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Preface

Before you lies the thesis ’Development of a predictive kinematic model for the small overlap crash for
obtaining force deformation solution spaces of grouped structural components’. The thesis is the final
milestone for obtaining the Master of Science degree in Aerospace Engineering at Delft University of
Technology. The project was performed in cooperation with the research and development center of
BMW AG located in Munich in Germany from November 2015 until July 2016.

The conducted research deals with the determination of the influence of the most relevant structural
components on the response of passenger vehicles subjected to the small overlap crash test of the
Insurance Institute for Highway Safety (IIHS) and the development of a predictive kinematic model
which is used to determine the force deformation solution spaces for the most relevant structural
components. The type of crash test under investigation was introduced in 2012 to improve the
crashworthiness of passenger vehicles and challenges automotive companies to develop profound design
solutions to manufacture safer cars. Two approaches have been used in the thesis to perform the
above mentioned research. The first approach uses full vehicle finite element method simulations
performed with Abaqus/Explicit in which changes to structural components are made to investigate
the influence on the response. In the second approach, an analytical tool to predict the kinematics
of the vehicle subjected to the small overlap crash test is developed. The analytical tool is combined
with an optimizer tool in order to obtain the desired force deformation solution spaces of the grouped
components.

The research was challenging, but also very rewarding and my supervisors at TU Delft and BMW AG
were always eager to help me and answer my questions. Without them, the outcome of the thesis
would have not been the same and I am very grateful and thankful for their supervision.

Robbert Heuijerjans
July 29, 2016

Munich, Germany
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Summary

Since the early days of the automobile, crashworthiness has been of large importance. Nowadays,
with the introduction of common vehicle architectures across the model range, stricter requirements
regarding active, as well as passive safety, and with the introduction of new crash tests, automotive
manufacturers are facing an increased challenge in designing passenger vehicles. One of these new
crash tests is the small overlap crash test, introduced in 2012 by the Insurance Institute for Highway
Safety (IIHS), a non profit organization founded in 1959 and funded by auto insurers and insurance
associations. In this type of frontal crash test, the passenger vehicle impacts a rigid barrier with an
overlap of 25% traveling at a velocity of 64.4 km/h, resulting into an asymmetrical load-case of the
frontal structure. From studying relevant literature in academia and industry, two different main
response modes to the small overlap crash test are identified, being the lateral translational response
mode where the vehicle ’glances-off’ from the barrier and the rotational response mode where the
vehicle experiences a significant amount of deformation of the frontal structure and sub-sequentially a
large rotation around the barrier.

In order to reduce the number of required crash tests and to improve the understanding of the load-case,
it is of special interest to investigate the influence of the most relevant structural components on
the response of the passenger vehicle subjected to the small overlap crash test and to develop a
simplified model which is capable to predict the kinematics of the vehicle. The outcome allows the
designers and engineers to improve the structural design and increase the crashworthiness. This is
particularly of interest at an early development phase, as it allows to make early adoptions and enables
the possibility to collaborate from an early start point on with other design departments. In this thesis,
the research is performed by following two approaches: a bottom up approach and a top down approach.

In the bottom up approach, a numerical study on the most relevant structural components is performed
with detailed Finite Element Method (FEM) simulations of two different vehicle models of the Bay-
erische Motoren Werke (BMW) Aktiengesellschaft (AG) product line analyzed with Abaqus/Explicit.
The first FEM simulation model is a trolley model which is normally used at an early development phase
of a passenger vehicle to investigate and test the structural performance of the load carrying structural
components for frontal crashes without having the necessity to build the complete vehicle. The second
FEM simulation model is a full vehicle model, except for the fact that all elements behind the A-Pillar
are deleted. Following the bottom up approach, the influence of the most relevant structural components
on the response of the passenger vehicle is analyzed by changing the wall thickness of these components.
Specifically, it has been found that a tendency of required force levels in x and y is seen for obtaining a
certain response. A higher level of y force increases the tendency of the vehicle model to glance-off from
the barrier, while a higher level of x force increases the tendency of the vehicle model to rotate around
the barrier. In addition, the importance of the wheel and the surrounding structure has been identified
by using the bottom up approach. After performing several different sets of changes to the wall thick-
ness of the relevant components, it was not possible to evoke the two different responses for both models.

Following the top down approach, a simplified predictive kinematic model has been developed which is
on a higher hierarchical level than the FEM simulations and which is capable of predicting the response
of a passenger vehicle when subjected to the small overlap crash test using the force deformation
characteristics of relevant structural components. After showing that the predictive kinematic model is
able to accurately predict the response of any vehicle to the load-case, by validating the predictive
kinematic model with three different full vehicle FEM simulation models of the BMW AG product line,
each with the two different responses, the predictive kinematic model is used to obtain force deformation
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solution spaces of the grouped main load carrying components. Basically, the force deformation solution
space describes the feasible design area in the force deformation domain constraint by the upper and
lower force level. Following the principle of the V-diagram of systems engineering, components which
fall inside the solution space bounds also meet the higher level design goals. By decoupling the design
targets of the groups of components, the specific method gives the freedom to achieve those targets to
the responsible design departments. These design targets of the grouped components inherently fulfill
the top level design goals of the system.

The outcome of the thesis is helping the crashworthiness design of passenger vehicles to a large extend,
especially at an early development phase where the exact geometry of the vehicle is unknown, but
design targets are required by the engineers of design departments who can use the outcome of the
force deformation solutions spaces of the grouped components.
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CHAPTER 1

Introduction

Since the early days of the automobile, crashworthiness has been of large importance. Nowadays, several
improvements have been made in the area of crashworthiness, driven by manufactures, government
and insurance companies of passenger cars. Nevertheless, the ninth frequent cause of death across all
age groups is still due to a fatal car crash [1, 2]. Over 1.24 million people died and approximately
20 million people suffered from non-fatal injuries as a consequence of traffic accidents in 2013. Out
of these 1.24 million people, approximately 31% are occupants of passenger vehicles. It is predicted
that car crashes will be the seventh leading cause of death in 2030 [3]. Several studies indicated
that a large portion of today’s frontal crashes are without the involvement of the main frontal load
paths resulting in large deformations of the striking side of the vehicle. As much as 27% of all
crashes have no engagement of the main frontal load paths of the car [4]. Similar numbers were
determined by an investigation conducted in Sweden by Lindquist, Hall and Björnstig which showed
that approximately one-third of all fatal car crashes were without affecting the main frontal load path
of the structure [5]. These crashes, which have no involvement of the main frontal load path, are
commonly categorized as small overlap crashes. In this type of impact, large deformations on the
striking side of the vehicle occur along with large rotations of the vehicle. Small overlap car crashes are
not only frequent, but also pose a great injury risk to occupants and account for the largest number
of fatalities in frontal collisions. To increase the safety of passenger cars for this type of load-case,
the Insurance Institute for Highway Safety (IIHS), a non profit organization founded in 1959 and
funded by auto insurers and insurance associations, introduced the so called small overlap crash test in
2012 [6]. In this type of frontal crash test, the car impacts a rigid barrier with an overlap of 25% travel-
ing at a velocity of 64.4 km/h, resulting into an asymmetrical load-case of the frontal crash structure [6].

In order to enhance the crashworthiness of vehicles subjected to this load-case, a detailed understanding
of the different load paths and the structural interaction of components is of vital importance. In
addition to the need of adapting the structure to the requirements of the new load-case, automotive
manufacturers make use of an increased modularity and use similar components throughout their
complete model line. Due to the fact that the vehicle’s structure is a highly nonlinear system with
multiple interactions, the best design of a specific component is dependent on the design of each
sub-component [7]. Therefore, it is of special interest for industry to develop a simplified predictive
model for the small overlap crash test load-case of the IIHS for passenger cars which incorporates
relevant structural interactions of components in order to derive requirements for each structural
component. Based on this background, the modeling of the dynamics and the response of the vehicle
which gives an indication of the crashworthiness of the passenger car subjected to the small overlap
crash, without the necessity to perform expensive experimental crash tests or computationally expensive
detailed Finite Element Method (FEM) simulations, is of special interest. This is particularly the case
at an early development phase of a passenger car where the level of detail and therefore the knowledge
of the topology and dimensions of the crash structure is limited.

A long history of research in academia and industry exists for the formulation of simplified predictive
models for simulating car crashes [8], however, due to the stricter requirements, which require more
accurate models, and new load-cases, such as the small overlap crash test of the IIHS, this research
field remains a challenging and popular research area. Recent developments in academia and industry
showed an increased interest in understanding and predicting the structural response of passenger cars
for the small overlap crash test using experimental, analytical and numerical methods. Experimental

Master thesis Robbert Heuijerjans 1



tests are performed according to the IIHS standard for performing and rating the crash test [6, 9]. These
tests are helping to understand the structural interactions and their influence on the vehicle response
to a great extend. Due to the increased computational power, detailed FEM simulations predicting the
vehicle’s response to the small overlap crash test load-case are performed. Especially in the development
of simplified predictive models for the small overlap crash test load-case, an increasing need is observed.
For this, a profound insight into the structural interactions of components is required in order to
establish the relevant and mostly loaded components. Several studies investigated the response of the
vehicle to the small overlap crash test and the relevant load paths [10, 11]. The response of the vehicle
to the small overlap crash is dependent on the individual components and their interactions along the
different load paths. Over the past years, the rapid increase in FEM simulation models increased the
insight into the interaction of components and helped in the formulation of simplified predictive models
for means of impact modeling of passenger cars. Nevertheless, most of the work focuses on symmetrical
load-cases, in contrast to the small overlap crash test. The consequence of this is a gap in the research
field, which can be closed by expanding the existing knowledge to the small overlap crash test of the IIHS.

In order to close this gap, two approaches, being the bottom up approach and the top down approach
are used in this thesis. In the bottom up approach, the interaction of the main components of the front
structure of the vehicle and influence on the response is investigated by performing a numerical study.
This is done by using FEM simulations models of passenger cars of the Bayerische Motoren Werke
(BMW) Aktiengesellschaft (AG) product line. The intention of the numerical study is to quantify the
influence of the most relevant components along the load path on the vehicle’s response to the small
overlap crash. In the top down approach, a simplified predictive kinematic model is developed which is
capable of predicting the vehicle’s response when subjected to the small overlap crash test load-case
using the force deformation characteristics of relevant structural components. After showing that the
predictive simplified model is able to accurately predict the response of the vehicle, the model is used
to obtain force deformation corridors of the main load carrying components, for obtaining a certain
response of the vehicle. This allows to generate force deformation solution spaces of the components at
an early development phase of the vehicle, greatly helping the passive safety development of passenger
vehicles.

Summarized, the main research objective of the thesis is formulated as follows:

The objective of the project is to determine the influence of the most relevant structural components on
the response of the vehicle subjected to the small overlap crash of the IIHS and to develop a predictive
kinematic model which is capable of modeling the response of the vehicle to the small overlap crash
in order to obtain force deformation solution spaces of grouped structural components. On the one
hand, this is achieved by performing FEM simulations in Abaqus/Explicit and, following the bottom
up approach, by investigating the changes in wall thicknesses of the most relevant components on the
vehicle’s response. On the other hand, this is achieved by following the top down approach where a
predictive kinematic model is created which is on a higher hierarchical level than FEM simulations and
is able to predict the response of the vehicle to the small overlap crash test by incorporating the force
deformation curves for the grouped components of interest.

The thesis is structured in the following way. First, in Chapter 2, a condensed literature review of the
research area is presented. Next, in Chapter 3, a short introduction and theory behind to the FEM
simulations used for crashworthiness applications is given. Then, the concept of the force deformation
solution space for crashworthiness applications is discussed in Chapter 4. Further, in Chapter 5, the
numerical study of the most relevant structural components for the small overlap crash test load-case
is provided. Chapter 6 presents the description of the predictive kinematic model. In chapter 7, the
verification and validation of the predictive kinematic model is discussed. Next, in chapter 8, the
resulting force deformation corridors are presented. Finally, in chapter 9 and 10, discussions and
conclusions, as well as recommendations about the research project are presented.

Master thesis Robbert Heuijerjans 2



CHAPTER 2

Literature review

This chapter presents a condensed literature review of the relevant research areas of crashworthiness
which are of importance for the thesis. The topics of the literature review are divided into four main
areas, being: the significance of crashworthiness for road users, the description of the small overlap
crash test load-case, the design strategies used for crashworthiness and the simulation methods available
for crashworthiness analysis. These four topics are discussed in more detail in Sections 2.1, 2.2, 2.3
and 2.4, respectively.

2.1 Significance of crashworthiness for road users
Fatal car crashes have a long history and are of major concern in the automotive industry. In 1889,
already three years after the invention of the automobile, the first known motor vehicle fatality oc-
curred [12]. Arguably, therefore, since the early days of the automobile, the safety of passenger cars is
of vital importance.

In 2013, over 1.2 million people died as a result of road traffic accidents and around 50 million were
injured [2, 3]. In Fig. 2.1, an overview of the global road traffic deaths by the type of road user in 2013
is shown.

Almost half of all deaths on the 
world’s roads are among those with
the least protection – motorcyclists, 
cyclists1 and pedestrians. However, 
the likelihood of dying on the road as 
a motorcyclist, cyclist or pedestrian 
varies by region: the African Region
has the highest proportion of 
pedestrian and cyclist deaths at
43% of all road traffic deaths, while 
these rates are relatively low in the 

1 The term cyclist refers to users of two- or three-
wheeled pedal cycles, but does not include those riding 
motorcycles or E-bikes.
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Road traffic deaths among pedestrians, 
cyclists and motorcyclists are intolerably 
high

South-East Asia Region (see Figure7). 
This partly reflects the level of safety 
measures in place to protect different 
road users and the predominant forms 
of mobility in the different regions –
for example, walking and cycling are 
important forms of mobility in the
African Region, while in the South-East 
Asia Region and the Western Pacific
Region, motorcycles are frequently 
used as the family vehicle. 

More than half 
of countries (92) 

report policies to 
increase walking 

and cycling, 
compared to 68  

in 2010.
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Figure 2.1: Overview of the global road traffic fatalities by type of road user in 2013. Source [2].

Referring to Fig. 2.1, out of the 1.2 million people that died in 2013, around 31% are occupants of
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a passenger vehicle [3]. According to the Association for Safe International Road Travel (ASIRT)
and the World Health Organization (WHO) [1, 2], the ninth frequent cause of death across all age
groups is due to a fatal car crash. It is predicted that this will be the seventh leading cause in
2030 [13]. For young people (15 to 29 years), a fatal car crash is the leading cause of death [2].
In the United States of America alone, almost 30000 people died due to a car crash in 2007 [14].
Looking at Europe, approximately 240000 car occupants were killed in the EU 27 countries between
2001 and 2012 [15]. The number of killed car occupants decreased from 27700 in 2001 to 12345 in
2012 [15]. Referring to Lund [16], the death rate decreased from 55 deaths per billion miles of travel
in 1966 to 11.3 deaths per million miles of travel in 2009. Specifically, for the countries which are
investigated by the Road Safety Annual Report [17], among which are Germany, the Netherlands,
Sweden and the United States of America, the number of road fatalities decreased by 42% between
2000 and 2013. Economically, it is important to mention that the low and middle income countries in
the world lose as much as 3% of their gross domestic product (GDP) as a result of road traffic crashes [2].

Part of the reduction in number of road fatalities is due to the constant strive of automotive manufac-
turers, as well as the constant push from insurance companies and government, to increase the safety of
passenger cars. Generally, a distinction is made between two different types of safety in the automotive
industry, being active and passive safety [18]. Active safety is mainly concerned with measures to avoid
any crash, while passive safety is concerned with the reduction of risk of injuries by improving the
structural integrity of the vehicle [18]. Specifically, the passive safety is improved by enhancing the
capability of structural components to protect the occupants in survivable crashes [12]. This term is
known as the crashworthiness of a passenger car [12]. According to Lindquist, Hall and Björnstig [19],
the term crashworthiness is the ability to protect the occupants of the car in a crash. Referring to Wei,
Karimi and Robbersmyr [20], the analysis of crashworthiness is based on the crash responses which
are the displacement, velocity and acceleration of critical parts of a vehicle during the crash [20]. The
authors Zu, Pan, Chen and Zhang, state that the performance of crashworthiness is based on safety
parameters such as peak acceleration, energy absorption capacity, maximum crush force and maximum
firewall intrusion [21].

Several studies suggest that a large portion of road fatalities is due to a small overlap of the vehicle
during impact with the object which means that the main absorbing crash structure is not loaded.
Lindquist, Hall and Björnstig determined in their research that of all frontal crashes in Sweden,
approximately 34% are without engaging the main longitudinal beams (also called framerails) of the
vehicle. In addition, 48% of the crashes occurring in Sweden are without involvement of the drivetrain
and have less than 30% of structural involvement [5]. Similar results were confirmed by Hobbs [4] who
found out that 27% of all the fatalities in car crashes have a small frontal overlap. Referring to Lenard
et. al. 20% of the frontal crashes have an overlap of less than 25% [22].

The aforementioned scenarios, in which no or little involvement of the main longitudinal framerails is
occurring, are commonly categorized as so called small overlap crashes. In this type of crash, the main
energy absorbing structure at the front of the car is not active and thus large deformations on the
striking side of the vehicle occur. Small overlap crashes are not only frequent but also pose a greater
injury risk to occupants. When compared with large overlap impacts, occupants in small overlap
crashes have a ’demonstrated increased incidence of head, chest, spine, and hip/pelvis injuries’ [23].
Furthermore, according to Iraeus and Lindquist, frontal crashes, such as the small overlap crash test,
are responsible for a large number of fatalities [24].

2.2 The small overlap crash test according to the IIHS
In order to increase the safety of passenger cars for crashes where a small overlap of the frontal structure
with the impacting object occurs, the IIHS introduced the small overlap crash test in 2012 which puts a
large demand on the structure of the vehicle and its occupants and imposes a challenge for automotive
manufacturers to adapt their existing vehicles to the new load-case [6]. The main goal behind the
introduction of the small overlap crash test of the IIHS is to increase the safety for passenger cars
when the outboard part of the vehicle collides with another vehicle or when impacting an object, for
example a tree or a pole [11]. In this section, an overview of the small overlap crash test is given, along
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with the vehicle’s response to this type of crash.

2.2.1 Overview of the small overlap crash test
In the small overlap crash test performed by the IIHS, the vehicle is accelerated with an average
acceleration of 0.3 g using a propulsion system until the speed of the car is equal to 64.4 km/h. Roughly
25 cm before the barrier, the vehicle is uncoupled from the propulsion system. The vehicle hits then
the barrier with a 25% offset (± 1% offset) measured from the widest part of the car without mirrors,
flexible mud flaps and marker lamps. Currently, the test is such that the striking side of the vehicle is
always on the driver’s side. Exactly 1.5 s after releasing the vehicle from the propulsion system, the
braking system of the vehicle is activated [6]. A schematic illustration of the small overlap crash test
just at the moment of contact with the barrier is shown in Fig. 2.2.

Figure 2.2: Illustration of the small overlap crash test at the moment of contact. Source [6].

Note that the small overlap crash test, as shown in Fig. 2.2, is for a passenger car which has the driver
position on the left hand side of the car. The illustration in Fig. 2.2 shows that the contour of the
barrier impacted by the vehicle is curved and it shows how the overlap of 25% is measured with respect
to the barrier.

The barrier which is impacted by the vehicle during the small overlap crash test must be rigid and
must be sized according to the specifications of the IIHS. A schematic drawing of the barrier in the
top, rear, front and isometric view is given in Fig. 2.3.

 2012 Insurance Institute for Highway Safety Small Overlap Crash Test Protocol
988 Dairy Rd, Ruckersville, VA 22968. All rights reserved. May 2014 — 2

Test Vehicle Preparation

Each vehicle is inspected upon arrival at the research center. Vehicles are checked for evidence of prior
collision damage or repair.  Each vehicle is further examined to verify that it is in satisfactory operating
condition and to note defects such as missing parts, maladjustments, or fluid leaks.  If directly relevant to
testing, such deficiencies are corrected or a replacement vehicle is procured.

All engine and transmission fluids are drained from the vehicle prior to the test.  The gasoline is removed
from the fuel tank, and fuel lines are replaced with Stoddard solvent to 90-95 percent of useable capacity.
The engine is started for a short period to ensure the Stoddard solvent has filled the fuel lines.  The
electrolyte is drained from the battery.  The air conditioning system refrigerant is recovered by a means
that complies with applicable environmental regulations. The left front axle boots and grease are removed.

Figure 2.3: Top, rear, front and isometric view of the barrier of the small overlap crash test. Source [6].
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Looking at the top and front view in Fig. 2.3, it can be seen that the shape of the barrier consists out
of a constant radius arc of 150 mm connected to a flat surface with a width of 1000 mm. The height of
the barrier is equal to 1524 mm, as shown in the rear view. The barrier is attached to a base unit
which is 1840 mm high, 3660 mm wide and 5420 mm deep [6]. The base unit is made out of laminated
steel and reinforced concrete and has a total mass of 145150 kg [6].

2.2.2 Response modes of the vehicle
Due to the asymmetrical loading of the crash structures in the small overlap crash test, the response of
the vehicle is of special interest. According to Mueller, Brethwaite, Zuby and Nolan, a vehicle exhibits
three different responses when subjected to the small overlap crash test [10]. These responses are
categorized according to the lateral translation and rotation of the vehicle [10] which is discussed in
the following.

Rotational response mode

The rotational response of the vehicle is visualized in Fig. 2.4.
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Figure 1. Vehicle kinematics measurement method

Vehicle motion also was categorized based on
measures of lateral translation and rotation. Vehicles
may either exhibit significant lateral translation, sig-
nificant rotation, or a combination of both (Figure 2).
Vehicles with high amounts of lateral translation,
typically above 35 cm, during forward motion of the
crash (around 150 ms), are categorized as primarily
lateral translation. Vehicles with high rotations,
greater than 10 degrees during the first 200 ms of the
crash but low amounts of lateral translation away
from the barrier, are categorized as primarily rotation.
Vehicles with characteristics of both some lateral
movement and some rotation are categorized as both.

Figure 2. Vehicle exhibiting significant lateral translation
“glance-off” (top) and significant rotation (bottom)
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overlap barrier. All tests and measurements followed
the IIHS (2012a) small overlap test protocol. A com-
prehensive list for all vehicles can be found in Ap-
pendix A. All vehicles tested were within 0.6 km/h
for impact speed and 1.0% for overlap with the barri-
er relative to the test protocol. The original vehicle in
Pair I: Minivan was not an official evaluation test but
followed all test and measurements as the evaluation
tests.

Vehicle Front Structure Classification

Information used to describe the nature of vehicle
front structures related to small overlap crash protec-
tion was collected from several sources. Information
from automakers’ public documents identifying
structures that were explicitly designed to improve
the small overlap test was shared with IIHS. Pre- and
post-crash photographs of front-end structural com-
ponents were evaluated independently to confirm the
information. It should be noted that it was not possi-
ble to visually verify all reported structural changes,
such as those involving higher strength metals or
metal forming methods.

Vehicle Weights

Vehicle weights are based on measured curb weights
of the same trim level of vehicle, but weight differ-
ences due to structural modifications and other design
changes cannot be isolated independently.

Vehicle Response Measures

Vehicle front structures were documented using pre-
and post-crash photography of front-end structural
components. Longitudinal and lateral accelerations
were obtained from a tri-axial accelerometer array
mounted in the rear floorpan of the vehicles. In some
models, acceleration measures could not be used as
an indicator of overall vehicle motion. Deformation
near the sensor’s mounting occurring late in the crash
event changed the sensor’s orientation from the vehi-
cle’s frame of reference; therefore, analysis of high-
speed video footage was used to determine longitudi-
nal delta V and vehicle lateral displacement, in the
laboratory reference frame.

High-speed video footage recorded by a camera
mounted above the point of impact documented the
motion of the center of gravity relative to the point of
impact, including forward and lateral displacement
from the barrier with respect to time zero and rotation
of the vehicle relative to the direction of initial im-
pact. The typical setup for measuring vehicle motion
is shown in Figure 1.
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Figure 2.4: Rotational response mode of a vehicle subjected to the small overlap crash. Source [10].

In this response, the main part of the initial kinetic energy of the vehicle is absorbed by deformation of
the frontal structure which is impacted by the rigid barrier [11]. At the point when structure of the
vehicle does not deform anymore, the car rotates around the barrier, as shown in Fig. 2.4. Mueller,
Brethwaite, Zuby and Nolan state that this rotation is often larger than 10 degrees during the first 200
ms of the crash [10].

Lateral translational response mode

Another possible response of the vehicle to the small overlap crash test is a significant lateral translation
with respect to the initial lateral position of the vehicle [10], as shown in Fig. 2.5.
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Vehicle motion also was categorized based on
measures of lateral translation and rotation. Vehicles
may either exhibit significant lateral translation, sig-
nificant rotation, or a combination of both (Figure 2).
Vehicles with high amounts of lateral translation,
typically above 35 cm, during forward motion of the
crash (around 150 ms), are categorized as primarily
lateral translation. Vehicles with high rotations,
greater than 10 degrees during the first 200 ms of the
crash but low amounts of lateral translation away
from the barrier, are categorized as primarily rotation.
Vehicles with characteristics of both some lateral
movement and some rotation are categorized as both.

Figure 2. Vehicle exhibiting significant lateral translation
“glance-off” (top) and significant rotation (bottom)
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overlap barrier. All tests and measurements followed
the IIHS (2012a) small overlap test protocol. A com-
prehensive list for all vehicles can be found in Ap-
pendix A. All vehicles tested were within 0.6 km/h
for impact speed and 1.0% for overlap with the barri-
er relative to the test protocol. The original vehicle in
Pair I: Minivan was not an official evaluation test but
followed all test and measurements as the evaluation
tests.

Vehicle Front Structure Classification

Information used to describe the nature of vehicle
front structures related to small overlap crash protec-
tion was collected from several sources. Information
from automakers’ public documents identifying
structures that were explicitly designed to improve
the small overlap test was shared with IIHS. Pre- and
post-crash photographs of front-end structural com-
ponents were evaluated independently to confirm the
information. It should be noted that it was not possi-
ble to visually verify all reported structural changes,
such as those involving higher strength metals or
metal forming methods.

Vehicle Weights

Vehicle weights are based on measured curb weights
of the same trim level of vehicle, but weight differ-
ences due to structural modifications and other design
changes cannot be isolated independently.

Vehicle Response Measures

Vehicle front structures were documented using pre-
and post-crash photography of front-end structural
components. Longitudinal and lateral accelerations
were obtained from a tri-axial accelerometer array
mounted in the rear floorpan of the vehicles. In some
models, acceleration measures could not be used as
an indicator of overall vehicle motion. Deformation
near the sensor’s mounting occurring late in the crash
event changed the sensor’s orientation from the vehi-
cle’s frame of reference; therefore, analysis of high-
speed video footage was used to determine longitudi-
nal delta V and vehicle lateral displacement, in the
laboratory reference frame.

High-speed video footage recorded by a camera
mounted above the point of impact documented the
motion of the center of gravity relative to the point of
impact, including forward and lateral displacement
from the barrier with respect to time zero and rotation
of the vehicle relative to the direction of initial im-
pact. The typical setup for measuring vehicle motion
is shown in Figure 1.
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Figure 2.5: Lateral translational response mode of a vehicle subjected to the small overlap crash.
Source [10].

In this response, the structure of the vehicle interacts with the rigid barrier such that the car ’glances-off’
the barrier and a significant amount of the initial kinetic energy is dissipated by sliding [11]. According
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to Mueller, Brethwaite, Zuby and Nolan, the lateral translation response is observed in the first 150
ms where a lateral translation of approximately 350 mm occurs [10].

Rotational and lateral translational response mode

A combination of rotational and lateral translational response modes is also possible, as stated by
Mueller, Brethwaite, Zuby and Nolan [10]. In this combined response mode, one part of the kinetic
energy of the car is dissipated by deformation of the frontal structure and subsequently rotation
around the rigid barrier and the other part of the kinetic energy is dissipated by sliding away from the
rigid barrier. Therefore, this response can neither be classified in a rotational response nor a lateral
translational response.

2.3 Design strategies for crashworthiness
In this section, the current design strategies for crashworthiness of passenger cars are discussed. First,
the structural components for maintaining structural integrity are shown, followed by the general
main load paths of structural components. Then the main load paths for the small overlap crash are
described. Finally, the main design strategies for the small overlap crash test are discussed.

2.3.1 Structural components of passenger vehicles
Every load-case for a passenger vehicle puts certain demands and requirements on the different
components of a passenger car. Over the years, the requirements on the structural integrity of the
passenger car have been increasing and more safe structures are designed. Most of the modern vehicles
have the following structural components to protect the occupants in case of a crash, as shown in
Fig. 2.6.

Cowl A-Pillar

A-bow or 
A-header

B-bow Cant rail C-bow Rear side member

Rear bumper beam

B-Pillar C-Pillar D-Pillar
Shotgun

Seat cross membersSill or rocker

Tunnel

Heel kick

Front side member

Crashbox

Front bumper beam

Firewall

Springdome

Figure 2.6: Main structural components of a passenger vehicle. Source [18].

These components shown in Fig. 2.8 have the main purpose to ensure the structural integrity of the
car in the case of a crash and therefore ensure the safety of the occupants. Specifically, for frontal
crashes, the main structural components are:

· Front bumper beam.
· Crashbox.
· Front side member (also called main framerail or longitudinal beam).
· Shotgun.
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· Cowl.
· Rocker.
· A-Pillar.
· Tunnel.
· Firewall.

Note that Fig. 2.8 should be understood as as example. Other vehicles may have slightly different
structural components and/or have slightly different locations of these components.

2.3.2 Main load paths of structural components
The load paths of a structure are defined as the parts of the vehicle which are able to produce restrictive
forces during a crash event [19]. According to Wei, Karimi and Robbersmyr [20], three main load paths
in a vehicle exist in order to transmit the load during a frontal crash:

1. Accessories - front bumper and crashbox - front longitudinal beam - engine - firewall [20].
2. Upper wing beam - A-pillar - rocker panels [20].
3. Sub-frame - dill beam [20].

These three load paths are the most general [20]. It is interesting to mention that there is small
variation in the design of the vehicle body-in-white construction between different car manufacturers.
Lindquist, Hall and Björnstig [19] found out that a generic car structure might be used which represent
all car models studied. The generic car structure consists out of beams, such as longitudinals, sills
and A-Pillars which are connected by joint connections, and plate areas, such as the floor and dash
panels [19]. According to Lindquist, Hall and Björnstig [19], nine generic load paths exists which can
be seen in Fig. 2.7.

© Woodhead Publishing Ltd 0245

looking at each load path encountered as we move across
the vehicle to the right hand side.

A detailed description of each of the load paths defined
in Figure 4 follows:

1 (9)[*] Direct loading of the left (right)[*] side structure.
In this loading condition the hinge pillar, door
and B-pillar are directly loaded, mainly in the
longitudinal direction. When this load path
occurs, the crash type is often referred as a “side-
swipe” with small lateral deformations of the
side structure being present. This crash type is
classified as a frontal collision with the side
structure as the frontal resistive structure.

2 (8)[*] Direct loading of the left (right)[*] front wheel.
In this loading condition the load is transmitted
through the wheel to the lower part of the hinge
pillar, and the sill structure. In should be noted
that the initial loading of the wheel transmits
loads through the front suspension lower control
arm. However, sudden high loading of the lower
control arm typically results in the lower control
arm detaching (either partially or completely)
from the sub-frame.

Figure 4 Description of identified load paths acting on the generic frontal structure.

D
ow

nl
oa

de
d 

by
 [

B
ib

lio
th

ee
k 

T
U

 D
el

ft
] 

at
 0

7:
27

 2
6 

D
ec

em
be

r 
20

15
 

Figure 2.7: Generic main load paths for a passenger vehicle. Source [19].

These load paths have the following description, as shown below [19].

1. ’Direct load to the left side structure (hinge pillar, door, A-Pillar)’ [19].
2. ’Load on left front wheel transmitted to front sill and hinge pillar’ [19].
3. ’Load on left shot gun beam/shock tower transmitted to hinge pillar and side structure’ [19].
4. ’Load on left longitudinal transmitted to compartment floor and dash panel/hinge pillar area’ [19].
5. ’Load on drive-train transmitted to the dash panel and compartment floor’ [19].
6. ’Load on right longitudinal transmitted to compartment floor and dash panel/hinge pillar

area’ [19].
7. ’Load on right shot gun beam/shock tower transmitted to hinge pillar and side structure’ [19].
8. ’Load on right front wheel transmitted to front sill and hinge pillar’ [19].
9. ’Direct load to right side structure (hinge pillar, door, A-Pillar)’ [19].

Referring to Lindquist, Hall and Björnstig [19], the load paths of the structure are typically restricted
by the packaging constraints of the vehicle, such as the engine and gearbox integration into the vehicle.
In addition, the incompatibility condition, where the load is not directed through the primary crash
structure, results into secondary load paths of the vehicle [19] which are of great interest for the small
overlap crash test load-case.
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2.3.3 Main load paths of structural components for the small overlap crash
The small overlap crash test, as defined by the IIHS puts severe loads on the structure of the vehicle
and its occupants. Due to the small frontal offset of the vehicle with respect to the barrier, the main
longitudinals of the front structure are often not, or at most partially, loaded in the crash. This means
that the remaining structure must dissipate the kinetic energy of the car. Commonly, the energy
dissipation path of the small overlap crash test is categorized as a secondary load path [19], since
there is a minimal engagement of the main crash structure. In the small overlap crash, the cabin of
the occupants becomes the first substantial load path during the small overlap crash [19]. Normally,
the main crash absorbing structure is not active and therefore the load must be carried by other
components [10]. Looking at the main load paths for a frontal crash test from the previous section,
some major differences are found for the small overlap crash test. First, it is looked at the main
structural components which are relevant for the small overlap crash test, as shown in Fig. 2.8.
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from three different crash configurations: single-
vehicle crashes into fixed objects, vehicle-to-vehicle
crashes with vehicles going in opposite collinear di-
rections; and vehicle-to-vehicle crashes with the op-
posing vehicle striking the case vehicle at a small
oblique angle (Sherwood et al., 2009).

IIHS began a small overlap front crashworthiness
evaluation in 2012. Vehicles are rated on three crite-
ria: vehicle structural intrusion, dummy sensor
measures, and vehicle restraints and dummy kinemat-
ics. Multiple paired crash tests of a given vehicle
produced similar results, establishing a high level of
test repeatability for this crash mode (Mueller et al.,
2013). A total of 122 vehicles have been tested, with
only 56% receiving ratings of good or acceptable.
High levels of structural intrusion accounted for
many of the poor and marginal ratings, although this
was often associated with dummy measures that ex-
ceeded recognized injury reference values. Many of
these designs do not have significant energy absorb-
ing structures outside of the main frame rails.

Three main structural design strategies can be used to
improve performance in the small overlap test
(Thomas, 2012). These include components that
force the vehicle laterally away from the crash part-
ner and reduce the crash energy absorbed by the
structure, energy-absorbing structures in the areas
outside of the main frame rails and forward of the
wheel well, and reinforced safety cage structures de-
signed to maintain occupant compartment integrity.
Vehicles using the latter two strategies experience
high longitudinal delta V and often rotate around the
barrier instead of sliding laterally away from it. Three
manufacturers (Fuji Heavy Industries, 2014;
Jakobsson et al., 2013; Ohnaka, 2013; Planath et al.,
1993; Weissler, 2013) have already documented the
application of their structural design strategies. De-
spite small differences in techniques, the three manu-
facturers have focused on a combination of energy
absorbing structures outside the frame rails and rein-
forcement of the occupant compartment.

These strategies typically are achieved by one or
more of the following design changes (Table 1): 1)
rigid structures attached to the bumper beam, side
frame, or engine cradle forward of the wheel well;
2) stronger shotgun structures tied into the main
frame rail or other energy absorbing structures; 3)
stronger occupant compartment firewall and door-
frame structures, mainly the A-pillar, hinge pillar,
rocker panel, and floorpan; and 4) wheel and sus-
pension modifications to promote energy absorption
and prevent the wheel from intruding into the occu-
pant compartment.

Table 1. Main vehicle structures identified for improvement
in small overlap performance
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Bumper beam X X
Engagement X X
Wheel/suspension X X
Shotgun X
Firewall/footwell X
Hinge pillar X
A-pillar X
Rocker panel X
B-pillar X
Door beam X
Floor X

Objective

Since consumer information testing based on small
overlap crashes began in 2012, 13 manufacturers
already have implemented structural countermeas-
ures using different combinations of design strate-
gies. The objective of this study was to examine the
effect of different design strategies for the small
overlap test on dummy response and restraint system
performance.

METHODS

Crash test data were collected from 44 crash tests: 8
paired tests of vehicle models before and after small
overlap design changes were implemented (Pairs I-
VIII) and 28 vehicle models tested only after small
overlap design changes were implemented. All tests
were conducted at a nominal speed of 64.4 km/h (40
mi/h) and a nominal 25% overlap with the IIHS small
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from three different crash configurations: single-
vehicle crashes into fixed objects, vehicle-to-vehicle
crashes with vehicles going in opposite collinear di-
rections; and vehicle-to-vehicle crashes with the op-
posing vehicle striking the case vehicle at a small
oblique angle (Sherwood et al., 2009).

IIHS began a small overlap front crashworthiness
evaluation in 2012. Vehicles are rated on three crite-
ria: vehicle structural intrusion, dummy sensor
measures, and vehicle restraints and dummy kinemat-
ics. Multiple paired crash tests of a given vehicle
produced similar results, establishing a high level of
test repeatability for this crash mode (Mueller et al.,
2013). A total of 122 vehicles have been tested, with
only 56% receiving ratings of good or acceptable.
High levels of structural intrusion accounted for
many of the poor and marginal ratings, although this
was often associated with dummy measures that ex-
ceeded recognized injury reference values. Many of
these designs do not have significant energy absorb-
ing structures outside of the main frame rails.

Three main structural design strategies can be used to
improve performance in the small overlap test
(Thomas, 2012). These include components that
force the vehicle laterally away from the crash part-
ner and reduce the crash energy absorbed by the
structure, energy-absorbing structures in the areas
outside of the main frame rails and forward of the
wheel well, and reinforced safety cage structures de-
signed to maintain occupant compartment integrity.
Vehicles using the latter two strategies experience
high longitudinal delta V and often rotate around the
barrier instead of sliding laterally away from it. Three
manufacturers (Fuji Heavy Industries, 2014;
Jakobsson et al., 2013; Ohnaka, 2013; Planath et al.,
1993; Weissler, 2013) have already documented the
application of their structural design strategies. De-
spite small differences in techniques, the three manu-
facturers have focused on a combination of energy
absorbing structures outside the frame rails and rein-
forcement of the occupant compartment.

These strategies typically are achieved by one or
more of the following design changes (Table 1): 1)
rigid structures attached to the bumper beam, side
frame, or engine cradle forward of the wheel well;
2) stronger shotgun structures tied into the main
frame rail or other energy absorbing structures; 3)
stronger occupant compartment firewall and door-
frame structures, mainly the A-pillar, hinge pillar,
rocker panel, and floorpan; and 4) wheel and sus-
pension modifications to promote energy absorption
and prevent the wheel from intruding into the occu-
pant compartment.

Table 1. Main vehicle structures identified for improvement
in small overlap performance
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Objective

Since consumer information testing based on small
overlap crashes began in 2012, 13 manufacturers
already have implemented structural countermeas-
ures using different combinations of design strate-
gies. The objective of this study was to examine the
effect of different design strategies for the small
overlap test on dummy response and restraint system
performance.

METHODS

Crash test data were collected from 44 crash tests: 8
paired tests of vehicle models before and after small
overlap design changes were implemented (Pairs I-
VIII) and 28 vehicle models tested only after small
overlap design changes were implemented. All tests
were conducted at a nominal speed of 64.4 km/h (40
mi/h) and a nominal 25% overlap with the IIHS small
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from three different crash configurations: single-
vehicle crashes into fixed objects, vehicle-to-vehicle
crashes with vehicles going in opposite collinear di-
rections; and vehicle-to-vehicle crashes with the op-
posing vehicle striking the case vehicle at a small
oblique angle (Sherwood et al., 2009).

IIHS began a small overlap front crashworthiness
evaluation in 2012. Vehicles are rated on three crite-
ria: vehicle structural intrusion, dummy sensor
measures, and vehicle restraints and dummy kinemat-
ics. Multiple paired crash tests of a given vehicle
produced similar results, establishing a high level of
test repeatability for this crash mode (Mueller et al.,
2013). A total of 122 vehicles have been tested, with
only 56% receiving ratings of good or acceptable.
High levels of structural intrusion accounted for
many of the poor and marginal ratings, although this
was often associated with dummy measures that ex-
ceeded recognized injury reference values. Many of
these designs do not have significant energy absorb-
ing structures outside of the main frame rails.

Three main structural design strategies can be used to
improve performance in the small overlap test
(Thomas, 2012). These include components that
force the vehicle laterally away from the crash part-
ner and reduce the crash energy absorbed by the
structure, energy-absorbing structures in the areas
outside of the main frame rails and forward of the
wheel well, and reinforced safety cage structures de-
signed to maintain occupant compartment integrity.
Vehicles using the latter two strategies experience
high longitudinal delta V and often rotate around the
barrier instead of sliding laterally away from it. Three
manufacturers (Fuji Heavy Industries, 2014;
Jakobsson et al., 2013; Ohnaka, 2013; Planath et al.,
1993; Weissler, 2013) have already documented the
application of their structural design strategies. De-
spite small differences in techniques, the three manu-
facturers have focused on a combination of energy
absorbing structures outside the frame rails and rein-
forcement of the occupant compartment.

These strategies typically are achieved by one or
more of the following design changes (Table 1): 1)
rigid structures attached to the bumper beam, side
frame, or engine cradle forward of the wheel well;
2) stronger shotgun structures tied into the main
frame rail or other energy absorbing structures; 3)
stronger occupant compartment firewall and door-
frame structures, mainly the A-pillar, hinge pillar,
rocker panel, and floorpan; and 4) wheel and sus-
pension modifications to promote energy absorption
and prevent the wheel from intruding into the occu-
pant compartment.

Table 1. Main vehicle structures identified for improvement
in small overlap performance
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Firewall/footwell X
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Objective

Since consumer information testing based on small
overlap crashes began in 2012, 13 manufacturers
already have implemented structural countermeas-
ures using different combinations of design strate-
gies. The objective of this study was to examine the
effect of different design strategies for the small
overlap test on dummy response and restraint system
performance.

METHODS

Crash test data were collected from 44 crash tests: 8
paired tests of vehicle models before and after small
overlap design changes were implemented (Pairs I-
VIII) and 28 vehicle models tested only after small
overlap design changes were implemented. All tests
were conducted at a nominal speed of 64.4 km/h (40
mi/h) and a nominal 25% overlap with the IIHS small

Figure 2.8: Structural components relevant for the small overlap crash test load-case. Source [10].

Comparing Fig. 2.8 to Fig. 2.6, we see that most structural components relevant for frontal crashes
are also of importance for the small overlap crash. However, normally, the load which is transferred
through the crashbox, longitudinal beam or engine is relatively low [5]. This leaves one of the main
load paths, the longitudinal beam, without considerable load-transfer. Therefore, the kinetic energy
from the car must be carried by other structures. One of the structural components which increases the
energy dissipation of the structure is a so called engagement structure shown in Fig. 2.8. According to
Kikuchi et. al. the forces occurring in the small overlap crash test are occurring on the front suspension,
at the left front wheel and at the base of the A-Pillar [25]. Referring to Sherwood et. al. , contrary to
existing crash tests, the two longitudinal framerails, designed to support the engine and to absorb the
crash energy, are not highly loaded in the small overlap crash test [26]. According to Scullion et. al.
the direct damage on the structure of the car, as a result of the small overlap crash, is located entirely
outside the longitudinal framerails [27]. Further, when referring to Yadav and Pradhan, only 15 to
20% of the total front structure normally designed for crashworthiness is involved in the small overlap
crash [28]. This is confirmed by Sherwood et. al. who state that approximately 20% of the total width
is without energy absorbing structures such as the longitudinal rails [26]. This can be seen in Fig. 2.9.
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Fig. 1. Side view (top) and overhead schematic (bottom) of vehicle
structural elements.

vehicle-to-vehicle crashes with vehicles going in opposite di-
rections (collinear); and vehicle-to-vehicle crashes with the
opposing vehicle striking the case vehicle at a small oblique
angle (oblique; Sherwood et al. 2009). Figure 2 illustrates these
configurations.

Based on the significant percentage of small overlap crashes
in which occupants are seriously injured or killed and the fact
that there are no current federal safety standards or consumer
information tests that address these types of crashes, the IIHS
investigated the possibility of adding an evaluation of crash-
worthiness for vehicles in these types of crashes. The objective
of the research was to determine whether a single vehicle-to-
barrier test could capture the important characteristics of most
real-world small overlap crashes in order to evaluate vehicle
crashworthiness in this crash type.

Methods

Sixteen full-scale vehicle tests were conducted with 3 pas-
senger vehicles (2007–2011 Ford Fusion, 2004–2011 Mit-
subishi Galant, and 2011–2012 Volvo S60) tested in 6 different
crash configurations (Table 1). Two of the configurations were
vehicle-to-vehicle tests, and 4 were tests into stationary barri-
ers of differing geometry and stiffness. All tests were conducted
at 64 km/h.

In the collinear tests, each vehicle was crashed into an iden-
tical model (Fusion into Fusion, Galant into Galant, S60 into
S60). Overlap in the collinear tests was measured to the line
representing the maximum width of the opposing vehicle. All
vehicles had an overlap of 22 percent, and this position gener-
ally resulted in the wheel of each vehicle being positioned just
outboard of the longitudinal rail on the opposing vehicle.

In the oblique tests, a Fusion was the striking vehicle for
the Galant test, and a Galant was the striking vehicle for the
Fusion. The S60 was not tested in this configuration. The
striking vehicle in the oblique tests was aligned 15◦ counter-

Fig. 2. Small overlap crash configurations: collinear (top), barrier
(center), oblique (bottom).

clockwise from the path of the case vehicle. The oblique ori-
entation makes defining overlap complicated, so the vehicles
were aligned with the expectation that small overlap damage
would result. This consisted of aiming the target points (inter-
section of outboard surface of longitudinal rail and bumper
bar) at one another.

The IIHS’s crash test facility has parallel, opposing run-
ways, and the angles of the runways are not adjustable. To
conduct the oblique tests, a guide rail system was anchored to
the floor just beyond the position where the vehicle is released
from the towing mechanism. The rails consisted of 2 C-channel
sections, creating a channel that engaged with roller systems
mounted to the vehicle underbody. The case vehicle rail system

Table 1. Matrix of crash tests

2007–2011 2004–2011 2011–2012
Test Ford Fusion Mitsubishi Galant Volvo S60

Collinear X X X
Oblique X X
Pole 250 X X
Flat 50 X X X
Flat 150 X X X
ODB X X X
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Figure 2.9: Location of the longitudinal framerails in a passenger vehicle. Source [26].

In an analysis performed by Nguyen et. al. the most sensitive parts of the vehicle to the small overlap
crash test are determined [29]. The authors found that the rocker panel, the A-Pillar and the lower
hinge pillar are the most sensitive to the crash response of the vehicle. In a similar study performed by
Sen, Jikuang and Zihua, it has been identified that the main energy absorbing structures of the vehicle
in a small overlap collision are the upper rails [30]. Referring to Sherwood et. al. the small overlap
crash primarily loads the wheel, suspension system and the hinge pillar [26].

2.3.4 Main structural design strategies for the small overlap crash test
Referring to Thomas, three main structural design strategies are used to improve the performance
of passenger vehicles to the small overlap crash test [31]. Similar strategies are found by looking
at current industry practices of their passenger vehicles, as discussed by Nguyen et. al. and also by
Mueller, Brethwaite, Zuby and Nolan [10, 29].

The first strategy is to use components which push the vehicle laterally away from the rigid barrier,
thus achieving the translational response mode, as discussed in Section 2.2. This reduces the required
dissipation energy of the structure of the passenger vehicle, because more energy is dissipated by sliding
away from the barrier. An example of this type of component is the engagement component shown
in Fig. 2.8. The second strategy makes use of structures in the proximity of the outside of the main
longitudinal framerails and forward of the wheel well. These structural components help to absorb
energy and force the vehicle to rotate around the barrier, thus achieving the rotational response mode.
The third design strategy follows the usage of a reinforced safety cage structure which helps to maintain
the structural integrity. Similar to the second design strategy, this concept results into a large energy
absorption of the structure and sub-sequentially large rotation of the vehicle around the barrier [31].

2.4 Simulation methods used for crashworthiness analysis
Since the early days of crash testing, the ability to model the crash of a passenger car is of great
interest. A model which is able to provide accurate results of the response of the vehicle quickly in an
early phase of the design is very valuable [12]. Specifically, the formulation of mathematical models to
simulate the crash response of a car reduces development time and costs due to less cars being tested
in a crash test and less numerical simulations performed [32]. In this section, the main simulation
methods used for crashworthiness analysis are discussed. First, a description of multibody system
simulations methods is given, followed by the presentation of the macro element method. Next, the
Finite Element Method (FEM) simulation is briefly discussed. Finally, hybrid model formulation
simulations are elaborated on.
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2.4.1 Multibody system simulations
According to Ambrosio [8], multibody systems are ’generally complex arrangements of structural and
mechanical subsystems with different design purposes and mechanical behavior’. Depending on the
application, small or large deformations may occur to the multibody system which lead to a change
of the performance of the system [8]. Generally said, structures behave like multibody systems due
to their large rotations and their mechanisms of deformation. These phenomena can be observed in
crashes of automobiles, making multibody system simulations very suitable for purposes of predicting
the response of vehicles for crashes [8]. In the following, three different models are discussed, being:
lumped mass models, rigid multibody models and elastoplastic collapse element models.

Lumped mass models

In 1970, Kamal introduced the lumped mass model to simulate the impact of a vehicle [33]. The
main idea of this system is to divide the overall mass of the front structure of the car into different
lumped masses. The structure is divided into the major sub-components relevant for the structure to
absorb the kinetic energy of the crash. The stiffness of these sub-components are idealized by multiple
springs. Generally, the lumped mass system model is a common way of modeling the crash test of a
vehicle [34]. Bois et. al. make a similar statement regarding the common usage of lumped mass models
for simulating crash tests of vehicles [12]. A recent study which compares the result of the lumped mass
model with finite element data, as well as real test data for the side impact crash test of the National
Highway Traffic Safety Administration (NHTSA), shows that the lumped mass spring model is still
current practice in industry [35, 36]. The best model is chosen according to the kinematic response
and the energy distribution [37].

According to Kamal [33], the front structure can be divided from the elastic model of the body which
can be seen in Fig. 2.10, resulting in a lumped mass model for the frontal car structure of a passenger
car.

Figure 2.10: Idealized representation of a vehicle used for the lumped mass model. Source [33].

In the lumped mass model, every major component of the front structure takes up a certain force, as
illustrated in Fig. 2.11.
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Figure 2.11: Components which are idealized by the lumped mass model. Source [33].

Depending on the stiffness, damping and the deformation of each component, the force by which it is
loaded can be computed [38]. Applying this principle to the complete car, one obtains the following
result, as shown in Fig. 2.12.

Figure 2.12: Complete lumped mass model for the frontal car structure. Source [33].

Note that the idealization of the frontal structure of the car shown in Fig. 2.12 is only an example.
Depending on the type of load-case, the idealization may be different from Fig. 2.12.

Rigid multibody models

Another type of simplified models used in crash testing are rigid multibody models. These models are
often used for the simulation of the kinematic connections, for example of the dummy or the suspension
system and steering assembly. According to Bois et. al. [12], the main difference between a lumped
mass model and a rigid body model is the connection of the elements of the rigid body model. For the
rigid multibody model, the degrees of freedom between the elements is determined by the used joints.
The first rigid multibody model was developed in 1963 by Mc Henry [39]. In this model, the dummy
kinematics together with the restraint system were simulated. However, the use of rigid multibody
models to simulate the structural behavior of a passenger car performing the small overlap crash test
is very limited.

Referring to Bois et. al. [12], two simulation models exist which are MVMA2D and CAL3D. These
models were validated using multiple simulation models and are still in use. A more recent program
which is a multibody/finite element program, called MADYMO, developed by the automotive division
of the Netherlands Organization for Applied Scientific Research (TNO) in Delft, can be used for crash
analysis. In this program, the equation of motion is computed including the contribution of the inertia
of the bodies in the model [12].

Elastoplastic collapse element models

In an analogy to the lumped mass spring model, another possible method to simulate the response
of the vehicle in a crash event is to use elastoplastic collapse elements. These elements act as a
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connector between the mass and the rigid barrier to dissipate the kinetic energy [40]. Referring to Kim,
the main idea of this concept is based on the concept of modeling the progressive dynamic plastic
collapse of tubes [40]. Here a new element, the so called elastoplastic collapse element, is defined in the
displacement domain. A series of elements which act in sequence are used to capture the progressive
dynamic collapse behavior of the tube. This means that at a certain displacement domain a specific
elastoplastic collapse element is activated. The characteristics of the nonlinear force elements are
described using a piecewise linear force displacement curve. The approach allows to represent the
typical force displacement curve of a tube along with its failure behaviors, such as buckling [40]. The
governing equation for this system is described in Eq. 2.1 [40].

Mẍ(t) + FS(x(t)) = 0 (2.1)

In Eq. 2.1, M is the mass and x(t) is the displacement of the mass at time t [40]. The force FS(x(t))
represents a series of elastoplastic collapse elements which are active depending on the time dependent
displacement, as shown in Fig. 2.13.
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where N is the number of elements. FSj is the jth element that is defined in the jth

displacement domain using the elastoplastic-collapse concept.

x

v0

FS1(x)

FS2(x)

FS3(x)

:
:

M

Figure 8.1 Single degree of freedom system with nonlinear force
resistance elements defined using the elastoplastic-collapse
concept

8.2.2 Characteristics of Elastoplastic-collapse Element

Here, inelastic behavior of a tube impacted by a moving mass is discussed. Figure

8.2 shows a typical force-displacement curve for a tube crushed by a moving mass (i.e.,

compressor or impactor). It is seen that the tube initially goes through elastic deformation

as shown in the range (a) in Fig. 8.2. Then the plastic deformation occurs as seen in range

(b). After that, the tube goes through plastic collapse, as the force decreases while the

displacement still increases (range II in Fig. 8.2). This behavior is observed when the first

failure (folding) of the tube occurs. In an axial load test, the tube gets crushed into several

folds. After the first folding is finished, the second one occur, and the third one, and so

on. Due to the second folding, another elastoplastic deformation (range III in Fig. 8.2)

Figure 2.13: Representation of elastoplastic collapse element. Source [40].

As proposed by Kim [40], the concept of the elastoplastic collapse element can be used to represent the
force displacement curve of a tube crushed by a moving mass. A typical force displacement curve of a
tube crushed by a moving mass is shown in Fig. 2.14.
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covers the entire displacement as shown in Fig. 8.3. In other words, each element works

only in its displacement domain. For example, in Fig. 8.3 the first element FS1 is

ineffective after a displacement D1 and the second element FS2 starts to act until the

displacement of the system reaches the value D2.
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Figure 8.3 The force-displacement representation using the elastoplastic-
collapse element concept

For the purpose of developing a mathematical representation for the resistance

force of the tube, let us focus on the jth element. Let the element be represented by the

force that is a piecewise linear function of the displacement with four subdomains and

five displacement break points as shown in Fig. 8.4. In the figure, d1, d2, d3, d4, and d5

represent the five displacement break points. di and di+1 denote the displacement end

points for the ith subdomain of the jth element FSj defined in [d1, d5] (j = 1, 2, … , N). Si

and Si+1 denote the force values corresponding to the displacements di and di+1. The shape

Figure 2.14: Nonlinear force displacement curve of a crushed tube. Source [40].

In order to represent the stiffness of each segment on the force displacement curve of the elastoplastic
collapse concept, a piecewise linear representation of the segments is used, see Fig. 2.15. The main
idea behind the elastoplastic collapse elements is to have only one element active depending on the
current displacement of the segment, as shown in Fig. 2.13.
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of the force-displacement curve for the jth element depends on the values of Si, Si+1, di and

di+1, which are later defined as the optimization variables in this section. The total number

of displacement subdomains is given by 4N, where N is the number of force elements.
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I : 1st subdomain for the jth element
II : 2nd subdomain for the jth element
III : 3rd subdomain for the jth element
IV : 4th subdomain for the jth element
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S2
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Figure 8.4 Force-displacement representation for the jth elastoplastic-
collapse element

As shown in Fig. 8.3, two neighboring elements have common values at the first

and the last displacement points and the common corresponding force values. Then, the

resistance force curve becomes a piecewise linear function of the displacement in the

entire domain. In other words, the first displacement point d1 of the jth element is identical

to the last displacement d5 of the (j−1)th element, as shown in Fig. 8.4. Similarly, d5 of the

jth element is also the same as d1 of the (j+1)th element. For the force values, S1 of the ith

subdomain is identical to S5 of the (i−1)th subdomain and S5 of the ith subdomain is the

same as S1 of the (i+1)th subdomain. Therefore, the curve is represented by 4N+1

displacement points and the corresponding force values.

Note that although the forgoing mathematical representation of the force-

displacement is used in this chapter, it can be further generalized. The neighboring

Figure 2.15: Piecewise linear representation of the elastoplastic collapse element. Source [40].

Looking at Fig. 2.15, the term FS(x) is the sum of each individual representation of the force connector
elements, see Eq. 2.2 [40].

FS(x) = N∑
j=1 FSj (xj ) (2.2)

Using the piecewise linear representation of the force displacement curve, the mathematical definition
of FS(x) can be found, as shown by Eq. 2.2 [40].

FSi(x(t)) = αixi(t)− β (2.3)

In Eq. 2.2, α and β are defined as follows, see Eq. 2.4 and Eq. 2.5 [40].

αi = Si+1 − Si
di+1 − di (2.4)

β = αidi − Si (2.5)

Here, S is the force value of the segment j at the ith increment, d is the ith displacement of the j th
segment of the force displacement curve [40]. Mathematically, the term β is used to correct for the
offset of the value of the stiffness of the elastoplastic collapse element with respect to the origin.

2.4.2 Finite element method simulations
According to Schweizerhof, Nilsson and Hallquist [41], the crashworthiness simulation suffers from the
complexity of crash analysis because of large nonlinearities. These nonlinear phenomena are due to
the large deformations, large rotations, high dynamic behavior, localization of plastic flow, tearing of
material, local and global buckling and due to the contact with the impacting object [12, 18, 42, 43, 44].
However, the rapid increase in computer hardware resulted into new technologies of simulations such
as the finite element method.

FEM simulations are widely used in the automotive industry for a wide range of applications, such
as crash analysis, forming process analysis of sheet metal components and strength tests. Already
in the mid 1950s the linear finite element method became known through the work of the Boeing
Company [45]. Soon, in the early 1960s, the extension of the method to nonlinear problems was
performed by engineers at many universities and research laboratories. Generally said, the root of
invention goes back to three research groups: mathematicians, physicists and engineers [42]. Although
FEM was first used in structural applications only, soon the method was applied to a variety of
applications such as heat transfer [42]. In 1969, the first nonlinear commercial finite element program
called MARC was released. Soon, in 1969 the program ANSYS, a commercial FEM program was
introduced to the market, followed by Abaqus in 1972. Nowadays several numerical packages exists,
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such as: Abaqus, ANSYS, LS-DYNA and PAM-Crash [45].

The FEM is based on solid mechanics and structural mechanics and currently, it is the most precise
method to simulate any crash test numerically [41]. In addition, the growing complexity of transport
vehicles requires huge finite element method models to simulate the crash behavior accurately [46].
According to Drazetic, Markiewicz and Ravalard [46], fully blown finite element methods are only used
when the design of the structure is well advanced.

Referring to Bois et. al. [12], the system in a finite element model is divided into a number of finite
elements which are connected by a discrete number of nodes and form together the complete model.
The divisions of the system into a number of finite elements are called finite elements [47]. The method
of dividing the system is named discretization [47]. The collection of nodes and finite elements is named
finite element mesh [47]. At each node, so called shape functions exist which describe the displacement
of the nodes [47]. In addition, boundary conditions and loading conditions are imposed on the nodes.
Using the constitutive relations of the material together with the known displacement, the stress can
be computed at each node [12, 42, 43].

In Fig. 2.16, a frontal crash test simulation with FEM for a passenger vehicle is shown as an example.

2003 ABAQUS Users’ Conference 17 

 
Figure 18: Whole car crashworthiness testing - load case USNCAP. 

 
Figure 19: Whole car crashworthiness testing - load case USNCAP. 

Figure 2.16: Example of FEM crash simulation of a passenger vehicle. Source [48].

Looking at Fig. 2.16, it can be seen that the crash mechanisms during a full frontal crash test are
represented reasonably accurate with the FEM simulation.

2.4.3 Macro element method simulations
In order to design crash structures of passenger vehicles which are able to protect the occupants while
keeping the deceleration loads low during the crash, several simulation models are available [49]. The
previously discussed multibody system simulation models are very useful for an early development
stage of the design of crashworthy structures. For very detailed design stages, finite element method
simulations are well established and commonly used methods. However, for intermediate design stages,
where more detailed information is required when compared to the outcome of multibody system
simulation models, the so called macro element method developed by Abramowicz can be used [49]. This
method is particularly useful when large deformations of thin walled components are occurring which
is the case of automotive crash structures [49]. The method is implemented using the object oriented
formulation into the software package called Visual Crash Studio (VCS) which was released in 2006 [50].

The main idea behind the macro element method is to assume the kinematics of the element instead
of calculating them from the equilibrium equations [44, 49]. Referring to Abramowicz, the governing
theory behind the macro element method are the kinematic method of plasticity and the energy
method of classic elasticity [49]. The idea of assuming the kinematics of thin walled sheets goes back
to Alexander who assumed shape functions to describe the kinematics of shells based on experimental
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observations in 1960 [51]. In his study on the collapse of a thin walled cylindrical shell, ’concertina’
collapse modes were assumed for the structure, as shown in Fig. 2.17 [51].

THE COLLAPSE OF THIN CYLINDRICAL SHELLS 11

collapses in the form of a 'concertina' with straight-sided convolutions.
One of these convolutions is illustrated diagrammatically in Fig. l,the
symbols used for the various dimensions being also shown on that figure.

JOINTS*

FIG. 1. Assumed collapse mode.

The work done in deforming the metal into one such convolution can
be split into two parts, namely that required for bending at the circular
'joints', and that required for stretching the metal between the joints.

To simplify the analysis, elastic strains and work hardening of the
material are neglected, i.e. a 'plastic-rigid' material is assumed.
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Figure 2.17: Assumed ’concertina’ collapse mode of an axially loaded cylindrical shell. Source [51].

This main idea is extended for the macro element method. Studies have shown that the folding principle
of structural components made out of steel follows a deformation pattern which can be represented by
one characteristic deformation mode [44]. This characteristic deformation mode is described by using a
so called Superfolding element [44], as shown in Fig. 2.18.
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inextensible�so that any deformed pattern that can be made out of a 
flat paper by means of local bend lines and without cutting the 
paper involves only bending deformations of the shell.  Such a 
deformation is refereed in the literature to as quasi-isometric 
deformation, [6].  On the other hand all the cutouts and openings 
that must be made in the paper model to reproduce an actual 
folding pattern correspond to localized membrane deformations.  It 
transpires form the Figure 3b that natural folding mode of an X 
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Figure 3 (a) Symmetric folding mode of a Superfolding Element of the 

length L=2c and thickness t.  The height of the element 2H 
corresponds to the length of plastic folding wave.  (b) A 
structural model, made of construction paper, illustrates an 
exact location of contributing Superfolding Elements within a 
deformed �X� section, [4]. 

1.2   Internal energy dissipation 

Internal energy dissipation in computational models made 
of construction paper can be conveniently calculated by using the 
concept of localized plastic hinge lines introduced in the classical 
Theory of Plasticity.  In the hinge line method it is assumed that all 
the plastic deformations, either bending, tensile or shear are 
localized within the discontinuity lines (regions).  For the rigid 
perfectly plastic idealization of the material the rate of energy 
dissipation is then given as 

Eq. 1  uNEandME omob &&&& == θ  

for bending and tensile deformations, respectively.  In Eq. 1 
4/2tM oo σ=  denotes fully plastic bending moment, tN oo σ=  is 

the fully plastic membrane force (both quantities are given for unit 

Figure 2.18: Deformation mode represented by the Superfolding element. Source [44].

These Superfolding elements are used to build up so called Superbeam elements where each Superbeam
element consists out of two Superfolding elements at the ends of the beam and a deformable cell placed
between them, as shown in Fig. 2.19 [49, 50].

Figure 2.19: Illustration of the Superbeam element. Source [50].

These elements are then implemented into commercial finite element method programs by following the
object orientated programming principle [49]. Due to the ’unambiguous definition of all entities’ which
are described by objects, the macro element can be implemented into the finite element approach [49].
Here the nodes are the objects that ensure the global equilibrium of the simulation while the elements
are the objects that introduce the loading conditions into the nodes [49].

Lasek, Bohm and Schindler compared in their study the macro element method to the FEM for a
crash simulation of a passenger vehicle, as shown in Fig. 2.20.
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Figure 2.20: Comparison between FEM and macro element crash simulation of passenger vehicle.
Source [52].

Looking at Fig. 2.20, the upper two rows show the result of the macro element method while rows
three and four show the result using the FEM simulation. Investigating the crash mechanisms for
the full overlap crash, it can be seen that they are reasonably similar. In addition, in their study, the
velocity and displacement over time curves of the macro element method match quite well with the
FEM results, showing the potential of the method [52].

2.4.4 Hybrid model formulation simulations
Referring to Bois et. al. [12], so called hybrid models are used in the simulation of crashworthiness in
order to reduce the limitations of the lumped mass spring models. Also, since full FEM simulations for
the complete vehicles require a large number of degrees of freedom [53], it is advantageous to reduce
the number of elements by combining lumped mass spring models with FEM simulation models.

The first hybrid models were introduced in 1974 by Mc Ivor [54]. In these models, lumped mass models
are combined with FEM simulation models with the intention of having the simplicity of the lumped
mass models with the precision and iteration convenience of FEM simulations [12].

In the study of Kim and Aurora [55], similar hybrid model formulations were discussed where some
structural components were modeled as nonlinear spring elements and other structural components
were modeled using FEM simulations.
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CHAPTER 3

Finite element method for crashworthiness applications

Part of the thesis deals with a numerical study using FEM crash simulations performed with the
Finite Element Analysis (FEA) package Abaqus/Explicit. Therefore, this chapter discusses some
fundamental aspects of FEM simulations, with special emphasis on crash applications. First, in
Section 3.1, the fundamental principles of FEM are described. Second, in Section 3.2, the commonly
used time integration schemes for FEM are shown. Section 3.3 deals with the common element types
used for crashworthiness applications. Then, in Section 3.4, important modeling characteristics for
FEM crash simulations are described. Finally, in Section 3.5, the simulation process of Abaqus/Explicit
consisting out of the assembly, solution and post processes are presented.

3.1 Fundamental principles of FEM
In FEM, a distinction is made between the explicit and implicit method [42]. Explicit methods use
calculation schemes where the calculations are based on the current time step of the simulation. Implicit
methods are based on calculation schemes which involve the current, as well as the next time step of
the simulation [43, 45]. For crash simulations, the explicit method is used due to the stability of the
solution and the power in solving highly nonlinear problems without having convergence problems [56].
For that reason, the FEM crash simulations shown in this thesis use the explicit method and therefore
only the explicit method for FEM is discussed in this chapter.

The FEM is based on solid mechanics and structural mechanics. Referring to Bois et. al. , the finite
element model is divided into a number of finite elements which are connected by a discrete number of
nodes [12]. Any node has a set of degrees of freedom (DOF), depending on the boundary conditions
and type of analysis. The process of dividing the model into a number of finite elements is called
discretization [47]. The collection of nodes and finite elements is named finite element mesh [47]. An
example of a discretized two dimensional element in global and local representation is shown in Fig. 3.1.

Figure 3.1: Discretized element in global and local reference coordinate system. Source [57].

The local coordinates of any point on the element are determined by interpolating between the
coordinates using a shape function h at the the element nodes q, as shown in Eq. 3.1, Eq. 3.2 and
Eq. 3.3 [42, 43, 45].
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x = q∑
i=1 hi(xi) (3.1)

y = q∑
i=1 hi(yi) (3.2)

z = q∑
i=1 hi(zi) (3.3)

In a similar fashion, the local displacements are determined using the shape functions describing the
displacements between the element nodes, see Eq. 3.4, Eq. 3.5 and Eq. 3.6 [42, 43, 45].

u = q∑
i=1 hi(ui) (3.4)

v = q∑
i=1 hi(vi) (3.5)

w = q∑
i=1 hi(wi) (3.6)

The shape functions are polynomials of any order and used to interpolate between the nodes in order
to describe the assumed solution. The strain is determined using the derivative of the displacements
with respect to the local coordinates. Following this approach for all elements, the overall solution is
determined [42, 43, 45]. The guiding principle in the explicit FEM is to solve the governing equation
which is shown in Eq. 3.7 [42, 43, 45].

M ü+ C u̇+ K u = F (3.7)

In order to obtain the displacements u at nodes, Eq. 3.7 must be solved. The variables u̇ and ü are the
velocities and the accelerations of the nodes, respectively [42, 43, 45]. The mass, damping and stiffness
matrices are given in Eq. 3.8, Eq. 3.9 and Eq. 3.10 [42, 43, 45].

M = ∫ΩHTρHdΩ (3.8)

C = ∫ΩHT κHdΩ (3.9)

K = ∫Ω BTD BdΩ (3.10)

The matrix B is the strain displacement matrix, the matrix H is the displacement interpolation matrix
containing the interpolation functions h and the matrix D contains the stress strain constitutive
relations. The variable Ω is the element domain, κ is the damping property parameter of the element
and ρ is the mass density of the element [42, 43, 45].

Using the imposed boundary conditions and loading conditions on the nodes, along with the constitutive
relations of the material together with the known displacement, the stress can be computed at each
node [42, 43, 45].
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3.2 Time integration schemes
The velocity and the acceleration are dependent on the time which requires a discretization of the
problem in time. Several time integration schemes are available, such as: the central difference method,
the Houbolt method, the Wilson method and the Newmark method [43, 45]. In the following, the
commonly used central difference scheme is discussed.

The central difference scheme is derived using the Taylor series expansion of the displacement centered
around the chosen time step. In the final form of the scheme, the velocity and the acceleration are
computed by using Eq. 3.11 and Eq. 3.12 [58]. Note that for the sake of simplicity, in the following it
is only looked at the one dimensional case.

u̇ = ut+∆t − ut−∆t2∆t (3.11)

ü = ut+∆t − 2ut + ut−∆t∆t2 (3.12)

Note that in Eq. 3.11 and Eq. 3.12, the variable ∆t describes the chosen time step, u the displacement, u̇
the first derivative of the displacement, so the velocity, and ü the second derivative of the displacement,
hence the acceleration. Substituting Eq. 3.11 and Eq. 3.12 back into Eq. 3.7, the following result is
obtained for computing the displacement at the next time increment [58].

ut+∆t = ( 1
C2∆t + M∆t2

)[
F + ut

(2M∆t2 − K
)+ ut−∆t ( C2∆t − M∆t2

)]
(3.13)

Note that Eq. 3.13 is also known as the recurrence formula [58]. With Eq. 3.13, the displacement at
the next time step is calculated using the displacement from the previous time step along with the
mass, damping and stiffness values, as well as with the force F .

Explicit methods, however, are only conditionally stable. In order to ensure convergence, the time
step must be controlled and must be smaller than some critical value. Besides increasing the stability,
a smaller time step also increases the accuracy of the results. However, the choice of the time step
should not be too small as this would increase the computational time unnecessarily [42, 56]. The time
step is computed as follows, see Eq. 3.14 [45, 59].

tcrit = l
c (3.14)

Where in Eq. 3.14, l is the length of the element and c is the wave propagation velocity [42]. For a 3D
solid element, the wave propagation velocity is determined using Eq. 3.15 [45, 59].

c =√ E (1− ν)(1 + ν)(1− 2ν)ρ (3.15)

In Eq. 3.15, E is the Young’s Modulus, ν is the Poisson’s ratio and ρ is the specific mass density.
Referring to Svensson and Bärgman [18], so called mass scaling can be performed by increasing the
specific mass density ρ which increases the time step in order to reduce the computational time.

3.3 Elements used in crashworthiness applications
In FEM, several different element types for the mesh exist, along with several options in choosing the
number and location of integrations points. Each element type has its own advantages and limitations
in terms of its application. More and more efficient element types are developed by research performed
in industry and academia. Due to the advantages and limitations, not all types of elements are equally
well suited for representing a certain part of the structure. According to Hora [41] and Drazetic,
Markiewicz and Ravalard [46], automotive structures consist out of several types of elements:

· Solid elements.
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· Shell elements.
· Beam elements.
· Truss and cable elements.
· Cohesive elements.
· Discrete elements.

Some of the listed element types are shown in Fig. 3.2.

Sec. 5.3 Formulation of Continuum Elements 341 

5.3 FORMULATION OF CONTINUUM ELEMENTS 

For a continuum finite element, it is in most cases effective to calculate directly the element 
matrices corresponding to the global degrees of freedom. However, we shall first present the 
formulation of the matrices that correspond to the element local degrees of freedom because 
additional considerations may be necessary when the element matrices that correspond to 
the global degrees of freedom are calculated directly (see Section 5.3.4 ). In the following 
we consider the derivation of the element matrices of straight truss elements; two
dimensional plane stress, plane strain, and axisymmetric elements; and three-dimensional 
elements that all have a variable number of nodes. Typical elements are shown in Fig. 5.2. 

We direct our discussion to the calculation of displacement-based finite element ma
trices. However, the same procedures are also used in the calculation of the element 
matrices of rnixed formulations, and in particular of the displacement/pressure-based for
mulations for incompressible analysis, as briefly discussed in Section 5.3.5. 

-
--

--
--

-
-
-
--

Figure 3.2: Typical element types used in FEM. Source [42].

The first row in Fig. 3.2 illustrates truss and cable elements, the second row shows two dimensional
elements (shell elements) and the last row presents three dimensional elements (solid and beam
elements) [42]. In the following, each of the listed elements types are discussed along with their
characteristics.

3.3.1 Solid elements
These elements are used to represent solid parts of the structure, for example the engine [41, 46]. Mostly,
these solid elements use linear shape functions and are used due to their simplicity and efficiency,
especially in contact situations [41].

3.3.2 Shell elements
Shell elements are used to represent the body-shell of the car and the bumpers [41]. For shell elements,
the stress through the thickness is zero [42]. Referring to Drazetic, Markiewicz and Ravalard [46], the
special types of Mindlin-Reissner shells, an extension of the Kirchoff plate theory, are often used for
FEM crash simulations due to their ability to include shear effects [42].

3.3.3 Beam elements
Beam elements are used in the FEM crash simulation for slender parts, for example the steering column
or longitudinal framerails of the frontal crash structure, as they account for bending deformations [41, 42].
In general, most structural components of the front structure are characterized as beam-like structures.
Drazetic, Markiewicz and Ravalard [46] mention in their study that several parts of the crash structure
of passenger vehicles are modeled by beam elements.

3.3.4 Truss and cable elements
Truss elements take up only axial loads (truss elements) or tension (cable elements) and are therefore
used as an idealization of the structure which reduces the computational effort [42]. Therefore, they
are not the elements of choice when accuracy is much more important compared to the computational
time.
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3.3.5 Cohesive elements
These elements are used in Abaqus/Explicit to model adhesive joints between two surfaces. These
special type of elements are often modeled using a zero thickness and they allow to specify a certain
damage evaluation characteristic [60].

3.3.6 Discrete elements
These elements are used to model springs and dampers which have constant stiffness or damping [41].
Similar to truss and cable elements, for full vehicle FEM crash simulations, discrete elements are rarely
used due to their limited accuracy.

3.4 Modeling characteristics in crashworthiness applications
In this section, some aspects which require special attention in full vehicle FEM crash simulations,
are discussed. These aspects are important to elaborate on in order to understand the simulation
results. First, the contact and friction definitions are described, followed by the boundary and loading
conditions and finally the failure modeling mechanisms used in full vehicle FEM crash simulations are
presented.

3.4.1 Contact definition
The contact definition is crucial for automotive crash FEM simulations. First of all, contact is a non-
linear phenomenon where the boundary conditions are changing through the analysis [42, 43, 45]. For
FEM crash simulations, contact situations are occurring at several locations through the simulation time.
Besides the contact between the structure of the vehicle and the barrier, the self contact of the deforming
structure needs attention when setting up the model [43]. Most prominent, the self contact is important
for buckling which is the deformation mode of crash structures by which most of the energy is dissipated.

The contact phenomena in FEM are solved numerically using so called search algorithms. These
algorithms are required in each time step, since the exact boundaries of the contact regions are unknown.
Often, contact search algorithms can take up a significant part of the analysis [43]. In FEM crash
simulations, the contact definition is modeled by establishing the master and the slave surface, where
the master surface contains the set of test nodes and the slave surface contains the set of surface nodes
which are checked for penetration with the master surface. In crash simulations, the master surface
consists out of the barrier nodes and the slave surface which are checked for penetration consists out
of the nodes of the vehicle. Central to this scheme is the minimization of the total potential energy
functional which is subjected to contact constrains. Common solution methods for contact in FEM are
the Lagrange multiplier method, the penalty method and the mortar methods [43, 61]. On top of that,
Abaqus/Explicit offers the possibility of having a general contact function in which the contact surfaces
do not have to be defined manually. In this case, the contact algorithm does not know beforehand
which elements do belong to the barrier and which elements do belong to the vehicle.

3.4.2 Friction definition
Besides the contact phenomenon itself, the friction definition is relevant. The friction between the
barrier and the vehicle is of large importance and sensitive in terms of the results obtained from the
simulation. Generally said, determining the friction between all structural elements of the vehicle which
are in contact with the barrier is quite difficult to do. Therefore, the choice of the frictional coefficient
must be done carefully and requires validation with real crash testing and/or previous simulations.

3.4.3 Boundary conditions
In order to solve the governing equation of the FEM simulation problem, boundary conditions can
be described on the nodes. For the small overlap crash, the displacement and rotation of the barrier
nodes are constrained in all directions, since the impacted barrier is assumed to be rigid, as described
in Chapter 2. Similar constraints are used for the road on which the vehicle is traveling on.
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3.4.4 Loading conditions
In order to initialize the FEM simulation, load conditions are applied on the relevant nodes. The
gravity load can be applied to all vehicle elements. Just at the start of the simulation, the elements
describing the ground are moved upwards to contact the wheel elements. The simulation problem
itself in the FEA is initialized by introducing the initial velocity as an initial condition of the adequate
vehicle nodes.

3.4.5 Failure mechanisms
As the small overlap crash involves large deformation and rotation of the vehicle and severe failure of
the structure, the modeling of failure mechanisms is of vital importance. In the following, some of the
most relevant failure mechanisms which are the material failure, fastener failure and tire failure, are
briefly described.

Material failure

The material failure is implemented according to the stress strain curve of the used material. In the
FEA analysis program Abaqus/Explicit, for every used material, a material model is used. This can
be elastic, plastic, inelastic, as well as non perfectly plastic behavior.

Fastener failure

Vehicle structures following the unibody design concept are made out of several sheets which are
assembled together using mechanical fastening methods. Larger components are attached to the
structure using bolts of different size and strength. The connections of the structure (such as bolts,
sport welds and adhesive) require also special interest in the FEA modeling. For crashworthiness
applications, the failure mechanisms of fasteners are done such that after a certain load, the fastener
fails and does not transfer any load to the surrounding structure. The principle is comparable to the
material modeling approach where the user is allowed to define the elastic and plastic region of the
material/fastener.

Spot welds are commonly modeled using beam elements, joint elements or connectors in Abaqus/Explicit.
This allows to bond surfaces together while using a master-salve formulation to prevent the slave nodes
from separating of the master nodes.

Bolts are modeled using beam formulations which allows to specify a tension/compression failure load,
as well as a failure shear load for the bolt. Alternatively, bolts can be modeled using connectors to
simulate the characteristics of the fastener.

Adhesive joints are modeled using adhesive elements in Abaqus/Explicit. Studies show that by using
these elements, accurate results are obtained [60].

Tire failure

The failure of the tires requires special attention. Any tire consists out of rubber which experiences
some kind of hysteresis, i. e. a different loading and unloading condition in the stress strain domain. In
addition, the material behavior is highly nonlinear. Next to that is the modeling aspect that after
rupture, the elements are deleted, since the plastic flow is extremely high. Finally, the volume inside the
tire, which contains the pressurized air, is modeled using the fluid cavity definition of Abaqus/Explicit
which is the negative of the work done by all fluid cavities [61].

3.5 Simulation process
The simulation process within the FEA program Abaqus/Explicit for crashworthiness applications
consists outs of three major steps. These are: the assembly process, the solution process and the post
process which are described in more detail in Subsection 3.5.1, 3.5.2 and 3.5.3.
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3.5.1 Assembly process
Often, full vehicle models are very large and require quite a decent amount of storage space. Therefore,
larger models in Abaqus/Explicit consist out several include files which form together the complete
FEM model. Generally, an include file can for example contain a certain component, a material
description, a measurement kit or the modeling parameters. This type of set up of the model allows
the engineer to efficiently change a part in a model without having the necessity to set up a complete
new model. It is important to mention that the last include file must contain the modeling parameters,
such as the explicit time integration scheme, the simulation time, as well as the desired field and history
output variables. This include file is often called the step file in Abaqus/Explicit. By assembling all
include files, the complete model is created and stored as an input file. Before solving the model, the
pre-processing step is performed which involves the generation of the mesh and all constraints and
DOFs of the model.

3.5.2 Solution process
After assembling the complete model, the input file is interpreted by Abaqus/Explicit and solved using
the selected properties. Often, in crashworthiness applications, it is too time consuming to solve the
model using only one Central Processing Unit (CPU). Therefore, the model is divided into several
smaller regions which can be solved in parallel to some extend. However, all degrees of freedom at the
boundary nodes between two domains have to be exchanged in every time step. The outcome of the
smaller domains are combined in the end to obtain the final result. This allows to obtain the required
results faster, since the regions can be solved separately by the CPU. Often the FEM simulations are
performed on a high performance cluster which reduces the computational time even further, since this
allows to split the problem into even more regions.

3.5.3 Post process
After the simulation has been solved, the results can be retrieved. In case of the FEA application
software Abaqus/Explicit, the results are given in an .odb file. The .odb file contains all the outcome
results information and can be loaded in using for example the software Animator 4 or Abaqus viewer
for means of visualization. By loading the simulation into one of the post-processing software, one can
see the simulation over all time steps at the selected time intervals and how the vehicle is reacting to
the load-case. The .odb file can be opened with Python for post processing the results and evaluating
the simulation data.
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CHAPTER 4

Force deformation solution spaces for crashworthiness design

This chapter presents the concept of force deformation solution spaces for means of crashworthiness
design. In order to introduce the topic, the systems engineering approach used in the safety development
in the automotive industry is discussed in Section 4.1. Next, in Section 4.2, the concept of the force
deformation solution spaces is presented. Finally, in Section 4.3, the fundamental principles and
governing theory used for finding the required solution space in crashworthiness design are provided.

4.1 Systems engineering
The development process of passenger vehicles in the automotive industry follows the principle of
the so called V-diagram, derived from systems engineering. During the development of a passenger
vehicle, the system is broken into subsystems. The sub-systems are broken down one level further to
the detailed level. As presented in the work of Song, Fender and Duddeck [62], the process of designing
the structure of the vehicle is divided into several different phases. This process follows the V-diagram,
which shows the different levels of a system along with their individual design goals [62]. An illustration
of the safety development process for passenger cars following the V-diagram appraoch of systems
engineering is shown in Fig. 4.1 [53].
2

Figure 1.1: For vehicle crash design, the V-model de�nes a two-level optimization

problem. The higher level problem lies in deriving the largest decoupled

solution space. The lower level is �nding a speci�c design for a component

which ful�lls the given component goal.

de�ning all structural crash performance requirements as linear constraints in

parameter space. The non-convex solution space is broken down into a number

of linear, convex subspaces. The largest hypercube fully contained within each

subspace is identi�ed using the method of Lagrange multipliers. Criteria for

optimality of the solution and extensions to the algorithm will be shown.

Recombination of the hypercube's edges on the component level directly

yields the sought intervals which will serve as design goals for component

optimization. Advantages and disadvantages of each route are discussed and

the results are compared. Finally, an example is provided how the resulting

solution space is used in �nding a component design on the detail level. In

this context, the boundaries of the interval serve as inequality constraints for

the optimization problem and as a measure of robustness. In the following,

the major areas, simpli�ed modeling, the corresponding necessary extension of

multi-model calibration and the use of solution spaces are further detailed on

an introductory level.

Reduction of Degrees of Freedom. In the design of automotive crash

structures, the use of full vehicle �nite element simulations is commonplace.

Figure 4.1: V-diagram from systems engineering for the development of a vehicle. Source [53].

For the V-diagram shown in Fig. 4.1, four hierarchical levels exist, being: system, sub-system, component
and detail level. For the system level, a certain design requirement, such as a five star rating in crash
safety, is established. From this requirement, sub-system goals are derived which allow for system
optimization. Going down one level further, one arrives at component level goals which impose detailed
requirements that are optimized on component level. According to Fender, the higher level problem is
to derive a solution space which is as decoupled as possible [7]. In addition, the author states in his
PhD thesis that the lower level problem is the design of a specific component in order to fulfill the
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component goal [7]. Ultimately, the main idea behind the V-diagram is to arrive at components which
can be analyzed and optimized individually [7]. These optimized components form a sub-system and
these sub-systems are combined to assemble the complete vehicle which fulfills all top level goals [7].
Referring to the example shown in Fig. 4.1, a five star rating in crash safety is the top level goal.

4.2 Concept of solution spaces
The concept of solution spaces can be applied for several engineering areas [7]. For the purpose of
this thesis, however, the focus lies on passive safety design of passenger vehicles and therefore, in the
remainder of the chapter, the principles are discussed with respect to crashworthiness of passenger
vehicles.

4.2.1 Solution spaces for crashworthiness design
The idea of solution spaces for means of crashworthiness design goes back to the PhD thesis of Fender
in which he states that the concept of a solution space can be thought of having a optimization
problem in which the largest region in the parameter space is tried to be determined that fulfills
the constraints. Within this region, all requirements are satisfied and therefore only feasible design
solutions are obtained [7].

By following the principle of the V-diagram from systems engineering, the vehicle, thought of as a
system, can be decoupled and optimization methods can therefore be applied on subsystem level.
Having an optimized sub-system, a superior performing higher order system is obtained which also
fulfills the top level requirement [7]. Finding the largest possible area of the parameters of interest
(from now on called solution space), satisfying the postulates requirements, is the optimization problem
of interest [7].

The solution space itself can be thought of a multidimensional parameter space in which only feasible
design options are contained. For the case of a two dimensional solution space, the area is constrained
by the lower and upper feasible design curve. All possible points between these curves can be thought of
feasible design options. In the two dimensional case, the concept of a solution corridor can be introduced.
The area constructed by the upper and lower curve is commonly described as force deformation corridor.
Therefore, when speaking about two dimensional force deformation solution spaces in crashworthiness
design, one commonly refers to them as force deformation solution corridors. Specifically, for component
design in automobile applications, solution spaces are expressed as corridors [7].

The power of solution spaces comes from the fact that components which fall inside the solution space
bounds also meet the higher level design goals, greatly helping in the crashworthiness design, especially
at an early development stage. This means that components which are designed within the force
deformation solution corridor is a valid approach to for obtaining higher level design goals, since these
are implicitly fulfilled [7].

4.2.2 Importance of solution spaces for early stage crashworthiness design
The concept of solution spaces complements to a large extend with the V-diagram from systems
engineering, presented in Section 4.1. Referring to the work of Fender [7], the goal of arriving at
decoupled component requirements is rather difficult for crash design due to the nonlinearities and
complex interactions of the system. However, applying the solution spaces approach, which takes
nonlinearities into account, allows to decouple the system parameters on component level [7]. By
determining force deformation solution corridors for structural components, it is possible to derive
requirements on component levels at an early development stage which can be used before the detailed
design phase is started [7].

4.2.3 Force deformation solution spaces for crash structures
By searching for the largest solution space of a certain parameter while complying with the constraints,
one obtains a force deformation solution space for crash structures, as described earlier. In essence,
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one has to think of a corridor in the force deformation domain restraint by an upper and a lower force
level in which a feasible, achievable and safe design is guaranteed. An example of force deformation
solution spaces for crash structures is shown in Fig. 4.2.

Fig. 9. (a) Measured force-deformation characteristics of design 1 with a> ac and corridors Ω5. (b) The front rail undeformed and deformed.

Fig. 10. (a) Measured force-deformation characteristics of design 2 with a < ac and corridors Ω5. (b) The reinforced front rail undeformed
and deformed.

shows that at the deformation u? the deformation force drops
below the corridor. This happens exactly when the profile of
component 5 collapses by forming a distinct fold as shown
in Figure 9(b).

The fold forms at a location that does not deform before
the profile collapses. Therefore, a local reinforcement of this

location has no effect on the force-deformation characteristic
for u < u?, and the force-deformation characteristic does not
cross the upper boundary line for deformations close to 0. It
does nevertheless increase the deformation force at u ≈ u?,
as intended.

The corridor provides a target region for the required

Figure 4.2: Force deformation corridors of structural components of a passenger vehicle. Source [63].

In Fig. 4.2, the force deformation corridors for nine structural components of a passenger vehicle are
shown. The black lines in each graph illustrate the upper and lower bounds of the force which satisfy
the requirements. The red curves in each graph show the design of the specific components. Therefore,
when the red curve falls between the upper and lower bounds of the force deformation solution corridor,
the particular component design fulfills the design goal.

4.3 Fundamental principles of solution spaces for crashworthiness design
Finding the largest possible solution space can be obtained by several iterative statistical methods,
such as the Monte Carlo sampling method. As the Monte Carlo sampling method is used for finding
the largest solution space for the grouped components in the small overlap crash test in this thesis, the
following Section only describes the Monte Carlo sampling method [64].

4.3.1 Monte Carlo sampling method
Since the feasible domain of the solution space is unknown and it is opted to obtain the largest possible
solution space for the particular component, statistical methods are used in order to determine the
feasible solution space for crashworthiness design. For this matter, the so called Monte Carlo sampling
method is used. The main reason behind this choice is the fact that in the Monte Carlo sampling
method, the probability of obtaining a single sample point which falls outside the solution bound, i. e. an
infeasible design, is equal to the ratio of infeasible volume to the sampled region, as stated by Fender [7].
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The Monte Carlo sampling is a specific statistical sampling method and commonly used in optimization
schemes. The basic definition of the Monte Carlo method is ’... the art of approximating an expectation
by the sample mean of a function of simulated random variables’ [65]. Central to the Monte Carlo
sampling method is the construction of a random process for a problem and performing a numerical
experiment by sampling from a random number sequence of numbers with a prescribed probability
distribution [66]. Generally speaking, Monte Carlo sampling follows the following four major steps [67]:

· Obtain the statistical properties of the input [67].
· Determine possible input groups which fulfill the statistical input properties [67].
· Perform a deterministic computation with the possible input groups [67].
· Statistically examine the outcome [67].

Referring to Doucet, de Freitag and Gordon, the main advantages of using Monte Carlo sampling
methods is the strength to be independent on Gaussianity constrains [68]. However, a major limitation
of the Monte Carlo sampling method is the poor performance in discrepancy, so the homogeneity of
points distributed over the sampled region [7].

4.3.2 Objective function
For the thesis, the solution space is determined using an existing tool available at BMW AG. The
search algorithm is based on the previously described Monte Carlo sampling method. Similar to other
optimization schemes, such as linear integer programming or genetic algorithms, an objective function
is used. An example of an objective function in a generalized form is given by Eq. 4.1 [64].

z = f (x1, x2, ..., xp) (4.1)

For the objective function, a threshold value, zc, is defined for which f (x) < zc the outcome is feasible
and for which f (x) ≥ zc the outcome is infeasible [64]. Following this principle, one can differentiate
between input variables that produce good outcome values and input values which produce bad outcome
values. An example of such a solution space for parameters x is given in Fig. 4.3.

� The number of required simulations becomes prohibitively expen-
sive. In structural analysis problems, the number of varying
input parameters is typically on the order of 10, requiring a
number of simulations on the order of 100–1000. Upon increas-
ing the number of input parameters, the number of simulation
must be increased (see Koch et al. [7]).
� The exact number of required simulations is not known. In many

engineering problems, a certain accuracy for the estimate of
failure probability is required, expressed by a confidence inter-
val. Existing schemes, such as in [8], provide conservative upper
bounds on the failure probability. However, these bounds do
not converge to the failure probability as more sample points
are taken, and cannot be reduced as desired by increasing the
number of sample points.

Failure analysis of many industry problems, including industrial
crash analysis problems, cannot be treated effectively due to these
restrictions. Such problems are:

� High-dimensional. The number of relevant parameters is often
more than 100.
� Highly non-linear due to large deformations, material failure

and contact.
� Highly sensitive to changes in parameter values due to physical

bifurcations and explicit time integration.
� Expensive; the computation time of one full vehicle simulation

is on the order of days. This restricts the number of analyses to
roughly 100.

However, for these problems, the accepted tolerance of a failure
estimate is typically large. In an early design phase a failure esti-
mate within a tolerance of +/�10% may be already very useful.
The alternative method proposed here makes use of the large tol-
erance of the failure estimate that may be permissible. It relies
on the well known Monte Carlo sampling technique combined
with an exact prediction of the number of simulations required
to produce a given confidence level and interval derived from the
Beta Distribution. In this way it is possible to compute acceptable
failure estimates for systems with potentially thousands of input
parameters using as few as 10–100 simulations. The approach rep-
resents a compromise, since it offers no means to identify the
underlying functional relationships within a system, treating it in-
stead as a ‘‘black box’’ with an inherent tendency to produce a cer-
tain proportion of good outputs. The analytical capability of the
approach is strictly limited to a distinction between good and
bad outcomes from a system, providing no information as to the
margin by which an outcome belongs in one or the other category.

2. Theory

2.1. The general case

Given a system described by the function

z ¼ f ðx1; x2; . . . ; xpÞ; ð1Þ

where x = [x1, x2, . . . , xp] are the input parameters and z is the out-
put, a threshold value zc may be defined such that all input vectors x
for which f(x) < zc are classified as good and those x for which
f(x) P zc are classified as bad. The input space can be divided into
regions that produce good outputs and the remainder, which
produces bad outputs, as shown in Fig. 1.

If input values are chosen at random, there is a fixed probability
that the function will evaluate to a good output. This probability of
success depends on the functional relationship between input and
output parameters, and the range and the distributions of the

parameters xi. For aleatoric uncertainties caused by the lack of con-
trol over parameter values like metal sheet thicknesses, Gaussian
distributions of the input may be used. For epistemic uncertainties,
such as undetermined design parameters in an early development
phase, a uniform distribution may be more appropriate, reflecting
that no design is preferred to another a priori. Then, for any func-
tion f, there exists a particular probability of success a that a vector
x selected according to a given random distribution from the al-
lowed ranges of the parameters x1, x2, . . . , xp will produce a good
output. This value a cannot be known exactly unless the function
f is specified analytically. However, we may approximate a by eval-
uating f (e.g. by numerical simulation) at various x chosen at ran-
dom and counting the number of good outcomes compared with
the bad. In Fig. 1, the contour of the threshold output value be-
tween good and bad regions is shown in two dimensions, but the
good-or-bad classification applies equally under multiple dimen-
sions xi. Using Bayesian inference, the probability of getting a good
output value from a randomly chosen input can be estimated. We
wish to establish a way of quantifying the accuracy to which a can
be measured by means of a finite number of evaluations of the
function f.

Following the approach of Bayesian inference, a system with
deterministic behavior is treated as random in order to elicit the
subjective probability of certain outcomes. To an observer of the
system with complete information, every outcome may be logi-
cally and uniquely inferred from the particular values of the
parameters. However, from the subjective point of view of an ob-
server with imperfect information, the system may frequently dis-
appoint expectations with an unpredictability that can be treated
as random. Our approach quantifies and sets limits on the extent
of this randomness based on the accumulated information re-
vealed by experiments. The underlying interpretation differs from
frequentist statistical inference in the sense that no probability of
success is postulated a priori. Subjective experiments are not com-
pared against a known or assumed inherent probability of success,
to ascertain whether or not the experimental outcomes match the
expectation. Rather, the subjective experiments are themselves the
random phenomenon under study, and the object is to determine
what probability of success they ultimately converge to. For our
purposes, the experimental outcomes of interest can be reduced
to the success or failure of the system, corresponding to good
and bad output values of a system function.

For uniform sampling of the input parameters, the probability
of success will correspond to the good fraction of the input space
volume. If the sampling is non-uniform, the probability of success
will also depend on the probability distribution of the input
parameters. For example, input parameters whose uncertainty is
aleatoric in nature may be normally distributed. In this case, the

Fig. 1. The input space may be divided into a success and a failure region, where
z < zc and z > zc, respectively. Input points resulting in good outputs are shown as
circles, and those resulting in bad outputs are shown as x’s. For a uniform
distribution of the input parameters, the probability of success will be equal to the
good fraction of the input space volume.

M. Lehar, M. Zimmermann / Structural Safety 36–37 (2012) 32–38 33

Figure 4.3: Feasible and infeasible design regions. Source [64].

As seen in Fig. 4.3, the outcome of the objective function describes a certain region which only consists
out of feasible solutions. When the input variables are randomly chosen, the probability that a
feasible outcome is obtained is fixed. Lehar and Zimmermann argue that in the early development
stage of passenger vehicles, the distribution should be uniform [64]. Following this argument and
using the Monte Carlo sampling method, the confidence interval can be estimated [64]. Lehar and
Zimmermann determined in their work that for a failure probabilities which are between 1 to 10%,
a confidence interval of ± 10% at a 95% confidence level can be obtained for a failure estimate by
performing 100 simulations. This is an important outcome to reduce the number of trials when de-
termining the solution bounds of certain components in passive safety development of passenger vehicles.

As with any optimization scheme, the choice of the objective function is of large importance. Of course,
the choice itself is dependent on the type of problem. Often, the objective function requires a threshold
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value above or below which the outcome of the optimization is feasible. Solutions which fall outside of
this region are not fulfilling the objective function and therefore are not considered to be valid. For the
particular case of crashworthiness design, the objective functions can be derived from global vehicle
parameters such as the required position of the A-Pillar with respect to the barrier at a certain time of
the crash analysis, the rotation of the center of gravity (COG) of the vehicle at a certain time of the
analysis and/or the remaining velocity or energy of the vehicle at the final time step. Other possible
objective functions could contain a threshold value for the acceleration or the kinetic energy of the
vehicle.
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CHAPTER 5

Numerical study on the most relevant structural components

In order to develop an insight into the kinematic behavior of the vehicle and to identify the most
relevant structural components for crashworthiness when subjected to the small overlap crash test
load-case, a numerical study with the FEA package Abaqus/Explicit is performed in this chapter. This
investigation follows the bottom-up approach, where the influence of changes in the characteristics of
the structural components on the response of the vehicle is analyzed. For the numerical study, two
different FEM simulation crash models are used, being: a trolley model representing the main frontal
structure of a vehicle of the BMW AG product range and a reduced full vehicle model which contains
out of the components until the A-Pillar, representing a second vehicle of the BMW AG product range.
The chapter is structured as follows. First, in Section 5.1, the methodology is provided, followed by the
numerical study of the trolley model in Section 5.2. In Section 5.3, the results of the numerical study
for the reduced full vehicle model are presented. Finally, in Section 5.4, the results of this chapter are
discussed and reflected on.

5.1 Methodology
Since the approach for the numerical study of the two FEM crash simulation models is similar, the
methodology is described first. The process is divided into five steps, being: the energy study, the
determination of the output variables, the explanation and implementation of the measurement kit,
the variation of parameters and the determination of the structural components of relevance. In the
following, each of the five mentioned steps is described in more detail.

5.1.1 Energy study
In order to determine the most important structural components of the FEM crash simulation models,
an energy study is performed. For this matter, an existing tool at BMW AG is used. The tool
visualizes the accumulated strain energy of all elements of the crash simulation which are grouped into
components. The post-processing is done with Animator 4, an animation tool for large FEM models [69].
In order to determine the strain energy of all elements, the output ALLIE in Abaqus/Explicit must
be requested as a history output for all sections of the FEM crash simulation. Note that the output
parameter ALLIE contains the strain energy of all elements during the simulation in Abaqus/Explicit.
Specifically, the term ALLIE in Abaqus/Explicit is the summation of the recoverable strain energy, the
energy dissipated by rate-independent and rate-dependent plastic deformation, the energy dissipated
by viscoelasticity, the artificial strain energy, the energy dissipated by damage, the energy dissipated
by distortion control and the fluid cavity energy [61].

The tool itself is started in the Animator 4 environment and requires the .odb file to be located in
the same folder. Before running the script, one can specify the threshold value for the accumulated
strain energy below which no components are shown. This is particularly useful for very detailed FEM
simulation models, as non-structural components such as radiators, headlights and plastic covers should
not be taken into account as structural components relevant for the small overlap crash test. After
specifying the threshold value for the accumulated strain energy level, the tool reads in the .odb file and
the components, grouped by their Property identifier (PID) number, are presented in a colored fashion
based to their accumulated strain energy level. This allows to investigate which components take up
the largest amount of cumulative strain energy for the given FEM crash simulation. However, the
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evaluation is performed at the final time step of the simulation and hence only the plastic energy is taken
into account. Therefore, only the components which have a large plastic deformation are visualized by
the tool. In addition, note, that the higher the area of the component, the larger the strain energy will
be, as it is not looked at the strain energy density, but the accumulated total strain energy. Therefore,
it can sometimes be the case that components are visualized with the tool which do have a large
accumulated strain energy, but their strain energy density is rather low (a bonnet would be an example).

Depending on the outcome of the energy study using the existing tool at BMW AG and comparing
them to the outcome of the literature study, see Chapter 2, the relevant structural components of the
FEM vehicle model for the small overlap crash test are selected.

5.1.2 Output variables
Based on the description in Chapter 2, any vehicle subjected to the small overlap crash test load-case
experiences either the rotational or lateral translational response or a combination of these. Note that
only a distinction between the lateral and rotational response is done in the thesis, as the combination
of the two responses is not that clearly distinguishable. The main goal of the numerical study is
to identify the main relevant components having an influence on the vehicle’s response during the
small overlap crash test. Since the effect on the response of the vehicle of these components has to
be quantitatively measured, output variables must be determined which monitor the response. These
output variables describe the kinematics of the vehicle, the reaction forces of the barrier and the
internal and kinetic energy of the model, as discussed in the following.

Kinematics of vehicle

The lateral translational response can be observed when monitoring the movement in the lateral
direction over time. In addition, the longitudinal displacement over time is of interest, as it helps to
distinguish between a rotational and lateral translational response. Therefore, the trajectory of the
COG of the vehicle is monitored over the entire simulation. Specifically, this is achieved by monitoring
the vehicle’s COG x and y position over time. For the remainder of this chapter, the following
coordinate systems are used. The global coordinate system is such that the x axis is aligned with the
traveling direction of the vehicle (so from right to left). The global y axis is aligned with the flat surface
of the barrier which is struck by the vehicle. The local coordinate system is aligned with the vehicle
axis and located at the COG of the vehicle. So, if the vehicle rotates, the x axis is pointing along
the axial direction of the vehicle and the local y axis is pointing along the lateral direction of the vehicle.

Note that it is assumed that the deformation and separation of the components of the vehicle is such
that the position of the COG does not change with respect to its original position. Next to that, the
rotational angle of the vehicle is measured with respect to time. This helps to classify the observed
response of the FEM simulation model. The angle is determined by selecting two nodes of a component
which shows no large deformations and is on the opposite to the impacting side of the vehicle. Generally,
this is a structural component of the rocker of the vehicle, as it is relatively stiff and does not deform
significantly. The angle is measured using the relative position of the two nodes towards each other, as
shown in Eq. 5.1.

θ(i) = arctan( y2(i)− y1(i)√(x2(i)− x1(i))2 + (y2(i)− y1(i))2 + (z2(i)− z1(i))2
)

(5.1)

In Eq. 5.1, x(i), y(i) and z(i) are the coordinates of the two rocker nodes at the ith time step. Using
Eq. 5.1, the rotational angle in the xy plane, so around the z axis of the COG of the FEM simulation
model is determined. Note that the sign convention is such that a positive angle means that the car is
rotating counter clockwise (CCW) when looking at the xy plane and when the vehicle travels from
right to left. A negative angle designates a clockwise rotation of the vehicle (CW).

Reaction forces of the barrier

The reaction forces of the barrier are monitored in order to obtain an overview of the vehicle’s response
and the effect of changes of the structural components. Specifically, the output of the contact force
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(CF) in Abaqus/Explicit, is measured in all three directions of the global axis system in order to obtain
the reaction forces of the barrier. These reaction forces are then used in order to obtain an indication
of the response of the vehicle. As the lateral translational response requires a certain amount of force
in the lateral direction which forces the vehicle to glance-off the barrier, the corresponding reaction
force curve should show this trend. Furthermore, by plotting the longitudinal reaction force over the
assumed rigid body displacement in the global x direction of the vehicle, one obtains an indication if
there is a so called springback behavior of the car. This occurs when the vehicles bounces back from
the barrier, seen by a decrease in displacement in the local coordinate system when compared to the
previous displacement. This is a clear evidence of a rotational response of the vehicle, as the vehicle is
not able to pass the barrier. Due to these reasons, the reaction forces in the x and y direction of the
barrier are monitored with respect to time.

Internal and kinetic energy

In order to have an overview of the energy dissipation due to the deformation and failure of the
structural components, as well as of the remaining kinetic energy of the vehicle, the output variables
ALLIE and ALLKE are monitored with respect to time, by requesting them as a history output. Note
that the abbreviation ALLKE is used within the Abaqus/Explicit environment to describe the kinetic
energy of the simulation model [61].

5.1.3 Monitoring of output variables
To monitor the described outputs variables in the Abaqus/Explicit FEM crash simulations, several
adoptions have to be made on the evaluated FEM simulation models.

In order to retrieve the trajectory of the COG of the vehicle over time, a so called measurement kit is
constructed. This measurement kit is created by setting up a new include file, build up from scratch.
The include file contains the definition of an accelerometer attached to the location of the COG by
means of a tie and connector construction. If there is no element in the close proximity of the COG,
the node is placed on the location of the COG and attached to a stiff structure in the surrounding area
by means of a rigid connection. Then the accelerometer is attached to a node of very small mass and
inertia which is tied to the surrounding structure. For this accelerometer, a history output is defined
for the position in all three directions. This is achieved by specifying the relative position element
output CP (in all three directions) in the step section of the include file.

Following the same approach, the positions CP1, CP2 and CP3 are measured over time for two nodes
lying on the stiff structural component of the rocker, located on the opposite of the impacting side of the
vehicle. Using the position of the two nodes over time, the angle between can be computed using Eq. 5.1.

For measuring the barrier contact forces, the include file of the barrier model is added by the extension
that for the node set containing the barrier nodes, the forces CF1, CF2 and CF3 are given as an
history output for the simulation. The CF3 component, so the contact force in the global z coordinate
system, is only given as an check for the simulation model, because is not relevant due to its magnitude
compared to the other two forces, see Fig. 5.1.
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Figure 5.1: Normalized forces as a function of normalized time.

Looking at Fig. 5.1, it is indeed seen that the force component in the z direction is reasonably low and
hence this force is not taken into account in the remainder of this chapter.

In order to retrieve the internal and kinetic energy of the simulation as an output, the include file
containing the step definition of the simulation model is changed such that the outputs ALLIE and
ALLKE are retrieved as history output for the simulation.

The main ideas behind the above mentioned procedure to monitor the output variables are the following.
First of all, by creating the measurement kit which is used to monitor the output variables, the only
include which needs to be changed for a new simulation is the measurement kit itself. This allows
to automatize the process, since the output variables are always the same. Furthermore, by defining
the output variables as an history output in the FEM simulation means that they are stored in the
.odb file. Having the output stored in the .odb file not only increases the accuracy, but also allows to
automatize the post-process of the results by using Python for reading the .odb file.

5.1.4 Variation of parameters
In order to evaluate the influence of the structural components on the vehicle’s response, several
parameters are changed. As mentioned previously, the most relevant structural components are
determined by evaluating the performed energy study and comparing the outcome to the results
obtained from the literature study. After knowing the most influential structural components, the
wall thicknesses are changed for these structural components. The magnitude of the wall thickness is
chosen according to the function of the component, as well as the desired change in behavior while
accounting for manufacturing constraints (too low wall thicknesses are not possible). For example, a
higher wall thickness for the crashbox does not necessarily mean that it is absorbing more energy, since
the component does not deform in its desired mode anymore.

5.1.5 Determination of the structural components of interest
The final step consists of drawing conclusions of the numerical study on how important certain
components are for the overall performance of the vehicle in terms of crashworthiness of the small
overlap crash test and how they can influence the kinematic response of the car. This is done by
evaluating the FEM simulation models with the changed wall thickness with respect to the output
variables of interest. From the obtained change in the output variables, conclusions are drawn on the
relevance of the structural components for the small overlap crash test load-case. Finally, the outcome
is used as a starting point for developing the predictive kinematic model, since the relevant structural
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components, the required and expected force levels, as well as the expected kinematic behavior is known.

Due to the confidentiality agreement with BMW AG, the output variables in the numerical study are
normalized using the formula shown in Eq. 5.2.

zi = xi −min(x)
max(x)−min(x) (5.2)

In Eq. 5.2, z is the new normalized value and x is the output variable of interest at the ith time step,
given in its original scale. If multiple output variables are plotted in graph, the maximum and minimum
reference values are taken from the output variable which has the highest values compared to the other
output variables.

As a final note, it is emphasized that in the remainder of the chapter, the images which illustrate the
structure of the FEM simulation models are blurred due to the confidentiality agreement with BMW
AG.

5.2 Trolley FEM simulation model
Nowadays, full vehicle FEM simulation models use as many as five million elements. In the automotive
industry, it is common practice to compute these models using high performance cluster systems with
multiple cores. However, even with these sophisticated methods, the computational time for a full
vehicle FEM model can easily take more than one day to complete, especially when large deformations
are occurring. Given the time constraint of the thesis, full vehicle FEM simulation models are very
inconvenient to use for the numerical study. Therefore, simplified FEM simulation models are chosen.
For the first numerical study, shown in this section, a trolley model of a passenger car is used.

5.2.1 Overview
Normally, a trolley model is used at an early development phase of a passenger vehicle to investigate and
test the structural performance of the load carrying structural components for frontal crashes without
having the necessity to build the complete vehicle. Basically, a trolley model is used in hardware
testing where complete vehicles are crashed in crash test facilities. In order to investigate the hardware
test beforehand, a FEM simulation model is often created of the trolley model.

A FEM simulation trolley model consists only out of the structural components in front of the firewall,
without the unibody frame of the vehicle, the drive-train, the suspension, the head lamps, the body-
shells, the wheels and the interior equipment, such as seats and steering wheel. The frontal structural
parts are attached to a plate which is assembled to a trolley. The trolley model has a comparable mass
with respect to the full vehicle model it is representing. In order to give an overview of the trolley
model, an illustration of the FEM simulation model along with the barrier is shown in Fig. 5.2.
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Figure 5.2: Isometric view of the trolley FEM simulation model.

As shown in Fig. 5.2, the trolley model consists out of the following structural components: upper
and lower framerails, upper and lower crashboxes, upper and lower bumper, load specific components
(radiator support frames), shear plate and supporting struts. These structural components are attached
to a thick end plate which is the frontal part of the trolley assembly. In addition, the frontal axle of
the trolley is attached using connectors to the rear axle of the trolley. In order to get a better overview
of the trolley model, the top, the bottom, the side and the front view of the trolley model are shown in
Fig. 5.3.

(a) Top view. (b) Bottom view.

(c) Side view.
(d) Front view.

Figure 5.3: Overview of the trolley FEM simulation model.

Looking at Fig. 5.3, it becomes clear that the trolley model consists out of two major load paths. The
first load path consist out of the upper structural components, being: upper bumper, crashbox and
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upper framerail. The second load path consists out of the lower structural components, which are:
lower bumper, crashbox, radiator support frame, lower framerail and shear plate.

5.2.2 Energy study
In order to determine the most important structural components, an energy study is performed, as
mentioned in the methodology section. Doing the energy analysis using the existing tool available at
BMW AG with a threshold value of 1.4%, the following components are visualized, grouped by their
PID and colored according to their value in accumulated strain energy level, see Fig. 5.4.

(a) Top view. (b) Bottom view.

(c) Side view. (d) Front view.

Figure 5.4: Result of the energy study of trolley FEM simulation model.

Note that in Fig. 5.4, the color blue indicates the lowest strain energy level and the color red indicates
the highest strain energy level. Thus, when applying this color scheme for the energy, it can be seen
that the upper bumper takes up most of the strain energy, followed by the lower and upper framerails,
respectively. A smaller amount of strain energy is taken up by the shear plate, upper and lower
crashbox and upper and lower framerail on the opposite of the impacted structure by the barrier.
Therefore, referring to the energy analysis, shown in Fig. 5.4, the following components are identified
as being most relevant for the small overlap crash test load-case:

· Upper and lower bumper.
· Upper and lower framerail.
· Upper and lower crashbox.
· Upper and lower strut.
· Radiator support frame.
· Connection between framerail and plate.

Note that due to the fact that the trolley model is only made out of structural components, the energy
study basically complies with engineering judgment that almost all the components shown in the trolley
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FEM simulation model are relevant for the small overlap crash test. However, since the approach is
the same for all investigated FEM crash models, the energy study is done for completeness. Also, the
energy investigation reveals that not all components shown in Fig. 5.3 are absorbing the strain energy
to the same extend.

5.2.3 Output variables
In order to investigate the effect of changing the wall thickness of the most influential components
on the strain energy, certain output variables must be established, as mention in Section 5.1. For the
trolley model, the displacement of the COG in x and y, the angle of the trolley model, the reaction
forces in x and y of the barrier, as well as the kinetic and internal strain energy are monitored as a
function of simulation time.

5.2.4 Monitoring of output variables
The monitoring of the x and y position of the COG, as well as the angle of the COG, are performed
using a measurement kit. The measurement kit is created as discussed in Section 5.1 and is added as
an include file to the FEM simulation model.

5.2.5 Variation of parameters
Using the most relevant components of the trolley FEM simulation model for absorbing the energy
during the small overlap crash test, five different simulation models are build, being the baseline, the
weak, the strong bumper, the strong and the strong framerail variant. The idea behind this is to create
the most extreme cases of the trolley FEM model which then serve as the upper and lower bounds
of the values of the changeable parameters and find models which are in between. As mentioned in
Chapter 2, any vehicle subjected to the small overlap crash test load-case of the IIHS experiences
either the rotational or lateral translational response or a combination of the two. From engineering
judgment, it becomes clear that a very strong and stiff structure should glance-off from the barrier
and a weak and flexible structure should show large deformations and consequently rotate around
the barrier. Therefore, by having a strong and weak variant of the trolley model should capture the
two different response modes of the impact. Below, in Tab. 5.1, the changed parameters of the trolley
model are summarized. Note that although the load-case is asymmetrical, the wall thicknesses of the
components which have a left and a right side are changed to the same extend.

Table 5.1: Thickness ratios of structural components of the trolley FEM simulation model variants.

Component tbaseline
tbaseline

tweak
tbaseline

tstrong bumper
tbaseline

tstrong
tbaseline

tstrong framerail
tbaseline

Upper bumper 1.0 6.7 6.7 4.0 3.3
Lower bumper 1.0 9.1 9.1 2.0 4.5
Upper framerail 1.0 0.2 1.2 2.0 1.2
Lower framerail 1.0 0.2 1.6 2.0 2.4
Upper crashbox 1.0 0.3 0.3 2.0 0.3
Lower crashbox 1.0 0.3 0.3 2.0 0.3
Upper strut 1.0 1.0 1.0 2.0 1.0
Lower strut 1.0 1.0 1.0 2.0 1.0
Radiator support frame 1.0 5.7 5.7 2.0 5.7
Connection between framerail and plate 1.0 1.0 1.0 2.0 1.0

As can be seen in Tab. 5.1, the components of the weak variant of the trolley model are changed such
that the model has weak framerails and crashboxes. The thickness of the bumper and radiator support
frame are increased for obtaining large deformations of the weak framerails and crashboxes which
should force the complete structure to deform significantly. The intention is to let the trolley model
rotate around the barrier with this variant. The strong variant is basically made twice as strong for all
components, except for the upper bumper which showed the largest strain energy absorption in the
energy study. This model should show an increased glancing-off behavior compared to the baseline
model. The strong bumper variant is between the weak and strong variant and has an increased wall
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thickness for the upper and lower bumper. The last variant, the strong framerail variant, is basically a
version to investigate the change in wall thickness for the lower framerails on the vehicle response, as
this component showed a significant amount of internal strain energy, as shown in Fig. 5.4.

The reason for the non-uniform variation in thickness ratio of the weak variant comes from the fact
that having the same ratio for all components leads to non-robust simulation results and abortions
of the simulation process in Abaqus/Explicit. In addition, it was looked at the simulation and the
deformation mechanisms of the structures and therefore, it was decided to make a weak and highly
deformable crashbox.

5.2.6 Determination of structural components of interest
After performing the simulations of the five cases, the response is analyzed. For this, the output
variables are investigated in more detail. First, the initial position of the models in the simulation are
compared with the final position in the visualization software Animator A4, as shown in Fig. 5.5. Note
that in Fig. 5.5, blue is the baseline model, red is the weak variant, green is the strong bumper variant,
magenta is the strong variant and cyan is the strong framerail variant.

(a) Before.

(b) After.

Figure 5.5: Trolley FEM simulation model before and after impact.

As can be seen in Fig. 5.5, the strong variant glances-off the most. Next, comes the baseline model
which also glances-off to a large extend. The strong framerail variant and the strong bumper variant
show almost the same behavior, except for the fact that the strong bumper variant deforms more.
The weak variant shows significant deformation of the frontal structure and the frontal structure itself
rotates in the CCW direction. However, the trolley itself of the weak variant still does glance-off and
rotates in the CW direction. Looking at the final position of the models, all variants of the trolley
model glance-off from the barrier.

Next, it is looked at Fig. 5.6 where the normalized displacement in x and y are plotted over the
normalized time.
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(a) Displacement in x.
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(b) Displacement in y.

Figure 5.6: Normalized displacement as a function of normalized time of the trolley model.

From Fig. 5.6a, it can be seen that the deviation in x displacement not large. Although the displacement
in y differs significantly for all models, see Fig. 5.6b, the displacement is still high enough for the
variants to glance-off.

By investigating Fig. 5.7, a similar trend is observed. Here the normalized angle is plotted over
normalized time.
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Figure 5.7: Normalized angle as a function of time of the trolley model.

In Fig. 5.7, it can be seen that the rotation of the trolley is negative at the final step in time of the
simulation which means that the models rotate in a CW fashion. However, the weak variant first
shows a small tendency to rotate CCW, seen by the small peak at 0.3 of normalized time in Fig. 5.7.
However, the angle changes in sign after a value of 0.35 of normalized time.

Next, it is looked at the force in x and y as a function of time, shown in Fig. 5.8.
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(a) Force in x.
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(b) Force in y.

Figure 5.8: Normalized force as a function of normalized time of the trolley model.

It is seen in Fig. 5.8a, that the force in x increases at 0.1 of normalized time, especially for the strong
variant. Before that time, the models are not in contact with the barrier, resulting in a zero force level.
At 0.2 of normalized time, the highest force level is observed for all five models, where the baseline
model has the lowest peak at approximately 0.5 of the maximum observed force. After that peak, the
force decreases quite rapidly and reaches a reasonable low level from 0.4 of normalized time onwards.
In Fig. 5.8b, no force is observed until 0.1 of normalized time, as there is no contact with the barrier.
Then all five models show an increase in force, where the force of the strong variant increases the most
to the highest value at approximately 0.2 of normalized time. The weak variant shows the lowest force
peak at that time value. After the peak, the force levels of all variants decrease to almost zero, only the
strong framerail and strong bumper variant show some remaining force levels at 0.5 of normalized time.

In addition, the normalized x and y force as a function of normalized x displacement is investigated, as
shown in Fig. 5.9.

0.0 0.2 0.4 0.6 0.8 1.0
Normalized x displacement of COG [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 f

o
rc

e
 i
n
 x

 [
-]

Baseline

Weak

Strong bumper

Strong

Strong framerail

(a) Force in x.
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(b) Force in y.

Figure 5.9: Normalized force as a function of normalized x displacement of the trolley model.

Similar as observed for the forces as a function of time, the forces over normalized x displacement of
the COG show the same trend. Looking at Fig. 5.9, no springback is seen for the five models.

Finally, it is looked at the normalized kinetic and internal energy of the models, as shown in Fig. 5.10.
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(a) Kinetic energy.
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(b) Internal energy.

Figure 5.10: Normalized energy as a function of normalized time of the trolley model.

From Fig. 5.10a it can be seen that the kinetic energy of the strong bumper, strong and strong framerail
variants are reduced the most. The weak and baseline model have the highest remaining kinetic energy
at the end of the simulation. The former three variants also show an ’s’ shape behavior in their kinetic
energy over time. The latter two variants experience this phenomenon to a less amount.

Looking at the internal energy of the models shown in Fig. 5.10b, it can be seen that the strong bumper,
strong and strong framerail variant have the highest internal energy level at the end of the simulation.
The weak and baseline model end at a value of approximately half of the stiff variant.

5.2.7 Discussion of results
From the numerical study of the trolley FEM simulation model, several observations can be made.

On the one hand, it can be seen that the strong variant does glance-off the most, seen by the largest y
displacement of the COG and the largest negative angle of the COG. This can be explained by the
highest force level in y of the model. On the other hand, the weak variant does glance-off the least,
seen by the smallest value in y displacement of the COG and the smallest value of the magnitude of
the angle of the COG. Again, this behavior can be explained by investigating the force levels in x and
y of the variant. For both the x and y force, the weak variant shows the smallest level of force.

Investigating the energy of the models, similar trends can be seen. Due to the small forces in x
and y, but almost the same x displacement of the COG, the weak variant has the highest remain-
ing kinetic energy. This means that although the structure does deform a lot, not much energy is
dissipated, also seen by the internal energy where the among of energy at the final time step of the
simulation is only half of the strong variant. This is also seen for the baseline model, which is too weak
to take up a lot of deformation energy which is the reason for the relatively high remaining kinetic energy.

From the numerical study on the trolley model, it is seen that a higher y force increases the tendency of
the trolley model to glance-off from the barrier. This is seen by the comparison of the strong bumper,
strong and strong framerail models. The higher the y force is, the higher the lateral displacement of the
COG of the model. Interestingly, the x force has a smaller effect of the response of the vehicle. However,
this can also be the case due to the absence of structural parts such as the wheel and surrounding
structure.

Although several components have been changed in thickness and their importance on the overall
energy absorption have been found out, it becomes clear from the numerical study that changing the
wall thickness in case of the trolley model is not sufficient to make the model experience another mode
other than the glancing-off behavior. This might be because the trolley model is not detailed enough
to represent the behavior of the real vehicle. It was tried to make the structure even weaker as done
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for the weak variant. However, this lead to non robust solutions and the even higher deformations
resulted into abortions of the Abaqus/Explicit. In addition, making the wall thicknesses even lower,
results in unfeasible design in terms of manufacturing constraints.

The response for all five cases is the same, being the glancing-off response. Therefore, it has been
decided to use a different simplified FEM simulation model which is more detailed. It can be later
proved that the wheel has a great influence in the x force component and therefore for the rotational
response of the vehicle. However, the study revealed that indeed, as engineering judgment and intuition
suggests, the forces in x and y must be balanced in order to achieve a certain behavior. This aspect
will be discussed in a later part of the thesis, but it is a valuable insight. So in order to glance-off, the
force in y should be sufficiently high. Similarly, in order to rotate around the barrier, it is expected
that the force in x should be sufficiently high. But this could not been proven using the trolley FEM
simulation model, as it experienced only one response mode to the small overlap crash test.

5.3 Reduced full vehicle FEM simulation model
As described in Section 5.2, often FEM crash simulation models with reduced complexity are used at
an early development phase of the passive safety analysis in order to reduce development time due to
reduced simulation time. Comparable to the concept of the trolley model, a reduced FEM model is
used in this section in order to investigate the most relevant components of the vehicle’s structure and
their influence on the kinematics of the vehicle.

5.3.1 Overview
The reduced FEM simulation model is based on an existing FEM simulation model of a production
vehicle at BMW AG. Analyzing crash test videos of current vehicles from BMW AG and also of
competitor vehicles which are subjected to the small overlap crash test, it becomes clear that most of
the deformation takes place at the front of the vehicle, as shown in Fig. 5.11.

(a) BMW 3 Series. (b) Audi A4.

Figure 5.11: Deformation due to the small overlap crash test load-case. Source [70].

Specifically, when looking at Fig. 5.11, it can be observed that most of the deformation is occurring in
front of the A-Pillar of the vehicle. Based on this observation, a reduced FEM simulation model is
used in this section. Basically, all elements behind the A-Pillar are deleted. At the location of the
COG, a node is added which has the mass and equivalent inertia of the deleted elements. The elements
at the cutting plane are connected to the node using Multi-Point constraints (MPC). Note that a
MPC in Abaqus/Explicit couples the nodes which are assigned to the MPC node using, in this case, a
rigid connection. This means that the nodes related to the nodes at the cutting surface are related to
the MPC node positioned at the COG via a direct link which is in this case rigid. This also means
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that everything after the A-Pillar is assumed to be rigid and non-deformable. In addition, the node
containing the mass and equivalent mass moment of inertia of the deleted geometry is restrained to
only move in the xy plane. To illustrate how the FEM model of the reduced simulation model looks
like, an image of the model is shown in Fig. 5.12.

Figure 5.12: Isometric view of the reduced FEM simulation model.

From Fig. 5.12, it can be seen that the reduced FEM model is more representative of a real vehicle
structure compared to the trolley FEM simulation model. However, some components are not included,
for example no bonnet structure is present in the simulation model. For a clearer overview of the
reduced FEM simulation model, the top, bottom, side and front view of the model are shown in
Fig. 5.13.
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(a) Top view. (b) Bottom view.

(c) Side view. (d) Front view.

Figure 5.13: Overview of the reduced FEM simulation model.

Looking at Fig. 5.12 and at Fig. 5.13, it can be seen that besides the structural parts, also non-structural
parts such as radiators, suspension assembly, steering assembly and wheels are included in the model.
Also, it becomes clear that the distinction between the two load paths, represented by the trolley FEM
simulation model, is not that generic, due to the presence of the wheel and surrounding structure.

5.3.2 Energy study
Similar to the trolley FEM simulation model, an energy analysis of the reduced FEM simulation model
is performed. The cumulative internal strain energy of the model, with a threshold value of 0.75% in
the available tool at BMW AG, reveals the following contour color plot of the component groups, as
shown in Fig. 5.14.
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(a) Top view.
(b) Bottom view.

(c) Side view.
(d) Front view.

Figure 5.14: Overview of the energy study of FEM trolley model.

Looking at Fig. 5.14, it becomes clear that most of the strain energy is taken up by the lower framerail,
colored in red and green in the top and bottom view, respectively. In addition, quite a large portion of
the energy is taken up by the wheels, specifically the rims and brake disc, as well as the supporting
structure of the A-Pillar. The remaining components show a similar strain energy level. Therefore,
referring to Fig. 5.14, the following components are identified as being of vital importance for the
reduced FEM simulation model subjected to the small overlap crash test load-case:

· Upper and lower bumper.
· Upper and lower framerail.
· Upper and lower crashbox.
· Shotgun.
· Springdome.
· Crashbar.
· Crossmembers.
· Shear plates.
· Truss structure.
· Wheel.
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5.3.3 Output variables
Similar to the trolley model, output variables need to be defined in order to see the influence of the
changed wall thicknesses of the most relevant components on the response of the vehicle. Basically, the
same output variables as for the trolley FEM simulation model are chosen to monitor the response.

5.3.4 Monitoring of output variables
In order to monitor the output variables, a measurement kit is build up. The procedure is the same as
for the trolley FEM simulation model, as described in Section 5.1.

5.3.5 Variation of parameters
The components which take up most of the deformation energy in terms of strain energy of the
simulation are taken as the components which are changed in wall thickness. Comparable to the trolley
FEM simulation model, the goal is to arrive at variants which are able to capture both responses. For
the reduced FEM simulation model, this means that three models are chosen, the baseline model, the
strong model variant and the weak model variant. An overview of the wall thicknesses of the three
variants is given in Tab. 5.2. Note that although the load-case is asymmetrical, the wall thicknesses
of the components which have a left and a right side are changed to the same extend, similar to the
investigation done with the trolley FEM simulation model.

Table 5.2: Thickness ratios of structural components of reduced FEM simulation model variants.

Component tbaseline
tbaseline

tstrong
tbaseline

tweak
tbaseline

Upper bumper 1.0 2.0 0.5
Lower bumper 1.0 2.0 0.5
Upper framerail 1.0 2.0 0.4
Lower framerail 1.0 2.0 0.8
Upper crashbox 1.0 2.0 0.5
Lower crashbox 1.0 2.0 0.4
Shotgun 1.0 2.0 1.0
Spring dome 1.0 2.0 1.0
Crashbar 1.0 2.0 0.4
Crossmembers 1.0 2.0 0.7
Shear plates 1.0 2.0 1.0
Truss structure 1.0 2.0 0.4

Similar to the investigation of the trolley FEM simulation model, the identified relevant components
of the strong version of the FEM simulation model have wall thicknesses which are twice as thick
compared to the baseline FEM simulation model. For the weak variant of the FEM simulation model,
wall thickness ratios between 0.4 and 1 are used. The reason for the non-uniform variation in thickness
ratios of the weak variant comes from the fact that having the same ratio for all components leads to
non-robust simulation results and abortions of the simulation process in Abaqus/Explicit. Therefore,
after changing the wall thicknesses for several simulation runs, the variants shown in Tab. 5.2 are used
for the numerical study of the reduced FEM simulation model.

5.3.6 Determination of structural components of interest
Using the three different variants shown in Tab. 5.2 and the mentioned output variables, the influence
of the changes on the response of the model is analyzed.

First, the response of the vehicle to the load-case, as seen in Animator 4 is inspected, see Fig. 5.15.
Note that the blue model shown in Fig. 5.15 is the baseline model, the red model is the strong variant
and the green model is the weak variant.
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(a) Before.
(b) After.

Figure 5.15: Reduced FEM simulation model before and after impact.

From Fig. 5.15, it is observed that all three variants do rotate around the barrier, but their angle
differs significantly. The weakest variant shows the largest CCW rotation of the three models, followed
by the baseline model. The strongest variant, almost did not rotate at all, but it also did not glance-off
from the barrier.

In order to inspect the behavior in more detail, the displacement of the COG in x and y are analyzed,
as shown in Fig. 5.16.
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(a) Displacement in x.
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(b) Displacement in y.

Figure 5.16: Normalized displacement as a function of normalized time for the reduced model.

From Fig. 5.16a it becomes clear that the strong variants has the largest displacement in x while the
baseline model as the lowest displacement in x over simulation time. In addition, for these two variants,
at approximately 70%, respectively, 80% of the simulation time, no increase in displacement is observed
for an increase in simulation time. Referring to Fig. 5.16b, a large difference can be seen between the
strong variant compared to the weak variant. The graphs illustrates that the strong variant experiences
the highest lateral displacement. The baseline model lies basically in between the two curves shown in
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Fig. 5.16b. In addition, it is observed that the weak variant has the least amount of y displacement,
followed by the baseline model.

Next, it is looked at the rotation of the model, as shown in Fig. 5.17.
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Figure 5.17: Normalized angle as a function of time of the reduced model.

In Fig. 5.17, the normalized angle of the reduced FEM simulation models are shown as a function of
normalized time. Both, the weak and the baseline model have a similarly high CCW angle which is
also seen by Fig. 5.15. The strong variant first shows CW rotation followed by a switch in sign and
sub-sequentially a CCW rotation.

In the following, the forces in x and y as a function of time are investigated, se Fig. 5.18.
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(a) Force in x.
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(b) Force in y.

Figure 5.18: Normalized force as a function of normalized time of the reduced model.

In Fig. 5.18a, two peaks in force level can be observed, at 0.17 and 0.38 of normalized time, respectively.
The strong variant has the highest force level at the first peak, while the baseline model has the highest
force level at the second peak. After the first peak, a large drop in force is seen. After the second force
peak, the force of the weak variant decreases significantly. The weak variant shows the same behavior,
except for an increase at 60% of simulation time The baseline model has a relatively constant x force
level from 0.4 to 0.6 of normalized simulation time. At 0.8 of simulation time, all models have a low
x force. The forces in y, shown in Fig. 5.18b show all a large force peak at 0.1 of simulation time,
where the highest force level is observed for the strong variant, followed by the baseline and the weak
variant. After that force peak, the y forces decrease to approximately half of the reached peak. For
the baseline, the level stays relatively constant and drops to almost zero at 0.7 of simulation time.
The strong variant shows two more peaks, one at 0.4 of normalized time and one at 0.7 of normalized
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time. The same can be seen for the weak variant, except for the fact that the force level is lower at the
location of the peaks.

Next, it is looked at the normalized x and y force plotted over normalized displacement, as shown in
Fig. 5.19.
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(a) Force in x.
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(b) Force in y.

Figure 5.19: Normalized force as a function of normalized time for the reduced model.

Fig. 5.19 shows that the highest forces in y are obtained for the strong variant. Also, the first force peak
in x is the highest for the strong variant. The highest force in x, however, is seen for the baseline and
the weak variant. In addition, looking at Fig. 5.19a, springback is seen for the baseline and weak variant.

Finally, it is looked at the normalized kinetic and internal energy as a function of normalized time of
the three simulation models, as shown in Fig. 5.20.
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(a) Kinetic energy.
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(b) Internal energy.

Figure 5.20: Normalized energy as a function of normalized time for the reduced model.

From Fig. 5.20a it can be seen that the strong variant requires more time to arrive at the lowest energy
level compared to the other two models. For all three variants a decrease of the energy level to the
lowest level is seen. The baseline model reaches the lowest level at 0.6 of simulation time, while the
weak variant requires 0.8 of simulation time and the strong variant 0.9 of simulation time. Looking at
Fig. 5.20b, it is observed that the strongest variant shows the lowest internal energy compared to the
two other models. In addition, it is seen that the baseline model reaches the highest level at 0.65 of
simulation time, where the weak model reaches this level at 0.7 of simulation time. Both, the weak
and baseline model, have the highest internal energy level.
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5.3.7 Discussion of results
At this point, several observations from the numerical study of the reduced FEM simulation model can
be made.

First of all, none of the three FEM simulation models do glance-off and all of the three models exhibit
the rotational response mode. However, the behavior is not exactly the same for all three models. The
strong variant does show the largest tendency to eventually glance-off, seen by the highest displacement
of the COG in y. In addition, the magnitude of the angle of the COG for the strong model is relatively
small compared to the other two variants. Furthermore, it is observed that the weak variant shows the
least tendency to glances-off, seen by the lowest displacement of the COG in y. The reason for this
are the high y forces of the strong variant while the weak variant has the lowest y forces. The stiff
components of the strong variant do transfer the highest forces, while the deformation is lower. This is
seen by the lower internal energy.

The plots of the forces in x as a function of time show that after 0.17 and 0.38 of simulation time force
peaks are occurring, followed by a significant drop. This shows the deformation of components, taking
up a significant amount of force, followed by a drop due to the collapse of the load path. Looking at
the y force, this phenomenon is seen most prominently for the strong variant where the large drop in
force over time indicates the collapse of components.

Compared to the trolley FEM simulation model, the presence of multiple force peaks is explained by
the fact that the reduced FEM simulation model is more detailed, as it includes the wheel assembly
and the suspension. These two groups of components are seen in the two force peaks in x. These group
of components help to rotate the reduced FEM simulation around the barrier. Due to the increased
level of detail, it can be expected that the results obtained from the numerical study will be more
accurate and more realistic when compared to the trolley model.

Investigating the energy level, similar trends are seen. The highest remaining kinetic energy is seen
for the strong model which has the largest tendency to show a glancing-off behavior. However,
the force level in y is too low to push the vehicle away from the barrier. Also, the largest peak for
the baseline and weak variant show that these models do deform the most and dissipate the most energy.

From the numerical study of the reduced FEM simulation model, a tendency of required force levels in
x and y is seen for obtaining a certain response. However, changing the wall thickness of the most
important components is not sufficient to obtain a different response for the vehicle, as even the most
extreme cases do not show a different behavior. It has also been tried to change the geometry of some
structural components to influence the load paths, however the result is still the same. The fact that
the simulation does fail when the wall thickness is too low or too high does not help in the process of
the numerical investigation. Since the response is based on the combination of force levels in x and y,
changing wall thicknesses of components is not a very efficient approach to obtain a different response
mode of the vehicle.

5.4 Discussions and conclusions
The main idea of the numerical study was the identification of the most relevant components for the
small overlap crash test and the impact on the response of the vehicle. Using two different FEM
simulation models, being the trolley model and the reduced FEM simulation model, it was tried to
identify these components and the relation to the response by changing the wall thicknesses of relevant
components. The results have shown that this only possible to a limited extend. The reasons behind
this are the following.

The geometry and nature of the load paths do only allow a certain increase and/or decrease in wall
thickness, as otherwise multiple failure mechanisms do occur. The two investigated FEM simulations
models have pre-described sets op components, some of which do not define a certain load path, but
which are required to obtain a certain response. In addition, each change in wall thickness has an
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influence on the surrounding structure and the load transfer the surrounding structure. In order to
obtain a detailed view on which component has which influence, a very large sampling size would be
required. However, as performing a numerical study using very detailed FEM simulation models is not
very robust, another method is required.

The main conclusion from the numerical study is that the first approach which is the bottom up
approach where the investigation of the influence of a certain component on the response of the vehicle
does not work satisfactorily. In order to obtain an idea of which components need which force level, a
different method must be used. Therefore, it is concluded that a top-down approach is required in
which the global kinematics of the vehicle are modeled. This kinematic model is then extended to
multiple components. This is a strong promoter for developing a simplified kinematic model which
is able to capture the kinematics of the vehicle sufficiently accurate and can be used to find force
deformation solution spaces for achieving either one of the two mentioned behaviors of the vehicle.
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CHAPTER 6

Predictive kinematic model

Following the top down approach, this chapter deals with the development of the predictive kinematic
model created for the small overlap crash test of the IIHS. The chapter is structured as follows. First,
in Section 6.1, the motivation of having a simplified predictive kinematic model is discussed. Section 6.2
presents the methodology of the kinematic model along with the governing equations and working
principles. Then, in Section 6.3, the model is extended by using multiple springs in order to represent
several grouped structural components.

6.1 Motivation
As found out by the numerical study performed with the FEA program Abaqus/Explicit, the inves-
tigation of the most relevant structural components for the small overlap crash is a time consuming
process when using detailed FEM crash simulation models. In addition, this process is only possible if
a detailed FEM simulation model is available. Normally, at the early development phase of the passive
safety development, this is not the case. In this early development phase, little information is known
about the geometry of structural components and of the load paths. Since it is of special interest in
the passive safety development to investigate the safety of the vehicle at the earliest possible phase of
the development phase, other methods must be used. As discussed in the literature study in Chapter 2,
developing a simplified model is commonly done in crashworthiness investigations. Therefore, having a
simplified model which is as simple as possible and as complex as necessary which is able to predict
the response of the vehicle is of large importance to enhance the safety of passenger vehicles.

A simplified predictive model allows to quickly asses structural changes and their influence on the
kinematics of the vehicle. In addition, such a simplified predictive kinematic model does not require
detailed information of the structure and the load paths. This is particularly helpful at the early
development stage of a passenger vehicle where little information of the exact geometry is known.
However, the earlier the information on a certain required force level for structural components, the
better the outcome for the project in terms of cost, efficiency and performance. Therefore, being
able to predict which force levels of the structural components are required is rather convenient. The
real advantage of having an idea of what force levels are sufficient to obtain a certain response is the
possibility to design in the early development phase accordingly. In addition, a predictive kinematic
model allows to obtain results quickly and enables engineers to estimate the performance of the vehicle
adequately.

Specifically, the idea becomes even more powerful when combining the simplified model with the concept
of force displacement solution spaces, as presented by the work of Fender [7]. If the system can be
divided into several subsystems (e. g. load paths and components), a set of uncoupled force-displacement
solution spaces can be generated. Each of which can then the be defined as design targets for the
responsible design department. According to the principles of the V-model, these individually designed
subsystems do then fulfill the overall design goal when integrated to form the crash management
system. Therefore, having an upper and lower bound for the local force levels in x and y as a function
of deformation of the vehicle for the force deformation solution space, gives a certain design area
in which a safe vehicle structure is guaranteed. Since the force deformation solution space tool is
already available at BMW AG, the focus of this chapter lies in creating the simplified model which
is able to predict the responses of a vehicle subjected to the small overlap crash test. First, the
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predictive kinematic model is explained using the simplest possible configuration as a proof of concept
in Section 6.2 and is then extended to a more detailed level using grouped components in Section 6.3.

6.2 Methodology of predictive kinematic model for two springs
This section deals with the creation of the predictive kinematic model. The governing principle of
the predictive model is based on a mass spring system to represent the model. First, an overview
of the predictive model is given, followed by the mathematical formulation of the model. Next, the
procedure of interpolating the force deformation curve is discussed and finally the simulation algorithm
implemented into Python is presented.

6.2.1 Overview
The idea of the predictive kinematic model is derived from idealizing the problem with a mass spring
system, commonly done in crashworthiness applications, as discussed in Chapter 2. The idealization of
the small overlap crash using one mass and one spring is shown in Fig. 6.1.

𝑥
𝑦 𝑥𝐶𝑂𝐺

𝑦𝐶𝑂𝐺

𝑣0

Figure 6.1: Idealization of the small overlap crash test using a mass spring system.

With the idealization shown in Fig. 6.1, the structural stiffness in local coordinate system is idealized
with the spring shown in the illustration. The initial condition of the initial crash speed of 64.4 km/h
is imposed on the mass. The mass and mass moment of inertia are related to the COG of the vehicle,
shown in Fig. 6.1. The offset between the application point of the spring on the barrier and the vehicle’s
COG, forces the body to rotate. For modeling the rotation, rigid body dynamics mechanics is used,
thus the rotational angle of the COG of the vehicle is a function of the moment due to the force which
is not applied at the COG and the mass moment of inertia. However, the problem with having only
one spring in x is the fact that no stiffness in the transverse direction is taken into account, as the
spring is able to only transfer axial loads. Thus, in order to describe the stiffness of the vehicle in
axial and transverse direction, at least two springs are required. The transverse forces originate from
the geometry of the barrier, friction and geometry of the structural components, as observed in FEM
simulation models. Note that it is important to denote the stiffness in the local coordinate system
which is the coordinate system that moves with the vehicle, as otherwise the stiffness can not be related
in a convenient way to structural components. Therefore a two springs system is considered in order to
explain the working principle and the governing physics behind the predictive kinematic model.

By using a two spring mass system to represent the mechanics behind the problem, the following
idealization is obtained for the predictive kinematic model, as shown in Fig. 6.2.
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(a) Non-rotated state.
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𝑦

(b) Rotated state.

Figure 6.2: Overview of the predictive kinematic model using two springs.

As can be seen by Fig. 6.2, the predictive kinematic model consists out of two springs, each representing
the stiffness in each of the two directions of the vehicle’s coordinate system. The spring aligned with
the x axis is attached to the A-Pillar of the vehicle and the spring aligned with the y axis is assumed
to move by the same amount in the negative x direction in the local coordinate system as the spring in
x compresses. Note that the springs do rotate with the coordinate system of the vehicle, so they are
always aligned in the local x and y direction. The vehicle has the initial condition that the initial speed
of 64.4 km/h is imposed on the COG of the vehicle. It is assumed that everything behind the A-Pillar
can be assumed to be rigid, similar to the argumentation used in the numerical study, see Fig. 5.11.
The consequence of this assumption is that the initial length of the spring in x is the maximum possible
deformation length in front of the A-Pillar of the vehicle. The application point of the force on the
barrier for determining the moment is assumed to be the projection point of the A-Pillar along the
vehicle’s x direction onto the barrier. In addition, it is assumed that the barrier is flat, so there is
no arc connecting the horizontal surface with the vertical surface. Also note that it is assumed that
no changes in mass and moment of inertia are occurring due to the deformation and separation of
components during and/or after impact.

Summarized, the simplified predictive kinematic model uses the following input variables:

· Position of COG.
· Position of barrier.
· Mass of vehicle.
· Mass moment of inertia of vehicle.
· Location of spring. Note that this is the location of the A-Pillar.
· Initial velocity of vehicle.
· Force in x over x deformation in local coordinate system.
· Force in y over x deformation in local coordinate system.

The degrees of freedom of the model are the following:

· Displacement of COG in x.
· Displacement of COG in y.
· Rotation of the vehicle around the z axis of the COG of the vehicle.

The assumptions of the predictive kinematic model are summarized below:

· Force in lateral direction is related to the deformation of the spring in axial direction.
· Projection of axial spring attached to the A-Pillar onto the barrier is used to compute the
deformation of the axial spring.
· Projection of axial spring attached to the A-Pillar onto the barrier is assumed to be the force
application point for calculating the moment.
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· The barrier is assumed to have no radius. This implies that the force application point in x does
not move over time. In y direction however, the point does move.
· Effective force is interpolated from input spring characteristic at every time step.
· No change in mass moment of inertia over time.
· No change in mass over time.
· No friction of the tires is included.
· Only x and y forces are modeled. In the numerical study shown in Chapter 5, it was shown that
the z component of the resultant force is rather small compared to the other two components,
see Fig. 5.1. It is assumed that it has not a major influence on the considered planar movement
in the xy plane.
· The vehicle is assumed to be rigid behind the yz cutting plane at the location of the A-Pillar.
· The friction is not explicitly modeled, but is taken into account when implementing the y force
of the transverse spring.
· Once the spring in axial direction has no calculated projection point anymore, no force is
transferred by the axial as well as the lateral spring to the vehicle, since the axial spring is not in
contact anymore.

As the discussion in this section was rather general and it was intended to give an overview of the
assumptions and general working principles, the following section deals with the detailed mathematical
formulation of the predictive kinematic model using two springs.

6.2.2 Mathematical formulation
The derivation of the equation of motion (EOM) is best described by looking at the following idealization
of the predictive kinematic model, as shown in Fig. 6.3.

𝑥
𝑦
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𝐴𝑃𝑦

𝑤𝑦

𝑠𝑥
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𝑥𝐵

𝑤

𝐶𝑂𝐺
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𝐴𝑃, 𝐵

𝑦, 1

𝑦, 2

𝑥𝑔𝑙𝑜𝑏𝑎𝑙
𝑦𝑔𝑙𝑜𝑏𝑎𝑙

𝑦𝐵

(a) Non-rotated state.

𝜃
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𝑥𝑔𝑙𝑜𝑏𝑎𝑙
𝑦𝑔𝑙𝑜𝑏𝑎𝑙

(b) Rotated state.

Figure 6.3: Idealization of predictive kinematic model using two springs.

Note that in Fig. 6.3a, the configuration of the kinematic predictive model is in the non-rotated state
while the configuration in Fig. 6.3b is in the rotated state. The EOM of the idealized system shown in
Fig. 6.3, is given in Eq. 6.1.

M q̈+ K q = F (6.1)
Where in Eq. 6.1, M is the mass matrix of the vehicle, given by Eq. 6.2, q is a vector containing the
DOFs, shown in Eq. 6.3, q̈ is the second derivative of the DOFs, given by Eq. 6.4, and K is the stiffness
matrix of the vehicle, shown in Eq. 6.5.

M = m 0 00 m 00 0 Izz

 (6.2)
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q = ux,COGuy,COG
θ

 (6.3)

q̈ = üx,COGüy,COG
θ̈

 (6.4)

K = kx 0 00 ky 00 0 kθ

 (6.5)

In order to determine the stiffness matrix in Eq. 6.1 the Lagrangian dynamics analysis, as proposed
by Török, is used [71]. Using the Lagrangian analysis method, the EOM is obtained by taking the
derivative of the kinetic and potential energy of the system with respect to its degrees of freedom.
As mentioned in the previous section, the degrees of freedom are the displacement of the COG in x
(ux,COG), the displacement of the COG in y (uy,COG) and the rotation of the COG around its z axis
(θ). Since the kinetic energy of the system is dependent on the movement of the COG in x and y, as
well as the rotation of the COG around the z axis, the following equation is obtained for the kinetic
energy, see Eq. 6.6.

T = 12mu̇2
x,COG + 12mu̇2

y,COG + 12 Izz θ̇2 (6.6)

Looking at the idealization of the system in Fig. 6.3, it becomes clear that the potential energy of the
system is due to the compression of the two springs and therefore the potential energy of the system is
as follows, see Eq. 6.7. In this first approach the deformation of the spring in y is also investigated,
however it will be determined later that it is not practical nor representative.

V = 12kxs2x + 12kys2y (6.7)

In Eq. 6.7, sx and sy are the deformations of the spring in x and y in the local coordinate system,
respectively and kx and ky are the local stiffness of the springs in the x and y direction, respectively.
The Lagrangian analysis gives the following equations for deriving the EOMs for the three degrees of
freedom, as shown in Eq. 6.8.

L =


d
dt

(
∂T

∂u̇x,COG

)
− ∂T

∂ux,COG + ∂V
∂ux,COG

d
dt

(
∂T

∂u̇y,COG

)
− ∂T

∂uy,COG + ∂V
∂uy,COG

d
dt

(
∂T
∂θ̇

)
− ∂T

∂θ + ∂V
∂θ

 (6.8)

In order to solve this equation, the compression of the spring needs to be determined, for which the
vector notation is used. First, let the position of the COG be given by Eq. 6.9.

rCOG = xCOG,0 + ux,COG
yCOG,0 + uy,COG0

 (6.9)

Where xCOG,0 and yCOG,0 are the initial x and y coordinates of the COG location and ux,COG,0 and
uy,COG,0 are the displacements of the COG location. Looking at Fig. 6.3, the position of the A-Pillar
can be determined as follows, see Eq. 6.10.

rAP = rCOG + APx cos(θ)− APy sin(θ)
APx sin(θ) + APy cos(θ)0

 (6.10)

Where in Eq. 6.10, APx and APy are the x and y distance from the COG to the location of the A-Pillar
and θ is the rotational angle of the COG, see Fig. 6.3. The location of the projection of the A-Pillar
onto the barrier is determined using Eq. 6.11.
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rAP,B =  xBtan(θ)xB − rAPx tan(θ) + rAPy0
 (6.11)

Note that in in Eq. 6.11, xB is the x distance to the barrier. Knowing the location of the contact point
of the spring with the barrier and the location of the A-Pillar, the compression, sx , of the spring is
determined in using Eq. 6.12.

sx = ∥∥rAP,B − rAP∥∥ (6.12)
In a similar fashion, the compression of the spring in y is determined. For this, first the position rw is
determined, see Eq. 6.13.

rw = rCOG + APx cos(θ)− wy sin(θ)
APx sin(θ) + wy cos(θ)0

 (6.13)

Where in Eq. 6.13, wy is the y distance from the COG location to the point w in the local coordinate
system. By investigating Fig. 6.3, the first pillar of the spring in y direction is computed using Eq. 6.14.

ry,1 = rw + −sx cos(θ)
−sx sin(θ)0

 (6.14)

For the computation of the second pillar of the spring in y direction, an auxiliary vector for the direction
is first determined, as shown by Eq. 6.15. This vector gives the unit vector direction of the vectors ry,1
and rw and it is pointing from ry,1 to rw , see Eq. 6.15.

v ry,1rw = ry,1 − rw∥∥(ry,1 − rw )∥∥ (6.15)

Using the axillary vector ry,1 to rw , a vector v1 is constructed. The vector v1 points in the orthogonal
direction to z and the vector vry,1rw . Therefore, the vector v1 points in the direction of the second pillar
of the spring aligned with the local y axis.

v1 = v ry,1rw ×
001
 (6.16)

Now the intersection point with the barrier is determined. For this, the following two equations are
used, as shown in Eq. 6.17 and Eq. 6.18.

p1 + va · a = p3 (6.17)

p2 + vb · b = p3 (6.18)
Where in Eq. 6.17 and Eq. 6.18 p1 and p2 are the coordinates of a point, va and vb are unit vectors in
the direction of p3, a and b are the magnitudes of the vectors va and vb and p3 is the location of the
intersection point of interest. By equating Eq. 6.17 with Eq. 6.18, the intersection can be found which
is shown in the following.

For the current problem, this intersection can be found as follows. First a point on the y location of
the horizontal flat surface of the barrier and on a negative x location is used and its corresponding
vector is constructed. This vector v2 shown in Eq. 6.19.

v2 =  −10000.0
yB + 1000 + 1500

 (6.19)

The y entry in v2 is basically the width of the surface plus the arc of the barrier (as it is assumed to be
flat) together with the location of the barrier yB with respect to the global coordinate system. Now
the intersection can be found using the following two equations and vectors.
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ry,1 + v1 · a = ry,2 (6.20)

v2 + 100
 · b = ry,2 (6.21)

Combining Eq. 6.20 with Eq. 6.21 gives.

ry,1 + v1 · a = v2 + 100
 · b (6.22)

Rearranging Eq. 6.22 and multiplying both sides with the unit vector e1 gives.

v1 ×
100
 · a = (v2 − ry,1)×

100
 (6.23)

Rearranging yields the following result.

a =
∥∥∥∥∥∥(v2 − ry,1)×

100
∥∥∥∥∥∥∥∥(v1)∥∥ (6.24)

Using the vectors ry,1 and v5, along with the magnitude a, the length of the intersection point between
the barrier and the second point of the spring is found.

ry,2 = ry,1 + v1 · a (6.25)

Using the two locations of the pillar points of the spring aligned with the local y axis, the length sy
can be determined using Eq. 6.26.

sy = ∥∥(ry,2 − ry,1)∥∥ (6.26)

Since the components of Eq. 6.7 and Eq. 6.6 are known, the components of the Lagrangian, see Eq. 6.8
can be determined. In the following, each of the derivatives of the Lagrangian analysis are provided.

d
dt

(
∂T

∂u̇x,COG

) = müx,COG (6.27)

∂T
∂ux,COG

= 0 (6.28)

d
dt

(
∂T

∂u̇y,COG

) = müy,COG (6.29)

∂T
∂uy,COG

= 0 (6.30)

d
dt

(
∂T
∂θ̇

) = Izz θ̈ (6.31)

∂T
∂θ = 0 (6.32)

∂V
∂θ = 0 (6.33)

The derivative of V with respect to ux,COG and uy,COG is not as trivial due to the multiple dependency
of sx and sy on ux,COG , as well as uy,COG . Performing the derivative calculation using MATLAB, the
following result is obtained for the derivative of V with respect to ux,COG .
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∂V
∂ux,COG

= [(xB − xcog,0 − APx cos(θ) + APy sin(θ)− ux,COG)2
+ (tan(θ)(−xB + xcog,0 + APx cos(θ)− APy sin(θ) + ux,COG))2] 12 (6.34)

Similarly, the analysis using MATLAB gives the following result for the derivative of V with respect to
uy,COG .

∂V
∂uy,COG

= 1cos(θ) (((cos(θ)(−yB + 1000 + 150 + yCOG,0 + w cos(θ)+ (APx − ((xB − xCOG,0 − APx cos(θ) + APy sin(θ)− ux,COG)2+ (tan(θ)(−xB + xCOG,0 + APx cos(θ)− APy sin(θ) + uCOG,x ))2) 12 ) sin(θ) + uCOG,y)2+ (sin(θ)(−yB + 1000 + 150 + yCOG,0 + w cos(θ)+ (APx − ((xB − xCOG,0 − APx cos(θ) + APy sin(θ)− ux,COG)2+ (tan(θ)− (xBxCOG,0 + APx cos(θ)− APy sin(θ) + uCOG,x )))2) 12 ) sin(θ) + uCOG,y)2) 12 ) (6.35)

As can be seen by Eq. 6.35, the term ∂V
∂uy,COG is not practical for implementation and hence applying

the Lagrangian analysis for determining the stiffness matrix is too inconvenient to do.

Instead, it has been decided to use the direct approach to solve the EOM which is shown in Eq. 6.36.m 0 00 m 00 0 Izz

üx,COGüy,COG
θ̈z

 = Fx (sx )Fy(sx )
Mz(sx )

 (6.36)

Eq. 6.36 is solved by taking the inverse of the mass matrix, as shown in Eq. 6.37.üx,COGüy,COG
θ̈z

 = m 0 00 m 00 0 Izz

−1 Fx (sx )Fy(sx )
Mz(sx )

 (6.37)

In order to calculate the moment, the global forces from the springs are used. This is done by using
the rotation matrix, shown in Eq. 6.38.

R = [cos(θ) − sin(θ)sin(θ) cos(θ) ] (6.38)

Thus the global forces are determined using the following relation, as shown in Eq. 6.39.

Fglobal = R
[
Fx,local
Fy,local

]
(6.39)

Using the global forces, the moment Mz is calculated as follows, see Eq. 6.40.

Mz = Fx,global(rCOGy − rAP,By )− Fy,global(rCOGx − xB) (6.40)

Knowing the second derivatives of the DOFs in Eq. 6.37, the DOFs of interest are computed using the
central difference scheme, as introduced in Chapter 3.

ut+∆t
x,COG = üx,COG∆t2 + 2utx,COG − ut−∆t

x,COG (6.41)

ut+∆t
y,COG = üy,COG∆t2 + 2uty,COG − ut−∆t

y,COG (6.42)

θt+∆t = θ̈∆t2 + 2θt − θt−∆t (6.43)
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Note that the problem is initialized using the given velocity of the crash test and the chosen time step
to determine the first displacement ux,COG(∆t), see Eq. 6.44.

ux,COG(∆t) = v0∆t (6.44)

6.2.3 Interpolation of force deformation curve
As stated previously, the forces in x and y over x deformation are an input for the model. As the
predictive model uses a certain time step which can have a different resolution than the pre-described
force deformation characteristics of the spring, the force deformation curve is interpolated in order
to find the corresponding force level for the calculated deformation. As there are some special cases
which need to be accounted for, a certain algorithm has been created.

As the forces in x and y have an influence on the deformation and rotation of the model, the correct
interpolation is of vital importance. From the discussion of the previous chapter, it can be the case
that the model either experiences a glance-off behavior or a rotational behavior. For the former, no
force for an increase in deformation should be obtained after passing the barrier and for the latter,
after the point of maximum deformation of the axial spring, the deformation decreases and hence there
are two force levels for a certain deformation, as shown in Fig. 6.4.
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Figure 6.4: Force deformation curve.

Looking at Fig. 6.4, it can be seen that at the deformation value s1 which is equal to the deformation
value s2, two different force levels, F1 and F2, are obtained. In addition, it has to be accounted for the
cases that the force level exceeds the maximum force and for the case when the deformation exceeds
the maximum deformation smax . This can be the case when the input given as such is not achievable
with the selected parameters and therefore the curve is not matched exactly. The same can happen
when a slightly different mass or mass moment of inertia is selected.

In order to account for these cases, the following procedure is implemented into Python. First of all,
the force deformation curve is split into two segments. The first segment of the curve goes until the
maximum of the displacement smax and the second segment goes from smax until the end of the curve.
This is shown in Fig. 6.5 where the green portion of the curve represents the first segments and the
orange portion of the curve represents the second segment.
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Figure 6.5: Force deformation curve divided into two segments.

Next, the traveling direction of the length of the axial spring in the local coordinate system is determined
at every time step. This is done by checking the value of the local deformation of the axial spring and
by subtracting the value of the previous time step from the current value. If this value is positive, the
vehicle is traveling in the same direction. If this is not the case, the vehicle is traveling in the opposite
direction and hence has bounced back from the barrier. This direction value is defined by Eq. 6.45.

dir(t) = sL(t)− sL(t − ∆t) (6.45)

Note that sL is the deformation of the spring and determined by subtracting the current value of the
length of the spring of the original un-deformed length of the spring, see Eq. 6.46.

sL(t) = sx (0)− sx (t) (6.46)

In order to do the interpolation, the following process is performed. First it is checked if the deformation
s is smaller than the maximum value smax and if the direction value, shown by Eq. 6.45 is positive.
If this is the case, the force deformation curve is just interpolated. If however, the deformation s is
larger than smax , but the direction is still positive, the force level at the maximum deformation (smax)
is taken as input value for the interpolation. Now, if the direction is not positive, the second segment
of the force deformation curve is taken. If now the deformation is larger than the lowest value of the
deformation at the new portion of the curve the new portion of the curve is just interpolated. If this is
not possible, the maximum force value is taken. If the deformation is smaller than the minimum in the
second segment of the force deformation curve and it is not possible to interpolate anymore, the force
level is set to zero. This is done since the vehicle has no contact with the barrier anymore.

6.2.4 Simulation process
The equations shown in the previous section are written in a Python script which is discussed in this
section. Basically, the algorithm of the program is the following.

1. Read input.
2. Initialize mass matrix, deformation vector, force vector.
3. Check if current time is less than the specified simulation time.
4. Calculate position vector of the vehicle’s COG and of the spring aligned with the x axis of the

local coordinate system.
5. Interpolate the local forces in x and y using the deformation value of the spring in local x and

the described interpolation algorithm scheme.
6. Rotate forces from local coordinate system to global coordinate system.
7. Determine moment around vehicle’s COG using global forces, position of COG and projection

point of A-Pillar on the barrier.
8. Solve for DOFs using the direct approach.
9. Use central difference scheme to compute new values of DOF.
10. Add time increment to current time.
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As described in the list, the program in Python works in the following way. First, the required input
parameters are read. Then the mass matrix, deformation vector and force vectors are initialized. Then,
with a while loop, the simulation process is started where at every time step it is checked if the final
specified simulation time has been reached. If the loop is entered the first time, the displacement is
calculated using Eq. 6.44. If not, the position vectors of the COG and locations of the pillars of the
axial spring are calculated, as shown in the previous section. With the position vectors known, the
compression of the axial spring is computed. Next, the forces in x and y are interpolated using the
compression value of the axial spring and the algorithm described previously. The forces are then
rotated using the angle of the vehicle (in the first time step the angle is zero) to the global coordinate
system. Using the global forces, the moment around the COG is computed with the moment arm
known from the force application point determined in the vector calculation and the location of the
COG. Then the vector q̈, containing the second derivative of the DOFs, is computed using Eq. 6.37.
Next, the vector q which contains the DOFs, is calculated using the central difference scheme, shown
in Eq. 6.41, Eq. 6.42 and Eq. 6.43. With the new displacements in x and y of the COG and the new
rotational angle of the COG, a new iteration loop in the while loop is computed.

6.3 Methodology of predictive kinematic model for multiple springs
The kinematic model shown in the previous section is only able to represent the overall stiffness in
the x and y direction aligned with the local coordinate system of the vehicle. Since the model is
created in order to combine it with an optimization using Monte Carlo sampling with the main aim of
finding force deformation corridors of grouped structural components, the predictive kinematic model
is extended in this section.

6.3.1 Overview
Similar to the previous section, first an overview of the predictive kinematic model using multiple
springs is given, see Fig. 6.6. Note that for the sake of visualization, the lower pillar points of the
springs in the y direction are not directly on top of the corresponding springs in x direction.

A

𝑣0𝑥
𝑦

(a) Non-rotated state. (b) Rotated state.

Figure 6.6: Overview of the predictive kinematic model using multiple springs.

As illustrated in Fig. 6.6, the kinematic predictive model consist now out of multiple springs in x and
y. Similar to the two springs model, one spring is still attached to the A-Pillar. However, multiple
springs in the y direction in case of axial springs and x direction in case of transverse springs are used.
Also, although in Fig. 6.6 only the springs in the xy plane are shown, multiple springs on the same y,
but different z location can be used in case of axial springs and multiple springs on the same x location,
but different z location can be used in case of transverse springs. However, the different z location does
not introduce a moment around the x or y axis, as the movement of the COG is considered to be only
in the xy plane. The different locations in z are used in order to represent different components. Note
that two springs are always coupled together, so one lateral spring is always coupled with one axial spring.
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Summarized, the following input variables are used for the predictive kinematic model using multiple
springs:

· Position of COG.
· Position of barrier.
· Mass of vehicle.
· Mass moment of inertia of vehicle.
· Location of springs. Note that one spring must be located at the A-Pillar.
· Initial velocity of vehicle.
· Forces in x of springs.
· Forces in y of springs.
· Local deformation of springs in axial direction.

The degrees of freedom of the model are the following:

· Displacement of COG in x.
· Displacement of COG in y.
· Rotation of the vehicle around the z axis of the COG of the vehicle.

Similar to the predictive model consisting out of two springs, several assumptions are made for the
predictive kinematic model using multiple springs. The assumptions made on top of the already
mentioned assumptions for the previous kinematic model are given below:

· At least one spring must be located at the A-Pillar to determine if the vehicle has glanced-off.
· The summation of forces of the springs is equal to the reaction force of the barrier.
· If there is no projection point of the axial spring with the surface of the barrier in y, the spring
does not transfer any forces anymore. This is basically like a switch which differentiate between
an active and inactive spring.
· Equal distribution of springs in x and y.

The mathematical formulation of the predictive model using multiple springs is discussed in the
following section.

6.3.2 Mathematical formulation
The governing EOM of the predictive model using multiple springs is explained best by looking at the
idealization of the vehicle shown in Fig. 6.6. Again, note that for the sake of visualization, the lower
pillar points of the springs in the y direction are not directly on top of the corresponding springs in x
direction. This means that P41 should lie exactly on P21, P42 on P22 and P43 on P23.
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(a) Non-rotated state.
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Figure 6.7: Idealization of predictive kinematic model using multiple springs.

Master thesis Robbert Heuijerjans 63



Note that the model is also able to represent multiple springs in the xz plane, as discussed previ-
ously. However, the springs are always located in the xy plane and only take up forces in the x
and y direction, so no forces in z are represented by the springs and the moment is not affected
by the z position of the springs. Nevertheless, these force are negligible anyways, as discussed the
numerical investigation of the small overlap crash test, see Chapter 5. Similarly to the previous
section, the governing equations for the system are given in the following. Note that the principle is
shown for three springs axial and three lateral springs, but the principle holds for any number of springs.

The position of the COG is computed using Eq. 6.9. However, for each spring, the first pillar point of
the axial spring is determined as follows, see Eq. 6.47.

rP11 = rCOG + sP11x cos(θ)− sP11y sin(θ)
sP11x sin(θ) + sP11y cos(θ)0

 (6.47)

Similarly, the first pillar point of the two remaining axial springs are determined using Eq. 6.48 and
Eq. 6.49.

rP12 = rCOG + sP12x cos(θ)− sP12y sin(θ)
sP12x sin(θ) + sP12y cos(θ)0

 (6.48)

rP13 = rCOG + sP13x cos(θ)− sP13y sin(θ)
sP13x sin(θ) + sP13y cos(θ)0

 (6.49)

The location of the projection of the axial springs onto the barrier are determined using Eq. 6.50,
Eq. 6.51 and Eq. 6.52.

rP21 =  xBtan(θ)xB − rP11x tan(θ) + rP11y0
 (6.50)

rP22 =  xBtan(θ)xB − rP12x tan(θ) + rP12y0
 (6.51)

rP23 =  xBtan(θ)xB − rP13x tan(θ) + rP13y0
 (6.52)

Knowing the location of first and second pillar point of the axial springs, the compression s1x , s2x and
s3x of the axial springs are determined in using Eq. 6.53, Eq. 6.54 and Eq. 6.55.

s1x = ∥∥rP21 − rP11
∥∥ (6.53)

s2x = ∥∥rP22 − rP12
∥∥ (6.54)

s3x = ∥∥rP23 − rP13
∥∥ (6.55)

The global forces are determined as follows, see Eq. 6.56, Eq. 6.57 and Eq. 6.58.

F 1global = R
[
F1x,local
F1y,local

]
(6.56)

F 2global = R
[
F2x,local
F2y,local

]
(6.57)

F 3global = R
[
F3x,local
F3y,local

]
(6.58)
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Using the global force, the moment Mz is calculated, using Eq. 6.59.

Mz = F1globalx (rCOGy − rP21y )− F1globaly (rCOGx − xB)+F2globalx (rCOGy − rP22y )− F2globaly (rCOGx − xB)+F3globalx (rCOGy − rP23y )− F3globaly (rCOGx − xB) (6.59)

6.3.3 Interpolation of force deformation curve
The force deformation curves of the different springs are each interpolated individually. Specifically,
each spring in x and corresponding spring in y have their own deformation of the axial spring and
corresponding curve. The interpolation itself is done using the same algorithm, as described in the
previous section.

6.3.4 Simulation process
The equations shown in the previous section are written in a Python script which is discussed in this
section. The simulation process itself is quite similar to the algorithm for two springs. However, due to
the presence of multiple springs, the algorithm gets a bit more complicated. Basically, the algorithm of
the program is the following.

1. Read input.
2. Initialize mass matrix, deformation vector, force vector.
3. Check if current time step is less than final time step.
4. Calculate position of COG.
5. Calculate position vectors of location points of springs.
6. Check if springs are still in contact with the barrier.
7. Interpolate forces in x and y using the deformation values of the corresponding axial spring and

the described interpolation algorithm scheme.
8. Rotate forces from local coordinate system to global coordinate system.
9. Determine moment around vehicle’s COG using global forces and position of COG.
10. Solve for DOFs using the direct approach.
11. Use central difference scheme to compute new values of DOF.
12. Add time increment to current time.

The algorithm implemented into Python works in the following way. As a first step, the input
parameters are read and stored. In the next step, the mass matrix, deformation vector and force
vectors are initialized. Next, a while loop is started in which at every time step it is checked if the final
specified simulation time has been reached. When the loop is entered the first time, the displacement is
calculated using Eq. 6.44. If the loop is not entered for the first time, the position vectors of the COG
and locations of the pillars of the axial spring are calculated, as shown in the previous section. With
the position vectors known, the compression of the axial springs are calculated. Next, the forces in x
and y in the local coordinate system are interpolated using the compression values of the axial springs
and the algorithm described previously. The forces are then rotated using the angle of the vehicle to
the global coordinate system. Using the global forces, the moment around the COG is computed with
the moment arm from each spring computed from the force application points determined in the vector
calculation and the location of the COG. Then the vector q̈, containing the second derivative of the
DOFs, is computed using Eq. 6.37. Next, the vector q which contains the DOFs, is calculated using
the central difference scheme, shown in Eq. 6.41, Eq. 6.42 and Eq. 6.43. With the new displacements
in x and y of the COG and the new rotational angle of the COG, a new iteration loop in the while
loop is entered.
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CHAPTER 7

Verification and validation of the predictive kinematic model

As with any simplified model which is used to predict the behavior of a real life physical problem,
several assumptions must be made. Often, this has the consequence that simplified models are never
as accurate as the real life physical problem they are modeling. The same holds for the predictive
kinematic model presented in Chapter 6. As mentioned, several assumptions and simplifications are
made in the development of the model. Thus, in order to determine the validity and accuracy of
the model, it is of vital importance to perform verification and validation measures of the predictive
kinematic model which is done in this chapter. First, in Section 7.1 the process of verification of the
predictive model is described. Then the validation process is shown in Section 7.2.

7.1 Verification of predictive kinematic model
In order to verify the predictive kinematic model, the program implemented into the Python script
is checked if there are any syntax and spelling mistakes. Furthermore, all functions are investigated
individually and their outputs are checked as well. In addition, the input for the predictive kinematic
model is changed such that the resulting output can be inspected and checked if it complies with
engineering judgment and results seen in the numerical study. On the one hand, for example, if the
local x force of the spring is increased, while all other parameters are the same, the axial movement of
the COG of the vehicle should decrease. Similarly, the rotational angle should increase in the CCW
direction for this case. On the other hand, when increasing the local y force of the spring and keeping
all other input variables constant, the vehicle should glance-off more. This would mean that the lateral
movement of the COG of the vehicle should increase.

Several of these cases have been checked with the predictive kinematic model and the result is indeed
as expected. Therefore, it is assumed that the predictive kinematic model is verified.

7.2 Validation of predictive kinematic model
As the verification alone is not enough to check if the model complies with reality, a validation
process must be performed which is done in this section. The validation of the predictive kinematic
model is performed using three different configurations of the model consisting out of two springs,
18 springs and 80 springs. The reason for increasing the number of springs is that it is expected
to converge towards the results obtained by the FEM simulation. Following the argumentation of
the previous chapter, using more springs would increase the accuracy in terms of force application
point on the barrier. For each of the different configurations of the predictive kinematic models, three
different vehicle models of the BMW AG product line are used. The first vehicle is a sports utility
vehicle (SUV), the second one is a mid-size sedan and the third vehicle is a sports car. For each
vehicle model, two different full vehicle FEM crash simulation models are used, one which has the
lateral translational response and one which has the rotational response. The reason behind the three
different vehicles, each with two different responses, is that of checking a broad range of applications
of the predictive kinematic model. If the predictive kinematic model is able to match the responses
of these three vehicle models, a broad range of applicability is guaranteed. Thus, for each configu-
ration of the predictive kinematic model (two, 18 and 80 springs), six variants are used for the validation.
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The structure of this section is the following. First, the methodology of the validation is explained
in Subsection 7.2.1. Then, the validation using the two springs configuration of the predictive model
is discussed in Subsection 7.2.2. Next, in Subsection 7.2.3, the validation is done for the 18 springs
configuration followed by the validation using the 80 springs configuration in Subsection 7.2.4. Finally,
the results are combined in a table and it is reflected on the outcome in Subsection 7.2.5.

7.2.1 Methodology
As the validation processes of the three different configurations of the predictive kinematic model
are similar, the methodology is described centrally in this Subsection. First, the appropriate output
variables are determined. Then, the description of the determination of the mass, mass moment of
inertia and COG location is given. Next, the creation of the measurement kit is described, followed by
the explanation of the barrier force analysis, necessary for the validation when using more than two
springs. Finally, the used method to measure the error of the output variables is presented.

Output variables

In order to quantitatively compare the kinematics of the vehicle obtained by the predictive kinematic
model in comparison to the kinematics obtained by the full vehicle FEM simulation models, output
variables need to be determined that can be compared with each other. For the validation, the response
mode of the prediction is compared to the FEM simulation model. This is done by comparing the
displacement of the COG of the vehicle in x and y in the global coordinate system. In addition, the
rotational angle of the COG around the z axis is compared between the kinematic predictive model
and the full vehicle FEM crash simulation models. Note that all output variables are normalized, using
the same principle as described in Chapter 5 using Eq. 5.2.

Determination of the COG location

As the full vehicle FEM simulation models do include the barrier and the road on which the vehicle is
traveling on, the value of the mass, mass moment of inertia and the location of the COG in the .pre file
of the FEA analysis program Abaqus/Explicit are not of the vehicle solely. Therefore, for all six full
vehicle FEM simulation models, the barrier and the road include files are removed and a datacheck run
is performed. From the resulting .pre file, the location of the COG, the mass and the mass moment of
inertia are retrieved and used for the validation purposes.

Measurement kit

The output variables described in the previous subsection are already an output of the predictive
kinematic model. In order to obtain these variables from the full vehicle FEM simulation models,
a measurement kit is added as an include to the simulation. Similar to the procedure described in
Chapter 5, the measurement kit is created. Specifically, three nodes are created where the first one
lies exactly on the position of the center of gravity, obtained using the procedure described previously.
The two latter nodes are located on a structural part of the rocker opposite to the impacting side of
the vehicle. These nodes are used for measuring the angle of the vehicle. On the nodes, connector
elements are created and a very small mass and inertia are added on the nodes. Then, accelerometers
are placed on the connectors in order to obtain the output variables CP1, CP2 and CP3 which are the
coordinates of the COG in x, y and z, respectively. The two nodes located on the rocker are tied to
the neighboring nodes using the tie definition in Abaqus/Explicit. Finally, the node located on the cog
is attached to the tunnel structure of the vehicle using a rigid connector, as this structural component
does not deform much which has been observed in the FEM simulation models.

Barrier force analysis

In order to determine the local x and y force for the springs, the contact forces of the barrier are
analyzed. From the contact forces of the barrier, given in the global coordinate system, the local
forces taken up by the springs are obtained. In order to be able do that, the field output contact
force (CFORCE) consisting out of the contact normal force (CNORMF) and the frictional shear force
(CSHEARF) must be retrieved from the analysis [61]. For this, the include of the barrier must be
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changed for all six full vehicle FEM simulation models. Here, the surface output CFORCE must
be given as a field output for all surface nodes of the barrier. The surface nodes of the barrier are
selected using the program Automatic net generation for structural analysis (ANSA) [72] and are then
stored as a node set in the barrier include. With the changed barrier include, the six full vehicle FEM
simulation models are simulated in Abaqus/Explicit in order to be able to retrieve the output CFORCE.

Once the simulations of the six FEM vehicle models are finished, the contact force is obtained in the
post-processing. For this matter, the post-processing is performed using Python and Animator 4.
The reason for this combination is that the output variable CFORCE is only given in the .odb file
of the result. Therefore, the CFORCE value can only be retrieved when opening the .odb file with
Animator 4. However, since the barrier contact force must be assigned according to the movement
of the springs, a script, written in Python, is created. Since the Animator 4 environment is such
that the syntax for every action performed in Animator 4 is shown, it is possible to create a session
file with the specific tasks Animator 4 has to perform. This means that a session file can be written
using Python and the resulting syntax is stored in a session file which is read and executed by Ani-
mator 4. In the following, the exact procedure of determining the force each spring takes up is described.

First, the .odb file is opened and the functions CNORMF and CSHEARF are loaded. Next, all elements
which have no significant force level are deleted. Then, all nodes with a sufficient force level are selected.
These nodes are then stored into a group and their coordinates are stored. Now the script loops over
all states of the simulation. For each state, the function values, so CNORMF and CSHEARF are
stored for each node. This procedure is done for all three components of CNORMF and CSHEARF,
thus six times in total. Now that the function values as a function of time and the location of each
node of the barrier are known, the force level must be assigned to the number of springs. For assigning
the force levels to the springs, the barrier is divided into patches, depending on the number of springs.
As the lateral springs are related to the axial springs and take up the local y force, the patches are
determined by the projection of the axial springs onto the barrier. As the spring moves over time, the
patches change over time. In order to account for this change in position, the movement and rotation
of the COG of the vehicle are read from the .odb file of the simulation. Knowing these values as a
function of time, the projection point of the springs at each time step can be determined using Eq. 6.9,
Eq. 6.10 and Eq. 6.11. Using the projection values on the barrier, the barrier is divided into patches.
This is done by taking the mid distance between two springs as the boundary of the spring. Note that
in order for the algorithm to work, if multiple springs are used in the z direction, these springs must
have the same y location. An example how the patches move over time for the case of a 18 springs
configuration of the predictive kinematic model, as a result of the moving springs over time, is given in
Fig. 7.1.
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(a) Front view initial. (b) Front view final.

(c) Top view initial. (d) Top view final.

Figure 7.1: Overview of patches on barrier for 18 springs and glance-off concept.

Note that in Fig. 7.1, a glance-off concept is shown. Similarly, for a rotational concept, the following
patches are obtained for a 18 springs configuration of the predictive kinematic model, see Fig. 7.2.

(a) Front view initial. (b) Front view final.

(c) Top view initial. (d) Top view final.

Figure 7.2: Overview of patches on barrier for 18 springs and rotational concept.
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From Fig. 7.1 and Fig. 7.2, it can be clearly seen that the patches move over time. Thus in order to
find the corresponding force from the stored nodes along with their function values over time, the data
must be assigned in the correct way. This is performed in Python by determining the boundaries of
every spring at every time step. Knowing the values of the boundaries, for each spring it is looped
through the nodes with the function values and if the node lies within the boundaries the value is
added to the CNORMF and CSHEARF value of the spring. Finally, after doing that for all springs, the
local forces of the spring are determined using the rotational matrix and the CNORMF and SHEARF
values. Summarized the barrier analysis follows the following algorithm.

1. Read CNORMF function from .odb file.
2. Loop over all states.
3. Delete nodes which have no significant CNORMF value.
4. Select nodes with sufficient force level on barrier.
5. Store coordinates of nodes along with CNORMF value.
6. End loop when all states are looped through.
7. Loop over all time steps.
8. Obtain vehicle’s COG movement and rotational value of COG.
9. Compute projection point of springs onto barrier.
10. Determine boundaries (patches/boxes) of springs of barrier.
11. Store coordinates of boundaries along with time step.
12. Increase time step.
13. Obtain nodes which fall inside the boundaries of each spring.
14. Using the nodes, assign CNORMF values to each spring.
15. Sum up CNORMF values of each spring.
16. Determine forces in x and y of each spring in the local coordinate system.
17. Store resulting forces.

Mean absolute error of response variables

As the error between the kinematic predictive model relative to the full vehicle FEM simulation models
must be measured to form a judgment in terms of accuracy, an objective measure is required to evaluate
the output variables. As discussed previously, the output variables are the displacement of the COG in
x and y, as well as the rotational angle of the vehicle around the COG, all in the global coordinate
system. As there is the possibility that some of the output variables can be zero or can change in
sign (in case of the angle), the mean absolute error (MAE) is taken instead of the mean relative error
(MRE). The formula to determine the MAE is shown in Eq. 7.1 [73].

MAE = [1
n

n∑
i=1 |Pi − Oi|

]
(7.1)

In Eq. 7.1, n are the number of points, Pi is the ith predicted value and Oi is the ith observed value [73].
All three output variables are compared to the FEM simulation with Eq. 7.1 in order to determine
how accurate the predictive kinematic model is. Note that the number of the sampling points n must
be the same for the predictive kinematic model and the result of the FEM simulation. Therefore, in
cases when the step size of the time is not the same of the two models, the data is first filtered before
the MAE is determined using Eq. 7.1.

7.2.2 Validation of predictive kinematic model with two springs
Using the procedure described in the methodology section, the two springs configuration of the
predictive kinematic model is validated. As the barrier does not need to be divided into patches, the
local forces of the springs are just obtained from the reaction forces of the barrier, rotated to the
local coordinate system using the rotation matrix. These measured forces are used as an input for the
predictive kinematic model. Note that for all the plots in this Subsection and the following Subsections,
the blue curves present the results obtained by the FEM crash simulation models and the red curves
represent the results determined with the predictive kinematic model. Finally, note that in all plots
the value obtained for the MAE is given, calculated using Eq. 7.1.
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SUV

First, the result of the SUV FEM simulation model compared with the predictive kinematic model
using two springs in total, one in the local x and and one in the local y direction, is investigated for a
glance-off concept, see Fig. 7.3.
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(a) COG displacement in x.
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(b) COG displacement in y.
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(c) COG rotation.

Figure 7.3: Model using two springs compared to SUV FEM model with glance-off concept.

From Fig. 7.3, it can be seen that the displacement of the COG in x is estimated very well with
the predictive kinematic model with a MAE of 27.8 mm. The curve representing the y displacement
of the COG shows a similar trend compared to the FEM simulation of the SUV model, however,
above 30% of simulation time, the displacement value diverges from the reference value, resulting
in an MAE of 25 mm. The angle shows initially a similar trend, but deviates with increasing sim-
ulation time, resulting in a MAE of 1.2 degrees. Note, however, that the plots are normalized and
although the relative error might be reasonably high, the absolute error might not be, as seen in the plots.

The rotational behavior of the SUV vehicle is shown in Fig. 7.4.
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Figure 7.4: Model using two springs compared to SUV FEM model with rotational concept.

From Fig. 7.4 it can be seen that the accuracy of the prediction of the COG x displacement is relatively
similar compared to the glance-off concept where a MAE of 27.3 mm is obtained. However, the
prediction for the y displacement of the COG is better, with a MAE of 4.86 mm. Especially until 0.6 of
normalized time, the prediction is very accurate, as seen in Fig. 7.4b. After that point, the two curves
diverge. The angle shows again a similar trend and, in contrast to the glancing off model of the SUV,
the sign of the angle is also correct. The value for the MAE is relatively similar, namely 1.6 degrees.

Mid-size sedan

Now, it is looked at the validation of the predictive model using two springs and a mid-size sedan FEM
vehicle model. The response of both models to the glance-off variant of the mid-size sedan is shown in
Fig. 7.5.
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Figure 7.5: Model using two springs compared to mid-size sedan FEM model with glance-off concept.

From Fig. 7.5 it can be seen that good correlations between the x and y displacement of the COG are
obtained with the predictive kinematic model. Specifically, the MAE for these two output variables are
45.3 and 14.2 mm, respectively. Especially when looking at the x displacement of the COG, a good
prediction until 0.5 of the normalized simulation time is obtained. The angle shows, similar to the
SUV model, a similar trend at the start of the simulation, but then it increases significantly compared
to the FEM simulation, leading to a MAE of 2.3 degrees.

In the following, the rotating response of the mid-size sedan is investigated, as provided in Fig.7.6.
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Figure 7.6: Model using two springs compared to mid-size sedan FEM model with rotational concept.

Again, a good prediction is obtained for the y displacement of the COG of the vehicle, leading to a
value of the MAE of 11.8 mm. The x displacement prediction of the COG is relatively close, especially
until 0.5 of the simulation, but then it starts to deviate where a value of 45.6 mm is obtained for the
MAE. In addition, the prediction of the angle is close to the FEM simulation and the same shape of
the curve is obtained. The value of the MAE for the angle is 1 degree.

Sports car

For the sports car, first, it is looked at the glancing-off behavior of the sports car to the small overlap
crash, simulated with both models, as presented in Fig. 7.7.
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Figure 7.7: Model using two springs compared to sports car FEM model with glance-off concept.

Again, the x and y displacement of the COG are predicted reasonably well with the predictive kinematic
model. The values of the MAE are 61.8 and 9.7 mm respectively. The angle shows a similar trend as
well, but deviates in value from the FEM simulation. For the angle a MAE of 1.9 degrees is obtained.

The comparison for the two models for the rotational response of the sport car is shown in Fig. 7.8
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Figure 7.8: Model using two springs compared to sports car FEM model with rotational concept.

For all three response variables, a reasonably good fit with the FEM simulation data is obtained. For
the x and y displacement of the COG values of 44.5 and 5.36 mm for the MAE are obtained. The
angle has a good fit with the FEM simulation data and a value of 1 degree for the MAE is obtained.

Discussion

The predictive kinematic model using a two springs configuration has been validated using six different
models where for each variant three output variables are looked at.

For the x displacement of the COG, the smallest MAE is obtained for the SUV model, followed by
the mid-size sedan model and the sports car. The smallest MAE error for the y displacement of the
COG is observed for the sports car, followed by the mid-size sedan and the SUV. For the angle, it is
observed that the prediction is better for models which glance-off compared to models which rotate.
The same holds for a large extend for the y displacement of the COG and to a smaller extend for
the x displacement of the COG. When looking back to the FEM simulation models, it can be seen
that the rotational variants do experience some deformation behind the A-Pillar location which is not
accounted for by the predictive kinematic model. This explains the difference between the x and y
displacement after a certain amount of simulation time.

Although the MAE is relatively low for the three output variables, the prediction of the angle, however,
was not as accurate as desired. This can be explained by the fact that the angle of the COG is a result
of the moment around the COG. As the moment is not only influenced by the forces in x and y, but
also by the moment arm, the location of the force application point is of large importance. For the
predictive kinematic model, the force application point is the projection of the axial spring onto the
surface of the barrier. For a two springs configuration, this projection is influenced to a large extend
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by the assumed location of the axial spring. The position of the A-Pillar thus has a large role, as its
projection point on the barrier along the vehicle’s contour is taken as the force application point. Thus
depending on where this point is taken, the results differ substantially. When using multiple springs,
the benefit does not only lie in the opportunity to design the grouped components according to the
necessary force levels, but also in the more accurate force application point. This can be explained by
the fact that it is not only one point anymore, but determined by each spring individually. This should
give more accurate results in terms of the moment and hence of the angle of the COG.

7.2.3 Validation of predictive kinematic model with 18 springs
In this section, the validation of the predictive model using 18 springs is performed. Again, six different
FEM simulation variants are looked at and for each variant, three output variables are investigated.

SUV

First it is looked at the glancing-off behavior of the SUV model, as shown in Fig 7.9.
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Figure 7.9: Model using 18 springs compared to SUV FEM model with glance-off concept.

From Fig. 7.9, a reasonably good match for the x and y displacement of the COG with the reference
curve is observed where the values for the MAE are 9.5 and 40.2 mm, respectively. The prediction of
the angle until 20% of the simulation is arguably exact, deviates from then on until the end of the
simulation time and switches in sign. The value of the MAE for the angle is 1.8 degrees.

Next, it is looked at the rotational concept of the SUV model, as provided in Fig. 7.10.
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Figure 7.10: Model using 18 springs compared to SUV FEM simulation with rotational concept.

Again, the x and y displacement of the COG show good agreement with the FEM simulation result,
resulting in a MAE of 19.83 mm and 15.16 mm. For the y displacement of the COG, a relatively good
agreement between the two curves until 0.5 of the normalized simulation time is seen. The rotational
angle initially shows a good fit with the FEM simulation, however, it diverges as the simulation
progresses. The MAE value for the rotational angle is 0.9 degrees.
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Mid-size sedan

In the following, it is looked at the mid-size sedan variant, as provided in Fig. 7.11 for the glancing-off
behavior.
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Figure 7.11: Model using 18 springs compared to mid-size sedan FEM model with glance-off concept.

The approximation of the x displacement of the COG shows a good correlation with the FEM sim-
ulation data until 30% of simulation time, after which the prediction deviates from the simulation,
leading to a MAE of 70.1 mm. The y displacement of the COG shows almost the same shape, with a
slight offset, resulting in a MAE of 35.18 mm. The rotational angle initially shows the same sign as
the FEM simulation, but then after 60% of the simulation time, the result of the predictive model
diverges from the FEM simulation. The value of the MAE for the rotational angle is equal to 1.3 degrees.

Next, it is looked at the rotational response of the mid-size sedan, shown in Fig. 7.12.
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Figure 7.12: Model using 18 springs compared to mid-size sedan FEM model with rotational concept.

From Fig. 7.12, a relatively accurate prediction of the x displacement of the COG is observed until 0.5
of the normalized simulation time, after which the prediction is getting worse, resulting in a MAE value
of 65.24 mm. Similarly, the prediction of the y displacement is reasonably good until 0.4 of normalized
simulation time, after which the predictive model under-predicts the y displacement of the COG. The
MAE for the y displacement of the COG is equal to 27.09 mm. The angle shows a good correlation
with the FEM simulation data throughout the simulation time, leading to a MAE of 0.71 degrees.

Sports car

In the following, the glancing-off variant of the sports car is investigated, see Fig. 7.13.
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Figure 7.13: Model using 18 springs compared to sports car FEM model with glance-off concept.

In Fig. 7.13, the x displacement of the COG is predicted reasonably good until 0.4 of normalized
simulation time, after which it is over-predicted. For the x displacement of the COG, the two curves
show the same trend and no large deviation is observed. The MAE values of the two response variables
are 84.74 and 19.6 mm, respectively. The angle prediction shows the same shape, however due to the
offset between the two curves, a MAE of 0.92 is observed.

Next, the rotating variant of the sports car is investigated, see Fig. 7.14.
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Figure 7.14: Model using 18 springs compared to sports car FEM model with rotational concept.

Until 0.4 of normalized simulation time, the prediction of the kinematic model is reasonably well for
the x displacement of the COG, after which an over-prediction is seen, leading to a MAE of 46.72 mm.
The y displacements of the COG for the FEM simulation and the predictive kinematic model show the
same shape, although the predictive kinematic model is under-predicting the the target data a bit.
This means that a value of 25.68 mm is obtained for the y displacement of the COG. The angle shows
a similar shape compared to the FEM simulation data, only after 0.4 of normalized simulation time,
the predictive model seems to over-predict the rotational angle. The resulting value for the MAE is
equal to 1.75 degrees.

Discussion

Now that the six variants of the FEM simulation models have been compared to the results obtained
with the predictive kinematic model using 18 springs some observations can be made.

Similar to the two springs configuration, the smallest MAE values are obtained for the SUV, followed
by the sports car and the mid-size sedan. For the y displacement of the COG, the prediction is the
best for the sports car, followed by the SUV and the mid-size sedan. Similar to the previous case, the
offset for the x and y displacement of the COG can be explained by looking at the FEM simulation,
where some deformation of the structure behind the A-Pillar occurs.

Comparing the 18 springs configuration to the two springs configuration, the angle prediction is better
when using more springs. This confirms the previous argumentation that more springs leads to a better
approximation in force application point. In the next Subsection, it is seen if it is possible to be more
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accurate in terms of predicting the rotational angle by using 80 springs for the predictive kinematic
model.

7.2.4 Validation of predictive kinematic model with 80 springs
Finally, the validation is performed using the predictive kinematic model with 80 springs. First, it is
looked at the SUV variant, followed by the mid-size sedan and the sports car.

SUV

The results for the three output variables as a function of time for the glancing-off behavior of the
SUV model are shown in Fig. 7.15.
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Figure 7.15: Model using 80 springs compared to SUV FEM model with glance-off concept.

From Fig. 7.15, it can be seen that the prediction of the kinematic model is reasonably accurate for the
x and y displacement of the COG, where values of 31.57 and 9.26 mm are obtained for the MAE. The
angle shows also a good agreement for the first 0.4 simulation time. However, then the curve deviates
from the FEM result, resulting in a MAE value of 0.56.

Next, is is looked at the rotational response of the SUV FEM model, as shown in Fig. 7.16.

0.0 0.2 0.4 0.6 0.8 1.0
Normalized time [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 u
x
,C
O
G
 [

-]

MAE = 26.01 [mm]

FEM

80 springs

(a) Displacement in x of COG.

0.0 0.2 0.4 0.6 0.8 1.0
Normalized time [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 u
y,
C
O
G
 [

-]

MAE = 4.91 [mm]

FEM

80 springs

(b) Displacement in y of COG.

0.0 0.2 0.4 0.6 0.8 1.0
Normalized time [-]

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 θ

 [
-]

MAE = 0.45 [deg]

FEM

80 springs

(c) Rotation of COG.

Figure 7.16: Model using 80 springs compared to SUV FEM model with rotational concept.

When looking at Fig. 7.16, it can be seen that the fit of the three output variables is reasonably well.
For the displacement in x of the COG, the fit is accurate until 0.6 of simulation time, after which the
predictive kinematic model under-predicts the FEM simulation, leading to a MAE of 26.01 mm. For
the y displacement of the COG, the two curves almost lie on top of each other, resulting in a MAE of
4.91 mm. The angle of the COG is estimated reasonably well, especially until 0.4 of the normalized
simulation time. After that point, the predictive kinematic model over-predicts the rotational angle
where a value of 0.45 degrees is obtained for the MAE.

Mid-size sedan

The results for the glancing-off variant of the mid-size sedan model are provided in Fig. 7.17.

Master thesis Robbert Heuijerjans 77



0.0 0.2 0.4 0.6 0.8 1.0
Normalized time [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 u
x
,C
O
G
 [

-]

MAE = 42.88 [mm]

FEM

80 springs

(a) Displacement in x of COG.

0.0 0.2 0.4 0.6 0.8 1.0
Normalized time [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 u
y,
C
O
G
 [

-]

MAE = 12.32 [mm]

FEM

80 springs

(b) Displacement in y of COG.
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Figure 7.17: Model using 80 springs compared to mid-size sedan FEM model with glance-off concept.

Again, the agreement between the predictive kinematic model and the x, as well as y displacement of
the COG are rather good, where the MAE values are 42.88 and 12.32 mm, respectively. The predicted
angle has the same sign and a value of 0.67 degrees is obtained for the MAE.

Next, it is looked at the rotational variant of the mid-size sedan FEM simulation model, see Fig. 7.18.
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(b) Displacement in y of COG.
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(c) Rotation of COG.

Figure 7.18: Model using 80 springs compared to mid-size sedan FEM model with rotational concept.

The displacement in x of the COG is over-predicted from 60% of the complete simulation time onwards,
before which the fit is reasonably well. The y displacement of the COG shows also a relatively good
accuracy, although the predictive kinematic model under-predicts the y displacement. The values
of the MAE are 54.24 and 2.93 mm, respectively. The rotational angle of the predictive kinematic
model shows a similar shape compared to the FEM simulation data and is not far off until 0.5 of the
normalized simulation time. The MAE value for the angle is 0.52 degrees.

Sports car

Finally, it is looked at the sports car variant. Specifically, the glancing-off behavior of the sport car
FEM simulation is investigated, as shown in Fig. 7.19.
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Figure 7.19: Model using 80 springs compared to sports car FEM model with glance-off concept.
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The x displacement of the COG shows not much deviation from the FEM simulation, resulting in a
MAE of 62.77 mm. The y displacement of the COG is under-predicted, as is the angle of the COG.
These two output variables have a value of 5.78 mm and 0.68 degrees for the MAE. However, the shape
of the curves are relatively comparable to the benchmark.

Finally, it is looked at is the sports car variant with the rotational concept which is predicted using an
80 springs configuration, see Fig. 7.20.
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(c) Rotation of COG.

Figure 7.20: Model using 80 springs compared to sports car FEM model with rotational concept.

Looking at Fig. 7.20, it can be seen that the general shape of the curves which represent the three
output variables are very similar to the FEM simulation. However, in terms of x displacement of
the COG over time, the value is first under-predicted and then, approximately at 0.55 of normalized
simulation time, the value of x displacement of the COG is over predicted, leading to a MAE value of
34.02 mm. For the y displacement of the COG, the curve lies below the FEM simulation, but the trend
is the same and the MAE value is equal to 5.75 mm. The angle, shown in Fig. 7.20c, is approximated
quite well using the 80 springs configuration of the predictive kinematic model, resulting into a value
of 0.83 degrees for the MAE.

Discussion

From the 80 springs configuration of the predictive kinematic model, several observations are made.

As expected, using more springs results into more accurate predictions of the rotational angle of the
COG. This seems to be intuitive, since more springs distribute the force location point along the barrier
and since each spring has allocated the force from the barrier obtained by the barrier analysis, the force
application point is estimated more accurately. In addition, compared to the 18 springs configuration,
the prediction of the x and y displacements of the COG are more accurate in terms of MAE.

Similar to the previous argumentation, the offset in the x and y displacement of the COG can be
explained by deformations observed in the structure behind the A-Pillar of the FEM simulation models.

Overall, the 80 springs configuration proves that by using more springs, also the approximation of the
angle gets better.

7.2.5 Summarized results and discussion
In order to obtain a quantitative measure of how well the predictive model estimates the kinematic
response of the vehicle, the MAE, determined using Eq. 7.1, is shown in Tab. 7.1 for all six variants
compared to the FEM simulation models. Note that for all responses of the six variants, the three
different configurations of the predictive kinematic model are plotted together in the Appendix for
means of visualization and comparison between the different models.
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Table 7.1: Mean absolute error of output variables.

Variant # of springs ux,COG [mm] uy,COG [mm] θ[deg]
SUV glance-off 2 27.84 25.02 1.24
SUV glance-off 18 9.53 40.21 1.84
SUV glance-off 80 31.57 9.26 0.56
SUV rotation 2 27.34 4.86 1.59
SUV rotation 18 19.83 15.16 0.92
SUV rotation 80 26.01 4.91 0.45
Mid-size sedan glance-off 2 45.41 14.16 2.32
Mid-size sedan glance-off 18 70.12 35.18 1.31
Mid-size sedan glance-off 80 42.88 12.32 0.67
Mid-size sedan rotation 2 45.55 11.76 0.96
Mid-size sedan rotation 18 65.24 27.09 0.71
Mid-size sedan rotation 80 54.24 2.93 0.52
Sports car glance-off 2 61.82 9.72 1.91
Sports car glance-off 18 84.74 19.6 0.92
Sports car glance-off 80 62.77 5.78 0.68
Sports car rotation 2 44.46 5.36 0.97
Sports car rotation 18 46.72 25.68 1.75
Sports car rotation 80 34.02 5.75 0.83

Looking at Tab. 7.1, several observations can be made. First of all, it becomes clear that, in terms
of averaged absolute values, the predictive kinematic model does not deviate a lot from the FEM
simulation model. The largest MAE values for the three output values are 84.74 mm and 40.21 mm for
the x and y displacement of the COG respectively and 2.32 degrees for the rotational angle.

Next, it can be seen when looking at the angle of the COG, the more springs are used the better the
approximation of the FEM simulation is. For the x displacement of the COG, ux,COG , the picture is
not that clear. For three out of six variants, the best approximation of the FEM simulation is obtained
using 80 springs. However, only for one case, the SUV rotation response, the configuration of the
predictive kinematic model using 18 springs provides the smallest error. For the remaining two cases,
the configuration using two springs provided the best results. Similarly, for the displacement in y of the
COG, three variants using 80 springs provide the best result in terms of smallest MAE. Nevertheless,
it should be noted that the overall values for the MAE of the displacement in x and y are rather small
for all variants and all configurations of the predictive kinematic model. Also, it should be underlined
that the location of the springs has an important influence on the result. This explains why the 18
springs model is not necessarily better than the two springs model. As the projection point of the
springs are used for assigning the forces, choosing the right location is an important step in using the
predictive kinematic model. Thus when the force application point does not move much in time and
the approximation of taking only the A-Pillar projection onto the barrier is correct, rather good results
are obtained with the two springs configuration of the predictive model.

Summarized, it can be noted that the predictive kinematic model, despite being an approximation
and idealization, is able to predict the response of the vehicle and therefore can be assumed to be
validated. Especially when looking at the magnitude of the MAE in comparison with the overlap
width of the vehicle with the barrier, the accuracy of the model is really good. For a normal vehicle of
approximately 1.8 m width, this would give an overlap width with the rigid barrier of 450 mm. From
Tab. 7.1 it can be seen that the largest MAE value for the y displacement of the COG is 40.21 mm
which is approximately 9% of the total overlap width. Finally, it should be noted that the most critical
point in the prediction of the kinematics is the time when the A-Pillar of the vehicle reaches the barrier,
as this determines if the vehicle glances-off or rotates around the barrier. Since this moment in time
is before the end of the simulation, the error should be even smaller than the worst case previously
mentioned, meaning that the accuracy of the model is relatively good, especially when used in the
early development phase where little information about the exact geometry is known anyways.
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The verification and validation of the model are important steps, since having a verified and validated
model is a prerequisite for generating force deformation solution spaces of grouped structural components
which is presented in the next chapter of the thesis.
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CHAPTER 8

Force deformation solution corridors obtained with the predictive kinematic model

In this chapter, the force deformation solution corridors obtained with the predictive kinematic model
are presented. First, in Section 8.1, the methodology is discussed. Then, the results of the force
deformation solution corridors for a two springs and a ten springs configuration of the predictive model
are shown in Section 8.2, 8.3, 8.4, 8.5, 8.6 and 8.7, respectively. Finally, in Section 8.8, a summary on
the results is presented.

8.1 Methodology
First, a generic description for obtaining the force deformation solution corridors for the small overlap
crash test is presented in this section. Note that the theory behind the force deformation corridors is
presented in Chapter 4. The methodology section is divided into the description of the inputs, the
description of the constraint variables and the description of the pre-processing.

8.1.1 Inputs
Basically, the force deformation solution space tool at BMW AG requires the following inputs.

· Upper and lower design bounds of the forces in x and y in the local coordinate system.
· Definition of the deformation pillar points of the axial springs.
· Objective/constraint functions in order to evaluate if the outcome is a feasible design.
· Predictive kinematic model script which has a certain required syntax for the outcome file.
· Number of sampling points.
· Number of steps in the exploration and consolidation phase.

With the help of the inputs and settings, the working principles and the reasoning behind the choices
is explained in the following.

The upper and lower bounds of the solution space must be implemented, as the tool searches withing
these design bounds for feasible design options. The design bounds are obtained from setting achievable
and realistic local x and y force levels. Realistic and achievable in the sense that not every force level
can be obtained at any deformation length. For example, during the first portion of the deformation,
the amount of achievable stiffness and strength of components which are in contact with the barrier
is limited. The forces at the first portion of the deformation are due to the deformation of bumpers,
headlamps and radiators. These components are not able to carry high loads and hence the upper
force levels can not be arbitrarily high. Then, after some significant amount of deformation, the wheel
is in contact with the barrier, representing a component with high force levels and therefore the upper
design bound of the local force in x and y can be increased for the design space. The start and end
value of deformation for each spring is derived from the location of the represented component in the
vehicle respectively.

8.1.2 Constraint variables
The optimizer tool at BMW AG uses so called constraint variables in order to determine which sampling
points are feasible design solutions. For obtaining the force deformation solution spaces, the following
constraint variables, as listed below, are used.
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· sL.
· AbWAP.
· AbWP.

The three constraints sL, AbWAP and AbWP are defined in Eq. 8.1, Eq. 8.2 and Eq. 8.3.

sL = final length of the most outboard spring (8.1)

AbWAP = y movement of A-Pillar with respect to original location
overlap between barrier and vehicle (8.2)

AbWP = y movement of projected A-Pillar location on barrier with respect to original location
overlap between barrier and vehicle

(8.3)
The choice of these three constraints is explained by the fact that it is desirable to obtain force
deformation solution corridors for each of the two possible responses of the vehicle subjected to the
small overlap crash. It is important to emphasize that the constraints do not enforce the tool to
optimize towards a certain response, rather the response is categorized with these constraints. The
optimization itself is the maximization of the width of the corridors. In the following, the three
constraint variables are explained in more detail by describing the responses obtained by the variables.

Rotating and glancing-off response

For the case that there is no preference on the response of the vehicle, the constraint sL is taken. The
variable sL is taken as a constraint due to the following reason. As the spring is located at the A-Pillar,
a spring of zero length at the end of the simulation would mean that the complete structure would
have been deformed until the A-Pillar. However, for this model, it is not wanted to have intrusions
until the A-Pillar, but rather until some chosen point before that. Therefore, some remaining length of
the spring at the end of the simulation must be imposed as constraint for finding the force deformation
solution space corridors. This constraint is such that the value of sL must be larger than the distance
between the A-Pillar location and the firewall. By imposing this constraint for the optimization tool,
the outcome will be force deformation solution corridors which have no intrusions into the passenger
compartment, so all solutions are feasible designs in terms of crashworthiness. However, no distinction
is made between the rotational and glancing-off response of the vehicle and therefore both responses
are possible design options in the solution space.

Rotating response

For obtaining the rotating response, the value of AbWP should be smaller than 1. This would mean
that the A-Pillar of the vehicle does not pass the barrier. Note, however, that this does only hold
if the rotational angle of the vehicle is less than 90 degrees. As any intrusions into the passenger
compartment are not allowed, the constraint of sL is imposed as well. This would then give force
deformation solution corridors for the rotational response concept for the small overlap crash.

Glancing-off response

In order to obtain the glancing-off behavior, AbWAP and AbWP should be both larger than 1. This
would mean that the A-Pillar does pass the barrier. The reason for using both the projection and the
position of the A-Pillar is the following. It could be the case that the A-Pillar does pass the barrier,
even though the vehicle does not. This is the case when the vehicle almost glanced-off and a large
positive (so CCW) angle is observed. The rotation increases the y movement of the A-Pillar, but
the lateral displacement of the COG does not increase. In addition, it has been investigated that
the AbWP constraint delivers more robust solutions for positive angles where the AbWAP constraint
devlivers more robust solutions for negative angles. On top of these constraints, the sL constraint is
used as well, in order to avoid any intrusions into the passenger compartment. This optimization
would then give as an output force deformation solution corridors which follow the glancing-off design
principle.
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8.1.3 Pre-processing
In order to obtain the force deformation solution corridors, the optimization tool at BMW AG calls
the predictive kinematic model script. The script must be programmed such that it generates after
each run an .out file in which the values of the calculated objective variables using the input selected
by the optimizer are stored. The values of three objective variables are read by the optimizer in order
to check if the sampling point is a feasible design.

In order to set up the optimization, the amount of sampling points of the Monte Carlo sampling
method must be chosen. As discussed in Chapter 4, 100 sampling points would be sufficient for
failure probabilities which are between 1 to 10% and while having a confidence interval of ± 10%
at a 95% confidence level [64]. However, after performing the first optimizations, this value was
increased to 200 in order to ensure convergence and in order to increase the confidence interval. Also,
the tool requires the number of performed exploration and consolidation steps. For these values, it
has been found out that 100 steps are conservative enough in order to obtain results which are converged.

The constant input for the predictive kinematic model is stored in a configuration file where the mass,
mass moment of inertia, location of COG, location of nodes to measure the angle off the vehicle, name
of the run and location of the springs are stored. When using only two springs, the location of the
axial spring must be at the location of the A-Pillar, as discussed in Chapter 6. When using more than
two springs, the location of the springs must be such that they represent the grouped components in
an accurate matter. The location of the springs for the ten springs configuration of the predictive
kinematic model is discussed in Section 8.5.

Using these settings, the solution corridors are determined using a two spring configuration of the
kinematic model and a ten spring configuration of the predictive kinematic model. As for each
configuration, three different cases are determined with the optimization, six runs in total are performed
using the BMW AG optimizer tool. In the following Sections, the resulting force deformation solution
spaces are presented.

8.2 Force deformation corridors with two springs kinematic model
In this section, the force deformation corridors with no preference on the response mode obtained with
the two springs predictive kinematic model are presented.

8.2.1 Input parameters
For starting the optimization, the mass of the vehicle, mass moment of inertia, location of COG,
location of spring and the location of nodes for obtaining the angle of the vehicle are stored in the
configuration file. The deformation length of the spring in the x direction is discretized using nine
discretization points. For each of these discretization points a lower and an upper bound is given for
the x and y force respectively.

8.2.2 Optimization parameters
For this optimization, it is not looked at a specific response of the vehicle. Instead, the limitation of
the intrusion into the passenger compartment is set as an constraint. Therefore, the constraint variable
is that sL must be larger than the distance between the location of the spring and the firewall. The
number of sampling points is set to 200 and the steps in the exploration and consolidation phase are
set to 100.

8.2.3 Force deformation corridors
Using the specified input and optimization parameters, the following force deformation corridors are
obtained, as shown in Fig. 8.1. Note that the blue lines in the plots indicate the upper and lower force
level bounds used at the nine discretization points for the deformation of the axial spring. In addition
note that although the boundaries have the same shape, this does not necessarily mean that both
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curves have the same values. The jump after a normalized deformation of 0.2 is due to the possible
increase in force by using stiffer and stronger components. As a final note, due to the constraint of the
final deformation length of the spring (sL), the last discretization point of the deformation of the axial
spring is not achieved by the vehicle. Therefore, the last portion of the curve from 0.8 of normalized
deformation onwards should be interpreted with care. This comes from the fact that the optimizer
tool tries to maximize the area of the force deformation solution space as much as possible and hence
larger design spaces are possible in this region.
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Figure 8.1: Force deformation corridors of predictive kinematic model with two springs.

Comparing the boundaries for the upper and lower force level for the x force in Fig. 8.1a with the
obtained solution, it can be seen that after 0.2 of normalized deformation, the lower force level increases
rapidly to almost 70% of the maximum normalized achievable force. The upper force level is almost at
the maximum achievable force level. Looking at Fig. 8.1b, it can be seen that the upper force level is
slightly lower than given by the upper design boundary. In addition, the lower force level is relatively
low compared to the upper force level (maximum of 30% of normalized maximum achievable force
level).

8.2.4 Discussion
The results obtained for the force deformation solution spaces with the constraint of the axial spring
that no intrusion into the occupant compartment is guaranteed, complies with engineering judgment,
as the minimum force in x is reasonably high. This high level of x force is required in order to ensure
that the intrusion is not too large. As the constraint does not pre-describe the model which response is
preferred, the predictive kinematic model has either the possibility to obtain a glancing-off or rotating
response mode. The former can be achieved by a high y force and low x force while the latter can be
achieved by using a high x force and low y force.

8.3 Rotational response force deformation corridors with two springs kine-
matic model

In this section, the force deformation corridors using the two springs configuration for a rotational
concept is presented.

8.3.1 Input parameters
Similar to the previous optimization, the input parameters must be implemented. The same values for
the mass of the vehicle, mass moment of inertia, location of COG, location of spring and the location
of nodes for obtaining the angle of the vehicle are used. The same number of discretization points for
the deformation length of the spring is implemented.
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8.3.2 Optimization parameters
In contrast to the previous optimization, it is looked at a specific response of the vehicle, being the
rotational response. Therefore, the constraint variables are the constraint that sL must be such that no
intrusion in the passenger compartment occurs. In addition, the value for AbWP must be smaller than
1. The same number of sampling points is used and the same number of steps in the exploration and
consolidation phase is used.

8.3.3 Force deformation corridors
With these values for the input and optimization, the following two force deformation curves for the
local x and y force are obtained, see Fig 8.2.
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Figure 8.2: Force deformation corridors of kinematic model with two springs for rotational response.

From Fig. 8.2a, it can be seen that the lower level for the x force increases rapidly after a normalized
deformation of 0.2 to approximately 0.7 of normalized force in x. The upper force level in x is almost
at the maximum allowable level. Looking at Fig. 8.2b, it is observed that the lower force level in y is
almost at 0. The upper force level does increase after 0.2 of normalized deformation length, but then
decreases to approximately 0.4 of the maximum allowable level.

In order to see the influence of the constraint on having a rotational response of the vehicle on the
force deformation corridor, the force deformation corridor using the sL constraint is plotted together
with the force deformation corridor using the sL and AbWP constraints, see Fig 8.3.
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Figure 8.3: Comparison of force deformation corridors of two springs model for rotational response.
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Looking at Fig. 8.3a, the upper and lower bounds for the local x force are at a comparable level.
However, the upper and lower levels for the y force are reduced, as shown in Fig. 8.3b. In addition, it
can be seen that the upper boundary of the y force is much more restrictive compared to the previous
solution, resulting in a lower area of the solution space for the y force.

8.3.4 Discussion
As the vehicle’s response is the rational response for the optimization shown in this section, a high level
for x force should be observed and low forces in y. The results obtained in this section comply with
engineering judgment, as the vehicle should not glance-off and hence, the force in y should be small
which is observed by Fig 8.2. Especially, the comparison to the previous case shows that a low force in
y is sufficient for obtaining feasible design solutions. The high force in x comes from the constraint
variable sL.

8.4 Glancing-off response force deformation corridors with two springs kine-
matic model

This section provides the force deformation corridors using the two springs configuration for a glancing-
off concept.

8.4.1 Input parameters
Similar to the previous optimization, the same input parameters are used. Thus the same values for
the mass of the vehicle, mass moment of inertia, location of COG, location of spring and the location of
nodes for obtaining the angle of the vehicle are stored in the configuration file. The deformation length
of the spring in the x direction is discretized using nine support points. For each of these support
points realistic and achievable lower and upper force levels are given for the x and y force.

8.4.2 Optimization parameters
In this Section, it is looked at the glancing-off response of the vehicle. Therefore, the constraint
variables are such that the value of sL avoids any intrusion into the passenger compartment and the
values for AbWAP and AbWP are larger than 1. The same number of sampling points is used and the
same number of steps in the exploration and consolidation phase is used.

8.4.3 Force deformation corridors
The obtained force deformation corridors for the glancing off response are shown in Fig. 8.4
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Figure 8.4: Force deformation corridors of kinematic model with two springs for glancing-off response.
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In Fig. 8.4a it can be seen that the constraints require a lower force level in x of 0.6 of the maximal
force. The upper force level in x is almost at the maximum allowable level. The y force levels, shown
in Fig. 8.4b, are such that the higher level is close to the maximum allowable, while the lower force
level is at a level of 60% of the maximum force level from 0.2 of normalized displacement onwards.

The result becomes more clear when looking at the combined result, so that of the optimization using
only sL and of the optimization using sL, AbWAP and AbWP shown in Fig. 8.5.
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Figure 8.5: Comparison of force deformation corridors of two springs model for glancing-off response.

Here it can be seen that the upper force level in x is almost the same, see Fig. 8.5a. The lower force
level in x is relaxed, making the force deformation corridor larger. The highest force level for the local
y force is almost the same as well, see Fig. 8.5b. However, the lowest level for the y force is significantly
higher when compared to the optimization using only the sL constraint, making the corridor width
smaller.

8.4.4 Discussion
The result shown in this section are also expected, since the certain force in y is required in order to
push the vehicle in the lateral direction and force it to glance off. This can be seen by the significantly
higher lower y force level shown in Fig. 8.5b compared to the previous optimization. In addition, the
width of the local y force deformation corridor is reduced, emphasizing the importance of the y force
for the glancing-off response. The relatively comparable x force levels are due to the constraint of sL
which is relatively strict in terms of x force and thus requires a certain x force.

8.5 Force deformation corridors with ten springs kinematic model
Since the results obtained from the optimization tool at BMW AG do comply with engineering
judgment, the same constraints are used for the predictive kinematic model using ten springs in order
to represent groups of components and determine the force deformation corridors for these components.
The force deformation corridors with the ten springs kinematic model should not only be seen as
allowable force levels as such, but also as a proof of concept of the idea of obtaining force deformation
solution spaces for grouped components. Before running the optimization, first the placement of the
springs and hence the grouping of components has to be performed. From investigating several FEM
crash simulations in Animator 4 and analyzing them with the energy tool from BMW AG, similar to
the numerical study, and referring to the findings of the literature study, five groups of components
have been identified to be of importance. These are the following:

· Wheel and surrounding structure.
· Shotgun and surrounding structure.
· Lower framerail and surrounding structure.
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· Upper framerail and surrounding structure.
· Springdome and surrounding structure.

As can be seen by the list mentioned above, the divisions of components are on a higher hierarchical level
than originally done in the bottom up approach shown in Chapter 5. This complies with the realization
that important components, for example the wheel, are not scalable through changes in wall thicknesses.

Note that due to the nature of the predictive kinematic model, the components must be grouped in
order to obtain a force deformation corridor for them. The division is such that each spring in axial
direction is assigned a box. Inside this box, all components are assigned to the spring. This is shown
in Fig. 8.6. Note that due to confidentiality issues, only the boxes can be shown without the structure
of the vehicle.

(a) Top view.
(b) Front view.

Figure 8.6: Boxes to determine the grouped components.

When looking at Fig. 8.6b, the principle of dividing the structure is shown. At the lower left box,
the wheel and the surrounding structure is located. The shotgun and the surrounding structure are
assigned to the upper left box. The lower right box contains the lower framerail and surrounding
structure, while the middle right box contains the upper framerail and surrounding structure. The
upper right box contains the springdome and other surrounding structures. Recall that the box moves
over time and due to the deformation of the components, it is possible that some components of one
group cross the boundaries of their assigned box.

8.5.1 Input parameters
The input parameters are the mass of the vehicle, mass moment of inertia, location of COG and the
location of nodes for obtaining the angle of the vehicle. These input parameters are stored in the
configuration file. The locations of the axial springs, as shown Fig. 8.6, are implemented as well into the
configuration file. As the discretization points of the deformation of all springs in the axial direction
are different, the values are obtained from looking at the geometry of the vehicle in Animator A4.
From this observation, it has been decided that each spring has then three discretization points for the
deformation of the spring.

8.5.2 Optimization parameters
The constraint in this optimization is that the value of the constraint variable sL is such that no
intrusion in the occupant compartment is allowed. Similar to the previous case for the two spring
configuration, this constraint is used to obtain force deformation solution spaces which only contain
feasible design solutions. This means for the response, so rotational or glancing-off response, that there
is no preference. The number of sampling points is equal to 200 and 100 steps in the exploration and
consolidation phase are used.
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8.5.3 Force deformation corridors
The optimization resulted in the following force deformation corridors for the five grouped components.
Note that the plots are normalized in the following way. For the five groups of components, the x force
levels are normalized to the highest observed force level for the five groups of components. The same
is done for the y force levels. The deformation s is normalized for each group of components for the
geometrical length of the load path.

First, the result is shown for the x and y forces of the grouped components around the wheel, see
Fig. 8.7.
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Figure 8.7: Force deformation solution corridors for the wheel.

Here, it can be seen on the one hand that the width of the force deformation corridor in x is rather
small. On the other hand, the force deformation corridor in y allows a larger width with respect to the
design space boundaries. Especially, the lower level of the local y force is very low.

The force deformation solution space for the shotgun is shown in Fig. 8.8.
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Figure 8.8: Force deformation solution corridors for the shotgun.

In Fig. 8.8a, an increase in required x force over deformation length is observed. In addition, the
component requires a lower bound of local x force of approximately 0.1 of normalized force. The
local force in y requires a rapid increase in force and stays then relatively constant at a level of 0.1 of
normalized y force, see Fig. 8.8a.
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Next, it is looked at the lower framerail, as provided in Fig. 8.9.
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Figure 8.9: Force deformation solution corridors for the lower framerail.

The lower level in x for the lower framerail increases to almost 0.35 of normalized x force. The overall
width of the corridor is relatively small as well, shown in Fig. 8.9a. The local y force shows a similar
trend, as observed for the shotgun, compare Fig. 8.9a with Fig. 8.9b, although the upper force level in
y is almost five times as high.

Next, it is looked at the groups of components of the upper framerail, shown in Fig. 8.10.
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Figure 8.10: Force deformation solution corridors for the upper framerail.

In Fig. 8.10a, almost the same force deformation corridor is obtained for the upper framerail (compare
to Fig. 8.9a). The lower level of the local y force of the upper framerail is almost zero at the first
part of the deformation, but then increases to a value of 0.1 of maximum force level. The upper force
level of the local y force increases from 0.2 to 0.7 of normalized y force over the complete deformation
length.

Finally, it is looked at the groups of components in the proximity of the springdome, see Fig. 8.11.
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Figure 8.11: Force deformation solution corridors for the springdome.

For both the x and y force, the lower required levels are relatively low. In addition, both curves
shown in Fig. 8.11a and Fig. 8.11b show a similar trend in terms of required upper force level, but are
relatively low as well. The values are at 0.1 and 0.2 of normalized force in x and y, respectively.

8.5.4 Discussion
From the force deformation plots of the five grouped components, several observation can be made.

First of all, it can be clearly seen that not all components have the same influence and importance for
the small overlap crash test. For example, the grouped components around the wheel do have a small
width of the corridor, meaning that the design space is not large and that the wheel must be able to
deliver the highest load. This can be seen when looking at the abscissa of both plots shown in Fig. 8.7,
where the maximum value is 1 for both the x and y force.

In addition, the local x and y force of the upper and lower framerail show very similar force deformation
corridors. Especially, the x force levels are relatively similar. Also, it can be seen that the lower bound
of the local y force of the shown components is relatively similar and quite low. Observed by the
magnitude of the force levels, the grouped components around the springdome and the shotgun have
the lowest observed force levels.

Compared to observation made in crash tests, FEM simulations and energy studies, it seems intuitively
correct that the grouped components around the wheel take up the most load. The components which
take also a significant portion of the load are the upper and lower framerail, where the y force lev-
els of the lower framerail are higher. It is emphasized that the solution must be seen as a proof of concept.

The solutions obtained for the components comply with the solutions obtained for the two springs
configuration where a relatively high required force in x is observed compared to the force in y.

8.6 Rotational response force deformation corridors with ten springs kine-
matic model

In this section, the optimization using ten springs is performed for obtaining force deformation solution
corridors for the rotational response.

8.6.1 Input parameters
The same input parameters for the mass, mass moment of inertia, location of COG and nodes for
obtaining the angle of the vehicle as described in the previous Section are used. The same discretization
points for the deformation of the springs are used and the locations of the springs are the same.
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8.6.2 Optimization parameters
On top of the constraint sL which is chosen such that no intrusion into the occupant compartment
occurs, the same constraint for obtaining a rotational response shown in Section 8.3 is used, so AbWP
should be smaller than 1. Further, the same amount of sampling points for the Monte Carlo sampling
is used and the same number of steps is used.

8.6.3 Force deformation corridors
The force deformation corridors for the grouped components around the wheel are shown in Fig. 8.12.
Note that the force deformation curves shown in cyan are compared to the previous case which are
shown in red. Recall that the previous case only had the constraint for the final length of the spring
located at the A-Pillar and thus no preference on the response of the vehicle. The force deformation
corridors for only the rotational response is shown in the Appendix.
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Figure 8.12: Force deformation solution corridors of the wheel for rotating response.

Compared to the grouped components of the wheel in the previous case, the rotational response requires
almost the same upper and lower force levels in x, see Fig. 8.12a. For the local y force, the upper
bound of the force is lowered, as well as the lower bound, see Fig. 8.12b, increasing the width of the
corridor.

Next, the grouped components around the shotgun are investigated, as shown in Fig. 8.13.
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Figure 8.13: Force deformation solution corridors of the shotgun for rotating response.

Looking at Fig. 8.13a, the force deformation corridor is almost the same, except that the upper force
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level in x is slightly larger and the lower force level is lower. In case of the y force, the force deformation
corridor is smaller, however, the results are reasonably similar.

The force deformation corridor for the grouped components around the lower framerail are shown in
Fig. 8.14.
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Figure 8.14: Force deformation solution corridors of the lower framerail for rotating response.

A similar trend is seen for the upper and lower x forces, however the lower level is lower, see Fig. 8.14a.
The y force, shown in Fig. 8.14b, requires smaller forces, although the width of the corridor is almost
the same.

The force deformation corridor for the grouped components of the upper framerail are shown in
Fig. 8.15.
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Figure 8.15: Force deformation solution corridors of the upper framerail for rotating response.

The corridor for the force in x shows not a large difference when looking at Fig. 8.15a. The force of the
upper framerail shows a similar trend as before, except for the fact that the lower required force does
not change over deformation and the higher bound is reduced compared to the previous case.

Finally, it is looked at the force deformation corridors of the components in the proximity of the
springdome, see Fig. 8.16.
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Figure 8.16: Force deformation solution corridors of the springdome for rotating response.

Although the upper x force level until 0.5 of normalized deformation is relatively the same, the higher
force level is at a higher specified level, see Fig. 8.16a. In terms of local y force, as shown in Fig. 8.16b,
the upper and lower force levels do not deviate significantly from the previous case.

8.6.4 Discussion
From the optimization of the ten springs configuration of the predictive kinematic model for obtaining
force deformation corridors for a rotational response, similar solutions are obtained as for the x force
deformation corridors where no specification on the response is made. This result is comparable to the
two springs configuration where the results obtained for the optimization using only sL and AbWP
and sL are relatively the same in terms of x force levels.

Looking at all five grouped components, it can be observed that the upper bound for the y force is
lowered. Especially for the grouped components around the wheel this trend can be seen. These results
do also comply with the results obtained with the two springs approach.

8.7 Glancing-off response force deformation corridors ten springs kinematic
model

In this section, the optimizer tool at BMW AG is used for a ten springs configuration of the predictive
kinematic model in order to obtain force deformation solution corridors for the five grouped components
for a glancing-off concept.

8.7.1 Input parameters
Again, the same input parameters for the mass, mass moment of inertia, location of COG and nodes for
obtaining the angle of the vehicle as described in the previous Section are used. The same discretization
points for the deformation of the springs are used and the locations of the springs are the same.

8.7.2 Optimization parameters
In addition to the constraint sL for restricting any intrusion into the occupant compartment, the
same constraint for obtaining a glancing-off response shown in Section 8.4 is used, so both AbWAP
and AbWP should be larger than 1. Also, the same amount of sampling points for the Monte Carlo
sampling is used and the same number of steps is selected.

8.7.3 Force deformation corridors
Similar to the previous section, first the result obtained for the grouped components in the proximity
of the wheel is shown, as provided in Fig 8.17.

Master thesis Robbert Heuijerjans 95



0.0 0.2 0.4 0.6 0.8 1.0
Normalized s [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 F
x
 [

-]

Fxlower,sL

Fxupper,sL

Fxlower,AbWAP,AbWP

Fxlower,AbWAP,AbWP

(a) Fx .

0.0 0.2 0.4 0.6 0.8 1.0
Normalized s [-]

0.0

0.2

0.4

0.6

0.8

1.0

N
o
rm

a
liz

e
d
 F
y 

[-
]

Fylower,sL

Fyupper,sL

Fylower,AbWAP,AbWP

Fylower,AbWAP,AbWP

(b) Fy.

Figure 8.17: Force deformation solution corridors of wheel for glancing-off response.

Although the shape of the force deformation corridor in x is the same, the force levels of the upper
bound are slightly lower, see Fig. 8.17a. But overall, the force is reasonably comparable. Looking at
Fig. 8.17b, a significant higher force level in y is observed over the deformation of the spring when
compared to the optimization using only the constraint sL. In addition, the width of the corridor is
smaller.

Next, it is looked at the grouped components around the shotgun, as presented in Fig. 8.18.
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Figure 8.18: Force deformation solution corridors of shotgun for glancing-off response.

In Fig. 8.18a, a similar shape is found for the local x force. In addition, the width is slightly lower of
the force deformation corridor. The y force shows again a higher lower bound, see Fig. 8.18b.

The force deformation corridors for the lower framerail are shown in Fig. 8.19.
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Figure 8.19: Force deformation solution corridors of lower fraimerail for glancing-off response.

The upper force level in x is almost the same, see Fig. 8.19a. However, the lower force level is increased,
resulting in a smaller corridor for the lower framerail. The upper bound of the local y forces, shown in
Fig. 8.19b, is higher compared to the previous case. The same holds for the lower bound of the y force
level.

Next it is looked at the upper framerail, shown in Fig. 8.20.
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Figure 8.20: Force deformation solution corridors of upper fraimerail for glancing-off response.

Compared to the lower framerail, the upper framerail force deformation corridors show almost the
same shape and magnitude, see Fig. 8.20a and Fig. 8.20b. For the x force levels, it can be seen that
higher lower force bounds are obtained. In addition, the lower, as well as the higher force level in y are
higher for the glancing-off response.

Finally, it is looked at the components around the springdome, see Fig. 8.21.
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Figure 8.21: Force deformation solution corridors of springdome for glancing-off response.

In Fig. 8.21a, the upper force level in x is almost the same. The lower force level shows a larger value
compared to the previous case, except for the start of the deformation. The forces in y show a similar
trend than before, see Fig. 8.21b with no significant changes in the magnitude of the upper and lower
force level bounds.

8.7.4 Discussion
From the force deformation corridors for the glancing-off behavior obtained with the predictive kine-
matic model using ten springs, several observations can be made.

First of all, it can be seen that the grouped components around the wheel show the largest force
levels in x and y. Comparing the solution with the previous solution where the only constraint is the
restriction of the length of the spring (sL), a significant higher force level in y is observed. Similar
trends are seen for the upper and lower framerail where an increase in y force is observed. The results
do comply with the two springs configuration case, where a higher y force is required for glance-off. In
addition, the same trend is seen that the x force levels are relatively comparable to the optimization
where only the value of the length of the spring (sL) is taken as constraint.

Furthermore, it can be seen that the most relevant groups of components are the wheel, upper and
lower framerail, shotgun and then the springdome, similar to the findings of the previous section.

8.8 Summarized results and discussions
In this section, the results for the force deformation solution spaces are elaborated on. First, it is
focused on the results of the two springs configuration, followed by the ten springs configuration.

8.8.1 Two springs configuration
The three different results obtained with the two springs configurations show that with the use of
the predictive kinematic model and the stochastic tool described earlier, it is possible to find solution
spaces for the force deformation characteristics of the springs.

The obtained results do comply with intuition and engineering judgment. Specifically, when relating
the observation to the numerical study, a similar trend is seen between the relation of x and y forces
and the response of the vehicle. A high x force with a relatively low y force results in a rotating
response while a high y force and a low x force results in a glancing-off response, as seen in this chapter.

As with any optimization and simulation, several limitations are observed. First of all, the limited
amount of discretization points results in a linear interpolation between the force values at these points,
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resulting in the showed force deformation solution space corridors. In addition, the choice of upper
and lower force levels requires experience and has an influence on the outcome of the result. Overall,
however, the predictive model is able to deliver solution space corridors in which feasible design options
are found which then can be used at an early phase of the development of a passenger vehicle.

8.8.2 Ten springs configuration
The results obtained with the ten springs configuration should be understood as a proof of concept.
The x and y force deformation solution corridors for the three cases showed that the developed method
works. The tendency of the highest upper and lower force levels for the five grouped components
comply with the insights obtained with the numerical study.

However, there are some drawbacks when using the method. As discussed previously, the movement of
the box of each axial spring determines the assigned force. Investigating FEM simulations, it can be
seen that it is generally hard to distinguish which components should belong to which group. The fact
that the boxes move over time due to the moving vehicle makes this division even harder. On top of
that, as there is no experience in grouping the components together, much thought should be put in
this step. Similar to the two springs configuration, the choice of discretization points is crucial as the
load paths are defined in the x direction in the predictive model.

Nevertheless, it should be emphasized that the results obtained with the ten springs configuration do
show a similar trend to the two springs configuration and can therefore be understood as a proof of
concept.
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CHAPTER 9

Discussions and conclusions

This chapter presents a critical discussion of the results obtained in the thesis and of the main conclu-
sions on the performed work. In particular, the focus of the discussions and the conclusions is with
respect to the research objective shown in the introduction of the thesis.

As with any numerical study and simplified model, the used methods rely on certain assumptions.
Note that some of the aspects discussed in this chapter were previously mentioned in the thesis, but
nevertheless, these aspects are combined in this chapter. The discussion and conclusions are done
individually on three main topics, being: the numerical study, the development of the predictive
kinematic model and the obtained force deformation solution spaces. Specifically, the structure of
the chapter is the following. First, it is reflected on the outcome of the numerical study, shown in
Section 9.1. Next, in Section 9.2, the results of the predictive kinematic model are critically discussed.
Finally, in Section 9.3, the outcome of the force deformation solution spaces are reflected on.

9.1 Numerical study
First of all, it should be discussed that the energy tool which is used in the energy study, uses the
accumulative internal energy at the final time step of the simulation and therefore the plastic energy of
each component in each time step of the simulation. Hence it does not take the energy due to elastic
deformation into account. However, the structural components which take up a large amount of elastic
energy, can also be of importance, but these are not taken into account in the energy study.

In addition, the numerical study of the two FEM simulation models proved that there is a strong
correlation between x and y forces and the response modes of the model subjected to the small overlap
crash test. On the one hand, for obtaining the rotational response, large x forces and low y forces are
required. On the other hand, for obtaining the lateral translational response, low x forces and large y
forces are required.

Referring to the trolley FEM simulation model, it can be concluded that modeling the small overlap
crash test is not sufficient with only the main frontal structural parts being present and without
the wheel assembly and surrounding structure. The fact that the wheels of the trolley are not lo-
cated on the same position of the vehicle it represents, does also lower the accuracy in terms of
vehicle dynamics. The main reason for the discrepancy is that the mass moment of inertia of the
trolley FEM simulation model is not the same as the mass moment of intertia of the vehicle it represents.

Concerning the reduced full vehicle FEM simulation model, the restriction that the vehicle can only
move in a planar fashion may not be according to reality. However, investigating the z force in relation
to the x and y forces, this is a reasonable assumption. The assumption that after the A-Pillar a MPC
constraint is used to rigidly couple the elements with the MPC node, however, is simplifying the result
to a certain extend. Although no large deformations are observed behind the A-Pillar, even very small
deformations do influence the monitoring process of the COG node.

In addition, it is concluded that changing the wall thicknesses of the relevant structural components
is not sufficient in determining the influence of a certain component on the response of the vehicle
subjected to the small overlap crash. This can be explained by the fact that the two investigated
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FEM simulations models have pre-described sets of components, some of which do not define a certain
load path, but which are required to obtain a certain response. Furthermore, each change in wall
thickness of a certain structural component has an influence on the surrounding structure and on the
load transfer of the surrounding structure. Also, it should be noted that the wheel is not scalable
through changes in the wall thickness.

In order to obtain a detailed view on the influence of the relevant components on the response to
the small overlap crash, a very large sampling size would be be required. However, as performing a
numerical study using very detailed FEM simulation models is not very robust and given the time
constraint of the thesis, it is concluded that the bottom up approach is working not as satisfactorily as
desired, at least in terms of the scope of the thesis.

9.2 Predictive kinematic model
For the creation of the predictive kinematic model, it has been assumed that the barrier is flat. This is
an approximation of the contour of the barrier and hence implies that the projection point of the axial
spring is not entirely correct for the curved section of the barrier. However, note that the maximum
difference between the curved contour and the flat assumed contour is 150 mm. In addition, it is
important to mention that the curved section is rather small compared to the straight section (150
mm compared to 1000 mm).

Another point of interest is the assumption that everything behind the A-Pillar is assumed to be rigid.
However, the validity of this assumption does not have been tested on all vehicle models available at
BMW AG.

Furthermore, the change of mass and mass moment of inertia over time is not modeled by the predictive
kinematic model resulting in a deviation from reality. Also, since the forces in z are not taken into
account by the predictive kinematic model and only planar movement is considered, a small reduction
in accuracy is observed.

Next, it should be noted that the time step used in the predictive kinematic model follows the central
difference scheme which is known to have its limitations in terms of accuracy. This could been increased
by investigating different time integration schemes and evaluate their performance on the accuracy.

For the configurations of the predictive kinematic model which uses more than two springs, the process
of assigning the components to the boxes needs some point of discussion. The boundaries of the boxes
move depending on the movement of the COG in the x and y direction. Depending on the deformation
and the movement of the components inside a certain box, it can be the case that some of the grouped
components fall outside of their assigned boundaries during the simulation time. Furthermore, it
is underlined that the location of the springs is of importance, as it determines which groups of
components are located inside the box and where the projection point of the spring of consideration on
the barrier is located. Nevertheless, when comparing the grouped components used in this thesis for
obtaining the force deformation solution corridors with the generic load paths presented in Chapter 2,
good correlation is observed.

The validation of the predictive kinematic model has been done using three different full vehicle FEM
simulation models, each with two different responses. For these models, a good correlation for the
three output variables (displacement of COG in x and y direction and rotational angle of the COG
around the z axis) is observed in terms of MAE. However, it should be noted that although the three
full vehicle models are very different, not all vehicle models of the BMW AG product line were looked
at during the validation. Furthermore, the FEM simulation models used for validation purposes, use a
measurement kit for measuring the movement of the COG location during the simulation. Due to the
nature of the definition of the measurement kit, it could be the case that the node used for the rigid
connection is prone to deformations.

Furthermore, note that the predictive kinematic model is developed solely for the small overlap crash
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test, so no investigations have been done on other frontal crashes, such as the full frontal or the
moderate overlap crash.

Finally, it should be pointed out that the predictive kinematic model, despite its limitations and
simplifications, is able to reasonable predict the kinematic response of a broad range of passenger
vehicles to the small overlap crash test. This has been done with six FEM simulation variants where
the MAE is reasonably small given the overlap length of the vehicle with respected to the barrier
compared to the MAE of the COG y movement. Specifically, when looking at the angle of the COG
compared to the FEM simulation models, the MAE of the predictive kinematic model is negligible.

9.3 Force deformation solution spaces
For obtaining the force deformation solution spaces with the predictive kinematic model using a two
springs configuration and a ten springs configuration, a sampling size of 200 set points was used. This
number of points was used, as a lower number resulted into non-robust solutions where the force
deformation solution corridor width was too small due to the small sampling size. As discussed in
Chapter 4, the poor performance in homogeneity of points distributed over the sampled region is often
observed when using a Monte Carlo sampling. Thus in order to avoid this for all force deformation
solution spaces, a large sampling size was used.

The step size also needs some point of discussion. The used number was selected by investigating the
converge of the optimizer used at BMW AG. As a starting point, a value of 50 was used for the step
size. After performing the first optimization, it has been seen that the solution was not converged
sufficiently. As a consequence, the step size was sub-subsequently increased and a value of 100 was suffi-
cient for all the optimizations shown in this thesis, as the solution converged slightly before the 100 steps.

Another point of interest is the correct use of the discretization points for the force deformation solution
spaces. This can only be done by assuming the location of the main components, or by using a previous
full vehicle FEM simulation model as reference.

In addition, the choice of constraints is of importance. For example, in this thesis only a lower value is
used for the constraint sL. However, it could also be thought of using a restriction on a upper value
of sL in order to limit the deceleration of the occupants. This is due to the fact that without the
constraint on the upper value of sL, solutions which have a high force in the x direction are also allowed.

Furthermore, it is stressed again that the force deformation solution spaces for the grouped components
obtained with the ten springs configuration of the predictive kinematic model should be understood as
a proof of concept, directly underlining that the research objective is achievable with the top down
approach.

Finally, it should be discussed that the outcome of the force deformation spaces using the predictive
kinematic model is very useful for the early phase of passive safety development of passenger vehicles.
The obtained force deformation corridors, especially on the grouped components level, give the
responsible design departments the required force levels for the components as a function of deformation
for which it can be assured that a safe response to the small overlap crash is obtained.
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CHAPTER 10

Recommendations

As the thesis project had limited resources in terms of time, some recommendations are made in
this chapter for future research. Similar to the previous chapter, the recommendations are grouped
into three main aspects, being: the numerical study, shown in Section 10.1, the development of the
predictive kinematic model, presented in Section 10.2, and the obtained force deformation solution
spaces, discussed in Section 10.3.

10.1 Numerical study
The numerical study shown in this thesis makes use of an energy analysis to determine the most
relevant components of the investigated FEM simulation models. However, the considered energy is
only the plastic strain energy, as the accumulated internal energy is taken at the final time step of
the simulation which does not include the elastic part of the energy. Therefore, a recommendation for
future research would be to look at the plastic, as well as the elastic energy taken up by the components.

Another point of interest is the improvement of the parameters of interest. In this numerical study,
only the wall thicknesses of the components were changed. A recommendation for future research
would be to also change parameters like the speed of the vehicle, the overlap width of the barrier, the
mass and the mass moment of inertia of the vehicle.

Finally, it is recommended to use a FEM simulation model in Abaqus/Explicit which is very robust
and not prone to abortion when changes in wall thickness for the structural components are made or
geometrical changes of the components are made.

10.2 Predictive kinematic model
For the predictive kinematic model, some enhancements are recommended in order to increase the
accuracy of the output.

A first recommendation would be to model the contour of the barrier with the arc, instead of assuming
this surface to be flat, resulting into more accurate results.

In addition, as described in Chapter 6 and mentioned in Chapter 9, the central difference scheme is
used to solve the system of equations of the EOM. Incorporating different time integration schemes
into the predictive kinematic model, such as the Runge-Kutta scheme, would possibly increase the
accuracy.

Furthermore, it is recommended to develop a generic way of assigning the components to a certain
spring. The algorithm to draw the design boundaries is of special interest for further investigation and
therefore left for future research.

In addition, a recommendation would be to validate the predictive kinematic model with hardware
tests of passenger vehicles for the small overlap crash.
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Moreover, as the predictive kinematic model is only working on component level, it is left for future
research to extend the model such that single components can be modeled by this approach.

Finally, including springs in the z direction as well and hence extending the predictive kinematic model
to a 3D simulation model would increase the accuracy of results and is therefore left as recommendation
for future work.

10.3 Force deformation solution spaces
For the force deformation solution spaces, it is recommended to define a generic approach for obtaining
the discretization points used for the deformation values of each spring for the force deformation
solution spaces.

In addition, it is recommended to use more discretization points along with more sampling points and
number of steps to obtain a benchmark case. However, given the scope of the thesis, this is left as
future work.

Finally, the investigation of more constraint variables and selecting their appropriate values could be
an interesting future research subject.
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Appendix A - Validation of predictive model with FEM simulation models

In the following, the results for the output variables for the validation of all three FEM vehicle models,
each with two different response modes, using two springs, 18 springs and 80 springs for the predictive
kinematic model are shown.

SUV

In Fig. A.1, the results for the response using the three different configurations of the predictive
kinematic model are shown and compared to the SUV FEM simulation model which experiences the
glancing-off response.
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Figure A.1: Kinematic model compared to SUV FEM model with glance-off concept.

In Fig. A.2, the results for the response using the three different configurations of the predictive
kinematic model are shown and compared to the SUV FEM simulation model which experiences the
rotational response.
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Figure A.2: Kinematic model compared to SUV FEM model with rotational concept.

Mid-size sedan

In Fig. A.3, the results for the response using the three different configurations of the predictive kinematic
model are shown and compared to the mid-size sedan FEM simulation model which experiences the
glancing-off response.
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Figure A.3: Kinematic model compared to mid-size sedan FEM model with glance-off concept.

In Fig. A.4, the results for the response using the three different configurations of the predictive kinematic
model are shown and compared to the mid-size sedan FEM simulation model which experiences the
rotational response.
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Figure A.4: Kinematic model compared to mid-size sedan FEM model with rotational concept.

Sports car

In Fig. A.5, the results for the response using the three different configurations of the predictive
kinematic model are shown and compared to the sports car FEM simulation model which experiences
the glancing-off response.
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Figure A.5: Kinematic model compared to FEM sports car model with glancing-off concept.

In Fig. A.6, the results for the response using the three different configurations of the predictive
kinematic model are shown and compared to the sports car FEM simulation model which experiences
the rotational response.
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Figure A.6: Kinematic model compared to FEM sports car model with rotational concept.
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Appendix B - Force deformation solution corridors for ten springs configuration of
predictive kinematic model

In the following, the force deformation solution corridors for a ten springs configuration of the predictive
kinematic model are shown for a rotational response and a glancing-off response.

Rotating response using constraints sL and AbWP

The force deformation solution corridors of the grouped components of the wheel for the rotational
response are shown in Fig. B.1.
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Figure B.1: Force deformation solution corridors of wheel for rotational response.

The force deformation solution corridors of the grouped components of the shotgun for the rotational
response are shown in Fig. B.2.
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Figure B.2: Force deformation solution corridors of shotgun for rotational response.
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The force deformation solution corridors of the grouped components of the lower framerail for the
rotational response are shown in Fig. B.3.
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Figure B.3: Force deformation solution corridors of lower framerail for rotational response.

The force deformation solution corridors of the grouped components of the upper framerail for the
rotational response are shown in Fig. B.4.
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Figure B.4: Force deformation solution corridors of upper framerail for rotational response.

The force deformation solution corridors of the grouped components of the springdome for the rotational
response are shown in Fig. B.5.
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Figure B.5: Force deformation solution corridors of springdome for rotational response.

Glancing-off response with constraints sL, AbWAP and AbWP

The force deformation solution corridors of the grouped components of the wheel for the glancing-off
response are shown in Fig. B.6.
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Figure B.6: Force deformation solution corridors of wheel for glancing-off response.

The force deformation solution corridors of the grouped components of the shotgun for the glancing-off
response are shown in Fig. B.7.
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Figure B.7: Force deformation solution corridors of shotgun for glancing-off response.

The force deformation solution corridors of the grouped components of the lower framerail for the
glancing-off response are shown in Fig. B.8.
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Figure B.8: Force deformation solution corridors of lower framerail for glancing-off response.

The force deformation solution corridors of the grouped components of the upper framerail for the
glancing-off response are shown in Fig. B.9.
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Figure B.9: Force deformation solution corridors of upper framerail for glancing-off response.

The force deformation solution corridors of the grouped components of the springdome for the glancing-
off response are shown in Fig. B.10.
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Figure B.10: Force deformation solution corridors of springdome for glancing-off response.
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