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Summary

The most recent studies of intermittent state in linearly stable shear flows, like

pipe, Plane Couette and Taylor Couette flow, have shown that turbulent struc-

tures, created by finite-amplitude perturbation, have an exponential distribution

of the lifetimes. Here we experimentally examine the lifetime of turbulent spot

in Taylor Couette flow (with stationary inner cylinder) for different perturbation

mechanisms and different boundary conditions. We show that for all of these

cases, the decay of the turbulent spot can be described by Poisson process, which

supports the chaotic transient model for this flow. Furthermore, we show that

characteristic lifetime of the turbulent spot increases with Reynolds number faster

than exponentially, but does not diverge to infinity. This is in agreement with

the most recent studies in pipe and Taylor Couette flows and implies that turbu-

lence is a transient state for all Reynolds numbers (before the global bifurcation).

Finally, we show that there is a universal behavior for the characteristic lifetime

of the intermittent state in Taylor Couette flow with stationary inner cylinder.

This universal series is obtained using critical Reynolds number and aspect ratio

as scaling parameters.
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Chapter 1

Introduction

1.1 Transition to turbulence

In supercritical flows (where laminar regime becomes unstable by increasing driv-

ing force), discussion of transition to turbulence is straightforward. Transition

usually occurs in the form of a stationary pattern of motion, e.g. cellular con-

vection or secondary flow and undergoes more bifurcations at higher value of the

driving force, where the transition value can be well defined according to the flow

parameters [1]. A layer of fluid heated from below (Bénard flow) is an example

of this successive transition.

Pipe and Plane Couette flow have much more complicated transitional behavior.

Despite of their linear stability, finite-amplitude perturbations can trigger a sud-

den transition to turbulence. Since Osborne Reynolds’s seminal paper [2] on the

“conditions which determine whether the flow of a fluid is sinuous” in that he de-

scribed his observations on transition to turbulence in circular pipes, many efforts

have been done to explain the transition in linearly stable shear flows. However,

the mechanisms which lead to this transition are not completely understood yet.

An explicit indication of this ambiguity is the various critical Reynolds numbers

(Re = UL/ν where U,L and ν are the velocity and the length scale of the prob-

lem and the kinematic viscosity of the fluid, respectively) specially for pipe flow

in fluid dynamics literatures [3]. It was shown that the so-called external flows

such as boundary layers or flows around bluff bodies also have similar complex

transitional features (Holmes et al. [4], Schmid & Henningson [5]). Furthermore,

in contrast to supercritical flows where simple vortices and cells emerge, here,

one has to deal with complex turbulent structures which spatially and tempo-

rally fluctuate. These structures do not persist indefinitely and decay without

any precursor or indication (first noted by Brosa [6]) that makes the usage of

the statistical approach almost impossible. Recently dynamical system has been

1



2 CHAPTER 1. INTRODUCTION

deployed as a complementary approach to explain this transitional behavior [1].

1.2 Turbulence and dynamical system

From the dynamical system point of view, systems have been considered in their

state space. Physically, it is the space of all velocity fields, either the perturba-

tions imposed as initial conditions or the basic flow. Mathematically, it is the

space that covers all the velocity fields which satisfy the boundary conditions.

In this space, velocity can be presented for example by the coefficients of an ex-

pansion of velocity fields in a complete basis of orthonormal basis functions [4].

Furthermore, the Navier-Stokes equations in combination with boundary condi-

tions should determine the evolution of the flow and its dynamics at each point

of this state in which both laminar profile and turbulent state are contained. In

the state space, the laminar profile corresponds to an attractor (a fixed point)

that dominates a region in which flow trajectories move toward this attractor.

For instance, in pipe flow, the parabolic laminar profile is the attractor toward

which all points in its neighborhood (so-called basin) evolve. Assuming turbulent

state also as an attractor (Guckenheimer [7]), there is a region in which all initial

conditions inside behave chaotically. This chaotic motion, in the form of spatially

and temporally fluctuating dynamics, suggests the existence of basic chaotic ele-

ments such as horseshoes in turbulent flow (Guckenheimer & Holmes [8]).

1.3 Chaotic saddle model in turbulent flow

Many experimental and numerical studies have been designed in order to find an

appropriate model (in dynamical system) for turbulence. The common method,

which has been used in both numerical and experimental studies of pipe and

Plane Couette flows, is to impose perturbation on basic flow as initial condition

to the Navier-Stokes equation and observe its evolution. However, instead of ex-

amining on one initial condition and obtaining a long-term solution containing

convergent statistical properties, many initial conditions are chosen to be stud-

ied and integrated over “intermediate” time, which is necessarily longer than the

time that the initial transient is introduced. Since the turbulence has chaotic

characteristics, the Lyapunov exponent and its inverse, the Lyapunov time, are

the time indicators. Thus the intermediate time is several Lyapunov times long.

These studies have shown that the flow is stable to any perturbation at low

Reynolds numbers. This means that the whole state space is occupied by the

basin of the laminar attractor, and flow trajectories will asymptote to it inde-

pendent of their initial positions. By increasing the Reynolds number to some

intermediate value (still far from transition), turbulent structures (spots) can be
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Figure 1.1: Exponential distribution of the lifetimes of turbulent spot (plotted by Peixinho
& Mullin [9]). Probability of observation of turbulent spot (so-called puff in pipe flows) versus
downstream distance from the point of perturbation for a range of Reynolds numbers (1580–
1740). The data are plotted on semi-log scales. The error bars indicate the experimental
uncertainty of the measurements.

created by finite-amplitude perturbations, and they decay back to laminar state

after an indefinite time. The decay of the turbulent structure has an exponen-

tial distribution, and hence the probability of still being turbulent after a time

t is P (t) ∼ exp(− t
τ ), with a characteristic time τ [9, 10, 11] (see Fig 1.1). The

possibility of the decay indicates that the state space is not completely occupied

by the turbulent attractor. Furthermore, the basin of the turbulent attractor is

not compact and flow trajectories can run away toward the laminar attractor.

In dynamical systems, the structures which have positive Lyapunov exponents

for the motion close to the saddle, but are not persistent are known as chaotic

saddles or strange saddles. A chaotic saddle generates transient chaotic dynamics

[12, 13]; an orbit enters the basin of the chaotic saddle with its stable manifolds

and is influenced by the saddle for some time during which it exhibits chaotic

behavior. Then it exits the basin of the saddle along its unstable manifold and

eventually enters to the basin of an attracting set such as a fixed point (like the

laminar attractor) or a periodic orbit.

The existence of a chaotic saddle has three implications in shear flows [14]:

1. A positive Lyapunov exponent and consequently sensitivity to initial con-

dition.

2. Hyperbolic elements (e.g. coherent structures) appear in the turbulent flow.
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3. The distribution of lifetimes of turbulent structure becomes exponential for

long times.

Obviously, the study of Lyapunov exponent is only possible in numerical simu-

lations since it is required to follow the time evolution of two states which had

close initial conditions. The other two implications have been investigated both

numerically and experimentally. Coherent structures such as vortices, streaks,

hairpins (Robinson [15]), or traveling waves (Hof et al. [16]) have been found

in turbulent flows as significant elements each of which occupies a different loca-

tion in the state space. Thus ideally one would like to identify these structures,

study their properties such as frequency and contribution to momentum trans-

port quantitatively and then use them to affect the flows. However, we just limit

the explanation to investigation of the last implication, the lifetimes of turbulent

structure, which is also investigated in the ongoing thesis.

1.4 Diverging turbulence or transient chaos

Now, the question which needs to be answered is whether the turbulent state

remains a transient chaos with increasing Reynolds number, or the flow trajecto-

ries will be absorbed by a strange attractor, and the turbulence will sustain itself

forever.

Figure 1.2: Diverging view of turbulence (plotted by Peixinho & Mullin [9]). Variation of the
mean decay rate as a function of Re and a fit, which indicates a sharp cut off at Re ∼ 1750±10.
The inset is the inverse half-life versus Re and a linear fit.

On one hand, some of the experimental and numerical investigations on pipe

and Plane Couette flows suggested that the characteristic lifetime of turbulent
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spot increases with increasing Reynolds number until it diverges at some critical

point [1, 9, 17, 18]; that is, there has to be a form of boundary crisis in the

state space where a transition from a chaotic saddle to an attractor happens,

and consequently turbulence persists. This is shown in Fig 1.2 where lifetimes

(obtained from an experiment in pipe flow) deviate from exponential trend at

Re ∼1750. This indicates that the characteristic lifetime, τ , diverges for some

finite Reynolds number Recr for which the turbulent attractor was found to be

stable [9].

On the other hand, other studies supported that even though the characteristic

lifetime of intermittent state increases with Re, it does not diverge [19, 20, 21].

These latter studies are based on several different experimental set-ups and are

consistent with the numerical studies for long pipes and long observation times

[22] and present evidence which shows τ increases exponentially with Reynolds

number (shown in Fig 1.3). This exponential trend suggests that turbulence is a

transitional state which is very long-lived for high Re, rather than being a per-

manent state, and hence the chaotic repeller model is the correct model for all Re

(below the Reynolds number where a global bifurcation occurs). By presuming

turbulence as a transitional state which remains dynamically connected with the

laminar flow, new possibilities can open up to control turbulence exploiting this

connection (using small perturbations [23]).

Figure 1.3: Transient turbulence. Characteristic lifetimes obtained from numerical simulation
in pipe flow (plotted by Hof et al. [19]).
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Figure 1.4: Edge of chaos (plotted by Skufca et al. [19]). Lifetime changes with the amplitude
of perturbation. In laminar basin, lifetime is smooth whereas in saddle region, it appears fractal.
The boundary between those behaviors is an edge point. The gray curve illustrates that the
behavior on the lifetime is related to structures in state space.

1.5 Edge of chaos

The coexistence of laminar and turbulent state raises the question about their

boundaries in state space. One method, which is used in numerical studies to

determine this boundary, is perturbing the basic flow many times with different

amplitudes of disturbances using an identical initial condition and then examining

the lifetime of turbulence [24]. It has been found that variation of lifetime with

amplitude is smooth in laminar region whereas lifetimes fluctuate significantly in

the basin of chaotic saddles [24] (shown in Fig 1.4). The object which separates

these two regions in the state space is called “edge of chaos”. It has been shown

that for relatively low Reynolds numbers, all the edge points are located on a

stable manifold of an invariant structure in the state space [24].

1.6 Transition in Taylor Couette flow

Despite all efforts mentioned above, the variation of the characteristic lifetime

with Reynolds number is still a much debated subject, and a uniform conclusion

about dynamical behavior of turbulence has not been reached yet. Systems, like

pipe and Plane Couette, suffer from contaminated inlet conditions where uncon-

trolled disturbances enter into the flow. Furthermore, owing to their physical

length limitation, a complete life cycle of a turbulent spot can not be observed

at high Reynolds numbers, and hence no conclusion can be made about the final

state of turbulence. For instance, if we assume that the characteristic lifetime of

a turbulent spot in a garden hose is an exponential function of Reynolds number,

theoretically a physical length of 40000 km is needed for the spot to decay at

Re = 2400 [19]. This length is about the circumference of the earth, and prac-

tically impossible to observe. Numerical simulations are also problematic in this

context since obtaining adequate statistics requires long integration times and a
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sufficiently large domain size.

The streamwise periodic characteristic of Taylor Couette flow (which is the flow

between two independently rotating concentric cylinders) increases the observa-

tion time theoretically to infinity. Furthermore, opposite to open systems like

pipe and Plane Couette, no inlet contaminations will be entered to the Taylor

Couette flow. Thus it can serve as a proper flow to investigate the lifetime of

intermittent state.

The first observation of the lifetime of the turbulent spot in Taylor Couette flow

was presented by Borrero-Echeverry & Schatz [25]. They found that the most

ideal situation to study the lifetime of intermittent state is when the inner cylinder

remains stationary, and consequently the flow is linearly stable. They showed that

similar to pipe and Plane Couette flows, the decay of turbulent spot (so-called

patch in the Taylor Couette flow) has an exponential distribution (shown in Fig

1.5.a) that is a signature of a Poisson process and supports the chaotic repeller

model for shear flows. Furthermore, they found that turbulence is a transient

state in this flow even at sufficiently high Reynolds number Re ∼ 9176. They

showed that the characteristic lifetimes increase with Reynolds number faster

than exponentially, but do not diverge to infinity (see Fig 1.5.b). Therefore in

line with the recent study in pipe flow [19], they suggested a super-exponential

function (τ(Re)−1 = exp(−exp(aRe+ b)) where a and b are constant) to predict

the behavior of the characteristic lifetime with increasing Reynolds number.

(a) (b)

Figure 1.5: a) The probability of observing events whose lifetime is longer than time t de-
creases exponentially for long times with a decay constant that increases with increasing Re
(plotted by Borrero-Echeverry & Schatz [25]). Times are expressed in dimensionless time units
tnd = d/roΩo where d is the gap between cylinders and ro and Ωo are the radius and angular
velocity of the outer cylinder. The solid lines show the weighted least squares linear fits the tails
of the distributions. b) Characteristic lifetime as a function of Re in dimensionless time unit.
Horizontal error bars represent absolute error in Re based on experimental limitations. Inset:
A plot of τ−1 vs. Re on a linear scale shows that τ−1

� 0 only as Re � ∞.

The role of the perturbation type, geometry and boundary condition on the life-
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time of the turbulent patch is still unknown. Moreover, other properties of the

turbulent patch such as traveling frequency, size and shape have not been studied

yet.

1.7 Objectives and outline

The main goal of this thesis is to study the lifetime of the turbulent patch with

different perturbation types and boundary conditions in a Taylor Couette flow.

A brief introduction to the Taylor Couette flow and its stability is given in chap-

ter 2. In chapter 3, we give a detailed description of the flow facility in which

the lifetime measurement is performed. Transition to turbulence in this facility

occurs at Re ∼ 6000, and flow is triggered both locally and globally. We also

explain the technique for detection of the turbulent patch from an image. In

chapter 4, a 2-d axisymmetric model of the Taylor Couette flow is numerically

solved to attain information about the laminar velocity profile, with which a tur-

bulent patch coexists; moreover, a qualitative experiment is performed to verify

the results obtained from this numerical simulation.

In chapter 5, the experimental results of the lifetime measurement are presented

and discussed. A comparison is made between the results obtained here and the

ones reported in the previous study. A universal behavior for the lifetime of the

turbulent patch is sought and proper scaling parameters are determined. Further-

more, the role of boundary condition on the lifetime of turbulent patch is exam-

ined. Furthermore, various properties of turbulent patch and their dependency

on Reynolds number are studied. Finally, conclusions and recommendations of

this research are given in chapter 6.



Chapter 2

Taylor Couette flow

2.1 Introduction

Taylor Couette flow, which is the flow between two independently rotating con-

centric cylinders, has a long and celebrated history (see e.g. Tagg [26] and ref-

erences therein). This flow is also known as cylindrical Couette flow, circular

Couette flow, or rotating Couette flow. Like all other Couette-type flows, it is

driven by the movement of the walls that bound a viscous fluid. Taylor Couette

flow is mostly known for a transition preceded by a hierarchy of bifurcations that

is caused by centrifugal instabilities [27, 28].

(a)

Ω
i

Ω
o

r
i

r
o

(b)

Figure 2.1: Taylor Coutte flow. a) The onset of instability of flow between counter-rotating
cylinders in a Taylor Couette system (left). At much higher rotation rates, the flow develops
turbulent helical bands that alternate with bands of laminar flow (right). Images courtesy of
Professor Harry Swinney. b) Schematic figure of Taylor Couette set-up. ri and ro are the radii,
Ωi and Ωo are the angular velocities of the inner and the outer cylinders, respectively.

9
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2.2 Taylor Couette flow application

Two flows with different values of length scales, flow velocities, or fluid proper-

ties can still exhibit the same dynamics. According to the principle of dynamic

similarity, all flows with the same governing equations and control parameters

show the same dynamic behavior. Many prototypes have been built based on

this principle to model flows in which conducting a test is very expensive or

even impossible. One good example is modeling astrophysical and geophysical

rotating shear flows for which the Taylor Couette device can be used as an ex-

cellent prototype [29]. Furthermore, the Taylor Couette flow is potentially rich

with stability properties and has geometrical properties which make it suitable

for investigating the lifetimes of turbulent structures (as mentioned in chapter

1.6); therefore, many experimental and numerical works have been dedicated to

this flow. Here, a brief introduction to different aspects of the Taylor Couette

flow from governing equations to stability analysis have been given to make the

reader acquainted with the general properties of this flow.

2.3 Flow regimes in Taylor Couette system

A wide range of flow regimes can be obtained in Taylor Couette system depending

on the angular velocity of the inner and the outer cylinders. Following the work

Figure 2.2: Flow regimes observed in Taylor Couette set-up at different inner and outer
Reynolds number (plotted by Andereck [27]). Dashed lines indicate transition boundaries that
are difficult to establish from visual observation alone since there is no abrupt change in appear-
ance. Dotted lines indicate expected, but not yet observed, continuation of several boundaries.
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of Coles [28], who discovered up to 26 stable flow states at the same Reynolds

number (that showed the dependency of the states on the path followed in param-

eters space), Andereck [27] performed a complete experimental investigation on

flow states in a Taylor Couette system that provided a coherent characterization

of flow states and transition between them. He explored various flow regimes in

the system (shown in Fig 2.2).

2.4 Governing equations

As in all incompressible Newtonian flows, the governing equations for the Taylor

Couette flow are the Navier-Stokes equations [29]:

du

dt
+ u.∇u = −1

ρ
∇p+ ν∇2u,

∇.u = 0

(2.1)

where ρ is density of the fluid, u is velocity and p is pressure (gravity force is

included in pressure term).

2.5 Control parameters

Independent non-dimensional parameters have been defined such that they can

fully characterize the flow. This can be done in two different ways: a traditional

choice and a dynamics motivated choice.

2.5.1 Traditional choice

In this approach, geometrical properties of the flow are considered. The gap

between the cylinders d and the diffusion time t = d2/ν have been chosen as

the length and time scales of the flow. The generally accepted non-dimensional

parameters are radius ratio η and the Reynolds numbers of the inner and outer

cylinders defined as:

η =
ri
ro
,

Ri =
riΩid

ν
,

Ro =
roΩod

ν
.

(2.2)

2.5.2 Dynamics motivated choice

In order to distinguish the role of different forces existing in the flow, a more

dynamical approach is required in which each non-dimensional parameter repre-

sents a particular characteristic of the flow. The equation of motion is written
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in a rotating frame with the arbitrary angular velocity Ωrf instead of an inertial

frame (i.e. φ = θ − Ωrf t and w = u − Ωrfreφ where θ and φ are the azimuthal

coordinates in the inertial and rotating frame respectively). Again d is chosen as

unit length, and the inverse of a typical shear S̃ and r̃ are chosen as unit time

and a typical radius, respectively. By defining the “advection shear term∗” in

cylindrical coordinates (r, φ, x) as (proposed in [30, 31]):

w.∇′w = w.∇(wrer) + [rw.∇(
wφ

r
)]eφ +w.∇(wxex) (2.3)

equation (2.1) takes a new form:

dw

dt
+w.∇′w = −∇Π−RΩex ×w+Rc(

w2
φ

r/r̃
er)−Rc(

wφwr

r/r̃
eφ) +Re−1∇2w,

∇.w = 0,

(2.4)

where

Re =
S̃d2

ν
,

RΩ =
Ωrf

S̃
,

Rc = d/r̃.

(2.5)

Re, RΩ and Rc are the dynamics motivated control parameters. The influence of

shear is measured by shear Reynolds number (Re). Rc is curvature number and

indicates the effect of cylinder curvature in the flow. RΩ is rotation number and

represents the effect of rotation in the flow. It has to be noted that the centrifu-

gal term produced by the rotating frame is subtracted to the pressure term and

forms the modified pressure Π.

As mentioned earlier, Ωrf has been chosen arbitrarily. For the sake of the sim-

plicity of the notation and preserving the symmetry, one can choose Ωrf so that

wθ(ri) = −wθ(ro). This definition of Ωrf amounts to fixing r̃ by Ω(r̃) = uθ(r̃)/r̃ =

Ωrf . The typical shear can be described at the same location S̃(r̃). With these

definitions, one can show that the relation between the traditional and motivated

control parameters are as follows:

Re =
S̃d2

ν
=

2

1 + η
|ηRo −Ri|,

RΩ =
2Ωrf

S̃
= (1− η)

Ri +Ro

ηRo −Ri
,

Rc =
1− η

η1/2
.

(2.6)

∗By introducing the advection shear, mean flow derivative and global curvature contributions
to the advection term can be separated. This modified advection term shows its importance
especially in the case of solid body rotation where the shear vanishes while the advection still
exists due to the global curvature [30].
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where r̃ =
√
riro. These control parameters are applicable to all shear rotating

flows, e.g. Plane Couette flow is a special case where the curvature effect tends

to zero (i.e. limRc � 0).

2.6 Stability analysis of Taylor Couette flow

Transition to turbulence is a form of instability developing in a flow. Thus in

order to have a better understanding of transition, it is necessary to know the

stability properties of the flow. Here, a short summary of previous works on

stability in Taylor Couette flow is given.

The classification of stability analysis differs depending on the type of distur-

bances imposed on the basic flow. Linear stability analysis examines the effect of

infinitesimal perturbations on the flow and determines whether the equations of

motion demand that perturbations should grow or decay in time. In this analysis,

the problem is linearized by neglecting the quadratic and higher order terms in

the perturbation variables and their derivatives [32]. However, a real flow may

be stable to the infinitesimal disturbances (linearly stable), but still can be un-

stable to sufficiently large disturbances (non-linearly unstable). This is the topic

of non-linear stability. In this respect, flows are generally categorized into two

classes: subcritical and supercritical [29]. Subcritical flows are linearly stable and

become unstable by imposing finite-amplitude perturbations whereas supercriti-

cal flows are destabilized by the infinitesimal disturbances. In the following, first

linear stability is discussed, and then non-linear stability in subcritical flows is

explained.

Late in nineteenth century, Rayleigh discovered a criterion which determined

necessary and sufficient conditions for instability in the Taylor Couette flow.

Assuming inviscid flow, he utilized Kelvin theorem to obtain a stability crite-

rion. According to his work, the marginal stability threshold is R∞−
Ω = −1 and

R∞+
Ω = 1/η − 1 where R∞ is the limit inviscid case. The plus and minus super-

script signs are for the cyclonic (RΩ > 0) and the anti-cyclonic (RΩ < 0) regimes,

respectively. Rayleigh did not consider three important factors in his work:

1. The effect of the non-symmetric perturbations inside the flow, which can

have more impact than the axisymmetric ones.

2. Viscosity acts as a damping force on the flow and increases the domain of

linear instability.

3. Stability to the infinitesimal perturbations does not imply that the flow is

necessarily stable to the finite-amplitude perturbations.

Following his work, Taylor deployed the classical normal mode analysis to study

stability of the flow. He showed that viscosity can behave as a stabilizing force
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Figure 2.3: Linear stability boundary (plotted by Longaretti et al. [29]). Critical Reynolds
number Recr is plotted as a function of rotation number RΩ. Numerical data by Snyder [33] �
for η = 0.2, � for η = 0.8, and � for η = 0.935. Experimental data by Prigent et al. [34] � for
η = 0.983. Continuous line: Lezius & Johnston [35] Plane Coutte or small gap limit stability
criteria. Dashed line: Esser and Grossman [36] prediction for η = 0.8 and η = 0.2.

damping the perturbations. More comprehensive analytical work was done by

Esser and Grossman [36], including the non-axisymmetric modes, led to the re-

sults that were consistent with the linear stability theory and experiments. Fig

2.3 demonstrates critical Reynolds number as a function of RΩ and η where the

numerical work of Snyder [33] indicates the dependency of critical Reynolds num-

ber on the geometry of the flow (i.e. radius ratio).

In order to study stability properties of the subcritical flows, one has to deal with

the finite-amplitude perturbations and their effects on the flow. Analyzing the

effects of these perturbations are different from the effects of infinitesimal ones.

The infinitesimal perturbations absorb the energy from the basic flow whereas the

large perturbations are fed by an ultimate external energy source which has the

same level of energy as the basic flow. The meaning of instability itself becomes

hard to understand when the perturbations and the basic flow are at the same

energy level.

In the lack of a general theory to examine transition to turbulence in the subcrit-

ical flows, experiments have been conducted to determine the non-linear stability

boundary. The most common methods used in the experiments to find these

boundaries are: 1) torque measurement, 2) flow visualization, and 3) mean ve-

locity profile measurement. Fig 2.4 illustrates the non-linear stability boundary

where the critical Reynolds number shows a large dependency on the rotation

number. To find a global manifold for the dependency of the critical Reynolds

number on the rotation number, one can use the results from Taylor experiment

(indicated by triangles in Fig 2.4). However, it is limited to the case where the

inner cylinder is at rest (which is the state of our interest), and the role of the
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Figure 2.4: Non-linear stability boundary in Taylor Couette flow (By Longaretti et al. [29]).
Critical Reynolds number Recr is plotted as a function of rotation number RΩ. �: data of
Taylor [34, 37] for 0.7 < η < 0.935 where inner cylinder is at rest, ◦: data of Richard [33] for
η = 0.7 where RΩ >0.5,♦: data of Tillmark [38] for rotating Plane Couette flow η = 1 where
RΩ >0, dotted line: linear fit of Tillmark’s data, plain line: linear fit of Richard’s data. •: data
of Richard for η = 0.7 where -1.5< RΩ <-1, plain line: linear fit of Richard’s data.

inner cylinder rotation is not considered. Unfortunately, data available from the

Taylor experiment is read from the original figure that naturally causes some

error in determination of the critical Reynolds number. One of the fits through

the Taylor data points is proposed by Richard & Zahn [33] as:

Recr(η) = 1400 + 550000(1 − η)2 (2.7)

which can be used as an estimate for the critical Reynolds number.



Chapter 3

Experimental set-up

3.1 Introduction

In this chapter a brief description of the experimental set-up is given. The pro-

cedure to disturb the laminar flow and create the turbulent patch is described.

Finally the method of measuring the lifetime of the turbulent patch is explained.

3.2 Taylor Couette set-up

The experimental apparatus consists of two vertical concentric cylinders, which

are made of plexiglass and can rotate independently of each other (Fig 3.1). Both

the inner and the outer cylinders are connected to two independent Brushless DC

motors (Maxon,250W), which can rotate up to 10 Hz with an absolute precision

of ±0.01 Hz. A HBM torque meter (T20WN, 2N.m) is connected to the inner

cylinder through the driving shaft. Inner and outer radii of the cylinders are

ri = 110 ± 0.05 mm and ro = 120 ± 0.05 mm. The outer cylinder is attached to

the top and bottom lids, and there are gaps (1.5 mm) between the end surfaces

of the inner cylinder and the lids. The height of the inner cylinder is L = 220

mm, and the gap between two cylinders is d = ro − ri = 10 mm. According to

these geometrical properties, two non-dimensional numbers are defined: aspect

ratio Γ = L/d = 22 and radius ratio η = ri/ro = 0.917.

Distilled water is used as working fluid with the viscosity of ν = 1.004× 10−6 at

the temperature T= 20◦C.

16
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Figure 3.1: Schematic figure of the Taylor Couette set-up. Figure (a) and (b) show the set-up
in the side and top views.

3.3 Flow visualization

The most common way to visualize the flow structures in the Taylor Couette

flow is to use Kalliroscope flakes [25, 27, 39]. They are the suspensions of micro-

scopic crystalline platelets. When these flakes are put into motion, the suspended

platelets orient so as to align their larger dimensions parallel to the planes of shear

[40]. In the presence of incident light, areas of varying alignment reflect differing

intensities of light. Turbulent fluctuation of the flow velocity leads to fluctuation

of the alignment of the platelets and consequently variation of the light intensity

in turbulent areas that makes the turbulent patch distinguishable from the lam-

inar background. It has been shown that this intensity is related to the radial

velocity component of the flow [39].

Since this material was not available, Iriodin pigments (Iriodin 121), which have

similar properties as Kalliroscope particles, were mixed with water to visualize

the flow. The low value of concentration, 0.007 % volume, was chosen to prevent

any significant change in the water properties such as density and viscosity. To

illuminate the particles, the cylinders were exposed to white light from a pro-

jector. Owing to having curvature in the geometry, straight illumination caused

specular reflection. Hence the flow was illuminated with an oblique angle with

the axis of the cylinders (Fig 3.1.a).
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3.4 Measurement procedure

As mentioned in previous chapters, the Taylor Couette flow with stationary inner

cylinder is linearly stable, and therefore, sudden transition occurs at sufficiently

high Reynolds number [1]. In our Taylor Couette set-up, spontaneous transition

happens at Recr ∼ 6000∗, and hence lifetime measurements were conducted for

Reynolds numbers below this value. As the first step, laminar flow had to be gen-

erated. This was done by slowly accelerating the outer cylinder up to a certain

frequency (corresponding to a desired Reynolds number) while the inner cylinder

was at rest. After reaching this frequency, the system was allowed to run for 100

seconds (∼1 radial diffusion times td = d2/ν) to rule out any transient. Since

the temperature of the water and consequently its viscosity fluctuated during the

experiment, it was necessary to measure the temperature regularly (either after

5 runs or 600 seconds) and accordingly correct the Reynolds number by changing

the frequency of the outer cylinder.

In order to trigger the transition, two different methods were employed: global

perturbation and local perturbation. In the former method, the flow was per-

turbed by sudden acceleration of the inner cylinder up to 0.65 Hz in the opposite

direction of the outer cylinder. The inner cylinder was remained rotating at this

frequency for 3 seconds and then immediately stopped. It was observed here and

in the previous study [25] that as long as the perturbation triggers the transition

to the intermittent state, the lifetime of the turbulent patch does not depend on

the strength or duration of the perturbation. Thus in all experiments, the flow

was disturbed by the same inner cylinder frequency. In the latter method, the

turbulent patch was created by simultaneous injection and suction of water for 1

sec through two 0.9 mm holes located on the half height of the inner cylinder. In

order to have a small localized perturbation, two holes were placed at a distance

of 43 mm from each other. This method has also been used in pipe flow to create

turbulent structures [9, 19].

A CCD camera with frame rate of 10 Hz and resolution of 500x2800 pixels, which

corresponded to 37.5x200 mm in physical space, was used to capture the flow.

Post-processing was required to extract useful information from each image. De-

pending on what property of the turbulent patch was to be examined, different

processing steps had to be taken.

∗The critical Reynolds number in our system was measured as follow: the laminar flow was
generated at the outer cylinder frequency of 0.53 Hz (corresponding to Re=4000) while the inner
cylinder was at rest. The system was allowed to run for 100 seconds (that is the radial diffusion
time td). If the flow became turbulent after this time, the Reynolds number was considered as
the critical one, otherwise the frequency of the outer cylinder was increased by dfcyl=0.01 Hz,
and the flow was checked again. This procedure was repeated till the transition to turbulence
occurred.
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3.4.1 Lifetime measurement

The aim was to determine the lifetime of the turbulent patch from the gray-

scale images recorded after disturbing the flow. In order to rectify the image,

each image was subtracted and normalized by the average of one hundred images

taken from the laminar flow (denoted by Iavg). Then different properties of the

rectified image such as the cumulative sum, mean and standard deviation were

examined in order to find an indication of the patch. It was found that the

standard deviation of the image matrix is the best indication for the existence of

the patch, thus N was defined as:

N = std(
I − Iavg
Iavg

), (3.1)

where std is the standard deviation function. N was sequentially calculated for

each image and compared with a threshold, which had been defined empirically.

If N remained smaller than the threshold for 40 consecutive images (4 seconds),

the last image with N higher than the threshold was chosen as the image where

the patch was last observed. N is illustrated as a time series in Fig 3.2 where it

is clearly seen that the amplitude of the signal dramatically drops at t = 205 sec,

that is thus the time the patch disappeared. The accuracy of this approach was

verified by hand for some random runs.

Figure 3.2: Standard deviation of the normalized image matrix as a time series. The turbulent
patch is created by global perturbation at Re = 4530. Inset, zoom-in on the signal. Peaks
corresponds to a situation when all or most of the patch is in front of the camera while troughs
corresponds to a situation when patch is rotated away and the laminar back ground is in the
direction of the camera. The distance between the two peaks indicates the time that patch
makes a complete round.
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(a) (b)

(c) (d)

Figure 3.3: Images of Taylor Couette flow at Re = 4530. Figure (a) is an image of a laminar
flow whereas image (b) shows the coexistence of a turbulent patch with laminar background.
Figure (c) and (d) are the normalized images of (a) and (b).

3.4.2 Distinguishing turbulent patch from laminar background

In order to distinguish the turbulent patch from the laminar flow, the flow state

in each pixel of the image matrix had to be determined. Fig 3.3.b shows an

image of a turbulent patch coexisting with a laminar flow. As it is seen in the

figure, pixels around the center (bright areas) and near the corners (dark areas)

of the image suffer from high and low light intensities that may cause a loss

of information about the patch in these areas. Therefore, a strip of the image,

sufficiently far from both areas where there is a proper light intensity, was cut

out to be examined. To convert the image of the strip to a binary matrix,

where laminar and turbulent regions corresponds to zeros and ones respectively,

following procedure was performed. We defined α as:

α = |Ist − Istavg
Istavg

| ∗ 100. (3.2)



3.4. MEASUREMENT PROCEDURE 21

(where Ist and Istavg are the strip image matrix and the corresponding mean image

matrix) indicating the percentage of the difference between the light intensity in

the image and the mean matrix. If α was higher than the threshold, α ≥ 16,

the pixel is assigned to one, otherwise to zero. This threshold was determined by

examining two images from a fully laminar and a fully turbulent flow (Fig 3.4).

The threshold had to be defined in such a way that led to the minimum and the

maximum number of turbulent pixels in the fully laminar and the fully turbulent

image, respectively. Therefore, function f was introduced as the signal to noise

ratio:

f(α) =
(100 −RL) +RT

(100 −RT ) +RL
, (3.3)

(where RL and RT are the percentage of the turbulent pixels in the fully laminar

and the fully turbulent images) that indicates the goodness of the chosen thresh-

old. This function reaches its maximum value at α = 16 (shown in Fig 3.4 inset),

and hence this value was chosen as the threshold between the laminar and the

turbulent state in the image.

Figure 3.4: Threshold to distinguish the laminar region from the turbulent patch in the image
matrix. R indicates the percentage of the pixels in which α is higher than threshold and the
flow is considered as turbulent. Inset, the signal to noise ratio function f versus the threshold
α.

After converting the image matrix to a binary matrix, different information about

the turbulent patch such as size and vertical position are obtainable. For exam-

ple, if a center column of the binary matrix is cut out and attached to the same

column of next image and this is repeated for all images, a time series of the

vertical position of the patch will be achieved.



Chapter 4

Laminar velocity profile in Taylor

Couette flow

4.1 Introduction

The purpose of this chapter is to study the laminar flow in the Taylor Couette

set-up with stationary inner cylinder using numerical simulation. In order to

have a comprehensive understanding of the behavior of the turbulent patch, the

laminar flow with which the patch coexists, also has to be understood; therefore,

experimental measurement or numerical simulation has to be performed to inves-

tigate the laminar flow. Owing to the geometrical properties of the set-up (e.g.

curvature and small gap), implementing measurement techniques such as PIV

and LDV is difficult and time consuming. Thus numerical simulation (CFD) is

performed on a geometry similar to that of the experimental set-up, and then a

qualitative experiment is conducted to verify the general aspects of the numerical

results.

4.2 Problem description

Flow is simulated in a 2-d axisymmetric model of the Taylor Couette set-up shown

in Fig 4.1. Flow occurs in the area between the cylinders that is indicated by blue

in the figure. The working fluid is water and its temperature is taken as 20◦C.
The outer cylinder is rotating at 3.34 rad/s (corresponding to Re = 4000) while

the inner cylinder is at rest. The velocity and pressure of the interior domain are

the unknowns and have to be determined. First, the problem is solved for the

set-up completely filled with water, and then the partially-filled system is solved.

22
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Figure 4.1: 2-d model of the Taylor Couette set-up. Blue area is where the flow occurs, and
the black rectangle is a metal piece attached to the top lid (and will be named as barrier). The
black dashed-dotted line represents the axis of symmetry.

4.3 Governing equations and dynamic solution

The intent here is to attain a primary analytical solution from the governing

equations that will be used later on to justify the results of the numerical simula-

tion. In order to have a better understanding of the problem, the flow domain is

divided into two main regions: flow between the inner cylinder and the end-walls

(so-called Von Kármán region), and flow between the inner and outer cylinder

walls (so-called Taylor Couette gap).

4.3.1 Von Kármán gap

In the Von Kármán region, the situation is similar to a flow contained between two

finite rotating discs where the axis of rotation is normal to disc surfaces. Assum-

ing an incompressible Newtonian fluid, the Navier-Stokes equations in cylindrical

coordinate (r,θ,x) are:

∂ur
∂t

+ u.∇ur − u2θ
r

= −1

ρ

∂p

∂r
+ ν

(
∇2ur − ur

r2
− 2

r2
∂uθ
∂θ

)
,

∂uθ
∂t

+ u.∇uθ +
uruθ
r

= −1

ρ

∂p

r∂θ
+ ν

(
∇2uθ +

2

r2
∂ur
∂θ

− ∂uθ
∂r2

)
,

∂ux
∂t

+ u.∇ux = −1

ρ

∂p

∂x
+ ν∇2ux,

∂ux
∂x

+
1

r

∂(rur)

∂r
+

1

r

∂uθ
∂θ

= 0

(4.1)
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where

u.∇ = ur
∂

∂r
+

uθ
r

∂

∂θ
+ ux

∂

∂x
,

∇2 =
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂θ2
+

∂2

∂x2
.

(4.2)

Boundary conditions are given in Table 4.1 where h is the gap between the inner

and the outer cylinder end-walls. Assuming steady axisymmetric flow, the initial

ur uθ ux
x = 0 0 roΩo 0
x = h 0 0 0

Table 4.1: Velocity components at boundaries

solution which satisfies the boundary conditions (kinematic solution) is:

ur = 0, uθ = roΩo(1− x

h
), ux = 0. (4.3)

However, the dynamics of the flow is not considered in this solution. By non-

dimensionalizing the governing equations, the dominant forces in the flow are

determined (and therefore, the dynamic solution is obtained). Using the char-

acteristic velocity and length scales of the flow, the following non-dimensional

variables are defined:

r∗ =
r

ro
, x∗ =

x

h
, p∗ =

p

ρr2oΩ
2
o

,

u∗r =
ur

roΩo
, u∗θ =

uθ
roΩo

, u∗x =
ux
hΩo

.
(4.4)

Substitution of these variables in equation (4.1) in radial direction gives:

u∗r
∂u∗r
∂r∗

+ u∗x
∂u∗r
∂x∗

− u∗2θ
r∗

= −∂p∗

∂r∗
+

1

Reh

[
γ2(

∂2u∗r
∂r∗2

+
1

r∗
∂u∗r
∂r∗

− u∗r
r∗2

) +
∂2u∗r
∂x∗2

]
.

(4.5)

with the non-dimensional parameters:

γ =
h

ro
, Reh =

h2Ωo

ν
. (4.6)

Here γ2 << 1, thus equation (4.5) simplifies to:

u∗r
∂u∗r
∂r∗

+ u∗x
∂u∗r
∂x∗

− u∗2θ
r∗

= −∂p∗

∂r∗
+

1

Reh

∂2u∗r
∂x∗2

. (4.7)

For small Reynolds numbers (Reh << 1), the last term in equation (4.7) becomes

dominant which means the flow is highly affected by the viscous forces; thus

the resulting dynamic solution is equal to the kinematic solution. However, the

Reynolds number of the flow studied here is of the order of unity; therefore,
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pressure and inertial forces are also involved in the dynamics of the flow. To

find an analytical solution including these forces, classical perturbation theory is

utilized where solutions are expressed in a power series in terms of the scaling

parameter Reh (as suggested by Delfos [41]); therefore, the velocity components

and pressure are written as:

u∗r = u∗r,0 +Reh.u
∗
r,1 +Re2h.u

∗
r,2 + ...

u∗θ = u∗θ,0 +Reh.u
∗
θ,1 +Re2h.u

∗
θ,2 + ...

u∗x = u∗x,0 +Reh.u
∗
x,1 +Re2h.u

∗
x,2 + ...

p∗ = p∗0 +Reh.p
∗
1 +Re2h.p

∗
2 + ...

(4.8)

The necessary and sufficient condition for the convergence of each series is:

lim
n→∞Reh|u∗n+1|/|u∗n| < 1

where |u∗n| is the magnitude of the nth velocity component in each series. Using

the kinematic solution for u∗r,0, u
∗
θ,0, u

∗
x,0, p

∗
0 and substituting them into equation

(4.7) (considering first order approximation), we obtain:

Re2h

(
u∗r,1

∂u∗r,1
∂r∗

+ u∗x,1
∂u∗r,1
∂x∗

)
− u∗2θ,0

r∗
= −∂p∗1

∂r∗
+

∂2u∗r,1
∂x∗2

. (4.9)

Now we examine the advection term in the left hand side of equation (4.9). The

order of each term is estimated by:

Re2hu
∗
r,1

∂u∗r,1
∂r∗

∼ Re2hu
∗2
n+1,

Re2hu
∗
x,1

∂u∗r,1
∂x∗

∼ Re2hu
∗2
n+1,

−u∗2θ,0
r∗

∼ u∗2n .

(4.10)

Based on the condition for the convergence of the series, Reh|u∗n+1|/|u∗n| < 1, the

centrifugal term is larger than two other terms, i.e. u∗2n > Re2hu
∗2
n+1. Considering

the centrifugal force as the dominant advection term and neglecting the other

advection terms, the momentum equation in the radial direction becomes:

−u∗2θ,0
r∗

= −∂p∗1
∂r∗

+
∂2u∗r,1
∂x∗2

. (4.11)

Hence flow is dominated by three forces; namely, centrifugal and viscous forces,

and pressure gradient.

There are two unknowns in equation (4.11) which have to be determined: the

radial velocity u∗r,1 and the pressure gradient. The integral of the radial velocity

over the height of the gap is zero (which can easily be shown assuming a control
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volume with one edge at axis of symmetry); therefore, it is just a matter of

integration to obtain the pressure gradient from equation (4.11):

∂p∗1
∂r∗

=
3

10
r∗

Substituting the pressure gradient into equation (4.11), the radial velocity be-

comes:

u∗r,1 = r∗(
6

60
x∗ − 21

60
x∗2 +

20

60
x∗3 − 5

60
x∗4), (4.12)

and the axial velocity is obtainable from the continuity equation as:

u∗x,1 = (
6

60
x∗2 − 7

60
x∗3 +

5

60
x∗4 − 1

60
x∗5). (4.13)

It is noticeable that these solutions can be written in the form of u∗r,1 = r∗f(x∗)
and u∗x,1 = g(x∗) that is consistent with the Von Kármán similarity solution [42]

(in which the flow normal to the disk is uniform over planes parallel to the disk).

Writing the solution in dimensional form, the radial velocity is:

ur,1 =
Ω2
orx(h− x)(6h2 − 15hx+ 5x2)

60h2ν
(4.14)

where it is seen that the radial velocity is a quadratic function of the outer

cylinder angular velocity (and consequently Re).

4.3.2 Taylor Couette gap

A steady state solution to the Navier-Stokes equations for infinitely long cylinders

is of the form:

uθ = Ar +
B

r
(4.15)

where A and B are constant:

A =
Ωor

2
o − Ωir

2
i

r2o − r2i
,

B =
(Ωi − Ωo)(r

2
i r2o)

r2o − r2i
.

(4.16)

For the stationary inner cylinder, A and B simplify to:

A =
Ωor

2
o

r2o − r2i
,

B =
Ωo(r

2
i r2o)

r2i − r2o
.

(4.17)

This solution shows an almost linear profile of the azimuthal velocity in the gap

(Fig 4.2). However, in practice the flow is not purely azimuthal and an Ekman-

like circulation is established through the effect of the top and bottom end-walls

[43].
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Figure 4.2: Azimuthal velocity in the Taylor Couette gap at Re = 4000. a) The red dashed-
line shows the linear solution whereas the blue line is the exact solution. b) The difference
between the linear and exact solution.

4.4 Simulation procedure

Several steps are taken to solve the problem numerically. First, the computational

domain is generated, and then boundary conditions are specified, and finally the

numerical solver is set to compute unknowns of the problem. Each step is briefly

explained in the following subsections.

4.4.1 Meshing

In order to obtain an accurate solution, the appropriate mesh has to be generated.

A fine mesh with rectangular cells is constructed in the mesh generator program,

GAMBIT. Choosing a proper mesh size, which leads to an accurate solution, is

an iterative process. One starts with a coarse mesh and solves the problem, and

then decreases the size of the mesh and solves it again. This process continues

till the difference between the solutions becomes negligible.

4.4.2 Setting boundary condition

To pose the problem correctly, one has to determine the boundary conditions ac-

cording to the physics of the problem. Obviously, the no-slip boundary condition

is proper for the inner and outer cylinder walls. At the interface between water

and air, the free-slip boundary condition, which is simply the wall boundary con-
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dition with zero shear stress, is chosen. Finally, the axis boundary type is used

as the centerline of the axisymmetric geometry.

4.4.3 Numerical method

Finite volume method (FVM) is chosen as the numerical method to evaluate

equation (4.1) . Fluent, which is a commercial CFD software is utilized to im-

plement the FVM. In order to reduce numerical diffusion associated with numer-

ical scheme, Third-Order MUSCL (conceived by blending a central differencing

scheme and second-order upwind scheme) is used as the highly accurate spatial

discretization scheme.

4.5 Results and discussion

4.5.1 Full system

Fig 4.3 shows the vector plot of the velocity field in the Von Kármań region. The

primary flow is normal to the plane of the paper (azimuthal direction) whereas

the secondary flow is seen in the radial direction. The mechanism generating

this boundary-driven secondary flow is straightforward. The centrifugal force is

a quadratic function of the azimuthal velocity, which is zero at the inner cylinder

end-walls and reaches its maximum value at the outer cylinder end-walls. Near

Figure 4.3: Vector plot of velocity profile in Von Kármań region at Re = 4000. Colors indicate
the azimuthal velocity in meters per second. The inset is the zoom-in of the Von Kármań region
close to the Taylor Couette gap.

the outer cylinder end-walls, the outward centrifugal force is larger than the op-

posite pressure gradient; therefore, an outward motion is observed. The situation

is opposite near the inner cylinder end-walls where the flow is pushed inward by

the pressure gradient force. This solution is consistent with equation (4.11) in

that centrifugal, viscous and pressure gradient forces were the three dominant
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forces in the flow. In section 4.7 a comparison is made between the solution ob-

tained from the simulation and the analytical model.

Figure 4.4: Path lines in the Taylor Couette gap at Re = 4000. Colors indicate the axial
velocity in meters per second. Plot of the set-up is rotated 90 degrees clockwise.

In the Taylor Couette gap, the secondary flow is observed in the form of two

meridional circulations which fill the whole height of the gap (shown in Fig 4.4).

This secondary flow is caused by the similar reason as the secondary flow in the

Von Kármań region. The flow near the outer cylinder end-walls (within the dis-

tance of the order of the millimeter from the end-walls) is highly affected by the

viscous forces (see Appendix A.1); therefore, there is an imbalance between the

pressure gradients and the centrifugal forces in this region which drives the flow

in the radial direction. The flow is pushed outward by the imbalanced centrifugal

forces and two opposite circulations form. The details of the circulation depend

on the top and bottom boundary conditions and the geometrical features of the

set-up (i.e. ratio of the radii) [33, 34]. Furthermore, there is a volume of fluid

pumped from the Von Kármań region into the Taylor Couette gap which may in-

tensify the circulation. At the top part, this stream of fluid is completely blocked

by the metal barrier (depicted by a black rectangle in Fig 4.1).

Figure 4.5: Path lines in the Taylor Couette gap at Re = 4000. Colors indicate the axial
velocity in meters per second. Plot of the set-up is rotated 90 degrees clockwise.
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4.5.2 Partially-filled system

The system is filled up to a height of twenty centimeters; therefore, the top

end-wall or metal barrier are not included in the geometry, and the flow has an

interface with air at the top. Since the free slip boundary condition is assumed

for the interface (i.e. no shear stress exists), no boundary layer forms, and thus

the Ekman circulation is not induced at the top. This is seen in Fig 4.5 where

there is only one circulation occupying the whole height of the gap.

4.6 Dye experiment

A qualitative experiment was implemented to verify the existence of the secondary

flow observed in the numerical results. The working fluid was tapped water. Dye

particles were added to the flow from the top and the system was remained

stationary till the particles settled down on the bottom. Then the outer cylinder

was gradually sped up to a desired Reynolds number. The whole process was

captured by a CCD camera with frame rate of 10 Hz at resolution of 400x2800

pixels. In order to monitor the height of the colored water, the center column of

each image was chosen to be examined. If the light intensity of the column pixels

were lower than a threshold, which was defined empirically, they were assigned

to one, otherwise to zero. The row where the pixel value changed from zero to

Figure 4.6: The signals indicate the height of the colored water. Black dashed lines are
exponential fits defined as, h(t) = h∞(1 − exp(− t−t0

τ
)), where h∞, t0 and τ are the constants

of the fits (given in Table A.1).
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one and remained unchanged for the next 30 consecutive rows was identified as

the interface between the colored and non-colored water. This procedure was

repeated for all images to find a time series of the height of the colored water

(Fig 4.6).

The height of the colored water increased with time till it reached a steady point

where a sharp interface formed between the colored and non-colored water (Fig

4.7). The upward motion of the colored water is an indicator of the axial velocity

in the Taylor Couette gap; moreover, having a sharp interface implies that there

is an opposite axial velocity from the top which cancels out the axial flow from the

bottom. This is in agreement with the results of the numerical simulation where

two large opposite Ekman-cells were observed. As in the numerical simulation,

the dye experiment was repeated for the partially-filled system with the water

level of twenty centimeters. In this case, the height of the colored water gradually

increased till it occupied the whole height of the water which means that there is

none or very weak circulation introduced at the top, and therefore, the circulation

caused by the bottom plate pushes the color right to the top.

Figure 4.7: Visual evidence of the secondary flow. Four images are taken at time difference
Δt = 100 sec. Height and width of each image illustrate the whole height and a portion of the
circumference of the outer cylinder. Black region indicates the water contaminated with dye
whereas white region is only water.

4.7 Secondary flow and Reynolds number

The next question is how the secondary flow changes with Reynolds number. By

increasing the velocity of the outer cylinder, the velocity of the end-walls attached

to the outer cylinder, increases. Consequently, the centrifugal force becomes

stronger, and the secondary flow forced by that intensifies. The numerical results

show that in the Von Kármań region, the secondary flow increases with the

Reynolds number (Fig 4.8) as it was predicted by the analytical model where the

radial velocity was found to be a quadratic function of Re (equation (4.14)).
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Figure 4.8: Radial velocity in the Von Kármań region for different Reynolds numbers at the
distance of r=60 mm from the axis of symmetry. Solid markers and solid lines represent the
solutions obtained from the analytical model and simulation along the height of the Von Kármań
gap.

Figure 4.9: Axial velocity vs Re in the Taylor Couette gap at the height h=30 mm. Zero and
ten in the x-axis are the locations of the inner and outer cylinder walls. Inset, solid markers
indicate the maximum amplitude of the axial velocity for the Reynolds numbers, and the red
and blue lines are linear and quadratic fits.
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Fig 4.9 shows the axial velocity in a cross section of the Taylor Couette gap for

different Reynolds numbers where it is seen that the axial velocity increases faster

than linearly with Re (Fig 4.9 inset). For the dye experiment, the increase in

the axial velocity means that the colored water rises faster and reaches its steady

level in less time. This is seen in Fig 4.10 where the time scale of the exponential

fits, τ , decreases with Reynolds number. Unfortunately, no function which could

properly describe the change of τ with Re and be consistent with the results of

the simulation was found.
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Figure 4.10: The inverse of the time scale of the fitted functions for the height of the colored
water.

4.8 Conclusion

Numerical simulation (CFD) has been utilized to gain insight about the laminar

flow in the Taylor Couette set-up. The flow was modeled as 2-d axisymmetric

and solved using Fluent.

Secondary flow was observed in both the Von Kármań region and the Taylor

Couette gap. In the latter, the secondary flow appeared in the form of two

opposite circulations occupying the whole height. This secondary flow has its

origin with the development of a boundary layer near the end-walls. Existence of

the secondary flow was confirmed through a visual experiment, and it was shown

that the strength of the secondary flow increases with Reynolds number.

Although the accuracy of the numerical solution has not been tested, useful

information about the velocity profile of the laminar flow has been obtained that

will be used later on to explain some behaviors of the turbulent patch.



Chapter 5

Lifetime of turbulent patch

5.1 Introduction

In this chapter, the results of the lifetime measurement are presented. The char-

acteristic lifetime of the turbulent patch and its dependency on Reynolds number

is studied; moreover, the role of the perturbation type and the boundary condition

on the lifetime of the patch is investigated. A comparison is made between the

results obtained here and the ones from the previous study [25], and the universal

behavior for the lifetime of the turbulent patch is sought. Finally, some other

properties of the patch, such as the size and the traveling speed, are examined.

5.2 Patch lifetime

5.2.1 Globally perturbed flow

A general overview of the turbulent patch life cycle is shown in Fig 5.1. First, a

global turbulence (Fig 5.1.a), which had been created by the global perturbation,

was collapsed to a narrow turbulent ring at the top (Fig 5.1.b). From then on,

two different scenarios were observed: either the turbulent ring vanished less than

almost 18 seconds and the flow became completely laminar, or it transformed to

a tilted shape spot mostly connected to the top lid (Fig 5.1.c). It rotated with

the flow for some time and then suddenly disappeared without any precursor.

The lifetime experiment was repeated 100 times for a constant Re, and different

decay times were observed. From these, the cumulative probability distribution,

which gave the probability of the existence of the patch with time, were calcu-

lated. Fig 5.2 shows probability curves for different Reynolds numbers where all

curves have a salient feature: the distributions have exponentially decaying tails

after the initial time when patch forms. Thus the probability was written as an

34
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(a) (b)

(c) (d)

Figure 5.1: Life cycle of the turbulent patch in the Taylor Couette flow at Re = 4530. Images
(a), (b), (c) and (d) are taken at t=2, t=14, t=52 and t=129 seconds, respectively. Image (d)
shows the turbulent patch in its last round before it decays.

exponential function of time and Reynolds number, P (t, Re) ∼ exp(−(t)/τ(Re))

where τ is the characteristic lifetime calculated by fitting a straight line to the

tail of each distribution (see Appendix B.1). This exponential distribution is

consistent with the previous study in Taylor Couette flow [25] and has also been

observed in pipe and Plane Couette flows [9, 10, 18, 19, 44, 20, 21].

It has to be noted that the observation time in the highest two Reynolds numbers

were 20 minutes. After this time, a large portion of particles sedimented on the

outer cylinder wall, and hence distinguishing the turbulent patch from laminar

flow was less feasible. To check the error introduced by this limitation, the char-

acteristic lifetime, τ , was recalculated for Re = 4530 in two different cases where

10 and 40 percent of the points with higher lifetimes were excluded. In the former

case, the resulting characteristic lifetime differed by less than 3.5% from the one

including all lifetime data points. This difference went up to 10% in the latter

case where characteristic lifetime was calculated only by 60% of the data points.

In almost 20% of the experiments, the vortex ring disappeared without formation

of the patch, and the flow relaminarized. From the dynamical system point of
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Figure 5.2: Probability of observation of the turbulent patch with time. Lines are exponential
fits through the data points which have lifetimes higher than 18 seconds.

view, this can be interpreted as follows: global perturbation force the flow tra-

jectories in the state space to move away from the laminar attractor to a random

direction. If they locate near the basin of the chaotic repeller, the turbulent patch

forms and the flow behaves chaotic, otherwise the flow becomes laminar again.

It was observed that the characteristic lifetime increased with increasing Reynolds

number (see Fig 5.3). From various functions suggested by Hof et al. [20] to fit

the data (see Appendix B.2), it was found that the super-exponential function,

τ(Re)−1 = exp(−exp(aRe+ b)) (5.1)

with a = 2.01× 10−3and b = −7.36, gave the most accurate fit. Due to the short

range of Reynolds number in which the lifetimes have been measured, there are

other functions which fit the data better. However, the aim of choosing super-

exponential function as the best fit (also suggested by Borrero-Echeverry & Schatz

[25]) is to show that the characteristic lifetime increases with Reynolds number

faster than exponentially, but it does not diverge to infinity for a finite Re (below

the Reynolds number where a global bifurcation occurs).

One question that comes to mind is why the patch formed near the top, remained

there for most of its lifetime and quickly decayed after it detached from the top.

The only difference between the geometry of the top and the bottom part is the

metal barrier attached to the top lid and the resulting gap between the metal
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Figure 5.3: Inverse of the characteristic lifetime versus Reynolds number. Horizontal error
bars demonstrate the absolute error in Reynolds number based on the experimental limitations,
i.e., temperature control and frequency uncertainty.

barrier, the top lid and the outer cylinder wall (shown as region 2 in Fig 5.4.a).

To check the effect of this gap, it was filled with a plastic substance (Fig 5.4.b),

and the lifetime experiments were repeated. Opposite to the previous situation,

the vortex ring shaped near the bottom for all experiments. The patch traveled

over the whole height of the Taylor Couette gap, and the characteristic lifetime

considerably decreased (see Fig 5.5). There are two probable reasons for such

a change in the patch behavior: first, a large circulation and high axial velocity

in the filled-gap, predicted by numerical simulation (see Appendix A.2), could

(a) (b)

Figure 5.4: Schematic figure of the Taylor Couette system. Blue area is where the flow occurs
and the black rectangle is the metal barrier attached to the top lid. a) Original system where
region 1 is the Taylor Couette gap. b) Improved system where region 2 in original system is
filled with a plastic substance.
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act as a mechanism which fed energy to the turbulent patch and affected its

behavior; therefore, by filling the gap, this geometric related high axial velocity

was removed. Second, during filling the set-up with water, some air bubbles

might be stuck in the gap. Wakes behind the bubbles may have introduced extra

disturbances to the flow and consequently affected the behavior of the turbulent

patch. From now on the system, in which this gap is filled with the plastic

substance, will be named as the “improved system”.

5.2.2 Locally perturbed flow

The flow was perturbed by the simultaneous injection and suction of the water

through two holes on the inner cylinder. A turbulent patch was formed close

to the injection hole and wandered over the whole height of the Taylor Couette

gap till it suddenly disappeared. The decay of the turbulent patch had again an

exponential distribution (see Appendix B.3) and the characteristic lifetimes were

found close to the ones obtained in the globally perturbed flow (Fig 5.5). This

means that as long as transition to the intermittent state happens, the type of

the perturbation does not significantly affect the lifetime of the turbulent patch.
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Figure 5.5: The characteristic lifetimes of the turbulent patch for the globally and locally
perturbed flow. Solid lines are the fitted super-exponential functions whose constants are a =
1.2 × 10−3, 1.34 × 10−3 and b = −4.17,−4.94 for the globally and locally perturbed flow (both
in improved system).
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5.3 Scaling laws of patch characteristic lifetime

Fig 5.6 demonstrates the characteristic lifetimes obtained in the current study

and the ones reported by Borrero-Echeverry [25]. Obviously at the same Reynolds

number, the characteristic lifetime in our system is much higher than those in

the Borrero-Echeverry’s system. This is not astonishing since the geometrical
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Figure 5.6: The characteristic lifetimes of the turbulent patch have been normalized using
advective time units tnd = d/roΩo. Solid lines are the super-exponential functions fitted through
data points.

properties of the systems are different (see Table 5.1); moreover, transition in our

Taylor Couette set-up occurs at Recr ∼ 6000 while the transition value in the

Borrero-Echeverry’s system is reported as Recr ∼ 16000.

ri ro d = ro − ri η = ri/ro Γ = L/d

Current study 110mm 120mm 10.0mm 0.917 22

Borrero-Echeverry’s report 66.38mm 76.20mm 9.82mm 0.871 36

Table 5.1: Geometrical properties of the Taylor Couette set-up

To find a scaling law for the characteristic lifetimes, different scalings based on

the geometrical properties and the transition values were tried (see Appendix

B.4). It was shown that the characteristic lifetime depends on the aspect ratio

Γ [45]; therefore, we chose it as one of the scaling parameters. It is not straight-

forward what other parameters of the system are influential in determining the

characteristic lifetime and have to be used for scaling. The critical Reynolds

number (Recr= 6000 and 16000 for our system and Borrero-Echeverry’s system)

was chosen as the other scaling parameter which makes the data from two ge-

ometries best collapse into one universal series (Fig 5.7). It was shown that the

critical Reynolds number is a function of the rotation number which is equal to

RΩ = d/ri when the inner cylinder is at rest (see Chapter 2.6). Therefore, by
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choosing the transition value as the scaling parameter, we have indirectly consid-

ered the rotation number as one of the non-dimensional parameters influencing

the lifetime. The characteristic lifetime for the highest Reynolds number in the

improved system shows a deviation from the universal trend. Owing to the ab-

sence of any data points higher than this value in our system, no conclusion

can be made whether this deviation is caused by an experimental error, or the

dynamics of the flow may has changed.
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Figure 5.7: Normalized characteristic lifetimes. Reynolds numbers are rescaled by the critical
Reynolds number Recr and the aspect ratio Γ. The characteristic lifetimes are rescaled by the
advection time units tnd = d/roΩo and the aspect ratio.

5.4 Dependency of patch lifetime on boundary condition

To investigate the dependency of the patch characteristic lifetime on the end-

walls, the system was only partially filled with water (i.e. a free surface bound-

ary condition at the top). The lifetime measurement was performed for three

different water levels. In order to trigger the transition, the longer duration of

the inner cylinder counter-rotation compared to the fully-filled system was re-

quired (6 seconds). A similar life cycle and decay distribution to the ones in the

completely filled system was observed. It was observed that the characteristic

lifetime decreased with lowering the water level in the Taylor Couette gap (Fig

5.8). As mentioned in previous section, the characteristic lifetime is dependent

on the aspect ratio; therefore, by changing the water level, the characteristic life-

time changes. Moreover, when the patch touches the air-water interface, possibly

some of its turbulent kinetic energy transforms to small surface waves. Hence for

the lower water level, there is a higher chance that patch hits the interface and

consequently decays in less time. The aspect ratio and critical Reynolds number
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were used as the scaling parameters to find a universal series into which the char-

acteristic lifetimes from different heights collapse. Unfortunately, such universal

series was not found and thus we infer that the decrease in the characteristic life-

times may has been caused by the combination of both effects mentioned above.
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Figure 5.8: The characteristic lifetimes of the turbulent patch for several water level heights
“h”. Solid lines are the fitted super-exponential functions whose constants are a = 2.04 ×
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Figure 5.9: Time series of the vertical position of the patch at Re = 4640 in the improved
system. Black areas represent the turbulent spots whereas white areas indicate the laminar flow.
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5.5 Shape and size of turbulent patch

The turbulent patch does not have a constant shape or size. During its life

cycle, random behaviors such as contraction, expansion, splitting and merging

are observed (Fig 5.9). It is not straightforward what mechanisms in the flow

lead to lose or gain of the turbulent kinetic energy of the patch.

It was observed that the average size∗ of the patch became larger at higher

Reynolds numbers (Fig 5.10). It is difficult to relate the increase of the patch

size in physical space to the growth of the basin of the chaotic saddle in state

space. However, simply speaking by increasing the Reynolds number, more area

in the state space is occupied by the basin of the chaotic saddle, and hence more

flow trajectories will be located in this basin after the perturbation. Thus more

area in the physical space behaves chaotically.
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Figure 5.10: Average size of the patch versus Reynolds number. Circles indicate the average
size of the patch for each Reynolds number. The turbulent patches were reconstructed from
images and their size were calculated (see Appendix C.2).

5.6 Patch and secondary flow

How the secondary flow affects the lifetime of the turbulent patch is still unknown

and much more investigation is required to find a quantitative relation between

the strength of the secondary flow and the patch lifetime. Nevertheless, the quali-

tative data reported here suggests an influence of the secondary flow on transition

to turbulence; for all of the lifetime experiments (with global perturbation), the

turbulent patch was formed near the top or bottom where the secondary flow is

strongest (as suggested by the numerical simulation); moreover, it was observed

that at the critical Reynolds number, the transition always started from the top

∗Average size is defined as the mean of the size of ten consecutive turbulent patches.
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or bottom. Hence we infer that the secondary flow introduced by the top and

bottom lids have a significant role in the transition to turbulence in our Taylor

Couette system.

The last issue discussed in this chapter is the traveling speed of the patch. The

angular velocity of the patch is approximated by:

Upatch ≈ (ri + ro)πfpatch, (5.2)

where fpatch is the average traveling frequency of the patch (see Appendix C.1).

It is seen that this angular velocity is close to half of the outer cylinder velocity
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Figure 5.11: Normalized angular velocity of the patch for different Reynolds numbers. Error
bars represent the absolute uncertainty in the traveling speed.
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Figure 5.12: Azimuthal velocity profile at the mid height of the Taylor Couette gap (h=110
mm) for Re = 4000. Zero and ten in the x-axis are the locations of the inner and outer cylinders.
Experimental data was taken from the work of Tokgöz [46].
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(Fig 5.11). This is considerably lower than the mean laminar azimuthal velocity

which was expected for the patch traveling speed. For instance, at Re = 4000 the

mean azimuthal velocities obtained from experimental and numerical investiga-

tions are 0.229 m/sec and 0.237 m/sec respectively (Fig 5.12), which are almost

14% and 18% higher than the measured patch angular velocity.



Chapter 6

Conclusions and

recommendations

This thesis constitutes an investigation of the lifetime of turbulent patches in

Taylor Couette flow (with stationary inner cylinder).

Numerical simulation was applied to study the laminar flow with which the tur-

bulent patch coexists. Secondary flow was observed in the form of two meridional

circulations filling the whole height of the Taylor Couette gap and its existence

was confirmed through a qualitative experiment. It was observed that the sec-

ondary flow strengthened with increasing Reynolds number that is in agreement

with the experimental measurement of Tokgöz [46].

The lifetime of the turbulent patch has been investigated using flow visualiza-

tion. The turbulent patch was created by perturbing the laminar flow with two

different approaches: global perturbation and local perturbation. It was shown

that the characteristic lifetime of the turbulent patch is independent of the per-

turbation type.

To examine the dependency of the characteristic lifetime on the end-walls, the

flow was exposed to air at the top (i.e. the system was partially filled). Sim-

ilar characteristic lifetimes to the ones in the fully filled system were observed.

Furthermore, It was shown that in the partially filled system, the characteristic

lifetime depends on the height of the water.

A comparison was made between the characteristic lifetimes obtained here and

the ones reported in the previous study [25]. It was shown that although the

characteristic lifetime of the intermittent state intensely changes with the geo-

metrical properties of the flow, a universal behavior can be found using the aspect

ratio and the critical Reynolds number as scaling parameters.

It was shown that for all lifetime experiments, the decay of the turbulent patch

has an exponential distribution. This suggests that the chaotic saddle model is

45
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the correct model for this flow independent of the perturbation type or boundary

condition at end-walls.

Finally, some other properties of the turbulent patch, like shape, size and trav-

eling speed, were examined. It was observed that the turbulent patch does not

have a constant size or shape in its life cycle. Furthermore, it was shown that

the average size and the traveling speed of the turbulent patch increase with in-

creasing the Reynolds number.

There are several open questions remained as subjects for further investigation.

In the range of Reynolds numbers studied here and in the previous study [25], it

was shown that the characteristic lifetime increases with Reynolds number faster

than exponentially. It is still unknown whether the characteristic lifetime re-

mains bounded specially near the critical Reynolds number which suggests that

the chaotic transient model is applicable for all Reynolds numbers (below the

Reynolds number where a global bifurcation occurs), or it tends to infinity and

the turbulence sustains. Moreover, critical amplitude of the global or local per-

turbation to create the turbulent patch has not determined. Furthermore, the

role of the end-walls, which introduce a secondary flow and limit the motion of

the turbulent patch, on the lifetime is not completely understood. Finally, the

inner structure of the turbulent patch, which could provide useful information

about the interaction mechanisms between the patch and the laminar flow, is not

resolved.
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Appendix A

Results from numerical simulation

A.1 Boundary layer approximation in Taylor Couette gap

Assuming steady axisymmetric incompressible flow, momentum equation in ra-

dial direction is as follow:

ur
∂ur
∂r

− u2θ
r

+ ux
∂ur
∂x

= − ∂p

ρ∂r
+ ν

∂2ur
∂x2

+ other 2nd derivatives (A.1)

The basic idea is that variations across the boundary layer are much faster than

variations along the layer, that is

∂2

∂r2
<<

∂2

∂x2
(A.2)

So we can neglect the other second derivative terms in equation (A.1). Consid-

ering ro and roΩo as the characteristic length and velocity of the flow, a measure

of the centrifugal term in equation (A.1) is:

u2θ
r

∼ r2oΩ
2
o

ro
(A.3)

where ∼ is to be interpreted as “of order”. A measure of the viscous term in

equation (A.1) is:

ν
∂2ur
∂x2

∼ ν
roΩo

δ2
(A.4)

where δ is the thickness of the layer in which viscose forces are influential. The

magnitude of δ can now be estimated by noting that the centrifugal and viscous

terms should be of the same order within the boundary layer, if viscous terms

are to be important. Equating equations (A.3) and (A.4), we obtain:

δ ∼
√

ν

Ωo
(A.5)

Therefore, with the values for ν and Ωo given in chapter 4, δ can be approximated

as of the order of a millimeter.
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A.2 Axial velocity in Taylor Couette system

Figure A1-A3 show the numerical simulation results for the original, improved

and partially-filled systems respectively.

Figure A.1: Axial velocity in Taylor Couette system at Re = 4000. Colors indicate the
magnitude of axial velocity in meters per second. Plot of the set-up is rotated 90 degrees
clockwise.

Figure A.2: Axial velocity in improved system at Re = 4000. Colors indicate the magnitude
of axial velocity in meters per second. Plot of the set-up is rotated 90 degrees clockwise.
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Figure A.3: Axial velocity in partially-filled system at Re = 4000. Colors indicate the magni-
tude of axial velocity in meters per seconds. Plot of the set-up is rotated 90 degrees clockwise.

A.3 Height of colored water

Table A.1 shows the constants of the exponential functions fitted through the

data points in Fig 4.6.

Re h∞ (mm) t0 (sec) τ (sec)

1, 130 641.0 −51.52 214.2

1, 508 1, 053 1.371 80.60

1, 885 1, 137 4.886 48.86

2, 260 1, 170 2.340 50.16

2, 639 1, 220 7.426 42.80

3, 016 1, 292 5.020 27.52

3, 392 1, 339 5.148 24.66

3, 770 1, 365 5.836 21.66

Table A.1: Constants of the exponential fits.



Appendix B

Lifetime measurement

B.1 Measured characteristic lifetimes

Table B.1-B.4 show the measured characteristic lifetimes τ as a function of outer

cylinder Reynolds number for different geometries, boundary conditions and per-

turbations of the Taylor Couette flow. στ is the error in the characteristic life-

times which is calculated based on 95% condfidence inetrvals for the linear fitting

parameter.

Re τ (sec) στ (sec) Re τ (sec) στ (sec)

4,000 7.53 × 100 ±4.97× 10−1 4,475 2.83× 102 ±9.39× 100

4,290 3.18 × 101 ±9.39× 10−1 4,530 3.47× 102 ±1.33× 101

4,365 5.32 × 101 ±1.35× 100 4,585 5.23× 102 ±1.14× 101

4,430 1.25 × 102 ±3.41× 100 4,655 1.51× 103 ±4.33× 101

Table B.1: Measured characteristic lifetimes τ in the original system.

H=18 cm H=20 cm

Re τ (sec) στ (sec) Re τ (sec) στ (sec)

4, 294 1.10 × 101 ±7.33 × 10−1 4, 358 1.14 × 101 ±1.40 × 100

4, 462 1.48 × 101 ±6.20 × 10−1 4, 506 2.71 × 101 ±0.97 × 10−1

4, 647 6.20 × 101 ±2.26 × 100 4, 577 5.56 × 101 ±2.51 × 100

4, 722 9.23 × 101 ±4.15 × 100 4, 653 1.92 × 102 ±7.51 × 100

4, 812 1.48 × 102 ±5.43 × 100 4, 761 3.07 × 102 ±1.64 × 101

4, 955 3.69 × 102 ±1.36 × 101
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H=14 cm

Re τ (sec) στ (sec)

4, 658 1.46 × 101 ±8.30 × 10−1

4, 867 3.79 × 101 ±1.65 × 100

4, 907 5.81 × 101 ±3.375 × 100

4, 972 7.06 × 101 ±1.99 × 100

5, 116 3.62 × 102 ±1.08 × 101

Table B.2: Measured characteristic lifetimes τ in the partially-filled system. H represents the
height of the water in the Taylor Couette gap.

Re τ (sec) στ (sec)

4, 273 1.65× 101 ±1.44× 100

4, 462 2.58× 101 ±1.54× 100

4, 641 5.67× 101 ±2.75× 100

4, 806 1.00× 102 ±1.30× 101

4, 931 6.85× 102 ±2.18× 101

Table B.3: Measured characteristic lifetimes τ in the improved system with global perturba-
tion.

Re τ (sec) στ (sec)

4, 432 1.86 × 101 ±1.11 × 100

4, 695 2.85 × 101 ±7.39 × 10−1

4, 895 1.71 × 102 ±4.92 × 100

4, 997 4.55 × 102 ±1.67 × 101

Table B.4: Measured characteristic lifetimes τ in the improved system with local perturbation.
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B.2 Functions fitted through characteristic lifetimes

Fit parameters of characteristic lifetime as a function of Re in the improved

system (where flow was perturbed globally).

Fit Parameter Value 95%Confidence Interval R-squared

τ = exp(exp(c1Re+ c2))
c1 2.01 × 10−3 (1.84 × 10−3, 2.18 × 10−3)

0.991
c2 −7.36× 100 (−8.19 × 100,−6.613 × 100)

τ = exp(c3Re+ c4)
c3 3.54 × 10−3 (2.88 × 10−3, 4.20 × 10−3)

0.958
c4 −1.35× 101 (−1.64 × 101,−1.06× 101)

τ = exp((Re/c5)
c6)

c5 4.07 × 103 (4.02 × 103, 4.12 × 103)
0.988

c6 8.74 × 100 (7.73 × 100, 9.75 × 100)

τ = c7/(Rec,1 −Re)c8
c7 1.96 × 10−6 (−2.31 × 10−2, 2.31 × 10−2)

0.102c8 −2.26× 100 (−1.27 × 10−3, 1.26 × 103)
Rec,1 7.48 × 100 (−2.43 × 106, 2.42 × 106)

τ = exp(c9/(Rec,2 −Re)c10)
c9 2.24 × 10−7 (−5.4 × 10−4, 5.4 × 10−4)

0.423c10 −1.93× 100 (−2.62 × 102, 2.58 × 102)
Rec,2 1.54 × 101 (−5.88 × 105, 5.88 × 105)

Table B.5: Fit parameters for different functions.

B.3 Lifetime distribution of turbulent patch

Fig B.1-B.4 demonstrate the lifetime distribution of the turbulent patch for locally

perturbed flow and partially-filled system.
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Figure B.1: Probability of observation of turbulent patch with time. Each point indicates the
probability of the existence of the patch at a certain time. Lines are exponential fit through the
data points which had lifetimes higher than 8 seconds.
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Figure B.2: Probability of observation of turbulent patch with time in partially filled system
with water level of 20 cm. Each point indicates the probability of the existence of the patch
at a certain time. Lines are exponential fit through the data points which had lifetimes higher
than 18 seconds.
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Figure B.3: Probability of observation of turbulent patch with time in partially filled system
with water level of 18 cm. Each point indicates the probability of the existence of the patch
at a certain time. Lines are exponential fit through the data points which had lifetimes higher
than 18 seconds.
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Figure B.4: Probability of observation of turbulent patch with time in partially filled system
with water level of 14 cm. Each point indicates the probability of the existence of the patch
at a certain time. Lines are exponential fit through the data points which had lifetimes higher
than 18 seconds.

B.4 Scaling laws of patch characteristic lifetime

Fig B.5 and Fig B.6 show scaling of the characteristic lifetime with different

parameters of the flow.
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Figure B.5: Normalized characteristic lifetimes. Reynolds numbers are rescaled by the inner
cylinder radius to the gap ratio ri/d. The characteristic lifetimes are rescaled by the advective
time unit tnd and ri/d.
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Figure B.6: Normalized characteristic lifetimes. Reynolds numbers are rescaled by the outer
cylinder radius to the gap ratio ro/d. The characteristic lifetimes are rescaled by the advective
time unit tnd and ro/d



Appendix C

Average size and traveling

frequency of turbulent patch

C.1 Average traveling frequency of patch

After obtaining the time series of the vertical position of the patch (Fig 5.9),

the time to capture 25 consecutive patches is computed. Having this time and

dividing it by 25, the average frequency of the patch fpatch is obtained. Fig C.1

shows the traveling frequency of the patch for different Reynolds numbers.
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Figure C.1: Average rotational frequency of the turbulent patch normalized by the outer
cylinder frequency. The error bars represent the standard error of ten measurements.
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APPENDIX C. AVERAGE SIZE AND TRAVELING FREQUENCY OF

TURBULENT PATCH

C.2 Average size of turbulent patch

Using the average azimuthal velocity of the patch, Upatch (obtained from equation

5.2), the distance that patch travels in each image is estimated by:

X ≈ Upatch

fcam
(C.1)

where fcam is the camera recording frequency. By cutting out this width of each

image and attaching it to the one of next image, the reconstructed image of the

patch was obtained without losing or gaining of its area (Fig C.2). Each pixel in

this reconstructed image corresponds to a predetermined area in physical space,

and hence by multiplying the number of the turbulent pixels (white pixels) by

this area, the real size of the patch can be calculated.

Figure C.2: A turbulent patch is reconstructed at Re = 4810. White areas indicate the image
of the patch whereas black areas indicate the laminar flow.
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