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SHIP MOTIONS IN BEAM SEAS

By Fukuzö TASAI

Abstract

A ship laid broadside on the regular progressive waves generally rerforms
heaving, pitching, rolling, swaying, yawing and drifting motion.

In this paper, a set of two coupled linear differential equations of the
second order for heave and pitch, and a set of three coupled equations for
sway, yaw and roll have been developed by making use of the Strip Method.
Then we measured the amplitudes of heave, pitch, sway, roll and drifting
velocity for the ship-model of Todd 60 Series Ch-0.70 at two conditions.
The equipment for measuring six motions of ship-model has been used.
Then a comparison was made between calculated heaving, pitching, swaying,
rolling motions and the results of tank experiments in regular waves. Lastly
unstable rolling motion in beam sea was investigated.

Main conclusions drawn are as follows.
I. Heaving and Pitching motions can be described with sufficient accuracy

by the coupled equations.
Yawing motion is negligibly small. 4ie4FtJ ¿rivAJoir'-'
The solutions obtained by the uncoupled swaying equation coincide well -,
with the experimental values, and hydrodynamic coupling effects produced
by rolling and yawing motions arc very small.
The roll amplitudes obtained from the two linear coupled equations for
roll and sway denote fully the experimental results in the neighbourhood
of resonant period.
When the rolling exciting moment is small, the hydrodynamic coupling
moments derived from the swaying motion have great influence upon the
rolling motion.
The drifting velocity has two maxima at the resonant frequencies for heave
and roll.
The records of unstable rolling motion caused by quasiharmonic rolling
moment have been obtained even in case of small wave height. But in
case of irregular waves the unstable roll never appeared.

I. Introduction

The rolling motion among ship motions in the beam sea has been investigated
by many up to the present. The safety of ships can be well judged by means of
the several safety regulations which were established by the studies of rolling motion
and stability of a ship.

But, as for the rolling motons in following and oblique seas, we have problems
yet to solve, such as coupling roll moments produced by sway and yaw motions
etc.
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In the beam sea, the ship is generally obliged to do heaving, pitching, sway-
ing, yawing oscillations and drifting motion in addition to the rolling oscillation. j

Considering the coupling roll moments produced by the heaving and pitching
motions Yamazaki and Fukuda [1]' calculated the rolling oscillation in oblique

seas. In solving the pitching and heaving motions in oblique waves they used the
Watanabe's strip theory [2].

On the other hand, when Eda analysed ship motions at the horizontal plane

in oblique waves, he solved coupled linear differential equations of the swaying
and yawing oscillation. He assumed that swaying, heaving, pitching motions never
couple to rolling motion. He also evaluated the external forces by means of the
strip method developed by Watanabe [2].

As the results of his calculation, he showed that the solutions of the yawing
motion were in good coincidence with the experimental results.

As for the coupling effects of the swaying motion to the rolling one, there are
some investigations made by Ueno [4], 0. Grim [5] and Tamura [6] etc.

Making use of the exact values of the two-dimensional hydrodynamic forces

and moments generated by swaying and rolling motions Tamura calculated the
rolling motion of the two-dimensional body around a horizontal fixed axis. But

the results of his calculation did not coincide with the experimental results. lt

seems that it is mainly due to the neglection of the viscous damping moment.
Generally a ship has six degrees of freedom. In the category of linearised

theory, we can analyse the ship motions by dividing them into two groups, that
is, symmetric and anti-symmetric ones.

Surging, heaving and pitching motions belong to the former, and swaying,
rolling and yawing motions belong to the latter.

Each of the groups is composed of three coupled linear differential equations,

and the mutual coupling effects of the groups are small quantities of the 2nd order

[7]. Then the six motions of a ship can be analysed as the first approximation
by solving the coupled equations of pitching, heaving, surging and those of swaying,

rolling, yawing motions.
As for the symmetric motions, according to the the theory [2], many inves-

tigations have been recently done neglecting the effect of the surging motion.
Therefore, it is necessary to study systematicaly the motions of the 2nd group.

In this paper, in the first place, for the analysis of the motions of a ship
with zero speed in the beam sea, a set of two coupled equations of heaving and
pitching motions and a set of three coupled equations of swaying, yawing and
rolling motions have been developed.

Then, in the beam sea conditions, motions of the ship model of the Todd 60
Series Cò=O.70 were measured by means of the equipment for measuring six mo-
tions of a ship model [8] and compared with the theoretical calculations.

It was made clear as the results of these investigations that, in a special condi-
tion, the hydrodynamic moment produced by the swaying oscillation greatly affects

the rolling motion.

* Numbers in brackets designate References at the end of the paper.



On. the other hand, it has been hitherto believed that the drifting motion is
largest at the resonant condition of rolling motion, but our experimental results
showed the drifting velocity to be very large also in the heaving resonant condi-
tion.

Paulling [9] testified that the unstable rolling motion due to non-linear static
rolling moment is caused by the heaving oscillation in still water.

a

I. Surging rail
Surging subcarriage
Swaying rail
Swaying ubcarriage

Heaving gide roller
Heaving rod
Gimbal

8 Yawing rod
9. Pulley

IO Piano wire
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Fig. 1.

Surging gide roller
Swaying gide roller

P. Surging polentiometer
P2. Swaying

Ps. Heaving

P.. polling
P2. Pitching
P.. Yawing



Fig. 2.

In the next place, we consider a ship laid broadside on the regular wave train
which progresses in the direction of and oscillates freely. In Fig. 2, W00L0 is
the painted load water plane. For the sake of convenience of the theoretical
calculations we take a boby axis O-xyz.

When a ship floats on the still water plane the O-xyz coincides with the O-
Now, in the beam sea, in addition to the periodic yawing motion a ship
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In this paper also, the coupled motion between heave and roll was investiga-
ted experimentally.

JI. Equations of motions and their solutions

In Fig. i the equipment for measuring six motions of a ship model [8] and
the coordinate axes are shown. In Fig. 1 and Fig. 2, is a spatial axis,
Go-xiy1zi a body axis and G0 the center of gravity of a ship. It is defined that
heaving displacement is , surging one , swaying one , rolling angle about the
x1-axis O, yawing angle about the axis ç and pitching angle about ' axis çl.
Six potentiometers were used for measuring these displacements.
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rotates about the C axis, that is to say, a leeway angle generally happens owing
to the anti-symmetric drifting force and the gyroscopic moment.

We omit the experimental results that the leeway angle is large and therefore,
it is assumed in the theoretical calculations that the orientation of a ship is
always broadside on the traveling direction of the wave. And moreover we neglect
all the nonlinear couples, that is, gyroscopic forces and moments by assuming
that they are small.

Then we can assume reasonably that the ship motions can be approximately
analysed by dividing them into two groups.

In Fig. 2. 7?g is the horizontal displacement of G0, and it is assumed that 71g is
composed of the periodic swaying displacement and the uniform drifting dis-
placement td.

Owing to this drifting veiccity therefore, external forces act upon a ship with
a period of encounter.

III. Heaving and Pitching motions

Equations of the heaving and pitching motions can be approximately obtained
by means of the strip method.

Hydrodynamic inertia force acting upon a section of a ship when it dips into
still water is as follows

dF-
dx

where p is the density of the fluid and S,, V(, K( the immersed sectional area and
the dipping velocity and the coefficient of heaving added mass of the section.

In Fig. 2, the equation of the subsurface of waves progressing to the 7J direc-
tion is Ç=h eC1 cos(kt1dt), in which I, is the amplitude of incident regular wave.

Putting A and T, for wave length and wave period respectively, we obtain k
=2ir/A and T=2ir/i.

Then, expressing C, with the body axis we have approximately
C,t=heC COS(kyCet)

where Ce=CkVd and vd is the drifting velocity.
Therefore, downward velocity of the water particle is

=hce sin(kyc,t)
On the surface of a ship is various in magnitude. Assuming that the breadth

and draft of a ship are small as compared with the wave length, we adopt Cat
y==O and on the subsurface in the neighbourhood of the bottom of a ship appro-
ximately.

That is to say, we use Ç(at ric,,=hc e Sifl7,t and the following

equivalent mean draft Jet7/J



where

=

30 F. TASAI

In which, V0 is the volume of the displacement. A,. is the area of waterplane,
d the draft. Cb, C,. the block and waterplane coefficient respectively.
Then we also obtain

=h2 e° CO5c,t / c.-.r--L
When the heaving displacement , pitching angle and are considered, the
relative dipping velocity of the section becomes v=,.xçb. The hydrodynamic
inertia force acting on this section per unit length therefore becomes

4' - _&'-.'_ (1)r ,4iL#l4
And the hydrodynamic damping force becomes

dx - (2)

where Ac=hc/s1 h represents the wave amplitude generated by heaving oscilla-
tion of the two-dimensional cylinder with this sectional area S, and s is the heaving
amplitude. -

In the third, we must take into consideration the Froude-Krilov's force exerted
by the incident wave and the force depending on the hydrostatic pressure. Neglec-
ting the small quantity of the 2nd-ordef we have

Çc = 2pgy0(Cxçb)+wpgS,.-I-2pgyo e/z cost (3)

where w is weight of the section per unit length.
Besides these, there exists viscous force. However, it can be neglected since

it is generally small except for the high frequency region.
Then the total force acting on this Section becomes as follows

dF dFc, ± dF
F

dF,dxdx dx dx

Letting m0 denote the mass of a ship and J mass moment of inertia for pitching,
the approximate equation of heaving motion and that of pitching motion about
G0 are given as follows:

mo

1
dF

j dx

Putting (1), (2). (3) into the above equations we have

a-F1YZ±cCdçbeçbfçl'=Fi coscHF2 Sflt1et
(4)

cos t±M2 sins,t
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¿2

bN: J'Nudx, C-=pgA

d= J pKS2xdx, e= J N0xdx

f=pgJ'2yoxdx. A=J+J,

I= J pS«,Kxdx, B=1'/,= J N0x2dx, CW-G0MLli
In the equations (4), no three-dimensional corrections have been done for the

hydrodynamic forces and moments.
As for the external forces resulted from (,, and , another approximate

method has been developed by Motora { 101 recently. (
Now, putting ¿=( cos (tE) and i-ç cos (ctr.p) we can calculate o.

ç and s* from (4).
The equations obtained by putting 7r 2 and V=0 in [1] are to coincide

with
Makiig use of (4) we calculated , r, o and r for the condition i (See

Table 2) of the ship model. These results are shown in Figs. 3 and 4.

¡I-2. Swaying and Yawing motions

Swaying and Yawing motions are generally forced oscillations, for each of these
has no restoring force or moment. It is considered that a floating body in beam sea
makes almost the same swaying motion as water particles in an effective wave do.

By the method similar to that in the former section, following equation of
swaying motion is obtained.

=0
where q

IÇ =coefficient of the added mass for swaying oscillation

Ñ = coefficient of the wave-making damping t-7 (4V

From the above equation we get

/aty=0\
\ ZZ1) he Sinet

z1 is the depth of orbital center of the effective wave. Assuming zi==d'2 as was
done by Eda [3], following solution is obtained.

= he2 sinet (5)

Now, in the beam sea, t1e forces acting on the body in the direction of
axis can be divided into three parts.



where

rl - 12

!floKn = j pSK,,dx, Kr = j Kr. dx
-li -li

(i,, -- (12

m,,K,,,1= j pS,K,,xdx, K=
j

Kdx
-li -Ii

Ñ= J12N2.d, M«,r J'Kr.x.dx

N,,..2= J12N,,.x.dx,

J,,==mass moment of inertia of a ship for yawing motion

!= J'psK,,.x2.dx, Ñ= J'N,,.2.dx

i
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That is. F,,=F±F,±F,,
F,, is the hydrodynamic inertia force and F2,, the wave-making damping force

acting on the body when it sways on the still water surface.
F,, is, the exciting force, composed of the Froude-KriloVs force and the force

which is due to the reflection of waves from the restrained body in incident wa-
ves.

For the two-dimensional body, F2 and F2, have been exactly calculated by
Tasai [11], Tamura [6], and also F by Tamura [61 as a boundary-value problem.

In Fig. 2, putting y,, the velocity of a section in the direction of i axis, we
have

Let K,, and N,, be the two-dimensional coefficients of the added mass and
wave-making damping force.

Then forces acting on the section are expressed as follows

dF,,,
d_ PSWK2j =pSK,,(rj±xço) (6)

dF,,,, = N,,(±xç)
dx

sinct+K1 cosct
dx

Assuming, as we did in considering heaving and pitching motions, that the viscous
force is small and then neglecting it we get the following set of two coupled
linear differential equations of swaying and yawing motions.

In this case also, the strip method has been used, where three-dimensional
correction is left out of consideration.
Coupled equations are

m,,(1 ±X,)-f N,, i)±m0K,, x1±N,, x2çZ'=K,sint+Kcosat (9)

(J± I) + Ñ m0K,,x1 ± Ñ,,x2 = M42,si ncxt+ fi.i,,cosit
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For each section of a ship we can evaluate K7, K from the figures in [6] and
N,,, K from [6] and [Il].

Computed results of K,,, N/gL
for the model ship used in this study are shown

in Fig. 5, and also ¡,,/J, N1/L in Fig. 6, where it was assumed that J=(0.25L)2
rn0.

According to the theory by M.D. Haskind [12] and J. N. Newman [13], the

exciting force can be expressed by AI. Using a= d we get as follows for
swaying motion,

Fna = pghd A,,/Ea (10)
Then IFnef obtained by the stripwise integration of (10) is expected to coincide

with 1/k72+k2. These values for h=3cm are shown in Fig. 7, both of which are
in good coincidence. The small difference seen in them will probably be the rea-
ding error from [6] and [11].

The external force obtained by Froude-Krilov's method, for example, accor-
ding to br Watanabe's calculation [14], is approximately expressed by W&WDfl
sincrt, as shown in Fig. 8, where Ei,,, is the maxmum wave slope.

The difference between the exact exciting force and the above is due to the
reflection of waves.

Then, putting sin(e7t-,,'), OÇOrj CO5(CetCç,) and solving the equations
(9) for the condition-1, we obtained , ,' as shown in Fig. 9.

kdThe dotted line in Fig. 9 alsa denotes the approximate solution e 2 Because
of the ÇO is negligibly small quantity its figure was omitted. As for this model,
in the beam sea, yawing motion is very small owing to the smallness of its fore
and aft anti-symmetric character.

Coupling effects by the yaw motion to the sway motion is small and therefore
the solutions obtained from (9) are almost equal to the solutions of the uncoupled
equation of sway.

II-3, Coupled equations of swaying, yawing and rolling motions.

Generally, when a ship sways, there is inevitably generated hydrodynamic roll
moment as well as swaying force, and when she rolls the rolling moment and
swaying force are created.

O. Grim [5] developed coupled equations of the swaying and rolling motion
about O, and Tamura [6] induced the equation of rolling motion about a fixed
point on the z-axis for a two-dimensional body. In [6] the swaying motion was
restrained.

In this paper, we will first discuss the coupled equations of swaying and roll-
ing motions about G0 in the case of two-dimensional body.

In Fig. 10, the hydrodynamic force and the moment which are generated by
the swaying displacement rj and rolling motion O about G0, are nearly the same
as those generated by swaying displacement , and rolling motion O about O.
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Swaying forces can be therefore obtained from [6] and [11].
Let F1' and F,' be the force which is due to sway and rolling motion O about

O respectively.
Then we have

-m" - N ?Ii

Fn2'=j Ö+ CT.
where m"=added mass of swaying motion for the two-dimensional body

1' = added mass moment of inertia of rolling about O
N=coefficient of damping force of swaying motion

pg2/0,3
N9==coefficient of damping force of rolling motion

= pg2(B/2)2Ä
2/

Letting denote in and F,,,' the mass and the external force for the two-dimensional
body, we obtain following equation of swaying motion,

m= na"1N,,1±' Ö±6+F,'
or

mi+m" 1+N aj - I'Ö/19N9OJ1=F,'

In the next place, let M1 and M2 be the rolling moment about G0 which is

due to the swaying displacement and the rolling motion O about O respectively,
M1 the linear restoring momont and M'9, the exciting moment generated by waves.

M1, M2 etc. are given as follows:

M1= rn" 1(OG0-1) N,,ì1(OG,i)
M2= (I,,'bG0/19I,,') O ± (N00G0/1,,N9)6

M3= WGOM O

/

I?,



where

I0=I'-2m"1OG0+m"OGo2 (17)

In(15) and (16) underlined terms are coupled forces and moments. Suppose
now that a ship makes swaying oscillation o, yawing one ç and rolling one O
about G0x1 axis.

In this case, we can express that

(18)

Then, by substituting (18) into (14), the hydrodynamic swaying force acting
on a section in the distance x from G0 will become

=m"N o)m"x'Nnxom"(Ooin)O
- N(0G0 - 1) ±F,' (19)

And the hydrodynamic yawing moment which is due to the above force will

SHIP MOTIONS IN BEAM SEAS

M0'=F' (0G0 1)
Putting now Jo for the mass moment of inertia of rolling motion about G0, we

obtain the following equation of the rolling motion about G0.

J0+WGoMO±(I'_ Ç;_oG0)o -i(N0_ ö)ò
(12)

± m"(0Go-1) + N(0Go 1,) =F '(OG0l)nc

In the above equations, 1, in and i are respectively the same as hR, hsr and

the hydrodynamic moments generated by swaying motion and the forces by rolling
motion, (See [16]).

)given in [6]c
As for a two-dimensional body, there exists the following relation between

Ii
N9/1=N0!)and I'/I =m"!0 [s-7 (13)

Making use of (13) the euations (11) and (12) are expressed as follows:

mtì ±m" i ± !\Ç1 - m" iÖ N,1w6F,e

(.T± I' - m" lnOGo)O± N1(1)il+ WM O (14)
i.

±m" (bl1±N(0G0l1=F0'(öi1o)
4' ¿LUsing j=zi+OGoO we can eliminate from (14). /

&& 4t4..f--', cJThen, the resulting equations are
y

(m+rn")+N0.o)±m" (OGoln)+.Nn(OGo1w)Û=Fne' (15)

(Jo±Io)Ö+Nn(1_OGo)2O+ WG01VfO

+m" (Ö0-1) +N(OGol) =Fc'(bG01w) (16)
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lead to

dM, x dF0
dx dx

Using the 2nd equation of (14) and (18), we will have the hydrodynamic rolling
moment about G0-x1 axis as follows,

dx
= (m"OG0(OG0-4,) -Fm" l0(ëi0l9))Ï

±N(1ÖG0) (0G0-1,)Üm" (0G0!0) iN0(Ó0l) ij

m" (0G0!0) xi - N,,(0G0 - 1)x ±F,,,' (0G0 !)

By the use of the strip method the following equations of motions are obta-
ined,

'12 dFrn= I ( "dxJ-ii' dxi

J,ÇO= 1' (dF'
J-z,'\ dx)

'12
LO ± WG0MO = i

(dMe\ dxj -ii \ dx j

Now, we introduce the following nomenclature.

Jm" (Öo-10)dx=m,,i , J'
N0(O7o-1)dx=Ñ,

J12

---- - -2 --- -2
m"(0G0-1,,)xdx=moK0x6,

J

J'
(m".0G02-2m" -0G010±m" /10)d.x=1

J'
N0(0G0_l,,)2dx=Ño

Jl2F,,,dx=F,,e,
J'2F,c' x dx=M«0

JLFne (0Glw)dxMoe

Making use of (21) the equations (20) become

rn0 (1 + K0) + N0 + m0K0x1ço + N0x2o + m0K0x40+ N0xi= Foe

(J -F i,)p ± N + m0K0x620 ± N0x72± m0K0x1 ± N0x2ij = M,.

(J2±12)fJ±Ñ00+WGotvÍ.O

±m0 ±

dM8

i

In the above developement of the coupled equations the viscous effect and

/
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three dimensional correction were also neglected.
The term 6 in (24) is wave-making damping moment. As viscous dam-

ping moment is considerably large in the case of roll, it is reasonable to consider
that the damping takes a form of Ñ9Ô±Ñ2 62

Moreover, substituting the above by an equivalent linear damping 2Ñ9, 6 we
obtain, instead of (24)

(J + J) O +2N11,Ó -F WG0MO ± m04j + Nx5i

+mox62±Ñ,2o=Moe (24)'

Now, the uncoupled rolling equation is obtained from (24)' by putting j=ç
o.

The resulting equation is

(J+1d+>JÑje6+ WGaM0=M0 (25)

When the external moment M0, is calculated from the equations (8) and (22),
it becomes

M0, = WG0MEL. (CR' Siflc,t± C' cosÖt)

Then, for the coodition-I of the model we computed C'=v' CR'2+ C'2 and the
r derived from Dr. Watanabe's theory [17]. As is clearly seen from Fig. 11, the
above two are in good coincidence in the range of T,,>l.Osec, whereas in the ca-
se of condition 2, these two are very different. As for this matter we will discuss
in chapter III.

Put 2AT03/ (J,+ I,) = 2cr,, WG0M/(J, + J,,) = a2, ae/an = T0/T, = A

Assuming further 0=0, sin (a,tro') and solving the equation (25) we obtain

0o/& =c'/ /(l - A2)2+
()2

A2 (26)

In solving the non-linear equation of motion

0+2a6±/9O2Han2O = WG0Myì,sina,t,

Dr. Watanabe [17] substituted the above non-linear damping by the following
equivalent linear damping, that is,

2a,= 2
an(aj+bjAOo)

7t

Where a1 and b1 are coefficients in the equation 40=ajOm+biO,2,
determined from the extinction curve of the free rolling of a ship.

Making use of (27), we can reduce (26) to

12 12oo/e,=c'//(l_A2)2 (26)'

(27)

which can be
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and then the phase difference r' will become

'i- a (lA2)CR'±(2cre/an)ACI'

Now, (22), (23) and (24)' can be written as follows:

±cço+dçb+eO+fO=F,,

A+Bç' +pW±q+c+dj==M0,

EO-FFO+GO±e+fij+pò±qto=Mo,

If only the real part is assumed to be considered, we can put

Fne = Fet, Me = Met, M0, = Ñet : /T/'

As we take into consideration only the particular solutions, we will put

r - =
= oe(0! Ev)

O = Oeioet =

By subsituting these into (29), we obtain following equations.

(_ace2+ibd,)±(_co,2+idc,)+(_eo,2+ifc,)O=F

(AC,2±iBO)Q+
(_Ec1,2+iFce±G)iì±(_ec,2+jfco)1y+ (_pa,2±iqde)Ñ

These can be reduced further as follows,

P±Xp±YO=F

X7+ Q+ZO=M

Yi7 ±Z' + RO =

where

P= ac7,2+ibc,, X= cc,2+idi,

Q= Ac,2±iBo, Y= ec,2±ifc,

R= Ec,2+iFô,+G, Z pc,2+iqoi,

One may solve the equations

FX Y
MQZ
NZ R

(29)' and finds

PFY
XMZ
YN R

PXF
XQM
YZNo-(30)

0 40 0

(29)'



Provided that,

PxY
40 = XQZ

YZ R

From (30) amplitudes , c'o, O, and phase difference r,, o,. r8 can be obta-
ined.

II-4 Cross coupling effect between Roll and Sway
As the anti-symmetrical property of the model dealt with in this paper is very

small, yawing motion in beam seas is negligibly small.
We therefore consider the sway-roll system which is resulted from setting ço=

0.
The solutions of this system are given by

- FÑYF - RYÑ
0PR_Y2' PRY° (31)

It is assumed that F in (29) can be approximately substituted by the following
equivalent linear damping, that is

F= - (J±J)(aic±biaeOo) (32)ir

Then, introducing

We obtain

where
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F0 f10 +1f20, Ñ/eÑ0=n10 + mb

P=p1±ip2, Y=y1±iy2, R=r1+ir2

¡Q-i-L22 (L1N2L2N1\O0':= 00/ew _ N12±N22' o =tan-1
L1N1 + L2N2)

L1 =p1n18 p2n20 yifio +Ylfbo

L2 =p1fl20 +p2fl10 Yof20 Y2fb0

N1 =pjr1 p2r2 yj2 +y2

N2 =pjr2± p2rl 2Y1Y2

0'=0/h =k /T12_FT22 r,=tan_1(T1N2_T2N2)
2+N22' \TiNl+TbN2'

T1 =r1fjor2f20yjni0+y2n20

T2 =r1f20 + r2f10 y1n20 y2n10

And

where
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As 00 is included in r2=Fc, O' can be obtained by solving the following form
of equation

K0 + K100'+ K200'2 = (L12± L22)/00'2

and consequently m', ' and ro are obtained from (34), (36) successively.

Ill. Comparison tetween model experiments and calculations

The experiments were carried out in a large tank (80m in length, 8m in bre-
adth and 3.5m in depth) at the Research Institute for Applied Mechanics in Kyu-
shu University.

The model was set under the beam sea condition and in the same manner as
followed in rolling experiments except the drifting motion which was not restrained.

Wave periods were changed in the range of 0.8 sec.-2.4sec. and the steepness
2h/A was 1/50..1/55. The amplitudes of sway, heave, roll, pitch and the drifting
velocity were mainly measured.

When a model happens to have a large leeway angle, experimental results are
omitted. The wave height was surveyed in advance to the experiments. An
ultrasonic type wave probe which had been developed cooperatively by the mem-
bers of our laboratory and the KAIJÖ DENK! Company, was used. Of course,
the roll shaft of the equipment of measuring six motions passes through the center
of gravity G0 of the model. Several examples of the oscillogram are shown in
Fig. 12.

In the Table 1. 2, principal details on the conditions of the model and expe-
Table 1. Principal Particulars of a ship model.

Model: Todd 60 series C5=0.70
Lpp=3.Oni Cb =0.70

B=0.428m C=0.710
L/B=7.0 C=0.985

D=0.267m C=0.785
d=0.171m lB=O.013m fore
W=153.74Kg KB=9.O2cm

Radius of gyration of pitching in air k=0.24L
even keel, without Bilge keel and propeller, with Rudder.

Condition 1.
Go M=2.78cm,

a1=0.0385,
B=O.O314m aft, even keel.

Natural Rolling Period
Natural Pitching Period
Natural Heaving period

Table 2. Model conditions

Condition 2.
G0M= 1.40cm,

a1=0.0530,
ß=O.013m fore,

Other particulars are the same wit1 the

KG0= 14.66cm
bi=0.0022 (1/deg)
d=0.171m

T0=1.6lsec
Tp=l.00sec
Tt= 1 .O3sec

T0=2.l8sec (at Oo.lO0)
b1=0.00l7 (1/deg)
d=0. 171m

condition I.
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riments are given.
Now, for the condition-1, comparison of the experimental values and the

calculated results of C0/h, ço/&,, pm/h are shown ¡n Fig. 13, 14 and 15.
The theoretical results for C0/h are generally in good coincidence with those

of the experiments, but in the small period range the former are lower than the
latter because of the approximate theoretical treatment. On the other hand, it is
also with 0/h that the solutions according to the equation (9) coincide well with
the experimental results. In the part of a long period, however, the former is
lower than the latter.

These circumstances may be ascribed to the three-dimensional effect for the
added mass and damping.

The experimental values of çl'o/6Ç are, in spite of the large scattering, in ac-
cord with the theoretical calculations in their tendency.

The comparison among the solutions obtained from (26)', the ones from tne
coupled equations (34) and the experimental values are shown in Fig. 16. In
calculating (26)' and (34), J±I was evaluated by the approximate relation 2rr
1/(J+I)/W.GoM#=T0, where T0 is the natural rolling period measured in still
water.

Moreover, we made a simple assumption that J±I. has a constant value in
the experimental frequency range.

Considering the case of rolling motion from the results of [6] and [11], it is
probable that we may not make a large error.

As is readily seen, the solutions by coupled equations in the neighbourhood of
resonance are a little smaller than those by uncoupled equation.

This is due to the reduction of the exciting moment and the increase of the
damping moment due to the coupling effect caused by swaying oscillation. On
the other hand, the swaying motion is hardly affected by the rolling motion and
therefore the solutions obtained by (34) are almost in coincidence with the ones
by (9) (Fig. 15).

In the next place, from M0,= .1l2 F,1'(OG_1)dx we can calculate the posi
tion of G0 which makes the exciting moment as small as possible. In condition-2,
we raised G0 slightly so as to make M9, as small as possible but check T0 from
becomming too large.

In Fig. 17, the comparison between the theoretical calculations and the experi-
mental results is shown.

In this case, the solutions obtained from the uncoupled equation are much
smaller than those from the coupled equations. And also the latter is close to the
experimental values in the neighbourhood of resonance.

It is supposed now that the experimental values became larger than the theo-
retical ones in the range of A> 1.0 owing to the non.linear restoring moment and
the quasi-harmonic moment.

For the case of condition-2, the y obtained from Dr. Watanabe's calculation
[14] and C' from the author's calculation are shown in Fig. 18.

The difference between the two is due tQ the effect of the reflectd waves. Tri

-i
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the neighbourhood of resonance, C' is so small that the values of the solutions
obtained from the uncoupled equation are small.

However, the coupled moment m0k,4 produced by swaying motion was
too large effective to get small O0/.

In Fig. 19, the comparison between the solutions obtained from the uncoupled
swaying equation and the experimental results for the case of condition-2 is shown.

The coincidence of the two was as good as the condition-l. In the condition
-2 also, coupled effect by the roiling motion was extremely small.

Therefore, it will be easily seen from the above results that the coupling effect
to the sway by roll is small. However, when M0, is very small the coupling effect
to the roll by sway is very large.

On the other hand, the solutions by Dr. Watanabe's theory were a little larger
than the experimental results in the vicinity of resonance, but in the other periods
the both generally well coincided with each other.

IV. Drifting

Dr. Suehiro found that the drifting force has a maximum value in the roll
resonance, more than forty years ago [18].

In Fig. 20, drifting velocity obtained from the experiments for the condition
-1 is shown. As is easily seen from this figure, the drifting velocity becomes
maximum at the resonance of roll and also heave.

Moreover, the maximum value at the heave resonance is larger than the one
at the roll resonance. This tendency was the same also in the condition-2.

Dr. Watanabe proved using the Froude-Krilov's theory that the drifting force
is due to the phase difference between wave exciting force and ship motion, and
therefore, it becomes maximum at roll resonance [17].

Considering not only the rolling motin O but also heave and sway we can
obtain the following force acting on the hull in the r direction according to [17].

F = WO,,,ø,sina,t + W@H2 sinc,t - WO,,k G0M. r. Ocosc,t

- W&,,(D,,kiì CO5C,t (38)

where D and I2 are given in [14].
Put now O==O sin(itre), COS(C0t)

=- sin(cj+,,1)
where E,,, = -

Substituting these into (38), it becomes

F,, we,, {ø,,sinct ± H2 sin(2c,t -

kG0M- 2
rOo sin(2c,tE0)±° Sin (28t+)}

2
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W&(H2± B stns±kGoMrOo sinr9±,,k'm sins,}

As r, r, r,,, are the magnitude in the range of 0-180, sins, sino0 and sino,,1
are all positive.

Therefore the drifting force is always positive and becomes maximum at the

condition of o=o= --, and as the o,, is very small it seems that the effect of

swaying motion i is small.
Maruo f191 proved that the drifting force is due to the scattered waves from

a moving ship and that Dr. Watanabe's theory [17] covers only a part of drifting
force with its value overestimated.

Both of these theories however, indicate that the drifting force becomes ma-
ximum at resonant conditions of heave and roll.

According to [19], drifting force acting on the two-dimensional body becomes

where Ais the amplitude of the wave reflected from the body in

the direction adverse to the incident wave.
In the heaving motion, we obtain from the relation A J- A

D= (30)

Since it is difficult to calculate the exact drifting force for a three-dimensional
ship hull, we made an approximate computation depending on the strip method.

That is,
JL

Making use of given in II-1, Dc was computed and the results are shown
in Fig. 21.

The dotted line in the figure shows the non-dimensional values of D for the
steepness of 1/50.

Moreover, D0 caused by the roll was also computed by using O of (20)'.
As is seen from Fig. 21, both of these Dc and D9 have maximum in the reso-

nant conditions respectively, and in the case of constant steepness the maximum
of D is larger than that of D9.

r
position of G0 is constant but the oscillating body never drift. And the results

Now, the theories introduced so far are applicable to the case where mean

obtained from them don't indicate the drifting force acting on the body that is
drifting with a constant velocity. It is therefore impossible for us to confirm
theoretically the state of affairs of Fig. 20 from the calculations of Fig. 21.

However, we can deduce the following two points from the above theories
and the results of Fig. 21, namelly,

In the resonant conditions of heave and roll, i'd becomes large, possessing
maximum.
Since A is generally larger than iÄ, in the ship-shape $ection, in the casç
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of constant steepness the maximum in heave resonance seems to be larger
than that in roll resonance.

V. Unstable Roll

J. R. Paulling and R. M. Rosenberg [9] discussed on the unstable roll in the
first unstable region of the Mathieu equation, exemplifying it. That is, when a
ship performs forced heaving oscillation in still water, there is caused an unstable
roll at T=T9/2 because of periodic variation of the restoring roll moment.

On the other hand, there are some researches made on the unstable roll in
longitudinal waves by Dr. Watanabe [20], Manabe [21], 0. Grim [22], Kerwin
[23] and Ogawara, Miura [24] and the other by Yamazaki, Fukuda [1] who trea-
ted of oblique waves.

Considering the linear term only, the rolling restoring moment of a ship per-
forming the heaving oscillation in still water will be

(W G0MH-C1C±C2C2)0 (40)

As for the model used in this paper, we obtained C1=32Kg, C2=5Kg cm and W.
G M°4=215 Kg. cm (Condition-2).

The term C1C in (40) is the one used by Paulling and Mana
In condition-2, T0=2.2sec for 0=5° and T=l.03sec.

Therefore, when T= T9, that is, at the condition A=2 the

is extremely small, but as the heave is in the neighbourhood of
ing motion is very large. Now after we heel the model slightly,
plitude increases gradually and comes to keep up a considerable
Fig. 22 examples of the oscillogram are shown. This is an unstable roll in the
first unstable region of Mathieu equation.

Because of the third term in (40), equivalent G0M becomes large when a ship
heaves. Therefore, when the heaving amplimde is large at A=2, the natural roll.
ing period after the instant when a ship is given a small initial heel is smaller
than that in still water. For example when T=l.02 sec and Ç=7.5°, T0 was
reduced about 10%.

Taking the various t9, and T we investigated the appearance of the unstable
roll in the neighbourhood of A=2. Even at t9=2°, that is, 2h/A=1/90 there was
clear appearance, but in case of 2h/A>l/25 it never appeared as shown in Fig.
23.

As the drifting velocity is large when l is large, the judgerrent of the stable
or unstable becomes very difficult, for the model ship can drift only 1.70 m. At
any rate, however, we could not obtain a clear unstable roll in the occasion of
large steepness.

To pursue this cause further researches are continued at present.
We also investigated the same phenomenon in irregular waves. The periods of

successive waves were in the neighbourhood of the period where an unstable
roll clear appeared at 2h/A=1/50.

be.

rolling angle 0

resonance heav-
the rolling am-
large value. In
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In irregular waves, however, the initial heels were all damped and the unstable
motion never occurred.

VI. Conclusions and Remarks

Coupled motions of heave and pitch as well as sway, yaw and roll in the
beam sea were calculated using a model of Todd 60 Series Cb=O.7O. And the results
of calculation were compared with experimental values.

From these investigations following conclusions can be drawn.
1. Heaving and Pitching motions, except for the case of large B/A, can be well

,,_- explained by the approximate method as discussed in this paper.
For ships with a small anti-symmetrical property in the fore and aft directions,
the yawing amplitudes are very small in the beam sea.
The solutions of the uncoupled equations of sway obtained by using the Tamu-
ra's two-dimensional hydrodynamic forces and moments are in good coincidence
with the experimental results.
For the swaying motion, the cross coupling effects derived from the yaw and
roll are very small.
The solutions of roll obtained by the coupled equations of sway and roll almost
coincided with the experimental results in the neighbourhood of A = 1.0, but
however in Á<1.0, that is, in the region of long wave length the former has
given smaller values than the latter.
When the exciting roll momet is large at A=l.0 the coupling effects caused by
sway are small. On the contrary, when the exciting roll moment is very small
the coupled roll moment produced by sway works a great influence on the roll
motion, and this moment is mainly due to the swayg inertia force. Similar
result was obtained by Bessho [25]. Therefore, even in the case of small excit
ing roll moment, we could not minimize the roll amplitude.
On the other hand, the solutions given by the uncoupled equation of motion
obtained by using Watanabe's r have given values a little larger than the
experimental ones in resonance, but in the other range of period, the coincidence
of the both were fairly good.
The drifting velocity in beam seas becomes maximum in roll and heave reson-
ance. Moreover, it is supposed that the maximum drifting velocity in heave
resonance will be larger than the other, because the wave-making damping is
generally larger in heave.
The unstable roll caused by the periodic variation of the restoring moment of
roll clearly appeared in case of Ar2 and small steepness. However, at large
steepness or in irregular waves this phenomenon never appeared.
The model dealt with in this paper has no bilge keel. In case of a ship with

bilge keel, the coupling action between sway and roll may be different from the
present case.

Therefore, for the above problem and moreover for various type of ships
further studies should be performed.

Acknowledgement



46 F. TASAI

The author wishes to express hearty thanks to Dr. Y. Watanabe, Professor T. Ku-
mai and Professor S. moue for their useful discussions and he is also grateful to
the staff of the laboratory for their assistance.

(March, 1965)

References

[1] R. Yamazaki and J. Fukuda: "On the motion of a ship in Oblique waves", JOURNAL
OF SEIBU ZÖSENKAI (The Society of Naval Architects of West Japan), No. 23,
March 1962.

[2 1 Y. Watanabe: "On the Theory of Heaving and PitchiugMotions of a Ship", Technology
Report of the Kyushu University, Vol. 31, No. 1, June 1958.
H. Eda: "Analysis of Lateral Motion of Ships in Waves", 1964.
K. Ueno: "Theory of free rolling", Memoirs of the Faculty of Engineering, Kyushu
Imperial University, 1942.

7/pJ [51 0. Grim: "Die hydrodynamischen Krafte beim Roliversuch" Schiffstechnik, 3, 1955-56.
6 K. Tamura: "The Calculation of Hydrodynamical Forces and Moments acting on the

Two-Dimensional Body"
-According to the Grim's Theory-
JOURNAL OF SEIBU ZÖSENKAI, No. 26, Sept. 1963.

T. Hanaoka: "Ship Motions in Regular Waves", Research on Seakecping Qualities
of Ships in Japan, 60th Anniversary Series Vol. 8, The Society of Naval Architects
of Japan, 1963, p. 36.
F. Tasai, M. Kaname and H. Arakawa: "Equipment for Measuring Six Motions of
Ship Model", Report of the Research Institute for Applied Mechanics, Vol. 13, No.
45, 1965.
J. R. Paulling and R. M. Rosenberg: "On Unstable Ship Motions Resulting From
Nonlinear Coupling"
Journal of Ship Research, June, 1959.

[101 S. Motora: "Stripwise Calculation of Hydrodynamic Forces Due to Beam Seas",
Journal of Ship Research, June, 1964.

[1l]) F. Tasai: "Hydrodynamic Force and Moment Produced by Swaying and Rolling
Oscillation of Cylinders on the Free Surface", Report of Research Institute for Applied

7., Mechanics, Kyushu University, No. 35, 1961.
[12] \ M. D. Haskind: "The Exciting Forces and Wetting of Ships in Waves", 1957.
113] J. N. Newman: "The Exciting Forces on Fixed Bodies in Waves", Journal of Ship

Research, Vol. 6, No. 3, Dec. 1962.
Y. Watanabe: "Some Contributions to the Theory of Rolling and its Related Pro-
blems", Memoirs of the Faculty of Engineering, Kyushu Imperial University, 1939.
O. Grim: "Berechnung der durch Schwingungen eines Schiffskörper erzeugten Hyd-
rodynamischen Kräfte" J. S. T. G., 1953.
M. Bessho: "A Note on the Wave exciting Force and Others", lectured at the Sea-
keeping Committee in Japan, Aug. 1964.

4 -.-, [17] Y. Watanabe: "On the Motion of the Centre of Gravity of Ships and Effective wave
Slope", J. S. N. A. of Japan, Vol. 49, 1932.

[18] K. Suehiro, Z. Sato and M. Naruge: "Drift of Ships Caused by Rolling", J. S. N. A.
of Japan, Vol. 31, 1922.

[l9 H. Maruo: "The Drift of a Body Floating on Waves", Journal of Ship Research,\-J 1960.



SHIP MOTIONS IN BEAM SEAS 47

Y. Watanabe: "On the Lateral Instability of Ships Caused by Pitching" J. S. N. A. of
Japan, Vol. 53, 1934.
D. Manabe: "On the effect of heave and pitch upon the roll in waves", JOURNAL
OF SEIBU ZÖSENKAI, 1949.
0. Grim: "Rollschwingungen, Stabilität and Sicherheit in Seegang", Forschungsheft
für Schiffstechinik, Heft 1, 1952.
J. E. Kerwin: "Notes on Rolling in Longitudinal Waves", I. S. P., Vol. 2, No. 16,
1955.

Y. Ogawara and M. Miura: "An Experimental Study on the Rolling of Ships in
Longitudinal Waves", Graduation Thesis,
University of Tokyo, 1959.
M. Bessho: "On the Theory of Rolling Motion of Ships among Waves" Science and
Engineering Reports of the Defence Academy (in Japanese) 1965.

(Received May 28, 1965)



0

I 's
A

g
d

Amplitude ratio and phase lag of Atching Motion

amplitude ratio and phase lag of Heaving Motion

u---
IMUUIIIIIIIW'rnUrnumri iiiur E VI4IIV Iiiii.iIul uuuI

%

06 07

Fig. 3.

05 06

Fig. 4.

by Uncoupled equation

by Coupled equation

07 08 09 0

loo.

80

G 0

4 0

2O

o,

-20'
w

.4 0'

-60

- 80'

-lOO'

.120'

l40'

-60'
-leo'

Ql 02 03 04

04 05 08 09 l-0

5

IO 0

5°

030.i 02

0)6

014

012

o-lo

008

48 F. TASAL

5

lo

05

O

006

0 04

002



16

'.4

(2

Ai

rr4
V

'.0-40

20

l0

SHIP MOTIONS IN BEAM SEAS

- rn,1

Fig. 5.

Fig. 6.

J2= (025)2o

N1. f
W L2

49

O I 02 03 04 05 06 07 08 09 ¡'O

02 04 06 08 i0 ('2

08

06

02

'5

l'o

05

o



20

Io

05

4 06 08

Fig. 7.

2

Fig. 8.

0 02 03 0-4 05 06 07 08 09

50 F. TASAL



0-8

O-6

0-4

02

2a2

Fig. 11.

j tiivt9u
,5

90

OS 0-2 0-3 0-4 oo o-c 0-7 0-3 09 (-0

Fig. 9.

re
I0 Coefficient of Effective Wave Slope

O o 2 o 3 04 0-5 0-6 o-7 08 0-9 I-0

SHIP MOTIONS 11V BEAM SEAS 51

S-2

Io

108

0-4

0-2



Fig. 12. (a)

T = 1.325 sec

52 F. TASAI

T, = 1.115 sec

Tine J _._.._,-
- se A

j_aw .-__. . (\j V
"Say\ / V

Pitch

Wave



Tfrne

Wo ve

Crest

r , g b

Fig. 12. (c)

Tw=- 1.900sec

Time

ec Sway
Yaw

He av e

Fig. 12. (d)

SHIP MOTIONS IN BEAM SEAS 53

T = 1.55Osec

Swrjy

r r



54

I-4

2

0-8

02

o

o

F. TASAL

T6 (s oc)

Fig. 13.

Pifth)ng

Heaving

o

O -- Experimcnlal Volu4

T (sec)

08 0-9 1-0 II ¡-2 ¡-3 ¡4 ¡-5 ¡-6 ¡'7 ¡-8 ¡9 2-0

Fig.14.

o

By Coupled eufion (4)

0O

e

o

o-s 0-9 ¡-0 ¡2 13 ¡4 ¡5 ¡-6 ¡.7 ¡-8 ¡9

o o

0-16

0 4

û-$2

o o

8

0 08

0-06

0 04

002



¡o

5

o

08 ¡-0 ¡-2 -4 l-6 l-8 2-0

Fig. 15.

e,, (ConditionI)

A

Fig. 16.

- By Coupled eauation

o

08 0-9 i-o ¡2 1-3 l4

SHIP MOTIONS IN BEAM SEAS 55

Swaying (Condition - I)

By Uncoupled equation

Experimental Valueo

By Equation (5)
¡0 VANU

o
By Equation (9)

05 O Experimental Value

Te (sec)

o



56

a)

lo

5

o

F. TASAI

e (C0ito2)

By Coupled equation (34)

- --- By Uncoupled equation (26')

By Uncoup'ed equation using r

O-----Experimental value

o

0-9 lo 2 I-3 14

t'
Fig. 17.

o: 0 2 0-3 0 4 0-5 - O-6

Fig. 18.

06

04

02

-02

04

- 0-6



ro

05

o

SHIP MOTIONS IN BEAM SEAS

Sway ng

(Condiflon -2)

Te (sec)

¡0 ¡2 ¡4 ¡6 ¡8 20 22 24

Fig. 19.

Te (sec)

Fig. 20.

57

Drifting Velocity

Uflhl
Ii U

FAI V4i iiiu aia.
.11--I.ULiUUIU

IU
I ULVI

o

08 ¡0 ¡2 l-4 ¡-6 ¡-8 20



58

150

i
'co

50

'luII.
Diiiu

Null.iiuiui.ii.UN.,..0
FIUIlkIU

De

IiUUN.MIIU
,1ii wurm'i °

&

08

F. TASAI

Fig. 21.

.vn

T..- !30. -

Drifting Force

C

05

De
-ghL

0I



SHIP MOTIONS IN BEAM SEAS 59

Stable

° > Unstable

- Uncertain unstable

5ofo

04 05 06
Te

Fig. 23.

0 f8

16

14

'5 f2

fo

20

3° 6

4°
4

50
60
70

20l50
200

2

o




