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Abstract
We investigate the structure of non-equilibrium steady states (NESS) for a class of exactly
solvable models in the setting of a chain with left and right reservoirs. Inspired by recent
results on the harmonic model Large deviations and additivity principle for the open har-
monic process, (2023), (JSP 191(1):10, 2024). we focus on models in which the NESS is a
mixture of equilibrium product measures, andwhere the probabilitymeasure which describes
the mixture has a spatial Markovian property. We completely characterize the structure of
such mixture measures, and show that under natural scaling and translation invariance prop-
erties, the only possible mixture measures are coinciding with the Dirichlet process found in
Carinci Gioia, Franceschini Chiara, Frassek Rouven, Giardinà Cristian, Redig Frank. Large
deviations and additivity principle for the open harmonic process, (2023), in the context of
the harmonic model.

Keywords Non-equilibrium steady state · Mixtures of product states · Harmonic model ·
Two-sided Markovproperty · Dirichlet densities

1 Introduction

The structure of the stationary state of stochastic interacting particle systems driven out of
equilibrium, for instance via boundary driving, is a challenging problem, and very few exactly
solvablemodels are available. A famous example of an exactly solvablemodel in this context
is the boundary driven exclusion process, solvable via the matrix ansatz solution, see [8], [9].

Recently, new explicit representations of non-equilibrium steady states (NESS) were dis-
covered in the context of the boundary driven KMPmodel [14], [2], [7], and in the context of
the boundary driven harmonic model [4], [5]. For a general class of mass transport models,
including both the KMP and the harmonic model on general graphs, such representations
were found via intertwining in [13]. The integrable structure of the harmonic model was
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discovered in [11], and explicit formulas for the factorial moments in the non-equilibrium
stationary state are given. These explicit representations of the NESS allow to obtain very
detailed information about large deviations, long-range correlations and other properties of
NESS that are believed to hold for a large class of models.

1.1 The Non-equilibrium Steady State as a Mixture

For all the models mentioned above (KMP, harmonic), the equilibrium distributions are
product. E.g. for the KMPmodel the equilibriummeasures are products of exponentials with
identical (i.e., site independent) parameters. An important development is the discovery that
for all these models the NESS can be written as a stochastic mixture of product measures with
equilibrium marginals. E.g. for the KMP model on a chain with n sites coupled to reservoirs
at both ends, with left reservoir parameter θL and right reservoir parameter θR > θL , the
NESS reads

μ
(n)
θL ,θR

[dη1, . . . , dηn] =
∫ (⊗n

i=1νθi [dηi ]
)
�n

θL ,θR
(dθ1, . . . dθn). (1)

Here νθi is an exponential distribution with parameter (i.e., expectation) θi , and �n
θL ,θR

, the
so-called mixture measure, is a probability measure on [θL , θR]n concentrating on ordered
n-tuples θL ≤ θ1 ≤ . . . ≤ θn ≤ θR . This mixture measure describes the distribution of the
“hidden parameters” (θ1, . . . , θn). We then recover the equilibrium product measures of the
KMP model when θL = θR = θ∗ because in that case the mixture measure �n

θL ,θR
becomes

a Dirac measure concentrating on θ∗.
Moreover, the mixture measure�n

θL ,θR
in (1) is in turn the stationary measure of a Marko-

vian dynamics on the space of parameters (θ1, . . . , θn) ∈ [θL , θR]n . This dynamics of the
parameters is then called the “hidden temperature” model [7] or in more general setting, the
“hidden parameter” model [13].

In the context of the (discrete or continuous) harmonic model, a representation as in
(1) exists, and moreover, in that context, the measure �n

θL ,θR
is available in closed form

and given by the joint distribution of the order statistics of n independent uniforms on the
interval [θL , θR] (here we assume θL < θR). In [4], a class of generalized harmonic models
is introduced, where also the mixture measure �n

θL ,θR
is explicit and given by an ordered

Dirichlet distribution. Other models in which the NESS can be written as a stochastic mixture
of product measures include the boundary-driven symmetric exclusion process [10] and the
boundary-driven inclusion process [13]. In both these models (as well as in the KMPmodel),
the mixture measure cannot be obtained explicitly as it is the case for the harmonic models
(on the chain), but it can only be characterized implicitly as the stationary measure of the
hidden parameter model.

1.2 The Use of Mixture Representations of a NESS

A representation of the NESS of type (1) with explicit knowlegde of the mixture measure is
very useful and allows to derive many macroscopic properties about the density profile in the
NESS. More precisely, the explicit knowledge of the mixture measure �n

θL ,θR
(dθ1, . . . dθn)

allows to prove the large deviation principle for the density profile 1
n

∑n
i=1 ηiδi/n under

the NESS, as already outlined in [2]. Conditional on a realization of the hidden parameters
(θ1, . . . , θn), the measure μ

(n)
θL ,θR

is a product measure ⊗n
i=1νθi for which the computation of

the rate function for the large deviations of the density profile is easy, and yields a function

123
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of the empirical profile of the parameters 1
n

∑n
i=1 θiδi/n . So once one can obtain the large

deviation principle of 1
n

∑n
i=1 θiδi/n under the measure �n

θL ,θR
, one obtains a variational

expression for the rate function controlling the large deviations of the density profile. This
variational expression naturally leads to the non-locality of the large deviation rate function, a
propertywhich is expected to be generic for non-equilibrium steady states. The representation
(1) also naturally leads to explicit formulas for correlation functions and cumulants, relating
them to correlation functions of order statistics, which are known explicitly. In particular, we
can recover the long-range character of the covariance in the NESS, and we can also obtain
natural scaling properties of cumulants.

As an additional by-product of a representation of the form (1), one can prove local
equilibrium and have control on the (mesoscopic) deviations from local equilibrium.

In that sense, it is very relevant to obtain models in which the NESS can be written in the
form (1) with an explicit form for the mixture measure �n

θL ,θR
.

1.3 The Spatial Markov Property of the Hidden Parameter Model

In [13] we obtain a probabilistic understanding of the fact that for the harmonic models the
mixture measure can be obtained explicitly. We show that under the measure �n

θL ,θR
, the

conditional distribution of θi given all θ j , j �= i , is uniform on [θi−1, θi+1], which is exactly
the Markov structure of the joint distribution of order statistics of independent uniforms.

The spatialMarkov structure of themeasure�n
θL ,θR

implies that one can reconstruct�n
θL ,θR

from �1
θL ,θR

. More precisely, knowing the invariant measure for the hidden parameter model
for a single-site system with left and right reservoirs is sufficient to obtain full knowledge
of �n

θL ,θR
for all system sizes n ∈ N. Finding this invariant measure for the system with a

single site is usually an easy problem. Then, as a consequence of the structure of the NESS,
one can find μ

(n)
θL ,θR

[dη1, . . . , dηn] for all n ∈ N.
As we showed in [4], this spatial Markov structure of the measure �n

θL ,θR
also leads

naturally to the additivity principle for the pressure and the corresponding large deviation
rate function (cf. [3]). Therefore, we can think of the spatial Markov structure of the mixture
measure �n

θL ,θR
as a microscopic counterpart of the additivity principle [3].

1.4 Content and Organization of the Paper

In this paper, we focus on the characterization and the precise consequences of the Markov
structure of the mixture measure �n

θL ,θR
.

As a first result, we prove that in such a setting the measures �n
θL ,θR

are completely deter-
mined by the system consisting of a single site with left and right reservoirs, i.e., the measures
�1

θL ,θR
. As a second result, we characterize those single-site systems which are “extendable”,

i.e., give rise to a Markov family {�n
θL ,θR

, n ∈ N}. Finally, as a third result, under natural
assumptions of scaling and translation invariance, we prove that the only possible measures
�n

θL ,θR
are the ordered Dirichlet distributions which appeared in the generalized harmonic

models [4].
The measures �n

θL ,θR
are concentrated on the set of ordered n-tuples θL < θ1 < θ2 <

. . . < θn < θR . Because of this ordering restriction, the standard theory of Markov specifi-
cations from [12] chapter 10 and 11, or the Hammersley-Clifford theorem [6] is not directly
applicable as both assume non-null specifications. We can think of the measures �n

θL ,θR
as

123
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the joint distribution of a Markov bridge, i.e., a joint distribution of the form

X (n)
1 = ·, . . . , X (n)

n = ·|X (n)
0 = θL , X (n)

n+1 = θR

where X (n)
1 = ·, . . . , X (n)

n are the first n steps of a Markov process. However, because of the
ordering restriction, this Markov bridge depends on n and therefore cannot be thought of as
the conditioning of an infinite-volume Gibbs measure with nearest neighbor interaction.

The rest of our paper is organized as follows. In section 2 we define the two-sided Markov
property and a notion of symmetry for themeasures�n

θL ,θR
. In section 3we study their support

properties. In section 4 we provide a way to reconstruct the measure �n
θL ,θR

corresponding
to n sites from the measure corresponding to a single site. Finally, in section 5, we find
two properties concerning the shift and scale invariance of the measures to characterize the
Dirichlet distributions.

2 Structure of the n-site Densities

In this section we first introduce the necessary notation and give a formal definition of the
Markovian structure of the mixture measure �n

a,b. We also define a notion of symmetry
which we will assume throughout this text. Next we prove that the Markov property implies
a product structure for the n-site density and subsequently investigate consequences of the
symmetry property.

Let a, b ∈ R
+. We consider a family of probability density functions {�n

a,b}n≥1 correspond-
ing to random vectors taking values in (Ia,b)

n , where Ia,b = (a ∧ b, a ∨ b). That is, for fixed
a, b and n we have random variables �1,n, ..., �n,n with joint density �n

a,b:

Pn((�1,n, ..., �n,n) ∈ A) =
∫
A

�n
a,bdλn, (2)

for each Borel set A ∈ B((Ia,b)
n) and n ≥ 1 and where λn denotes the Lebesgue measure

on R
n . We assume that, for all values of a, b ∈ R

+ and n ≥ 1, we have a corresponding
density �n

a,b. This then defines the map �n : (a, b) → �n
a,b and we refer to this map as the

n-site density. Moreover, we refer to �n
a,b as the the n-site density with left parameter a and

right parameter b.

Throughout this text we often use the densities of marginals and conditional densities of the
random variables �i,n , 1 ≤ i ≤ n, which we denote as follows,

�
n,i
a,b(θi ) :=

∫ ∞

−∞
...

∫ ∞

−∞
�n

a,b(θ1, ..., θi , ..., θn)dθ1...dθi−1dθi+1...dθn (3)

for the i-th marginal and, for θi ∈ supp (�
n,i
a,b),

�n
a,b(θ1, ..., θn |�i = θi ) := �n

a,b(θ1, ..., θi , ..., θn)

�
n,i
a,b(θi )

. (4)

We now define what it means for the family �n to be two-sided Markov. For notational
simplicity we omit the right index n in �1,n, ..., �n,n whenever n is fixed, i.e. we write
�1, ..., �n .

Definition 2.1 The family {�n}n≥1 is called

123
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1. Two-sided Markov if the corresponding densities �n
a,b, n ≥ 1 and a, b ∈ R

+, satisfy
the following two properties

(i) Two-sided Markov property:

�n
a,b(θ1, ..., θn |� j = θ j ) = �

j−1
a,θ j

(θ1, ..., θ j−1) · �
n− j
θ j ,b

(θ j+1, ..., θn) (5)

for all θ1, ..., θn ∈ Ia,b. Here we define �0
a,b := 1.

(ii) Support restriction: �1
a,b has support Ia,b. Here we define the support of a function

f : X → R as supp ( f ) := {x ∈ X : f (x) �= 0}.
2. Symmetric if, for all n ≥ 1, a, b ∈ R

+ and θ1, ..., θn ∈ Ia,b

�n
a,b(θ1, ..., θn) = �n

b,a(θn, ..., θ1). (6)

Remark 2.2 In this paper we are interested in densities �n
a,b which concentrate on the set

of ordered n-tuples a < θ1 < ... < θn < b. This is guaranteed via the requirement on the
support of �1, as we will prove in proposition 3.2.

Example 2.3 Consider the joint probability density of the order statistics of n i.i.d. uni-
form random variables on (a, b) with a ≤ b. More precisely, for n ≥ 1 we consider
X1, X2, ..., Xn ∼ U (a, b) and denote the corresponding order statistics by�1 = X1:n,�2 =
X2:n, ..., �n = Xn:n . The joint distribution of �1, ..., �n is given by

�n
a,b(θ1, ..., θn) = n! · |b − a|−n1(a < θ1 < θ2 < ... < θn < b). (7)

The marginals are given by

�
n,i
a,b(θ) = n!

(i − 1)!(n − i)! |b − a|−n |b − θ |n−i |θ − a|i−11(θ ∈ Ia,b). (8)

The two-sided Markov property now follows from

�n
a,b(θ1, ..., θn |�i = θi ) = �n

a,b(θ1, ..., θn)

�
n,i
a,b(θi )

= (i − 1)!(n − i)!
|b − θi |n−i |θi − a|i−11(a < θ1 < θ2 < ... < θn < b)

(9)

and

�i−1
a,θi

(θ1, ..., θi−1) · �n−i
θi ,b

(θi+1, ..., θn)

= (i − 1)!(n − i)!
|b − θi |n−i |θi − a|i−11(a < θ1 < θ2 < ... < θn < b). (10)

We generalize the definition of the order statistics for the case b ≤ a in such a way that the
family {�n}n≥1 becomes symmetric. I.e. we define

�n
a,b(θ1, ..., θn) =

{
n! · |b − a|−n1(a < θ1 < θ2 < ... < θn < b) if a < b

n! · |b − a|−n1(a > θ1 > θ2 > ... > θn > b) if a > b
(11)

One can show the two-sided Markov property for the case a > b in the same way as is done
above for a < b.

123
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2.1 Product form for Two-sidedMarkov Families

In this paper we aim to fully characterize the symmetric families which satisfy the two-sided
Markov property. A first step in this direction is given by the proposition 2.4 below. It states
the equivalence between the two-sided Markov property and the density being a product of
marginals in two distinct ways. These product forms can directly be derived by repeatedly
applying the two-sided Markov property. The converse can be derived by combining the two
product representations.

Proposition 2.4 For notational convenience we write θ0 := a and θn+1 := b. The following
statements are equivalent:

1. {�n}n≥1 is two-sided Markov.

2. For all n ≥ 1, a, b ∈ R
+ and θ1, ..., θn ∈ Ia,b we have

{
�n

a,b(θ1, ..., θn |�n = θn) = �n−1
a,θn

(θ1, ..., θn−1)

�n
a,b(θ1, ..., θn |�1 = θ1) = �n−1

θ1,b
(θ2, ..., θn).

(12)

3. For all n ≥ 1, a, b ∈ R
+ and θ1, ..., θn ∈ Ia,b,

�n
a,b(θ1, ..., θn) =

n−1∏
i=0

�
n−i,1
θi ,b

(θi+1) =
n−1∏
i=0

�
n−i,n−i
a,θn−i+1

(θn−i ). (13)

Proof 1 implies 2: This follows immediately from the definition of the two-sided Markov
property.

2 implies 3: We use induction. (13) obviously holds for n = 1. Assume (13) holds for n = k,
then we have, using (12),

�k+1
a,b (θ1, ..., θk+1) = �

k+1,k+1
a,b (θk+1) · �k

a,θk+1
(θ1, ..., θk)

= �
k+1,k+1
a,b (θk+1) ·

k−1∏
i=0

�
k−i,k−i
a,θk−i+1

(θk−i ) (14)

and

�k+1
a,b (θ1, ..., θk+1) = �

k+1,1
a,b (θ1) · �k

θ1,b(θ2, ..., θk+1) = �
k+1,1
a,b (θ1) ·

k∏
i=0

�
k−i,1
θi ,b

(θi+1).

(15)

3 implies 1: We have the following two expressions for �n
a,b(θ1, ..., θn),

�n
a,b(θ1, ..., θn) = [�n,1

a,b(θ1) · �
n−1,1
θ1,b

(θ2)...�
n− j+1,1
θ j−1,b

(θ j )]
· [�n− j,1

θ j ,b
(θ j+1) · �

n− j−1,1
θ j+1,b

(θ j+2)...�
1,1
θn−1,b

(θn)] (16)

123
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and

�n
a,b(θ1, ..., θn) = [�1,1

a,θ2
(θ1) · �

2,2
a,θ3

(θ2)...�
j−1, j−1
a,θ j

(θ j−1)]
· [� j, j

a,θ j+1
(θ j ) · �

j+1, j+1
a,θ j+2

(θ j+1)...�
n,n
a,b(θn)]. (17)

Notice both expressions factor into a part which does not depend on θ1, ..., θ j−1 and a part
which does not depend on θ j+1, ..., θn . As a consequence

�
n,1
a,b(θ1) · �

n−1,1
θ1,b

(θ2)...�
n− j+1,1
θ j−1,b

(θ j )

�
1,1
a,θ2

(θ1) · �
2,2
a,θ3

(θ2)...�
j−1, j−1
a,θ j

(θ j−1)
= C(a, θ j , b)

=
�

j, j
a,θ j+1

(θ j ) · �
j+1, j+1
a,θ j+2

(θ j+1)...�
n,n
a,b(θn)

�
n− j,1
θ j ,b

(θ j+1) · �
n− j−1,1
θ j+1,b

(θ j+2)...�
1,1
θn−1,b

(θn)
(18)

for some function C . We tacitly used that the denominators above are non-zero. However
if one of the factors in the denominator of the equation above is zero, then the two-sided
Markov property holds automatically because both left and right hand side of the defining
property (5) are equal to zero. One can now relate the factors of the first and the second
expression via C . We use this to show the two-sided Markov property.

�n
a,b(θ1, ..., θn) = [�n,1

a,b(θ1) · �
n−1,1
θ1,b

(θ2)...�
n− j+1,1
θ j−1,b

(θ j )]
· [�n− j,1

θ j ,b
(θ j+1) · �

n− j−1,1
θ j+1,b

(θ j+2)...�
1,1
θn−1,b

(θn)] (19)

= C(a, θ j , b) · [�1,1
a,θ2

(θ1) · �
2,2
a,θ3

(θ2)...�
j−1, j−1
a,θ j

(θ j−1)]
· [�n− j,1

θ j ,b
(θ j+1) · �

n− j−1,1
θ j+1,b

(θ j+2)...�
1,1
θn−1,b

(θn)]
= C(a, θ j , b) · �

j−1
a,θ j

(θ1, ..., θ j−1) · �
n− j
θ j ,b

(θ j+1, ..., θn).

Integrating both sides of this equation with respect to θ1, ..., θ j−1, θ j+1, ..., θn yields

C(a, θ j , b) = �
n, j
a,b(θ j ), which then gives us the two-sided Markov property in (19).


�

Remark 2.5 Proposition (2.4) will play an important role in later applications since it shows
the whole family is determined by its left and right-side marginals, i.e. {�n,1}n≥1 and
{�n,n}n≥1. More precisely, suppose one has a family up to some m ≥ 0, {�n}m≥n≥1. Then
we can construct a valid density �m+1 if we can find �m+1,1 and �m+1,m+1 such that

�m+1
a,b (θ1, ..., θm+1) := �

m+1,1
a,b (θ1) · �m

θ1,b(θ2, ..., θm+1)

= �m
a,θm+1

(θ1, ..., θm) · �
m+1,m+1
a,b (θm+1). (20)

for all a, b ∈ R
+ and θ1, ..., θm+1 ∈ Ia,b. Indeed, one can substitute the product forms in

(13) for�m
θ1,b

(θ2, ..., θm+1) and�m
a,θm+1

(θ1, ..., θm). Then�m+1
a,b again has the product form

�m+1
a,b (θ1, ..., θm+1) =

m∏
i=0

�
m+1−i,1
θi ,b

(θi+1) =
m∏
i=0

�
m+1−i,m+1−i
a,θm+2−i

(θm+1−i ), (21)

and hence satisfies the two-side Markov property.

123
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2.2 Implications of the Symmetry Property

In this subsection we examine some of the consequences of the symmetry property defined
in (6). First, we will relate the j-th and the n− j +1-th marginal. This is done in proposition
2.6. Next we show that the symmetry of a family {�n}n≥1 is completely determined by the
symmetry of �1, provided that the family is two-sided Markov. This result is the content of
proposition 2.7.

Proposition 2.6 Let {�n}n≥1be symmetric. Assume a, b ∈ R
+, θ ∈ R and n ≥ 1, then

�
n, j
a,b(θ) = �

n,n− j+1
b,a (θ) (22)

for all j ∈ {1, ..., n}.
Proof

�
n, j
a,b(θ) =

∫ ∞

−∞
...

∫ ∞

−∞
�n

a,b(θ1, ..., θ, ..., θn)dθ1...dθ j−1dθ j+1...dθn (23)

=
∫ ∞

−∞
...

∫ ∞

−∞
�n

b,a(θn, ..., θ, ..., θ1)dθ1...dθ j−1dθ j+1...dθn = �
n,n− j+1
b,a (θ)


�
Proposition 2.7 Let {�n

a,b}n≥1 be two-sidedMarkov with�1
a,b = �1

b,a, then the whole family{�n
a,b}n≥1 is symmetric.

Proof We use induction. The symmetry of �n
a,b holds for n = 1 by assumption. Suppose

the symmetry holds for n = k and that (θ1, ..., θk+1) ∈ supp �k+1
a,b . Notice that, due to the

two-sided Markov property,

1 = �k+1
a,b (θ1, ..., θk+1)

�k+1
a,b (θ1, ..., θk+1)

= �
k+1,1
a,b (θ1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,k
θ1,b

(θk+1)

�
k+1,k+1
a,b (θk+1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,1
a,θk+1

(θ1)
. (24)

We obtain

�
k+1,1
a,b (θ1)

�
k+1,k+1
a,b (θk+1)

= �
k,1
a,θk+1

(θ1)

�
k,k
θ1,b

(θk+1)
. (25)

We will use this equation to show the symmetry for n = k+1. Notice that we have symmetry
if

1 = �k+1
a,b (θ1, ..., θk+1)

�k+1
b,a (θk+1, ..., θ1)

= �
k+1,1
a,b (θ1) · �k

θ1,b
(θ2, ..., θk+1)

�
k+1,k+1
b,a (θ1) · �k

b,θ1
(θk+1, ..., θ2)

(26)

By the induction hypothesis we have �k
θ1,b

(θ2, ..., θk+1) = �k
b,θ1

(θk+1, ..., θ2), hence the
right hand side of (26) simplifies. We see that symmetry for n = k + 1 is equivalent with

�
k+1,1
a,b (θ1)

�
k+1,k+1
b,a (θ1)

= 1. (27)

We will prove (27). We start from (25) and observe that

�
k+1,1
a,b (θ1)

�
k+1,k+1
a,b (θk+1)

= �
k,1
a,θk+1

(θ1)

�
k,k
θ1,b

(θk+1)
= �

k,k
θk+1,a

(θ1)

�
k,1
b,θ1

(θk+1)
= �

k+1,k+1
b,a (θ1)

�
k+1,1
b,a (θk+1)

. (28)
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For the second equality we use the induction hypothesis combined with Proposition 2.6 and
for the last equality we again use (25). One can now separate this equation into a θ1-dependent
and a θk+1-dependent side. That is

�
k+1,1
a,b (θ1)

�
k+1,k+1
b,a (θ1)

= �
k+1,k+1
a,b (θk+1)

�
k+1,1
b,a (θk+1)

= c (29)

for some c independent from both θ1 and θk+1. Integrating �
k+1,1
a,b (θ1) = c · �

k+1,k+1
b,a (θ1)

over θ1 yields c = 1. This yields (27) and hence concludes the proof. 
�

3 Support of the Densities

In this section we study the support of the densities {�n
a,b}n≥1. More precisely, we show that

the support of the first marginal �
n,1
a,b is given by Ia,b for all n ∈ N. The product form from

the previous section then implies that �n
a,b is supported on the set of ordered n-tuples in the

interval Ia,b.

For two-sided Markov families {�n}n≥1 one can find transition operators acting on the
marginals. More precise, for suitable i , one can find a raising operator Pn,i+1 and a lowering
operator Qn,i−1 transforming�

n,i
a,b to�

n,i+1
a,b and�

n,i−1
a,b respectively. The proposition below

states these transition operators explicitly.

Proposition 3.1 Let {�n}n≥1 be two-sided Markov. For a, b ∈ R
+ and n ≥ 1, i ∈ {1, ..., n}

we have {
�

n,i+1
a,b = Pn,i+1�

n,i
a,b for i ∈ {1, ..., n − 1}

�
n,i−1
a,b = Qn,i−1�

n,i
a,b for i ∈ {2, ..., n} . (30)

Here Pn,i+1 : L1(−∞,∞) → L1(−∞,∞) and Qn,i−1 : L1(−∞,∞) → L1(−∞,∞)

are given by {
Pn,i+1 f (x) = ∫ ∞

−∞ f (y) · �
n−i,1
y,b (x)dy

Qn,i−1 f (x) = ∫ ∞
−∞ f (y) · �

i−1,i−1
a,y (x)dy

. (31)

Proof It is straightforward to show that transition operators Pn,i+1 and Qn,i−1 map
L1(−∞,∞) functions to L1(−∞,∞) functions. Indeed, let f ∈ L1(−∞,∞), then∫ ∞

−∞
|Pn,i+1 f (x)|dx ≤

∫ ∞

−∞

∫ ∞

−∞
| f (y)| · |�n−i,1

y,b (x)|dydx ≤ || f ||1 < ∞. (32)

A similar argument can be used to show Qn,i−1 map L1(−∞,∞) functions to
L1(−∞,∞).

We now show that �
n,i+1
a,b = Pn,i+1�

n,i
a,b. On can use an analogous proof to show

�
n,i−1
a,b = Qn,i−1�

n,i
a,b.

We use the notation �
n,(i,i+1)
a,b to denote the joint distribution of �i and �i+1, i.e.

�
n,(i,i+1)
a,b (θi , θi+1) =

∫ ∞

−∞
...

∫ ∞

−∞
�n

a,b(θ1, ..., θn)dθ1, ..., dθi−1dθi+2...dθn . (33)
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We write �
n,(i,i+1)
a,b (y, θi+1|�i = y) for the joint distribution under the condition �i = y.

Suppose we have

�
n,(i,i+1)
a,b (y, θi+1|�i = y) = �

n−i,1
y,b (θi+1), (34)

then the result follows directly:

�
n,i+1
a,b (θi+1) =

∫ ∞

−∞
�

n,i
a,b(y) · �

n,(i,i+1)
a,b (y, θi+1|�i = y)dy (35)

=
∫ ∞

−∞
�

n,i
a,b(y) · �

n−i,1
y,b (θi+1)dy

= Pn,i+1�
n,i
a,b(θi+1).

To prove (34) we compute �
n,(i,i+1)
a,b (y, θi+1|�i = y),

�
n,(i,i+1)
a,b (y, θi+1|�i = y)

=
∫ ∞

−∞
...

∫ ∞

−∞
�n

a,b(θ1, ..., θi−1, y, θi+1, ..., θn |�i = y)dθ1...dθi−1dθi+2...dθn

(36)

=
∫ ∞

−∞
...

∫ ∞

−∞
�i−1

a,y (θ1, ..., θi−1) · �n−i
y,b (θi+1, ..., θn)dθ1...dθi−1dθi+2...dθn

=
∫ ∞

−∞
...

∫ ∞

−∞
�n−i

y,b (θi+1, ..., θn)dθi+2...dθn

= �
n−i,1
y,b (θi+1).


�
In the following proposition we make use of the transition operators introduced in 3.1 in
order to prove that the support of �1

a,b determines the support of the marginals �
n,1
a,b and

hence via the product structure the support �n
a,b.

Proposition 3.2 Let {�n}n≥1 be two-sided Markov and a, b ∈ R
+. Then

supp (�1
a,b) = Ia,b implies supp (�

n,1
a,b) = Ia,b (37)

for all n ≥ 1.

Proof We use induction. For n = 1 the statement holds by assumption. Assume ∀m ≤ k:
supp �

m,1
a,b = Ia,b. First we show that supp �

k+1,1
a,b ⊂ Ia,b. This part of the argument doesn’t

rely on the transition operators, those will be used in step 2.

Step 1: the support of �
k+1,1
a,b is a subset of Ia,b

Suppose θ1 ∈ R is in the support of�k+1,1
a,b , i.e.�k+1,1

a,b (θ1) �= 0. Then,there exist θ2, ..., θk+1

such that

�k+1
a,b (θ1, θ2, ..., θk+1) = �

k+1,1
a,b (θ1) · �

k,1
θ1,b

(θ2)...�
1,1
θk ,b

(θk+1) (38)

= �
k+1,k+1
a,b (θk+1) · �

k,k
a,θk+1

(θk)...�
1,1
a,θ2

(θ1) �= 0.

Suppose θ1 < b, then θ1 < θ2 < ... < θk+1 ≤ b by the induction hypothesis and the
first line of (38). The second line of (38) tells us that either a < θ1 < θ2 < ... < θk+1 or
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a > θ1 > θ2 > ... > θk+1. Combining the information from line one and line two gives
a < θ1 < b. Similarly we can assume θ1 < b and derive b < θ1 < a. We conclude θ1 ∈ Ia,b.

Step 2: Ia,b is the support of �
k+1,1
a,b

We notice that �k+1,1
a,b is a fixed point for Qk+1,1Pk+1,2 by virtue of proposition 3.1,

Qk+1,1

(
Pk+1,2�

k+1,1
a,b

)
= Qk+1,1�

k+1,2
a,b = �

k+1,1
a,b . (39)

We simplify notation by writing f for �
k+1,1
a,b , g for Pk+1,2�

k+1,1
a,b , i.e. f := �

k+1,1
a,b and

g := Pk+1,2�
k+1,1
a,b = �

k+1,2
a,b .

Assume, without loss of generality, that a ≤ b. Then,

g(x) =
∫ ∞

−∞
f (y) · �

k,1
y,b(x)dy =

∫ b

a
f (y) · �

k,1
y,b(x)dy. (40)

Here we use that supp f = [a, b]. Note that under the induction hypothesis supp �
k,1
y,b =

[y, b] for y ∈ [a, b] and that supp f ⊂ Ia,b = [a, b]. We see that

supp g = {x ∈ R : ess inf(supp f ) < x < b}, (41)

where ess inf(supp f ) := inf
{
z ∈ R : λ

(
(−∞, z] ∩ supp f

) �= 0
}
with λ the Lebesgue

measure. Analogously, we have

f (x) = Qk+1,1g(x) =
∫ ∞

−∞
g(y) · �1

a,y(x)dy =
∫ b

a
g(y) · �1

a,y(x)dy (42)

and

supp ( f ) = {x ∈ R : a < x < ess sup(supp g)} (43)

with ess sup(supp g) := sup
{
z ∈ R : λ

([z,∞) ∩ supp g
) �= 0

}
. Notice that supp g can not

be empty since f is a fixed point of Qk+1,1Pk+1,2. Indeed, if supp g would be empty then
f would be zero, which is not possible since f = �

k+1,1
a,b is a density function. This implies

ess sup(supp g) = b since the support of g is the interval in (41). We conclude supp f = supp
�

k+1,1
a,b = (a, b) = Ia,b.


�
Remark 3.3 The support of the first marginals determines directly the support of the joint
density. Indeed, the product expressions for �n

a,b in proposition 2.4 directly yields that

supp �n
a,b =

{
{θ1, ..., θn ∈ R : a < θ1 < ... < θn < b} for a < b

{θ1, ..., θn ∈ R : a > θ1 > ... > θn > b} for b < a
. (44)

4 Uniqueness and Recursive Construction

In this subsection we attempt to construct families {�n}n≥1 satisfying the two-sided Markov
property. In particular, we are interested in identifying which “one-site systems” �1 extend
to a full two-sided Markov family {�n}n≥1. We call those extendable. So far, in section 3,
we have seen that both symmetry and the support of the first marginal �n,1 are determined
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by �1. One of the results in this section, Theorem 4.1, gives uniqueness for extensions of �1

which have support on Ia,b for a, b ∈ R. Moreover, we will use proposition 2.4 to identify
the form of the �1 which are extendable.

4.1 Uniqueness

In the previous subsection we found transition operators with the marginals as fixed points.
Since these operators are defined in terms of marginals of smaller order, one could be tempted
to show uniqueness recursively via a fixed point theorem (e.g the Krein-Rutman theorem).
However, in our setting it appears to be non-trivial to satisfy the condition for such theorems.
Therefore we give a more direct approach below, relying strongly on our knowledge about
the support of the marginals.

Theorem 4.1 Let {�n}n≥1 be a two-sided Markov family. Then �1 uniquely determines
{�n}n≥1.

Proof Supposewehave two families {�n}n≥1 and {�̃n}n≥1 which are both two-sidedMarkov.
Moreover assume

�1
a,b = �̃1

a,b. (45)

We show

{�n}n≥1 = {�̃n}n≥1. (46)

using induction. For n = 1, the density functions are equal by assumption. Let a, b ∈
R

+, a < b, be arbitrary and assume that �k = �̃k . For any a < θ1 < ... < θk+1 < b we
have

0 �= �k+1
a,b (θ1, ..., θk+1) = �

k+1,1
a,b (θ1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,k
θ1,b

(θk+1) (47)

= �
k+1,k+1
a,b (θk+1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,1
a,θk+1

(θ1)

and

0 �= �̃k+1
a,b (θ1, ..., θk+1) = �̃

k+1,1
a,b (θ1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,k
θ1,b

(θk+1) (48)

= �̃
k+1,k+1
a,b (θk+1) · �k−1

θ1,θk
(θ2, ..., θk) · �

k,1
a,θk+1

(θ1).

We find

�
k+1,1
a,b (θ1)

�
k+1,k+1
a,b (θk+1)

= �
k,1
a,θk+1

(θ1)

�
k,k
θ1,b

(θk+1)
= �̃

k+1,1
a,b (θ1)

�̃
k+1,k+1
a,b (θk+1)

. (49)

Let ε > 0 be arbitrary and pick θk+1 = b − ε. For all θ1 ∈ (a, b − ε)

�
k+1,1
a,b (θ1)

�
k+1,k+1
a,b (b − ε)

= �̃
k+1,1
a,b (θ1)

�̃
k+1,k+1
a,b (b − ε)

. (50)

We see that�k+1,1
a,b and �̃

k+1,1
a,b are the same up to a constant factor on the interval (a, b−ε).

Since this holds for arbitrary ε and �
k+1,1
a,b , �̃

k+1,1
a,b are normalized, we can conclude that

�
k+1,1
a,b = �̃

k+1,1
a,b on all of (a, b). Moreover, we have �k+1

a,b = �̃k+1
a,b . For b ≤ a a similar

argument holds. 
�
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Remark 4.2 The theorem above essentially says that it is impossible for different two-sided
Markov families to have the same single site density. However, which �1 correspond to a
two-sided Markov family, i.e., which �1 are extendable is at this point an open question.
This will be the subject of the next subsection, in particular in Theorem 4.5 below we give a
full characterization.

4.2 Recursive Construction

By virtue of proposition 2.4 we can attempt to recursively construct a family {�n}n≥1 from a
suitable, symmetric,�1. In the proof of the theorem belowwefind a construction as described
in remark 2.5, i.e. we find suitable left and right marginals to construct�n+1 from�n . before
we state this theorem, we first prove two preliminary results.

Lemma 4.3 Let {�n}n≥1 be a symmetric two-sided Markov family. For arbitrary n ≥ 1 and
y ∈ R

+, there exist y-dependent functions fn, gn and hn on (R+)2 such that

�
n,1
a,b(x) = fn(a, b) · gn(b, x) · hn(x, a) · 1(x ∈ Ia,b) (51)

for all a, x, b ∈ R
+ such that x ∈ Ia,b and b ∈ Ia,y . If a density is of this form we will

refer to it as factorizable.

Proof By conditioning on θ1 and θn+1 we find

�n+1,1
a,y (θ1) · �n−1

θ1,θn+1
(θ2, ..., θn) · �

n,n
θ1,y

(θn+1)

= �
n,1
a,θn+1

(θ1) · �n−1
θ1,θn+1

(θ2, ..., θn) · �n+1,n+1
a,y (θn+1), (52)

where both sides of the equation are equal to �n+1
a,y (θ1, ..., θn+1). To proceed we need infor-

mation on the support of �n+1
a,y . To this end we assume a < y. As a consequence, we can

pick a < θ1 < ... < θn+1 < y, then

�
n+1,1
a,y (θ1)

�
n+1,1
y,a (θn+1)

= �
n+1,1
a,y (θ1)

�
n+1,n+1
a,y (θn+1)

= �
n,1
a,θn+1

(θ1)

�
n,n
θ1,y

(θn+1)
= �

n,1
a,θn+1

(θ1)

�
n,1
y,θ1

(θn+1)
. (53)

The first and third equality use the symmetry property. The second equality follows from
(52). The same equation can be derived for y < a and θ1 > θn+1, hence we continue with
general a, y ∈ R

+ and θ1 ∈ Ia,θn+1 , θn+1 ∈ Ia,y . Notice that in the case a < y we have
a < x < b < y, whereas in the case y < a we have y < b < x < a. That is, in the first
case y acts as an upper bound for the interval Ia,b and in the second case it acts like a lower
bound. We observe that

�
n,1
a,θn+1

(θ1) = [�n+1,1
y,a (θn+1)]−1 · �

n,1
y,θ1

(θn+1) · �n+1,1
a,y (θ1). (54)

One can now take θ1 = x and θn+1 = b to obtain

�
n,1
a,b(x) = [�n+1,1

y,a (b)]−1 · �n,1
y,x (b) · �n+1,1

a,y (x). (55)

We can then define the functions fn, gn and hn as follows

fn(a, b) := [�n+1,1
y,a (b)]−1, gn(b, x) := �n,1

y,x (b), hn(x, a) := �n+1,1
a,y (x). (56)


�
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Lemma 4.4 Let {�n}n≥1 be a symmetric two-sidedMarkov family. For arbitrary z1, z2 ∈ R
+,

z1 ≤ z2, there exist functions f , g and h on R such that

�1
a,b(x) = f (a, b) · g(b, x) · h(x, a) · 1(x ∈ Ia,b) (57)

for all a, b ∈ (z1, z2). Moreover, the functions f and g can be chosen to be symmetric.

Proof Let Z1 > 0 and Z2 > 0 be such that Z1 < z1 and z2 < Z2. Let a, b ∈ (Z1, Z2) and
assume a ≤ b. Then b ∈ Ia,Z2 , hence proposition 4.3 gives us functions f̂ , ĝ and ĥ such that

�1
a,b(x) = f̂ (a, b) · ĝ(b, x) · ĥ(x, a) · 1(x ∈ Ia,b). (58)

Similarly we can assume b ≤ a, then b ∈ IZ1,a , hence there are functions f̃ , g̃ and h̃ such
that

�1
a,b(x) = f̃ (a, b) · g̃(b, x) · h̃(x, a) · 1(x ∈ Ia,b). (59)

hence we can define f , g and h as

f (a, b) =
{
f̂ (a, b) if a < b

f̃ (a, b) if b < a
g(b, x) =

{
ĝ(b, x) if x < b

g̃(b, x) if b < x
h(x, a) =

{
ĥ(x, a) if a < x

g̃(x, a) if x < a

This show the first part of the lemma. we proceed with general a, b ∈ IZ1,Z2 and x ∈ Ia,b

Now we only have to show that we can choose f and g symmetric. We define ψ(a, x) =√
g(a, x) · h(x, a) and φ(a, b) = √

f (a, b) · f (b, a). Notice that, using the symmetry of
the family {�n}n≥1,

�1
a,b(x) =

√
�1

a,b(x) · �1
b,a(x) (60)

= √
f (a, b) · f (b, a) · √

g(a, x) · h(x, a) · √
g(b, x) · h(x, b)

= φ(a, b) · ψ(a, x) · ψ(b, x).

We now restrict a, b to (z1, z2) and claim that ψ(y, x)/ψ(x, y) is factorizable in x and y
given the order of x and y. More precisely, we claim that

ψ(y, x)

ψ(x, y)
= c2(y)1(x < y) + c1(y)1(y < x)

c1(x)1(x < y) + c2(x)1(y < x)
(61)

for some functions c1 and c2 and x �= y, x, y ∈ (z1, z2). Before we prove this claim we
demonstrate how we will use it. If the claim holds, then we have

�(x, y) : = [c1(x)1(x < y) + c2(x)1(y < x)] · ψ(y, x) (62)

= [c2(y)1(x < y) + c1(y)1(y < x)] · ψ(x, y) = �(y, x)

for all x, y ∈ (z1, z2) with x �= y. As a consequence

�1
a,b(x) = φ(a, b) · ψ(a, x) · ψ(b, x) · 1(x ∈ Ia,b) (63)

= φ(a, b) · �(b, x) · [c1(x) · 1(x < b)+c2(x) · 1(b< x)]−1ψ(a, x) · 1(x ∈ Ia,b)

= φ(a, b) · �(b, x) · γ (a, x) · 1(x ∈ Ia,b),
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where we define γ , for x ∈ Ia,b, as

γ (a, x) : = [c1(x) · 1(a < x) + c2(x) · 1(x < a)]−1ψ(a, x) (64)

= [c1(x) · 1(x < b) + c2(x) · 1(b < x)]−1ψ(a, x).

Notice that the second equality in (64) relies on the fact that x ∈ Ia,b. Indeed, for x ∈ Ia,b

we have a < x ⇐⇒ x < b and likewise b < x ⇐⇒ x < a. We can pick f = φ, g = �

and h = γ . Since φ and � are symmetric, this completes the proof.
Finally, we prove the claim (61). Recall that (60) holds on the whole interval (Z1, Z2)

rather than only on the subinterval (z1, z2). Let x, y ∈ Iz1,z2 . If we have x < y then

�
2,1
z1,z2(x)

�
2,1
z2,z1(y)

= �1
z1,y(x)

�1
z2,x (y)

= φ(z1, y) · ψ(z1, x) · ψ(y, x)

φ(z2, x) · ψ(z2, y) · ψ(x, y)
. (65)

DefineC1,2(x) := ψ(z1,x)

�
2,1
z1,z2 (x)·φ(z2,x)

andC2,1(y) := ψ(z2,y)

�
2,1
z2,z1 (y)·φ(z1,y)

. The equation above reads

then

C2,1(y)

C1,2(x)
= ψ(y, x)

ψ(x, y)
. (66)

Now assume y < x , similarly we find

C1,2(y)

C2,1(x)
= ψ(y, x)

ψ(x, y)
. (67)

Combining these two expressions yields

ψ(y, x)

ψ(x, y)
= C2,1(y) · 1(x < y) + C1,2(y) · 1(y < x)

C1,2(x) · 1(x < y) + C2,1(x) · 1(y < x)
(68)

We define c1 = C1,2 and c2 = C2,1 to obtain the required form. This proves (61). 
�
We can now state a characterization of the�1 which generate a symmetric two-sidedMarkov
family.

Theorem 4.5 Consider a one-site density�(1). The following two statements are equivalent:

1. There exists a symmetric and two-sided Markov family {�n}n≥0 with one-site density
�(1).

2. ∀z1, z2 ∈ R
+, a, b ∈ Iz1,z2 there exists a symmetric g : R2 → R

+ such that

�1
a,b(x) = f (a, b) · g(b, x) · g(x, a) · 1(x ∈ Ia,b) (69)

with normalization

f (a, b) =
( ∫ a∨b

a∧b
g(b, y) · g(y, a)dy

)−1

. (70)

Proof 1 implies 2. Lemma 4.4 states that we can write

�1
a,b(x) = f̃ (a, b) · g̃(b, x) · h̃(x, a) · 1(x ∈ Ia,b) (71)

with f̃ and g̃ symmetric. Using the symmetry of �1, we can deduce that h̃ is of the form
h̃(x, a) = c(x) · g̃(x, a) for some function c. Indeed, the symmetry gives

f̃ (a, b) · g̃(b, x) · h̃(x, a) = f̃ (b, a) · g̃(a, x) · h̃(x, b) (72)
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for x ∈ Ia,b. Using the symmetry of f̃ , be obtain

g̃(b, x)

h̃(x, b)
= g̃(a, x)

h̃(x, a)
=: c−1(x). (73)

This then gives us h̃(x, b) = c(x) · g̃(b, x). We define g(a, x) := √
c(x) · c(a) · g̃(a, x) and

f (a, b) := f̃ (a, b)/
√
c(a) · c(b). Notice that f and g are symmetric. We can now to write

�1 in the form

�1
a,b(x) = f (a, b) · g(a, x) · g(x, b). (74)

Since �1
a,b is a probability density, f must indeed have the form (70).

2 implies 1. We define the family {�n}n≥1 recursively. Let z1, z2 ∈ R
+ and assume that

for some m ≥ 1, the first marginals �1,1, ..., �m,1 have the form

�
k,1
a,b(x) = fk(a, b) · gk(b, x) · hk(x, a) · 1(x ∈ Ia,b) (75)

for a, b ∈ (z1, z2), and 1 ≤ k ≤ m with fk and gk symmetric. Notice that this is true for �1

with f1(a, b) := f (a, b), g1(b, x) := g(b, x) and h1(x, a) = g(x, a). We define �
m+1,1
a,b

and �
m+1,m+1
a,b as

�
m+1,1
a,b (x) = fm+1(a, b) · [ fm(b, x)]−1 · hm(x, a) · 1(x ∈ Ia,b) (76)

and

�
m+1,m+1
a,b (x) = �

m+1,1
b,a (x) = fm+1(b, a) · [ fm(a, x)]−1 · hm(x, b) · 1(x ∈ Ia,b)

(77)

with fm+1 the normalization

fm+1(a, b) =
( ∫ a∨b

a∧b
[ fm(b, x)]−1 · hm(x, a)dx

)−1

. (78)

We show that fm+1 is symmetric. Assume a ≤ b. Then, using the recursion,

[ fm+1(a, b)]−1 (79)

=
∫ b

a
g(a, x1)

∫ b

x1
g(x1, x2)...

∫ b

xm
g(xm+1, b)dxm+1...dx2dx1

=
∫ b

a

∫ b

x1
...

∫ b

xm
g(a, x1) · g(x1, x2) · ... · g(xm+1, b)dxm+1...dx2dx1

=
∫ b

a

∫ b

a
...

∫ b

a
1(a ≤ x1 ≤ x2 ≤ ... ≤ xm+1 ≤ b)

n∏
i=0

g(xi , xi+1)dx1dx2...dxm+1
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and

[ fm+1(b, a)]−1 (80)

=
∫ b

a
g(b, xm+1)

∫ xm+1

a
g(xm+1, xm)...

∫ x2

a
·g(x1, a)dx1dx2...dxm+1

=
∫ b

a

∫ xm+1

a
...

∫ x2

a
g(b, xm+1) · g(xm+1, xm) · ... · g(x1, 1)dx1dx2...dxm+1

=
∫ b

a

∫ b

a
...

∫ b

a
1(a ≤ x1 ≤ x2 ≤ ... ≤ xm+1 ≤ b)

n∏
i=0

g(xi , xi+1)dx1dx2...dxm+1

where it is understood that x0 = a and xm+2 = b. This immediately gives the symmetry of
fm+1. We proceed to show that �

m+1,1
a,b and �

m+1,m+1
a,b indeed yield a density �m+1

a,b which
is two sided Markov. For arbitrary θ1, ..., θm+1 ∈ R

+ we calculate

�
m+1,1
a,b (θ1)·�m

θ1,b(θ2, ..., θm+1) = �
m+1,1
a,b (θ1) · �m−1

θ1,θm+1
(θ2, ..., θm) · �

m,m
θ1,b

(θm+1) (81)

= fm+1(a, b) · [ fm(b, θ1)]−1 · hm(θ1, a) · �m−1
θ1,θm+1

(θ2, ..., θm)

· fm(b, θ1) · gm(θ1, θm+1) · hm(θm+1,b) · 1(θ1 ∈ Ia,b, θm+1 ∈ Iθ1,b)

= fm+1(a, b) · hm(θ1, a) · �m−1
θ1,θm+1

(θ2, ..., θm)

·gm(θ1, θm+1) · hm(θm+1, b) · 1(θ1 ∈ Ia,b, θm+1 ∈ Iθ1,b)

and

�m
a,θm+1

(θ1, ..., θm)·�m+1,m+1
a,b (θm+1) = �

m,1
a,θm+1

(θ1) · �m−1
θ1,θm+1

(θ2, ..., θm) · �
m+1,m+1
a,b (θm+1)

= fm(a, θm+1) · gm(θm+1, θ1) · hm(θ1, a) · �m−1
θ1,θm+1

(θ2, ..., θm)

· fm+1(b, a) · [ fm(a, θm+1)]−1 · hm(θm+1, b) · 1(θ1 ∈ Ia,θm+1 , θ1 ∈ Ia,b)

= fm+1(a, b) · hm(θ1, a) · �m−1
θ1,θm+1

(θ2, ..., θm)

·gm(θ1, θm+1) · hm(θm+1, b) · 1(θ1 ∈ Ia,b, θm+1 ∈ Iθ1,b). (82)

Observe that these two are equal. As is explained in remark 2.5, one can use proposition 2.4
to construct a �m+1 for which the two-sided Markov property holds. Since �1 is clearly
symmetric, the whole family {�n}n≥1 is symmetric as is shown in proposition 2.7. This
concludes the proof.


�

We explicitly state the recursion from the proof of theorem 4.5. This is done in the definition
below, alongside the introduction of some terminology.

Definition 4.6 �1 is called a generating density if it is of the form in (69) for all z1, z2 ∈ R
+

such that z1 < z2 and a, b ∈ (z1, z2). The unique symmetric two-sided Markov family
{�n}n≥1 with first marginals

�
n,1
a,b(x) = fn(a, b) · gn(b, x) · hn(x, a) · 1(x ∈ Ia,b) (83)
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is called the generated family. The functions fn, gn and hn onR+ are defined via the recursion
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

fn+1(a, b) = ( ∫ a∨b
a∧b [ fn(b, x)]−1 · h1(x, a)dx

)−1

gn+1(b, x) = [ fn(a, x)]−1

hn+1(x, a) = h(x, a) = g(x, a)

(84)

with f1 = f and g1 = g. For fixed z1, z2 we call ( fn, gn, hn) the n-th order factors generated
by �1. The functions fn and gn are symmetric for all n ≥ 1, as is shown in the proof of
theorem 4.5.

Remark 4.7 Notice that in the definition above, the n-th order factors are all constructed from
just one function. Indeed, given only g1, we know h1 and f1 since h1 is simply defined to be
equal to g1 and f1(a, b) is the normalization of g1(b, x) ·h1(x, a). The recursive construction
gives the higher order factors.

Example 4.8 We verify that the density of the order statistics are indeed recursively generated
according to (84). (8) evaluated in i = 1 yields

�
n,1
a,b(x) = n · |b − a|−n |b − x |n−11(x ∈ Ia,b). (85)

This expression is clearly factorizable for x ∈ Ia,b, we can take

fn(a, b) = n!|b − a|−n, gn(b, x) = |b − x |n−1

(n − 1)! , hn(x, a) = 1. (86)

We immediately see that f1(a, b) = |b− a|−1 and g1(b, x) = 1 are symmetric, hence �1 is
indeed generating. Moreover fn and gn are symmetric and satisfy the recursion,

f −1
n+1(a, b) =

∫ a∨b

a∧b
h1(x, a) · f −1

n (b, x)dx =
∫ a∨b

a∧b
|b − x |n

n! dx = |b − a|n+1

(n + 1)! (87)

and

gn+1(b, x) = [ fn(b, x)]−1 = |b − x |n
n! . (88)

We conclude that fn, gn and hn are indeed the n-th order factors generated by �1.

Example 4.9 (gapped order statistics) In example 4.8we reconstructed the joint density corre-
sponding to the order statistics of uniform random variables. In this case we had g1(a, b) = 1,
defining the whole family. Since g1 is indeed symmetric strictly positive, we could have
directly seen that the order statistics are symmetric and two-sidedMarkov. In fact we recover
related families if we take g1(a, b) = [(s − 1)!]−1 · |b− a|s−1 for any integer s ≥ 1. For this
choice of g1 we obtain the so-called gapped order statistics of the uniform random variables.
These are defined as follows. For fixedn ≥ 1 anda, b ∈ R

+ we take N = s(n+1)−1 and con-
sider X1, X2, ..., XN ∼ U (a ∧ b, a ∨ b). Then �1 := Xs:N ,�2 := X2s:N , ..., �n := Xns:N
are the gapped order statistics with gap size s. For a < b, their joint densities and first
marginals are known [15] to be

�n
a,b(θ1, ..., θn) = N !

[(s − 1)!]n · 1

|b − a|n
n+1∏
i=1

(θi − θi−1)
s−1 · 1(a < θ1 < ... < θn < b)(89)
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and

�
n,1
a,b(θ) = (s(n + 1) − 1)!

(s − 1)!(sn − 1)! · 1

|b − a|s(n+1)−1
· |b − θ |sn−1

·|b − θ |s−1 · |θ − a|s−11(θ ∈ Ia,b) (90)

where it is understood that θ0 = a and θn+1 = b. Akin to the density for s = 1 in example
2.3, the indicator is replaced by 1(b < θn < ... < θ1 < a) in the case where b < a. One can
check that this family is symmetric and two-sided Markov by directly verifying definition
2.1. We state the functions fn, gn and hn from the recursion in (84). The first marginals �

n,1
a,b

are indeed factorizable for

fn(a, b) = (s(n + 1) − 1)!
|b − a|s(n+1)−1

, gn(b, θ) = |b − θ |sn−1

(sn − 1)! , hn(θ, a) = |θ − a|s−1

(s − 1)! .

(91)

Take n = 1. We can immediately see that f1, g1 and h1 define a generating density. fn also
follows from the recursion since gn = f −1

n−1.

Example 4.10 (Dirichlet processes) Notice that we can in fact generalize the example above
by taking s ∈ R

+ and defining

fn(a, b) = �(s(n + 1)))

|b − a|s(n+1)−1
, gn(b, θ) = |b − θ |sn−1

�(sn)
, hn(θ, a) = |θ − a|s−1

�(s)
.

(92)

It is again easy to check that the recursion in (84) works. These generalized distributions are
known in literature under the name ordered Dirichlet distribution [1]. The joint density is
then given by the analogue of (89):

�n
a,b(θ1, ..., θn) = �(s(n + 1))

[�(s)]n · 1

|b − a|n
n+1∏
i=1

(θi − θi−1)
s−1 · 1(a < θ1 < ... < θn < b)

(93)

5 Characterizing Properties of Dirichlet Densities

In this section we find characterizing properties for {�n}n≥1 corresponding to an ordered
Dirichlet distribution, i.e., the family given in (93). In Theorem 4.5, we provided a charac-
terization of those �1 which are part of a two-sided symmetric Markov family {�n, n ∈ N}.
Due to this characterization, it is easy to generate a large class of symmetric two-sided fam-
ilies. Indeed, we can perform the construction in definition 4.6 for an arbitrary integrable
and symmetric function g : R+ × R

+ → R
+. However, we will prove that under natural

assumptions such as scaling and shift invariance (detailed below), the only two-sidedMarkov
families are the Dirichlet processes of example 4.10.

Definition 5.1 The family {�n}n≥1 is

1. Scale invariant if for all a, b, γ ∈ R
+, n ≥ 1 and θ1 ∈ Ia,b, θ2 ∈ Iθ1,b, ..., θn ∈ Iθn−1,b,

�n
a,b(θ1, ..., θn) = γ n · �n

γ ·a,γ ·b(γ · θ1, ..., γ · θn). (94)
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2. Shift invariant if, for all a, b ∈ R
+, γ > −(a ∧ b), n ≥ 1 and θ1 ∈ Ia,b, θ2 ∈

Iθ1,b, ..., θn ∈ Iθn−1,b

�n
a,b(θ1, ..., θn) = �n

a+γ,b+γ (θ1 + γ, ..., θn + γ ). (95)

We start with a useful lemma.

Lemma 5.2 Let φ : R2 × R
2 → R be a continuous symmetric function which satisfies the

following scale and shift properties{
φ(γ · x, γ · y) = λ̃(γ ) · φ(x, y)

φ(x + γ, y + γ ) = λ̂(γ ) · φ(x, y)
(96)

for some continuous functions λ̃, λ̂ : R+ → R
+. Then φ is of the form

φ(x, y) = t · |x − y|σ (97)

with σ, t ∈ R. As a consequence, λ̃(γ ) = γ σ and λ̂ = 1.

Proof First we will show that the functions λ̃ and λ̂ are of the form λ̃(γ ) = γ σ and
λ̂(γ ) = exp(uγ ). Later we argue that u = 0 as in the statement of the lemma.

We have the following restriction on λ̃ and λ̂. Let α, β ∈ R
+, then

λ̃(α) · λ̃(β) · φ(x, y) = φ(α · β · x, α · β · y) = λ̃(α · β) · φ(x, y) (98)

and

λ̂(α) · λ̂(β) · φ(x, y) = φ(α + β + x, α + β + y) = λ̂(α + β) · φ(x, y). (99)

Let x, y be such that φ(x, y) �= 0 (if such x, y don’t exists the lemma holds with t = 0). We
divide both sides of equations (98) and (99) by φ(x, y) and obtain that

λ̃(α) · λ̃(β) = λ̃(α · β) and λ̂(α) · λ̂(β) = λ̂(α + β). (100)

The only functions which satisfy the restriction on λ̃ are of the form λ̃(γ ) = γ σ with σ ∈ R

and the only functions satisfying the restriction on λ̂ are of the form λ̂(γ ) = exp(uγ ) with
u ∈ R. Based on the form of λ̂ and λ̃we find the form of φ. Assume without loss of generality
that x < y. Notice that

φ(x, y) = λ̂(x) · φ(0, y − x) (101)

= λ̂(x) · λ̃(y − x) · φ(0, 1)

= t · exp(ux) · |x − y|σ ,

with t := φ(0, 1). We now verify if we indeed have the correct shifting and scaling
properties for φ. The scaling property states that the following two expressions should be
equal for all x, y and γ :

φ(γ · x, γ · y) = λ̃(γ ) · φ(x, y) = γ σ · t · exp(ux) · |x − y|σ (102)

and

φ(γ · x, γ · y) = t · exp(uγ x) · γ σ |x − y|σ . (103)

This only true when u = 0. We now showed that φ(x, y) must have the form φ(x, y) =
t · |x − y|σ as is stated in the lemma. It is straightforward to see that the shift property is
satisfied for such functions φ, regardless of what the values of t and σ are.


�
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Theorem 5.3 Let {�n}n≥1 be a symmetric, two-sided Markov family, i.e., �1 is of the form
(69)

�1
a,b(x) = f (a, b) · g(b, x) · g(a, x) (104)

with

f (a, b)−1 =
∫ a∨b

a∧b
g(a, x) · g(b, x)dx (105)

for some symmetric function g : R+
0 ×R

+
0 → R

+
0 . We assume g(x, .) to be differentiable on

R
+ \ {x} for all x ∈ R

+.

If {�n}n≥1 is both scale and shift invariant, then, for some σ, t ∈ R
+,

g(a, x) = t · |b − x |σ . (106)

As a consequence we have, for s = σ + 1,

�1
a,b(x) = f (a, b) · |b − x |s−1 · |x − a|s−1. (107)

In other words, we recover the density corresponding to the Dirichlet process with parameter
s from example 4.10.

Proof Notice that for θ1, θ2 ∈ Ia,b

�1
a,b(θ1)

�1
a,b(θ2)

= �1
γ ·a,γ ·b(γ · θ1)

�1
γ ·a,γ ·b(γ · θ2)

. (108)

Bringing all the factors containing θ1 to the left hand side and all the terms containing θ2 to
the right hand side shows that for any θ ∈ Ia,b,

g(a, θ) · g(b, θ)

g(γ · a, γ · θ) · g(γ · b, γ · θ)
= �1

a,b(θ)

�1
γ ·a,γ ·b(γ · θ)

= κ̃1(a, b, γ ). (109)

We define g̃(a, θ) := log[g(a, θ)/g(γ · a, γ · θ)] and claim that g̃ does not depend on its
arguments, i.e. g̃ is a constant depending on γ :

g̃(a, θ) = κ̃3(γ ). (110)

Using the definition of g̃ in terms of g, this immediately yields the following scaling
property for the function g:

g(γ a, γ θ) = e−κ̃3(γ )g(a, θ). (111)

We now prove this claim. Differentiate both sides of (109) with respect to θ to obtain

g̃(0,1)(a, θ) + g̃(0,1)(b, θ) = 0, (112)

where g̃(0,1)(a, ·) := ∂g(a,t)
∂t |t=· denotes the derivative of g̃ in the second entry. This expres-

sion is valid for all θ ∈ Ia,b. We can deduct that

g̃(0,1)(a, θ) =
{

−g̃(0,1)(b, θ) for θ ∈ Ia,b

+g̃(0,1)(b, θ) for θ /∈ Ia,b
. (113)
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The first line of (113) follows directly from (112) and the second line can be understood as
follows. Consider the case a, b < θ and let c > θ . Then g̃(0,1)(a, θ) = −g̃(0,1)(c, θ) and
g̃(0,1)(b, θ) = −g̃(0,1)(c, θ), so we indeed have g̃(0,1)(a, θ) = g̃(0,1)(b, θ).

We continue the proof of our claim under the assumption that a < θ . As will become
apparent later on, this is without loss of generality. For arbitrary b1, b2 > θ we have θ ∈ Ia,b1
and θ ∈ Ia,b2 . Equation (113) gives

− g̃(0,1)(b1, θ) = g̃(0,1)(a, θ) = −g̃(0,1)(b2, θ). (114)

For arbitrary b1, b2 < θ we have θ /∈ Ia,b1 and θ /∈ Ia,b2 . In this case Equation (113)
gives

g̃(0,1)(b1, θ) = g̃(0,1)(a, θ) = g̃(0,1)(b2, θ). (115)

Equations (115) and (114) imply that g̃(0,1)(b, θ) is constant as a function of b on both
(−∞, θ) and (θ,∞). Moreover, they imply that the value on (−∞, θ) is precisely minus the
value on (θ,∞). This means that g̃(0,1) is of the form

g̃(0,1)(b, θ) = κ2(γ, θ)1(θ > b) − κ2(γ, θ)1(θ < b). (116)

Let κ̃2 be the antiderivative of κ2 with respect to θ . The function g̃ can then be written as

g̃(b, θ) = [̃κ2(γ, θ) + κ̃3,1(γ )]1(θ > b) + [−κ̃2(γ, θ) + κ̃3,2(γ )]1(θ < b), (117)

with κ̃3,1(γ ) and κ̃3,2(γ ) terms which only depend on γ . Notice that g̃ is symmetric
because, by assumption, g is symmetric. Using this symmetry we obtain

g̃(b, θ) = [̃κ2(γ, θ) + κ̃3,1(γ )]1(θ > b) + [−κ̃2(γ, θ) + κ̃3,2(γ )]1(θ < b) (118)

= [̃κ2(γ, b) + κ̃3,1(γ )]1(θ < b) + [−κ̃2(γ, b) + κ̃3,2(γ )]1(θ > b) = g̃(θ, b).

Equation (118) holds for all θ, b such that θ �= b. Evaluating (118) for θ < b and for
θ > b yields twice the same equation which is hence valid for all θ, b such that θ �= b:

κ̃2(γ, θ) + κ̃3,1(γ ) = −κ̃2(γ, b) + κ̃3,2(γ ) (119)

It immediately follows that κ̃2(γ, ·) is a constant only depending on γ . Hence we can
define

κ̃3(γ ) := κ̃2(γ, θ) + κ̃3,1(γ ) = −κ̃2(γ, b) + κ̃3,2(γ ). (120)

We conclude the proof of our claim in (110) by writing (117) in terms of κ̃3.

Notice that this scaling property for g is derived from just the scale invariance. One can
mutatis mutandis repeat the procedure above to derive a shift property. Indeed, in this proof
we never used that γ scales the arguments of g except for the fact that this preserves the
symmetry: g(γ · a, γ · θ) = g(γ · θ, γ · a). However, the symmetry is also preserved when
shifting the arguments: g(γ + a, γ + θ) = g(γ + θ, γ + a). Therefore the following scaling
and shifting properties hold true,{

g(a + γ, θ + γ ) = e−κ̂3(γ ) · g(a, θ)

g(γ · a, γ · θ) = e−κ̃3(γ ) · g(a, θ)
. (121)

Here κ̂3 is some continuous function of γ analogous to κ̃3. By virtue of lemma 5.2, we can
conclude the proof.


�
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A close inspection of the proofs of Lemma 5.2 and Theorem 5.3 reveals that it is not
enough to only assume one of the properties in 5.1. That is, if one only assumes either shift or
scale invariance, then there is a much wider class of symmetric two-sided Markov families.
To illustrate this, we recover the specific form of the generating densities which give rise to
scale, respectively shift, invariance.

Scale invariance: Let {�n}n≥1 be a symmetric two-sided Markov family as introduced in
the statement of theorem 5.3 which only satisfies scale invariance. The proof of the theorem
then shows that g satisfies the second line of (121), i.e.

g(γ · a, γ · θ) = λ̃(γ ) · g(a, θ) (122)

for some continuous function λ̃(γ ). The proof of lemma 5.2 gives candidates for the formof λ̃.
Indeed, (100) yields λ̃(γ ) = γ σ for some σ ∈ R. Now we define ϕ(x) := g(1, x) = g(x, 1),
for x ∈ (0, 1] and find

g(a, θ) = (a ∨ θ)σ · g
( a

a ∨ θ
,

θ

a ∨ θ

)
= (a ∨ θ)σ · ϕ

(a ∧ θ

a ∨ θ

)
. (123)

This yields the following generating density

�1
a,b(θ) = f (a, b) · θσ · ϕ

(a ∧ b

θ

)
ϕ
( θ

a ∨ b

)
· 1(θ ∈ Ia,b). (124)

Here, f (a, b) is the normalization of �1
a,b. It is straightforward to check that this density is

indeed scale invariant.

Shift invariance: Let {�n}n≥1 be a symmetric two-sided Markov family as introduced in
the statement of theorem 5.3 which only satisfies shift invariance. The proof of theorem 5.3
shows that g satisfies the first line of (121), i.e.

g(a + γ, θ + γ ) = λ̂(γ ) · g(a, θ). (125)

for some continuous function λ̂(γ ). The proof of lemma 5.2 gives candidates for the form of
λ̂. Indeed, (100) yields λ̂(γ ) = exp uγ for some u ∈ R. Now we define ϕ(x) := g(1, x) =
g(x, 1), for x ∈ (0, 1] and find

g(a, θ) = eu·(a∧θ)g(a − a ∧ θ, θ − a ∧ θ) = eu·(a∧θ) · ϕ(|θ − a|). (126)

This gives the following generating density

�1
a,b(θ) = f (a, b) · eu·θ · ϕ(|θ − a|)ϕ(|θ − b|). (127)

Here, f (a, b) is the normalization of �1
a,b. It is straightforward to check that this density is

indeed scale invariant.
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