
Challenge the future

Department of Precision and Microsystems Engineering

Location optimized hybrid damping for one-dimensional flexible struc-
tures

Melvin Kruik

Report no : 2020.049
Coach : N. Saikumar
Professor : S.H. HosseinNia
Specialisation : MSD
Type of report : Paper
Date : November 20, 2020



Location optimized hybrid damping for one-dimensional flexible
structures

M. Kruik, S.H. HosseinNia, N. Saikumar

Abstract

Damping vibrations of flexible structures is a subject of importance in several industries, as the aerospace
and high-tech industry. Especially when the ratio of damping over weight needs to be high. In literature
optimization of this ratio is achieved in several manners, through optimization of individual damping methods,
ie. active and passive damping. And through combining those methods to have passive damping supporting
active damping. This paper introduces a novel hybrid damping method, which achieves further optimization
of the ratio. This is done through analyses of the eigenmodes of the flexible structure and the properties of the
damping methods, to find the optimal damping method for each eigenfrequency individually. Later on those
methods are combined in the hybrid damping method, to ensure damping of a wide bandwidth of eigenfrequen-
cies. This all is obtained by researching the properties of the individual damping methods, constrained layer
damping (CLD) and active damping (AD), and the influence of combining those in a hybrid system. With this
knowledge a methodology to optimize hybrid damping for a generic one-dimensional structure is developed,
including rules-of-thumb aimed at simplifying the optimization approach.

Nomenclature

ηCLD,piezo Loss factor CLD and ac-
tive damping(AD), respec-
tively

ηexp Experimental loss factor
system

ηnum Numerical loss factor system

ηsystem Loss factor system

ωc Cut-off frequency controller

u Displacement vector all
nodes

usensor Displacement vector sensor
nodes

φsystem Strain energy ratio

ξdamp Damping factor controller

a Amplitude of vibration

aopt Amplitude of vibration with
optimized transducers

Fact Force vector generated by
actuator

Fdisturbance Disturbance force vec-
tor

Gv Shear modulus viscoelastic
material

Gnv Shear modulus viscoelastic
material, nth eigenfrequency

hnp Thickness piezo trans-

ducer/layer, nth eigenfre-
quency

hc,v Thickness contraining and
viscoelastic layer, respec-
tively

Hcontroller Transfer function PPF

Lnpatch Length of damping patch,

nth eigenfrequency

Lpeak Length of strain energy peak

mpatch Weight of damping patch

Ub Strain energy beam

Uc Strain energy constraining
layer

Up Strain energy piezo layer

Uv Strain energy viscoelastic
layer

Udamped Strain energy dissipated
per cycle

Usystem Strain energy stored per
cycle, beam and damping
layers together

Vact Voltage actuator

V max
act Maximum allowable voltage

transducers

Vsen Voltage sensor
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2 1 Introduction

wdampedtip Lateral tip displacement,
damped case

dL Length of a FE-element

g Controller gain

i Loop count

n Eigenfrequency indicator

x Location on beam, value be-
tween 0 and dL

Y(s) Transfer function,
wtip

Fdisturbance

1 Introduction

Damping out vibrations is a subject of increasing im-
portance, since damping will increase dynamic perfor-
mance of a structure, through reducing the amplitudes
of eigenfrequencies. While, on the other hand, the
mass of the object needs to stay as low as possible,
since weight reduction reduces the amount of energy
needed to influence dynamics. For this combination
of reasons the subject of low weight flexible structures
with additional damping will be elaborated in this pa-
per.
In the aerospace industry this approach is applied
in for example aeroplane wings. In those structures
weight reduction increases efficiency and damping im-
proves lifetimes. Those goals are achieved by using
passive damping mainly, such as constrained layer
damping (CLD). This damping method has as ben-
efit the property to dampen out a certain energy per-
centage [19]. Consequently the same damping perfor-
mance can be achieved for small and large amplitude
vibrations. CLD has as downside the property to have
damping capabilities dependent on frequency and tem-
perature, this increases the difficulty of selecting the
most suitable material [26]. In the high-tech indus-
try the approach of low mass with additional damping
is used to obtain high accuracy at high accelerations.
This is for example useful in fast and accurate robot-
arms, to reduce deformations of flexures. In this in-
dustry active damping (AD) is a popular method, be-
cause it can achieve high effectiveness, from a damping
to weight ratio perspective. However, electronic hard-
ware properties can reduce performance, due to the
occurrence of low-pass filtering properties [29]. This
active method does dampen out a certain energy per-
centage, like CLD. However saturation of the actuator
will limit performance. Consequently damping perfor-
mance is among others a function of the amplitude of
the vibration.
As seen, different industries use different damping
methods to influence dynamic performance, since each
individual method offers case-specific benefits. In lit-
erature extensive research is done on optimization of
those methods. For CLD those optimisations are done
on the locations and dimensions of damping patches

[9, 5]. In those researches the optimizations are car-
ried out in a numerical manner. Those approaches
lead to optimal damping patches, however those do
not give insight in the properties of influence. Active
damping of flexures can be done with different types of
active elements [34, 25, 18]. The method used in this
research is adding elongating piezo transducers onto
the structure, figure 7 [25]. Since this method pro-
vides a collocated system [25] and because the stresses
generated by the actuator do counteract the bending
stresses in the structure. The stresses are visualized
in figure 1, here a piezo actuator is attached to the
beam only. This figure shows that the active stresses
counteract the passive stresses. With this damping
method the sensor measures the strain in the outer
fibers of the flexure [25]. In literature optimization on
this type of active damping is done by looking at the
location of the collocated damping patch [7, 30], and
by considering the controller used [29]. In the location
optimizations it is seen that active damping is most ef-
fective when it is located at the highest strain energy
locations, unconditionally [14].

Fig. 1: A schematic overview of the stress in the beam
and piezo actuator. In blue are the bending
stresses and in red the active stress generated
by the actuator

In literature the ratio of damping over weight is opti-
mized even further by combining the damping meth-
ods, to use all methods optimally. Those papers elab-
orate the effect of applying damping methods side-
to-side, without optimization of damping performance
[28]. Or those elaborate how passive damping can be
used to support active damping [4, 31].
The novel hybrid method introduced in this paper
combines the subjects of optimizing individual damp-
ing methods with developing a hybrid damping lay-
out. This is done through selecting the most suitable
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optimized damping method per eigenfrequency, to con-
secutively combine those to damp all eigenfrequencies
considered. An example of a resulting hybrid lay-out
is shown in figure 2. In this example the AD patch
could be optimized for the 1st eigenfrequency and the
CLD patch for damping the 2nd eigenfrequency. Those
are combined to obtain a hybrid mechanism damping
the 1st an 2nd eigenfrequency as effective as possible.

Fig. 2: A schematic example of the proposed hybrid
damping mechnism for two eigenfrequencies

The novelty of this paper is the elaboration of all
properties influencing damping performance of the in-
dividual, and hybrid combination of damping meth-
ods. This approach offers as benefit an insight in
the properties influencing damping performance. This
new gained insight is used to develop a methodol-
ogy on optimizing a hybrid damping mechanism for
a generic one-dimensional structure, including rules-
of-thumb aimed at simplifying the optimization ap-
proach. This research does not look at optimization of
the control technique, since this subject is discussed in
a variety of papers [25, 29, 15]. Consequently, a control
technique with good damping performance which is
relatively easy to implement is used, positive position
feedback(PPF) [11]. This control technique is used in
industry for its high performance, consequently this
technique will enable AD to be used up to full poten-
tial [29].
In the first section the paper discusses the preliminary
knowledge used, which is an elaboration of the numer-
ical modelling method and of indicators for evaluat-
ing damping performance. In the second section hy-
brid damping will be developed for an example case,
which is generalizable to a one-dimensional flexible
structure. The third section proves validity of the
numerical models used, through comparison with ex-
periments. The discussion discusses how the hybrid
method used in section 3.1 is generalized to a method-
ology for optimization of hybrid damping for a generic
case. The methodology introduced includes rules-of-
thumb aimed at simplification of the optimization.
This section does in the second part discuss why the
numerical models used are valid. In the end of the
paper a conclusion is given on when and how hybrid
damping is beneficial, complemented with recommen-

dations for future research.

2 Preliminaries

Two subjects are elaborated to enable the develop-
ment of hybrid damping for one-dimensional flexures.
First a finite element model (FE-model) is developed,
since the modelling method used provides information
on the limitations of the research. Next, a brief intro-
duction is given on the methods to analyse damping
performance. Since development of hybrid damping
asks for a comparison of active and passive damping
performance. To do this it is needed to differentiate
performance measurement indicators.

2.1 Structure modelling

For a one-dimensional element the FE-model can be
developed via the Euler-Bernoulli approach. This ap-
proach is applicable to slender structures only, since
it assumes a beam stays perpendicular after defor-
mation [33]. This modelling method is applied to
the beam and active damping mechanism directly [6].
However to use it for CLD the method of Mead and
Markus will be used [23]. This is needed to ac-
count for shear stresses in the viscoelastic layer, ne-
glected by the Euler-Bernoulli approach. The assump-
tions introduced by those approaches are, the beam
is one-dimensional, and the viscoelastic layer of pas-
sive damping has a significantly lower Young’s modu-
lus than the other layers. Appendices A-C elaborate
how to get from the analytical equations to the numer-
ical equations for a single FE-element, for respectively
an undamped beam element, a piezo covered beam el-
ement and a CLD covered beam element.
The numerical equations of the 3 types of elements are
coupled to obtain the intended beam [10]. For exam-
ple, to obtain a beam coverd for 25% with CLD, three
(undamped) beam elements, appendix A, are coupled
with one CLD covered beam element, appendix C, fig-
ure 3. The elements are coupled according to appendix
D.

Fig. 3: Coupling elements to obtain a beam which is
covered by CLD for 25%

The active damping part needs numerical equations for
the transducers, representing the conversion of electri-
cal to mechanical energy and vice-versa. In those equa-



4 3 Location optimized hybrid damping

tions the sensor converts strain to a voltage (Vsensor
usensor

),

and the actuator that voltage to a stress (Fact
Vact

) [6]. The
numerical approximations will be elaborated in appen-
dices E and F for the actuator and sensor respectively.
The output voltage generated by the sensor is fed to
the actuator through a controller. In this research a
PPF controller (Hcontroller) is placed in between the
sensor output and actuator input voltage, for the rea-
sons given in the introduction. Implementation of this
controller is elaborated in appendix G. All together
this leads to the control-loop of AD as shown in figure
4, elaborated in appendix H. In the figure Y(s) is the
matrix representing the transfer function (tf) of the
beam ( uF ).

Fig. 4: Block diagram for active damping, closed-loop
frequency response

2.2 Damping performance evaluation

A conventional manner to analyse damping perfor-
mance is through analysing the loss factor of the sys-
tem, ηsystem. This loss factor is the ratio of strain
energy dissipated per cycle over the total amount of
strain energy, equation 1 [8].

ηsystem =
Udamped
Usystem

(1)

Another method to determine the loss factor is to eval-
uate the damping quality factor (Q-factor), which is
a useful method to evaluate active damping perfor-
mance [32]. Since this method determines the loss fac-
tor through the frequency response function (frf) of
the closed-loop system, by using a 3dB margin [32].
The resulting loss factor, ηsystem, is a performance in-
dicator valid for any kind of damping, this makes it
applicable for comparison of active and passive damp-
ing. However, the method is elaborate for application
in location optimization, since it uses information on
energy distribution and energy loss. For optimization
it is needed to know the relative performance only,
being the energy distribution. This means for both
types of damping it is sufficient to calculate the amount
of strain energy in the damping layer(s) over that in
the whole system, φsystem [16]. For example, for fig-
ure 8 equation 2 provides φsystem for passive damping

and for figure 14 equation 3 provides φsystem for ac-
tive damping. In those equations Un(x) represents the
strain energy in layer n at length x, in which x is a value
between 0 and dL. The higher φsystem, the higher the
performance. However, this ratio can be used to com-
pare the performances within a damping method only,
due to the fact energy loss is not taken into account.

φsystem =

∫ dL
0 Uv(x)dx∫ dL

0 Ub(x) + Uc(x) + Uv(x)dx
(2)

φsystem =

∫ dL
0 Up(x)dx∫ dL

0 Ub(x) + Up(x)dx
(3)

3 Location optimized hybrid damping

Two subjects are explored to develop the location op-
timized hybrid damping mechanism. First the passive
and active damping mechanisms are analysed individ-
ually. Next, analysis is performed on the influence
the optimized methods have on each other, when ap-
plied to the same flexible structure in parallel. Those
subjects together form the basis to development of
hybrid damping, since all properties of influence are
considered through this apporach. The optimization
is presented through an example case, a cantilever
beam with transversal eigenmodes as shown in table
1. This example represents a generic one-dimensional
case, since the ratio beam thickness over length is
small. This makes the conclusions drawn for this ex-
ample extendable to all other one-dimensional cases.
Damping of this system is analysed through consid-
ering the beam tip displacement as function of force
disturbance at the root, this system is visually shown
in figure 5. Elaboration of the system will be done
in a visual manner, since this will give insight in the
properties of influence. This insight will enable future
users to extend this research to other one-dimensional
cases.

Eigenfrequency 1 2 3 4

Frequency [Hz] 20 125 345 670

Tab. 1: Approximate eigenfrequencies cantilever beam
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Fig. 5: Schematic visualization of the flexure analysed

3.1 Optimization of individual damping
methods

The models and evaluation methods introduced in sec-
tion 2, are used to find the most optimal damping
layouts. This means two different numerical models
are analysed, one with passive damping added to the
structure and one with active, as schematically shown
in figures 6 and 7 respectively.

Fig. 6: Schematic visualization of a beam covered with
a CLD patch

Fig. 7: Schematic visualization of a beam covered with
active patches, sensor and actuator

3.1.1 Passive damping

Passive damping performance is dependent on sev-
eral geometrical properties, such as the location of the
damping patch, the length of the damping patch, and
constraining and viscoelastic layer thickness. On top
of that, those geometrical properties are a function of
the material properties of the layers. All those in-
fluences are explored individually, to obtain insight
in those. The geometrical layout of a CLD covered
beam element is shown in figure 6. This figure shows a
beam(hb) covered by a CLD patch, with a constraining
(hc) and viscoelastic layer (hv).

Patch location The damping effectiveness develop-
ment of CLD as function of damping patch location is
analysed in figure 8. In here three different patch loca-
tions are visualized, figures 8a-8c. Those figures visu-
alize the strain energy development for the 2nd eigen-
frequency per layer, in here the strain energies for the
3 layers are given individually (hb,hc and hv). This
figure shows that multi-peak coverage offers a signifi-
cantly different strain energy-distribution than single
peak coverage, through the viscoelastic and constrain-
ing layers, figure 8a compared to figures 8b and 8c.
Also it shows that the most effective location for sin-
gle peak coverage is a CLD patch centered around the
tip of the strain energy peak, figure 8c. Appendix
I elaborates how this visualization is developed, what
assumptions were used, and how this data is processed
via the equations from the preliminaries. Also figure
8 shows the modeshapes of the beam when it is cov-
ered by CLD, and when it is not covered by CLD, the
undamped beam. In those sub-figures it is seen that
applying CLD to a beam will slightly change the mode-
shape of the structure. This influence on modeshape
will be elaborated in section 3.2.1 further.

(a) Stress distribution through fully covered CLD beam.

(b) Stress distribution with 25% of the beam covered with
CLD, at location of highest strain energy in visoelastic
material, from 0.1 - 0.35 on the x-axis
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(c) Stress distribution with 25% of the beam covered with
CLD, at location of highest strain energy in structure

Fig. 8: Stress through structure partially covered with
CLD

To show the dependency of effective patch location
on material properties, table 3 is used. In this ta-
ble 4 types of off-the-shelf viscoelastic materials are
compared, of which the viscoelastic material proper-
ties are shown in table 2. The viscoelastic materials
are constrained by a constraining layer of thickness
hc = 0.5[mm]. From table 3 it is concluded that the
most effective location is independent of the viscoelas-
tic material properties. So having a patch centered
around a strain energy peak is most effective, when
just one strain energy peak can be covered, figure 8c.
On top of that it is shown, materials with a high shear
modulus can be equally effective for single strain en-
ergy peak coverage and full beam coverage, C-1002-01
in table 3. Appendix J elaborates how the loss fac-
tors are calculated via the formulas introduced in the
preliminaries.

Gv [MPa] hv [mm]

ISD113 [1] 0.8 0.508

ISD112 [2] 3 0.254

C-1002 - 01
[12]

20 0.381

C-1002 - 03
[12]

20 0.762

Tab. 2: Properties of 4 off-the-shelf viscoelastic mate-
rials at 20◦C and 100-150Hz

Full cover-
age (figure
8a)

Highest
strain vis-
coelastic
(figure 8b)

Highest
strain
structure
(figure 8c)

ISD113 [1] 0.0795 0.0077 0.0232

ISD112 [2] 0.0698 0.0198 0.0495

C-1002 -
01 [12]

0.0444 0.0327 0.0485

C-1002 -
03 [12]

0.0634 0.0404 0.0612

Tab. 3: Strain energy distribution φsystem for the sec-
ond eigenmode at 20◦C and 100-150Hz

Patch length The relation between damping mate-
rial and patch length (Lpatch) is determined through
analysis of the loss factor, ηsystem. This is done via
gradually growing a CLD patch with hc = hv =
0.5[mm], around the most effective strain energy peak,
and repeating this for different viscoelastic materials.
This process is visualized in figure 9, here it is shown
at what locations the patches for respectively the 3rd

and 4th eigenfrequency start to grow, and in which di-
rection those symmetrically grow. This method leads
to figure 10, here it is shown that different modeshapes
have different optimal coverage percentages for the
same viscoelastic materials, from damping to weight
ratio perspective. Since at certain coverage percent-
ages the growth in loss factor stalls for a while, this
differs with shear modulus. More precisely, it shows
effectiveness is, among others, a function of the per-
centage of a strain energy peak the damping patch
covers. Since the strain energy peaks cover about 50%
and 30% of the beam, for respectively the 3rd and 4th

eigenmode. At those coverages the rise in loss factors
start to stall for all shear moduli. The definition strain
energy peak used is visually explained in appendix K.

Fig. 9: Visualization of the patch development in fig-
ure 10
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(a) Loss factor (ηsystem) dependency on patch length for the
3rd eigenmode. The patch initially grows symmetrically
, as shown in 9, until this is not possible anymore, than
it grows towards the object’s root only

(b) Loss factor (ηsystem) dependency on patch length for
the 4th eigenmode. The patch grows symmetrically, as
shown in figure 9

Fig. 10: Visualization of loss factor (ηsystem) depen-
dency on patch length

Layer thickness The influence of the constraining
and viscoelastic layer thickness on damping perfor-
mance is determined through an optimization, shown
in figure 11. This figure shows the influence layer thick-
nesses have on the most effective patch length, when
the patch is at the most optimal location, shown in
figure 19. Figure 11 shows that the thicknesses of the
layers determine the slope of the graph, since thicker
layers (hv and hc) will lead to a steeper slope. Conse-
quently thicker layers can lead to higher loss factors.
However, figure 11b shows the slope starts to stall at
a certain coverage percentage, which is seen in figure
10 earlier.
Increasing the layer thickness of the constraining layer
is most effective when the constraining layer is thin
compared to the viscoelastic layer, figure 11a. How-
ever, increasing the thickness of the viscoelastic layer
is most effective when the layer is thick compared to
the constraining layer, figure 11b. Since the figures

show that doubling layer thickness has no linear re-
lation with the loss factor increase. Consequently, it
is expected that an optimal ratio between those lay-
ers can be found, this will be case specific in a large
extend.

(a) Loss factor (ηsystem) dependency on patch length and
hc

(b) Loss factor (ηsystem) dependency on patch length and
hv

Fig. 11: Loss factor (ηsystem) dependency on patch
length and layer thickness for the 2nd eigen-
mode

All together it is seen that all properties of influence
are correlated, which makes it hard to develop a gen-
eralized optimization model. However, the visualisa-
tions of the damping performance developments offer
the opportunity to simplify the passive damping opti-
mization process, this will be done in section 3.3.

3.1.2 Active damping

For optimization of active damping the length of the
patch is considered only. Since the material properties
and thickness of the transducer determine stiffness and
force limitations only. To determine the most effective
length of the piezo patch an optimization run is exe-
cuted, as shown in figure 12. In this figure the loss is
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represented by the ratio strain energy in the damped
flexure over the strain energy in the undamped flexure,
the patch length development is handled in a similar
manners as in figure 9. In figure 12 an optimization
run has been performed for the 3rd eigenmode, here it
is shown a patch is most effective when it covers be-
tween 10-20% of the structure. After 10% coverage the
loss factor increase starts to stall, and after 20% the
loss stops rising. Consequently it is not needed to have
a patch covering more than 20% of the beam, from a
damping to weight ratio perspective.
The coverage percentage of the beam length can be
transformed to the coverage percentage of the strain
energy peak. This leads to the definition, covering be-
tween 20-40% of the strain energy peak will lead to the
highest loss over weight ratio for a damping patch.

Fig. 12: Loss development as a function of patch
length, for the 3th eigenmode

The performance development seen for the 3rd eigen-
mode is representable for all other modes. Since it is
shown that the stress distribution through the piezo
layer follows the same pattern as the one through the
main flexure, figure 14. In this figure the strain en-
ergy distributions through the beam and piezo layer
(hp) are visualized, figure 7. From the distribution as
shown in figure 14 it can be concluded that the stress
distribution ratios (φsystem) are similar for all strain
energy peaks of all eigenmodes. Consequently damp-
ing performance will develop in a similar manner for
all strain energy peaks, eigenmode independent. Thus
the 20-40% coverage is valid for all strain energy peaks.
Only the 1st eigenmode is not considered in this state-
ment, since this eigenmode does not have a strain en-
ergy peak. For this reason it is needed to optimize
for this mode individually, as shown in figure 13. In
this figure it is shown that a patch designed for the 1st

eigenfrequency needs a coverage percentage of 10-20%
of the beam, to be most effective.

Fig. 13: Loss development as a function of patch
length, for the 1st eigenmode

Fig. 14: Stress distribution with the beam fully cov-
ered by a piezo element

3.2 Influence of the hybrid damping lay-out

The optimized damping methods will be applied to the
flexure as local damping method, as shown in figure
2. Those damping methods can change the dynamic
properties of the structure in two manners, those can
cause a change in modeshape and in eigenfrequency.
Those effects are caused by the local stiffness change
introduced to the structure.

3.2.1 Modeshape manipulation

The modeshape will not be manipulated significantly
when the damping patch applied is symmetrically dis-
tributed around a strain energy peak, figure 8c. Since
this figure shows the height of the displacement peak
is reduced only. However, when the damping patch
is not symmetrically distributed around a strain en-
ergy peak, and when it is still located at a high strain
energy location, than the modeshape change can be
more significant due to a shift in the location of the
displacement peak, figure 8a. Having this more signif-
icant modeshape change can influence damping per-
formance. For this reason this section will discuss the
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influence a damping patch designed for the 3rd eigen-
frequency has on the modeshape of the 2nd eigenfre-
quency. This example can be generalized to all eigen-
frequencies, because this modeshape influence will be
the most significant one. Since the larger the local stiff-
ness increase the larger the influence on modeshape.
This stiffness increase is a function of the size of the
patch and the strain at the specific location. Regard-
ing the patch size, it is known that the effectiveness
of a damping patch is a function of the percentage
strain energy peak it covers, section 3.1. Consequently
a lower eigenfrequency needs a larger damping patch to
obtain similar damping effectiveness. So the 2nd eigen-
frequency needs the largest patch followed by the 3rd

eigenfrequency. However, the influence the optimized
patch for 3rd eigenfrequency has on the modeshape of
the 2nd eigenfrequency is larger than vice-versa. Since
the 3rd mode patch is at a higher strain energy loca-
tion for the 2nd mode than vice-versa, as schematically
shown in figure 15. This figure shows that the curva-
ture experienced by the green patch is larger than that
experienced by the black patch. Thus the situation
considered in this analysis will experience the largest
influence by a damping patch, consequently the largest
modeshape change.
For active damping, the stress distribution through the
active damping layers is the same as the one through
the beam. This means at the location of the piezo
patch the curvature of the beam is reduced with a
continuous factor. Consequently the change in mode-
shape is small, as shown in figure 16. This figure shows
the strain energy in the beam and piezo layer (hp), as
schematically shown in figure 7. With passive damp-
ing the strain energy distributions are not similar, this
means the curvature will change with a discontinuous
factor. This results in a modeshape in which the lo-
cation of the peak has shifted more significantly, as
shown in figure 17.
Both methods do influence the modeshape of the
beam, a modeshape change introduced by passive
damping is larger than by active damping. However,
the situation shown in this section is the worst case
situation, and even in this situation the modeshape
changes are small. Consequently it is not needed to
consider the modeshape changes, as long as the added
damping layers are thin compared to the beam thick-
ness. This is the case when

hp
hb

≤ 0.26, since this is the
ratio used in this example.

Fig. 15: Influence the damping patches for the 2nd and
3th eigenmode have on the other eigenmode

Fig. 16: Influence of piezo patch on the 2nd eigenmode,
when designed for the 3th eigenmode

Fig. 17: Influence of CLD patch on the 2nd eigenmode,
when designed for the 3th eigenmode

3.2.2 Eigenfrequency manipulation

Adding damping material to the flexure will higher the
eigenfrequencies. Especially for the eigenfrequency the
specific patch dampens, since here φsystem will be high-
est.
In the active damping case the controllers have an in-
fluence on the location of the eigenfrequencies. How-
ever the influence of the controller can be manipulated
by tuning the controller parameters. In this case the
controller is tuned for optimal damping performance,
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consequently frequency shifts can occur.
Figure 18 shows the frequency response function (frf)
of the transfer function (tf)

wtip

Fdisturbance
, as in figure 5,

for all cases. Here it can be seen that the frequency
shifts are significant for the damped modes, indepen-
dent of active or passive damping is applied. However,
it is shown that both methods do offer a slightly differ-
ent eigenfrequency shift, in which the frequency shift
caused by CLD is generally larger. Also it is shown
that the controller of active damping has just a small
influence on the eigenfrequencies below the cut-off fre-
quency of the controller, despite the PPF controller
properties [29]. This is caused by the fact that the
amount of strain energy at the location of the damp-
ing patch optimized for the 2nd eigenfrequency is little
for the 1st eigenmode, as can be concluded from the
modeshapes shown in figure 19. Thus the actuator has
small influence on the 1st eigenmode.
From this comparison it is concluded that eigenfre-
quency shifts need to be considered when hybrid damp-
ing is developed. However the importance of it is de-
pendent on the strain energy distribution, φsystem, at
the location of the damping patch. The higher this
value the more important consideration of the eigen-
frequency manipulation.

Fig. 18: Eigenfrequencies shifts caused by damping
methods

Fig. 19: Visualization of the location of a damping
patch designed for the 2nd eigenfrequency

3.3 Location optimized hybrid damping

The first step in developing hybrid damping for the
example case is to determine the weight the damp-
ing patches are allowed to have. Defining the weight
allowed for each eigenfrequency individually can be
beneficial, since the actuator force needed for active
damping can differ for all eigenfrequencies, thus differ-
ent actuator thicknesses are needed. For this reason it
is advised to use the weight of the piezo transducers to
define the weight a general damping patch is allowed
to have.
For active damping patches it is relatively simple to
evaluate performance as a function of dimensions.
Covering 20-40% of a strain energy peak offers best
performance in all cases. And the thickness of the
transducers will determine the maximum force the
transducers can develop only. This means an estimate
has to be made on what thickness transducer is needed
to damp a certain eigenfrequency. In the example case
a PICeramic P876-A12 transducer was chosen as actu-
ator for all eigenfrequencies. Those were chosen due to
its length (matching the piezo length needed) and the
fact those patches are relatively thick, thus the force
the patches can develop is sufficient, unconditionally.
The weight of the sensor is not taken into account by
defining the patch weight, since any piezo patch thick-
ness can be used as sensor.
The loss factor offered by an active damping patch is
calculated through the Q-factor, as introduced in sec-
tion 2.2. To determine this factor it is needed to have
the PPF controller tuned for optimal performance.
Optimal performance will in this case mean achiev-
ing the highest amount of damping, while the controls
do not dominate the dynamics of the system. Tuning
of the controller is shown in appendix L. The opti-
mized patch locations are shown in appendix M. The
loss factors and coverage percentages offered by active
damping are shown in table 4.
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Eigenfreq.

1st 2nd 3th

ηsystem 0.12 0.11 0.12

Peak coverage - 25% 40%

Tab. 4: Loss factor and amount of peak coverage pro-
vided by P876-A12 damping patch, for each
eigenfrequency(Patch locations are shown in
appendix M)

With the weight of the damping patches set, the most
optimal CLD lay-out is determined. This is done
through finding the highest loss factor in a case specific
optimization, as can be concluded from section 3.1.
In this section it was shown passive damping is most
effective when it is applied to a strain energy peak of
the structure. And the increase in damping perfor-
mance is not significant when a bit over one peak is
covered. This means, at a certain moment increasing
layer thicknesses will be more effective than increasing
coverage percentages. For this increase it is generally
seen that the viscoelastic layer needs to be thicker or
equally thick as the constraining layer, as concluded
from figure 20. Since here it is shown that the lay-
ers have this ratio when CLD has the most effective
length.
Due to all case specific properties an optimization as
shown in figure 20 needs to be executed. For this op-
timization the loss factors, ηsystem, are calculated via
equation 1. In the figure it is shown that the best CLD
coverage percentage for the 2nd eigenmode is 60% of
the strain energy peak. And for the 3th and higher
eigenmodes it is 90%. This means passive damping is
most effective when it covers 90% of a strain energy
peak, as long as the layers have sufficient thickness.
The damping factors for CLD can be summarized as
in table 5. The optimized patch locations are shown
in appendix M.

(a) Loss factor, ηsystem, development for the 2nd eigenmode
of CLD as function of patch size, lay-out and shear mod-
ulus

(b) Loss factor development for the 3th eigenmode of CLD
as function of patch size, lay-out and shear modulus

Fig. 20: Loss factor, ηsystem, development of CLD as
function of patch size, lay-out and shear mod-
ulus

Eigenfreq.

1st 2nd 3th

ηsystem 0.085 0.088 0.073

Peak coverage - 60% 90%

Tab. 5: Loss factor and amount of peak coverage pro-
vided by a CLD patch, for each eigenfrequency
(Patch dimensions are shown in appendix M)

Section 3.2.1 discusses the influence both damping
methods have on the modeshape, here it is shown this
influence is neglectable in the hybrid damping devel-
opment approach. Consequently location optimization
of a damping patch for a non-hybrid case (the specific
patch applied only), figure 2, is representable for a hy-
brid case with multiple patches, figure 6. Also this
means tuning the controller for a non-hybrid case will
give a controller representable for the hybrid case. Al-
though, the cut-off frequency of the controller has to be
re-tuned for hybrid damping, since the eigenfrequency
shifts are significant and damping lay-out dependent.
This re-tuning needs to be done from the highest to
lowest eigenfrequency, due to the properties of the con-
troller, as discussed in section 3.1.2.
This re-tuning statement is valid when the active
damping patch considered does not overlap with CLD
patches. Since overlap with a CLD patch will mean
a change in force and energy transmissions, leading to
a change in optimal controller properties [35]. In that
case it would be needed to re-tune all controller param-
eters. On top of that overlapping patches probably do
lead to other optimal patch dimensions. However this
influence has not been researched in this paper.
When all eigenfrequencies get the most effective damp-
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ing method assigned, it is seen all eigenfrequencies are
damped actively for the example case. In case active
damping performance is not limited by hardware or
force limitations.
Hardware limitations reduce the performance of active
damping through low-pass filtering properties mainly.
When those limitations get significant, than passive
damping starts to outperform active damping for the
specific eigenfrequencies. Consequently hybrid damp-
ing can offer benefits.
Maximum force wise it is seen active components are
used in full extend when the damped amplitudes of
the tip displacements are as shown in table 6. In this
table 2 configurations of the P876-A12 transducer are
shown. The off-the-shelf transducer, which can be used
in the -100V to +100V region only. And the optimized
transducer, which is the same transducer optimized for
an operation region of -250V to +250V. This optimized
transducer is shown since in future application active
damping will be used in full extend.
Displacements larger than shown in table 6 will need
reduction of the controller gain, which consequently
reduces the damping abilities. When this is needed,
than hybrid damping can achieve similar performance
as active damping. This is the case when the 2nd eigen-
mode amplitude is 0.39mm or 0.99mm for the non-
optimized and optimized transducers respectively. For
larger displacements passive damping is more effective
than active damping for the specific eigenfrequency,
consequently hybrid damping can offer benefits.

Eigenfreq.

1st 2nd

a 1.7mm 0.28mm

aopt 4.2mm 0.7mm

Tab. 6: Tip displacement amplitudes to use active
damping in full extend

4 Validation

So far all conclusions are based on numerical models.
To ensure validity of those models experiments are car-
ried out. The experiments show validity of the models
for a case in which the damping methods are location
optimized only. This means the experiments will not
show the benefits of hybrid damping, but those will
show validity of the numerical models only.

Fig. 21: Picture of the experimental set-up

For the experiments a set-up as shown in figure 21 is
used. This figure shows the system is disturbed close to
the root, and the vibrations amplitude is measured at
the tip of the beam, as schematically shown in figure 5.
The clamp is designed with side-plates to ensure suffi-
cient stiffness of part A and B of the clamp, to mimic
proper clamping. A pre-stress bolt is used to create a
pure sinusoidal disturbance force (Fdisturbance), with-
out damaging the disturbance actuator (PiezoDrive
SA050520). This is needed since elongation is a weak
stress direction for piezo materials. The tip displace-
ments are measured with 2 types of sensors, for cali-
bration a laser-triangulation sensor (optoNCDT1220-
10 [24]) is used and for final measurements a more
accurate single point laser vibrometer (Polytech OVF-
505). Next, 4 types of beam coverages are placed in
this set-up, a non-covered, an optimized active cov-
ered, an optimized passive covered and a hybrid cov-
ered beam, respectively. For the hybrid system AD is
location optimized for the 1st eigenfrequency, and CLD
for the 2nd. Since higher modes are most likely to be
damped passively, section 3.3. The reason to consider
2 eigenfrequencies only is because all properties con-
sidered in section 3 are included with those frequencies
already. Consequently the experiments give a reliable
validation of the numerical models.
As active components the same transducers as in
the numerical models are used, PIceramics P876-A12
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transducers [27]. For passive damping the 3M damping
foil 2552 is used [3]. The performance of this material
is reduced compared to the performance of the optimal
CLD lay-out, as derived in the numerical models. Thus
the loss factor provided by CLD will not represent the
highest loss factor possible in the hybrid damping lay-
out. However, due to the viscoelastic material proper-
ties does this foil provide significant damping for both
eigenmodes, consequently the performance of full CLD
coverage is high.
The experiments are carried out by giving the distur-
bance actuator a frequency sweep from 1-250Hz, this
leads to the FRF’s as shown in figure 23.
In order to compare the measured data to the models
the properties of the experimental set-up need to be
analysed. The passive behaviour is analysed by looking
at the undamped beam, the CLD covered beam and
the beam covered with in-active piezo patches, with
this analysis the material properties in the numerical
models are tuned. The active behaviour of AD is anal-
ysed via the control-loop, shown in figure 22. Here it is
shown 5 hardware components can influence AD per-
formance. Of those 5, the actuator, sensor and ampli-
fier are analysed only, since it can be assumed the NI
modules have predictable behaviour. The analysis is
used to adjust the numerical models to properties sim-
ilar to the experiments and to mathematically correct
for errors. For example, the piezo patch used as sensor
for the 1st eigenfrequency in the full active damped sys-
tem has significant transmission losses, probably due
to bad wiring or overheating during installation. Those
losses are corrected through multiplication with a cor-
rection factor. With the analysis of AD it was seen
that the amplifiers have varying gains and behave like
low-pass filters, consequently damping performance for
the 2nd eigenmode is limited. The low-pass filtering
properties and experimental gains are implemented in
the numerical models, to have the same dynamics for
the models and the experiments. A more elaborate
discussion on the analysis is shown in appendix N.3.

Fig. 22: Visualisation of the AD control-loop

Figure 23a shows the experimental FRF’s and figure
23b shows the numerical approximations. Compari-
son of those figures shows the peaks occur at similar
frequencies.

(a) Experimental FRF

(b) Numerical FRF

Fig. 23: The FRF’s of the experiments and numerical
predictions

Besides validation of the locations of the eigenfrequen-
cies do the experiments also provide the loss factors
for all the damping methods, as shown in table 7. In
the table it is shown the loss factors are similar too.
The loss factors are calculated through the Q-factor,
as introduced in section 2.2.
A more elaborate explanation on how the experiments
are carried out is shown in appendix N.

1st eigenfreq. 2nd eigenfreq.

Damping type ηexp ηnum ηexp ηnum

Active 0.12 0.12 0.058 0.059
Passive 0.076 0.073 0.063 0.069
Hybrid 0.12 0.13 0.076 0.080

Tab. 7: Comparison of the loss factor for the experi-
mental and numerical approach, ηexp and ηnum
respectively
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5 Discussion

Two subjects are discussed in this section, the first sub-
section discusses how the knowledge gained through
the example case, section 3.3, is used to develop a
methodology on development of hybrid damping for
all one-dimensional cases. The second part of this sec-
tion discusses why the experiments prove validity of
the numerical models and approach used.

5.1 Hybrid damping development
methodology

The example case of section 3.3 can be extended to
a general case, thus an approach plan to obtain hy-
brid damping is developed, figure 24. The figure shows
an unconditional valid methodology to develop hybrid
damping for a system in which it is known which eigen-
frequencies need to be damped, when the damping
patches do not overlap and when the damping lay-
ers are thin compared to the beam thickness. This
methodology aims at designing hybrid damping mech-
anisms in which the allowable weight increase by the
damping patches is determined upfront. This is dif-
ferent from a methodology aiming at achieving a pre-
defined loss factor. Since in the approach used it is not
known what the final loss factors will be, however this
does mean the ratio of loss factor over weight will be
optimized.
Assigning the damping methods to eigenfrequencies is
done in the order from highest to lowest frequency.
This has two reasons. One is when for a specific eigen-
frequency it is seen hardware limitations are the main
contributors causing passive damping to outperform
active damping. Than it can be concluded, as soon
as active damping outperforms passive damping, all
lower eigenfrequencies need active damping. Since the
influence of hardware limitations increases with fre-
quency [29]. The other reason is the fact PPF can
cause frequency shifts for frequencies below the cut-off
frequency. Consequently it is needed to re-tune the
controllers in the order from highest to lowest eigen-
frequency.

Fig. 24: Methodology to develop hybrid damping

Several steps are taken per individual eigenfrequency.
First the weight of the damping patch is defined, via
the properties and dimensions allowed for AD. With
the weight of a general damping patch, AD or CLD,
defined the individual damping methods can be opti-
mized. For optimization of CLD 3 rules-of-thumb are
given, which all are deviated from section 3.1.1. Those
rules are used to give direction to the optimization.
Those rules state, the patch covers a certain part of the
strain energy peak, the viscoelastic layer needs to be
thicker or equally thick as the constraining layer. And
the shear modulus needs to be higher when a higher
eigenfrequency is being damped, only if the damping
patch has gotten smaller.
For optimization of AD it is needed to estimate the
actuator force required, through analyzing the ampli-
tude of the eigenmode. This together with the hard-
ware limitations will define the boundaries in which
AD can perform optimally. Also for AD it is needed
to optimize the PPF-controller, to achieve optimized
damping.
The next step is to select the best damping method for
the specific eigenfrequency, and evaluate if the ampli-
tude of the mode is damped sufficiently. When those
steps are followed for each eigenfrequency and when
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the patches are applied in the hybrid system, than the
controllers for the AD patches need to be re-tuned.
And the amplitudes have to be evaluated one last time,
since combining the methods will change the ampli-
tudes slightly, as seen for the AD patches for the 1st

eigenfrequency in figure 23.
It needs to be noted, when damping patches do over-
lap, than re-tuning of all controller parameters would
be needed for the specific active patches. This re-
tuning dependents on how this overlap is managed
physically. Also overlap can cause the optimized
damping lay-outs to be not optimal for the new hybrid
system anymore. Due to the fact they were optimized
for a non-overlapping patches lay-out. Consequently,
for this case it is needed to extend the methodology.

5.2 Validation of numerical models

By comparing figure 23a and figure 23b and looking
at table 7 the first thing to notice is, the experiments
and numerical models give similar results. However,
several small differences can be seen.
For the 1st eigenmode the AD system has a higher peak
than the hybrid damped system, for the experiments,
however for the numerical models it is vice-versa. This
means there is a mis-match in piezo material proper-
ties or amplifier gains probably.
For the 2nd mode all curves have a small extra peak
in the experimental data. Probably this is caused by
a flaw in the clamp.
All together, the models give reliable results for a one-
dimensional flexible structure, for all three damping
methods. Thus the approach introduced can be used
for development of hybrid damping mechanisms for
one-dimensional flexible structures.

6 Conclusion

This novel location optimized hybrid damping method
will improve the damping performance for a one-
dimensional structure, in case the amplitudes of the
eigenmodes are large or in case hardware limitations
limit the performance of active damping. To develop
this newly introduced damping method the approach
as summarized in figure 24 can be used. With this
methodology the benefits of both damping techniques
will be used in full extend, which leads to an improved
damping over weight ratio for one-dimensional flexible
structures.

7 Recommendations

This paper offers a methodology to develop hybrid
damping for one-dimensional flexures, however this
methodology contains several simplifications and as-
sumptions. The methodology considers a system in
which damping patches do not overlap, however when
a large frequency bandwidth is damped, than overlap
between patches will occur. To account for this the
methodology has to be extended.
It is expected in several hybrid damping development
processes it will be the case that as soon as active
damping outperforms passive damping, than all lower
eigenfrequencies need to be damped actively. However,
a more elaborate research has to be carried out, to find
rules-of-thumb for when this is the case.
This method considers one individual damping method
per eigenfrequency only. However, using a hybrid
damping method, active and passive damping com-
bined, for one individual eigenfrequency, could be ben-
eficial in some cases [4, 31]. For this reason it could be
beneficial to make a comparison between the 3 damp-
ing methods per eigenfrequency.
When more knowledge is gained in this area, than
this method can be applied in ’MetaMech’. This is
a project at Delft university of technology research-
ing the benefit of constructing a flexure out of damp-
ing elements, those elements can be active, hybrid or
passive. Developing a methodology to select which
eigenfrequency is damped by which damping method
at what location, can be key to development of the
most effective ’MetaMech’ structure possible.

References

[1] 3M�. Layered Viscoelastic Damping Polymer (SJ-
2040X), 2017.

[2] 3M�. Viscoelastic Damping Polymer 112 Series,
2017.

[3] 3M Industrial Business. Damping Foil 2552, 2012.
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Appendices

Nomenclature

εpiezo Permittivity piezo material
ρb Density beam
ρc Density constraining layer
ρp Density piezo material
ρv Density viscoelastic layer
A Cross-sectional area
Ab Cross sectional area beam
Ac Cross sectional area constraining layer
Ap Cross sectional area viscoelastic layer
Av Cross sectional area viscoelastic layer
b Width beam
bc Width constraining and viscoelastic layer
bp Width of piezo transducer
Cp Capacitance of piezo-element
dL Length of one element
d31 Piezo electric charge constant
Eb Youngs modulus beam
Ec Youngs modulus constraining layer
Ep Youngs modulus piezo material
Ge Equivalent Shear Modulus
Gv Shear modulus viscoelastic material
g31 Piezo electric voltage constant
hb Thickness beam
hc Thickness constraining layer
hg Thickness glue layer
hp Thickness glue layer
hv Thickness viscoelastic layer
Ib Second moment of area beam
Ic Second moment of area constraining layer
Ip Second moment of area constraining layer
Kb Stiffness matrix undamped/bare beam element
KCLD Stiffness matrix beam element covered with CLD
Kpiezo Stiffness matrix beam element covered with piezo transducers

k13 Coupling factor piezo material
L Element length
Mb Mass matrix undamped/bare beam element
MCLD Mass matrix beam element covered with CLD
Mpiezo Mass matrix beam element covered with AD
Nw Shape function lateral displacement
Nb Shape function axial displacement beam element
Nc Shape function axial displacement constraining layer
Np Shape function axial displacement piezo element
Nv Shape function axial displacement viscoelastic layer
Se11 Compliance piezo material
T Kinetic energy
Tb Kinetic energy beam
Tc Kinetic energy constraining layer
Tv Kinetic energy viscoelastic layer
U Strain energy
UDampingStrain energy in damping layer
UDampedDissipated energy by damping layer
USystemStrain energy in whole system
Unb Strain energy in the beam at element n
Unc Strain energy constraining layer, element n
Unv Strain energy viscoelastic layer, element n
ub Axial displacement beam
uc Axial displacement constraining layer
up Axial displacement piezo layer
Vact Voltage piezo actuator
Vin Input voltage amplifier
Vsensor Voltage sensor
V1,2 Voltage output 1 and 2 of amplifier, respectively
w Lateral displacement
x Location on length element

A Euler-Bernoulli beam FE model

The FE-model of this undamped beam element is calculated via the Euler-Bernoulli approach [33]. This
approach introduces the analytical strain energy relation as shown in equation 4. The analytical kinetic energy
relation can be given as in equation 5 [17, 33].

∑
U = Ub = 0.5

∫
dL
EbIb(

∂2w

∂x2
)2 + EbAb(

∂ub
∂x

)2dx (4)

∑
T = Tb = 0.5

∫
dL
ρbhbb(ẇ

2 + u̇b
2)dx (5)

The energy relations can be used to find the EOM of the system, this is done via applying equations 4 and 5
in the Lagrange equation, equation 6.
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d

dt

∂
∑
T

∂ẋ
− ∂

∑
T

∂x
+
∂
∑
U

∂x
= 0 (6)

The next step is to define unknown weighting functions wh, uhb , u
h
c and uhv , to multiply the whole EOM with. uhc

and uhv are not of significance for the bare/undamped beam, however those variables are needed when damping
is added to the structure. On this new equation, with weighting functions, partial integration is applied, to
reduce the orders of the derivatives. Consecutively the Galerkin method is applied, to find an approximation
for the solution of the partial differential equations [22].
Now the EOM can be transformed to FE notation, via defining hermitian shape functions [20], equations 7
and 8. In those equations superscripts give the derivatives, ie. N ,xx is the second derivative over x.

Nw =
[
2x3−3x2dL+dL3

dL3
x3dL−2x2dL2+xdL3

dL3 0 0 −2x3+3x2dL
dL3

x3dL−x2dL2

dL3 0 0
]

(7)

Nb =
[
0 0 0 1 − x 0 0 0 x

]
(8)

Applying those shape functions leads to the EOM for a beam element of length dL as shown in equation 9. In
which u is represented by equation 10.

Mbü+Kbu = F (9)

u =
[
w ∂w

∂x uc ub
]

(10)

Mb =

∫
dL
NT
w ρbhbbNw +NT

b ρbhbbNbdx (11)

Kb =

∫
dL
N ,xxT

w EbIbN
,xx
w +N ,xT

b EbhbbN
,x
b dx (12)

B Piezo beam FE-model

The mass and stiffness matrices of the piezo element and the beam are deviated in a similar manner, as
described in detail in appendix A. In this case the strain energy and kintetic energy equations are given in
equations 13 and 15.

∑
U = Ub + Up (13)

Up = 0.5

∫
dL
EpIp(

∂2w

∂x2
)2 + EpAp(

∂up
∂x

)2dx (14)

∑
T = Tb + Tp (15)

Tp = 0.5

∫
dL
ρphpbp(ẇ

2 + u̇p
2)dx (16)

This leads to mass and stiffness matrices as given in equations 18 and 20, which formulate the EOM of
equation 17. In these equations the shapefunction Np is given by equation 22. This equation is deviated from
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Fabbrocino et al. [13], however a small adjustment is made in order to take the thin glue layer in between the
piezo transducer and the beam into account.

Mpiezoü+Kpiezou = F (17)

Mpiezo = Mb +Mp (18)

Mp =

∫
dL
NT
w ρphpbpNw +NT

p ρphpbpNpdx (19)

Kpiezo = Kb +Kp (20)

Kp =

∫
dL
N ,xxT

w EpIpN
,xx
w +N ,xT

p EphpbpN
,x
p dx (21)

Np = Nb −
hg(hb + hp)

2
N ,x
w (22)

C CLD beam FE model

The strain energy definitions for a CLD covered Euler-Bernoulli beam can be obtained via the Markus and mead
approach [23], this approach is an expansions of the Euler-bernoullli method. The stress relations obtained
with this method can be transformed into energy equations. This leads to the strain energy equations as given
by Huang et al. [17], equations 23 and 24.

Uc = 0.5

∫
dL
EcIc(

∂2w

∂x2
)2 + EcAc(

∂uc
∂x

)2dx (23)

Uv = 0.5

∫
dL
GvAv(

hv + 0.5(hb + hc)

hv

∂w(x)

∂x
+
uc − ub
hv

)2dx (24)

In which Uv is simplified to.

Uv = 0.5

∫
dL
GvAvγ

2dx (25)

∑
U = Ub + Uc + Uv (26)

The kinetic energy formulations are given by the following equations [17].

Tc = 0.5

∫
dL
ρchcbc(ẇ

2 + u̇c
2)dx (27)

Tv = 0.5

∫
dL
ρvhvbc(ẇ

2 + u̇v
2)dx (28)

∑
T = Tb + Tc + Tv (29)
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Those energy expressions can be put in the Lagrange equation, in order to find the EOM of the system, equation
6. Further, the method is similar to the method as used for the undamped beam, appendix A. Consequently
the EOM is as given in equation 30.

MCLDü+KCLDu = F (30)

MCLD = Mb +Mc +Mv (31)

Mc =

∫
dL
NT
w ρchcbcNw +NT

c ρchcbcNcdx (32)

Mv =

∫
dL
NT
w ρvhvbvNw +NT

v ρvhvbcNvdx (33)

KCLD = Kb +Kc +Kv (34)

Kc =

∫
dL
N ,xxT

w EcIcN
,xx
w +N ,xT

c EchcbcN
,x
c dx (35)

Kv =

∫
dL
N ,xxT

w EvIvN
,xx
w +NγGvhvbcNγdx (36)

The shapefunctions are given in equations 37-39. Those shapefunctions consider, among others, the axial
displacement difference between the constraining layer and the beam (ub and uc), this difference defines the
shear strain in the viscoelastic layer.

Nc =
[
0 0 1 − x 0 0 0 x 0

]
(37)

Nv = 0.5(Nc +Nb) +
hc − hb

4
N ,x
w (38)

Nγ =
Nc −Nb

hv
+
hv + 0.5(hb + hc)

hv
N ,x
w (39)

D Constructing a beam out of elements

The FE model of each type of element leads to a mass matrix (Melement) and a stiffness matrix (Kelement) for
each element. Those elements need to be connected, by coupling the DOF’s of the nodes. This is done via
dynamic sub-structuring [10]. An example for the Msystem-matrix, with 2 elements, is given in equation 41.

Here M j
node represent the DOFs of node j, in which node j is part of M i

element, as shown in equation 40. The
same steps are used for the K-matrix.

M i
element =

[
M2i−1
node 0
0 M2i

node

]
(40)

Msystem =

1 0 0 0
0 1 1 0
0 0 0 1



M1
node 0 0 0
0 M2

node 0 0
0 0 M3

node 0
0 0 0 M4

node




1 0 0
0 1 0
0 1 0
0 0 1

 (41)
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The next step is to implement the boundary conditions, this means for the cantilever beam example all DOF
of the first node are set to zero. As shown in equation 42.

u =
[
0 0 0 0

]
(42)

Now the FE-model of the cantilever beam is obtained.

E Active piezo actuator FE model

The transfer function for the actuator can be found easily, through combining equations 43, 44 and 45. This
leads to an actuator force (Fact) as function of voltage (Vact) as given in equation 46 [20].

σpiezo =
εpiezo
Se11

− d31Eelec
Se11

(43)

Eelec =
Vact
hp

(44)

F =

∫∫
A
σdA (45)

Fact =
d31bp
Se11

Vact (46)

In order to insert this equation into the Lagrange equation, equation 6, it is needed to calculate the virtual
work done by this force. This can be done according to equation 47.
The next step is to write this virtual work equation into FE-formulation, via the same method as described in
appendix A. The shape function used for the active piezo-element is shown in equation 48. This shape function
shows the influence an active element has on the normal strain and the moment in the structure.
All together, this leads to the transfer function as shown in equation 49.

δWact =

∫
dL
Fact

∂up
∂x

dx (47)

Npa = Nb −
hg(hb + hp)

2
N ,x
w (48)

Fact
Vact

=

∫
d
L
d31bp
Se11

N ,xT

pa dx (49)

F Active piezo sensor FE model

The voltage generated in the sensor is dependent on the deformations of the transducer. This makes the
sensor equation different from the actuator equation. For the sensor the method from Lee [21] is used, which
is applied by Baz et all [6]. This method states that the electrical energy in the piezo transducer needs to be
the same as the mechanical energy, this comparison is done through the piezo electric coupling factor (k13), as
shown in equation 50. Rewriting this equation leads to equation 52. This equation does need to be writen in
FE-formulation, and this can be done in the same manner as done for the piezo actuator, as in appendix E.
This leads to the finite element formulation as shown in equation 53.

∫∫
A

1

2
CpiezoV

2
sensordA = k213

∫∫
A

1

2
σpiezoδupdA (50)
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σpiezo =
Vsensor
g31hp

(51)

Vsensor
L

=

∫∫
dA

k231
g31Cpiezohp

δupdA (52)

Vsensor
usensor

=

∫
dL

k231bp
g31Cpiezo

N ,x
padx (53)

G Positive position feedback

Positive position feedback (PPF) is used to actively damp the structure, this controller is chosen because of its
ability to be focussed on a certain eigenfrequency and due to the 2nd order roll-off [29]. The tf of the controller
is given by equation 54. In this transfer function it can be seen the controller adds flexibility to the system at
frequencies below the cut-off frequency. And at higher frequencies it adds stiffness, however this addition is
small, due to the controllers roll-off [11].
This means that the controller has an influence on the eigenfrequency peaks below its cut-off frequency only,
so if multiple single input-single output (SISO) PPF controllers are used in parallel it is needed to tune from
the highest to the lowest eigenfrequency respectively [29].

Hcontroller =
gω2

c

−ω2 + 2ξdampωcωi+ ω2
c

(54)

H Closed-loop transfer function AD

To obtain the closed-loop tf for the AD system, it is needed to define the open-loop tf of the beam first. This
can be according to equation 55.

Y (s) = Msystems
2 +Ksystem (55)

The tf of the open-loop system needs to be combined with the tf of the actuator, sensor and controller, appendix
E-G. This leads to a closed-loop block diagram as shown in figure 4, given in an tf as shown in equation 56.

Yact(s) = (I − Y (s)
Fact
Vact

Hcontroller
Vsensor
xsensor

)−1Y (s) (56)

I Strain energy distribution

The FE-models provide the EOM of the system, equation 55, those EOM give the relation between force,
frequency and displacement. When the force and the frequency are known, it is possible to find all nodal
displacements. Those displacements can be used to calculate the strain energy per element, adding those will
give the strain energy in the whole flexure.
The equations to calculate the strain energy for respectively a constraining layer, viscoelastic layer and beam
element are shown in equations 57-59. Here n is the amount of elements used to describe the whole beam. The
stiffness matrices Kn

c and Kn
v are 0-matrices (zero-matrices) if element n is not covered with CLD and those

are the stiffness matrix when covered with CLD, as shown in equations 60 and 61.

Unc =
1

2
unKn

c (un)T (57)

Unv =
1

2
unKn

v (un)T (58)



24 K Energy peak coverage

Unb =
1

2
unKb(u

n)T (59)

Kn
v =

{
0 if n = bare beam element

Kv elseif n = CLD covered beam element
(60)

Kn
c =

{
0 if n = bare beam element

Kc elseif n = CLD covered beam element
(61)

The displacement vector u is complex, since it represents a damped system. Being complex causes the mode-
shapes to get discontinuous over one period, as concluded from the phase diagram in figure 25.
However, figure 25 does show that in this case, with using small damping patches, taking the absolute value
of u provides reliable results, in terms of representing the stress distribution over the whole period. Since in
this figure it is seen that the float in phase for the modeshape of the damped case is small, consequently the
modeshapes can be considered continuous over the whole period, like the undamped modeshape in figure 25.

Fig. 25: Comparison modeshape damped and undamped

J Damping loss factor passive damping

In the preliminaries it is seen the damping loss factor is the ratio of energy dissipated over the total amount
of energy stored. This means this value can be calculated in FE-form via equation 62.

ηsystem =

n∑
1

Unv ηv
Unb + Unv + Unc

(62)

K Energy peak coverage

The definition strain energy peak is given in figure 26. It is defined with this 90% statement, since strain
energy peaks are not fully symmetrical and because the slope of the strain energy curve starts to stall at the
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boundaries of this statement, figure 26.

Fig. 26: Visualisation of the definition strain energy peak

L Tuning the controller

With all system knowledge it is possible to start tuning the PPF. Equation 54 shows it is needed to tune three
variables. The first variable to tune is the cut-off frequency, ωc. Next the gain,g, and the damping factor,
ζ, need to be tuned up to optimal performance. This tuning is done for the numerical models as well as the
experimental systems. However during tuning it is seen that both give a similar outcome, for g and ζ, when
the gain is round-off to an integer and the damping factor to a double with an accuracy of 0.05. ωc needs to be
tuned for the numerical models and experiments individually, since the locations of the eigenfrequency peaks
do slightly differ.
Figure 27 shows the influence different gain and damping factor values have on the frf of the collocated tf from
actuator 1 to sensor 1 for the active damping system. Here it is shown that a high gain or a low damping factor
will cause a significant local change in the dynamics of the system, in terms of a shift in eigenfrequency peak.
This domination of the controller is unwanted, this is the reason that the properties are as shown in table 8.
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(a) Collocated FRF for damping location 1 for the 1st eigenfrequency, varying gain

(b) Collocated FRF for damping location 1 for the 1st eigenfrequency, varying damping ratio

Fig. 27: Collocated FRF for damping location 1 for the 1st eigenfrequency
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Active damping Hybrid damping

ωc [Hz] g ζ ωc [Hz] g ζ

1st eigenfrequency
Numerical 23.8 4 0.3 24.3 4 0.3
Experimental 24.9 4 0.3 25.7 4 0.3

2nd eigenfrequency
Numerical 133.1 4 0.25 - - -
Experimental 134.6 4 0.25 - - -

Tab. 8: Variables used in PPF

M Patch dimensions

This appendix does visualize the patch locations, in this visualization does x1x represent the patch designed
for the 1st eigenfrequency. And xjx represents the patch designed for the jth eigenmode, figure 28. The passive
damping system of the experiments exists out of just one patch, since if two patches are used here overlap
between the patches would occur.

Fig. 28: Schematic visualisation of the described patch locations normalized to the length of the beam, measured
from the clamp
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x11 x12 x21 x22 x31 x32

Experimental locations

Active damping 0.06 0.26 0.38 0.58 - -
Hybrid damping 0.06 0.26 0.28 0.72 - -
Passive damping 0.06 0.92 - - - -

Optimal locations

Active damping 0.06 0.26 0.38 0.58 0.60 0.80
Passive damping 0.06 0.38 0.38 0.64 0.58 0.90

Tab. 9: Normalized patch locations for the experimental validation(section 4) and the optimal location (section
3.3)

N Elaboration of experiments

The elaboration of the experiments is divided into three sections. In the first section the idea behind the set-up
itself is elaborated, and how those ideas are implemented. The next section elaborates how this set-up is used
to do measurements. The last section will introduce the electrical circuit used for active damping, and the
difficulties introduced by this. This section elaborates how all hardware is evaluated. This evaluation is needed
to make a reliable comparison between the models and simulations.

N.1 Motivation behind set-up

The experimental set-up is shown in figure 21, this set-up simulates a cantilever beam with a disturbance
actuator as close to the root as possible, which is shown schematically in figure 29. Here the spring re-presents
the pre-tension bolt. This bolt is needed since a piezo transducer needs a pre-stress to prevent elongating
stresses, which is a weak stress direction of the brittle piezo material [27].
To simulate clamping as good as possible, it is calculated that the stiffness of the clamping is at least 3 times
the stiffness of the pre-stress bolt. This is the reason two end-plates are attached at the top of the clamp.
Those plates reduce the bending moment in part B, figure 21, thus part B can be considered as infinitely stiff.

Fig. 29: Schematic visualisation of the experimental set-up

N.2 Experimental approach

The first step in the experimental approach is to get the set-up on a vibration isolating table, in order to do
reliable measurements. Than 2 kinds of sensors are used, a 10mm laser-triangulation sensor, optoNCDT1220-
10, for the first measuments [24]. Those first measurements were used to develop a MATLAB-code to calculate
the FRF’s of the measurements. Those measurements were also used to see if the models and measurements
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were roughly the same. Using this sensor led to the conclusion that the set-up was good and that the models
were similar to the measurements.
The next step was to implement a more accurate sensor, a single point laser vibrometer, a Polytech OVF-
505. This sensor was used to measure the FRF’s for all 4 coverage methods, and to compare the experiments
with the numerical models. The frf’s are developped by exerting a sinusoidal disturbance force with constant
amplitude to the beam, the frequency of this force is increased from 1-250Hz. In this frequency region the 1st

and 2nd eigenfrequency can be analyzed. Thus the frf’s of the 4 types of beams are researched. The 4 types of
beams are shown in figure 30.

Fig. 30: Pictures of the beam non-covered, full active covered, full passive covered and hybrid covered, respec-
tively

N.3 Validation active control system

Active damping is implemented as shown in figure 22, in here the x represents a certain location on the beam,
as shown with numbers in figure 31.
The visualization of the electronic circuit shows 5 components of the control-loop which can influence perfor-
mance. Only 3 of those components will be researched thoroughly in section N.3, since the performances of the
NI cRIO modules, NI9201 and NI9263, are known. However to use the modules it needs to be noted that the
output module is 16-bit and the input modules 12-bit, consequently the gain must be multiplied by a factor
24.
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Fig. 31: Visualisation of the experimental set-up with active patches

N.3.1 Sensor analysis

First, the voltages over the transducers are measured when the beam is actuated at the first eigenfrequency.
To see if a sensor and actuator at the same location give a similar voltage, and if those voltages are similar to
the numerical models. Table 10 provides an overview of those voltages. In this table it is seen that at location
1 the sensor has a significantly lower efficiency, whereas the actuator and models have similar performances at
the other locations. This phenomenon can have different causes, however it is most likely to be caused by bad
wiring or changed material properties due to overheating during soldering. To take this voltage difference into
account the gain of the controller between sensor 1 and actuator 1 needs to be multiplied by a factor of 1.56,
in order to mimic proper performance.
The other voltages are within uncertainty margins, so those do not need a correction in the gain.
Initially the model values did differ more from the experimental values, however the P876-A12 transducers can
have a deviation of ±20% on the capacitance[27]. So tuning the capacitance within the margins can lead to a
more realistic result, which is done to get to the values as stated in table 10.

1st eigenfrequency

Damping type Sensor 1
Actuator
1

Model
loc.1

Sensor 2
Actuator
2

Model
loc.2

Active damping 6.8V 10.6V 9.2V 3.9V 3.7V 3.8V
Hybrid damping 10.7V 10.8V 9.6V - - -

Tab. 10: Comparison of the sensor voltages when the tip displacent has an amplitude of 1mm at the 1st

eigenmode

N.3.2 Amplifier analysis

The next step is to analyze the performance of the amplifiers, since the performance of those as function
of frequency is unknown. The amplifiers used are the PiezoDrive BD300 amplifiers. Those amplifiers can
develop positive voltages only, however by a two-wire configuration a pure sinosiodal wave can be developed
in a differential manner. This means two pure positive sinusoidal functions are subtracted from each other,
to get a pure sinusoidal output. Consequently those two sinusoids must have the same phase difference at all
frequencies, to provide the same output at all frequencies.
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Figure 32 shows the time response of the amplifier, when a frequency sweep with constant amplitude is applied.
Here it can be seen that the phase difference between V1 and V2 does not vary with frequency. However, the
amplification reduces over frequency, which suggest that for example low-pass filtering occurs. The static gain
did differ slightly per amplifier, however the experimental static gain is taken into account into the numerical
models.
This low-pass filtering limitation as measured is given in a transfer function (tf), as shown in equation 63.
A discretized version of the this tf is implemented in the numerical models. The frequency response of the
amplifier is given in figure 33.
By implementing the measured limitations into the numerical models it is not needed to have knowledge
about the dynamics of the limitations. Nevertheless, this approach enables us to compare the models with the
experiments.
The shortcomings of amplifier are an example of electronic hardware limitations limitting active damping
performance [29], however it is expected those limitations will not occur at those ’lower’ frequencies with
better equipment.

Hamp =
V1 − V2
Vin

(63)

Fig. 32: Amplifier output V1 and V2 as function of time
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Fig. 33: Frequency response of the amplifier, as given by equation 63

N.3.3 Actuator analysis

The last step is to analyze actuation performance, this is done by analyzing the beam tip displacement as
function of patch voltage. This means each patch is activated individually with a amplitude of 55V at the 1st

eigenfrequency, and the response beam tip displacement is measured. This results in the beam tip displacements
as shown in table 11. In this table it is seen that the tip displacements caused by the actuators are similar for
the models and experiments. Although, in the experiments the displacement for the second mode is slightly
smaller. This could mean that the patches are not positioned correctly, however the sensor outputs for the
2nd eigenfrequency do not have this difference. For this reason it is expected something in the piezo material
properties does slightly differ between the models and experiments.

1st eigenfrequency

Damping type Sensor 1
Actuator
1

Model
loc.1

Sensor 2
Actuator
2

Model
loc.2

Active damping 1.1mm 2.0mm 2.2mm 0.67mm 0.64mm 0.87mm
Hybrid damping 1.8mm 2.1mm 2.1mm - - -

Tab. 11: Comparison of the tip displacements, when transducers are individually actuated with 55V volt at
the 1st eigenfrequency
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