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Chapter 1

Introduction

Very soon after the discovery of the neutron in 1932 [1] it was recognized that

this elementary particle has a magnetic moment, in spite of the fact that it has

no net electric charge. The magnetic moments of the neutrons in a beam tend

to orient themselves either parallel or antiparallel to any chosen direction, in

particular the direction of an external magnetic field. This is due to the fact

that the magnetic moment is coupled with the neutron’s angular moment (spin),

equal to 1/2 elementary unit of angular moment. Let the number of neutrons

with moment parallel to the field be n+ and the number with antiparallel moment

n−. Then the degree of polarization is defined as

p =
n+ − n−
n+ + n−

.

If no special measures are taken, we will find p = 0. After a beam is transmitted

through a so-called ”polarizer”, one state will occur preferably and we have a

”polarized beam” with p = 1 (or p = −1) at most.

This thesis is a compilation of 6 articles on polarized neutron beams which ap-

peared over a time period of nearly 15 years. The common theme is how to handle

the spins in beams of neutrons and how such beams can be used to investigate

the properties of matter.

The earliest method to create such a polarized beam was by transmission through

a ferromagnetic material (iron) magnetized to saturation [2][3]. Soon it was found

that the degree of polarization can be determined by using the double transmis-

sion effect, i.e. transmitting the beam through a second block of iron, acting as

the ”analyzer” and taking two intensity measurements: one with a thin unmag-

netized slab of iron and one without this slab on the pathway between polarizer

and analyzer. This way of determining the degree of polarization with a polarizer

and an analyzer is used up to the present day.

A principal method to polarize a neutron beam is to pass an unpolarized beam
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through a strong magnetic gradient field. Neutrons with magnetic moment par-

allel to the field will be deviated slightly into the field, whereas neutrons with

opposite magnetic moment will be deviated away from the field. Thus, the initial

unpolarized neutron beam splits into 2 fully polarized (p = 1) sub-beams run-

ning in slightly different directions [4]. All polarizers in practical use are based

upon the interaction process of the neutron’s magnetic moment with the atomic

magnetic moments (as in the iron blocks just mentioned) or with the nuclear

magnetic moments of the material inside the polarizer.

In the past decades more efficient ways to obtain a polarized neutron beam

have been developed. First, diffraction of a beam in the lattice planes of a ferro-

magnetic crystal [5], which gives monochromatic beams with polarization p up to

0.98. In the seventies and eighties reflection from a magnetized mirror has become

very successful, because they can provide intense poly-chromatic polarized beams

[6]. Both of these techniques have the disadvantage of accepting neutron beams

of very limited divergence (less than 1◦). This does not apply to the polarizers

based on the interaction with nuclear moments: polarizers consisting of oriented

protons [7] and 3He nuclei [8].

An experiment with a polarized neutron beam requires that loss of polariza-

tion (which is a vector in 3D space) be minimized all the way to the analyzer

(apart from the loss of polarization in a sample being studied - which might be

the goal of the experiment). This is the purpose of ”guide fields” produced by

magnetic devices along the neutron beam path.

To determine the degree of polarization of a beam in an experiment it is nec-

essary to take a measurement with the polarization reversed relative to the field.

This calls for devices called ”spin flippers”.

In many applications the polarization must be oriented at an angle (in prac-

tice perpendicular) to the magnetic field through which the beam is transmitted.

A device which does this, is called π/2-rotator.

Part of the present work is devoted to building and investigation of these devices

as such.

As soon as the polarization vector is oriented at an angle to the local magnetic

field, it rotates around the field direction, so called Larmor precession. This is the

subject of a major part of this thesis. Since the seventies it has become popular to

do neutron scattering experiments in the so-called ”spin-echo” mode [9]. Before

the sample to be investigated we let the polarization of a neutron beam precess

over a fixed large angle; interaction with the sample takes place; next we let the

polarization precess in an identical device but in opposite sense. In absence of

the sample we have ”spin-echo”, i.e. the net precession angle is zero. When the
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sample is present, the ”spin-echo” condition is disturbed which gives rise to loss

of polarization. Very subtle interactions in the sample can thus be observed, if

the precession angle can be pushed to very high values: 1000-10000 revolutions.

In this thesis this technique is applied in several chapters.

This thesis starts with Chapter 2 containing a review of the theory for the

behaviour of neutron polarization in space and time. Chapter 3 contains an expla-

nation of the installations and technology of the methods to collect the knowledge

about specific devices (polarizers, flippers, rotators, precession devices) which are

the subject of subsequent chapters. Chapter 4 is an extended discussion how to

find neutron spectra with polarization precession methods and, as an applica-

tion, to determine the transmission of a sample, in particular for a multichannel

neutron polarizer.

Chapter 5 deals with ”adiabatic spin rotators” which are static devices (con-

taining time independent magnetic fields) and are used for the technique of

three-dimensional neutron polarization analysis. In Chapter 6 the ”time of flight

method” is applied to test the efficiencies of 2 types of adiabatic spin flippers:

static and dynamic (containing static and time dependent radio frequency (RF)

fields). In Chapter 7 we investigate the phenomenon of ”zero field precession”

which occurs between 2 dynamic RF flippers. In between the polarization be-

haves as if precession takes place in zero field. Chapter 8 deals with a Spin-Echo

experiment in which the sample scatters mainly into a narrow cone around the

direction of the incident beam: Small Angle Neutron Scattering (SESANS). In

these experiments zero field precession - in opposite directions - is taking place

before and after the sample. To illustrate the interplay between fundamental

science and technology, Chapter 9 is devoted to a quantum mechanical aspect of

the precession of a ”spin-1/2-particle” which the neutron in fact is.

The reader will find slight inconsistencies in notation and interpretation in

the published papers (Chapters 4-9). The two introductory Chapters (2 and 3)

and the Summary give the present views.
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Chapter 2

Basic theory for the neutron spin

In this chapter we discuss the basic theories needed to describe beams of neutrons

running through space, in which, in general, magnetic fields �B(�r, t) are present

which depend on position in space (�r) and time (t). We start with the neutron

itself.

The particle ”neutron” possesses a mass m = 1.6723 × 10−27 kg and a magnetic

moment |µn| (equal to 1.913 nuclear magneton, i.e. 9.66 × 10−27 J/T = 6.030 ×
10−5 meV/T) coupled to its spin of (1/2)h̄ (equal to 0.526 × 10−34 Js), hence

its gyromagnetic ratio γ ≡ µn/(h̄/2) = 1.8301 × 108 (T sec)−1. The magnetic

moment operator for such a particle is

�µ =
1

2
γ h̄�σ. (2.1)

The vector operator �σ ≡ (σx, σy, σz) consists of 3 operators known as the Pauli

spin matrices:

σx =

(
0 1

1 0

)
; σy =

(
0 −i

i 0

)
; σz =

(
1 0

0 −1

)
. (2.2)

The interaction of the neutron spin with magnetic fields is described by the

Hamiltonean

Hmag = −�µ · �B(�r, t) = −1

2
h̄γ �σ · �B(�r, t). (2.3)

2.1 The Schrödinger equation

The behaviour of a neutron beam is most generally described by the time-

dependent Schrödinger equation:

ih̄
∂

∂t
ψ(�r, t) = H ψ(�r, t), (2.4)
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with H the Hamiltonean operator and

ψ(�r, t) =

(
ψ+(�r, t)

ψ−(�r, t)

)

the two component space and time dependent ”spinor” which determines all phys-

ical properties of the neutron beam. In our experiments we make sure that the

neutrons do not interact (measurably)with surrounding matter: there is no scat-

tering. The neutrons only see the field �B(�r, t). Therefore the Hamiltonean is

given by

H =
�p 2

2m
− 1

2
h̄γ �σ · �B(�r, t). (2.5)

The first term represents the kinetic energy of the neutron, where �p = −ih̄�∇ is the

momentum operator and the second term is the magnetic energy interaction given

by Eq.(2.3). From the spinor ψ(�r, t) (2-dimensional) we derive the experimentally

observable spin �S(�r, t) given by the expectation value

�S(�r, t) ≡ 〈�σ〉 ≡ 〈ψ(�r, t) | �σ | ψ(�r, t)〉, (2.6)

or

�S(�r, t) ≡
(

ψ+(�r, t)∗

ψ−(�r, t)∗

)
�σ

(
ψ+(�r, t)

ψ−(�r, t)

)
(2.7)

which is a 3-dimensional vector. The left hand side �S(�r, t) is, what is mea-

sured experimentally. The right hand side is the theoretical prediction from the

Schrödinger equation.

In the following we need the special spinors |χ+
α 〉 (with α = x, y, z):

|χ+
x 〉 =

1√
2

(
1

1

)
; |χ+

y 〉 =
1√
2

(
1

i

)
; |χ+

z 〉 =

(
1

0

)
(2.8a)

and their counterparts |χ−
α 〉:

|χ−
x 〉 =

1√
2

(
1

−1

)
; |χ−

y 〉 =
1√
2

(
1

−i

)
; |χ−

z 〉 =

(
0

1

)
. (2.8b)

We note the obvious properties

〈χ+
α |χ+

α 〉 = 1, 〈χ−
α |χ−

α 〉 = 1,

so all these six spinors are normalized and

〈χ+
α |χ−

α 〉 = 0.
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Therefore any pair χ+
α , χ−

α is orthonormal and forms a basis in 2D spinor space.

Furthermore

σα|χ+
α 〉 = |χ+

α 〉; σα|χ−
α 〉 = −|χ−

α 〉.
Thus, the two |χ+

α 〉 and |χ−
α 〉 are the eigenspinors of σα with eigenvalues +1 and

−1, respectively.

For the observed ”macroscopic” spin, i.e. the expectation value, one finds directly

〈χ+
α |�σ|χ+

α 〉 = α̂; 〈χ−
α |�σ|χ−

α 〉 = −α̂ (2.9)

with α̂ the unit vector in the direction α = x, y, z. Therefore the spinors |χ±
α 〉

describe macroscopic spins in the ±α direction. Any spinor pair χ+
α , χ−

α can be

expressed in any other pair χ+
β , χ−

β according to

|χ+
α 〉 = |χ+

β 〉 〈χ+
β |χ+

α 〉 + |χ−
β 〉 〈χ−

β |χ+
α 〉; (2.10a)

|χ−
α 〉 = |χ+

β 〉 〈χ+
β |χ−

α 〉 + |χ−
β 〉 〈χ−

β |χ−
α 〉 (2.10b)

and the coefficients 〈χ±
α |χ∓

β 〉 are directly read off from Eqs.(2.8).

2.2 Time dependent fields

2.2.1 Larmor equations for 2D spinors and 3D spins

First we consider magnetic fields �B(�r, t) ≡ �B(t) which do not depend on �r, i.e.

at each time they are homogeneous over all space. Then the solution of the

Schrödinger equation (2.4) can be written as

ψ(�r, t) = ei�k·�r−iωt |χ(t)〉,

where the exponential factor corresponds to a neutron moving in the direction �k

with momentum 〈�p〉 = h̄�k = m�v with �v its velocity and kinetic energy

E = h̄ω =
h̄2k2

2m
=

1

2
mv2.

The spinor |χ(t)〉 in this solution does not depend on �r. As follows by substitution

into the Schrödinger equation, taking Eq.(2.5) for the Hamiltonean, |χ(t)〉 satisfies

the so-called Larmor equation for spinors:

d

dt
|χ(t)〉 =

1

2
i �σ · γ �B(t) |χ(t)〉. (2.11)

The corresponding macroscopic 3D spin expectation is

�S(t) = 〈χ(t)| �σ |χ(t)〉
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and its derivative

d

dt
�S(t) = 〈dχ(t)

dt
| �σ | χ(t)〉 + 〈χ(t) | �σ | dχ(t)

dt
〉,

so that with Eq.(2.11) we derive

d

dt
�S(t) =

1

2
iγ〈χ(t)| [�σ, �σ · �B(t)] |χ(t)〉,

where [A,B] ≡ AB − BA is the commutator of two operators. Now we use

[σα, σβ] = 2i
∑

γ

εαβγ σγ

with εαβγ the Levi-Civita symbol which describes the cross product of any two

3D vectors �a and �b as

(�a ×�b)α =
∑
β,γ

εαβγ aβbγ .

Thus one finds directly:

[�σ, �σ · �B(t)] = 2i �B(t) × �σ

and we arrive at the famous Larmor equation for macroscopic 3D spins:

d

dt
�S(t) = γ �S(t) × �B(t). (2.12)

Geometrically, this means that at any time t an infinitesimal vector �dS is added

to the vector �S(t) which is perpendicular both to �S(t) and to �B(t), i.e. the vector
�S(t) is rolling an infinitesimal amount over a cone with �B(t) as axis.

Since cross products are mathematically inconvenient to handle we rewrite this

equation with the help of the three ”Angular Momentum Operators”

�L = (Lx, Ly, Lz),

which are the 3×3 matrices

Lx =


 0 0 0

0 0 −i

0 i 0


 ; Ly =


 0 0 i

0 0 0

−i 0 0


 ; Lz =


 0 −i 0

i 0 0

0 0 0


 .

It is then easy to see that any cross product can be written as �a ×�b = i(�L ·�b)�a.

Therefore we can rewrite the Larmor equation for macroscopic 3D spins:

d

dt
�S(t) = i �L · γ �B(t) �S(t) (2.13)

and one observes a close analogy with the Larmor equation (2.11) for the spinors

which we exploit heavily. In fact Eqs.(2.11) and (2.13) are the same under the

replacement �L ⇐⇒ �σ/2.
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2.2.2 General solutions of the Larmor Equations

Standard solutions of the Larmor equations are often obtained by writing �B(t) as

a stepwise constant function. This means that we write �B1 = B1B̂1 for 0 ≤ t ≤ t1
and �B2 = B2B̂2 for t > t1, ... as illustrated in Fig. 2.1.

t1 t20

�B(t)

t

�B1
�
��� �B2

�
���

Figure 2.1: Sequence in time of magnetic fields representing a time dependent

field �B(t).

Here B̂1, B̂2... are unit vectors in the direction of �B1, �B2... respectively. By

choosing the time intervals t1, t2 − t1,... small enough, any time dependent field
�B(t) can be represented in this manner. The solutions of Eqs.(2.11) and (2.13)

then read for t ≥ t1

|χ(t)〉 = T −1

B̂2
(γB2(t − t1)) T −1

B̂1
(γB1t1) |χ(0)〉, (2.14a)

�S(t) = R−1

B̂2
(γB2(t − t1)) R−1

B̂1
(γB1t1) �S(0), (2.14b)

where for any unit vector �n the transformations T�n(τ) and R�n(τ) are given by

T�n(τ) = exp (−1

2
i�σ · �nτ); T −1

�n (τ) = T�n(−τ) = exp (
1

2
i�σ · �nτ). (2.15a)

R�n(τ) = exp (−i�L · �nτ); R−1
�n (τ) = R�n(−τ) = exp (i�L · �nτ). (2.15b)

Remembering that for an arbitrary operator O and vector �V (t) one has in any

dimension:
∂

∂t
�V (t) = O�V (t) ⇐⇒ �V (t) = eOt�V (0),

it is understood that the 2D-’streaming’ operators T�n(τ) and the 3D-rotation

operators R�n(τ) are the solutions of the Larmor equations for constant fields in

the �n-direction.

The expression for T�n(τ) can be further evaluated by writing exp (−1
2
i�σ · �nτ) as

an infinite Taylor series. We use:

(�σ · �n)2 = I; (�σ · �n)3 = �σ · �n; (�σ · �n)4 = I; ...

where I is the 2×2 identity matrix. Collecting the odd and even powers separately

yields

T�n(τ) = cos(τ/2)I − i�σ · �n sin(τ/2). (2.16)
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This result contains the three special solutions of the Larmor Equation for fields

in the x, y, z directions respectively:

Tx(τ) =

(
cos τ

2
−i sin τ

2

−i sin τ
2

cos τ
2

)
, (2.17a)

Ty(τ) =

(
cos τ

2
− sin τ

2

sin τ
2

cos τ
2

)
, (2.17b)

Tz(τ) =

(
e−iτ/2 0

0 eiτ/2

)
. (2.17c)

Similarly, we expand R�n(τ) = exp (−i�L · �nτ) in a Taylor series and use

(�L · �n)3 = �L · �n; (�L · �n)4 = (�L · �n)2; (�L · �n)5 = �L · �n; ...

Collecting the odd and even powers yields

R�n(τ) = I + (cos τ − 1)(�L · �n)2 − i sin τ �L · �n, (2.18)

where in this case I is the 3×3 identity matrix. We derive the three special

solutions for magnetic fields in the x, y, z-direction respectively:

Rx(τ) =


 1 0 0

0 cos τ − sin τ

0 sin τ cos τ


 , (2.19a)

Ry(τ) =


 cos τ 0 sin τ

0 1 0

− sin τ 0 cos τ


 , (2.19b)

Rz(τ) =


 cos τ − sin τ 0

sin τ cos τ 0

0 0 1


 . (2.19c)

These are ordinary 3D-rotations over angles τ around the x, y, z-axes, respectively

(to the ”left” when τ > 0). More generally, R�n(τ) is a rotation to the left over

an angle τ around the �n-axis.

Thus we have found the solutions of the Larmor Equation for magnetic fields �B(t)

represented by a series of constant fields �B1, �B2, ... in subsequent time intervals.

2.2.3 Solution for constant field in arbitrary direction

The above modelling of a time dependent field contains the general solution for

a constant field in an arbitrary direction �B = B�n. Then the solutions given in
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Eqs.(2.14) reduce to

|χ(t)〉 = T −1
�n (γBt) |χ(0)〉 (2.20a)

�S(t) = R−1
�n (γBt) �S(0), (2.20b)

where the unit vector �n can be written in polar coordinates as (cf. Fig. 2.2)

�n = Rz(φ) Ry(θ) ẑ =


 cos φ sin θ

sin φ sin θ

cos θ


 .

y

z

�
�

��
x

�
�
�
�
��

��
��

��
��

��
��

�
φ

�n

θ

Figure 2.2: Definition of angles θ and φ for general �B = B�n

We want to write these solutions in terms of the basic matrices Tα(τ) and Rα(τ)

given in (2.17) and (2.19), with α = x, y, z. Therefore we need the fundamental

relations:

�σ · R�n(τ) �B = T�n(τ) �σ · �B T −1
�n (τ); (2.21a)

�L · R�n(τ) �B = R�n(τ) �L · �B R−1
�n (τ). (2.21b)

The proof is straightforward from Eqs.(2.16) and (2.18), by evaluating both sides

term by term. From these relations one has, by exponentiating:

TR�n(τ)�m(φ) = T�n(τ) T�m(φ) T −1
�n (τ) (2.22a)

RR�n(τ)�m(φ) = R�n(τ) R�m(φ) R−1
�n (τ). (2.22b)

Applying this relation successively to a rotation over φ around ẑ and over θ

around ŷ, yields:

Solution Larmor equation for a constant field �B = B�n:

�

�

�

�
|χ(t)〉 = Tz(φ) Ty(θ) T −1

z (γBt) T −1
y (θ) T −1

z (φ) |χ(0)〉; (2.23a)

�S(t) = Rz(φ) Ry(θ) R−1
z (γBt) R−1

y (θ) R−1
z (φ) �S(0). (2.23b)
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In these equations only the basic matrices Tα(τ) and Rα(τ) occur, with α =

x, y, z.

One observes the ”general rule” that any T -operator for spinors corresponds

to a rotation operator R for the spin and that they occur in the same

order with the same arguments. This rule also holds for time dependent

fields �B(t) as can be seen from Eqs.(2.14).

2.2.4 Solution for a rotating field

Here we discuss the very important case of a rotating magnetic field as sketched

in Fig. 2.3

...
...

.......................... . . . . . . . . . . . . .
...

..

�
�

�
�

���

�
�
�
�
���

	
	
		


�
�
���

�
�
�
�
�
�
���



 �ω
�
�n

�
���

�n0

�B(t) �B(t=0)

Figure 2.3: Rotating field �B(t) around the �n-axis with frequency ω

and given by
�B(t) = BR−1

�n (ωt) �n0, (2.24)

where the unit vector �n is the rotation axis, the unit vector �n0 is the direction

of �B(t = 0), B = | �B(t)| is the length of �B(t) and ω is the rotation frequency.

Such fields are highly interesting due to their curious consequences discussed in

this thesis, which are similar to those seen in nuclear magnetic resonance (NMR).

Furthermore, the corresponding Larmor equations: (cf. Eqs.(2.11) and (2.13))

d

dt
|χ(t)〉 =

1

2
i �σ · γBR−1

�n (ωt) �n0 |χ(t)〉;
d

dt
�S(t) = i �L · γBR−1

�n (ωt) �n0
�S(t).

can be solved exactly as we show here.

For this purpose we define the ”rotated” spinor and spin

|χr(t)〉 ≡ T�n(ωt) |χ(t)〉 and �Sr(t) ≡ R�n(ωt) �S(t),

so that, inversely

|χ(t)〉 = T −1
�n (ωt) |χr(t)〉 and �S(t) = R−1

�n (ωt) �Sr(t).

12



Upon substitution, we get, with Eqs.(2.21):

T�n(ωt)
d

dt
T −1

�n (ωt)|χr(t)〉 =
1

2
i �σ · γB�n0 |χr(t)〉

R�n(ωt)
d

dt
R−1

�n (ωt)�Sr(t) = i �L · γB�n0
�Sr(t).

The time derivatives of T −1
�n (ωt) and R−1

�n (ωt) follow from the definitions Eqs.(2.15),

so that

d

dt
|χr(t)〉 =

1

2
i �σ · [γB�n0 − ω�n] |χr(t)〉; (2.25a)

d

dt
�Sr(t) = i �L · [γB�n0 − ω�n] �Sr(t). (2.25b)

These equations are formally identical with (2.11) and (2.13). So, in this ”rotating

frame” the neutron sees a time-independent effective field

Ω�m ≡ γB�n0 − ω�n,

i.e. the sum of the real field γB�n0 and a virtual component −ω�n along the

rotation axis. The effective frequency Ω and the unit vector �m are explicitly

given in Eqs.(2.27d) and (2.27e) below. The vector diagram is shown in Fig. 2.4.

�
�n

�
��� �m
��
��

�n0

�
−ω�n

�
�
�
�
��

γB�n0

��
����

Ω�m

��
��
��
��
��

Figure 2.4: Diagram of the effective field Ω�m in the rotating frame.

The solution can be written down as in Eqs.(2.20):

|χr(t)〉 = T −1
�m (Ωt) |χr(0)〉

�Sr(t) = R−1
�m (Ωt) �Sr(0). (2.26)

Using |χr(0)〉 = |χ(0)〉 and �Sr(0) = �S(0) and including the definitions of |χr(t)〉
and �Sr(t) yields the final result in the laboratory system which is summarized

here:

13



�

�

�

�

The solution of the Larmor equation for a rotating magnetic field:

�B(t) = BR−1
�n (ωt) �n0 (2.27a)

reads

|χ(t)〉 = T −1
�n (ωt)T −1

�m (Ωt) |χ(0)〉 (2.27b)

�S(t) = R−1
�n (ωt)R−1

�m (Ωt) �S(0), (2.27c)

where

Ω =
√

(γB)2 + ω2 − 2ωγB�n · �n0 (2.27d)

�m = (γB/Ω)�n0 − (ω/Ω)�n. (2.27e)

In the next two paragraphs we discuss the consequences for two special cases.

2.2.5 Adiabatic spin flipper in time

First, we consider a planar magnetic field of the form

�B(t) = B (0, sin ωt, cos ωt) ≡ B R−1
x̂ (ωt)ẑ (2.28)

which rotates in the y, z-plane. Such a field is used for adiabatic spin flippers in

time. The vector diagram takes the shape of Fig. 2.5.

��n0

�
�n

��
���

�m

�
γB�n0

�

−ω�n

��
��

��
��

���
Ω�m

�x �
y

�
z

)α

Figure 2.5: Diagram of the effective field Ω�m for a planar field rotating in the

y, z-plane.

According to Eq.(2.27c) the spin at time t is

�S(t) = R−1
x̂ (ωt) R−1

�m (Ωt) �S(0) (2.29)

with

Ω =
√

(γB)2 + ω2; (2.30a)
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�m = (− cos α, 0, sin α) ≡ −Ry(α) x̂; cos α =
ω

Ω
; sin α =

γB

Ω
, (2.30b)

as illustrated in Fig. 2.5. Applying (2.22) the spin becomes:

�S(t) = R−1
x (ωt) Ry(α) Rx(Ωt) R−1

y (α) �S(0). (2.30c)

Now we ask: In how far does the macroscopic spin �S(t) follow the field �B(t) in

time? We start at t = 0 with spin �S(0) in the direction of �B(0), so that �S(0) = ẑ.

At time t, the field has the direction B̂(t) = R−1
x (ωt)ẑ. The component of �S(t)

in the direction of �B(t) is equal to the dot product

�S(t) · B̂(t) = ẑ · Ry(α) Rx(Ωt) R−1
y (α) ẑ

which gives the textbook result [10]

�S(t) · B̂(t) = 1 − 2

1 + k2
sin2

(
ωt

2

√
1 + k2

)
(2.31)

where k is the so called adiabaticity parameter

k ≡ γB

ω
, (2.32)

i.e. the ratio between the Larmor precession frequency γB and the frequency ω

at which the field rotates. One sees that for k � 1, �S(t) · B̂(t) � 1 for all times.

This means: the spin �S(t) ”follows” the field (with small oscillations). There is an

”adiabatic” region of frequencies 0<ω
γB for which k�1 and �S(t) · B̂(t) � 1

for all times. In this way we manipulate spins ”adiabatically”.

Adiabatic spin flippers are well known from daily life. Consider a small magnet

(compass needle) which is free to rotate and has some direction �S(t = 0). Take

a second, strong, magnet and make sure that its field is parallel to �S(0). Then,

rotate the strong magnet (slowly!). The small magnet will follow, with tiny os-

cillations like in Fig. 2.6a. and k=2.5

A remarkable effect occurs when we rotate the field quickly: ω � γB or k 
 1.

Then one has from Eqs.(2.30) and for ω → ∞:

Ω = ω [1 +
1

2

(
γB

ω

)2

+ ... ] and α =
γB

ω
→ 0.

In Eq.(2.30c) we substitute Ry(α) = I + O(α), so that for ω → ∞

�S(t) = Rx

(
γ2B2

2ω
t

)
�S(0). (2.33)
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Figure 2.6: (a): �S(t)·B̂(t) (Eq. (2.31)) for 2 values of the adiabaticity parameter

k and �S(0) = ẑ. The minima are 1 − 2/(1 + k2). (b): �S(t) · ŷ with �S(0) = x̂

of Eq.(2.30c). For k=0.4, �S(t) rotates slowly in the opposite sense as �B(t). For

k=2.5, �S(t) closely follows �B(t).

Thus, while the field rapidly rotates as �B(t) = B R−1
x̂ (ωt)ẑ, the macroscopic spin

�S(t) rotates slowly in the opposite direction. This is illustrated in Fig. 2.6b for

k=0.4.

In general one has the rule of thumb that �S(t) remains � �S(0) for ω � γB and

finite times t 
 2ω/(γB)2. Physically this means that the spins cannot follow

the field. They stay virtually constant in time. If we let the field quickly rotate

over exactly π, this means that the spin initially parallel to the field, finds itself

anti-parallel to the field: it has ”flipped” relative to the field.

To estimate numerically the effect of a rapidly rotating field with zero time average

for all times t we employ the replacement rule for ω � γB:

�B(t) ≡ B R�n(ωt)�n0 ⇒ �Beff =
γB

2ω
B �n. (2.34a)

This means that a rapidly rotating field �B(t) around the n̂-axis can be replaced

by an effective constant field �Beff in the �n-direction as sketched in Fig. 2.7. We
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Figure 2.7: A planar rotating field around the �n-axis is replaced by a constant

field �Beff in the �n direction for high frequencies ω � γB.

have derived this rule in Eq.(2.33) where we showed that the initial phase �n0 of
�B(t) is irrelevant.

We generalize this replacement rule for ω � γB to

�B(t) = BR�n(t)(ωt) �n0(t) ⇒ γB

2ω
B �n(t) (2.34b)

where �n(t) and �n0(t) are slowly varying in time, as compared with the fast rotation

ωt. This can be derived by considering �n(t) and �n0(t) in subsequent time intervals

where they are constant. Then in each time interval one uses (2.34a). Again one

observes that the initial phase �n0(t) of the rapidly rotating field vanishes in the

replacement.

2.2.6 Resonance RF Spin Flipper in time
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Figure 2.8: �B(t) for a Resonance Flipper

In the second example, we consider a magnetic field of the form

�B(t) = B0ẑ + BRF (cos(ωt + ϕ), − sin(ωt + ϕ), 0). (2.35)
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The first term is a (strong) static field B0 in the z-direction. In the technology

of NMR it can be as high as several T; in our experimental setup (Chapter 7) it

does not exceed 0.1 T. The second term is a ”RF field” rotating around the z-axis

with a frequency in the radio-frequency (RF) domain. In practice the amplitude

BRF of the latter is much smaller than the value B0 of the static field. The phase

ϕ is the initial phase of the RF field. In general such weak RF fields (BRF 
 B0)

have no effect on the macroscopic spin �S(t) and can be neglected: the vector �S

rotates (precesses) around the z-axis as due to the static field alone. Hence, the

component �S(t)·ẑ is virtually constant in time. However, crucial exceptions occur

for a narrow range of frequencies |ω| � |γB0|, which is the so-called ”resonance

condition”. Here we show this explicitly.

We rewrite the field in the form �B(t) = R−1
z (ωt+ϕ) (BRF , 0, B0), or, equivalently,

conform Eq.(2.24):
�B(t) = BR−1

ẑ (ωt) �n0,

where

B =
√

B2
0 + B2

RF (2.36a)

�n0 = 1
B

(BRF cos ϕ, −BRF sin ϕ, B0). (2.36b)

According to Eq.(2.27c) the solution for the macroscopic spin �S(t) reads

�S(t) = R−1
z (ωt) R−1

�m (Ωt) �S(0) (2.37a)

with

Ω =
√

(ω − γB0)2 + (γBRF )2 (2.37b)

�m = 1
Ω
(γBRF cos ϕ, −γBRF sin ϕ, γB0 − ω). (2.37c)

The corresponding vector diagram is sketched in Fig. 2.9.
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��
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��
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��
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��
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(ω−γB0)ẑ
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�
�
�
�
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���

Ω�m

��
��



 

 

 



����

�
���

�m
�

�����,,
ϕ

ϑ
ẑ

γBRF�n0
�

Figure 2.9: Diagram of the vectors �n0 and �m for the resonance flipper showing

the angles ϑ and ϕ.
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We define the angle ϑ through

cos ϑ =
γB0 − ω

Ω
; sin ϑ =

γBRF

Ω
,

so that �m = R−1
z (ϕ)Ry(ϑ) ẑ and we get the final result

�S(t) = R−1
z (ωt + ϕ) Ry(ϑ) R−1

z (Ωt) R−1
y (ϑ) Rz(ϕ) �S(0). (2.38)

Now we consider the question: If one starts with spin in the direction of the

(strong) static field �S(0) = ẑ, can we ”flip” this spin to the opposite direction

with the help of a weak RF-field? So again we calculate the dot product

�S(t) · ẑ = ẑ · Ry(ϑ) R−1
z (Ωt) R−1

y (ϑ) ẑ

which yields (cf. Eq.2.31):

�S(t) · ẑ = 1 − 2

1 + k2
sin2

(
γBRF t

2

√
1 + k2

)
(2.39)

where in this case the adiabaticity parameter k is defined as

k ≡ γB0 − ω

γBRF

. (2.40)

Since B0 � BRF the parameter k is in general � 1. Therefore �S(t) · ẑ � 1 (with

small oscillations) and the spin will not flip. The important exception is ω = γB0,

i.e. the resonance condition for which k = 0. Then one has:

�S(t) · ẑ = 1 − 2 sin2 γBRF t

2
. (2.41)

One sees that the spins oscillate between the direction parallel/antiparallel to ẑ

with a period 2π/(γBRF ). So, spins can be flipped in a strong static field B0 with

a weak RF-field in resonance condition ω = γB0.

Finally we note the effect of the field of Eq.(2.35) on an arbitrary initial spin �S(0)

or spinor |χ(0)〉. For ω = γB one has in Eq.(2.38) that ϑ = π/2, so

�S(t) = R−1
z (ωt + ϕ) R−1

x (γBRF t) Rz(ϕ) �S(0) (2.42)

|χ(t)〉 = T −1
z (ωt + ϕ) T −1

x (γBRF t) Tz(ϕ) |χ(0)〉,

where for |χ(t)〉 we applied the ”general rule” given below Eqs.(2.23). For the

special RF application time tRF = π/γBRF one finds

�S(tRF ) = R−1
z (ωtRF + ϕ) R−1

x (π) Rz(ϕ) �S(0)

|χ(tRF )〉 = T −1
z (ωtRF + ϕ) T −1

x (π) Tz(ϕ) |χ(0)〉.
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We apply the relations which follow from Eqs.(2.22):

R−1
x (π) Rz(ϕ) = R−1

z (ϕ) R−1
x (π) (2.43a)

T −1
x (π) Tz(ϕ) = T −1

z (ϕ) T −1
x (π). (2.43b)

Because of its importance we summarize the final result in the following set of

self-contained equations.

The solution of the Larmor equation for a spin flipper with rotating RF field

�

�

�

�

�B(t) = (BRF cos(ωt + ϕ), −BRF sin(ωt + ϕ), B0) (2.44a)

with ω = γB0; tRF = π/γBRF (2.44b)

reads

�S(tRF ) = R−1
z (γB0tRF + 2ϕ) R−1

x (π) �S(0) (2.44c)

|χ(tRF )〉 = T −1
z (γB0tRF + 2ϕ)T −1

x (π) |χ(0)〉. (2.44d)

One sees clearly: if �S(0) = ẑ then �S(tRF ) = −ẑ and if �S(0) = −ẑ then �S(tRF ) = ẑ.

Therefore it is a spin flipper for any phase angle ϕ.

For initial spin �S(0) in general, the final spin �S(tRF ) will depend on the phase ϕ

of the RF-field. Note that γB0tRF = πB0/BRF � 1 is very large so that the spin

rotates many times.

2.2.7 Zero field precession in time

Now we discuss the basics of the remarkable and important phenomenon of ”zero-

field-precession”, that is ”as if” spins rotate in a region with �B = 0: no field

present. We take the field as in the resonance flipper, Eqs.(2.44). We apply the

field from t = 0 to t = tRF and switch it off. After an arbitrarily long ”waiting

time” T we switch it on again from t = T to t = T + tRF , as sketched in Fig. 2.10.

t

z

0

�B = 0 �B = 0 �B = 0

�S(0) �S(tRF ) �S(T +tRF )

tRF T T + tRF

�

B0+
BRF

�

B0+
BRF

Figure 2.10: Sequence of two resonance flipping processes
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As we have seen in Eqs.(2.44) the spin after one flipper is:

�S(tRF ) = R−1
z (γB0tRF + 2ϕ) R−1

x (π) �S(0).

At time T the phase of the magnetic field �B(t) is ϕ∗ = ωT + ϕ. Therefore the

spin after two flippers is �S(T + tRF ) = R−1
z (γB0tRF + 2ϕ∗) R−1

x (π) �S(tRF ).

Substitution of �S(tRF ) yields

�S(T + tRF ) = R−1
z (2(ϕ∗ − ϕ)) �S(0). (2.45)

Here we used Eq.(2.43). We note that the large term γB0tRF in the argument of

R−1
z cancels. Substitution of the phase ϕ∗ yields with ω = γB0

�S(T + tRF ) = R−1
z (2γB0T ) �S(0). (2.46)

This result is the same as for a constant field 2B0ẑ present all the time from t = 0

up to T . Hence the name ”zero-field precession” for two RF flippers separated

by a time T and field zero in the time between.

2.2.8 Time dependent field in one direction

The Larmor Equation can be solved for time dependent magnetic fields �B(t) with

a fixed direction B̂, but with an amplitude B(t) which depends in an arbitrary

way on t, i.e. �B(t) = B(t)B̂. The exact solutions are immediately obtained from

Eqs.(2.20):

|χ(t)〉 = T −1

B̂
(φ(t)) |χ(0)〉 (2.47a)

�S(t) = R−1

B̂
(φ(t)) �S(0), (2.47b)

where the rotation angle φ(t) is given by

φ(t) = γ

t∫
0

dt′ B(t′). (2.47c)

Physically this means that the spin �S(t) rotates around the B̂-axis over an angle

which is the integral of the field B(t′) it has experienced up to time t.

For comparison with the Resonance Spin Flipper we consider in particular

�B(t) = (B0 + BRF cos ωt)B̂,

so that φ(t) = γB0t + γBRF

ω
sin ωt.

When BRF 
 B0 one finds that φ(t) � γB0t for all times t and all ω. There is

no ”resonance condition” for such a field. So, linearly polarized RF-fields in the

same direction as the strong field B0 have no (systematic) effect on the spin and

can always be neglected.
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2.2.9 Equivalence of Linearly and Circularly polarized field

Instead of the circularly polarized field as defined in Eq.(2.35), one uses in practice

a linearly polarized RF-field orthogonal to the strong constant field �B0. Here we

show that both are equivalent. So we study the effect of a field

�B(t) = (2BRF cos(ωt + ϕ), 0, B0) (2.48)

where B0ẑ is the strong static field as sketched in Fig. 2.11.
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Figure 2.11: Linearly polarized RF field in the x-direction

We consider the resonance condition ω = γB0 and small amplitudes 2BRF 
 B0

or, equivalently, high frequencies ω � 2γBRF . We rewrite the RF field as

�B(t) = B0ẑ + BRFR−1
z (ωt + ϕ) x̂ + BRFRz(ωt + ϕ) x̂, (2.49)

so it is written as the sum of two circularly polarized fields rotating in opposite

directions. The Larmor equation reads (cf. Eq.2.13)

d

dt
�S(t) = i �L · γ �B(t) �S(t).

Now we define a frame rotating at frequency ω around ẑ. In this frame the spin

is �Sr(t) = Rz(ωt + ϕ) �S(t), so that the Larmor equation becomes:

d

dt
�Sr(t) = i �L · γ �Br(t) �Sr(t),

with the field in this frame given by

�Br(t) = BRF x̂ + BRFRz(2ωt + 2ϕ) x̂.

Note that the strong field �B0 has been transformed away and one of the circularly

polarized fields has become a weak constant field BRF x̂. It is transformed away
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by defining the spin in the doubly rotating frame (with frequency γBRF around

x̂ of the previous rotating frame) as

�Srr(t) ≡ Rx(γBRF t) �Sr(t).

The corresponding Larmor equation becomes

d

dt
�Srr(t) = i �L · γ �Brr(t) �Srr(t),

where now
�Brr(t) = BRFRx(γBRF t)Rz(2ωt + 2ϕ)x̂.

We are left with a field Brr(t) which is quickly rotating with a zero time average.

Such fields have only minor effects on the spins as we show here.

We write, equivalently,

�Brr(t) = BRFR�n(t)(2ωt) �n0(t) (2.50a)

with

n̂(t) = Rx(γBRF t) ẑ and n̂0(t) = Rn̂(t)(2ϕ) x̂. (2.50b)

As we have discussed in § 2.2.5, such quickly rotating fields (ω � 2γBRF ) may

be replaced by

�Brr(t) ⇒
γB2

RF

4ω
n̂(t) =

γB2
RF

4ω
Rx(γBRF t)ẑ.

So, we obtain a replacement field which also rotates quickly since γBRF �
(γBRF )2/4ω. Therefore we may apply the second replacement

�Brr(t) → Brrx̂

with the effective field in the doubly rotating frame

Brr =
1

32

(
BRF

B0

)2

BRF .

Thus we find the solution for �Srr(t) and high frequencies:

�Srr(t) = R−1
x (γBrrt) �Srr(0).

Back in the laboratory system, the spin is given by

�S(t) = R−1
z (ωt + ϕ) R−1

x (γ(BRF + Brr)t) Rz(ϕ) �S(0).
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Since Brr 
 BRF we neglect Brr. Then this result is the same as for a circu-

larly polarized field Eq.(2.44). In summary:

The solution of the Larmor equation for a spin flipper with linear RF field:

�

�

�

�

�B(t) = (2BRF cos(ωt + ϕ), 0, B0) (2.51a)

with ω = γB0; tRF = π/γBRF (2.51b)

reads
�S(tRF ) = R−1

z (γB0tRF + 2ϕ) R−1
x (π) �S(0) (2.51c)

which has to be compared with Eqs.(2.44). Note that only half of the amplitude

2BRF is effective in the spinflipper. We emphasize that this result is valid only

when B0 � BRF . The result for the circularly polarized field is exact and valid

for all B0 and BRF .

We conclude that a linearly polarized RF-field is equivalent to an RF-field

which is circularly polarized, apart from a factor 2 in effective amplitude.

2.3 Space dependent fields

In this section we consider magnetic fields �B(�r, t) ≡ �B(�r) which depend on �r

but not on time t. Then, the solution of the Schrödinger equation (2.4) can be

written as

ψ(�r, t) = e−iωtψ(�r),

where E = h̄ω is the total energy of the neutron. As a result, the 2-dim. spinor

ψ(�r) satisfies the time-independent Schrödinger equation(
− h̄2

2m
∆ − 1

2
h̄γ�σ · �B(�r)

)
ψ(�r) = E ψ(�r). (2.52)

In § 2.2.3 we already obtained the solution of the Larmor equation in a homoge-

neous field, universally present, but now we are interested in solutions which de-

scribe an incoming neutron beam with given energy E in vacuum (i.e. �B(�r) = 0)

entering a region where �B(�r) �= 0.

In the following we let the neutron move in the x-direction. For this physical

situation the solutions ψ(�r) have been extensively studied in the theory of neu-

tron reflectometry and we mention here the main results, as far as relevant in our

investigation.
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2.3.1 Semi-infinite space

Most basic is a neutron beam with spinor |χ+
α 〉 (hence macroscopic spin �S0 = α̂,

where α̂ = x̂, ŷ, ẑ), which enters the semi-infinite volume V for x ≥ 0 where
�B(x) = Bβ̂ is constant. This is schematically drawn in Fig. 2.12.

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

���
���
���
���
���
���
���
���
��

x
0

	
		
 �B

	
		


�⇑

incident �
transmitted �

reflected�

Figure 2.12: Polarized neutron beam in the x-direction entering a region with

constant field �B.

The Schrödinger equation separates into two equations:(
− h̄2

2m
∆

)
ψ(�r) = E ψ(�r) (x ≤ 0) (2.53a)(

− h̄2

2m
∆ − 1

2
h̄γBσβ

)
ψ(�r) = E ψ(�r) (x > 0) (2.53b)

with the requirements that ψ(�r), ∂
∂x

ψ(�r), .. ∂
∂z

ψ(�r) are continuous at x = 0. The

solution for x ≤ 0 reads:

ψ(x) = eik0x|χ+
α 〉 − R+e−ik0x|χ+

β 〉 − R−e−ik0x|χ−
β 〉 (x ≤ 0)

with

E = h̄ω =
h̄2k2

0

2m
=

1

2
mv2

0.

The first term represents the incoming beam (going to the right) with energy E,

velocity v0 and spin �S0 = α̂. The second and third terms are reflected beams

(going to the left) with also energy E and spins β̂ and −β̂, respectively. R+ and

R− are the corresponding reflection coefficients.

For x ≥ 0 we use the fact that |χ+
β 〉 and |χ−

β 〉 are the eigenstates for the operator

σβ with eigenvalues +1 and −1 respectively, so

ψ(x) = T+eik+x|χ+
β 〉 + T−eik−x|χ−

β 〉. (x ≥ 0)

The first term represents a beam to the right with spin β̂ and kinetic energy

E+ =
h̄2k2

+

2m
= E +

1

2
h̄γB =

h̄2k2
0

2m
+

1

2
h̄γB.
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The second term is a beam also going to the right but with spin −β̂ and kinetic

energy

E− =
h̄2k2

−
2m

= E − 1

2
h̄γB =

h̄2k2
0

2m
− 1

2
h̄γB.

The wavevectors k+ and k− are related to k0 by

k+ =

√
k2

0 +
mγB

h̄
and k− =

√
k2

0 −
mγB

h̄
. (2.54)

T+ and T− are the corresponding transmission coefficients. One obtains the co-

efficients R± and T± from the continuity of ψ(x) and its derivative at x=0. This

gives, respectively:

|χ+
α 〉 = (T+ + R+)|χ+

β 〉 + (T+ + R−)|χ−
β 〉

|χ+
α 〉 = (

k+

k0

T+ − R+)|χ+
β 〉 + (

k−
k0

T+ − R−)|χ−
β 〉

and one finds the solutions, using the orthogonality relations Eq.(2.10):

T± =
2k0

k± + k0

〈χ±
β |χ+

α 〉 R± =
k± − k0

k± + k0

〈χ±
β |χ+

α 〉. (2.55)

Thus we have derived exact expressions for this physical ”scattering” process on

a magnetic field boundary. Now we discuss some special cases.

2.3.2 Spin and field parallel or anti-parallel

x

z

0

� � � � �B

�⇑
�S0

incident �
transmitted �

reflected�

x
0

k0
k+

Figure 2.13: Polarized neutron beam in the x-direction; incoming spin and field

parallel to z. k0 and k+ are the corresponding wavenumbers.

First, we apply the field parallel to z. Our assumptions regarding incoming spin

and field mean: |χ+
α 〉 = |χ+

z 〉 and �B(�r) = Bẑ with B > 0. It is illustrated in

Fig. 2.13. The solution reads

ψ(x) = eik0x|χ+
z 〉 − R+e−ik0x|χ+

z 〉 (x ≤ 0) (2.56a)

ψ(x) = T+eik+x|χ+
z 〉 (x > 0) (2.56b)
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T+ =
2k0

k+ + k0

R+ =
k+ − k0

k+ + k0

(2.56c)

This solution means: the spins in the incoming, reflected and transmitted beams

are the same (no flip) and only k+ occurs in the transmitted beam.

When the field is anti-parallel to z, we take again |χ+
α 〉 = |χ+

z 〉, but �B(�r) = −Bẑ

with B > 0. The solution is

ψ(x) = eik0x|χ+
z 〉 − R−e−ik0x|χ+

z 〉 (x ≤ 0) (2.57a)

ψ(x) = T−eik−x|χ+
z 〉 (x > 0) (2.57b)

T− =
2k0

k− + k0

R− =
k− − k0

k− + k0

(2.57c)

Again, the spins in the incoming, reflected and transmitted beams are the same

(no flip), but now only k− occurs in the transmitted beam.

As a conclusion, for a polarized beam of neutrons (all spins in the same direction),

magnetic fields in ± the spin-direction have no effect on the spins. One uses such

fields as ”guide fields” for polarized neutron beams. The fields are chosen smaller

than the corresponding neutron kinetic energy to avoid unwanted reflection (for

thermal neutrons this is satisfied in practice, since the kinetic energy �25 meV

is much larger than the magnetic term in Eq.(2.3) which even for a field of 1T

is as low as 6.030×10−5 meV); they are taken larger than the disturbances from

the outside world, like the earth magnetic field. They are necessary to keep spins

aligned over large distances.

2.3.3 Spin orthogonal to field

x

z

0

� � � � �B�⇒�S0

incident � transmitted �

reflected�

���
���
���
���
���
���
���
���
���
���
���
���
���
���

x

φ(x)

x
0

k0 k−
k+

Figure 2.14: Polarized neutron beam in the x-direction; incident spin parallel to

x and field parallel to z; k0 and k± are the corresponding wavenumbers. The

shaded area φ(x) is the rotation angle of the spin.

We take |χ+
α 〉 = |χ+

x 〉 and again �B(�r) = Bẑ with B > 0. So the initial spin
�S0 = x̂ is in the direction of the beam and perpendicular to the field. This is

27



illustrated in Fig. 2.14. The solution is

ψ(x) = eik0x|χ+
x 〉 − R+e−ik0x|χ+

z 〉 − R−e−ik0x|χ−
z 〉 (x ≤ 0)

= T+eik+x|χ+
z 〉 + T−eik−x|χ−

z 〉 (x > 0)

T± =
1√
2

2k0

k± + k0

R± =
1√
2

k± − k0

k± + k0

.

In this case the spins in the incoming, reflected and transmitted beams are dif-

ferent, which makes it possible to manipulate them.

For the transmitted beam (x ≥ 0) the expectation value of the spin, as defined

by Eq.(2.6), is given by

�S(x) =


 2T+T− cos(k+ − k−)x

−2T+T− sin(k+ − k−)x

T 2
+ − T 2

−


 .

So �S(x) has a constant z-component, while the x and y components rotate as a

function of x around the B̂ = ẑ-direction. Thus we can write �S(x) as

�S(x) = (T 2
+ − T 2

−)ẑ + 2T+T−R−1
z (φ(x))x̂

where the rotation angle φ(x) equals (k+ − k−)x. One observes that this angle is

equal to the shaded area shown in Fig. 2.14, as we will use later.

Now we consider neutron beams with a kinetic energy much larger than the

magnetic interaction, i.e.

h̄k2
0 � mγB,

or, equivalently, to small fields B. Then we may expand Eq.(2.54)

k± = k0 ±
γB

2v0

+ O(B2)

with v0 ≡ h̄k0/m the velocity of the incoming neutrons. In this limit one has

T+ = T− = 1/
√

2 and R+ = R− = 0, what means that there is no significant

reflected beam. Then the solution for x > 0 reads, with φ(x) = γBx/v0:

ψ(x) =
1√
2

eik0x

(
exp iφ(x)/2

exp−iφ(x)/2

)
,

or, equivalently, using the operators introduced below Eqs. (2.14):

ψ(x) = eik0x T −1
z (φ(x)) |χ+

x 〉

�S(x) = R−1
z (φ(x)) x̂.
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2.3.4 Arbitrary directions of spin and field

The incoming neutron beam has spinor |χ0〉, i.e. spin �S0. The field in the semi-

infinite volume x > 0 is given by �B(x) = BB̂. The velocity of the neutrons

is large compared to the magnetic interaction (”B → 0”), so that no neutrons

reflect. Generalizing the previous equations, the solution for x > 0 can now be

written, with φ(x) = γBx/v0:

ψ(x) = eik0x|χ(x)〉

with the spinor part

|χ(x)〉 = T −1

B̂
(φ(x)) |χ(0)〉

�S(x) = R−1

B̂
(φ(x)) �S(0).

where |χ(0)〉 = |χ0〉 and �S(0) = �S0 are the spinor and spin of the incoming

beam. One observes a complete analogy with the solutions given by Eqs.(2.20)

for neutrons at rest in a constant field. In fact, there is an equality when one

substitutes x = v0t. This is the basis of the semi-classical approximation discussed

in § 2.3.6.

2.3.5 Field over finite distance
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���
���
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���
���
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���
���
�

���
���
���
�

���
���
���
�

l

φ
x

0

k0 k0

k+

k−

Figure 2.15: Field over finite length l. The shaded area is the total rotation angle

of the spin.

A similar exact calculation can be made for a constant magnetic field over a

finite distance. Now reflected beams appear from the entrance (x=0) and from

the exit (x= l). We mention the fundamental property of the time-independent

Schrödinger equation: The neutrons which eventually come through the

region (0 < x < l) with field, have the same energy as the incoming

neutrons.

The exact calculation is straightforward but rather involved due to the many

reflection and transmission coefficients. In the limit h̄k2
0 � γB the results are

quite obvious: there are no appreciable reflections at x = 0 and x = l. The

neutron beam just goes through. When the initial spin is parallel to the field, the

29



spin will not change (as used in guide fields).

When the initial spinor |χ0〉 = |χ+
x 〉, spin �S0 = x̂, is orthogonal to �B = Bẑ one

finds for the transmitted beam, x ≥ l:

ψ(x) = eik0x |χf〉 (2.58a)

�S(x) = �Sf (2.58b)

with outgoing, final, spinor and spin

|χf〉 = T −1
z (φ) |χ0〉 (2.58c)

�Sf = R−1
z (φ) �S0, (2.58d)

where φ=γBl/v0 is the total rotation angle around the z-axis (cf. Fig. 2.15).

Such finite layers with fixed fields and length are used as monochromatic polar-

ization rotators or spin flippers: one can rotate a spin �S0 over any desired angle

φ, but only for a single velocity v0.

2.3.6 Semi-classical approximation

We consider a neutron beam in vacuum with velocity v0 and spin �S0 entering a

finite layer of thickness l with a spatially varying field �B(�r) = �B(x). If the kinetic

energy of the neutrons is large (cf. § 2.3.3), i.e. h̄k2
0/m � γB, with k0 = mv0/h̄

the wavenumber, we may neglect all reflections and write the 2D-spinor for all x

ψ(�r) = eik0x |χ(x)〉,

where

|χ(x)〉 = |χ0〉 (x ≤ 0) (2.59)

|χ(x)〉 = |χf〉. (x ≥ l) (2.60)

The corresponding 3D-spin is then given by

�S(x) = 〈χ(x)|�σ|χ(x)〉

where �S0 corresponds to |χ0〉 for x ≤ 0 and �Sf to |χf〉 for x ≥ l.

In the ”semi-classical approximation” the neutron motion is treated classically

but its spinor |χ(x)〉 and spin �S(x) quantum mechanically. That means that

each neutron moves through the field �B(x) with constant velocity v0 and has a

specific location x = v0t. At time t the spinor and spin experience a magnetic

field �B(x = v0t) and satisfy the time dependent Larmor equations (2.11) and

(2.13):

d

dt
|χ(x = v0t)〉 =

1

2
i �σ · γ �B(x = v0t) |χ(x = v0t)〉 (2.61a)

d

dt
�S(x = v0t) = i �L · γ �B(x = v0t) �S(x = v0t). (2.61b)
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which hold for any �B(�r) as long as the magnetic interaction is smaller than the

kinetic energy.

Below, we go one important step further. In § 2.3.8 we will consider magnetic

fields �B(x, t) in a finite layer which essentially depend both on space and time.

For such fields we also apply the semi-classical approximation Eqs.(2.61) with the

time dependent magnetic field as ”seen by the neutron”: �B(x = v0t, t). Clearly,

our approach is an interpolation: Eqs.(2.61) hold for fields �B(x, t) = �B(t) which

do not depend on space x and also for fields �B(x, t) = �B(x) which do not depend

on t.

We assume that the semi-classical approximation is valid for all fields �B(x, t) and

large kinetic energies.

2.3.7 Adiabatic static spin flipper

In Chapters 5 and 7 we consider polarization rotators and spinflippers which are

adiabatic and ”static”, which means that the magnetic fields involved do not

depend on time. Here we study a spatially rotating magnetic field �B(�r) = �B(x)

using the semi-classical approximation. For 0 ≤ x ≤ l the field is given by

�B(x) = B (0, sin(πx/l), cos(πx/l))

as illustrated in Fig. 2.16.
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Figure 2.16: Field rotating in space around x

This field rotates uniformly in space from �B(0) = Bẑ to �B(l) = −Bẑ around the

x-axis and can be written as

�B(x) = BR−1
x

(πx

l

)
ẑ.

For x = v0t we have the semi-classical approximation

�B(x = v0t) = BR−1
n̂ (ωgt)n̂0
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with n̂ = x̂; n̂0 = ẑ and the geometric frequency ωg = πv0/l. The field is of the

form of Eq.(2.28) so that the spin is given by (cf. Eq. 2.29):

�S(x = v0t) = R−1
x (ωgt) R−1

�m (Ωt) �S(0) (2.62)

where

Ω =
√

(γB)2 + ω2
g and m̂ =

γB

Ω
ẑ − ωg

Ω
x̂.

We eliminate t = x/v0 and find for x ≥ 0:

|χ(x)〉 = T −1
x

(πx

l

)
T −1

m̂

(
Ωx

v0

)
|χ(0)〉.

�S(x) = R−1
x

(πx

l

)
R−1

m̂

(
Ωx

v0

)
�S(0)

To express this result into elementary x, y, z-rotations we define the adiabaticity

parameter as before (cf. Eq. 2.32):

k ≡ γB

ωg

; κ ≡
√

1 + k2 =
Ω

ωg

and the angle α as before (Eq.2.30):

cos α =
ωg

Ω
=

1

κ
; sin α =

γB

Ω
=

k

κ
,

so that m̂ = −Ry(α)x̂ and we arrive at the result

|χ(x)〉 = T −1
x

(πx

l

)
Ty(α)Tx

(πxκ

l

)
T −1

y (α) |χ(0)〉

�S(x) = R−1
x

(πx

l

)
Ry(α)Rx

(πxκ

l

)
R−1

y (α) �S(0).

We write the spin of the outgoing beam (x= l) as �S(x= l) = �Sf so that

�Sf = P (k) �S0

where P (k) is the so-called (3×3) polarization matrix which only depends on k

and is given by

P (k) = R−1
x (π)Ry(α)Rx(πκ)R−1

y (α), (2.63)
or explicitly

P (k) =




1 − 2k2

1+k2 sin2 π
2
κ k

κ
sin πκ − 2k

1+k2 sin2 π
2
κ

k
κ

sin πκ − cos πκ 1
κ

sin πκ

2k
1+k2 sin2 π

2
κ − 1

κ
sin πκ −1 + 2

1+k2 sin2 π
2
κ


 . (2.64)
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Figure 2.17: The elements of the polarization matrix P (k) of Eq. (2.64) as a

function of the adiabaticity parameter k.

The elements of this matrix are shown as a function of k in Fig. 2.17.

There is an adiabatic region of slow neutrons:

0 < ωg 
 γB ⇒ k � 1; α = π/2; κ = k

for which P (k) = R−1
x (π)R−1

z (πk). One observes that initial spins are flipped

from −ẑ to ẑ and vice versa. A derivation of the zz-element of P (k) in Eq.(2.64)

was published by Robiscoe [11]. In the next chapter we study this static flipper

in more detail.

2.3.8 Adiabatic RF Spin Flipper

Here we study a device called ”adiabatic RF spin flipper” as built for the first time

in Gatchina, published in 1974 [12]. A first theoretical description appeared in

1975 [13]. It flips spins adiabatically just like the the static (time-independent)

flipper of the previous paragraph. The essential difference is that the present

flipper produces a field �B(�r, t) which depends on space �r and time t. We explain

the advantage of this extra time dependence later.
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Figure 2.18: Adiabatic RF Spin Flipper. A polarized beam running in the x-

direction has initial spin �S0 and final spin �Sf . An RF coil - with highest winding

density halfway - produces an RF field in the x-direction with amplitude BRF (x)

shown in the bottom part (full line: idealized; dotted line: in practice). There is

also a static space dependent field B0 + Bgr in the z-direction.

In Fig. 2.18 we sketch the essentials.

The resulting magnetic field �B(x, t) for 0 ≤ x ≤ l is given by

�B(x, t) = (B0 + Bgr cos
(πx

l

)
) ẑ + 2BRF sin

(πx

l

)
cos(ωt + ϕ) x̂. (2.65)

The first term is a static field in the z-direction consisting of a strong homogeneous

field B0 with superimposed a weak ”gradient field” Bgr cos(πx/l). The second

term is an RF field in the x-direction, generated by a coil carrying currents with

frequency ω. In practice this is a homogeneously wound coil of finite length with

length/diameter ratio � 2. The strength of its field along the axis qualitatively

looks like the dotted line in Fig. 2.18.

We use this flipper in resonance condition ω = γB0. Moreover we set BRF = Bgr

and B0 � BRF .

We let a neutron enter the device at time t = 0 with velocity v0 along the x-axis.

This neutron experiences a time dependent field �B(t) ≡ �B(x = v0t, t) which can

be written as (with Bgr = BRF ):

�B(t) = B0ẑ + BRFR−1
z (ωt + ϕ)Ry(ωgt)ẑ + BRFRz(ωt + ϕ) sin(ωgt)x̂

with ωg = πv0/l the geometric rotation frequency. The corresponding Larmor
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Figure 2.19: Magnetic field in the singly rotating coordinate system.

equation reads (cf. Eq.2.13):

d

dt
�S(t) = i �L · γ �B(t) �S(t). (2.66)

We define the spin in the frame rotating at frequency ω around ẑ as

�Sr(t) ≡ Rz(ωt + ϕ) �S(t)

For the corresponding Larmor equation one finds, using ω = γB0:

d

dt
�Sr(t) = i �L · γ �Br(t) �Sr(t) (2.67a)

with
�Br(t) = BRFRy(ωgt)ẑ + BRFRz(2ωt + 2ϕ) sin(ωgt) x̂. (2.67b)

The first term is sketched in Fig. 2.19. In the doubly rotating frame the spin is

�Srr(t) ≡ R−1
y (ωgt)�Sr(t)

and the corresponding Larmor equation reads

d

dt
�Srr(t) = i �L · γ �Brr(t) �Srr(t) (2.68a)

with
�Brr(t) =

1

γ
Ω�m + BRFR−1

y (ωgt)Rz(2ωt + 2ϕ) sin(ωgt) x̂. (2.68b)

The first term is a constant field with

Ω =
√

γB2
RF + ω2

g ; �m =
γBRF

Ω
ẑ +

ωg

Ω
ŷ. (2.68c)

Its magnitude is of order BRF (or larger, depending on ωg). The second term is a

field with maximum amplitude BRF rotating around the origin at high frequency

2ω = 2γB0. We have seen in § 2.2.5 that the effect of such a field can be

replaced by a constant field which is at most of magnitude (BRF /B0)BRF , see

(2.34a). Since BRF /B0 
 1 we may neglect the second term in Eq.(2.68b) and

obtain the solution:
�Srr(t) = R−1

�m (Ωt)�Srr(0).
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We go back to the laboratory system and find

�S(t) = R−1
z (ωt + ϕ)Ry(ωgt)R−1

�m (Ωt)Rz(ϕ) �S(0).

We define the angle β by

m̂ = R−1
x (β) ẑ; sin β = ωg/Ω

and have the final result in resonance condition

�S(t) = R−1
z (ωt + ϕ)Ry(ωgt)R−1

x (β)R−1
z (Ωt)Rx(β)Rz(ϕ) �S(0). (2.69)

We are interested in the spin which comes out of the flipper at time t = l/v0 so

that ωgt = π. We obtain for the final spin �Sf ≡ �S(t = l/v0):

�Sf = R−1
z

(
ω

ωg

π + ϕ

)
Ry(π)R−1

x (β) R−1
z

(
Ω

ωg

π

)
Rx(β)Rz(ϕ) �S(0). (2.70a)

ωg = πv0/l; Ω =
√

γ2B2
RF + ω2

g ; sin β = ωg/Ω. (2.70b)

We now show how our device works as an adiabatic spin flipper.

For fixed RF amplitude BRF there is a range of neutron velocities v0 for which

0 ≤ ωg 
 γBRF , hence β ↓ 0; Ω ↓ γBRF . For this ”adiabatic” region one

has

�Sf = R−1
z

(
ω

ωg

π + ϕ

)
Ry(π)R−1

z

(
γBRF π

ωg

)
Rz(ϕ) �S(0).

Applying the relations (2.43) twice gives

�Sf = R−1
z

(
ω

ωg

π + ϕ

)
Rz

(
γBRF π

ωg

)
R−1

z (ϕ)Ry(π) �S(0)

or, summarizing:

The solution of the Larmor equation for an adiabatic RF flipper with

�

�

�

�

�B(x, t) =
(
2BRF sin

πx

l
cos(ωt + ϕ), 0, B0 + Bgr cos

πx

l

)
(0 ≤ x ≤ l)

with BRF =Bgr; ω=γB0; ωg =πv0/�
γBRF 
γB0

yields the final spin (x ≥ l)

�Sf = R−1
z (Φ + 2ϕ) Ry(π) �S(0), (2.71)

Φ = γ(B0 − BRF )π/ωg

for a neutron which enters at t = 0 with velocity v0.
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For any phase ϕ one sees that if �S(0) = +ẑ ⇒ �Sf = −ẑ and if �S(0) = −ẑ ⇒
�Sf = +ẑ, so our device acts as a spin flipper for all slow neutrons for which

ωg 
 γBRF .

To see what happens for arbitrary initial spin �S(0), we consider a classical incom-

ing beam of neutrons, all with the same spin �S(0) and velocity v0 as sketched in

Fig. 2.20. Let neutron 1 enter the flipper at t = 0. Its final spin is then according

to Eq.(2.71): �Sf,1 = R−1
z (Φ + 2ϕ)Ry(π) �S(0). The second neutron arrives a time

∆t = ∆x/v0 later at the entrance of the flipper. It sees a phase ϕ2 = ω∆t + ϕ,

so its final spin is �Sf,2 = R−1
z (Φ + 2ϕ2)Ry(π) �S(0). Thus we conclude that at

any time t two neutrons in the outgoing beam separated by a distance ∆x have

different spins, related by

�Sf,1 = Rz

(
2ω

v0

∆x

)
�Sf,2. (2.72)

Classically, the outgoing beam consists of a train of (different) neutrons moving

to the right with velocity v0, with progressing spins as we observe farther to the

right.

It is of interest to give a quantum mechanical description of such a particular

beam. For x ≥ l we define the 2D spinor

|ψ(x, t)〉 = a+ eiφ++ik+x−iωv(k+)t|χ+
z 〉 + a− eiφ−+ik−x−iωv(k−)t|χ−

z 〉

where ωv(k) is the vacuum dispersion relation:

ωv(k) ≡ h̄k2/2m.

One recognizes that |ψ(x, t)〉 is an exact solution of the time-dependent Schröd-

inger Equation (2.4) in vacuum for all real values of a+, a−, φ+, φ−, k+ and k−.

According to Eq.(2.6) the macroscopic spin �S(x, t) corresponding to |ψ(x, t)〉 is

�S(x, t) = R−1
z ( (k+ − k−)(x − v0t) )


 2a+a− cos(φ+ − φ−)

−2a+a− sin(φ+ − φ−)

a2
+ − a2

−




�
�*

�
�
�*

�
�
�*

�
�
�*

�
B0+
BRF

x

�
v0

�
v0

4 3 2 1 4 3 2 1� � � ����� �
�+ �

%
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�S(0) �Sf,4
�Sf,1

0 l

Figure 2.20: Visualization of zero field precession.
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where v0 is the averaged velocity

v0 ≡
h̄(k+ + k−)

2m

and we have the relation for all x ≥ l, ∆x ≥ 0:

�S(x, t) = Rz((k+ − k−)∆x) �S(x + ∆x, t).

This relation is the same as Eq.(2.72) when we take k+−k− = 2ω/v0. We conclude

that the 2D-spinor |ψ(x, t)〉 indeed describes quantum mechanically the outgoing

beam for our adiabatic RF spin flippers. As noted in § 2.3.5 such spinors in

vacuum are impossible to get from static spin flippers.

2.3.9 Zero field precession in space

Here we discuss ”zero field precession” in space for a polarized incoming neutron

beam with fixed spin �S(0) moving along the x-axis with velocity v0. We let

the beam go through an adiabatic RF flipper from 0 ≤ x ≤ l and through a

second identical flipper from L ≤ x ≤ L + l. The two flippers are identical and

synchronized, i.e. their RF fields are given by Eq.(2.65). We follow the neutron

x

z

0

k(x)

l L L + l
...
...

.......................... . . . . . . . . . . . . .
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..
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Figure 2.21: Zero field precession between two adiabatic RF flippers

that arrives at time t0 at x = 0. It sees a phase of the RF-field: ϕ0 = ωt0 + ϕ.

According to Eq.(2.71) its spin after the first flipper is

�S(t = t0 + l/v0) = R−1
z (Φ + 2ϕ0)Ry(π) �S(0).
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As discussed above, �S(t) depends on the arrival time t0 and can have any direction

in the x, y-plane as sketched in Fig. 2.21. This neutron arrives at the second

flipper at t∗ = t0 + L/v0 and sees a phase ϕ∗ = ωt∗ + ϕ0 = ωL/v0 + ϕ0. The final

spin for x ≥ L + l is then

�Sff = R−1
z (Φ + 2ϕ∗)Ry(π)R−1

z (Φ + 2ϕ0)Ry(π) �S(0).

Applying the relations (2.43) twice gives, with ω = γB0

�Sff = R−1
z (2γB0L/v0) �S(0). (2.73)

So, all spins in the transmitted beam are the same, i.e the spin �Sff does not

depend on the arrival time t0. In fact one sees that �Sff is obtained ”as if” a

magnetic field 2B0ẑ was present all the way from x = 0 to x = L, hence ”zero

field precession” as sketched schematically in the bottom of Fig. 2.21. We write
�Sff = R−1

z (φff ) �S(0) with φff = (k+ − k−)L equal to the shaded area. By

combining this with Eq.(2.73) we find

k± = k0 ± γB0/v0.

We conclude that two RF flippers separated by a distance L have the same effect

as a homogeneous field of twice the strength of the field in the flippers over that

distance L. In Spin Echo Spectrometers one needs such strong homogeneous

fields over distances L as large as possible (up to several meters). Such long fields

require correction devices to homogenize their line integrals over an acceptably

large beam cross section [14],[15]. One may replace a homogeneous field by two

RF flippers located as far apart as needed and separated by zero field, as was

proposed by Golub and Gähler [16] and as we have shown here.

39



40



Chapter 3

Basic techniques to handle

neutron spins

In this Chapter we discuss the basic experimental techniques to handle polarized

neutron beams which are used in the experiments described in Chapters 4-9.

All experiments are performed on three set-ups for polarized neutrons installed

in beam lines of the 2 MW nuclear research reactor HOR (”Hoger Onderwijs

Reactor”) at IRI. These instruments are known as ”PANDA” (”Poly Axis Neutron

Depolarization Analysis”), ”SP” (”Spiegel Polarimeter”) and ”SESANS”.

RKS

POSH

PANDA

SESANS

Experiment hall

Reactor hall

SP

Figure 3.1: Reactor Hall and Experiment Hall at IRI showing the positions of

the instruments SP, PANDA and SESANS

Fig. 3.1 gives an overview how these instruments are situated in the Reactor Hall

41



and the Experiment Hall at IRI. We discuss these instruments below. First we

consider the essential parts.

3.1 White neutron beams

As the neutron beams emerge from the beam ports of the reactor, they have a so

called ”thermal” neutron velocity (≡ wavelength) distribution, with an excess of

”hot” neutrons (so called ”white” beam). To give an idea, the thermal neutron

spectrum J(λ), as predicted by statistical theory for a source temperature of 300

K - in terms of wavelength λ = h/(mv) - is given in Fig. 3.2. In practice the

Figure 3.2: Theoretical neutron spectrum J(λ) in the beam lines of the HOR.

spectrum starts at λ = 0.05 nm, reaches a maximum at λ ≈ 0.17 nm and decays

rapidly above λ = 0.4 nm.

The neutrons in this white beam J(λ) have a spin which is arbitrarily directed

in any direction, i.e. their average spin is zero (”unpolarized”).

3.2 Monochromators

We use monochromators to select from the white beam J(λ) a monochromatic

beam, i.e. a beam with limited velocity v (wavelength λ) range with a spread

∆v (∆λ). In practice we mainly employ a pyrolytic graphite (PG) crystal and

apply Bragg’s law

λ = 2d sin θ
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to reflect a monochromatic neutron beam. Here d=0.69 nm is the lattice constant

of PG and 2θ is the angle between the incoming and the reflected beam. By

choosing θ (and ∆θ) we obtain the desired wavelength λ (and ∆λ). The PG

crystal has no effect on the spin, hence the resulting reflected monochromatic

beam is still unpolarized.

3.3 Neutron Spin Polarizers

The most essential part in neutron spin technology is the ”polarizer” which trans-

forms an unpolarized beam (spin in all directions) into a ”polarized” beam (spin

in one direction). Our polarizers are based on total reflection from ”magnetic

mirrors”.

����� ��
���

�k0
�kR

�������������
��

��
��

��
�

z

� � � � ��B

(θ
� x

�
z

�
y

Figure 3.3: Reflection of a neutron beam on a magnetized surface. The amount

of reflection R± depends on the initial spin state (±).

The principal mechanism of reflection is sketched in Fig. 3.3. For z ≤ 0 there is

a homogeneous magnetic field �B = Bŷ. The incoming neutron beam has velocity

v and angle of incidence θ so that, with k = mv/h̄

�k0 = k (cos θ, 0, − sin θ).

We write the 2D spinor for z ≥ 0 as

ψ±(�r) ≡ ei�k0·�r |χ±
y 〉 − R±ei�kR·�r |χ±

y 〉.

The first term is the incident beam, the second term the reflected beam with

�kR = k (cos θ, 0, sin θ)

and the spin is either parallel or anti-parallel to y. Using the methods of § 2.3.1

one finds for the reflection coefficients

R± =

√
1 ± ξ − 1√
1 ± ξ + 1

,
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Figure 3.4: Reflection coefficients |R+|2 and |R−|2 as a function of ξ and θ/θc.

with the dimensionless ratio ξ = mγB/(h̄k2 sin2 θ).

One sees in Fig. 3.4 that |R−|2 = 1 for ξ ≥ 1. This corresponds to total reflection

for neutrons with spin −ŷ and angles θ ≤ θc where the critical angle θc is

θc = arcsin

√
mγB

h̄k2
.

Since, in practice γB 
 h̄k2/m, the critical angle θc is very small (order of one de-

gree). One also sees from Fig. 3.4 that for 1 < ξ < 4 we have |R+|2 
 |R−|2 = 1.

This corresponds to reflection angles 1
2
θc ≤ θ ≤ θc. Therefore, when the incoming

unpolarized beam (50% up, 50% down) touches the surface at such angles, the

reflected beam is nearly perfectly polarized and we have a ”polarizer”.

In the last 10 years the critical angle θc could be increased by using a ”multilayer”

of alternately non-magnetic and magnetic material, selected such that neutrons

of one magnetic state don’t notice the multilayer at all [17]. Therefore, only neu-

trons of the opposite magnetic state will reflect.

In PANDA and SP one uses stacks of glass substrates (length � 1m) carrying

such multilayers, with channels (width � 1mm) in between. Moreover this com-

plete stack is slightly curved to prevent neutrons from passing through the stack

without touching a multilayer. This is shown in Fig. 4.5 in Chapter 4. We point

out that polarizers of this design work well for the full thermal spectrum J(λ)

(Fig. 3.2), contrary to several other types of polarizers in common use. The sec-

ond half of Chapter 4 deals with measurements of the quality - polarizing and

transmitting efficiency - of such polarizers.
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3.4 Neutron Spin Rotators

To manipulate polarized neutron beams further, we apply ”spin rotators” which

transform spins according to

�Sout = Rα(φ) �Sin.

This means that the incoming spin �Sin is rotated over an angle φ around the

axis α = (x, y, z) and we obtain a neutron beam with spin �Sout in any direction

we want. Such spin rotators were independently introduced around 1970 by

Rekveldt [18] and Mezei [19]. We use standard (monochromatic) spin rotators

which consist of a finite layer of constant magnetic field as explained in § 2.3.5

and with φ = π/2 in most cases. When φ is large (� 1) a spin rotator is usually

called a ”precession device”. We also employ more advanced adiabatic devices

which we discuss further below (section 3.10 and Chapters 5 and 6).

3.5 Neutron Detector

Neutrons are collected by the reaction 3
2He +1

0 n →3
1 H− +1

1 p + γ in a Helium-3

gas detector installed at the end of the instrument. The negative 3
1H

− particles

and the protons create ionisation tracks in the gas; electrons are collected at

the cathode, thus making a ”pulse”. This pulse is amplified and feeded into a

computer controlled ”counting register”.

The counting register for the detector bank (device MD in Fig. 3.3) has the option

of also registering the arrival time of the detected neutrons in each detector. This

is used in the ”time-of-flight” method, to be discussed below.

3.6 Neutron Spin Analyzers

A ”Neutron Spin Analyzer” can be conceived as a device to actually measure the

spin of a given neutron beam. Such a device consists of a polarizer as described

above (section 3.3) combined with a detector. The action of this combination is

as follows.

Consider a neutron beam running in the x-direction with arbitrary fixed spin
�S = (Sx, Sy, Sz). The 2D-spinor corresponding to such a beam can be written in

the most general way as

ψ(�r) = eikx (a+eiφ+ |χ+
α 〉 + a−eiφ−|χ−

α 〉) (3.1)

where α = x, y, z may be in any chosen direction and a± and φ± are real param-

eters. This spinor is arbitrarily normalized and the corresponding macroscopic
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spin component �Sα is therefore

Sα =
〈 ψ(�r)| σα |ψ(�r) 〉
〈 ψ(�r) | ψ(�r) 〉 =

a2
+ − a2

−
a2

+ + a2−
. (3.2)

We let the beam go through a perfect analyzer (α, +) which only transmits the

first term in Eq.(3.1). The intensity measured in the detector is then I+
α ≡ a2

+. We

let the same beam go through an analyzer (α,−) which only transmits the second

term in Eq.(3.1) yielding the intensity I−
α = a2

−. From these two measurements

we thus obtain the spin component

Sα =
I+
α − I−

α

I+
α + I−

α

,

which is the basic relation in polarized neutron technology to measure spins. From

six such measurements (α = x, y, z) one determines the full spin �S = (Sx, Sy, Sz)

of any neutron beam.

We notice that analyzers are technically the same as polarizers and in general

are huge with a magnetic field in their surrounding. Therefore they cannot be

rotated so easily in any direction (α,±) without disturbing the polarization. To

resolve this experimental problem we let the ”static” analyzer preceed by a spin

rotator (section 3.4) which has the same effect as rotating the analyzer toward a

desired direction (α,±).

3.7 Instruments PANDA and SP

The instruments PANDA and SP are schematically drawn in Fig. 3.5. They

both consist of a polarizer (P), an analyzer (A), two spin rotators (R1,R2) an

PG crystal (PG) and one or more detectors (D, MD). PANDA works at one

wavelength (λ = 0.201(0.05) nm) selected by PG at the beginning. For SP a

PG crystal is placed at the end and one can study a number of wavelengths

simultaneously (usually in the range 0.19≤ λ ≤ 0.24 nm). The heart of both

instruments is the sample chamber (S) where the incoming spin �Sin and final

spin �Sout are related by
�Sout = P �Sin, (3.3)

where P is the so-called 3×3 ”polarization matrix” which characterizes the mag-

netic properties of the sample. The initial spin �Sin can be taken along any di-

rection using the spin rotator R1 (see Fig.3.5). All components of the final spin
�Sout can be measured using spin rotator R2 and from the measured intensities

I±
α,β, (α, β = x, y, z) one obtains the elements Pαβ of the polarization matrix:

Pαβ =
I+
α,β − I−

α,β

I+
α,β + I−

α,β

. (3.4)
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Figure 3.5: Schematic representation of the instruments ”PANDA” and ”SP”.

PG: pyrolytic graphite monochromator, P: polarizer, A: analyzer, R1,R2: polar-

ization rotators, S: sample chamber, D: detector, MD: multi-detector (comprising

32 detectors).

The first combination of sample chamber with spin rotators was built in 1969

[18] and has been improved ever since [20], as also discussed in Chapter 5 of this

thesis.

3.8 Time-of-flight analysis of neutron spectra

Some measurements discussed in the following Chapters were performed in the

direct beam emerging from the beam port. To sort the measuring results by

wavelength, the very old, common technique of ”time-of-flight” (TOF) was used.

In this technique a chopper is installed in the beginning of the neutron beam,

which ”chops” the continuous beam into bunches of neutrons which simultane-

ously start to run the distance L to the detector. The time needed to arrive

at the detector and to produce a pulse is proportional to the wavelength. The

pulses are stored in a sequence of time channels, so in successive channels pulses

by neutrons of ever increasing wavelength are recorded. The wavelength is found

from the time t of the channel in which the neutron pulse was stored, by

λ = h/(mL) t.
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Figure 3.6: Schematic representation of time-of-flight technique.

Thus one obtains directly the intensity J(λ) of the neutron beam as a function

of wavelength.

We notice that the TOF method is insensitive to the spin of the neutrons.

3.9 Fourier Analysis of neutron spectra

x�
�S0

�

z

block coil

������

0 L�B

A �D
|χ0〉 |χf〉 |χff〉

�
�
�
��

I(B)

%
%
%
%%

J(λ)

Figure 3.7: Setup for Fourier analysis to determine the spectrum J(λ) of a neutron

beam from the intensity I(B) in the detector.

An important alternative for the TOF method is to measure a neutron spectrum

J(λ) using Fourier analysis. The setup for Fourier analysis is schematically shown

in Fig. 3.7. The essential device is a spin rotator denoted as ”block coil”, shown

in Fig. 3.8. It produces an homogeneous magnetic field �B = Bẑ from 0 ≤ x ≤ L

in the neutron beam, which is running in the x-direction. The incoming neutron

beam has a velocity v (or wavelength λ) distribution J(λ) which we want to

measure. It is crucial that the incoming beam is fully polarized. All neutrons have

the same spin �S0 which we take in the x-direction (orthogonal to �B). Therefore

the initial spinor can be written

|χ0〉 = |χ+
x 〉 =

1√
2

(
1

1

)
.
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Figure 3.8: Block coil: cross section, side view and field profile.

The spinor after the block coil is then given by (cf. Eq.2.58d):

|χf〉 = T −1
ẑ (φ) |χ0〉

= cos
φ

2
|χ+

x 〉 + i sin
φ

2
|χ−

x 〉,

where

φ = γBL/v =
γLm

h
Bλ ≡ c

′
Bλ

with c
′
= γLm/h a constant specific for the block coil. After the analyzer (x,−)

the spinor is

|χff〉 = i sin
φ

2
|χ−

x 〉

and the detector measures an intensity for neutrons with wavelength λ in field B

as

I−(λ,B) = sin2 φ

2
=

1

2
(1 − cos c

′
λB).

The incoming beam consists of a distribution of wavelengths J(λ), so the total

intensity measured by the detector is

I−(B) =
1

2

∞∫
0

dλ J(λ)(1 − cos c
′
Bλ).

By varying the magnetic field in the block coil one obtains the spectrum I−(B)

which is in fact the Fourier transform of J(λ). To obtain J(λ) we first determine

experimentally the ”shim” intensity by

Is = I−(B=∞) =

∞∫
0

dλ
J(λ)

2
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so that

2(Is − I−(B) ) =

∞∫
0

dλ J(λ) cos c
′
Bλ.

We obtain J(λ) from the inverse Fourier transformation

J(λ) =
4c

′

π

∞∫
0

dB cos c
′
Bλ(Is − I−(B)).

We point out in Chapter 4 that this method of calculating J(λ) can be pushed to

a high wavelength resolution, if the range in the field B is sufficiently extended.

We use this method in Chapter 4 to determine J(λ).

In Chapter 7 we go one step further and also measure the intensity I+(B) of the

reversed analyzer (x, +) which yields similarly

I+(B) =
1

2

∞∫
0

dλ J(λ)(1 + cos c
′
Bλ).

We express the results in terms of the polarization

P (B) =
I+(B) − I−(B)

I+(B) + I−(B)

which is the average final spin component in the +x-direction (with initial spin

+x̂). Thus we have

P (B) =

∞∫
0

dλ J(λ) cos cBLλ

∞∫
0

dλ J(λ)

,

where we have written c
′
=cL with c=γm/h =4.63 ×1014 T−1m−2 a constant of

the neutron (not of the instrument).

The most basic form of P (B) is obtained for a neutron beam with a normalized

Gaussian wavelength distribution

J(λ) =
1√
π∆λ

e−(λ−λ0
∆λ )

2

(3.5)

with λ0 the average wavelength and ∆λ the Gaussian width. When ∆λ 
 λ0

one finds in a straightforward way

P (B) = cos(cBLλ0)e
− 1

4
(cBL∆λ)2 .
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Figure 3.9: Most basic forms of J(λ) and P (B) (∆λ/λ = 0.08). The dotted curve

is the Gaussian envelope of the signal.
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Figure 3.10: Succession of two coils with fields B1 and B2 in the z-direction

yielding the final polarization P (B1, B2).

We sketch J(λ) and P (B) in Fig. 3.9. From the oscillations in P (B) one reads

off λ0 and from the Gaussian envelope (damping) one sees ∆λ directly.

Next we consider a succession of two coils with lengths L1 and L2 and fields B1ẑ,

B2ẑ, respectively, as drawn in Fig. 3.10. The polarization of the final beam is

then given by

P (B1, B2) = cos(c(B1L1 + B2L2)λ0)e
− 1

4
(c(B1L1+B2L2)∆λ)2 . (3.6)

For given B1, L1 and L2, the behaviour of P (B1, B2) is illustrated in Fig. 3.11.

P (B1, B2) at fixed B1 as a function of B2 in Fig. 3.11 has the same shape as

P (B) in Fig. 3.9, but the center of the Gaussian envelope is now located at a

shifted value B2 = B∗
2 = −(L1/L2)B1. This is the basis of the ”Spin Echo”

or ”compensation” method. From a measurement of B2 in the second coil one

derives the magnetic field B1 in the first coil, using that

B1L1 + B∗
2L2 = 0.

Actual spectra are displayed in Fig. 7.3 of Chapter 7.
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Figure 3.11: Typical behaviour of P (B1, B2) as a function of B2 for fixed B1

(here ∆λ/λ =0.08, cB1L1λ0=−100 and L1 =L2). The center of the signal B∗
2 is

determined by the compensation condition B1L1 + B∗
2L2=0.

3.10 Adiabatic static Spin Flippers

Here we discuss spin rotators (flippers) which are adiabatic (spins rotate for a

whole spectrum J(λ) of neutrons) and static (only time independent magnetic

fields B(x)). First we consider the flipper theoretically discussed in § 2.3.7.

Experimentally we use the DC coils twisted over π sketched in Fig. 3.12. They
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Figure 3.12: Twisted coil used for the measurements in Figs. 3.7 and 3.8: cross

section (left) with field line pattern, corresponding to the line AA’ in the side

view (right).

are cylinders of length � (30 cm and 15 cm) and radius R = 2 cm, surrounded

with material with very high magnetic permeability (”µ-metal”). We take the

cylinder axis as the x-axis. The current windings are such that, combined with
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the µ-metal, their field is described by

�B(x) = B(0, sin(πx/�), cos(πx/�))

as in § 2.3.7 and Fig. 2.16. The amplitude B is related to the current I in the

windings by B = µ0NI/(2R), where N =10 is the number of windings, hence the

Larmor frequency is ωL = γBµ0NI/(2R).

Such coils were placed in the sample chamber S of PANDA (Fig. 3.5) with a

neutron beam of wavelength λ=0.201 nm, corresponding to a velocity v=1970

m/s. Then the geometric frequency is ωg = π/(�/v) = πh/(m�λ).

As discussed in § 2.3.7 the final neutron spin �Sf is related to the initial spin �S0

by �Sf = P (k)�S0, where P (k) is the 3×3 polarization matrix explicitly given by

Eq.(2.64). In the present case the adiabaticity parameter k is given by

k ≡ ωL

ωg

=
γ�B

πv
=

γm�λ

πh
B. (3.7)

In our experiment we vary B (not λ) which is equivalent to varying λ (not B).

We cover a range −10 ≤ k ≤ 10 and show the results for �=30 cm in Fig. 3.13.

One sees a good overall agreement between theory and experiment. Thus we can

study this adiabatic static flipper in detail.

Most relevant is the matrix element Pzz(k) which is the z-component of the final

spin �Sf · ẑ when the initial spin �S0 = ẑ, i.e. in the +z-direction. We observe: for

k = 0 we have Pzz = 1, the final spin is +ẑ (no flip) and for k = ±10 we have

Pzz = −1, so the final spin is −ẑ (full flip).

It is illustrative to define the ”flipping efficiency” ε(k) by

ε(k) =
1 − Pzz(k)

2
. (3.8)

Then ε(k) will always be between 0 and 1 and ε(k) = 0 means that the spin has

not flipped and ε(k) = 1 means that it has flipped perfectly. In fact ε(k) can be

interpreted as the probability to find a final spin −ẑ when the initial spin is +ẑ.

We show ε(k) in Fig. 3.17a. One observes that ε(k) � 1 for all k ≥ 3. It is easy

to choose B such that, e.g. the full spectrum J(λ) of Fig. 3.2 is flipped at once.

For initial spin �S0 not in the z-direction we characterize the action of the spin

flipper as follows. We take �S0 = ŷ and write the final spin as

�Sf = (Pxy(k), Pyy(k), Pzy(k) )

= Pzy(k)ẑ +
√

P 2
xy(k) + P 2

yy(k) (sin φ(k), cos φ(k), 0),

where we have defined the ”precession phase”

φ(k) = tan−1 Pxy(k)

Pyy(k)
, (3.9)
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Figure 3.13: Matrix elements Pij(k) of the adiabatic static spin flipper as functions

of k in theory (full lines, Eq.(2.64), Fig. 2.17) and experiment (circles)
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Figure 3.14: Precession phases φ of three twisted coils in theory (line), and ex-

periment (◦); k calculated by means of Eq.(3.7). − (a) coil twisted by π over 30

cm; (b) twisted by π over 15 cm and twisted back over 15 cm; (c) twisted by 2π

over 30 cm. The geometrical term appears as the intersections of the dotted lines

with the vertical axis.

which is the rotation angle around the z-axis needed to transform the initial spin
�S0 = ŷ into the final spin �Sf . We show φ(k) in Fig. 3.14a as a function of k,

where theory and experiment agree almost perfectly. One observes that φ(k) is a

very smooth function of k, which is remarkable since both Pxy(k) and Pyy(k) are

quickly oscillating (cf. Fig. 3.13). For this reason the precession phase is a useful

parameter to characterize adiabatic spin flippers for initial spins orthogonal to

the initial field.

For k → ∞ one observes in Fig. 3.14a that φ(k) → πk − π = γB�/v − π. Here

γB�/v is the precession angle in a constant field �B = Bẑ. The additional term

−π is called the ”geometric phase” discussed by Berry [21].

Measurements similar to those plotted in Fig. 3.14a were done in a set of two coils
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of length 15 cm, where the fields rotate over +π and −π (b) and over 2π (c). The

corresponding precession phases are shown in Fig. 3.14b and c. In Fig. 3.14b one

observes that the geometric phase is absent; in the configuration of Fig. 3.14c it

is 2π. These experiments are similar to an experiment by Bitter e.a. [22].

In Chapters 5 and 7 we consider ”V-coils” which are a practical version of the

twisted DC coils discussed here.

3.11 Adiabatic RF Spin Flipper

Next we study the ”adiabatic RF Spin Flipper” as introduced theoretically in

Chapter 2 § 2.3.8. The magnetic field �B(x, t) is given by Eq.(2.65):

�B(x, t) = (B0 + Bgr cos
(πx

�

)
) ẑ + 2BRF sin

(πx

�

)
cos(ωt + ϕ) x̂ (3.10)

and sketched in Fig. 2.18. The actual RF flipper is sketched in Fig. 6.5 in Chap-

ter 6. Its RF coil has a length �=10 cm. We consider monochromatic neutrons in

our beam with v=1970 m/s (λ=0.2 nm). Hence we have the geometric frequency

ωg = πv/�=62 kHz, corresponding to a field B∗ ≡ ωg/γ=3.4 G. The adiabaticity

parameter k is then k = γBRF /ωg = BRF /B∗.
The RF frequency is determined by the electric circuit containing the RF coil

and is therefore fixed at ω=6.78 MHz, corresponding to a field B0
0 = ω/γ = 370

G. The initial spin is �S0 = ẑ and we measure the z-component of the final spin
�Sf ·ẑ ≡ Pzz. We express our experimental results in terms of the flipping efficiency

ε(B0, Bgr, BRF ) =
1 − Pzz

2
,

which is a function of B0, Bgr and BRF . We remark that the theories derived

in Chapter 2 only partially cover this 3D parameter space B0, Bgr, BRF . We

summarize the subspaces where theoretical predictions are available.

First, when BRF = 0 one has in Eq.(2.65) a static field in one direction (ẑ). As

discussed in § 2.2.6 no flip can occur and one obtains ε(B0, Bgr, 0) = 0. When

Bgr = 0 we use Eq.(2.39) with t = �/v to describe the approach of B0 to the

resonance condition B0 = B0
0 (or γB0 = ω):

ε(B0, 0, BRF ) =
1

2

B2
RF

B2
RF + (B0 − B0

0)
2
. (3.11)

We note that the sin2-factor in Eq.(2.39) is very sensitive to its argument when

B0 �= B0
0 (γB0 �= ω). Therefore in practice we observe its average 1/2.

When exactly B0 = B0
0 and Bgr = 0, we have a resonance flipper and we may use
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Eq.(2.39) with t = �/v, so

ε(B0
0 , 0, BRF ) = sin2 π

2

BRF

B∗ . (3.12)

When B0 =B0
0 and BRF =Bgr we have the result given by Eq.(2.39) which reads

(k = BRF /B∗):

ε(B0
0 , BRF , BRF ) = 1 − 1

1 + k2
sin2

(π

2

√
1 + k2

)
. (3.13)

Thus we collected all theoretical expressions to compare with.

Experimentally we measured ε(B0, Bgr, BRF ) for fixed BRF = 24 G as a function

of B0 and Bgr and the result is given in Fig. 3.14 as a contour map.

Figure 3.15: Contour map of the flipping efficiency ε(B0, Bgr, BRF ) of an adi-

abatic RF flipper at BRF =24 G. Resonance occurs at B0 = B0
0=370 G. Ideal

flipping regions ε=1 appear for B0 = B0
0 and |Bgr| > BRF .

Along the line Bgr = 0, ε(B0, 0, BRF ) behaves as given by Eq.(3.11), i.e. it is a

Lorentzian in B0 located at the resonance condition B0 = B0
0 = 370 G with a half

width BRF = 24 G (lower panel in Fig. 3.15). When |Bgr| increases one sees the

appearance of two identical flipping regions with ε = 1. They are located near

the resonance condition B0 = B0
0 and |Bgr| ≥ 25 G. This is consistent with the
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theoretical prediction Eq.(3.13). When Bgr = BRF = 24 G one has k = 7.4 and

ε = 1, just as in experiment.

In Fig. 3.16 we show our results for ε(B0
0 , Bgr, BRF ) as a function of Bgr and BRF

for the resonance condition B0 =B0
0 =370 G. One sees that ε(B0

0 , Bgr, 0) = 0, in

agreement with theory.

Figure 3.16: Contour map of the flipping efficiency ε(B0, Bgr, BRF ) of an adiabatic

RF flipper for B0 = B0
0 = 370 G. Right panel: sections through this map at

Bgr = −46 and +42 G (dotted) and at Bgr=0 (fat line with circles). Thin line:

theoretical prediction for ε according to Eq.(3.12), for Bgr = 0. Ideal flipping

regions with ε = 1 appear in the main panel for high BRF to the right of the line

BRF = Bgr and to the left of the line BRF = −Bgr.

For Bgr=0 the efficiency ε(B0
0 , 0, BRF ) is given by Eq.(3.12) which oscillates as a

function of BRF with a period 2B∗=6.8 G. This is shown as the smooth thin line

in the right panel of Fig. 3.16. The experimental ε(B0
0 , 0, BRF ) in Fig. 3.16 (right

panel) shows the correct periodicity, but the first maximum at BRF = B∗ is far

too low. Most likely, small disturbance fields in our device (of order 3 G) destroy

the first spin flip by the RF field. However, the next maxima at BRF = 3B∗ and

5B∗ are well reproduced. We conclude that the first spin flip is almost killed by

disturbances but that the second and third spin flip appear correctly.

One observes regions of perfect flipping ε=1 in the left and right upper corners
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- which is our interest for realizing a spin echo setup discussed in the next sec-

tion. We study the approach to these regions taking Bgr = BRF (straight lines in

Fig. 3.16) and plot ε(B0
0 , BRF , BRF ) in Fig. 3.17b as a function of k ≡ BRF /B∗.

Clearly the agreement with theory, Eq.(3.13) is very poor for k < 5 for reasons as

explained above. However, for k ≥ 5, the efficiency ε indeed reaches its adiabatic

limit ε = 1 as predicted by theory.

Figure 3.17: Flipping efficiency ε(k): (a) for a DC-coil twisted over π and (b) for

an adiabatic RF flipper, along the ”diagonals” in the map of Fig. 3.16. The full

lines represent ε as derived theoretically in Eq.(2.39) and Eq.(3.13).

We conclude that the RF flipper acts according to theory but only when the RF

field amplitude BRF is larger than the disturbance fields present in the experi-

mental setup. To be sure in practical applications one should take k ≥ 5 at least.

Such difficulties do not arise in the static spin flipper, as is clear from Fig. 3.17a.

3.12 SESANS

Chapter 8 deals with the application of adiabatic RF spin flippers in the technique

of ”Spin Echo Small Angle Neutron Scattering” (SESANS). The final instrument

is indicated in the plan of Fig. 3.1 in this Chapter. The outcome of the inves-

tigations in Chapters 6, 7 and 8 contributed to its design. The measurements

shown in Chapter 8 were performed on SP, built as a prototype instrument for

SESANS containing adiabatic RF flippers. To see the purpose of these flippers

we first explain the SESANS technique itself.

In Fig. 3.18 we show the basic principle which is based on ideas put forward
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Figure 3.18: Basic geometry of SESANS. R1 and R2 are identical precession

devices with magnetic fields in the +y and −y direction. The sample S scatters

a neutron with wavevector �k to �k∗. The initial spin �S0 = x̂ and one measures the

spin �Sf of the outgoing beam.

already by Pynn in 1978 [23]. The incoming polarized neutron beam along the

x-axis has a wavelength λ, spin �S0 = x̂ and spinor |χ0〉 = |χ+
x 〉. The divergence

of the incoming beam is finite but small. We follow a neutron with wavevector
�k, which, in polar coordinates is given by

�k = k(cos ϑ1, sin ϑ1 sin ϕ1, sin ϑ1 cos ϕ1)

and wavenumber k = 2π/λ. The angle ϑ1 with the x-axis is small (order of

1◦) and 0 ≤ ϕ1 ≤ 2π, with equal probability. This neutron passes through a

precession device R1 with a constant field in the y-direction: �B = Bŷ, which has

the shape of a parallelogram with length L and device angle θ0 (cf. Fig. 3.18).

The path length l1 of the neutron trajectory through the field �B in R1 follows

from geometry and is given exactly by

l1 =
L

cos ϑ1 − tan θ0 sin ϑ1 cos ϕ1

(3.14)

and the spin rotates around the y-axis over an angle

φ1 = (γm/h) Bλl1 ≡ cBλl1.

The constant c ≡ γm/h = 4.63 × 1014T−1m−2. The neutron hits the sample (S)

where Small Angle Neutron Scattering (SANS) happens. The sample has no effect

on the neutron spin and is described by Σ(�k|�k∗) which is the probability that the

neutron is scattered from �k to �k∗. The scattering is elastic, i.e. |�k∗| = |�k| = k, so

that we can write, in polar coordinates:

�k∗ = k(cos ϑ2, sin ϑ2 sin ϕ2, sin ϑ2 cos ϕ2).

We further follow the neutron with wavevector �k∗. It passes through the second

precession device R2 which is the same as R1 except that the magnetic field is

reversed: �B = −Bŷ. The path length l2 through R2 is exactly

l2 =
L

cos ϑ2 − tan θ0 sin ϑ2 cos ϕ2

(3.15)
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and the spin rotates in R2 around the y-axis over the angle φ2 = −cBλl2. Hence

this neutron appears at the end with a final spinor

|χf〉 = cos
φ

2
|χ+

x 〉 + i sin
φ

2
|χ−

x 〉,

where

φ = φ1 + φ2 = cBλ(l1 − l2)

is the total rotation angle around the y-axis. As before (section 3.9) we use an

analyzer (x,−) and a detector to measure the rotation φ. Thus, for neutrons

which scatter from �k to �k∗ one finds the intensity in the detector

I−(�k|�k∗) = sin2 φ

2
=

1

2
[(1 − cos(cBλ(l2 − l1) )]. (3.16)

Here one sees the essentials of the spin echo (SE) technique: when there is no

scattering (�k = �k∗, l1 = l2 and φ = 0), we will have I−(�k|�k∗) = 0. Thus, our

spin echo device probes the probability function Σ(�k|�k∗) of the sample.

Next we use that the sample scatters isotropically:

Σ(�k|�k∗) = Σ(�Q) = Σ(Qx, Qy, Qz) = Σ(Q)

where Q = | �Q| and �Q is the wavevector transfer �Q = �k∗−�k (cf. Fig. 3.18). Small

angle scattering means that Σ(�Q) has a typical cut-off-wavenumber Qc 
 k for

which Σ( �Q) = 0 when Q > Qc. Therefore, when Σ( �Q) �= 0 one has Q < Qc 
 k,

or |�k∗ − �k| 
 k, so the angle ϑ2 in Eq. (3.15) is also small (a few degrees).

Expansion of �Q(ϑ1, ϑ2, ϕ1, ϕ2) in ϑ1 and ϑ2 yields, up to linear order included,

and for all ϕ1, ϕ2:

�Q = (0, k(ϑ2 sin ϕ2 − ϑ1 sin ϕ1), k(ϑ2 cos ϕ2 − ϑ1 cos ϕ1) ).

For l2 − l1 one finds up to linear order in ϑ1 and ϑ2

l2 − l1 = L tan θ0 (ϑ2 cos ϕ2 − ϑ1 cos ϕ1) = (L tan θ0/k) Qz.

Introducing the SESANS (spin echo) correlation length

Z ≡ cBλL tan θ0

k
=

cλ2BL tan θ0

2π
, (3.17)

the argument of the cosine in Eq. (3.16) can be written cBλ(l2 − l1) = ZQz.

Integration of Eq. (3.16) over all final states �k∗ yields the fundamental result for

the SESANS intensity

I−(Z) =
1

2

+∞∫
−∞

dQy

+∞∫
−∞

dQz Σ(Qx = 0, Qy, Qz) (1 − cos ZQz), (3.18)
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Experimentally we obtain I−(Z) as a function of Z by varying B or L or both.

In principle one covers the huge range 0 ≤ Z ≤ 104 nm, using realistic values of

λ, B, L and θ0.

Theoretically, the intensity I−(Z) is the Fourier transform of the function Σ
′
(Qz) ≡∫ +∞

−∞ dQy Σ(0, Qy, Qz), i.e.

I−(Z) =
1

2

+∞∫
−∞

dQz Σ
′
(Qz)(1 − cos ZQz).

Like Σ( �Q), the function Σ
′
(Qz) vanishes for Qz > Qc. Hence, according to

Fourier’s rule, the variations in I−(Z) are on the scale Z ∼ 2π/Qc. Since Σ( �Q)

is the Fourier transform of the inhomogeneities in the sample, one also has

Qc∼2π/Lc, with Lc their typical size. Hence I−(Z) varies on a scale Z ∼ Lc; it

is ”as if” I−(Z) probes the sample ”in real space”.

Figure 3.19: General shape of the functions I−(Z) and G0(Z) showing the size

Lc of the inhomogeneities of the sample.

Fig. 3.19 (top) shows the basic shape of I−(Z). This function starts as ∝ Z2 and

approaches on a scale Lc its final limit

I−(∞) =
1

2

+∞∫
−∞

dQz Σ
′
(Qz) =

1

2

+∞∫
−∞

dQy

+∞∫
−∞

dQz Σ(0, Qy, Qz).

To characterize the intrinsic properties of the sample (independent of experiment)

one defines the normalized SESANS correlation function

G0(Z) =
I−(∞) − I−(Z)

I−(∞)
=

+∞∫
−∞

dQz Σ
′
(Qz) cos ZQz

+∞∫
−∞

dQz Σ′(Qz)

.
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Clearly, G0(Z) is the Fourier transform of Σ
′
(Qz) with G0(0)=1 and G0(∞)=0 as

sketched in Fig. 3.19. The actual approach of G0(Z) to its final limit G0(∞) = 0

on the scale Z ∼ Lc reveals the detailed properties of the sample, which is what

one wants to measure in SESANS.

In SESANS, equivalent descriptions occur (cf. Chapter 8). When the analyzer in

the outgoing beam is reversed to (x, +), one gets the intensity

I+(Z) = T +
1

2

+∞∫
−∞

dQz Σ
′
(Qz)(1 + cos ZQz).

Here 0 < T < 1 is the fraction of neutrons which do not scatter (hence final

spin +x̂) and the second term is the contribution of the scattered neutrons. The

transmission coefficient T can be obtained from a separate measurement. Then,

using that I+(Z) + I−(Z) = 1, one finds

+∞∫
−∞

dQz Σ
′
(Qz) = 1 − T

and one can write

I+(Z) =
1

2
(1 + T ) +

1

2
(1 − T )G0(Z) (3.19a)

I−(Z) =
1

2
(1 − T ) − 1

2
(1 − T )G0(Z) (3.19b)

Usually, in SESANS, one expresses the experimental result in terms of the po-

larization P (Z) which is the averaged spin component in the +x̂ direction of the

outgoing beam. Using Eqs.(3.19) we have

P (Z) =
I+(Z) − I−(Z)

I+(Z) + I−(Z)
= T + (1 − T )G0(Z) (3.20)

so that P (0) = 1 and P (∞) = T .

Correction for multiple scattering in SESANS

So far we disregarded the possibility that the neutrons could scatter twice in

the sample. As usual in neutron scattering experiments such multiple scattering

events can only be neglected when almost all neutrons go unscattered through

the sample, i.e. when T is almost 1, typically 0.9 ≤ T ≤ 1. Therefore our results

given above are restricted to this region of large T -values. A great advantage

of the SESANS technique is that all contributions of multiple scattering can be
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included exactly in the theory [24]. This was also confirmed experimentally [25].

To show this, we need that the transmission through any sample can be written:

T = exp(−σ
′
�) (3.21)

with � the thickness and σ
′
= nσ the inverse attenuation length. Here n is the

number density of scattering centers and σ the total cross section of one center (or

”inhomogeneity”). Then the total polarization, including all multiply scattered

neutrons can be written as

P (Z) =
∞∑

j=0

pjPj(Z), (3.22)

where

pj =
1

j!
e−σ

′

 (σ

′
�)j (3.23)

is the probability that the neutron has scattered precisely j times and Pj(Z) is

the corresponding contribution to the polarization.

We note that p0 = T is the transmission coefficient and P0(Z) = 1 (unscattered

neutrons remain fully polarized). Using the symmetry properties of Σ(�Q) we can

write the contribution of the single-scattered neutrons as

P1(Z) = G0(Z) =

∫
d�Q Σ( �Q)ei �Q·�Z

where �Q = (0, Qy, Qz), �Z = (0, 0, Z), d�Q = dQydQz and

Σ( �Q) =
Σ( �Q)∫
�dQΣ( �Q)

is the normalized transition probability from �k to �k∗ with �Q = �k∗ − �k.

For doubly scattered neutrons one has then

P2(Z) =

∫
d�Q1

∫
d�Q2 Σ( �Q1)Σ( �Q2) ei( �Q1+ �Q2)·�Z

so that P2(Z) = G0(Z)2. In general one finds in a similar way Pj(Z) = G0(Z)j

and we arrive at the central relation in SESANS, valid for all transmissions T :

P (Z) = eln T (1−G0(Z)) = eσ
′

 (G0(Z)−1). (3.24)

In Chapter 8 we use this relation in the form − ln P (Z)/(σ
′
�) = 1 − G0(Z) and

apply it to the results for limestone and graphite (Fig. 8.3). One sees the ap-

proach of 1 − G0(Z) to 1 on a scale Z ∼80 nm which is then an estimate for the
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size of the inhomogeneities in these samples.

In our investigations to build a SESANS instrument it appeared almost impossible

to incorporate static precession devices R1 and R2 of the shape of a parallelogram

shown in Fig. 3.18. The reason is that precession regions realized with magnetic

poles of any shape (including parallelograms) inevitably have a minimum of the

field in the central plane y = 0. Outside this plane the field increases toward the

poles quadratically with the distance from the central plane [26].

As a consequence, the actual precession angles φ1 and φ2 in the devices R1 and

R2 increasingly deviate from Eqs.(3.14) and (3.15), as we go out of the center of

the beam. This leads to a considerable contribution in the intensity I−(Z) due

to unscattered neutrons. It was shown by Rekveldt [27] that reversing the spin

of the neutrons at some place in the precession device will largely reduce this

effect and double the factor tan θ0 in Eq.(3.17). This will increase the range in

SESANS correlation length Z by a factor of 2.

Following these predictions and the idea of zero field precession § 2.3.9 we show

in Chapter 8 that these devices R1 and R2 can be replaced successfully by sets

of adiabatic RF flippers.

3.13 Zero field precession

Here we illustrate experimentally the phenomenon of zero field precession. The

x� �
�S0 ���

B0

RF

���

B0

RF

0 l0 L1 L1+l0

L2

B2

� � �
J(λ) P (B1, B2)

Figure 3.20: A neutron beam with spectrum J(λ) and �S(0) = x̂ passes through

2 RF flippers and a block coil (B2, L2) yielding the final polarization P (B1, B2).

setup is illustrated schematically in Fig. 3.20. The neutron beam in the x̂-

direction is fully polarized and has a Gaussian wavelength distribution J(λ) as

given by Eq.(3.5). The average wavelength is λ0=0.22 nm (v0=1800 m/s) and

the width ∆λ is small but finite. The beam goes through two identical resonance

RF flippers, which produce a magnetic field (cf. Eq.2.51a)

�B(t) = (2BRF cos ωt + ϕ, 0, B0)

over the path lengths 0 ≤ x ≤ l0 and L1 ≤ x ≤ L1+l0. Here l0 is the effective

length of one flipper and L1 is their center-to-center distance.
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We apply a RF frequency ω=1.83 MHz and a corresponding strong field B0 =

−100 G to fulfill the resonance condition ω = γB0. We choose BRF such that

γBRF tRF = π, 3π, 5π,... where tRF = l0/v0 is the time spent in one flipper. The

final spin after the two flippers is then given by Eq.(3.6):

�Sf = R−1
z (2γB0L1/v0) �S(0).

Therefore, in theory, the neutron experiences a field B1 ≡ 2B0 =−200 G over a

length L1. The beam passes through a block coil with field �B2 = B2ẑ and length

L2=32.5 cm and at the end we measure the polarization P (B1, B2) as introduced

in section 3.9 and given by Eq.(3.6).

Figure 3.21: Polarization P (B1, B2) measured for the setup of Fig. 3.20 when

L1=30 cm and L1=40 cm. The center B2 = B∗
2 of the signal is determined by

B1L1 + B2L2 = 0 with B1 = 2B0 = −200 G and L2=32.5 cm.

We show P (B1, B2) as a function of B2 in Fig. 3.21 (top), where L1=30 cm. One

sees that the center of the signal is indeed located near B2 = B∗
2 = −L1B1/L2 =

185 G. We also measured P (B1, B2) for L1=40 cm and the result is given in

Fig. 3.21 (bottom). The center of the signal is now shifted to B2 = B∗
2 =

−L1B1/L2 = 250 G. This confirms experimentally the phenomenon of zero field

precession: the neutron experiences an effective field B1 = 2B0 over a length L1

which is the distance between the two RF flippers unrelated to their intrinsic

length l0.
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Chapter 4

Neutron Larmor Precession

Transmission Experiments

W.H. Kraan, J.B. van Tricht and M.Th. Rekveldt

Interfacultair Reactor Instituut, Delft University of Technology, Mekelweg 15,

2629 JB Delft, The Netherlands

Appeared in Nucl.Instr.& Methods A 276 (1989) 521-28

A polarized thermal neutron beam passes through a precession coil. The intensity
after an analyzer is measured as a function of the magnetic induction in the coil.
Fourier transformation of the recorded intensity yields the spectrum of the neutron
beam emerging from the analyzer. This method is used in a quantitative way in two
examples. First, we measure the transmission of α-SiO2 to determine its scattering
cross section as a function of wavelength. In the second example, the transmission
of a polarizing mirror system consisting of coated curved silicon wafers is determined.
Because the neutron beam emerging from the analyzer is polarized, we are able to
determine the polarizing power of the mirror system as a function of wavelength by
comparing the transmitted polarized and depolarized spectra.

4.1 Introduction

In a recent paper Rekveldt and Kraan [28] discussed some applications of neutron

Larmor precession as a tool for energy analysis of an initially polarized white

neutron beam. They established the qualitative use of the method and indicated

that quantitative experiments should be undertaken. In the present paper we

report on the quantitative application of the method in transmission experiments

on two examples chosen from widely different fields. A preliminary account was
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given in Ref. [29]. In the first experiment we compare the thermal neutron total

scattering cross section of vitreous silica derived from Larmor precession with

accurate data by Sinclair and Wright [30]. Knowledge of the total scattering

cross section is of great importance for precise diffraction work on liquids and

amorphous materials [31]. Especially the corrections for multiple scattering would

benefit from accurately known total scattering cross sections.

Secondly, we determine the transmission T (λ) and the polarizing power P (λ) of

a curved polarizing mirror system as a function of wavelength. The quantities

P (λ) and T (λ) in general may be considered to characterize any mirror system

and will be relevant in discussions about the feasibility of the various applications

of Larmor precession reviewed in Ref. [28]. Moreover, data of P (λ) - obtained so

far by the time-of-flight method - are scarce in literature [32][33][34].

In Section 4.2 of this paper we introduce the Larmor precession method and

its mathematical formulation, followed by a brief error analysis. Section 4.3

contains a description and an analysis of transmission experiments in vitreous

silica. Finally, in Section 4.4 the results of the experiments on a polarizing mirror

system are presented and discussed. Some conclusions are given in Section 4.5.

4.2 Larmor precession method

4.2.1 Outline of the method

� x

�
y

�
z

⇑ ⇓

S

��
��

D !
" #! �

�

P AS1 S2L

B�

Figure 4.1: Schematic top view of the setup. P, A: polarizing mirror systems;

L: Larmor precession coil with B//z; S: sample to be transmitted; D: detector;

S1, S2: vertical slits to define the incident beam for the test of a third polarizing

mirror system (Fig. 4.5).

The experimental setup shown in Fig. 4.1 is the same as described in Ref. [28].

However, in the present setup only the neutron intensity I(B) in the direct beam

is measured as a function of the magnetic induction B (//z) inside the Larmor

precession coil L. The polarization of the beam, which is perpendicular to B,
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precesses (in the xy plane) around B during passage through the coil. The

polarizing and analyzing systems P and A are aligned antiparallel. Hence the

intensity measured after the analyzer A is

I(B) =

∞∫
0

J(λ)

2
[1 − P (λ) cos(cλB)] dλ. (4.1)

Defining the ”shim” intensity

IS =

∞∫
0

J(λ)

2
dλ, (4.2)

and J̃(λ) = 1
2
J(λ)P (λ), Eq. (4.1) may be rewritten

I(B) − IS =

∞∫
0

J̃(λ) cos(cλB)dλ. (4.3)

i.e. the measured intensity I(B) minus the shim intensity is the Fourier cosine

transform of the quantity J̃(λ): half the product of the neutron wavelength spec-

trum J(λ) and the wavelength dependent polarization P (λ). By performing the

inverse Fourier transformation we obtain J̃(λ) itself:

J̃(λ) = − 2

π

∞∫
−∞

[I(B) − IS] cos(cλB)d(cB), (4.4)

where the quantity c = −(4πgµNmN/h2)l. Here g is the neutron gyromagnetic

constant, µN the nuclear magneton, mN the neutron mass, h Planck’s constant

and l the length of the coil.

4.2.2 Practical realization

In practice, the Fourier transformation of Eq. (4.4) is performed numerically after

the intensity I(B) has been measured in a finite number 2(N + 1) of equidistant

points Bk over a range −BM < Bk < +BM . In this case Eq. (4.4) takes the form

of a summation:

J̃(λ) = − 2

π
c(BM/N)

N∑
k=−N

[I(Bk) − IS] cos(cλBk), (4.5)

where the field step ∆(cB) = c(BM/N) and has the dimension [length]−1. Be-

cause the summation is taken over a finite interval, the outcome is a convolution
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of J̃(λ) with the function F (λ) = (sin cBMλ)/λ. This entails that J̃(λ) is effec-

tively weighed by F (λ) over an interval ∆λ, to be considered as the resolution of

the method:

∆λ = π/(cBM). (4.6)

This convolution introduces oscillations into the obtained J̃(λ). Their amplitude

will merge within the standard deviation SJ̃ due to statistics, if BM is chosen

such that I(B) − IS becomes of the order of SJ̃ .

The coil used in this study (see Fig.3.5 in Chapter 3) is 130 mm long, hence the

constant c equals 5.99(5) × 104 nm−1 T−1 [5.99 nm−1 G−1 ]. We may produce

a maximum induction BM = 60 × 10−4 T (60 G), so ∆λ obtainable with this

simple coil according to Eq. (4.6) equals 0.009 nm. In the present experiments

a BM of only 25×10−4 T was chosen, hence ∆λ equals 0.02 nm. The maximum

wavelength λM to be analyzed is:

λM =
π

∆(cB)
. (4.7)

Hence, for λM = 1.0 nm, the field step ∆(cB) should be smaller than 3.14 nm−1,

i.e. for the length and maximum field specification of our coil, N should be

greater than 112.

4.2.3 Propagation of counting errors

The obtained intensities I(Bk) are stochastics with a Poisson probability distri-

bution. The majority of these intensities differs little from IS, so we suppose the

variance in each of them equal to IS. (A more rigorous treatment to account for

the variances is given by Verkerk [35]). The variance in IS is a factor 1/(2N + 1)

smaller than in the I(Bk), so we neglect it. The variance s2
k in the quantities

I(Bk) − IS is then, approximately [36]:

s2
k = IS

(
1 +

1

2N + 1

)
≈ IS. (4.8)

The variance S2
J̃

of J̃(λ) in Eq. (4.5), calculated according to the law of error

propagation, is:

S2
J̃

=

(
2

π

)2 N∑
k=−N

s2
k cos2(cλBk)∆

2(cB).

Substitution of Eq. (4.8) and writing ∆(cB) = cBM/N gives:

S2
J̃

=

(
2

π

)2 (
cBM

N

)2

IS

N∑
k=−N

cos2(cλBk).
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The summand in this equation is written (1/2)[1 + cos(2cλBk)]. After reduction

to the interval [0, 2π], the arguments of the cosine term are distributed uniformly

over this interval, giving zero upon summation. Hence:

S2
J̃

=

(
2

π

)2 (
cBM

N

)2
IS

2
(2N + 1) ≈ IS

N

(
2cBM

π

)2

, (4.9)

so the standard deviation SJ̃ in the obtained J(λ) is independent of λ.

For a given total measuring time the product NIs is fixed. Then Eq. (4.9) entails

that S2
J̃
∝ 1/N2, i.e. the standard deviation SJ̃ ∝ 1/N . So SJ̃ has the same

dependence on N as J̃(λ) itself. As a consequence the relative standard deviation

in J̃(λ) is independent of N .

The variance in the total cross section σT found in a transmission experiment of

a sample with atomic density n and length d may be calculated using the above

result in the law of error propagation:

S2
σT

=
1

nd

(
S2

J̃t
/J̃2

t + S2
J̃e

/J̃2
e

)
, (4.10)

where S2
J̃t

/J̃2
t and S2

J̃e
/J̃2

e are the standard deviations calculated according to

Eq. (4.9) and where the suffixes t and e represent the transmitted and the ”empty”

beam respectively.

4.3 Transmission of vitreous silica

4.3.1 Introduction

Two measurements are required in a transmission experiment, one with open

beam, J0(λ), and one with the sample in the beam, Jt(λ):

Jt(λ) = J0(λ) exp[−nσT (λ)d]; (4.11)

n is the number of SiO2 units per cm3, d is the length of the sample in the beam

and σT is the total scattering cross section per SiO2 unit given by:

σT (λ) = σS(λ) + σA(λ), (4.12)

where σS(λ) is the scattering cross section and σA(λ) the absorption cross section.

In order to minimize the statistical error in the outcome of a transmission ex-

periment performed within a fixed time interval, the sample thickness, monitor

efficiency and the fractions of time devoted to measuring Jt(λ), J0(λ) and back-

ground should be strictly chosen. The optimal transmission experiment has been

studied by Burge [37] for the case of constant flux in the beam, and by Fredrikze

[38] for the case of a monitored beam. The optimal situation for the latter case

is given in Table 4.1 together with the actual situation.
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4.3.2 Experiments

The sample is a cylindrical rod, 16 mm in diameter and 100 mm long with overall

transmission 0.128. The vitreous silica sample, ”Spectrosil B” was purchased

from Thermal Syndicate Ltd. The instrument was not designed for transmission

experiments, hence the situation was by no means optimal as can be seen from

Table 4.1. Instead, equal relative errors in J̃t(λ) and J̃0(λ) were aimed at.

Table 4.1: Experimental real and optimal settings

Transmission Lin attenuation coeff Monitor efficiency

real optimal real optimal real optimal

0.128 0.04536 2.05 3.09 0.025 0.2768

Figure 4.2: Measured intensity in the open beam for the SiO2 transmission ex-

periment as a function of the magnetic induction in the Larmor coil and as a

function of the variable cB introduced in Eq. (4.4). The standard deviation due

to statistics does not exceed the size of the symbols.

The polarized neutron beam was collimated to a diameter of 13 mm at both

ends of the silica rod by means of Cd diaphragms. Measurements were made

without and with the sample at position ”S” (Fig. 4.1), yielding I0(B) and It(B),

respectively. The background intensity was measured with the beam closed; it

did not exceed 2.5% of the lowest intensity: It(B = 0). A dead time correction

was applied as well, it amounts to 2.5% at most. Measurements against preset

monitor were taken in repeated series of 501 data points and checked for mutual

consistency. The combined measuring times with and without the sample and

those for background are 1.5 min per data point. In Fig. 4.2 I0(B) is shown. The

Fourier transformed intensities J̃0(λ) and J̃t(λ) are shown in Fig. 4.3a.
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Figure 4.3: (a) Spectra obtained after Fourier transformation in the SiO2 trans-

mission experiment. Error bars are 2SσT
due to statistics. (b) σT (λ) obtained

from the spectra in (a) and Eqs. (4.11) and (4.12). The error bars correspond to

2SσT
due to statistics.
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Figure 4.4: σS(E) for SiO2 derived from our data (circles) and data in Ref. [30]

(dots). The dashed line is the H2O correction, subtracted in Ref. [30] in order to

obtain the data as displayed (scale to the right). The crosses are the difference

between our data and Ref. [30].

The P and A devices (Fig. 4.1) have a negligible transmission for λ < 0.2 nm,

hence this part of the reactor spectrum is not available. Several dips in the spectra

are due to materials in the beam channel: Al, Be and Si; the attributed causes

are indicated. Beyond λ = 0.35 nm the intensity falls due to the reactor spectral

distribution. The error bars correspond to the standard deviation calculated

according to Eq. (4.9). The scattering cross section as a function of wavelength

is shown in Fig. 4.3b derived from T (λ) using Eqs. (4.11) and (4.12). The error

bars correspond to 2SσT
calculated according to Eq. (4.10):

σS(λ) = − 1

nd
log T (λ) − σA(λ), with (4.13)

σSiO2
A = 0.8929λ × 10−23cm2(λ in nm ); n=22.2 × 1022cm−3. (4.14)

The scattering cross section σS shows a smooth behaviour over that part of the

spectral distribution where the intensity is at least 0.2 of the peak intensity:

outside this range the standard deviation in the signals J̃0(λ) and J̃t(λ) becomes

of the same order as these signals themselves, hence large fluctuations develop.
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4.3.3 Discussion

The average scattering cross section σS takes a value close to the weighted value

for the free atom cross sections per unit SiO2, rather than the bound atom cross

section. This confirms the outcomes for σS for α-SiO2 obtained by Sinclair and

Wright [30] in a linac setup. In Fig. 4.4 we compare σS obtained with the Larmor

method with the outcomes of their experiment, adapting scales to energy instead

of wavelength, according to σ(E)dE = σ(λ)dλ. The Larmor experimental values

are well above those of Sinclair and Wright. It is fortunate that the samples in

both experiments are the same in quality, ”Spectrosil B”. We determined the

difference between their and our dataset (crosses in Fig. 4.4: scale to the right):

this gives a value almost equal to the calculated [30] contribution of ”water con-

tent” that was subtracted by Sinclair and Wright. This contribution should also

be read from the right hand scale in Fig. 4.4 and amounts to about 0.25 b at

E= 10 meV. However, at closer inspection the H2 contribution thus determined

for the present experiment is slightly larger. From the present data we conclude

that the Larmor precession determination of the scattering cross section can be

accomplished accurately within a few tenths of a percent in an admittedly re-

stricted energy range compared to the linac method within 12 h of beam time

at a 2 MW swimming pool reactor. For diffraction experiments an extension

towards larger energies would be attractive, the manufacture of polarizing mirror

systems extending the energy range to above 100 meV is feasible, the extension

towards smaller neutron energies calls for more neutrons rather than for better

polarizing mirror arrangements.

4.4 Transmission and polarization of a polariz-

ing mirror system

4.4.1 Introduction

In this section the technique of Sec. 4.2 is applied to determine the transmission

and polarizing power of a mirror system of the same design as system A in Fig. 4.1.

This is important for a number of reasons:

• As shown in Sec. 4.2, the product J̃(λ) of the spectral density J(λ) and

the polarization P (λ) is measured rather than J(λ) itself. It is necessary

to know P (λ) in order to obtain J(λ).

• Data on P (λ) and the transmission T (λ) of the mirror systems developed

at IRI and described earlier [40] can be compared with predictions based on
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the formulae given in the same article and previously, e.g. Ref. [41]. Such

data will be helpful in discussions about the feasibility of the applications

of Larmor precession spectroscopy mentioned in Ref. [28].

• Although various curved single or multichannel mirror systems have been

described in the literature [32][33][34], few results of transmission experi-

ments have been published.

The system to be tested (Fig. 4.5) is of the type described in Ref. [40]. It is a

stack of silicon wafers with a spacing between successive wafers equal to their

thickness. The stack is bent over an angle 2β=16 mrad. Both the wafers and the

spacings in between act as neutron channels. The polarizing mirrors are realized

as FeCo layers sputtered on both sides of the wafers. Each type of channel is

faced by FeCo mirrors of a composition such that θ−c is equal to zero. Absorbing

layers containing Gd are provided between the mirrors. To avoid reflection, the

Gd is alloyed with Ti in a degree that the net scattering length is zero. The

dimensions of the system are indicated in Fig. 4.5.

Figure 4.5: The mirror system tested.
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4.4.2 Definition of transmission

In Ref. [40] the transmission problem is considered in two dimensions. An inten-

sity J0(λ)δ merges isotropically (i.e. into 2π) into the entrance of a single channel

(width δ) between two curved mirrors. Denoting the outcoming intensity Jt(λ),

the transmission of the channel is defined:

T (θc) = Jt/(2J0θcδ). (4.15)

The denominator represents the number of neutrons entering the channel from

an angular interval θc on either side of the tangent to the mirror plane at the

entrance. Since θc is proportional to λ, the divergence of the incoming beam in

Eq. (4.15) depends on λ. (In the present definition T (θc) is a factor of 2 smaller

than in Ref. [40].) Using the result given in Eqs. (4) and (5) of Ref. [40], we

have

T (θc(λ)) = 2
3

x2(λ) (x(λ) < 1)

T (θc(λ)) = 2
3

x3(λ)−(x2(λ)−1)3/2

x
(x(λ) > 1), (4.16)

where

x(λ) = θc/β = bλ/β.

The quantity b depends on the atomic densities (Nm, Nc) and the scattering

lengths (bm, bc) of the material of the mirrors (m) and the filling material inside

the channel (c), respectively:

b =
√

(〈Ncbc〉 − 〈Nmbm〉)/π.

In the system to be tested b equals 18.5 and 18.7 mrad/nm for a mirror along

a silicon filled channel and an empty channel, respectively, where it is assumed

that the neutron spin is parallel to the magnetisation of the mirror. Hence, the

characteristic wavelength giving x(λ)=1 equals 0.43 nm.

4.4.3 Measurements

An incoming beam of well defined divergence was realized by means of two verti-

cal slits S1 and S2 of width 1.1 and 5.1 mm respectively (Fig. 4.1) giving a profile

with FWHM ∆ equal to 6.4 mrad, sketched in the insert of Fig. 4.6a. Because S1

and S2 are vertical, whereas the mirrors in the systems P and A are horizontal,

the beam profile behind S2 is independent of λ.

The intensity I0(B) of the beam thus prepared was measured. Its Fourier trans-

form ,J̃0(λ) is given in Fig. 4.6a as small + signs. The system to be tested was
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placed in this beam with its mirrors vertical, i.e. parallel to the slits S1 and S2.

In this way the assumptions of Eqs.(4.15) apply to the horizontal plane.

Since, in addition to the transmission, the polarizing power of the system was to

be measured, it was surrounded by a configuration of permanent magnets. The

superposition of its stray field with the stray field of the analyzer A was the guide

field for the adiabatic rotation over π/2 needed to obtain the polarization in the

plane of the mirrors of the system being tested. The latter could be rotated about

a vertical axis by means of a computer controlled stepping device. The axis of

rotation coincided with the center of the entrance window. The transmitted in-

tensity (at B=0) and with a shim between P and A) was measured as a function

of stepping angle to determine the setting of maximum overall intensity.

In this setting Larmor spectra I+
t (B) and I−

t (B) were taken without and with a

depolarizing shim between A and the system being tested. Their Fourier trans-

forms, denoted J̃+
t (λ) and J̃−

t (λ), are given in Fig. 4.6a. The error bars correspond

to 2SJ̃ according to Eq. (4.9).

4.4.4 Results and interpretation

Transmission

We define the transmission function Texp(λ) found experimentally:

Texp(λ) = 2J̃s
t (λ)/J̃0(λ). (4.17)

In Fig. 4.6b the experimental result Texp(λ) is plotted (open circles) together

with the theoretical T ∗(λ) for β equal to 6.0 and 8.0 mrad (dashed and dash-

dotted lines). Before we can compare Texp(λ) and T ∗(λ), we must consider three

corrections to T ∗(λ).

In the first place, we should make a correction for the absorption in the Si filled

channels. The silicon wafers are cut from a monocrystal oriented such that none

of the (100) planes can satisfy the condition for Bragg reflection, hence losses due

to coherent scattering need not be taken into account for λ > 0.4 nm. The full

line in Fig. 4.6b represents T ∗(λ) for β = 6 mrad and corrected for absorption in

one out of two channels.

In the second place, Texp(λ) is determined for the depolarized beam, which means

a reduction of the intensity by a factor of 2. This is, however, already accounted

for in the definition (4.17).

In the third place, we should realize that Texp(λ) was obtained with an incoming

beam of fixed divergence ∆ whereas in T ∗(λ) the incoming beam is supposed to

have a λ-dependent divergence 2θc. For λ = λ0 given by

2θc(λ0) = ∆, (4.18)
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Figure 4.6: (a): Spectra obtained after Fourier transformation in testing the mir-

ror system of Fig. 4.5: incident beam on the mirror system, transmitted beam and

transmitted depolarized beam through the system. (b): Comparison of transmis-

sion Texp(λ) found experimentally and T ∗(λ) calculated with Eq. (4.16) for cur-

vatures β = 6 and 8 mrad. The thick line is for β = 6 mrad with Si absorption in

one out of two channels. (c): Shim ratio s(λ) (Eq.4.19) for the system combined

with a ”polarizer” consisting of the complete setup of Fig. 4.1 in front of S2. The

error bars correspond to the standard deviation due to statistics.
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(whence λ0 = 0.17 nm), the divergence of the actual beam corresponds to 2θc.

For λ < λ0 the quantity T ∗(λ) should have to be reduced by λ/λ0 in order to

compensate for the fact that the system was illuminated with a more divergent

beam than it could accept. However, because this correction applies to the λ-

region in which no neutrons are present, it is not relevant.

Making the first correction, it appears that Texp(λ) is in good accordance with

T ∗(λ) for β = 6 mrad from the onset at λ = 0.17 nm up to 0.35 nm. This value

for β is 25% less than its design value 8 mrad, For λ increasing from 0.4 to 0.6

nm, Texp(λ) falls increasingly short of T ∗(λ). Because of the low value of J0(λ)

for λ > 0.6 nm in comparison with its standard deviation (Eq. (4.10)), the data

beyond 0.6 nm are not relevant. For λ > λ0 the divergence of the incident beam

is smaller than the acceptance of the mirror system. We assume that Texp(λ) in

this case represents its transmission properties over the whole 2θc range.

Polarization

The polarizing power of a combination consisting of two polarizing systems 1 and

2 is characterized by its shim ratio s:

s = J+/Js = 1 + P1P2, (4.19)

where J+ and Js are the intensities measured behind system 2 without and with a

shim between the systems, respectively and where P1 and P2 are their polarizing

powers. In the present case P1 is the polarizing power of the complete setup of

Fig. 4.1 in front of S2 and P2 the polarizing power of the system being tested.

In Fig. 4.6c the quantity s(λ) = J̃+
t (λ)/J̃s

t (λ) is plotted as a function of λ. Within

the standard deviation of 0.1, s appears to have a constant value of 1.9 over the

wavelength range 0.2 < λ < 0.6 nm. Since P1 is known from earlier experiments

to be 0.95, we conclude that P2 is 0.95 (±0.1).

4.4.5 Discussion

Reflectivity

After the corrections for Si absorption and beam divergence, the function T ∗(λ)

appears to give a good account of the experimental result Texp(λ) for β equal to

6 mrad. This indicates that the reflectivity of the mirrors is very good, i.e. above

0.9 over the whole λ-range.

Curvature

Because the curvature β appears less than its design value, a fraction g = δ∗/l
of the incoming neutrons can get through the system without being reflected (δ∗
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is the ”free” opening between successive mirrors). Since the effective curvature

β= 6 mrad, an upper limit for δ∗ is 0.05 mm, hence g equals 0.08. This implies

that for all wavelengths the transmission Texp(λ) contains 4% reversed spins. On

the other hand, the polarizing power P (λ) has a constant value of 0.9(±0.1) over

the whole λ range. This is due to the ”free” opening. (In a subsequent optical

measurement of the curvature a mean effective curvature β equal to 6 mrad was

indeed found.)

Polarization

If a θ−c existed, it would lead, according to Eq. (4.16), to a contribution of reversed

spins proportional to λ2. This would result in a drop in P (λ) with increasing λ.

It is observed, however, that P (λ) is constant over the whole λ-range. This

indicates that no reflection of reversed spins occurs. We therefore conclude that

the mirror material meets the FeCo composition needed for θ−c being zero and

that the mirror material is magnetically saturated.

4.4.6 Summary

From the transmission experiments on a polarizing mirror system we can state:

• Sputtered FeCo layers with polished silicon as a substrate have a reflectivity

of better than 90% over the wavelength interval studied.

• From the wavelength dependence of the polarization it is concluded that

the composition of the mirrors in our system is equal to the composition

required for100% polarization.

• The curvature of our system appears to be 25% less than critical.

• A period of four years elapsed between production and the present test of

the system. Its good specifications have lasted for this period, so it has a

satisfactory long term stability.

4.5 Conclusion

In this article the technique to produce neutron spectra by means of Larmor

precession followed by Fourier transformation was demonstrated in two examples

of a transmission experiment. We conclude that the spectra obtained are accurate

enough to make a meaningful division in order to get a transmission function

over the wavelength range 0.2 < λ < 0.6 nm. The fact that the beam emerging
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from the analyzer of the Larmor setup is polarized enables us to equally measure

the polarizing properties of (e.g.) a polarizing mirror system as a function of

wavelength. The present results have encouraged us to engage in optimizing the

method and to exploit the applications suggested in our earlier article.
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Chapter 5

Adiabatic rotators for 3-D

neutron polarization analysis
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The Netherlands

Appeared in Nucl. Instr.& Methods A 300 (1991) 35-42

A set of two polarization rotators designed according to the principle of adiabatic rota-
tion of the polarization vector of a polychromatic thermal neutron beam is described.
The adjustment of the polarization vector along the axes of the laboratory coordinate
system is examined by 3-dimensional polarization analysis over the λ range of 0.15-
0.55 nm. The spectra needed for this analysis are obtained by means of the method of
Larmor precession followed by Fourier transformation.

5.1 Introduction

The technique of 3-dimensional analysis of the polarization vector of a ther-

mal neutron beam is nowadays widely used in magnetic neutron diffraction and

neutron depolarization. At IRI, this technique has been applied since 1970 to

monochromatic beams. For a polychromatic beam the possibility of depolar-

ization experiments with 3-dimensional analysis was opened using the method

of wavelength analysis by Larmor precession to a field which is varied stepwise,

followed by Fourier transformation. This calls for polarization rotators which,

contrary to the present ones, realize an orthogonal adjustment of the polarization

vector for the whole thermal neutron spectrum.

For this purpose a set of two polarization rotators was developed based upon the
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principle of ”adiabatic rotation” like the ones already installed in Leningrad [42]

and Vienna [43]. However, the second is used for adjustment of a monochromatic

beam. This article deals with the realization of such rotators and their testing

by means of the Larmor modulation method described in an earlier article [44].

5.2 Principle of operation

The operation of the rotators is based upon the equation of motion for the po-

larization vector P in a magnetic field B:

dP /dt = γ[P × B] (5.1)

(γ is the gyromagnetic ratio). In a homogeneous field its solution is a rotation of

the vector P around the vector B with the angle between P and B remaining

constant. This is the well known Larmor precession which occurs at an angular

frequency ωL = γ|B| = 2gnµn|B|/h̄ (where gn is the splitting factor and µn is

the magnetic moment of the neutron and h̄ is Planck’s constant divided by 2π).

If the field is inhomogeneous, one should consider the rate of change ωG of the

direction of B as seen in a coordinate system moving with the neutron. If

ωG << ωL (5.2)

and the initial angle between P and B is zero, the vector P will precess around

the local B and the angle between P and B will remain less than ωG/ωL. The

vector P is said to follow B adiabatically. Considering this, an adiabatic rotation

of the vector P from its initial direction (y) into a desired direction x, y, z can be

accomplished by providing a magnetic field along the beam path which gradually

turns from y to x, (y) or z. If the strength of the field is chosen such that condition

(5.2) is fulfilled for the minimum wavelength in the neutron spectrum, it will be

fulfilled over the entire spectrum.

5.3 Realization

Fig. 5.1 (top) gives a schematic view of the first rotator (D1) placed behind the

polarizer. Its length is 15 cm; it has a square cross section in the yz plane of

16×16 cm. The stray (y) field of the polarizer (open arrow at left; dotted line in

Fig. 5.1 (bottom)) is combined with the fields of coils 1, 2 or 3 for the required

rotations of the polarization vector. For rotation from y to x or z, coils 1 and

3 are energized, respectively; coil 2 is energized for adjustment of the vector P

parallel to y. (For clarity in Fig. 5.1 only coils 2 are shown; coils 3 are similar
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Figure 5.1: (Top) Top view of the first rotator (D1) including the coils 1 with

l’ and 2 with 2’ for adjustment of the polarization vector parallel to the x- and

y-axis respectively. For simplicity the coils 3 with 3’ for adjustment parallel to

the z-axis (analogous to 2 combined with 2’, but rotated by π/2 around x) are

omitted. Bottom: Magnetic induction of the coils for a current of 0.5 A. The

dotted line is the stray field of the polarizer.

to coils 2 but rotated by π/2 around the x axis.) The window of the sample

chamber (see next section) contains a set of three orthogonal coils denoted l’, 2’

and 3’. They are energized together with 1, 2 and 3, respectively.

Fig.5.1 (bottom) displays the fields generated by coils 1 and 2 (or 3) for a current

of 0.5 A. Coils 2 and 3 are shaped in such a way that their fields abruptly drop to

zero beyond D1 as seen along the neutron path. Hence, the vector P is no longer

affected after the neutron beam leaves D1. For coil 1 (rotation with respect to x)

this is impossible because of Maxwell’s equations; it only can be shaped in such

a way that the decay of its field along the neutron path is slow enough not to

give a too strong inhomogeneity over the beam cross section to cause appreciable

depolarization. The shape and the operation of rotator D2 in front of the analyzer

is mirror symmetrical.
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5.4 Theory of test procedure

Fig. 5.2 represents the setup for testing the performance of the rotators D1 and

D2. They are sandwiched around the sample chamber S between polarizer P

and analyzer Q. This assembly, referred to as ”depolarization module” (DM), is

tested by means of the ”Larmor module” (LM) consisting of the analyzer Q, a

precession coil (L) and a second analyzer R. S contains a pair of coils to generate

a magnetic field over about a 10 mm path length parallel to the y- or z-axis. The

procedure described below is performed without field in S, with a y-field and with

a z-field in S.

� x
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Depolarization module Larmor modulator
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Figure 5.2: Schematic top view of the test setup for the adiabatic rotators D1

and D2.

For each mode i(= x, y, z) of D1 and each mode j(= x, y, z) of D2 the intensity

Iij(B) is recorded as a function of the field B in the precession coil. Moreover,

the intensities I−xx(B) and I−zz(B) are recorded. It was pointed out earlier [44]

that from the intensities Iij(B) the spectra Jij(λ) are obtained by the Fourier

transformation:

Jij(λ) = − 2

π

∞∫
−∞

[Iij(B) − Is] cos(cLλB)d(cLB). (5.3)

Here Is is the intensity measured when a depolarizing shim is placed between Q

and R (Is does not depend on B). cL is a constant characterizing the precession

coil; it can be determined from I(B) for a monochromatic beam of known wave-

length. The spectra J−xx(λ) and J−zz(λ) are obtained from I−xx(B) and I−zz(B)

according to the same procedure.

From these spectra the uncorrected depolarization matrix elements D∗
ij for D1

operating together with D2 in the ij mode are defined according to:

D∗
ij(λ) = 1 − Jij(λ)

Js(λ)
, (5.4)

where Js(λ) is the spectrum obtained with a depolarizing shim in S. (Js(λ) should

not be confused with Is in Eq. (5.3).) The depolarization matrix elements cor-
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rected for the total depolarization in the setup are calculated by:

Dij(λ) =
Js(λ) − Jij(λ)

Js(λ) − Jmin(λ)
. (5.5)

In practise one takes for Js(λ) the average of Jxx(λ), J−xx(λ), Jzz(λ) and J−zz(λ).

The ”minimum intensity” Jmin(λ) is taken to be equal to Jyy(λ), i.e. the mode

in which no adiabatic rotation in D1 and D2 occurs.

5.5 Results

5.5.1 Without fields to S

The rotators D1 and D2 appeared to give the best adjustment of the vector P

when the coils 1, 2 and 3 in D1 and D2 were operated at a current between 0.4

and 0.5 A. The adjustment proved to depend hardly on the current in coils 2’ and

3’ (so these were switched in series with 2 and 3), but to depend critically on the

current in coil l’ (x adjustment). This current must be strong enough to overcome

stray fields to the transition region of the sample chamber, but weak enough so

that the divergent field outside coil l’ does not affect the vector P anymore. A

current between 0.15 and 0.20 A (corresponding to a maximum field value of

10×10−4 T) proved to be optimal. To give a typical result, Fig. 5.3 contains the

Figure 5.3: (Top) Intensity Ixy(B) recorded as a function of the magnetic induc-

tion m the Larmor coil L (Fig. 5.2) without field in sample chamber S (Fig.5.2).

The decline of the intensity at both ends is due to the ”Tukey filter” (see 5.5.1)).

(Bottom) Spectrum Jxy(λ) obtained from the above measurement after Fourier

transformation according to Eq. (5.3).
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intensity Ixy, recorded as a function of B without field in S and the spectrum

Jxy(λ) obtained according to Eq. (5.3). The fact that the recorded intensities in

the plot of Ixy(B) tend to zero at both ends is due to the measuring time devoted

to each B-point. This time (preset monitor value) was adjusted according to a

”Tukey filter” [45], i.e. equal to

cos2

(
B

Bmax

π

2

)
times the time at B = 0,

in order to reduce the truncation effect in the Fourier transformation according to

Eq. (5.3). From the plot of Jxy(λ) it appears that the available spectrum begins

at λ=0.15 nm and drops rapidly beyond λ=0.4 nm. Therefore the results are

considered to be relevant between 0.2 and 0.55 nm, as may be apparent from the

error bars in Fig. 5.4.

Figure 5.4: ”Uncorrected” depolarization matrix elements Dij without field in

S obtained according to Eq. (5.4) from the spectra Jij, with the average of the

spectra Jxx(λ), J−xx(λ), Jzz(λ) and J−zz(λ) as ”shim” intensity.

This figure shows the elements D∗
ij(λ) for all nine ij modes. It is observed that

between 0.15 and 0.4 nm D∗
xx, D∗

yy and D∗
zz are within 0.05 equal to the theoretical

value of 1; beyond 0.4 nm these quantities decline rapidly. This observation is
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discussed in Sec. 5.6.2. The D∗
ij for i �=j are equal to 0 within 0.1 over the range

of 0.2−0.55 nm. The boundaries of these intervals are indicated by the dotted

lines in Fig. 5.4.

5.5.2 With an y- or z-field in S

Fig. 5.5 contains the elements D∗
ij with a current of 0.7 A in the y-coil (corre-

sponding to a field strength of 8 A/cm over a 10 mm path length) inside the

sample chamber S. From the path length of the neutron beam through the coil it

follows that D∗
ij should be identical with a rotation matrix describing a rotation

over φ∗ = 5.11 · λ (λ in nm) as given by the dotted lines. It is observed that

the measured D∗
ij follow the theoretical values reasonably well; the deviations in

general do not exceed 0.1. An analogous set of measurements was taken with a

z-field inside the sample chamber. The conclusion is likewise.

Figure 5.5: Depolarization matrix elements Dij with a y-field in S obtained

according to Eq. (5.5) from the spectra Jij (Shim intensity: see Fig. 5.4; minimum

intensity: see Sec. 5.4). The dotted lines give the elements for a rotation matrix

around y over φ∗ = 5.11 · λ.
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5.6 Discussion

5.6.1 Checking shim intensity

Figure 5.6: Quotient of the ”shim” intensity with a shim placed in S and the

average of the spectra Jxx, J−xx, Jzz and J−zz.

Fig. 5.6 contains a plot of the function T (λ) found after dividing the spectrum

Js(λ) by the average of Jxx(λ), J−xx(λ), Jzz(λ) and J−zz(λ). It is seen that

this average is a good representation of the shim intensity Js(λ) as obtained by

actually placing a depolarizing shim plate in the sample chamber S. In fact T (λ)

is the transmission of the shim plate and T (λ) declines gradually with λ as is to

be expected.

5.6.2 Dependence on polarizing powers of polarizer and

analyzer

The D∗
ij as given in Fig. 5.4 depend upon the polarizing powers εP and εQ of P

and Q combined with the adjustment of D1 and D2. In this subsection quantities

αij are to be introduced and evaluated to characterize the adjustment of D1 and

D2 alone. All quantities to be mentioned are functions of λ; for readability of the

formulas this functional dependence is omitted from here onwards.

In ref. [44] it is stated that the spectra Jij obtained according to Eq. (5.3) are

equal to:

Jij = ρ tPQtR εPQεR, (5.6)

where ρ is the spectral density of the beam before P; εPQ is the effective polarizing

power of Q placed in series with P, εR is the polarizing power of R, and tPQ and tR
are the transmissions. To develop an expression for the quantities εPQ and tPQ to
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be substituted into this expression, one must recall that the incident intensities

I+
in and I−

in will be changed after transmission through a polarizer of polarizing

power ε into:

I+
out = I+

in(1 + ε)/2; I−
out = I−

in(1 − ε)/2. (5.7)

Applying these equations to the incident beam into P and into Q, successively,

it is found that the polarization of the beam emerging from Q is equal to the

polarization of the beam emerging from a ”device” with polarizing power:

εPQ =
αij εP − εQ

1 − αij εPεQ

(5.8)

and transmission:

tPQ = tPtQ(1 − αij εPεQ)/2. (5.9)

εP is multiplied by the factor αij to account for the fact that the polarization

vector is affected by D1 and D2 before the neutron beam enters Q. So in fact the

quantities αij characterize the adjustment of D1 together with D2. The spectrum

Jij is expressed in εP, εQ and εR by substitution of Eqs. (5.8) and (5.9) into

Eq. (5.6). The spectrum Js is found in a similar way and by taking εP equal to

0. Hence the quantities D∗
ij in Eq. (5.4) become:

D∗
ij = αij

εP

εQ

, (5.10)

so the factor αij may be written as a function of εP, εQ and the measured D∗
ij by:

αij = D∗
ij

εQ

εP

. (5.11)

In order to know αij the polarizing powers εP and εQ should be known. The setup

of Fig. 5.2 allows no measurement of εP and εQ decoupled from the rotators D1 and

D2. Therefore, these quantities had to be determined in a separate experiment in

which an extra polarizer PP was inserted between P and D1 and a monochroma-

tor was installed directly behind Q. For five settings of the monochromator the

polarizing powers εP, εPP and εQ were determined according to the ”3-polarizer-

2-shim” procedure [65].

The ”3-polarizer-2-shim” procedure is applied to a setup consisting of three polar-

izers in series with polarizing powers ε1, ε2 and ε3. For simplicity their directions

are assumed to be parallel; reversal of a polarizer is simply done by changing the

sign of the corresponding ε. In a detector behind the third polarizer the following

intensities are measured:

Is1s2 with shims between 1 and 2 and 2 and 3;

Is1 with a shim between 1 and 2;

Is2 with a shim between 2 and 3;

I0 without any shim.
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On the other hand, these intensities can be calculated using Eq. (5.7). It appears

that the equation for Is1s2 may be divided out, so the following equations in the

reduced intensities is1, is2 and i0 remain:

is1 = 1 + ε2ε3,

is2 = 1 + ε1ε3, (5.12)

i0 = 1 + ε1ε2 + ε1ε3 + ε2ε3.

The solution is:

ε1 =
√

a2a3/a1, ε2 =
√

a1a3/a2, ε3 =
√

a1a2/a3. (5.13)

where

a1 = is1 − 1, a2 = is2 − 1, a3 = i0 − 1 − a1 − a2.

Defining ε3 > 0, the signs of ε1 and ε2 are determined by Eq. (5.13). It should

be noted that the obtained ε1 and ε3 include all (depolarization) effects on the

polarization vector before transmission through the next polarizer.

The results for εP and εQ obtained according to the above procedure (Eqs. (5.13))

are given in Table 5.1, together with the D∗
ii (from Fig. 5.4) and αii (using

Eq. (5.11)). Because the second polarizer PP is directly behind P and mag-

netically parallel with it, the quantity εP will include no depolarization effect.

Table 5.1: Polarizing powers εP and εQ of P and Q, and αii obtained from D∗
ii

using Eq. (5.11).

λ εP εQ D∗
xx αxx D∗

yy αyy D∗
zz αzz

nm Fig. 5.4 Fig. 5.4 Fig. 5.4

0.270 0.99(3) 0.95(3) 0.984(2) 0.95 0.994 0.96 0.968 0.93

0.300 0.91(3) 0.97(3) 0.980(2) 1.04 0.992 1.06 0.966 1.03

0.343 0.99(3) 0.95(3) 0.970(3) 0.93 0.977 0.93 0.958 0.93

0.429 0.79(4) 0.91(3) 0.910(4) 1.05 0.921 1.06 0.901 1.04

0.495 0.72(5) 0.81(5) 0.858(9) 0.97 0.872 0.99 0.832 0.94

The inaccuracy of εP and εQ leads to an inaccuracy in αii exceeding 0.05 above

0.4 nm, so the mutual differences between the αii become irrelevant. It is never-

theless concluded that the αii, contrary to the D∗
ii as shown in Fig. 5.4, remain

close to l over the whole spectral range. Apparently, the decline of the D∗
ii beyond

0.4 nm is due to the quotient εP/εQ and not due to the rotators D1 and D2. The

values of D∗
ii for i �= j are corrected by the same factor after applying Eq. (5.11).

Since they are close to zero, their levels as shown in Fig. 5.4 will hardly change.
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5.6.3 Orthogonality

The misadjustment caused by rotators D1 and D2 relative to the laboratory sys-

tem is described by Rekveldt et al. [47] by matrix elements denoted Pij and

Qij, respectively (i, j = x, y, z). The elements for i �= j are assumed to have an

absolute value smaller than 0.1. Hence the elements Pii and Qii will be equal to

1 in first order. Expressed in Pij and Qij, the experimental result without field

in S may be written (neglecting terms of order higher than 1):

D
(0)
ij =


 1 Pxy + Qxy Pxz + Qxz

Pyx + Qyx 1 Pyz + Qyz

Pzx + Qzx Pzy + Qzy 1


 . (5.14)

Writing c = cos csλB(y) and s = sin csλB(y), the experimental result with a field

B(y) in the y direction in S may be written (again neglecting higher order terms):

D
(y)
ij =


 c + s(Qxz − Pzx) cPxy − sPzy + Qxy c(Pxz + Qxz) − s

cPyx + Qyz + Pyx 1 cQyz + sQyx + Pyz

c(Pzx + Qzx) + s cPzy + sPxy + Qzy c + s(Pxz − Qzx)


 .

(5.15)

An analogous expression is found for D
(z)
ij with a z-field in S.

After identifying the elements of D
(y)
ij and D

(z)
ij with their corresponding exper-

imental results (as shown for D
(y)
ij in Fig. 5.5), the matrices Pij and Qi can be

determined as a function of λ. Once these quantities are known, a procedure can

be developed to correct any measured depolarization matrix to the depolarization

matrix as it should read in the laboratory system.

For many applications of the depolarization technique, only the rotation angle φ

around a known axis and the absolute value of B are to be determined. In most

cases one can choose the y- or z-axis for this axis, e.g. by the direction of the

magnetizing field. For the y-axis and an ideal adjustment of B by the rotators,

φ and |B| are given by

φ(y) = arctan
Dzx − Dxz

Dxx + Dzz

; (5.16)

and

|B| = Dyy

√
DxxDzz − DxzDzx (5.17)

(for a field along the z-axis, the indices should be changed accordingly). For

these equations the correction procedure outlined above can be performed easily.

Correction of φ(y) is done by substitution of the expressions for Dzx, Dxz , Dxx

and Dzz, of Eq. (5.15) into Eq. (5.16). This gives:

Dzx − Dxz = 2s + c[(Pzx + Qzx) − (Pxz + Qxz)]

93



Figure 5.7: Evaluation of the precession angle of the polarization vector in a

field coil in S. Small symbols: before correction for the misadjustment of D1 and

D2 (Eq. (5.16)); big symbols: after this correction (Eq. (5.18)). The angles are

normalized to φ∗ = 5.11 · λ i.e. the angle according to length and field strength

of the coil. (Top) y-field; (Bottom) z-field.

and

Dxx + Dzz = 2c + s[(Pxz + Qxz) − (Pzx + Qzx)].

According to Eq. (5.14), the correction terms Pxz + Pzx and Pxz + Qxz, can be

taken from the elements D
(0)
zx and D

(0)
xz in the measurement without field. Hence

one uses instead of Eq. (5.16):

φ(y)
c = arctan

(
D

(y)
zx − D

(y)
xz − c(D

(y)
zx − D

(y)
xz )

D
(y)
xx + D

(y)
zz − s(D

(y)
xz − D

(y)
zx )

)
, (5.18)

with for c and s the ”0th order” result according to Eq. (5.16). (For a field along

the z-axis, the indices should be changed accordingly).

Eq. (5.17) will not change upon correction, since the matrices Pij and Qij are uni-

tary (to first order). Fig. 5.7 gives the result for φ(y)/φ∗ and φ(z)/φ∗ as functions

of λ before (small symbols) and after (big symbols) correction. Before correction,

φ for both fields tends to fall increasingly short of its theoretical value φ∗ given

by the dotted horizontal lines. After correction both φ(y) and φ(z) remain lower

than φ∗, however without a unique tendency to decrease or increase relative to
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Figure 5.8: The length |P| of the polarization vector after precession in a field

coil in S according to Eq. (5.17). ©: y-field; �: z-field.

φ∗. The fact that φ is lower than φ∗ is due to the ”back flux” of the (finite) y

and z-coils used. Although both coils are of identical design, the magnetic short

circuiting by their common yoke acts differently for y and z flux. In Fig. 5.8 the

quantity |B| for both fields is plotted as a function of λ. It is seen that |B| is

determined with a precision of a few percent over the λ range 0.15-0.55 nm.

The fact that within this range the φ’s after correction tend to be better on a

horizontal line than before correction, suggests that the correction procedure in

principle acts properly; however, the errors in the obtained φ and |B| after correc-

tion seem to be systematical rather than due to statistics. This suggests that the

origin of these errors is in the Fourier transformation to get the spectra. These

errors may arise because of a misadjustment of the polarization vector in the

”Larmor module” combined with an improper processing of the data (filtering,

normalisation, contribution of sinus transformation, etc.).

5.7 Summary and conclusions

From the results shown in this paper, it can be concluded that the present neutron

spectra obtained by means of Larmor precession and subsequent Fourier transfor-

mation have a quality such that polarization analysis based upon these spectra

gives reliable results over the wavelength range of 0.15-0.55 nm. Outside this

range errors due to mis-setting of the polarization vector at the beginning and

the end of the precession coil and due to the procedure around the Fourier trans-

formation (filtering, contribution of sinus-transformation, normalization) exceed

the statistical errors in the present data.

Using the spectra thus obtained, the ”uncorrected” depolarization matrix ele-

95



ments D∗
ij, (i, j = x, y, z) have been calculated. The D∗

ij for i = j decline from

0.99 at λ= 0.15 to 0.6 at λ= 0.55 nm. These quantities include the polarizing

powers of the polarizer and analyzer in the test setup. By adding an extra polar-

izer directly behind the first polarizer, it is possible to calculate these polarizing

powers themselves and hence to evaluate the net adjustment of the rotators as a

function of λ. The results indicate that less than 5% depolarization occurs up to

λ= 0.5 nm. Hence, the poor value for D∗
ij, (i = j) is due to the polarizers used

in the test setup rather than due to the rotators. Due to the misadjustment of

the polarization vector by the rotators, the D∗
ij for i �= j rise up to 0.1 from zero.

For some (i, j) the deviations from zero are λ-dependent.

The elements of the depolarization matrix Dij have been determined with a y-

and a z-field in the sample chamber. These elements appear to be equal within

0.15 to the theoretical values for a pure rotation around y and z over the λ range

mentioned. From the Dij, the rotation angle of the polarization vector due to

the precession to the fields and its absolute value have been determined. Before

correction for the misadjustment of the rotators, this angle appears to be slightly

less than proportional to λ. After correction this angle tends to be more propor-

tional to λ. The absolute value of the polarization vector appears to be equal to

1 within 3%.
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Chapter 6

Test of adiabatic spin flippers for

application at pulsed neutron

sources

W.H. Kraan1, S.V. Grigoriev2, M.Th. Rekveldt1, H. Fredrikze1,

C.F. de Vroege1, J. Plomp1

1 Interfacultair Reactor Instituut, TUDelft, 2629 JB Delft, The Netherlands
2 Petersburg Nuclear Physics Institute, 188350 Gatchina, Russia

Appeared in Nucl.Instr.& Methods A 510 (2003) 334-345

Experimental results on the flipping efficiency are shown for a set of 2 V-coils as
spin flipper and for a high-frequency flipper with adiabatic transition. The influence
of the adiabaticity parameter is discussed. The merits of these adiabatic flippers are
compared with the use of ”monochromatic” flippers, when operated in a beam from a
pulsed neutron source. It is concluded that for ”long pulse” sources adiabatic flippers
will be superior.

6.1 Introduction

Spin flippers are essential components in setups using polarized neutrons. To

take full advantage of a pulsed neutron source flippers must have a good effi-

ciency over the full thermal spectrum. Flippers based on various principles (e.g.

resonance [48], Larmor precession in some magnetic field configuration [49],[50])

operate over a limited wavelength-band. By proper design parameters this band

can be extended, sometimes at the expense of including wavelengths with non-full

flipping efficiency. In principle, such flippers are monochromatic.
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Alternative types of flipper work over the full thermal spectrum. An example

is the high-frequency flipper with static gradient field [51] using the principle of

adiabatic rotation of the polarization vector of the neutron beam from the ini-

tial to the opposite direction. Another example has a static field, changing sign

gradually over a finite beam path length [52].

By flipping we do not understand a geometrical inversion of the orientation of

the neutron polarization, but an inversion relative to the local magnetic field, or

mirroring about the plane perpendicular to the field. Hence a device in which

the field together with the polarization rotate as a screw over π over some beam

path length, is not a flipper.

In the flipping process the beam might be depolarized, in other words, the effi-

ciency of flipping might be less than 1. The polarization of a beam with initial

polarization P0 after a flipper of efficiency ε is converted to P1 = (1 − 2ε)P0,

hence:

ε = (−P1/P0 + 1)/2. (6.1)

After 2 flippers P2 is again parallel to P0, so ε1ε2 = (P2/P0 + 1)/2.

The behaviour of the polarization vector P in a flipper is determined by the

precession equation: dP/dt = (µn/h̄)[P×B], where B is the magnetic induction

and µn the neutron’s magnetic moment. Its solution is the well known rolling of

the vector P over a cone with axis B. If B depends on position along the beam

axis - i.e. on time as seen in the frame moving with the neutron - the solution

is characterized by the adiabaticity parameter k, which is equal to the local

Larmor precession frequency ωL = µn|B|/h̄, divided by the rotation frequency

ωgeo = v|dα/dx| of the field as in the frame moving with the neutron (where the

neutron moves at velocity v = h/(mλ) in the x direction, and α is the angle

between the z-axis and the resultant field at any position along the beam):

k =
2πµnm|B|
h2|dα/dx|λ. (6.2)

Two limiting cases are evident immediately: (i) ωL � ωgeo, i.e. k → ∞. The axis

of the precession cone ”follows” the vector B, hence no flip occurs (”adiabatically

following”); (ii) ωL 
 ωgeo, i.e. k → 0. The axis of the precession cone does not

follow B at all, so spin flip occurs.

For k between 0 and ∞, the solution of the precession equation for a field tran-

sition in the shape of a uniform screw over half a turn can be found in literature

(e.g. Robiscoe [53]). ε is given by:

ε = 1 − sin2((π/2)
√

1 + k2)

k2 + 1
. (6.3)
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In this article we discuss 2 types of adiabatic flippers. The first is a set of

2 V-coils (see Fig. 6.1), as developed in Delft 10 years ago [54]. In fact, this

flipper was a byproduct of polarization rotators for 3-D polarization analysis

applicable for the full ”white” neutron spectrum. In these rotators a π/2 turn of

the polarization vector is produced. V-coils can also be used in a spin-echo setup

to orient the polarization perpendicular to the precession field (π/2-flipper). A

very similar type of flipper was built by Takeda c.s. [55].

The second type is the longitudinal high frequency (RF) coil inside a static

gradient field mentioned above (Fig. 6.5), proposed and developed already in

1973 in Gatchina [56] and treated theoretically by Taran [57]. At present such

flippers are applied at many places (e.g. see [58]). For application at high fields

we extended this type to frequencies up to 2 MHz [59], [60], [61]. As a matter of

fact, to test this RF flipper, we used V-coils as π- and as π/2 flipper.

For both types we present data for ε as a function of wavelength, combined

with an analysis of the parameter k as derived from field measurements along the

beam. Contrary to Weinfurter e.a. [62] who give an analytical ansatz to improve

ε by properly shaping the fields inside the flipper, we add some field around

the position along the beam where k is minimum. We will demonstrate the

improvement in efficiency. We point out that ε for a V-coil flipper is in principle

smaller than 1, in both modes flip and non flip; the RF flipper, however, has

ε = 1 in the mode flip.

In the last section we compare the efficiency of these adiabatic flippers with

the efficiency of a ”monochromatic” flipper, installed in a beam from a pulsed

source. This flipper is tuned in time such that it remains optimized (ε � 1) for all

successive time channels [63], [64]. With the advent of ”long pulse” sources, the

pulse duration can be so long that a neutron spectrum of finite width is present

in the flipper at any time. We will see that this spectrum, moreover, gets wider

as the flipper is positioned closer to the source. Therefore, optimal tuning of the

flipper will become problematic. Eventually, an adiabatic flipper will have better

overall efficiency.

6.2 V-coils as flipper

This flipper is a set of 2 V-shaped coils (dimensions 15×15×15 cm3) inside a

magnetic shielding to provide a path without magnetic resistance for the return

flux. Fig. 6.1a gives a top and a side view. At x= r (dashed line) are 2 screens

of parallel wires, traversed by the neutrons. Each coil produces a horizontal field

terminated at the screen position.

In the mode ”flip” (f) the fields in the V-coils are //−y and +y, successively.
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Figure 6.1: (a): Side and top view of a flipper made of 2 V-coils, positioned

between a polarizer magnetized along z and a guide field // z (b): Schematic

plots of the y and z components of the resulting field in the V-coils; (c): its angle

α toward the z-axis; (d): the polarization components Py (dotted line) and Pz

(full line) along the beam line (x-axis).
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Between the polarizer and the first V-coil the polarization follows the local field

adiabatically from z (direction stray field polarizer) to −y (field direction deep

inside first V-coil). At x = r the polarization does not follow the field reversal

(field second V-coil //+y), so beyond x=r it is anti-parallel to the local field. In

this relative orientation it follows the local resultant field adiabatically over the

length between the second V-coil (field //y) and the guide field (//z), hence the

polarization ends in the ”flipped” state.

In the mode ”no flip” (n) the field in the first V-coil is switched parallel to the

second (y) and no spin flip occurs at x=r.

The components of the field are plotted in Fig. 6.1b; they suggest that the absolute

value of the resulting field is minimum at x=p1 and p2 where By =Bz. The angle

α(x) between the local resulting field and the z-axis is given in Fig. 6.1c, showing

that dα(x)/dx will be maximum in these points. Hence, the parameter k will be

minimum at these positions. These minima effectively determine the quality of

the flipper.

6.2.1 Test method of this flipper

�Chopp
P A �Det

⇑, (z)
F1 Guide Field

⇑, (z)
F2 ⇓, (−z)

T1 r1 T2 T3 r2 T4Trans.region:

no flip (n): z → y y → z z → −y −y → −z
flip (f): z → −y y → z z → −y y → −z

Figure 6.2: Side view of test setup.

For testing, a time-of-flight (TOF) setup with 2 identical V-coil flippers was

built (Fig. 6.2), between a polarizer and an analyzer which are antiparallel to

each other. The field transitions T1...T4 in front of and behind the flippers F1

and F2 are characterized for both modes (flip (f), no flip (n)) of both flippers.

TOF spectra Inn, Inf , Ifn and Iff were taken in all modes. In the modes nn

and ff (0,2 flips) the neutron spin just beyond r2 has the same orientation as

just in front of r1. From this orientation it rotates adiabatically in region T4 to

the orientation of the analyzer, hence the spectra Inn and Iff are ”light” (high

intensity). The other spectra involve 1 flip, so the spin beyond r2 is opposite to

the previous case; these spectra are ”dark”.

The problem of analyzing such a set of spectra has been treated by several
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authors, e.g. Wildes e.a. [66]. We follow the analysis by Fredrikze e.a. [67]

who give equations for the intensities I0
pp, I

0
aa, I

0
pa and I0

ap measured in a neutron

reflectometer with polarization facility, for the case without sample. In [67] the

indices p and a refer to a fixed orientation in space, both at the polarizer and

analyzer side of the sample position. In our case the first index p/a (referring

in [67] to the polarizer side; here to F1) becomes n/f , respectively. Because our

analyzer is anti-parallel to the polarizer, the second index p/a (analyzer side; F2)

becomes f/n, respectively.

Each flipper will depolarize the beam. The full depolarization in mode nn is

accounted for by a factor Q. As pointed out in the Introduction, V-coil flippers

will give depolarization in both modes. Following [67] we assume that the depo-

larization Dn per flipper in mode n might differ from the depolarization Df in

mode f , by introducing the factors ρ = Dn/Df for flipper F1 and α = Dn/Df for

flipper F2. So, the full depolarization factors for the modes nn, nf , fn and ff

become Q, αQ, ρQ and αρQ, respectively. Then, the equations for for Inn, Inf ,

Ifn and Iff (corresponding to I0
pa, I0

pp, I0
aa and I0

ap in ref [67]) become:

Inn = (I0/2)(1 + PpPa Q), (6.4)

Inf = (I0/2)(1 − PpPa αQ) (6.5)

Ifn = (I0/2)(1 − PpPa ρQ) (6.6)

Iff = (I0/2)(1 + PpPa αρQ), (6.7)

where PpPa is the product of the intrinsic polarizing efficiencies Pp and Pa of the

polarizer and analyzer. These equations contain I0, α, ρ and the product PpPa

as unknowns which can be solved. The solution reads:

I0 (net spectrum) = 2
IffInn − InfIfn

Inn + Iff − Ifn − Inf

, (6.8)

PpPa Q (depolarization) =
(Inn − Ifn)(Inn − Inf )

InnIff − InfInf

, (6.9)

ρ (asymmetry F1) =
Iff − Ifn

Inn − Inf

, (6.10)

α (asymmetry F2) =
Iff − Inf

Inn − Ifn

. (6.11)

6.2.2 Results: polarization empty beam

To separate the depolarization Q due to the flippers from the product PpPa

calculated according to Eq. (6.9), we need to find the product of the polarizing

efficiencies Pp and Pa. To find this product, we removed both flippers, so the

setup consisted only of the polarizer and the anti-parallel analyzer. Their stray
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fields were extended until halfway between. We measured the TOF spectra ”Imin”

(with halfway a field step device containing antiparallel V-coils) and ”Iplus” (with

halfway a device in which the magnetic induction (5 mT) rotates uniformly over

180◦ over 0.3 m; the parameter k for 0.1 nm of this device equals 180, so the

polarization follows adiabatically). The polarization:

P0 = (Iplus − Imin)/(Iplus + Imin) (6.12)

is plotted in Fig. 6.3 as a function of TOF channel (i.e. λ) as a bold line.

Another way to find PpPa is to multiply the data of the net polarizing effi-

ciencies of polarizer and analyzer as determined by means of the 3P2F method

[65] in earlier TOF experiments with the explicit purpose to determine Pp and

Pa of the same polarizers [68]. The product PpPa found in this way is plotted in

Fig. 6.3a as a dotted line. (The irregularity around λ=0.8 nm is from noise pulses

of the chopper. The discrepancy below λ=0.2 nm is due to a lack of intensity

in the setup for the 3P2F method: it contains 3 instead of 2 polarizers having

transmissions approaching 0 at low wavelength).

In the 3P2F method (published in [65] as ”3P2S” method) 3 polarizers P, X and R

are aligned in a beam, their magnetic directions being chosen at convenience. P,

X and R could be all of different construction. Flippers (in [65] shims) installed in

the gaps P-X and X-R are each operated in both modes, giving 4 intensities with

the polarizing efficiencies Pp, Px, Pr and the ”intrinsic” intensity as unknowns.

The solution for Pp and Pr includes the full depolarization (including flippers)

in the gaps P-X and X-R, respectively. The result Px - efficiency polarizer being

tested - includes no depolarization.

Fig. 6.3a shows that P0 is indeed equal to the product PpPa of the intrinsic

polarizing powers of the polarizers to within 1%. This means that the product

PpPa can be reliably divided out of the result for Eq. (6.9), hence the value found

for Q can be attributed to the flippers.

6.2.3 Efficiency flippers in mode n

The result for PpPa Q (Eq. (6.9)) with the flippers in their initial shape, is given

as the dotted line in Fig. 6.3b (beam cross section 10×30 mm2). Division by

PpPa (Fig. 6.3a, full line) gives Q, the depolarization due to 2 identical flippers

in mode nn. Identifying Q ≡ P2/P0 (Eq. (6.1)) gives the average efficiency <ε>

per flipper for mode n. It is plotted as the dotted line in Fig. 6.3c. We see that

<ε> rises in an oscillating way, approaching 1 at λ � 0.4 nm.
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Figure 6.3: V-coil flipper: (a): polarization empty beam without flippers and as

imposed by the efficiency Pp and Pa of the polarizers; (b): effective polarization

with both flippers in mode n; (c): average efficiency < ε > per flipper, found

using Eq. (6.1) after dividing the effective polarization (b) by the empty beam

polarization (a). Also shown: < ε > according to Eq. (6.3), with adiabaticity

paramater k(λ=0.1 nm) chosen to be 1.5 and 4; (d): asymmetry between n and

f (Eqs. (6.6), (6.10(, (6.11)), with support field.
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6.2.4 Adiabaticity parameter

These oscillations can be qualitatively understood from the behaviour of ε pre-

dicted by Eq. (6.3). In Fig. 6.3c ε is plotted for k chosen to be 1.5 and 4 for

λ = 0.1nm. By comparing the decrease and periodicity in ε as measured with

this prediction, it can be only said that k(λ = 0.1nm) ranges between 1 and 10.

The failure to give a quantitative description of < ε > as a function of λ is due to

the fact that the fields in the regions T1...T4 do not rotate uniformly, as assumed

in Eq. (6.3).

Fig. 6.4 shows how this was analyzed. Fig. 6.4a gives the field profiles of

flipper F1, measured in its initial configuration. Fig. 6.4b contains the angle α

and its derivative needed to calculate ωgeo using Eq. (6.2); Fig. 6.4d gives the

result, together with ωL found from |B|, plotted in Fig. 6.4a. The bold lines

without symbols in Fig. 6.4d give the adiabaticity parameter k. Near the points

x = r1 and r2 characterized in Fig. 6.1 k drops nearly to 1.

The left minimum was raised by adding some z-field (”support field”) by means

of permanent magnets. The resulting field profiles for F1 are shown in Fig. 6.4c.

The parameter k after this modification is given in Fig. 6.4d by the bold line with

symbols. (F2 was improved in analogous way). PpPa Q and <ε> measured after

this modification are plotted as full lines in Figs.6.3b and c (beam cross section

30×30 mm2). For λ as low as 0.15 nm <ε> appears to approach 1.

For an account of this result using Eq. (6.3), we should take k(λ = 0.1nm) at

least 10. The period in the oscillations becomes so small that it damps out in

view of the wavelength resolution of our TOF setup.

If space around the beam permits, other ways to improve k would be: to position

the flipper properly in the stray fields of the adjacent devices, or to increase

the dimensions of the flipper perpendicular to the beam. This will make the

positioning of the flipper less critical.

6.2.5 Asymmetry between n and f

Fig. 6.3c gives the asymmetries ρ and α for flippers F1 and F2 after the modifi-

cation. The asymmetry might have two origins.

First, the z-fields from the polarizer and the guide field around F1 in principle

extend beyond its mid point x=r. As a consequence, the polarization vector just

before x = r has some z-component which is transferred into the second V-coil

together with the y-component. This means that in mode f the flip at x = r is

not exact. For the mode n it has no consequences.

Secondly, the field of the V-coils does not end exactly at x = r, but has some

negative tail beyond this point (Fig. 6.1b: “tail By, flip”). In mode f the tails
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Figure 6.4: V-coil flipper: (a): Measured field profiles without support field; (b):

angle α(x) between resulting field and z-axis (scale to the right) and dα/dx; (c):

Field profiles after improvement with support field. (d): Larmor frequency ωL

(from |B|) and ”geometrical” frequency ωgeo (from dα/dx, for λ =0.1 nm) as

initially, without support field. Bold lines (without/with symbols): adiabaticity

parameter k for the configurations (without/with) support field (scale to the

right).
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produced by the 2 adjacent V-coils largely cancel each other, but in the mode

n they add, so in the gap (1mm) between the coils (see Fig. 6.1a) a y-field of

the order 2mT exists. The polarization which already has some z-component by

the previous effect, precesses in this gap over an angle amounting in the worst

estimation to � 0.3 rad for λ = 0.5nm. This precession, happening only in mode

f , might explain why ρ and α are both greater than 1. (The data for the initial

state of the flippers without support field are too poor to see the asymmetry).

6.3 Adiabatic RF flipper with gradient field
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Figure 6.5: Side view of an adiabatic RF flipper and top view of the coils gener-

ating the gradient field, which is shown schematically in the bottom profile.

The second type of flipper is a ”RF flipper with adiabatic transition”, shown

in Fig. 6.5. It consists of a longitudinal high- frequency (RF) coil (length 60

mm; diameter 30mm; 19 windings) in a static transversal field, composed of a

”homogeneous” contribution B0 and a static gradient field. 2 capacitors could

be switched parallel to the RF coil, giving resonance at 1.08 and 2.25 MHz. The

frequency must be chosen such that at some point inside the coil, it corresponds
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Figure 6.6: Adiabatic RF flipper: (a): Profiles of the DC-gradient field (measured

with the DC-current adjusted for 4 mT amplitude), of the RF field (calculated

analytically for a current such that max=4 mT) and of the absolute value of the

resulting field; (b): angle α and dα/dx of resulting field toward xy-plane; (c):

ω̃L (from |B|) and ωgeom (from dα/dx) and adiabaticity parameter (scale to the

right).

to the Larmor frequency ω0 = µnB0/h̄ of the resulting static field. Therefore

the static field B0 was set to 36 and 77 mT, respectively. It is generated by an

electromagnet; the gradient field is produced by the extra windings against the

poles shown in Fig. 6.5.

Fig. 6.6a shows the measured field profile, for a current such that the maximum

field (denoted gradient amplitude Agrad) equals 4 mT. The field profile of the

RF coil was calculated analytically (dotted line in Fig. 6.6a) for a current such

that its maximum ARF also equals 4 mT. In practice ARF was measured and

set by means of a pick-up coil placed at the position of the maximum. The

behaviour of the neutron spin in the combined magnetic fields is explained in

several papers mentioned above, e.g. [51] and [58]. It can be understood in a
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coordinate system (x̃, ỹ, z) rotating around the direction of the static field at the

frequency ω0 imposed on the RF coil. In this system the field B0 is ”transformed

away”, hence only the gradient field remains as a static field parallel to z. If we

imagine a RF field component along y, shifted by π/2 with respect to the existing

RF field, we have a RF field rotating at ω0 around z. In the system (x̃, ỹ, z) it has

a fixed orientation in the x̃ỹ-plane. The phase angle of this field (denoted B̃x) can

be chosen such that it is parallel to x̃. The plots in Fig. 6.6a can be considered to

represent the remaining gradient field and the field B̃x. The absolute value of this

field determines a Larmor frequency ω̃L = µn

√
B̃2

x + B2
grad, plotted in Fig. 6.6c as

a full thin line. The neutrons, moving through this field configuration, experience

a field rotating in the x̃z-plane from +z to −z. Its angle α = arctan(Bgrad/BRF )

toward the x̃ỹ-plane and dα/dx are plotted in Fig. 6.6b. The derivative dα/dx

translates itself through the neutron velocity into the ”geometrical” frequency

ωgeo of the resulting field, plotted for λ=0.1 nm as the dotted line in Fig. 6.6c.

Dividing ω̃L by ωgeo gives the adiabaticity parameter k according to Eq. (6.2),

plotted for λ = 0.1 nm in Fig. 6.6c (bold line). Ref [59] contains a quantitative

solution of the precession in this field configuration for idealized field profiles

Bgrad = Agrad sin(x̃/l)2π and BRF = ARF cos(x̃/l)2π (l: length RF coil; origin of

the system (x̃, ỹ, z) is at its center).

6.3.1 Measuring ε(ARF , Agrad) at λ=0.22 nm

To measure the efficiency ε(ARF , Agrad) of one flipper, 4 such flippers were in-

stalled between the polarizer and analyzer of the instrument ”SP” for 3D polar-

ization analysis (different from the test setup for the V-coil flipper). This instru-

ment lacks the TOF facility, but has a pyrolytic graphite crystal (see Fig. 6.7a) to

make monochromatic analysis possible. In front of the analyzer a V-coil flipper

was installed. To calculate the polarization of the beam, detector intensities in

both modes of this flipper were measured. First, the polarization P0 was mea-

sured with all the flippers switched off. After one RF flipper (F4, Fig. 6.7a) was

switched on, the polarization P1 was measured with various settings of ARF and

Agrad. The efficiency of this flipper, calculated according to Eq. (6.1) for the

signals of the monochromatic detector for λ =0.22 nm, is shown in Fig. 6.7b. It

is unnecessary to calibrate the efficiency of the V-coil flipper because it cancels in

numerator and denominator. The need to separate the empty beam polarization,

as in testing the V-coil flipper, does not arise here, because it is identical with P0

measured in the mode non-flip (n) where depolarization is absent.

Fig. 6.7b illustrates the transition from a ”resonance flipper” to an adiabatic

RF flipper, as the gradient amplitude Agrad increases from 0. In the resonance
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Figure 6.7: Adiabatic RF flipper: (a): setup for measuring the flipping efficiency

< ε > in F4, for a monochromatic beam, λ=0.22 nm. (b): < ε > measured for

RF=1.08 MHz, B0=37 mT as a function of the amplitudes ARF and Agrad of the

RF and gradient field.

mode (Agrad = 0) the period in the efficiency corresponds to an amplitude ARF

such that γN

h

∫
BRF (x̃) dx̃ � γN

h
ARF l/2 = π. This periodicity is confirmed. The

irregularity in period for Agrad → 0 is due to the inhomogeneity of the field B0

and to a threshold in the output of the RF generator used to trigger the circuit

containing the RF coil.

6.3.2 Measuring ε(λ)

To measure the efficiency as a function of λ, we used a Fourier method [69]. To do

this, the setup of Fig. 7a was modified to the configuration of Fig. 6.8a. The π/2

flippers (V-coils) cause the polarization vector to precess around the static fields

B0 inside and around the flippers. By switching the static fields of F1 and F2

antiparallel to those of F3 and F4, the setup operates in the spin echo mode. The

induction B inside the coil between flipper F2 and F3 is varied in order to offset
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π
2 A *Det
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Figure 6.8: Adiabatic RF flipper: (a): Spin echo setup for simultaneous test of

4 flippers. (b): Spectra obtained using Eq. (6.13) for RF=1.08 MHz. The dip

at 0.2 nm is due to the Al (200) Bragg cutoff of the windings of the coil ∆Φ.

(c): average efficiency per flipper <ε>. Dotted straight lines: illustrating λc for

minimum efficiency equal to 0.95.
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the setup around the echo condition. As a consequence, for any wavelength the

intensity I(B) in the detector behind the analyzer A will oscillate as a function

of B. All wavelengths in the neutron spectrum together give (after subtracting

the average intensity Is):

I(B) − Is ≡ I(c∗B) − Is =

∞∫
0

F (λ) cos(c∗λB)dλ,

which is the cosine Fourier transform of the quantity F (λ), being the product

of the spectral density and the effective polarization as a function of λ. (The

value of the constant c∗ connecting the variables λ and B is determined by the

construction of the coil ”∆Φ”. It can be calculated from the period in B measured

for a monochromatic beam). Upon performing the inverse transformation we get

F (λ) itself:

F (λ) =

+Bmax∫
−Bmax

[I(B) − Is cos(c∗λB)]d(c∗B). (6.13)

Measurements taken with flippers off or on (Agrad=5 mT; ARF =2 mT) yield Fn

and Ff , given in Fig. 6.8b as a function of wavelength. Applying Eq. (6.1), we

have for any λ:
Ff

Fn

=
Pf

Pn

= −Pn(1 − 2ε)

Pn

,

where ε is the result of 4 independent flippers, supposed to be equal. Therefore

we substitute ε =<ε>4, where <ε> is the efficiency of a single flipper. So:

< ε >=
4

√
Ff/Fn + 1

2

(The spectral density of the beam and the efficiency of the π/2 flippers cancel in

this calculation). The result as a function of λ for 1.08 MHz is given in Fig. 6.8c,

for a beam of cross section 5×5 mm2. We notice, in analogy with Fig. 6.3, that

<ε> starting from 0.1 nm increases quickly to 1, because the adiabaticity param-

eter k increases with wavelength. To illustrate this, <ε> as expected according

to Eq. (6.3) with the assumption k(λ=0.1nm)=3 is also plotted.

We point out that in spite of the inaccuracy of the data in Figs. 3 and 9, the

efficiencies of both the V-coil flipper and the RF adiabatic flipper must approach

1 as λ increases, according to Eq. (6.3), since k is proportional to λ. Hence, it

is meaningful to characterize a flipper by its critical wavelength λc, defined as

the wavelength beyond which its efficiency exceeds a chosen value < εc >. For

example for <εc >=0.95, Fig. 6.8c shows that λc equals 0.1 nm.
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6.4 Monochromatic flippers at a pulsed source
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Figure 6.9: 2 options for monochromatic flippers.

We discuss 2 models of monochromatic flippers: a flat π-rotating coil (Fig. 6.9a)

and a configuration of 2 π-rotating flat coils with field at 45◦ and −45◦ to the

vertical (Fig. 6.9b). They are embedded in a small homogeneous vertical guide

field (negligible compared with the fields inside the flipper), hence, after passage

through the flipper the relative orientation between polarization and local field is

reversed. If the fields in the coils are set such that exact flip occurs at wavelength

λ0, it is easily seen that their efficiencies as a function of wavelength are:

ε(a)(λ0, λ) = 1
2

[
− cos( λ

λ0
π) + 1

]
(Fig. 6.9a) (6.14)

ε(b)(λ0, λ) = 1
2

[
− cos( λ

λ0
π) + 1

2
sin2( λ

λ0
π) + 1

]
(Fig. 6.9b) (6.15)

These functions are shown in Fig. 6.10 for 2 different settings of λ0.

Figure 6.10: Efficiency for the monochromatic flippers of Fig. 6.9. When used

in a pulsed beam, the flipper can be tuned such that the argument of the cosine

in Eqs. (6.14) and (6.15) remains π, hence ε � 1, as neutrons of increasing

wavelength pass through (i.e. the interval 2∆λ moves to the right). The flip

efficiency ε(λ) is shown for 2 different time channels (≡ λ0 values).
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When such a flipper is installed in a neutron beam from a pulsed source, the

wavelength λ0 for optimal flip can be adapted (by properly decreasing the current

in the coil) such that ε remains 1 for the neutrons collected in any time channel.

Flippers operating according to this principle are installed at ILL [63] and being

developed in Japan by Maruyama c.s. [64]. [63].
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∆T ∆Tt∗0 t∗1 t1t0

← TOF channel ∆t→

Figure 6.11: World diagram of a pulsed neutron beam with a flipper and a de-

tector operated in TOF mode. The beam is assumed to be ”on” during the time

intervals ∆T and ”off” in the remaining time. The thick lines are the minimum

and maximum neutron velocity at the flipper position in the time channels at t0
and t1. (No devices are assumed to affect the time profile of the beam intensity).

However, in any time channel the duration ∆T of the beam pulse gives non-

monochromatic neutrons inside the flipper between vmin and vmax, indicated in

the “world diagram” in Fig. 6.11 for the time channels at t0 and t1. It is seen

from this diagram that this velocity interval remains constant in time. In terms

of wavelength, its width 2∆λ is:

2∆λ =
∆T

L

h

m
, (6.16)

where L is the distance from the source to the detector, h is Planck’s constant

and m the neutron mass. The efficiency of the flipper over this interval will be:

<ε> (λ0, ∆λ) =
1

2∆λ

λ0+∆λ∫
λ0−∆λ

ε(λ0, λ)dλ.

Fig. 6.10 illustrates this integration for 2 different values of λ0. Upon substituting

Eqs. (6.14) and (6.15), one gets (dropping the index 0 from λ):
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<ε(a) >(λ, ∆λ) = 1
2

[
1 + sin(A1(λ))

A1(λ)

]
(Fig. 6.9a)

<ε(b) >(λ, ∆λ) = 1
2

[
1 + sin(A1(λ))

A1(λ)
+ 1

4
− 1

4
sin(A2(λ))

A2(λ)

]
(Fig. 6.9b)

with

A1(λ) =
∆λ

λ
π, A2(λ) =

2∆λ

λ
π,

and 2∆λ given by Eq. (6.16).

As an example we take a flipper installed at the projected source ESS at a

distance L =10m from the ”short pulse” target station (SPTS, pulse length, incl.

decay time 140 µs) and from the ”long pulse” target station (LPTS, pulse length

2 ms) [70]. The integration interval 2∆λ for both pulse lengths is found using

Eq. (6.16). The results for <ε>(λ) are plotted in Fig. 6.12.

Figure 6.12: Efficiencies for the ”monochromatic” flippers of Fig. 6.9, when placed

at L = 10m from the ”Short Pulse” Target Station (SPTS) and the ”Long Pulse”

TS (LPTS) at the ESS spallation source. The wavelength interval 2∆λ is deter-

mined by Eq. (6.16).

6.5 Summary and Conclusion

Results for two types of adiabatic spin flippers are presented: V-coils (operating

with DC current) and the RF adiabatic flipper with DC gradient field (operating

at 1 and 2 MHz).

Results of the flipping efficiency as a function of λ for the V-coil type are presented
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for the first time. Due to their geometry, the neutron beam must cross 2 screens

of parallel current-carrying wires, at the expense of 1% of intensity. In the mode

non-flip these screens might produce a net field in the gap between these screens.

In the mode flip it is absent. Therefore the flip efficiency for this type of flipper

is in principle asymmetric. A small asymmetry (1%) was indeed found. It can

be reduced by a better magnetic short-circuiting, specially at the position of this

gap.

The RF adiabatic flipper has the amplitudes of the RF field and the gradient

field as variables. By increasing the gradient field amplitude from zero to some

maximum we demonstrate the transition from a ”resonance flipper” to an RF

adiabatic flipper: the efficiency, initially varying periodically between 0 and 1,

rises to 1, for any RF amplitude. The initial period depends on wavelength.

From the definition of the adiabaticity parameter it follows that the efficiency

for any flipper goes asymptotically to 1 with increasing wavelength. This is

confirmed in our results for both flippers as a function of wavelength. For a chosen

efficiency value (e.g. 0.95) a critical wavelength (λc) can be found, which is the

lower wavelength limit for that efficiency. For a flipper installed in a magnetic

surrounding, λc is determined by the minimum of the ”adiabaticity parameter”

along the beam line in and around the flipper. From the field profiles in the

V-coil flipper we found initially that this parameter (reduced to λ=0.1nm) drops

locally below 2. Indeed, upon raising this minimum by adding some local support

field, λc decreased from 0.4 to 0.15 nm. In principle, a similar improvement could

also be achieved by maximizing the dimensions of the flipper (if possible). Also,

positioning the flipper will become less critical.

In a beam from a pulsed source (with or without choppers to further modify

the pulse duration) one can use a monochromatic flipper, with good efficiency

over a limited wavelength band. We give 2 examples of such flippers: flat coil

and double flat coil. By proper adjustment of the current, such a flipper can

be tuned to have an optimal efficiency synchronized with the neutrons of various

wavelengths as they pass through the flipper. The value of this optimum depends

on the wavelength range received in the detector. This range is determined by

the pulse duration and the distance from the source (chopper) to the detector.

For a ”long duration source” and detector at small distance this means that the

wavelength band in the detector will be so long that an insufficient efficiency of

the flipper results. Therefore, at such sources adiabatic flippers are preferable.

116



Chapter 7

Zero-field precession induced by

adiabatic RF Spin Flippers

W.H. Kraan1, S.V. Grigoriev2, R. Kreuger1, F.M. Mulder1 and M.Th. Rekveldt1

1 Interfacultair Reactor Instituut, TUDelft, 2629 JB Delft, The Netherlands
2 Petersburg Nuclear Physics Institute, 188300 Gatchina, Russia

Appeared in Physica B 297 (2001) 23-37

A neutron ”precession device” consisting of 2 adiabatic gradient field RF spin flip-
pers was built. The ”Zero Field Precession” (ZFP) is demonstrated over the path
length between them in a Spin Echo experiment in which a DC coil is used for com-
pensation. Signals as a function of this DC field are shown for a single wavelength and
for a ”white” neutron spectrum. This development extends the use of ZFP to white
neutron beams. The requirements on the DC field shape in these flippers to obtain
uniform precession over a finite beam cross section, are less severe than in a precession
device with only DC magnets.

7.1 Introduction

Several applications based on Larmor precession of polarized neutrons are cur-

rently being considered at IRI [71], [72], [73]. For some applications an inclination

angle is required between the beam and the front and end face of the ”precession

devices”. For high resolution diffraction a ”white” neutron beam is sometimes

desired.

In principle such a precession device could be a DC coil shaped as a parallel-

ogram, positioned such that the neutrons pass through the windings. However,

for the precession angles required to obtain sufficient resolution (103 - 104 rad)
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such coils become too thick to have good neutron transmission, so we arrive at a

design of electromagnets with poles shaped as parallelograms placed over a length

� 1 m along the neutron beam.

To avoid the necessity of such poles we adopted the technique of zero-field

precession (ZFP) [74] over the path length between 2 RF spin flippers. Each

flipper is a DC magnet generating a transverse field (‖ z) with an RF coil gener-

ating a longitudinal field (‖ x). The effective precession rate over the path length

between the flippers is 2 times the rate corresponding to the DC field in the RF

flippers.

Contrary to devices for ZFP built in Berlin [75], our flippers are ”adiabatic

RF gradient flippers” (see Chapter 6, Sec.6.3), [76], [77]. We show in the present

paper that with such flippers, ZFP over the whole wavelength spectrum can be

induced and not for a small wavelength region alone.

7.2 Precession angle in a ZF device

An adiabatic gradient RF spin flipper consists of a DC field (along z) shaped

such that over some length along the neutron beam, a field profile having a

gradient around a mean value BDC , ranging from +Bgrad to −Bgrad is realised.

In this field, a coil which generates a longitudinal (along x) RF field over some

distance along the beam is placed. The action of this configuration on the neutron

spin is understood in a coordinate system moving with the neutron and rotating

around the DC field at a frequency equal to the RF frequency (this frequency

will correspond to the Larmor frequency at some point inside the flipper):

ωRF = µNBDC/h̄ (7.1)

For an explanation, how the neutron spin flip takes place in such a device, we

refer to Ref.[77]. At some distance downstream of this flipper, we install a second

similar flipper. Over the path length between the flippers, a change of the phase

of the wave functions for spin-up and -down takes place [74] which results in a

precession phenomenon referred to as ZFP. (Some stray field is present between

the flippers, but nevertheless we refer to this precession as ”ZFP”.) The configu-

ration consisting of two adiabatic RF flippers is called a ”precession device”. The

total precession φRF after this device is made up of a contribution φDC due to the

DC fields and a contribution of ZFP. φRF can be represented in a ”(k, x)”-diagram

(i.e., the behaviour of the wave vector of spin-up neutrons along the x-axis, [78])

by the shaded area in Fig. 7.1. Here, the field gradients on both sides of the DC

magnets and the gradient fields themselves are represented as straight lines. We
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can find points x0 and x1 such that the total precession is equal to the rectangular

area of length L (see Fig. 7.1).

Figure 7.1: (k, x)-diagram of a precession device made up of 2 RF flippers. The

points x0 and x1 are at the ”centers of gravity” of the DC fields of the flippers.

The shaded area represents the total precession φ = φDC +φRF . It is equal to the

rectangle between x0 and x1, independent of the actual shape of the gradients.

7.3 Experimental setup

The DC magnet poles of each RF spin flipper had an area 10×10 cm; they were

4.7 cm apart. The RF coils were operated at ωRF /2π = 0.291 MHz, i.e. a DC

field BDC = 9.9 mT (Eq. (7.1)). They had a rectangular cross section 2×2 cm

and length lRF = 6 cm. The amplitude BRF of the RF field could be made as

high that BRF > 1 mT. Sets of coils were installed near the poles to produce a

(non linear) DC field gradient from Bgrad = −1.5 to +1.5 mT over a path length

0.1 m. We could also operate the flipper as a ”resonant flipper” (in which flipping

occurs only over a limited λ-range) by switching off the gradient coils. With this

arrangement of DC magnet and RF coil there are no current carrying leads in

the neutron beam.

After preliminary experiments to test a single RF flipper, we installed 2 flip-

pers at center-to-center distance L. This configuration is considered as the first

”arm” of a spin echo setup. The second ”arm” is a block shaped coil (see Fig. 3.5

in Chapter 3) producing a homogeneous field BLAR over a length LLAR = 32.5

cm. The total precession φRF is measured by determining the value BLAR at

which SE is observed. The complete SE setup is drawn schematically in Fig. 7.2.

π/2-rotators with only DC coils were installed in front of the first RF flipper

and behind the block coil to put the polarization vector perpendicular (y) to the

DC field direction(z) of the flippers, and to analyze the y component after trans-

mission through the SE balance. So the precession occurs in the (xy)-plane in

both ”arms”. A DC spin flipper was set between the second π/2-rotator and the

”analyzer” in order to measure in 2 anti-parallel modes to calculate the degree
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Figure 7.2: Lay-out of the spin-echo setup with the adiabatic gradient RF flippers

and a ”block” coil for precession compensation.

of polarization P of the SE signal. (In fact the second π/2-rotator was the first

half of this DC flipper).

Behind the analyzer, a set of pyrolytic graphite crystals was installed for

simultaneous monochromatisation at a number of wavelengths between 0.19 and

0.26 nm. In addition, the neutron spectrum after transmission through these

crystals was detected at the end of the setup.

7.4 Results

Fig. 7.3 gives the polarization at λ = 0.22 nm with the RF coils off (top) and on

(but gradient coils off, so the flippers operate as ”resonant flippers, i.e. at one

wavelength only), for L (see Fig. 7.2) equal to 30 (center) and 40 cm (bottom). It

is seen that the field BLAR needed to compensate φRF indeed increases by moving

the RF flippers further apart. This means that for λ � 0.22 nm the angle φRF

increases. The shift of the SE pattern with reference to the point BLAR = 0 is

exactly proportional to L. This confirms that φRF can be represented by the

rectangular area in Fig. 7.1. The irregularity of the patterns is due to the step

width of the field BLAR in the block coil that interferes with the polarization

oscillations. In later measurements this step was made smaller. The next mea-

surements were done with gradient coils switched on (so the flippers operate as

”adiabatic flippers”), at various amplitudes of the RF fields and at constant dis-

tance L = 40 cm. Fig. 7.4a gives the polarization P of the SE signal with RF

coils switched off at λ = 0.220 nm (dotted line) and for the ”white” spectrum

(full line) as a function of BLAR; Fig. 7.4b gives P at maximum power of the RF

coils. From these and observations at various RF power (not shown), we conclude

that the RF flippers induce ZFP, which is in agreement with the description of

these flippers in [77].
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Figure 7.3: Precession after 2 RF resonance flippers, brought to echo (SE) by a

DC block coil (depicted in Fig. 3.5): polarization around SE for λ = 0.22 nm

with RF coils off, and with RF coils on with length L between the RF flippers 30

cm and 40 cm.
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7.5 Spectra of DC and RF precession

Figure 7.4: Polarization around SE for Figure 7.5: Fourier transforms of the
a monochromatic beam (dotted) and signals of Fig. 7.4
”white” spectrum (full line) with RF
coils in adiabatic flippers off and on.

The scans around the SE point made with the block coil are equivalent to ”Larmor

precession Spectroscopy” as published 10 years ago (Chapter 4), [79]. It was

pointed out that the obtained signal I(BLAR) is the cosine Fourier transform of

the quantity P (λ)J(λ):

I(B) − Is = −
∫

P (λ)J(λ) cos(cλBLARLLAR)dλ

The only difference is that the argument of the cosine in the present scans around

SE is shifted by an amount corresponding to φDC or φRF . The product P (λ)J(λ)

can be recovered by the inverse Fourier transformation. Fig. 7.5 gives the trans-

forms of the signals given in Fig. 7.4 in the same order.

The ”white” spectra of with RF coils off and on are roughly equal, differing by a

factor � 2. This is mainly due to the poor flipping probability of the RF flippers,

which apparently amounts to
√

2 per flipper. The dips in the spectra are due
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to the filtering by the monochromators positioned in front of the ”white beam”

detector.

This proves that the RF flipper brings the whole spectrum into the mode of

ZFP (for the time being with probability less than 1).

7.6 Discussion

For future application of a ZFP device the overall precession φRF must be constant

over a large beam cross section. In a beam of extended cross section, neutron

trajectories exist in which both the gradients of the DC fields of the flippers and

the gradient fields depart from the shapes in Fig. 7.1, which can be assumed to

represent the situation along the axis of the flippers. Variation of BDC in the

RF flippers by 5% (i.e. within the range of the gradient field) had some effect on

their flipping probability; however, the field BLAR in the block coil needed to find

SE corresponding to φRF hardly changed. Apparently, the phase ”picked up” by

the neutrons during travel through an adiabatic RF flipper is insensitive to the

actual DC field profile, provided the point where the RF frequency matches the

local field value is within the path length where the RF field is sufficiently strong.

This means that for beams of large cross section a homogeneous precession can

be generated, using a ”precession device” consisting of two adiabatic RF flippers.

It suggests moreover that a precession device with inclined faces can be realised

by simply tilting the DC fields.

This work is part of the program of ”Stichting voor Fundamenteel Onderzoek

der Materie (FOM)”, which is financially supported by the ”Nederlandse Organ-

isatie voor Wetenschappelijk Onderzoek (NWO)”. This work is also supported

as part of the INTAS project (Grant INTAS-97-11329).
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Chapter 8

Spin Echo SANS based on

adiabatic HF flippers in dipole

magnets with skew poles

W.H. Kraan1, S.V. Grigoriev2, M.Th. Rekveldt1, W.G. Bouwman1,

O. Uca1

1 Interfacultair Reactor Instituut, TUDelft, 2629 JB Delft, The Netherlands
2 Petersburg Nuclear Physics Institute, 188350 Gatchina, Russia

Appeared in Appl.Phys A 74[Suppl.],(2002) S79-S81

We built a spin-echo set-up for SANS consisting of precession devices each made up of
2 adiabatic RF flippers. For angle labelling of the neutron beam, the poles of the dipole
magnets for these flippers are shaped as parallelograms. SANS in a sample placed in
the beam shows up as depolarization, i.e. decrease of the amplitude of the spin-echo
signal. Spin-echo SANS measurements in 2 samples are given, showing the difference in
particle size distribution. Since adiabatic RF flippers work for the full white spectrum,
the method works also on pulsed sources.

PACS: 03.75.Be; 61.12.Ex

8.1 Introduction

Spin-echo SANS (SESANS) as a theoretical possibility was discussed 5 years ago

in several papers [80], [83]. The basis of this technique is ”angle labelling” of

the incident beam by attributing an unique precession angle to each direction.

This is achieved by transmitting the incident beam through a precession device
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with inclined front- and end faces. The same is done in the scattered beam, in a

precession device with anti-parallel field. This means that the setup is operated

in spin-echo mode. The technique of angle labelling eliminates the need of a

highly collimated narrow incident beam.

We are trying several options to realise such precession devices (see e.g. [82]). One

option is based on ”zero field precession” [81] over the path length between two

RF resonance spin flippers. Recently, using a related type of flippers: ”adiabatic

RF flippers”, we demonstrated this mode of precession to work simultaneously

for the white neutron spectrum (previous Chapter), [84].

In the present paper it is shown that a precession device with inclined faces (as

required for SESANS) using this type of flippers is simply realised by shaping the

poles of the flipper’s DC magnets as parallelograms (”skew” poles).

8.2 Angle labelling

The precession angle for the polarization of a parallel neutron beam transmitted

through a region with homogeneous magnetic field shaped as a parallelogram, is

(see Fig. 8.1a):

ϕ = cλBL[1 + tan θ0θ + O(θ2, θ4, ..)]

� cλBL + [cλBL tan θ0]θ ≡ cλBL + Γθ.

The constant c equals 2πµnmn/h
2 [= 4.63 × 1014 T−1m−2; µn and mn are the

neutron magnetic moment and mass, respectively]. The linear term in θ is the

angle labelling: a sub beam of given θ has a unique precession angle.
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Figure 8.1: Options for angle labelling using triangular precession regions

Angle labelling is also realized if the region containing field is reduced to the

triangles drawn in Fig. 8.1b. Thin spin flippers placed at the position of the

dotted lines in Fig. 8.1b will extinguish the labelling effect; it will be restored

upon mirroring the right halves of the triangular regions (Fig. 8.1c).

Another option to get angle labelling is using resonance flippers. Figure 1d shows
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the field shape needed to create a parallelogram shaped region (dotted) with ”zero

field precession” generated by such flippers.

A complete spin-echo setup for SESANS takes the configuration of Fig. 8.2 in

which the spin flippers are ”adiabatic RF flippers”. In this configuration the

term producing angle labelling has for coefficient:

Γ = 2cλBL tan θ0. (8.1)

8.3 Spin-echo setup for SESANS

�
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�
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��rf

�
��

�
��rf

∆φ

�
� �sx

F1 F2 F3 F4S

π
2

π
2

� �L

�

Figure 8.2: SESANS setup with ”zero field” precession between adiabatic RF

flippers F1 and F2 and between F3 and F4. The symbols ”rf” represent the

longitudinal RF coils. Because their frequency equals a fixed 1.08 MHz, the

length sx is the variable to scan the sample’s (S) correlation function g(z) with z

given by Eq. (8.2). (The polarizer, analyzer and detection system are omitted).

Each flipper consists of a longitudinal RF coil (dimensions 30×30×60 mm3;

frequency 1.08 MHz; max. RF field in center 20 Gauss) placed between the

parallelogram shaped poles (θ0 = 45◦; pole distance 47 mm; B = 360 Gauss)

of an electromagnet. The DC gradient (maximum gradient 40 Gauss over 100

mm) required for flipping, is produced by a special set of windings on the poles

of the electromagnet (see Fig. 6.5 in Chapter 6). The gradients of all flippers

are parallel. The distance L in Fig. 8.2 was 600 mm. To obtain spin-echo, the

DC fields of flippers 1 and 2 are anti-parallel to the fields in flippers 3 and 4.

Around the point where the field goes through 0, instead of a π-flipper, a small

coil (”∆φ” in Fig. 8.2) is placed, producing a homogeneous field over a length of

120 mm. By varying its field, the setup can be operated up to several rotations

away from the echo point. The degree of polarization in the spin-echo situation

is the amplitude of the detector signal measured as the field in this coil is varied.

8.4 SESANS in Limestone and Graphite

Our samples are packages of limestone (with a sharp surface structure) and car-

bon grains (with a ”fractal” surface structure). This was concluded from their
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Figure 8.3: Depolarization [plotted as − log(P )/σl), thick symbols connected by

lines; l sample thickness] measured in limestone (LS) and graphite (Car) as a

function of z obtained from the length sx (Fig. 8.2) by Eq. (8.2). For comparison

also the results for the same samples in the ”foil option” [82] to realize a SESANS

setup are given [open symbols]. The different slopes for LS and Car reflect the

different surface structures in both samples.

behaviour in ordinary SANS measurements as a fuction of wavevector transfer

q: in the high q range scattering decreased approximately according to q−4 and

q−2.6 in limestone and carbon [84].

Placing a sample at any point in the spin-echo setup (either inside one arm

or between the precession arms) gives depolarization of the beam, due to path

length differences for the trajectory of the scattered neutrons in the first and sec-

ond precession arm. It was shown in [80] that the depolarization of the spin-echo

signal (as a function of the field in coil ”∆φ”) is closely related with the sample’s

pair correlation function G(z), where the ”probed correlation length” z is given

by

z =
cBλ2 tan θ0

2π
sx. (8.2)

Here sx is the distance from the sample to the center of the last flipper. In case

the sample is placed between the arms of the spin-echo setup, sx is replaced by

the length L of one arm, (see Fig. 8.2). Since the RF coils in our flippers had to

be operated at fixed frequency (hence B is constant), the parameter sx instead
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of B remained as a variable to scan z. Fig. 8.3 gives the result as a function

of z in 6.35 mm of limestone and in 5 mm of Carbon (thick symbols connected

by lines). In these observations the full white neutron spectrum was used, with√
< λ2 > = 0.2 nm. To make the result independent of the sample thickness,

we plotted the quantity −(log P )/(σl) which can be shown [85] to be equal to

1−TG(z), where l is the thickness and σ the total cross section of the sample. [P

is the polarization of the depolarized beam in the spin-echo situation, normalized

to the polarization of the empty beam in Spin Echo].

For comparison we also show results obtained earlier for the same samples in

the ”foil option” [82] to realize a SESANS setup. In this case observations had

been simultaneously taken at several wavelengths between 0.19 and 0.23 nm.

The results show nicely the difference of the slope of G(z) for different surface

structures in limestone and in carbon.

8.5 Discussion

When the RF flippers are omitted, an angle labelling characterized by Eq. (8.1)

is also obtained, provided the magnet poles are shaped as in Fig. 8.1c. With the

present pole shape (configuration of Fig. 8.2) measurements of the spin-echo signal

were taken for various beam cross sections, both with the RF coils in the flippers

switched on and off. [Due to the pole shape no angle labelling is obtained without

flipping]. As shown in Fig. 8.4, the amplitude of the spin-echo signal with RF

off is smaller than with RF on, especially for great beam width or beam height.

The low amplitude of the signal with RF off is due to the fact that the neutron

beam passes through the rising and falling gradients of the DC magnets of all 4

flippers. These gradients give rise to an inhomogeneity of the line integral over

the beam height and hence to a de-focusing of the precession phase in both arms

of the setup. As a consequence the amplitude of the spin-echo signal decreases.

This effect is compensated by the flipping action inside each magnet when RF is

switched on [86]. This is a reason for using spin flippers in devices with inclined

faces to start and stop the precession in spin-echo setups.

8.6 Conclusion

This work shows that adiabatic RF flippers can be used for angle labelling of a

polarized neutron beam, needed for Small Angle Neutron scattering in spin-echo

mode. Great stability of the precession phase in spin-echo is achieved by the fact

that this phase is determined basically by the frequency of an RF generator.

The full white spectrum is in the ”zero field” precession mode. This can be used
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Figure 8.4: Amplitude of the spin-echo signal in the configuration of Fig. 8.2 for

various beam cross sections with RF coils switched on and off.

for simultaneous analysis of the spin-echo signal at several wavelengths (or time

channels in case of a pulsed source) in order to obtain detailed coverage of the

sample’s correlation function.

Different samples are shown to have different behaviour of their correlation func-

tion.
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Chapter 9

Observation of 4π-periodicity of

the spinor using neutron

resonance interferometry

W.H. Kraan1, S.V. Grigoriev2, M.Th. Rekveldt1

1 Interfacultair Reactor Instituut, TUDelft, 2629 JB Delft, The Netherlands
2 Petersburg Nuclear Physics Institute, 188350 Gatchina, Russia
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A polarized neutron beam is passed through a gradient resonance flipper. By the
amplitude of their RF field, such flippers can be set at flip probability ρ=0, 1, or 1

2 . At 1
2 ,

the neutron wave splits into a flipped and a non-flipped part with different precession.
We measure the polarization after a spin-echo (SE) setup with each precession arm
made up of 2 such flippers. Offset from SE is made by varying the static fields in one
flipper while the other flippers stay unchanged. This shows up as a periodic behaviour
of the polarization. With incoming polarization parallel to the static field in the flippers
- set at ρ = 1

2 - this period is twice the period measured for both ρ = 0 and 1 and
with polarization perpendicular to the static field. In the latter experiments both
components of the spinor are affected, whereas in the former experiment we create
spin states in which only one spinor component in one state is affected. Hence, this
experiment demonstrates explicitly the 4π-periodicity of the spinor.

keywords: Larmor precession, spin flipper, spinor

PACS 07.55.-w, 29.25.Dz, 29.27.Hj, 29.27.Eg
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9.1 Introduction

Larmor Precession of the polarization of a neutron beam in a magnetic field can

be described by means of specific changes in the spinor, i.e. a normalized vector

in 2-dim space with complex components:

|ψ〉 =

(
a exp(iφ1)

b exp(iφ2)

)
= a exp(iφ1)

(
1

0

)
+ b exp(iφ2)

(
0

1

)
, (9.1)

where the phases φ1 and φ2 characterize the spinor in its initial form. (Their

value is irrelevant, since our interest concerns the change in these phases). From

this spinor the components Si (i = x, y, z) of the average spin (=polarization) are

calculated according to Si = 〈ψ|σi|ψ〉, where σi is the component i of the Pauli

matrix vector �σ. The most general unitary operator to apply to the spinor in order

to describe Larmor precession over an angle α around a field in the direction of

the unit vector �n, takes the form: R̂ = exp(−i�σ.�n (α/2)). By expanding the

exponential this operator, it can be shown to be equal to

R̂ = cos(α/2)Î − i�σ.�n sin(α/2), (9.2)

where Î is the (2×2) identity matrix. If we choose the coordinate system such

that the field is parallel to z, the dot product �σ.�n reduces to σz = (1
0

0
−1), so

applying this operator to the spinor means, that we add α/2 to the phase of

the component along (1
0) and simultaneously subtract α/2 from the phase of the

component along (0
1). When we calculate the components of the average spin �S,

we find that this vector has rotated by α around the z-axis. Taking α/2=2π, this

means that a full period of 2π for the components of the spinor gives a rotation

of the ”observable” polarization vector �S over 4π. Hence, recovery of the initial

spinor is obtained only after 4π rotation of the polarization. This is called the

4π periodicity of the spinor.

The common way to add/subtract a certain phase in the components of the

spinor is to subject the neutron beam over some path length to a magnetic field

B. The neutron wave with initial wavenumber k0, once in the field, splits into

plane waves corresponding to the spin-up (1
0) (or | ↑〉) and spin-down (0

1) (or | ↓〉)
states with wavenumbers k+ = k0 + 2µnB

h̄v
and k− = k0 − 2µnB

h̄v
(µn =magnetic

moment, v=velocity of the neutrons). Their phases increase at different rates. At

the end of the field k+ and k− return to k0, so from this point on the phases grow

again at equal rates. The thin lines in Fig. 9.1a illustrate this for a succession of

2 DC magnets (x is the travelling direction of the waves). The phase acquired by

the terms for (1
0) and (0

1) in the spinor equals
∫

(k+(x) − k0(x))dx and
∫

(k0(x) −
k−(x))dx, respectively. The polarization precessed over an angle equal to the sum
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Figure 9.1: (k, x) diagram for the first arm of a spin-echo setup consisting of 2

neutron resonance spin flippers. The thin lines schematically show the splitting

of the wavevector k(x) for the initial states | ↑〉 and | ↓〉 in the fields of the

flippers F1 and F2 in case no flip happens. The thick lines mark ”pathways” in

(k, x)-space, discussed in the text. (The actual flippers contain gradient fields

giving a slight modification of these lines which is irrelevant here).

of these integrals. It is the area between the thin lines for k+ and k−, marked by

thick lines. The |..〉 symbols indicate that no flip (n) happened in the magnetic

fields labelled F1 and F2. This mode of precession is called ”DC mode”.

When a spin flipping device sits in the first field and spin flip happens, the

wavenumbers k+ and k− jump to k++ = k+ + 2µnB
h̄v

and k−− = k− − 2µnB
h̄v

upon

leaving the field. This means that the phase difference between the waves in-

creases as a function of x twice as fast as in DC mode. This is called ”zero field

precession” by Gähler et al. [87][88][89]. We refer to it as ”RF mode”. To halt

this precession, one needs spin flip by a flipping device in the second magnetic

field, which returns k++ and k−− to k0. In (k, x)-space this mode of precession is

represented by the thick lines in Fig. 9.1b. The |..〉 symbols indicate that flip (f)
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happened. We produced this mode of precession for the full white spectrum, by

passing the polarization in adiabatic way through 2 gradient NR flippers [90],[91].

The above descriptions of DC and RF precession lead to the idea of a pathway

of a neutron wave in (k, x)-space.

One could imagine to increase the phase of only one component of the spinor

by α and leave the other component unchanged. This would produce a precession

of the polarization vector �S about the field direction (z) over α, in other words,

the observed period of the polarization would be equal to the period of the spinor.

This was done by several authors in neutron interferometers. They modified the

precession phase along one of 2 spatially separated paths by a magnetic field

along that path [92] [93] [94] [95] and thus demonstrated the 4π periodicity of the

spinor in response to the magnetic field.

The aim of this paper is to demonstrate this in (k, x)-space. For an interference

experiment in (k, x)-space we consider the diagrams in Fig. 9.1 as the first arm of a

neutron spin echo (SE) interferometer. A second SE arm (which is left unchanged)

compensates the phases of the waves in the first arm, which do change when we

vary parameters acting on the phase of waves travelling along different paths in

(k, x)-space.

In the experiments of Fig. 9.1a and b, the polarization of the beam at entrance

was perpendicular to the field direction, which means that we feed the initial

states | ↑〉 and | ↓〉 equally. Now, let us operate the flippers at probability 1
2

(called ”DC/RF mode”) and feed the interference experiment with only state

| ↑〉 (by aligning the incoming polarization not perpendicular, but parallel to the

field). The initial single state | ↑〉 will double after each flipper. This means that

we ”realize” the pathways marked as thick lines in Fig. 9.1c. This is the technique

of ”separated coils” introduced by Ramsey [96]. Of the 4 pathways after flipper

2, only the phase difference between the pairs [| ↑, f, f〉 - | ↑, n, n〉] and [| ↓, f, n〉 -

| ↓, n, f〉] can be observed. (We observed these interferences in earlier experiments

[90][97]). The phase difference between the other combinations oscillates in time

and will average out in the static experiments discussed below. So, neutrons, as

far in the states involved in these interferences add as background in the observed

intensities. Below, we explain that gradient NR flippers provide parameters which

”work” on only one state of the pairs mentioned above.

9.2 NR flipper with adiabatic passage

The flippers in this experiment consist of a static field along the neutron path

x = [0, l] (l = length of the flipper), written as: B(x) = B0 + Agr cos(πx/l),

where the cosine term is a gradient field added to the homogeneous field B0).
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Such a gradient field is absent in a mere resonant flipper [98]. Superposed on this

is a longitudinal field oscillating at frequency νrf such that the resonant point

(2πνrf = µnB0

h̄
≡ γB0) is near the center of the flipper. The field Brf must vary

along the range x = [0, l] from 0 at x = 0 to a maximum halfway and back to 0

at x = l: Brf (x) = Arf sin(πx/l) exp(i 2πνrf t).

When the resonance condition is fulfilled, the neutrons, as seen in the frame

(x̃, ỹ, z) rotating at the frequency ω0 = 2πνrf about the z-axis, are affected by

the sum of two fields: the static gradient field pointing along the z axis - reduced

by the value B0 -, and the oscillating field Brf which in this system also appears

static. For a neutron flying with velocity v, the effective field Beff rotates in the

x̃z plane with frequency Ω = π/τ , where τ = l/v is the time which the neutron

needs to pass this interval. During this time the spin rotates about Beff at a

frequency ωL = γA, where A is the magnitude of the effective field. If A is large

enough, i.e. the adiabatic condition ωL � Ω is satisfied (or the adiabaticity

parameter k ≡ γAl/(πv) � 1), the neutron spin follows the effective field. Back

in the laboratory system, this means that spin is reversed.

The spin flip probability ρ for such a configuration is [90] [98]:

ρ = 1 − sin2 φ/(k2 + 1), (9.3)

where φ is the phase of the spin in the magnetic field of the rotating frame.

ρ may be readily changed between 1 and 0 by changing the amplitude Arf of

the oscillating field from some maximum to 0, i.e. by changing the adiabaticity

parameter k from � 1 to 0.

For the precession phase we must distinguish between f and n. The non

flipped part of the spinor neither gains nor looses energy. This means that it

did not interact with Brf . Its phase is:

∆φn =
γ

v

l∫
0

B0(x)dx =
γ

v

l∫
0

B0 + A cos(πx/l)dx =
γ

v
B0l. (9.4)

The phase for the flipped part of the neutron wave in our magnetic field config-

uration is ∆φf = ω0τ +(±)φ = ω0τ +(±)(π
√

k2 + 1), as was shown in [2] for the

case Agr ≈ Arf ≈ A and the adiabatic condition fulfilled (k � 1). The term ω0τ

is the contribution of the rotating frame, as in a conventional flipper [1,3-5]. The

second term is the precession phase itself in the rotating frame. Its sign depends

on the sign of the gradient field with respect to the spin. We can rewrite the

phase ∆φf as:

∆φf ≈ ω0τ +
γ

v

l∫
0

|Beff (x)|dx = ω0τ +
γ

v

l∫
0

√
B2

x,eff (x) + B2
z,eff (x)dx, (9.5)
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where Bx,eff (x) = A sin(πx/l) and Bz,eff (x) = B0 − ω0/γ + A cos(πx/l). In

principle the field B0 is chosen such that the terms B0 and ω0/γ cancel, but in

practical reality as long as |B0 − ω0/γ| < A/2, the flipper will work, so Eq.(9.5)

remains valid and a second order effect on ∆φf due to a variation of B0 will be

present. We neglect it for the purpose of this work.

Combining these equations for the case of incomplete flip, we conclude:

(1) the constant permanent field B0 determines the phase of the non-flipped

part of the wave and has a second order effect on the phase of the flipped part;

(2) the amplitudes Agr and Arf as set by the experimentalist, determine the

phase of the flipped part of the neutron wave, but not of the non-flipped part.

9.3 Layout of the NRSE experiment
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 ���	 
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spin echo arm 1

������
��

↑ ↓

spin echo arm 2

⇓⇑

R2F1 Guide field F2 CSh F3 F4

Figure 9.2: Schematic side view of the spin-echo (SE) interferometer installed

between a polarizer and analyzer (not shown). The ovals ”rf” in the flippers

F1 and F2 in the first SE arm represent the longitudinal RF coils, the triangles

represent the gradient coils. The second arm is schematized.

The setup is shown schematically in Fig. 9.2. A polychromatic polarized

neutron beam enters rotator R1 where the polarization can be rotated towards

the y axis (⊥ field direction in SE arms) or kept parallel to the initial direction z

(= field direction in SE arms). Behind the SE setup sits a mirrored rotator R2.

The combined rotators allow to apply and analyze the polarization perpendicular

(denoted Pyy) or parallel to the field direction (denoted Pzz). In addition, rotator

R2 allowed for measuring in 2 anti-parallel modes, which in any setting enabled

us to calculate the beam polarization. Spin-echo arm 1 is a set of two gradient

NR spin flippers F1 and F2 at center-to-center distance 0.9 m. Details of their

construction are given elsewhere [99]. To ”smooth” the field gradients between

the flippers and for guide fields, iron plates are mounted below and above the

beam axis. Spin-echo arm 2 is identical with 1, but with opposite static field.

The current sheet CSh produces a stepwise field transition between the SE arms.
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In each flipper we could independently vary the parameters: magnetic field

B0 (0-1000 G), amplitude Agr of the gradient field (0-40 G), and amplitude Arf

of the RF field (0-20 G). Data were collected in a detector bank placed in the

reflected beam of a monochromator crystal behind the analyzer. The wavelength

in various detectors ranged from λ = 0.19...0.23 nm with a spread �0.02 nm.

9.4 Setting flipping probability

To find how to set the flipping probability ρ, we first measured ρ in mode Pzz

Figure 9.3: Flipper F1: Map of the flipping probability ρ at B0=414 G, λ=0.193

nm, showing the locus of points where ρ = 1
2

(thick lines).

for each flipper as a function of Agr and Arf , in the way published in [99]. As

an example, Fig. 9.3 shows results for F1. One sees that ρ �1 (exceeds 0.85)

for Arf ≈12 G (upper edge of the map) and that ρ �0.5 for Arf =4 G, both

irrespective of the value of the gradient amplitude.

9.5 Interference experiments

Prior to each experiment the parameters of all flippers were set and the SE inter-

ferometer was balanced by means of a ”phase coil” in SE-arm 1. In the experi-

ments we varied the parameters of flipper F1, the other flippers being unchanged.

First, following the scheme of Fig. 9.1a, with all flippers off (ρ=0, DC mode),

we change the gradient amplitude in flipper F1. Eq.(9.4) predicts that this will

affect the phases of neither | ↑, n, n〉 nor | ↓, n, n〉, so the polarization (when the

rotators are set for measuring Pyy) will not vary. This is shown in Fig. 9.4a for 2

detectors.
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Figure 9.4: Polarizations measured in interference experiments for the pathways

through (k, x) space of Fig. 9.1, while varying the parameters gradient Agr (left)

and constant field B0 (right) of flipper F1. Full lines: detector observing λ=0.193

nm; dotted lines: idem λ=0.217 nm.
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Next, all flippers are set to flip probability ρ = 1, (RF precession mode),

Fig. 9.1b. According to Eq.(9.5) the phases of both the states | ↑, f, f〉 and

| ↓, f, f〉 will change, hence the polarization varies periodically as a function of

the gradient amplitude of F1, as shown in Fig. 9.4b.

Now we do the same, with rotators R1 and R2 set for measuring Pzz, with

the flippers at ρ= 1
2

(DC/RF mode, Fig. 9.1c). Varying the gradient amplitude

of flipper F1 will affect |↑, f, f〉, but not |↑, n, n〉. Therefore, the phase difference

between these 2 states changes at half the rate of the previous experiment, so the

polarization will vary with the double period. This is confirmed by the result in

Fig. 9.4c.

A similar set of experiments can be done by varying the permanent field B0

of flipper F1. In the mode of DC precession (Fig. 9.1a) the phases of | ↑, n, n〉
and | ↑, n, n〉 change and we see a periodic variation of the polarization Pyy.

(Fig. 9.4d). No phase variation is seen (in first order) in RF precession mode

(Fig. 9.1b), what is shown in Fig. 9.4e. Again, for the polarization Pzz, the

observed period in B0 doubles, when the flippers are operated at ρ= 1
2

(DC/RF

mode), because | ↑, n, f〉 is affected but not | ↑, f, n〉. This is shown by Fig. 9.4f.

In both sets of experiments the absolute period of the signals can be ac-

counted for (to a precision of 20 %) on basis of Eq.(9.5) and the known profiles

of the static B0-field and of the gradient field [99]. In the interpretation this

imprecision plays no role, since we observed 2 distinct periods in both sets of

experiments with a ratio equal to 2 within 2%.

9.6 Interpretation and Conclusion

The spinor, represented as the vector

(
α exp(iφ1)

β exp(iφ2)

)
, may be affected by three

different tools, which are driving parameters of the gradient NR spin flipper: Brf ,

and Agr, and B0. We selected the parameter Brf to set the spin flip probability

ρ equal to 0, 1, or 1
2
, in order to observe the spinor behavior in the modes DC

(Fig. 9.1a), RF (Fig. 9.1b), or DC/RF (Fig. 9.1c), respectively.

The parameter Agr, in DC mode, lets the spinor unchanged; in RF mode it is

changed into (
α exp(iφ1 + iχ(Agr))

β exp(iφ2 − iχ(Agr))

)

and in DC/RF mode into (
α exp(iφ1 + iχ(Agr))

β exp(iφ2)

)
.
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Here χ(Agr) is the phase shift in the flipped part of the neutron wave. In terms

of the observables one gets: P ∼ cos(φ1 − φ2) for DC mode (Fig. 9.4a); P ∼
cos[(φ1−φ2)+2χ(Agr)] for RF mode (Fig. 9.4b); and P ∼ cos[(φ1−φ2)+χ(Agr)]

for DC/RF mode (Fig. 9.4c).

The same consideration applies when the parameter B0 varies. In observables

one gets: P ∼ cos[(φ1 −φ2)+2χ(B0)] for DC mode (Fig. 9.4d); P ∼ cos(φ1 −φ2)

for RF mode (Fig. 9.4e); and P ∼ cos[(φ1 − φ2) + χ(B0)] for DC/RF mode

(Fig. 9.4f) with χ(B0) as a phase shift produced by the permanent field B0 in the

unflipped part of the neutron wave.

This consideration demonstrates that in DC/RF mode the observable P shows

the ”true” periodicity of the spinor while in the RF and DC modes the periodic-

ity of observable is twice less than that of the spinor. Furthermore, it has been

shown in many experiments that the observable P changes periodically under a

magnetic field with 2π-periodicity. Therefore we can conclude that in DC/RF

mode one observes the 4π-periodicity of the spinor.

This work was partly supported by the INTAS foundation (grant INTAS-03-

51-6426). One of the authors (S.V.G.) thanks project SS-1671.2003.2 and the

Russian State Programme ”Neutron Research of the Condensed State”.
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Summary

In this thesis we investigate the devices needed to handle the polarization of

thermal neutron beams and illustrate how these devices are used to investigate

the properties of matter.

In Chapter 2 we outline the basic theory for polarized neutron beams running

through space and time dependent magnetic fields �B(�r, t). Starting from the time

dependent Schrödinger equation we consider three limiting cases.

1. Fields �B(t) which depend only on time t

In this case the kinetic energy (or velocity �v0) of each neutron is conserved,

implying that each neutron in a beam just goes straight ahead. For the

neutron spin (or polarization) we derive the time dependent Larmor equa-

tion from the Schrödinger equation. We discuss the exact solutions of the

Larmor equation for two basic cases: (i) �B(t) is (stepwise) constant in time;

(ii) �B(t) rotates uniformly in time with frequency ω and | �B(t)| is constant.

We explain the phenomenon of ”zero field precession in time” (as if spins

rotate when no field is present) which occurs in between two pulses of a

rotating field �B(t) in resonance condition ω = γ| �B(t)|.

2. Fields �B(�r) which only depend on space �r.

In this case the total energy of each neutron is conserved. The neutron

spin is described by the time-independent Schrödinger equation like in the

theory of neutron reflection, which we exploit here. We discuss the exact

solutions for stepwise constant fields �B(�r) in space. The essential ingredi-

ents are the reflection and transmission coefficients at each boundary where
�B(�r) changes. This is used to understand the phenomenon of total reflec-

tion on magnetic layers as in actual neutron polarizers (and analyzers).

Then we consider thermal neutron beams along the x-axis in a stepwise con-

stant field �B(x). The range of wavelengths λ is typically 0.05 < λ < 0.6 nm

corresponding to neutron velocities 8000 < v0 < 660 m/s. For such beams

we observe that the kinetic energy 1
2
mv2

0 is much larger than the magnetic

interaction energy |µnB(�r, t)|. Even for huge fields B � 10 T one has only

µnB = 6 × 10−4 meV, while for the smallest kinetic energy (v0 = 660 m/s)
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one has 1
2
mv2

0 = 1.5 meV. This implies that no reflections occur at bound-

aries where �B(x) changes. The beam just goes straight ahead.

We show that the behaviour of the neutron spin follows from the ”semi-

classical approximation”. This means that the neutron has a classical loca-

tion x = v0t and sees a time dependent field �B(x = v0t). The neutron spin

obeys the time-dependent Larmor equation, exactly as in 1 above and we

copy the results from there.

We do so in particular for the ”adiabatic static spin flipper” which has a

(time independent) field �B(x) rotating around the x-axis. Such devices

flip spins ”adiabatically” that is: if the neutrons are slow enough (their

wavelength λ large enough), the spins follow the field.

3. Fields �B(�r, t) such that the kinetic energy of the neutron is much larger

than the magnetic energy

In this case there is in general no energy conservation. We use neutron

beams running in the x direction through devices with fields �B(x, t). Most

important is the ”adiabatic RF flipper” which contains a radio-frequency

(RF) field over a finite distance. Applying the semi-classical approximation

we calculate the neutron spin at the end of the flipper. It rotates spins

adiabatically as efficiently as static flippers above. However, the RF flipper

is fundamentally different: there is no energy conservation. This difference

makes it possible to create ”zero-field precession in space” between two

spatially separated RF flippers, very similar to zero field precession in time.

Chapter 3 is a review our basic devices: monochromators, polarizers, analyzers,

block coils and adiabatic spin rotators of static and RF type. Also, the principles

of the time-of-flight (TOF) and Fourier methods are explained to analyze the

spectrum J(λ) of neutron beams as a function of λ.

To illustrate how our devices can be used to investigate the properties of matter,

we describe the SESANS (Spin Echo Small Angle Neutron Scattering) technique,

capable to determine inhomogeneities in a sample on nanometer scale.

Finally we show how ”zero-field precession in space” works in practice.

Chapters 4-9 are published papers.

Chapter 4 deals with the technique of Fourier analysis of neutron spectra J(λ)

as a function of wavelength λ for beams in the x direction. The essential de-

vice is the ”block coil” which ideally produces a constant magnetic field �B for

0 ≤ x ≤ L and zero field elsewhere. With this method we study a curved multi-

mirror polarizer devised by us in Delft. We find an (at the time) good polarizing

power P=0.95. (Later polarizers used in subsequent chapters have P=0.99 in the

maximum of the thermal neutron spectrum). Also we demonstrate the use of the

Fourier method for measuring the scattering cross section as a function of λ for
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vitreous silica. The results are consistent with literature.

In Chapter 5 we study static adiabatic spin rotators. These novel, so-called

V-coils contain time independent fields rotating in space. We measure with the

Fourier method of Chapter 4 in how far the spins in a neutron beam follow the

field. We find that our V-coils rotate spins over the desired angle π/2 for the

thermal spectrum 0.15 < λ < 0.55 nm. Such coils are now used (c.q. considered)

at several places in the world as rotators for 3D polarization analysis.

First, in Chapter 6 we show that the performance of an adiabatic static flip-

per (with 2 V-coils) can be improved by applying additional fields in the V-

coils. Next, we study newly developed adiabatic RF flippers (containing time-

independent fields and an RF field). The time-independent field in this flipper

is an order of magnitude stronger than in models elsewhere. We express the re-

sults in terms of the flipping efficiency ε which is the probability that the neutron

spin rotates exactly over 180 degrees, as wanted. Perfect values of the efficiency

(ε = 1) are obtained for the range of wavelengths 0.2< λ <0.6 nm.

In Chapter 7 we use two adiabatic RF flippers separated by a distance L to gen-

erate zero-field precession in between (where there is virtually no field). Indeed

the neutron spin behaves as if there were a constant field over that distance L.

Zero-field precession is very advantageous in comparison with ordinary precession

because arbitrarily high precession angles can be realized without magnetic fields

over long distances.

The subject of Chapter 8 is the SESANS technique. Extending the result of

Chapter 7 we build a prototype setup with zero-field precession to mimic the

necessary constant fields. We thus obtain the first SESANS results in two test

systems: limestone and graphite powder.

In Chapter 9 we consider the following well-known fundamental property of

spin-1
2

particles (like the neutron). We describe the neutron spin by a 2D spinor

ψ which yields a corresponding 3D spin expectation �S.

When we rotate the spin �S over 2π we get a new spin �S ′ which is obviously the

same as �S: �S ′ = �S. However, the spinor ψ′ that corresponds to �S ′ is different

from ψ: ψ′ = −ψ. This is called the 4π periodicity of the spinor. Using an inter-

ference between zero-field precession and ordinary precession, we show explicitly

how this 4π periodicity can be actually observed.

The relevance of the work in this thesis is the success of the adiabatic RF

flipper. In Chapter 7 we demonstrate ”ZFprecession” generated by this type of

flippers to work for the ”white” spectrum, which to our knowledge is the first

such demonstration. This is of eminent importance in view of the present devel-

opment of instrumentation involving precession of polarized neutrons (at IRI and
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elsewhere) for pulsed neutron sources. In competing (monochromatic) technolo-

gies for ZFprecession at pulsed sources, instrument parameters must be varied

in synchrony with the neutrons of increasing wavelength, as they pass by. This

is not needed for our flippers (hence precession devices based on these flippers),

eliminating an important amount of control electronics and hence a source of

instability.

The interference between zero-field precession and ordinary precession discussed

in Chapter 9 implies a coexistence of ”non flipped” and ”flipped” solutions of

the Schrödinger equation. This has an intriguing analogy with the principle of

quantum computers in which one creates a coexistence of all paths running from

the stating of a problem to its solution along a number of branch points.

Much of the technology developed in the earlier chapters 4-6 was needed for the

more ”advanced” experiments in the later chapters. In doing these experiments

we were inspired by the statement of the Dutch philosopher Van Melsen [100]:

”Our hold on nature through knowledge depends on our hold through technology

and vice versa”.
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Samenvatting

In dit proefschrift onderzoeken we toestellen om de polarisatie van een thermische

neutronenbundel te manipuleren en hoe we deze toestellen gebruiken om materi-

aaleigenschappen te bestuderen.

In Hoofdstuk 2 geven we in het kort de basistheorie voor bundels gepo-

lariseerde neutronen die door magnetische velden �B(�r, t) lopen die van de plaats in

de ruimte en van de tijd afhangen. Uitgaande van de tijdsafhankelijke Schrödinger

vergelijking bekijken we drie limietgevallen.

1. Velden �B(t) die alleen van de tijd t afhangen

De kinetische energie (snelheid �v0) van het neutron is behouden. Dit betekent

dat ieder neutron in de bundel rechtuit loopt. Voor de spin van het neutron

(of polarisatie) leiden we uit de Schrödinger vergelijking de tijdsafhankeli-

jke Larmor vergelijking af . We bespreken de exacte oplossingen hiervan

voor 2 basisgevallen: (i) �B(t) (stapsgewijs) constant in tijd; (ii) �B(t) roteert

eenparig met frequentie ω en | �B(t)| is constant.

We verklaren het verschijnsel ”0-veld-precessie in tijd” (alsof de spins roteren

zonder dat er een veld is) hetgeen in de tussentijd gebeurt, als men 2 maal

korte tijd een roterend veld �B(t) inschakelt dat aan de resonantievoorwaarde

ω = γ| �B(t)| voldoet.

2. Velden �B(�r) die alleen van plaats �r in de ruimte afhangen.

In dit geval is de totale energie van het neutron behouden. De spin wordt

beschreven door de tijdsonafhankelijke Schrödinger vergelijking zoals in de

theorie voor neutronenreflectie, waar we hier gebruik van maken. We be-

spreken de exacte oplossingen voor stapsgewijs constante velden �B(�r). Es-

sentieel zijn de reflectie- en transmissiecoefficienten op de grenzen waar
�B(�r) verandert. Deze gebruiken we om het verschijnsel totale reflectie aan

magnetische lagen te begrijpen die in echte neutronen polarisatoren (en

analysatoren) zitten. Het golflengtegebied λ is typisch 0.05 - 0.6 nm, wat

overeenkomt met snelheden v0 van 8000 - 660 m/s.

Men kan nagaan dat voor zulke bundels de kinetische energie 1
2
mv2

0 veel

kleiner is dan de magnetische interactie energie |µnB(�r, t)|. Zelfs voor een
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gigantisch veld B � 10 T is µnB slechts 6×10−4 meV, terwijl de lang-

zaamste neutronen (v0 = 660 m/s) een kinetische energie 1
2
mv2

0 = 1.5 meV

hebben. Dit houdt in dat er geen reflecties plaatsvinden op de bovenge-

noemde grenzen. De bundel gaat rechtdoor.

We laten zien dat het gedrag van de neutronenspin volgt uit de ”semi-

classical approximation”. Dit houdt in dat het neutron een op klassieke

wijze bepaalde plaats x = v0t heeft en een tijdsafhankelijk veld �B(x = v0t)

voelt. De spin voldoet aan de tijdsafhanklijke Larmor vergelijking net als

in geval 1 en we nemen het resultaat daarvan over.

Dit doen we in het bijzonder voor de ”adiabatische statische spin flipper”

die een (tijdsonafhankelijk) veld �B(x) heeft dat om de x-as roteert. Zo’n

toestel flipt spins op ”adiabatische” wijze: als de neutronen langzaam ge-

noeg zijn (golflengte groot genoeg), volgt de spin het veld.

3. Velden �B(�r, t) zodanig dat de kinetische energie van het neutron veel groter

is dan de magnetische energie

In dit geval is er in het algemeen geen energiebehoud. Wij laten neutro-

nenbundels lopen in de x-richting door toestellen met velden �B(x, t). Het

belangrijkst is de ”adiabatische RF flipper” die een radio-frequent (RF)

veld bevat over een eindige afstand. Met de ”semi-classical approximation”

berekenen we de neutronenspin aan het eind van de flipper. Het adiabatisch

roteren van de spin blijkt net zo efficient te gebeuren als in bovengenoemde

statische flippers. De RF flipper is echter fundamenteel verschillend: er is

geen energiebehoud. Dit is de basis van het feit dat men ”0-veld-precessie

in ruimte” kan opwekken tussen 2 RF flippers op enige afstand van elkaar,

analoog met ”0-veld-precessie in tijd”.

Hoofdstuk 3 beschrijft onze basistoestellen: monochromators, polarisatoren,

analysatoren, blokspoelen en adiabatische statische en RF spin rotators. Ook

worden de principes van de ”time-of-flight” (TOF) en de Fourier methode bespro-

ken voor een golflengte-analyse van het spectrum J(λ) van een neutronenbundel.

Als illustratie hoe men met zulke toestellen materiaaleigenschappen kan onder-

zoeken, bespreken we de techniek SESANS (Spin Echo Small Angle Neutron

Scattering), waarmee men inhomogeneteiten in de orde van nanometers in een

preparaat kan meten.

Tenslotte laten we zien hoe ”0-veld-precessie in ruimte” in de praktijk werkt.

Hoofdstukken 4-9 zijn gepubliceerde artikelen.

Hoofdstuk 4 gaat over de techniek van Fourier analyse van neutronenspectra

J(λ) naar golflengte λ voor bundels lopend in de x richting. Het wezenlijke on-

derdeel is de blokspoel die idealiter een constant magnetisch veld �B geeft voor

0 ≤ x ≤ L en elders veld 0. Met deze methode onderzoeken we een gekromde
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multimirror polarisator die wij in Delft gebouwd hebben. Het polariserend ver-

mogen P is 0.95, wat voor die tijd goed was. (Polarisatoren gebruikt in latere

hoofdstukken hadden P=0.99 in het maximum van het thermische neutronen-

spectrum). Voorts passen wij de Fourier methode toe om de totale werkzame

doorsnede als functie van λ te meten in kwarts. Het resultaat is consistent met

de literatuur.

In Hoofdstuk 5 bespreken we statische adiabatische spin rotators. Deze nieuwe

zogenaamde V-spoelen hebben een tijdsonafhankelijk veld dat over de lengte van

de spoel een kwart slag in de ruimte maakt. Met de Fourier methode meten

wij in hoeverre de spins van de neutronen het veld volgen. Voor het thermische

spectrum van 0.15 - 0.55 nm blijken de spins dit inderdaad bevredigend te doen.

V-spoelen worden op dit moment op diverse plaatsen in de wereld gebruikt (c.q.

overwogen) in opstellingen voor 3D polarisatie analyse.

In het begin van Hoofdstuk 6 laten we zien dat de werking van een adiabatische

statische flipper (bestaande uit 2 V-spoelen) kan worden verbeterd door extra

velden in deze spoelen aan te brengen. Hierna bestuderen we nieuw ont-wikkelde

adiabatische RF flippers met tijdsonafhankelijke velden en een radio-frequent

(RF) veld. Het statische veld in deze flipper is een grootte-orde sterker dan in

soortgelijke flippers elders. Wij drukken het resultaat uit als ”flip efficiency” ε:

dit is de kans dat de neutronenspin over precies 180◦ draait, zoals gewenst. Wij

vinden de perfecte waarde ε = 1 voor het golflengtegebied 0.2 - 0.6 nm.

Twee adiabatische RF flippers op afstand L van elkaar worden in Hoofdstuk

7 gebruikt om ”0-veld-precessie in ruimte” ertussen op te wekken (waar prak-

tisch geen veld is). Inderdaad blijkt de neutronenspin zich te gedragen alsof

er een constant veld aanwezig was over die afstand L. ”0-veld-precessie” heeft

grote voordelen in vergelijking met gewone precessie, omdat men zeer hoge pre-

cessiehoeken kan bereiken zonder sterke velden over lange afstanden.

Hoofdstuk 8 gaat over de SESANS techniek. Voortbouwend op het resultaat

van Hoofdstuk 7 realiseren wij een prototype SESANS opstelling met ”0-veld-

precessie”. Hiermee verkrijgen wij de eerste resultaten in 2 testsystemen: kalk-

steen en grafietpoeder.

In Hoofdstuk 9 beschouwen we de volgende bekende fundamentele eigenschap

van deeltjes met spin 1
2

(waarvan het neutron er een is). De neutronenspin wordt

beschreven met een 2D spinor ψ die een 3D spin-verwachtingswaarde �S oplevert.

Als we de spin �S over 2π draaien, kijgen we een nieuwe spin �S ′ die natuurlijk

hetzelfde is: �S ′ = �S. De spinor ψ′ echter, behorend bij �S ′ is verschillend van ψ:

ψ′ = −ψ. Dit staat bekend als de 4π periodiciteit van de spinor. Door de inter-

ferentie te meten tussen ”0-veld-precessie” en gewone precessie, laten we expliciet

deze 4π periodiciteit zien.
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De relevantie van het werk in dit proefschrift is het succes van de adiabati-

sche RF flipper. In Hoofdstuk 7 tonen we aan dat ”0-veld-precessie” opgewekt

door zo’n flipper van toepassing is voor het gehele ”witte” neutronenspectrum.

Voor zover we weten is dit de eerste keer dat dit gedemonstreerd werd. Dit is

van eminent belang voor de huidige inspanning (zowel binnen het IRI als el-

ders) voor het ontwikkelen van instrumentatie voor gepulseerde bronnen, waarin

precessie een rol speelt. Bij concurrerende (monochromatische) technieken voor

0-veld-precessie bij gepulseerde bronnen moeten instellingen van het instrument

gevarieerd worden synchroon met de neutronen van toenemende golflengte, naar-

mate die het instrument passeren. Voor onze flippers (en daarmee precessi-

etoestellen die daarop gebaseerd zijn), is dit niet nodig, waarmee je een belangrijke

hoeveelheid besturings-electronica omzeilt en dus een bron van instabiliteit.

De interferentie tussen 0-veld-precessie en gewone precessie in Hoofdstuk 9 im-

pliceert een coexistentie van ”non flipped” and ”flipped” oplossingen van de

Schrödinger vergelijking. Er is een intrigerende analogie tussen dit en het idee

van quantum computers. Hierin probeert men een coexistentie te realiseren van

alle paden die vanuit het stellen van een probleem leiden naar de oplossing, langs

de vertakkingen bij de beslispunten .

Veel uit de technologie en methoden ontwikkeld in de beginhoofdstukken 4-6

was benodigd bij de meer geavanceerde experimenten in de latere hoofdstukken.

Hierbij lieten wij ons inspireren door de uitspraak van de filosoof Van Melsen

[100]: ”Onze kengreep op de natuur hangt af van de technische greep en onze

technische greep van de kengreep.”
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