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Abstract

Graph data is prevalent across various applications, leading to the rapid advancement of graph-based
machine learning techniques. However, traditional machine learning algorithms designed for graphs
have limitations in capturing complex relationships between nodes and higher-order patterns. Recent
findings by Morris et al. [2019] and Chen et al. [2019] have provided valuable insights into the com-
parison of graph neural network architectures. In their work, Morris et al. [2020b] proposed higher
order neural networks that can capture more complex patterns in graph data. However, these models
suffer from scalability issues, making them challenging to apply to real-world datasets. In this thesis,
we build upon the aforementioned work by conducting a theoretical comparison of the different neural
architectures proposed in those studies. Additionally, we propose novel models that aim to strike a
balance between capturing higher order patterns and maintaining scalability. Our goal is to improve
the modeling capabilities of graph-based algorithms and overcome the limitations of existing methods.
Furthermore, we implemented our proposed models on well-known benchmark datasets to evaluate
their performance. The results confirmed that our models exhibit significantly better generalization
performance compared to traditional graph neural networks. Additionally, we found that our models
demonstrate significant improvements in scalability when compared to other higher order graph neural
networks. This research contributes to the field of graph machine learning by providing more effective
and scalable solutions for capturing higher order patterns in graph data.
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1
Introduction

Graph-structured data is prevalent across diverse application domains, including molecular structure
and bioinformatics [Barabasi and Oltvai, 2004, Stokes et al., 2020, Jumper et al., 2021, Rittig et al.,
2022, Schweidtmann et al., 2023], image analysis [Simonovsky and Komodakis, 2017], social network
analysis [Easley and Kleinberg, 2010], pharmaceutical drug discovery [Gaudelet et al., 2021], com-
binatorial optimization [Cappart et al., 2021, Bengio et al., 2021] and material science [Reiser et al.,
2022]. Successful machine learning models in these domains require techniques that can effectively
manage the information inherent in graph structures, as well as the feature information associated with
nodes and edges. Various approaches have been proposed for graph-based machine learning tasks,
with notable ones being graph kernels [Morris, 2019, Borgwardt et al., 2020, Morris et al., 2021a] and
graph neural networks (GNNs) [Gilmer et al., 2017, Chami et al., 2020, Morris et al., 2021b, Wu et al.,
2022]. Graph kernels employ a two-step feature extraction and learning approach, computing a vec-
torial representation or a positive semi-definite kernel matrix that captures predefined graph features,
which are subsequently fed into a learning algorithm such as support vector machines [Hastie et al.,
2009]. On the other hand, GNNs are specialized neural architectures designed to operate on graph-
structured data. GNNs iteratively update node representations by aggregating the representations of
neighboring nodes and their own previous representations. These learned node representations can
be further combined with pooling techniques to extract a comprehensive graph representation vector
which then is fed to an artificial neural network (ANN).

In this work, our primary objective is to develop novel Graph Neural Network architectures that strike
a balance between capturing and leveraging a greater amount of structural information within graphs
compared to traditional GNNs architectures, while maintaining computational efficiency. By achiev-
ing this equilibrium, our proposed architectures facilitate scalable and efficient graph-based learning,
making them well-suited for practical applications in real-world scenarios. To achieve our goals, we
focus on the development of GNN architectures that provably offer enhanced expressiveness. These
architectures are implemented and evaluated on well-known benchmark datasets [Morris et al., 2020a].
Our experiments focus on graph-based classification tasks that involve two classes. Nevertheless, it is
crucial to highlight that the insights and findings derived from our research possess broad applicability
and can be easily extended to address either multiclass classification, graph-based regression, or even
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2 1. Introduction

node-based classification/regression tasks. This is primarily due to the fact that our developments pri-
marily affect the transformation and the message passing phases of a GNN and not the readout phase,
as we will see in Section 4.5.1.

1.1. Related work
In this work, two main notions are often referred to: the graph isomorphism problem, which inquires
whether two provided graphs have the same underlying structure, and the expressive power of GNNs,
which denotes their ability to learn and represent complex graph structures, capturing intricate pat-
terns and relationships within the data they process. The relationship between the graph isomorphism
problem and the expressiveness of GNNs has been widely explored by Xu et al. [2019a], Maron et al.
[2019a], Maehara and NT [2019], Azizian and Lelarge [2020], Barceló et al. [2020], Geerts [2020],
Geerts and Reutter [2022]. The Weisfeiler-Lehman (WL) algorithm, which is a heuristic for the graph
isomorphism problem, has been effective in capturing structural patterns in graphs and providing a
sufficient condition for distinguishing non-isomorphic graphs. Moreover WL is powerful enough to
distinguish almost all pairs of non-isomorphic graphs except from rare counterexamples [Babai and
Kucera, 1979, Cai et al., 1992]. In recent research, Morris et al. [2019] established an equivalence
between GNN architectures [Gilmer et al., 2017, Scarselli et al., 2009] based on the WL algorithm and
the WL heuristic. This finding indicates that these GNN models can only provide distinct outputs for
non-isomorphic graphs if the WL algorithm itself distinguishes between them. Additionally, a signifi-
cant contribution by Chen et al. [2019] reveals a connection between the GNN’s ability to discriminate
between pairs of non-isomorphic graphs and its capability to approximate arbitrary permutation invari-
ant functions on graphs. These crucial findings regarding the equivalence between GNN architectures
based on the WL algorithm and the WL heuristic, and their ability to approximate permutation invari-
ant functions have shed light on the expressive power of GNNs. However, these advancements have
also raised awareness of the limitations inherent in the WL algorithm [Kiefer, 2020]. As a result, re-
searchers have been interested in dive deeper into the existing GNN architecture and their constraints
and shortcomings in effectively capturing the diverse structural patterns present in data (Chen et al.
[2020], Loukas [2020]).

This exploration into the limitations of existing GNNs has sparked the development of novel neural
architectures that aim to overcome the shortcomings of the WL algorithm. Researchers have actively
pursued innovative approaches to capture higher-order patterns and enhance the expressive power of
GNNs. Morris et al. [2020b] introduced higher-order GNN variants , based on an extension of the WL
algorithm called the 𝑘-WL algorithm Babai and Kucera [1979]. These higher-order GNN architectures
can capture more global structures of graphs and have been proven to be more expressive than their
first-order counterparts. Furthermore, to incorporate graph sparsity into models, Morris et al. [2022]
proposed sparsity-aware neural networks. These innovative architectures are specifically designed
to accommodate and leverage the sparsity inherent in graphs. By considering the sparse nature of
graphs, these models can effectively reduce computational costs while maintaining their expressive
power. Other works that have made significant contributions to the development of more expressive
GNN architectures are subgraph aggregation networks or approaches utilizing random features [Mur-
phy et al., 2019, Dasoulas et al., 2020, Vignac et al., 2020, NT and Maehara, 2020, Abboud et al., 2021,
Sato et al., 2021, Barceló et al., 2021, Balcilar et al., 2021, Bodnar et al., 2021, Tönshoff et al., 2021,
Talak et al., 2021, Beaini et al., 2021, Qian et al., 2022, Horn et al., 2022, Bouritsas et al., 2023]. In
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addition, recent research has explored the integration of tools from topology to leverage higher-order
information in networks ([Bick et al., 2021], [Horn et al., 2022], [Hajij et al., 2023]). By incorporating con-
cepts and techniques from algebraic topology, such as simplicial and cellular complexes, researchers
have been able to capture and analyze higher-order structural patterns in network data.

However, despite the promising advancements in capturing higher-order patterns, many of the afore-
mentioned designs suffer from scalability issues due to their increased computational complexity during
training. One such challenge is evident in the architectures proposed by Morris et al. [2020b], where
the computation of all possible 𝑘-tuples in the set of graph nodes becomes necessary. This leads to a
substantial memory requirement of 𝑛𝑘 nodes for a graph with 𝑛 nodes, posing significant limitations on
the scalability of these models. Therefore, while these approaches offer valuable insights into capturing
intricate structural information, their computational demands hinder their practical applicability, particu-
larly for large-scale datasets. To address these limitations, Morris et al. [2019] developed a set-based
variant of the WL algorithm and a corresponding neural architecture. This set-based variant considers
sets of nodes instead of individual nodes, reducing computational complexity while still capturing im-
portant structural information. By extending this set-based WL variant, our work in this thesis aims to
enhance the expressiveness of GNN architectures while maintaining computational efficiency.

1.2. Present work
In this section, we outline the key contributions and findings of our work. To address the described
drawbacks, our work introduces multiple heuristics for the graph isomorphism problem, each designed
to detect higher-order patterns within a graph. These heuristics are inspired by the ones described in
Morris et al. [2020b], but with a key distinction: we consider both sets and multisets of nodes instead
of tuples. By disregarding the ordering of nodes, our heuristics offer computational efficiency while
maintaining a high level of expressiveness.

In addition to introducing new architectures based on sets and multisets, we also undertake a thorough
examination of the mathematical properties of both existing and proposed algorithms. Our investiga-
tion begins with the 𝛿-𝑘-LWL algorithm, which is a slight modification of the WL algorithm. We delve
into its behavior in relation to the parameter 𝑘 and establish a clear hierarchy of expressiveness within
the algorithm. As the value of 𝑘 increases, the algorithm becomes increasingly powerful, enabling it
to capture and represent more complex graph patterns. Furthermore, we conduct a detailed analysis
and comparison of our (multi)set-based variants of the 𝑘-WL algorithm. Through rigorous mathemat-
ical proofs, we demonstrate that considering sets alone cannot result in more expressive algorithms
than considering multisets. Similarly, considering multisets alone cannot surpass the expressiveness
achieved by employing ordered tuples. Moreover, we explore the impact of discriminating between
local and global neighbors, as outlined by Morris et al. [2020b], and observe that this discrimination
yields strictly more expressive algorithms.

Finally, we validate the performance and effectiveness of our proposed models by conducting experi-
ments on well-known benchmark datasets. By applying the developed architectures to these datasets,
we assess their capabilities and provide empirical evidence of their effectiveness in solving graph iso-
morphism problems. Additionally, we pose and address basic questions, paving the way for further
research in this field. In summary, our work introduces novel architectures based on sets and multi-
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sets, explores the mathematical properties of existing and proposed algorithms, establishes a hierarchy
of expressiveness, highlights the superiority of multiset-based models, develops corresponding neural
architectures, and validates their performance through experiments on benchmark datasets.

1.3. Document structure
Section 2, (Preliminaries), serves as a foundation by introducing the necessary notation, presenting
basic concepts related to graph isomorphism, and discussing existing approaches for solving the prob-
lem. Building upon this groundwork, Section 3, (Weisfeiler-Leman Refinement Algorithms), delves into
the details of the Weisfeiler-Leman algorithm, its higher-order variants, and their theoretical proper-
ties. This section also includes a comparative analysis of these algorithms, establishes a hierarchy
result for the local version (𝛿-𝑘-LWL), and explores the development of neural architectures based on
these algorithms, demonstrating their equivalence in terms of distinguishing non-isomorphic graphs. In
Section 4, titled ((Multi)Set-Based Refinement Algorithms), attention is shifted towards the proposed
(multi)set-based WL algorithms. This section involves a comprehensive comparison of these algo-
rithms, considering their expressiveness and computational efficiency. Furthermore, new neural ar-
chitectures based on these algorithms are developed and their equivalence with the corresponding
algorithms is established. Section 5 focuses on experimental evaluation, where the proposed neural
architectures are applied to well-known benchmark datasets. This section provides detailed insights
into the experimental setup, implementation details, and configuration choices. The obtained results
are analyzed, compared, and aligned with the main research questions posed throughout the thesis.
Finally, Section 6 serves as the concluding section, summarizing the main findings, contributions, and
implications of the research. It also outlines potential future research directions, highlighting areas that
can be further explored to advance the field of graph isomorphism and neural architectures.



2
Preliminaries

In this section, we provide an overview of the key notation and mathematical concepts used throughout
the work. In addition, we discuss the graph isomorphism problem, which is a fundamental problem in
computer science. This problem has important applications in areas such as chemistry, computer
vision, and cryptography [Baird and Cho, 1975, Grohe and Schweitzer, 2020, Merkys et al., 2023].
Finally we present the work so far on the computational cost of the graph isomorphism problem, as
well as different approaches that have been proposed to solve it.

2.1. Basic notation
As usual, let [𝑛] = {1,… , 𝑛} ⊂ ℕ for 𝑛 ≥ 1. We further define the concept of amultiset as a generalization
of that of a set. A multiset is a collection of unordered elements, where every element 𝑥 occurs a
finite number of times. The number of times that each element occurs is called the multiplicity of the
element. We denote multisets using double curly braces, as {{𝑥1, 𝑥2, … , 𝑥𝑛}}, where 𝑥1, 𝑥2, ..., 𝑥𝑛 are
the elements of the multiset. We say that a multiset 𝑀 is strictly multiset if M is not a set. For a
multiset 𝑀, we denote |𝑀| as the cardinality of the multiset, which is the sum of the multiplicities of
its elements. Moreover, for an arbitary set 𝒳 we call a partition 𝜌 of 𝒳 a grouping of its elements
into non-empty subsets, in such a way that every element is included in exactly one subset. That
is, 𝜌 is a family of subsets of 𝒳 such that ∅ ∉ 𝜌, ⋃𝐴∈𝜌 𝐴 = 𝒳 and for all 𝐴, 𝐵 ∈ 𝜌 with 𝐴 ≠ 𝐵 we
have that 𝐴 ∩ 𝐵 = ∅. A partition 𝛼 of a set 𝒳 is a refinement of a partition 𝜌 of 𝒳 and we say that
𝛼 is finer than 𝜌 and that 𝜌 is coarser than 𝛼 if every element of 𝛼 is a subset of some element of 𝜌.
Informally, this means that 𝛼 is a further fragmentation of 𝜌. In that case, it is written that 𝛼 ≤ 𝜌. Now,
as usual for a set 𝒳 and 𝑘 ∈ ℕ we denote by 𝒳𝑘 the Cartesian product 𝑋 × ⋯ × 𝑋 and the elements
of 𝒳𝑘 are called tuples. In addition we denote the set of all 𝑘-element subsets of 𝒳 as [𝒳]𝑘, that is
[𝒳]𝑘 = {𝑈 ⊂ 𝒳 ∣ |𝑈| = 𝑘}. Similarly [[𝒳]]𝑘 is the set of all 𝑘-element multisets with elements from 𝒳,
i.e. [[𝒳]]𝑘 = {𝑈 multiset ∣ |𝑈| = 𝑘 and ∀𝑢 ∈ 𝑈 𝑢 ∈ 𝒳}. For a tuple u = (𝑢1, … , 𝑢𝑘) ∈ 𝒳𝑘 we write
multiset(u) to describe the multiset {{𝑢1, … , 𝑢𝑘}}. Let u be a 𝑘-tuple in 𝒳𝑘, i.e, u = (𝑢1, … , 𝑢𝑘). Then,
for 𝑗 ∈ [𝑘] and 𝜔 ∈ 𝒳 we denote by 𝜙𝑗(u, 𝜔) the 𝑘-tuple obtained by replacing the 𝑗-th component
of u with 𝜔, i.e. 𝜙𝑗(u, 𝜔) = (𝑢1, … , 𝑢𝑗−𝑖 , 𝜔, 𝑢𝑗+1, … , 𝑢𝑘). Moreover for a function 𝑓 ∶ 𝒳𝑘 → Σ and for
u ∈ 𝒳𝑘 , 𝑤 ∈ 𝒳 we define the sift operator as sift(𝑓,u, 𝑤) = (𝑓(𝜙1(u, 𝑤)),⋯ , 𝑓(𝜙𝑘(u, 𝑤)), where Σ is an
arbitary codomain for the function 𝑓.
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6 2. Preliminaries

2.2. Graph theory
An undirected graph 𝐺 is a pair (𝑉, 𝐸) with a finite set of vertices 𝑉 and a set of edges 𝐸 ⊆ {{𝑢, 𝑣} ⊆
𝑉 ∣ 𝑢 ≠ 𝑣}. We denote the set of vertices and the set of edges of 𝐺 by 𝑉(𝐺) and 𝐸(𝐺), respectively.
The graph structure is characterized by the adjacency matrix 𝐴 ∈ {0, 1}𝑛×𝑛, where 𝐴𝑖,𝑗 = 1 if and only if
nodes 𝑖 and 𝑗 are connected by an edge. Moreover, 𝑁(𝑣) denotes the neighborhood of 𝑣 in 𝑉(𝐺), i.e.,
𝑁(𝑣) = {𝑢 ∈ 𝑉(𝐺) ∣ {𝑣, 𝑢} ∈ 𝐸(𝐺)}. In the case of directed graphs, 𝐸 ⊆ {(𝑢, 𝑣) ∈ 𝑉 × 𝑉 ∣ 𝑢 ≠ 𝑣}. For
the sake of clarity, in this thesis we use the term graph to refer to undirected graphs. When referring
to directed graphs, we will make this distinction explicit. A vertex coloring is a function 𝐶 ∶ 𝑉(𝐺) → 𝕊,
with arbitary codomain 𝕊. A (vertex) labeled graph (𝐺, 𝑙) is a graph 𝐺 endowed with a vertex coloring
𝑙 ∶ 𝑉(𝐺) → Σ, where Σ is some finite alphabet. We call 𝑙 the vertex labeling function of graph 𝐺. If we
replace Σ with ℝ𝑑, we say 𝑙 is a vertex encoding, and 𝐺 is a continuously labeled graph. We say that
𝑙(𝑢) is a label (or encoding) of 𝑢 for 𝑢 in 𝑉(𝐺). In addition, we say that a vertex encoding 𝑓 ∶ 𝑉(𝐺) → ℝ𝑑
is consistent with a vertex labeling 𝑙 ∶ 𝑉(𝐺) → Σ, if for every pair of vertices 𝑢, 𝑣 ∈ 𝑉(𝐺) we have that
𝑓(𝑢) = 𝑓(𝑣) if and only if 𝑙(𝑢) = 𝑙(𝑣). Edge labeled and continuously labeled graphs are defined
analogously. We say that a vertex coloring 𝑐 refines a vertex coloring 𝑑, written 𝑐 ⊑ 𝑑, if 𝑐(𝑣) = 𝑐(𝑤)
implies 𝑑(𝑣) = 𝑑(𝑤) for every 𝑣 and 𝑤 in 𝑉(𝐺). If 𝑐 ⊑ 𝑑 and 𝑑 ⊑ 𝑐, we say that the two colorings are
equivalent and we write 𝑐 ≡ 𝑑. Finally, we say that 𝑐 strictly refines 𝑑 and we write 𝑐 ⊏ 𝑑 if 𝑐 ⊑ 𝑑 and 𝑐,
𝑑 are not equivalent. A color class 𝑆𝑐 ⊆ 𝑉(𝐺) of a vertex coloring 𝑐 is the maximal set of vertices with
𝑐(𝑣) = 𝑐(𝑤) for every 𝑣 and 𝑤 in 𝑆𝑐. For a graph 𝐺, let 𝑆 ⊆ 𝑉(𝐺) then 𝐺[𝑆] = (𝑆, 𝐸𝑆) is the subgraph
induced by 𝑆 with 𝐸𝑆 = {(𝑢, 𝑣) ∈ 𝐸(𝐺) ∣ 𝑢, 𝑣 ∈ 𝑆}. In addition given a tuple v = (𝑣1, … , 𝑣𝑘) ∈ 𝑉(𝐺)𝑘 let
𝐺[v] denote the subgraph induced on the set {𝑣1, … , 𝑣𝑘}, where, the vertex 𝑣𝑖 is labeled with 𝑖, for 𝑖 in
[𝑘]. Moreover, given a multiset 𝑀 in [[𝑉(𝐺)]]𝑘 let 𝐺[𝑀] denote the subgraph induced by the set of all
distinct elements of 𝑀, where, each vertex is labeled with its multiplicity in the multiset 𝑀. A graph is
said to be connected if every pair of vertices in the graph is connected. This means that there is a path
(sequence of edges) between every pair of vertices. A graph 𝐺 is disconnected if 𝐺 is not connected.
We say that a graph 𝐺 is a tree if 𝐺 is connected but 𝐺 would become disconnected if any single edge
is removed from 𝐺. A rooted tree is a directed tree with a designated vertex called root in which the
edges are directed in such a way that they point away from the root. Let 𝑝 be a vertex in a directed tree
then we call its out-neighbors children with parent 𝑝.

2.3. Graph isomorphism problem
We say that two graphs 𝐺 and 𝐻 are isomorphic if there exists an edge preserving bijection 𝜙∶ 𝑉(𝐺) →
𝑉(𝐻), i.e., (𝑢, 𝑣) ∈ 𝐸(𝐺) if and only if (𝜙(𝑢), 𝜙(𝑣)) ∈ 𝐸(𝐻). If 𝐺 and 𝐻 are isomorphic, we write 𝐺 ≅ 𝐻
and call 𝜙 an isomorphism between 𝐺 and 𝐻. Moreover, we call the equivalence classes induced
by ≅ isomorphism types, and denote the isomorphism type of 𝐺 by 𝜏𝐺. In the case of vertex labeled
graphs, we additionally require that 𝑙(𝑣) = 𝑙(𝜙(𝑣)) for 𝑣 ∈ 𝑉(𝐺) and for the edge labeled graphs
𝑙((𝑢, 𝑣)) = 𝑙((𝜙(𝑢), 𝜙(𝑣))) for (𝑢, 𝑣) ∈ 𝐸(𝐺).

The graph isomorphism problem (GI) is a computational problem that involves determining whether
two graphs are isomorphic. The computational complexity of GI is widely recognized as a major un-
resolved question in computer science, drawing significant research attention. First introduced as an
open problem by Karp in his influential work on the NP-completeness of combinatorial problems [Book,
1975], GI continues to be a notable example of a natural problem in NP that has not been definitively
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classified as either NP-complete or polynomial-time solvable. However, Babai [2016] made a break-
through by showing that GI can be solved in quasi-polynomial time, improving upon previous bounds.
Research on the Graph Isomorphism Problem (GI) began in the 1960s, with the proposal of heuristic
approaches to solve it. For more information on the complexity of the Graph Isomorphism (GI) problem
and recent advancements in this field, you can refer to the paper by Grohe and Neuen [2021]. In the
following section, we will explore the heuristics introduced by Weisfeiler and Leman [1968] in detail,
examining their principles and techniques employed for tackling the GI problem.





3
Weisfeiler-Leman refinement algorithms

This section aims to present an overview of the Weisfeiler-Leman algorithm [Weisfeiler and Leman,
1968], which is a well-known heuristic for the graph isomorphism problem. The basic version of the
algorithm, called 1-WL algorithm operates by iteratively coloring the vertices of graph based on the
neighborhood of each vertex. In each iteration the different colors define a partition on the set of vertices
and for that reason the 1-WL is often reffered as a vertex classification algorithm. The idea behind WL
is to give different colors to two vertices whenever it is obvious that neither of them can be mapped
to the other one by an isomorphism. As it will be discussed, although 1-WL is a quite powerful tool in
distinguishing non isomorphic graphs and has been applied in many areas (e.g. molecule classification
and social network analysis [Milo et al., 2002, Clauset et al., 2011], there are several examples of graphs
with practical importance where the 1-WL fails to capture the desired structure of graphs. Intuitively, the
reason behind this weakness of 1-WL it is its purely local nature. To address these issues, we describe
the 𝑘-WL algorithm analyzed by Cai et al. [1992], Segoufin [2017], Maron et al. [2019a], Grohe [2021],
and Kiefer and Schweitzer [2019] which colors tuples of vertices instead of individual vertices and
can capture more global, higher-order patterns. Additionally to 𝑘-WL, Malkin [2014] and Morris et al.
[2020b] introduced several variants of the algorithm that differ in the information that is aggregated
in each iteration. Finally, we compare the different versions of the WL algorithm, highlighting their
strengths and limitations.

3.1. Weisfeiler-Leman algorithm (1-WL)
We now describe the 1-WL or Naive vertex classification algorithm for labeled graphs introduced by
Weisfeiler and Leman [1968]. Let (𝐺, 𝑙) be a labeled graph. In each iteration, 𝑡 ≥ 0, the 1-WL computes
a vertex coloring 𝑐(𝑡)𝑙 ∶ 𝑉(𝐺) → Σ, which depends on the coloring from the previous iteration. In iteration
0, we set 𝑐(0)𝑙 ≡ 𝑙. Now for 𝑡 > 0, we set

𝑐(𝑡)𝑙 (𝑣) = HASH ((𝑐(𝑡−1)𝑙 (𝑣), {{𝑐(𝑡−1)𝑙 (𝑢) ∣ 𝑢 ∈ 𝑁(𝑣)}}))

where HASH bijectively maps the above pair to a unique value in Σ, which has not been used on pre-
vious iterations. Note that in iteration 𝑡 + 1 the color classes of the vertex coloring, induce a partition in
the set of vertices which is finer than the one induced in iteration 𝑡. Therefore, since 𝑉(𝐺) is finite, the

9



10 3. Weisfeiler-Leman refinement algorithms

termination of the algorithms is guaranteed after at most |𝑉(𝐺)| iterations. In the end, the last vertex
coloring function is called the stable coloring of 1-WL and denoted by 𝑐(∞)𝑙 . Now, to test if two graphs
𝐺 and 𝐻 are isomorphic, we run the above algorithm in parallel on both graphs. If for an iteration 𝑡
the two graphs have a different number of nodes colored 𝜎 in Σ , the 1-WL concludes that the graphs
are not isomorphic. In Figure 3.1 we see two non-isomorphic labeled graphs with the same number of
nodes, edges and the same initial color histograms that can be distinguished in the first iteration of the
WL algorithm.

Note that we have defined the WL algorithm in the context of labeled graphs. In cases where the
given graph is unlabeled, we assume it to be a labeled graph with all nodes sharing the same color.
Additionally, it is important to observe that in that case, during the first iteration of the algorithm, nodes
with the same degree are assigned the same color. A graph G is considered to be identified by the

Figure 3.1: One iteration of the WL algorithm in a pair of labeled non isomorphic graphs.

1-WL algorithm if it can distinguish G from any other non-isomorphic graph H. IT has been proved that
the 1-WL algorithm is capable of identifying almost all graphs [Babai and Kucera, 1979, Karp, 1979,
Czajka and Pandurangan, 2008]. That is, as the number of nodes 𝑛 in a graph goes to infinity, the prob-
ability that the 1-WL algorithm identify a randomly selected graph from the entire set of 𝑛-node graphs
goes to 1. The above result is an indication of how much power this simple algorithm has. Arvind et al.
[2015] present a detailed analysis of the effectiveness of the 1-WL algorithm in distinguishing different
types of graphs. It describes the class of graphs that can be distinguished by this algorithm and pro-
vides insights into the limitations of its capabilities. However, it is also easy to see that 1-WL cannot
distinguish all non-isomorphic graphs. For example, Figures 3.2, 3.3 show two pairs of graphs, where
1-WL fails to distinguish. For more example where 1-WL fails see [Cai et al., 1992, Evdokimov and
Ponomarenko, 1999, Douglas, 2011].
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Figure 3.2: An example with triangle counts where 1-WL
fails to distinguish. Both graphs are unlabeled. The green
and blue colors are only used to visually distinguish the
two graphs.

Figure 3.3: An example with cyclic information where 1-
WL fails to distinguish. Both graphs are unlabeled. The
green and blue colors are only used to visually distinguish
the two graphs.

3.2. Higher order color refinement algorithms
This section focuses on presenting higher-order variants of the 1-WL algorithm. These variants are
designed to address the limitations of the 1-WL algorithm, which were discussed in the previous section.
By considering higher-order neighborhoods of nodes, these variants aim to capture more complex
structural features of graphs. We will describe the key ideas behind each variant and we will perform
a comparative analysis to evaluate their ability to distinguish between non-isomorphic graphs.

3.2.1. Notation
We now describe the 𝑘-dimensional Weisfeiler-Leman algorithm (𝑘-WL), for 𝑘 ≥ 2, that is a gener-
alization of the 1-WL which iteratively colors tuples from 𝑉(𝐺)𝑘 instead of nodes. To begin with, we
introduce the notion of the neighbor for a tuple v in a graph 𝐺. For an integer 𝑗 ∈ [𝑘], a tuple w ∈ 𝑉(𝐺)𝑘
is called a 𝑗-neighbor of the tuple v ∈ 𝑉(𝐺)𝑘 and we write w ∼𝑗 v, if there exists and 𝜔 ∈ 𝑉(𝐺) such that

w = 𝜙𝑗(v, 𝜔). If additionally, {𝜔, 𝑣𝑗} ∈ 𝐸(𝐺) we say that w is a local 𝑗-neighbor of v (w 𝐿∼𝑗 v), otherwise
we say that w is a global 𝑗-neighbor of v (w 𝐺∼𝑗 v). Let also the function adj(v,w) evaluate to L or G,
depending on whether w is a local or a global neighbor, respectively, of v.

3.2.2. k-WL algorithm
In the literature there exist two variants of the 𝑘-WL algorithm. They are known as the FolkloreWeisfeiler
Leman (𝑘-FWL) and the Oblivious Weisfeiler-Leman(𝑘-OWL) algorithms and they differ in the way that
they aggregate the colors of the neighbors for each tuple. However, in the next section we will see that
the 𝑘-FWL is equivalent to the (𝑘 + 1)-OWL in the sense that they can distinghuish between the exact
same pair of graphs.

In the 𝑘-OWL algorithm, in each iteration 𝑖 ≥ 0, the algorithm computes a coloring function 𝐶O𝑘,𝑖 ∶
𝑉(𝐺)𝑘 → Σ. In the first iteration (𝑖 = 0), two tuples v and u in 𝑉(𝐺)𝑘 get the same color from 𝐶O𝑘,0 if
the isomorphism types 𝜏v and 𝜏u of the graphs 𝐺[v] and 𝐺[u], respectively are equal. That is, the map
𝑣𝑖 ↦ 𝑢𝑖 induces an isomorphism between the induced subgraphs 𝐺[v] and 𝐺[u]. For 𝑖 > 0, 𝐶O𝑘,𝑖+1 is
defined by the following equation:

𝐶O𝑘,𝑖+1(v) = (𝐶O𝑘,𝑖(v),𝑀O
𝑖 (v)) ,

where
𝑀O
𝑖 (v) = ({{𝐶O𝑘,𝑖(𝜙1(v, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}}, … , {{𝐶O𝑘,𝑖(𝜙𝑘(v, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}}) .

In Figures 3.4,3.5, we see an illustration of the transformation of a graph through the 2-WL algorithm
For the 𝑘-FWL algorithm, in each iteration we similarly compute a coloring function 𝐶F𝑘,𝑖 ∶ 𝑉(𝐺)𝑘 → Σ
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Figure 3.4: A simple unlabeled
graph with 3 nodes.

Figure 3.5: The 2-WL transformed graph for the graph shown in Figure
3.4, which incorporates the different types of neighbors and the initial
colorings based on the isomorphism types.

with initial coloring 𝐶F𝑘,0 ≡ 𝐶O𝑘,0 and by replacing the 𝑀O
𝑖 with 𝑀𝐹

𝑖 as follows:

𝑀F
𝑖 (v) = {{sift (𝐶F𝑘,𝑖 ,v, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}}.

From now on, we will use the notation 𝑘-WL to refer to the 𝑘-OWL variant described earlier. If we
are referring to the 𝑘-FWL variant, we will explicitly state so.

Similarly to 1-WL we can see that the 𝑘-WL algorithm terminates in a finite number of iterations [Morris
et al., 2019] and therefore, we can define the stable coloring function as the coloring profile in which
the next iteration of the algorithm does not create a new partition (refinement) between the tuples.

We use the 𝑘-WL algorithm in order to check if two graphs 𝐺 and 𝐻 are isomorphic as following. We run
the algorithm separately on 𝐺 and 𝐻 by iteratively coloring tuples from 𝑉(𝐺)𝑘 and 𝑉(𝐻)𝑘 and we end up
with two partitions 𝜌𝐺 and 𝜌𝐻 of 𝑉(𝐺)𝑘 and 𝑉(𝐻)𝑘, respectively. Every set in 𝜌𝐺 contains tuples having
the same color under the stable coloring function. Therefore, each set in 𝜌𝐺 is uniquely characterized
by a color 𝑐 in the stable coloring function and thus we denote it as 𝑆𝑐. Similarly for the the partition 𝜌𝐻.
Finally, we say that the 𝑘-WL distinguishes 𝐺 and 𝐻 if there exists a color 𝑐 in the stable coloring such
that the corresponding color class 𝑆𝑐 satisfies |𝑉(𝐺)𝑘 ∩ 𝑆𝑐| ≠ |𝑉(𝐻)𝑘 ∩ 𝑆𝑐|, i.e., there exist an unequal
number of 𝑐-colored tuples in 𝑉(𝐺)𝑘 and 𝑉(𝐻)𝑘 or equivalently their color histograms differ Morris et al.
[2021b]).

We call 𝑑-regular graphs those where all nodes have the same degree 𝑑. It is easy to see that 1-
WL fails to distinguish any two regular graphs. On the other hand, Bollobás [1982] showed that 2-FWL
identifies almost all 𝑑-regular graphs for every degree 𝑑. However there are also cases (Grohe and
Neuen [2021]) where 2-FWL fails to distinguish. An example where 2-FWL fails can be found in Grohe
and Neuen [2021] with the line graph of 𝐾4,4 and the Shrikhande graph. Increasing 𝑘 (𝑘 ≥ 3) it becomes
much more harder to find an example of non-isomorphic graphs that cannot be distinguished by 𝑘-FWL.
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However, Cai et al. [1992] constructed a family of pair of graphs 𝐺𝑘, 𝐻𝑘 which are not distinguishable by
𝑘-FWL but they are by (𝑘 + 1)-FWL resulting in an interesting hierarchy result which will be discussed
later.

3.2.3. Higher-order WL variants
In addition to the 𝑘-WL algorithm described above, we present three different variants of the algorithm
that operate similarly to 𝑘-WL. In many cases, these variants result in better performance in terms of
distinguishing non-isomorphic graphs. These variants are 𝛿-𝑘-WL, 𝛿-𝑘-LWL and 𝛿-𝑘-LWL+. While for
all variants the initial coloring function remains the same as in the 𝑘-WL variant, the corresponding col-
oring functions along with their aggregation neighborhoods which are now denoted by 𝐶𝛿𝑘,𝑖 , 𝑀𝛿

𝑖 , 𝐶𝐿𝑘,𝑖 , 𝑀𝐿
𝑖

and 𝐶+𝑘,𝑖 , 𝑀+
𝑖 for 𝛿-𝑘-WL, 𝛿-𝑘-LWL and 𝛿-𝑘-LWL+, respectively, are now different.

The 𝛿-𝑘-WL variant of 𝑘-WL takes also into account the type of neighbors and therefore, discrimi-
nates the aggregation between local and global neighbors. Formally, the 𝛿-𝑘-WL algorithm refines a
coloring via the aggregation function:

𝑀𝛿
𝑖 (v) = ({{(𝐶𝛿𝑘,𝑖(𝜙1(v, 𝜔), adj(v, 𝜙1(v, 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}}, … ,

{{(𝐶𝛿𝑘,𝑖(𝜙𝑘(v, 𝜔), adj(v, 𝜙𝑘(v, 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}}).

In Figure 3.6, we see an illustration of the 𝛿-2-WL transformation of the graph in Figure 3.4.

Figure 3.6: The 𝛿-2-WL transformed graph for the graph shown in Figure 3.4, which incorporates the different types of neighbors
and the initial colorings based on the isomorphism types. The edge labels 1L, 1G, 2L, 2G, corresponds to 1 local, 1 global, 2
local and 2 global type of neighbors, respectively.

In [Morris et al., 2019], it is proven that the discrimination between local and global neighbors in the
𝛿-𝑘-WL algorithm results in a more powerful algorithm. This means that the pairs of graphs that can
be distinguished by the 𝑘-WL algorithm, are a strictly subset of the pairs of graphs that can be distin-
guished by the 𝛿-𝑘-WL algorithm. A more explicit comparison between color refinement algorithms will
be described in Section 3.3. However, it is easy to observe that implementing the 𝛿-𝑘-WL algorithm is
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computationally more expensive, since we also need to inspect the types of tuple neighbors in each
iteration.

A less computationally expensive variant is the 𝛿-𝑘-LWL algorithm, which considers only local neighbors
during the neighborhood aggregation process and discards any information about global neighbors.
This results in graphs with a significantly smaller number of edges. Formally, the 𝛿-𝑘-LWL algorithm
refines a coloring via the aggregation function:

𝑀𝐿
𝑖 (v) = ({{𝐶𝐿𝑘,𝑖(𝜙1(v, 𝜔) ∣ 𝜔 ∈ 𝑁(𝑣1)}}, … , {{𝐶𝐿𝑘,𝑖(𝜙𝑘(v, 𝜔) ∣ 𝜔 ∈ 𝑁(𝑣𝑘)}}) .

In Figure 3.7, we see an illustration of the 𝛿-2-LWL transformation of the graph in Figure 3.4.

Figure 3.7: The 𝛿-2-LWL transformed graph for the graph shown in Figure 3.4, which incorporates the different types of neighbors
and the initial colorings based on the isomorphism types.

Morris et al. [2020b] proved that 𝛿-𝑘-LWL is not comparable to 𝑘-WL. Which means that there are
pairs of graphs that can be distinguished by 𝛿-𝑘-LWL and not by 𝑘-WL (Cai et al. [1992]) but there are
also pairs of graphs that can be distinguished by 𝑘-WL and not by 𝛿-𝑘-LWL (ref: Example?).

Finally, we describe 𝛿-𝑘-LWL+, a minor variation of the 𝛿-𝑘-LWL. Morris et al. [2020b] proved that
the 𝛿-𝑘-LWL+ variant is equivalent in power to the 𝛿-𝑘-WL for all connected graphs. Formally, the
𝛿-𝑘-LWL+ algorithm refines a coloring via the aggregation function,

𝑀+
𝑖 (v) = ({{(𝐶+𝑘,𝑖(𝜙1(v, 𝜔), #1𝑖 (v, 𝜙1(v, 𝜔))) ∣ 𝜔 ∈ 𝑉(𝐺)}}, … ,

{{(𝐶+𝑘,𝑖(𝜙𝑘(v, 𝜔), #𝑘𝑖 (v, 𝜙𝑘(v, 𝜔))) ∣ 𝜔 ∈ 𝑉(𝐺)}}),

where
#𝑗𝑖 (v,x) ∶= |{w ∶ w ∼𝑗 v, 𝐶+𝑘,𝑖(w) = 𝐶+𝑘,𝑖(x)}|.
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Informally, #𝑗𝑖 (v,x) counts the number of 𝑗-neighbors (local or global) of v which have the same color
as x after 𝑖 rounds. Note that the 𝛿-1-LWL is exactly the 1-WL algorithm described in Section 3.1

3.3. Algorithms comparison
In this section we compare the above described algorithms in terms of their ability to distinguish non
isomorphic graphs. Formally, for two color refinement algorithms 𝐴 and 𝐵 we say that A refines B and
we denote 𝐴 ⊑ 𝐵 if every pair of graphs 𝐺,𝐻 that can be distinguished by algorithm B, can also be dis-
tinguished by algorithm A. Moreover we say that A strictly refines B (denote 𝐴 ⊏ 𝐵) if 𝐴 ⊑ 𝐵 and there
exists a pair of graphs 𝐺,𝐻 that can be distinguished by algorithm 𝐴 but not by algorithm 𝐵. Finally, we
say that A is equivalent to B (denote 𝐴 ≡ 𝐵) if 𝐴 ⊑ 𝐵 and 𝐵 ⊑ 𝐴

As it has been mentioned, it is extremely difficult to find non-isomorphic graphs that are not distin-
guished by the 𝑘-FWL algorithm for 𝑘 ≥ 2. Cai et al. [1992], using tools from Mathematical Logic
[Grohe and Otto, 2015], constructed a family of graphs called Cai-Furer-Immermman (CFI) which are
not distinguishable by the 𝑘-WL algorithm. We describe the above mentioned construction which will
be used in order to show that increasing 𝑘 in 𝑘-WL algorithm leads to strictly more powerful algorithms.

CFI Construction [Cai et al., 1992, Morris et al., 2020b] Let 𝐾 denote the complete graph on 𝑘 + 1
vertices (there are no loops in 𝐾). The vertices of 𝐾 are numbered from 0 to 𝑘. Let 𝐸(𝑣) denote the
set of edges incident to 𝑣 in 𝐾: clearly, |𝐸(𝑣)| = 𝑘 for all 𝑣 ∈ 𝑉(𝐾). Define the graph 𝐺𝑘 as follows:

1. For the vertex set 𝑉(𝐺), we add:

(a) (𝑣, 𝑆) for each 𝑣 ∈ 𝑉(𝐾) and for each even subset 𝑆 of 𝐸(𝑣),
(b) Two vertices 𝑒1 and 𝑒0 for each edge 𝑒 ∈ 𝐸(𝐾).

2. For the edge set 𝐸(𝐺), we add:

(a) An edge 𝑒0, 𝑒1 for each 𝑒 ∈ 𝐸(𝐾),
(b) An edge between (𝑣, 𝑆) and 𝑒1 if 𝑣 ∈ 𝑒 and 𝑒 ∈ 𝑆,
(c) An edge between (𝑣, 𝑆) and 𝑒0 if 𝑣 ∈ 𝑒 and 𝑒 ∉ 𝑆.

Define a companion graph 𝐻𝑘, in a similar manner to 𝐺𝑘, with the following exception: in Step 1(a), for
the vertex 0 ∈ 𝑉(𝐾), we choose all odd subsets of 𝐸(0). Additionally, we label the vertices of the
graph as follows:

- For each 𝑣 ∈ 𝑉(𝐾) all vertices of the form (𝑣, 𝑆) have the same label

- If 𝑢 ≠ 𝑣, then for all 𝑆1 ∈ 𝐸(𝑢), 𝑆2 ∈ 𝐸(𝑣) the vertices (𝑢, 𝑆1) and (𝑣, 𝑆2) have different labels.

- All the other vertices have the same label but different from all the labels that have been used
for (𝑢, 𝑆)-type of vertices.

In Figures 3.8, 3.9, 3.10, 3.11 we can see the CFI construction graphs 𝐺 and 𝐻 for the cases 𝑘 = 2 and
𝑘 = 3 as described above.

To begin, we present a lemma that helps to establish the hierarchical structure of 𝑘-WL algorithms.
That is, increasing the value of 𝑘 yields more powerful algorithms for distinguishing non-isomorphic
graphs.
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Figure 3.8: The 𝐺2 graph from CFI constructions. Figure 3.9: The 𝐻2 graph from CFI constructions.

Figure 3.10: The 𝐺3 graph from CFI constructions. Figure 3.11: The 𝐻3 graph from CFI constructions.

Lemma 3.3.1. Let 𝐺 be a graph. We define the function 𝑚∶ 𝑉(𝐺)𝑘+1 → 𝑉(𝐺)𝑘 as 𝑚(𝑢1, … , 𝑢𝑘 , 𝑢𝑘+1) =
(𝑢1, … , 𝑢𝑘). If 𝐶𝑘𝑙 is the coloring function induced by the 𝑘-WL algorithm, we have the following implica-
tion:

𝐶𝑘+1𝑙 (u) = 𝐶𝑘+1𝑙 (v) ⇒ 𝐶𝑘𝑙 (𝑚(u)) = 𝐶𝑘𝑙 (𝑚(v)).

Proof. For 𝑙 = 0, it is easy to see that if 𝜏u = 𝜏v we can remove from both subgraphs 𝐺u and 𝐺v the
node labeled 𝑘 (i.e. the last component of each tuple) and verify that the remained subgraphs 𝐺𝑚(u)
and 𝐺𝑚(v) still have the same isomorphism type. Therefore, 𝐶0𝑙 (𝑚(u)) = 𝐶0𝑙 (𝑚(v)).

Assuming that the induction hypothesis is true for some integer 𝑙 ∈ ℕ and that 𝐶𝑘+1𝑙+1 (u) = 𝐶𝑘+1𝑙+1 (v)
then by definition we have that 𝐶𝑘+1𝑙 (u) = 𝐶𝑘+1𝑙 (v). Therefore, by the inductive hypothesis we have:

𝐶𝑘𝑙 (𝑚(u)) = 𝐶𝑘𝑙 (𝑚(v)) (3.1)

Additionally,

{{𝐶𝑘+1𝑙 (𝜙𝑗(u, 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}} = {{𝐶𝑘+1𝑙 (𝜙𝑗(v, 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}}, ∀𝑗 ≤ 𝑘 + 1. (3.2)

Applying the inductive hypothesis for 𝑗 ≤ 𝑘 in Equation 3.2 we get the following:

{{𝐶𝑘𝑙 (𝑚(𝜙𝑗(u, 𝜔))) ∣ 𝜔 ∈ 𝑉(𝐺)}} = {{𝐶𝑘𝑙 (𝑚(𝜙𝑗(v, 𝜔))) ∣ 𝜔 ∈ 𝑉(𝐺)}}, ∀𝑗 ≤ 𝑘. (3.3)
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But, by definition of the function 𝑚 we have that 𝑚(𝜙𝑗(u, 𝜔)) = 𝜙𝑗(𝑚(u), 𝜔) for all 𝑗 ≤ 𝑘 and therefore,

{{𝐶𝑘𝑙 (𝜙𝑗(𝑚(u), 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}} = {{𝐶𝑘𝑙 (𝜙𝑗(𝑚(u), 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}}, ∀𝑗 ≤ 𝑘. (3.4)

Equations 3.1, 3.4 implies that 𝐶𝑘𝑙+1(𝑚(u)) = 𝐶𝑘𝑙+1(𝑚(v)) and hence complete the induction. ■

Now by simulating all 𝑘-tuples with 𝑘+1-tuples and using Lemma 3.3.1 we have the following result.

Proposition 3.3.2. (𝑘 + 1)-WL ⊑ 𝑘-WL.

Proof. If the (𝑘 + 1)-WL algorithm fails to distinguish the pair of graphs 𝐺 and 𝐻, then there exists a
bijection 𝑓 ∶ 𝑉(𝐺)𝑘+1 → 𝑉(𝐻)𝑘+1 such that 𝐶𝑘+1𝑙 (u) = 𝐶𝑘+1𝑙 (𝑓(u)) for all u ∈ 𝑉(𝐺)𝑘+1, where 𝐶𝑘𝑙 is the
coloring function induced by the 𝑘-WL algorithm. We define a new coloring function 𝐶′𝑙 ∶ 𝑉(𝐺)𝑘 → Σ as
𝐶′𝑙 (u) = 𝐶𝑘+1𝑙 (u+) where u+ = (𝑢1, … , 𝑢𝑘 , 𝑢𝑘) for every 𝑢 = (𝑢1, … , 𝑢𝑘) ∈ 𝑉(𝐺)𝑘.

Claim 1. The coloring function 𝐶′𝑙 fails to distinguish 𝐺 and 𝐻.

It suffices to show that there exists a bijection 𝑔∶ 𝑉(𝐺)𝑘 → 𝑉(𝐻)𝑘 such that 𝐶′𝑙 (u) = 𝐶′𝑙 (𝑔(u)) for all
u ∈ 𝑉(𝐺)𝑘. We define 𝐴𝐺 = {u+ ∣ u ∈ 𝑉(𝐺)𝑘} and 𝐴𝐻 = {u+ ∣ u ∈ 𝑉(𝐻)𝑘}. Due to isomorphism types
we have that 𝑓(𝐴𝐺) = 𝐴𝐻. Additionally, we define the functions 𝜙𝐺 ∶ 𝐴𝐺 → 𝑉(𝐺)𝑘 and 𝜙𝐻 ∶ 𝐴𝐻 → 𝑉(𝐻)𝑘
with 𝜙𝐺(u+) = u for all 𝑢 ∈ 𝐴𝐺 and 𝜙𝐺(v+) = v for all 𝑣 ∈ 𝐴𝐻, respectively. It is easy to verify that
𝜙𝐺 , 𝜙𝐻 are bijections. Now if 𝑔 ≡ 𝜙𝐻 ∘ 𝑓 ∘ 𝜙−1𝐺 ∶ 𝑉(𝐺)𝑘 → 𝑉(𝐻)𝑘, we have that 𝑔 is a bijection as a
composition of bijections and additionally 𝐶′𝑙 (u) = 𝐶′𝑙 (𝑔(u)) since,

𝐶′𝑙 (u) = 𝐶𝑘+1𝑙 (u+)
= 𝐶𝑘+1𝑙 (𝜙−1𝐺 (u))
= 𝐶𝑘+1𝑙 (𝑓(𝜙−1𝐺 (u)))
= 𝐶′𝑙 (𝜙𝐻(𝑓(𝜙−1𝐺 (u))))
= 𝐶′𝑙 (𝑔(u)).

Claim 2. 𝐶′𝑙 ⊑ 𝐶𝑘𝑙

Claim 2 is a special case of Lemma 3.3.1

Claims 1, 2 complete the proof. ■

The following result indicates the relationship between the two different variants (folklore and oblivi-
ous) of 𝑘-WL described in Section 3.2.2. This theorem follows directly from the logical characterisation
of 𝑘-WL in Cai et al. [1992], Immerman and Lander [1990]. However, for a direct proof using explicitly
graph theory tools see Grohe [2021] (Theorem V.6.).

Theorem 3.3.3. For 𝑘 ≥ 2, 𝑘-FWL ≡ (𝑘 + 1)-OWL

Intuitively, the distinction between the folklore and oblivious variants is that, in oblivious WL, when
a vertex 𝑤 is substituted for the 𝑖-th entry of a tuple v, the context is disregarded. That is, the entry 𝑣𝑖
that is replaced, as well as the colors obtained by replacing other entries of v with 𝑤, are forgotten. In
contrast, 𝑘-FWL considers all of these colors jointly. This advantage of 𝑘-FWL allows the algorithm to
capture possible edges between the entries of the tuple and any other vertex in the graph. Therefore, it
is reasonable to expect that 𝑘-FWL transfers more information than 𝛿-𝑘-LWL. However, it is noteworthy
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that this result is first stated and rigorously proved in this work, demonstrating the following significant
theorem.

Theorem 3.3.4. For 𝑘 ≥ 2, 𝑘-FWL ⊑ 𝛿-𝑘-LWL

Proof. If 𝐶𝐹𝑙 and 𝐶𝐿𝑙 are the coloring functions in iteration 𝑙 defined by 𝑘-FWL and 𝛿-𝑘-LWL, respectively,
then it suffices to show that 𝐶𝐹𝑙 ⊑ 𝐶𝐿𝑙 . By induction on 𝑙, for 𝑙 = 0 it is clear by comparing isomorphism
types.
(IH): 𝐶𝐹𝑙 (𝑢) = 𝐶𝐹𝑙 (𝑣) ⟹ 𝐶𝐿𝑙 (𝑢) = 𝐶𝐿𝑙 (𝑣) , ∀𝑢, 𝑣 ∈ 𝑉(𝐺)𝑘
If 𝐶𝐹𝑙+1(𝑢) = 𝐶𝐹𝑙+1(𝑣) then by definition we have that 𝐶𝐹𝑙 (𝑢) = 𝐶𝐹𝑙 (𝑣) and by (I.H)

𝐶𝐿𝑙 (𝑢) = 𝐶𝐿𝑙 (𝑣) (3.5)

In addition we have that

{{sift(𝐶𝐹𝑙 , 𝑢, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}} = {{sift(𝐶𝐹𝑙 , 𝑣, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}}

Therefore, we can find a bijection 𝜎 between these multisets such that for every 𝜔 in 𝑉(𝐺) we have:

sift(𝐶𝐹𝑙 , 𝑢, 𝜔) = sift(𝐶𝐹𝑙 , 𝑣, 𝜎(𝜔))

or equivalently,
𝐶𝐹𝑙 (𝜙𝑗(𝑢, 𝜔)) = 𝐶𝐹𝑙 (𝜙𝑗(𝑣, 𝜎(𝜔))) ∀𝑗 ∈ [𝑛] (3.6)

What is more about the bijection 𝜎, is that if 𝜔 is adjacent to 𝑢𝑗 then 𝜎(𝜔) is adjacent 𝑣𝑗. To see that,
we consider an 𝜔 ∈ 𝑁(𝑢𝑗0) for some 𝑗0 ∈ [𝑛]. Then we pick an arbitary 𝑚0 ∈ [𝑛] ⧵ {𝑗0} and from
Equation 3.6 (for 𝑗 = 𝑚0) we have that 𝐶𝐹𝑙 (𝜙𝑚0(𝑢, 𝜔)) = 𝐶𝐹𝑙 (𝜙𝑚0(𝑣, 𝜎(𝜔))). Therefore, 𝜙𝑚0(𝑢, 𝜔) and
𝜙𝑚0(𝑣, 𝜎(𝜔)) have the same isomorphism type and since for the subgraph 𝐺[𝜙𝑚0 (𝑢,𝜔)] we know that
the node labeled 𝑚0 is adjacent to the node labeled 𝑗0 we imply that 𝜎(𝜔) ∈ 𝑁(𝑣𝑗0). Therefore, the
bijection 𝜎 is also a bijection between the 𝑗-local neighbors of 𝑢 and 𝑣 for all 𝑗 ∈ [𝑘] which means that:

{{𝐶𝐹𝑙 (𝜙𝑗(𝑢, 𝜔)) ∣ 𝜔 ∈ 𝑁(𝑢𝑗)}} = {{𝐶𝐹𝑙 (𝜙𝑗(𝑣, 𝜔)) ∣ 𝜔 ∈ 𝑁(𝑣𝑗)}}, ∀𝑗 ∈ [𝑘]

and by (I.H)
{{𝐶𝐿𝑙 (𝜙𝑗(𝑢, 𝜔)) ∣ 𝜔 ∈ 𝑁(𝑢𝑗)}} = {{𝐶𝐿𝑙 (𝜙𝑗(𝑣, 𝜔)) ∣ 𝜔 ∈ 𝑁(𝑣𝑗)}}, ∀𝑗 ∈ [𝑘] (3.7)

Equations 3.5,3.7 complete the induction. ■

As previously mentioned, finding a pair of non-isomorphic graphs 𝐺𝑘 and 𝐻𝑘 that cannot be distin-
guished by the 𝑘-WL algorithm for 𝑘 > 2 is exceedingly difficult. Therefore, in the subsequent results,
we utilize the CFI construction described in Section 3.3 from the seminal paper Cai et al. [1992] to
provide strictly refinement comparison results between the above described algorithms.

The following proposition demonstrates that, despite the inability of 𝑘-WL to distinguish the CFI con-
struction graphs, the local variant 𝛿-𝑘-LWL can differentiate between them. It is worth noting, however,
that this result does not imply that 𝛿-𝑘-LWL is necessarily more powerful than 𝑘-WL. The proof of Propo-
sition 3.3.5 is omitted here, as Proposition 4.3.9 in Chapter 4 provides a proof using multisets instead
of tuples. However, for a detailed proof of Proposition 3.3.5, one may refer to Morris et al. [2020b]
(Lemma 9).
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Proposition 3.3.5. 𝛿-𝑘-LWL distinguish the CFI construction graphs described in 3.3.

In the following theorem we prove that the 𝛿-𝑘-LWL forms a strict hierarchy of algorithms.

Theorem 3.3.6. For 𝑘 ≥ 2, 𝛿-𝑘-LWL ⊏ 𝛿-(𝑘 − 1)-LWL

Proof. Following the proof of Proposition 3.3.2 it is easy to see that 𝛿-𝑘-LWL ⊑ 𝛿-(𝑘 − 1)-LWL for all
𝑘 ≥ 2. Therefore, it suffices to show an infinite family of graphs (𝐺𝑘 , 𝐻𝑘), 𝑘 ∈ ℕ, such that (a) 𝛿-(𝑘 −1)-
LWL does not distinguish 𝐺𝑘 and 𝐻𝑘, although (b) 𝛿-𝑘-LWL distinguishes 𝑔𝑘 and 𝐻𝑘.

This family is exactly the CFI construction 3.3. From Cai et al. [1992] we know that 𝑘-OWL (or equiva-
lently (𝑘−1)-FWL) fails to distinguish 𝐺𝑘 and 𝐻𝑘. Now by Proposition 3.3.4 we have that 𝛿-(𝑘−1)-LWL
also fails to distinguish 𝐺𝑘 and 𝐻𝑘. Finally from Proposition 3.3.5 we have tha 𝛿-𝑘-LWL distinguishes
between 𝐺𝑘 and 𝐻𝑘. ■

Again using the CFI construction and Proposition 3.3.5 it is easy to prove the following result.

Proposition 3.3.7 (Morris et al. [2020b]). For 𝑘 ≥ 2, 𝛿-𝑘-WL ⊏ 𝑘-WL

For completeness, we state the following theorem from Morris et al. [2020b] (Lemma 5), which
indicates that a slightly modified version of 𝛿-𝑘-LWL is equivalent to 𝛿-𝑘-WL for the class of connected
graphs, which is a strictly more powerful algorithm than 𝑘-WL, as stated in Proposition 3.3.7.

Proposition 3.3.8 (Morris et al. [2020b]). 𝛿-𝑘-LWL+ ≡ 𝛿-𝑘-WL for connected graphs.

Finally, we show that the 𝑘-WL algorithm also forms a hierarchy. That is, increasing 𝑘 the 𝑘-WL
algorithm becomes strictly more powerful.

Proposition 3.3.9. (𝑘 + 1)-WL ⊏ 𝑘-WL

Proof. By Proposition 3.3.2 we only need to find a pair of graphs 𝐺𝑘, 𝐻𝑘 which are not distinguishable
by 𝑘-WL and they are by (𝑘 + 1)-WL. These are the CFI construction graphs. In Cai et al. [1992] it is
proved that 𝑘-WL fails to distinguish CFI construction and by Propositions 3.3.3, 3.3.4, 3.3.5 we have
that (𝑘 + 1)-WL distinguishes the CFI graphs. ■

3.4. Neural architectures based on vertex refinement algorithms
This section presents the fundamental concepts of Graph Neural Networks (GNNs), a machine learning
algorithm designed to tackle graph representation learning tasks (Hamilton et al. [2017]). We describe
the basic idea behind GNNs, which revolves around learning node embeddings throughmessage pass-
ing between connected nodes in a graph. Additionally, we present the core structure of Graph Neural
Networks, which typically consists of multiple layers of computation, each of which performs a set of
graph operations. By comprehending the core structure and underlying principles of Graph Neural Net-
works, we can develop novel GNN architectures based on vertex refinement algorithms, as those de-
scribed in previous sections (𝑘-WL, 𝛿-𝑘-LWL etc.), that are applicable to various graph-based machine
learning tasks. Finally, we demonstrate that the expressive power of neural architectures increases
with the strength of the vertex refinement algorithm upon which it is based.

Before diving into the details of different GNN structures, it is important to highlight some significant
findings related to the expressive power of graph neural networks. These are graph separation power
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and function approximation which are two equivalent key notions that are used to describe the ex-
pressive power of GNNs [Chen et al., 2019]. Graph separation power refers to the ability of a model
class to differentiate between non-isomorphic graphs by providing different outputs for every pair of
different (non-isomorphic) graphs. This notion plays a critical role in understanding how well a GNN
can distinguish between graphs with subtle differences. Function approximation, on the other hand,
refers to the capability of a model class to effectively approximate permutation-invariant functions on
graphs. This property bears resemblance to the capability exhibited by Multilayer Feedforward Neural
Networks (Hornik et al. [1989]).

Understanding these two notions is essential for designing and developing novel GNN architectures
that can perform effectively on graph-based machine learning tasks. Therefore, a deeper understand-
ing of these concepts could help us to evaluate and compare the expressive power of different GNN
models and select the appropriate model for each specific task.

Let 𝐺 be a graph with 𝑛 nodes, [𝑛] ∶= {1, … , 𝑛}. We allow additional information to be stored in the
form of node and edge features, which we assume to belong to a compact set 𝒳 ⊂ ℝ, and we define
𝒢 ∶= 𝒳𝑛×𝑛. With an abuse of notation, we also regard 𝐺 as an 𝑛 × 𝑛 matrix that belongs to 𝒢, where
∀𝑖 ∈ [𝑛], 𝐺𝑖,𝑖 is the feature of the 𝑖-th node, and ∀𝑖, 𝑗 ∈ [𝑛], 𝐺𝑖,𝑗 is the feature of the edge from node 𝑖 to
node 𝑗 (and equal to some predefined null value if 𝑖 and 𝑗 are not connected). For example, an undi-
rected graph is represented by a symmetric matrix 𝐺. If there are no node and edge features, 𝐺 can be
viewed as identical to the adjacency matrix. Thus, modulo the permutation of the node orders, 𝒢 is the
space of discrete labeled graphs with 𝑛 nodes. For two graphs 𝐺, 𝐺′ ∈ 𝒢, we say they are isomorphic
(and write 𝐺 ≅ 𝐺′) if ∃Π ∈ 𝑆𝑛 such that Π⊤ ⋅ 𝐺 ⋅ Π = 𝐺′, where 𝑆𝑛 denotes the set of all 𝑛 × 𝑛 permu-
tation matrices. A function 𝑓 on 𝒢 is called permutation-invariant if 𝑓(Π⊤ ⋅𝐺 ⋅Π) = 𝑓(𝐺), ∀𝐺 ∈ 𝒢, ∀Π ∈ 𝑆𝑛.

A GNN with a graph-level scalar output represents a parameterized collection 𝒞 of functions from 𝒢
to ℝ, which are typically permutation-invariant by design. Given such a collection, we will mathemati-
cally describe the approximation power and the separation power of the GNN model class 𝒞

The above two notions are formally described through the Definitions 1,2 as they were given in Chen
et al. [2019].

Definition 1 (Chen et al. [2019]). We say 𝒞 is GIso-discriminating if ∀𝐺1, 𝐺2 ∈ 𝒢 such that 𝐺1 ≇ 𝐺2,
∃ℎ ∈ 𝒞 such that ℎ(𝐺1) ≠ ℎ(𝐺2).

Definition 2 (Chen et al. [2019]). Wesay 𝒞 is universally approximating if for all continuous permutation-
invariant functions 𝑓 ∶ 𝒢 → ℝ, and ∀𝜖 > 0, ∃ℎ ∈ 𝒞 such that ||𝑓 − ℎ||∞ ∶= sup𝐺∈𝒢 |𝑓(𝐺) − ℎ(𝐺)| < 𝜖.

The equivalence of the two aforementioned notions, Graph separation power and Function approx-
imation, is demonstrated analytically by Chen et al. [2019] and Azizian and Lelarge [2020].

3.4.1. 1-GNNs
We now present the 1-GNN architecture as it is described in Morris et al. [2019] and Scarselli et al.
[2009]. Intuitively, 1-GNNs compute a vectorial representation, i.e., a 𝑑-dimensional real vector, repre-
senting each node in a graph by aggregating information from neighboring nodes. Formally, let (𝐺, 𝑙) be
a labeled graph with an initial vertex encoding 𝑓(0) ∶ 𝑉(𝐺) → ℝ1×𝑑 that is consistent with 𝑙. That is, two
nodes have the same initial encoding through 𝑓(0) if and only if they have the same initial label through
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𝑙. These initial node features may represent continuous atomic properties in chemoinformatic applica-
tions where nodes correspond to atoms, or vector representations of text in social network applications.
A typical 1-GNN model consists of a stack of neural network layers, where each layer aggregates local
neighborhood information, i.e., features of neighbors, around each node and then passes this aggre-
gated information on to the next layer. In full generality a new feature 𝑓(𝑡) for a node 𝑣 is computed
as:

𝑓𝑊1merge (𝑓(𝑡−1)(𝑣), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(𝑤) ∣ 𝑤 ∈ 𝑁(𝑣)}})) , (3.8)

where 𝑓𝑊2aggr aggregates over the set of neighborhood features and 𝑓𝑊1merge merges the node’s repre-
sentations from the previous layer with the computed neighborhood features. Both 𝑓𝑊1merge, 𝑓𝑊2aggr may
be arbitrary differentiable, permutation-invariant functions (e.g., neural networks) and we denote their
parameters as𝑊1,𝑊2, respectively. After computing a vector representation for each node in a graph,
we can obtain a vector representation (fingerprint) 𝑓GNN for the entire graph using pooling layers (e.g.
sum, mean and set2set [Vinyals et al., 2016]). See the work by Schweidtmann et al. [2023] for a more
detailed analysis about the importance of pooling layer in graph representation learning tasks. For
example in the following equation we use sum pooling to derive a vector representation for the entire
graph.

𝑓GNN(𝐺) = ∑
𝑣∈𝑉(𝐺)

𝑓(𝑇)(𝑣), (3.9)

where 𝑇 > 0 denotes the last layer.

Upon the computation of the fingerprint-vector, it is subsequently fed to a feedforward artificial neu-
ral network. The output is a probability distribution representing the likelihood of the graph belonging
to each respective class in the case of a classification task, or a real number for a regression task. See
Figure 3.12 for an illustration of the traditional GNN architecture.

A simple example of a GNN’s architecture is described in Hamilton et al. [2017] with the following
network:

𝑓(𝑡)(𝑣) = 𝜎 (𝑓(𝑡−1)(𝑣) ⋅ 𝑊(𝑡)
1 + ∑

𝑤∈𝑁(𝑣)
𝑓(𝑡−1)(𝑤) ⋅ 𝑊(𝑡)

2 ) (3.10)

For more complicated architectures using LSTM layers see Gilmer et al. [2017]

3.4.2. Equivalence between 1-WL and 1-GNN
In the following we present the results from Morris et al. [2019] demonstrating that, under certain con-
ditions, 1-GNNs have the same expressive power as the 1-WL algorithm described in the previous
section in terms of distinguishing between non-isomorphic graphs.

Let (𝐺, 𝑙) be a labeled graph, and let 𝑊(𝑡) = (𝑊(𝑡′)
1 ,𝑊(𝑡′)

2 )𝑡′≤𝑡 denote the GNN parameters given
by Equation 3.10 or Equation 3.8 up to layer (iteration) 𝑡. We encode the initial labels 𝑙(𝑣) by vectors
𝑓(0)(𝑣) ∈ ℝ1×𝑑 such that the encoding function 𝑓(0) is consistent with the labels 𝑙 (example one hot
encoding). The first theoretical result from Morris et al. [2019] states that for any two functions 𝑓𝑊1merge

and 𝑓𝑊2aggr chosen in Equation 3.8, for every choice of initial encoding 𝑓(0) that is consistent with 𝑙, and
for every choice of parameters𝑊(𝑡), we have that the coloring 𝐶(𝑡)𝑙 of 1-WL always refines the coloring
𝑓(𝑡) induced by Equation 3.8. Formally we have the following theorem.
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Figure 3.12: Illustration of the 𝛿-2-LWL{⋅}-GNN structure highlighting the message passing, pooling and the ANN phases.

Theorem 3.4.1. Let (𝐺, 𝑙) be a labeled graph. Then for all 𝑡 ≥ 0 and for all choices of initial colorings
𝑓(0) consistent with l, and weights𝑊(𝑡) we have that:

𝐶(𝑡)𝑙 ⊑ 𝑓(𝑡).

Which means that if two nodes have the same color after 𝑡 iterations of the 1-WL algorithm, then
they will also have the same vector encoding in layer 𝑡 of the 1-GNN architecture described by Equation
3.8. Hence, any aggregation-based 1-GNN is at most as powerful as the 1-WL test in distinguishing
non-isomorphic graphs. Therefore, a natural follow-up question is if there exist GNNs that are exactly
as powerful as the 1-WL test. The answer is yes and a sufficient condition for a neural architecture to
be as powerful as the 1-WL test is given in Xu et al. [2019b]. More specifically for the architecture of
Equation 3.10, Morris et al. [2019] proved the following theorem:

Theorem 3.4.2. Let (𝐺, 𝑙) be a labeled graph. Then for all 𝑡 ≥ 0, there exists a sequence of weights
𝑊(𝑡), and a 1-GNN architecture such that 𝐶(𝑡)𝑙 ≡ 𝑓(𝑡).

The above results suggest that 1-GNNs can be considered an extension of the 1-WL algorithm,
as they have the same expressive power but are more flexible in adapting to different learning tasks.
Furthermore, 1-GNNs are able to handle continuous node features via vector representations, which
makes them more versatile than 1-WL in this respect. See Figure 3.13 for an illustration of the equiva-
lence between the WL heuristic and GNN architectures

Figure 3.13: Illustration of the update rules of the 1-WL and 1-GNNs. Figure adapted from Morris et al. [2021b]



3.4. Neural architectures based on vertex refinement algorithms 23

3.4.3. Higher order neural architectures

In the previous section, we discussed the architecture of 1-GNNs, a simple GNN architecture based
on node neighborhood aggregation message passing, and its equivalence with the 1-WL algorithm in
terms of distinguishing non-isomorphic graphs. In this section, we introduce GNN variants based on
the 𝑘-WL algorithm and its variants, which overcome the limitations of 1-GNNs.

As discussed in Section 3.2 the 𝑘-WL and its variants are introduced to overcome the shortcomings
of the 1-WL algorithm. Similarly, the GNN variants described in this section which are based on the
corresponding 𝑘-WL variants are able to capture more global information about a graph. This enables
higher-order GNNs to overcome the limitations of 1-GNNs.

To begin with, we introduce the 𝑘-GNN architecture based on the 𝑘-WL algorithm. For a given graph
𝐺 and an integer 𝑘 ≥ 2, 𝑘-GNN computes vector representations for all 𝑘-element tuples in 𝑉(𝐺)𝑘 and
then similarly to Equation 3.9, it computes a new vector representation for the whole graph. Initially, two
tuples u, v are assigned with the same vector if and only if the induced subgraphs 𝐺u, 𝐺v are isomorphic
(e.g. one hot encoding). Additionally, for a given tuple v ∈ 𝑉(𝐺)𝑘 we define the 𝑗-neighborhood of v as

𝑁𝑗(u) = {u ∈ 𝑉(𝐺)𝑘 ∣ u ∼𝑗 v}.

In each 𝑘-WL-GNN layer 𝑡 ≥ 0, we compute a feature vector 𝑓(𝑡)𝑘 (v) for each tuple v by:

𝑓𝑊1merge (𝑓(𝑡−1)(v), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁1(v)}}, … , {{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁𝑘(v)}})) .

where 𝑓𝑊1merge,𝑓𝑊2aggr,𝑊1,𝑊2 are the aggregation functions and their parameters as described in Equation
3.8.

We further define the set of all 𝑗-local neighbors and the set of all 𝑗-global neighbors of a tuple v as
𝑁𝑗,𝐿(v), 𝑁𝑗,𝐺(v), respectively. Where:

𝑁𝑗,𝐿(v) = {u ∈ 𝑉(𝐺)𝑘 ∣ u
𝐿∼𝑗 v}

and
𝑁𝑗,𝐺(v) = {u ∈ 𝑉(𝐺)𝑘 ∣ u

𝐺∼𝑗 v}.

Therefore, for the 𝛿-𝑘-WL-GNN we have the following architecture:

𝑓𝑊1merge(𝑓(𝑡−1)(v), 𝑓𝑊2aggr({{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁1,𝐿(v)}}, {{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁1,𝐺(v)}}, … ,
{{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁𝑘,𝐿(v)}}, {{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁𝑘,𝐺(v)}})).

For the 𝛿-𝑘-LWL algorithm we have the 𝛿-𝑘-LGNN architecture, respectively given below:

𝑓𝑊1merge (𝑓(𝑡−1)(v), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁1,𝐿(v)}}, … , {{𝑓(𝑡−1)(w) ∣ w ∈ 𝑁𝑘,𝐿(v)}})) .

Similarly we can define the 𝛿-𝑘-LGNN+ architecture based on 𝛿-𝑘-LWL+ algorithm.

The architectures described above have similar results to Theorem 3.4.1, which demonstrates the
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expressive power of the neural architectures in terms of distinguishing non-isomorphic graphs. For
example, in Morris et al. [2019], the following theorem is proven:

Theorem 3.4.3 (Morris et al. [2019]). Let (𝐺, 𝑙) be a labeled graph. Then for all 𝑡 ≥ 0 there exists a
sequence of weightsW(𝑡) such that:

𝐶𝐿𝑘,𝑡(v) = 𝐶𝐿𝑘,𝑡(w) ⇒ 𝑓(𝑡)(v) = 𝑓(𝑡)(w).

Hence, 𝛿-𝑘-LGNN ≡ 𝛿-𝑘-LWL.

Figure 3.14 illustrates an overview of the power of different 𝑘-WL variants and therefore, for their
corresponding Neural Architectures in terms of distinguishing between non-isomorphic graphs.

Generalization power of neural architectures: Garg et al. [2020] studied the generalization abilities
of a neural architecture for binary classification tasks. They found that local, sparsity-aware, higher-
order variants, such as the 𝛿-𝑘-LWL-GNN, exhibit smaller generalization errors compared to dense,
global variants like the 𝑘-WL-GNN. In Section 5, we will conduct experiments to verify the aforemen-
tioned result to some extent. Our experimental findings demonstrate that the local variants perform
better on unseen data compared to the global variants. However, it is important to note that this result
does not hold true in terms of the expressive power of the models. For instance, the 𝑘-WL algorithm and
the 𝛿-𝑘-LWL algorithm are incomparable. This means that there exist graphs that can be distinguished
by the 𝑘-WL algorithm but not by the 𝛿-𝑘-LWL algorithm, and vice versa.

Figure 3.14: The double arrows indicate that two boxes are equivalent. One-directional arrows indicate that the edge of the
arrow points to the less powerful algorithm



4
(Multi)Set based refinement algorithms

In the previous section, we analyzed refinement algorithms that iteratively color tuples of vertices in-
stead of individual vertices to address the limitations of the simple 1-WL algorithm. We also described
various higher-order variants of the WL algorithm for the Graph Isomorphism problem, along with their
proposed neural architectures for graph representation learning tasks. While these algorithms exhibit
an enhanced ability to capture higher-order patterns in the structure of graphs and distinguish between
non-isomorphic graphs, they suffer from scalability issues.

Specifically, the 𝑘-WL algorithm considers all 𝑛𝑘 𝑘-tuples of an 𝑛-node graph, which results in a pro-
hibitive computational cost for large real-world graphs. It is worth mentioning that, besides the neural
architecture described in Section 3.4.3, there are also other architectures that possess the same power
as 𝑘-WL in terms of distinguishing non-isomorphic graphs (see Azizian and Lelarge [2020], Geerts
[2020], Maron et al. [2019b] ). However, for all of these architectures, the memory requirement is
lower-bounded by 𝑛𝑘 for an 𝑛-node graph and they have to resort to dense matrix multiplication. An-
other limitation of the 𝑘-WL structure is that it always considers neighborhoods of size 𝑘⋅𝑛 without taking
into account the sparsity of the graph. Local variants that we described earlier address this problem by
incorporating only a subset of the neighborhoods, namely the local neighbors, in 𝑘-WL. This approach
partially integrates the sparsity of the graph, but the number of all 𝑘-tuples that need to be computed
remains 𝑛𝑘 while the computational costs for the (reduced) neighborhoods remains relatively high for
large graphs. Advanced 𝑘-WL algorithms have been developed in Morris et al. [2022], which operate
on a subset of all possible 𝑘-tuples and leverage the sparsity of graphs to a greater extent, resulting in
significantly reduced computational costs.

In the following, we introduce two different variants of the 𝑘-WL algorithm that aim to tackle above
mentioned issues. First, we present a 𝑘-WL algorithm that iteratively colors multisets of nodes instead
of tuples, reducing the lower bound for the memory requirement to (𝑛+𝑘−1𝑘 ) for an 𝑛-node graph. Next,
we describe a similar variant that does not allow for copies and considers only sets of nodes, leading
to a further reduction in the memory requirement since it computes (𝑛𝑘) different sets for an 𝑛-node
graph. However, we prove that transitioning from a tuple-based refinement algorithm to a multiset-
based refinement algorithm can only results in a loss of expressive power. Similar results hold, when
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transitioning from a multiset-based to a set-based algorithm. This result indicates a tradeoff between
the expressive power of the algorithm and the computational costs required for its implementation.

4.1. Notation
For two multisets 𝑀1 and 𝑀2, let 𝑆1 and 𝑆2 be the sets containing only the distinct elements of 𝑀1 and
𝑀2, respectively. The intersection of 𝑀1 and 𝑀2, denoted as 𝑀1 ∩ 𝑀2, is defined as the multiset with
all the elements from 𝑆1 ∩ 𝑆2, where the multiplicity of each element is equal to the minimum of its
multiplicity in 𝑀1 and 𝑀2. Analogously, we define 𝑀1 ∪ 𝑀2 as the multiset with all the elements from
𝑆1 ∪ 𝑆2 where the multiplicity of each element is equal to the maximum of its multiplicity in 𝑀1 and
𝑀2. Finally, the difference of two multisets 𝑀1 and 𝑀2, is a multiset such that the multiplicity of an
element is equal to the multiplicity of the element in𝑀1 minus the multiplicity of the element in𝑀2 if this
difference is positive, and is equal to 0 if this difference is 0 or negative. Now, let 𝐺 be a graph, then
for 𝑆, 𝑇 ∈ [[𝑉(𝐺)]]𝑘 we say that 𝑆 is a neighbor of 𝑇 and we write 𝑆 ∼ 𝑇 if |𝑆 ∩ 𝑇| = 𝑘 − 1. In addition
we say that 𝑆 is a local neighbor of 𝑇 and we write 𝑆 𝐿∼ 𝑇 if 𝑆 ∼ 𝑇 and 𝑆△𝑇 ∶= (𝑆 ⧵ 𝑇) ∪ (𝑇 ⧵ 𝑆) ∈ 𝐸(𝐺)
and we say that 𝑆 is a global neighbor of 𝑇 if 𝑆 ∼ 𝑇 and 𝑆 is not a local neighbor of 𝑇 (we write 𝑆 𝐺∼ 𝑇).
Same definitions hold for 𝑆, 𝑇 ∈ [𝑉(𝐺)]𝑘. Let again the function adj(𝑆, 𝑇) evaluate to L or G, depending
on whether S is a local or a global neighbor, respectively, of T.

4.2. (Multi)Set based k-WL and variants
We now describe the multiset and the set based Weisfeiler-Leman algorithms denoted by 𝑘-WL{{⋅}}
and 𝑘-WL{⋅}, respectively. We define the 𝑘-WL{{⋅}} refinement algorithm as following: for 𝑖 > 0 and for
𝑆 ∈ [[𝑉(𝐺)]]𝑘, we define the coloring function 𝐶𝑚𝑘,𝑖 on [[𝑉(𝐺)]]𝑘 as:

𝐶𝑚𝑘,𝑖(𝑆) = (𝐶𝑚𝑘,𝑖−1(𝑆),𝑀𝑚
𝑖−1(𝑆))

where,
𝑀𝑚
𝑖 (𝑆) = {{𝐶𝑚𝑘,𝑖(𝑇) ∣ 𝑇 ∼ 𝑆}}

For 𝑖 = 0 we define the initial coloring 𝐶𝑚𝑘,0(𝑆) of a mutliset 𝑆 to be equal with the isomorphism type of
the induced graph 𝐺𝑆. Additionally, we have the local variant of the multiset based algorithm denoted
by 𝛿-𝑘-LWL{{⋅}} defined as following:

𝐶𝐿𝑚𝑘,𝑖 (𝑆) = (𝐶
𝐿𝑚
𝑘,𝑖−1(𝑆),𝑀

𝐿𝑚
𝑖−1(𝑆))

where:
𝑀𝐿𝑚
𝑖 (𝑆) = {{𝐶𝐿𝑚𝑘,𝑖 (𝑇) ∣ 𝑇

𝐿∼ 𝑆}}

and the 𝛿-variant denoted by 𝛿-𝑘-WL{{⋅}} as:

𝐶𝛿𝑚𝑘,𝑖 (𝑆) = (𝐶
𝛿𝑚
𝑘,𝑖−1(𝑆),𝑀

𝛿𝑚
𝑖−1(𝑆))

where:
𝑀𝛿𝑚
𝑖 (𝑆) = {{(𝐶𝛿𝑚𝑘,𝑖 (𝑇), adj(𝑆, 𝑇)) ∣ 𝑇 ∼ 𝑆}} .

Or equivalently,
𝑀𝛿𝑚
𝑖 (𝑆) = ({{𝐶𝛿𝑚𝑘,𝑖 (𝑇) ∣ 𝑇

𝐿∼ 𝑆}}, {{𝐶𝛿𝑚𝑘,𝑖 (𝑇) ∣ 𝑇
𝐺∼ 𝑆}}) .



4.2. (Multi)Set based k-WL and variants 27

Similar definitions hold for the set based algorithms 𝑘-WL{⋅}, 𝛿-𝑘-LWL{⋅}, 𝛿-𝑘-WL{⋅}.

Figure 4.1: A simple unlabeled graph with 3
nodes and 2 edges. Figure 4.2: The 2-WL{{⋅}} transformed graph

for the graph shown in Figure 4.1, which in-
corporates the edges and the initial colorings
based on the isomorphism types.

Figure 4.3: The 𝛿-2-WL{{⋅}} transformed
graph for the graph shown in Figure 4.1,
which incorporates the different types of
neighbors and the initial colorings based on
the isomorphism types.

Figure 4.4: The 𝛿-2-LWL{{⋅}} transformed
graph for the graph shown in Figure 4.1,
which incorporates the local type of neigh-
bors and the initial colorings based on the iso-
morphism types.

Unrollings
Given a graph 𝐺, a multiset 𝑆 in [[𝑉(𝐺)]]𝑘 and an integer 𝑙 ≥ 0, the unrolling UNR[𝐺, 𝑆, 𝑙] is a rooted,
directed tree with vertex labels, defined recursively as follows.

- for 𝑙 = 0, the unrolling UNR[𝐺, 𝑆, 𝑙] is defined to be a single vertex labeled with the isomorphism
type of 𝐺𝑆. This lone vertex is also the root vertex

- For 𝑙 > 0, UNR[𝐺, 𝑆, 𝑙] is defined as follows. First, introduce a root vertex 𝑟, labeled with the
isomorphism type of 𝐺𝑆. Next, for each neighbor 𝑆̃ of 𝑆, append the rooted subtree UNR[𝐺, 𝑆̃, 𝑙−1]
below the root 𝑟.

We refer to UNR[𝐺, 𝑆, 𝑙] as the unrolling of the graph G at 𝑆 of depth 𝑙.
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Analogously, we can define the unrolling trees 𝛿-UNR, L-UNR, for the refinement algorithms 𝛿-𝑘-
WL{{⋅}} and 𝛿-𝑘-LWL{{⋅}}, respectively. The minor differences lie in the recursive step above, since the
unrolling construction needs to faithfully represent the aggregation process.

- For 𝛿-UNR, we label the directed edge with 𝐿 or 𝐺, depending on whether the neighborhood is
local or global.

- For L-UNR, we consider only the subtrees L-UNR[𝐺, 𝑆̃, 𝑙 − 1] for local neighbors 𝑆̃.

The usefulness and power of unrolling techniques will become clear later in Lemma 4.3.5

4.3. Theoretical results
In this section, we conduct a comprehensive comparison of the algorithms described above in terms
of their ability to distinguish non-isomorphic graphs. As expected, the multiset-based variant proves to
be at least as powerful as the set-based variant, while the tuple-based variant of 𝑘-WL demonstrates
at least the same power as the multiset-based variant. To further strengthen our findings, we employ
the CFI constructions (3.3) and demonstrate that the 𝛿-𝑘-WL{{⋅}} algorithm is strictly more powerful
than the 𝑘-WL{{⋅}} algorithm. Finally, we describe the challenges in establishing a hierarchical result
for the multiset-based 𝑘-WL algorithm. As a solution, we propose a slight modification to the 𝑘-WL{{⋅}}
algorithms, which not only achieves comparable performance but also yields results similar to those
established in Proposition 3.3.2.

Proposition 4.3.1. 𝑘-FWL ⊑ 𝑘-WL{{⋅}} .

Proof. Denote 𝐶𝑚𝑙 and 𝐶F𝑙 the coloring functions of the 𝑘-WL{{⋅}} and 𝑘-FWL, respectively. We further
define the coloring function 𝐶′𝑙 ∶ 𝑉(𝐺)𝑘 → Σ as follows:

𝐶′𝑙 (𝑢) = 𝐶𝑚𝑙 (multiset(u)), for u ∈ 𝑉(𝐺)𝑘 .

Claim 3. For two graphs 𝐺,𝐻, if 𝑘-WL{{⋅}} distinghuishes 𝐺,𝐻, then the coloring function 𝐶′𝑙 also dist-
inghuishes 𝐺 and 𝐻.

If 𝑘-WL{{⋅}} distinghuishes 𝐺 and 𝐻, then there exists a color 𝑐 and a color class ̂𝑆𝑐 = {𝐴1, … , 𝐴𝑝}
with 𝐴1, … , 𝐴𝑝 ∈ [[𝑉(𝐺)]]𝑘∪̇[[𝑉(𝐻)]]𝑘, such that,

| ̂𝑆𝑐 ∩ [[𝑉(𝐺)]]𝑘| ≠ | ̂𝑆𝑐 ∩ [[𝑉(𝐻)]]𝑘|

in some iteration 𝑙. We denote 𝑚1 = | ̂𝑆𝑐 ∩ [[𝑉(𝐺)]]𝑘| and𝑚2 = | ̂𝑆𝑐 ∩ [[𝑉(𝐻)]]𝑘|. Now, by definition of 𝐶′𝑙
we know that the coloring function 𝐶′𝑙 uses the same colors with the coloring function 𝐶𝑚𝑙 . Therefore,
we define the color class of the color 𝑐 as the set of all tuples colored 𝑐 by 𝐶′𝑙 . That is, 𝑆𝑐 = {u ∈
𝑉(𝐺)𝑘∪̇𝑉(𝐻)𝑘 ∣ 𝐶′𝑙 (u) = 𝑐}. Additionally note that, a tuple u ∈ 𝑉(𝐺)𝑘 if and only if there exists a multiset
𝑀 ∈ [[𝑉(𝐺)]]𝑘 such that 𝑀 = multiset(u). Now, by comparing isomorphism types, we imply that all
multisets in ̂𝑆𝑐 have the same multiplicity profiles. Therefore, there exists a 𝑞 ∈ ℕ such that for each
multiset 𝑀 ∈ ̂𝑆𝑐 ∩ [[𝑉(𝐺)]]𝑘 we can find exactly 𝑞 different tuples u1, … ,u𝑞 ∈ 𝑉(𝐺)𝑘 such that

multiset(u1) = ⋯ = multiset(u𝑞) = 𝑀

and by definition of 𝐶′𝑙 we have,
𝐶′𝑙 (u1) = ⋯ = 𝐶′𝑙 (u𝑞) = 𝑐.
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Hence, we have found 𝑚1 ⋅ 𝑞 different tuples colored 𝑐 in 𝑉(𝐺)𝑘 and we prove that there are not other
tuples with this property. If there exists a 𝑤 ∈ 𝑉(𝐺)𝑘 with 𝐶′𝑙 (𝑤) = 𝑐 and multiset(𝑤) ≠ 𝑀 for all
𝑀 ∈ [[𝑉(𝐺)]]𝑘, then | ̂𝑆𝑐 ∩ [[𝑉(𝐺)]]𝑘| > 𝑚1 which is a condradiction. Using the same arguments we can
prove that there are exactly 𝑚2 ⋅ 𝑞 tuples colored 𝑐 in 𝑉(𝐻)𝑘. Finally,

𝑚1𝑞 = |𝑆𝑐 ∩ [[𝑉(𝐺)]]𝑘| ≠ |𝑆𝑐 ∩ [[𝑉(𝐻)]]𝑘| = 𝑚2𝑞

which completes the proof of Claim 3.

Claim 4. 𝐶F𝑙 ⊑ 𝐶′𝑙

We prove the Claim 4 by induction on 𝑙. For 𝑙 = 0, it is clear by comparing isomorphism types.
(I.H): 𝐶F𝑙 (u) = 𝐶F𝑙 (v) ⟹ 𝐶′𝑙 (u) = 𝐶′𝑙 (v).
Now, if 𝐶F𝑙+1(u) = 𝐶F𝑙+1(v) by definition we have that 𝐶F𝑙 (u) = 𝐶F𝑙 (v) and by the inductive hypothesis
(I.H)

𝐶′𝑙 (u) = 𝐶′𝑙 (v)

or
𝐶𝑚𝑙 (multiset(u)) = 𝐶𝑚𝑙 (multiset(v)) (4.1)

In addition we have that

{{sift(𝐶F𝑙 ,u, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}} = {{sift(𝐶F𝑙 ,v, 𝜔) ∣ 𝜔 ∈ 𝑉(𝐺)}}

Therefore, there exists a bijection 𝜎 ∶ 𝑉(𝐺) → 𝑉(𝐺) such that:

𝐶𝑙(𝜙𝑗(u, 𝜔) = 𝐶𝑙(𝜙𝑗(v, 𝜎(𝜔)), ∀𝑗 ∈ [𝑘]

We now, define a bijection 𝑓 from the set of neighbors of multiset(u) to the set of neighbors of
multiset(v) such that 𝐶𝑚𝑙 (𝐴) = 𝐶𝑚𝑙 (𝑓(𝐴)) for every neighbor 𝐴 ofmultiset(u) which completes the proof
of Claim 4. For a neighbor A of multiset(u) we denote

𝜔0 ∶= 𝐴 ⧵multiset(u) and 𝑗0 ∶=min{𝑗 ∈ [𝑘] ∣ 𝐴 = multiset(𝜙𝑗(u, 𝜔0))}

Then, we define the function 𝑓 as: 𝑓(𝐴) ∶= multiset(𝜙𝑗0(v, 𝜎(𝜔0))). We have that 𝑓 is a well defined
function with the desired properties. To see that, first note that comparing the isomorphism types of
multiset(u) and multiset(v) we have that:

|{neighbors of multiset(u)}| = |{neighbors of multiset(v)}|

Therefore, it suffices to show that 𝑓 is an injection. Indeed if for two neighbors 𝐴1, 𝐴2 of multiset(u) we
have 𝑓(𝐴1) = 𝑓(𝐴2) or equivalently

multiset(𝜙𝑗1(v, 𝜎(𝜔1))) = multiset(𝜙𝑗2(v, 𝜎(𝜔2))),

then by the equality of the multisets we have that

𝜎(𝜔1) = 𝜎(𝜔2) and 𝑣𝑗1 = 𝑣𝑗2
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Therefore, since 𝜎 is a bijection and u has the same isomorphism type with v, we have that

𝜔1 = 𝜔2 and 𝑢𝑗1 = 𝑢𝑗2

which implies
multiset(𝜙𝑗1(u, 𝜔1))⏝⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⏝

𝐴1

= multiset(𝜙𝑗2(u, 𝜔2))⏝⎵⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⎵⏝
𝐴2

■

Proposition 4.3.2. 𝑘-OWL ⊑ 𝑘-WL{{⋅}}

Proof. Denote 𝐶𝑚𝑙 and 𝐶O𝑙 the coloring functions of the 𝑘-WL{{⋅}} and 𝑘-OWL, respectively. We further
define the coloring function 𝐶′𝑙 ∶ 𝑉(𝐺)𝑘 → Σ as follows:

𝐶′𝑙 (u) = 𝐶𝑚𝑙 (multiset(u))

By Claim 3 of Proposition 4.3.1 we know that: For two graphs 𝐺,𝐻, if 𝑘-WL{{⋅}} distinguishes 𝐺,𝐻, then
the coloring function 𝐶′𝑙 also distinguishes 𝐺 and 𝐻. We complete the proof with the following Claim
which is similar to Claim 4 of Proposition 4.3.1.

Claim 5. 𝐶O𝑙 ⊑ 𝐶′𝑙
We prove Claim 5 by induction on 𝑙. For 𝑙 = 0, it is clear by comparing isomorphism types.

(I.H): 𝐶O𝑙 (u) = 𝐶O𝑙 (v) ⟹ 𝐶′𝑙 (u) = 𝐶′𝑙 (v)
Now, if 𝐶𝑙+1(u) = 𝐶𝑙+1(v) by definition we have that 𝐶O𝑙 (u) = 𝐶O𝑙 (v) and by the inductive hypothesis
(I.H)

𝐶′𝑙 (u) = 𝐶′𝑙 (v)

or
𝐶𝑚𝑙 (multiset(u)) = 𝐶𝑚𝑙 (multiset(v)) (4.2)

In addition we have that

{{𝐶O𝑙 (𝜙𝑗(u, 𝜔)) ∣ 𝜔 ∈ 𝑉(Γ)}} = {{𝐶O𝑙 (𝜙𝑗(v, 𝜔)) ∣ 𝜔 ∈ 𝑉(𝐺)}}, ∀𝑗 ∈ [𝑘]

Therefore, for each 𝑗 ∈ [𝑘] there exists a bijection 𝜎𝑗 ∶ 𝑉(𝐺) → 𝑉(𝐺) such that:

𝐶O𝑙 (𝜙𝑗(u, 𝜔)) = 𝐶O𝑙 (𝜙𝑗(v, 𝜎𝑗(𝜔))), ∀𝜔 ∈ 𝑉(𝐺)

We now define a bijection 𝑓 from the set of neighbors of multiset(u) to the set of neighbors of
multiset(v) such that 𝐶𝑚𝑙 (𝐴) = 𝐶𝑚𝑙 (𝑓(𝐴)) for every neighbor 𝐴 of multiset(u). For a neighbor A of
multiset(u) we denote

𝜔0 ∶= 𝐴 ⧵multiset(u) and 𝑗0 ∶=min{𝑗 ∈ [𝑘] ∣ 𝐴 = multiset(𝜙𝑗(u, 𝜔0))}

Then, we define the function 𝑓 as: 𝑓(𝐴) ∶= multiset(𝜙𝑗0(v, 𝜎𝑗0(𝜔0))). We have that 𝑓 is a well defined
function with the desired properties. To see that, first note that comparing the isomorphism types of
multiset(u) and multiset(v) we have that:

|{neighbors of multiset(u)}| = |{neighbors of multiset(v)}|



4.3. Theoretical results 31

Therefore, it suffices to show that 𝑓 is an injection. Indeed if for two neighbors 𝐴1, 𝐴2 of multiset(u) we
have that 𝑓(𝐴1) = 𝑓(𝐴2) or equivalently

multiset(𝜙𝑗1(v, 𝜎𝑗1(𝜔1))) = multiset(𝜙𝑗2(v, 𝜎𝑗2(𝜔2))),

then by the equality of the multisets we have that

𝜎𝑗1(𝜔1) = 𝜎𝑗2(𝜔2) and 𝑣𝑗1 = 𝑣𝑗2

But if 𝑣𝑗1 = 𝑣𝑗2 by the isomorphism types of u and v we have that also 𝑢𝑗1 = 𝑢𝑗2 . Now, by definition of
𝑗1,𝑗2 we conclude that 𝑗1 = 𝑗2, since if 𝑗1 < 𝑗2 (wlog), then by definition of 𝑗2 we would have that 𝑢𝑗1 ≠ 𝑢𝑗2
Therefore, the equality 𝜎𝑗1(𝜔1) = 𝜎𝑗2(𝜔2) becomes 𝜎𝑗1(𝜔1) = 𝜎𝑗1(𝜔2) and since 𝜎𝑗1 is a bijection we
have that 𝜔1 = 𝜔2 and hence 𝐴1 = 𝐴2. ■

By combining Proposition 4.3.2 with Proposition 3.3.3, we obtain the following result.

Corollary 4.3.3. 𝑘-FWL ⊏ 𝑘-WL{{⋅}}

It is reasonable to anticipate that the set-based variant of the 𝑘-WL algorithm is less powerful than the
multiset-based variant. The following result precisely demonstrates this by simulating sets in [𝑉(𝐺)]𝑘
with the corresponding sets in [[𝑉(𝐺)]]𝑘.

Proposition 4.3.4. 𝑘-WL{{⋅}} ⊑ 𝑘-WL{⋅}

Proof. Denote 𝐶𝑚𝑙 and 𝐶𝑠𝑙 the coloring functions induced by 𝑘-WL{{⋅}} and 𝑘-WL{⋅}, respectively on each
iteration 𝑙. It is easy to see that 𝐶𝑚𝑙 induces a coloring function 𝐶′𝑙 on [𝑉(𝐺)]𝑘 as:

𝐶′𝑙 (𝑆) = 𝐶𝑚𝑙 (𝑆)

What is more, 𝐶𝑚𝑙 defines a partition in [𝑉(𝐺)]𝑘 because due to the isomorphism types of the sets, there
are not initial color classes in [[𝑉(𝐺)]]𝑘 containing both sets and strictly multisets. So, since in each
step the coloring function 𝐶𝑚𝑙 defines a finer partion, we know that 𝐶𝑚𝑙 defines a partition on [𝑉(𝐺)]𝑘.
Therefore, if 𝑘-WL{{⋅}} fails to distinghuish between two graphs 𝐺 and 𝐻, then the coloring function 𝐶′𝑙
also fails to distinghuish 𝐺 and 𝐻. Hence, it suffices to show that 𝐶′𝑙 ⊑ 𝐶𝑆𝑙 . We prove this by induction
on 𝑙. For 𝑙 = 0 it is clear comparing the isomorphism types. Now, if 𝐶′𝑙+1(𝐴) = 𝐶′𝑙+1(𝐵) by definition of
𝐶′𝑙 and the inductive hypothesis we have that

𝐶𝑠𝑙 (𝐴) = 𝐶𝑠𝑙 (𝐵) (4.3)

In addition, we have that {{𝐶𝑚𝑙 (𝑇) ∣ 𝑇 ∼ 𝐴}} = {{𝐶𝑚𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵}}. Therefore, we can find a bijection 𝜎
between these two multisets such that 𝐶𝑚𝑙 (𝑇) = 𝐶𝑚𝑙 (𝜎(𝑇)), ∀𝑇 ∼ 𝐴. Similarly comparing isomorphism
types, we can see that 𝜎 also maps sets to sets. Therefore, {{𝐶𝑚𝑙 (𝑇) ∣ 𝑇 is set and 𝑇 ∼ 𝐴}} = {{𝐶𝑚𝑙 (𝑇) ∣
𝑇 is set and 𝑇 ∼ 𝐵}} and by the inductive hypothesis:

{{𝐶𝑠𝑙 (𝑇) ∣ 𝑇 ∼ 𝐴}} = {{𝐶𝑠𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵}} (4.4)

Equations 4.3,4.4 complete the proof. ■

Up to this point, our comparison findings are limited in showing refinement relations between algo-
rithms and not strictly. We have not seen yet examples with strictly refinement relation between two
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algorithms as the one discussed in Proposition 3.3.7 between 𝛿-𝑘-WL and 𝑘-WL. The challenge lies in
constructing pairs of graphs that cannot be distinguished by higher-order algorithms. In this section,
we will utilize the construction introduced in Section 3.3 and we introduce the unrolling tools defined in
Section 4.2 to prove that the 𝛿-𝑘-WL{{⋅}} refinement algorithm strictly refines the 𝑘-WL{{⋅}} algorithm.

Lemma 4.3.5 (Unrollings characterization). If 𝐴, 𝐵 ∈ [[𝑉(𝐺)]]𝑘 and 𝑙 ≥ 0 then,

𝐶𝑙(𝐴) = 𝐶𝑙(𝐵) ⇔ UNR[𝐺, 𝐴, 𝑙] ≅ UNR[𝐺, 𝐵, 𝑙]

Where 𝐶𝑙 and UNR[𝐺, 𝐴, 𝑙] are the coloring function and the unrolling tree induced by 𝑘-WL{{⋅}}, respec-
tively.

Proof. We prove separately the two directions of this lemma by induction on 𝑙. For 𝑙 = 0 it is easy to
see that both directions are true due the isomorphism types.

(⇒) For the inductive hypothesis we assume that for 𝑆, 𝑇 ∈ [[𝑉(𝐺)]]𝑘 we have that 𝐶𝑙(𝑆) = 𝐶𝑙(𝑇) ⇒
UNR[𝐺, 𝑆, 𝑙] ≅ UNR[𝐺, 𝑇, 𝑙]. Now, if 𝐶𝑙+1(𝑆) = 𝐶𝑙+1(𝑇) we have that 𝐶𝑙(𝑆) = 𝐶𝑙(𝑇) and {{𝐶𝑙(𝑆̃ ∣ 𝑆̃ ∼
𝑆}} = {{𝐶𝑙(𝑇̃ ∣ 𝑇̃ ∼ 𝑇}}. Therefore, there exists a bijection 𝜎 between the above multisets such that:

𝐶𝑙(𝑆̃) = 𝐶𝑙(𝜎(𝑆̃)), ∀𝑆̃ ∼ 𝑆.

Hence, by the inductive hypothesis we have that UNR[𝐺, 𝑆̃, 𝑙] ≅ UNR[𝐺, 𝜎(𝑆̃), 𝑙]. Therefore, for each
𝑆̃ ∼ 𝑆 there exists an isomorphism 𝜃𝑆̃ between UNR[𝐺, 𝑆̃, 𝑙] and UNR[𝐺, 𝜎(𝑆̃), 𝑙]. If we define 𝜃 as
𝜃 ∶= ∪̃̇

𝑆∼𝑆
𝜃𝑆̃ and extend 𝜃 to map the root of UNR[𝐺, 𝑆, 𝑙 + 1] to the root of UNR[𝐺, 𝑇, 𝑙 + 1], we have that

𝜃 is an isomorphism between UNR[𝐺, 𝑆, 𝑙 + 1] and UNR[𝐺, 𝑇, 𝑙 + 1]
(⇐) For the inductive hypothesis we assume that for 𝑆, 𝑇 ∈ [[𝑉(𝐺)]]𝑘 we have that UNR[𝐺, 𝑆, 𝑙] ≅

UNR[𝐺, 𝑇, 𝑙] ⇒ 𝐶𝑙(𝑆) = 𝐶𝑙(𝑇). Now, if UNR[𝐺, 𝑆, 𝑙+1] ≅ UNR[𝐺, 𝑇, 𝑙+1]. We define a partition between
all the subtrees appended to the root of UNR[𝐺, 𝑆, 𝑙 + 1] according to their isomorphism types. Say
𝐴1∪̇𝐴2… ∪̇𝐴𝑝 the partion of these subtrees. Similarly, since UNR[𝐺, 𝑆, 𝑙 + 1] ≅ UNR[𝐺, 𝑇, 𝑙 + 1] all
the subtrees appended to the root of UNR[𝐺, 𝑇, 𝑙 + 1] are partioned according to their isomorphism
types to 𝑝 sets denoted by 𝐵1∪̇𝐵2… ∪̇𝐵𝑝 such that |𝐴𝑖| = |𝐵𝑖| and for all subtrees, (with depth 𝑙),
𝑥 ∈ 𝐴𝑖 and 𝑦 ∈ 𝐵𝑖 we have that 𝑥 ≅ 𝑦. Therefore, by the inductive hypothesis, the color profile of the
neighbors of 𝑆 is the same with the one of the neighbors of 𝑇. Finally, UNR[𝐺, 𝑆, 𝑙 + 1] ≅ UNR[𝐺, 𝑇, 𝑙 +
1] ⇒ UNR[𝐺, 𝑆, 𝑙] ≅ UNR[𝐺, 𝑇, 𝑙] (by definition of the unrollings) and hence by the inductive hypothesis
𝐶𝑙(𝑆) = 𝐶𝑙(𝑇). Therefore, 𝑆, 𝑇 have the same color in iteration 𝑙 and their neighbors have the same
color profile. ■

Below, we present an extended version of the above lemma for all the different variants of set and
multiset-based 𝑘-WL.

Lemma 4.3.6. Consider the following cases:

1. Let 𝐶𝑙 and 𝛿 −UNR[𝐺, 𝐴, 𝑙] denote the coloring function and the unrolling tree induced by 𝛿 − 𝑘 −
𝑊𝐿 {{⋅}}, respectively, where 𝐴, 𝐵 ∈ [[𝑉(𝐺)]]𝑘.

2. Let 𝐶𝑙 and 𝐿 −UNR[𝐺, 𝐴, 𝑙] denote the coloring function and the unrolling tree induced by 𝛿 − 𝑘 −
𝐿𝑊𝐿 {{⋅}}, respectively, where 𝐴, 𝐵 ∈ [[𝑉(𝐺)]]𝑘.

3. Let 𝐶𝑙 and UNR[𝐺, 𝐴, 𝑙] denote the coloring function and the unrolling tree induced by 𝑘 −𝑊𝐿 {⋅},
respectively, where 𝐴, 𝐵 ∈ [𝑉(𝐺)]𝑘.
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4. Let 𝐶𝑙 and 𝛿 −UNR[𝐺, 𝐴, 𝑙] denote the coloring function and the unrolling tree induced by 𝛿 − 𝑘 −
𝑊𝐿 {⋅}, respectively, where 𝐴, 𝐵 ∈ [𝑉(𝐺)]𝑘.

5. Let 𝐶𝑙 and 𝐿 −UNR[𝐺, 𝐴, 𝑙] denote the coloring function and the unrolling tree induced by 𝛿 − 𝑘 −
𝐿𝑊𝐿 {⋅}, respectively, where 𝐴, 𝐵 ∈ [𝑉(𝐺)]𝑘.

For all the above cases, the following holds:

𝐶𝑙(𝐴) = 𝐶𝑙(𝐵) ⇔ UNR[𝐺, 𝐴, 𝑙] = UNR[𝐺, 𝐵, 𝑙]

This implies that the coloring function outputs the same color for sets 𝐴 and 𝐵, if and only if the unrolling
tree induced by 𝐺 and 𝐴 at layer 𝑙 is equal to the unrolling tree induced by 𝐺 and 𝐵 at layer 𝑙.

Proof. We omit the proof as it follows a similar structure to the proof of Lemma 4.3.5. ■

Definition 3. In a graph 𝐺 = (𝑉, 𝐸), a set 𝑆 of vertices is said to form a distance-two-clique if the
distance between any two vertices in S is exactly two.

Lemma 4.3.7 (Morris et al. [2020b]). The following holds for the CFI construction (desribed in 3.3 )
graphs 𝐺𝑘 and 𝐻𝑘 defined above.

• There exists a distance-two-clique of size (𝑘+1) inside 𝐺𝑘 with the following form (0, 𝑆0), … , (𝑘, 𝑆𝑘)

• There does not exist a distance-two-clique of size (𝑘 + 1) inside 𝐻𝑘 with the following form
(0, 𝑆0), … , (𝑘, 𝑆𝑘)

Proof. In 𝐺, consider the vertex subset 𝑆 where 𝑆 = {(0, ∅), … , (𝑘, ∅)}.

Claim 6. S forms a distance-two-clique of size (𝑘 + 1).

Let 𝐾 be the complete graph on 𝑘 + 1 nodes. Then for all 𝑖, 𝑗 ∈ 𝑉(𝐾) we know that (𝑖, ∅) is not
adjacent to (𝑗, ∅). Which means that (𝑖, ∅), (𝑗, ∅) have distance at least two. On the other hand, the
node {𝑖, 𝑗}0 is adjacent to both (𝑖, ∅) and (𝑗, ∅) since 𝑖, 𝑗 ∈ {𝑖, 𝑗} and {𝑖, 𝑗} ∉ ∅. Therefore, (𝑖, ∅) and (𝑗, ∅)
are in distance two for all 𝑖, 𝑗 ∈ 𝑉(𝐾)

Claim 7. There does not exists a distance-two-clique of size (𝑘 + 1) inside 𝐻𝑘 with the following form
(0, 𝑆0), … , (𝑘, 𝑆𝑘)

We assume for contradiction that there exist 𝑘+1 vertices in 𝑉(𝐻), say (0, 𝑆0), … (𝑘, 𝑆𝑘), which forms
a distance-two-clique. Then we compute the sum |𝑆0| + ⋯ + |𝑆𝑘| ( mod 2) with two different ways.
First note that since |𝑆0| is odd and |𝑆𝑖| is even for all 0 < 𝑖 ≤ 𝑘 we have |𝑆0|+⋯+|𝑆𝑘| ≡ 1, ( mod 2).
On the other hand, for all 𝑖, 𝑗 ∈ 𝑉(𝐾) since (𝑖, 𝑆𝑖) and (𝑗, 𝑆𝑗) are in distance two, we have that either
{𝑖, 𝑗} ∈ (𝑆𝑖∩𝑆𝑗) or {𝑖, 𝑗} ∈ (𝑉(𝐾)⧵𝑆𝑖)∩(𝑉(𝐾)⧵𝑆𝑗). Hence, the sum contribution of 𝑆𝑖 and 𝑆𝑗 in ( mod 2)
to the term corresponding to {𝑖, 𝑗} is zero. Since the contribution of each edge to the total sum is 0 in
( mod 2), the total sum must be zero in ( mod 2). This is a contradiction, and hence, there does not
exist a distance-two-clique in 𝐻. ■

By Construction 3.3 since for 𝑢1 ≠ 𝑢2 the nodes (𝑢1, 𝑆1) and (𝑢2, 𝑆2) have different labels we know
that if 𝜙 was an isomorphism between 𝐺 and 𝐻 then 𝜙 ({(0, ∅), … , (𝑘, ∅)}) = {(0, 𝑆0), … , (𝑘, 𝑆𝑘)}. But
from Lemma 4.3.7 it is impossible to find such a function 𝜙 therefore, we have the following result.

Corollary 4.3.8. 𝐺𝑘 and 𝐻𝑘 are not isomorphic graphs.
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Proposition 4.3.9. 𝛿-𝑘-LWL{{⋅}} distinguishes 𝐺𝑘,𝐻𝑘

Proof. We denote 𝑃 = {{(1, ∅), … , (𝑘, ∅)}} ∈ [[𝑉(𝐺𝑘)]]𝑘. We will show that there is not 𝑄 ∈ [[𝑉(𝐻𝑘)]]𝑘
such that 𝐶𝑙∞(𝑃) = 𝐶𝑙∞(𝑄) in the stable coloring of the 𝛿-𝑘-LWL{{⋅}} algorithm. Equivalently, by Lemma
4.3.6 we will show that there is not 𝑄 ∈ [[𝑉(𝐻𝑘)]]𝑘 such that 𝐿−UNR[𝐺𝑘 , 𝑃, 𝑙∞] ≅ 𝐿−UNR[𝐻𝑘 , 𝑄, 𝑙∞]. If
there exists a𝑄 ∈ [[𝑉(𝐻𝑘)]]𝑘 such that 𝐿−UNR[𝐺𝑘 , 𝑃, 𝑙∞] ≅ 𝐿−UNR[𝐻𝑘 , 𝑄, 𝑙∞] throught an isomorphism
called 𝜙, then comparing isomorphism types we know that 𝑄 must be of the following form:

𝑄 = 𝜙(𝑃) = {{(1, 𝑆1), … , (𝑘, 𝑆𝑘)}}.

If we consider the unrolling in depth two, for 𝑃1 = {{(2, ∅), (2, ∅), … , (𝑘, ∅)}}, by construction we have
that 𝑃 is not adjacent to 𝑃1, but both 𝑃 and 𝑃1 are adjacent to 𝑃̄ = {{{1, 2}0, (2, ∅), … , (𝑘, ∅)}}. Therefore,
𝑃 and 𝑃1 are in distance two. Therefore, 𝑄 = 𝜙(𝑃) and 𝜙(𝑃1) are also in distance two. But comparing
the isomorphism types of 𝑃1 and 𝜙(𝑃1) we know that:

𝜙(𝑃1) = {{(2, 𝑆2), (2, 𝑆2), … , (𝑘, 𝑆𝑘)}}

and hence (1, 𝑆1) and (2, 𝑆2) are in distance two. Repeating this process we get that the set {(1, 𝑆1), (2, 𝑆2), … , (𝑘, 𝑆𝑘)}
forms a distance two clique of size 𝑘 in 𝐻𝑘. If we consider the unrolling in depth four and

𝑅 = {{(0, ∅), (2, ∅), … , (𝑘, ∅)}},

then similarly 𝑃 and 𝑅 are in distance two and there exists an 𝑆0 ⊂ 𝐸(0) such that

𝜙(𝑅) = {{(0, 𝑆0), (2, 𝑆2), … , (𝑘, 𝑆𝑘)}}

hence 𝜙(𝑅), 𝑄 are also in distance two which implies that (0, 𝑆0), (1, 𝑆1) are in distance two. Denote:

𝑅𝑗 = {{(0, ∅), (2, ∅), … , (𝑗 − 1, ∅), (0, ∅), (𝑗 + 1, ∅), … , (𝑘, ∅)}}.

Following the same argumentation we have that 𝑅, 𝑅𝑗 are in distance two, 𝜙(𝑅), 𝜙(𝑅𝑗) are in distance
two and (0, 𝑆0), (𝑗, 𝑆𝑗) are in distance two for all 𝑗 ≥ 2. Therefore, {(0, 𝑆0), (1, 𝑆1), … , (𝑘, 𝑆𝑘)} forms a
distance two clique of size (𝑘 + 1) in 𝑉(𝐻𝑘) which contradicts Lemma 4.3.7.

■

Proposition 4.3.10. 𝛿-𝑘-WL{{⋅}} ⊏ 𝑘-WL{{⋅}}

Proof. It is easy to see that 𝛿-𝑘-WL{{⋅}} is at least as powerful as both 𝑘-WL{{⋅}} and 𝛿-𝑘-LWL{{⋅}}. Now,
from Proposition 4.3.2 we know that 𝑘-OWL ⊑ 𝑘-WL{{⋅}} and by Cai et al. [1992] 𝑘-OWL does not
distinguish between the CFI constructions 𝐺𝑘 , 𝐻𝑘. Therefore, 𝛿-𝑘-WL{{⋅}} distinguishes 𝐺𝑘 , 𝐻𝑘 (since
𝛿-𝑘-LWL{{⋅}} does by Proposition 4.3.9) and 𝑘-WL{{⋅}} does not. ■

We now introduce the 𝑘-WL{{⋅}}∗ which is a slightly extended modification of 𝑘-WL{{⋅}} algorithm that
also forms a hierarchy. That is increasing the value of 𝑘 leads to more powerful algorithms in terms
of distinguishing non-isomorphic graphs. As in the proof of Proposition 3.3.2, in order two compare
two color refinement algorithms which partition different spaces, we first need to simulate all 𝑘-element
multisets with (𝑘 + 1)-element multisets. The absence of node ordering in a multiset does not allow
us to simulate 𝑘-element multisets just by copying an element of the multiset as we did in the tuple
version. Therefore, to overcome this, we introduce a special node on each graph and we define an



4.3. Theoretical results 35

extended version of a graph.

For a labeled graph (𝐺, 𝑙) with 𝑙 ∶ 𝑉(𝐺) → Σ we define the star-extension of graph (𝐺, 𝑙) as a new
labeled graph (𝐺∗, 𝑙∗) defined as follows: 𝑉(𝐺∗) = 𝑉(𝐺)∪̇{∗}, 𝐸(𝐺∗) = 𝐸(𝐺), 𝑙∗(𝑢) = 𝑙(𝑢) , ∀𝑢 ∈ 𝑉(𝐺)
and 𝑙∗(∗) = 𝜎∗ where 𝜎∗ is a special color such that 𝜎∗ ∉ 𝑙(𝑉(𝐺)).

For a pair of graphs (𝐺, 𝑙𝐺) and (𝐻, 𝑙𝐻)we define the star-extension pair as (𝐺∗, 𝑙∗𝐺) and (𝐻∗, 𝑙∗𝐻)where in
both graphs we have added the (∗) node with degree zero and a special color 𝜎∗ ∉ 𝑙𝐺(𝑉(𝐺))∪𝑙𝐻(𝑉(𝐻)).
It is easy to see that 𝐺 and 𝐻 are isomorphic if and only if 𝐺∗ and 𝐻∗ are isomorphic too. In addition,
we have the following lemma.

Lemma 4.3.11. For a pair of labeled graphs (𝐺, 𝑙𝐺), (𝐻, 𝑙𝐻), if the 𝑘-WL{{⋅}} algorithm distinguishes the
star extension pair of graphs (𝐺∗, 𝑙∗𝐺), (𝐻∗, 𝑙∗𝐻), then it also distinguishes (𝐺, 𝑙𝐺) and (𝐻, 𝑙𝐻).

Proof. Let 𝐺,𝐻 be two finite graphs. If 𝑘-WL{{⋅}} fails to distinguish the star extension pair 𝐺∗, 𝐻∗ of 𝐺
and 𝐻, respectively then there exists a bijection 𝑓 ∶ [[𝑉(𝐺∗)]]𝑘 → [[𝑉(𝐻∗)]]𝑘 such that:

𝐶𝑘𝑙 (𝑆) = 𝐶𝑘𝑙 (𝑓(𝑆)), ∀𝑆 ∈ [[𝑉(𝐺∗)]]𝑘 ,

where 𝐶𝑘𝑙 is the coloring function of 𝑘-WL{{⋅}} in iteration 𝑙. Now for each 𝑆 ∈ [[𝑉(𝐺∗)]]𝑘 such that
(∗) ∉ 𝑆 (i.e., 𝑆 ∈ [[𝑉(𝐺)]]𝑘) if we denote 𝑇1 = UNR[𝐺∗, 𝑆, 𝑙] and 𝑇2 = UNR[𝐻∗, 𝑓(𝑆), 𝑙] by Lemma
4.3.5 we have that 𝑇1 ≅ 𝑇2. Now note that every isomorphism between 𝑇1 and 𝑇2 maps nodes with
isomorphic types containing the (∗) node to nodes with isomorphic types containing the (∗) node.
Therefore, if we remove every node from 𝑇1 containing the (∗) node in its isomorphic type along with
its children, and similarly for 𝑇2, we derive the trees ̃𝑇1 and ̃𝑇2, respectively where ̃𝑇1 ≅ ̃𝑇2. Finally it is
easy to note that ̃𝑇1 = UNR[𝐺, 𝑆, 𝑙] and ̃𝑇2 = UNR[𝐻, 𝑓(𝑆), 𝑙]. Therefore, for the function 𝑓 constrained
on [[𝑉(𝐺)]]𝑘 we have that is a bijection between [[𝑉(𝐺)]]𝑘 and [[𝑉(𝐻)]]𝑘 such that 𝐶𝑘𝑙 (𝑆) = 𝐶𝑘𝑙 (𝑓(𝑆))
for all 𝑆 ∈ [[𝑉(𝐺)]]𝑘. Hence 𝑘-WL{{⋅}} fails to distinguish graphs 𝐺,𝐻. ■

We now define the modification of the 𝑘-WL{{⋅}} algorithm named 𝑘-WL{{⋅}}∗. The 𝑘-WL{{⋅}}∗ algo-
rithm is exactly the 𝑘-WL{{⋅}} implemented to the star extension pair of the graphs. From Lemma 4.3.11
we already have that 𝑘-WL{{⋅}}∗ ⊑ 𝑘-WL{{⋅}}. We proceed to the proof that this new algorithm forms a
hierarchy.

Proposition 4.3.12. (𝑘 + 1)-WL{{⋅}}∗ ⊑ 𝑘-WL{{⋅}}∗

Proof. We denote 𝐶𝑘+1𝑙 ,𝐶𝑘𝑙 the coloring functions in iteration 𝑙 of the algortihms (𝑘 + 1)-WL{{⋅}}∗ and 𝑘-
WL{{⋅}}∗, respectively. We further define the coloring function 𝐶′𝑙 ∶ [[𝑉(𝐺∗)]]𝑘∪̇[[𝑉(𝐻∗)]]𝑘 → Σ as 𝐶′𝑙 (𝑆) =
𝐶𝑘+1𝑙 (𝑆 ∪ {∗})

Claim 8. If 𝐶𝑘+1𝑙 fails to distinguish the pair of graphs 𝐺∗ and 𝐻∗, then 𝐶′𝑙 also fails to distinguish 𝐺∗ and
𝐻∗.

By applying the algorithm (𝑘 + 1)-WL{{⋅}} in 𝐺∗, 𝐻∗ (or equivalently the 𝑘-WL{{⋅}}∗ algorithm in 𝐺
and 𝐻), we define a partition on the set ℳ𝐺 = {𝑀 ∈ [[𝑉(𝐺∗)]]𝑘+1 ∣ (∗) ∈ 𝑀} and similarly on ℳ𝐻 =
{𝑀 ∈ [[𝑉(𝐻∗)]]𝑘+1 ∣ (∗) ∈ 𝑀}, where (∗) ∈ 𝑀 means that the multiset 𝑀 contains the (∗) node.
This happens because due the isomorphism types, every multiset which contains the special node (∗)
cannot be in the same color class with a multiset that does not contain the special node (∗) in the initial
coloring. Additionaly, ℳ𝐺 and ℳ𝐻 are bijectively mapped to [[𝑉(𝐺∗)]]𝑘 and [[𝑉(𝐻∗)]]𝑘, respectively
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throught the function 𝑆 ↦ 𝑆 ⧵ {(∗)}. Therefore, since 𝐶𝑘+1𝑙 fails to distinguish 𝐺∗ and 𝐻∗, we know that
|𝑆𝑐 ∩ℳ𝐺| = |𝑆𝑐 ∩ℳ𝐻| for every color class 𝑆𝑐 induced by 𝐶𝑘+1𝑙 . Hence, by the definition of 𝐶′𝑙 we imply
that 𝐶′𝑙 also fails to distinghuish between 𝐺∗ and 𝐻∗.

Claim 9. 𝐶′𝑙 ⊑ 𝐶𝑘𝑙 .

We prove Claim 9 by induction on 𝑙. For 𝑙 = 0 it is clear. We assume that 𝐶′𝑙 (𝐴) = 𝐶′𝑙 (𝐵) implies
𝐶𝑘𝑙 (𝐴) = 𝐶𝑘𝑙 (𝐵). Now, if 𝐶′𝑙+1(𝐴) = 𝐶′𝑙+1(𝐵), i.e. 𝐶𝑘+1𝑙+1 (𝐴∪ {(∗)}) = 𝐶𝑘+1𝑙+1 (𝐵 ∪ {(∗)}) by definition we have
that

𝐶𝑘+1𝑙 (𝐴 ∪ {(∗)}) = 𝐶𝑘+1𝑙+1 (𝐵 ∪ {(∗)}) (4.5)

and
{{𝐶𝑘+1𝑙 (𝑆) ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}}} = {{𝐶𝑘+1𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵 ∪ {(∗)}}. (4.6)

By the inductive hypothesis Equation 4.5 becomes

𝐶𝑘𝑙 (𝐴) = 𝐶𝑘𝑙 (𝐵). (4.7)

Now, by Equation 4.6, we can find a bijection 𝜎 from {𝑆 ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}} to {𝑇 ∣ 𝑆 ∼ 𝐵 ∪ {(∗)}} such that,
𝐶𝑘+1𝑙 (𝑆) = 𝐶𝑘+1𝑙 (𝜎(𝑆)) for all 𝑆 ∈ {𝑆 ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}}. Now, by comparing isomorphism types we have
that 𝜎 maps multisets containing the (∗) node to multisets containing the (∗) node which means that

𝜎({𝑆 ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}, (∗) ∈ 𝑆}) = {𝑇 ∣ 𝑇 ∼ 𝐵 ∪ {(∗)}, (∗) ∈ 𝑇}. (4.8)

Now, it is easy to verify that

{𝑆 ∣ 𝑆 ∼ 𝐴} = {𝑆 ⧵ {(∗)} ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}, (∗) ∈ 𝑆}. (4.9)

By Equation 4.8 we have that

{{𝐶𝑘+1𝑙 (𝑆) ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}, (∗) ∈ 𝑆}} = {{𝐶𝑘+1𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵 ∪ {(∗)}, (∗) ∈ 𝑇}}

and by definition of 𝐶′𝑙 this implies,

{{𝐶′𝑙 (𝑆 ⧵ {(∗)}) ∣ 𝑆 ∼ 𝐴 ∪ {(∗)}, (∗) ∈ 𝑆}} = {{𝐶′𝑙 (𝑇 ⧵ {(∗)}) ∣ 𝑇 ∼ 𝐵 ∪ {(∗)}, (∗) ∈ 𝑇}}.

Therefore, by Equation 4.9
{{𝐶′𝑙 (𝑆) ∣ 𝑆 ∼ 𝐴}} = {{𝐶′𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵}}

and by the inductive hypothesis

{{𝐶𝑘𝑙 (𝑆) ∣ 𝑆 ∼ 𝐴}} = {{𝐶𝑘𝑙 (𝑇) ∣ 𝑇 ∼ 𝐵}} (4.10)

Equations 4.7, 4.10 completes the proof of Claim 9.

Finally, we have shown that if (𝑘 + 1)-WL{{⋅}}∗ fails to distinguish 𝐺 and 𝐻, by Claim 8 𝐶′𝑙 also fails
to distinguish 𝐺∗ and 𝐻∗ and by Claim 9 𝑘-WL{{⋅}}∗ fails to distinguish 𝐺 and 𝐻. ■
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4.4. Experimental results
This section focuses on the implementation and analysis of graph isomorphism algorithms to gain a
comprehensive understanding of their comparative capabilities. Throughout our exploration, we have
observed that certain algorithms exhibit superiority over others. For instance, our investigations have
revealed that 𝛿-2-WL{⋅} is at least as powerful as 2-WL{⋅}, indicating that any graphs distinguishable
by 2-WL{⋅} can also be distinguished by 𝛿-2-WL{⋅}. However, a fundamental question arises: Do there
exist pairs of graphs that can be distinguished by 𝛿-2-WL{⋅} but not by 2-WL{⋅}, or are these two algo-
rithms are equivalent in their discriminative abilities?

So far, Theorem 4.3.10 is the only result that establishes a strict hierarchy among (multi)set-based al-
gorithms. To rigorously investigate this question, we implement the 𝛿-𝑘-LWL{⋅}, 𝛿-𝑘-WL{⋅}, 𝛿-𝑘-WL{{⋅}},
and 𝛿-𝑘-WL{{⋅}} algorithms in Python and conduct extensive experimentation. For computational effi-
ciency, we restrict our consideration to algorithms for 𝑘 = 2 or 𝑘 = 3, as graphs with 2 or 3 nodes
can be uniquely identified by their total number of edges. This crucial observation leads to the devel-
opment of rapid algorithms for computing the initial coloring function. Our objective is to meticulously
analyze the outcomes and identify concrete examples that clearly illustrate the advantages and dis-
advantages of the proposed algorithms. The source code for implementing these algorithms can be
found at https://github.com/antvas98/set_based_GNNs.

The pair of graphs depicted in Figure 4.5 serves as an illustrative example. It can be distinguished
by 𝛿-2-LWL{⋅} and 3-WL{{⋅}}, while remaining indistinguishable by 2-WL{⋅} and 2-WL{{⋅}}∗. Thus, Figure
4.5, in conjunction with Proposition 4.3.12, Lemma 4.3.11 and Proposition 4.3.4 prove that: 𝛿-2-WL{⋅}
⊏ 2-WL{⋅}, 3-WL{{⋅}}∗ ⊏ 2-WL{⋅}, and 3-WL{{⋅}}∗ ⊏ 2-WL{{⋅}}∗.

Figure 4.6 presents another pair of graphs that can be distinguished by 𝛿-3-LWL{{⋅}}∗ but not by 𝛿-
2-LWL{{⋅}}∗. This observation, combined with the process followed in the proof of Proposition 4.3.12,
establishes the hierarchical relationship: 𝛿-3-LWL{{⋅}}∗ ⊏ 𝛿-2-LWL{{⋅}}∗.

Finally, Figure 4.7 showcases an example of graphs distinguishable by 2-WL but not by 2-WL{{⋅}}∗,
thereby demonstrating that: 2-WL strictly refines 2-WL{{⋅}}∗, 2-WL{{⋅}}, and 2-WL{⋅}.

These findings provide important insights into the comparative capabilities of these algorithms.

Figure 4.5: A pair of graphs that can be distinghuished by
𝛿-2-LWL{⋅}, 3-WL{{⋅}}∗ and 3-WL{{⋅}} and not by 2-WL{⋅},
2-WL{{⋅}} and 2-WL{{⋅}}∗

Figure 4.6: A pair of graphs that can be distinghuished by
𝛿-3-LWL{{⋅}}∗ and not by 𝛿-2-LWL{{⋅}}∗

https://github.com/antvas98/set_based_GNNs
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Figure 4.7: A pair of graphs that can be distinguished by 2-WL and not by 2-WL{{⋅}}∗, 2-WL{{⋅}} and 2-WL{⋅}

4.5. Neural architectures based on multi-set variants
By following the process outlined in Section 3.4.3 for developing neural architectures equivalent to var-
ious 𝑘-WL variants, we introduce neural architectures based on the (multi)set-based 𝑘-WL algorithms
discussed previously. While these architectures are considerably less computationally expensive, as
Propositions 4.3.2 and 4.3.4 indicate, they correspond to less expressive GNN models.

4.5.1. Proposed architectures
For the 𝑘-WL{{⋅}}-GNN induced by the 𝑘-WL{{⋅}} algorithm, we use Equation 4.11 to update the vec-
tor representation of a node (mutliset) 𝑆 based on its current vector representation as well as on its
neighbors vector representations.

𝑓𝑊1merge (𝑓(𝑡−1)(𝑆), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(𝑇) ∣ 𝑇 ∼ 𝑆}})) . (4.11)

Equation 4.12 provides the update rule for the 𝛿-𝑘-LWL{{⋅}}-GNN based on 𝛿-𝑘-LWL{{⋅}} algorithm by
considering only information from local neighbors.

𝑓𝑊1merge (𝑓(𝑡−1)(𝑆), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(𝑇) ∣ 𝑇 𝐿∼ 𝑆}})) . (4.12)

Finall, Equation 4.12 describes the 𝛿-𝑘-WL{{⋅}}-GNN models, which incorporate a discrimination in the
aggregation function based on whether the information originates from a local or global neighbor.

𝑓𝑊1merge (𝑓(𝑡−1)(𝑆), 𝑓𝑊2aggr ({{𝑓(𝑡−1)(𝑇) ∣ 𝑇 𝐺∼ 𝑆}}, {{𝑓(𝑡−1)(𝑇) ∣ 𝑇 𝐿∼ 𝑆}})) . (4.13)

In Figure 4.8, we present a comprehensive illustration of the proposed models. The architecture
closely resembles Figure 3.12, with the addition of a transformation phase. This inclusion facilitates
the creation of more complex graphs and enables the propagation of higher-order information.

4.5.2. Equivalence with refinement algorithms
In this section, we establish the equivalence between neural architectures based on (multi)set variants
of the 𝑘-WL algorithm and their corresponding algorithms. Using Theorem 3.4.1 and Theorem 3.4.2,
we demonstrate that these architectures possess the same expressive power. We focus on proving the
equivalence between the 𝑘-WL{{⋅}}-GNN and the 𝑘-WL{{⋅}} algorithm, while noting that similar results
hold for the 𝛿-𝑘-WL{{⋅}}, 𝛿-𝑘-LWL{{⋅}}, 𝛿-𝑘-WL{⋅}, 𝛿-𝑘-LWL{⋅} variants. This equivalence connects graph
isomorphism algorithms with their neural network counterparts, providing a theoretical foundation for
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Figure 4.8: Illustration of the 𝛿-2-LWL{⋅}-GNN structure highlighting the transformation, message passing, pooling and the ANN
phases. Nodes a,b,c,d,e,f corresponds to the sets {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4} and {3, 4} respectively. The above architecture
consist of 2 layers.

designing and analyzing novel neural architectures.

Theorem 4.5.1. Let (𝐺, 𝑙) be a labeled graph and let 𝑘 ≥ 2. If 𝐶𝑚𝑘,𝑡 is the coloring function induced by
the 𝑘-WL{{⋅}} algorithm in iteration 𝑡, then for all architectures 𝑓𝑘,𝑡 given by Equation 4 and for all choices
of initial colorings 𝑓𝑘,0 consistent with the isomorphism types of multisets (i.e. if two multisets have the
same isomorphism type they also have the same initial coloring through 𝑓𝑘,0 we have that

𝐶𝑚𝑘,𝑡 ⊑ 𝑓𝑘,𝑡

Proof. We prove our theorem by induction on the iteration 𝑡. For 𝑡 = 0, the statement holds because
the initial coloring 𝑓𝑘,0 is chosen to be consistent with the isomorphism of the multisets. For the induc-
tive step, we assume that the statement holds until iteration 𝑡. Consider two multisets 𝑆 and 𝑇 with
𝐶𝑚𝑘,𝑡+1(𝑆) = 𝐶𝑚𝑘,𝑡+1(𝑇). Therefore, by definition of the 𝑘-WL{{⋅}} we have:

𝐶𝑚𝑘,𝑡(𝑆) = 𝐶𝑚𝑘,𝑡(𝑇)

and
{{𝐶𝑚𝑘,𝑡(𝐴) ∣ 𝐴 ∼ 𝑆}} = {{𝐶𝑚𝑘,𝑡(𝐵) ∣ 𝐵 ∼ 𝑇}}.

Therefore, by the inductive hypothesis we get

𝑓𝑘,𝑡(𝑆) = 𝑓𝑘,𝑡(𝑇)

and
{{𝑓𝑘,𝑡(𝐴) ∣ 𝐴 ∼ 𝑆}} = {{𝑓𝑘,𝑡(𝐵) ∣ 𝐵 ∼ 𝑇}}.

Hence, since the 𝑓𝑘,𝑡+1 is given by Equation 4, we have that 𝑓𝑘,𝑡+1(𝑆) = 𝑓𝑘,𝑡+1(𝑇) for every choice of
the functions 𝑓𝑊1merge and 𝑓𝑊2aggr. ■

Theorem 4.5.2. Let (𝐺, 𝑙) be a labeled graph and let 𝑘 ≥ 2. If 𝐶𝑚𝑘,𝑡 is the coloring function induced
by the 𝑘-WL{{⋅}} algorithm in iteration 𝑡. Then for all 𝑡 ≥ 0, there exists a sequence of 𝑓𝑊1merge, 𝑓𝑊2aggr

functions from Equation 4.11 such that:
𝐶𝑚𝑘,𝑡 ≡ 𝑓𝑘,𝑡

Proof. From Theorem 3.4.2 we know that for the architecture described by Equation 3.10 there is a
sequence of weights W(𝑡) such that the corresponding GNN architecture is equivalent with the 1-WL
algorithm in terms distinguishing between non-isomorphic graphs. It therefore, suffices to simulate the
𝑘-WL{{⋅}} algorithm on the labeled graph (𝐺, 𝑙) via a 1-WL on a modified graph (𝐻, 𝑙𝐻). We define the
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set of vertices of 𝐻 as 𝑉(𝐻) = [[𝑉(𝐺)]]𝑘 and the edge set of 𝐻 is defined as follows: two multisets
𝑆, 𝑇 ∈ 𝑉(𝐻) are connected in 𝐻 if 𝑆 ∼ 𝑇 according to the definition given in Section 4.1. The labeling
𝑙𝐻 of the graph H is determined as follows: For every 𝑆 ∈ 𝑉(𝐻) the label of 𝑆 is its ismorphism type,
i.e, 𝑙𝐻(𝑆) = 𝜏𝑆. From the above construction, it immediately follows that performing the 1-WL on the
graph (𝐻, 𝑙𝐻) yields the same coloring, as the one obtained by performing the 𝑘-WL{{⋅}} for the graph
(𝐺, 𝑙). Hence, the sequence of weights W(𝑡) induced by Theorem 3.4.2, can be directly used in the
𝑘-WL{{⋅}}-GNN to simulated the 𝑘-WL{{⋅}}. ■



5
Experimental evaluation

Our primary focus is to empirically investigate the performance of the novel (multi)set based neural
architectures that were developed in the previous sections. These architectures aim to effectively cap-
ture higher order patterns existing in graphs while ensuring computational efficiency. We compare the
above architectures with the local tuple based neural architectures described in Morris et al. [2020b]
as well as with the 1-GNNs architectures described in Kipf and Welling [2016] and Xu et al. [2019a].
Concretely, we aim to answer the following questions.

Q1 Do the neural architectures based on (multi)set-based algorithms and their variants, lead to im-
proved classification scores on real world, graph-level benchmark datasets compared to 1-WL based
architectures?

Q2 Do we have significant improvement by considering multi-set based variants instead of set-based
as Morris et al. [2019] proposed?

Q3 To what extent do our proposed architectures reduce computational and memory requirements
compared with architectures induced by the 𝑘-WL?

Q4 Is there an alignment between the expressive power of a model and its generalization capabili-
ties? Specifically, do models with mathematically proven higher expressive power exhibit improved
generalization properties?

The source code of all methods and evaluation procedures is available at https://github.com/
antvas98/set_based_GNNs.

Datasets To evaluate neural architectures, we use the following well known, datasets: MUTAG, PTC
FM, PTC MR, IMDB-BINARY (Morris et al. [2020a], Helma et al. [2001], Yanardag and Vishwanathan
[2015]). A detailed overview of the above mentioned dataset is illustrated in Table 5.1.

Neural Architectures We employed the Graph Isomorphism Network (GIN) architecture (Xu et al.

41

https://github.com/antvas98/set_based_GNNs
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[2019a]) and the Graph Convolutional Network (GCN) (Kipf and Welling [2016]) as neural baselines
to represent the functions 𝑓𝑊1merge and 𝑓𝑊2agg discussed in Section 4.5.1. For both architectures, we dis-
regarded edge features. The implementation of the models was carried out using PyTorch Geometric
(Fey and Lenssen [2019]). In the subsequent section, we provide a comprehensive description of the
evaluation protocols and procedures for selecting hyperparameters.

Table 5.1: Dataset statistics and properties for graph-level prediction tasks

Dataset Number of Graphs Number of classes Number of nodes Number of edges Node labels

MUTAG 188 2 17.9 19.8 3
PTC MR 344 2 14.3 14.7 3
PTC FM 349 2 14.1 14.5 3

IMDB-BINARY 1000 2 19.8 96.5 7

5.1. Experimental protocol and model configuration
We conducted two separate experiments, one for the GIN architecture [Xu et al., 2019a] and another
for the GCN architecture [Kipf and Welling, 2016]. According to Garg et al. [2020] both architectures
are unable to capture important graph properties such as longest or shortest cycle, diameter, or clique
information and therefore, higher order variants are necessary. For both experiments we followed a
common setup. We present the general procedure:

Dataset Split: We divided the dataset into 10 folds using stratified sampling, ensuring a balanced
distribution of classes across the folds.

Training and Evaluation: For each experiment, our training process involved using 9 out of the 10
available folds. Within this training phase, we further divided the 9 folds into a 90% training set and
a 10% validation set. This split allowed us to perform hyperparameter tuning and select the optimal
configuration. Our focus was on tuning the number of hidden units for the models, specifically exploring
models with 8, 16, or 32 hidden units. During the training process, we evaluated each configuration on
the validation set of 10% and selected the one that exhibited the best performance. Once the hyper-
parameters were selected, we proceeded to evaluate the trained model on the remaining fold, which
served as the test set. We repeated this evaluation process for all 10 folds, resulting in 10 different test
sets. For each test set, we measured the accuracy of the model, representing the proportion of cor-
rectly classified instances. The average accuracy across the 10 test sets, along with the corresponding
standard deviation, are reported in Tables 5.2 and 5.3 for the GCN and GIN architectures, respectively.

It is important to note that due to the nature of the experimental setup, different hyperparameter con-
figurations may have been selected for each test set. Therefore, the described process is suitable for
evaluating the overall architecture’s performance but not for determining the optimal hyperparameter
value.

Common Model Configurations: In both the GIN and GCN architectures, we employed two layers
for the message passing phase. For the aggregation phase, we utilized a global add pooling method
to combine the node vectors and derive the final graph representation. The Adam optimizer with a
learning rate of 0.001 and a weight decay of 0.00007 was utilized for both architectures.
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GCN Architecture: For the GCN layers, we updated the node vectors using the following equation:

x(𝑡+1)𝑆 = Θ⊺∑
𝑇∼𝑆

𝑒𝑗,𝑖

√ ̂𝑑𝑗 ̂𝑑𝑖
x(𝑡)𝑇 , (5.1)

where 𝑡 = 0, 1. Here, Θ⊺ denotes the transpose of the parameter matrix Θ.

GIN Architecture: For the GIN layers, we updated the node vectors using the following equation:

x(𝑡+1)𝑆 = MLP(𝑡+1) ((1 + 𝜖(𝑡+1)) x(𝑡)𝑆 +∑
𝑇∼𝑆

x(𝑡)𝑇 ) , (5.2)

where 𝑡 = 0, 1, 2. This equation represents the transformation of node vectors through a multilayer
perceptron (MLP). We can make 𝜖 a learnable parameter or a fixed scalar. In the first iteration, we do
not need MLPs before summation if input features are one-hot encodings as their summation alone is
injective.

For the architectures described in Equation 4.13, we employed distinct layers for the local and global
neighbors. The vector representations from these layers were then merged using a Multi-Layer Per-
ceptron (MLP) with a Rectified Linear Unit (ReLU) activation function. This merging process combines
the local and global information to derive the final graph representation. For a visual illustration of this
architecture, please refer to Figure 5.1.

Figure 5.1: The neural architecture diagram illustrating the aggregation process between local and global neighbors. The aggre-
gation between local neighbors is denoted as 𝑓𝐿𝑎𝑔𝑔, while the layers responsible for aggregation between global neighbors are
denoted as 𝑓𝐺𝑎𝑔𝑔. Each layer as well as the MLPs transformations have 𝑑 hidden units, and the initial features of the transformed
graph have a dimension of 𝑝. The transformed graph consists of 𝑛 nodes.

5.2. Results and discussion
Table 5.2 and Table 5.3 display the accuracy results of the GCN convolution architectures and GIN
convolution architectures, respectively, for each dataset. The tables also include the corresponding
standard deviations.

In the following, we answer questions Q1 to Q4.

A1 It is clear that certain neural architectures based on (multi)set-based algorithms consistently out-
perform the performance of 1-GNN models in terms of classification scores on real-world, graph-level
benchmark datasets. Specifically, for GCN architectures (Table 5.2) where the 1-WL algorithm ex-
hibits relatively poor performance, almost all proposed models demonstrate significantly better results.
Conversely, for GIN architectures (Table 5.3), which are known for their enhanced expressive power
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Table 5.2: Performance comparison of the different models on MUTAG, PTC MR, and PTC FM datasets using GCN architecture.
”Out of time” (OOT) indicates that computation did not finish within one day, and ”Out of memory” (OOM) indicates that our system
was unable to allocate the required memory for this model. The horizontal lines separate the tuple-based models, the set-based
models, and the multiset-based models.

model (GCN) MUTAG PTC MR PTC FM IMDB-BINARY

1-GNN 0.7815 (±0.077) 0.6557 (±0.054) 0.6465 (±0.040) 0.5720 (±0.035)
𝛿-2-LWL-GNN 0.8725 (±0.074) 0.6916 (±0.040) 0.6505 (±0.037) 0.6479 (±0.063)
𝛿-3-LWL-GNN 0.8620 (±0.044) OOT OOT OOT

2-WL{⋅}-GNN 0.8564 (±0.062) 0.7109 (±0.073) 0.6664 (±0.038) 0.5380 (±0.026)
2-WL{⋅}-GNN∗ 0.8728 (±0.078) 0.7112 (±0.057) 0.6637 (±0.36) 0.5530 (±0.013)
3-WL{⋅}-GNN 0.8567(±0.061) 0.6794(±0.044) 0.6794(±0.051) OOM
3-WL{⋅}-GNN∗ 0.8780 (±0.070) 0.6676 (±0.037) 0.6815 (±0.047) OOM
𝛿-2-LWL{⋅}-GNN 0.8669 (±0.075) 0.6966 (±0.055) 0.6750(±0.036) 0.6599 (±0.024)
𝛿-2-LWL{⋅}-GNN∗ 0.8725 (±0.078) 0.6791 (±0.047) 0.6552(±0.024) 0.6530 (±0.026)
𝛿-3-LWL{⋅}-GNN 0.8666(±0.072) 0.6705(±0.048) 0.6735(±0.024) OOM
𝛿-3-LWL{⋅}-GNN∗ 0.8611 (±0.074) 0.6588 (±0.032) 0.6667(±0.052) OOM
𝛿-2-WL{⋅}-GNN 0.8669(±0.075) 0.7139(±0.073) 0.6693(±0.031) 0.6559 (±0.023)
𝛿-3-WL{⋅}-GNN 0.8672 (±0.071) 0.6823(±0.048) 0.7029(±0.038) OOM

2-WL{{⋅}}-GNN 0.8669 (±0.071) 0.6879 (±0.029) 0.6808(±0.040) 0.5790 (±0.034)
2-WL{{⋅}}-GNN∗ 0.8780 (±0.052) 0.6792 (±0.047) 0.6521(±0.038) 0.6050 (±0.027)
3-WL{{⋅}}-GNN 0.8777 (±0.062) 0.6995(±0.070) 0.6664(±0.046) OOM
3-WL{{⋅}}-GNN∗ 0.8728 (±0.066) 0.7054(±0.073) 0.6838(±0.040) OOM
𝛿-2-LWL{{⋅}}-GNN 0.8669 (±0.075) 0.6732 (±0.045) 0.6780(±0.048) 0.6320 (±0.035)
𝛿-2-LWL{{⋅}}-GNN∗ 0.8775 (±0.071) 0.6687 (±0.040) 0.6614(±0.045) 0.6190 (±0.033)
𝛿-3-LWL{{⋅}}-GNN 0.8672 (±0.071) 0.7197(±0.061) 0.6981 (±0.041) OOM
𝛿-3-LWL{{⋅}}-GNN∗ 0.8728 (±0.070) 0.6831 (±0.053) 0.6790 (±0.069) OOM
𝛿-2-WL{{⋅}}-GNN 0.8830 (±0.065) 0.6822(±0.048) 0.6750 (±0.054) 0.6639 (±0.041)
𝛿-3-WL{{⋅}}-GNN 0.8514 (±0.065) 0.7052(±0.062) 0.6865 (±0.050) OOM

Table 5.3: Performance comparison of the different models on MUTAG, PTC MR, and PTC FM datasets using GIN architecture.
”Out of time” (OOT) indicates that computation did not finish within one day, and ”Out of memory” (OOM) indicates that our
system was unable to allocate the required memory for this model. The horizontal lines separate the tuple-based models, the
set-based models, and the multiset-based models.

model (GIN) MUTAG PTC MR PTC FM IMDB-BINARY

1-GNN 0.9142 (±0.049) 0.6736 (±0.055) 0.7009 (±0.044) 0.7510 (±0.038)
𝛿-2-LWL-GNN 0.9251 (±0.049) 0.7239 (±0.040) 0.7078 (±0.057) 0.7450 (±0.035)
𝛿-3-LWL-GNN 0.9036 (±0.021) OOT OOT OOT

2-WL{⋅}-GNN 0.8991 (±0.049) 0.6935 (±0.069) 0.6549 (±0.035) 0.7446 (±0.042)
2-WL{⋅}-GNN∗ 0.9099 (±0.046) 0.6994 (±0.046) 0.6520 (±0.043) 0.7459 (±0.037)
3-WL{⋅}-GNN 0.8830 (±0.043) OOM OOM OOM
3-WL{⋅}-GNN∗ 0.9046 (±0.060) OOM OOM OOM
𝛿-2-LWL{⋅}-GNN 0.9464 (±0.033) 0.7230 (±0.048) 0.6952 (±0.051) 0.7480 (±0.038)
𝛿-2-LWL{⋅}-GNN∗ 0.9201 (±0.042) 0.7402 (±0.045) 0.7010 (±0.052) 0.7529 (±0.040)
𝛿-3-LWL{⋅}-GNN 0.9149 (±0.058) 0.7058 (±0.052) 0.7058 (±0.047) 0.6950 (±0.038)
𝛿-3-LWL{⋅}-GNN∗ 0.9254 (±0.035) 0.7000 (±0.050) 0.6698 (±0.041) 0.6990 (±0.038)
𝛿-2-WL{⋅}-GNN 0.9415(±0.043) 0.7431(±0.040) 0.7066(±0.053) 0.7520 (±0.042)
𝛿-3-WL{⋅}-GNN 0.9359(±0.032) OOM OOM OOM

2-WL{{⋅}}-GNN 0.8994 (±0.063) 0.7026 (±0.055) 0.6492(±0.043) 0.7480 (±0.036)
2-WL{{⋅}}-GNN∗ 0.9201 (±0.048) 0.7171 (±0.057) 0.6779(±0.032) 0.7470 (±0.041)
3-WL{{⋅}}-GNN 0.9043 (±0.061) OOM OOM OOM
3-WL{{⋅}}-GNN∗ 0.8885 (±0.063) OOM OOM OOM
𝛿-2-LWL{{⋅}}-GNN 0.9467(±0.041) 0.7111 (±0.065) 0.6896(±0.052) 0.7460 (±0.039)
𝛿-2-LWL{{⋅}}-GNN∗ 0.9359 (±0.046) 0.7091 (±0.045) 0.6990 (±0.043) 0.7520 (±0.032)
𝛿-3-LWL{{⋅}}-GNN 0.8889 (±0.049) 0.7025 (±0.081) 0.7042 (±0.047) 0.6799 (±0.040)
𝛿-3-LWL{{⋅}}-GNN∗ 0.9204 (±0.048) 0.6772 (±0.049) 0.7194 (±0.050) 0.6920 (±0.030)
𝛿-2-WL{{⋅}}-GNN 0.9309 (±0.033) 0.7257 (±0.051) 0.7184 (±0.050) 0.7470 (±0.036)
𝛿-3-WL{{⋅}}-GNN 0.9310 (±0.023) OOM OOM OOM

according to Xu et al. [2019a], the 1-GNNs shows excellent performance, surpassing other models.
However, some local or delta variants of the (multi)set-based algorithms achieve even better perfor-
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mance, underscoring the importance of considering sparsity for improved generalization as described
in Garg et al. [2020].

A2 Based on Tables 5.2, 5.3, it is evident that the multiset-based variants, do not consistently demon-
strate significant improvements compared to the set-based models. While the multiset-based models
are theoretically more expressive, the experimental results reveal that the performance of multiset-
based and set-based models is remarkably close, with negligible differences. In some cases, the set-
based models even exhibit slightly better performance than their corresponding multiset counterparts.
However, it is important to note that these outcomes might be influenced by the specific configurations
of the models and the chosen hyperparameters. It is possible that alternative model configurations and
hyperparameter tuning could yield better results for the multiset-based models.

A3 Our proposed architectures offer significant reductions in computational and memory requirements
compared to architectures induced by the 𝑘-WL. When considering the 3-tuple transformations of the
graphs, the computational task was infeasible (did not run within a day) for all datasets except for
MUTAG. On the other hand, the set and multiset-based transformations for 𝑘 = 3 were calculated rela-
tively quickly. This showcases the efficiency of our (multi)set-based algorithms in capturing higher-order
patterns in graph structures while demanding significantly less computational resources and memory.
Consequently, our proposed architectures demonstrate improved efficiency without compromising their
ability to effectively capture complex patterns in the data.

A4 There is not a clear alignment between the expressive power of a model, as described in Sec-
tion 4, and its generalization capabilities. The performance of the models, as shown in Tables 5.2 and
5.3, does not consistently correlate with their mathematically proven expressive power. For instance, in
the case of the PTC MR dataset (Table 5.2), the 2-WL{⋅}-GNN outperforms the 2-WL{{⋅}}-GNN, despite
the latter being theoretically more expressive according to Proposition 4.3.4. Similarly, for the PTC FM
dataset (Table 5.2), the 𝛿-2-WL{{⋅}}-GNN and 2-WL{{⋅}}-GNN do not align with the strict expressiveness
hierarchy suggested by Proposition 4.3.10. However, it is important to note that this observation does
not contradict our theoretical results. While there is a mathematical proof that certain models possess
higher expressive power, there is no direct guarantee that this translates to improved prediction perfor-
mance on unseen data. Additionally, Theorem 4.5.2 establishes the existence of parameters that can
achieve the desired expressive power, but it is not clear whether the parameter choices and architecture
used in our experiments have indeed achieved this ideal selection indicated by the theorem. There-
fore, the relationship between expressive power and generalization capabilities is influenced by various
factors beyond the theoretical framework and further research is necessary in order to understand it
deeper.

5.3. Future work
In order to gain a deeper understanding of Graph Neural Network (GNN) models and how well they
can adapt to new, unseen data, there are a few important areas to explore. One key aspect is to inves-
tigate how GNN models generalize to real-world applications, where unseen data plays a critical role.
Previous research, like the work done by Morris et al. [2023] or Scarselli et al. [2018], can serve as a
starting point for further exploration in this direction.
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Another important area of study is to delve deeper into the algorithms proposed for GNN models.
Although Theorem 4.5.2 suggests that there are ideal parameters, it remains a challenge to practically
determine what those parameters are. This calls for a more thorough investigation and the develop-
ment of new optimization techniques or algorithmic approaches that can effectively find and identify
these optimal parameter settings.

Additionally, it would be valuable to propose methods that allow us to assess the practical significance
of using computationally expensive GNN models. For example, while 3-multiset based models may
be theoretically superior to 3-set based models, it’s important to determine if this theoretical difference
translates into tangible improvements on specific datasets. By doing so, we can make informed deci-
sions about the trade-offs between model complexity and performance.

By focusing on these research areas, we can gain deeper insights into GNN models, enhance their
ability to generalize, and provide practical guidance for choosing the right models and tuning their pa-
rameters in real-world applications.



6
Conclusion

In conclusion, this study represents a comprehensive investigation into the expressive power and gen-
eralization capabilities of graph neural network (GNN) architectures. We conducted an extensive anal-
ysis and comparison of various existing Weisfeiler-Leman (WL) variants, with a particular focus on the
𝛿-𝑘-LWL algorithms. Moreover, we proposed and evaluated a range of innovative multiset and set-
based GNN architectures. By conducting thorough experiments on diverse benchmark datasets for
classification tasks, we consistently observed superior performance of our proposed models compared
to classical 1-GNN approaches, along with enhanced scalability in comparison to the traditional 𝑘-WL
based methods. We firmly believe that this principled approach opens up the way for the design of
permutation-equivariant architectures, addressing the limitations of current graph neural networks. By
leveraging the power of multiset- and set-based algorithms, we can capture higher-order patterns and
exploit the structural information encoded in graphs more effectively. This framework not only improves
the expressiveness and scalability of GNNs but also provides a foundation for developing novel archi-
tectures that overcome the current limitations.

In summary, this study provides valuable insights into the expressive power, generalization capa-
bilities, and scalability of graph neural network architectures. The proposed multiset and set-based
approaches showcase their potential to push the boundaries of GNN design and enable further ad-
vancements. There are several opportunities for future research to explore the full potential of these
principled approaches and develop GNN architectures with even more generalization capabilities.
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