
 
 

Delft University of Technology

Line spectral estimation with unlimited sensing

Wang, Hongwei; Fang, Jun; Li, Hongbin; Leus, Geert; Zhu, Ruixiang; Gan, Lu

DOI
10.1016/j.sigpro.2025.110205
Publication date
2026
Document Version
Final published version
Published in
Signal Processing

Citation (APA)
Wang, H., Fang, J., Li, H., Leus, G., Zhu, R., & Gan, L. (2026). Line spectral estimation with unlimited
sensing. Signal Processing, 238, Article 110205. https://doi.org/10.1016/j.sigpro.2025.110205

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1016/j.sigpro.2025.110205
https://doi.org/10.1016/j.sigpro.2025.110205


 

 

 

 

 

 

 

 

 

Green Open Access added to TU Delft Institutional Repository 
as part of the Taverne amendment. 

 

 

 
 

More information about this copyright law amendment 
can be found at https://www.openaccess.nl. 

 
 

Otherwise as indicated in the copyright section: 
the publisher is the copyright holder of this work and the 

author uses the Dutch legislation to make this work public. 

https://repository.tudelft.nl/
https://www.openaccess.nl/en


Signal Processing 238 (2026) 110205 

A
0

 

Contents lists available at ScienceDirect

Signal Processing

journal homepage: www.elsevier.com/locate/sigpro  

Line spectral estimation with unlimited sensingI

Hongwei Wang a ,∗, Jun Fang a, Hongbin Li b, Geert Leus c, Ruixiang Zhu d , Lu Gan e
a National Key Laboratory of Wireless Communications, University of Electronic Science and Technology of China, Chengdu 611731, China
b Department of Electrical and Computer Engineering, Stevens Institute of Technology, Hoboken, NJ 07030, USA
c Faculty of Electrical Engineering, Mathematics and Computer Science, Delft University of Technology, 2826 CD Delft, The Netherlands
d Department of Electronic and Electrical Engineering, University College London, London, WC1E 6BT, UK
e Department of Electronic and computer Engineering, Brunel University, Uxbridge UB8 3PH, UK

A R T I C L E  I N F O

Keywords:
Unlimited sensing
Line spectral estimation
Modulo samples

 A B S T R A C T

In the paper, we consider the line spectral estimation problem in an unlimited sensing framework (USF), 
where a modulo analog-to-digital converter (ADC) is employed to fold the input signal back into a bounded 
interval before quantization. Such an operation is mathematically equivalent to taking the modulo of the 
input signal with respect to the interval. To overcome the noise sensitivity of higher-order difference-based 
methods, we explore the properties of the first-order difference of modulo samples, and develop two line 
spectral estimation algorithms based on the first-order difference, which are robust against noise. Specifically, 
we show that, with a high probability, the first-order difference of the original samples is equivalent to that 
of the modulo samples. By utilizing this property, line spectral estimation is solved via a robust sparse signal 
recovery approach. The second algorithms is built on our finding that, with a sufficiently high sampling rate, 
the first-order difference of the original samples can be decomposed as a sum of the first-order difference of 
the modulo samples and a sequence whose elements are confined to three possible values. This decomposition 
enables us to formulate the line spectral estimation problem as a mixed integer linear program that can be 
efficiently solved. Simulation results show that both proposed methods are robust against noise and achieve 
a significant performance improvement over the higher-order difference-based method. methods.
1. Introduction

Line spectral estimation (LSE) is a fundamental problem in sta-
tistical signal processing, which is aimed to detect and identify the 
components of a mixture of complex sinusoids from a finite number 
of samples. This problem can be found in numerous applications, such 
as direction of arrival estimation in array signal processing [1–3], 
bearing and range estimation in radar signal processing [4,5], speech 
analysis in acoustic speech signal processing [6], and many others [7]. 
Traditional LSE solutions include Prony’s method [8], MUltiple SIgnal 
Classification (MUSIC) [9,10], and Estimation of Signal Parameters via 
Rotational Invariance Techniques (ESPRIT) [11]. In addition, the LSE 
problem can be framed as a sparse recovery problem and solved using 
the compressed sensing approach [12].

In general, samples of continuous signals are obtained via an analog-
to-digital converter (ADC). Conventional ADCs, however, suffer from a 
fundamental bottleneck due to their limited dynamic range (DR). When 
the amplitude of the input signal exceeds the DR of a conventional 
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ADC, clipping/saturation occurs, resulting in distortion. In such cases, 
traditional LSE methods experience considerable performance degrada-
tion or may even fail [13]. To avoid clipping and saturation, automatic 
gain control is usually employed at the receiver to maintain a constant 
output signal level. Nevertheless, due to the limited DR, a weak signal 
could be buried beneath the quantization noise in the presence of a 
strong signal.

Recently, unlimited sensing was proposed to address the limited 
DR issue of conventional sampling systems [14–17]. The potential 
applications of the unlimited sensing include the high dynamic range 
imaging [18], wireless communications [19], radar systems [20], and 
many others. In an unlimited sensing framework, a modulo ADC is 
employed to map the input signal to a bounded interval [−𝜆, 𝜆] before 
quantization. Such an operation is mathematically equivalent to taking 
the modulo of the input signal with respect to 𝜆, which eliminates the 
saturation problem of conventional sampling systems. However, the 
modulo operation, which is a nonlinear mapping from the input to 
https://doi.org/10.1016/j.sigpro.2025.110205
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the output, introduces a different type of information loss. Therefore, 
how to recover the original input signal or infer the parameters of 
interest from modulo samples is crucial to realizing the potential of the 
unlimited sensing approach.

The above problem has been extensively investigated over the past 
few years. In [15], it was shown that, for a bandlimited signal with 
a maximum frequency of 𝜔, a sufficient condition for the recovery of 
the input signal from its modulo samples is that the sampling interval 
should be no greater than 1∕(2𝜔𝑒), where 𝑒 is Euler’s number. Provided 
such a sampling condition is met, there exists a minimal difference 
order, such that the higher-order difference (HOD) of the original signal 
is equivalent to the modulo of the HOD of the modulo samples. Based 
on this relationship, the original signal can be recovered (up to a scalar 
ambiguity) via a higher-order anti-difference operation. This theoretical 
result represents a breakthrough for data acquisition in the unlimited 
sensing framework, and has inspired many applications in sparse signal 
recovery [21], sinusoidal estimation [22], and computational array 
signal processing [23,24]. The unlimited sensing is also integrated with 
the one-bit sampling framework [13,25,26], which aims to achieve a 
high sampling rate, unlimited DR, and less complex, lowpower im-
plementations. In addition, unlimited sensing with non-ideal modulo 
samples [27], modulo samples with hysteresis [28,29], as well as non-
uniformly sampled modulo samples [30] were also studied. Notably, 
a hardware realization of the modulo ADC was presented in [27] to 
validate the performance of unlimited sensing with non-ideal circuits. 
The HOD-based methods, however, are very sensitive to noise. The 
reason is that the HOD operation shrinks the signal, whereas it has 
an accumulative effect on the noise, as the noise has a much wider 
bandwidth than the signal. As a result, even with a moderate difference 
order, the effective signal-to-noise ratio (SNR) degrades substantially, 
thus leading to a deteriorated performance. In addition, [17] first 
applied the modulo ADC into a frequency-modulated continuous wave 
radar system, demonstrating its advantages for ranging estimation in 
scenarios where strong and weak targets coexist.

In this paper, we explore the properties of the first-order differ-
ence of modulo samples and develop two noise-robust LSE algorithms. 
Specifically, we prove that, with a sufficiently high sampling rate, 
the first-order difference of the original signal samples equals that of 
the modulo samples with a high probability. Based on this theoretical 
result, our first proposed algorithm recasts LSE as a robust sparse signal 
recovery problem. The LSE problem with modulo samples is also con-
sidered in [22]. The main difference between our work and [22] is that 
we only utilize the first-order difference of modulo samples, whereas 
the work [22] depends on the HOD of the modulo samples to extract the 
spectral parameters. Note that the sparse property was also observed 
in [27] and utilized to recover the original signal. Specifically, the 
solution in [27] processes the signal in the Fourier domain. However, 
it requires knowledge of both the number of impulsive components 
and the period of the original signal, which is generally unknown 
in practice. In contrast, our solution is developed using a variational 
Bayesian approach, which not only eliminates the requirement for this 
knowledge but also effectively accounts for observation noise. In [31], a 
data-driven method was proposed to estimate the number of impulsive 
components. For the second proposed algorithm, we show that, with a 
sufficiently high sampling rate, the first-order difference of the original 
signal can be decomposed as a sum of the first-order difference of the 
modulo samples and a sequence with each element being either zero of 
±2𝜆. This property enables us to cast the problem into a mixed-integer 
linear program which can be efficiently solved. Simulation results show 
that both algorithms are robust against noise and achieve significant 
performance improvement over the HOD-based method.

The remainder of the work is organized as follows. In Section 2, 
preliminaries about the modulo ADC and higher-order difference are 
introduced. LSE in the unlimited sensing framework is formulated in 
Section 3. Section 4 provides an overview of the HOD-based approach 
to the problem. First-order difference-based methods are then devel-
oped in Section 5 and Section 6. Simulation results are presented in 
Section 7, followed by concluding remarks in Section 8.
2 
2. Preliminaries

The folding operation can be mathematically expressed as the fol-
lowing nonlinear mapping 

𝜆 ∶ 𝑓 ↦ 2𝜆
(⟨

𝑓
2𝜆

+ 1
2

⟩

− 1
2

)

(1)

where ⟨𝑎⟩ ≜ 𝑎 − ⌊𝑎⌋ is the fractional part of 𝑎 and 𝜆 ≥ 0 is the 
operation range of the modulo ADC. Clearly, such an operation converts 
an arbitrary value 𝑓 into the interval [−𝜆, 𝜆].

Define the first-order difference matrix as 𝑫1
𝑀 ∈ R(𝑀−1)×𝑀 , which 

is given by 

𝑫1
𝑀 =

⎛

⎜

⎜

⎜

⎜

⎝

−1 1 0 ⋯ 0 0
0 −1 1 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ −1 1

⎞

⎟

⎟

⎟

⎟

⎠

. (2)

Mathematically, the (𝑖, 𝑗)th entry of 𝑫1
𝑀  is obtained via 𝛿[𝑗−𝑖−1]−𝛿[𝑗−𝑖]

where 𝛿[⋅] is the Kronecker Delta function. Given a vector 𝒙 ∈ C𝑀 , its 
first-order difference vector 𝒙̃ can be obtained as 
𝒙̃ = 𝑫1

𝑀𝒙 ∈ C𝑀−1 (3)

where 𝒙̃(𝑖) = 𝒙(𝑖 + 1) − 𝒙(𝑖). Accordingly, the 𝑁th-order (𝑁 > 1) 
difference matrix 𝑫𝑁

𝑀  can be recursively constructed as 

𝑫𝑁
𝑀 = 𝑫1

𝑀−𝑁+1𝑫
𝑁−1
𝑀 . (4)

The 𝑁th-order difference vector of 𝒙 can be calculated as 
𝒙̃(𝑁) = 𝑫𝑁

𝑀𝒙 ∈ C𝑀−𝑁 . (5)

Note that we have 𝒙̃ = 𝒙̃(1) for simplicity in the following.

3. Problem formulation

Consider the following sum of 𝐾 frequency components 

𝑦𝑚 =
𝐾
∑

𝑘=1
𝛼𝑘𝑒

−𝑗𝜔𝑘𝑚𝛥𝑇 (6)

where 𝑚 is the sampling index, 𝛥𝑇  is the sampling interval, 𝜔𝑘 ∈ [0, 2𝜋)
and 𝛼𝑘 are, respectively, the frequency and the complex amplitude of 
the 𝑘th component. The LSE problem of interest is to obtain an estimate 
of {𝛼𝑘, 𝜔𝑘} from measurements {𝑦𝑚}𝑀𝑚=1. In practical sampling systems, 
due to the limited DR of conventional ADCs, some of the measurements 
{𝑦𝑚} may be clipped, leading to severe information loss. To address 
this difficulty, this work considers the LSE problem with modulo ADCs. 
For modulo ADCs, when the input signal magnitude exceeds a certain 
threshold 𝜆, it will reset the signal such that it is folded back to the 
range [−𝜆, 𝜆]. Mathematically, it is equivalent to taking the remainder 
of the division of 𝑦𝑚 by 𝜆: 
𝑧𝑚 = 𝜆(𝑦𝑚) + 𝑣𝑚 (7)

where 𝑣𝑚 ∼  (0, 𝜎2) is the complex additive white Gaussian noise, 
and 𝜆 is the modulo operation performed on a complex value which 
is defined as 
𝜆(𝑎) ≜ 𝜆

(

Re(𝑎)
)

+ 𝑗𝜆
(

Im(𝑎)
)

(8)

in which Re(𝑎) and Im(𝑎) respectively denote the real and imaginary 
parts of a complex number 𝑎.

To estimate {𝜔𝑘, 𝛼𝑘}, we discretize the continuous frequency param-
eter space into a finite set of grid points, say 𝑃 (𝑃 ≫ 𝐾) points in total. 
Define 𝒂𝑝 ≜ [𝑒−𝑗𝜔𝑝𝛥𝑇 ⋯ 𝑒−𝑗𝜔𝑝𝑀𝛥𝑇 ]𝑇 , 𝑨 ≜ [𝒂1 ⋯ 𝒂𝑃 ], 𝜶 ≜ [𝛼1 ⋯ 𝛼𝑃 ]𝑇 , 
𝒚 ≜ [𝑦1 ⋯ 𝑦𝑀 ]𝑇 , 𝒛 ≜ [𝑧1 ⋯ 𝑧𝑀 ]𝑇 , and 𝒗 ≜ [𝑣1 ⋯ 𝑣𝑀 ]𝑇 . We can then 
rewrite (7) in a matrix form as
𝒛 = 𝜆(𝒚) + 𝒗

=  (𝑨𝜶) + 𝒗 (9)
𝜆
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where 𝜶 is a 𝐾-sparse vector. Note that in this work, we assume that 
the unknown frequency components lie on the discretized grid.

Now the problem becomes estimating the sparse vector 𝜶 from 𝒛. 
Such a problem can be formulated as
min
𝜶

‖𝜶‖0

s.t. ‖𝒛 −𝜆(𝑨𝜶)‖2 ≤ 𝜖 (10)

where ‖ ⋅ ‖0 is the 𝓁0 norm which counts the number of nonzero 
components, and 𝜖 is a user-defined error tolerance. The optimization 
problem in (10) features both the 𝓁0 norm and a nonlinear constraint. 
The presence of the 𝓁0 norm renders this optimization problem NP-
hard. Additionally, the nonlinear constraint, which arises from the 
modulo operation, further complicates the problem.

Remark 1.  In this work, we focus on scenarios where the frequencies 
align with a pre-defined discretized grid. However, LSE with off-grid 
frequencies is commonly encountered in real applications. Devising 
an algorithm to address the off-grid problem is challenging, even for 
ideally sampled observations. The complexity further escalates when 
dealing with modulo observations, which introduce nonlinearity. We 
transform the LSE with modulo samples into a robust compressive 
sensing problem using a first-order difference operation. Within the 
robust compressive sensing framework, several existing approaches, 
e.g., [32,33], provide valuable insights for advancing off-grid LSE 
methods to modulo samples.

4. Higher-order difference-based approach

In this section, we introduce a HOD-based approach to address the 
LSE problem. In [15], it was shown that when the sampling rate is 
sufficiently high, the HOD (greater than a certain order) of the original 
signal 𝒚 can be obtained from the HOD of modulo samples 𝒛. Based 
on this result, the original signal can be recovered up to an unknown 
constant via an anti-difference operation.

Define 𝜔 ≜ max{𝜔1,… , 𝜔𝐾} and 𝐵 ≜ ‖𝒚‖∞. The main result in [15] 
is summarized as follows. 

Theorem 1.  Let 𝑦𝑚 be samples of 𝑦(𝑡) ∈ 𝜔 obtained with a sampling 
interval of 𝛥𝑇 , where 𝜔 represents the 𝜔-bandlimited function set. Let 𝑒
denote Euler’s number and 
𝒛 = 𝜆(𝒚) (11)

denote the noise-free modulo sample vector. If the sampling interval 𝛥𝑇
satisfies 

𝛥𝑇 ≤ 1
2𝜔𝑒

(12)

and meanwhile the order of difference 𝑁 is no smaller than 

𝑁 ≥
⌈

log 𝜆 − log𝐵
log (𝛥𝑇𝜔𝑒)

⌉

(13)

then the 𝑁 th-order difference of the original signal 𝒚 can be obtained 
from the 𝑁th-order difference of its modulo samples via the following 
relationship: 
𝑫𝑁
𝑀𝒚 = 𝜆(𝑫𝑁

𝑀𝒛) (14)

where 𝑫𝑁
𝑀  is the 𝑁 th-order difference matrix.

Remark 2.  For finite-length sequences, besides the above require-
ment on the sampling rate, the number of samples should also satisfy 
a certain condition in order to ensure that Theorem  1 holds [21]. 
Specifically, based on the result reported in [21], to recover sinusoidal 
mixtures, the required number of modulo samples should be no less 
than 2𝐾 + 7𝐵∕𝜆. This requirement is mild and can usually be met in 
practice.
3 
Utilizing the above theorem and ignoring the noise, the optimiza-
tion (10) can be reformulated into a conventional compressed sensing 
problem:

min
𝜶

‖𝜶‖0

s.t. 𝜆(𝑫𝑁
𝑀𝒛) = 𝑫𝑁

𝑀𝑨𝜶 (15)

which can be efficiently solved by off-the-shelf compressed sensing 
solutions, e.g., the orthogonal matching pursuit method [34]. In prac-
tice, the modulo samples 𝒛 are inevitably corrupted by noise due to 
quantization errors and thermal noise. In this case, we have 
𝜆(𝑫𝑁

𝑀𝒛) = 𝑫𝑁
𝑀𝑨𝜶 +𝒘 (16)

where 𝒘 represents the error induced by the measurement noise 𝒗. The 
problem is that the HOD operation has a shrinkage effect on the signal, 
whereas it has an accumulative effect on the noise as the noise has a 
much wider bandwidth than the signal [13,27]. As a result, even with 
a moderate vale of 𝑁 , say 𝑁 = 3, the effective signal-to-noise ratio 
(SNR) degrades substantially, thus leading to a deteriorated recovery 
performance.

For demonstration purposes, we consider a simple example
𝑦(𝑡) = 7 sin(1.6𝜋𝑡) (17)

𝑧𝑚 = 𝜆(𝑦𝑚) + 𝑣𝑚 (18)

where 𝜆 = 1. In our experiments, we set the sampling interval 𝛥𝑇 =
0.0362 s such that the required conditions in Theorem  1 are satisfied. 
Fig.  1 shows the histogram of 𝑤𝑚 (i.e., the components in 𝒘) under 
different choices of 𝑁 when the SNR is set to 20 dB. We see that the 
error 𝒘 induced by the measurement noise becomes significantly larger 
as 𝑁 increases.

To overcome this difficulty caused by the higher-order difference, in 
the following, we explore the properties of the first-order difference of 
modulo samples, and develop algorithms that are robust against noise.

5. Robust compressive sensing based approach

This proposed approach is based on the observation that, although 
the first-order difference of the modulo samples is not exactly the same 
as the first-order difference of the original signal samples, these two 
indeed coincide with a high probability when the sampling rate is 
sufficiently high. To illustrate this, consider the following example 
𝑦(𝑡) = 4 sin(𝜋𝑡∕6) − 2 sin(𝜋𝑡∕3) + 2 sin(2𝜋𝑡 − 0.2𝑡) (19)

Setting the sampling interval to 0.05 s, Fig.  2(a) shows the undistorted 
original samples, the samples obtained by a conventional ADC, and the 
modulo samples obtained by a modulo ADC. The measurable ranges of 
the conventional ADC and modulo ADC are set to [−1, 1]. In Fig.  2(b), 
the first-order difference of the original samples and that of the modulo 
samples are plotted. We see that most of the entries are identical. An 
intuitive explanation of this fact is that when the sampling rate is 
high, the original signal undergoes slow variations between successive 
samples. As a result, the first-order difference of the original signal 
samples is highly like to be equal to that of the modulo samples.

In fact, those inconsistent samples can be considered as outliers. 
Thus the LSE problem can be reformulated as a robust sparse signal 
recovery problem. First, we formulate the first-order difference of 
modulo samples as
𝒛̃ ≜ 𝑫1

𝑀𝒛

= 𝑫1
𝑀𝜆(𝑨𝜶) +𝑫1

𝑀𝒗

= 𝑫1
𝑀𝑨𝜶 + 𝒔 +𝑫1

𝑀𝒗

≜ 𝑨̃𝜶 + 𝒗̃ + 𝒔 (20)

where 𝑨̃ ≜ 𝑫1
𝑀𝑨, 𝒗̃ ≜ 𝑫1

𝑀𝒗, and 𝒔 is an unknown, sparse outlier 
vector. Note that the above equation comes from the fact that when 
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Fig. 1. The histogram of {𝑤𝑚} under different 𝑁 .
n-
Algorithm 1 RCS-based algorithm for LSE problem with modulo 
samples
Input: 𝒛 and 𝑀 .
Output: 𝜶 and the reconstructed original signal 𝒚̂.
1) Construct 𝑨 and 𝑫1

𝑀 ;
2) Compute 𝑨̃ = 𝑫1

𝑀𝑨 and 𝒛̃ = 𝑫1
𝑀𝒛;

3) Estimate 𝜶 via a robust compressive sensing method (e.g., [41]);
4) Reconstruct 𝒚̂ = 𝑨𝜶.

the sampling rate is sufficiently high, the first-order difference of the 
modulo samples can be expressed as a sum of the first-order difference 
of original signal samples and a sparse outlier vector, i.e. 
𝑫1
𝑀𝜆(𝑨𝜶) = 𝑫1

𝑀𝑨𝜶 + 𝒔 (21)

The problem of estimating 𝜶 from (20) is a classic robust sparse sig-
nal recovery problem which has been extensively investigated, e.g. [35–
41]. Specifically, a theoretical analysis conducted in [36] shows that 
under certain conditions, exact recovery of the sparse vector 𝜶 from 
sparse outlier-corrupted measurements can be guaranteed. In addition 
to theoretical justifications, many robust compressed sensing algo-
rithms were developed from either optimization-based or Bayesian in-
ference frameworks. Popular algorithms include the outlier-compensatio
based
approach [38,39], and outlier identify-and-reject approach [41]. Al-
gorithm 1 summarizes the proposed robust compressive sensing (RCS) 
based solution for the LSE problem with modulo samples.

Clearly, exact recovery of the sparse signal 𝜶 is feasible when 
most measurements of 𝒛̃ are not outliers, in other words, when 𝒔
is sufficiently sparse. Intuitively, given other parameters fixed, the 
sparsity of the outlier vector 𝒔 is related to the sampling rate: the higher 
4 
the sampling rate, the sparser the outlier vector. In the following, 
we provide a quantitative analysis which establishes a mathematical 
relationship between the sampling rate and the sparsity of the outlier 
vector 𝒔 obtained via the first-order difference operation.

Remark 3.  We formulate the line spectral estimation with modulo 
observations as a robust compressive sensing problem. The charac-
teristics of the corresponding sensing matrix are crucial for sparse 
signal recovery. The restricted isometry property (RIP) and the mutual 
coherence are two common metrics for evaluating the sensing matrix’s 
properties. However, verifying RIP for generic dictionaries is typically 
computationally intractable. Consequently, we focus on mutual co-
herence to analyze the sensing matrix’s properties in (20). According 
to [42,43], for any dictionary 𝑫 and a sparse representation of a given 
signal 𝒚0 (𝒚0 = 𝑫𝒅), if the inequality 

‖𝒅‖0 <
1
2

(

1 + 1
𝜇(𝑫)

)

, (22)

is satisfied where 𝜇(𝑫) is the mutual coherence of 𝑫, then 𝒅 is the 
unique solution to both the 𝓁0 and 𝓁1 minimization problems. Taking 
𝑀 = 400 and 𝑃 = 20 as an example (the same setup as in our 
simulations), we find that when 𝛥𝑇 ≥ 0.045, the mutual coherence 𝜇
of 𝑨̃ is consistently less than 0.1. Under such a circumstance, we can 
assert that when ‖𝜶‖0 < 5.5, 𝜶 is a unique solution of the optimization 
problem

min ‖𝜶‖0 (or min ‖𝜶‖1)

s.t. 𝒛̃ = 𝑨̃𝜶 + 𝒔 (23)

provided that the outlier vector 𝒔 is correctly detected/estimated and 
the noise term ̃𝒗 is absent. In this study, we employ a Bayesian inference 
approach to address the robust signal recovery problem. The simulation 
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Fig. 2. First-order differences of original samples and modulo samples.

results demonstrate that the considered algorithms can effectively es-
timate the sparse signal 𝜶 under certain conditions in the presence of 
both outliers and noises.

5.1. Theoretical analysis

The line spectral model in (6) can be re-expressed as

𝑦𝑚 =
𝐾
∑

𝑘=1
|𝛼𝑘|

(

cos(𝜔𝑘𝑚𝛥𝑇 − 𝜙𝑘) − 𝑗 sin(𝜔𝑘𝑚𝛥𝑇 − 𝜙𝑘)
)

≜ 𝑓 𝑟𝑚 − 𝑗𝑓 𝑖𝑚 (24)

where 𝜙𝑘 = ∠𝛼𝑘 denotes the argument of the complex parameter 𝛼𝑘, 
𝑓 𝑟  and 𝑓 𝑖  are, respectively, the real and imaginary parts of 𝑦  which 
𝑚 𝑚 𝑚

5 
are given as

𝑓 𝑟𝑚 =
𝐾
∑

𝑘=1
|𝛼𝑘| cos(𝜔𝑘𝑚𝛥𝑇 − 𝜙𝑘) (25)

𝑓 𝑖𝑚 =
𝐾
∑

𝑘=1
|𝛼𝑘| sin(𝜔𝑘𝑚𝛥𝑇 − 𝜙𝑘)

=
𝐾
∑

𝑘=1
|𝛼𝑘| cos(𝜔𝑘𝑚𝛥𝑇 − 𝜓𝑘) (26)

where 𝜓𝑘 = 𝜙𝑘 +𝜋∕2. We see that the two sinusoidal mixture functions 
𝑓 𝑟𝑚 and 𝑓 𝑖𝑚 share the same frequency components with different phases. 
To analyze the relationship between the first-order difference of 𝑦𝑚 and 
the first-order difference of its modulo samples, if suffices to examine 
the first-order difference of either its real component or its imaginary 
component.

Specifically, consider the following sinusoidal mixture 

𝑓 (𝑡) =
𝐾
∑

𝑘=1
𝛽𝑘 cos(𝜔𝑘𝑡 + 𝜑𝑘) (27)

where 𝜑𝑘 ∈ (0, 2𝜋], 𝜔𝑘 ≥ 0 and 𝛽𝑘 ∈ R are, respectively, the 
phase, frequency and amplitude of the 𝑘th component. Define 𝜔 ≜
max{𝜔1,… , 𝜔𝐾}, 𝛽 ≜

∑𝐾
𝑘=1 |𝛽𝑘𝜔̄𝑘|, and 𝜔̄𝑘 = 𝜔𝑘∕𝜔. Let 𝑓𝑚 = 𝑓 (𝑚𝛥𝑇 )

and 𝑥𝑚 = 𝜆(𝑓𝑚) respectively denote the original sample and the 
modulo sample of 𝑓 (𝑡), where 𝛥𝑇 ∈ R+ is the sampling interval. Let 
𝑓𝑚 ≜ 𝑓𝑚+1 −𝑓𝑚 denote the first-order difference of the original samples 
and 𝑥̃𝑚 ≜ 𝑥𝑚+1 − 𝑥𝑚 denote the first-order difference of the modulo 
samples.

According to (1), the modulo sample of 𝑓𝑚 can be written as 

𝑥𝑚 = 2𝜆
(

𝑓𝑚
2𝜆

−
⌊

𝑓𝑚
2𝜆

+ 1
2

⌋)

(28)

The above equation can be re-expressed as 

𝑓𝑚 = 2𝜆
⌊

𝑓𝑚
2𝜆

+ 1
2

⌋

+ 𝑥𝑚 (29)

Here 𝑓𝑚 is a sum of two terms, where the first term is the quantization 
output of 𝑓𝑚 that is quantized by a step size of 2𝜆, and the second term 
𝑥𝑚 can be considered as the quantization noise.

In this paper, we make the following widely-used assumption [see 
7, Eq. (4.1.2)], [44–46]: 

Assumption 1.  The phase of each component in 𝑓 (𝑡) is a random 
variable which follows a uniform distribution, i.e., 

𝑝(𝜑𝑘) =

{

1
2𝜋 , 𝜑𝑘 ∈ (−𝜋, 𝜋]
0, otherwise

(30)

Under such an assumption, 𝑥𝑚 can be modeled as a uniform random 
variable when 2𝜆 is sufficiently small: 
𝑥𝑚 ∼ U(−𝜆, 𝜆) (31)

A rigorous justification of the uniform distribution of 𝑥𝑚 is discussed in 
Appendix  A.

We are now in a position to present our main result, which is 
summarized as follows.

Theorem 2.  Consider a sinusoidal mixture signal 𝑓 (𝑡) which has a form 
of (27), where the phase of each sinusoidal component follows a uniform 
distribution U(−𝜋, 𝜋). If the sampling interval satisfies 

𝛥𝑇 ≤ 1
2𝜔

(

𝛽
2𝜆

)−1
(32)

then the first-order difference of the original samples equals the first-order 
difference of the modulo samples with probability exceeding 

Pr(𝑓 = 𝑥̃ ) ≜ 𝑝 ≥ 1 −
𝛥𝑇𝜔𝛽 (33)
𝑚 𝑚 2𝜆



H. Wang et al. Signal Processing 238 (2026) 110205 
where 𝛽 is defined as

𝛽 ≜
𝐾
∑

𝑘=1
|𝛽𝑘𝜔̄𝑘|

with 𝜔̄𝑘 = 𝜔𝑘∕(max{𝜔1,… , 𝜔𝐾}).

Proof.  See Appendix  B. □

Theorem  2 indicates that the probability of 𝑓𝑚 = 𝑥̃𝑚 can be made 
arbitrarily close to 1 by increasing the sampling rate 1∕𝛥𝑇 . Specifically, 
to make sure that 𝑝 is no less than a pre-specified threshold 𝜏, i.e., 𝑝 ≥ 𝜏, 
the sampling interval needs to satisfy 

𝛥𝑇 ≤ (1 − 𝜏) 2𝜆
𝜔𝛽

≜ 1
2𝜔𝜂1

(34)

where 𝜂1 is defined as 

𝜂1 ≜
1

2(1 − 𝜏)
𝑁̄ (35)

with 𝑁̄ ≜ 𝛽∕(2𝜆) denoting the effective number of folding times. We see 
that the sampling condition in (34) has a form similar to the condition 
in (12), except that they have different scaling factors.

6. Mixed-integer linear programming based recovery approach

6.1. Motivations and algorithm development

It is known that the original sample 𝑓𝑚 and the modulo sample 𝑥𝑚
satisfy the unique decomposition property: 𝑥𝑚 = 𝑓𝑚 + 2𝜆𝑒𝑚, where 
𝑒𝑚 is an integer. Similarly, it can be readily verified that the first-
order difference of the original samples and the first-order difference 
of the modulo samples are related as 𝑥̃𝑚 = 𝑓𝑚 + 2𝜆𝑒𝑚, where 𝑒𝑚 is an 
integer. In the previous section, we observed and proved that given a 
sufficiently high sampling rate, {𝑒𝑚} is a sparse vector with only few 
nonzero entries. Thus the LSE problem can be cast as a robust sparse 
signal recovery problem. This formulation, however, fails to utilize the 
information that 𝑒𝑚 is an integer.

In fact, considering the property that 𝑒𝑚 is an integer, the LSE 
problem with noise-free 𝒛 can be formulated as a combinatorial prob-
lem [47,48]
min
𝜶,𝒆

‖𝜶‖1

s.t. 𝑨𝜶 = 𝒛 + 2𝜆𝒆

Re(𝒆) ∈ Z𝑀 , Im(𝒆) ∈ Z𝑀 (36)

where Z𝑀  represents the 𝑀-dimensional integer space. Such an op-
timization problem can be transformed into a mixed integer linear 
program and solved via the branch-and-bound algorithm [49]. This 
approach, however, is not suitable when the folding number ⌊𝑓𝑚∕(2𝜆)+
1∕2⌋ is large as the search space increases exponentially with the 
folding number.

To reduce the search space, in this section, we take the first-order 
difference of modulo samples. Specifically, we have
𝒛̃ ≜ 𝑫1

𝑀𝒛

= 𝑫1
𝑀 (𝜆(𝑨𝜶) + 𝒗)

= 𝑫1
𝑀 (𝑨𝜶 + 2𝜆𝒆 + 𝒗)

= 𝑫1
𝑀𝑨𝜶 + 2𝜆𝑫1

𝑀𝒆 +𝑫1
𝑀𝒗

≜ 𝑨̃𝜶 + 2𝜆𝒆̃ + 𝒗̃ (37)

where 𝒆̃ ≜ 𝑫1
𝑀𝒆 is an unknown vector with Re(𝒆̃) ∈ Z𝑀−1 and 

Im(𝒆̃) ∈ Z𝑀−1. We will show that when the sampling rate exceeds a 
certain threshold, both the real and imaginary components of entries 
in 𝒆̃ belong to the set {0,±1}. Thus we can formulate the LSE problem 
as

min ‖𝜶‖

𝜶,𝒆̃ 1

6 
s.t. ‖𝒛̃ − 𝑨̃𝜶 + 2𝜆𝒆̃‖22 ≤ 𝜖

Re(𝒆̃) ∈ {0,±1}(𝑀−1)

Im(𝒆̃) ∈ {0,±1}(𝑀−1) (38)

where 𝜖 is a user-defined parameter. For convenience, we write (38) 
into a real-valued form, i.e.,

min
𝜶̌,𝒆̌

‖𝜶̌‖1

s.t. ‖𝒛̌ − 𝑨̌𝜶̌ + 2𝜆𝒆̌‖22 ≤ 𝜖

𝒆̌ ∈ {0,±1}2(𝑀−1) (39)

where 𝜶̌ ≜ [Re(𝜶)𝑇 Im(𝜶)𝑇 ]𝑇 , ̌𝒆 ≜ [Re(𝒆̃)𝑇 Im(𝒆̃)𝑇 ]𝑇 , 𝒛̌ ≜ [Re(𝒛̃)𝑇 Im(𝒛̃)𝑇 ]𝑇 , 
and

𝑨̌ ≜
[

Re(𝑨̃) −Im(𝑨̃)
Im(𝑨̃) Re(𝑨̃)

]

For the 𝑝th component of 𝜶̌, i.e., 𝛼̌𝑝, we define two auxiliary 
variables 𝜉𝑝 = max{𝛼̌𝑝, 0} and 𝜁𝑝 = max{−𝛼̌𝑝, 0} such that

𝛼̌𝑝 = 𝜉𝑝 − 𝜁𝑝 (40)

|𝛼̌𝑝| = 𝜉𝑝 + 𝜁𝑝 (41)

Therefore we can re-express 𝜶̌ and ‖𝜶̌‖1 as

𝜶̌ = 𝝃 − 𝜻 (42)

‖𝜶̌‖1 = 𝟏𝑇 (𝝃 + 𝜻) (43)

where 𝝃 ∈ R𝑃+ and 𝜻 ∈ R𝑃+ are vectors with 𝜉𝑝 and 𝜁𝑝 being their 𝑝th 
component respectively, and R+ denotes the set of non-negative real 
numbers. Such a representation leads to

min
𝝃,𝜻 ,𝒆̌

𝟏𝑇 (𝝃 + 𝜻)

s.t. ‖𝒛̌ − 𝑨̌ (𝝃 − 𝜻) − 2𝜆𝒆̌‖22 ≤ 𝜖

𝒆̌ ∈ {0,±1}2(𝑀−1)

𝝃 ∈ R𝑃+ , 𝜻 ∈ R𝑃+ (44)

Unfortunately, (44) is a mixed-integer quadratic optimization problem, 
which is in general intractable. To deal with this challenge, we replace 
the quadratic inequality constraint by a linear constraint, resulting in 
the following optimization problem

argmin
𝝃,𝜻 ,𝒆̌

𝟏𝑇 (𝝃 + 𝜻)

s.t. − 𝜖′𝟏 ⪯
(

𝒛̌ − 𝑨̌ (𝝃 − 𝜻) − 2𝜆𝒆̌
)

⪯ 𝜖′𝟏
𝒆̌ ∈ {0,±1}2(𝑀−1)

𝝃 ∈ R𝑃+ , 𝜻 ∈ R𝑃+ (45)

where 𝜖′ is a user-defined parameter and ⪯ denotes the element-wise 
inequality. The problem (45) is a mixed-integer linear programming 
that can be solved via the branch-and-bound algorithm (e.g., the off-
the-shelf tool intlinprog in Matlab). Once we obtain 𝝃, 𝜻 , and 𝒆̌, we can 
construct 𝜶̌ = 𝝃 − 𝜻 . It should be noted that other advanced solutions 
for the MILP problem, e.g., [50–52], can also be applied to solve our 
problem in (45). The mixed-integer linear programming (MILP) based 
algorithm for the LSE problem with modulo samples is summarized in 
Algorithm 2. 

6.2. Theoretic analysis

In this subsection, we examine the condition under which the 
integer 𝑒𝑚 = (𝑥̃𝑚 − 𝑓𝑚)∕2𝜆 is confined to be in the set {0,±1}. We have 
the following theorem with respect to the sinusoidal mixture signal 
defined in (27).
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Algorithm 2 MILP-based algorithm for LSE problem with modulo 
samples
Input: 𝒛, 𝑀 , and the error tolerance 𝜖.
Output: 𝜶 and the reconstructed original signal 𝒚̂.
1) Construct 𝑨 and 𝑫1

𝑀 ;
2) Compute 𝑨̃ = 𝑫1

𝑀𝑨 and 𝒛̃ = 𝑫1
𝑀𝒛;

3) Estimate 𝝃 and 𝜻 by solving the optimization problem in (45) (e.g., 
via intlinprog in Matlab);
4) Calculate 𝜶 using 𝝃 and 𝜻 ;
5) Reconstruct 𝒚̂ = 𝑨𝜶.

Theorem 3.  Consider the ensemble of signals 𝑓 (𝑡) that have a form of 
(27). If the sampling interval satisfies 

𝛥𝑇 < 1
𝜔

(

𝛽
2𝜆

)−1
(46)

then we have 𝑓𝑚 − 𝑥̃𝑚 = 2𝜆𝑒𝑚, where 𝑒𝑚 is an integer which belongs to the 
set {0,±1}.

Proof.  See Appendix  D. □

Theorem  3 indicates that, when the sampling rate is higher than the 
threshold in (46), we can guarantee that 𝑒𝑚 = (𝑥̃𝑚 − 𝑓𝑚)∕2𝜆 is confined 
to be in the set {0,±1}. Similarly, we can rewrite the required sampling 
interval as 

𝛥𝑇 < 1
𝜔

(

𝛽
2𝜆

)−1
≜ 1

2𝜔𝜂2
(47)

where 𝜂2 is given by 

𝜂2 ≜
𝑁̄
2

(48)

in which 𝑁̄ is the effective folding number. It is clear that 𝜂2 is smaller 
than 𝜂1 since 𝜏, defined before (34), should be greater than 0.5 in 
general. Such a relationship between 𝜂1 and 𝜂2 means that the sampling 
rate condition (47) is less restrictive than condition (34).

Remark 4.  The sampling intervals for the higher-order difference 
based method and our proposed first-order difference based methods 
(the RCS-based and the MILP based approaches) are given by (12), (34), 
and (47), respectively. All these sampling intervals share a similar 
structure, differing only in their scaling factors. Specifically, the scal-
ing factor for the higher-order difference-based method is a constant, 
whereas those for our methods depend on the effective number of 
folding times. Notably, the sampling interval requirements for our 
methods are not necessarily more restrictive than that of the higher-
order difference-based method. For instance, consider the MILP-based 
method. When 𝑁̄∕2 < 𝑒 (i.e., 𝑁̄ < 2𝑒), its required sampling interval 
becomes less restrictive than that of the higher-order difference-based 
solution.

7. Simulation results

In this section, we provide simulation results to illustrate the per-
formance of the proposed first-order difference-based methods, namely, 
the RCS-based method and the MILP-based method. The HOD-based 
method discussed in Section 4 is also included as a benchmark to show 
the effectiveness of the proposed methods. For the RCS-based method, 
the sparse Bayesian learning method [53] is employed to solve the 
formulated robust compressed sensing problem.

7.1. Signal recovery performance

We consider 𝐾 = 3 sinusoidal components with frequencies are 
{0.4𝜋, 1.0𝜋, 1.8𝜋}, and the number of discretized grid points, 𝑃 , is set 
7 
to 20. For each realization, the complex amplitudes of these three sinu-
soidal components are set to ensure 𝐵 = 13.6 and 𝛽 = 4. The sampling 
interval required by each method can be accordingly determined:

𝛥𝑇HOD ≤ 1
2𝜔𝑒

= 0.0325 (49)

𝛥𝑇RCS ≤
1

2𝜔𝜂1
= 0.0884𝜆(1 − 𝜏) (50)

𝛥𝑇MILP ≤ 1
2𝜔𝜂2

= 0.0884𝜆 (51)

For the HOD based method, the order of difference has to satisfy the 
following condition 

𝑁 ≥
⌈

log(0.0735𝜆)
log(15.3715𝛥𝑇 )

⌉

(52)

where 𝛥𝑇 ≤ 𝛥𝑇HOD denotes the sampling interval for the HOD based 
method.

In our simulations, the initial phase of each sinusoidal component 
is randomly selected from (0, 2𝜋]. The signal-to-noise ratio (SNR) is 
defined as SNR = E(‖𝒛‖2)∕E(‖𝒗‖2). The range parameter is set to 𝜆 = 1
throughout our simulations. The normalized mean square error (NMSE) 
of 𝜶 and the reconstruction SNR (R-SNR) are used as two metrics to 
evaluate the estimation accuracy of the complex amplitudes and the 
frequencies. These two metrics are defined respectively as

NMSE ≜ E(‖𝜶 − 𝜶̂‖2)
E(‖𝜶‖2)

(53)

R-SNR ≜ 20 log10

(

‖𝒚‖2

‖𝒚 − 𝒚̂‖2

)

(54)

where {𝜶, 𝒚} and {𝜶̂, 𝒚̂} denote the true parameters and the estimated 
ones, respectively.

The performance of respective methods along with the SNR is 
plotted in Fig.  3, where three different sampling intervals are employed. 
We see that the HOD-based method achieves the best performance 
when 𝛥𝑇 = 0.004 s. This is because for the HOD-based method, the 
required order of difference is 𝑁 = 1 when 𝛥𝑇 = 0.004 s (cf. (52)), 
in which case the HOD-based method reduces to a first-order differ-
ence method. Nevertheless, when the sampling interval increases to 
𝛥𝑇 = 0.014 s and 𝛥𝑇 = 0.024 s, the required orders of difference 
for the HOD-based method are 2 and 3, respectively, in which case 
the HOD-based method incurs a significant performance degradation. 
Specifically, when 𝛥𝑇 = 0.014 s, the HOD-based method only works 
for extremely large SNRs (i.e., SNR ≥ 40 dB). In contrast, the proposed 
first-order difference-based methods achieve satisfactory performance 
across different sampling intervals, ensuring a reliable estimation even 
under low SNR conditions.

Fig.  4 depicts the NMSEs and the R-SNR of respective methods as 
the sampling interval 𝛥𝑇  varies from 0.004 s to 0.084 s with a stepsize 
of 0.008s, where SNR is set to 30 dB. It can be seen that the HOD-
based method works well only when the sampling interval is as low 
as 0.004 s. This is because the required order of difference is 𝑁 = 1
in this case. When the sampling interval increases to 0.02 s, although 
it still meets the condition (49), the order of difference required by 
the HOD-based method is greater than 1 according to (52). Hence the 
HOD-based method suffers severe performance degradation due to the 
shrinkage effect on the signal. In contrast, for the proposed first-order 
difference-based methods, we see that they are able to achieve superior 
recovery performance even when a smaller sampling rate is employed. 
In particular, the MILP-based method can provide reliable performance 
across different values of 𝛥𝑇  as long as the condition in (51) is met. 
The RCS-based method yields a better estimation accuracy than the 
MILP-based method when 𝛥𝑇 ≤ 0.052 s. When 𝛥𝑇  further increases, 
the performance of the RCS-based method degrades. Specifically, when 
𝛥𝑇 = 0.052 s, it can be calculated that the probability of Pr(𝑓𝑚 = 𝑥̃𝑚)
is no less than 41.2% according to (33). Due to relaxation used in 
our derivations, this probability is pessimistic. In fact, our experiments 
suggest that when 𝛥𝑇 = 0.052 s, the probability of Pr(𝑓 = 𝑥̃ ) can 
𝑚 𝑚
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Fig. 3. The NMSE and the R-SNR along with the SNR when 𝑀 = 400.
Fig. 4. The NMSE and the R-SNR along with 𝛥𝑇  when 𝑀 = 400 and SNR = 30 dB.
reach up to 90%, which implies a majority of elements in 𝒔 are zeros. 
Hence the sparse outlier assumption required by the RCS-based method 
is well satisfied, and in this case the RCS-based method outperforms the 
MILP-based method. When 𝛥𝑇  increases to 0.060 s, our experiments 
suggest that the probability of Pr(𝑓𝑚 = 𝑥̃𝑚) drops below 80%. The sparse 
outlier assumption is barely met in this case. Therefore, when 𝛥𝑇 ≥
0.060 s, the RCS-based method experiences a degraded performance 
compared to the MILP-based method.

Another interesting observation of Fig.  4 is that, within the region 
0.004 s ≤ 𝛥𝑇 ≤ 0.052 s, the performance of the RCS-based and 
MILP-based methods improves as the sampling interval increases. The 
is because, when the number of samples is fixed, a larger sampling 
interval usually results in a less coherent sensing matrix with a more 
favorable restricted isometry condition, which in turn leads to a better 
recovery performance. This can be verified by checking the mutual 
coherence of the sensing matrix 𝑨̃, which tends to decrease as the 
sampling interval increases.

In addition, we consider a scenario where the number of sinusoidal 
components increases to 𝐾 = 10. For each independent Monte Carlo 
8 
run, the frequencies of these sinusoidal components are selected from 
the pre-defined grids, while their amplitudes are randomly selected 
from a Gaussian distribution  (0, 1). The sampling interval is set to 
𝛥𝑇 = 0.027 s and the dynamic range of the modulo ADC is set to 𝜆 = 0.5. 
We consider two cases, i.e., SNR = 20 dB and SNR = 50 dB. Results 
are averaged over 1000 independent realizations. Since the sampling 
interval is fixed while both the frequencies and the amplitudes are 
randomly selected, the sampling conditions required for the RCS-based 
method or/and the MILP-based method may not be satisfied. In Fig. 
5, we illustrate the empirical PDF of the NMSE of these two cases, and 
we can see that the MILP-based method has a higher chance to succeed 
compared with the RCS-based method. This is because the MILP-based 
method has a more relaxed sampling condition compared with the RCS-
based method, as shown in (34) and (47). This result is consistent with 
the previous conclusion as seen in Figs.  3 and 4.

7.2. Results with high dynamic ranges

The unlimited sensing framework is a potential solution to deal 
with a difficulty in wireless communications caused by the near-far 
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Fig. 5. The empirical PDF of the NMSE with 𝑀 = 400 when SNR = 20 dB and SNR = 50 dB.
Fig. 6. The success rate with varied quantization levels when 𝑀 = 400.

effect, where due to the limited dynamic range, a weak signal cannot 
be detected in the presence of a strong background signal. In this 
experiment, we illustrate the performance of the proposed methods in 
scenarios with a high dynamic range. To this end, we consider 𝐾 = 2
sinusoidal components, and the corresponding parameters are given as

|𝛼1| = 1000, |𝛼2| = 1, 𝜔1 = 0.2𝜋, 𝜔2 = 1.8𝜋

The ratio of the power of the strong signal to the power of the weak 
signal is 60dB. To perform high-fidelity data-acquisition without satu-
ration, a conventional ADC would need a large number of quantization 
bits. Otherwise the weak signal will be buried beneath the quantization 
noise level and cannot be effectively detected. Modulo ADCs do not 
suffer from this issue. Theoretically, modulo ADCs can achieve an un-
limited dynamic range by folding the signal back to its range interval. 
Here we also consider the quantization noise for modulo ADCs. Unlike 
conventional ADCs, modulo ADCs quantize its modulo samples instead 
of the original input samples. In our simulations, we set 𝜆 = 10 and 
𝛥𝑇 = 0.01s.

To evaluate the performance of detecting the weak signal amidst the 
strong background signal, we use the success rate as a metric: a trial is 
considered successful if both of the following conditions are met:

1. The support set of the sparse signal 𝜶 is correctly found. In 
general, most components of the estimated 𝜶 will not exactly 
9 
equal 0 due to the quantization noise. We set those components 
to zero if their amplitude is smaller than 0.1.

2. The estimation error of each non-zero element, defined as
|𝜶̂(𝑖) − 𝜶(𝑖)|∕|𝜶(𝑖)|, is no greater than 0.15.

Fig.  6 plots the success rates of respective methods as a function 
of the number of quantization bits. We see that the success rates of 
both proposed methods increase when more quantization bits are used. 
Specifically, a success rate of 1 can be achieved when 11 bits are em-
ployed to quantize the modulo samples. In contrast, the conventional 
ADC needs 15 quantization bits to achieve a decent success rate. In Fig. 
7, we plot the estimated 𝜶 for a particular realization when 𝑀 = 600
and the number of quantization bits is set to 10. It can be seen that 
while the proposed modulo ADC based methods have no difficulty in 
recovering both the strong and weak signals, the conventional ADC 
cannot distinguish the weak signal from many false signals it produces.

7.3. Hardware test

To further illustrate the performance of the proposed method, we 
conduct hardware test, including the development of a simple demo 
system for modulo sampling. The schematic diagram of the demo 
system is shown in Fig.  8. This architecture supports input signals 
with amplitudes up to at least triple the reference voltage, enabling 
reliable and scalable signal folding for high dynamic range applica-
tions. Specifically, the input signal is first compared against predefined 
thresholds, denoted as 𝜆 and −𝜆. If the signal exceeds 𝜆, the comparator 
outputs a high voltage; if it falls below 𝜆, a low voltage output is 
generated. Bipolar junction transistors are employed as switches to 
manage the reference voltage in response to the comparator’s output. 
A combination of a differential amplifier and an adder is used in the 
subsequent stage to modulate the input signal, ensuring it remains 
within the defined range of [−𝜆, 𝜆]. When the input signal exceeds the 
thresholds multiple times, the design accommodates this by integrating 
additional modulation stages in series. This cascading configuration 
allows for repeated folding of the signal, preserving its integrity and 
ensuring accurate processing within the modulo ADC framework. To 
accurately detect whether the input signal is within the threshold 
range, the ADA4522 comparator is employed due to its ultra-low offset 
voltage, minimal drift, and excellent temperature stability. Its rail-to-
rail output, low noise characteristics, and integrated EMI filters make it 
ideal for precision signal processing in demanding environments, such 
as data acquisition systems and industrial instrumentation.

We consider two sinusoidal components as the input signal. Specif-
ically, the frequencies are 95 Hz and 100 Hz, while the associated 
amplitudes are 3.0 and 1.5. The sampling rate of the demo system is 
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Fig. 7. The estimated 𝜶 of different methods in one specific run when 𝑀 = 600 and the quantization level is 10bit.
Fig. 8. The schematic diagram of the demo system for modulo sampling.
Fig. 9. The estimated 𝜶 of different methods in one specific run when 𝑀 = 600 and the quantization level is 10bit.
set to 5000 Hz and we take 2500 samples in total. Partial data (1000
samples) are illustrated in Fig.  9, and it can be observed that the 
sampled error contains two parts. The first one is outliers, which may 
be caused by the hardware limitations such as the hysteresis; the other 
part can be considered as the noise, which may caused by quantization 
noises.
10 
Only partial samples are randomly selected from the original dataset 
as the tested samples. In addition, to evaluate the proposed method’s 
performance across varying sampling intervals, we adjust the intervals 
by directly extracting samples from the original dataset. We compared 
our RCS-based approach with the HOD-based method but excluded 
the MILP-based method’s results. This exclusion is because hardware 
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Fig. 10. The NMSEs of the constructed 𝛼 and 𝑦 along with 𝛥𝑇  when 𝑀 = 300.
Fig. 11. The NMSEs of the constructed 𝛼 and 𝑦 along with 𝑀 when 𝛥𝑇 = 4 × 10−4.
non-ideality introduces impulsive noise, which prevents the residue be-
tween the first-order modulo and original samples from being confined 
to the set {0,±1}.

The NMSEs of the reconstructed 𝜶 and 𝑦 relative to sampling in-
tervals and the number of modulo samples are, respectively, displayed 
in Figs.  10 and 11. The performance of both methods improves with 
the increase of 𝛥𝑇  until 𝛥𝑇  exceeds 10−3, which is consistent with the 
trends observed in our numerical results shown in Fig.  4. In addition, 
as the number of observations increase, the NMSEs of these two algo-
rithms decline and stabilize at a certain level. Overall, the RCS-based 
method consistently outperforms the HOD-based method in robustness 
and accuracy across both scenarios.

8. Conclusions

In this work, we studied the problem of LSE in an unlimited sens-
ing framework, which employs modulo ADCs to nonlinearly map the 
received signal to modulo samples to avoid clipping or saturation 
problems. We first introduced a HOD based approach, which is sen-
sitive to noise and lacks satisfactory performance in the presence 
of noise. To overcome this difficulty, we investigated the properties 
of the first-order difference of modulo samples, and developed two 
first-order difference-based methods, namely, the RCS-based and the 
MILP-based methods. Simulation results show that both methods are 
robust against noise and achieve a significant performance improve-
ment over the HOD-based method. In practice, due to implementation 
imperfections of modulo ADCs such as hysteresis effects [29] and 
impulsive noises [54], the folding numbers might not be integers. How 
to extend our methods to deal with these nonlinearities is an important 
topic for future investigation. In addition, LSE with off-grid frequencies 
11 
is commonly encountered in real applications. Devising an off-grid 
LSE methods to modulo samples in the robust compressive sensing is 
another key direction for future research.

CRediT authorship contribution statement

Hongwei Wang: Writing – original draft, Validation, Software, 
Methodology, Conceptualization. Jun Fang: Supervision, Conceptual-
ization. Hongbin Li: Writing – review & editing, Validation, Conceptu-
alization. Geert Leus: Writing – review & editing, Validation. Ruixiang 
Zhu: Data curation. Lu Gan: Writing – review & editing, Data curation.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Appendix A. Discussion on (31)

According to [55], for an input signal 𝑥 to be quantized, if the 
characteristic function (CF) of the random variable 𝑥, denoted as 𝛷𝑥(𝑢), 
is ‘‘bandlimited’’, i.e., it satisfies 

𝛷𝑥(𝑢) = 0 |𝑢| ≥ 2𝜋
2𝜆

(A.1)

where 2𝜆 is the quantization step size, then the quantization noise 
follows a uniform distribution. This condition is restrictive, as most fre-
quently encountered signals such as Gaussian signals do not have per-
fectly bandlimited CFs. Therefore, an approximate condition is widely 
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Fig. A.12. The absolute value of the approximation error of (A.7) as a function of 𝑎.

accepted. Specifically, if 𝛷𝑥(𝑢) is approximately bandlimited for some 
quantization step size, i.e., 

𝛷𝑥(𝑢) ≈ 0 |𝑢| ≥ 2𝜋
2𝜆

(A.2)

then the quantization noise can be approximately modeled as a uniform 
distribution.

In our problem, we assume that the phase of the 𝑘th component, 
i.e., 𝑓𝑘 ≜ 𝛽𝑘 cos(𝜔𝑘𝑡 + 𝜑𝑘), is uniform in the interval (−𝜋, 𝜋). Therefore, 
the probability density function of 𝑓𝑘 is given by [44–46] 

𝑝𝑘(𝑓𝑘) =

⎧

⎪

⎨

⎪

⎩

1

𝜋
√

𝛽2𝑘−𝑓
2
𝑘

, |𝑓𝑘| ≤ |𝛽𝑘|

0, |𝑓𝑘| > |𝛽𝑘|

(A.3)

Accordingly, the CF of the random variable 𝑓𝑘 is given by [44] 
𝛷𝑘(𝑢) = 0

(

|𝛽𝑘|𝑢
)

(A.4)

where 0(⋅) denotes the Bessel function of the first kind. Note that the 
CF of the sum of 𝐾 independent random variables is the product of 
individual CFs associated with these random variables. Therefore, the 
CF of 𝑓 (𝑡) can be calculated as 

𝛷𝑓 (𝑢) =
𝐾
∏

𝑘=1
𝛷𝑘(𝑢) =

𝐾
∏

𝑘=1
0

(

|𝛽𝑘|𝑢
)

(A.5)

Note that the Bessel function |0(𝑎)| < 1 when 𝑎 ≠ 0. Hence we have 
|

|

|

𝛷𝑓 (𝑢)
|

|

|

< |

|

|

0
(

|𝛽𝑘|𝑢
)

|

|

|

, ∀𝑘 ∈ {1,… , 𝐾} (A.6)

where 𝑢 ≠ 0. In addition, the Bessel function 0(𝑎) is an even function 
and looks like a decaying sinusoid that decays proportionally to 1∕

√

|𝑎|. 
Specifically, for |𝑎|≫ 1∕4, 0(𝑎) can be approximated as [56] 

0(𝑎) ≈
√

2
𝜋|𝑎|

cos(|𝑎| − 𝜋
4
) (A.7)

The absolute value of the approximation error in (A.7) is shown in Fig. 
A.12, where we can see that, when 𝑎 ≥ 2, the absolute error is less than 
0.03. In the following, we suppose that (A.7) holds exactly (i.e., the 
approximation error is negligible) when |𝑎| ≥ 2.

Setting 𝛽 ≜ max{|𝛽𝑘|}, 0(𝛽𝑢) has a faster decaying rate than 
0(|𝛽𝑘𝑢|). When |𝛽𝑢| ≥ 2, we have
|

|

|

𝛷𝑓 (𝑢)
|

|

|

(𝑎)
< |

|

|

0(𝛽𝑢)
|

|

|

(𝑏)
≈

|

|

|

|

√

2
̃ cos(|𝛽𝑢| − 𝜋

4
)
|

|

|

|

≤

√

2
̃ (A.8)
|

|

𝜋|𝛽𝑢| |

|

𝜋𝛽|𝑢|

12 
where (𝑎) is directly from (A.6), and in (𝑏) we employ the approxima-
tion in (A.7). From (A.8) we know that if 

|𝑢| ≥ max
{

2
𝜋𝛽𝜍2

, 2
𝛽

}

(A.9)

then the following inequality holds 
|

|

|

𝛷𝑓 (𝑢)
|

|

|

≤ 𝜍 (A.10)

where 𝜍 is a small positive value. Generally, 𝜍 is set sufficiently small 
such that 𝜋𝜍2 ≤ 1 (specifically, 𝜍 is required to be no greater than 
0.564). Therefore, the condition in (A.9) is equivalent to 

|𝑢| ≥ 2
𝜋𝛽𝜍2

(A.11)

Based on the above result, to ensure that the approximately bandlimited 
condition (A.2) holds, the following condition should be satisfied 

|𝑢| ≥ 2𝜋
2𝜆

≥ 2
𝜋𝛽𝜍2

(A.12)

The above condition implies 
2𝜆 ≤ (𝜋𝜍)2𝛽 (A.13)

Considering the fact that 𝐵 ≜
∑𝐾
𝑘=1 |𝛽𝑘| and 𝛽 ≜ max{|𝛽𝑘|}, we have 

2𝜆 ≤ (𝜋𝜍)2 𝐵
𝐾

(A.14)

to ensure (A.12).
From (A.14), we know that the operation range of the modulo 

ADC, i.e., 2𝜆, should be smaller than (𝜋𝜍)2𝐵∕𝐾, such that 𝑥𝑚 can be 
approximately modeled as a uniform distribution. This is equivalent 
to the condition that the maximum folding number, defined by  ≜
𝐵∕(2𝜆), should satisfy the following inequality: 

 ≥ 𝐾
(𝜋𝜍)2

(A.15)

If we set 𝐾 = 4 and 𝜍 = 0.1,  should be no less than 40. This 
condition is usually met considering the fact that the unlimited sensing 
framework aims to deal with high dynamic range problems.

Appendix B. Proof of Theorem  2

By the modulo decomposition property [15], we have
𝑥𝑚+1 = 𝑓𝑚+1 + 2𝜆𝑒𝑚+1, 𝑥𝑚 = 𝑓𝑚 + 2𝜆𝑒𝑚

where 𝑒𝑚+1, 𝑒𝑚 ∈ Z. Therefore, we have 

𝑥̃𝑚 = 𝑓𝑚 − 2𝜆(𝑒𝑚 − 𝑒𝑚+1) ≜ 𝑓𝑚 − 2𝜆𝑒𝑚 (B.1)

where 𝑒𝑚 ≜ (𝑒𝑚 − 𝑒𝑚+1) ∈ Z. Therefore, 𝑥̃𝑚 can be uniquely represented 
by a sum of 𝑓𝑚 and an unknown constant. In scenarios where this 
constant equals 0, 𝑥̃𝑚 is equivalent to 𝑓𝑚. Therefore, we have 
Pr(𝑓𝑚 = 𝑥̃𝑚) ⇔ Pr(𝑒𝑚 = 0) (B.2)

By the definition of the modulo operation in (1), we have 

𝑥𝑚+1 = 𝑓𝑚+1 − 2𝜆
⌊

𝑓𝑚+1
2𝜆

+ 1
2

⌋

(B.3)

which indicates that 

𝑒𝑚+1 = −
⌊

𝑓𝑚+1
2𝜆

+ 1
2

⌋

(B.4)

Similarly, 𝑒𝑚 can be expressed as 

𝑒𝑚 = −
⌊

𝑓𝑚
2𝜆

+ 1
2

⌋

(B.5)

Combining (B.4) and (B.5) results in
𝑒𝑚 ≜ 𝑒𝑚 − 𝑒𝑚+1

=
(⌊

𝑓𝑚+1 + 1
⌋

−
⌊

𝑓𝑚 + 1
⌋)
2𝜆 2 2𝜆 2
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=

(

⌊

𝑓𝑚
2𝜆

+ 1
2
+
𝑓𝑚+1 − 𝑓𝑚

2𝜆

⌋

−
⌊

𝑓𝑚
2𝜆

+ 1
2

⌋

)

(B.6)

Since 𝑓 (𝑡) is continuous and differentiable on the interval [(𝑡−1)𝛥𝑇 , 𝑡𝛥𝑇 ],
based on the mean value theorem, there exists a value 𝜁 ∈ [(𝑡 −
1)𝛥𝑇 , 𝑡𝛥𝑇 ] such that 

𝑓 ′(𝜁 ) =
𝑓𝑚+1 − 𝑓𝑚

𝛥𝑇
(B.7)

where 𝑓 ′(𝑡) is the derivative of 𝑓 (𝑡). Substituting (B.7) into (B.6), we 
arrive at 
𝑒𝑚 = ⌊𝑏⌋ − ⌊𝑎⌋ (B.8)

where 𝑎 and 𝑏 are, respectively, defined as

𝑎 ≜
𝑓𝑚
2𝜆

+ 1
2
, 𝑏 ≜

𝑓𝑚
2𝜆

+ 1
2
+
𝑓 ′(𝜁 )𝛥𝑇

2𝜆
By these definitions we have 

𝑏 = 𝑎 +
𝑓 ′(𝜁 )𝛥𝑇

2𝜆
≜ 𝑎 + 𝑐 (B.9)

where 𝑐 is defined as 

𝑐 ≜ 𝑓 ′(𝜁 )𝛥𝑇
2𝜆

(B.10)

The derivative of 𝑓 (𝑡) is given by 

𝑓 ′(𝑡) = −
𝐾
∑

𝑘=1
𝛽𝑘𝜔𝑘 sin(𝜔𝑘𝑡 + 𝜑𝑘) (B.11)

which leads to the following bound 

|𝑐| ≤
𝛥𝑇

∑𝐾
𝑘=1 |𝛽𝑘𝜔𝑘|
2𝜆

=
𝛥𝑇𝜔𝛽
2𝜆

≜ 𝛿 (B.12)

As in (29), 𝑓𝑚 can be expressed as 

𝑓𝑚 = 2𝜆
⌊

𝑓𝑚
2𝜆

+ 1
2

⌋

+ 𝑥𝑚 = 2𝜆 ⌊𝑎⌋ + 𝑥𝑚 (B.13)

where 𝑥𝑚 can be modeled as a uniform distribution: 
𝑥𝑚 ∼ U(−𝜆, 𝜆) (B.14)

In addition, from the quantization theory in [55], 𝑥𝑚 is statically inde-
pendent of 𝑓𝑚. Taking a simple algebraic operation on (B.13) results in
𝑓𝑚
2𝜆

+ 1
2
= ⌊𝑎⌋ + 𝑞𝑚 (B.15)

where 𝑞𝑚 ≜ 𝑥𝑚∕(2𝜆) + 1∕2 also follows a uniform distribution, i.e., 𝑞𝑚 ∼
U(0, 1). Recalling the definition of 𝑎, we have 
𝑎 = ⌊𝑎⌋ + 𝑞𝑚 (B.16)

Therefore, 𝑎 can be assumed to follow a uniform distribution over the 
interval (⌊𝑎⌋ , ⌊𝑎⌋ + 1): 
𝑝𝐴(𝑎) ∼ U

(

⌊𝑎⌋ , ⌊𝑎⌋ + 1
)

(B.17)

For 𝑐, it can be modeled as a random variable and its distribution 
𝑝𝐶 (𝑐) is given as (as we have |𝑐| ≤ 𝛿) 

𝑝𝐶 (𝑐) =
{

0, 𝑐 < −𝛿 or 𝑐 > 𝛿
𝑝𝐶 (𝑐), −𝛿 ≤ 𝑐 ≤ 𝛿

(B.18)

where 𝑝𝐶 (𝑐) is an arbitrary distribution that satisfies 

∫

𝛿

−𝛿
𝑝𝐶 (𝑐)𝑑𝑐 = 1 (B.19)

Furthermore, it is reasonable to assume that 𝑎 and 𝑐 are independent of 
each other. This is because the quantization noise, 𝑞𝑚, is independent 
of 𝑓 (𝑡), and 𝑐 is only related to the derivative of 𝑓 (𝑡). In this case, the 
probability density function (PDF) of 𝑏 is given by the convolution of 
𝑝𝐴(𝑎) and 𝑝𝐶 (𝑐), i.e., 

𝑝𝐵(𝑏) =
∞
𝑝𝐶 (𝑏 − 𝑎)𝑝𝐴(𝑎)𝑑𝑎 (B.20)
∫−∞
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Recall that the sampling interval 𝛥𝑇  satisfies 

𝛥𝑇 ≤ 1
2𝜔

(

𝛽
2𝜆

)−1
(B.21)

Hence we have 

𝛿 =
𝛥𝑇𝜔𝛽
2𝜆

≤ 1
2

(B.22)

and consequently, ⌊𝑎⌋+1−𝛿 ≥ ⌊𝑎⌋+𝛿. Therefore, 𝑝𝐵(𝑏) can be calculated 
as 

𝑝𝐵(𝑏) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, 𝑏 < ⌊𝑎⌋ − 𝛿
𝐹𝐶 (𝑏 − ⌊𝑎⌋), ⌊𝑎⌋ − 𝛿 ≤ 𝑏 < ⌊𝑎⌋ + 𝛿
1, ⌊𝑎⌋ + 𝛿 ≤ 𝑏 < ⌊𝑎⌋ + 1 − 𝛿
1 − 𝐹𝐶 (𝑏 − ⌊𝑎⌋ − 1), ⌊𝑎⌋ + 1 − 𝛿 ≤ 𝑏 < ⌊𝑎⌋ + 1 + 𝛿
0, 𝑏 > ⌊𝑎⌋ + 1 + 𝛿

(B.23)

where 𝐹𝐶 (⋅) is the cumulative distribution function (CDF) of 𝑐. The 
derivation of 𝑝𝐵(𝑏) can be found in Appendix  C. The desired probability 
is then computed as
Pr(𝑒𝑚 = 0) ⇔ Pr(⌊𝑏⌋ = ⌊𝑎⌋)

= Pr(⌊𝑎⌋ ≤ 𝑏 < ⌊𝑎⌋ + 1)

= ∫

⌊𝑎⌋+1

⌊𝑎⌋
𝑝𝐵(𝑏)𝑑𝑏

≜ 𝜅1 + 𝜅2 + 𝜅3 (B.24)

where 𝜅1, 𝜅2 and 𝜅3 are respectively calculated by

𝜅1 = ∫

⌊𝑎⌋+𝛿

⌊𝑎⌋
𝐹𝑐 (𝑏 − ⌊𝑎⌋)𝑑𝑏 = ∫

𝛿

0
𝐹𝐶 (𝑐)𝑑𝑐 (B.25)

𝜅2 = ∫

⌊𝑎⌋+1−𝛿

⌊𝑎⌋+𝛿
(1)𝑑𝑏 = 1 − 2𝛿 (B.26)

𝜅3 = ∫

⌊𝑎⌋+1

⌊𝑎⌋+1−𝛿

(

1 − 𝐹𝐶 (𝑏 − ⌊𝑎⌋ − 1)
)

𝑑𝑏 = 𝛿 − ∫

0

−𝛿
𝐹𝐶 (𝑐)𝑑𝑐 (B.27)

Therefore, we have
Pr(𝑒𝑚 = 0) = 𝜅1 + 𝜅2 + 𝜅3

= 1 − 𝛿 + ∫

𝛿

0
𝐹𝐶 (𝑐)𝑑𝑐 − ∫

0

−𝛿
𝐹𝐶 (𝑐)𝑑𝑐 (B.28)

Due to the property of CDF, 𝐹𝐶 (𝑐) is non-negative and non-decreasing 
over the interval [−𝛿, 𝛿]. Therefore, the following holds: 

∫

𝛿

0
𝐹𝐶 (𝑐)𝑑𝑐 − ∫

0

−𝛿
𝐹𝐶 (𝑐)𝑑𝑐 ≥ 0 (B.29)

Combining (B.28) and (B.29), we arrive at our main result 

Pr(𝑓𝑚 = 𝑥̃𝑚) ⇔ Pr(𝑒𝑚 = 0) ≥ 1 − 𝛿 = 1 −
𝛥𝑇𝜔𝛽
2𝜆

(B.30)

This completes our proof. □

Appendix C. Derivation of 𝒑𝑩(𝒃)

The PDF of 𝑏 can be expressed as

𝑝𝐵(𝑏) = ∫

∞

−∞
𝑝𝐶 (𝑏 − 𝑎)𝑝𝐴(𝑎)𝑑𝑎

= ∫

⌊𝑎⌋+1

⌊𝑎⌋
𝑝𝐶 (𝑏 − 𝑎)𝑑𝑎

(𝑎)
= ∫

𝑏−⌊𝑎⌋

𝑏−⌊𝑎⌋−1
𝑝𝐶 (𝑐)𝑑𝑐 (C.1)

where in (𝑎) we utilize the definition 𝑐 ≜ 𝑏 − 𝑎. Recall that 𝑝𝐶 (𝑐) is 
nonzero only within the interval [−𝛿, 𝛿]. Therefore we have 𝑝𝐵(𝑏) = 0 if 
𝑏 − ⌊𝑎⌋ < −𝛿 or 𝑏 − ⌊𝑎⌋ − 1 > 𝛿 (i.e., 𝑏 < ⌊𝑎⌋ − 𝛿 or 𝑏 > ⌊𝑎⌋ + 1 + 𝛿).

On the other hand, when −𝛿 ≤ 𝑏 − ⌊𝑎⌋ − 1 < 𝛿, i.e., −𝛿 + ⌊𝑎⌋ + 1 ≤
𝑏 < ⌊𝑎⌋ + 1 + 𝛿, we have 

𝑝𝐵(𝑏) =
𝛿

𝑝𝐶 (𝑐)𝑑𝑐 = 1 − 𝐹𝐶 (𝑏 − ⌊𝑎⌋ − 1) (C.2)
∫𝑏−⌊𝑎⌋−1
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Moreover, when 𝑏 − ⌊𝑎⌋ − 1 < −𝛿 and 𝑏 − ⌊𝑎⌋ ≥ 𝛿, i.e., ⌊𝑎⌋ + 𝛿 ≤ 𝑏 <
⌊𝑎⌋ + 1 − 𝛿, we have 

𝑝𝐵(𝑏) = ∫

𝛿

−𝛿
𝑝𝐶 (𝑐)𝑑𝑐 = 1 (C.3)

Also, when −𝛿 ≤ 𝑏 − ⌊𝑎⌋ < 𝛿, i.e., ⌊𝑎⌋ − 𝛿 ≤ 𝑏 < ⌊𝑎⌋ + 𝛿, we have 

𝑝𝐵(𝑏) = ∫

𝑏−⌊𝑎⌋

−𝛿
𝑝𝐶 (𝑐)𝑑𝑐 = 𝐹𝐶 (𝑏 − ⌊𝑎⌋) (C.4)

Summarizing the above results, we arrive at (B.20).

Appendix D. Proof of Theorem  3

From (B.8), we know that 𝑒𝑚 can be expressed by 

𝑒𝑚 = ⌊𝑏⌋ − ⌊𝑎⌋ (D.1)

where 𝑏 = 𝑎 + 𝑐. Based on (B.12), we know that 

|𝑐| ≤ 𝛿 =
𝛥𝑇𝜔𝛽
2𝜆

(D.2)

Recalling (46), we have 

‖𝑐‖∞ <
𝜔𝛽
2𝜆

1
𝜔

(

𝛽
2𝜆

)−1
= 1 (D.3)

which indicates that 𝑐 belongs to the set 
−1 < 𝑐 < 1 (D.4)

On the other hand, we know that 
⌊𝑎⌋ ≤ 𝑎 < ⌊𝑎⌋ + 1 (D.5)

Combining (D.4) and (D.5) we obtain that 
⌊𝑎⌋ − 1 < 𝑏 < ⌊𝑎⌋ + 2 (D.6)

Therefore ⌊𝑏⌋ belongs to the set {⌊𝑎⌋, ⌊𝑎⌋ ± 1}, which implies that 
𝑒𝑚 ∈ {0,±1}. This completes the proof. □

Data availability

Data will be made available on request.
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