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ABSTRACT

The flow around two circular cylinders arranged in a tandem exhibits complex wake interactions that lead to amplified unsteady loads,
particularly in the co-shedding regime where a fully developed wake forms in the gap between the cylinders. Although various control strat-
egies have been proposed to mitigate these effects, most prior studies have focused primarily on load alleviation. Complete suppression of
vortex shedding, both in the gap region and in the wake of the second cylinder, has so far only been achieved using open-loop approaches.
In this work, we propose a closed-loop control framework for suppressing vortex shedding in tandem-cylinder flows in the co-shedding
regime. Focusing on low Reynolds numbers and sufficiently large spacings, we derive a parametric reduced-order model using a global
weakly nonlinear analysis of the incompressible Navier-Stokes equations. The model is generalized to account for time-dependent forcing
and facilitates the real-time prediction of the flow evolution. Using this model, we design a model predictive controller and apply it to the
full-order system via velocity measurements and volumetric forcing. The approach is demonstrated for a cylinder spacing of eight diame-
ters. Vortex shedding is fully suppressed in both the gap region and the downstream wake for Reynolds numbers Re = 50, 60, and 70, while
a significant reduction in flow unsteadiness is achieved at Re = 80. We further show that effective control is possible with limited sensing:
suppression is achieved using a single measurement point for Re = 50 and two-point measurements for Re = 60 and 70.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0336278

I. INTRODUCTION

Multiple cylindrical structures immersed in a flow are common
in engineering applications, ranging from large-scale systems such as
oil pipelines, offshore platform columns, and bridge piers to smaller-

Based on experimental studies, Zdravkovich® and later Xu and
Zhou® and Zhou and Yiu’ classified the flow around tandem cylinders
into three regimes according to the spacing ratio y = L/D. Here, L
denotes the center-to-center spacing between the cylinders and D

¥5:21:90 9202 1890120 90

scale devices including heat exchangers. Although many engineering
applications of bluff-body wakes occur at high Reynolds numbers,
practical interest is not restricted to this regime. Low- and moderate-
Reynolds-number wake dynamics are relevant, for example, in micro-
fluidic lab-on-chip mixing," pin-array heat exchangers,” and precise
particle or mRNA delivery in microfluidic devices.’ Depending on the
application, these structures may be arranged in side-by-side, stag-
gered, or tandem configurations.

The flow around two equal-diameter circular cylinders arranged
in tandem is a benchmark problem for studying wake interaction in
multi-body flows. Owing to its practical relevance and rich flow phys-
ics, this configuration has been widely investigated experimentally
and numerically. A comprehensive review of these studies is provided
by Sumner.”

their diameter. The reported regime boundaries differ primarily
depending on the Reynolds-number ranges considered.

The following regimes are identified: (i) The extended-body
regime occurs at small spacings, typically 1 <y < 1.2—1.8 in the
experiments of Zdravkovich,” or 1 < 7 < 2 in the study of Zhou and
Yiu,” and is characterized by the two cylinders behaving as a single
bluff body; the shear layers separated from the upstream cylinder
enclose the downstream cylinder without reattachment and roll up to
form a Karmdn vortex street behind it, while the gap flow remains
largely stagnant,” with occasional cavity-type oscillations.” (ii) The
reattachment regime is observed at intermediate spacings, approxi-
mately 1.2 — 1.8 <y < 3.4 — 3.8 in Zdravkovich” or 2 < y < 5 in
Zhou and Yiu,” where the increased separation allows the upstream
shear layers to reattach intermittently onto the downstream cylinder,
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generating unsteady gap vortices; within this regime, Zhou and Yiu’
further noted that for 2 < 7 < 3 reattachment occurs predominantly
on the downstream side of the second cylinder, whereas for 3 <y
<5 it occurs more frequently on the upstream side. (iii) The
co-shedding regime occurs at larger spacings, reported as
9 > 3.4 — 3.8 in Zdravkovich’ and y > 5 in Zhou and Yiu,” where
the downstream cylinder lies outside the vortex formation region of
the upstream cylinder, permitting the development of a Karman vor-
tex street in the gap. In this regime, both cylinders shed vortices at the
same frequency.’ A qualitatively similar three-pattern classification
has been reported in Carmo et al.'’ at low Reynolds numbers, consist-
ing of: (i) symmetric vortices in the gap at small spacings (observed at
y =1.5); (ii) alternating gap vortices at intermediate spacings
(2 <y < 3.7-4.6, depending on Reynolds number); and (iii) fully
developed wake in the gap at larger spacings (y > 3.2-4).

In the co-shedding regime, vortices that have shed from the
upstream cylinder periodically impinge on the downstream cylinder,
leading to larger fluctuating fluid-dynamic forces compared to those
experienced by an isolated cylinder.'”'" In this work, the force perpen-
dicular to the direction of the free stream (transverse force) is referred
to as lift, while the force parallel to it (streamwise force) is referred to as
drag. Depending on the application context, such amplified unsteady
loads may result in reduced operational efficiency, flow-induced vibra-
tion and fatigue, or increased maintenance costs. Consequently, the
suppression or mitigation of vortex shedding in tandem-cylinder con-
figurations is of considerable practical importance.

In general, the suppression or mitigation of flow instabilities
such as vortex shedding may be achieved using either passive or active
flow-control techniques. Passive control strategies typically rely on
geometric modifications. The flow over tandem cylinders at y = 3.7
and Re = 1.66 x 10° was effectively controlled, for example, using
porous coating in the combined numerical and experimental study of
Liu et al."” Vortex shedding in the gap was suppressed, while unstead-
iness in the wake of the downstream cylinder persisted but was miti-
gated. In that study, achieving this performance required a parametric
investigation: the coating thickness and porosity were treated as
design parameters and systematically varied to identify configurations
that provide effective and robust suppression.

Active flow control introduces external forcing into the flow and
may be implemented using either open-loop or closed-loop strategies.
Active control approaches can be based on forced dynamical models
of the flow, in which the control input is determined from model-
based predictions of the flow response to actuation, or on model-free
formulations. Model-free approaches typically rely on trial-and-error
tuning or extensive parametric studies, whereas suitable forced
dynamical models can provide insight into the flow response to actua-
tion and reduce reliance on exhaustive parameter searches. Active
control of tandem-cylinder wakes has been implemented using
plasma actuators, synthetic jets, and prescribed kinematics of the
cylinders.

Open-loop control of tandem-cylinder wakes has been investi-
gated using plasma actuators in experimental studies by Kozlov and
Thomas,"” Latrobe ef al,'* and in numerical work by Eltaweel et al. 15
Kozlov and Thomas'’ and Eltaweel et al'® considered y =4 at
Re = 22000 — 172000, while Latrobe ef al."* examined y = 3,4, and
5 at Re = 4700. In all cases, plasma actuators were applied to the
upstream cylinder, leading to the attenuation of vortex shedding from
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the upstream body. This, in turn, resulted in a more benign wake
interaction with the downstream cylinder and a reduction in the mag-
nitude of fluctuating fluid forces acting on it. However, vortex shed-
ding was not fully suppressed, particularly in the wake of the
downstream cylinder; rather, the controlled tandem configuration
behaved similarly to that of an isolated cylinder. The actuation param-
eters in these studies were selected based on experimental observa-
tions and parametric exploration, rather than being derived from a
forced dynamical model of the flow. At lower Reynolds numbers, Liu
et al."' numerically employed a constant-velocity jet for open-loop
control at Re = 75 — 200, considering gap spacings y = 4 and 6. In
this study, vortex shedding in the gap region was suppressed, and
shedding in the wake of the downstream cylinder was strongly attenu-
ated. The control strategy was not based on a forced dynamical model
of the flow; instead, multiple jet velocities were tested to identify effec-
tive operating conditions. Furthermore, this open-loop strategy relied
on constant actuation inputs, and sustaining such suppression may
therefore incur high energy costs or lack robustness to changes in
flow conditions.

Closed-loop control, in contrast, relies on flow measurements to
determine the control action, making it potentially more energy effi-
cient and capable of adapting to changing flow conditions. A model-
free closed-loop control strategy was experimentally applied by Wolfe
and Ziada'® to the flow around tandem cylinders at a spacing ratio
7 = 4.5, where synthetic-jet actuation was employed on the upstream
cylinder and the feedback was relying on lift force measurements
from the downstream cylinder. This approach achieved a significant
reduction in the fluctuating load acting on the downstream cylinder.

Achieving real-time predictive closed-loop control generally
requires reduced-order models that enable the rapid simulation of the
flow evolution. In this context, a deep-learning-based approach was
proposed by Xie et al.'” for a wall-confined tandem-cylinder configu-
ration at Reynolds number Re = 100 and spacing y = 4.5. In this
numerical study, rotation of the downstream cylinder was used as the
actuation mechanism, while the state was measured through an array
of 45 velocity sensors distributed in the flow field. Using this frame-
work, up to a 75% reduction in the lift force fluctuations on the down-
stream cylinder was achieved. However, this control strategy
primarily alleviated unsteady dynamics in the gap region and did not
suppress vortex shedding in the wake downstream of the second
cylinder.

To the best of our knowledge, existing studies have either allevi-
ated unsteady loading without suppressing vortex shedding in the
wake of the downstream cylinder, or nearly achieved such a suppres-
sion only through open-loop control, which typically lacks robustness
guarantees. The present work, therefore, focuses on model-based
closed-loop control aimed at suppressing vortex shedding in the co-
shedding regime, both in the gap region and in the wake downstream
of the second cylinder. Low-Reynolds-number tandem-cylinder
wakes provide a useful setting in which to develop and test such a
model-based closed-loop control strategy. Although the flow remains
comparatively simple in terms of stability structure, the interaction
between the two wakes is already non-trivial and poses a meaningful
control problem.

To this end, we construct a low-dimensional model that enables
fast prediction of the flow evolution over tandem cylinders and is suit-
able for real-time closed-loop control. Our analysis is restricted to
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Reynolds numbers for which the flow remains two-dimensional, i.e.,
below the onset of three-dimensional instabilities. Furthermore, we
focus on sufficiently large spacings for which the primary two-
dimensional instability of the tandem-cylinder wake arises through a
supercritical Hopf bifurcation (y >5.5) (see Mizushima and
Suehiro'”) while the downstream cylinder is still subjected to signifi-
cantly higher unsteady loading than an isolated cylinder. As this bifur-
cation scenario is analogous to that of an isolated cylinder, we employ
a global weakly nonlinear analysis of the incompressible Navier—
Stokes equations following the framework introduced by Sipp and
Lebedev."” To render the resulting model applicable to closed-loop
control, we generalize the formulation originally developed in Sipp™’
for open-loop harmonic forcing with constant amplitude to the case
of slowly time-varying forcing amplitudes.

This framework yields a two-dimensional reduced-order model
that (i) captures the nonlinear forced dynamics, (ii) accounts for time-
dependent forcing, (iii) explicitly depends on the Reynolds number and
is valid over a finite parameter range, and (iv) provides mappings
between the full- and reduced-order state and input spaces, enabling
the implementation of feedback control in the full-order system. In
addition, (v) the model is computationally efficient, as its coefficients
are obtained from the solution of a set of linear equations, avoiding the
need for long time-resolved simulations typically required by data-
driven approaches, and (vi) it is physically interpretable, providing
modal decompositions and insight into the underlying flow dynamics.

Based on this reduced-order model, we design a model predic-
tive controller (MPC) that is consistently mapped to a stabilizing con-
troller for the full-order system, which is considered here in a purely
numerical setting. The controller is formulated as an output-feedback
law using pointwise velocity measurements, and actuation is intro-
duced in the form of volumetric forcing. Following the MPC para-
digm, an optimization problem is solved recursively to determine a
sequence of forcing amplitudes over a finite prediction horizon, where
the future flow evolution is predicted using the reduced-order model
as a surrogate for the full dynamics.

Although the present study focuses on tandem-cylinder flows,
the proposed methodology is applicable more generally to incom-
pressible flows that lose stability through a supercritical Hopf bifurca-
tion. We demonstrate the approach for tandem cylinders with a
spacing ratio y = 8 at Reynolds numbers Re = 50, 60,70, and 80.
Successful suppression of wake oscillations, both in the gap and
behind the downstream cylinder, is achieved for Re = 50, 60, and 70
using localized forcing, with single-point velocity measurements for
Re =50 and two-point measurements for Re = 60 and 70. For
Re = 80, a significant alleviation of the unsteady dynamics is obtained
using full-field velocity measurements.

The paper is organized as follows. Section II introduces the
tandem-cylinder configuration, governing equations, computational
domain, and unforced flow dynamics, and then formulates the
closed-loop control problem. Section I1I presents the generalization of
the weakly nonlinear analysis and the derivation of the parametric
forced Stuart-Landau reduced-order model. Section IV uses this
model to design the output-feedback closed-loop controller.
Section V describes the numerical implementation, validates the
reduced-order model against DNS, and presents the closed-loop con-
trol results for the tandem-cylinder flow at Re = 50, 60,70, and 80.
Finally, conclusions are drawn in Sec. VI.

pubs.aip.org/aip/pof

Il. FLOW OVER TWO CYLINDERS IN TANDEM
CONFIGURATION

We first introduce the physical configuration, governing equa-
tions, and numerical domain used throughout the paper. The purpose
of this section is to define the full-order flow problem and to summa-
rize the unforced dynamics that motivate the reduced-order modeling
and control strategy developed in Secs. I1l and V.

A. Geometry and governing equations

We consider a two-dimensional incompressible flow with free-
stream velocity u., past two circular cylinders of equal diameter D,
arranged in tandem. The center-to-center spacing between the cylin-
ders is denoted by L, and the corresponding spacing ratio is defined
as y = L/D. In the numerical demonstrations presented in this work,
we focus on the large-spacing case y =8, which lies in the co-
shedding regime. The flow is assumed to be subjected to a time-
varying volumetric forcing term f(¢).

1. Governing equations

The flow is governed by the incompressible Navier-Stokes equa-
tions, written here in non-dimensional form as
Ou 1
—=-Vu-u-— —Au+f 1
5 Vu-u Vp—i—Re u + (1), (1a)
V-u=0, (1b)

where u = (u, v) denotes the velocity field, p is the pressure, and Re is
the Reynolds number based on the characteristic velocity u,, and
length scale D.
For later convenience, the governing equations (1) are written in
the compact operator form
ou

€5 = N(U.. Re), @)

where the state vector U is defined as

() w6 1)

The nonlinear Navier-Stokes operator N is given by

1
N(U, f, Re) = —Vu-u—Vp—l—ﬁAu—i-f(t)
V-u

Here, & = PPT, where P is the prolongation operator mapping the
velocity field u to (u, 0), P is the corresponding restriction operator
mapping (u, p) to u, and J denotes the identity operator. In this for-
mulation, f(¢) denotes a force density added to the momentum equa-
tion over the fluid domain. Such a term can be used to model
practical actuation mechanisms whose effect on the fluid is repre-
sented as a distributed force. For example, dielectric-barrier-discharge
plasma actuators are commonly modeled through a near-wall electro-
hydrodynamic force density term.”' In conducting fluids, electromag-
netic actuation provides another example, where the interaction
between electric currents and magnetic fields generates a Lorentz
force acting on the fluid.”* The same mathematical form can also be
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obtained for boundary actuation after a lifting procedure. For blow-
ing/suction or wall motion, the velocity field can be decomposed into
a prescribed lifting field satisfying the non-homogeneous boundary
condition and a remaining perturbation satisfying homogeneous
boundary conditions. After substitution into the governing equations,
the perturbation problem has homogeneous boundary conditions
and is driven by equivalent source terms in the momentum equation.
These terms can be absorbed into f(t) (see, for example, Barbagallo
et al.”’) The volumetric forcing formulation used here should there-
fore be understood as a general control input representation that can
model actuator-specific distributed forcing directly, or boundary actu-
ation after lifting.

The steady (base) flow U, is defined as an equilibrium solution
of the unforced system, satisfying

N(U,, 0, Re) = 0. (3)

In addition to the governing equations (2), we introduce an
observation model for partial measurements of the flow field. We
assume that only limited flow information is available, as is typical in
experiments, where measurements are obtained from a finite number
of sensors, and denote these measurements by M. These measure-
ments are related to the full flow state through

M = H(U), (4)

where H denotes the observation operator.

2. Computational domain and mesh

The equations above define the continuous forced flow problem.
We now specify the computational domain, boundary conditions,
and discretization used for the tandem-cylinder configuration consid-
ered in the numerical part of the study.

In this work, the cylinders have diameter D = 1 and are sepa-
rated by the spacing ratio y = 8. The computational domain is shown
in Fig. 1, where the origin of the Cartesian coordinate system
x = (x,y) is placed at the center of the upstream cylinder. The
domain extends to x_, = —60 in the upstream direction, x; , = 200
in the downstream direction, and to *y., in the transverse direction,
with y = 30. We apply Dirichlet boundary conditions u = (1,0) on
the inlet I'jyer, no-slip boundary conditions u = (0, 0) on the cylinder
boundaries I';; and I',, the standard freestream boundary condition
(p— Re™'0u/0x = 0,0v/0x = 0) at the outlet I'yyer, and the sym-
metric boundary conditions (Ou/dy = 0,v = 0) on the upper and
lower boundary, I'ypper and Igyer-

(x—ocy Uoo) 0 Fupper ‘i (zooa yoc>
Y
Te
Tintet Coutlet
= z =

Ca 8D

I I
(Loci—V) Tiower (Toor —Yoo)

FIG. 1. Schematic defining the computational domain. The streamwise and trans-
verse coordinates, X_../X», and —y../y~o, determine, respectively, the location of
the inlet/outlet and lower/upper boundaries. The primary flow direction is from left
to right.
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The incompressible Navier-Stokes equations are spatially discre-
tized via the finite element method (FEM) using the FreeFEM++
software.”* We choose Taylor-Hood elements P2 for velocity and P1
for the pressure.

Different meshes were used to check the convergence of the
parameters of the weakly nonlinear analysis in Appendix C. In the
rest of this paper, we use the mesh denoted with M2 to present our
results.

The mesh is unstructured and the grid point distribution is deter-
mined by the automated mesh adaptation method AdaptMesh in
FreeFEM++-, which relies on the Delaunay-Voronoi algorithm. The
mesh resolution is adapted to the base flow and the structure of the
direct and adjoint global modes. The mesh has a total of N; = 359 028
triangles and Ngor = 1619 133 degrees of freedom.

B. Hopf bifurcation

In the absence of forcing, ie., for f(t) = 0, and at sufficiently
low Reynolds numbers, the flow past two circular cylinders arranged
in tandem is steady and symmetric, corresponding to the base flow
U, given by Eq. (3). As the Reynolds number increases beyond a criti-
cal value Re,, the steady base flow becomes globally unstable through
a Hopf bifurcation and self-sustained vortex shedding develops. The
resulting unsteady flow remains two-dimensional in the spatial sense
until the onset of a three-dimensional instability. The critical
Reynolds number Re, and the type of Hopf bifurcation (supercritical
or subcritical) depend on the spacing ratio y between the cylinders.

Mizushima and Suehiro'” reported a supercritical Hopf bifurca-
tion for small (y < 3.4) and large (y > 5.5) spacing ratios, and a sub-
critical Hopf bifurcation for intermediate gaps (3.4 < y < 5.5). In the
present work, we restrict our attention to the supercritical Hopf
regime.

In the case of supercritical Hopf bifurcation, the steady base flow
U, loses stability when a pair of complex-conjugate eigenvalues
(2, ) of the generalized eigenvalue problem

L,U =280 (5)

crosses the imaginary axis as the Reynolds number increases, while all
remaining eigenvalues remain in the stable half-plane. Here, L
denotes the Navier—Stokes operator linearized about Uj. At Re = Re,,
the leading eigenvalues satisfy

Zo = iy, (6)

with wy > 0 denoting the bifurcation frequency and the correspond-
ing eigenvector pair is referred to here as the critical global mode.

For Re slightly above Re,, the unforced dynamics lie on a two-
dimensional invariant manifold which connects the unstable equilib-
rium (the base flow Up) and an attracting limit cycle” associated with
periodic vortex shedding.

For large-spacing ratios y > 5.5, the leading global instability is
two-dimensional in the spatial sense and is characterized by vortex
shedding both in the inter-cylinder gap and in the wake of the down-
stream cylinder, corresponding to the co-shedding regime.'’ In our
computations for the tandem-cylinder configuration with spacing
ratio y = 8, a secondary Hopf instability associated with an additional
two-dimensional unstable eigenvalue pair is observed only around
Re ~ 180, above the range considered here. This is also the range
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where the flow becomes three-dimensional through a Mode-A insta-
bility, as reported by Carmo et al.'” This differs from the isolated-
cylinder wake, for which a second Hopf bifurcation associated with a
second unstable eigenvalue pair with two-dimensional spatial struc-
ture is known to occur earlier, around Re ~ 110 Verma and Mittal,”®
before the onset of the three-dimensional Mode-A instability.”’

C. Unforced flow simulation

We now examine the unforced dynamics for the specific test
case y =8 and Re = 50,60,70, and 80. This baseline simulation
characterizes the oscillatory wake that the controller is designed to
suppress and provides physical motivation for the control objective.

Figures 2(a), 2(c), 2(e), and 2(g) show the base flow for
Re = 50, 60,70, and 80, respectively, which is steady and symmetric.
We can see that the region of the base flow with a negative x-component

0 5

10 15 20 25
%

[5%)
[=1
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up, which represents the steady recirculation region, increases in length
behind both cylinders with increasing Re.

The DNS results reveal the unsteady nature of the flow above the
critical Reynolds number. Figures 2(b), 2(d), 2(f), and 2(h) show
instantaneous cross-flow velocity v/ at the limit cycle for
Re = 50, 60, 70, and 80, respectively. The alternating regions of posi-
tive and negative cross-flow velocity v/ show the oscillatory nature of
the flow, which is physically associated with the von Kdrman vortex
street. The instantaneous vorticity of the flow at the limit cycle is
shown in Fig. 10. From this figure, we observe that vortex shedding
occurs both in the gap between the cylinders and in the wake. For the
lower Reynolds numbers Re =50 and Re = 60, a standard von
Kdrmdn vortex street is observed behind both the upstream and
downstream cylinders. However, at Re = 70 and Re = 80, a change
in this pattern can be seen. Clockwise and counterclockwise vortex
streets about the wake centerline are visible downstream of the second

: (b) Re = 50 1

O

04 -02 02 04 (d) Re =60 7

SN | )

04 -02 0 02 04 (f) Re =170 ]
SN ) ’q ) ]
Y 0 05 (h) Re=801
r O o‘ ’q d

0o s 10 15 20 25 3

FIG. 2. Velocity fields illustrating the steady base flow and the oscillatory flow on the limit cycle at different Reynolds numbers. Shown are the x-component uj, of the base
flow at Re = 50 (a), Re = 60 (c), Re = 70 (e), and Re = 80 (g), and snapshots of the y-component v’ of the velocity field oscillating on the limit cycle at Re = 50 (b),

Re = 60 (d), Re = 70 (), and Re = 80 (h).
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cylinder, with a shear layer developing between them. A similar
behavior has been reported by Wang et al.,”® who also observed the
formation of secondary vortices further downstream, where the two
vortex rows merge into a single street and the shedding frequency
changes.

This suggests a significant change in the flow structure with
increasing Reynolds number, particularly downstream of the second
cylinder. This change is also visible in the cross-flow velocity fluctua-
tions v/ shown in Figs. 2(b), 2(d), 2(f), and 2(h).

Figure 3 shows the hydrodynamic force coefficients acting on
the upstream cylinder (UC) and downstream cylinder (DC) at the
limit cycle as functions of the Reynolds number. These forces are
decomposed into mean and fluctuating components. Here, we denote
the mean lift and drag coefficients by C; and Cp, respectively, and
the root mean square of their fluctuating components by C} and C,.

Note that the mean lift forces C; acting on both cylinders are
zero due to the symmetry of the mean flow. However, the vortex
shedding induces fluctuating forces on both cylinders. The RMS of
the lift and drag coefficients, C/L and Cb, acting on the upstream cylin-
der are similar to those in the single-cylinder case. However, the fluc-
tuating loads on the downstream cylinder are much higher, as shown
in Figs. 3(a) and 3(c), since it is immersed in the unsteady wake of the
upstream cylinder.

The unsteadiness of the flow also induces higher mean drag coef-
ficients compared to the corresponding base-flow drag Cpy, for both
cylinders at all Reynolds numbers [see Fig. 3(b)]. However, the mean
drag coefficient Cp, is lower on the downstream cylinder because it is
located in the wake of the upstream cylinder, where the mean velocity
is lower than the freestream velocity.

Overall, the unsteadiness of the flow generates significant fluctu-
ating loads and increases the mean drag on the cylinders, with

1" [0 c4we) m 6(DC) & Cifsinge) @ 1
o o ]
osp o, ¢ .
2
o]
oo © . 9 . i .
l - e -Cp(UC) =B =Cp(DC) ¢ Cp(single) I I (b)
2r —e— Cpy(UC) —m—Cpy(DC) & Cpy(single 1

0 Cp(UC) m Cp(DC) ¢ Cb(singl61 (e)

0.06

45 50 55 60 65 70 75 80
Re

FIG. 3. Hydrodynamic force coefficients for fully developed limit-cycle flow over
two cylinders in tandem configuration with spacing y = 8, shown separately for
the upstream cylinder (UC) and downstream cylinder (DC), and compared with the
single-cylinder case as a function of Reynolds number. (a) RMS lift coefficient C; .
(b) Mean drag coefficient Cp and steady drag coefficient Cpp. (c) RMS drag coeffi-
cient Cp.
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particularly strong unsteady loading on the downstream cylinder due
to the tandem-cylinder configuration. Therefore, suppressing vortex
shedding and stabilizing the flow both in the gap and in the wake is of
great interest, as it can minimize its adverse effects.

In a supercritical Hopf bifurcation, oscillations emerge as the
Reynolds number exceeds the critical value Re., and the flow subse-
quently settles onto a limit cycle whose amplitude slowly increases
with increasing Reynolds number. Consistent with this behavior, C;
increases slowly with Re in the vicinity of the critical point. To verify
the nature of the bifurcation, direct numerical simulations (DNS)
were performed for Re = 43.5-45 with increments of 0.05. The
Reynolds number was first increased from Re = 43.5 to Re = 45, and
then decreased over the same range to check for possible hysteresis in
C), as indicated by the arrows in Fig. 3(a). A nonzero value of C; was
first observed at Re = 44.5, and no hysteretic behavior was detected
during the decrease in Re, which confirms that the bifurcation is
supercritical.

The unforced simulations show that, in the selected co-shedding
regime, vortex shedding generates significant oscillations both in the
gap and in the wake of the downstream cylinder, together with
increased fluctuating loads. This motivates the control problem con-
sidered in the remainder of the paper: stabilizing the unstable steady
base flow and suppressing the self-sustained oscillations using model-
based feedback.

D. Problem formulation

The objective of this work is to suppress the two-dimensional
global instability of the flow past tandem cylinders by designing a
model-based closed-loop control law. We consider large-spacing
ratios for which the instability arises through a supercritical Hopf
bifurcation, and Reynolds numbers sufficiently low for the flow to
remain two-dimensional.

Control is applied through a time-varying volumetric forcing
f(¢) in the incompressible Navier-Stokes equations (2). We assume
that only partial measurements M of the flow state are available
through the observation model (4). The goal is therefore to construct
an output-feedback law,

f =K.(M), 7)

that drives the system toward the steady base flow Uy, from initial con-
ditions spanning the relevant state space, from the vicinity of the equi-
librium to the oscillating limit-cycle.

To build such a controller in a model-based manner, a fast evalu-
ation of the system dynamics is required. However, the numerical
approximation of Eq. (2) typically relies on a fine spatial discretiza-
tion, resulting in a high-dimensional nonlinear model. Designing
controllers directly for such systems is challenging, in particular for
approaches based on online optimization. We therefore introduce a
parametric reduced-order model,

dX

— =F(X,q,R 8
dt ( ) q7 e)7 ( )

with a low-dimensional state X and input q. The model is comple-

mented by mappings § and Q, which connect the reduced-order vari-

ables to the full-order state and forcing. In particular, U ~ §(X) and

f = Q(q), where U denotes the solution of Eq. (2) under the forcing f
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and X is the corresponding solution of Eq. (8). The reduced-order
model is sought to capture the relevant forced nonlinear dynamics
across a range of parameter values.

Based on the reduced-order model (8), we design a state-
feedback law

q = K(X, Re). 9)

To apply this controller to the full-order system using partial-
state measurements, we use an estimator S to reconstruct the reduced
state

X = §(M). (10)
This way, we obtain the output-feedback law,
f = K,(M) = Q(K.(X,Re)),

for the full-order model. A schematic of the resulting closed-loop con-
troller architecture is shown in Fig. 4.

11l. REDUCED-ORDER MODEL

In the following, we outline the methodology for constructing a
forced reduced-order model (8) of the incompressible Navier—Stokes
equations (2). We build on the weakly nonlinear analysis of Sipp and
Lebedev'” and Sipp™® to obtain a two-dimensional forced Stuart—
Landau model. In contrast to the formulation in Sipp,”” where the
reduced-order input is assumed to be constant, we allow a time-
dependent input q(#) in Eq. (8). This enables the design of closed-
loop feedback controllers at the slow timescale. Although we apply
the methodology here to the flow past tandem cylinders, it is applica-
ble to any flow governed by Eq. (2) that loses stability through a
supercritical Hopf bifurcation.

A. Weakly nonlinear analysis

Following the classical weakly nonlinear analysis for flows gov-
erned by the incompressible Navier-Stokes equations near the onset
of a supercritical Hopf bifurcation from Sipp and Lebedev,'” we con-
sider Reynolds numbers slightly above the critical value Re. and intro-

duce the small bifurcation parameter
g:= Re:1 —Rel, 0<ex 1. (11)

The analysis is based on a separation of timescales, with a fast time ¢
associated with the oscillatory dynamics of the critical global mode and

sensor
N <
O

@ \;/E)lume force @
o f(¥)

LLLLLLLLS
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a slow time 7 = &t governing the modulation of the oscillation ampli-
tude. The flow state U = (u, p)" is expanded asymptotically as

U(t) = Ug + Ve U (t, 1) + e Uy(t, 1) + ev/eUs(t,1) + -+, (12)

about the steady unforced base flow Uy = (uo, py)" at Re.. Here, the
approximate equality signifies the fact that asymptotic expansions are
not necessarily convergent over the whole domain.””

We next introduce a volumetric forcing of the form

f(t,7) = E'(7) €' 5 + c.c., (13)

where fj is the complex spatial structure of the forcing, and «y is the
forcing frequency on the fast timescale. We allow the complex forcing
amplitude E' (1) to vary on the slow timescale, generalizing the approach
form,”” which assumes constant E'. Writing E'(t) = |E'()|e%=(?
shows that both the magnitude of the forcing amplitude |E'(7)| and
the phase ¢(7) evolve on the slow timescale 7. Consequently, the
instantaneous frequency of the forcing also varies slowly. Substituting
the expansion (12) and forcing (13) into the governing equations (2)
and collecting terms at successive orders in /¢ yield a hierarchy of linear

inhomogeneous problems for U, U,,Us,..., which are solved
sequentially.
The forcing amplitude E' (1) is assumed to scale with ¢ as
E'(t) = Ve E(1), (14)

where the exponent i determines the order at which the forcing enters
this hierarchy. Following Sipp,”’ different values of i are chosen for
different forcing-frequency classes so that the forcing does not lead to
degenerate operator equations at & (\/E) and O(e).

Here, we proceed with the case of resonant forcing frequencies
near @y, since it allows full stabilization of the flow, as explained in
the subsection 4 of Appendix A. Other frequency cases are discussed
in the subsections 2 and 3 in Appendix A.

B. Resonant forcing

Following the scaling suggested by Fauve™ and Sipp,”’ we con-
sider the forcing amplitude

E(1) = Ve E(x) (15)

when w; = wy + &Q for some frequency Q. Solving the correspond-
ing equations at orders \/EO , \/51, \/52, and \/53, U is obtained in the
form

FIG. 4. Schematic of the closed-loop archi-
tecture implemented here to control the
oscillating flow around tandem cylinders. (a)
Output-feedback loop for the forced incom-
pressible Navier-Stokes equations  (full-
order plant). (b) State-feedback loop for the
reduced-order model.

Phys. Fluids 38, 094107 (2026); doi: 10.1063/5.0336278
© Author(s) 2026

38, 094107-7

¥5:21:90 9202 1890120 90


pubs.aip.org/aip/pof

Physics of Fluids ARTICLE

U~ Up + e(Ae™U? +c.c.)
+e(UL + [APULT + (4262108 4 )
n \/53(AeiwotUz34 + A‘A|26iwotU?‘A‘2
4 Bt UE Loy 4o (16)

To ensure that solution (16) remains bounded in time, and hence,
retain consistency of the asymptotic expansion (see subsection 1 of
Appendix A), the evolution of the complex amplitude A, also referred
to as the global mode amplitude, needs to satisfy the Stuart-Landau
equation

dA "
== = @A — aAJA] + a™VE. (17)
drt
This can be rewritten with respect to the fast timescale ¢ as
dA i
i £apA — aa1A|A|2 + eae*E. (18)

The coefficients ay, a1, and a, are determined by orthogonality condi-
tions that are given in the subsection 1 of Appendix A, where a
detailed derivation of the Stuart-Landau equation is also given.

We briefly comment on the physical interpretation of the weakly
nonlinear expansion (16) and the Stuart-Landau model (18). In the
unforced case (E = 0) and for Re > Re,, the Stuart-Landau equation
admits two lower-dimensional invariant sets: the unstable equilibrium
A = 0, and a stable limit cycle with constant magnitude,

R(ao)

Ao = 1|2,
| ‘LC ‘.‘R(al)

(19)
and constant phase velocity. This limit-cycle oscillation of the full
flow field is captured by expansion (16). As the slowly varying ampli-
tude A in this expansion evolves according to the Stuart-Landau
dynamics, the corresponding flow field evolves on a two-dimensional
invariant manifold, which is associated with the unstable eigenvalue
pair and depends on the parameter ¢ > 0. This manifold connects the
unstable equilibrium, i.e., the base flow, where A = 0, with the attract-
ing limit cycle and governs the long-time behavior of the flow near
the Hopf onset.

The steady base flow is approximated from Eq. (16) as
U, =~ Uj + ¢ U}, where U} is the base flow correction for Re > Re,.
As the flow evolves toward the limit cycle, the mean (time-averaged)
flow departs slowly from the base flow through the &(¢A|*) contri-
bution &|A|* U‘ZA‘Z. In analogy with the terminology used in Noack
etal,” U‘ZAIZ is referred to as the shift mode.

The unsteady component oscillating at the fundamental fre-
quency is given by the terms in Eq. (16) proportional to ¢!’. The lin-
ear contribution, \/& Ae'U + /& Aé™' U} + c.c., represents the
approximation of the unstable eigenmode of the linearized system
about Uy, at the considered Reynolds number: U corresponds to the
critical global mode, while U? accounts for its correction for

Re > Re.. The nonlinear correction +/z A|A|2ei“’0tU?‘A‘z +c.c.
describes the slow, amplitude-dependent deformation of the funda-
mental mode as the trajectory evolves along the attracting manifold
toward the limit cycle. The fundamental frequency is likewise detuned

pubs.aip.org/aip/pof

for Re > Re,: it differs from wy by an €(¢) correction near the equi-
librium and varies slowly with the amplitude until it approaches a
constant value on the limit cycle predicted by the Stuart-Landau
phase dynamics.'” The second-harmonic contribution eA%e2?'U4”
+c.c. oscillates at twice the fundamental frequency. The leading
forcing-induced contribution enters (16) at & (\/53) through the term
proportional to E. This term slightly perturbs the flow away from the
invariant manifold of the unforced dynamics. However, the dynami-
cal behavior in directions transverse to the manifold is not incorpo-
rated through additional state variables in the reduced-order model,
which is justified by the fact that the manifold is exponentially attract-
ing. This omission is consistent with the small-amplitude, slowly vary-
ing forcing considered here. Hence, any neglected dynamics are not
expected to make a leading-order contribution to the slow amplitude
dynamics represented by the ROM.

C. Forced Stuart-Landau model

In real coordinates X = [R(A), I(A)]" with input q = [R(E),
S(E)]", the Stuart-Landau equation (18) takes the form (8) of a para-
metric reduced-order model of the incompressible Navier-Stokes
equations (2). The model captures the nonlinear forced dynamics,
incorporates time-dependent forcing, and depends explicitly on the
Reynolds number. Moreover, the weakly nonlinear expansion (16),
together with the forcing definitions (13) and (15), provides explicit
mappings from the reduced variables to the full-order quantities. In
particular, we obtain G : X—U ~ §(X) and Q : q—f = Q(q), which
map the reduced-model state and input spaces to the corresponding
spaces of the full-order system (2). The difference between the full
state and its reconstruction from the reduced model is captured by
the approximation error

e = (ey, ) :==U—G(X). (20)

These mappings enable the construction of the estimator (10) and the
deployment of the reduced-order-model controller on the full-order
system, as described next.

IV. CLOSED-LOOP CONTROL

In the following, we design an output-feedback law (7) for the
Navier-Stokes equations (2), assuming access to the partial-state mea-
surements (4) and using the reduced-order model derived in Sec. III.
This is implemented in three successive steps, consistent with the archi-
tecture summarized in Sec. IT D. First, the reduced state is reconstructed
from the available velocity measurements using the estimator (10).

Second, the resulting state estimate is supplied to the reduced-model

controller (9), which computes the control input q = [R(E), J(E)]” in

the reduced-order dynamics (18). These two steps are described in
Secs. IV A and IV B. Third, this control input is translated into the full-
order forcing f(t, ) via mapping Q. The combination of these three
steps yields the output-feedback forcing f = K, (M) applied to the
Navier-Stokes equations.

We consider the forcing in Eq. (13) with frequency wy = w, for
two reasons. First, for wf = Wy, the control amplitude E enters the
Stuart-Landau equation (18) as an additive input, which is not
the case for other frequency classes, except wy = wg/2 (see the sub-
section 4 of Appendix A). This allows the controller to stabilize the
model while driving E to zero. When both A and E converge to zero,
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the flow approaches the equilibrium base state U, ~ U + €U}
according to Eq. (16), and the unsteadiness is suppressed. Second, this
forcing case facilitates the characterization of the spatial forcing struc-
ture f that maximizes control efficiency, as shown in Sec. IV C.

A. Reduced state estimation from measurements

We reconstruct the complex amplitude A from the available
flow measurements M. Since the reduced-order dynamics are two-
dimensional and we assume noise-free measurements, we employ
an instantaneous (static) reconstruction of the reduced state from
measurements. In particular, provided that the measurements
contain at least two independent scalar quantities (so that the real
and imaginary parts of A can be uniquely determined), a dynamic
estimator such as an observer or a Kalman filter is typically not
required. In practice, the state reconstructed from measurements,
denoted by A, generally differs from the reduced-order state A
predicted by the surrogate dynamics due to the approximation
errors introduced by the model.

We consider two measurement settings: (i) full-field velocity
measurements and (ii) pointwise velocity measurements at a finite
number of sensor locations. If the whole velocity field is measured,
ie, M = (u,0)”, we use the reduced-to-full state mapping

G(X) := Up + Ve(Ae™ UL + c.c.)

+e(UL + |A|2U‘2AIZ + (A22UY + c.c)), (21)
which retains the terms up to second order from (16). The corre-
sponding dual mapping 8 from the full to the reduced state is
obtained by projecting (21) onto the velocity component of the
adjoint global mode u?* at Re,, i.e., by

- 1 .
(M) = A = — (™ u —ug)e ', (22)

NG

where uf* is normalized such that, (u{*, uf') = 1. Owing to the spe-

cific symmetry properties in the present test case, all contributions at
O(¢) vanish under this projection. Hence, we obtain an explicit
expression for A. A detailed discussion of the symmetry arguments
leading to this cancellation is provided in Sec. V. The definition (22)
also provides a favorable way of introducing reduced coordinates
near the Hopf onset. These coordinates are obtained by projecting
onto the critical adjoint mode at Re. along the subspace annihilated
by this mode. To leading order, this subspace corresponds to the sta-
ble subspace at the base flow and provides a linear approximation of
the stable foliation of the invariant manifold. Thus, even when the
DNS state is displaced from the manifold during control transients,
the projection assigns it to a nearby manifold point with approxi-
mately the same long-time dynamics. This is consistent with the use
of projections aligned with stable fibers in invariant-manifold-based
model reduction.”

We next consider point measurements of velocity components at
sensor locations x;. For notational convenience, we first write the mea-
surement relation for the case in which both velocity components are
available at each sensor location, and denote these measurements by

M = { (u(x). v(x)) "}

i=1

ARTICLE pubs.aip.org/aip/pof

Reconstructing A requires at least two independent scalar measure-
ments. We obtain A » by using a linearized measurement model that
retains only the terms that are linear in A in reconstruction map (21).
2
This approximation is justified when the contributions of U‘ZA‘ and

U4’ are small in the measured components at the selected sensor loca-
tions. The real and imaginary parts of resulting reconstruction are
given by

R(4,)
3(4)

(M)

1

—iwot
e 0

2Ve

X . (23)

u(x,) — uo(x,) — su;(xn)

L v(Xn) = vo(Xu) = &v}(xn)

When only a subset of the velocity components is measured, the cor-
responding rows of the measurement matrix G in Eq. (23) are
retained. For example, using only transverse-velocity measurements
retains only the rows associated with v{'(x;) and the corresponding
entries v(x;) — vo(x;) — evi(x;).

B. Model predictive control

We design a model predictive controller for the reduced-order
model (18), which seeks to optimally steer the amplitude of the global
mode A to zero while incorporating suitable constraints for the forc-
ing amplitude E. The latter include soft constraints on the magnitude
of the forcing and its rate of change, which are introduced as penalty
terms in the objective function of the optimization problem. This ena-
bles us to bring the control input E toward zero while naturally com-
plying with our modeling requirement of small temporal gradients of
E, to be consistent with the separation of timescales assumed in the
derivation of the reduced-order model.

To determine the inputs of the model predictive controller, we
consider a discretized version of the forced Stuart-Landau model (18)
with sampling period Atypc and zero-order hold of the complex
input amplitude E. We assume that Atypc is sufficiently large com-
pared to the fast timescale, so that potential jumps of E across the
sampling times have no significant impact on the validity of the
weakly nonlinear analysis.

MPC relies on recursively solving a finite-horizon optimal con-
trol problem at each time instant and keeping only the first input of
the resulting optimization problem. Considering a horizon of m time
steps and using the notation X; and q; for the state and input of the
time-discretized Stuart-Landau model at time ¢; = jAtypc, we seek to
minimize the quadratic cost function,
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](X[j:j+m]7 q[j:j+m—1]) = Z [1Xx — X*”é
k=1

—

+ 3 (lgjelz, + 1AgllR,,),  (24)

m
k=0

subject to the dynamics of the system. Here, qj;; 1 := (q;, -,
q; +m—1) denotes the sequence of control actions applied over the hori-
zon and Xy = (Xj, ..., Xjym) denotes the corresponding state
sequence of the system.

Since the model predictive controller is used for the output feed-
back of the full-order plant, its initial state satisfies the constraint
X; = 5(]-, where the reduced state Xj is estimated from the measure-
ment M(tj) of the flow field at time ¢; either via (22) or (23). The
future states Xj, 1, ..., Xj,,, are predicted by the time-discretized ver-
sion of the Stuart-Landau model (18) and the inputs are selected in
such a way that they minimize the corresponding cost (24). Then the
first input q; is applied to the system and the same process is repeated
recursively. The overall procedure is illustrated schematically in Fig. 5.
Each term in Eq. (24) is a quadratic semi-norm of a vector x, denoted
by ||x||s := x"Sx for some positive semi-definite matrix S. The cost
function ] penalizes the deviations of the predicted state X;, from
the reference state X* = [0, 0] as well as the magnitude of the input
q;. and its increments Aq;.; = qj, — qj 41> with the first com-
puted using the previously selected input q;_, of the MPC recursion.
The corresponding weight matrix Q is positive definite, while R, and
Ry are positive semi-definite.

C. Optimal forcing structure

The choice of the forcing structure f directly affects control effi-
ciency through the coefficient a, in Eq. (18). In particular, due to the
structure of the forced Stuart-Landau dynamics, which are fully actu-
ated with respect to E, the higher the magnitude |a,|, the lower the
magnitude of the forcing amplitude |E| required to bring |A| to zero.
To make this argument precise, let #—E, () be a (potentially optimal)
control trajectory that stabilizes the system, which is subject to the
forcing structure f 5, and, hence, has a forcing coefficient a, ,. When
the system is subject to another forcing structure fz; with a larger
coefficient a,p, the input t—Eg(t) = a,,/a,4E,(t) will have a
smaller magnitude and yield the exact same state trajectory. This
means that we can always achieve the same control objective as in the
first case with a smaller control effort. This is also consistent with the

FIG. 5. Schematic of the model-predictive controller. At each time step f, the
future states Xj.+, ..., X are predicted by the surrogate model F with the initial
state X; set equal to its estimate X; from the flow measurements. The inputs are
determined by minimizing the cost function J. The first input q; is applied to the
system and the same process is repeated at the next time step.
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MPC cost in Eq. (24), which will be, respectively, lower when the
weight matrices R, and Ry, are multiples of the identity matrix.

We thus seek a forcing structure f of unit energy (fg, fz) =1
that gives the highest magnitude of |ay|. For the resonant case, where
f & o, |az| is maximized when the forcing is aligned with the
velocity component of the adjoint global mode u#* at Re,. This fol-
lows directly from the definition of the coefficient a, [cf. Eq. (A8¢) in
Appendix A] and is consistent with the findings of Sipp.”’

Thus, we obtain an optimal forcing structure fz by normalizing

uf*, i.e., by selecting
Ax
cu
B s (25)
lel v/ (uf*, ui™)

where ¢ is a complex constant.

Similar observations have been made using resolvent analysis for
the flow around a single cylinder, where the optimal forcing on the
linearized Navier-Stokes equations is obtained from the singular
value decomposition (SVD) of the resolvent operator. It has been
shown in Symon et al.”* and Jin et al.”* that the forcing producing the
maximum energy gain occurs at the resonant frequency and has the
same spatial structure as the adjoint mode. These results have been
leveraged for the control of the single-cylinder wake in Jin et al.” and
Ma et al.™

Applying a widely spatially distributed forcing is unrealistic in
practice. We therefore also consider a more physically realizable forc-
ing structure concentrated on a small domain €. Again, the structure
fr, which maximizes |a,|, is determined by the restriction of u{* on
Q,. For a sufficiently small domain, we can assume that uf*(x)
is approximately constant on €. Thus, we may choose any point
x; € Q, and consider the forcing structure

1 llA*(Xi)
fr = ! 1. -
B vol(Qy) [Ju (x|

Here, yq, denotes the indicator function of a set Q; C R2,
which takes the value 1 on Q; and 0 outside. It follows that |a|
= |[u*(x;)||y/vol(€) for the uniform, normalized fr (26), where
[[ud* (x)|| = \/ [us*(x;)|* 4 |[v4*(x;) | is the norm of u’* evaluated
at the spatial location x;. This indicates that to maximize |a,|, the vol-

ume force should be applied at the location x;, where the norm of the
adjoint mode is the highest.

V. NUMERICAL IMPLEMENTATION AND CONTROL
RESULTS

In this section, we apply the reduced-order modeling and control
framework developed in Secs. 1] and IV to the tandem-cylinder con-
figuration introduced in Sec. II. Since the geometry, computational
domain, mesh, and unforced baseline dynamics have already been
described in Sec. II, we focus here on the numerical implementation
of the weakly nonlinear analysis and DNS, the validation of the result-
ing reduced-order model, and the closed-loop control results.

The simulations are performed for the spacing ratio y = 8 and
Reynolds numbers Re = 50, 60, 70, and 80. This parameter range lies
in the two-dimensional co-shedding regime considered in Sec. I,
where the unforced flow develops vortex shedding in both the inter-
cylinder gap and the wake of the downstream cylinder.

(26)
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A. Numerical implementation

We first describe the numerical procedures used to compute the
coefficients of the weakly nonlinear model and to perform the time-
resolved direct numerical simulations. The spatial discretization, com-
putational domain, mesh, and boundary conditions are those speci-
fied in Sec. II. The DNS provides the time-resolved flow field used
both as the full-order plant in the closed-loop simulations and as ref-
erence data for validating the reduced-order model.

1. Numerical implementation of the weakly nonlinear
analysis

To obtain the Stuart-Landau model (18), we solve the weakly
nonlinear expansion up to order ¢, and determine the model coeffi-
cients at order &>/ from the corresponding compatibility conditions,
following the procedure outlined in the subsection 1 of Appendix A.

Solving the equations at the first two orders of the expansion
requires the base flow Up at Re., together with the corresponding
marginally stable eigenvalue 1y = oo *iw, (with oy ~ 0) and eigen-
vector U4. The nonlinear steady Navier-Stokes equations (A1) are
solved using a Newton iteration, while the eigenvalue problem (A3) is
solved using the shift-and-invert Arnoldi method as implemented in
ARPACK.”

Since Re, is not known a priori, this procedure is performed iter-
atively. Starting from an initial guess for Re., we compute the base
flow and solve the corresponding eigenvalue problem. The process is
repeated until ¢ is sufficiently small.

To invert the Ngof X Ngof matrices of the discretized operator
equations of the weakly nonlinear analysis, we use the UMFPACK
library, which relies on a sparse direct LU solver.”®

2. Direct numerical simulation

The direct numerical simulation of the unsteady incompressible
Navier-Stokes equations (2) marches the velocity—pressure field U in
time. We consider the perturbation form

!

e Ba_li =LU - P2(Vd -u —f) 27)
of the Navier-Stokes equations, where U’ = (v/,p') = U — U, con-
tains the velocity and pressure components of the perturbation
around the steady solution U, (base flow) at some Re. First, we calcu-
late the base flow Uy, using the iterative Newton method as described
in Sec. V A 1, and then we march U’ in time.

For the time discretization of Eq. (27), we use a second-order
semi-implicit backward-finite-difference scheme, which gives at time
tiy1 = (i + 1)Atpys the field

U, = 3 E-L B 2 vl ! vl
H1\ 2Atpws Atpns 1 2Atpys !

- 22V, -u,— Vu_, -u_ —2f; + f,~_1)>. (28)

We use the spatial discretization and finite elements from Sec. [T A 2
and use different time steps Atpys depending on the Reynolds num-
ber. For the unforced DNS at Re < 70, Atpns = 0.05 is used, while
at Re = 80, Atpys = 0.025 is used to keep the time step as large as
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possible while ensuring adequate temporal resolution of the flow
dynamics and maintaining numerical stability.

To validate our simulations, we compare our results with refer-
ence data available in the literature in Appendix D.

B. Reduced-order model validation

We next construct the reduced-order model using the weakly
nonlinear analysis described in Sec. 111 and assess its accuracy against
DNS. The purpose of this subsection is twofold: first, to present the
modal structures and Stuart-Landau coefficients obtained from
the weakly nonlinear expansion; and second, to quantify how well the
resulting model reproduces the unforced amplitude and frequency
dynamics over the Reynolds-number range considered.

1. Modes and model coefficients

Starting from an initial guess around Re ~ 44.5, where the
first instability is observed in DNS (see Fig. 3), we determine the
critical Reynolds number Re. = 44.1, consistent with the value
reported in the literature,” by iteratively solving the first two
orders of the weakly nonlinear analysis. The corresponding eigen-
value is 19 = —0.0004 + 0.6756i.

The modes up to order ¢ in the weakly nonlinear expansion (16)
of the flow are shown in Fig. 6. The x-component u of the base flow
Uj at ¢ = 0 (or Re. = 44.1) is displayed in Fig. 6(a). The x-compo-
nent u} of the modification of U, corresponding to the unstable equi-
librium at ¢ > 0 is shown in Fig. 6(c). The negative values of u} in the
gap and the wake indicate that the spatial extent of the recirculation
region increases with & (or Re), consistent with the behavior observed
in Fig. 2(a).

Figure 6(b) shows the y-component (real part) “R(v?) of the crit-
ical global mode U#. This mode oscillates approximately at the funda-
mental frequency of the flow and captures the large-scale structures of
its unsteady component. The second-harmonic mode U’;‘z, which
oscillates at twice the fundamental frequency, is characterized by
smaller spatial structures, as illustrated in Fig. 6(d), which shows its y-
component (real part) ‘.R(vg‘z ).

The x-component u‘lA‘ of the shift mode, which approximates
the difference between the mean flow and the base flow, is plotted in

Fig. 6(e). The positive values of ullA‘2 in the gap and the wake indicate
a decrease in the recirculation bubble length in the mean flow com-
pared to the base flow, consistent with observations for a single cylin-
der in Sipp and Lebedev."”

Finally, Fig. 6(f) shows the y-component R(v{*) of the critical
adjoint global mode at Re,. Its largest values are concentrated near the
upstream cylinder, indicating that this region is the most effective
location for applying volume forcing for flow control.

The modal structure exhibits a clear symmetry with respect to
the centerline y = 0: modes arising at odd orders in the expansion are
antisymmetric, while those at even orders are symmetric. This behav-
ior is consistent with the weakly nonlinear analysis for the single-
cylinder wake reported by Sipp and Lebedev,"” and is also evident
from the modal structures shown in Fig. 6.

As a consequence, the €(¢) contributions, which are symmetric,
vanish when projected onto the adjoint global mode ui*, which is
antisymmetric. This explains the cancellation stated in Sec. IV A and
yields the explicit expression for A in Eq. (22).

Phys. Fluids 38, 094107 (2026); doi: 10.1063/5.0336278
© Author(s) 2026

38, 094107-11

¥5:21:90 9202 1890120 90


pubs.aip.org/aip/pof

Physics of Fluids

ARTICLE pubs.aip.org/aip/pof

L [ aaaa— ] J
-5 0 5 (b)
s ahehed
3 -10 0 10 (C) -50 0 50 (d)
 —— R Y Y
= 0F O m— L o o S
5t L J
[ ___aa— | A . R 4
2 0 200 400 (e) -0.05 0 0.05 0.1 0.15 (f)
~ ol O o E PP o ]
Sk -
0o s 10 15 20 25 3 0o s 10 15 20 25 3

FIG. 6. Spatial structure of the modes appearing in the expansion (16) up to the order . (a) The x-component ug ofzthe base flow at Re;. (b) Real part iR(vﬂ of the y-com-
ponent of the critical global mode. (c) The x-component L‘l:% of the base flow modification (d) Real part R(v{") of the y-component of the second-harmonic mode,
1

(e) The x-component u" of the shift mode. (f) Real part 9%(

The coefficients of the Stuart-Landau model (18) representing this
flow are listed in Table I They are computed from Eq. (A8) in
Appendix A. The positive value of R(ay) indicates that the fixed point
A = 0 is repelling for ¢ > 0, which is consistent with the DNS observa-
tion that the flow undergoes a supercritical Hopf bifurcation. The critical
global mode is normalized such that v4(0.65,0) = —0.0979 + 0.2661,
yielding R(a;) ~ R(ag) and therefore a magnitude of limit-cycle
amplitude close to unity [see expression (19)]. For the chosen mesh,
|A];c = 1.0374. The coefficient a, is computed for the forcing structure
discussed in Sec. IV C.

2. Comparison with DNS

For the unforced flow, we compare the complex amplitude A
predicted by the reduced model with the amplitude A evaluated from

TABLE |. Values of the coefficients of the Stuart-Landau model obtained via
weakly nonlinear analysis (WNA). The coefficient a, is computed for the localized
forcing structure (26), where Qs is the union of circular domains Q. of radius 0.07
centered at x; = (0.32, £0.59) (Fig. 8).

Re. (o) ag a; a,

44.1 0.6756 7.6571 + 2.98571 7.1153 — 31.2244i 0.0368 — 0.0645i

*) of the y-component of the critical adjoint global mode.

DNS using Eq. (22), assuming full knowledge of the velocity field over
the entire computational domain. The difference

ea =A-A

between these two quantities depends on the approximation error e,
in Eq. (20). In particular,

ey 1= % (u‘{‘*7 eg)e (29)

The DNS is initialized close to the base flow with the perturba-
tion velocity w'(t = 0) = 0.0015 uf, which lies in the subspace of the
critical global mode. This initialization is used for all Reynolds num-
bers and corresponds to /¢A = 0.0075. Consequently, the approxi-
mation error e, (¢t = 0) in Eq. (20) is initially zero.

The evolution of |A| for Re = 50, 60, 70, and 80 is shown in
Figs. 9(a)-9(d). The model captures the overall trend of the amplitude
dynamics and reproduces the qualitative approach to the limit cycle.

The unforced Stuart-Landau model, however, underpredicts the
magnitude of the limit-cycle amplitude |A|;.. Moreover, the discrep-
ancy between the model and DNS increases with the Reynolds num-
ber, as shown in Fig. 7, which displays the variation of v/¢|A|; and
¢ with Re. The main source of this increasing modeling error is the
unsteady flow distortion, evident in the vorticity fields in Figs. 10(c)
and 10(d), which is not captured accurately by the weakly nonlinear
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FIG. 7. Prediction of the (scaled) mode amplitude /&|A|,; and the shedding fre-
quency wyc at the natural limit cycle vs Re. The values of A;¢ are estimated as
Ay from DNS assuming complete knowledge of the velocity field within the entire
computational domain, and obtained from the Stuart-Landau model with coeffi-
cients derived from our weakly nonlinear analysis (WNA).

approximation. In particular, for Re =70, the flow deviates signifi-
cantly from its first-order approximation based on the global mode at
Re,, as discussed in Sec. 1T C.

3. Range of validity and possible model extensions

The comparison of the mode amplitude and shedding frequency
between DNS and the weakly nonlinear model in Fig. 7 clarifies the
effective range of validity of the model. Since the model is derived
from an asymptotic expansion around the primary Hopf bifurcation
point, its validity deteriorates with increasing distance from Re.. As
discussed in II B, the instability remains governed by the primary
unstable eigenvalue pair up to approximately Re ~ 180, and the
three-dimensional Mode-A instability does not occur below this
range. Therefore, the deterioration of the weakly nonlinear prediction
observed in Fig. 7 is attributed to the local nature of the expansion
around the primary Hopf onset, rather than to the appearance of a
secondary instability. The weakly nonlinear approximation is there-
fore not expected to remain accurate all the way up to the Reynolds-
number range where secondary instabilities appear. For the present
configuration, the model gives reliable predictions close to onset, in
particular, for Re = 50 and Re = 60, while the discrepancy in the
limit-cycle amplitude and frequency, as well as in the flow reconstruc-
tion, becomes more pronounced at Re = 70 and Re = 80. The weakly
nonlinear model should therefore be interpreted as a local reduced-
order model near the primary Hopf bifurcation, which remains useful
for control over a finite but limited Reynolds-number interval.

A similar observation regarding model validity applies to varia-
tions in the spacing ratio. The third-order Stuart-Landau model
derived here is expected to remain appropriate for tandem-cylinder
configurations in which the primary instability is governed by a
supercritical Hopf bifurcation, such as the small-spacing regime
7 < 3.4 and the large-spacing regime y > 5.5 reported by Mizushima
and Suehiro.'® However, the range of validity may differ with the
spacing ratio. For a different spacing, the base flow, global modes,
adjoint modes, nonlinear coefficients, input/output maps, and
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favorable sensor and actuator locations would therefore need to be
recomputed and validated. Configurations involving a subcritical
Hopf bifurcation, or the unfolding of the supercritical Hopf bifurca-
tion observed at small spacing by Mizushima and Suehiro,"® would
require an extension of the present amplitude equation. In particular,
higher-order Stuart-Landau models, derived by introducing addi-
tional slow timescales as in Orchini et al.,"’ would be needed to cap-
ture such behavior.

Furthermore, in the present approach, the model is constructed
from the governing equations and their linearized operators. This is
advantageous when such operators can be computed in the available
numerical framework, because the model coefficients are obtained by
solving steady and linear problems rather than by generating long
time-resolved datasets. The resulting model is also physically inter-
pretable, since the reduced variables, spatial modes, and forcing maps
are directly connected to the Hopf bifurcation structure. However,
this equation-based construction may be less practical when the
required operators are not readily accessible or when only experimen-
tal data are available. In such cases, data-driven approaches may be
beneficial, including feature-based manifold modeling,'ll sparse
sensor-based identification of reduced dynamics,“ or data-driven
invariant-manifold reduced-order models."’

We now discuss two natural extensions for which the control
approach proposed here would remain directly applicable. A direct
extension is to retain the Stuart-Landau form but identify its coeffi-
cients separately at each Reynolds number from DNS or experimental
data. This can be done through a relatively inexpensive least squares
fit and has been shown in our related work™ to improve both
unforced and forced amplitude prediction from full-field measure-
ments. Since the reduced amplitude A can also be estimated from
pointwise measurements, as done below for feedback control, the
same estimated amplitude could in principle be used to fit the Stuart-
Landau model. This data-calibrated version would improve the tem-
poral reduced dynamics while preserving the same low-dimensional
control structure. However, such a correction would not by itself
improve the spatial modes or the state-reconstruction map.

A more substantial extension would be to replace the polynomial
expansion around the base flow at Re, with a data-driven invariant-
manifold identification approach constructed at the Reynolds number
of interest, as in Cenedese et al.”’ Such an approach could improve
both the reduced dynamics and the state-reconstruction map farther
from the bifurcation point, and is part of ongoing research.

C. Closed-loop control results

Having validated the reduced-order model in the unforced set-
ting, we now use it to design and implement the feedback controller
described in Sec. IV. The objective is to suppress vortex shedding in
both the inter-cylinder gap and the wake of the downstream cylinder,
starting from the natural limit-cycle state of the unforced flow.

We consider four Reynolds numbers, namely, Re = 50, 60, 70,
and 80. To ensure physical realizability, we employ a spatially local-
ized forcing structure rather than the distributed optimal volume
forcing. As shown in Sec. I'V C, maximizing the control effectiveness
requires choosing a location x; where the norm of the adjoint mode,
[[ui*(x;)||, is large. From Fig. 8, this location is approximately
x; = (x;, 1) = (0.32,+0.59). We therefore employ the localized
forcing defined in Eq. (26), with €, taken as the union of the circular
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FIG. 8. Spatial distribution of the norm of the adjoint mode ||uf*(x)||. Circles indi-
cate our choice of localized forcing domain €, with chosen radius 0.07 and cen-
tered on locations x; = (0.32, =0.59), where this norm is the highest, thus
representing favorable locations for forcing.

domains Q;, of radius 0.07 centered at x; = (0.32, +0.59), indicated
by the circles in Fig. 8.

Before applying any control action, we run the unforced DNS
for 500 time units for each Reynolds number to ensure that the flow
is fully settled on the limit cycle. The controller is then activated at
t = 500, starting from this limit-cycle state.

The time-discretized sequence of control inputs q; = [R(E)),
S(Ej)}T is determined by the model predictive control scheme
described in Sec. I'V B, which minimizes the cost function (24). The
control actions are applied to the continuous-time system using a
zero-order hold. To solve the minimization problem, predictions of
the future states X; « = [R(Ajx), I3(Ajx)] " are obtained by numeri-
cally integrating the Stuart-Landau model (18).

Following our methodology, the feedback controller is con-
structed on the slow timescale. Accordingly, the MPC operates
with a larger time step than the forced DNS, and we set
Atype = 20 Atpns. Furthermore, the weighting matrix Ry, is used
to limit the temporal gradients of E. For Re = 50 and Re = 60, we
use Afpns = 0.05, as in the unforced simulations, and Ru, = 0.1.
For Re = 70 and Re = 80, where wake suppression becomes more
challenging, the smaller DNS time steps Atpns = 0.025 and
Atpns = 0.02 are used together with a reduced control weight
Ra, = 0.08 to facilitate suppression.

Regarding the remaining weighting matrices, we set Q = 1000I
for all Reynolds numbers. The control weight is chosen as
R = 0.0015I for Re = 50 and Re = 60, and R = 0.0008I for Re = 70
and Re = 80, allowing higher forcing amplitudes for higher Reynolds
numbers. The prediction horizon is m = 20 time steps Afypc.

In the following, we consider two measurement settings: (i) full-
field velocity measurements and (ii) pointwise velocity measurements
at a finite number of sensor locations. All controller parameters
described above are kept identical in both cases.

1. Control with full measurements

We first assume the ideal case of full-domain measurements, i.e.,
complete knowledge of the velocity field throughout the computa-
tional domain. The reduced state X; = [R(4;), I(A j)]T used in the
feedback law is then evaluated from the velocity field of the forced
DNS solution using Eq. (22). This provides a benchmark for the best
achievable performance of the control strategy.
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We track the time evolution of the reduced state and reduced
input with control applied over the interval ¢ = 500 to ¢ = 1000.
Figure 9 shows their magnitudes, |A| and |E'|. Here, we choose to
plot forcing amplitude E' = &3/2E so that the control amplitudes are
directly comparable across Reynolds numbers.

This time interval is sufficient to reduce |A| to very small values,
of order 1077 for Re = 50 and Re = 60, and 107° for Re = 70. The
corresponding magnitudes of the forcing amplitude E’ are of order
1078 for Re = 50 and Re = 60, and 10~° for Re = 70.

For Re = 80, the system is not stabilized to the same extent;
instead, it settles into another oscillatory state with a mean |A| of
order 1072, ie., about two orders of magnitude smaller than the
unforced limit-cycle amplitude (|A|;~ 1.5). The corresponding
amplitude of the reduced input is of the same order.

We also introduce the integrated control-effort measure #g
= ;f |E'(t)| dt. Since the applied control has the form E'(t)e'®'f
+ c.c. and the spatial forcing shape ff is fixed and normalized to unit
norm, this quantity is a good approximation of the time-integrated
norm of the control amplitude. The resulting values of #p are
reported in Table IT.

We examine the fluctuation energy

K=-{ )

N —

of the unsteady velocity ' = u — u,. By definition, K = 0 when the
flow is at its steady equilibrium. Figure 10 shows the evolution of K
for the unforced flow up to t = 500 and for the controlled flow over
the interval t = 500 to t = 1000.

For Re = 50, 60, and 70, the energy at t = 1000 is significantly
reduced, reaching values of order 1078, 1077, and 107!, respectively.
For Re = 70, the energy continues to decrease under prolonged con-
trol (not shown here), reaching values of order 1072 after an addi-
tional 100 time units. In contrast, for Re = 80, a substantial level of
energy remains in the flow.

To further visualize the controlled dynamics, we plot the instan-
taneous vorticity at t = 0, t = 500 (corresponding to the limit cycle),
and t = 1000. At t = 0, the vorticity of the base flow is shown; the
actual flow differs only by a small perturbation, which is not visually
discernible.

For Re = 50, 60, and 70, the control drives the flow close to the
steady equilibrium, with no visible difference between vorticity plots
at t = 0 and t = 1000. For Re = 80, however, the flow settles into
another periodic state, as also observed in Fig. 9(d), with persistent
vortex shedding. Compared to the natural limit cycle at t = 500, the
vortex formation length is increased and the shedding in the gap
region is significantly weakened.

Finally, we assess the impact of control on the lift and drag coef-
ficients. Figures 11 and 12 show the time evolution of C;, and Cp, for
both the unforced and controlled flows. Consistent with the vorticity
observations, for Re = 50, 60, and 70, the lift coefficient is reduced to
near zero for both cylinders, reaching values of less than 10~ for
Re = 50, less than 107¢ for Re = 60, and less than 10™* for Re = 70,
while the drag coefficient approaches its steady value.

For Re = 80, the reduction in the lift coefficient is noticeably less
pronounced; however, it is still significantly mitigated compared
to the unforced case. For the upstream cylinder, the RMS of lift
coefficient is reduced from Cj & 0.17 in the unforced limit cycle to
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FIG. 9. Time evolution of the global mode amplitude and its suppression. For ¢ < 500, the unforced evolution is shown, comparing the amplitude obtained from DNS, the
estimate A from full velocity measurements (22), and the prediction from the weakly nonlinear analysis (WNA). At t = 500, control is activated, and the subsequent decay
of the amplitude is achieved using MPC with resonant forcing of amplitude £’ and feedback based on A. (a) Re = 50, (b) Re = 60, (c) Re = 70, and (d) Re = 80.

C} ~ 0.014 under control. For the downstream cylinder, is Cj
reduced by more than a factor of two, from C; = 0.78 in the unforced
case to C} ~ 0.31.

The drag coefficient of the upstream cylinder closely approaches
its steady value (Cp = 1.11), with a controlled mean of approximately
Cp = 1.13 (compared to Cp ~ 1.27 in the unforced case) and small
residual oscillations of order 107 (C ~ 9 x 10™* compared to
2.7 x 1072 in the unforced case). For the downstream cylinder, the
mean drag is reduced from Cp = 0.67 in the unforced case to
Cp ~ 0.45, approaching an intermediate value between the steady-
state value (Cp ~ 0.26) and the unforced limit cycle. The correspond-
ing drag fluctuations are also reduced (C}, ~ 0.02 compared to 0.035
unforced), although noticeable oscillations persist.

2. Control with point measurements

In Sec. V C 1, we used the reduced state estimated from the DNS
velocity field to design the feedback law. However, measuring the
velocity field over a large domain, for example using particle image
velocimetry (PIV), is often too slow for real-time control. In practical
applications, the flow is instead measured using a limited number of
spatially localized sensors, which provide only partial information
about the velocity field. We therefore consider the use of point mea-
surements of the velocity.

To this end, we seek suitable sensor locations that enable an
accurate estimation of the reduced state. The goal is to compute Ap
via the mapping (23), such that it closely approximates A obtained

from full-domain measurements using (22), while using as few point
measurements u(x;) and/or v;(x;) as possible. In this work, we
restrict ourselves to the minimum number of measurements required
by the estimation approach in Eq. (23), namely, two.

In the point-measurement setting, however, the full-field esti-
mate A is not available. The sensor locations are therefore chosen by
considering the expected error of the point estimate A, with respect
to the amplitude A predicted by the reduced model. This requires
identifying the main sources of error between A, and A.

For the point reconstruction to recover the amplitude exactly, i.e.,
A, = A, two conditions would have to be satisfied. First, the reduced-
to-full reconstruction map G in Eq. (21), when restricted to the linear
terms used in Eq. (23), would have to introduce no error in the recon-
struction of the measured velocity components at the selected sensor
locations. Second, the corresponding measurement matrix G in
Eq. (23) would have to be full rank. In practice, the first condition is not
exactly satisfied. We, therefore, assume that the dominant local recon-
struction error comes from the leading nonlinear terms omitted in the
linear point-measurement relation, in particular, the contributions
involving U‘ZA‘ and U’ZA‘Z. These omitted terms, together with the condi-
tioning of G, are used to build the practical sensor-selection indicator
defined and illustrated in Appendix B. Based on this criterion, we select
the following measurement configurations: (u(3.8,1.4), v;(3.8,1.4))
for Re =50, (v1(2.8,0), v2(1.4,0)) for Re =60, and (v;(2.8,0),
v2(1.2,0)) for Re = 70. For Re = 50, measuring both velocity compo-
nents at a single point is advantageous from an application standpoint,
since only one sensor location is required. At higher Reynolds numbers,
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FIG. 10. Evolution of energy K = 0.5(u’, u’) of the unsteady velocity u’ relative to the base flow up, as u’ = u — u,. The flow evolves to the limit cycle before t = 500, at
which time control is turned on. The solid red curve represents results obtained by applying control using the full measurements for the feedback, while the dashed blue
curve is the result with state estimation via point measurements only. Instantaneous vorticity and streamlines for times t = 0, t = 500 (when the flow is at the limit cycle),

and t = 1000 are shown. (a) Re = 50, (b) Re = 60, (c) Re = 70, and (d) Re = 80.

however, this single-point configuration does not provide sufficient
accuracy. Therefore, for Re = 60 and Re = 70, we use transverse-
velocity measurements at two distinct locations, which gives a more
accurate point-measurement estimate of A.

Control with point measurements is not considered for Re = 80,
due to the large state-estimation error arising from the altered struc-
ture of the global mode at this Reynolds number, which is not ade-
quately captured by the present model.
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TABLE Il. Integrated control effort for the closed-loop simulations. The control effort
is defined as #'¢ = ff’ |E (£)| dt, where ty = 500 is the time at which control is
activated and t; = 1000 is the final time of the controlled simulation. The sustained
input amplitude denotes the approximate order of \E| near the end of the controlled
interval.

Case Measurement type Re  Sustained |E | V4
F1 Full velocity field 50 0(107%) 0.9589
F2 Full velocity field 60 0(1078) 1.9582
F3 Full velocity field 70 0(107%) 2.5729
F4 Full velocity field 80 0(1072) 7.1332
P1 Point measurements 50 0(107%) 1.5794
P2 Point measurements 60 0(1078) 2.9979
P3 Point measurements 70 0(107%) 18.4094
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(©)Re=70 1

1} ' (d) Re=80

AL AR AR AR AAMARALA ALARAAARAAAARARRARA
| T v v U vuvruuyy UTvrTuvvuvyo T

Cr
o

L L 1 L 1 L 1 L Il
0 100 200 300 400 500 600 700 800 900 1000
t

FIG. 11. Time evolution and suppression of lift coefficient C, acting on the
upstream (UC) and downstream (DC) cylinders. The MPC feedback is based on
full velocity measurements. (a) Re =50, (b) Re =60, (c) Re =70, and (d)
Re = 80.

Figure 13 shows the time evolution of the amplitude of the
reduced state |A p> estimated from the selected point measurements,
for the unforced flow over the interval t = 0-500. An oscillatory dis-
crepancy, compared to the amplitude obtained from full measure-
ments (Fig. 9), is observed in AP and grows as the flow approaches
the limit cycle. This behavior does not reflect the physical flow
dynamics, but arises from the increasing approximation error in the
state estimation.

The estimation error is significantly larger at Re = 70 than at
Re = 50 and Re = 60. Moreover, the error at Re = 50 exceeds that at
Re = 60, since only a single measurement location is used in that
case, whereas for higher Reynolds numbers, two measurement points
of the v-velocity component are employed, leading to improved accu-
racy according to the chosen criterion.

The control is activated at t = 500 and applied until + = 1000.
The MPC settings are identical to those used in the full-measurement
case.
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FIG. 12. Time evolution and suppression of drag coefficient Cp acting on the
upstream (UC) and downstream (DC) cylinders. The MPC feedback is based on
full velocity measurements. (a) Re =50, (b) Re =60, (c) Re =70, and (d)
Re = 80.

This time interval is sufficient to reduce |A p| to very small values,
of order 1077 for Re =50 and Re = 60, with the corresponding
amplitudes of the reduced input decreasing to values of order 1078,
similar to in the full-measurement case.

For Re = 70, control is more challenging due to the larger
modeling errors. The amplitude of the reduced state initially increases
but is eventually reduced to approximately 10~*, with the correspond-
ing input converging to values of order 107.

The fluctuation energy evolution given in Fig. 10 (dashed lines)
confirms that the flow is effectively stabilized and brought to the
steady base flow for Re = 50 and Re = 60. In both cases, the energy
decreases steadily, albeit more slowly than in the full-measurement
case, reaching values of order 107> at t = 1000. A high level of sup-
pression is also achieved for Re = 70; although the energy initially
increases, it is subsequently reduced to approximately 0.8 by t = 1000
and continues to decay under prolonged control, decreasing by about
a factor of two over an additional 100 time units (not shown here).
We do not show the vorticity fields again, as the differences between
the full-measurement and point-measurement cases are not visually
discernible.

Finally, we plot the time evolution of C; and Cp in Figs. 14
and 15. Consistent with the vorticity observations, for Re = 50, 60,
and 70, the lift coefficient is reduced to near zero for both cylinders,
reaching values of less than 107¢ for Re = 50 and Re = 60, and less
than 1072 for Re = 70, while the drag coefficient approaches its steady
value.

A natural extension is to combine the static point-measurement
reconstruction with a dynamic estimator, such as an extended
Kalman filter.”” In such a formulation, the Stuart-Landau equation
serves as an approximate dynamical prior, while the measurements
are used to update the estimated amplitude at each time instant. For
parameter values close to criticality, two measurements are sufficient
to ensure accurate static state reconstruction. Hence, the main added
value of a dynamic estimator is the possibility of reducing the required
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FIG. 13. Time evolution of the global mode amplitude and its suppression. For t < 500, the estimate Ap obtained from pointwise velocity measurements (23) in the unforced
flow is shown. The following measurement configurations are used: (uq(3.8,1.4), v4(3.8,1.4)) for Re =150, (v4(2.8,0), v»(1.4,0)) for Re =60, and
(v1(2.8,0), v»(1.2,0)) for Re = 70. At t = 500, control is activated, and the subsequent decay of the amplitude is achieved using MPC with a resonant forcing of ampli-

tude £’ and feedback based on A,. (a) Re = 50, (b) Re = 60, and (c) Re = 70.

number of measurement locations to one, which is not a particularly
substantial gain. For higher parameter values, the estimator dynamics
are expected to reduce the oscillatory behavior observed in the static
estimation (cf. Fig. 13). It is less clear, however, how such a dynamic
estimator can be tuned effectively for larger parameter values, since
underestimated model mismatch may be significantly amplified by
the observer or extended Kalman filter gains. Nevertheless, filtering-
based formulations are likely to be the natural choice for experimental
applications, as they also provide a systematic way to account for mea-
surement noise and moderate model uncertainty.

VI. CONCLUSION

In this work, we have presented a model-based closed-loop con-
trol strategy for the flow over two cylinders in tandem configuration.
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FIG. 14. Time evolution and suppression of lift coefficient C, acting on the
upstream (UC) and downstream (DC) cylinders. The MPC feedback is based on
pointwise velocity measurements. (a) Re = 50, (b) Re = 60, and (c) Re = 70.

Building on a weakly nonlinear analysis of the incompressible
Navier-Stokes equations, we derived a low-dimensional, forced
Stuart-Landau model that captures the essential nonlinear dynamics
near the onset of instability, i.e., in the vicinity of the critical Reynolds
number associated with a supercritical Hopf bifurcation. The formu-
lation was extended to allow for time-dependent forcing amplitudes,
enabling the design of feedback control laws.

Based on this reduced-order model, we designed a model predic-
tive controller (MPC) to determine the control input in the reduced-
order dynamics. The resulting control law is then mapped to the full-
order system through explicit state and input mappings, yielding an
output-feedback formulation. In this framework, the reduced state is
estimated from available velocity measurements, and actuation is
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FIG. 15. Time evolution and suppression of drag coefficient Cp acting on the
upstream (UC) and downstream (DC) cylinders. The MPC feedback is based on
pointwise velocity measurements.(a) Re = 50, (b) Re = 60, and (c) Re = 70.
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introduced through localized volumetric forcing to ensure physical
realizability. Both full-field and pointwise measurement configura-
tions are considered.

The proposed approach was demonstrated for tandem cylinders
at spacing ratio y = 8, corresponding to the co-shedding regime, and
Reynolds numbers Re = 50,60,70, and 80. As expected from the
weakly nonlinear expansion, the model accuracy decreases with
increasing Reynolds number.

Using full-domain velocity measurements, the closed-loop con-
troller successfully suppresses vortex shedding in both the gap region
and the wake of the downstream cylinder for Re = 50, 60, and 70,
driving the flow close to the steady base state. For Re = 80, the con-
troller significantly mitigates the unsteady dynamics, leading to a
reduced-amplitude oscillatory state. The control input required to
achieve this suppression also approaches zero as the unsteadiness is
suppressed, thereby achieving efficient control over long times.

We further demonstrated that effective control can be achieved
using only a small number of pointwise velocity measurements. In
particular, suppression is obtained for Re = 50 using measurements
at a single spatial location, and for Re = 60 and Re = 70 using two-
point measurements, although the performance degrades compared
to the full-measurement case as the Reynolds number increases.

The quantitative validity of the present Stuart-Landau model is
limited to a finite neighborhood of the Hopf onset. Nevertheless, the
underlying control idea can be transferred to other flows in which the
relevant unsteadiness is organized by a dominant Hopf-type global
instability, provided that an appropriate reduced-order model is con-
structed and validated for the flow of interest. This may include more
complex or turbulent flows in which the coherent instability remains
identifiable despite additional fluctuations."”"” For applications
involving sparse or noisy measurements, the static amplitude estimate
used here could also be replaced by a dynamic estimator, such as an
extended Kalman filter, to improve the accuracy of the reduced-state
estimate.

Overall, these results demonstrate that the proposed model-
based closed-loop control framework can effectively suppress or sig-
nificantly reduce vortex shedding in tandem-cylinder flows using
low-dimensional models, limited sensing, and localized actuation,
while acknowledging the limitations associated with increasing
Reynolds number and reduced-model accuracy.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional closed-loop con-
trol tests. It examines the effect of the MPC prediction horizon on the
controlled response and the sensitivity of the controller to perturba-
tions of the nonlinear Stuart-Landau coefficient.
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APPENDIX A: WEAKLY NONLINEAR ANALYSIS

Here, we provide a detailed derivation of the Stuart-Landau
equation (17) for resonant forcing frequencies close to wy. We also
briefly summarize the corresponding results for other forcing fre-
quencies, which can be obtained analogously.

1. Forcing near the resonant frequency wg

Substituting the weakly nonlinear expansion (12) and the forc-
ing (13) into the governing equations (2), together with the scaling
(15), and collecting terms at successive orders in /¢ yields a hierar-
chy of linear inhomogeneous problems for U;, U,, Us, .... We solve
these equations at each order /¢ with i = 0,1,2,3, and derive the
Stuart-Landau equation (17).

a. order /:°
At zeroth order O(\/EO) , we obtain the steady incompressible

Navier-Stokes equation,

1
—VUO Uy — Vpo -+ ﬁAUQ
V - Up

N(Uo, Re,) = =0, (Al

at the critical Reynolds number Re.. By construction, this equation
is satisfied by the base flow Uj, which is an equilibrium of the
unforced system at Re,.

b. Order /¢
At order /¢, we obtain the homogeneous linear problem
<28—L)U =0 (A2)
ot 0 1 =Y

where
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1
—V()'UQ—VUO'()-FR—ECA \Y%
v 0

L():

denotes the linearized Navier—Stokes operator about the base flow
Uy. To express the general solution of Eq. (A2) in terms of the
eigenmodes of the operator pencil,

:K/LO :)f,—ﬁz(h }.0:004‘1(/00,

we consider the generalized eigenvalue problem

%;, 0 =0. (A3)

Since we assume that the first Hopf bifurcation occurs at Re,

the spectrum of X, contains a single marginally stable complex-

conjugate eigenvalue pair =iw,, with the associated eigenvector U
(and its complex conjugate) satisfying

%i{uo U114 =0,

while all remaining eigenvalues are stable. We, therefore, retain
only the contribution along this eigenspace, which governs the
long-term dynamics. The resulting leading-order solution can be
written as

Ui (t, ) = A(0)e ™' U + c.c.,

where the complex amplitude A(7) evolves on the slow timescale.
The mode U is referred to as the critical global mode,'” and the
term A(t)el'U% represents the first harmonic, oscillating at the
fundamental frequency ), on the fast timescale.

c. Order \/EZ

At order /&', we obtain the linear inhomogeneous problem

(g - L) U, = B!+ |A(0)PFA + (A(1)%e20 B + c.c.),

where the right-hand side terms are

FlAl = P(-Vul - uf — Vud - ud), F .= P(-Vul - ud),
F} := P(—Auy).
Accordingly, we write U,(#, 1) as a superposition of the responses
to each right-hand-side contribution,

A
2

Us(t,7) = UL + JA(D) PUR + A(1)2e208 e, (A4)

2
where the fields U, U}, and U are obtained from

2
KoU) = Fb, .'KOU‘ZA‘ = FlA‘z, ﬂ{iszUfz — A, (A5)

By the assumptions of the Hopf bifurcation theorem (see Theorem
8.25 in Chicone®®) 2 = 0 and 1 = i2w do not belong to the spec-
trum of the operator pencil X, and, therefore, the problems in
Eq. (A5) admit unique solutions.

The component U} represents the O(¢) correction to Uy that
accounts for the shift of the unstable equilibrium branch for ¢ > 0.

The term A(I)zeiz‘“‘"Uf2 is the second harmonic, oscillating at
twice the fundamental frequency, and stems from the nonlinear

ARTICLE pubs.aip.org/aip/pof

interaction between the first harmonic with itself. The mean-flow

component |A(t)|? U‘zA " results from the interaction of the first
harmonic with its complex conjugate; it evolves on the slow time-
scale and approximates the difference between the mean flow and
the steady base flow."”

d. Order \/z3

At order \/z', we obtain the inhomogeneous linear problem

a _ dA imgty 1A it pA
(58 —L)Ug = —EEe U} + A(7)e™'F

+ A(7)|A(z) P FAAT 1 E(v)er Peg
+ce (A6)
where the right-hand side terms F* and FA4F are defined by
F = P(-Vul -ul — Vul - uf — Auf),

2 AP Al? __ 2 2
FAAL .= fP(—Vuf“ulz‘ —Vulz‘ cul —vad ud - vud ud).

The term F# stems from the viscous diffusion of the first harmonic
Ae'U? and its interaction with the O(¢) base-flow correction Uj.
2
The term FY4 results from interactions between the first har-
. 2
monic A(1)e'U%, the zeroth harmonic |A(‘L’)|2U‘ZAI , and the
second-harmonic A(7)?e2*'U%’. Since the right-hand side of Eq.
(A6) contains contributions oscillating at (or close to) the marginal
frequency wy, the corresponding particular solution Us(t,7) may

exhibit secular growth in time unless appropriate compatibility
conditions are enforced.

e. Stuart-Landau equation

To ensure that the solution remains bounded in time, and
hence that the asymptotic expansion remains valid, the resonant
terms on the right-hand side of Eq. (A6) must satisfy a compatibil-
ity condition. In particular, they must be orthogonal, at all times,
to the adjoint eigenvector U‘f* associated with K. This condition
imposes an evolution equation for the global-mode amplitude A,
which takes the Stuart-Landau form

dA »
= aA — a1 A|A|* + a,e*E, (A7)
T

where the coefficients ag, a;, and a, are obtained from the corre-
sponding compatibility (orthogonality) conditions
(U, F4)
ap =~ A8a
P (ufeuy) (A5

(U )
ay=—~ton (A8b)
(o e

<U114*7 ng)
ay = ey — (ASC)
(Ui, EUY)

Here, the scalar product between two fields U, and Up is defined as
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(U,, Up) := JJ (Tqug + Voyvg + P, pp)dxdy. (A9)
Q
Thus, the solution at order \/52 takes the form

) _ ,
Ug(ll7 ‘L') = A(‘L-)el(l)()l’U? +A(T)|A(T)|2€1(/)UtU§x\A\
+ E(1)e ' U5 4+ ce.+ - -

where we retain only the contributions oscillating at (or close to)
the resonant frequency.

2. Other resonant forcing frequencies

We next discuss other resonant forcing cases, namely wp =0,
wf = 2w, and @y = @y /2. Each case requires a different forcing
scaling in order for the forcing to enter the Stuart-Landau equation
at O<\/§3), while avoiding degenerate (non-invertible) operators
at lower orders.

a. Forcing at w;=0
For wy = 0, the forcing amplitude is scaled as
E'(1) := ¢E(q).
Solving the resulting equations at orders \/_0 , \/51, \/52, and \/_.3,
yields
U~ U + Ve(Ad™ UL + c.c.)
2 .
+ 6(UL + |APURT 4 (4262002 + EUE + c.c))
+ \/53 (AeiwatU.;{ + A‘A‘zeiwgtUI;‘A‘z
+ AEEULE 4+ AES™ UAE 4 ce) 4o (A10)

2
where Uy, Uf, U;, U‘ZA| , and UQZ are identical to those in the sub-

section 1 of Appendix A, while the forcing response U is obtained
from

KoUE = Pfy.

. _
At order /&', the contributions U#, U, UAE, and U4E must

again satisfy compatibility conditions. These yield the Stuart-
Landau equation

dA

dt
Since the coefficients ay and a; depend only on the unforced
modes, they are independent of the forcing and are given, as in
subsection 1 of Appendix A, by Egs. (A8a) and (A8Db). The forcing-
related coefficient is

= ¢(ap — E — asE)A — eay A|A. (A11)

oo (UE PVt uf V- ul))
U euf)

(U, P(Vut o £ Vf -uf)

(U €07) |

as =

Equation (A11) shows that, for wp =0, the forcing enters the
reduced dynamics bilinearly through the term (a,E + a3E)A, in
contrast to the purely additive forcing term in Eq. (A7).

pubs.aip.org/aip/pof

b. Forcing near 2o

For a forcing frequency near 2wy, namely, wy = 2w, + Q for
some frequency Q, we scale the forcing amplitude as

E'(7) := ¢ E(7).

Solving the resulting equations yields an expansion of the
form

U~ U + Ve(Ad™'UY +c.c.)
2
+ (UL + |A] U
+ (AzeiZmOtU;‘sZ + Eei(20)0+sQ)tU§ + C.C.))
+ V2 (AdUS + AlAPer U
+ KEei(wO“Q)tU?E +ecc)+---. (A12)
Here, the forcing response is obtained from
:Ki(Z(/)OJrnQ)UIZE = j)fE

The corresponding Stuart-Landau equation is

dA
dt
with the coefficient

) -
= eapA — e, AJA|* — ca ™Y AE

(U, P(Vuy - uf + Vuf - uf))
(U, EUY)

a ‘=

determined by the interaction between the forcing response and
the complex conjugate of the global mode.

c. Forcing near vo/2

The last resonant forcing case concerns frequencies near g /2.
We assume @y = wp/2 + Q. The appropriate scaling of E'(t) is

E(1) := £/*E(x),
and the weakly nonlinear expansion takes the form
U ~ Up + e(Ae™'U? +c.c.)
+ \/53/2 (Eei(wo/2+8g)tU§ + C.C.)
+8(UL + |APURT 4 AZeontyd?)
304 i ity TAIAl
+ \/; (Aew“rU§ +A‘A‘2ewutU3‘ |
+ Ezei(u)0+269)tU1332 +ec)+--, (A13)
where the forcing response UZ is obtained from
j<‘i(wo/ZJrss’Z)UIzs = Pfg.
The corresponding Stuart-Landau equation is

dA o
== eaoA — e AJA|* — carePER, (A14)

where
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(U, P(Vuf - uf))
(Ui, EUY)

a =

stems from the nonlinear self-interaction of the forcing response.
In this case, the forcing enters (A14) as a nonlinear additive term,
in analogy to Eq. (A7) for forcing near the natural frequency.

3. Non-resonant forcing frequencies

For non-resonant forcing, ie., for oy #0 and o % wy,
o/2, 2wy, the forcing amplitude scales as

E'(1) := VeE(x). (A15)

. 1 2 3
The equations at orders /2, v/2 , v/2» and /& are solved succes-
sively as in the resonant cases, yielding the expansion

U ~ U + e(Ad"UA + Eer'UE + c.c.)
+8(UL + [APURT + (22008 4 cc.)
+ EPUES 4 (B2e2oru 1 cc)
+ (AEei(”"’““f)tU’;‘E + AEei(”"_”’f)tUQE +c.c))
+ VE (AU} + AJAPerUT
+ AP U ey 4 (A16)
The fields U%, U‘ZE‘Z, U, U, and UZE are obtained by solving
%y, UE = Pl
KUY = P(~Vul - uf — Vaf -ub),
iKZiijfz = P(-Vul . uf),
Ki((,)ﬁ@f)U’z“E = ?(—Vuf . uf - Vu‘lE . u‘l“),

xi((uo—wf)U?E = T(—Vu? . u_}lE - Vuf . uiﬁ)

. . 3 AJAP
As in the previous cases, at order /¢, the terms Ug\, U3‘ ! , and

2
U?lE‘ need to satisfy compatibility conditions, which yield the
Stuart-Landau equation
dA
P e(ap — a3 |E]*)A — ea, A|A|?

with

2 2 — —

(U P(Vuf ~u‘2E‘ + Vu‘ZE‘ cud + Vb udf 4 Vadt b))
(U™, EUY) '

a =

As in the cases of zero-frequency forcing and forcing near 2w, the
input acts multiplicatively on the linear part of the reduced
dynamics.

4, Stabilization capabilities across different
frequencies

As suggested by the weakly nonlinear approximations of U
given in Egs. (16), (A10), (A12), (A13), and (A16), the equilibrium
U, ~ U + & Uj corresponds to A = 0 and E = 0.

ARTICLE pubs.aip.org/aip/pof

In the case of zero-frequency forcing, forcing near 2w, and
non-resonant frequency, the forcing amplitude E cannot converge
to zero while maintaining stability of the Stuart-Landau model as
it acts multiplicatively on the linear part of its dynamics. This
implies the following. First, to stabilize the Stuart-Landau model,
we need a persisting control input, which can be energy inefficient.
Second, although we might stabilize the Stuart-Landau model, and
therefore the global mode and all the other unsteady terms in Egs.
(A10), (A12), and (A16) that arise from its interaction with itself or
the forcing response, terms that depend exclusively on the forcing
persist. For unsteady forcing with a frequency near 2wy or a non-
resonant frequency, this implies that the flow will remain unsteady.

However, for the cases of W = g and wf = Wy /2, the ampli-
tude E enters the Stuart-Landau equation as an additive term,
which allows bringing E to zero while stabilizing the model.
Once both A and E converge to zero, the flow is at its equilibrium
U, ~ Uy + aUé according to Egs. (16) and (A13). Therefore, the
unsteadiness of the flow can be fully suppressed.

We choose forcing near the resonant frequency wy ~ wy since
this case facilitates characterizing the structure fz, which optimizes
the control efficiency, as shown in Sec. I'V C. Finding such a forcing
structure for the forcing frequency oy = /2 is a nontrivial task
and we leave it for future research.

APPENDIX B: SENSOR LOCATION INDICATOR
FOR POINT MEASUREMENTS

As stated in the main text, the point-measurement estimate is
obtained from the least squares expression (23), which is derived
from the reconstruction map (21) by retaining only the terms lin-

ear in A. The nonlinear terms involving U‘ZAIz and U‘ZA‘2 are, there-
fore, omitted from the measured velocity components. These
omitted terms provide a practical indicator of the local reconstruc-
tion error associated with a given choice of sensor locations and
measured velocity components. This local contribution to the mea-
surement error is then amplified in the amplitude estimate through
the pseudo-inverse of the measurement matrix G. The sensor-
selection indicator, therefore, combines the magnitude of the omit-
ted nonlinear terms in the measured components with the condi-
tioning of the corresponding matrix G.
For a given choice of measured velocity components and sen-
sor locations, we define the indicator
e

j B 0-min(G) ’

where e denotes the norm of the omitted nonlinear contributions
in the measured velocity components, namely, those involving

(B1)

U‘ZA‘z and U?z, and oy (G) is the smallest singular value of the cor-
responding measurement matrix in Eq. (23). Small values of _¢#
therefore correspond to sensor choices for which the omitted non-
linear terms are small and are not strongly amplified by G'.

For one of the point-measurement configurations considered
here, both velocity components are measured at the same spatial
location x. In this case, the corresponding omitted nonlinear con-
tribution is measured by

e(x) = | (), " (), (%), v (). (B2)
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FIG. 16. Spatial distribution of the sensor-location indicator _#(x) for the point-
measurement configuration in which both velocity components are measured at a
single location. The four indicated locations are (6.3,2), (0.9,0.15), (3.8,1.4),
and the unfavorable location (9, 1).

4 (o) Re=50 T T — A, (u(6.3,2),11(6.3,2)
a) Re= MIsRLY! [

nihibil = <A, (u1(0.9,0.15), 9, (0.9,0.15))
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4ah —I4]
2 + i i = -|A,| (u1(3.8,1.4),v1(3.8,1.4))
- -[AWNA)|

—|Ay| (u1(6.3,2),v1(6.3,2))
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=14 (0(2:8,0),0(14,0))

N

(c) Re=70 ‘

— |4, (u1(6.3,2),v1(6.3,2))

|4, (v1(2.8,0),v5(1.2,0))

FIG. 17. Comparison of amplitude estimates A,. (a) Re = 50: estimate A,
obtained from one-point measurements of both velocity components at four differ-
ent sensor locations, compared with the full-field estimate A and the Stuart-
Landau prediction A. (b) and (c) Comparison between two-point transverse-veloc-
ity measurements and one-point two-component measurements for Re = 60 and
Re = 70.

The associated indicator _#(x) can be evaluated as a function of
this single location and visualized directly over the computational
domain. This provides a simple way to identify favorable and unfa-
vorable sensor locations. In Fig. 16, we show this map. We then
compare the amplitude estimate A,, obtained from Eq. (23) using
measurements of both u- and v-velocity components, at four differ-
ent locations for Re = 50, namely, (6.3,2), (0.9,0.15), (3.8,1.4),
and the unfavorable location (9,1). These locations are indicated

ARTICLE pubs.aip.org/aip/pof

in Fig. 16 using colors consistent with the corresponding curves in
Fig. 17(a). The first three locations have relatively small values of
F(x), whereas (9, 1) has a large value. As expected, the latter pro-
duces a more oscillatory estimate A, and a larger discrepancy with
respect to A, predicted by the model, as well as A predicted from
full-field measurements, which is consistent with the expected
effect of the proposed indicator.

We also found that using two measurements of the transverse
velocity at distinct spatial locations gives more accurate estimates of
A. In this case, only the v-components of the omitted nonlinear
terms are retained in e, and only the corresponding rows are
retained in G. The indicator then depends on a pair of sensor loca-
tions rather than on a single spatial point, so it cannot be visualized
directly as a scalar field over the domain. The same criterion can
nevertheless be evaluated for candidate pairs, with the same inter-
pretation: the omitted nonlinear contribution should be small at the
selected locations, and the rows of the corresponding measurement
matrix should not be nearly linearly dependent. The resulting esti-
mates based on two transverse-velocity measurements are shown in
Figs. 17(b) and 17(c) for Re = 60 and Re = 70, where they are com-
pared with the estimates obtained from one-point measurements of
both velocity components. The two-point transverse-velocity con-
figuration provides a more accurate estimate of A.

APPENDIX C: MESH CONVERGENCE

We assess the convergence of the coefficients obtained from the
weakly nonlinear analysis with respect to the computational mesh.
For a consistent comparison, the critical global mode is normalized
such that v{(0.65,0) = —0.0979 + 0.2661i for all meshes. The
meshes are unstructured and generated using the adaptive meshing
procedure AdaptMesh in FreeFEM++, based on a Delaunay-
Voronoi algorithm. In all cases, the mesh is adapted to the base flow
as well as to the structure of the direct and adjoint global modes.

We consider three meshes, M1, M2, and M3, defined on the
same computational domain (see Sec. I A 2), which differ only in
the minimal element size and, consequently, in the number of ele-
ments. The results reported in Table I1I show that mesh M2 provides
sufficiently accurate estimates of the weakly nonlinear coefficients
while being computationally more efficient than the finer mesh MI.
In contrast, further coarsening to mesh M3 leads to more noticeable
deviations, particularly in the nonlinear coefficient a;.

We also examine the influence of the computational domain
extent. The upper and lower boundaries are fixed at y = =30, fol-
lowing Sipp and Lebedev,'” where it was shown for the single-
cylinder case that smaller vertical extents introduce slight blockage
effects. To assess the sensitivity to the downstream boundary, mesh

TABLE lIl. Values of the coefficients of the Stuart-Landau model obtained via weakly nonlinear analysis (WNA) obtained with different meshes.

Mesh Nt hmin )v() ao a

M1 490 896 0.0047 —5.9 x 107> + 0.6747i 7.6888 + 2.8863i 7.6883 — 30.1099i
M2 359028 0.0528 —0.0004 4+ 0.6756i1 7.6571 + 2.9857i 7.1153 — 31.2244i
M3 253344 0.0577 —0.0005 + 0.6756i 7.5126 + 3.1444i 8.3083 — 36.4366i1
Milbd 537 456 0.0038 5.9 X 107 + 0.6747i 7.6896 + 2.8860i 7.6457 — 29.9435i
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TABLE V. Comparison of DNS results with available literature for y = 8 at
Re = 100. C; and C, here refer to RMS value of lift and drag coefficients at the
limit cycle, Cy is the mean drag coefficient at the limit cycle and St is Strouhal
number.

Variable Present Literature
C, (UC) 0.2332 0.2377
C; (DC) 0.7550 0.7760
C,; (UC) 1.2552 1.2966
C,; (DC) 0.5876 0.6031
C, (uC) 0.0067 0.0066
C, (DC) 0.0480 0.0501
St 0.156 25 0.1529

Mibd uses the same resolution as M1 but extends the outlet to
X100 = 250. As shown in Table 111, this modification has a negligi-
ble effect on the computed coefficients, indicating that the original
domain size is sufficient to capture the relevant flow dynamics and
that the parameter estimation is not sensitive to the outlet position.

APPENDIX D: CODE VALIDATION

To validate the DNS carried out in this paper, we compare the
hydrodynamic loads experienced by the cylinders, as well as the
Strouhal number St of vortex shedding, against available results in
the literature. Since reference data are available at Re = 100, we
perform this validation at this Reynolds number.

Specifically, we compare the root mean square (RMS) lift and
drag coefficients, C; and Cj,, together with the mean drag coeffi-
cient Cp, for the fully developed unforced flow at the limit cycle.
The results are summarized in Table IV and compared with the
numerical data of Sharman et al."’ for y = 8 at Re = 100.

We observe good agreement between the present results and
those reported in the literature.

In addition, we compare the critical Reynolds number obtained
from our analysis, Re. = 44.1, with the value reported in Wang
et al,” further supporting the accuracy of the numerical framework.
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