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Abstract

We investigate the structure of non-equilibrium steady states (NESS) for a class of exactly
solvable models in the setting of a chain with left and right reservoirs. Inspired by recent
results on the harmonic model Large deviations and additivity principle for the open har-
monic process, (2023), (JSP 191(1):10, 2024). we focus on models in which the NESS is a
mixture of equilibrium product measures, and where the probability measure which describes
the mixture has a spatial Markovian property. We completely characterize the structure of
such mixture measures, and show that under natural scaling and translation invariance prop-
erties, the only possible mixture measures are coinciding with the Dirichlet process found in
Carinci Gioia, Franceschini Chiara, Frassek Rouven, Giardina Cristian, Redig Frank. Large
deviations and additivity principle for the open harmonic process, (2023), in the context of
the harmonic model.

Keywords Non-equilibrium steady state - Mixtures of product states - Harmonic model -
Two-sided Markovproperty - Dirichlet densities

1 Introduction

The structure of the stationary state of stochastic interacting particle systems driven out of
equilibrium, for instance via boundary driving, is a challenging problem, and very few exactly
solvable models are available. A famous example of an exactly solvable model in this context
is the boundary driven exclusion process, solvable via the matrix ansatz solution, see [8], [9].

Recently, new explicit representations of non-equilibrium steady states (NESS) were dis-
covered in the context of the boundary driven KMP model [14], [2], [7], and in the context of
the boundary driven harmonic model [4], [5]. For a general class of mass transport models,
including both the KMP and the harmonic model on general graphs, such representations
were found via intertwining in [13]. The integrable structure of the harmonic model was
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discovered in [11], and explicit formulas for the factorial moments in the non-equilibrium
stationary state are given. These explicit representations of the NESS allow to obtain very
detailed information about large deviations, long-range correlations and other properties of
NESS that are believed to hold for a large class of models.

1.1 The Non-equilibrium Steady State as a Mixture

For all the models mentioned above (KMP, harmonic), the equilibrium distributions are
product. E.g. for the KMP model the equilibrium measures are products of exponentials with
identical (i.e., site independent) parameters. An important development is the discovery that
for all these models the NESS can be written as a stochastic mixture of product measures with
equilibrium marginals. E.g. for the KMP model on a chain with # sites coupled to reservoirs
at both ends, with left reservoir parameter 6;, and right reservoir parameter g > 6r, the
NESS reads

i g ldm. ... dn,) = / (®1_yve, [dnil) A, 4, (@61, ...d8,). $))

Here vy, is an exponential distribution with parameter (i.e., expectation) 6;, and A;’L’ o’ the
so-called mixture measure, is a probability measure on [07, Og]" concentrating on ordered
n-tuples 67, < 67 < ... < 6, < 6g. This mixture measure describes the distribution of the
“hidden parameters” (61, ..., 6,). We then recover the equilibrium product measures of the
KMP model when 8, = Og = 0* because in that case the mixture measure AZL, Or becomes
a Dirac measure concentrating on 6*.

Moreover, the mixture measure Agb or in (1) is in turn the stationary measure of a Marko-
vian dynamics on the space of parameters (61, ...,6,) € [0, 0r]". This dynamics of the
parameters is then called the “hidden temperature” model [7] or in more general setting, the
“hidden parameter” model [13].

In the context of the (discrete or continuous) harmonic model, a representation as in
(1) exists, and moreover, in that context, the measure AZL,GR is available in closed form
and given by the joint distribution of the order statistics of n independent uniforms on the
interval [01,, Or] (here we assume 07, < 6r). In [4], a class of generalized harmonic models
is introduced, where also the mixture measure AZL,GR is explicit and given by an ordered
Dirichlet distribution. Other models in which the NESS can be written as a stochastic mixture
of product measures include the boundary-driven symmetric exclusion process [10] and the
boundary-driven inclusion process [13]. In both these models (as well as in the KMP model),
the mixture measure cannot be obtained explicitly as it is the case for the harmonic models
(on the chain), but it can only be characterized implicitly as the stationary measure of the
hidden parameter model.

1.2 The Use of Mixture Representations of a NESS

A representation of the NESS of type (1) with explicit knowlegde of the mixture measure is
very useful and allows to derive many macroscopic properties about the density profile in the
NESS. More precisely, the explicit knowledge of the mixture measure AZL 0, (01, ...dOy,)

allows to prove the large deviation principle for the density profile % > i1 midijn under
the NESS, as already outlined in [2]. Conditional on a realization of the hidden parameters
1, ...,0,), the measure ,ugg 0r is a product measure ®?_, vy, for which the computation of

the rate function for the large deviations of the density profile is easy, and yields a function
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of the empirical proﬁle of the parameters - 1 > i1 6i8i/n. So once one can obtain the large
deviation principle of L Zl_ 10i8i/m under the measure AGL gp> ONC obtains a variational
expression for the rate functlon controlling the large deviations of the density profile. This
variational expression naturally leads to the non-locality of the large deviation rate function, a
property which is expected to be generic for non-equilibrium steady states. The representation
(1) also naturally leads to explicit formulas for correlation functions and cumulants, relating
them to correlation functions of order statistics, which are known explicitly. In particular, we
can recover the long-range character of the covariance in the NESS, and we can also obtain
natural scaling properties of cumulants.

As an additional by-product of a representation of the form (1), one can prove local
equilibrium and have control on the (mesoscopic) deviations from local equilibrium.

In that sense, it is very relevant to obtain models in which the NESS can be written in the
form (1) with an explicit form for the mixture measure AZL! o

1.3 The Spatial Markov Property of the Hidden Parameter Model

In [13] we obtain a probabilistic understanding of the fact that for the harmonic models the
mixture measure can be obtained explicitly. We show that under the measure AGL g the
conditional distribution of ¢; given all 6;, j # i, is uniform on [6; 1, 6; 1], which is exactly
the Markov structure of the joint distribution of order statistics of independent uniforms.

The spatial Markov structure of the measure AZL (0 implies that one can reconstruct AZL Or
from A éL, o, - More precisely, knowing the invariant measure for the hidden parameter model
for a single-site system with left and right reservoirs is sufficient to obtain full knowledge
of Ae Or for all system sizes n € N. Finding this invariant measure for the system with a
smgle site is usually an easy problem. Then, as a consequence of the structure of the NESS,
one can find :“9 Ox [dnt,...,dn,] foralln € N.

As we showed in [4], this spatial Markov structure of the measure AZL,GR also leads
naturally to the additivity principle for the pressure and the corresponding large deviation
rate function (cf. [3]). Therefore, we can think of the spatial Markov structure of the mixture
measure AZL’ g, 4s @ microscopic counterpart of the additivity principle [3].

1.4 Content and Organization of the Paper

In this paper, we focus on the characterization and the precise consequences of the Markov
structure of the mixture measure AZL’ o

As a first result, we prove that in such a setting the measures AgL,OR are completely deter-
mined by the system consisting of a single site with left and right reservoirs, i.e., the measures
A éL or . As a second result, we characterize those single-site systems which are “extendable”,
i.e., give rise to a Markov family {AGL o2 M € N}. Finally, as a third result, under natural
assumptions of scaling and translation invariance, we prove that the only possible measures
Ay, g, are the ordered Dirichlet distributions which appeared in the generalized harmonic
models [4].

The measures A”L o Are concentrated on the set of ordered n-tuples 67 < 6 < 6, <

. < Oy < 06g. Because of this ordering restriction, the standard theory of Markov specifi-
cations from [12] chapter 10 and 11, or the Hammersley-Clifford theorem [6] is not directly
applicable as both assume non-null specifications. We can think of the measures AZL,GR as
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the joint distribution of a Markov bridge, i.e., a joint distribution of the form

X = XD =X =0, X0 =6k
where X m—. ... , X ") are the first n steps of a Markov process. However, because of the

ordering restnction, this Markov bridge depends on n and therefore cannot be thought of as
the conditioning of an infinite-volume Gibbs measure with nearest neighbor interaction.

The rest of our paper is organized as follows. In section 2 we define the two-sided Markov
property and a notion of symmetry for the measures Ay, .Insection3 we study their support
properties. In section 4 we provide a way to reconstruct the measure AZL, or corresponding
to n sites from the measure corresponding to a single site. Finally, in section 5, we find
two properties concerning the shift and scale invariance of the measures to characterize the
Dirichlet distributions.

2 Structure of the n-site Densities

In this section we first introduce the necessary notation and give a formal definition of the
Markovian structure of the mixture measure A’ - We also define a notion of symmetry
which we will assume throughout this text. Next we prove that the Markov property implies
a product structure for the n-site density and subsequently investigate consequences of the
symmetry property.

Leta, b € R*. We consider a family of probability density functions { A bIn=1 correspond-
ing to random vectors taking values in (/; )", where I, , = (a Ab,a Vv b) That is, for fixed
a, b and n we have random variables ®y , ..., ©, , with joint density A” ,

IPI1(((H)l,n’ ceey ®n,n) €A = / An bd}\n’ (2)

for each Borel set A € #((1,5)") and n > 1 and where A, denotes the Lebesgue measure
on R". We assume that, for all values of @, b € RT and n > 1, we have a corresponding
density Aj . This then defines the map A" : (a, b) — A}, and we refer to this map as the
n-site density. Moreover, we refer to A7, , as the the n-site density with left parameter a and
right parameter b.

Throughout this text we often use the densities of marginals and conditional densities of the
random variables ©; ,, 1 <i < n, which we denote as follows,

. =) ]
AZ:Z(G,-) = / / Ay pO1, . O;y o, 0,)dO) ... dO; 1O 11...dOy 3)
—00 -0

for the i-th marginal and, for 6; € supp (Aa },)

A 01, s Biy ey )
N (01, 0210; = 0) = =2 : “
a,b(ei)
We now define what it means for the family A" to be two-sided Markov. For notational
simplicity we omit the right index n in ®1 ,, ..., ®, , whenever n is fixed, i.e. we write

O, ..., 0,.
Definition 2.1 The family {A"},~ is called
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1. Two-sided Markov if the corresponding densities A} ,,n > 1 and a, b € R, satisfy
the following two properties

(i) Two-sided Markov property:
- »
ALy 01, s 6,10 = 0)) = AL5 01, 050 - Ay @1, s 6)  (5)
forall 6y, ..., 6, € Iy Here we define A , := 1.

(ii) Support restriction: A é ;, has support I, 5. Here we define the support of a function
f:X—>Rassupp (f):={xe X: f(x)#0}.

2. Symmetric if, foralln > 1,a,b € R and 0y, ..., 0, € I,
Ay 01, s 0n) = A} (6n, .., 01). ©6)

Remark 2.2 In this paper we are interested in densities Al , which concentrate on the set
of ordered n-tuples a < 0; < ... < 6, < b. This is guaranteed via the requirement on the
support of A!, as we will prove in proposition 3.2.

Example 2.3 Consider the joint probability density of the order statistics of n i.i.d. uni-
form random variables on (a, b) with a < b. More precisely, for n > 1 we consider
X1, X2, ..., Xp ~ U(a, b) and denote the corresponding order statisticsby ®1 = X, @ =
X2y ooy ®p = X, The joint distribution of Oy, ..., ®, is given by

Ay p 1, 0p) =nl-|b—a|"l(a <6 <6 <..<6 <b). @)
The marginals are given by

AL (0) = b—al™b—0]""0 —a| "' € I,). @®)

n!
@ —Dln—i)!
The two-sided Markov property now follows from

A", (01, ...,6,)
AL O, o 0010 = 6) =~

A5
D) _(iginl_);'(’gi—_i:'!i_] T(a<6 <br<..<6,<b)
©))
and
AL O, 0i1) - NG Big1s s On)
e —1(a <01 <6y <..<0, <b). (10)

~ b—6i"16 - al

We generalize the definition of the order statistics for the case b < a in such a way that the
family {A"},>1 becomes symmetric. I.e. we define

n nl-lb—a|™la<6 <bh<..<06,<b) ifa<b
ab(elv '“7911) - —n . (l])
’ nl-lb—a|™l(a@>6; >6,>..>0,>b) ifa>>b

One can show the two-sided Markov property for the case a > b in the same way as is done
above fora < b.
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2.1 Product form for Two-sided Markov Families

In this paper we aim to fully characterize the symmetric families which satisfy the two-sided
Markov property. A first step in this direction is given by the proposition 2.4 below. It states
the equivalence between the two-sided Markov property and the density being a product of
marginals in two distinct ways. These product forms can directly be derived by repeatedly
applying the two-sided Markov property. The converse can be derived by combining the two
product representations.

Proposition 2.4 For notational convenience we write 6y := a and 0,41 := b. The following
statements are equivalent:

1. {A"},>1 is two-sided Markov.
2. Foralln > 1,a,b € R" and 6y, ..., 6, € 1, we have

AL (O1, ey 01Oy = 6,) = AL 161, ..., 1)

n n 1 (12)
Aa’h(elv ceey 9n|®1 = 91) = Agl h(QZa cees en)
3. Foralln>1,a,b e Rt and 0y, ...,6, € 1y b,
n—1 ] n—1 ) ]
np OO =[] A Ore) = [T AL O (13)
i=0 i=0

Proof 1 implies 2: This follows immediately from the definition of the two-sided Markov
property.

2 implies 3: We use induction. (13) obviously holds for n = 1. Assume (13) holds forn = k,
then we have, using (12),

AL O o i) = AL O - ANHl(el,..., )
= A’;ﬁ,‘,""“(ekm-]_[z\f, O (14)
and

AL O L Op) = ALV O - NSO, O) = A 0 - 1'[A’;;,1(ez+1>

i=0
15)
3 implies 1: We have the following two expressions for AZ, pO1, .., On),
AL (O1, s 0) = (A0 - Ay 0.8y (0))])
ALy O - AT (9,<+2>...A5,;‘_1,,,(9n>] (16)

@ Springer



Non-equilibrium steady states with... Page70f24 89

and

AL O, e ) = [AL G, (01) - ATG (02). A 570,
(AL 6 A’“f“(ej+1>...Az;z(en)]. (17

a,0j1 a.0j12

Notice both expressions factor into a part which does not depend on 6, ..., 0;_; and a part
which does not depend on 61, ..., 8,. As a consequence

1,1

Ay O - Ay 02 Ay 5 6))
1,'71

Ay, 01 - AZG (02 AL T 051)
1,j+1 ,

AR G RV A AR CITE s W A (N

a,0j11 a,0j+2

:An ],10 n—j—1,1 (18)
0;.b (j+1)'A9+]b (91+2) A 1b(0)

= C(a,6;,b)

for some function C. We tacitly used that the denominators above are non-zero. However
if one of the factors in the denominator of the equation above is zero, then the two-sided
Markov property holds automatically because both left and right hand side of the defining
property (5) are equal to zero. One can now relate the factors of the first and the second
expression via C. We use this to show the two-sided Markov property.

ALy 01, e 0) = [AL 400 - Mgy 02).. 85 (0]
AL O - A 0400y 6] (19)

= C(a,0;,b) - [Ay 4, (00 - A2 (02).. AL 5/ (0,-1)]

a,03

AL O - Ay 0400y L 60]

Oj+1.b

= C(@,0,,b) - AJ 5 01, 0. 0;-1) - NG 011, O0).

Integrating both sides of this equation with respect to 6y, ...,6;_1,60;41,...,6, yields
C(a,0;,b) = AZ’Z])(Gj), which then gives us the two-sided Markov property in (19).
O

Remark 2.5 Proposition (2.4) will play an important role in later applications since it shows
the whole family is determined by its left and right-side marginals, i.e. {A”’l}nz 1 and
{A™"},>1. More precisely, suppose one has a family up to some m > 0, {A"},;>,>1. Then
we can construct a valid density A”*! if we can find A"+ and A"+ +! such that

APFYO1 o On) = ATV OD) - AL O e Ogt)
= Ay 01, ey O) - A O, (20)

forall a,b € R and 6y, ..., 0,11 € I,p. Indeed, one can substitute the product forms in
(13) for Ag’l,b(ez, wees Omy1) and AZmeH 01, ..., 6,). Then AZ"ZI again has the product form

m

Ao, 0 mﬂ)—]'[A’”“"(e,-H): AN G, ), @D

[
i=0

and hence satisfies the two-side Markov property.
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2.2 Implications of the Symmetry Property

In this subsection we examine some of the consequences of the symmetry property defined
in (6). First, we will relate the j-th and the n — j + 1-th marginal. This is done in proposition
2.6. Next we show that the symmetry of a family {A"},>1 is completely determined by the
symmetry of A!, provided that the family is two-sided Markov. This result is the content of
proposition 2.7.

Proposition 2.6 Let {A"},>be symmetric. Assume a,b € RT, 0 € Rand n > 1, then

@)= Ay o) (22)
forall j €{l,...,n}.
Proof
y 00 00
AL () =/ / AP O, s 0, .. 0,)d0y ..dO; 1 dO) 4 ...d6, (23)
- —00

o0 o0 .
/ / PO s 0, .. 01)d6y ...d6;_1d6; 1 1...d6, = Ay T(6)
— —0o0
[}

Proposition 2.7 Let {Az,b}nzl be two-sided Markov with A}Lb = Al]w’ then the whole family
{A] L Yn=1 is symmetric.

Proof We use induction. The symmetry of AZ’ » holds for n = 1 by assumption. Suppose

the symmetry holds for n = k and that (61, ..., 6k+1) € supp AI;:ZI. Notice that, due to the
two-sided Markov property,

A O, O A 0D AL 0 ek)-Az;k,,(eHl)

- G2
TN O ) AT O - AR 0200 - AL 0D
‘We obtain
k 1,1
e HQHI(e]) 05)
k+1 k+1
A (Ok +1) Ql’h(0k+])

We will use this equation to show the symmetry for n = k + 1. Notice that we have symmetry
if
AL O ) AP0 - AL L 6n. k)

(26)
~ A Gt 0D A"“k“(e) AL g Bt e 6)

By the induction hypothesis we have A91 ,b(92, vy Opr1) = Ab,Ql (6k+1, ---, 02), hence the

right hand side of (26) simplifies. We see that symmetry for n = k + 1 is equivalent with
k+1 Loy _, o
A]I;:;l,k+1 @)

We will prove (27). We start from (25) and observe that
Ao A, g,m 1) AGH, J00 A )

) (28)
A,’;?,;1 "+‘<9k+1) AR O AbL G ALY )
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For the second equality we use the induction hypothesis combined with Proposition 2.6 and
for the last equality we again use (25). One can now separate this equation into a 61 -dependent
and a 6y 1-dependent side. That is

k+1 1(9 ) Ak—H k+1(9 )

= =c 29)
A’;ﬁ;l”‘“ 1) A’;ﬁ;” Ok1)

for some ¢ independent from both 0y and 6y . Integrating AZ;I 1(9 )=c- Ak +1, k+1(91)
over 61 yields ¢ = 1. This yields (27) and hence concludes the proof. O

3 Support of the Densities

In this section we study the support of the densities {Aj ,},>1. More precisely, we show that

the support of the first marginal AZ’ ; is given by 1, ; for all n € N. The product form from
the previous section then implies that AZ’ » 1s supported on the set of ordered n-tuples in the
interval I p.

For two-sided Markov families {A"},>; one can find transition operators acting on the
marginals. More precise, for sultable i, one can find a ralsmg operator P, ;41 and a lowering
operator Q, ;i transforming A"’ a b to AZ ;)H and A" a [; respectively. The proposition below
states these transition operators explicitly.

Proposition 3.1 Let {A"},>1 be two-sided Markov. Fora,b € RT andn > 1,i € {1, ..., n}
we have

it i .
[AZ; = n,i+lAZ,lb foriefl,...,n—1} (30)

A = Qi1 ALy fori € {2, .. n)

Here P, ;v1 @ L'(—00, 00) — L'(—00,00) and Q. i—1 : L'(—00, 00) — L'(—00, 00)
are given by

{Pn,i+1f(x) S £ AL (o)dy 1)

Oni1 f(x) = [0 F) - A;,; “ydy
Proof 1t is straightforward to show that transition operators P, ;41 and Q,;—1 map
Ll(—oo, 00) functions to Ll(—oo, oo) functions. Indeed, let f € Ll(—oo, 00), then
oo 00 oo .
/ | Pai1f(x)|dx 5/ / |F O IAT, (O)ldydx < | flli <00 (32)
—0Q —00 —0Q
A similar argument can be used to show Q,;—1 map L'(—00, 00) functions to
L (=00, 00).

We now show that A" it

n,i—1 n,i
Aa,b - Qn,i—lAa’[,-

= Puit1A) . On can use an analogous proof to show

We use the notation AZ‘,(j‘iH) to denote the joint distribution of ®; and ®;, 1, i.e.

”(”“)(91,91+1>—/ f " @1 s 6,)d6) ..y dO;1dBi1a..d6,. (33)
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We write A -G, l+1)(y, 0;111®; = y) for the joint distribution under the condition ®; = y.
Suppose we have

Ay R0, 001105 = 3) = AL G, (34)
then the result follows directly:
o0
A0 = [ AL AL 16 10r = dy (35)
—00

oo . .
= / Ay ) - Ay Grendy

—0o0

= Pn,i+1AZ’§,(9i+l)-
To prove (34) we compute A" 4 lH)(y, 0i+119; = y),

ALY (3,614110; = y)

o0 o0
=/ f Ay (O1, s 6i-1, Y Ot oory 01O = 1) ...d0;_1d12...d6,
—0Q —00
(36)

S
2/ / Al 1(91, b)) - A';;; ©ix1s e, 0,)d0O1...dO; _1dO;4...dO,
—00

—0o0

o) 00 )
=/ / A Brgr e 00)dOi 2.6,
—00

—00
= A} i)
[}

In the following proposition we make use of the transition operators introduced in 3.1 in
order to prove that the support of A}l » determines the support of the marginals AZ’ ll, and
hence via the product structure the support A” ;.

Proposition 3.2 Let {A"},>1 be two-sided Markov and a, b € R™. Then
supp (Atll,b) =1, implies supp (AZ:}?) =1, 37
foralln > 1.

Proof We use induction. For n = 1 the statement holds by assumption. Assume Vm < k:
supp A" b = I, p. First we show that supp A 'c 1, 1. This part of the argument doesn’t
rely on the transition operators, those will be used in step 2.

k+l 1.

Step 1: the support of A" is a subset of /, 5

Suppose 6 € R is in the support of A];"Zl’l, ie. A’:Zl’ ! (61) # 0. Then,there exist 6s, ..., Oxt1
such that
AN O, 02, i) = A0 - A 02). A Oi) (38)
= AL T O) - AL 00 A gy, (01) # 0.

Suppose 61 < b, then ) < 6, < ... < 61 < b by the induction hypothesis and the
first line of (38). The second line of (38) tells us that eithera < 0] < 6, < ... < Gy Or

@ Springer



Non-equilibrium steady states with... Page110f24 89

a > 0; > 6, > ... > 6ry1. Combining the information from line one and line two gives
a < 01 < b. Similarly we can assume 0; < b and derive b < 61 < a. We conclude 61 € 1, ;.

Step 2: 1, , is the support of A];El'l

‘We notice that A];:;l’l is a fixed point for Q1,1 Pk+1,2 by virtue of proposition 3.1,

k+1,1 k+1,2 k41,1
Qk+1,1<Pk+1,2Aa,b ) = Qi+, " =N, - (39)
. . . .. k+1,1 k+1,1 . . k+1,1
We simplify notation by writing f for A", g for Prp1oA, 5", ie. f = A, )" and
. k+1,1 k+1,2
8= PrpipA, T = A,

Assume, without loss of generality, that a < b. Then,
* k1 b k1
g() = f F) - AS )y = f F) - AL @)dy. (40)
—00 a
Here we use that supp f = [a, b]. Note that under the induction hypothesis supp Af}, =
[y, bl for y € [a, b] and that supp f C I, = [a, b]. We see that ’

supp g = {x € R :essinf(supp f) < x < b}, 41)

where ess inf(supp f) := inf {z € R : A((—o0,z] Nsuppf) # O} with A the Lebesgue
measure. Analogously, we have

oo b
70 = Qg = [ s aldy = [ e alwdy @
and
supp (f) ={x e R:a < x < ess sup(supp g)} (43)

with ess sup(supp g) := sup {z € R : 1([z, 00) Nsupp g) # 0}. Notice that supp g can not
be empty since f is a fixed point of Qky1,1Pk+1,2. Indeed, if supp g would be empty then
f would be zero, which is not possible since ' = AZ;I’I is a density function. This implies
ess su;l)(supp g) = b since the support of g is the interval in (41). We conclude supp f = supp
k+1,1 _ _
A,y =(a,b)=1I4p.
[}

Remark 3.3 The support of the first marginals determines directly the support of the joint
density. Indeed, the product expressions for A , in proposition 2.4 directly yields that

" {01,....6, eR:a <6 <..<06, <b} fora<b
supp Ay, , = . (44)
’ {01, ....,6, eR:a >0, >..>0,>b} forb<a

4 Uniqueness and Recursive Construction

In this subsection we attempt to construct families { A"}, satisfying the two-sided Markov
property. In particular, we are interested in identifying which “one-site systems” A! extend
to a full two-sided Markov family {A"},>1. We call those extendable. So far, in section 3,
we have seen that both symmetry and the support of the first marginal A™! are determined
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by A ! One of the results in this section, Theorem 4.1, gives uniqueness for extensions of Al
which have support on 1, ; for a, b € R. Moreover, we will use proposition 2.4 to identify
the form of the A! which are extendable.

4.1 Uniqueness

In the previous subsection we found transition operators with the marginals as fixed points.
Since these operators are defined in terms of marginals of smaller order, one could be tempted
to show uniqueness recursively via a fixed point theorem (e.g the Krein-Rutman theorem).
However, in our setting it appears to be non-trivial to satisfy the condition for such theorems.
Therefore we give a more direct approach below, relying strongly on our knowledge about
the support of the marginals.

Theorem 4.1 Let {A"},>1 be a two-sided Markov family. Then A' uniquely determines
{A"}p=1.

Proof Suppose we have two families { A" },>1 and {ZN\” }n>1 which are both two-sided Markov.
Moreover assume

A, =4, (45)
‘We show
{A"} 1 = {A st (46)

using induction. For n = 1, the density functions are equal by assumption. Let a,b €
R*,a < b, be arbitrary and assume that A¥ = AX. Foranya < 6 < ... < 041 < b we
have

0 £ AE G, gy = A;ﬂl,l(el) - A g (02, 01) - A];;]fb(9k+l) (47)
= Ay T Or) - A O B0 - Mgy, (6D
and
07 A O O = K3V 00 - Ay 0. 06) - AR, Okgr) @
Skt Lkr - ap
= A,:l; * (Ok+1) - Aél,ék 62, ..., k) - Aaﬂk+1 ©n).
We find
k+1,1 o Ry
Aa,b 01) _ Aa,9k+1 @ — Aa’b o (52

k+1,k+1 T oAkk T Nk+1lk+1 '
Aa,b (Ok+1) Agl,b(0k+l) Aa,b (Ok+1)

Let € > 0 be arbitrary and pick 6;4+1 = b — €. For all 1 € (a,b — €)

k+1,1 Nk+1,1
Ay Aghtten
k+la}<+1 = ~k+1a}<+1 : (50)
Amb P b —€) Aa,b T —€)
k+1,1 X k+1,1 .
Weseethat A" and A, are the same up to a constant factor on the interval (a, b—e).

Since this holds for arbitrary € and Afl;l’l, [\];21’1 are normalized, we can conclude that

Aztl’l = Afﬁl’l on all of (a, b). Moreover, we have A/fl;l = A’;*Ll. For b < a a similar
argument holds. o
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Remark 4.2 The theorem above essentially says that it is impossible for different two-sided
Markov families to have the same single site density. However, which A! correspond to a
two-sided Markov family, i.e., which A! are extendable is at this point an open question.
This will be the subject of the next subsection, in particular in Theorem 4.5 below we give a
full characterization.

4.2 Recursive Construction

By virtue of proposition 2.4 we can attempt to recursively construct a family {A"},>; from a
suitable, symmetric, A I Tnthe proof of the theorem below we find a construction as described
in remark 2.5, i.e. we find suitable left and right marginals to construct A”*! from A”. before
we state this theorem, we first prove two preliminary results.

Lemma4.3 Let {A"},>1 be a symmetric two-sided Markov family. For arbitrary n > 1 and
y € RY, there exist y-dependent functions f,, g, and h, on (RT)? such that

AZ:},(x) = Jfa(a,b) - gn(b,x) - hn(x,a) - 1(x € Ia) (S

foralla,x,b € RT such that x € I, and b € Iy y. If a density is of this form we will
refer to it as factorizable.

Proof By conditioning on 6; and 6,4 we find

A0 - AGh (B2 On) - AL (Ong1)
= ALy (00 Ap (02 0y) - AT, ), (52)

a.0n+]

where both sides of the equation are equal to Ang,l 01, ..., Op41). To proceed we need infor-

mation on the support of AZ:;I. To this end we assume a < y. As a consequence, we can
picka < 0; < ... < 0,41 < y, then

,1 .1
A6 A 6) Ao, 0 Agg . (0n)

A @) AT @) MG Ot AT Bag1)

(53)

The first and third equality use the symmetry property. The second equality follows from
(52). The same equation can be derived for y < a and 6y > 6,1, hence we continue with
general a,y € R and ) € I46,.1» Ont1 € Iy y. Notice that in the case a < y we have
a < x < b < y,whereas in the case y < a we have y < b < x < a. That is, in the first
case y acts as an upper bound for the interval /, , and in the second case it acts like a lower
bound. We observe that

Al (O =AM @)™ ALy Bar) - ALEH 6)). (54)
One can now take 6; = x and 6,41 = b to obtain
Al ) = [ATEM @O AL (B) - ALER (). (55)

We can then define the functions f,, g, and &, as follows
fala, by == AN ga(b,x) i= Al (b), hu(x.a) == ALT (). (56)

[}
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Lemma 4.4 Let {A"},>1 be a symmetric two-sided Markov family. For arbitrary z1, zo € RY,
71 < 72, there exist functions f, g and h on R such that

A} ,(x) = f(a,b)-g(b,x) h(x,a) L(x € Iop) (57)
foralla,b € (21, 22). Moreover, the functions f and g can be chosen to be symmetric.

Proof Let Z; > 0 and Z, > O be such that Z; < z; and 2o < Z». Leta b e (Zl, Z») and
assume a < b. Thenb € I, z,, hence proposition 4.3 gives us functions f gand 71 such that

AL ,() = fla.b) - 3(b,x) hix.a) - L(x € Iop). (58)

Similarly we can assume b < a, then b € Iz, 4, hence there are functions f, g and T such
that

AL ,() = fla.b) - Z(b,x) hx,a) - L(x € Iop). (59)

hence we can define f, g and & as

Fla.b) ifb<a h(x,a) =

f(a b):{f(a,b) ifa <b ® x):{:g:(b,x) ?fx<b it:(x,a) %fa<x
g, x) ifb<x gx,a) ifx <a

This show the first part of the lemma. we proceed with general a,b € 17,7z, and x € I,
Now we only have to show that we can choose f and g symmetric. We define v (a, x) =

Jgla,x) -h(x,a) and ¢(a,b) = /f(a,b) - f(b,a). Notice that, using the symmetry of

the family {A"},>1,

A p(x) = /AL @) - AL () (60)

= f@,b)- f(b,a) gla,x) h(x,a)-/gb,x) h(x,b)
= ¢(a,b) - ¥(a, x) Y(b,x).

We now restrict a, b to (z1, z2) and claim that v (y, x)/v¥ (x, y) is factorizable in x and y
given the order of x and y. More precisely, we claim that

Y0 oWl <y) +a®iiy <x)
Yx,y) ca@lix <y +ec@)l(y <x)

for some functions ¢; and ¢, and x # y, x,y € (21, z2). Before we prove this claim we
demonstrate how we will use it. If the claim holds, then we have

Vx,y):=[a()Llx <y)+ @)Ly <)l ¥, x) (62)
=ML <y)+caWMLy <x)]-¢¥x,y)=V¥(y,x)
forall x, y € (z1, z2) with x # y. As a consequence
A};,;,(X) =¢(a,b)-Y(a,x) -y, x) Lx € lap) (63)

=¢(a,b)- W(b,x) [c1(x) - L(x < b)+ea(x) - Lo <x)]""Y(a, x) - L(x € Lap)
=¢(a,b)- Wb, x) y(a x) Lx € lap),

(61)
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where we define y, for x € I, as

y(a.x):=[c1(x) L@ < x) +c2(x) - Lx < )] 'Y (a, x) (64)
=[c1(x) - L(x <b) +c2(x) - L(b < )] ' (a, x).
Notice that the second equality in (64) relies on the fact that x € 1, ;. Indeed, for x € I, 5
wehavea < x <= x < bandlikewiseb <x < x <a.Wecanpick f =¢,g =V
and i = y. Since ¢ and W are symmetric, this completes the proof.

Finally, we prove the claim (61). Recall that (60) holds on the whole interval (Z;, Z»)
rather than only on the subinterval (z1, z2). Let x, y € I, .,. If we have x < y then

AL ALK e y) - Y@L x) Y, x)

N} = = . (65)
AL ) A 92, x) Y22, ) - ¥(x,y)
Define Cj 2(x) := % and Cp1(y) 1= % The equation above reads
then
C ,
2.1() _v0 x). 66)
Cio(x)  ¥(x,y)
Now assume y < x, similarly we find
C ’
120) _ ¥ -
Coi(x)  Y(x,y)
Combining these two expressions yields
vOx) _ Ca) T <)+ Cia() -1y <) 68)
Yx,y)  Cia(x) -T(x <y)+ Ci(x) - L(y < x)
We define ¢; = C1 2 and ¢; = C3,1 to obtain the required form. This proves (61). O

We can now state a characterization of the A! which generate a symmetric two-sided Markov
family.

Theorem 4.5 Consider a one-site density AV, The following two statements are equivalent:

1. There exists a symmetric and two-sided Markov family {A"},>0 with one-site density
A,
2. Vzi,2€ Rt a,b e I, ;, there exists a symmetric g : R2 — R™ such that

Ay y(x) = f(a,b)-g(b,x) g(x,a)  L(x € Iop) (69)

with normalization

avb -1
f(a,b>=< / g(b,y)-g(y,amy) . (70)

Ab
Proof 1 implies 2. Lemma 4.4 states that we can write
Al = fla,b) - §b, %) - R(x,a) - L(x € I p) (71)

with f and g symmetric. Using the symmetry of A!, we can deduce that I is of the form
h(x,a) = c(x) - g(x, a) for some function c. Indeed, the symmetry gives

fla,b)-Z(b,x) - h(x,a) = f(b,a)-Z(a,x)h(x,b) (72)
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for x € I, . Using the symmetry of )7, be obtain

3(b.x) _ Zla.x)
h(x,b)  h(x,a)

=:c ). (73)

This then glves us h(x b) = c(x) - g(b, x). We define g(a, x) := +/c(x) - c(a) - g(a, x) and
f (a b) := f (a,b)/+/c(a) - c(b). Notice that f and g are symmetric. We can now to write
Al in the form

Ay (x) = f(a,b) - gla,x) - g(x,b). (714
Since A}L » 1s a probability density, f must indeed have the form (70).

2 implies 1. We define the family {A"},> recursively. Let z1, zo € RT and assume that
for some m > 1, the first marginals A"!, ..., A" ! have the form

AL () = fi@,b) - gi(b, x) hi(x,a) - L(x € o) (75)
fora, b € (z1,z2),and 1 < k < m with f; and g; symmetric. Notice that this is true for Al

with fi(a,b) := f(a.b), g1(b,x) := g(b,x) and hy(x,a) = g(x,a). We define A" "'
and AZ"_ZI‘MH as

AN = frne1 @@ b) - [fn By )1 B (x, @) - L(x € I p) (76)

and

AP ) = AP ) = g1 (Bra) - (@, 01 b (6, 5) - L(x € o)

(717
with f;,,4+1 the normalization
avb —1
fmt1(a,b) = (/ [fn (b, )] -hm(x,a)dX> - (78)
anb
We show that f,+ is symmetric. Assume a < b. Then, using the recursion,
[fm+1(a, )] (79

b
:/ g(a, xl)/ g(x1, x2).. / 8(xma1, b)dxpiq...dxdx,
/ / / gla,x1) - g(x1,x2) - oo - §(Xm41, D)dXp41...dx2dxy

n
:/ / / T(a<x1<x2=<..<xpp1 =< b)Hg(xhxi+1)dxldx2mdxm+1
a a a i=0
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and

[fns1(b, a@)]7" (80)

b Xm+1
/ g(b, xm+1)/ gXma1, Xm)-. f g(x1, a)dxidx;...dx, 4
Xm+1
/ / / g, xpm+1) - 8Xmt1, Xm) - oo - g(x1, Ddx1dxa...dx, 41

n
=/ / / Ta<x <x <. < xmp1 <D) [ [ 80, xip1)dxidxs..dxm i
a a a i=0

where it is understood that xop = a and x,,4+> = b. This immediately gives the symmetry of
Sm+1. We proceed to show that AZHb'l’l and Aamzl’m"‘] indeed yield a density A”}' which
is two sided Markov. For arbitrary 6, ..., 8,41 € RT we calculate

ARSI O AR, O s Or) = AT ON) AR (02, 00) - AL Onr) (81)
=fm+1(a,b) - [fn (b, 017" - h (61, @) - Ay \ (62, 6)
Jm (D, 01) - gm 01, Omt1) - hin Omy1,6) - ]1(6’1 € Ia,bs Om+1 € 1o ,b)
=fnr1(a,b) - hp (@1, @) - Aj L (62, ... 00)
&m (01, 0ms1) - h Opg1, D) - L (61 € 1y p, Omt1 € 1o, p)

and

AL O Ou) AT G) = ALY (00 A (O O) - AL Og)
= (@, 0m11) - @nOns1, 01) - hyy (01, @) - Al (62, ..., 6)
1B @) - (@, O] By Og1, b) - 101 € L, 01 € Lap)
=fnt1@, D) - hn(01,0) - MGy (62, ... O)

8m (01, 6ms1) - B (Bg1, b) - ]1(91 € Lo p: Om+1 € 1oy p)- (82)

Observe that these two are equal. As is explained in remark 2.5, one can use proposition 2.4
to construct a A”+! for which the two-sided Markov property holds. Since A! is clearly
symmetric, the whole family {A"},>; is symmetric as is shown in proposition 2.7. This
concludes the proof.

]

We explicitly state the recursion from the proof of theorem 4.5. This is done in the definition
below, alongside the introduction of some terminology.

Definition 4.6 A!iscalled a generating density if it is of the form in (69) for all z, z; € RT
such that z; < z» and a,b € (z1, z2). The unique symmetric two-sided Markov family
{A"},>1 with first marginals

ALy(x) = fa(a.b) - gn(b.x)  ha(x.@) - L(x € Iop) (83)
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is called the generated family. The functions f;,, g, and &, on R™ are defined via the recursion

Farr(@, b) = (LS Ufu b, 01" - Ry (x, @)dx) ™!

gni1(b, x) = [fula, )] (84)

hl‘t+1 (xa a) - h(-x» a) = g(xv a)

with fi = f and g; = g. For fixed z1, zo we call (f;,, gx, hy) the n-th order factors generated
by Al. The functions f, and g, are symmetric for all n > 1, as is shown in the proof of
theorem 4.5.

Remark 4.7 Notice that in the definition above, the n-th order factors are all constructed from
just one function. Indeed, given only g1, we know /1 and fj since & is simply defined to be
equal to g1 and fj (a, b) is the normalization of g1 (b, x)-h1(x, a). The recursive construction
gives the higher order factors.

Example 4.8 We verify that the density of the order statistics are indeed recursively generated
according to (84). (8) evaluated in i = 1 yields

AZ:Z(x) =n-lb—al™b—x"""1(xe 1yp). (85)
This expression is clearly factorizable for x € I, ;, we can take

b —x|""!

(n—1!"

We immediately see that fi(a, b) = |b — a|_1 and g1 (b, x) = 1 are symmetric, hence Alis
indeed generating. Moreover f, and g, are symmetric and satisfy the recursion,

Jula, by =nllb —al™, ga(b,x) = hn(x,a) = 1. (86)

avb avb n n+1
1 _1 b — x| b — al
b) = hi(x,a)- £ (b, x)dx = = 87
Sor1(a, b) ﬁm 1(x,a)- f, (b, x)dx /Mb P R (87)
and
-1 b — x|"
gnt1(b, x) =[fu(b, x)]7" = YR (88)

We conclude that f,, g, and h, are indeed the n-th order factors generated by A!.

Example 4.9 (gapped order statistics) In example 4.8 we reconstructed the joint density corre-
sponding to the order statistics of uniform random variables. In this case we had g1 (a, b) = 1,
defining the whole family. Since g; is indeed symmetric strictly positive, we could have
directly seen that the order statistics are symmetric and two-sided Markov. In fact we recover
related families if we take g1 (a, b) = [(s — I |b— a|s_l for any integer s > 1. For this
choice of g; we obtain the so-called gapped order statistics of the uniform random variables.
These are defined as follows. For fixedn > 1anda, b € Rt wetake N = s(n+1)—1 and con-
sider X1, X2, ..., Xy ~ U(a Ab,av b). Then ©1 := Xy, ©2 := Xog:n, ovv, Oy 1= Xy
are the gapped order statistics with gap size s. For a < b, their joint densities and first
marginals are known [15] to be

n+1

N! 1
[JO:=6-)"" 1@<6 <. <6, <R
i=1

Tle—-DI b—a

AL (01, e, On)
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and
(s(n+1)—1)! 1 .
AL (0) = : b — 01!
“’b( ) (s — D!'sn—1! |b—gqgsrtDh-1 | |
b= 0P 10 — a7 1O € 1) (90)

where it is understood that 8y = a and 6,11 = b. Akin to the density for s = 1 in example
2.3, the indicator is replaced by 1(b < 6, < ... < 01 < a) in the case where b < a. One can
check that this family is symmetric and two-sided Markov by directly verifying definition
2.1. We state the functions f},, g, and h,, from the recursion in (84). The first marginals AZ})
are indeed factorizable for
(sn+1) =D |b— o)1 160 —al*~!
Jula, b) = Wa gn(b,0) = m, hy(0,a) = W
on

Take n = 1. We can immediately see that f1 g1 and h define a generating density. f;, also

follows from the recursion since g, = fn_ I

Example 4.10 (Dirichlet processes) Notice that we can in fact generalize the example above
by taking s € RT and defining

T'(s(n+ 1)) _b—opr! |6 —al!
Sula, b) = HW’ gn(b,g)—W, hn(Q,a)—W

92)

It is again easy to check that the recursion in (84) works. These generalized distributions are
known in literature under the name ordered Dirichlet distribution [1]. The joint density is
then given by the analogue of (89):

1
C(s(n+ 1)) - -
Al (O s By) = Tor b —ar E(Qi — 0 V@ <6 <...<6, <b)

93)

5 Characterizing Properties of Dirichlet Densities

In this section we find characterizing properties for {A"},> corresponding to an ordered
Dirichlet distribution, i.e., the family given in (93). In Theorem 4.5, we provided a charac-
terization of those A! which are part of a two-sided symmetric Markov family {A”, n € N}.
Due to this characterization, it is easy to generate a large class of symmetric two-sided fam-
ilies. Indeed, we can perform the construction in definition 4.6 for an arbitrary integrable
and symmetric function g : RT™ x RT™ — R™. However, we will prove that under natural
assumptions such as scaling and shift invariance (detailed below), the only two-sided Markov
families are the Dirichlet processes of example 4.10.

Definition 5.1 The family {A"},>; is

1. Scale invariant if foralla, b,y e R*,n > l1and 9, € Iap, 02 €1y by ..., 0p € Ip, b,

ALy, s B) = Y™ AL (7 O1 - 6). (94)

@ Springer



89  Page 20 of 24 F.Redig, B. v. Tol

2. Shift invariant if, for all a,b € Rt, y > —(@a Ab),n > 1 and 6; € Inp, 02 €
Igl,b, .., 0, € 19,171’},

A pO1, e 00) = Agiy iy, 01 + Vo O + ). (95)
We start with a useful lemma.

Lemma5.2 Let ¢ : R?2 x R2 — R be a continuous symmetric function which satisfies the
following scale and shift properties

{¢(y Xy y) =Ay) - ¢(x,y)

. (96)
d(x+y,y+v)=ry) o(x,y)

for some continuous functions 3:,’): :RT — RT. Then ¢ is of the form
¢, y)=t-|x—yl° o7)
with o,t € R. As a consequence, X(y) =y? and . = 1.

Proof First we will show that the functions A and A are of the form X(y) = y? and
A(y) = exp(uy). Later we argue that u = 0 as in the statement of the lemma.

We have the following restriction on X and A. Let o, B € RT, then
) A(B) - px.y) =¢@-p-x.a f-y) =k p) ¢(x.y) (98)
and
M) KB . y) =plat+Btxa+B+y)=Aa+p) px.y). (99

Let x, y be such that ¢ (x, y) # 0 (if such x, y don’t exists the lemma holds with r = 0). We
divide both sides of equations (98) and (99) by ¢ (x, y) and obtain that

@) -A(B) =A(@-p) and A(@) A(B) =A@+ B). (100)

The only functions which satisty the restriction on 7. are of the form X(y) =y? witho e R
and the only functions satisfying the restriction on X are of the form X(y) = exp(uy) with
u € R. Based on the form of & and A we find the form of ¢. Assume without loss of generality
that x < y. Notice that

$(x, ) =A(x) - $(0,y —x) (101)
=) Ay —x) 90, 1)
=1t -exp(ux) - [x —y|7,
with t := ¢ (0, 1). We now verify if we indeed have the correct shifting and scaling

properties for ¢. The scaling property states that the following two expressions should be
equal for all x, y and y:

Py -x, 7 - Y) =AY) - p(x,y) =y -1 -exp(ux) - |x — y|° (102)
and
Oy -x,y-y)=t-expluyx)-y’|x —y|°. (103)

This only true when u = 0. We now showed that ¢ (x, y) must have the form ¢ (x, y) =

t - |x — y|? as is stated in the lemma. It is straightforward to see that the shift property is
satisfied for such functions ¢, regardless of what the values of ¢ and o are.

O
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Theorem 5.3 Let {A"},>1 be a symmetric, two-sided Markov family, i.e., Al is of the form
(69)

Ay ,(x) = f(a,b)-g(b.x) - ga,x) (104)
with
avb
fla,b)™! =/ gla,x) - g(b, x)dx (105)
anb

for some symmetric function g : Rg X R(J)r — Rg . We assume g(x, .) to be differentiable on
R\ {x} for all x € RT.

If {A\"}n>1 is both scale and shift invariant, then, for some o,t € RT,
gla,x)=1t-1b—x|°. (106)
As a consequence we have, fors = o + 1,
Aby(x) = f(a,b)-|b—x"""|x —al . (107)

In other words, we recover the density corresponding to the Dirichlet process with parameter
s from example 4.10.

Proof Notice that for 61, 6 € I,

Ay 0D A0
Ayy®) AL, (v -62)

(108)

Bringing all the factors containing 6; to the left hand side and all the terms containing 6> to
the right hand side shows that for any 6 € I, 5,

8(a,6) - g(b,6) A}, (6)

- =Ri(a. b, y). (109)
gy ay-0)-gly-by-0) Al (y-6)

We define g(a, 0) := log[g(a, 0)/g(y - a,y - 0)] and claim that g does not depend on its
arguments, i.e. g is a constant depending on y :

g(a, 0) = ik3(y). (110)

Using the definition of g in terms of g, this immediately yields the following scaling
property for the function g:

glya,y0) =e="g(a,0). (111)
We now prove this claim. Differentiate both sides of (109) with respect to 6 to obtain
§"0@,0)+g"V®,0) =0, (112)
where §(0’ D, )= agé%’) |;=. denotes the derivative of g in the second entry. This expres-
sion is valid for all & € 1, ;,. We can deduct that

(113)

0.1 )-89, 0) forb el
g7 7@ =9 o .
+g ’ (b, 9) for 6 ¢ Ia,b

@ Springer



89 Page22of24 F. Redig, B. v. Tol

The first line of (113) follows directly from (112) and the second line can be understood as
follows. Consider the case a, b < 6 and let ¢ > 6. Then §(0’1)(a, 0) = —g;(o’l)(c, 6) and
30D, 0) = =3OV (¢, 0), so we indeed have 3OV (a, 6) = 30D (b, ).

We continue the proof of our claim under the assumption that a < 6. As will become
apparent later on, this is without loss of generality. For arbitrary by, b > 6 wehave 6 € I, p,
and 0 € 1, p,. Equation (113) gives

~g0k1.0) =5V @.0) = -7V (k. 0). (114)

For arbitrary by, by < 6 we have 6 ¢ 1,5, and 6 ¢ I, ,. In this case Equation (113)
gives

gV 01,0 =2 @ 0) =gV 02, 0). (115)

Equations (115) and (114) imply that Qg‘(O*U (b, 0) is constant as a function of b on both
(—00, 0) and (0, 00). Moreover, they imply that the value on (—o00, ) is precisely minus the
value on (6, oo). This means that §(0’1) is of the form

gV, 0) = ka(y, )L > b) — k2(y. )L < b). (116)
Let k> be the antiderivative of «, with respect to 6. The function g can then be written as
g, 0) = [K2(y,0) +k31(VILO > b) + [—k2(y, 0) +K32()]LEO < b), (117)
with ¥3,1(y) and k3 2(y) terms which only depend on y. Notice that g is symmetric
because, by assumption, g is symmetric. Using this symmetry we obtain
g, 0) = [k2(y,0) +k31(VILEO > b) + [—k2(y, 0) +K32(1)]L(O < b) (118)
= [K2(y, b) + k31 (V)ILO < b) + [—K2(y, b) +K32(¥)IL(O > b) =g(0, b).

Equation (118) holds for all 6, b such that & # b. Evaluating (118) for & < b and for

0 > b yields twice the same equation which is hence valid for all 6, b such that 6 # b:

Ky, 0) +k3,1(r) = —k2(y. b) + k3.2(y) (119)

It immediately follows that K5 (y, ) is a constant only depending on y. Hence we can
define

K3(y) ==k2(y, 0) +k3,1(y) = —k2(y, b) + K32(). (120)

We conclude the proof of our claim in (110) by writing (117) in terms of k3.

Notice that this scaling property for g is derived from just the scale invariance. One can
mutatis mutandis repeat the procedure above to derive a shift property. Indeed, in this proof
we never used that y scales the arguments of g except for the fact that this preserves the
symmetry: g(y -a,y -60) = g(y -0, y - a). However, the symmetry is also preserved when
shifting the arguments: g(y +a, y +6) = g(y +6, y + a). Therefore the following scaling
and shifting properties hold true,

gla+y,0+y)=e" . g(a,0)
gy -a,y-0)=e"" . ga,0)

Here &3 is some continuous function of y analogous to k3. By virtue of lemma 5.2, we can
conclude the proof.

(121)

[}
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A close inspection of the proofs of Lemma 5.2 and Theorem 5.3 reveals that it is not
enough to only assume one of the properties in 5.1. That is, if one only assumes either shift or
scale invariance, then there is a much wider class of symmetric two-sided Markov families.
To illustrate this, we recover the specific form of the generating densities which give rise to
scale, respectively shift, invariance.

Scale invariance: Let {A"},~; be a symmetric two-sided Markov family as introduced in
the statement of theorem 5.3 which only satisfies scale invariance. The proof of the theorem
then shows that g satisfies the second line of (121), i.e.

gy -a,y-0)=xry) ga,o) (122)

for some continuous function *(y).The proof of lemma 5.2 gives candidates for the form of *.
Indeed, (100) yields A(y) = y? for some o € R. Now we define ¢(x) := g(1, x) = g(x, 1),
for x € (0, 1] and find

(@,6) = (av o) ( a —)—(ave)f’ (“9) (123)
gla.v)r = ga\/@’a\/@ - goa\/@'
This yields the following generating density
1 ) - aAnb 0
ALp(©) = F(@.b)-0% - o(57)o( =7 ) 10 € Lup). (124)

Here, f(a, b) is the normalization of A tl, p- It is straightforward to check that this density is
indeed scale invariant.

Shift invariance: Let {A"},~ be a symmetric two-sided Markov family as introduced in
the statement of theorem 5.3 which only satisfies shift invariance. The proof of theorem 5.3
shows that g satisfies the first line of (121), i.e.

ga+y,0+y) =iy ga,b). (125)

for some continuous function /):(y). The proof of lemma 5.2 gives candidates for the form of
A. Indeed, (100) yields A(y) = expuy for some u € R. Now we define ¢(x) := g(1,x) =
g(x, 1), for x € (0, 1] and find

2@, 0) =e“ D@ —an, 0 —and)=e" . 1o —al. (126)
This gives the following generating density
Ay, 0) = f(a,b)-e"" - p(10 —al)p(|0 — bl). (127)

Here, f(a, b) is the normalization of A Lll p- 1t is straightforward to check that this density is
indeed scale invariant.
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