietjen et al., 1973). Further, a few measurements were manually identified as outliers. In
total, six observations were identified as outliers in pass 18/7 - 4, and 25/7 - 3, as large discrepancies from the other range measurements of the same
pass, making the total number of observations included in the analysis 236 pseudorange observations. The resulting final set A is seen in Equation 5
as combination of the elements of O , N and T , with the timestamp, time offset and signal quality metric, satellite position and velocity as sourced
from the telemetry. This is all the information needed at each observation to complete the analysis.
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TABLE 2 An overview of the passes included in the analysis with summarising information on the data. The listed timestamps are those of the
first observation of each pass, each indicating the time since January 1, 2000, at 12:00 UTC time.

Identifier Timestamp [s] # of obs. Outliers

11/7 - 1 742307112.0 31 -

11/7 - 2 742323770.4 12 -

11/7 - 3 742334750.4 47 -

18/7 - 1 742914271.2 31 -

18/7 - 2 742919884.8 4 -

18/7 - 3 742930872.0 11 -

18/7 - 4 742936411.2 27 Last 4

18/7 - 5 742941904.8 37 -

25/7 - 1 743521363.2 15 -

25/7 - 2 743526991.2 3 -

25/7 - 3 743554744.8 18 Last 2

Total - 236 6

A = {t t , ρ̃ (t r ), SNR, CRC, rTELt , v
TEL
t } (5)

3 | METHODOLOGY

The research is separated in two parts. First, the signal characteristics are evaluated by means of a statistical analysis of the residual of the empirical
range measurements. The method used for this analysis is described in section 3.1. Secondly, based on the signal characteristics evaluated in the first
part, the positioning performance of various simulated VDE-SAT systems is analysed, as well as the empirical single satellite positioning performance.
The methodology of this analysis is presented in section 3.2.

3.1 | Signal characteristics

The analysis of empirical VDE-SAT signals is a central part of the novelty of this work. The key characteristics of this novel ranging signal is first
investigated using fundamental descriptive statistics of the evaluated pseudorange residuals. Following is a more thorough parametric analysis, and
finally a study of the applicability of established GNSS signal correction techniques to the measured pseudoranges.

Each pseudorange measurement is defined as in Equation 6, with a relation to the true geometric range ρtrue, the speed of light c, equal to
299792458 ms−1, and relative time offset between transmitter and receiver clock δt = δt r − δt t , and finally an error term δρϵ , comprising of all
error sources in the propagated signal (Milliken and Zoller, 1978). Because all pseudorange measurements are fundamentally a measurement of the
time-of-flight of an electromagnetic wave, the term δρϵ will include any effect on a propagating electromagnetic wave. The most notable effects
considered in GNSS are the individual receiver and transmitter clock errors, observation noise, ephemeris errors, multipath, and atmospheric delays.
Simple models of different error effects on VDES ranging signals have shown that it is the atmospheric effects, and in particular the time-delay due
to the ionosphere, that is the most important effect (Owens et al., 2021). In this regard, only the time-delay due to the ionosphere will be considered
in the error term δρϵ in this analysis.

ρ̃ (t r ) = ρtrue + c × δt + δρϵ (6)

3.1.1 | Residual pseudorange analysis

To assess the quality of the VDES range observations, residual measurements are derived by comparing the pseudorange measurement with the
computed true range. These residuals are statistically analysed as a first assessment of the signal characteristics. This section will detail the processing
of the pseudorange residual measurements, and the method used to find the fundamental statistical properties of this dataset.

Let the NorSat-TD telemtry position rTELt and velocity vTELt be simply denoted as rt and vt, respectively. The pseudorange residuals eρ are defined
as the difference between the measured VDES pseudoranges ρ̃ and the geometric range between the transmitting NorSat-TD position rt and the
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receiving ground station antenna position rr, as seen in Equation 7. In reality, both rt and rr are estimates. As described in section 2, the position of
the ground station and satellite are accurately known, and it is assumed that eρ >> ϵr , the error in the geometric range estimate.

eρ = ρ̃ (t r ) − |rr (t r ) − rt (t t ) | (7)

Each constructed residual eρ can be considered an independent random variable for the further statistical analysis. As presented in section 2, each
measurement consists of a pseudorange measurement and an associated navigational message containing the transmitted auxiliary data. When the
ground position is known, each measurement contains the information needed to form precisely one residual. Assuming each measurement can be
considered independent, the same can be inferred for the pseudorange residuals evaluated using Equation 7. In this case, the residual measurement
can be seen as an independent continuous random variable, and it is of interest to evaluate the statistical spread and bias, as well as a probability
density function associated with this random variable.

The distribution of the pseudorange residuals listed in Table 2 was then analysed. The descriptive statistics of the dataset was calculated: its
mean, variance, skewness and kurtosis. This was applied to each satellite pass individually, as well as the total set of all observations. The residual
measurements were then fit to a collection of continuous probability distributions. The four chosen distributions were the normal, skew-normal,
log-normal and Rice distributions. The normal distribution is considered because the equivalent error in a GNSS pseudorange measurement is often
assumed normally distributed, although this is known to overbound the true error (DeCleene, 2000). The skew- and log-normal distributions were
chosen for their varying skew and tail properties, based on the assumed normal distribution (O’Hagan and Leonard, 1976). Further, experience with
VDE-SAT transmission at Space Norway has shown that the measured signal-to-noise ratio follow a Rician distribution, which is also included as one
of the analysed distributions.

To compare the relative fit of the four distributions, the Kolmogorov-Smirnov (KS) test is employed to evaluate the probability that the residual
measurements follow the given distribution (Shiryayev, 1992). The KS-test, which evaluates the distance between an empirical distribution and a
cumulative distribution function, is known to be a poor test for normality in an empirical distribution where the mean and variance are both unknown
and instead must be calculated from the data, as is done in this methodology (Stephens, 1974). In that regard, this test was only employed as a relative
measure of fit between the four distributions. In addition, the Anderson-Darling (AD) test, which is shown in Stephens (1974) to be a better test for
normality than the KS-test, is used to evaluate the fit of the normal distribution for a more definite conclusion on the goodness-of-fit (Anderson and
Darling, 1952).

3.1.2 | Parametric analysis

To identify the performance characteristics of the pseudorangemeasurementsmore thoroughly, a parametric analysiswas applied, where the statistical
behaviour of the pseudorange residuals was estimated using a given set of input parameters. By comparing the computed pseudorange residuals to
a variety of external parameters, our understanding of the data can improve, and the characteristics of the signal could be explained by the influence
of the chosen parameters. This analysis resulted in a more complete evaluation of the signal characteristics.

The method of parametric analysis is a simple and multiple linear regression. By assuming a linear relationship between a response Y and a
single predictor X , the relationship can be represented as in Equation 8, showing the approximation of the response using the defined and constant
model parameters β0 and β1 (James et al., 2013). These coefficients are unknown, and are estimated as β̂0 and β̂1 using observations. A dataset of n
observations of the response and predictor can be expressed as the set of n amount of pairs (x1, y1 ), (x2, y2 ), . . . , (xn , yn ) . The estimated response,
using the model coefficients, is then ŷi = β̂0 + β̂1xi for i = 1, . . . , n . Using the least-squares method, the coefficient estimates β̂0 and β̂1 are chosen
such that the residual sum of squares RSS =

∑n
i=1 (yi − ŷi )2 is minimized.

Y ≈ β0 + β1X (8)

The pseudorange residuals were also modelled using multiple predictors in a multiple linear regression. A number of predictors X1,X2, . . . ,Xp

and defined and constant model coefficients β0, β1, . . . , βp were used to approximately model this linear relationship, as seen in Equation 9. As for the
simple linear regression, the coefficients were estimated by applying the least-squares method to minimize the RSS.

Y ≈ β0 + β1X1 + · · · + βpXp (9)

The set of parameters that are included in the analysis are the four parameters that are hypothesised to be most influential. The first considered
parameter is the SNR. For conventional GNSS signals, the SNR has been shown to be strongly correlated with the experienced multipath errors,
and correction methods exist where the multipath delay is modelled as a direct function of SNR (Breivik et al., 1997). The other three parameters
relate to the ionospheric time-delay, as this has been highlighted as a critical error source for the relatively low-frequency, and therefore dispersive,
VDES ranging signals (Owens et al., 2021). These parameters are the pseudorange measurement ρ̃ (t r ) , computed elevation angle of the satellite, and
time-of-day of the timestamp t t . The first two are related to the geometric range through which the ionospheric delay accumulates. The time-of-day
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is included to display an expected variation in local ionosphere electron content, a quantity that is directly related to the ionospheric time-delay
(Klobuchar, 1987). The time-of-day was not included in the linear regression analysis, as the expected correlation between the ionospheric time-
delay and the time-of-day is a half-cosine, not linear (Klobuchar, 1987). Additionally, the measured pseudorange has been shown to be correlated
with increasing error in terrestrial VDES ranging experiments (Wirsing et al., 2019). The four parameters SNR, pseudorange, elevation angle and
time-of-day are expected to be the most influential, and were therefore included in the parametric study. Each parameter was normalized to a range
[0, 1], where 0 correspond to the lowest measured value of the parameter, and 1 the highest.

The individual parameter contributions were evaluated using the standard error and t-statistic associated with the estimated coefficient. As each
model coefficient is an estimate of the assumed approximate linear relationship in Equation 9, the computed value comes with an inherent variance.
Assuming the error of each observation is uncorrelated to all other observations, and that they share a common variance σ2, the standard error (SE)
of one parameter describes this inherent variance of the coefficient value as a result of the sample error and its variance σ2.

From the standard error follows the definition of the t-statistic and its associated p-value that is central in this analysis. Fundamentally, the t-
statistic evaluates if a computed coefficient is sufficiently far from zero to be assumed non-zero, given the computed standard error of the coefficient.
It is computed as seen in Equation 10. Conversely, assuming the parameter βi = 0, a measure of the probability that any number is larger than |t | , for
the normally distributed t-statistic, gives an equivalent measure that is more directly interpretable as the probability that the computed coefficient
is, in fact, zero. This measure is called the p-value, evaluating the probability of observing a number larger than |t | assuming the coefficient is zero,
and a typical threshold value of 5% is used to confirm that a computed coefficient is non-zero, and therefore has a significant relationship with the
pseudorange residuals.

t =
β̂i − 0

SE(β̂i )
(10)

When evaluating the fit of the whole regressionmodel, the well-known R 2-metric was used. This is a relative metric, in the range [0, 1], describing
the proportion of total variance in the responseY that can be explained by the predictors X in the regression (James et al., 2013). In systems where
a linear model is only a rough estimation of the behaviour ofY , as is the case for this non-linear system, the R 2-metric may return values well below
0.1. It is used in this analysis only as a relative measure of fit between the different regression models.

3.1.3 | Ionospheric signal corrections

It is hypothesised that the dominant contribution to the pseudorange error is the time-delay due to the ionosphere. It is therefore of interest to evaluate
the applicability of established GNSS atmospheric correction techniques to VDE-SAT pseudorange measurements. Three different correction models
were applied: The Klobuchar and the NeQuick-G model, primarily applied to the GPS and Galileo navigation systems, respectively, and a global
ionosphere map published by the International GNSS Service (IGS).

The ionospheric corrections implemented in the GPS broadcast ephemeris use a simple and easily applicable algorithm based on the work pre-
sented by Klobuchar (1987), and is colloquially called the Klobuchar model. The algorithm captures "the main features of the complex behaviour of
the ionosphere" (Klobuchar, 1987, p. 325), with a focus on a computationally efficient algorithm that reduces the effect of the ionosphere on the
measured range by 50%. The algorithm implements a day-time variation in time delay, in the shape of a half-cosine, with coefficients to vary the am-
plitude and period of the correction. There is no night-time variation in the time-delay, and the model assumes the total influence of the ionosphere
to act in a shell at 350 km altitude, with no consideration for variation in height at the transmitter. The model is based on a function of frequency,
and is therefore directly scalable to VDES frequencies by an inverse-square relationship.

The ionospheric model used for single-frequency time-delay corrections in the European Galileo satellite navigation system is called NeQuick-G
(European Commission, 2016), derived from the NeQuick electron density model, and adapted to an algorithmic form for the application in Galileo.
This model incorporates the influence of height variation in the electron density and the height of the transmitter, in contrast to the Klobuchar model.
The output of the model is the Slant Total Electron Count (STEC), which when combined in Equation 11 with the frequency of the transmitted signal,
equate to a measure of the ionospheric group delay dIgr , which was applied as a time-delay correction of the associated pseudorange measurement
ρ̃ (t r ) . Because this delay is a function of the frequency, this model becomes directly applicable to VDES pseudoranges, although the model has not
been validated at VHF frequencies.

dIgr =
40.3

f 2
· STEC (11)

The final correction model that was applied was the IGS Global Ionosphere Map (GIM). While the Klobuchar and NeQuick-G models are designed
for real-time assessment of ionospheric time-delay, there are also options for offline post-processing models. When using these models, it is not
possible to perform a real-time correction, but a more accurate description of the ionosphere can be acquired for the analysis. IGS uses data from
eight analysis centres and over 400 GNSS stations to form a vertical total electron content (TEC) map, published to the public domain5. The map
is a grid given in latitude and longitude, and over time, typically in a 15-minute temporal resolution, and was linearly interpolated in both positional

5URL https://igs.org/wg/ionosphere/, Accessed 20/9/23.
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and temporal directions. The given values for the total vertical electron content are assumed in a single layer at a set altitude, typically called a thin
shell model. By calculating the ionospheric pierce point at the given altitude of the thin shell, in a straight line between the transmitter and receiver,
the local vertical TEC at the pierce point was evaluated. This was then mapped to a slant TEC along the line-of-sight using a modified single-layer
model mapping function (Grejner-Brzezinska et al., 2004, Eq. 5). This was translated to a time-delay due to the ionosphere using the function for the
ionospheric group delay that was used for the NeQuick-G model, given in Equation 11.

Each correction model was applied to each VDE-SAT pseudorange measurement, and the total set of corrected residuals were analysed and
compared using the methods of section 3.1.1 and section 3.1.2.

3.2 | Positioning performance analysis method

The analysis of the positioning performance of a VDE-SAT PNT-source acting in a navigation system is divided in three parts. First, the employed
positioning algorithm is described. Secondly, the positioning performance of VDE-SAT ranging signals acting autonomously, with no other sources,
is evaluated. This is divided in an analysis of the single-satellite positioning performance, and simulated systems of constellations of VDE-SAT PNT-
sources. Thirdly, the positioning performance of these same ranging signals acting in a multi-source system with GPS is evaluated. The topic of this
section will be the combination of VDE-SAT with GNSS for an evaluation of the current capabilities of VDE-SAT ranging signals as a contingency
system. The positioning performance analysis is limited by the assumptions of a GNSS-disciplined clock and satellite position.

3.2.1 | Positioning algorithm

The analysis of positioning performance requires a positioning algorithm for combining multiple range measurements into a positioning solution. This
section will present the implemented algorithm used for all positioning evaluations further in the positioning performance method.

Input: pseudorange
observations, initial

state

No

YesApply light-time
correction?

Calculate and apply
light-time correction

No

Yes
Apply Sagnac delay?

Calculate and apply
Sagnac delay

Yes

NoAre there four or
more observations?

Least-squares
estimate of the state

x5
Create residual
weights  using

observation variances

Estimated state is
NaN

Output: Estimated
state, state

covariance matrix

F IGURE 2 A flow diagram of the positioning algorithm,
highlighting the order of corrections and iteration.

One of the most fundamental methods of determining the receiver position is
through the use of a linearised and iterated least-squares estimate. Let ρ̃ denote
the n ≥ 4 pseudorange observations of the positioning problem, and let ρ denote
the computed pseudorange between the transmitter and the estimated state x =

[xr , yr , zr , c · δt ]T , as seen in Equation 12. The least-squares problem can then
be formulated as in Equation 13 as a function of the estimated state vector x. This
problem is solved using the Levenberg-Marquardt algorithm, a numerically robust
method well-suited for collinear problems (Moré, 1978).

ρ (x) =
√
(xt − xr )2 + (yt − yr )2 + (zt − zr )2 + c · δt (12)

Φ (x) =
n∑
i=1

f 2i (x) =
n∑
i=1

(ρ̃i − ρ (x)i )2 (13)

The problem design matrix, H, is an n × m matrix defined following a first-order
Taylor expansion of Equation 12. Its elements are the negative partial derivatives
of each element of the state x. It was calculated as the negative Jacobian matrix, J,
where the element (i , j ) correspond to the partial derivative ∂ρi /∂xj of the pseudo-
range ρ in Equation 12 with respect to the state element xj .

The algorithm is applied five times for each positioning problem, applying up to
two corrections between iterations. If the measurement and satellite position are
both sampled at the time at the receiver t r , a light-time correction of the satellite
position is required. This is to compensate for the satellite travel during the signal
time-of-flight. Because this is not the case for all inputs to the algorithm, the correc-
tion is parametrized as a property of each observation. The corrected satellite posi-
tion r∗t is calculated as a linear change in position using the instantaneous velocity of
the satellite, as seen in Equation 14 with |rt − r̂r | denoting the absolute distance be-
tween the satellite and the estimated position. In case the satellite position is given
in an ECEF-frame, another correction must be applied. Due to the rotation of the
Earth, the ECEF reference frame, E, rotates between the time at signal transmission
and reception. The satellite position vector rt , defined at the time of transmission
t t in the reference frame Et , is therefore distinct from the same vector at the time
of reception, t r , in reference frame Er . Let the receiver position rErr = [a, b, d ]T
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and the satellite position rEtt = [x , y , z ]T , then the error in each pseudorange measurement ρ due to the rotation of the ECEF frame, called the
Sagnac delay, was corrected using the expression in Equation 15, to find the corrected range ρ∗, with the Earth angular rotation rate ωe , equal to
7.292115 × 10−5 rad s−1 (Hu and Farrell, 2019). These corrections ere applied only where necessary, which varies depending on the source of the data
used in the positioning problem. An illustration of the iteration of the positioning solution can be seen in Figure 2.

rt∗ = rt −
|rt − r̂r |

c
vt (14)

ρ∗ = ρ + ωe

c
(xb − ay ) (15)

If the measurement variance is known, the position covariance matrix can be calculated, and the least-squares problem can be expanded to one
of weighted residuals. The position covariance matrix is readily computed using the design matrix, H, and the observation covariance matrix, Cov(ρ ) ,
the latter of which is defined as a diagonal matrix with entry (i , i ) equal to the variance of observation ρi . The position covariance matrix is computed
as in Equation 16 (Kaplan and Hegarty, 2006, Eq. 7.38). The inverse of the diagonal entries of the observation covariance matrix was applied as
weights to the computed residuals, fi , in the sum of the least-squares problem in Equation 13.

Cov(x) = (HTH)−1HT Cov(ρ )H(HTH)−1 (16)

3.2.2 | Autonomous positioning performance

To evaluate the opportunities of an autonomous VDE-SAT navigation system, the performance of the signal was put in the context of different
autonomous systems of VDE-SAT PNT-sources. To consistently compare the results of different systems, a common error metric was established.
The positioning accuracy of a system was defined as a surface position error, computed as the great-circle distance over the WGS84 geoid. This
was computed using the Haversine formula, a computationally efficient trigonometric relationship that is also numerically stable for small distances
(Bullock, 2007).

First, the current performance potential of the system was evaluated using only the empirical range measurements. This was done using a rolling
positioning accuracy measure, where N consecutive measurements of a total of n in a particular pass was used to calculate the position of the ground
station antenna over time through that particular pass. As the satellite positions are reported in an ECEF-frame, a Sagnac delay correction was applied
to the measured pseudoranges. The analysis was done for all integer N where 4 ≤ N ≤ n for all passes. The mean surface position error through
each pass for a given N was calculated. The analysis was repeated with an additional surface constraint. This was done to emulate the performance
of a more sophisticated geoid-constrained positioning solution, which is more applicable for ships in a maritime environment. The constraint was
implemented as an additional pseudorange observation from the center of the Earth, with range equal to the norm of the true receiver position in an
ECEF frame, with a 1m variance.

Further, to evaluate the possible positioning accuracy with the current ranging capabilities of VDE-SAT, different constellations of satellites were
simulated and analysed. The two simulated constellations are selected from the recent feasibility study of VDE-SAT ranging in Owens et al. (2021),
namely the Iridium NEXT and OneWeb constellations. Details of the simulated orbits are given in Table 3, taking note that the number of satellites
in the Iridium constellation differs to that of Owens et al. (2021, Tab. 8) which has six more satellites. All satellites are assumed in an unperturbed
Keplerian orbit, at an altitude of 550 km, different to that of Owens et al. (2021) which simulates the orbits at 600 km altitude, but closer to the
planned altitude of the NorSat-TD satellite. Illustrations of the two simulated constellations can be seen in Figure 3. These two constellations were
simulated over 24 hours, with a four minute time-step. At each timestamp, pseudorange observations with an inherent noise level equal to that
obtained with the method explained in section 3.1.1 was gathered from all satellites visible above the horizon. All satellite positions were evaluated
at the time of reception of the signal t r , meaning a light-time correction was necessary to find the satellite position at the time of transmission t t . The
measurements were simulated in an inertial frame, meaning no Sagnac delay correction was necessary.

TABLE 3 Details of the VDE-SAT constellations included in the autonomous performance analysis.

Constellations Orbital planes Inclination Satellites per plane Total number of satellites

Iridium NEXT 6 86.5◦ 11 66

OneWeb 12 86.4◦ 54 648

A positioning performance metric and geometric performance metric were computed and compared to the results of Owens et al. (2021). A
positioning solution was computed at each timestamp, and a surface position error was defined as the difference over the geoid-surface between this
computed position and the known true position of the antenna, calculated using the spherical law of cosines. Additionally, the geometric distribution
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(a) The simulated Iridium NEXT constellation. (b) The simulated OneWeb constellation.

F IGURE 3 Illustration of the two simulated constellations around a transparent globe.

of satellites was evaluated by computing the dilution of precision (DOP), in particular the local horizontal DOP (HDOP). Using the design matrix H
to evaluate the matrix K = (HTH)−1, which is a function only of geometry, the elements of the diagonal in K describe the dilution of precision of
the elements of the state vector. By rotating the matrix K to KENU = RKRT , with the rotation matrix R describing the rotation from ECEF to the
local East-North-Up (ENU) frame, the local horizontal DOP can be evaluated as in Equation 17, with D11 and D22 the first and second element of the
diagonal in KENU.

HDOP =
√
D11 + D22 (17)

3.2.3 | Performance as backup service

An important contemporary application of VDE-SAT in a navigation system, is the combination of VDE-SAT range measurements with partial GNSS
coverage. This was analysed by combining three GPS pseudorange observations with one empirical NorSat-TD pseudorange measurement, and calcu-
lating a surface position error of the resulting multi-source positioning solution. This error is directly compared to the posed minimum requirements
for a maritime navigation backup system, as seen in Table 4 (IALA, 2012). These requirements are posed by the International Association of Marine
Aids to Navigation and Lighthouse Authorities (IALA) as a minimum performance level for a system that "ensures continuation of the navigation ap-
plication, but not necessarily with the full functionality of the primary system" (IALA, 2012, p. 9). Ranging from AIS R-mode is listed as a planned
terrestrial backup system with minimum performance standards, so the same standards were applied in this work to VDE-SAT ranging. The issues of
GNSS-dependence in AIS is mentioned in IALA (2012), but are considered here as parallel challenges to the ranging performance of the system and
are therefore not investigated in this work.

TABLE 4 The suggested minimum requirements for a general navigation-backup system, as presented in IALA recommendation R0129 (IALA,
2012, Tab. 2).

Environment Absolute accuracy [m]

Ocean 1000

Coastal 100

Port approach and restricted waters 10

Port 1

Inland waterways 10

All GPS pseudorange observationswere simulated by constructing a perfect geometric range between the receiver and a transmittingGPS satellite,
with added noise and bias. Because the empirical GPS positions and range observationswere evaluated at the same time, meaning t r = t t , no light-time
or Sagnac delay correction was necessary for the GPS observations. The noise added to each measurement was a Gaussian noise with 4m standard
deviation, approximately equivalent to the reported 7.8m 95% confidence interval of a single-frequency GPS range measurement (Montenbruck et al.,
2018). The added relative time offset δt to the GPS range measurements is equal to that measured from NorSat-TD, resulting from the method in
section 3.1.1, to allow the use of a single estimated time offset in the positioning algorithm. As the VDE-SAT satellite positions are reported in an
ECEF-frame, a Sagnac delay correction was applied to the VDE-SAT pseudoranges. GPS positions were sampled from daily orbit solutions constructed
and submitted by IGS (Griffiths, 2019). The final orbit solutions product is published typically 12-18 days after the day at hand, with a 2 cm accuracy,
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F IGURE 4 Three GPS satellites approximately in-plane with the ground station, making positioning impractical due to rank deficiency in the
design matrix.

and a sample frequency of 15 minutes (Johnston et al., 2017, Tab 33.2). A cubic spline interpolation with a "not-a-knot" boundary condition at either
end was used to interpolate the position of a GPS satellite between samples.

Then, the performance of the GPS pseudorange observations in combination with the NorSat-TD observations was analysed. At each timestamp
of a NorSat-TD observation, the set of visible GPS satellites were identified where the elevation of the satellite was above 10◦. From this set of all
visible GPS satellites, all unique sub-sequences of three GPS satellites were constructed. These sub-sequences of GPS satellites were then used in
combination with the NorSat-TD observation at the given timestamp to estimate the position of the receiver. This estimated position was stored as
one of a number of estimated position solutions per timestamp, as there are up to thousands of possible combinations of three GPS satellites for
every timestamp. A mean surface position error was then recorded as the mean of the error of all solutions for a given timestamp. Additionally, the
standard deviation of this set of position errors was recorded. The same analysis was conducted and results recorded for the HDOP.

Because not all sub-sequences of unique GPS satellites lead to an adequate geometry for a positioning solution, each estimated position was
passed through two filters. First, if the geometric DOP (GDOP), that is the square-root of the sum of all elements on the diagonal of KENU, was higher
than 10, the geometry of the three GPS satellites and NorSat-TD was assumed unfit for positioning, and that particular sub-sequence of GPS satellites
was neglected from the analysis. An example of such geometry is shown in Figure 4. Secondly, while a given geometry can result in a low evaluation
of GDOP, it could still allow ambiguities in the positioning solution, where a local minimum of the optimization problem leads to a positioning solution
far away from the true receiver position, appearing as an outlier in the results. To filter out the remaining outlier solutions from the exhaustive set of
GPS satellites, a studentized residual approach was used (Thompson, 1935). All estimated positions that deviate beyond three standard deviations
from the mean of all recorded position estimates of the current and prior timestamps are discarded. The same is done for the HDOP.

4 | RESULTS

The results following the method in section 3 is presented in three parts, largely reflecting the method. First, the analysis of the characteristics of
the VDE-SAT ranging signals is presented in section 4.1. Secondly, the results of the autonomous performance of the various systems of NorSat-
TD satellites are presented in section 4.2. Finally, the results of the analysis of a combination of GNSS and VDE-SAT ranging signals are given in
section 4.3.

4.1 | Signal Characteristics

The first part of the analysis on the signal characteristics concern the behaviour of the pseudorange residual through a pass. A representative illus-
tration of the measured pseudorange residual through a pass is shown in Figure 5. From this figure it is clear that there is a large negative bias in the
residual measurements, and all pseudorange measurements in the pass appear to be approximately 416 km too short. This bias turns out to be com-
mon for all pseudorange measurements, across all passes and days. A second observation in Figure 5 is the apparent random noise around an initially
decreasing, then increasing trend in the residual measurements. This corresponds partially and inversely with the elevation angle of the satellite as
observed by the receiver. This U-shape is visible in four of the eleven passes, where the remaining passes illustrate no or only part of this trend, as
seen in Figure 6 with low elevation angles and observations only through part of the pass. All recorded passes show a similar apparent random noise
contribution.

When combining all residual measurements, the histogram distribution is as seen in Figure 7, with a mean of −416030.6m, and a 260.8m standard
deviation. The results are bounded within an approximately 1250 m range. The figure also illustrates the four fitted probability distributions over the
histogram, and the KS- and AD-test results are given in Table 5. The AD-test result in a statistic that correspond to a 2.5% confidence in the normality
of the distribution, which is below a typical threshold value of 5%. It is also clear from the illustration that the distribution does not have correct tail
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F IGURE 5 The pseudorange residual ϵρ and elevation angle of the satellite over time, of range measurements made during NorSat-TD pass 11/7
- 1, over Trondheim on July 11.

0 50 100 150 200 250
Time [s]

416200

416000

415800

415600

415400

415200

R
es

id
u

al
 [m

]

4

6

8

E
le

va
ti

o
n

 a
n

gl
e 

[d
eg

]Residual

Elev. angle

F IGURE 6 The pseudorange residual ϵρ and elevation angle over time, of range measurements made during NorSat-TD pass 25/7 - 3, over
Trondheim on July 25.

properties to be considered normal. The KS-test results highlight the Rician distribution as a better fit relative to the other distributions, albeit a small
relative difference that is hardly visible in the illustration.

The regression analysis using the four selected parameters gives greater insight in the behaviour of the residual measurements. Figure 8 shows
the results of the simple linear regression, which captures the apparent trend of the residual measurements when considering only one parameter.
The coefficient results, given in Table 6, show that the correlation between the measured pseudorange (PR) and elevation angle (Elev.) is entirely
captured in the models variation with the pseudorange. In the simple linear regression of elevation angle, a clear negative trend is visible, correlating
higher elevation angles with smaller residuals. It is apparent from the geometry of the measurements that a higher elevation angle will correlate
with a shorter measured pseudorange, which has an equally strong, albeit positive correlation with the residuals in the simple linear regression of the
pseudorange. No apparent linear relationship is visible between the SNR and measurement residuals in the simple linear regression, although the
results appear to show a heteroscedastic relationship as varying standard deviation in the residuals with SNR. When combining all three parameters
in a multiple linear regression, it becomes clear that the correlation between the measured pseudorange and the residuals is a better model for the
behaviour of the residuals. A relationship also appears between the SNR and measurement residuals in the multiple linear regression. The intercept of
each regression model was around the mean −416 km, and with a very low p-value of < 0.001. The condition number of each model was sufficiently
low after normalizing each parameter.
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F IGURE 7 A histogram representation of the residual measurements, with the four normal, Rice, skew-normal and log-normal probability
distributions fitted to the empirical data.
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TABLE 5 The results of the KS- and AD-test for the four fitted probability distributions.

Distribution KS-test (p-value) AD-test (smallest confidence)

Normal 0.494 0.025

Rice 0.709 -

Skew-normal 0.538 -

Log-normal 0.433 -
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F IGURE 8 All measured pseudorange residuals plotted as a function of the parameters SNR, pseudorange, elevation angle and time of day. The
results of the simple and multiple linear regression are presented as trend lines.

The three parameters pseudorange, elevation angle, and time-of-day, are expected to correlate with the residuals due to the effect of the iono-
sphere. The pseudorange and elevation angle are shown to correlate with each other, but have, both together and separate, considerable correlation
with the measured residuals. The residuals are expected to vary as a half-cosine over the time-of-day, but only show a slight increasing trend towards
mid-day at t = 43200 s. No measurements were obtained in the later half of the day. As for SNR, the increase in the variation in the residuals over the
time-of-day shows signs of heteroscedasticity.

After correcting each measurement using one of the three ionospheric correction algorithms, the resulting histogram distributions changed as
seen in Figure 9. Two things are immediately clear from this illustration. First, the three ionospheric correction techniques introduce a different-sized
bias in the measurements. Secondly, the variation in the residuals only improves for one of the three models. Table 7 show the fundamental statistical
description of the four distributions. The NeQuick-G correction technique is the only technique to reduce the standard deviation of the distribution,
and it is also the only technique to introduce a significant skew in the distribution while also reducing the kurtosis, making the distribution more
normal (albeit skewed).

There are multiple interesting developments to the model fit after applying ionospheric corrections. The KS-test results, reported as p-values, of
each distribution applied to the corrected measurements, are shown in Table 8. It is clear from the results that the rudimentary Klobuchar correction
technique makes the distribution further distinguishable from the selected probability distributions and adding noise to the distribution. Additionally,
the results from the AD-test indicate that the Klobuchar correction entirely removed all confidence in the normality of the distribution, while the
NeQuick-G and GIM techniques increase the confidence of the AD-test to > 15%. The NeQuick-G and GIM techniques also show increased p-value
for four and three of the distributions, respectively. In particular, the previously highlighted skewed properties of the distribution after applying the
NeQuick-G correction is captured remarkably well by the skew- and log-normal distributions. It is also interesting to note how the relatively better
fit of the Rician distribution does not appear in the corrected datasets. The behaviour of the histogram distribution changes significantly between
ionospheric correction techniques, and only the NeQuick-G correction technique show a reduction in the standard deviation and increase in normality
of the distribution.

Applying the NeQuick-G ionospheric correction algorithm reduces the correlations originally revealed in the parametric analysis. The results of
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TABLE 6 The computed model coefficients in the simple and multiple linear regression.

Param. Coefficient Std. err. P > |t | R 2

Simple linear regression

Elev. -515.8 94.9 < 0.001 0.112

SNR -78.3 107.8 0.468 0.002

PR 378.7 62.2 < 0.001 0.137

Multiple linear regression

Elev. 95.7 230.7 0.679 0.171

SNR 362.7 117.8 0.002 0.171

PR 559.1 161.0 0.001 0.171
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F IGURE 9 Four histogram representations of the residual measurements, with none, or one of the three ionospheric correction algorithms
applied to the measurements. Normal distributions are fitted to each histogram to illustrate their difference in mean and variance.

TABLE 7 The fundamental descriptive statistics of the set of residual measurements, with none, or one of the three ionospheric correction
algorithms applied to the measurements.

Correction Mean [m] St. dev. [m] Skewness Kurtosis

No corr. -416030.6 260.8 -0.0561 -0.782

/w Klobuchar corr. -416503.2 309.9 -0.0384 -1.054

/w NeQuick-G corr. -416564.0 230.0 -0.327 0.132

/w GIM corr. -416730.0 271.4 0.0228 -0.394
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TABLE 8 The results of the KS-test (p-value) before and after the three ionospheric correction algorithms are applied, for the four fitted
probability distributions.

Distribution No correction /w Klobuchar corr. /w NeQuick-G corr. /w GIM corr.

Normal 0.494 0.167 0.849 0.904

Rice 0.709 0.158 0.854 0.897

Skew-normal 0.538 0.167 0.992 0.905

Log-normal 0.433 0.132 0.991 0.011
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F IGURE 10 All measured pseudorange residuals, corrected for ionospheric time-delay using the NeQuick-G algorithm, plotted as a function of
the parameters SNR, pseudorange, elevation angle and time of day. The results of the simple and multiple linear regression are presented as trend
lines.

the parametric analysis of the dataset after applying the NeQuick-G correction technique is shown in Figure 10. When comparing the computed
trend lines in Figure 10 to that of the uncorrected residuals in Figure 8, it is clear that the NeQuick-G technique largely removes the correlation
between the four parameters and the residual measurements. This is also clear from the computed coefficient values presented in Table 9, and the
associated p-values of each coefficient, shown in Table 10. The NeQuick-G correction technique significantly reduces the coefficient values of all
but one parameter, and show high p-values for all computed parameter coefficients, meaning the influence of the parameter on the residuals can be
assumed zero.

The other two correction techniques performworse than the NeQuick-G technique. Interestingly, the Klobuchar correction technique shows also
high p-values in the multiple linear regression, and only for the two parameters of elevation angle and pseudorange, which are associated with the
ionospheric time-delay. In the single-parameter simple linear regression, the model is unable to correct for the correlation of these parameters with
the residuals, and interestingly seem to over-estimate the influence of the two parameters on the residuals. Both the elevation angle and pseudorange
coefficient changes sign, indicating that the Klobuchar correction technique not only corrects, but over-corrects the pseudorange measurements. The
Klobuchar correction also introduces a stronger, now positive, correlation between the SNR and the residuals. The GIM technique is entirely unable
to correct for the correlations in the parametric analysis, largely increasing coefficient values, and lowering the computed p-values for the elevation
angle and pseudorange parameters. The time-of-day variation of the residuals are also affected by the applied correction techniques. As is clear from
Figure 10, the NeQuick-G correction reduces the variance in each pass compared to Figure 8, and removes the apparent upwards trend over the
time-of-day causing a flattening effect of the time-variation in the residual measurement. This effect appears somewhat after correcting using the
Klobuchar technique, but is not present when correcting using the GIM technique.
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TABLE 9 A comparison of the computed model coefficients after application of the different ionospheric correction algorithms. Percentages
indicate relative absolute size of the new coefficients with respect to the uncorrected coefficients.

Param. Coefficient /w Klobuchar corr. /w NeQuick-G corr. /w GIM corr.

Simple linear regression

Elev. -515.8 339.6 (66%) -21.6 (4%) -269.6 (52%)

SNR -78.3 605.5 (773%) -42.4 (54%) -321.7 (411%)

PR 378.7 -243.1 (64%) 35.8 (9%) 297.4 (79%)

Multiple linear regression

Elev. 95.7 113.3 (118%) 172.5 (180%) 869.2 (908%)

SNR 362.7 561.3 (155%) -8.8 (2%) -52.3 (14%)

PR 559.1 14.9 (3%) 138.0 (25%) 809.2 (145%)

TABLE 10 A comparison of the computed coefficient p-values after application of the different ionospheric correction algorithms.

Param. P > |t | /w Klobuchar corr. /w NeQuick-G corr. /w GIM corr.

Simple linear regression

Elev. < 0.001 0.004 0.808 0.010

SNR 0.468 < 0.001 0.656 0.004

PR < 0.001 0.002 0.544 < 0.001

Multiple linear regression

Elev. 0.679 0.692 0.440 0.001

SNR 0.002 < 0.001 0.939 0.678

PR 0.001 0.941 0.376 < 0.001

4.2 | Autonomous VDE-SAT Positioning Performance

The evaluation of the autonomous positioning performance of VDE-SAT starts with the rolling performance assessement using only the NorSat-TD
VDE-SAT range observations. The result of this method for a varying number of consecutive observations N is shown in Figure 11, plotted on a
log-scale. The performance is plotted both with and without the use of a ground constraint, for each of the recorded passes. Both the results with and
without ground constraint show a downwards trend with increasing number of observations, and the surface position errors with ground constraint
are consistently 10 − 100 times smaller than for the errors obtained with no ground constraint. The lowest computed surface position error with no
ground constraint is about 6 km. For N > 17, positioning with a ground constraint results in surface position error around or below 1000 m for all
passes with at least as many observations, bar one pass with an error at about 9 km. For the two passes with more than 30 observations, there is little
improvement in the surface position error for N > 30, both with and without the ground constraint.

The two constellations are simulated and observations gathered at specific timestamps with an added noise and bias contribution equal to that
of the uncorrected signal given in Table 7, as a worst case performance. The resulting observations at the receiving antenna revealed some geometric
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F IGURE 11 All passes equated with a mean rolling performance metric, for a varying number of observations N .
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(a) An example of three satellites visible above a
receiver in the Iridium constellation.
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(b) An example of four satellites visible above a
receiver in the Iridium constellation.
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(c) The large number of visible satellite above a
receiver in the OneWeb constellation.

F IGURE 12 Three sky plots for various scenarios in the Iridium and OneWeb constellations. Azimuthal directions around, and elevation angles in
degrees are shown radially towards the center.

TABLE 11 The mean surface position error of the two simulated constellations, with and without a ground constraint.

Constellation Mean [m] Mean, /w ground constraint [m]

Iridium 903.2 337.5

OneWeb 77.5 77.3

issues for the Iridium constellation. As shown in Figure 12a, at certain times only three satellites of the Iridium constellation are visible above the
receiver, making positioning impossible at this epoch. However, about equally common is a geometry as shown in Figure 12b, where four satellites are
visible above the receiver. If a ground constraint is employed these geometries will typically improve, although there is still the occasional geometry
where a satellite is observed directly above the receiver. This means the direction of the observation in question and ground constraint will coincide,
which in turn may result in rank deficiency in the design matrix, making positioning impractical. Also shown in Figure 12c is the large number of visible
satellites above the receiver in the simulated OneWeb constellation. There are typically over 20 satellites above the horizon at any point in time. No
rank deficiency is experienced when performing positioning with this constellation.

Figure 13a shows the surface position error performance of the Iridium constellation simulated over 24 hours. From this figure we can see two
interesting details. First, what stands out is the large difference in coverage with and without the ground constraint over these 24 hours. Less than
half of the time there is a valid positioning solution, visible as gaps in the resulting surface position error. This improves significantly with a ground
constraint, although there are still significant periods with no coverage, likely because of a geometry of three satellites as shown in Figure 12a, where
one of three visible satellites pass directly above the receiver, causing the direction of the observation to approximately coincide with the ground
constraint. Second, the surface position error appears as a noise contribution around an approximate mean, measured equal to 903.2 m without, and
338.3 m when including a ground constraint, given in Table 11. This is similar to the results given in (Owens et al., 2021, Fig. 9) for a comparable
emulation of the Iridium constellation in combination with a ground constraint or ground-based observations, as is the case for the results of Owens
et al. (2021). Figure 14 shows the surface position error performance at the receiver under the OneWeb constellation over the same 24 hours.
Immediately it is clear that the large coverage shown in Figure 12c contributes to a much lower error level, which is below 100 m for over 70% of
the position evaluations. The ground constraint does not significantly influence the results. The resulting mean surface position errors under the two
constellations are reported in Table 11.

Figure 13b shows the HDOP of the Iridium constellation with a ground constraint over the same timespan as in Figure 13a. With over 92% of
the results in the interval [1.0, 2.0], the computed HDOP is similar to that seen in (Owens et al., 2021, Fig. 9) for their similarly emulated Iridium
constellation. It is then interesting to note that the computed surface position error in Figure 13a shows a significantly lower upper error level than
that seen in the work of Owens et al. (2021), at the same geometric performance.

4.3 | VDE-SAT performance as contemporary backup service

Figure 15 shows the positioning performance for an example pass when using NorSat-TD as a backup service. The pass is the first pass of July 11th,
for which the residual has been presented in Figure 5. It is apparent that the surface position error follows closely the measurement residual through
the pass. In contrast, it does not seem to correlate with changes in the HDOP, as seen in Figure 15. This trend where the surface position error closely
follow the absolute measurement residual is true for all passes, meaning all passes measure a mean error near or below the standard deviation of a
single range measurement, as seen in Table 12. This can be understood as the least-squares solution of the four estimated state parameters with four
observations is able to return a solution where all least-squares residuals are equal to zero. This includes the NorSat-TD pseudorange, so the large
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(a) Surface position error in the estimated state over time, using a simulated Iridium constellation.
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(b) Horizontal DOP at the user over time, in the simulated Iridium constellation, with a ground constraint.

F IGURE 13 The central positioning performance metrics for the simulated Iridium constellation.
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F IGURE 14 Horizontal position error in the estimated state over time, using a simulated OneWeb constellation.
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F IGURE 15 The mean horizontal position error in the estimated state and HDOP over time, equated at each timestamp for a variation in
constellations combined of three GPS-, and one VDES-satellite. One standard deviation is shown as a transparent area above and below the mean at
each timestamp.

VDES range error compared to the GPS range errors dominates the surface position error. The performance metrics are listed per pass in Table 12,
and the total mean surface position error is equated to 218.2 m, with a 212.4 m standard deviation from the varying geometries.

The filter performance given in Table 12 show that even if three GPS satellites are supplemented by a NorSat-TD observation, it is not necessarily
sufficient for a valid positioning solution. The combination of those particular GPS satellites and a low-orbiting NorSat-TD can result in a geometry
where the GDOP is (often much) larger than 10, which is impractical for positioning at any accuracy. Of all combinations of three visible GPS satellites
and one NorSat-TD observation at each observation timestamp, only about 60.7% of them result in geometry which can be considered valid. This is
also true for each pass individually, as all passes eliminate nearly around half of the exhaustive list of geometries, seen in Table 12 as similar ratios
eliminated by the geometric filter. Further, of the geometries that make it through this filter, only 95.9% make it through the filter of studentized
residuals which remove all results further than three standard deviations away from the accumulated mean surface position error. This filter removes
a small number of results in each pass, where a significant number are associated with the discussed possible ambiguities of the optimization problem,
meaning the resulting surface position error is typically on the scale of tens of kilometres and is detectable as an outlier. That leaves approximately
58.3%of all possible combinations of three GPSmeasurements with the empirical NorSat-TD observations as valid for positioning, with a mean surface
position error well below the listed requirement for navigation on the ocean, seen in Table 4.

5 | DISCUSSION

This section will present a discussion of the results in section 4. The initial objective of the project has been to achieve better understanding of the
characteristics, limitations and possibilities of VDE-SAT pseudoranges as a source of PNT in the Arctic. This discussion will first consider the results
on the signal characteristics, and draw conclusions on the contribution of propagation errors on the ranging performance. Further this discussion will
use the results and assumptions of the system performance analysis to evaluate the use of VDE-SAT as a GNSS backup or contingency service.

5.1 | Signal characteristics

When first analysing the behaviour of the computed residuals through a pass, this study found that a number of passes exhibited a U-shape variation
as the NorSat-TD satellite passed overhead. This U-shaped contribution has been shown to be larger than the inherent noisy contribution to the
range measurements in four of the eleven passes considered. Considering the geometry of a satellite pass, this reduction in the residual mid-pass
correlates with a shorter time-of-flight, making it reasonable to assume the U-shape variation is due to propagation effects. These results show that
an important aspect of the behaviour of VDE-SAT pseudoranges are effects due to the signal propagation. Further, the study shows that the measured
pseudorange residuals have a large, but stable, bias over the month of July. This is believed to be due to a static transmit bias, which is known to be
entirely uncorrected in the current implemented firmware on-board NorSat-TD, and not be due to propagation effects. This bias is easily correctable
through a navigational message entry.

The histogram distribution of the uncorrected residuals does not conform to an expected probability distribution. The leading hypothesis has
been that the pseudorange error will follow a largely normal distribution, as is the case for traditional GNSS (Kaplan and Hegarty, 2006). Šafář et al.
(2021) has also highlighted multipath error as a possible critical source of noise in VDE-SAT ranging signals, which has been shown to follow a Rician
distribution in maritime environments (Sandrin and Fang, 1986). However, the finding of this study is contrary to both of these hypotheses, as the
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TABLE 12 The surface position error performance for each pass acting as a GNSS backup service, and the summarizing total performance
metrics of all passes combined. The geometric (geom.) filter describes the number of geometries with HDOP below 10.0, and the studentized (stud.)
filter describes the number of the remaining geometries where the mean positioning error was not an outlier. Values in bracket indicate the total
fractional percentage of geometries that pass the filter.

Pass Pos. error, mean [m] Pos. error, st. dev. [m] Geom. filter Stud. filter

11/7 - 1 225.2 209.6 1130 / 2604 1109 / 1130

11/7 - 2 208.1 189.6 1763 / 2640 1749 / 1763

11/7 - 3 216.8 184.0 4715 / 7755 4559 / 4715

18/7 - 1 186.1 131.0 1162 / 1792 1121 / 1162

18/7 - 2 88.3 72.0 294 / 480 279 / 294

18/7 - 3 89.8 95.6 706 / 1028 656 / 706

18/7 - 4 188.4 165.9 947 / 1764 930 / 947

18/7 - 5 243.6 266.8 4799 / 7920 4525 / 4799

25/7 - 1 111.3 94.0 1588 / 2475 1470 / 1588

25/7 - 2 263.1 183.1 283 / 495 279 / 283

25/7 - 3 337.9 240.3 2003 / 2970 1919 / 2003

Total 218.2 212.4 19390 / 31923 (60.7%) 18596 / 19390 (95.9%)

presented distribution of residuals do not satisfy common tests for normality, nor does it show considerable fit to the alternative distributions, including
the Rician distribution. This again could point to a correctable error in the residuals, which introduces a systematic (not noisy) error contribution on
an otherwise normal distribution, causing the histogram distribution to deviate from its expected shape.

Two key results now show a connection to a significant propagation delay, and it is further shown in the parametric analysis that this may be the
time-delay due to the ionosphere. Of the four parameters included in the analysis, three are expected to correlate with a theoretical ionospheric time-
delay, namely the pseudorange, elevation angle, and time-of-day. When the pseudorange and elevation angle are included in a simple and multiple
linear regression model of the variation in the residual, this study found significant correlations between these parameters and the measured residuals.
Similarly, the residual variation appear to match the expected half-cosine variation with time-of-day, although these results are less conclusive, as
measurements are only made in approximately the first half of the day. This type of correlation is not found to be significant in another parameter
that is not expected to largely correlate with the ionospheric time-delay, namely SNR. It seems possible that these results point to the propagation
delay being time-delay due to the propagation through the ionosphere.

Further results pointing to the ionospheric time-delay is the successful application of ionospheric correction techniques. Of the three models
applied, the two Klobuchar and GIM techniques are based on a thin shell model, assuming the total effect of the ionosphere appears as a thin shell at a
set, low, altitude. This is because traditional GNSS satellites lie above the ionosphere, making this assumption reasonably valid. However, as the LEO
satellites, and in this case NorSat-TD, lie inside the ionosphere, the assumption that all of the ionosphere acts on the propagated signal is not believed
to be valid. This is also supported by literature, where the issue of ionospheric bottomside modelling using LEO satellites is done by scaling down the
vertical TEC reported in available thin shell models (Li et al., 2022). Because this is not done in the Klobuchar and GIM techniques, an overestimation
of the effect due to the ionosphere appears in the results. First, the simple linear regression after application of the Klobuchar technique shows that
the computed model coefficients capture the entirely opposite trend of the uncorrected residuals. This can be connected to the overestimation of the
thin shell model and in turn the correlation of the parameters with the now corrected residuals. The GIM technique is largely unable to reduce any
effect of the parameters on the residuals, but the change in the mean of the distribution is by far the largest of the three applied corrections, which
also point to an overestimation. However, the one model that does not implement a thin shell model does not appear to overestimate the effect of
the ionosphere.

The NeQuick-G correction technique uses a variable height ionospheric electron density model, which appears to eliminate the issues associated
with the thin shell model, and the result is a more accurate range measurement. This technique reduces the correlation between the selected param-
eters and the residuals, as well as reducing the overall standard deviation of the histogram distribution. Additionally, the NeQuick-G-corrected data
distribution is shown to have a high degree of normality, and a significant fit to the skew- and log-normal distribution. These results show that the
NeQuick-G ionospheric correction technique is directly applicable to VDE-SAT pseudoranges as a correction for propagation delay. The result is a
nearly normal distribution of residuals, which can be associated with the expected Gaussian noise contribution of a pseudorange signal. The resulting
standard deviation of about 230m is still significantly higher than the estimated performance bound of 82.2m, but considering that this corresponds to
a lower bound estimate, which according to Šafář et al. (2021) neglects realistic additional error, the normality of the corrected distribution is a good
indication this is close to the inherent noisy error of VDE-SAT pseudorange measurements. These results shows that the VDE-SAT pseudoranges are
significantly affected by ionospheric propagation delay. This is as expected as the VDE-SAT pseudoranges are sent at about a tenth of the frequency
of GNSS, making them more vulnerable to dispersion. Ionospheric correction techniques designed specifically for VDES frequencies could aid in the
mitigation of these propagation effects.
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5.2 | System performance analysis

The performance of the current capabilities of NorSat-TD acting as an autonomous PNT-source has several significant assumptions. An important
limitation of the current system is the dependency on GNSS for accurate timing and positioning of the satellite. A fundamental assumption is that
both the transmitting satellite and the receiver are time-synchronized to GNSS. This is a requirement for the current VDES ground infrastructure, as
well as a requirement for the accurate positioning of NorSat-TD. For relatively short GNSS-outages, the holdover capabilities of the onboard clock, as
well as accurate propagation of the satellite may be sufficient for a contingency system, but this is beyond the scope of this work. The implications
of these assumptions are not explored in this work, but the cases presented are still realistic for a case of partial coverage in a contemporary system,
or a further developed complete constellation of satellites with VDE-SAT capabilities. However, as a note of caution, the conclusions of this work
are based on assumptions of sufficient GNSS coverage for the positioning of the transmitting satellite, and for time dissemination at the receiver
(Lewandowski and Thomas, 1991).

The equated performance of the contemporary single satellite system does not consistently fit the requirements for a navigation backup system.
This is expected, as any single-satellite system, even with higher ranging accuracy, will not lead to good positioning performance. Issues related to
single-satellite positioning are well-known in literature (Levanon, 1999; Chen et al., 2016). Using a method similar to that of Chen et al. (2016), the
evaluated mean surface position error is not below the requirements for a general navigation backup system, seen in Table 4. With the application
of a ground constraint, it is possible, however not consistently, to position within the required 1000 m for navigation at ocean. However, six of the
eleven satellite passes do result in a positioning solution within this requirement, which is an interesting find for further developments of the system,
as this is a key metric that will serve as an important benchmark for the next iteration of navigation systems using VDE-SAT.

When simulating the Iridium constellation with the equated VDE-SAT ranging accuracy, a mean surface position error of 338.3 m would fall well
under the requirement for backup navigation at ocean. As is also found in the feasibility study of Owens et al. (2021), a medium-sized constellation is
a possible system design for a continuously available VDE-SAT navigation backup system. In contract to the conclusions of Owens et al. (2021), these
findings show that with even a rudimentary ground constraint, the positioning performance fall under the requirements for navigation at ocean, also
beyond mid-latitudes. Further, the simulated OneWeb mega constellation is shown to result in significantly improved positioning performance even
with the current signal performance. With a mean surface position error below 100m, and with robust integrity, a mega constellation of contemporary
VDE-SAT capable satellites would fulfil the requirements for navigation at ocean as well as along the coast, as defined in Table 4. This is a significant
performance increase, in contradiction to the conclusions of Owens et al. (2021) on the possible improvements with a mega constellation. However,
with many hundreds of satellites required for such a constellation, and with no concern for the complex channel coordination of VDES, this is at best
a solution for the far-future. A key assumption of the system performance analysis is the stable 550 km altitude of the simulated constellations, which
differs from the realistic orbit of NorSat-TD. After launch, the satellite was found to orbit closer to a 500 km altitude, with significant eccentricity.
However, this is not expected to significantly influence the results. The results of this analysis are conservative measures of the system performance
as they are based on the current, uncorrected ranging accuracy of VDE-SAT, which may significantly improve in the future.

The positioning performance obtained with various constellations show that new developments of VDE-SAT systems can contribute to a valid
general navigation backup systems under the given assumptions. In previous studies, the discussed single-satellite system was considered feasible
for adequate positioning performance in combination with terrestrial VDE-TER systems (Owens et al., 2021). The findings of this work supports
this conclusion, and confirms that such a system is feasible with the current performance of VDE-SAT ranging, meaning developments to extend this
systemwith additional satellites for continuous coverage could be sufficient for a navigation backup system. Secondly, the two simulated constellations
confirms that further developments with the current signal performance can become a viable general navigation backup system, with positioning
performance below the requirements for both oceanic and coastal navigation, for a medium and mega constellation, respectively.

The current performance of VDE-SAT ranging is shown to deliver in about 60% of the cases a positioning accuracy within 1000m, in the event of
partial GNSS coverage. The results of section 4.3 show that in case only three GNSS satellites are available, the use of VDE-SAT range observations
can allow for valid positioning at an approximate 60% of the considered geometries, which means such as system can act as a contingency system,
as an alternative to no navigation system at all. The geometric filter leading to the equated 60% valid positioning solutions is also a conservative
measure. The considered geometries are exhaustive of all visible satellites over Trondheim, some of which would not be considered in the Arctic
where the few visible satellites are expected to form a better geometry for the user than some of the ones considered in this analysis. The implication
of this can be crucial for critical navigation in the Arctic, enabling user positioning under the common scenario of only partial GNSS coverage. In this
regard, the operation of more VDE-SAT satellites over the Arctic is key in the development of such a contingency system. Additionally, the positioning
performance is found to correlate directly with the accuracy of the range measurements, meaning developments on the ranging accuracy of VDE-SAT
will also directly contribute to the performance of this contemporary contingency system.

6 | CONCLUSION & FURTHER WORK

This study had the aim to achieve a better understanding of the contemporary characteristics, limitations and future possibilities of VDE-SAT pseudo-
range measurements acting as a PNT-source. This was done by means of a statistical analysis of in total 236 VDE-SAT range measurements obtained
from the recently launched NorSat-TD satellite, and a performance analysis of various systems of simulated VDE-SAT capable satellites. The results
indicate that the previously neglected effect of propagation on a VDE-SAT range measurement is significant, and likely due to the time-delay due to
the ionosphere. It is also shown that this effect is to some extent correctable using the NeQuick-G ionospheric correction model, due to its consider-
ation of variable transmitter altitude, in contrast to other ionospheric correction models. The resulting estimated range error is 260.8 m and 230.0 m
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before and after the application of the NeQuick-G correction model. The pseudorange measurements also have a large and constant mean error of
about 416 km. VDE-SAT as a PNT-source can contribute to a possible future general navigation backup system. It is also shown that the performance
of such a backup system is largely dependent on the available satellite infrastructure, but medium-size constellations with geometrical constraints
for the user can result in consistent coverage and a positioning performance below 1000 m. Finally, an important conclusion of this study is that
a contemporary navigation contingency system is feasible with the current NorSat-TD satellite in the event of partial GNSS coverage in the Arctic,
allowing for user positioning within 1000m. This provides a goal for the further development of the system, and consistent and robust positioning with
a 1000m accuracy is recommended as a target metric for future iterations of VDE-SAT positioning systems. This study has successfully presented the
ranging performance of VDE-SAT ranging signals, and evaluated the characteristics of its error distribution. Further, the study successfully concludes
on the future possibilities of VDE-SAT as a PNT-source, and has demonstrated the contemporary opportunities of the currently available system.

The fundamental assumptions of a GNSS-positioned transmitter and time-synchronized receiver should be answered in later iterations of the
system design. Questions regarding the clock and position drift, in the case the VDES-infrastructure is not GNSS-disciplined, remain unanswered, as
they were not the topic of this analysis. However, these assumptions are not believed to largely affect the conclusions of the performance analysis, as
the possible error in a truly autonomous system, for example using ground-based orbit determination and timing, is likely less than the inherent noise
of the VDE-SAT range measurements. Still, the topic of this and following research is limited to only a semi-autonomous system until global VDES
infrastructure is considerably developed.

The conclusion of the analysis of corrections is unable to conclusively establish the time-delay due to the ionosphere as the definitive source of
error in the measurements due to the remaining variance in the distribution. The analysis was limited to ionospheric correction techniques, chosen
in favour of other propagation effects based on the conclusions of related literature (Owens et al., 2021). While the results show a clear indication
that the ionospheric delay is the only systematic signal error larger than the inherent noise of the signal, a different method investigating a wider set
of error contributions could lead to a more definite conclusion on the error contributions of a VDE-SAT pseudorange. These contributions could be
the effect of the troposphere, which contributes a similar, albeit smaller, time-delay to the ranging signals. It is also hypothesized in Šafář et al. (2021)
that multipath error can have a significant effect on VDE-SAT ranging signals. A recommended further topic is the investigation of the contribution of
different error sources in the system using more sophisticated measurement techniques such as single- and double-differencing, and the development
of VDES-specific correction techniques for known systematic errors such as the time-delay due to the ionosphere.

Considerably more analysis is be needed to fully investigate a possible contemporary contingency service using VDE-SAT. The current analysis is
limited to the combination of three GPS observations with exactly one observation from NorSat-TD. This significantly limits the scope of the results,
which should not be considered more than an early indication of positive feasibility for the concept of VDE-SAT acting as a GNSS contingency service.
Further work on this topic should broaden the scope by considering variations in number and type of GNSS satellites, as well as VDE-SAT andVDE-TER
PNT-sources.

Further experimental investigations are needed for validation of these results. Obtaining a larger dataset of VDE-SAT pseudorange observations
can provide larger confidence in the results of the statistical analysis, and also provide answers to the variation of the standard deviation of the range
measurements with parameters such as the SNR. This analysis was limited to a single static receiver in Trondheim, Norway, and more empirical data
from different environments and different ground station setups of antennas will greatly supplement this research. Additionally, experiments using a
dynamic receiver are recommended, as conclusions may change between a static receiver and a dynamic receiver, which are more applicable for ships
in a maritime environment.
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3
Validation routines

As part of the work presented in chapter 2, multiple validations routines were developed to ensure the
validity of the results. First, the central positioning tool was verified and validated throughout devel-
opment, and highlighted in section 3.1 are key tests for the proper functionality of the tool. Secondly,
assumptions made on the variance of the rudimentary ground constraint in the positioning tool, and
variance of the simulated GPS range measurements included in the analysis, are validated by way
of sensitivity analysis, shown in section 3.2. Transparency in these validation routines gives further
confidence in the results of the presented research.

3.1. Positioning validation
The performance of the positioning tool is validated using representative GPS measurements. Located
well within the Arctic circle, the IGS station TRO100NOR1 is centrally housed on the top of Tromsø
island in Norway, where the station has been in operation since 1997, and receives various GNSS
observations for the IGS network.

Table 3.1: Details of the IGS TRO100NOR station.

STATION TRO100NOR
Location Tromsø, Norway
Latitude, Longitude 69.663, 18.940
Height 138.0 m

Pseudorange measurements are obtained from
the ESA GNSS Science Support Centre (GSSC), ac-
cessible through the public GSSC Now interface. The
data used for validation are GPS measurements gen-
erated at the TRO100NOR station on Nov 1st 2022,
sampled every 30 s between 17:00 and 20:00. The
measurements made at 18:00 are used for validating
the point positioning functionality of the tool, and the
measurements made by the USA-232 GPS-satellite,
identified by the pseudorandom noise (PRN) number
1, between 18:00 and 19:00 are used for demonstrat-
ing single-satellite navigation functionality.

TRO100NOR

IGS station

Untitled layer

TRO100NOR

Figure 3.1: The location of TRO100NOR station in
Tromsø, Norway.

The position of all GPS satellites in this time-
frame are sampled from the final precise orbit prod-
ucts of the International GNSS Service (IGS). This
data is accessed through the NASA Crustal Dynam-
ics Data Information System (CDDIS)23. These highly
accurate position estimates are only sampled ev-
ery fifteen minutes, meaning the satellite positions
must be interpolated over the chosen 3-hour time
span using a cubic spline, implemented with the
scipy.interpolate.CubicSpline method4, with a

1URL https://www.igs.org/imaps/station.php?id=TRO100NOR, Accessed 3/10/2023.
2URL https://igs.org/products/, Accessed 3/10/2023.
3URL https://cddis.nasa.gov/, Accessed 3/10/2023.
4URL https://docs.scipy.org/doc/scipy/reference/generated/scipy.interpolate.CubicSpline.html, Accessed 3/10/2023.
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”not-a-knot” boundary condition at both ends.
Positioning using the collected dual-frequency GPS pseudorange measurements are shown to fall

within an expected accuracy. Standard dual-frequency GPS pseudorange observations error budgets
have an expected error of 1.4 m, and a positioning solution can be considered validated if at a simi-
lar error level, yet higher due to geometric considerations (Kaplan & Hegarty, 2006, Tab. 7.3). The
point positioning is performed by combining the coarse acquisition (C/A) pseudorange measurements
ρ1 with the associated L5-band pseudoranges ρ2, for a corrected pseudorange measurement ρc, free
of ionospheric time-delay. This is possible due to the different frequencies (f1 = 1575.42 MHz, f2 =
1176.45 MHz) of the two measured signals, combined in a ionosphere-free pseudorange as in Equa-
tion 3.1 by exploiting the inverse-square relationship between frequency and the time-delay due to the
ionosphere (Tapley et al., 2004, Eq. 3.4.14 - 3.4.15). At the chosen time, 18:00 on Nov 1st 2022, there
are six GPS satellites from which both C/A and L5-band pseudorange observations are observed at the
TRO100NOR station. A light-time correction in the satellite position is required to find the satellite posi-
tion at time of transmission, and because the GPS satellite positions are reported in an Earth-centered
Earth-fixed (ECEF) frame, an additional correction for Sagnac delay is also applied to the pseudorange
observation. The velocity of each satellite is found by the derivative of the cubic spline interpolation
of the satellite positions. The resulting six ionosphere-free pseudorange measurements are used to
validate the functionality of the point positioning tool, with a demonstrated absolute accuracy of 9.9 m.
This error is on the expected level given the error budget, and demonstrates that the positioning tool
can provide a receiver position estimate without introducing significant error. The positioning tool with
its light-time and sagnac delay correction is thereby validated using empirical GPS data. The function-
ality of the light-time correction is validated using the same pseudorange measurements. The resulting
point positioning accuracy is shown to decrease significantly when not including the light-time correc-
tion, with a demonstrated absolute accuracy of 29.9 m. This result validates the implementation of the
light-time correction. The positioning accuracy did not significantly change when neglecting the Sagnac
delay correction, which is believed to be due to the small change in the position of GPS satellites dur-
ing time-of-flight of the signal. The functionality of the Sagnac delay was instead validated through
the simulation of the Iridium constellation, evaluated as described in the methodology in chapter 2, but
with an observation variance of 1 m and both with and without the Sagnac delay correction. The mean
positioning error, when applying the Sagnac delay correction when not required, is shown to increase
by 0.5 m from an otherwise near-perfect positioning result, which is equal to the value of the Sagnac
delay range correction itself. This result validates the implementation of the Sagnac delay.

ρc =
f2
1

f2
1 − f2

2

ρ1 −
f2
2

f2
1 − f2

2

ρ2 (3.1)

As the topic of positioning using only a single satellite is especially relevant for project ICING, ad-
ditional validation of this concept is also performed. The pseudorange observations associated with a
single random satellite, in thise case PRN 1, are combined with the interpolated position and velocity
of the satellite over a whole hour, from 18:00 until 19:00. This results in 120 pseudorange observa-
tions provided to the positioning tool as independent observations. The positioning algorithm was also
run with a surface constraint which is implemented as a range measurement equal to the norm of the
position of the receiver relative to the center of the Earth, including a low measurement variance of
1.0 m to provide a relatively high weight to the constraint in the least-squares estimation. The result is
the successful validation of the point positioning functionality using only a single satellite, both without
and with a ground constraint, with a resulting absolute accuracy of 2037.5 m and 197.9 m, respectively.
The resulting observation residuals are shown in Figure 3.2 as a function of time through this hour.
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Table 3.2: The impact on the mean surface position error when using varying ground constraint standard deviations for the
single-satellite rolling performance and the Iridium constellation.

Std. dev. [m] Iridium pos. err. [m] Rolling perf. [m]
1.0* 337.5 18124.4
10.0 335.5 18407.1
100.0 335.5 18534.6
1000.0 335.5 18534.8
10000.0 335.5 18534.8
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Figure 3.2: The pseudorange residuals after positioning using a single GPS satellite, presented as a function of time through
the pass.

3.2. Sensitivity analysis
Parts of the method of the journal article in chapter 2 rely on particularly assumed variance levels for
a weighted positioning estimate. This section will present a validation by way of a sensitivity analysis
of the results with respect to these assumed variance levels. First, the chosen 1 m variance of the
implemented ground constraint is validated in subsection 3.2.1. Secondly, the chosen 4 m variance in
the simulated GPS range measurements is validated in subsection 3.2.2.

3.2.1. Ground constraint variance
The method of the journal article describes the use of a rudimentary ground constraint. This ground
constraint was implemented as a pseudorange observation from the center of the Earth, with the mea-
sured range equal to the true range to the receiver. In this way, the positioning solution is constrained
to approximately the geoid surface at the receiver. This constraint is not a realistic implementation,
but the development of a more sophisticated geoid-constrained problem is beyond the scope of this
analysis. The rudimentary approach was implemented with key assumptions on its inherent variance in
the positioning solution. The ground constraint pseudorange was assumed a variance of 1.0 m, mean-
ing the weighted observation residuals would give a larger weight to the ground constraint compared
to the VDES observations, which had a standard deviation of 260.8 m. It is of interest to show that
using a larger standard deviation of the ground constraint does not considerably effect the results of
the analysis.

As is clear from the results of the journal article in chapter 2, the OneWeb constellation does not
significantly improve with the addition of a ground constraint. In that regard, only the choice of the
ground constraint variance for the Iridium constellation and the rolling performance of the single satellite
be must be validated. The variance is increased from 1 m, that is used in the analysis of the journal
article, exponentially to a standard deviation of 10000 m. The validation of the Iridium constellation
results are done by ensuring the mean surface position error will not vary significantly with an increased
ground constraint variation. In the case of the rolling performance, the sum of the surface positioning
errors using each whole pass is inspected for significant impact of a varying ground constraint variation.

It is clear from the results in Table 3.2 that the results do not considerably change with a more un-
*The standard deviation used in the journal article.
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Table 3.3: The change in the mean and standard deviation of the surface position error with an increasing GPS range variance,
in the analysis of NorSat-TD as a contemporary backup service.

GPS range st. dev. [m] Mean surface pos. err. [m] St. dev. surface pos. err. [m]
4.0* 218.2 212.4
8.0 218.9 212.0
16.0 222.7 213.4
32.0 232.7 212.8
64.0 260.6 215.7

certain ground constraint. First, the position estimation error is largely unaffected, and even decreased
slightly with the first iteration of increasing the ground constraint variance. The position error for the
rolling performance shows a slight degradation, but plateau for large increases in the ground constraint
variance. Not shown in the table, the result that six of the eleven passes result in a surface position
error below 1 km, also remains valid for increasing ground constraint variance. With these results, it
is clear that the assumption for the variance of the ground constraint does not considerable affect the
accuracy of the positioning results, and thus the conclusions of the journal article.

3.2.2. GPS range signal variance
To evaluate the performance of a contemporary contingency system using NorSat-TD and only partial
GNSS coverage, GPS range measurements were simulated as part of the work in the journal article
in chapter 2. These range measurements were evaluated as the perfect geometric range between
interpolated GPS positions and the known receiver position, with added Gaussian noise. The normally
distributed error contribution was given a variance of 4 m, based on published GPS error budgets
for single-frequency users (U.S. Department of Defense, 2020). This has also been shown to be a
conservative estimate of the ranging error of GPS for the modern system (Montenbruck et al., 2018). It
is of interest to show that the results of the journal article do not vary when different GPS range errors
are used.

This analysis will consider the change in the mean and standard deviation of the resulting surface
position error of the simulated contingency system. These are the leading metrics supporting the con-
clusions of the article, which is that the accuracy of the contingency system, composed of three GPS
observations and one VDE-SAT observation, is sufficiently below 1 km. The positioning results could
vary because of the increased random noise of the GPS range observations, and also because of the
change in the weights used for the positioning tool. However, the geometric filter is not influenced at
all by the signal variance, so these results are not included in Table 3.3. Similarly, the studentized
filter did not considerably affect the conclusions in the journal article, and will be therefore also not be
considered here.

Table 3.3 shows that the results are not considerably influenced by an increase in the range variance
of the simulated GPS signals. The mean surface position error only starts to increase significantly for
unrealistically high error levels for the GPS range observations. Further, the standard deviation of the
same error remains largely unchanged. With these results, it shown that the chosen noise level of the
simulated GPS range measurements does not significantly affect the surface position error results, and
thus the conclusions of the journal article.

*The standard deviation used in the journal article.



4
Conclusion and Outlook

The conclusions of the thesis work is shortly summarised in section 4.1, largely as a reflection of the
journal article conclusions. Further, this chapter will present an outlook in the form of recommendations
for further work in section 4.2. These recommendations are rooted in the conclusions of the journal
article and the unanswered questions of the research proposal.

4.1. Conclusion
This thesis project set out to exploit the unique opportunity after the launch of NorSat-TD to join project
ICING and get a first look at empirical VDE-SAT range measurements. The presented work has been
centred around a journal article submission, with its own research goals and conclusions. A first anal-
ysis of the characteristics of empirical VDE-SAT range measurements was presented. This has given
a new understanding of the error behaviour of VDE-SAT pseudoranges, by analysing the previously
neglected signal propagation error. The largest propagation error was further suggested as likely being
due to the time-delay due to the ionosphere, in line with hypotheses from recent literature. The article
goes on to conclude on a positive feasibility of a future VDE-SAT general navigation backup system
for application on the ocean, rooted in the contemporary performance of the system which shows posi-
tioning using a single satellite through a pass, as well as positioning using medium-size constellations
can provide positioning accuracy within 1000 m. Limitations to this conclusion are also presented, high-
lighting the need for an autonomous positioning and timing synchronization to remove critical GNSS
dependency before the system can successfully serve as a GNSS backup system. Finally, the research
presents the opportunity to use VDE-SAT as a contemporary GNSS contingency system for a limited
application, namely the combination of three GNSS observations and one VDE-SAT observation in a
multi-source position estimation with occasional availability and accuracy within 1000 m. Recommen-
dations are given on the further development of such a system, once again with a critical view at the
current GNSS dependency of VDES.

4.2. Further work
Recommended as further work in the journal article is to expand on the applied analysis of a possible
contingency system. The presented analysis is limited to the specific scenario of partial GNSS cover-
age with exactly three GPS and one VDE-SAT observation. The conclusion can not conclusively state
that a contingency system can be implemented using the currently available technology, as the method
is limited to only the specific scenario of combining three GPS and one VDE-SAT observations in a po-
sition estimate. Nevertheless, the results indicate that such a system has the potential to be used as
a contemporary GNSS contingency system if certain areas of improvement are addressed. Primarily,
the method can improved by including a wider and more realistic scope of geometries, with a varying
number of GNSS and VDE-SAT observations. In particular, it is recommended to combine a partial
GNSS coverage of also a single, and two available GNSS satellites, with multiple VDE-SAT observa-
tions through a pass. Further, the analysis can be extended to simulations of small constellations of
VDE-SAT satellites, an example of which is shown in Figure 4.1, to evaluate the possible positioning

35
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Figure 4.1: A small constellation of satellites in a polar orbit, providing continuous connection to a single satellite.

accuracy, as well as the required amount of satellites for a continuously operating GNSS contingency
system in the Arctic.

The current study is conducted with a simple implementation of a least-squares estimate of the re-
ceiver position. Further study and performance analyses could benefit from more complex positioning
methods. First, it is recommended to work on a dynamic parameter estimation method, as it build on
the presented least-squares method, and is believed to be particularly applicable to maritime systems.
When including the dynamics of a receiver in the parameter estimation, the elements of the design
matrix H also include the time-variation of the receiver state, so that the time-derivative of the pseu-
doranges ρ become dρ/dt = f(t,x, θ), with the receiver state x and a vector of dynamic parameters θ.
This set of differential equations can be expanded to what is known as the variational equations of the
problem, seen in Equation 4.1. The solution of these equations is the gradient ∂ρ(t, θ)/∂θ, which as
for a regular least-squares solution can be solved for an optimal set of dynamic parameters θ. These
can, for example, be the navigational parameters of a ship at sea, its heading and speed, making it par-
ticularly applicable to the maritime domain where these parameters are typically constant over longer
periods of time.

d

dt

∂ρ

∂θ
=

∂f

∂ρ

∂ρ

∂x
+

∂f

∂θ
(4.1)

One limitation of the presented research was the investigation into the effects of known error sources.
The work was limited by equipment and time to considering only the effect of time-delay due to the
ionosphere on the range measurements. While this was a reasonable constraint, rooted in recent
literature, it leaves the question open on what the influence of other common errors sources are on
the observations. Other mentioned errors, that were not considered in the article, are receiver and
transmitter clock jitter and drift in GNSS-down holdover periods, the observation noise, ephemeris
errors, multipath errors, and other atmospheric effects, most notably the tropospheric time-delay. These
are common sources of error that are typically considered in GNSS applications (Milliken & Zoller, 1978).
Of these, it is recommended to further investigate the effect of the troposphere and multipath errors
on VDE-SAT range measurements, as these have been previously hypothesised as the most critical
sources of error after the ionosphere (Owens et al., 2021; Šafář et al., 2021).

There are multiple methods for investigating these effects in modern literature. The troposphere,
unlike the ionosphere, is a non-dispersive medium for radio frequencies and as a result, the time-delay
due to the troposphere will be similar to that experienced by GNSS. It is therefore recommended to take
an approach to tropospheric correction techniques as available in literature for GNSS, as was done for
ionospheric correction techniques in this work. Specifically, the model of Saastamoinen, 2013, in part
used as the tropospheric correction model in the Galileo system, and modern IGS tropospheric prod-
ucts could be compared to investigate the influence onmeasured pseudoranges (Hackman et al., 2015).
Further, multipath errors can be investigated using more sophisticated measurement techniques, as
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small and zero baseline measurements, with a combination of single- and double-differencing range
measurements, which can be used to quantify code multipath delay (de Bakker et al., 2009). However,
such methods require a larger investment in ground infrastructure, and later also in a larger constel-
lation of satellites for a complete analysis. It is recommended to first investigate the influence of the
troposphere, as this is possible with the current available infrastructure.
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