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Abstract

This master thesis shows a study of the waves propagation phenomena inside a lay-
ered structure such as the MarkIII cargo containment system (CCS), widely used
for the transport of the liquefied natural gas overseas. As a consequence of the wave
impacts that take place inside the LNG tanks, strain waves start propagating, re-
flecting and transmitting at the interfaces which compose the layered structure. The
aim of the thesis is to better understand how the propagation of strain waves inside
a material resolves the discontinuity between liquid and structure at the moment
of the impact, and how the theory of strain waves propagation can be applied to a
theoretical model in order to define the deformation of the structure.
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Chapter 1

Introduction

Ships and offshore structures are continuously subjected to waves and harsh envi-
ronmental conditions in open sea and in the oceans causing the occurrence of many
severe wave impacts against a ship structure or the decks of a floating platform.
Waves can be assumed as pressure forces acting on the exposed surfaces. In order to
design a safe structure and to guarantee the longest lifetime possible, standard regu-
lations and international requirements must be respected. It might be advantageous
to analyse metocean data, namely a collection of data and information including
uncertainty about weather conditions, that can be useful to predict the environ-
mental phenomena, and therefore, the external loads that can act on the structure.
In addition, it is important to investigate on the behaviour of the structure imme-
diately after an impact takes place, in order to understand how the external loads
are relevant for the integrity of the structure.

There are several situations that relate a wave impact to the structure, and not all of
them concern ocean waves and the external environment; an example is represented
by the LNG carriers which are tank ships employed in the transportation of liquefied
natural gas (LNG). The use of LNG carriers is rapidly growing as it represents an
alternative way to transport natural gas through pipelines. The LNG is a natural
gas which has been cooled down to around −162◦C, and therefore, condensed into
a liquid that has a volume 600 times smaller. This allows to transfer it overseas
through LNG carriers. These ships are equipped with cargo containment systems
(CCSs) that minimize the heat transfer limiting the LNG evaporation, and maximize
the cargo capacity. When a tank is partially filled surface waves take place inside
it and impact its walls (sloshing impact). Below, it is shown the sloshing inside the
dock of an amphibious warfare ship of the Royal Netherlands Navy.
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Figure 1.1: Sloshing inside the dock of an amphibious warfare ship of the Royal
Netherlands Navy during trials conducted by MARIN. [1]

This thesis is part of the SLING research project. The aim of the SLING is to im-
prove the experimental basis of the sloshing tests and the corresponding approach
to scale the measured pressures. Sloshing model tests are used to define the design
loads for LNG tanks. The SLING project disentangles the physics involved in the
sloshing impacts in the LNG tanks. It focuses on the multiphase dynamics, the vari-
ability of the impact loads, and the structural response through several experiments,
numerical simulations and theoretical models. The thesis investigates the first in-
stant of a wave impact process, namely when the first contact between liquid and
structure takes place. Specifically, it analyses the physical phenomena that develop
inside the structure immediately after the first contact between wave and wall, and
provides a simplified layered model linked to the physics of the waves propagation
in the structure. The aim of the simplified model is to be used in the liquid impact
simulator that is under development in the SLING research project. The liquid im-
pact simulator is a collection of theoretical models to describe the impact of a wave
and the corresponding structural response. It will be used to evaluate the effects of
the inappropriate scaled properties of liquid and gas in sloshing model tests on the
multiphase dynamics involved in the sloshing impacts and on the variability of the
impact loads. The effects are quantified in terms of structural response.

1.1 Research Questions

In the field of wave impacts against a structure, it is important to focus on differ-
ent types of phenomena that take place during the process. Let consider a wave
approaching a structure (composite structure) shown in Figure 1.2.
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Figure 1.2: Wave approaching the structure. [1]

At first, as the wave gets close to the wall, there is a [1] transfer of liquid momentum
to gas momentum; the escaping gas shears the free surface causing the [2] develop-
ment of free-surface instabilities which are considered the main source of variability
of the local pressures; the gas between liquid and structure is compressed because it
cannot [3] escape quickly enough and because it is [4] entrapped; a [5] phase tran-
sition is involved because LNG is in thermo-dynamical equilibrium with its vapour,
and the compression of vapour induces condensation, therefore expansion leads to
evaporation; consequently, there is a [6] change in the liquid momentum because
the liquid is forced to sharply turn in front of the wall; then, the [7] liquid is com-
pressed as it hits the wall; immediately after the impact, there is the propagation
of a pressure wave from the contact point in the liquid at the speed of sound; at
the moment of the contact, the structure is involved. The wall is covered with a
containment system that is composed of several materials; its flexibility influences
the loads, and the energy content of the load is distributed through the structure
[8]. The following list summarises the process of the wave impact:

1 Transfer of liquid momentum to gas momentum

2 Development of free surface instabilities

3 Compression of escaping gas

4 Compression of entrapped gas

5 Phase transition

6 Change of liquid momentum

7 Compression of liquid

8 Propagation of time-space distributed loads through composite structure
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As mentioned, at the moment of the first contact between liquid and structure, there
is the [∗] propagation of a pressure wave from the contact point through the liquid,
but also the [∗∗] propagation of a strain wave from the contact point through the
structure. Both pressure wave and strain wave have the purpose to decrease the
discontinuity between liquid and structure at the moment of the direct impact; the
propagation of pressure wave is part of [7] whereas the propagation of strain wave
in the material is part of [8] because it affects the layered structure.

Figure 1.3 shows locally the exact moment of impact when [∗] and [∗∗] occur, namely
when pressure wave in the liquid and strain wave in the structure start propagating.

Figure 1.3: Development of pressure wave (blue) in the liquid and strain wave (red)
in the structure.

The aim of the thesis is to better understand how the propagation of strain waves
through the structure resolves the discontinuity between liquid and structure; for
this reason, the first research question is defined:

Q1. How do strain waves propagate through the structure upon a liquid impact?

In order to provide a theoretical model that matches with the physical description
of the strain waves, the second research question is defined:

Q2. How can the theory of the strain waves propagation be applied to a theoretical
model?

An appropriate answer to the research questions Q1. and Q2. is a physical de-
scription of the strain waves propagation inside a layered material, and a simplified
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theoretical model that can provide the deformation of the layered material in terms
of these waves.

1.2 Research Approach

The research approach used for this project concerned four important parts that
represent the structure of the project:

• Layered Structure Part

• Hydrodynamic Part

• Waves Propagation Part

• Theoretical Model Part

The layered structure part concerns the material used for the physical and math-
ematical investigation; the hydrodynamic part is related to the external process,
namely the physical phenomena that take place in the liquid; the waves propagation
part concerns the internal process, that is to say, the analysis of the wave propa-
gation phenomena inside the layered structure; the last part concerns a simplified
theoretical model used to get the deformations. From the beginning it was believed
that a well understanding of the physics behind the problem could help to describe
and to build a suitable theoretical layered model. Figure 1.4 shows the initial prob-
lem from which the entire project was developed; at the beginning no model was
chosen, neither general information about propagating waves into a material was
known nor an external force was defined.

Figure 1.4: Initial problem.

The first step of this project was to study the external process, in particular what
happened to the liquid before the contact with the structure. Consequently, atten-
tion was focused on the theory of the wave motion inside elastic solids, analysing
different types of waves such as plane waves, spherical waves, surface waves (Rayleigh
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and Love waves). From the beginning it was believed that each type of wave could
be associated to a potential which has a particular mathematical expression accord-
ing to the type of wave. Defining the expression of the potentials meant to find
both deformations and stresses in the material because both of them depend on the
first and second derivatives of the potentials. The study of the hydrodynamic part
made clear that the external load changed in both space and time (the spreading
of the wave crest along the wall surface increased the contact area over time). The
waves developed in the structure immediately after the first impact were assumed
spherical, which means the disturbance propagated radially from the source located
on the free surface. The MarkIII CCS was selected in its original configuration; after
studying the mechanism of wave propagation phenomena (which means the genera-
tion of reflected and transmitted waves at the interfaces) in a material composed by
few layers, the first simplifications to the original model were made; they had the
purpose to decrease the number of interfaces and consequently, the number of layers.
The waves propagation and the theoretical model parts were build gradually and at
the same time, that is to say, whenever a new element was added to the physics,
then it was applied to the theoretical model. It led to difficult equations involving
both compression and distortion potentials for spherical waves. In addition, it was
understood that each change in the external load caused new wave propagation phe-
nomena inside the structure. Due to the complexity of the entire problem, it was
decided to simplify it by considering a 1D-problem.

In the 1D-problem only the generation and propagation of compression plane waves
were considered. The reason of starting from a 3D-case with both compression
and distortion spherical waves propagating in many layers concerned the aim of
describing the theoretical model in terms of physics; in other words, physics and
maths of the theoretical model had to match each other.

Figure 1.5 shows the exact moment when a wave crest impacts against the structure.
As can be seen, the hydrodynamics concerns the external process, in particular all
physical phenomena that take place inside the liquid before the impact, at the
moment of the impact and also after the direct impact of the wave crest; it can be
considered the starting point and the reason why the internal process takes place.
The internal process is related to the wave propagation phenomena that occur in
the layers composing the model; the last two parts are related to the generation and
propagation of waves inside, and both of them are affected by the hydrodynamics.
Figure 1.6 shows a schematic representation of the approach. Notice that changes
of the model were made based on the waves propagation part and on the theoretical
model part. As it will be seen, the interaction between hydrodynamics and waves
propagation parts (in red) will be related to the generation of different waves inside
the layered material due to the changes of the external force, whereas the interaction
between hydrodynamics and theoretical model parts (in blue) concerns the presence
of the external force in the mathematical equations.

Notice that Figure 1.5 shows the exact moment of the impact of the wave crest
against a wall for a particular type of impact, the gas pocket impact [1].
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Figure 1.5: Research approach for the process of the wave impact against a structure.

Figure 1.6: Schematic representation of the research approach.

1.3 Outline of the Thesis

The overall structure of the thesis takes the form of six chapters. This current
chapter is the introduction to the project and has the purpose to give an initial
idea of the topic; in addition, it shows the reason, the research questions, and the
research approach of the project. Chapter 2 presents the original and the simplified
structure and introduces some theoretical concepts. Chapter 3 first describes the
wave impacts, then analyses how the changes in the liquid affect the structure,
finally defines the external force acting on the free surface. Chapter 4 represents the
physics of the problem: at first the concept of waves propagation inside a material
is introduced, then compression and distortion waves are distinguished; it follows
the analysis of the wave propagation phenomena inside the simplified model, and
consequently different models are presented in order to involve all waves propagation
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phenomena that occur inside; finally the concepts of wave shape and potentials are
discussed. Chapter 5 first explains the method used and, then presents a specific
case, the three-layered model; consequently, a more generalized case, a n-layered
model, is formulated. Finally, Chapter 6 presents the conclusions and provides
some recommendations for future works.
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Chapter 2

Layered Structure

2.1 Introduction

The purpose of this chapter is to introduce the structure that will be used for this
thesis. Due to the complexity of the problem, some simplifications will be done in
order to make easier the evaluation of some aspects of this thesis, such as the global
wave propagation phenomena which will be analysed in Chapter 4. Section 2.2 will
introduce the real structure, whereas Section 2.3 will show the same structure with
some simplifications. The concepts of loading area, out-of-loading area, source and
spreading area will be introduced in Section 2.4.

2.2 MarkIII CCS

The structure chosen for this project is the MarkIII CCS (Cargo Containment Sys-
tem). Since the goal of this thesis is to define the deformation of a layered structure,
this type of model can be suitable for this project. The MarkIII (Figure 2.1) is one
of the most common membrane-type LNG insulation employed for the LNG carriers.
Membrane CCSs are widely used for large seagoing LNG carriers because the hull
space is utilized most efficiently, therefore the cargo capacity is maximized, and the
heat transfer is minimized.

As can be seen in Figure 2.2, there are two levels: a primary level composed by a top
plywood and a primary RPUF (Reinforced Poly-Urethane Foam), and a secondary
level composed by a Rigid Secondary Barrier foil (RSB), a secondary RPUF and
a back plywood; all components can be clearly seen in Figure 2.3. All layers are
bounded together in workshop with PU glue.
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Figure 2.1: Membrane CCS. Courtesy GGT and Lloyds Register. [1]

Figure 2.2: Primary level and secondary level of the MarkIII. [2]

Figure 2.3: Components of the MarkIII. [2]
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Figure 2.4 shows a portion of the cross section of the MarkIII; it is possible to see that
the RSB (3), the secondary RPUF (4) and the back plywood (5) are continuous and
longer than the primary RPUF (2) and the top plywood (1) which are discontinuous
and they are approximately 940 mm long each, and repeat eight times over a typical
panel as can be seen in Figures 2.2 and 2.3. Notice that there are resin ropes (6)
which connect the structure to the steel plate (inner hull) (7).

Figure 2.4: Portion of the cross section of the MarkIII.

2.3 Simplified MarkIII CCS

The first simplification to the structure shown in Figure 2.4 is to consider the hori-
zontal length of the RSB, secondary RPUF and back plywood the same as the length
of the top plywood and the primary RPUF (S0):

S0. All layers which compose the MarkIII structure have the same horizontal length.

Based on Figure 2.5 it is possible to apply more additional simplifications.
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Figure 2.5: MarkIII CCS structure considered (with simplification S0).

In the simplified structure, only four layers are considered: top plywood (L1), pri-
mary RPUF (L2), secondary RPUF (L3), and back plywood (L4). It is assumed
that they are in contact each other. Comparing the simplified model with the real
model, three additional simplifications are made:

S1. The thickness of the Rigid Secondary Barrier (RSB) is neglected, and no wave
is assumed to travel inside.

S2. The resin ropes are removed; it is assumed the direct contact between the back
plywood and the wall.

S3. It is assumed that the top plywood and the back plywood have the same thick-
ness.

S1 is made in order to decrease the number of layers of the model and simplify the
wave propagation phenomena for the entire structure; the RSB represents an inter-
face that divides the primary RPUF and the secondary RPUF, and it is supposed
the RSB is subjected to bending. S2 is also made in order to simplify the wave
propagation phenomena and avoid the presence of the resin rope corners (points in
blue, Figure 2.6). Furthermore, S3 assumes that the first and the fourth layer have
the same thickness. In the real model, the top plywood has a thickness of 12 mm,
whereas the back plywood has a thickness of 9 mm. Since the difference is very
small, it is possible to assume the same value of 12 mm for both layers.

To better understand simplification S2, it is possible to see Figure 2.6. The blue
points are located in the bottom plywood (L4) close to the corners of the resin
rope. In terms of stresses, there is a combination of vertical traction/compression,
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bending, shear in this zone, and an equivalent stress called Von Mises stress is used
for the analysis at these locations. In terms of propagation phenomena, it is not
well known how the incident waves reflect and propagate at the corners. At these
locations, it is believed that the incident waves are subjected to some deviations at
the moment of reflection. Due to the complexity of the phenomena, the resin ropes
are removed.

Notice that simplification S3 has been added after evaluating the global wave propa-
gation phenomena for the entire structure (analysed in Chapter 4). It will be possible
to consider the same reflection and transmission phenomena for L1 and L4 because
of the same material characteristics and the same thickness. By considering the
same thickness for L1 and L4, it is possible to assume the same propagation-times
(tα1 = tα4 , tβ1 = tβ4).

Figure 2.6: MarkIII CCS with blue points located in the bottom plywood close to
the resin rope corners.
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Figure 2.7 shows the MarkIII CCS with simplifications.

Figure 2.7: MarkIII CCS structure (with simplifications)

As can be seen, there are four layers and five interfaces where the wave propagation
phenomena will take place. Notice that interface 0 is a free boundary, whereas
interface 4 connects the back plywood to the wall.

The following table shows the material characteristics and the dimensions of each
layer of the simplified model that will be used for computing the wave propagation
velocities. Notice that L1 and L4 have the same material characteristics and same
dimensions (S3), whereas L2 and L3 have same material characteristics but thick-
ness. In addition, H represents the thickness, namely the vertical distance, whereas
L represents the length of the layers. Thermal effects and viscosity effects are not
considered.

Layers ρ ν E H L
kg/m3 - MPa m m

Top plywood 710 0.17 8900 0.012 0.340
Primary RPUF 120 0.18 84 0.089 0.340

Secondary RPUF 120 0.18 84 0.160 0.340
Back plywood 710 0.17 8900 0.012 0.340

Table 2.1: Material characteristics and dimensions [3]
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2.4 Additional Concepts

It is important to define some additional concepts related to the simplified model
that will be used in the next chapters. It is relevant to distinguish between loading
area and out-of-loading area, give the definitions of source and spreading area. Notice
that in this chapter, the spreading area will be analysed only qualitatively.

The loading area, also called impact area, is defined as the region of the model that
is directly affected by the external impact; in other words, it is the area of the
structure where waves propagate immediately after the contact between an external
load and the surface of the structure. It is assumed the loading area is located at
the center of the structure as can be seen in Figure 2.8 (identified by the dark blue
area).

The out-of-loading areas, also called out-of-impact areas, represent all the surround-
ing regions of the loading area which will feel the effect of the external impact after
a certain amount of time. Notice that this distinction between loading area and
out-of-loading area is based on the concept of wave propagation; it takes some time
before that the regions located far from the impact point feel the effects of the distur-
bance. Waves will propagate inside the material, from the source to the surrounding
regions, during this amount of time. The out-of-impact areas are represented by the
light blue regions surrounding the loading area in Figure 2.8.

The source is the origin from which the disturbance starts propagating radially.
Theoretically, it is assumed that the external load acts at the centre of the model.
In Figure 2.8, the source is represented by the red point located at the centre of the
impact area and on the free surface of the top plywood (L1).

Figure 2.8: Loading area (dark blue), out-of-loading area (light blue), source (red
point)

Furthermore, another important difference between loading area and out-of-loading
area is the type of waves that propagate inside. Spherical waves will develop and
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travel inside the loading area as consequence of the direct impact, whereas longitu-
dinal (sinusoidal) waves will propagate in the out-of-loading area.

2.4.1 Spreading Area

It is relevant to add the concept of spreading area. Before explaining what the
spreading area means, let consider a co-ordinate system (O, r, z), with the origin at
the centre of the impact area, coincident with the source; it is possible to assume
that the (semi)-horizontal dimension of the spreading area r can reach a maximum
length of R. When r > R the disturbance is not in the spreading area anymore but
it continues to propagate through the out-of-impact areas. Then, in that case, the
disturbance will not propagate in terms of strain waves but in terms of longitudinal
waves.

The expression spreading area identifies the region inside the structure where the
wave propagation phenomena take place, namely where the strain waves travel,
and are reflected and transmitted at the interfaces; in other words, it is the area
where the disturbance spreads out. It might seem that the concepts of loading
area and spreading area coincide, but the main difference is the time-dependence
that characterizes the spreading area. As can be seen in Figure 2.9, the spreading
area, identified in green, changes with time t. When the external force is a point
load (Figure 2.9), then the spreading area increases in both horizontal and vertical
directions, that is to say, both of them are a function of time t. If the wave fronts are
assumed perfectly spherical, then the rate of change (the increase) in both horizontal
and vertical directions is the same: r(t) = h(t) because the spreading is radial. If it
is assumed that the vertical dimension of the region where strain waves propagate is
larger than the horizontal one, the increase of the spreading area occurs only in the
vertical dimension (when r(t) > R). When the first wave reaches the last interface
(I4) at t = tf ′ , then the spreading area will coincide with the loading area.

The increase of the spreading area, will depend on the propagation velocities of the
waves that are generated and travel through the material. The spreading area can
be defined as follows:

S(t) =

{
2r(t) · h(t), if 0 < h(t) < h4 and 0 < r(t) < R
2r · h(t), if 0 < h(t) < h4 and r(t) > R

(2.1)

where h4 is the vertical distance of the last interface (I4) from the origin located on
the free surface.
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Figure 2.9: Qualitative change of the spreading area (in green) after an external
load (red point) impinges on the surface.

Notice that Figure 2.9 describes qualitatively the change of the spreading area over
time. The concept of spreading area will be analysed again in Chapter 4.

2.5 Conclusions

The purpose of this chapter was to introduce the layered structure which will be used
in the next chapters. Since this thesis is part of the SLING research project that fo-
cuses on the sloshing impacts in the LNG tanks, the markIII CCS was selected in its
original configuration (Figure 2.4). After studying the wave propagation phenomena
that take place at the interface between two media the following simplifications were
made:

S0. All layers which compose the MarkIII structure have the same horizontal length.

S1. The thickness of the Rigid Secondary Barrier (RSB) is neglected, and no wave
is assumed to travel inside.

S2. The resin ropes are removed; it is assumed the direct contact between the back
plywood and the wall.

S3. It is assumed that the top plywood and the back plywood have the same thick-
ness.

Based on layered structure shown in Figure 2.7 the concepts of source, impact area,
out-of-impact area and spreading area were defined.
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Chapter 3

Hydrodynamics

3.1 Introduction

The term impact is very often related to the concept of abruptness, and since it
involves a lot of processes and everyday life events such as automobile accidents,
game of billiard, but also molecular collision, tidal waves, ocean waves or air blast
against a structure, the word impact is related with a numerous range of different
fields as psychology, meteorology, physics and especially engineering.

From a physical point of view, an impact can be defined as the process involved
in the collision of two or more objects. The collision can also occur between two
bodies of different ’nature’ such as a liquid mass and a structure. The reaction to
the collision between liquid and structure (structural response) is more complicated
than that between two solid bodies, and the behaviour to this new abrupt event
which changes the current state of equilibrium of the structure will differ. During
the impact process between two objects, some forces will be created at the beginning
of the collision, and consequently they will be removed as soon as the contact ceases
to exist. During the direct impact between two objects, the energy transfer processes
are also involved, and part of the energy is also dissipated from the system.

Although the contact force disappears after the separation of the two objects inter-
ested in the phenomenon, the impact force continues to exist as waves that propagate
inside the material.

This thesis is mainly based on the structural part, but some analysis about the
wave impact needs to be done. This chapter represents the hydrodynamic part of
the problem and its purpose is to understand how the external phenomena affect
the internal process, and to provide an external force that can be responsible of
the wave propagation phenomena inside the material immediately after the impact.
In other words, the hydrodynamic part can be considered as the starting point of
this project. This chapter starts with Section 3.2 where the Elementary Loading
Processes (ELPs) are introduced; Section 3.2.2 summarises the main types of wave
impacts against a wall; particular attention is given to the gas pocket impact and the
regions inside the structure that are affected by the impact liquid and the entrapped
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gas. A distinction between pressure waves and strain waves in the liquid and in the
structure, respectively, is also presented; Section 3.3 formulates the external force
that hits the structure.

3.2 Wave Impacts

The case of an impact wave against a structure is different and more complicated
than the impact phenomena that generally occur between two (solid) bodies of the
same ’nature’. The main issue of the wave impact problems is the variation of the
contact area with respect to the time and the behaviour of the liquid before, after,
and at the moment of the collision with another object. Since a liquid mass is not
a rigid body but a fluid which is free to move, it is going to spread out along the
exposed surface of the structure. Generally, in the other types of impacts, with
some exceptions, the loading area remains the same during the process or in the
worst scenario, it can increase or decrease, but the change of the contact area is
predictable. In the wave impacts, there are not only additional portions of water
which hit the structure, but also, as will be seen, a gas pocket which acts as a load,
entrapped between liquid and structure, and some instabilities in the fluid that need
to be taken into account.

Therefore, in the case of a wave impact there are loads of different nature, and an
unpredictable change in space and time of the external force.

3.2.1 Elementary Loading Processes

The impact loads against a structure, as for instance a wall, are caused by three
processes called Elementary Loading Processes, also identified as ELPs which are
the basic elements of the impact loads:

ELP1. Direct impact

ELP2. Building jet

ELP3. Compression of escaping or entrapping gas.

ELP1 concerns the abrupt stop of the liquid when it directly impacts the structure.
It is related to the compression of the liquid. ELP2 concerns the sharp turn of the
liquid when it is forced along the structure, thus building up a jet, and therefore, it
is related to the change of the liquid momentum. ELP3 concerns the compression
of the gas when it is escaping or is entrapped. Each ELP has its own pressure
signature and their combination provides the pressure map defined as the time-
space distribution of the impact loads.

The load induced by the ELP1 depends on the impact velocity, the extension of
the impact area, the shape of liquid around the impact area, the density and com-
pressibility of liquid, whereas the load induced by ELP2 depends on the velocity
component of the liquid normal to the structure and the angle between the liquid
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surface and the structure. In the case of ELP3, the induced load depends on the
speed of sound of the gas, and, therefore, compressibility and density of the gas.
[1] The pressure maps which are the time-space distributions of the impact loads,
can be considered as the combination of all ELPs or just the result of one ELP. In
Section 3.2.3 a particular type of wave impact will be analysed and it will be shown
the combination of all elementary loading processes.

3.2.2 Types of Wave Impacts

In the analysis of the waves that impact against a structure, it is possible to dis-
tinguish between four types of wave impacts acting on a flat wall. In this section,
the same distinction done in [1] is taken into account: the wave impacts differ each
other according to the location of the focal point with respect to the wall; indeed,
it is possible to have a change in wave shape by modifying the focal point location.
It is possible to distinguish between broken wave impact, slosh impact, flip-through
impact and gas pocket impact (that will be analysed in detail in Section 3.2.3).

A broken wave impact occurs when the overturning wave crest hits the free surface
entrapping a gas pocket; then, the wave front hits the wall and deflects upward.
This type of impact takes place when the focal point is located far in front of the
wall. If the focal point is located behind the wall, then a slosh impact takes place.
In this case, the wave does not break, and the trough moves upward as the crest
gets close to the structure. As can be seen in the pictures of Figure 3.2, there is
no direct impinging of the wave crest because the trough reaches earlier than the
wave crest the impact zone. In case the focal point is near the wall, both wave
crest and wave trough converge towards a small area at the wall; in this case a
flip-through impact occurs. Furthermore, if the focal point is located closer to the
wall, then a gas pocket impact takes place. Differently from the broken wave impact,
in this case the wave front hits directly the wall; as the wave front approaches the
wall, it starts overturning and, at the same time, the wave trough moves upward.
The consequence is an entrapping of gas pocket between the forward moving wave
front, the upward moving trough and the structure. The gas pocket will change its
shape as it will move upward. The following figures show the different wave impacts
mentioned above. For each case, it is possible to notice the wave that approaches
the wall; the time step is 30 ms. It will be possible to notice an interaction between
the forward moving wave front and the upward moving wave trough.

In Figure 3.1 it is possible to see the exact instant when the wave crest hits the free
surface before the impact against the wall. Figure 3.2 shows the shape of the wave
that approaches the wall for a slosh impact; the trough increases its speed upward
preventing any impact of the crest. Figure 3.3 represents Test L031 [1] and shows
the wave shape for the flip-through impact; it can be considered a limit case between
the slosh impact and the gas pocket impact.
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Figure 3.1: Broken wave impact: wave shape in front of the flat wall. Test L076. [1]

Figure 3.2: Slosh impact: wave shape in front of the flat wall. Test L082. [1]

Figure 3.3: Flip-through impact: wave shape in front of the flat wall. Test L031. [1]
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3.2.3 Gas Pocket Impact

In the case of a gas pocket impact, the focal point is located closer to the wall. As
can be seen in the pictures of Figure 3.4, the wave crest starts overturning and the
wave trough moves upward along the wall with an increase of speed as it gets close
to the wall. In the fourth picture (first figure in the second row), it is shown the
exact moment when a wave crest hits the wall; notice that a gas pocket is entrapped
between the wall, the forward moving wave front and the upward moving trough.

Figure 3.4: Gas pocket impact: wave shape in front of the flat wall. Time step 30
ms. Test L070. [1]

The fourth picture in Figure 3.4 represents the starting point of this thesis: the
propagation of waves inside the structure takes place at the exact moment when the
wave crest impacts against the free surface of the layered model, as shown in the
introduction.

In order to fully understand what happens to both liquid and structure, some
sketches have been included in this section, and they are shown below. As men-
tioned before, the purpose of the hydrodynamic part is both to provide a reasonable
external force and to understand what is the connection between the external and
internal processes, namely how the external phenomena affect the internal phenom-
ena, before, after, and at the moment of the impact.

Figures 3.5-3.10 are a schematic representation of the gas pocket impact, and they
show how the impact process that changes at each instant of time affects the internal
regions of the structure; the wave approaching the structure is represented on the
left, whereas the structure with inner regions is shown on the right. Notice that
in each figure, different regions are highlighted according to the changes that occur
outside the structure; this is the main meaning of Figures 3.5-3.10. Chapter 4 will
investigate the physical phenomena that take place in the red region, the area of the
structure affected by the direct impact of the wave crest (ELP1).
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Figure 3.5: Wave shape in front of the
wall, with a focal point located closer to
the wall.

Figure 3.6: Wave approaching the struc-
ture with an overturning of the wave
crest, at t = t0.

Figure 3.7: Direct impact of the wave
crest and entrapping of a gas pocket, at
t = t1.

Figure 3.8: Pressure waves in the fluid
and strain waves in the impact area, at
t = t1.

Figure 3.9: Spreading out of the wave
along the wall and change of the en-
trapped gas pocket shape, at t = t2.

Figure 3.10: Spreading out of the wave
along the wall and change of the gas
pocket shape, at t = t3.
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Each picture shown above, is a summary of a part of the process before a new change
takes place. In Figure 3.5 it is shown a wave shape in front of a wall, and the focal
point is located closer to the wall; no region inside the structure experiences any
change; in Figure 3.6 it is shown the same wave that is getting closer to the wall: the
wave crest starts overturning and the wave trough starts moving upward along the
wall with an increase of speed as the wave crest gets closer and closer to the wall;
the two arrows show the direction in which the wave crest and trough are moving.
It is important to specify that the wave trough is not forced to modify its shape as
long as the distance between the wave crest and the wall remains large. The region
inside the structure (blue) in contact with the moving wave trough is subjected to a
pressure from the outside. Notice that this blue region is going to increase as time
goes on because the wave trough is moving upward. In Figure 3.7 it is shown the
exact moment of the impact (ELP1), namely when the wave crest hits the wall; it is
assumed that the impact of the wave crest occurs at the instant t = t1, and the flow
is forced to abruptly stop due to the presence of the wall. Everything occurs before
the direct impact takes place before the instant t1. There is also an entrapping of
the gas pocket between the wall, and the wave crest and trough. The region affected
by the entrapped gas pocket is shown in green. The flow experiences a compression;
indeed, in order to adapt quickly to this new situation, there is the propagation of
a pressure wave (also called shock wave) through the liquid. While pressure waves
propagate in the flow, another type of wave propagates in the structure: strain
waves. Figure 3.8 that shows both pressure waves and strain waves will be analysed
in detail later. After the impact of the wave crest takes place, the wave starts
spreading along the wall as can be seen in Figure 3.9; this causes additional load
in the regions (dark blue) around the impact area (in red). The flow is forced to
make a sharp turn, building up a vertical jet (ELP2). In addition, the entrapped
gas pocket (ELP3) moved upward and changes its shape (Figure 3.10).

In summary, the gas pocket impact is characterised by:

• approach of the wave crest

• overturning of the wave crest

• upward movement of the wave trough along the wall

• direct impact of the wave crest on the wall (ELP1)

• development of pressure waves in the flow and strain waves in the structure

• entrapping of the gas pocket between flow and structure (ELP3)

• spreading of the wave along the wall and building of a vertical jet (ELP2)

• change in the shape of the gas pocket moving upward

From the Figures 3.5-3.10 and the list above, it is possible to notice that there is
a combination of all three ELPs in the gas pocket impact. Figure 3.11 shows a
schematic representation of this combination for the case of the gas pocket impact.
At the beginning of the process there is a compression of the gas (ELP3) due to
the wave that is moving from the left toward the wall; then, when the wave reaches
the structure, the direct impact of the wave crest (ELP1) occurs; therefore, the
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gas pocket is entrapped between liquid and structure (ELP3), and the building jet
(ELP2) takes place.

Figure 3.11: Schematic representation of the combination of ELPs for the gas pocket
impact case. [4]

The schematic representation of the combination of ELPs can be modified adding
the load from the trough that starts from the beginning when the wave crest begins
approaching the wall.

Figure 3.12: Schematic representation (modified) of the combination of ELPs for
the gas pocket impact case. [4]

It is important to specify that in the process of the wave impact against a structure
several physical phenomena are involved, such as transfer of momentum between
liquid and gas, development of free surface instabilities, compression of escaping gas
and entrapped gas, phase transition, change of liquid momentum, compression of
liquid, fluid structure interaction, and propagation of time-space distributed loads
through composite structure.
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Specifically, as the wave gets close to the wall, the distance between wave and wall
decreases, and there is a transfer of liquid momentum to gas momentum; the escap-
ing gas shears the free surface causing the development of free-surface instabilities
which are considered the main source of variability of the local pressures; since the
gas between liquid and structure cannot escape quickly enough, it is compressed and
it is entrapped; a phase transition is involved because LNG is in thermo-dynamical
equilibrium with its vapour, and the compression of vapour induces condensation,
therefore expansion leads to evaporation; consequently, there is a change in the liq-
uid momentum because the liquid is forced to sharply turn in front of the wall; then,
the liquid is compressed as it hits the wall; due to the discontinuity of the velocity
between liquid and wall at the contact point, there is the propagation of a pressure
wave from the contact point in the liquid at the speed of sound; at the moment of
the contact, the structure is involved and since it is a composed of several layers,
its flexibility influences the loads, and the energy content of the load is distributed
through the structure.

3.2.4 Instabilities

As mentioned in the previous section, the escaping gas causes some free surface in-
stabilities, known as Kelvin-Helmholtz instabilities, that degenerate into protrusions
and then fragment. Figures 3.5-3.10 shown in Section 3.2.3 depict the process of
the gas pocket impact in a simplified way. The impact wave crest seems to have
a defined and uniform shape that overturns as it gets close to the wall and only
changes completely its shape when ELP1 takes place at t = t1. In the reality, the
process is more complicated and the shape of the wave crest is characterized by a
lot of instabilities caused by the escaping gas that shears the wave surface. In the
pictures of Figure 3.13, it is shown the escaping gas between wave and wall (for the
Test L109 [1]).

Figure 3.13: Escaping gas between the liquid and the wall for test L109. Time step
is 15 ms. [1]
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Figure 3.14-3.15 show how the presence of instabilities affects the load along the
surface; the loading area is larger due to the presence of the instabilities.

Figure 3.14: Wave crest approaching the
wall with the presence of instabilities be-
fore the impact.

Figure 3.15: Wave crest at moment of
impact, with instabilities that increase
the impact area.

In this thesis, no instabilities will be taken into account; the external process will be
assumed simplified and the incoming wave crest will be approximated by a spherical
shape (see Section 3.3), but it is important to know that the presence of these
instabilities increases the distribution of the pressure over a larger surface area; it
means that more regions of the structure will be affected by the external impact.

3.2.5 Pressure Waves and Strain Waves

As mentioned before, at the moment of the direct impact of the wave crest (ELP1),
there is the generation and consequently the propagation of two types of waves:
pressure waves in the liquid and strain waves in the structure, as can be seen in
Figure 3.16. Strain waves are generated and travel in the impact area (red region),
and will be analysed in detail in Chapter 4.

Figure 3.16: Development of pressure waves in the fluid and strain waves in the
impact area at the moment of the direct impact t = t1.
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At the moment of the impact, both flow and structure need to adapt quickly to this
new situation (represented by the impact). The flow adapts through the propagation
of a pressure wave (shock wave), at the speed of sound, in the liquid, and it reduces
the velocity of the flow around the contact point; the structure adapts through the
propagation of strain waves in the impact area, and they increase the velocity of
the structure around the contact point. Both pressure waves and strain waves help
to decrease the discontinuity between liquid and structure at the moment of the
direct impact. The generation and propagation of waves inside the structure can
be considered a direct consequence of the external wave impact which acts like a
disturbance modifying the current state of equilibrium of the structure.

If C is the contact point between liquid and structure, then a first cylindrical pressure
wavelet is emitted from C. At each instant the spreading liquid edge will emit
a wavelet (Huygens Principle). As it will be seen in the next section, there are

two contact points which will move with opposite velocities
−−−→
VC(t) and −−−−→VC(t); the

velocity of the contact point will decrease from ∞ that corresponds to the instant
of time in which the contact between structure and liquid has not occurred yet.

It is important to specify that the regions in the Figure 3.16 change continuously
with the time in terms of size, and it only represents the situation for an instant of
time.

3.3 External Force and Contact Point

After evaluating the relationship between the external process and the internal pro-
cess, it needs to define an external force. The external impact needs to be expressed
as a force (pressure force). The complexity of the problem is mainly due to the
variation of the force in both space and time. The external load can be considered
as a pressure force and therefore, the contact area changes with time; this change
can be seen in Figures 3.7-3.10 in which the impact surface increases as the wave
starts spreading along the wall. In this section, the velocity of the contact point and
the external force will be introduced.

Velocity of the contact point VC(t) and critical time tcr

The first contact between the liquid and the structure occurs when ELP1 takes
place, namely at t = t1. It is assumed that there is neither instability nor gas, and
a spherical shape is used to approximate the wave crest with an impact velocity
perpendicular to the wall as can be seen in Figure 3.17.
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Figure 3.17: Radius of curvature R and impact velocity V0 normal to the wall. [5]

In Figure 3.18 the approximated spherical wave with radius R and the impact ve-
locity V0 is shown, whereas in Figure 3.19 it is shown the pressure wave that is going
to propagate in the liquid and the velocity of two contact points that are moving

with oppose direction
−−−→
VC(t) and −−−−→VC(t). [6] [7]

Figure 3.18: Approximated spherical
shape of the impact wave, with radius
of curvature R and impact velocity V0.

Figure 3.19: Velocity of the contact
point VC(t) and propagation of pressure
waves.
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If C identifies the contact point, then its location is defined as follows:

rc(t) = R

√
1−

(
1− V0t

R

)2

(3.1)

The first derivative respect to time will give the velocity of the contact point:

Vc(t) = ṙc (t) =
V0√
1

(1−V0tR )
2 − 1

(3.2)

During the process, the velocity of the contact point will decrease from∞ to c which
is the velocity of the contact point corresponding to t = tcr. Thus, it results:

VC(0) =∞ if t = 0

VC(tcr) = c if t = tcr

At t = 0 there is no contact between liquid and structure. Notice that tcr is the
critical time defined as:

tcr =
R

V0

1− 1√
1 +

(
V0
c

)2
 ≈ RV0

2c2
(3.3)

In order to find some numerical values of Vc(t), consider the following case:

R ≈ 90 mm

V0 ≈ 7 m/s

c = 1500 m/s

By using equation 3.3, then it results:

tcr = 1.4 · 10−7 s

The velocity of the contact point will assume values between∞ and tcr = 1.4 ·10−7s.

The graph in Figure 3.20 shows the relationship between the velocity of the contact
point and time. Notice that VC(t) decreases from∞ to c = 1500 m/s corresponding
at t = tcr.
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Figure 3.20: Velocity of the contact point with respect to time, in the interval [0; tcr]

Pressure force F (t)

As mentioned before, the external force is expressed as a pressure force; then, it
follows:

F (t) =
∫
p(t, A) dA (3.4)

where p(t, A) is the pressure map, and A is the contact area.

If the contact area is simply approximated to a rectangular shape, then, at each
instant of time, more portions of the free surface will be in contact with the liquid.

Figure 3.21: Layered structure with an external force acting on the free surface at
the first instant t = t1 of the impact.
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Figure 3.22: Impact area at t = t2. Figure 3.23: Impact area at t = t3.

Figure 3.24: Impact area at t = t4. Figure 3.25: Impact area at t = tf .

The external process is limited to the critical time, meaning that it takes place
between:

0 s < t < 1.4 · 10−7 s

Figures 3.21-3.25 show the entire structure, and the impact area that changes at
each instant of time. As can be seen, the contact area (in light blue) increases over
time, and it is represented in a simplified form; indeed, the wave starts spreading
out on the free surface at t = t1, and the process comes to an end at t = tf . In
the reality, it is highly difficult to predict the increase of the impact area because,
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as mentioned in the previous sections, it needs to take into account the presence of
discontinuities which distribute pressure over a larger area.

In the next chapter, it will be seen that each change in the external force will be
responsible of the generation of a different incident wave; in that case, different
values of the external force, corresponding to different consequent instants of time
will be used to show the different shape of the wave fronts. Thus, the external force
can also be expressed as follows:

Ftot =
n∑
i=1

Fi(t) (3.5)

3.4 Conclusions

From this chapter it is possible to conclude that there is a strong relationship between
the external and internal process.

As mentioned before, the purpose of this chapter was to provide an understandable
explanation about what happens outside the structure and therefore, provide a
simplified external force to be used in the equations for expressing the deformation
of the structure. In Section 3.2 the Elementary Loading Processes (ELPs) have
been taken into account and different types of wave impacts have been described in
order to understand which process could be suitable for this project. Therefore, the
gas pocket impact has been considered because the direct impact of the wave crest
(ELP1) is clearly involved. It has been seen that every change in the liquid affected
different regions inside the structure (Figures 3.5-3.10). The instabilities have been
also mentioned in order to clarify that their presence makes more complicated the
entire process because they distribute pressure over a larger surface. In addition,
both strain waves and pressure waves play an important role at the moment of
the impact because they decrease the discontinuity between liquid and structure.
In Section 3.3 the notions of velocity of the contact point, critical time have been
introduced together with the external force.

This chapter represented the starting point of this project and the reason why the
wave propagation phenomena are analysed. The generation and development of
waves inside the layered material is a direct consequence of the external load act-
ing on the surface of the layered structure. Next chapter will analyse the wave
propagation phenomena in the impact area.
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Chapter 4

Waves Propagation

4.1 Introduction

The concept of waves propagation is mainly based on the transmission or spreading
of a sharply applied, localized disturbance in a medium. There are several exam-
ples of wave propagation phenomena both in many fields of the physics, such as in
seismology with the propagation of tremors in the earth, in acoustics with the prop-
agation of sound in air, or in electromagnetism with the propagation of electric and
magnetic field, and in many everyday life events, such as the spreading of ripples on
a pond of water. The waves can propagate in the air, gas, water, and solid media.

The interest in the wave propagation phenomena began with Pythagoras that stud-
ied the origin of musical sounds and the vibrations of strings. From the XVI century
with Galileo Galilei that the science about wave propagation and vibrations devel-
oped rapidly. The first studies were more observational than quantitative and very
often concerned water waves and acoustic waves due to the associations with wave
motion.

The concept of waves propagation inside the media is frequently used to explain why
the effects of a local force are also felt in the surrounding regions of the impact area
of the body or the structure interested in the contact with an external load.

Assuming that the waves propagation takes place in a medium or in several media
which are in contact each other, both reflection and transmission phenomena at
the interfaces and particles motion need to be analysed in order to have a wider
knowledge and information about the deformation occurring inside the material.
Indeed, the physical basis for the propagation of a disturbance lies on the interaction
of the discrete atoms of the solids, even if the medium is considered as continuous
both in solid and fluid mechanics.

The interest in wave propagation phenomena also increased throughout the history
due to its numerous applications, especially in engineering. Since earthquakes gen-
erate waves and tremors that propagate both inside and on the surface of earth,
these waves have been useful until now to expand the knowledge about the interior
of the earth or to identify the presence of oil and gas. Studying wave propagation
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phenomena, making use of ultrasonics, gives the opportunity to detect the presence
of potential defects inside materials. Furthermore, in the field of civil, offshore en-
gineering and marine technology, wave propagation phenomena are mainly studied
in order to investigate the response of a structure subjected to a blast load or an
impact. They are also analysed in the field of material science to study the crack
propagation or the interaction of dynamic stress fields with existing cracks, voids,
or inclusions in the materials.

This chapter can be considered the core of this thesis and its purpose is to explain
and provide a reasonable physical explanation of the wave propagation phenomena
that take place inside the material due to an external load. Section 4.2 introduces the
concept of the wave propagation phenomena inside a material; Section 4.3 presents
two types of waves that travel in the simplified structure; the main difference be-
tween these two waves will be based on their propagation velocities. Then, the
concept of spreading area will be analysed again but from a mathematical point
of view. In Section 4.4 all possible situations about the propagation phenomena
related to the simplified structure will be analysed separately; the reflection and
transmission phenomena will be explained for six different situations; then, Section
4.5 introduces different models combining the notions introduced and analysed in
Section 4.4. Section 4.6 introduces the concept of potential associated to each type
of wave, and it also discusses type and geometry of the waves traveling in the layered
structure. Finally, Section 4.7 explains the physics of the particles motion related
to the impact area.

4.2 Waves inside the Material

As discussed in the previous chapter, both strain waves in the structure and pressure
waves in the fluid play an important role in the case of a wave impact because
they reduce the discontinuity between liquid and structure at the moment of the
impact. Both liquid and structure around the contact point need to adapt rapidly
to the new situation represented by the wave impact; specifically, the pressure waves,
propagating in the liquid, reduce the flow velocity around the contact point, whereas
the strain waves, propagating in the structure, increase the velocity of the structure
around this point. The presence of waves inside the material justifies and explains
why the disturbance is also felt in all layers of the impact area, and in the regions
around the loading area after a certain amount of time. The other areas, located
far from the contact point, need some time before feeling the effects of the impact
force (transverse force).

In the rigid dynamics, it is assumed that when a force is applied in a point on a
body, then all the other parts of the body feel instantaneously the effects caused by
this load, and forces can be considered as linear acceleration of the whole body. In
this case, due to the immediate feeling of the external force in all the other regions,
no wave propagation concept can be applied. Thus, this assumption is against the
wave propagation concept in which it is essential consider a limited amount of time
before that no surrounding area feels the effects of the external load. The waves
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considered in this thesis will propagate through the thickness of the structure.

Before presenting the two types of waves that will travel in the layered structure, it
needs to understand where these waves come from. In order to reach the purpose,
let consider a small cube of material and the stresses acting on it:

Figure 4.1: Stresses acting on a material cube.

Applying the Newton’s Second Law in x-direction, it results:

(
σxx +

∂σxx
∂x

dx

)
dydz − σxxdydz +

(
σyx +

σyx
∂y

dy

)
dxdz − σyxdxdz+

+

(
σzx +

∂σzx
∂z

dz

)
dxdy − σzxdxdy = (ρV )üx

which becomes

σxxdydz +
∂σxx
∂x

dxdydz − σxxdydz + σyxdxdz +
∂σyx
∂y

dydxdz+

−σyxdxdz + σzxdxdy +
∂σzx
∂z

dzdxdy − σzxdxdy = ρ(dxdydz)u̇x

which simplifies to

∂σxx
∂x

+
∂σyx
∂y

+
∂σzx
∂z

= ρüx
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Using the generalized form of Hooke’s Law, the equation of motion can be expressed
in terms of the displacement components:

σxx = λ∆ + 2µεxx, σyx = µεyx, σzx = µεzx

∆ = εxx + εyy + εzz εxx =
∂ux
∂x

εyy =
∂uy
∂y

εzz =
∂uz
∂z

εyx =
∂uy
∂x

+
∂ux
∂y

εzx =
∂uz
∂x

+
∂ux
∂z

Thus, substituting, it results:

∂

∂x
(λ(

∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

) + 2µ
∂ux
∂x

) +
∂

∂y
(µ(

∂uy
∂x

+
∂ux
∂y

)) +
∂

∂z
(µ(

∂uz
∂x

+
∂ux
∂z

)) = ρüx

λ
∂

∂x
(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

) + 2µ
∂2ux
∂x2

+ µ
∂2uy
∂y∂x

+ µ
∂2ux
∂y2

+ µ
∂2uz
∂z∂x

+ µ
∂2ux
∂z2

= ρüx

λ
∂

∂x
(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

) + µ
∂

∂x
(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

) + µ(
∂2ux
∂x2

+
∂2ux
∂y2

+
∂2ux
∂z2

) = ρüx

(λ+ µ)
∂∆

∂x
+ µ(∇2ux) = ρüx (4.1)

because ∆ = ∂ux
∂x

+ ∂uy
∂y

+ ∂uz
∂z

, and ∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
.

The same procedure can be applied in the y-direction and z-direction giving:

(λ+ µ)
∂∆

∂y
+ µ(∇2uy) = ρüy (4.2)

(λ+ µ)
∂∆

∂z
+ µ(∇2uz) = ρüz (4.3)

The three equations 4.1, 4.2 and 4.3 can be also expressed in the following form:

(λ+ µ)∇∇.u+ µ∇2u = ρü (4.4)

where ∇.u = ∆. Notice that the body forces are neglected in the previous equations.

The three equations 4.1, 4.2 and 4.3, or equation 4.4 are called Navier’s equations
for the media. [8]

By applying the Helmholtz Theorem it is possible to express equation 4.4 in a simpler
way. The Helmholtz Theorem states that any sufficiently continuous vector field can
be represented as the sum of the gradient of a scalar potential and the curl of a
vector potential:
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u = ∇Φ +∇×Ψ, ∇.Ψ = 0

where Φ is the scalar potential and Ψ is the vector potential.

Substituting, it results:

(λ+ µ)∇∇.(∇Φ +∇×Ψ) + µ∇2(∇Φ +∇×Ψ) = ρ(∇Φ̈ +∇× Ψ̈)

(λ+ µ)(∇∇.∇Φ +∇∇.∇×Ψ) + µ∇2∇Φ + µ∇2∇×Ψ = ρ∇Φ̈ + ρ∇× Ψ̈

(λ+ µ)∇∇2Φ + (λ+ µ)∇∇.∇×Ψ + µ∇2∇Φ + µ∇2∇×Ψ− ρ∇Φ̈− ρ∇× Ψ̈ = 0

∇[(λ+ µ)∇2Φ + µ∇2Φ− ρΦ̈] +∇× [(λ+ µ)∇∇.Ψ + µ∇2Ψ− ρΨ̈] = 0

∇[(λ+ 2µ)∇2Φ− ρΦ̈] +∇× [µ∇2Ψ− ρΨ̈] = 0

This equation is satisfied if each bracketed term is equal to zero:

[(λ+ 2µ)∇2Φ− ρΦ̈] = 0

[µ∇2Ψ− ρΨ̈] = 0

Then, it results:

∇2Φ =
1(

λ+2µ
ρ

)Φ̈ → ∇2Φ =
1

α2

∂2Φ

∂t2
(4.5)

which is the wave equation for compression/dilatation waves, propagating at velocity

α =
√

λ+2µ
ρ

,

∇2Ψ =
1(
µ
ρ

)Ψ̈ → ∇2Ψ =
1

β2

∂2Ψ

∂t2
(4.6)

which is the wave equation for distortion/shear waves, propagating at velocity β =√
µ
ρ
.

Therefore, compression (or dilatation) waves characterized by a velocity α and dis-
tortion (or shear) waves characterized by a velocity β can propagate inside a medium
and are considered body waves.

4.3 Compression and Distortion Waves

The structure introduced in Chapter 2 is composed by several layers that have
different dimensions and material characteristics which will affect the propagation
velocities of the waves.
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It is assumed that two types of waves are generated and propagate inside the sim-
plified model: compression waves and distortion waves. Compression waves can
also be called dilatation waves and distortion waves can also be called shear waves.
The main difference between these two types of waves lies on the propagation ve-
locities; compression waves propagate inside the material with a velocity that will
be identified with α and it depends on density, bulk modulus and shear modulus,
instead distortion waves propagate with a velocity identified with β which depends
on density and shear modulus, as shown in the following formulas:

α =

√
1

ρ
(k +

4G

3
) (4.7)

β =

√
G

ρ
(4.8)

where ρ, k, G are density, bulk modulus, and shear modulus, respectively.

It is important to specify that the propagation of a compression wave is subjected
to a combination of compression and shear. In order to better understand this
concept, consider a cube of material (for instance, located inside the impact area),
a coordinate system (x, y, z), and a compression wave which is travelling in the
x-direction (see Figure 4.2). During the passage of the compression wave, the cross-
sectional areas of the cube perpendicular to the x-axis (highlighted in yellow) are
not going to modify their shape, whereas the cross-sectional areas parallel to the
x-axis (highlighted in red) are going to be changed. Therefore, there is a change in
the shape of the cube and as well as in the volume. Figure 4.2 shows the cube of
material before and after the passage of the compression wave.

Figure 4.2: Material cube before (on the left) and after (on the right) the passage
of a compression wave propagating in x-direction.

Equations 4.7 and 4.8 can also be expressed in terms of the first and the second
Lame’ constants (λ, µ). If density, Poisson ratio, and elastic modulus (ρ, ν, E) are
known, then it results:

α =

√
λ+ 2µ

ρ
(4.9)
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β =

√
µ

ρ
(4.10)

Notice that k is expressed as k = λ + 2µ
3

and it is defined as the ratio between the
applied force and the dilatation ∆. The detailed procedure that demonstrates the
equivalence between equations 4.7 and 4.9, and between equations 4.8 and 4.10 can
be found in Appendix A.1.

Based on the equations 4.9 and 4.10, and assuming that the values of density, Poisson
ratio and elastic modulus (ρ, ν, E) are known for each layer, as shown in Table 2.1,
at first it is possible to find the Lame’ constants (λ, µ), and then to calculate the
wave propagation velocities (α, β). Table 4.1 shows the numerical results for the
four layers:

Layers λ µ α β α/β
MPa MPa m/s) m/s -

Top plywood 1959.337 3803.419 3670.625 2314.504 1.586
Primary RPUF 20.021 35.593 871.816 544.619 1.601

Secondary RPUF 20.021 35.593 871.816 544.619 1.601
Back plywood 1959.337 3803.419 3670.625 2314.504 1.586

Table 4.1: Lame’ constants and propagation velocities for each layer

Notice that for calculating the Lame’ constants, the following formulas have been
used:

λ =
Eν

(1 + ν)(1− 2ν)
(4.11)

µ =
3

2
(k − λ) (4.12)

where

k =
E

3(1− 2ν)
(4.13)

From Table 4.1 it is possible to notice that α
β

=
√

λ+µ
µ

>
√

2. Thus, any compression
wave will propagate faster than any distortion wave. It results α

β
≈ 1.60 in each layer.

As mentioned in Section 2.4.1, the rate of change of the spreading area, namely the
increase of the dimensions (r(t), h(t)), depends on the propagation velocities of the
waves. From Table 4.1 it can be noticed how only the velocity of the compression
waves affects the rate of change of the spreading area because αj > βj for j = 1, 2, 3, 4
in each layer. The following graph relates time and space (thickness of each layer)
in the impact area:
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Figure 4.3: Spreading Area: Time-Space relationship for each layer: top ply-
wood, primary RPUF, secondary RPUF and back plywood.

The graph in Figure 4.3 shows the relationship between space and time in each layer.
Only the compression propagation velocities αj have been considered. Blue and
red lines represent the time-space relationship for top plywood and back plywood,
respectively, whereas the orange and the green lines those for the primary RPUF
and secondary RPUF, respectively. The slope in the graph in Figure 4.3 is the
velocity αj in each layer. The larger the thickness of each layer, the more time the
compression wave takes to reach the interface.

4.4 Wave Propagation Phenomena

In this section, the wave propagation phenomena will be analysed separately for all
possible situations related to the simplified model. The expression wave propagation
phenomena means the reflection and the transmission of an incident wave that
impinges on an interface which separates two media.

As mentioned before, there will be two kinds of waves, compression and distortion
waves; in this thesis, six types of waves will be taken into account: incident com-
pression wave (ICW), reflected compression wave (RCW), transmitted compression
wave (TCW), incident distortion wave (IDW), reflected distortion wave (RDW),
transmitted distortion wave (TDW). Looking at the configuration of the simplified
model in Figure 2.7, it is possible to identify three types of interfaces: a free interface
which separates the first layer (L1) from the external environment, the interface at
the wall which separates the last layer from the wall, and the interface which sep-
arates two layers (for instance, layer 1 from layer 2). In this section, the reflection
and transmission phenomena will be only shown at these three types of interface
to better understand the generation of new waves as a consequence of an incident
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(compression or distortion) wave. The six situations that are going to be discussed
will be considered as isolated cases; later, in the chapter, they will be combined
together and the global wave propagation phenomena of reflection and transmis-
sion will be shown. Considering the simplified model introduced in Chapter 2, it is
possible to identify six situations:

Situation 1. elastic layer - external environment, with incident compression wave;

Situation 2. elastic layer - external environment, with incident distortion wave;

Situation 3. elastic layer - elastic layer, with incident compression wave;

Situation 4. elastic layer - elastic layer, with incident distortion wave;

Situation 5. elastic layer - wall, with incident compression wave;

Situation 6. elastic layer - wall, with incident distortion wave;

Figure 4.4: Situations 1.-6. located in the simplified model.
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Notice that in the first two situations, the expression external environment has been
chosen in order to identify the place where there are air and water. It is the portion of
space where the wave impact and the phenomena described in the previous chapter
take place. The expression elastic layer identifies each material that composes the
simplified structure. The wall is rigid and fixed; it means no wave propagates inside.
Furthermore, the source that generates the waves inside the material is located on
the free interface that separates layer 1 from the external environment in Situations
1. and 2 (Figures 4.5 and 4.6).

Situation 1. Figure 4.5 shows a free boundary which corresponds to the interface
0 of the simplified structure. It divides layer 1 (which is the top plywood) from
the external environment. Notice that the external environment is identified with
light blue colour in the Figure 4.5. If an incident compression wave hits the free
boundary, then there will be the generation of two new waves that will be reflected
back. One of them will be a compression wave and the other one will be a distortion
wave. No wave will develop and travel beyond the free interface.

Situation 2. Figure 4.6 shows the same case of Situation 1. except for the type of
incident wave which hits the free interface. Also in this case the incident distortion
wave will generate both a reflected compression wave and a reflected distortion wave;
they will travel back in layer 1.

It will be seen that the incident compression wave (ICW) in Figure 4.5 and the
incident distortion wave (IDW) in Figure 4.6 which generate two couples (RCW
and RDW) of waves are the reflected waves that, in turn, have been generated by
an incident compression wave at interface I1. As it will be seen later in Section 4.5,
the processes shown in Figures 4.5-4.6 are two examples of II order wave propagation
phenomena.

Situation 3. Figure 4.7 shows two solid elastic media, with different material
properties, that are connected together through an interface. In this situation the
interface is hit by an incident compression wave (ICW). As can be seen, it generates
four new waves: a reflected compression wave (RCW) and a reflected distortion wave
(RDW) that will propagate back in the first layer, and a transmitted compression
wave (TCW) and a transmitted distortion wave (TDW) that will propagate in the
second layer.

Situation 4. Figure 4.8 shows the same case of Situation 3 with the only difference
that an incident distortion wave (IDW) hits the interface. It will also generate four
new waves: two will be reflected back, (RCW), and (RDW), and the other two will
be transmitted in the next medium, (TCW) and (TDW).

The incident compression wave (ICW) in Figure 4.7 and the incident distortion wave
(IDW) in Figure 4.8 can be considered the reflected waves which appear in Figure
4.5 or in Figure 4.6.

Situation 5. Figure 4.9 shows a solid elastic medium in contact with a wall hit by
an incident compression wave. It is supposed no wave is generated inside the wall,
and, therefore, there will only be reflected waves (RCW) and (RDW).
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Situation 6. Figure 4.10 is the same as Situation 5. but an incident distortion
wave is taken into account. Also in this case, there will be only two reflected waves
(compression and distortion) that will propagate back in the medium.

The incident compression wave (ICW) in Figure 4.9 and the incident distortion
wave (IDW) in Figure 4.10 are the transmitted waves which have been generated
by another incident wave in the previous layer (that is layer 3).

It is important to specify that in all Figures 4.5-4.10 the blue arrows represent com-
pression waves and the red arrows represent distortion waves, as can be noticed by
the acronyms. These pictures do not provide any additional information about the
’nature’ of the waves (their geometry, amplitudes, etc.), but they are only schematic
representations to show the propagation directions.

Figure 4.5: Situation 1. Generation of
reflected waves due to an incident com-
pression wave ICW at free interface.

Figure 4.6: Situation 2. Generation of
reflected waves due to an incident dis-
tortion wave IDW at free interface.

Figure 4.7: Situation 3. Generation of
reflected and transmitted waves due to
an incident compression wave ICW.

Figure 4.8: Situation 4. Generation of
reflected and transmitted waves due to
an incident distortion wave IDW.

Figure 4.9: Situation 5. Generation of
reflected waves due to an incident com-
pression wave ICW at the last interface.

Figure 4.10: Situation 6. Generation of
reflected waves due to an incident dis-
tortion wave IDW at the last interface.
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In summery, a incident (compression or distortion) wave generates four waves every
time it hits a boundary between two solid elastic media. Even though no wave
propagates in the air or in the wall (Situations 1,2 and 5,6), two reflected waves are
generated back. If only a wave is supposed to reflect back in the medium, then the
boundary conditions at the interface are nor satisfied anymore at the same time.

In the next section it will be proved mathematically that the boundary conditions at
the interface which divides two media are not satisfied at the same time if a reflected
distortion wave is not taken into account.

4.4.1 Mathematical Demonstration of Situation 1.

The purpose of this section is to demonstrate that the boundary conditions are not
satisfied if only a reflected compression wave is taken into account.

The demonstration will be done only for Situation 1 shown in Figure 4.5 in the
previous section. The interface will be a free boundary and both normal stress and
shear stress need to be zero at y = 0. It will be considered an incident compression
wave with an angle γ1 with the x-axis. At first, only a reflected compression wave
will be taken into account.

Figure 4.11: Incident compression
(plane) wave at free interface and re-
flected compression wave, assuming no
reflected distortion wave.

Figure 4.12: Incident compression
(plane) wave at free interface and
reflected compression and distortion
waves.

In Figure 4.11 it is shown the incident (harmonic) compression wave with amplitude
A1 and angle γ1 with x-axis; its displacement perpendicular to the wave front will
be:

Φ1 = A1sin(pt+ f1x+ g1y) (4.14)

where f1 = p
α1

cos γ1, g1 = p
α1

sin γ1. Notice that α1 is the propagation velocity of
the compression wave.

The displacement of the reflected compression plane wave will be:

Φ2 = A2sin(pt+ f2x− g2y + c1) (4.15)
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where f2 = p
α1

cos γ2, g2 = p
α1

sin γ2. Also this wave will travel with a velocity α1.
Notice that c1 is a constant that allows any change in phase of the wave on reflection.

In addition, the displacements parallel to the x-axis and y-axis will be defined with
q1/2 and w1/2, respectively, where:

q1 = Φ1 cos(γ1) w1 = Φ1 sin(γ1)

q2 = Φ2 cos(γ1) w2 = Φ2 sin(γ1)

As can be seen in Figure 4.11, the free boundary is represented by the xz plane.
The normal stress and shear stress will be expressed by the following equations:

σyy = λ∆ + 2µ
∂w

∂y
= λ(

∂q1
∂x

+
∂q2
∂x

+
∂w1

∂y
+
∂w2

∂y
) + 2µ(

∂w1

∂y
+
∂w2

∂y
) (4.16)

σyx = µ

(
∂w

∂x
+
∂q

∂y

)
= µ(

∂q1
∂y

+
∂q2
∂y

+
∂w1

∂x
+
∂w2

∂x
) (4.17)

Substituting all the partial derivatives calculated in Appendix A.3, it results:

σyy = p
α1

[
λ+ 2µ sin2 γ1

]
A1 cos(pt+ f1x+ g1y)+

[+λ+ 2µ sin2 γ2]
p
α1
A2 cos(pt+ f2x− g2y + c1)

σxy = µ( p
α1
A1 cos(pt+ f1x+ g1y) sin(2γ1)

− p
α1
A2 cos(pt+ f2x− g2y + c1) sin(2γ2))

At the interface, y = 0, σyy = 0 and σxy = 0. Then, the previous equations become:

0 =
[
λ+ 2µ sin2 γ1

] p
α1

A1 cos(pt+f1x)+[λ+2µ sin2 γ2]
p

α1

A2 cos(pt+f2x+c1) (4.18)

0 = µ
p

α1

(A1 cos(pt+ f1x+ g1y) sin(2γ1)− cos(pt+ f2x− g2y + c1) sin(2γ2)) (4.19)

Equation 4.18 is satisfied for all values of t and x if:

f1 = f2 (i.e. γ1 = γ2), and either c1 = 0 and A1 = −A2

f1 = f2 (i.e. γ1 = γ2), and either c1 = π and A1 = +A2

Equation 4.19 is satisfied for all values of t and x if:

f1 = f2 (i.e. γ1 = γ2), and either c1 = 0 and A1 = +A2

f1 = f2 (i.e. γ1 = γ2), and either c1 = π and A1 = −A2

Since the boundary conditions are not satisfied at the same time, it needs to take
into account a second reflected wave: a reflected distortion plane wave (see Figure
4.12)
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Φ3 = A3sin(pt+ f3x− g3y + c1) (4.20)

where f3 = p
β2

cos γ3, g3 = p
β2

sin γ3. The deformations will be:

q3 = Φ3 sin(γ3) w3 = Φ3 cos(γ3)

Adding [λ(∂q3
∂x

) + 2µ(∂w1

∂y
)]y=0 to equation 4.18, it results:

σyy = 0 = A1

α1

[
λ+ 2µ sin2 γ1

]
cos(pt+ f1x)+

[λ+ 2µ sin2 γ2]
A2

α1
cos(pt+ f2x+ c1)

−2µA3

β2
cos(pt+ f3x+ c2) cos γ3 sin γ3

This equation can be satisfied for all values of t and x when: f1 = f2 = f3 and
c1 = c2 = 0, then sinγ1

α1
= sinγ2

α1
= sinγ3

β2

with γ1 = γ2, (hence sinγ1
sinγ3

= α1

β2
), then, it results:

0 = A1

α1

[
λ+ 2µ sin2 γ1

]
cos(pt+ f1x)+

[λ+ 2µ sin2 γ2]
A2

α1
cos(pt+ f1x)

−2µA3

β2
cos(pt+ f1x) cos γ3 sin γ3

0 = (A1+A2)
α1

[
λ+ 2µ sin2 γ1

]
− µA3

β2
sin(2γ3)

Adding [µ(∂w3

∂x
+ ∂q3

∂y
)]y=0 to equation 4.19, it results:

σxy = 0 = A1

α1
cos(pt+ f1x) sin(2γ1)− A2

α1
cos(pt+ f2x+ c1) sin(2γ2)

+A3

β2
cos(pt+ f3x+ c2)(− cos(2γ3))

This equation can be satisfied for all values of t and x when: f1 = f2 = f3 and
c1 = c2 = 0, then it results:

0 = A1

α1
cos(pt+ f1x) sin(2γ1)− A2

α1
cos(pt+ f1x) sin(2γ2)

+A3

β2
cos(pt+ f1x)(− cos(2γ3))

0 = (A1−A2)
α1

sin(2γ1)− A3

β2
cos(2γ3)

In addition, substituting µ = ρβ2
2 , λ = ρα2

1 − 2ρβ2
2 , and sinγ1

sinγ3
= α1

β2
the previous

equations becomes:

(A1 + A2)

(
1− 2

sin2 γ3 cos2 γ1
sin2 γ1

)
− 2A3 cos γ3

sin2 γ3
sin γ1

= 0 (4.21)
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2 cos γ1 sin γ3 (A1 − A2)− A3 cos (2γ3) = 0 (4.22)

From equations 4.21 and 4.22 it is possible to obtain the amplitudes of the two
reflected waves. If the incident wave is perpendicular to the free interface (γ1 = π

2
),

then A3 = 0 from the second equation and it results A1 = −A2.

The complete calculations for obtaining the equations above can be found in the
Appendix A.3

4.5 Global Wave Propagation Phenomena

After analysing all situations of reflection and transmission phenomena separately
at different types of interface in the simplified structure, the next step is to focus on
the Global Wave Propagation Phenomena (G.W.P.P.). In this thesis, the expression
Global Wave Propagation Phenomena will identify the reflection and transmission
phenomena that continuously take place at the interfaces in the entire simplified
structure (see Figure 2.7), as time goes on. It was decided to approach the problem
starting from the easiest case. In the next sections, different types of wave propa-
gation models will be presented by considering different assumptions. Each model
will satisfy two of the following conditions:

C1. αj = βj, with j = 1, 2, 3, 4

C2. αj 6= βj, with j = 1, 2, 3, 4

C3. Aj(ti) = Aj(ti+1) = Aj+1(ti+1), with j = 1, 2, 3 and i ∈ N

C4. Aj(ti) 6= Aj(ti+1) 6= Aj+1(ti+1), with j = 1, 2, 3 and i ∈ N

Condition C1 assumes that compression and distortion waves propagate at the same
velocity in each layer j; thus, no distinction between compression and distortion
waves will be done for the models which will satisfy condition C1. Condition C2
distinguishes between α and β in each layer. Condition C3 assumes there is no
change in the amplitudes of the waves, whereas condition C4 assumes a change (de-
crease) in the amplitudes of the waves when reflection and transmission phenomena
take place at the interfaces. Notice that A represents a general term to identify a
general wave amplitude. To be more precised, conditions C3 and C4 can be ex-
pressed for both compression and distortion waves: if Πj represents the amplitude
of compression waves in layer j, and Pj represents the amplitude of distortion waves
in layer j, then it results:

C3a. Π
(j)
i = Π(j)

r = Π
(j+1)
tr , with j = 1, 2, 3

C3b. P
(j)
i = P (j)

r = P
(j+1)
tr , with j = 1, 2, 3

C4a. Π
(j)
i 6= Π(j)

r 6= Π
(j+1)
tr , with j = 1, 2, 3

C4b. P
(j)
i 6= P (j)

r 6= P
(j+1)
tr , with j = 1, 2, 3
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If condition C3a is applied to the layers L1 and L2, then it results: Π
(1)
i = Π(1)

r = Π
(2)
tr

that means the amplitudes of incident compression wave Π
(1)
i , of reflected compres-

sion wave Π(1)
r , and of transmitted compression wave Π

(2)
tr are the same. Notice

that the incident compression wave will exist at an instant of time tn whereas both
reflected and transmitted waves will exist at another instant of time, for instance,
tn+1, with n ∈ N . The purpose of each of the following sections is to show a wave
propagation model for partial/entire structure, based on conditions C1-C4, with
respect to time. After evaluating all scenarios, the most suitable final global wave
propagation phenomena model will be chosen.

In order to express the wave propagation phenomena with respect to time, the
compression propagation-time (tαj) and the distortion propagation-time (tβj) need to
be considered. For each model all propagation-times for compression and distortion
waves in each layer will be expressed in terms of tα1 . tαj and tβj represent the
time needed by compression and distortion waves respectively, in layer j, to reach
the next interface. The numerical approximations of the propagation times, and
compression and distortion velocities can be found in Appendix A.2.

Furthermore, Figure 4.13 shows the concepts of I order wave propagation phenomena
(in green) and II order wave propagation phenomena (in orange). To understand
the difference between I and II order wave propagation phenomena, consider the
following examples related to Figure 4.13: when the incident compression wave
(ICW1) impinges on interface 1 (I1), then a reflected compression wave (RCW1)
in L1 and a transmitted compression wave (TCW2) in L2 are generated; this is an
example of I order wave propagation phenomena. When the incident compression
wave (TCW2 = ICW2) in L2 impinges on the interface 2 (I2), then a reflected com-
pression wave (RCW2) and a transmitted compression wave (TCW3) are generated;
this is another example of I order wave propagation phenomena. When the RCW2
travels back in L2 and impinges on the interface 1 (I1), a new reflected compression
wave (RCW1’) and a new transmitted compression wave (TCW2’) are generated;
this is an example of II order wave propagation phenomena. Notice that in order
to simplify the explanation, the generation of reflected and transmitted distortion
waves has been omitted, but the same considerations are also valid for distortion
waves.
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Figure 4.13: I order wave propagation phenomena (in green) and II order wave
propagation phenomena (in orange).

The following sections will introduce different models by considering conditions C1-
C4. Notice that the wave propagation velocities will be expressed in function of the
compression velocity α1, and the same will be done for the wave propagation-times
that will be expressed in function of tα1 .

Based on the conditions C1-C4, each section will provide different types of graphs,
where time t in seconds will be on the horizontal axis, whereas the thickness of
each layer will be on the vertical axis; for better showing the wave-paths and the
waves amplitudes, the thicknesses Hj, with j = 1, 2, 3, 4, will not be to scale. The
consequence is a rather large thickness for top and back plywood (L1 and L4).
However, in all graphs it will be respected the following condition:

H3 > H2 > H1, H4

4.5.1 G.W.P.P. for L1 and L2, with C1 and C3

The case analysed in this section will be identified as GWPP1.

The analysis of the global wave propagation phenomena begins by considering the
easiest case: two layers (top plywood and primary RPUF) with three interfaces (I0,
I1, I2), assuming the same wave propagation velocities (αj = βj, for j = 1, 2). Thus,
the G.W.P.P. model for L1 and L2, with conditions C1 and C3 will be discussed.

For this case, only compression velocities (α1, α2) will be considered. In order to
build the wave propagation model in function of the same parameters, α2 and tα2

will be expressed in function of α1 and tα1 , respectively. Thus, it results:

60



• α1 = β1, α2 = β2

• Π
(1)
i = Π(1)

r = Π
(2)
tr = P

(1)
i = P (1)

r = P
(2)
tr

• α2 ' 0.25 · α1, tα2 ' 30 · tα1

The following two graphs describe the relationship between the propagation phe-
nomena in L1 and L2 with respect to time. Notice that both Figures 4.14 and
4.15 do not provide any information about the shape of the waves; the straight
lines represent the wave path with respect to time, namely, how many times the
wave generated by the source (in red) is subjected to reflection and transmission
phenomena at the interfaces.

Figure 4.14: Waves-path for L1 and L2 without II order wave propagation phenom-
ena.

Figure 4.14 does not take into account the II order wave propagation phenomena;
the incident compression wave is reflected (represented by the wave-path in blue)
in L1, and transmitted (represented by the wave-path in orange) in L2. Notice
that only the wave-path due to the first transmitted wave has been represented in
L2. Due to the large thickness that distinguishes the top plywood and the primary
RPUF, the number of reflections in L1 will be higher that those in L2 in terms
of time. The incident compression wave in L2 (ICW2) will need 30 · tα1 to reach
the interface 2. This means that if ICW1 is reflected and transmitted at t = t2,
then the transmitted (incident) compression wave in L2 (ICW2) will be reflected
(and transmitted) at t = t32. Figure 4.15 includes the II order wave propagation
phenomena. Notice that the wave represented by the wave-path in yellow in L1,
due to the impinging of the reflected back compression wave (RCW2) on interface
1 overlaps with the wave represented by the wave-path in blue. It happens again at
t = t122 (in green).
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Figure 4.15: Wave-path for L1 and L2 with II order wave propagation phenomena.

If only the I order wave propagation phenomena are considered, then it is possible
to express mathematically the number of each type of wave, as time goes on, as
follows:

NICW1 = 22n+1|t=2n+3 NIDW1 = 22n+1|t=2n+3 n ∈ N

NRCW1 = 22n|t=2n+2 NRDW1 = 22n|t=2n+2 n ∈ N

NICW2 = 22n|t=2n+2 NIDW2 = 22n|t=2n+2 n ∈ N

NRCW2 = 22n+1|t=2n+32 NRDW2 = 22n+1|t=2n+32 n ∈ N

At each instant of time, it is possible to calculate the exact number of waves in
both layers. It has been calculated the exact number of waves in L1 and L2 as a
consequence of the continuous reflection and transmission phenomena that occur at
the interfaces. The next graphs show the relationship between the number of each
type of wave with time. It has been chosen to show the waves of the same type in the
same graph. Notice that the number of each type of wave increases exponentially in
both layers. Specifically, in Figures 4.16 and Figure 4.18 the number of waves starts
increasing largely around t40; indeed, around this instant of time, the II order wave
propagation phenomena take place and there is an overlapping of the same waves.
Looking at graphs on the left (Figures 4.16, 4.18 and 4.20), it might seem that in
the interval t40− t1 the number of waves is zero; actually, the number of waves after
t40 is much larger than that before t40 and it can seem that there is no wave before
instant t40. To clarify this possible misunderstanding, the same situations are shown
in the graphs on the right but for smaller intervals of time. From t = t1 in ahead,
there are waves in L1. The same considerations are valid for the other graphs.
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Figure 4.16: Number of incident and
reflected compression waves in L1 for
∆t = 50 s.

Figure 4.17: Number of incident and
reflected compression waves in L1 for
∆t = 10 s.

Figure 4.18: Number of incident and re-
flected distortion waves in L1 for ∆t =
50 s.

Figure 4.19: Number of incident and re-
flected distortion waves in L1 for ∆t =
10 s.

Figure 4.20: Number of incident and
reflected compression waves in L2 for
∆t = 80 s.

Figure 4.21: Number of incident and
reflected compression waves in L2 for
∆t = 45 s.
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Figure 4.22: Number of incident and re-
flected distortion waves for ∆t = 50 s.

Figure 4.23: Number of incident and re-
flected distortion waves for ∆t = 45 s.

It is possible to conclude that the number of each type of wave will increase expo-
nentially as time goes on and it will reach the highest value in the last instant of
time in the interval considered.

4.5.2 G.W.P.P. for L1 and L2, with C1 and C4

The case analysed in this section will be identified as GWPP2.

The model introduced in Section 4.5.1 was based on condition C1, namely it was
considered no distinction between compression and distortion propagation velocities,
and it was also assumed no change in the amplitudes of the waves. The main
difference in this case will concern condition C4. It will be supposed a decrease in
the amplitudes after an incident wave is reflected and transmitted at the interface.
First, of all, the conditions valid for GWPP2 are:

• α1 = β1, α2 = β2

• Π
(1)
i 6= Π(1)

r 6= Π
(2)
tr 6= P

(1)
i 6= P (1)

r 6= P
(2)
tr

• α2 ' 0.25 · α1, tα2 ' 30 · tα1

For this case, attention will be only focused on the change in the amplitudes, and
neither wave-paths without/with II order wave propagation phenomena nor graphs
with the total number of each type of wave will be provided.

Since condition C1 is still valid for this case, only compression waves will be taken
into account. In order to show the change in the amplitude of both incident and
reflected compression waves, the amplitude will be assumed composed by a constant
value A

(j)
type (A

(1)
i for incident wave in L1, A(1)

r for reflected waves in L1, A
(2)
i for

incident wave in L2, and A(2)
r for reflected waves in L2), and an exponential term

e
− t
τj , where 1

τj
is the damping factor. Thus, A

(j)
type,tot = A

(j)
typee

− t
τj .
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The following graphs show the decrease in the amplitude of each type of wave.

Figure 4.24: Change in amplitude for
incident compression waves in L1, for
∆t = 20 s.

Figure 4.25: Change in amplitude for
reflected compression waves in L1, for
∆t = 20 s.

Figure 4.26: Change in amplitude for
incident compression waves in L2, for
∆t = 20 s.

Figure 4.27: Change in amplitude for
reflected compression waves in L1, for
∆t = 52 s.

For this case, arbitrary values have been chosen but taking into account that the
amplitude of the incident wave is bigger than the amplitudes of reflected and trans-
mitted waves:

A
(1)
i,tot > A

(1)
r,tot, A

(2)
tr,tot

A
(2)
i,tot = A

(2)
tr,tot > A

(2)
r,tot
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It was chosen the same value of damping for L1 and L4, and the same value of
damping for L2 and L3, supposing that the decrease in the amplitudes is the same
in the layers of the same material. Notice that an interval of time of ∆t = 20s
has been considered for the first three graphs, but in the last case a larger interval
of time was taken into account because reflected compression waves start traveling
back in L2 only from t32. On the vertical axis of graphs in Figures 4.24-4.27 the
numerical values of A

(j)
type,tot, with j = 1, 2 are displayed.

Figure 4.28 shows the decrease of the amplitudes for incident and reflected com-
pression waves in L1 and L2. It was chosen an interval of ∆t = 20s for incident,
reflected and transmitted compression waves in L1 and an interval ∆t = 50s for re-
flected compression waves in L1. This picture has the purpose to show the decrease
of the wave amplitudes after each reflection and transmission at the interfaces. No-
tice that the amplitudes of RCW2 in L2 are much smaller than the amplitudes of
the incident waves ICW2.

Figure 4.28: Decrease in the amplitude of incident, reflected and transmitted com-
pression waves in L1 and L2.
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4.5.3 G.W.P.P. for L1 and L2 with C2 and C3

The case analysed in this section will be identified as GWPP3.

The main difference between the model that is going to be introduced in this section
and the model of Section 4.5.1 is the distinction between compression and distortion
velocities. In order to provide a global wave wave propagation phenomena model
according to conditions C2 and C3, some additional simplifications need to be done.
First of all, the conditions valid for this case are:

• α1 6= β1, α2 6= β2

• Π
(1)
i = Π(1)

r = Π
(2)
tr = P

(1)
i = P (1)

r = P
(2)
tr

• α2 ' 0.25 · α1, β1 ' 0.6 · α1, β2 ' 0.15 · α1

• tα2 ' 30 · tα1 , tβ1 ' 2.0 · tα1 tβ2 ' 50 · tα1

If only the first layer (L1) is considered, then the wave propagation phenomena (inci-
dence and reflection between interface 0 and interface 1) can be seen in Figure 4.29.
The concentration of waves increases with time because every single wave that im-
pinges on an interface generates two additional waves (compression and distortion);
in turn, each of them will generate new couples of waves at different instants of time.
Furthermore, it is important to notice that from t = t5 the waves of the same type
but generated by different waves (namely a reflected compression wave generated
by an incident compression wave and a reflected compression wave generated by an
incident distortion wave) start overlapping. This kind of superposition will occur
often as time goes on. Different colours have been used to show the superposition of
the waves, but basically there are only two types of waves in L1, compression and
distortion waves.

Figure 4.29: Compression and distortion waves in layer 1 for ∆t = 10 s.
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Figure 4.30 shows both compression and distortion waves in L1 and L2 without
including II order wave propagation phenomena, and without considering the con-
tinuous generation of compression and distortion waves at the interfaces. This means
it is shown only the path of the waves generated at the beginning. Figure 4.31 in-
cludes the II order wave propagation phenomena. Notice that in the first layer there
is an overlapping of both compression and distortion waves at the instants of time
when the reflected waves in the second layer reach interface 1 and are transmitted.

Figure 4.30: Wave-path for L1 and L2 without II order Wave propagation phenom-
ena

Figure 4.31: Wave-path for L1 and L2 with II order Wave propagation phenomena

Due to the complexity of the propagation phenomena, it has been decided to calcu-
late the exact number of waves in L1 only for the first seventeenth instants of time,
and then evaluating the propagation phenomena in the next layer as a consequence
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of waves developed in the interval of time ∆t = t17 − t1. The following graphs
show the exact number of incident compression/distortion waves and reflected com-
pression/distortion waves, respectively, in L1 and L2. From the graphs below, it is
possible to notice an exponential increase in the number of each type of wave as time
goes on. In Figure 4.34 there are some intervals of time such as (t64− t16) where no
wave travels in L2; basically, waves develop and travel through L2 also in these in-
stants of time but in this case they are missing because the propagation phenomena
have been considered only in ∆t = t17− t1. In summary, Figures 4.32 and 4.33 show
the exact number of a group of waves developed in the first seventeenth seconds in
L1, and therefore, Figures 4.34 and 4.35 show the exact number of waves developed
as a consequence of the waves generated in ∆t = t17 − t1.

Figure 4.32: Number of incident com-
pression and distortion waves in L1 for
∆t = 17 s.

Figure 4.33: Number of reflected com-
pression and distortion waves in L1 for
∆t = 17 s.

Figure 4.34: Number of incident com-
pression and distortion waves in L2 for
∆t = 160 s.

Figure 4.35: Number of reflected com-
pression and distortion waves in L2 for
∆t = 130 s.
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4.5.4 G.W.P.P. for L1 and L2 with C2 and C4

The case analysed in this section will be identified as GWPP4.

In this section, the last case related to L1 and L2 will be considered. Since condi-
tions C2 and C4 are valid, compression and distortion waves will be distinguished
as in Section 4.5.3, and it will be assumed a decrease in the amplitudes of both
compression and distortion incident/reflected waves in L1 and L2. The conditions
valid for GWPP4 are:

• α1 6= β1, α2 6= β2

• Π
(1)
i 6= Π(1)

r 6= Π
(2)
tr 6= P

(1)
i 6= P (1)

r 6= P
(2)
tr

• α2 ' 0.25 · α1, β1 ' 0.6 · α1, β2 ' 0.15 · α1

• tα2 ' 30 · tα1 , tβ1 ' 2.0 · tα1 tβ2 ' 50 · tα1

Also for this case, attention will be only focused on the change in the amplitudes,
and neither wave-paths without/with II order wave propagation phenomena nor
graphs with the total number of each type of wave will be provided.

Only graphs of the amplitudes related to the distortion waves will be shown because
the graphs for compression waves are the same as those in Section 4.5.2 (GWPP2).

Each amplitude will be assumed composed by a constant value A
(j)
type (A

(1)
i for inci-

dent wave in L1, A(1)
r for reflected waves in L1, A

(2)
i for incident wave in L2, and A(2)

r

for reflected waves in L2), and an exponential term e
− t
τj , where 1

τj
is the damping

factor. The following graphs show the decrease in the distortion wave amplitude for
L1 and L2.

Figure 4.36: Change in amplitude for in-
cident distortion waves in L3, for ∆t =
40 s.

Figure 4.37: Change in amplitude for re-
flected distortion waves in L3, for ∆t =
40 s.
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Figure 4.38: Change in amplitude for in-
cident distortion waves in L4, for ∆t =
40 s.

Figure 4.39: Change in amplitude for re-
flected distortion waves in L4, for ∆t =
(90− 50) s.

As done for GWPP2, arbitrary values have been chosen but taking into account
that the amplitude of the generated waves are smaller than the amplitude of the
impinging wave. Looking at the graphs in Figures 4.36-4.37, the first amplitude
of the incident distortion wave is smaller than the first amplitude of the reflected
distortion wave; the reason is that the first incident distortion wave (IDW1) is
generated at interface I0 from the first reflected distortion wave (RDW1). Indeed,
the RDW1 starts propagating at t2 whereas the IDW1 is generated and propagates
at t4 (see Figure 4.40 where compression waves, in blue, and distortion waves, in
red, are shown in L1).

Figure 4.40: Waves-Path in L1 for ∆t = t6 − t1
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Thus, in this case, for the interval considered, it results:

A
(1)
r,tot > A

(1)
i,tot

A
(2)
i,tot = A

(2)
i,tot > A

(2)
r,tot

Notice that the amplitudes of the distortion waves are very small compared to the
first one in Figures 4.38-4.39.

In addition, it was chosen the same value of damping for L1 and L4, and the same
value of damping for L2 and L3, supposing that the decrease in the amplitudes is the
same in the layers of the same material. Notice that an interval of time of ∆t = 40s
has been considered for the first three graphs, and for the last graph an interval of
∆ = 90 − 50 has been taken into account because reflected distortion waves start
traveling back later in L2. On the vertical axis of graphs in Figures 4.36-4.39 the
numerical values of A

(j)
type,tot, with j = 1, 2 are displayed.

Figure 4.41 shows the decrease of the amplitudes for incident and reflected distortion
waves in L1 and L2. The decrease for compression waves was already discussed in
Section 4.5.2. It was chosen an interval of ∆t = 40s for incident, reflected (in L1)
and transmitted (in L2) distortion wave and an interval ∆t = (88−50)s for reflected
distortion waves in L1. Also this picture has the purpose to show the decrease of the
wave amplitudes after each reflection and transmission at the interfaces. Notice that
the amplitudes decrease faster because it was chosen a damping factor for distortion
waves larger than that chosen for compression waves.

Figure 4.41: Decrease in the amplitude of incident, reflected and transmitted dis-
tortion waves in L1 and L2.

4.5.5 G.W.P.P. for Lj with C1 and C3

The case analysed in this section will be identified as GWPP5.

The model that will be presented in this section can be considered as the complete
case of model introduced in Section 4.5.1. Thus, the same conditions used in the
GWPP1 will be valid for this case. It results:
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• α1 = β1 α2 = β2 α3 = β3 α4 = β4

• Π
(j)
i = Π(j)

r = Π
(j+1)
tr = P

(j)
i = P (j)

r = P
(j+1)
tr , with j = 1, 2, 3

• α2 ' 0.25 · α1 α3 ' 0.25 · α1 α4 ' 1.00 · α1

• tα2 ' 30 · tα1 tα3 ' 56 · tα1 tα4 ' 1.00 · tα1

The following figures show the relationship between the propagation phenomena and
time for the entire structure. Notice that L1 and L4 have the same characteristic
properties and the same thickness, therefore the behaviour and wave-path is the
same. The same consideration is also valid for L2 and L3 which have the same
material characteristics. Due to the large thickness of L2 and L3, few waves will be
reflected and transmitted because the propagation times of both compression and
distortion waves (that coincide) are large: the propagation time tα3 in L3 is the
around 56 times bigger than tα1 . Figure 4.42 considers only I order wave propaga-
tion phenomena, whereas Figure 4.43 shows both I and II order wave propagation
phenomena; the reflected waves at the bottom will be transmitted back in the other
layers until impinging on the free boundary in L1. The II order wave propagation
phenomena increase the number of waves in each layer.

Figure 4.42: Wave-Path for Lj without II order wave propagation phenomena.
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Figure 4.43: Wave-Path for Lj with II order wave propagation phenomena.

Figures 4.42 and 4.43 are the complete case of Figure 4.14 and 4.15, respectively.
As mentioned before, the waves in L3 need tα3 = 56 · tα1 , whereas the waves in L4
travel at the same velocity of α1 and therefore tα4 = tα1 . If only the I order wave
propagation phenomena are considered, it is possible to express mathematically the
number of each type of wave as time goes on:

NICW1 = NIDW1 = 22n+1|t=2n+3 n ∈ N

NRCW1 = NRDW1 = 22n|t=2n+2 n ∈ N

NICW2 = NIDW2 = 22n|t=2n+2 n ∈ N

NRCW2 = NRDW2 = 22n+1|t=2n+32 n ∈ N

NICW3 = NIDW3 = 22n+1|t=2n+32 n ∈ N

NRCW3 = NRDW3 = 22n+2|t=2n+88 n ∈ N

NICW4 = NIDW4 = 22n+2|t=2n+88 n ∈ N

NRCW4 = NRDW4 = 22n+3|t=2n+89 n ∈ N

The following graphs show the exact number of waves in all layers. There is still
an exponential increase in the number of each type of waves in all layers. The
development of waves in the last two layers occurs later compared to the development
of waves in L1 and L2 because waves in L3 and L4 are only a consequence of those
in L2 and L1.
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Figure 4.44: Number of incident com-
pression and distortion waves in L1 for
∆t = 150 s.

Figure 4.45: Number of reflected com-
pression and distortion waves in L1 for
∆t = 150 s.

Figure 4.46: Number of incident com-
pression and distortion waves in L2 for
∆t = 150 s.

Figure 4.47: Number of reflected com-
pression and distortion waves in L2 for
∆t = 150 s.

Figure 4.48: Number of incident /re-
flected compression/distortion waves in
L3 for for ∆t = 130 s.

Figure 4.49: Number of incident /re-
flected compression/distortion waves in
L3 for for ∆t = (32− 102) s.
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Figure 4.50: Number of inci-
dent/reflected compression/distortion
waves in L4 for for ∆t = 130 s.

Figure 4.51: Number incident/reflected
compression/distortion waves in L4 for
∆t = (102− 88) s.

Notice that in all graphs shown above, there is a large difference, in terms of nu-
merical values on the y-axis, between the number of waves developed at the first
instants of time and those generated at the last instants of time; for this reasons it
might seem the number of waves is zero for most of the interval of time considered.
For this reasons, the same situations are shown of the right for a smaller interval of
time.

4.5.6 G.W.P.P. for Lj with C1 and C4

The case analysed in this section will be identified as GWPP6.

This section can be considered as the complete case of Section 4.5.2. Therefore,
same conditions and same mathematical relationships will be taken into account,
but for the entire model; thus, also L3 and L4 will be considered. Notice that L4 has
the same material characteristics and dimensions as L1, whereas L3 has the same
material characteristics as L2. For GWPP6, it results:

• α1 = β1 α2 = β2 α3 = β3 α4 = β4

• Π
(1)
i 6= Π(1)

r 6= Π
(2)
tr 6= P

(1)
i 6= P

(1)
1 r 6= P

(2)
tr

• α2 ' 0.25 · α1 α3 ' 0.25 · α1 α4 ' 1.00 · α1

• tα2 ' 30 · tα1 tα3 ' 56 · tα1 tα4 ' 1.00 · tα1

As for Section 4.5.2, attention will be only focused on the change in the amplitudes,
and neither wave-paths without/with II order wave propagation phenomena nor
graphs with the total number of each type of wave will be provided.

Since condition C1 is still valid for this case, only compression waves will be taken
into account. As done for GWPP2, it will be shown the change in the wave
amplitudes for L3 and L4; the graphs related to L1 and L2 will not be included
because they are the same as those shown in Figures 4.24-4.27. Also in this case,
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it is assumed that the amplitude is composed by a constant value A
(j)
type (A

(3)
i for

incident wave in L3, A(3)
r for reflected waves in L3, A

(4)
i for incident wave in L4,

and A(4)
r for reflected waves in L4), and an exponential term e

− t
τj , where 1

τj
is the

damping factor. The following graphs show the decrease in the amplitude of each
type of wave for L3 and L4.

Figure 4.52: Change in amplitude for
incident compression waves in L3, for
∆t = (70− 30) s.

Figure 4.53: Change in amplitude for
reflected compression waves in L3, for
∆t = (108− 80) s.

Figure 4.54: Change in amplitude for
incident compression waves in L4, for
∆t = (108− 80) s.

Figure 4.55: Change in amplitude for
reflected compression waves in L4, for
∆t = (110− 80) s.
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Also for this case, arbitrary values have been chosen but always taking into account
that the amplitude of the incident wave is bigger than the amplitudes of reflected
and transmitted waves:

A
(3)
i,tot > A

(3)
r,tot, A

(4)
tr,tot

A
(4)
i,tot = A

(4)
tr,tot > A

(4)
r,tot

For L3 it was chosen the same value of damping as L2, and for L4 the same value
of damping as L1, supposing that the decrease in the amplitudes is the same in the
layers of the same material. For GWPP6 it was chosen an interval starting from
t = t32 because from this instant of time waves start propagating from interface I2
in L3. On the vertical axis of graphs in Figures 4.52-4.55 the numerical values of
A

(j)
type,tot, with j = 1, 2 are displayed.

4.5.7 G.W.P.P. for Lj, with C2 and C3

The case analysed in this section will be identified as GWPP7.

The wave propagation model that will be presented in this section can be considered
the complete case of model GWPP3, thus the same conditions C2 and C3 will be
taken into account. The mathematical conditions applied to Section 4.5.3 will be
valid also in this section for all layers Lj; it results:

• α1 6= β1, α2 6= β2 α3 6= β3 α4 6= β4

• Πj(ti) = Πj(ti+1) = Πj+1(ti+1) = Pj(ti) = Pj(ti+1) = Pj+1(ti+1), j = 1, 2, 3

• α2 ' 0.25 · α1, α3 ' 0.25 · α1 α4 ' 1.00 · α1

• β1 ' 0.6 · α1, β2 ' 0.15 · α1 β3 ' 0.15 · α1 β4 ' 0.61 · α1

• tα2 ' 30 · tα1 , tα3 ' 56 · tα1 tα4 ' 1.00 · tα1

• tβ1 ' 2.0 · tα1 tβ2 ' 50 · tα1 tβ3 ' 90 · tα1 tβ4 ' 1.00 · tα1

Figure 4.56 shows the wave propagation phenomena only including I order wave
propagation phenomena, whereas Figure 4.57 considers both I order and II order
wave propagation phenomena. From the latter figure, it is possible to notice that as
time goes on the overlapping of waves, specially in L1 and L4 (yellow and green lines)
increases; even if the number of both compression and distortion waves increases
exponentially in L2 and L3, the number of waves will result the largest in the L1
and L4 because the reflection and transmission phenomena will occur with higher
velocities than in the other two layers.
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Figure 4.56: Wave-path for Lj without II order wave propagation phenomena.

Figure 4.57: Wave-path for Lj with II order wave propagation phenomena.

The following graphs show the number of incident/reflected compression/distortion
waves calculated for L3 and L4. Notice that waves start traveling in L4 at instant
of time t88, and then the increase of the number of both compression and distortion
waves is exponential. In addition, the graphs related to L3 show some gaps; as
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mentioned in Section 4.5.3, only a group of waves (those developed in the interval
of time ∆t = t17 − t1) has been considered. In the reality there are waves in L3
from t32 in ahead. However, in all cases, there is an exponential increase of both
compression and distortion waves.

Figure 4.58: Number of incident com-
pression and distortion waves in L3 for
∆t = 230 s.

Figure 4.59: Number of reflected com-
pression and distortion waves in L3 for
∆t = 250 s.

Figure 4.60: Number of incident com-
pression and distortion waves in L4 for
∆t = 110 s.

Figure 4.61: Number of reflected com-
pression and distortion waves in L4 for
∆t = 110 s.

4.5.8 G.W.P.P. for Lj with C2 and C4

The case analysed in this section will be identified as GWPP8.

This section can be considered as the complete case of Section 4.5.4. Therefore,
same conditions and same mathematical relationships will be taken into account,
but for the entire model; thus, also L3 and L4 will be considered. Notice that L4 has
the same material characteristics and dimensions as L1, whereas L3 has the same
material characteristics as L2. For GWPP8, it results:
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• α1 6= β1 α2 6= β2 α3 6= β3 α4 6= β4

• Π
(1)
i 6= Π(1)

r 6= Π
(2)
tr 6= P

(1)
i 6= P

(1)
1 r 6= P

(2)
tr

• α2 ' 0.25 · α1 α3 ' 0.25 · α1 α4 ' 1.00 · α1

• tα2 ' 30 · tα1 tα3 ' 56 · tα1 tα4 ' 1.00 · tα1

As for Section 4.5.4, attention will be only focused on the change in the amplitudes,
and neither wave-paths without/with II order wave propagation phenomena nor
graphs with the total number of each type of wave will be provided.

Since condition C2 is valid for this case, both compression and distortion waves will
be taken into account. As done for GWPP4, it will be shown the change in the
wave amplitudes for L3 and L4. In order to show the change in the amplitudes of
both incident and reflected compression/distortion waves, each amplitude will be

assumed composed by a constant value A
(j=2,3)
type (A

(3)
i for incident wave in L3, A(3)

r

for reflected waves in L3, A
(4)
i for incident wave in L4, and A(4)

r for reflected waves

in L4), and an exponential term e
− t
τj , where 1

τj
is the damping factor.

The following graphs show the decrease in the amplitude of each type of wave.

Figure 4.62: Change in amplitude for in-
cident distortion waves in L3, for ∆t =
(90− 50) s.

Figure 4.63: Change in amplitude for re-
flected distortion waves in L1, for ∆t =
(180− 140) s.
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Figure 4.64: Change in amplitude for in-
cident distortion waves in L4, for ∆t =
(180− 140) s.

Figure 4.65: Change in amplitude for re-
flected distortion waves in L4, for ∆t =
(180− 140) s.

Also for this case, arbitrary values have been chosen but always taking into account
that the amplitude of the incident wave is bigger than the amplitudes of reflected
and transmitted waves:

A
(3)
i,tot > A

(3)
r,tot, A

(4)
tr,tot

A
(4)
i,tot = A

(4)
tr,tot > A

(4)
r,tot

For L3 it was chosen the same value of damping as L2, and for L4 the same value
of damping as L1, supposing that the decrease in the amplitudes is the same in the
layers of the same material.

4.5.9 Final G.W.P.P. Model

In the previous sections, different types of models related to the wave propagation
phenomena have been introduced by considering at first only a portion of the model
(L1 and L2), and consequently the entire model (Lj). The purpose of the previous
discussion was to understand how the reflection and transmission phenomena oc-
curred with respect to time; all models proposed in Sections 4.5.1-4.5.8 were built
taking into account the propagation times tαj and tβj and the other parameters
mentioned in each GWPP-model.

The two main differences between the models GWPPs concern the propagation
velocities (αj = βj or αj 6= βj), and the amplitudes (A

(j)
i = A(j)

r = A
(j+1)
tr or

A
(j)
i 6= A(j)

r 6= A
(j+1)
tr ).

The distinction between αj and βj, and the decrease in the wave amplitudes are the
two important conditions that need to be respected in order to have a model close
as much as possible to the reality.
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The distinction between compression and distortion velocities, namely between com-
pression and distortion waves, is relevant because, as mentioned in Section 4.3,
the passage of a compression wave is associated to a combination of compression
and shear; there is also a numerical difference between the two types of velocities:
βj ≈ 0.63 αj. The decrease in the wave amplitudes is considered close to the reality
and explains the reason why after a certain amount of time, the process of wave
propagation inside the model comes to and end; therefore, assuming that the gener-
ated waves (which can be reflected and transmitted waves coming from an incident
wave) have a smaller amplitude than that of the impinging wave (which can be an
incident wave or also a reflected back wave or a transmitted wave) suggests that
there will not be any wave in the material at the last instant of time. In other
words, if it is not assumed any decrease in amplitude (damping factor), then the
process will last indefinitely. Therefore, conditions C2 and C4 can be considered as
the closest to the reality and the most suitable ones.

It is important to specify that when distortion waves are taken into account, a 3D
model needs to be involved. As can be seen in the next chapter, the mathematical
analysis of the problem begins by considering a 3D model, and then moving on to a
1D model. When a 1D model is chosen, then distortion waves need to be neglected.

From the previous sections, it can be noticed that the number of waves increases
as time goes on because more reflection and transmission phenomena occur at the
interfaces generating more waves; For GWPP1/5 and GWPP3/7 it results a
maximum number of waves at the last instant of the interval chosen. If it is assumed
a damping term, as done for GWPP2/6 and GWPP4/8, then there will be no
wave at the last instant of time.

In summary, the partial models GWPP2 and GWPP4 or the entire models
GWPP6 and GWPP8 can be defined the closest to the reality.
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Figure 4.66: Final GWPP-model (L1 and L2) based on conditions C2 and C4.

Furthermore, analysing the problem from a mathematical point of view, condi-
tions C1 and C3 can be considered more suitable and therefore, the partial models
GWPP1 and GWPP3 or the entire models GWPP5 or GWPP7 can be used.
Thus, it is assumed neither any distinction between compression and distortion
waves nor any decrease in the wave amplitudes (no damping factor).

Figure 4.67: Final GWPP-model (L1 and L2) based on conditions C1 and C3.
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4.6 Waves Geometry and Potentials

In the previous sections, several GWPP-models based on different conditions have
been analysed; compression and distortion waves have been introduced and con-
sidered as general waves. It is important to describe the entire mechanism about
the propagation phenomena that take place in the entire simplified model and also,
describe the waves in terms of shape.

As mentioned in the previous sections, there are two types of waves: compression
(or dilatation) waves and distortion (or shear) waves; the main difference is about
the propagation velocities α and β. Both of them depend on density ρ and Lame’
constants (λ, µ), as expressed from the equations 4.9 and 4.10. Both compression
and distortion waves are spherical waves which propagate radially from a source
(located on the free surface that is the interface 0 of the simplified structure). The
external load causes the generation and propagation of an incident (compression)
wave inside L1; after reaching the interface 1 (I1) which divides the top plywood and
the primary RPUF, the incident wave generates four additional waves: two reflected
waves (one compression and one distortion) and two transmitted (one compression
and one distortion) waves. The two reflected waves will travel back in L1, whereas
the two transmitted waves will propagate in L2 and will become the new incident
waves for interface 2 which divides the primary and secondary RPUF (Figure 4.68).
Each new incident wave will generate at I2 four new waves each, two reflected waves
and two transmitted waves that will travel in L2 and L3 respectively. Therefore, at
interface 2 there will be four compression waves (two reflected and two transmitted)
and four distortion waves (two reflected and two transmitted) (Figure 4.69). The
mechanism repeats at interface 3 that separates the secondary RPUF and the back
plywood: each new incident wave will be responsible of the generation of four new
waves (reflected and transmitted); the only difference is that at interface 3 there will
be eight compression waves (four reflected back in L3 and other four transmitted in
L4) and eight distortion waves as well (Figure 4.70). In L4 all transmitted (incident)
waves generate only reflected waves at interface 4 in contact with the wall, resulting
in eight reflected compression waves and eight reflected distortion waves. The same
mechanism is applied to the reflected back waves: for instance, the reflected back
waves generated at interface 2 will hit interface I1 generating four new waves (two
reflected in L2 and two transmitted in L1) (Figure 4.71). Notice that all reflected
waves which become new incident waves for interface 0 will generate only new re-
flected waves because no transmitted wave can propagate beyond interface 0. The
number of waves increases with the number of the interfaces: the more interfaces
there are in the structure, the more waves will be generated. All these waves are
spherical waves which travel with a velocity αj or βj, with j = 1, 2, 3, 4. In or-
der to completely understand the description above, consider the following pictures
that represent step-by-step the mechanisms of reflection and transmission at the
interfaces.

Each reflected and transmitted compression and distortion wave in the model will
always have a smaller amplitude than that of the incident wave (notice that also
a reflected wave generates new additional waves when it travels back in the layer).
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Figure 4.68: Generation of reflected
waves in L1 and transmitted waves in
L2 due to an incident compression wave
at interface I0.

Figure 4.69: Generation of reflected
waves in L2 and transmitted waves in
L3 due to a compression and distortion
incident waves at interface I2.

Figure 4.70: Generation of reflected
waves in L3 and transmitted waves in
L4 due to two compression and two dis-
tortion incident waves at interface I3.

Figure 4.71: Generation of reflected
waves in L4 due to four compression and
four distortion incident waves at inter-
face I4, and no transmitted waves.

Therefore, the amplitudes will decreases as time goes on (see GWPP2/6 or also
GWPP4/8).

Consider, for instance, all incident compression waves that propagate in L1 from
interface I0 to interface I1. Looking at Figure 4.72 each arrow represents the ampli-
tude of a compression wave, and the red one is the amplitude of the first incident
wave at t1. If an incident wave train is associated to each of these waves, it is possi-
ble to notice that as time goes on, the wave trains decrease gradually; the amplitude
of the total incident wave train will be higher than that of the first incident wave.
Consequently, the more the waves overlap, the more the stress related to the total
wave train will be higher. The same considerations can be done for the other waves
propagating in the opposite direction. Furthermore, it is important to specify that
the incident and reflected waves have opposite propagation directions; it means that
reflected waves will make weaker the incident waves. Notice the the other black ar-
rows in Figure 4.72 from L0 to L1 come from II order wave propagation phenomena,
namely are the consequence of the reflected back waves. Distortion waves have been
neglected in this picture.
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Figure 4.72: Qualitative decrease of amplitudes for incident and reflected waves in
L1 with time t.

In Chapter 3 it was specified that the external load changes both in space and time;
the contact area is responsible of the increase of the external force; the increase
of the contact area is related to the spreading of the wave along the free surface;
indeed, after ELP1 takes place, the wave spreads out along the free surface involving
an increasingly wider portion of the contact area. This increase occurs over time.
In Section 3.3 it was defined the velocity of the contact point and it was seen that
this process comes to an end when the critical time tcr is reached.

One of the most important concepts of this thesis is that the external force causes the
wave propagation phenomena described above, but each change in the external force
causes new wave propagation phenomena inside the structure. In other words, all
reflected and transmitted waves are a consequence of the first incident compression
wave (at t = t1) which, in turn is a consequence of the external force F1; The external
force depends on time and space: each change in both time and space generates a
new force that, in turn causes the generation of a new incident wave which, in turn,
is responsible of new wave propagation phenomena in the material.

In order to understand how the change in the external force causes new wave
propagation phenomena, consider, for instance, four theoretical values of time t:
t1, t2, t3, t4 = tf ; then, the corresponding external force will be: F1 = F (t1), F2 =
F (t2), F3 = F (t3), Ff = F (tf ). Each external force will generate a different incident
(compression) wave which, in turn, will cause the development and propagation of
four different wave propagation phenomena. The following figures show separately
the generation of different waves at each instant of time tn, with n = 1, 2, 3, 4:
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Figure 4.73: Propagation of waves inside
the model due to the external force F1 =
F (t1).

Figure 4.74: Propagation of waves inside
the model due to the external force F2 =
F (t2).

Figure 4.75: Propagation of waves inside
the model due to the external force F3 =
F (t3).

Figure 4.76: Propagation of waves inside
the model due to the external force Fn =
Ff = F (tf ).

Notice that in the Figures 4.73-4.76 the external force is depicted as a black arrow
that becomes bigger and bigger as time goes on due to the increase of the contact
area. Specifically, Figures 4.73-4.76 show the propagation of the incident wave due
to the external force, whereas Figures 4.77-4.80 focus on the wave fronts of the
incident wave in each situation:
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Figure 4.77: Front view of the propagat-
ing waves due to the external force F1.

Figure 4.78: Front view of the propagat-
ing waves due to the external force F2.

Figure 4.79: Front view of the propagat-
ing waves due to the external force F3.

Figure 4.80: Front view of the propagat-
ing waves due to the external force Fn.

As can be seen, the shape of the wave fronts changes as the external force increases;
notice that the first case (Figures 4.73 and 4.77) concerns the load point, namely the
first contact between liquid and structure, whereas the last case (Figures 4.76 and
4.80) involves the entire contact area. Immediately after t1 the wave front of the
incident wave, generated by F2, is not perfectly spherical anymore, but it changes
its shape gradually. For instance, looking at Figure 4.76 (or Figure 4.80), it is
possible to see that at the beginning of the process the wave assumes a plane shape
and then, gradually curves until assuming a spherical shape, and then, deforming
again. The shear effects, located at both ends of the impact area, are considered the
cause of this curvature that occurs at the both ends of the impact area. Indeed, the
principal direction of the stresses turns as the wave propagates in the structure. More
precisely, the wave front keeps curving as the wave travels through the material. [9]

If the spreading area concept is applied to the situation shown, for instance, in
Figure 4.76 (and Figure 4.80), then, the spreading area introduced in Chapter 2
(Section 2.4.1) becomes:
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Figure 4.81: Qualitative change of the spreading area (in yellow) after an external
load (in red along the entire horizontal length) impinges on the surface

As can be seen, the horizontal length of the spreading area is fixed from the first
instant and does not change with time differently from the vertical dimension h that
is still a function of time.

Therefore, the waves caused by the force Fn will add to the waves generated by the
force F3 which, in turn, are added to the waves caused by the force F2 that, in turn,
have been added to the waves generated by the force F1. Combining all together
these four situations analysed separately, then the amplitude of every wave needs to
take into account this change at each instant of time.

In order to describe from a mathematical point of view the waves in the layers, the
concept of potential will be used. In Section 4.2 the potentials have already been
introduced by applying the Helmholtz Theorem. Each different type of wave will
be associated with a potential. Basically, the potential should describe the waves
propagating in the layers. Since there are two kinds of waves inside the material,
there will be two kinds of potentials as well: compression potentials identified with
Φ and distortion potentials identified with Ψ. Figure 4.82 shows the generation of
waves (which are still represented by arrows) and the corresponding potentials as a
consequence of the incident compression wave that in turn is a consequence of the
external load acting on the free surface of L1. The number of waves increases after
each wave-incidence on an interface, and consequently the number of potentials
increases as well. Notice that each potential has a subscript to identify the type
(incidence, reflection or transmission), and a superscript to identify the layer.
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Figure 4.82: Compression and distortion potentials due to the external load acting
on the external surface of L1 at t = t1.

In L2 the transmitted compression and distortion potentials become the incident
compression and distortion potentials for the second layer; as a consequence there are
two reflected compression potentials Φ(2)

r and Φ
(2)
rI : the first one represents a reflected

compression wave generated by an incident compression wave, whereas the second
one represents a reflected compression wave generated by an incident distortion
wave. Although these two potentials are generated by two different sources, it is
possible to assume no distinction between Φ(2)

r and Φ
(2)
rI . The same consideration can

be done for Ψ(2)
r and Ψ

(2)
rI , and for the other compression and distortion potentials

in the other layers. Then, Figure 4.82 becomes
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Figure 4.83: Compression and distortion potentials due to the external load with
simplifications.

Figures 4.82 and 4.83 are two simplified representations for waves which propagate
through the interfaces in each layer. Notice the both compression waves (in blue)
and distortion waves (in red) are represented again by arrows. From these figures,
it might seem that compression and distortion waves are parallel each other; in
reality distortion waves are transverse, and even if no motion is assumed in the
plane perpendicular to that of the compression waves, the vibrations need to be
taken into account.

Potentials depend on the compression and distortion propagation velocities αj and
βj, (and therefore, on density ρj, and Lame’ constants λj, µj), on the propagation
directions ±z, angular velocity ω, and time t. In addition, damping terms (cj, dj)
are included in order to have a decrease in the wave amplitudes. Thus, considering a
cylindrical coordinate system (O; r, θ, z), where the source is located in O, the z-axis
is perpendicular to the interfaces and positive downwards, and the free interface I0
is located at z = 0, then, the potentials can be expressed as follows: [10] [11]

Φ
(j)
i (r, z, t, w) =

∫ ∞
0

AjJ0(kr)e
iwte−zωαje

− t
cj dk

Φ(j)
r (r, z, t, w) =

∫ ∞
0

BjJ0(kr)e
iwtezωαje

− t
cj dk

Ψ(j)
r (r, z, t, w) =

∫ ∞
0

CjkJ1(kr)e
iwtezωβje

− t
dj dk

Φ
(j+1)
tr (r, z, t, w) =

∫ ∞
0

Dj+1J0(kr)e
iwte−zωαj+1e

− t
cj+1 dk = Φ

(j+1)
i
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Ψ
(j+1)
tr (r, z, t, w) =

∫ ∞
0

Ej+1kJ1(kr)e
iwte−zωβj+1e

− t
dj+1 dk = Ψ

(j+1)
i

where j = 1, 2, 3, J0 and J1 are the Bessel functions of zero and first order, respec-
tively, and Aj, Bj, Cj, Dj+1 and Ej+1, are the amplitudes.

The formulas above explain why, for instance Φ(2)
r and Φ

(2)
rI are the same: although

they are generated by different types of waves, both Φ(2)
r and Φ

(2)
rI depend on the

same parameters α2, and therefore on the same Lame’ constants (λ2, µ2), the same
propagation direction, the same damping factor 1

c2
.

Based on the type of wave, each potential will satisfy one of the two following wave
equations derived in Section 4.2:

∇2Φ
(j)
type =

1

α2
j

∂2Φ
(j)
type

∂t2
∇2Ψ

(j)
type =

1

β2
j

∂2Ψ
(j)
type

∂t2

where ∇2 = r−1∂(r∂/∂r)/∂r + ∂2/∂z2.

If ur is the displacement in the horizontal direction, uz is the displacement in the
vertical direction, σzz is the normal stress, and τrz the shear stress, then it results:

urj =
∂Φ

(j)
tot

∂r
− ∂Ψ

(j)
tot

∂z
uzj =

∂Φ
(j)
tot

∂z
+
∂Ψ

(j)
tot

∂r
+

Ψ
(j)
tot

r

σzzj = λj∇2Φ
(j)
tot + 2µj

∂2Φ(j)
tot

∂z2
+
∂2Ψ

(j)
tot

∂z∂r
+

1

r

∂Ψ
(j)
tot

∂z



τrzj = µj

2

∂2Φ(j)
tot

∂r∂z
− ∂2Ψ

(j)
tot

∂z2

+
1

β2
j

∂2Ψ
(j)
tot

∂t2



where Φ
(j)
tot is the sum of all compression potentials in layer j and Ψ

(j)
tot is the sum of

all distortion potentials in layer j.

Notice that the components ur and uz of u (−→u = ur−→er +uz−→ez ) can be found applying
the Helmholtz theorem.

Substituting:

∇Φ =
∂Φ

∂r
−→er +

1

r

∂Φ

∂θ
−→eθ +

∂Φ

∂z
−→ez

and

∇×Ψ =

(
1

r

∂Ψz

∂θ
− ∂Ψθ

∂z

)
−→er −

(
∂Ψz

∂r
− ∂Ψr

∂z

)
−→eθ +

1

r

(
∂(rΨθ)

∂r
− ∂Ψr

∂θ

)
−→ez

into
u = ∇Φ +∇×Ψ
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then it is possible to find the expressions of the displacements written above. For
the stresses the following formulas are applied:

σzz = λ

(
∂ur
∂r

+
ur
r

+
∂uz
∂z

)
+ 2µ

(
∂uz
∂z

)
τrz = µ

(
∂ur
∂z

+
∂uz
∂r

)

4.7 Particle motion

The physical basis for the propagation of a disturbance lies on the interaction of
the discrete atoms of the solid, even if the medium is considered as continuous in
solid and fluid mechanics. If a model is believed as composed by discrete atoms,
then it is possible to replace the particles and the bonds that connect each atom to
the surrounding atoms with a series of interconnected mass-spring systems, where
atoms (or particles) and bonds stand for masses and springs, respectively. If a
mass particle is subjected to a disturbance, then it will propagate to the next mass
particle through the bond-spring; thus, the disturbance is propagated and felt in the
surrounding regions as well. In the case of a continuous, first of all the mass and the
elastic parameters are considered continuous functions and are distributed in terms
of mass density and elastic moduli. In this case, the disturbance is spread out in
two- or three- dimensional directions, and a wavefront is generally associated with
the outward spreading disturbance. Furthermore, after experiencing the motion due
to the disturbance, the particles behind the front may oscillate for a small additional
time, whereas the particles ahead the front have experienced no motion yet.

The waves described and analysed in the previous sections develop and propagate in
a region that is located at the centre of the entire structure, in the loading-area. The
existence of these waves concerns only the first part of the impact; in other words,
after a certain amount of time the disturbance will propagate in the out-of-loading
regions of the structure through longitudinal waves. It is believed that longitudinal
waves propagate in the surrounding regions of the impact area. These waves in
the out-of-impact areas can be considered as a consequence of strain waves in the
loading area.

The disturbance will spread out from a point (the source) located on the free bound-
ary and the particles in this region will be subjected to a displacement in both
directions. The displacements in the vertical and horizontal direction are coupled.

Figure 4.84 shows the particles and the atomic bonds in both impact area (dark blue)
and in out-of-impact area (light blue), whereas Figure 4.85 show the displacement
of the particles in a portion of the impact area.
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Figure 4.84: Particles and atomic bonds in the impact area (dark blue) and in the
out-of-impact areas (light blue) before any external load.

Figure 4.85: 3D view of a portion of the loading area with particles displaced from
their original position.

Figure 4.86 shows the cross-section of the loading (impact) area. The atoms are
represented by the points in black, connected each other by the atomic bonds, rep-
resented by the lines in black. The red points represent the displaced positions. The
red atomic bonds are now deformed. In Figure 4.87 it is shown the Poisson’s effect:
consider the portion of space delimited by ABCD: a sequence of displacements that
affects the atoms A, B, C and D is shown. The original space between ABCD (a.)
is compressed by the external force causing a vertical displacement AA′ and BB′

(b.); this compression in the vertical dimension causes a dilatation in the horizontal
direction inducing the displacements A′A′′ and B′B′′ (c.); at the end, the particles
A and B have been subjected to a radial displacement AA′′ and BB′′ (d.).
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Figure 4.86: Cross-section of the loading area where particles are displaced from
their original position

Figure 4.87: Poisson’s effect, and displacements of particles A and B.

4.8 Conclusions

This chapter represented the answer to the first research question Q1. introduced
at the beginning of the thesis. The purpose of this chapter was first of all, to
understand the concept of waves which propagate inside a material, secondly analyse
the propagation phenomena that take place at different interfaces, then understand
the relationship between waves propagation and time, and finally to find a suitable
approach to describe mathematically these waves.

It was seen that the concept of waves inside a material is fundamental to explain
the reason why regions located far from the impact point (or impact area) feel, only
after a certain amount of time, the effect of the external force (defined as a distur-
bance). The propagation of both compression and distortion waves was important
from both a physical and mathematical point of view: the passage of a compression
wave is a combination of shear and compression (see Section 4.3), and the gener-
ation of distortion waves together with compression waves guaranteed the validity
of the boundary conditions at the interfaces. Due to the complexity of the prob-
lem, the reflection and transmission phenomena were at first analysed separately,
and then combined all together in order to understand the relationship with time t.
As already mentioned in Chapter 3, each change in the external process caused a
change in the internal process: different external forces generated different incident
compression waves in layer 1, and consequently different reflected and transmitted
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waves. The potentials Φ and Ψ were considered suitable to describe the waves inside
the simplified layered structure, and to define deformations and stresses.

From the analysis made in the previous sections of this chapter, it is possible to
conclude that after an external force impacts a layered structure, a first incident
compression wave starts propagating radially from the source (the impact point lo-
cated at the free interface); due to the presence of several interfaces, the generation
of reflected and transmitted compression and distortion waves takes place at each
interface (as described in Section 4.6), causing a complicated system of wave propa-
gation phenomena that comes to an end after a certain amount of time; indeed, each
type of strain waves decreases its amplitude over time after impinging on an inter-
face. Notice that the term type concerns the distinction between incident, reflected
and transmitted compression and distortion waves.

Furthermore, the model that resulted from the study about the waves propagation
is a 3D layered model (simplified model) composed by four materials in contact
each other, separated by interfaces, where both compression and distortion spherical
waves propagate forward and backward, for a certain amount of time, causing a
displacement in all three directions of the particles which compose it.
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Chapter 5

Theoretical Model

5.1 Introduction

This chapter represents the last step of this thesis that is the determination of
the deformations for a simplified layered model. At first, it will be explained the
approach used, then a three-layered structure will be introduced, without and with
damping, then the three-layered case will be generalised for n layers, and finally,
the deformation of the three-layered model will be found considering four different
impact loads.

5.2 Mathematical Approach

After analysing the mathematical equations needed for defining the deformations of
a general layered material, it was chosen the model MarkIII, and some simplifications
were added in order to make easier the analysis of the problem. The simplifications
S0-S3 have already been discussed in Chapter 2. At beginning the model shown in
Figure 2.7, with four layers, was used.

It was decided to start with a 3D case, that means it was assumed the propagation of
both compression and distortion spherical waves inside the layered material; an ex-
ternal impact caused the generation and the propagation of an incident compression
spherical wave in L1 that in turn caused the generation of reflected and transmitted
waves at the other interfaces. Figures 4.82 and 4.83 summarise the process of re-
flection and transmission phenomena and the potentials taken into account. Due to
the complexity of the equations and the high number of different types of potentials,
the global problem was divided in three sub-problems:

S-P1. considering layers L1 and L2 and interface I1;

S-P2. considering layers L2 and L3 and interface I2;

S-P3. considering layers L3 and L4 and interface I3
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Figure 5.1: Global problem, and sub-problems (S.P.s).

In each sub-problem, there were four unknowns represented by the amplitudes of the
two reflected waves and the other two transmitted waves. Applying the boundary
conditions at each interface, a system of four equations in four unknowns was defined
for each sub-problem; the boundary conditions guaranteed that the displacements
in the horizontal (q) and vertical (w) directions for layer j were the same as the
displacements in the horizontal and vertical directions in the next layer j + 1; the
conditions were also valid for normal stresses (σzz) and shear stresses (τrz):

BC1. qj = qj+1;

BC2. wj = wj+1;

BC3. σzzj = σzzj+1
;

BC4. τrzj = τrzj+1
;

The amplitude A1 of the first incident compression wave in S-P1 was assumed known;
this means all the amplitudes of the reflected and transmitted waves were found as a
function of A1. After obtaining the expressions of the amplitudes, deformations and
stresses could be found by applying the respective formulas (see Section 4.6, Chapter
4). All equations considered involved compression and distortion potentials. After
evaluating the results obtained for the amplitudes, it was decided to simplify the
problem: starting from the 3D case, then the analysis was applied to a 1D case.

The 1D case forced to neglect distortion waves, and plane waves were considered
instead of spherical waves. The consequence was to assume the propagation of an
incident compression plane wave as result of an external impact force; then, the
reflected and transmitted waves generated at different interfaces were compression
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plane waves as well. In addition, the model shown in Figure 2.7 in Chapter 2 was
further simplified: the rigid secondary barrier (RSB) was removed and L2 (primary
RPUF) and L3 (secondary RPUF) were combined in one single layer.

Differently from the 3D case, it will be seen the use of density ρj, elastic modulus

Ej and the deformations u
(j)
type for the 1D case, instead of compression and distortion

propagation velocities αj and βj, and compression and distortion potentials Φj and
Ψj; this it will be due to the simplification of equation 4.4.

5.3 Model composed by 3 Layers

As mentioned in the previous paragraph, an additional simplification was made for
the 1D case: the rigid secondary barrier between primary and secondary RPUF was
removed and L2 and L3 were considered as one single layer (represented by L2).
It was possible to make this simplification because layers 2 and 3 had the same
material characteristics; the only difference was in the thickness. The model used
for this case is shown in Figure 5.2:

Figure 5.2: Model with three layers.

Dimensions and material characteristics are shown in the following table:
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Layers ρ E H h
kg/m3 MPa m m

1 L1 710 8900 0.012 0.012
2 L2 120 84 0.250 0.262
3 L3 710 8900 0.012 0.274

Table 5.1: Material characteristics and dimensions for the simplified three-layered
model.

Notice that L1 and L3 are still made of the same material, Hj is the thickness of each
layer Lj, and hj represents the vertical distance of each interface from the origin
(located in the middle on the free interface I0).

In Section 4.2 the Navier’s equations for media were determined; the starting point
was applying the Newton’s Second Law in x-direction; since the problem of waves
propagation is simplified to a 1D case, only the vertical direction (z-direction) is
considered. Thus, applying the Newton’s Second Law in z-direction with the same
procedure and same formulas used in Section 4.2, equation 4.3 is obtained:

(λ+ µ)
∂∆

∂z
+ µ(∇2uz) = ρüz

(λ+ µ)
∂

∂z

(
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

)
+ µ

(
∂2uz
∂x2

+
∂2uz
∂y2

+
∂2uz
∂z2

)
= ρ

∂2uz
∂z2

(5.1)

Then, neglecting the terms in x-direction and y-direction, equation 5.1 becomes

(λ+ 2µ)
∂2uz
∂z2

= ρ
∂2uz
∂z2

(5.2)

∂2uz
∂z2

=
1

(λ+2µ)
ρ

∂2uz
∂z2

(5.3)

Applying the formulas λ = νE
(1+ν)(1−2ν) and µ = E

2(1+ν)
that express the Lame’ con-

stants (λ, µ) in function of E and ν (see Appendix A.1), it results:

(λ+ 2µ) =
E(1− ν)

(1 + ν)(1− 2ν)

Since ν → 0, (λ+ 2µ)→ E, equation 5.2 becomes

E
∂2uz
∂z2

= ρüz (5.4)

Notice that equation 5.3 (or 5.2) is the wave equation for compression (or dilation)

waves, and (λ+2µ)
ρ

= α2.
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Governing Equation:

For notation reasons, equation 5.4 will be re-written considering u instead of uz, but
always meaning the deformation in z-direction.

E
∂2u

∂z2
= ρ

∂2u

∂t2
(5.5)

where E and ρ are elastic modulus and density, respectively. In Appendix B.1 it is
shown another procedure to derive the governing equation.

Mathematical Expressions of the Deformations:

Substituting u = U(z)eiωt into the governing equation, it results:

EeiωtU ′′ = ρeiωt(−ω2)U → U ′′ +
ρω2

E
U = 0

where U ′′ = ∂2U
∂z2

Therefore,

U(z) = c1e
−iω
√

ρ
E + c2e

iω
√

ρ
E

Substituting in u = U(z) eiωt, it results:

u = c1e
iωt−iω

√
ρ
E + c2e

iωt+iω
√

ρ
E

For the three layers, u(j) will be expressed by the following equations:

u(1) = A1 e
iωte−izk1 +B1 e

iωteizk1

u(2) = A2 e
iωte−izk2 +B2 e

iωteizk2

u(3) = A3 e
iωte−izk3 +B3 e

iωteizk3

where kj = ω
√

ρj
Ej

(see the Relationship between ω and k below). u(j) will satisfy

the governing equation Ej
∂2u(j)

∂z2
= ρj

∂2u(j)

∂t2
. In addition, u(j) can also be divided in

u
(j)
i and u(j)r as follows:

u
(1)
i = A1 e

iωte−izk1 ; u(1)r = B1 e
iωteizk1

u
(2)
i = A2 e

iωte−izk2 ; u(2)r = B2 e
iωteizk2

u
(3)
i = A3 e

iωte−izk3 ; u(3)r = B3 e
iωteizk3

The unknowns in the expression u
(j)
type are the amplitudes Aj and Bj, for j = 1, 2, 3.
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Relationship between ω and k

If the mathematical expression of the deformation u
(1)
i is considered and substituted

in equation 5.5, then it is possible to find the relationship between ω and k, (in this
case, k1). The same relationship will be also used for the other layers.

 u
(1)
i = A1e

(iωt−ik1z)

E1
∂2u

(1)
i

∂z2
= ρ1

∂2u
(1)
i

∂t2
→ E1A1e

(iωt−ik1z)(−k21) = ρ1A1e
(iωt−ik1z)(−ω2)

(5.6)

Thus, it results:

+E1k
2
1 = +ρ1ω

2 → k1 = ±ω
√
ρ1
E1

(5.7)

For the other layers, it results:

k2 = ±ω
√
ρ2
E2

and k3 = ±ω
√
ρ3
E3

(5.8)

Notice that

k2 ' 4k1; k3 = k1 (5.9)

Expression of the external force F

The external force F will be defined by equation 5.10 and no change will be assumed.

F = σA eiωt (5.10)

Notice that A ≈ 1 because a 1D-case is considered.

Boundary Conditions

The boundary conditions will be useful for finding the unknowns; there will be six
boundary conditions that will allow to find Aj and Bj, for j = 1, 2, 3.

Boundary Condition 1.

The first boundary condition needs to be satisfied at the free boundary (I0); the
external force is expressed by 5.10. Since the problem is a 1D case, then F = σeiωt.

F |z=0 = (σeiωt)
∣∣∣
z=0

= E1 (
∂u

(1)
i

∂z
+
∂u(1)r
∂z

)

∣∣∣∣∣∣
z=0

Thus, at z = 0:
(−ik1E1)A1 + (ik1E1)B1 = σ
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Boundary Condition 2.

The second boundary condition needs to be applied at interface I1 between L1 and
L2.

E1(
∂u

(1)
i

∂z
+
∂u(1)r
∂z

)

∣∣∣∣∣∣
z=h1

= E2(
∂u

(2)
i

∂z
+
∂u(2)r
∂z

)

∣∣∣∣∣∣
z=h1

Thus, at z = h1:

(−E1k1e
−ik1h1)A1 + (E1k1e

ik1h1)B1 + (E2k2e
−ik2h1)A2 + (−E2k2e

ik2h1)B2 = 0

Boundary Condition 3.

The third boundary condition needs to be satisfied at interface I1 between L1 and
L2.

(
∂u

(1)
i

∂t
+
∂u(1)r
∂t

)

∣∣∣∣∣∣
z=h1

= (
∂u

(2)
i

∂t
+
∂u(2)r
∂t

)

∣∣∣∣∣∣
z=h1

Thus, at z = h1:

(e−ik1h1)A1 + (eik1h1)B1 + (−e−ik2h1)A2 + (−eik2h1)B2 = 0

Boundary Condition 4.

The fourth boundary condition needs to be satisfied at interface I2 between L2 and
L3.

E2(
∂u

(2)
i

∂z
+
∂u(2)r
∂z

)

∣∣∣∣∣∣
z=h2

= E3(
∂u

(3)
i

∂z
+
∂u(3)r
∂z

)

∣∣∣∣∣∣
z=h2

Thus, at z = h2:

(−E2k2e
−ik2h2)A2 + (E2k2e

ik2h2)B2 + (E3k3e
−ik3h2)A3 + (−E3k3e

ik3h2)B3 = 0

Boundary Condition 5.

The fifth boundary condition needs to be satisfied at interface I2 between L2 and
L3.

(
∂u

(2)
i

∂t
+
∂u(2)r
∂t

)

∣∣∣∣∣∣
z=h2

= (
∂u

(3)
i

∂t
+
∂u(3)r
∂t

)

∣∣∣∣∣∣
z=h2

Thus, at z = h2:
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(e−ik2h2)A2 + (eik2h2)B2 + (−e−ik3h2)A3 + (−eik3h2)B3 = 0

Boundary Condition 6.

Finally, the sixth boundary condition needs to be satisfied at interface I3 between
L3 and wall.

(u
(3)
i + u(3)r )

∣∣∣
z=h3

= 0|z=h3

Thus, at z = h3:

(e−ik3h3)A3 + (eik3h3)B3 = 0

The complete steps to get the boundary conditions are shown in Appendix B.2.
Based on the equations written above, it is possible to build the following system of
equations S:

S :=



(−iE1k1)A1 + (iE1k1)B1 = σ
(−E1k1e

−ik1h1)A1 + (E1k1e
ik1h1)B1 + (E2k2e

−ik2h1)A2 + (−E2k2e
ik2h1)B2 = 0

(e−ik1h1)A1 + (eik1h1)B1 + (−e−ik2h1)A2 + (−eik2h1)B2 = 0
(−E2k2e

−ik2h2)A2 + (E2k2e
ik2h2)B2 + (E3k3e

−ik3h2)A3 + (−E3k3e
ik3h2)B3 = 0

(e−ik2h2)A2 + (eik2h2)B2 + (−e−ik3h2)A3 + (−eik3h2)B3 = 0
(e−ik3h3)A3 + (eik3h3)B3 = 0

(5.11)

The system of equations S can be expressed in matrix form:

M X = C

where

M =



−ik1E1 ik1E1 0 0 0 0
−E1k1e

−ik1h1 E1k1e
ik1h1 E2k2e

−ik2h1 −E2k2e
ik2h1 0 0

e−ik1h1 eik1h1 −e−ik2h1 −eik2h1 0 0
0 0 −E2k2e

−ik2h2 E2k2e
ik2h2 E3k3e

−ik3h2 −E3k3e
ik3h2

0 0 e−ik2h2 eik2h2 −e−ik3h2 −eik3h2
0 0 0 0 e−ik3h3 eik3h3



X :=



A1

B1

A2

B2

A3

B3


C =



σ
0
0
0
0
0


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M is the matrix of coefficients, X is the column vector of the unknown terms rep-
resented by the six amplitudes Aj, Bj, with j = 1, 2, 3, and C is the column vector
of the known terms.

Then, the amplitudes of the column vector of the unknowns X will be found:

X = M−1 C (5.12)

and they will depend on ω and the load σ. Notice that the det(M) 6= 0.

The amplitudes can be found in Appendix B.3, and how it can be seen, they are
expressed in function of σ and only in function of k1 considering the relationships
5.9. Notice that the numerical values of density, elastic modulus, and distance of
the interfaces (hj) from the origin have been substituted in order to have a more
simplified expressions of Aj and Bj. After finding the amplitudes, the expressions
of the deformations are defined and it is possible to calculate the stresses:

σ(j)
zz = E

∂u(j)

∂z
(5.13)

where u(j) = u
(j)
i + u(j)r .

5.4 Improvement of the Three-Layered Model

In Section 5.3 a model composed by three layers was introduced; it was a 1D model
where compression plane waves propagated inside. Equation 5.1 was simplified and
the governing equation

E
∂2u

∂z2
= ρ

∂2u

∂t2

that does not take into account any damping, was obtained.

An improvement to the three-layered model can be to include a damping term in
the governing equation; then the previous equation becomes:

E
∂2u

∂z2
= ρ

∂2u

∂t2
+ d

∂u

∂t
(5.14)

where d represents the damping term.

The boundary conditions, and the corresponding system of equations S will be
modified because the relationship between ω and k will include the term d.

Substituting u = C eiωt−ikz into equation 5.14, it results:

ECeiωt−ikz(−k2) = ρCeiωt−ikz(−ω2) + dCeiωt−ikz(iω) → −Ek2 = −ρω2 + idω
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then, it results:

k = ±
√
ρ

E
ω2 − i d

E
ω (5.15)

Differently from equation 5.7, the new relationship between ω and k also includes
an imaginary term. It can be also possible to express ω in function of k:

ω1/2 =
id±

√
4ρEk2 − d2
2ρ

Since there are three layers, there will be three values of k:

k1 = ±
√
ρ1
E1

ω2 − i d
E1

ω, k2 = ±
√
ρ2
E2

ω2 − i d
E2

ω, k3 = ±
√
ρ3
E3

ω2 − i d
E3

ω

In the improvement of the three-layered model, the boundary conditions and the
corresponding system of equations 5.17, expressed in terms of kj with j = 1, 2, 3,
defined in the previous section can be still used in order to find the unknowns, but
it needs to consider the new relationship between ω and k, expressed by equation
5.15.

In this current section, and in section 5.3 discussed before, two cases related to the
three-layered model were analysed: the case with the presence of damping in the
process and the case without damping term. As already mentioned in Chapter 4,
the presence of damping makes the model much closer to the reality because its
presence guarantees the end of the process considered after a certain amount of
time, whereas the absence of a damping term in the equations leads the process of
waves propagation to last infinitely.

Although the damping term makes more realistic the model, at the same time it
complicates the relationship between ω and k as can be seen comparing the formulas
5.7 and 5.15. In the second case, the expressions of the amplitudes (Aj, Bj) become
more intricate due to the presence of the term −i d

Ej
ω.

However, in both cases the external load causes the generation and propagation of
an incident strain wave that, in turn, causes the generation of new waves (reflected
and transmitted) at the interfaces of the three-layered model.

Although a 3D model was firstly considered for the project, then it was approximated
to a 1D case; it meant that no (distortion) waves could be defined in a direction
different from z, and the physical explanation about the particle motion and Poisson
effect cannot be valid anymore. Furthermore, in Section 5.3 it was seen that in
order to obtain the governing equation 5.4, the Poisson ratio (ν) needed to be
approximated to zero; this meant no coupling between longitudinal and transverse
strains.
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5.5 Fourier Transform

In the previous sections, the amplitudes (Aj, Bj), with j = 1, 2, 3 have been derived
by solving the system of equations S; as can be seen in Appendix B.3, the amplitudes
for the three-layered model without damping are a function of k that in turn is a
function of ω, and σ, whereas for the three-layered model with damping they also
depend on the damping term d.

It is possible to generalize the specific case analysed in the previous sections as
follows:

For σ = σ1 → F1(t) = σ1 e
iω1t → u(j) = Aj(σ1) e

iω1t +Bj(σ1) e
iω1t,

For σ = σ2 → F2(t) = σ2 e
iω2t → u(j) = Aj(σ2) e

iω2t +Bj(σ2) e
iω2t,

...

For σ = σn → Fn(t) = σn e
iωnt → u(j) = Aj(σn) eiωnt +Bj (σn)eiωnt,

Notice that the expressions such as Aj(σ1) or Bj(σ1) mean that the amplitudes Aj
and Bj depend on the value chosen for σ1.

Thus, for σ = σ1 + σ2 + ...+ σn → F (t) = F1(t) + F2(t) + ...+ Fn(t)

then,

F (t) =
n∑
q=1

σq e
iωqt∆ω ≈

∫ ∞
−∞

σq e
iωqtdω (5.16)

From the equation 5.16 it is possible to recognize the inverse transform and the
Fourier transform:

F−1[σ(ω)](t) = F (t) =
∫ ∞
−∞

σ(ω) eiωtdω

and

F [F (t)](ω) = σ(ω) =
∫ ∞
−∞

F (t) e−iωtdt

5.6 Model composed by n-Layers

It is also possible to generalise the three-layered model taken into account in the
previous sections to a n-layered material as shown in Figure 5.3:
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Figure 5.3: General case: model with n layers.

The general expressions of the deformations will be:

u
(1)
i = A1 e

iωte−izk1 ; u(1)r = B1 e
iωteizk1

...

u
(j)
i = Aj e

iωte−izkj ; u(j)r = Bj e
iωteizkj

u
(j+1)
i = Aj+1 e

iωte−izkj+1 ; u(j+1)
r = Bj+1 e

iωteizkj

...

u
(n)
i = An e

iωte−izkn ; u(n)r = Bn e
iωteizkn

with

k1 = ±ω
√
ρ1
E1

; .. kj = ±ω
√
ρj
Ej

; kj+1 = ±ω
√
ρj+1

Ej+1

; .. kn = ±ω
√
ρn
En

if there is no damping, whereas

k1 = ±
√
ρ1
E1

ω2 − i d
E1

ω; .. kj = ±

√√√√ ρj
Ej
ω2 − i d

Ej
ω; .. kn = ±

√
ρn
En

ω2 − i d
En

ω

if there is a damping term d.

The boundary conditions will be satisfied at three types of interfaces:

− At I0 which is a free interface and divides the first layer from the external envi-
ronment (z = 0):
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F |z=0 = (σeiωt)
∣∣∣
z=0

= E1 (
∂u

(1)
i

∂z
+
∂u

(1)
i

∂z
)

∣∣∣∣∣∣
z=0

− At Ij, with 1 < j < n − 1, the interface which divides layer j from layer j + 1
(z = hj):

Ej(
∂u

(j)
i

∂z
+
∂u(j)r
∂z

)

∣∣∣∣∣∣
z=hj

= Ej+1(
∂u

(j+1)
i

∂z
+
∂u(j+1)

r

∂z
)

∣∣∣∣∣∣
z=hj

(
∂u

(j)
i

∂t
+
∂u(j)r
∂t

)

∣∣∣∣∣∣
z=hj

= (
∂u

(j+1)
i

∂t
+
∂u(j+1)

r

∂t
)

∣∣∣∣∣∣
z=hj

− At In which divides the last layer from the wall (z = hn):

(u
(n)
i + u(n)r )

∣∣∣
z=hn

= 0|z=hn

The system of equations S in the general case becomes:



(−iE1k1)A1 + (iE1k1)B1 = σ
(−E1k1e

−ik1h1)A1 + (E1k1e
ik1h1)B1 + (E2k2e

−ik2h1)A2 + (−E2k2e
ik2h1)B2 = 0

(e−ik1h1)A1 + (eik1h1)B1 + (−e−ik2h1)A2 + (−eik2h1)B2 = 0
...
(−Ejkje−ikjhj)Aj + (Ejkje

ikjhj)Bj + (Ej+1kj+1e
−ikj+1hj)Aj+1 + (−Ej+1kj+1e

ikj+1hj)Bj+1 = 0
(e−ikjhj)Aj + (eikjhj)Bj + (−e−ikj+1hj)Aj+1 + (−eikj+1hj)Bj+1 = 0
...
(e−iknhn)An + (eiknhn)Bn = 0

(5.17)

Then, the system of equations can be expressed in matrix form:

MG XG = CG

where the general matrix MG of coefficients is:

MG =



−ik1E1 ik1E1 0 0 0 0
−E1k1e

−ik1h1 E1k1e
ik1h1 E2k2e

−ik2h1 −E2k2e
ik2h1 0 0

e−ik1h1 eik1h1 −e−ik2h1 −eik2h1 0 0
...

...
...

...
...

...
−Ejkje−ikjhj Ejkje

ikjhj Ej+1kj+1e
−ikj+1hj −Ej+1kj+1e

ikj+1hj 0 0
e−ikjhj eikjhj −e−ikj+1hj −eikj+1hj 0 0
...

...
...

...
...

...
0 0 0 0 e−iknhn eiknhn


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and the general column vectors XG and BG of unknown and known terms, respec-
tively, are:

XG =



A1

B1
...
Aj
Bj
...
An
Bn


CG =



σ
0
...
0
0
...
0
0


Then, the unknowns represented by the column vector X will be found:

XG = M−1
G CG

with det(MG) 6= 0.

From Sections 5.3 and 5.6 it is possible to notice that for a three-layered model M
is a (6x6) matrix, for n-layers M becomes a (2nx2n) matrix.

The generalisation of the three-layered model to a n-layered model has the advantage
that it can be easily used for all models which have the same configuration external
environment-interface-layer-interface-layer-interface-wall, and it suggests the use of
the n-layered model in which, for instance, the plywood (layer 1) is composed by
numerous sub-layers (see Recommendations in Chapter 6).

5.7 Deformation of the three-layered model for

different impact loads

Based on the layered model shown in Section 5.3, the equations and the procedure
for defining the deformation of the structure, the presence of the damping term in
the governing equation for the 1D case, and the Fourier transform related to the
external force, it was decided to take into account different impact loads in order to
understand how the corresponding deformations of the layered model could differ
each other. Each case listed below has a particular value for the pressure p and for
the duration time t:

case 1: Impact load with 1 bar and 10 ms;

case 2: Impact load with 10 bar and 1 ms;

case 3: Impact load with 100 bar and 0.1 ms;

case 4: Impact load with 1000 bar and 0.01 ms.
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Figure 5.4: Isosceles triangle load with p = 1 bar and t = 10 ms, and isosceles
triangle load with p = 10 bar and t = 1 ms.

Figure 5.5: Isosceles triangle load with p = 100 bar and t = 0.1 ms, and isosceles
triangle load with p = 1000 bar and t = 0.01 ms.
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As can be noticed from the graphs shown above, the type of load is described by
a triangle function, specifically, an isosceles triangle function. Graph in Figure 5.4
shows the isosceles triangle load for the first case with p = 1 bar and t = 10 ms
(in blue), and the isosceles triangle load for the second case with p = 10 bar and
t = 1 ms (in orange), whereas Graph in Figure 5.5 shows the isosceles triangle load
for the third case with p = 100 bar and t = 0.1 ms (in green), and the isosceles
triangle load for the fourth case with p = 1000 bar and t = 0.01 ms (in black).

Since the impulse can be defined by using the following formula

J =
∫
F (t) dt

namely, the integral of the load time history, then the area under the four curves
(the isosceles triangle functions) in Figures 5.4 and 5.5 is the same, even if the values
of p and t are different in each case.

Applying the Fourier transform to each of the isosceles triangles loads, it is possible
to see the frequency distribution of the energy.

Figure 5.6: Fourier transform of the isosceles triangle for p = 1 bar and t = 10 ms
and for p = 10 bar and t = 1 ms.
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Figure 5.7: Fourier transform of the isosceles triangle for p = 100 bar and t = 0.1 ms
and for p = 1000 bar and t = 0.01 ms

The following graphs will show the displacement for each isosceles triangle load.
Based on the equations of the previous sections, the deformation is also a function
of the vertical position z; for this reason, it has been calculated for different locations
(see Figure 5.8) of the layered structure. Notice that for each case, the second graph
represents the same situation but it is a bit more enlarged on the time axis.

Figure 5.8: Locations where deformations have been evaluated for different impact
loads.
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Figure 5.9: Displacement over time for the isosceles triangle load with p = 1 bar
and t = 10 ms at different locations z.

Figure 5.10: Displacement over time for the isosceles triangle load with p = 1 bar
and t = 10 ms at different locations z.
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Figure 5.11: Displacement over time for the isosceles triangle load with p = 10 bar
and t = 1 ms at different locations z.

Figure 5.12: Displacement over time for the isosceles triangle load with p = 10 bar
and t = 1 ms at different locations z.
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Figure 5.13: Displacement over time for the isosceles triangle load with p = 100 bar
and t = 0.1 ms at different locations z.

Figure 5.14: Displacement over time for the isosceles triangle load with p = 100 bar
and t = 0.1 ms at different locations z.
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Figure 5.15: Displacement over time for the isosceles triangle load with p = 1000 bar
and t = 0.01 ms at different locations z.

Figure 5.16: Displacement over time for the isosceles triangle load with p = 1000 bar
and t = 0.01 ms at different locations z.
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From the graphs above it is possible to see how for all four cases the deformation
assumes the highest value at the free interface at z = 0, and then decreases with
the increase of the thickness, until the last layer (back plywood L3); indeed, the
location z = 268 mm corresponds to the middle of the last layer 3 and for all cases
the deformation is zero due to the presence of the rigid wall that prevents any
displacement.

In addition, the presence of a damping term is responsible of the decrease in the
response. Notice that for all cases, it was chosen a value of damping d = 105.

Looking at the first curve, corresponding to z = 0, in darker blue in graph of Figure
5.9 (and Figure 5.10), the deformation is less than 0.2 mm, whereas for the other
three cases it is less than 5 mm for case 2, and close to 5 mm for the last two.

Therefore, comparing all graphs in Figures 5.9-5.16 that show the deformations for
the four different isosceles triangle loads, it is possible to notice that u is smaller in
case 1 which has the smallest value of pressure p = 1 bar and the highest duration
time t = 10 ms than that of the other cases in which the pressure increases and the
duration time decreases.

5.8 Conclusions

This chapter represents the answer to the second research question Q2. introduced
at the beginning of the thesis. The purpose of this chapter was to apply the theory of
waves propagation inside the material to the simplified layered structure presented in
Chapter 2. As mentioned at the beginning, the first original idea was to express from
a mathematical point of view the model of compression and distortion waves which
propagate inside the layered material. Due to the global complexity of the problem,
the initial 3D model was simplified to a 1D model where only compression waves
propagated inside; this model was further simplified reducing the number of layers,
even if it can easily be generalised to n-layers, as seen in Section 5.6. For the three-
layered model, two cases were considered: the first one did not include any damping,
whereas the second one considered a damping term d in the governing equation.
Although the relationship between ω and k was much easier with no damping,
however the presence of the term d in the governing equation made more realistic
the model and, specially the process of waves propagation inside the structure. Four
different loads have been considered for the 1D-damped three-layered model: the
difference between the four impact loads concerned the values chosen for the duration
times t and the pressures p. It was seen from the graphs in Section 5.7 that the
deformation is smaller, for the case with the smallest value of p and the largest
value of t (case 1), than the deformation obtained with a larger value of p and a
smaller duration time t (the other cases). Furthermore, for all cases considered, the
deformation decreases with the increase of the distance z from the free surface (at
z = 0) until becoming zero in the back plywood.
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Chapter 6

Conclusions

The propagation of waves in a layered material as consequence of an external impact
was analysed in this thesis. The wave propagation phenomena at several interfaces
were investigated, and consequently the theory of strain waves propagation was
applied to a theoretical model.

This thesis concerned the wave impacts in the membrane LNG tanks which are
subjected to sloshing impacts; when they are not completely filled, surface waves
are generated and impact against the internal tank walls. The process of turning the
natural gas into LNG (liquefied natural gas) has numerous advantages such as the
resulting condensed liquid occupies a volume which is 600 smaller giving the chance
to transport it in tanks over long distances by ships; in addition, the heat transfer is
minimized and the cargo capacity is maximized by using cargo containment systems
(CCSs).

As mentioned at the beginning, this project investigated the exact moment of the
wave impact against a structure, namely when ELP1 took place and strain waves
developed in the structure, whereas pressure waves travelled back in the liquid.
Specifically, it focused on the physics of waves propagation as a consequence of an
external impact. In order to provide an appropriate description of the physical
phenomena and also a simplified theoretical model, the research questions Q1. and
Q2. were formulated:

Q1. How do strain waves propagate through the structure upon a liquid impact?

Q2. How can the theory of the strain waves propagation be applied to a theoretical
model?

Section 6.1 summarises and discusses the most important aspects of each chapter,
whereas Section 6.2 provides some recommendations for future works.

120



6.1 Main Conclusions

Layered Structure Part

The model chosen for this project was the MarkIII CCS which is one of the most
applied membrane CCSs. Membrane CCSs are generally used for large seagoing
LNG carriers because the cargo capacity is maximized and the heat transfer is
limited due to the insulation. The original configuration of the MarkIII was modified
in order to have an easier configuration: interface-layer-interface-layer; the interfaces
could separate two layers with the same or different material characteristics. There
were two types of materials: plywood (top plywood L1, and back plywood L4) and
reinforced poly-urethane foam (primary RPUF L2, and secondary RPUF L3). It
was distinguished between impact area and out-of-impact area: the impact area was
identified as the internal (layered) region initially affected, after a very small amount
of time, by the direct impact, whereas the out-of-impact areas were the surrounding
(layered) regions which felt the effects of the external load after a lightly larger
amount of time. This distinction was considered essential because established the
boundaries of the problem. Both these definitions agreed with the concept of wave
propagation, that is to say, each region in a structure is not immediately affected
by the external load but a certain amount of time is required before a disturbance
modifies the current state of equilibrium. The external impact was considered as a
disturbance that propagated inside the structure from the source located on the free
surface. Furthermore, the concept of spreading area was also considered and defined
as the region inside the structure where waves propagated; its extension depended
on time (specifically, it increased over time). The spreading area shown in Chapter
2 considered an external force acting in one single point, and both its vertical and
horizontal dimensions changed with time. As it was discussed later each variation
of the external load caused a wave with a new geometry and a new spreading area.

Hydrodynamic Part

For a better understanding of the change in the external load, attention was focused
on the hydrodynamic part. It concerned the external process, and represented the
starting point of this project. When a liquid is involved in the impact against a solid
body, then the analysis of the impact process becomes complicated: differently from
a solid body the liquid is subjected to many physical phenomena that take place
not only at the moment of the direct impact, but also before and after; they cause
a change in the shape of the liquid mass. The basic elements of the impact loads
are the ELPs (Elementary Loading Processes):

ELP1. Direct impact: the abrupt stop of the liquid when it directly impacts the
structure;

ELP2. Building jet: the sharp turn of the liquid when it is forced along the struc-
ture;

ELP3. Compression of escaping or entrapping gas: the compression of the gas when
it is escaping or entrapped.
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The physical phenomena analysed in Chapter 4 were considered as a direct conse-
quence of the impact of a liquid mass against a structure. The wave approaching
the structure was continuously subjected to changes: before the impact the wave
trough started increasing its velocity upwards as it got close to the wall, and the
structure felt the pressure from outside; furthermore, instabilities were created due
to the escaping gas which sheared the wave surface; the result was a distributed
pressure over a larger surface area; as ELP1 took place, not only the loading area
was affected by the direct impact of the crest, but also the region below was in-
fluenced by a load: the compressed gas pocket; the gas could not escape quickly
enough and it was entrapped between the wave crest, the wave trough and the wall;
after the direct impact more portions of the structure (the surrounding regions of
the impact area) were involved because of the spreading of the wave crest along the
wall surface. The direct impact represented a new condition for liquid and struc-
ture: both of them needed to re-adapt quickly to this new situation, and in order to
decrease the discontinuity between liquid and wall, pressure waves and strain waves
developed in the liquid and in the structure, respectively. The following figures show
how different regions of the structure are involved in the changes of the liquid mass.

Figure 6.1: Before the impact: wave
trough moving upward as the wave crest
gets close to the wall.

Figure 6.2: Before the impact: insta-
bilities caused by the escaping gas dis-
tribute pressure over a large surface

Figure 6.3: Moment of the impact: di-
rect impact, instabilities and entrapped
gas pocket.

Figure 6.4: After the impact: Spreading
of the wave crest and change in the gas
pocket shape.
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The external load changed in both space and time: as explained before, more por-
tions of the surface of the model were involved in the contact with the liquid over

time. Approximating the wave shape by a radius,
−−−→
VC(t) expressed the velocity of the

contact point C; actually there were two contact points moving with opposite veloc-
ities. This velocity decreased from∞ to a specific value obtained at the critical time
tcr. Indeed, after tcr the external process came to an end, meaning that the increase
of the contact area and consequently the total force stopped at t = tcr. Therefore,
the external force depended on the contact area A and a pressure (pressure map) p
which, in turn, depended on the space and time.

Waves Propagation Part

The propagation of the first wave took place immediately after ELP1; this first
wave was assumed to be an incident compression spherical wave whose amplitude
depended on the external load. At the first interface, the impinging of the first
compression wave caused the generation of reflected and transmitted compression
and distortion waves. The presence of distortion waves was justified from both a
physical and mathematical point of view: physically, the passage of a compression
wave is associated to both compression and shear, that is to say, if a small cube of
material is in the path of a compression wave propagating in x-direction, then the
cross-sectional areas perpendicular to x-direction are not modified, whereas those in
the x-direction will be subjected to some changes; mathematically, if no distortion
wave is assumed, then the boundary conditions at the interfaces are not satisfied at
the same time. It was seen that compression waves were faster than distortion waves:
in all layers βj ≈ 0.63 αj, with j = 1, 2, 3, 4, and both compression and distortion
velocities depended on the material characteristics. In the simplified structure, each
incident wave generated both reflected and transmitted compression and distortion
waves but it was only valid in the cases where the interfaces divided two elastic
media; indeed, for the free interface (I0) no wave could be transmitted beyond the
free surface, and for the last interface (I4) no wave could be transmitted in the
rigid wall; thus, in these two situations only reflected compression and distortion
waves were generated and they propagated back in the layer. Figure 6.5 shows the
entire process of generation of new waves every time an incident (compression and
distortion) wave meets an interface:
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Figure 6.5: Generation of compression and distortion waves in all layers.

In order to understand what the relationship between propagation phenomena and
time was, several G.W.P.P. models were taken into account. In the analysis of the
global wave propagation phenomena, namely the incidence, reflection and transmis-
sion phenomena that occurred in the entire layered model, it was noticed that two
conditions needed to be investigated:

C1 or C2 coincidence or distinction of wave propagation velocities αj and βj

C3 or C4 no change or decrease in the wave amplitudes

The distinction between compression and distortion velocities (condition C2) and
the decrease in the wave amplitudes (condition C4) suggested a model as close as
possible to the reality. As mentioned before, the propagation of a compression wave
is a combination of shear and compression, and also numerically there is a difference
between α and β values. Since after a certain amount of time, the internal process
comes to an end, it is reasonable to assume a damping factor in the expressions
of the waves. Furthermore, it was noticed that the easiest conditions to consider
were C1 (αj = βj, with j = 1, 2, 3, 4) and C3 (A

(j)
i = A(j+1)

r A
(j+1)
tr ), namely no dis-

tinction between compression and distortion waves, and no decrease in the reflected
and transmitted wave amplitudes, that is to say, the process of waves propagation
continued indefinitely. Models based on conditions C1 and C3 provide a model that
is far from the reality. Figure 6.6 shows both compression and distortion waves in
L1 and L2 assuming a decrease in the amplitudes, whereas Figure 6.7 shows only
compression waves in L1 and L2 assuming no change in the amplitudes.
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Figure 6.6: Final GWPP-model (L1 and L2) based on conditions C2 and C4.

Figure 6.7: Final GWPP-model (L1 and L2) based on conditions C1 and C3.

As mentioned before, each change in the external load caused the generation and
propagation of a new incident (compression) wave which, in turn, caused the gen-
eration of new propagation phenomena. Thus, if at the instant of time t1 the cor-
responding force F (t1) = F1 generated an incident compression wave ICW1, then
at the next instant t2 the corresponding force F (t2) = F2 generated a new incident
compression wave ICW2, and the same happened at the next instants. The follow-
ing figures considered four instants of time, where t1 corresponded to the instant
when ELP1 took place, whereas tn corresponded to the last instant of the process.
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Figure 6.8: Propagation of waves inside
the layered model due to the external
force F1 = F (t1).

Figure 6.9: Propagation of waves inside
the layered model due to the external
force F2 = F (t2).

Figure 6.10: Propagation of waves inside
the layered model due to the external
force F3 = F (t3).

Figure 6.11: Propagation of waves inside
the layered model due to the external
force Fn = Ff = F (tf ).

Therefore, a different spreading area corresponded at each external force; the main
difference concerned the horizontal dimension which increased over time for a point
load, and remained fixed for a distributed force. In order to describe the waves
inside the material, potentials were associated to both compression and distortion
waves. The number of potentials and, therefore, the number of waves increased at
each interface. Each potential depended on the propagation velocity (α or β), the
travelling direction, the wave frequency, and an amplitude which, in turn, depended
on the external force. Both compression and distortion waves were assumed spher-
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ical and the disturbance spread out radially from the source; the passage of the
disturbance caused the displacement of the particles in the impact area: for a 3D
case with a coordinate system (r, θ, z), the displacement occurred in all directions,
whereas for a 2D-case the particles moved in r− and z− directions, and in 1D-case
each particles moved only in z− direction. These displacements were coupled each
other and all of them involved both compression and distortion potentials.

In addition, it is important to say that the compression and distortion potentials Φ
and Ψ, used for the first time in Section 4.2, were considered as a mathematical tool
for expressing deformations and stresses as seen in the previously.

Mathematical Part

The mathematical part represented the last step of the project. The primary RPUF
(L2) and the secondary RPUF (L3) that composed the simplified model introduced
in Chapter 2 were combined together in one single layer and defined as L2. The
final configuration of the theoretical model had three layers:

L1 Top plywood;

L2 Primary and Secondary RPUF;

L3 Back plywood.

Figure 6.12: Three-layered model.

It was possible to join L2 and L3 because they had the same material characteristics.
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Since the problem was simplified from the 3D case to the 1D case, the equations
resulted simpler than the previous ones; instead of the compression and distortion
potentials (Φj and Ψj), and the compression and distortion velocities (αj and βj), the
deformations, elastic modulus and density were used. The propagation of distortion
waves was neglected in the 1D case because they travel transversely to compression
waves and from a mathematical point of view, it was seen that the general equation
4.4 only provided the wave equation for compression waves in 1D case.

In order to define the amplitudes, the boundary conditions at the interfaces were
applied; it resulted in a system of six equations in six unknowns; written in matrix
form; it resulted S : MX = B, where X and B were two vector columns (6x1), and
M was the matrix of coefficients (6x6). It was noticed that each time a new layer
was added between the first and the last ones, the same two boundary conditions
needed to be added. Thus,

For a 3-layered material: M is a (6x6) matrix;

For a n-layered material : M is a (2nx2n) matrix.

It was decided to consider only three-layers instead of four as decided at the be-
ginning because the four-layered case can easily obtained from the three-layered
case and also it was easier to manage a matrix (6x6), instead of a matrix (8x8).
Maintaining the same configuration, for each layer added between the first and the
last one, two boundary conditions similar to BC2 and BC3 (or BC4 and BC5)
need to be included to the system of equations S. Notice that at the last interface
(I3) the boundary condition guaranteed zero deformation due to the presence of the
wall, whereas at the free interface (I0) it was assumed that the external force was
the same as the internal force. The material characteristics (ρj, Ej) and the wave
numbers kj of each layer Lj appeared in the matrix M ; therefore, the relationship
between the wave number and the angular velocity depended on (ρj, Ej):

kj = ω

√
ρj
Ej

After finding the amplitudes by solving the system of equations S, the deformations
for each layer were defined.

By adding a damping term in the governing equation, then the relationship between
ω and k became:

kj = ±

√√√√ ρj
Ej
ω2 − i d

Ej
ω

Although the presence of damping made the process of waves propagation closer
to the reality, the relationship between ω and k became more complicated and
consequently, the corresponding expressions of Aj and Bj became more intricate
than those shown in Appendix B.3.

128



Considering four different impact loads (all of them described by an isosceles triangle
function, with different values of duration time and pressure) the deformations were
calculated at different locations inside the model. It was seen that the deformations
decreased with the increase of the distance from the free interface and in the last
layer it resulted u = 0. Furthermore, comparing the internal and the external
process, it is possible to state that the process of an impact wave against the free
surface of a layered structure is relatively slow with respect to the internal process
of waves propagation.

An the end, for the research question

Q1. How do strain waves propagate through the structure upon a liquid impact?

it is possible to conclude that an external load such as a wave impact which changes
in space and time and represents the external process characterised by several phys-
ical phenomena, causes the generation of a first (compression) strain wave which
propagates radially from the source, spreading the disturbance in the impact layered
structure, and causing the generation of a complex system of reflected and transmit-
ted compression and distortion waves at the several interfaces. Strain waves can be
defined in terms of potentials which depend on the material characteristics of each
layer. The model obtained from the study of the waves propagation is a 3D model,
composed by four layers, having an external environment-interface-layer-interface-
layer-interface-wall configuration, and where spherical compression and distortion
waves propagate inside reducing their amplitude;

for the research question

Q2. How can the theory of the strain waves propagation be applied to a theoretical
model?

it is possible to conclude that the simplified theoretical model obtained is a 1D
model composed by three layers where compression plane waves propagate inside.
The response is governed by

Ej
∂2u(j)

∂z2
= ρj

∂2u(j)

∂t2

if no damping is involved, and by

Ej
∂2u(j)

∂z2
= ρj

∂2u(j)

∂t2
+ d

∂u(j)

∂t

in the case of the presence of a damping term,

and where u(j) = Aj e
iωte−izkj +Bj e

iωteizkj .

By choosing different isosceles triangle loads, the corresponding deformations that
are obtained depend on the the duration time t and on the pressure p.
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6.2 Recommendations

When the structure of this thesis was defined, the initial idea was to provide a layered
theoretical model that could totally describe the physics of the waves propagation
inside the layered structure. Many aspects of the problem were not immediately
understood because it was a new topic. Starting from a 3D case, at the end, the
layered structure was simplified to a 1D-model composed by three layers where
compression plane waves were generated and could propagate inside as a consequence
of an external impact. It was also seen that the three-layered model could be
generalized to a n-layered model, if the same configuration was maintained, and
considering two equations (boundary conditions) for each new added layer.

Differently from the 3D case in which the deformations occur in all directions, and
the propagation of distortion waves need to be taken into account because a com-
pression wave propagation is always a combination of shear and compression, the
layered model in 1D case considers neither displacements in more than one direction
nor distortion waves propagation, and for these reasons it not close to the reality.
Considering a model in 2D or 3D, it can provide a more realistic behavior of the
structure; in that case spherical compression and distortion waves (and the corre-
sponding potentials) need to be used.

It was seen that the three-layered model can be generalised to a n-layered case
(Section 5.6). An aspect that can be investigated is considering a model composed
by a finite layer (top plywood) in contact with a semi-infinite layer (primary RPUF),
and assume that the top plywood is composed by numerous sub-layers; with this
configuration, only reflected waves generated at the interface between top plywood
and primary RPUF need to be taken into account. As seen in the analysis of the
global wave propagation phenomena in Section 4.5, the propagation times of both
compression and distortion waves (tα and tβ) are much smaller than those in the
RPUF layers, and it means that more reflections will take place and more waves will
be generated inside the top plywood. It could be interesting to investigate how the
presence of sub-layers in the plywood affects the deformation of the structure since
new (generated) reflected waves will make weaker the incident wave.

As already mentioned in the previous section, each change in the external process
causes the propagation of a new incident (compression) wave which, in turn, gener-
ates a set of reflected and transmitted waves. This concept was discussed in Chapter
4 where four forces corresponding to four consecutive instants of time caused dif-
ferent shape geometries of the incident wave. Then, the solution needs to take into
account all these contributions.

If the improvement of the theoretical model in 2D or 3D does not match with the
physics, an alternative can be consider the following idea based on the neural network
and shown in Figure 6.13:
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Figure 6.13: Neural Network, Complete Architecture. [12]

The idea is expressed as follows:

Training the neural network:

1. Construct highly accurate FEM solutions with several pre-defined profiles F (t)

2. Construct out solution, consisting of single non-interacting waves for specific
instants of time t

3. Map our solution(s) (collection of single non-interacting waves) to the highly
accurate FEM solution using a neural network

After training the neural network:

1. After the neural network is trained, the highly accurate FEM can be con-
structed with only our solutions and the trained neural network.

The idea of mapping an inaccurate solution (our solution with non-interacting waves)
to an accurate solution (FEM where waves are interacting) is described in the fol-
lowing papers:

[Cohen 2010] Interactive fluid-particle simulation using translating Eulerian grids.
[Macklin 2013] Position based fluids. [Prantl 2019] Generating Liquid Simulations
with Deformation-aware Neural Networks. [Wiewel 2019] Latent Space Physics:
Towards Learning the Temporal Evolution of Fluid Flow. [Xie 2018] tempogan:
A temporally coherent, volumetric gan for super-resolution fluid flow. [Chu 2017]
Data-driven synthesis of smoke flows with CNN-based feature descriptors. [Yang]
Hybrid particle-grid modeling for multi-scale droplet/spray simulation. [Qui] Novel
fluid detail enhancement based on multi-layer depth regression analysis and FLIP
fluid simulation. [Halder] Neural network for multi-fidelity solver enhancement. [12]
Halder Y. Multi-fidelity neural network for real-time fluid flow predictions.
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Appendix A

A.1 Lame’ Constants and Propagation Velocities

In order to prove that

α =

√
1

ρ

(
k +

4

3
G
)

=

√
λ+ 2µ

ρ

β =

√
G

ρ
=

√
µ

ρ

It is possible to express the elastic modulus E and the Poisson’s ratio ν as follows:

E =
µ(3λ+ 2µ)

(λ+ µ)
(A.1)

ν =
λ

2(λ+ µ)
(A.2)

Considering the relationship between elastic modulus E and shear modulus G

G =
E

2(1 + ν)
(A.3)

and substituting the equations A.1 and A.2 in equation A.4, it results:

G =
E

2(1 + ν)
=

µ(3λ+2µ)
(λ+µ)

2
(
1 + λ

2(λ+µ)

) =

µ(3λ+2µ)
λ+µ

2
(
2λ+2µ+λ
2(λ+µ)

) =
µ(3λ+ 2µ)

(3λ+ 2µ)
= µ (A.4)

In addition, the bulk modulus k, that is expressed as the ration between the applied
pressure and the fractional change in volume, can be expressed by the following
formula:

k = λ+
2

3
µ (A.5)
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Therefore, it results:

α = f (ρ, k,G) =

√
1

ρ

(
k +

4

3
G
)

=

√
1

ρ

(
λ+

2

3
µ+

4

3
µ
)

=

√
λ+ 2µ

ρ
(A.6)

β = f (ρ,G)) =

√
G

ρ
=

√
µ

ρ
(A.7)

In addition, the numerical values of the compression velocities αj and distortion
velocities βj have been calculated by using the equations A.8, A.9 and A.10:

λ =
Eν

(1 + ν)(1− 2ν)
(A.8)

µ =
3

2
(k − λ) (A.9)

k =
E

3(1− 2ν)
(A.10)

Equations A.8 and A.9 have been obtained from A.1 and A.2: E = µ(3λ+2µ)
(λ+µ)

ν = λ
2(λ+µ)

;

{
E(λ+ µ) = µ(3λ+ 2µ)
2ν(λ+ µ) = λ

;

{
E(λ+ µ) = µ(3λ+ 2µ)
2νλ+ 2νµ = λ

 E = µ(3λ+2µ)
(λ+µ)

ν = λ
2(λ+µ)

;

{
E(λ+ µ) = µ(3λ+ 2µ)
2ν(λ+ µ) = λ

;

{
E(λ+ µ) = µ(3λ+ 2µ)
2νλ+ 2νµ = λ

 E(λ+ µ) = µ(3λ+ 2µ)
λ(−2ν + 1) = +2νµ

:

 E
(
µ+ 2νµ

1−2ν

)
= µ

(
3 2νµ
1−2ν + 2µ

)
λ = 2νµ

(1−2ν)

Thus,

Eµ
(

1− 2ν + 2ν

1− 2ν

)
= µ

(
6νµ+ 2µ− 4µν

1− 2ν

)
;E = 2µ+ 2νµ→ E

2(1 + ν)
= µ

{
µ = E

2(1+ν)

λ = 2ν
1−2ν ·

ε
2(1+ν)

;

{
λ = Eν

(1+ν)(1−2ν)
µ = E

2(1+ν)

Finally, since k = λ+ 2
3
µ, it results:

k =
Eν

(1 + ν)(1− 2ν)
+

2

3

E

2(1 + ν)
=

E

(1 + ν)

[
ν

1− 2ν
+

1

3

]

k =
E

(1+)

[
3ν + 1− 2ν

3(1 + 2ν)

]
=

E

(1 + ν)

[
1 + ν

3(1− 2ν)

]
=

E

3(1− 2v)
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A.2 Numerical Values for Layers Lj

The following table shows the thickness and the calculated values of compression
and distortion velocities and propagation-times for all layers:

Layers H α β tα tβ
[m] [m/s] [m/s] [s] [s]

Top plywood 0.012 3670.625 2314.504 0.327 ·10−5 0.518 ·10−5

Primary RPUF 0.089 871.816 544.619 10.2 ·10−5 16.3 ·10−5

Secondary RPUF 0.160 871.816 544.619 18.5 ·10−5 29.4 ·10−5

Back Plywood 0.012 3670.625 2314.504 0.327 ·10−5 0.518 ·10−5

Table A.1: Space-Velocity-Time for each layer Lj

Calculating the ratios, it results:

H2

H1

= 7.42
H3

H1

= 13.33
H4

H1

= 1.00

α2

α1

= 0.2375
α3

α1

= 0.2375
α4

α1

= 1.00

tα2
tα1

= 31.23
tα3
tα1

= 56.14
tα4
tα1

= 1.00

β1
α1

= 0.631
β2
α1

= 0.148,
β3
α1

= 0.148
β4
α1

= 0.631

tβ1
tα1

= 1.585
tβ2
tα1

= 49.986
tβ3
tα1

= 89.863
tβ4
tα1

= 1.585

Thus, it results:

H2 ' 7 ·H1 H3 ' 13 ·H1 H4 ' 1 ·H1

α2 ' 0.25 · α1 α3 ' 0.25 · α1 α4 ' 1.00 · α1

tα2 ' 30 · tα1 tα3 ' 56 · tα1 tα4 ' 1.00 · tα1

β1 ' 0.6 · α1 β2 ' 0.15 · α1 β3 ' 1.15 · α1 β4 ' 0.6 · α1

tβ1 ' 2.0 · tα1 tβ2 ' 50 · tα1 tβ3 ' 90 · tα1 tβ4 ' 2.0 · tα1

A.3 Mathematical Demonstration of Situation 1.

Based on the situation shown in Figure 4.11, the expressions of the normal stress
σyy and shear stress σxy are calculated as follows

σyy = λ(
∂q1
∂x

+
∂q2
∂x

+
∂w1

∂y
+
∂w2

∂y
) + 2µ(

∂w1

∂y
+
∂w2

∂y
)

∂q1
∂x

= cos γ1A1 cos(pt+ f1x+ g1y)f1 = A1 cos(pt+ f1x+ g1y) p
α1

cos2 γ1
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∂q2
∂x

= cos γ2A2 cos(pt+ f2x− g2y + c1)f2 = A2 cos(pt+ f2x− g2y + c1)
p
α1

cos2 γ2

∂w1

∂y
= sin γ1A1 cos(pt+ f1x+ g1y)g1 = A1 cos(pt+ f1x+ g1y) p

α1
sin2 γ1

∂w2

∂y
= − sin γ2A2 cos(pt+f2x− g2y+ c1)(−g2) = A2 cos(pt+f2x− g2y+ c1)

p
α1

sin2 γ2

Substituting then, it results:

σyy =
p

α1

(
[
λ+ 2µ sin2 γ1

]
A1 cos(pt+f1x+g1y)+[λ+2µ sin2 γ2]A2 cos(pt+f2x−g2y+c1))

(A.11)

At the interface, y = 0 and σyy = 0. Then, equation A.11 becomes:

0 =
[
λ+ 2µ sin2 γ1

] p
α1

A1 cos(pt+ f1x) + [λ+ 2µ sin2 γ2]
p

α1

A2 cos(pt+ f2x+ c1)

(A.12)

σxy = µ(
∂q1
∂y

+
∂q2
∂y

+
∂w1

∂x
+
∂w2

∂x
)

∂q1
∂y

= cos γ1A1 cos(pt+ f1x+ g1y)g1 = A1 cos(pt+ f1x+ g1y) p
α1

cos γ1 sin γ1

∂q2
∂y

= cos γ2A2 cos(pt+f2x−g2y+c1)(−g2) = −A2 cos(pt+f2x−g2y+c1)
p
α1

cos γ2 sin γ2

∂w1

∂x
= sin γ1A1 cos(pt+ f1x+ g1y)f1 = A1 cos(pt+ f1x+ g1y) p

α1
sin γ1 cos γ1

∂w2

∂x
= − sin γ2A2 cos(pt+f2x−g2y+c1)f2 = −A2 cos(pt+f2x−g2y+c1)

p
α1
sinγ2 cos γ2

Substituting then, it results:

σxy = µ
p

α1

(A1 cos(pt+f1x+g1y)2 sin γ1 cos γ1−A2 cos(pt+f2x−g2y+c1)(2 sin γ2 cos γ2));

(A.13)

At the interface, y = 0 and σxy = 0. Then, equation A.13 becomes:

0 = µ(
p

α1

A1 cos(pt+ f1x) sin(2γ1)−
p

α1

A2 cos(pt+ f2x+ c1) sin(2γ2)) (A.14)

Adding a second reflected wave, then the expressions of normal and shear stresses
are modified by the presence of the following additional terms:

λ(
∂q3
∂x

+
∂w3

∂y
) + 2µ(

∂w3

∂y
)

and
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µ(
∂q3
∂y

+
∂w3

∂x
)

It results:

∂q3
∂x

= sin γ3A3 cos(pt+f3x−g3y+ c2)(f3) = A3 cos(pt+f3x−g3y+ c2)
p
β2

cos γ3 sin γ3

∂w3

∂y
= cos γ3A3 cos(pt+f3x−g3y+c2)(−g3) = −A3 cos(pt+f3x−g3y+c2)

p
β2

cos γ3 sin γ3

∂q3
∂y

= sin γ3A3 cos(pt+f3x−g3y+ c2)(−g3) = −A3 cos(pt+f3x−g3y+ c2)
p
β2

sin2(γ3)

∂w3

∂y
= cos γ3A3 cos(pt+ f3x− g3y + c2)(f3) = A3 cos(pt+ f3x− g3y + c2)

p
β2

cos2(γ3)

Substituting, then it results:

[λ
(
∂q3
∂x

+ ∂w3

∂y
) + 2µ

(
∂w3

∂y

)]
y=0

= λ p
β2

(A3 cos(pt+ f3x+ c2) cos γ3 sin γ3

−A3 cos(pt+ f3x+ c2) cos γ3 sin γ3) + 2µ p
β2

(−A3 cos(pt+ f3x+ c2) cos γ3 sin γ3)

= −2µ p
β2
A3 cos(pt+ f3x+ c2) cos γ3 sin γ3

[µ
(
∂q3
∂y

+ ∂w3

∂x
)]y=0 = µ p

β2
A3(− cos(pt+ f3x+ c2) sin2 γ3+

+ cos(pt+ f3x+ c2) cos2 γ3)
= µ p

β2
A3 cos(pt+ f3x+ c2)(− sin2 γ3 + cos2 γ3)

Equations A.12 and A.14 become:

σyy = 0 = A1

α1

[
λ+ 2µ sin2 γ1

]
cos(pt+ f1x+ g1y)+

[+λ+ 2µ sin2 γ2]
A2

α1
cos(pt+ f2x− g2y + c1)

−2µA3

β2
cos(pt+ f3x+ c2) cos γ3 sin γ3

σxy = 0 = A1

α1
cos(pt+ f1x) sin(2γ1)− A2

α1
cos(pt+ f2x+ c1) sin(2γ2)

+µ p
β2
A3 cos(pt+ f3x+ c2)(− cos(2γ3))

136



Appendix B

B.1 Governing Equation

In order to obtain the governing equation 5.5, it was considered a section of the
material as shown in the figure below;

Figure B.1: Differential element.

Then, from the Newton II Law
∑
F +ma, it results:

ma = (ρV )ü = ρAdz
∂2u

∂2t

∑
F = −σA+ σA+

∂σ

∂z
Adz

Therefore,

−σA+ σA+
∂σ

∂z
Adz = ρAdz

∂2u

∂2t

∂σ

∂z
= ρ

∂2u

∂2t
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Since

σ = Eε, ε =
∂u

∂z

then, it results:

∂

∂z
(E
∂u

∂z
) = ρ

∂2u

∂2t
→ E

∂2u

∂z2
= ρ

∂2u

∂t2

B.2 Boundary Conditions for a 3-layered Model

The boundary conditions for the system of equations S are calculated as follows:

BC1: F |z=0 = (σeiωt)|z=0 = (
∂u

(1)
i

∂z
+

∂u
(1)
i

∂z
)
∣∣∣∣
z=0

σeiωt = E1A1e
iωte−ik1z(−ik1) + E1B1e

iωteikz(ik1);
(−ik1E1e

−ik1z)A1 + (ik1E1e
ik1z)B1 = σ;

at z = 0:
(−ik1E1)A1 + (ik1E1)B1 = σ

BC2: E1(
∂u

(1)
i

∂z
+ ∂u

(1)
r

∂z
)
∣∣∣∣
z=h1

= E2(
∂u

(2)
i

∂z
+ ∂u

(2)
r

∂z
)
∣∣∣∣
z=h1

E1(A1e
iωte−ik1z(−ik1) +B1e

iωteik1z(ik1)) = E2(A2e
iωte−ik2z(−ik2) +B2e

iωteik2z(ik2));
(−E1k1e

−ik1z)A1 + (E1k1e
ik1z)B1 + (E2k2e

−ik2z)A2 + (−E2k2e
ik2z) = 0;

at z = h1:

(−E1k1e
−ik1h1)A1 + (E1k1e

ik1h1)B1 + (E2k2e
−ik2h1)A2 + (−E2k2e

ik2h1)B2 = 0

BC3: (
∂u

(1)
i

∂t
+ ∂u

(1)
r

∂t
)
∣∣∣∣
z=h1

= (
∂u

(2)
i

∂t
+ ∂u

(2)
r

∂t
)
∣∣∣∣
z=h1

A1e
iωte−ik1z(iω) +B1e

iωteik1z(iω) = A2e
iωte−ik2z(iω) +B2e

iωteik2z(iω);
(e−ik1z)A1 + (eik1z)B1 + (−e−ik2z)A2 + (−eik2z)B2 = 0;

at z = h1:

(e−ik1h1)A1 + (eik1h1)B1 + (−e−ik2h1)A2 + (−eik2h1)B2 = 0

BC4: E2(
∂u

(2)
i

∂z
+ ∂u

(2)
r

∂z
)
∣∣∣∣
z=h2

= E3(
∂u

(3)
i

∂z
+ ∂u

(3)
r

∂z
)
∣∣∣∣
z=h2

E2(A2e
iωte−ik2z(−ik2) +B2e

iωteik2z(ik2)) = E3(A3e
iωte−ik3z(−ik3) +B3e

iωteik3z(ik3));
(−E2k2e

−ik2z)A2 + (E2k2e
ik2z)B2 + (E3k3e

−ik3z)A3 + (−E3k3e
ik3z)B3 = 0;
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at z = h2:

(−E2k2e
−ik2h2)A2 + (E2k2e

ik2h2)B2 + (E3k3e
−ik3h2)A3 + (−E3k3e

ik3h2)B3 = 0

BC5: (
∂u

(2)
i

∂t
+ ∂u

(2)
r

∂t
)
∣∣∣∣
z=h2

= (
∂u

(3)
i

∂t
+ ∂u

(3)
r

∂t
)
∣∣∣∣
z=h2

A2e
iωte−ik2z(iω) +B2e

iωteik2z(iω) = A3e
iωte−ik3z(iω) +B3e

iωteik3z(iω);
(e−ik2z)A2 + (eik2z)B2 + (−e−ik3z)A3 + (−eik3z)B3 = 0;

at z = h2:

(e−ik2h2)A2 + (eik2h2)B2 + (−e−ik3h2)A3 + (−eik3h2)B3 = 0

BC6: (u
(3)
i + u(3)r )

∣∣∣
z=h3

= 0|z=h3

A3e
iωte−ik3z +B3e

iωteik3z = 0;
A3e

−ik3z +B3e
ik3z = 0;

at z = h3:

(e−ik3h3)A3 + (eik3h3)B3 = 0

Combining all the boundary conditions, the system of equations S can be defined.

B.3 Theoretical Expressions of the Amplitudes

The determinant of (6x6) matrix M is:

det(A) = −2iE1((E2k2 + E3k3)(E1k1 + E2k2)cos((k1 − k2)h1 + (k2 − k3)h2 + k3h3)
+(E2k2 − E3k3)(E1k1 − E2k2)cos((k1 + k2)h1 + (−k2 − k3)h2 + k3h3)
−(E2k2 − E3k3)(E1k1 + E2k2)cos((k1 − k2)h1 + (k2 + k3)h2 − k3h3)

−cos((k1 + k2)h1 + (−k2 + k3)h2 − k3h3)(E2k2 + E3k3)(E1k1 − E2k2))k1

Substituting the numerical values of Table 5.1, and considering that k2 ≈ 4 k1 and
k3 = k1:

det(A) = (1.14 · 1025i)k31(1.23 · 108cos(0.98k1)− 1.25 · 108cos(1.024k1))

The theoretical values of the amplitudes Aj, Bj, with j = 1, 2, 3 in function of k1
and σ are shown below:

A1 =
−5.62 · 10−11i(5.33 · 106e1.024ik1 − 4.58 · 106e−0.98ik1 + 9.89 · 106i sin (1.k1))σ

k1 (4.58 · 106 cos (0.98k1)− 5.33 · 106 cos (1.024k1))
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B1 =
5.62 · 10−11i(5.33 · 106e1.024ik1 − 4.58 · 106e−0.98ik1 + 9.89 · 106i sin (1.k1))σ

k1 (4.58 · 106 cos (0.98k1)− 5.33 · 106 cos (1.024k1))

A2 =
−2.50 · 10−7iσ

(
2309.e1.06ik1 + 2141.e0.36ik1

)
k1 (4.58 · 106 cos (0.976k1)− 5.33 · 106 cos (1.02k1))

B2 =
2.50 · 10−7iσ

(
2309.e1.06ik1 + 2141.e0.36ik1

)
k1 (4.58 · 106 cos (0.976k1)− 5.33 · 106 cos (1.02k1))

A3 =
−0.000042ie0.27ik1σ

k1 (4.58 · 106 cos (0.98k1)− 5.33 · 106 cos (1.024k1))

B3 =
0.000042ie0.27ik1σ

k1 (4.58 · 106 cos (0.98k1)− 5.33 · 106 cos (1.024k1))
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