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1

Introduction

1.1 Modelling of plastic deformation: an active research
�eld in the metals industry

This plastic deformation involves the displacement of existing dislocations as well
as the evolution of new dislocations. The dislocation density in turn not only de-
termines the deformation forces but also two important metallurgical processes,
recovery and recrystallization, which have a large e¤ect on many physical and me-
chanical properties of the deformed metal. Therefore, understanding the evolution
of the dislocation structure during the forming process is crucial to quantitatively
predict the properties of the metal products. Furthermore, such understanding can
provide essential information to understand the work hardening phenomena and
therefore to predict the stress-strain curves, which in turn can predict the forces
involved in the metal-forming process. This understanding can be achieved by
developing physical dislocation-based models, which are more �exibly applied to
di¤erent products than the empirical models, which can not predict the situation
beyond the limits within which the test was performed. Consequently, physically-
based dislocation models are currently strongly demanded by the metal industry
for optimizing their forming process so as to control and improve the properties
of their �nal products. Moreover, such modes may explain and predict the high
strength but poor ductility of ultra�ne grained alloys [65], which are currently
under intensive investigation [7][124][127].
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1.2 Mechanisms of plastic deformation in metals

When a stress applied on a metal sample exceeds a critical value, it undergoes plas-
tic (irreversible) deformation: the shape of the metal changes permanently. In the
most common cases, such deformation results from the motion of dislocations (lin-
ear defects in crystals) on the crystallographic planes through a shearing process
schematically shown in �gure 1.1 [60]. If a dislocation with a Burgers vector b
moves to the surface of the metal, a surface step occurs, which results in a small
shear strain b=l where l is the thickness of the metal (�gure 1.1). The macroscopic
shear strain is induced by the collective motion of many dislocations [42].

FIGURE 1.1. Illustration of plastic deformation: (a) a dislocation present in the metal
which (b) glides to the surface under an applied stress resulting in the formation of a
surface step and plastic deformation (shape change).

Besides the dislocation motion mechanism, there are other mechanisms which
accompany plastic deformation. For instance, twinning is one additional deforma-
tion mechanism in face-centred cubic (FCC) metals and alloys with low stacking
fault energy (e.g. silver, copper-rich alloys, high Mn austenitic steels such as TWIP
steels [7] and in all close-packed hexagonal metals [68]. It may also occur in FCC
metals with high stacking fault energy and in body-centred cubic (BCC) met-
als if deformation takes place at low temperature or high strain rates [68]. Grain
boundary sliding is an important deformation mechanism in nanocrystalline met-
als [125] and in high temperature creep conditions for polycrystalline metals [121].
For transformation-induced plasticity (TRIP) steels, plastic deformation can be in-
duced by displacive phase transformations (austenite transformed into martensite)
[7]. This thesis focuses on plastic deformation induced by the glide of dislocations
only.
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1.3 Evolution of dislocation density

For most metals, during plastic deformation the dislocation population evolves
towards a maximum, which is present at the steady state (large strains) at which
it remains constant with further straining [67][96]. The dislocation population is
commonly described in terms of the �dislocation density�(the total length of dis-
locations per unit volume). The evolution includes two mechanisms: dislocation
generation and annihilation. These two mechanisms are competing against each
other: the generation increases the dislocation density while the annihilation re-
duces it [60][64][73][76].
The generation of dislocations can result from several kinds of dislocation sources.

The best known source is the Frank-Read source (�gure 1.2) [60]. A segment of dis-
location AB is pinned at points A and B by obstacles, which could be precipitates
or forest dislocations in other slip planes (�gure 1.2a). Under an applied stress the
segment bows out by glide. When the applied stress is less than a critical value, a
metastable equilibrium con�guration is obtained (�gure 1.2b), in which the line-
tension force is in balance with the applied stress. When the applied stress exceeds
a critical value, the segment will displace to the successive positions shown in �g-
ure 1.2b-e and form a dislocation closed loop, and the con�guration of the source
comes back to its original shape. The newly generated loop exerts a back stress
on the source, which opposes the applied stress. If the back stress is high enough,
the source ceases to provide dislocation loops. Another dislocation source could be
the grain boundaries in polycrystalline metals. Li [80] suggested that edge grain-
boundary dislocations could be emitted into the grain interiors, thereby acting as
a dislocation source. High-velocity dislocations could also be possible dislocation
sources [60]. Molecular dynamics simulations con�rmed that new dislocations can
be generated around a moving dislocation when its velocity approaches 70% of the
velocity of sound [74].
When a dislocation moves out of its slip plane, it may eventually meet with

an antiparallel dislocation on the new glide plane so that both dislocations are
annihilated [42]. At low temperatures, annihilation occurs mainly by the cross-
slip of screw dislocations. A screw dislocation does not have a de�ned glide plane
and thus, can change its glide plane. A screw dislocation will glide on that plane
where it experiences largest shear stress. At high temperatures, edge dislocation
climb, which is accompanied by vacancy di¤usion, plays a dominant role in the
annihilation process due to a large amount of vacancies presented [98].
The generation rate is usually larger than the annihilation rate so that the

dislocation density increases with straining up to the steady state. This causes
the increase of the resistance to the motion of dislocations due to the overlap of
the stress �eld of individual dislocations, causing the metal to be less deformable.
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FIGURE 1.2. Frank-Read source: (a) a segment of dislocation AB in a slip plane; (b) a
metastable euqilibrium con�guration of the dislocation under an applied stress; (c)-(e)
successive procedures of generation of a dislocation loop.

This e¤ect is known as work hardening (also �strain hardening�): when metals are
deformed they become harder [42][68][73][76].

1.4 State-of-the-art dislocation-based models

In the literature, three groups of physically-based models can be distinguished.
The �rst one is based on the concept of modelling the evolution of the average
dislocation density. These models are not able to describe the spatial distribution
of dislocations and are rather simple and easily utilized. They are able to predict
and explain the stress-strain curves and the work hardening phenomena. Three
types of models in this group can be distinguished: (1) average dislocation density
approaches by Kocks and Mecking [73] and Estrin and Mecking [31]; (2) average
dislocation densities at the cell walls and cell interiors by Nix and co-workers
[98], Bréchet and co-workers [32] and Nes [96]; (3) and models accounting for
the evolution of three types of average dislocation densities (the average mobile
dislocation density, the average immobile dislocation densities in the cell interiors
and in the cell walls) by Gottstein and co-workers [113].
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The second group of models describes the spatiotemporal distribution of dis-
locations by assuming the dislocation density to be a continuum variable in the
space. The formation of dislocation patterns such as cells, deformation bands, and
persistent slip bands can be described. This group of models, inspired by Holt [62],
usually contain nonlinear di¤erential equations and are more complex than the �rst
group. For instance, Walgraef [130] and Walgraef and Aifantis [131][132][133] devel-
oped models where di¤erent dislocation populations evolve according to reaction-
di¤usion equations. Hähner [50] and Zaiser and co-workers [134] proposed a sto-
chastic approach for describing the fractal geometry of cellular dislocation struc-
tures in terms of nonlinear stochastic processes. Groma [47] derived a continuum
description of the evolution of parallel straight edge dislocations accounting for
the interactions between dislocations. El-Azab [29] formulated the evolution of
distributions of curved dislocations in three dimensions.
The third group of models is the discrete dislocation dynamics including two-

dimensional simulations by Van der Giessen and Needleman [41] and by Groma
and Pawley [48]; and three dimensional simulations by Bréchet and co-workers
[14] and by Kubin and co-workers [26][75], with which the behaviour of individual
dislocation is described. The stress-strain curves and the dislocation patterns can
be investigated by such simulations. However, due to the complexity of the long
range interaction of dislocations, such simulations require long computational time.

1.5 Scope and outline of the thesis

This thesis is an attempt to develop a new physical model to understand and pre-
dict the evolution of the average dislocation density in metals undergoing plastic
deformation. Inspired by a statistical mechanics model for grain deformation (Ap-
pendix A), this thesis proposes models to describe the plastic deformation of metals
following the principles of irreversible thermodynamics. Such approach has widely
been followed in physics and chemistry but is not commonly employed in metal-
lurgy. The existing models for describing the evolution of the dislocation density
are based on a phenomenological building block: the dislocation generation rate
is related to the mean distance travelled by dislocations [30][31][73]. In this the-
sis, irreversible thermodynamics is referred to linear irreversible thermodynamics
which deals with states not far from equilibrium.
The outline of this thesis is given as follows. Chapter 2 gives a general intro-

duction to irreversible thermodynamics and some of its applications in metallurgy,
physics, chemistry and biology. How irreversible thermodynamics can be employed
for plastic deformation is also brie�y discussed. Furthermore, the details of state-
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of-the-art models for the evolution of the average dislocation densities (the �rst
group of models introduced above) are given in this chapter.
Considering the steady state of plastic deformation being a stationary non-

equilibrium state in the context of irreversible thermodynamics, Chapter 3 de-
rives a model to predict the average dislocation density at the steady state of
plastic deformation in FCC metals. The temperature and strain rate e¤ects are
taken into account. By combining the predicted dislocation density with the well
known Taylor�s relation [126], the capability of the model for predicting the stress
levels at the steady state is demonstrated.
Chapter 4 extends the model developed in Chapter 3 to describe the evolu-

tion of the average dislocation density during the plastic deformation. The work
hardening behaviour and stress-strain curves of single crystals and (ultra)�ne poly-
crystals are discussed. Especially, the origin of the low ductility of ultra�ne grained
alloys is explained, and methods for increasing their ductility are suggested.
In Chapter 5 the model is generalised to describe the evolution of the aver-

age dislocation density under quasi-static (low strain rate) and adiabatic (high
strain rate) deformation conditions. The stress-strain curves at both conditions
are predicted by the model, and are in good agreement with experiment.
The model developed in Chapter 5 is modi�ed to incorporate grain size and

alloying e¤ects in Chapter 6. Then, the model is applied to predict the stress-
strain curves of 13 steel grades at hot working conditions.
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Irreversible Thermodynamics Applied to
Plastic Deformation

2.1 General concepts

2.1.1 Equilibrium and irreversible thermodynamics: a comparison

A system placed in a given environment changes spontaneously until it has ex-
hausted its capacity for change. When the system attains a �nal state, it is said to
have reached an equilibrium state [24]. Classical equilibrium thermodynamics aims
at describing such an equilibrium state for any given system. That description can
be expressed in di¤erent forms depending on the external environment which the
system is subjected to. For instance, for an isolated system, equilibrium is reached
when the entropy approaches a maximum value. In a system constrained to con-
stant temperature and pressure, equilibrium is approached when the Helmholtz
free energy becomes minimum; similarly, for constant temperature and volume,
equilibrium appears when the Gibbs free energy becomes minimum [24][40].
Equilibrium thermodynamics has successfully been applied in many �elds of

science such as physics and chemistry. For materials science, one greatly successful
application is the prediction of phase diagrams, which indicates which phases and
their relative amounts at a given temperature. For instance, in a binary system
(iron and carbon), the amount of austenite (FCC) and/or ferrite (BCC) at the
equilibrium state can be predicted for di¤erent temperatures and compositions
[24]. Another example is the description of adiabatic elastic deformation, which is
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a reversible process. At any instant strain of elastic deformation the metal is at
the thermodynamic equilibrium state. The temperature decrease due to the elastic
loading (i.e. thermoelastic e¤ect) can be predicted. For instance, for pure iron and
nickel deformed in the elastic regime, the temperature decrease is in the range
between 0:1 and 0:3 �C [112].
However, many systems subjected to certain external conditions are out of equi-

librium and equilibrium thermodynamics is not applicable for their description.
These include the transport of heat, electricity or matter across the borders of a
system. A very relevant example of a non-equilibrium system is the plastic defor-
mation of metals. At any plastic strain level, the metal is in the non-equilibrium
state. Irreversible thermodynamics, as developed by Onsager [99][100], Prigogine
[107] and many others, is able to describe systems out of equilibrium. Onsager and
Prigogine won Nobel prices in chemistry in 1968 and 1977, respectively, for their
work on irreversible thermodynamics.
Summarizing: the objective of equilibrium thermodynamics is to describe the

equilibrium states, while irreversible thermodynamics focuses on non-equilibrium
states.

2.1.2 Entropy production: a core concept in irreversible
thermodynamics

In contrast to equilibrium thermodynamics calculations, the second law of thermo-
dynamics in irreversible thermodynamics is reformulated in terms of the entropy
production in the system using the assumption of local equilibrium [72][107]. The
entropy is an extensive property, which is additive. Therefore, for a system under-
going multiple irreversible processes, the entropy generation diS of the system is
the sum of the entropy generation of all irreversible processes [107]. It is expressed
mathematically as

diS =
NX
K=1

diS
K > 0 (2.1)

where N is the number of irreversible processes taking place in the system and
diS

K is the entropy generation due to the process K. diSK is determined by the
dissipative energy dWK

dis consumed by the process K [106]:

diS
K =

dWK
dis

T
(2.2)

Inserting equation 2.2 into equation 2.1, diS is rewritten as

diS =
NX
K=1

dWK
dis

T
(2.3)
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Besides equation 2.3, there is an alternative approach to calculate diS. The
entropy production is expressed as the sum of the products of generalised forces
and their corresponding �uxes in the system [107]:

diS

dt
=

NX
K=1

JKXK (2.4)

where t is time. JK is the rate of the generalised �ux of process K. XK is the
generalised force of process K. As an example, the entropy generation due to a
chemical reaction can be expressed as [107]

diS

dt
= JchXch (2.5)

where Jch = vch is the chemical reaction rate and Xch = Ach=T where Ach is the
a¢ nity of the chemical reaction related to the chemical potentials.
Each �ux in equation 2.4 is a linear combination of all forces: [107]:

JK =
X

LKIXI (2.6)

where LKI is the phenomenological coe¢ cient. This relation can be derived from
the Onsager�s extremum principle (maximisation of dissipative energy) [57]. To
illustrate this relation further, the case of two simultaneous irreversible processes
is considered. The rates of the two generalised �uxes can be expressed as

J1 = L11X1 + L12X2 (2.7)

and
J2 = L21X1 + L22X2: (2.8)

The coe¢ cient LKK may stand for the heat conductivity, the electrical conductiv-
ity or the chemical drag coe¢ cient, while the coe¢ cients LKI (K 6= I) describes
the "interference" of the two irreversible processes K and I [107]. LKI = LIK is
proved by Onsager [72][99][100]. If the two irreversible processes represent thermal
conductivity and di¤usion, the coe¢ cient LKI connects the thermodi¤usion, i.e.,
a concentration gradient can be introduced by a temperature gradient [107].

2.1.3 Stationary non-equilibrium state

Analogous to the equilibrium state, a stationary non-equilibrium state abbreviated
to stationary state can be de�ned in the context of irreversible thermodynamics.
The evolution of irreversible processes in the system tends to decrease the entropy
generation rate (diS=dt) under certain external constrains. When the entropy gen-
eration rate reaches a minimum value, the system reaches its stationary state [107].
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In order to present a qualitative picture of a stationary state relevant to irre-
versible thermodynamics, an example illustrated by Prigogine [107] is introduced:
a system receives a component P from the outside environment and transforms
it, through a certain number of intermediate compounds, into a �nal product F;
which is released into the external environment. A stationary state is reached when
the concentrations of the intermediate components no longer vary with time. For
such system, thermodynamic equilibrium state can never be reached due to the
presence of the external constrains (�ux of components between the system and the
environment, diS > 0). Nevertheless, the interest on such a system is to determine
the properties of the stationary state not those of the equilibrium state.
One important property of the stationary state is that all thermodynamic state

variables including entropy are independent with time [107]:

dS

dt
=
deS

dt
+
diS

dt
= 0: (2.9)

Therefore, it is clear that a negative �ow of entropy at the stationary state is
required as diS=dt > 0:

deS

dt
=
1

T

dQ

dt
< 0: (2.10)

This implies that a heat �ow from the system into the outside environment (dQ <
0) is required at the stationary state. For an isolated system, a stationary state can
not occur since there is no �ow of entropy between the system and the environment.

2.2 Applications of irreversible thermodynamics

Since Onsager, irreversible thermodynamics has been applied extensively to many
diverse �elds of science. For example, the transport processes in electrolytic sys-
tems can be well described [37]. Kuiken [77] introduced the most general treat-
ment of multicomponent di¤usion and rheology of colloidal and other systems.
The growth of living organisms can be understood better by analyzing the en-
tropy production which is decreasing during evolution up to the stationary state
[107]. The origin of life on earth can be discussed in terms of energy and entropy
in the context of irreversible thermodynamics [101].
Moreover, irreversible thermodynamics has been employed successfully to model

several metallurgical processes occurring at a non-equilibrium state. Rios [110],
Rios et al. [111] and Fischer et al. [34] modelled the rate of grain growth. Fischer
and Svoboda [33] derived equations of void growth. Sintering and coarsening of
rows of spherical particles were modelled by Parhami and co-workers [103]. Poliak
and Jonas [106] predicted the critical conditions for the initiation of dynamic
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recrystallization. These successful applications o¤er some con�dence to employ
irreversible thermodynamics for modelling the kinetics of plastic deformation. This
is performed via describing the evolution of the dislocation microstructure, which
undergoes a series of non-equilibrium states.

2.3 Existing dislocation-based continuum models for
plastic deformation in one dimension

Before introducing irreversible thermodynamics to model plastic deformation via
employing the average dislocation as the only variable, it is interesting to discuss
the existing dislocation-based models for work hardening. These continuum ap-
proaches consider average dislocation densities without taking into account the
spatial distribution of dislocations, and are therefore referred as one dimensional
here.

2.3.1 One-variable model

Employing the total dislocation density as the single variable, Kocks and Mecking
[73] and Estrin and Mecking [31] developed a work hardening model for single
phase metals. The shear stress � is related to the total dislocation density � via

� = �0 + ��b
p
�; (2.11)

where � is the shear modulus and b is the magnitude of the Burgers vector. �0 is
caused by the lattice resistance and solid solution. � is a constant depending on
temperature T and shear strain rate _. It can be split into two parts:

� = s( _; T )�0; (2.12)

where �0 is a constant at T = 0. s is a function of strain rate and temperature,
which decreases with increasing temperature and decreasing strain rate. The ac-
tual value of �0 is determined by the geometrical arrangement of the dislocations
and is assumed to decrease continuously with deformation when the dislocation
structure is gradually converted from a random into a cellular arrangement. But
the variations are within a 10% range.
The core of the Kocks-Mecking model is the evolution equation for the total

dislocation density with the shear strain , which is expressed as

d�

d
=
1

b�
��� (2.13)
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where � is the mean distance travelled by the dislocation before being stopped. The
variation of � with deformation can be measured by nuclear magnetic resonance
(NRM) as demonstrated by De Hosson et al. [21][23] and for Al alloys was shown
to decrease with deformation. Term 1=(b�) describes the dislocation generation
rate during plastic deformation. �� accounts for the dislocation annihilation rate
due to dynamic recovery (DRV). For single crystals, 1=(b�) is expressed as

1

b�
=

p
�

b
: (2.14)

For polycrystals, it takes into account the grain size e¤ect and is written as

1

b�
=

1

bD
+

p
�

b
(2.15)

where D is the grain size.
Since DRV is thermally activated, � is a function of temperature and the shear

strain rate:

� =

�
_0
_

�1=m
: (2.16)

In the low temperature range, m is temperature dependent following the predic-
tions of the corss-slip theory while _0 is constant. In the high temperature range
m is constant (typically m = 4) while _0 bears an Arrhenius type temperature de-
pendence and is proportional to exp(�Qac=kT ) where Qac is the activation energy
for self-di¤usion.
The Kocks-Mecking model is widely used and has been developed further by

many researchers. For instance, by considering twins as impenetrable obstacles
for dislocations, Bouaziz and Guelton [12] extended the Kocks-Mecking model to
describe the TWIP e¤ect on work hardening of austenitic steels. 1=(b�) in equation
2.13 is rewritten as

1

b�
=

1

bD
+
k0
p
�

b
+

1

dtwin
(2.17)

where dtwin is the average spacing of twins and k0 is a constant.
The Kocks-Mecking model can be modi�ed for two phase alloys by introducing

the geometrically-necessary dislocation (GND) density �g: The origin of GND
is due to the two phases not being equally easy to deform. One phase deforms
plastically more than the other such that deformation gradients build up [4]. The
total dislocation density is the sum of the statistically stored dislocation (SSD)
density �s and GND density. The evolution of SSD density follows equation 2.13:

d�s
d

=
1

b�
���s (2.18)
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The evolution of GND density for non-deformable cube-shaped particles of length
dp is derived by Ashby [4]:

d�g
d

=
8f

bdp
(2.19)

where f is the volume fraction of non-deformation particles. The shear stress in
equation 2.11 can be rewritten as

� = �0 + ��b
p
�s + �g (2.20)

The application of such modi�ed Kocks-Mecking model for dual-phase steels has
been demonstrated by Bouaziz and co-workers [13].

2.3.2 Two-variables model

In contrast to the Kocks-Mecking model, Nix and co-workers [98] proposed a two-
variables model to describe the work hardening of single phase metals. The two
variables of the model are the dislocation density in the cell walls �W and that in
the cell interiors �C . It is assumed that the cell walls contain only edge dislocations
while screw dislocations are present in the cell interiors. DRV mechanisms in the
cell walls and cell interiors are assumed to be di¤usion controlled climb of edge
dislocations and cross-slip of screw dislocations, respectively. Cell walls and cell
interiors are treated as two di¤erent phases. The cell walls represent the �hard�
phase while the cell interiors are the �soft� one. The shear �ow stress can be
expressed by the mixtures rule:

� =
LC

LC + LW
�C +

LW
LC + LW

�W (2.21)

where LC is the diameter of the cell interiors; LW is the thickness of cell walls; �C
and �W are the shear stresses acting in the cell interiors and cell walls, respectively.
LC is assumed to be 10 times the average dislocation spacing in the cell interiors
(LC = 10=

p
�C). LW is assumed to be a constant. �C and �W are related to their

corresponding dislocation densities:

�C = �b
p
�C (2.22)

�W = �b
p
�W : (2.23)

The evolution of �C is expressed as

d�C
d

=
1

b�C
��C�C (2.24)
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where �C is the mean distance travelled by the screw dislocation in the cell interiors
before it is stopped. It is assumed that �C = 100�

�1=2
C : �C�C describes the screw

dislocation annihilation rate which is caused by the cross-slip. Following the theory
of cross-slip [9], �C�C is expressed as

�C�C =

p
�C
50b

v0
_
exp

�
�Wcs

kT

��
exp

�
�C
�

kCWcs

kT

�
� 1
�

(2.25)

where an attempt frequency v0 = 109 s�1 is assumed, k is the Boltzmann constant,
Wcs is the activation energy for cross-slip and kC is a constant. Both Wcs and kC
are �tting parameters.
The evolution of �W is expressed as

d�W
d

=
2

bLW
��W �W (2.26)

where 2= (bLW ) represents the edge dislocation generation rate in the cell walls.
�W �W represents the DRV rate in the cell walls and is written as

�W �W = �2W
DL
_

�b3

kT
(2.27)

where DL is the lattice di¤usivity. Combining equations 2.21 to 2.27, the stress-
strain curves and the dislocation densities in the cell walls and cell interiors can
be predicted.
Another two-variables model has been proposed by Bréchet and co-workers [32]

for single phase metals. Similar to the model described above, the two variables
in the model are the dislocation densities in the cell walls and cell interiors. The
deformed metals are also considered as a two phase mixture: cell walls being one
phase and cell interiors being the other one. The shear stress � is obtained with
the help of the mixture rule:

� = fW �W

�
_

_�0

�1=m�

+ (1� fW )�C
�
_

_�0

�1=m�

(2.28)

where fW is the volume fraction of the cell walls. 1=m� is the strain rate sensi-
tivity index. _�0 is a reference shear rate (constant). �W and �C are respectively
determined by the dislocation density in the walls and interiors:

�W = �1�b
p
�W : (2.29)

�C = �1�b
p
�C : (2.30)

where �1 is a constant.
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The evolution of the dislocation density in the cell interior is expressed as

d�C
d

= ��
2

3
p
3

p
�W
b| {z }

i

� 4��

bd
p
1� fW| {z }
ii

� k�
�
_

_�0

��1
r�

�C| {z }
iii

(2.31)

where i stands for the dislocation generation rate introduced by the dislocation
sources on the wall surface in contact with the cell interior. �� is a constant de-
noting the fraction of operative dislocation sources. ii accounts for the dislocation
loss rate in the cell interiors, which is due to cell interior dislocations moving into
the walls and becoming part of the wall dislocations. �� is a constant describing
the fraction of interior dislocations moving into the cell walls. Term iii describes
the dislocation loss rate due to the cross-slip of dislocations. k� is a constant and
r�, similar to m�; is inversely proportional to the absolute temperature.
For the dislocation density in the cell walls, its evolution equation is written as

d�W
d

= ��
4
p
1� fW
bdfW| {z }
iv

+
2��(1� fW )

p
�W

fW b
p
3| {z }

v

� k�
�
_

_�0

��1
r�

�W| {z }
vi

(2.32)

where iv accounts for the dislocation emigrating from the cell interior into the
wall (ii); it takes into account the fact that dislocations lost to the cell interior
and embedded into the walls are spread over four wall elements. Term v is the
dislocation generation rate in the cell walls due to Frank-Read sources. Term vi is
the dislocation loss rate, identical to iii. Cross-slip processes are assumed to occur
both in the cell walls as well as in the cell interiors.

2.3.3 Three-variables model

For alloys containing second phase precipitates as well as single phase alloys,
Gottstein and co-workers [113] proposed a three-variables model. These variables
are the mobile dislocation density �M , immobile dislocation density in the cell
interior �imC and immobile dislocation density in the cell walls �imW . Similar to
the two-variables model, in this approach the deformed alloy is divided into two
phases: dislocation cell interiors and dislocation walls. The mobile dislocations are
assumed to be able to glide through cell interiors and cell walls. The shear stress
is expressed by using the rule of mixtures:

� = fC�C + fW �W (2.33)

where fC and fW are the volume fractions of cell interiors and cell walls, respec-
tively. �C and �W are the contribution of the shear stress from the cell interiors
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and cell walls, respectively. �C is given by

�C = �
th
C + �2�b

q
�imC (2.34)

where � thC is the thermal stress in the cell interiors and �2 is a constant weakly
depending on the temperature. �W is written as

�W = � thW + �2�b
q
�imW (2.35)

where � thW is the thermal stress in the cell walls. Both � thC and � thW depend on
temperature and strain rate.
The core of the model is the evolution kinetics of di¤erent types of dislocation

populations. The evolution of mobile dislocation density is written as

d�M
d

=
1

bLeff| {z }
vii

� 2dannihil�c
bna

�M| {z }
viii

� 4dlock
na � 1
bna

�M| {z }
ix

� 2(ddipol � dannihil�c)
�M
bna| {z }

x

(2.36)
where vii stands for the generation rate of mobile dislocations. Leff is the e¤ective
distance travelled by the mobile dislocation before it is trapped. Leff is determined
by the e¤ective grain size K and three obstacle spacings: the forest dislocation
spacing in the cell interiors LC , the forest dislocation spacing in the cell walls LW ,
and the spacing of the precipitates LP .

1

Leff
=
�C
LC

+
�W
LW

+
1

K
+

1

LP
(2.37)

where �C and �W are constants. viii is the loss rate of the mobile dislocations
due to the annihilation of dislocations with opposite Burgers vector. dannihil�c is
a constant determining the critical distance for annihilation. na is the number of
activated glide systems. Term ix is the loss rate due to the formation of dislocation
locks. dlock is the critical distance for the spontaneous formation of locks and is a
constant. Term x takes into account the formation of dislocation dipoles. ddipol is
the critical distance for the formation of dislocation dipoles and is also a constant.
The evolution kinetics of the immobile dislocation density in the cell interior is

expressed as

d�imC
d

= 4dlock
na � 1
bna

�M| {z }
xi

� 2vclimbdclimb
�
�imC

�2
_na| {z }

xii

(2.38)

where term xi is the rate of increase of the dislocation density in the cell interiors,
which is equal to the decrease of mobile dislocation density due to the formation of
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locks (term ix). Term xii describes the annihilation rate due to dislocation climb,
which is a di¤usion controlled process. dclimb is the climb distance (constant).
vclimb is the dislocation climb velocity and is expressed as

vclimb =
Dclimb
kT

�Aclimb

where Dclimb is the self-di¤ution coe¢ cient and Aclimb is the activation area.
For the immobile dislocations in the cell walls, the evolution equation reads

d�imW
d

=
2

fW
(ddipol � dannihil�c)

�M
bna| {z }

xiii

� 2vclimbdclimb
�
�imW

�2
_na| {z }

xiv

(2.39)

where term xiii is the increase rate of the immobile dislocation density in the cell
walls. This is calculated by assuming all dipoles formed by the mobile dislocations
(related to term x) are stored in the cell walls. Term xiv is the annihilation rate
due to the climb of dislocations.

2.4 Irreversible thermodynamics and plastic
deformation

In the existing dislocation-based models, the equations of the dislocation density
evolution are derived from a phenomenological building-block approach as men-
tioned by El-Azab [30] who asserts that the proportionality relationship between
the dislocation generation rate and the mean free distance travelled by dislocations
lacks a thermodynamic and physical foundation. Furthermore, many �tting para-
meters are involved in those models. Some of the parameters are not physically
rooted so that the �exibility of those models is limited. Based on the principles
of thermodynamics, the present work is an attempt to produce dislocation-based
models with solid physical foundations. Only a few but physically-rooted parame-
ters are involved. The total dislocation density can be treated as a thermodynamic
state variable as suggested by Bridgman [15], which is related to the other ther-
modynamic state variables such as energy and entropy.
As demonstrated in the existing dislocation-based models described above, dur-

ing the plastic deformation of metals, three irreversible processes related to dis-
locations are in general taking place: (1) dislocation generation, (2) dislocation
glide and (3) dislocation annihilation. [60][64][65][67][68]. Grain boundary sliding,
which is an important mechanism for plastic deformation in nanocrystalline met-
als [118][125] and in high temperature creep conditions for polycrystalline metals



18 Chapter 2 Irreversible Thermodynamics Applied to Plastic Deformation

[121], is not considered in the present work. The entropy generation during plastic
deformation can be calculated by using equations 2.3 or 2.4 [64][67]:

diS =
dWge

T
+
dWgl

T
+
dWan

T
(2.40)

or
diS

dt
= JgeXge + JglXgl + JanXan (2.41)

where dWge, dWgl and dWan are the dissipative energies due to the irreversible
processes of dislocation generation, glide and annihilation, respectively. Jge, Jgl
and Jan are the dislocation generation rate, the average dislocation glide velocity
and dislocation annihilation rate, respectively. Xge, Xgl and Xan are the gener-
alised forces for dislocation generation, glide and annihilation, respectively. Ex-
plicit expressions are shown in the following chapters. Equations 2.40 and 2.41
are core equations employed in this thesis for describing the evolution of the total
dislocation density.
The stationary state of plastic deformation can be reached when the dislocation

density and their microstructures (e.g. size and orientation of dislocation cells) are
independent of time [67]. The internal energy and entropy are independent of time
at the stationary state. For isothermal deformation, all mechanical work done into
the metal is transformed into heat and is released into the environment, which
implies that dQ=dt < 0. As a result, a negative entropy �ow is ensured (equation
2.10) to maintain the stationary state. Invoking the law of energy conservation
(dU = dQ + dW; where U is the internal energy of the deformed metal and W
is the mechanical work done into the metal) and equation 2.10, the entropy �ow
between the deformed metal and the environment can be expressed as

deS =
dQ

T
=
�dW
T

=
��d�
T

(2.42)

where � is the applied stress and � is the corresponding strain. Equations 2.42 and
2.9 will be employed in Chapter 3 to quantitatively predict the stress level at the
stationary state of plastic deformation.
It is interesting to analyse the evolution of the entropy before the deformation

reaches the stationary state. Since the entropy generation rate evolves towards the
minimum value and the occurrence of a negative entropy �ow from the metal into
the system, the entropy of metals deformed at isothermal conditions could decrease
with straining [64]. The orientation of the grains in the deformed polycrystalline
metals will follow a certain direction during the deformation (the formation of
texture). Moreover, the dislocations will form a certain pattern (e.g. cells and per-
sistent slip bands) instead of a homogeneous distribution. These two phenomena
could bring the deformed metal to a state being more ordered than its initial form.
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Furthermore, the entropy of a system in an ordered state is lower than the one in a
random sate [17]. As a result, the entropy of the deformed metal shows a decrease
during straining. This argument will be explored further in Chapter 4 in order
to model the entire stress-strain behaviour of plastic deformation. Both equations
2.40 and 2.41 will be employed in Chapters 5 and 6 to describe the evolution
of the average dislocation density under adiabatic and quasi-static deformation
conditions.
In summary, the current thesis aims at deriving equations for the evolution of

the average dislocation density during industrially relevant deformation conditions
for single phase of FCC and BCC metals using the principles of irreversible ther-
modynamics.
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3

Modelling Stress Levels at Steady State
Deformation Conditions

3.1 Introduction

Based on the theory of irreversible thermodynamics introduced in Chapter 2, a
model to describe the steady state of plastic deformation in FCC metals is pre-
sented. The steady state is characterised by a constant �ow stress during straining,
which implies that the work hardening rate vanishes, i.e. � = 0 where � � d�=d,
� is the shear stress and  is the shear strain.
A steady state can be achieved in three di¤erent situations: (1) constant strain

rate deformation under conditions of DRV only, (2) creep under the conditions of
DRV only and (3) constant strain rate deformation under conditions of both DRV
and dynamic recrystallization (DRX). The details of each metallurgical process
and the corresponding steady state will be discussed shortly.
Firstly, a schematic plot of the stress-strain curve at intermediate and high tem-

peratures and a typical testing strain rate is shown in �gure 3.1. The stress-strain
curve can be divided into three stages (Assuming multi-slip of dislocations takes
place at all strain levels, work hardening stage I can be ignored [96]). These stages
are easier to distinguish by plotting the work hardening rate versus the �ow stress
schematically illustrated in �gure 3.2 [96]. At low temperatures, a fourth work
hardening stage (IV) can appear between stage III and the steady state [136].
This deformation condition is not considered here. At stage II, the �ow stress in-
creases linearly with strain and the work hardening rate is constant with increasing
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FIGURE 3.1. Schematic representaion of three stages of stress-strain curves under con-
stant-strain-rate tests with DRV only.

stress. Stage III begins when the stress-strain curve deviates from linearity. The
�ow stress still increases with strain but at a lower pace as DRV appears at the
beginning of this stage [96]. Consequently, the work hardening rate decreases with
�ow stress.

FIGURE 3.2. Schematic representation of work hardening rate vs �ow stress for three
stages.

The steady state is reached as the �ow stress saturates (� = 0). It is worth to
note that the steady state is usually di¢ cult to achieve under conventional tensile
testing conditions since the sample will fail by cracking or necking before it reaches
this stage, but it can generally be achieved under hot rolling or torsion conditions.
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The second condition under which a steady state can be achieved is the creep
schematically described in �gure 3.3. As opposed to plastic deformation described
in �gure 3.1, which displays a constant strain rate, creep is usually associated with
time-dependent plasticity under a �xed stress at an elevated temperature, often
higher than 0:5Tm; where Tm is the absolute melting temperature [71]. Creep of
pure FCC metals is in general divided into three stages (�gure 3.3): (1) primary
creep, in which the strain rate (or creep rate) is changing with increasing strain or
time; (2) secondary creep where strain rate is constant over a range of strain; (3)
tertiary creep, where the strain rate increases due to cavitation and/or cracking
[71]. The secondary creep is the steady state (constant stress and strain rate) which
is dealt with in the current model.

FIGURE 3.3. Schematic representation of three stages of creep: primary creep (P), sec-
ondary creep (steady state, S) and tertiary creep (T). At steady state, strain increases
linearly with time (constant strain rate).

It is worth to note that, besides the dislocation controlled mechanism, steady
state creep may also be induced by a di¤usion controlled mechanism (e.g. Nabarro-
Herring creep and Coble creep) [71]. Nabarro-Herring creep is caused by the mass
transport of vacancies through the grains from one grain boundary to another
[56][71]. The strain in Coble creep is controlled by the di¤usion of vacancies along
grain boundaries [20]. These di¤usional controlled steady state creep mechanisms
are not considered in the current model. Only dislocation controlled deformation
processes will be considered.
Finally, a third metallurgical process is described schematically in �gure 3.4. For

low stacking fault energy metals, dislocations extend into relatively large stacking
faults, which hinders the climb and/or cross-slip of dislocations, so that a su¢ cient
dislocation density can be accumulated to trigger DRX for such metals deformed at
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elevated temperatures [28]. When DRX occurs, both nucleation as well as growth
(grain boundary migration) take place while the strain is being applied [28]. The
�ow curves associated with DRX can be single or cyclic peak [28] followed by the
steady state as demonstrated in �gure 3.4.

FIGURE 3.4. Schematic representation of stress-strain curves with DRX.

It is often observed that the average dislocation density and subgrain size are
constant with straining at the steady state [68]. In order to understand the devel-
opment of microstructures at the steady state introduced via various metallurgical
process, a number of physical models have been proposed in the literature.
The steady state achieved via the �rst two metallurgical processes (DRV only,

�gures 3.1 and 3.3) are in general described by the same model. For instance, the
model proposed by Mecking and Kocks [83] and the one developed by Gottstein and
Argon [43] predict the average dislocation density and the �ow stress at the steady
state of constant strain rate test and creep test. More recently, a three parameter
approach proposed by Nes [96] and Marthinsen and Nes [82] describes the steady
state of constant strain rate test and creep test in terms of the subgrain size, the
dislocation density inside the subgrains, and the subgrain boundary dislocation
density or the subgrain boundary misorientation.
However, for the third metallurgical process (DRV+DRX, �gure 3.4), a di¤erent

physical model is required as the material microstructure is no longer homogeneous
but contains regions with a high dislocation density (un-recrystallized regions) and
regions of a low dislocation density (recrystallized region). For instance, incorpo-
rating DRX, the average dislocation density and the �ow stress at the steady state
can be described by the models proposed by Sandstrom and Lagneborg [117] and
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Hodgson and co-workers [114]. These models employ the dislocation density as a
key parameter which is assumed to progress following kinetic approaches.
As discussed in Chapter 2, irreversible thermodynamics is frequently employed

for describing irreversible processes in mechanical and chemical engineering [107].
It constitutes an alternative approach to model the steady state of plastic deforma-
tion which can be achieved via di¤erent metallurgical process as described above.
The di¤erences in metallurgical processes are not relevant to an irreversible ther-
modynamics model (which only compares states and is not interested in routes).
Therefore, based on the theory of irreversible thermodynamics, a succinct uni�ed
model is proposed to describe the steady states introduced via di¤erent metallur-
gical process. The model predictions are compared to experimental data for a wide
range of deformation strain rates and temperatures.

3.2 Model

3.2.1 Entropic analysis

There are three irreversible processes related to dislocations occurring at the steady
state: (1) dislocation generation, (2) dislocation glide and (3) dislocation annihila-
tion. They are illustrated highly schematically in �gure 3.5: during a shear strain
interval d, d�+ dislocations are generated at the subgrain boundary in the form
of Frank-Read sources; then, the generated dislocations glide through the sub-
grain; �nally, they are trapped at the opposite side of the subgrain boundary. In
the meantime, d�� dislocations are annihilated due to DRV and/or DRX. These
three dislocation activities are irreversible processes which, according to the the-
ory of irreversible thermodynamics, produce entropy diS. This is mathematically
expressed as [67][107]

diS =
dWge

T
+
dWgl

T
+
dWan

T
(3.1)

where dWge, dWgl and dWan are the dissipative energies due to the processes
of dislocation generation, glide, and annihilation, respectively; T is the absolute
temperature. dWge is assumed to be proportional to d�+:

dWge = Ed�
+ (3.2)

where E is the elastic energy of the dislocation per unit length.
The energy dissipated due to dislocation glide, dWgl, is expressed as

dWgl = �fbld�
+ (3.3)



26 Chapter 3 Modelling Steady State Deformation

FIGURE 3.5. Dislocations are generated at A, then glide through the subgrain following
path B and �nally trapped at C.

where �f is the shear friction stress for dislocation gliding. It is assumed that �f =
� ; where � is the applied shear stress which is expressed as [5][83]

� = �0 + ��b
p
� (3.4)

where �0 is the contribution of the lattice resistance and elements in solid solution;
the term ��b

p
� incorporates the contribution of existing dislocations. For pure

FCC metals deformed at the steady state, �0 can be neglected [5][81]. Referring
to equation 3.3, l is the mean gliding distance during d assumed to be equal to
the average distance between dislocations:

l =
1
p
�
: (3.5)

When dislocations are annihilated, their elastic energies will be dissipated and
released into the surroundings. Therefore, dWan is expressed as

dWan = Ed�
� (3.6)

and E is approximated by [68]:

E =
1

2
�b2: (3.7)

Combining equations 3.1-3.7, equation 3.1 can be rewritten as

diS = (1 + 2�)
�b2

2T
d�+ +

�b2

2T
d��: (3.8)
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At the steady state, the average dislocation density � remains constant with strain-
ing due to the balance between dislocation generation and annihilation [68][96][136],
which is mathematically expressed as

d� = d�+ � d�� = 0: (3.9)

Inserting equation 3.9 into equation 3.8, diS is rewritten as

diS = (1 + �)
�b2

T
d��: (3.10)

The entropy �ux deS for a shear strain increment d is related to the heat �ux
dQ between the deformed metal and the environment [107]:

deS =
dQ

T
: (3.11)

At the steady state, the overall dislocation density does not change with increas-
ing strain [68][96][136], causing the stored energy to remain constant (dU = 0),
being U is the stored energy of the deformed metal. According to the energy
conservation law, dQ is expressed as

dQ = dU � dW = �dW (3.12)

where dW is the mechanical work done into the metal by external loading:

dW = �d: (3.13)

Inserting equations 3.4, 3.12 and 3.13 into equation 3.11, deS is rewritten as

deS =
���bp�

T
d: (3.14)

The total entropy change dS of the deformed metals during a strain interval d
is the sum of the entropy production and �ux [107]:

dS = diS + deS: (3.15)

Assuming that the steady state of the plastic deformation is a stationary state
in the context of irreversible thermodynamics, dS = 0 since all state variables
(including entropy) are time independent. This can be rewritten as [107]

diS = �deS: (3.16)

Inserting equations 3.10 and 3.14 into equation 3.16, the average dislocation
density � at the steady state can be derived:

� =

�
b (1 + �)

�

d��

d

�2
: (3.17)
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The dislocation annihilation can be due to DRV and/or DRX depending on
the deformation conditions (temperature and strain rate) and the stacking fault
energy of metals. Therefore, d��=d can be expressed as the sum of annihilation
rate due to DRV and DRX:

d��

d
=
d��DRV
d

+
d��DRX
d

(3.18)

where d��DRV =d and d�
�
DRX=d represent the dislocation annihilation rates due

to DRV and DRX, respectively.

3.2.2 Dislocation annihilation due to dynamic recovery

DRV could be induced by dislocation climb and/or cross-slip. At the steady state,
most dislocations are stored in the subgrain boundaries [68][76][96] in which DRV
is mainly due to the climb of edge dislocations [98]. In the current model, it is
reasonable to assume that DRV is only caused by the climb of edge dislocations,
which is a process controlled by the di¤usion of vacancies [2][123]. As a result,
d��DRV =d can be expressed as [2]

d��DRV
d

=
2cjvc
_
� (3.19)

where _ is the shear strain rate. cj is the number of dislocation jogs per unit length
and is proportional to the dislocation density [96]:

cj =
p
�: (3.20)

Based on the hard ball model, the dislocation climb velocity vc along the disloca-
tion line is expressed as [2][96]

vc = 2bvDnc (b=d)
2
exp

�
�USD
RT

��
exp

�
F


kT

�
� 1
�

(3.21)

where vD (1013 s�1) is the Debye frequency. nc is the number of nearest neighbours
for di¤usion (nc = 11 for FCC). d is the stacking fault width. USD is the activation
energy for self-di¤usion. F is the assistant stress to enhance the dislocation climb,
and is originated from the combination of the applied stress and the stress of
existing dislocations [2][96]. 
 is the atomic volume (assumed to be b3 ). k is the
Boltzmann constant and R is the universal gas constant. The ratio (b=d) is given
by the equilibrium extension of an edge dislocation [2]:

b

d
=
24�(1� �)�
(2 + �)�b

(3.22)
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where � is the Poisson�s ratio and � is the stacking fault energy. The assistant
stress F is related to the dislocation density as [96]

F = ��b
p
� (3.23)

where � is the stress intensity factor, a constant value between 70 and 90 [96] for
FCC metals. In the present work, � = 70 is taken.
The factor 2 in equation 3.19 accounts for the fact that the dislocation anni-

hilation is due to a positive and a negative dislocation segment converge at the
same place. In other words, two dislocation segments of opposite Burgers vector
will disappear simultaneously in one annihilation step.
Inserting equation 3.20 into equation 3.19, the dislocation annihilation rate due

to DRV is rewritten as
d��DRV
d

=
2vc
_
�3=2: (3.24)

3.2.3 Dislocation annihilation due to dynamic recrystallization

DRX can be described by the nucleation and growth of new grains in deformed
metals. At the steady state, the grain size is constant due to the balance between
nucleation and growth of new grains [39]. The dislocation annihilation rate due
to DRX is related to the movement of grain boundaries. This is mathematically
expressed as [68]

d��DRX
dt

= Avgb� (3.25)

where t is time. A is the area (per unit volume ) of moving grain boundaries at
the steady state. vgb is the average grain boundary velocity. Equation 3.25 can be
rewritten as

d��DRX
d

=
Avgb
_
�: (3.26)

Assuming the nuclei of DRX are the subgrains located at the grain boundaries,
A can be expressed as

A = K1Ssub (3.27)

where Ssub is the total area of subgrains per unit volume and K1 is a constant (0 <
K1 < 1) representing the fraction of subgrains located at the grain boundaries.
K1 = 0:1 is assumed. For simplicity, the geometry of subgrains is assumed to be
cubic (�gure 3.5), which leads to

Ssub =
1

2
� 6D

2
sub

D3
sub

=
3

Dsub
: (3.28)
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where Dsub is the subgrain size. 6D2
sub represents the area of one subgrain and

D3
sub is its volume. The factor 1=2 takes into account that the surface of one

subgrain is shared by two adjacent subgrains. Dsub is found experimentally [62]
and theoretically to be proportional to the average dislocation density:

Dsub =
K2p
�

(3.29)

where K2 = 10 is a constant taken from the literature by Holt [62].
The grain boundary velocity vgb is determined by the grain boundary mobility

Mgb and the driving force P via the relationship [68]:

vgb =MgbP: (3.30)

The driving force is given by [68][116]

P =
1

2
�b2�: (3.31)

The grain boundary mobility can be expressed as [138]

Mgb =
�DgbVm
b2RT

(3.32)

where � is the grain boundary thickness. Vm is the molar volume. Dgb is the
grain boundary self di¤usion coe¢ cient which can be expressed by an Arrhenius
relationship [138]:

Dgb = Dgb0 exp

�
�Ugb
RT

�
(3.33)

where Dgb0 is the pre-exponential factor and Ugb is the activation energy for grain
boundary di¤usion.
Inserting equations 3.27, 3.28 and 3.29 into equation 3.26, the dislocation anni-

hilation rate due to DRX is rewritten as

d��DRX
d

=
3K1vgb
K2 _

�3=2: (3.34)

3.2.4 Dislocation density at the steady state

In section 3.2.1, the average dislocation density at the steady state is found to be
related to the dislocation annihilation rate due to DRV and DRX (equation 3.17).
Moreover, the dislocation annihilation rate is derived in sections 3.2.2 and 3.2.3
(equations 3.24 and 3.34). As a result, the average dislocation density at the steady
state is now obtained by inserting equations 3.18, 3.24 and 3.34 into equation 3.17:

� =
_

bvan
(3.35)
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where van is the pertinent velocity related term combing the dislocation climb
velocity and grain boundary velocity and is expressed as

van =
1 + �

�

264 2vc|{z}
I

+ (3K1=K2) vgb| {z }
II

375 (3.36)

where terms I and II account for the e¤ects of DRV and DRX, respectively.

3.3 Application and discussion

3.3.1 Constant strain rate deformation with DRV only

For the case with DRV only, the term II in equation 3.36 vanishes. Therefore, by
rewriting equation 3.35, the dislocation density at the steady state for the constant
strain rate test with DRV only is expressed as

� =
� _

2(1 + �)bvc
: (3.37)

Inserting equation 3.37 into equation 3.4 (Taylor relation), the shear �ow stress �
for pure FCC metals at the steady state with DRV can be expressed as

� = ��b

�
� _

2(1 + �)bvc

�1=2
: (3.38)

By solving equation 3.38, the �ow stress at the steady state under the constant
strain rate test condition is obtained. This prediction is compared to the temper-
ature dependent �ow stress <111> single crystals.
Single crystals are chosen as a �rst assessment because of the absence of grain

boundary sliding at high temperatures and the considerable delay in DRX com-
pared to polycrystals [84]. In compression tests on Cu and Ni single crystals of
<111> orientation conducted by Gottstein and Kocks [45], it is shown that the
critical stress and strain for the initiation of DRX are much higher than those in
polycrystals. Furthermore, the <111> orientation is stable in both tension and
compression, and deforms in multi-slip like polycrystals. The texture does not
change much during deformation [84]. All these e¤ects allow for a good assessment
of the DRV model presented here.
Critical material dependent constants employed in the model are obtained from

the literature [84][96], and are listed in table 3.1. The Poisson�s ratio � = 0:3 and
� = 0:4 [64][67] are assumed for all metals. The temperature e¤ects are incorpo-
rated in the term vc (equation 3.21). Figure 3.6 shows that the model prediction is
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FIGURE 3.6. Temperature dependence of steady shear stresses for Ni, Cu, Ag and Al
pure single crystals of <111> orientation. Dots are experimental data.

b � � Tm USD
(nm) (MPa) (�10�3 J�m�2) (K) (�103J�mol�1)

M E
Ni 0.249 87416:4� 32:73T 125 1728 290 280

+2:95� 10�3T 2
Cu 0.256 47400 47 1358 236 210-236

� exp(�3:97� 10�4T )
Ag 0.289 29997:5� 12T 16 1235 208 179-208

�7:96� 10�5T 2
Al 0.286 29438:4� 15:052T 166 933 138 136-142

TABLE 3.1. Material constants employed in the mode are obtained for the literature
[84][96]. Two sets of values of USD are included. Column M represents the values used
in the model. Column E contains the values measured from experimets reported in the
literature [96].

in good agreement with the experimental data for Ni, Cu, Ag and Al single crystals
reported by Mecking and co-workers [84]. The steady shear stress decreases with
temperature.
By solving equation 3.37, the temperature dependence of the average dislocation

densities at the steady state for Cu, Ag, Ni and Al single crystals are calculated
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FIGURE 3.7. The average dislocation density vs normalised temperature at the steady
state. The shear strain rate is 4�10�4 s�1.

and the results are plotted in �gure 3.7. The �gure shows that Al and Cu display,
respectively, the lowest and the highest dislocation density, both of which decrease
monotonically with temperature. The reason is that the dislocation climb velocity
increases with temperature as faster di¤usion of vacancies takes place. At temper-
atures higher than approximate 0:8Tm, all four single crystals approach the same
dislocation density because the dislocation climb velocity is almost equal for these
four metals due to vacancy di¤usion reaching a limiting value.
It is generally accepted in the literature that the stacking fault energy plays an

important role in DRV [2][60][84]. Higher stacking fault energy (corresponding to
smaller stacking fault width (equation 3.22) can increase the DRV rate resulting
a lower dislocation density. Moreover, in addition to stacking fault energy, the self
di¤usion energy is a key parameter. This is related to the melting temperature;
higher melting temperatures correspond to higher self di¤usion energies, which
make dislocation climb more di¢ cult, resulting in higher dislocation densities in the
deformed metals. Referring to �gure 3.7, Al has the highest stacking fault energy
and the lowest self di¤usion energy (lowest melting point) (table 3.1), leading
to fastest DRV and lowest dislocation density. For Ni, although its stacking fault
energy is higher than that of Ag and Cu, its dislocation density is still lower due to
its highest self di¤usion energy. On the other hand, Ag display the lowest stacking
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fault energy and a relatively high self di¤usion energy, resulting in a dislocation
density higher than Ni and Al. In summary, stacking fault energy and self di¤usion
energy are competitive parameters: the dislocation density decreases with stacking
fault energy but increases with self di¤usion energy.
In the current calculation, the stacking fault energy of each metal is assumed to

be constant with temperature. One may argue that the stacking fault energy could
increase with temperature. For instance, the stacking fault energy of austenitic
steels with high Mn content is found to increase with temperature at the relative
low temperature regime (T < 0:3Tm) [1]. However, for pure FCC metals, the
increase of stacking fault energy with temperature within the temperature regime
considered here (T > 0:3Tm) may be small enough such that the stacking fault
energy may be assumed to be constant.

3.3.2 Steady state creep with DRV only

Another application of the model is the steady state creep of high purity coarse
grained polycrystalline Al. Combining Taylor relation (equation 3.4) and equation
3.35 and assuming no DRX taking place (the term II in equation 3.36 vanishes),
the creep rate (strain rate) can be expressed as

_ = �
vc
b

�
�

�

�2
(3.39)

where � = 2(1 + �)=�3. Equation 3.39 indicates that the creep rate is determined
by the stress and the dislocation climb velocity.
By solving equation 3.39, the relationship between creep rate and stress is ob-

tained as shown in �gure 3.8 for pure polycrystalline Al. Figure 3.8 shows that
the model recovers the experimental data obtained by Sherby and Burke [121]
over a wide range of temperatures from near the melting temperature to as low as
0:57Tm. It is noted that, in �gure 3.8, the stress is uniaxial stress (� =M�; where
M is the Taylor factor) as strain rate does (_� = _=M). The Taylor factor is taken
as 3.06 [83]. At such creep conditions, DRX does not occur [71] and equation 3.39
can be applied.
Figure 3.8 shows that the creep rate increases with stress. For the same stress

level, the creep rate increases with temperature. Another interesting feature in this
�gure is that, at low temperatures (533 and 644 K), the slope of the curves increases
with stress, while at high temperatures (755 and 866 K), they remain constant.
This phenomenon is described as the power-law breakdown in the classical semi-
empirical power-law descriptions of creep [71], and is due to the change in creep
mechanism from dislocation climb to dislocation pipe di¤usion [71].
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FIGURE 3.8. Uniaxial stress (�) vs uniaxial strain rate (_�) for steady state creep of high
purity polycrytalline Al at various temperatures. Dots are experimental values.

In contrast, in the current model, it is not necessary to postulate a change of
dislocation related mechanism in order to explain the change of the slopes in �gure
3.8. In the current model, the increase of the slopes is due to the introduction of
the assistant force F for the formation of vacancies (equation 3.21). Moreover, the
in�uence of F is only relevant at the high stress level (low temperature regime).
In other words, vacancies can only experience the presence of the assistant force
when it is larger than a certain value. As a result, the slopes start to increase when
the in�uence of F becomes relevant.
In summary, employing only one single dislocation mechanism, the current

model can describe the creep of pure Al over a wide range of temperatures, while
the classical semi-empirical power-law model needs to introduce di¤erent mecha-
nisms for di¤erent temperature regimes.

3.3.3 Constant strain rate deformation with DRV and DRX

For polycrystalline metals with low stacking fault energy and relative high self
di¤usion energy (relative high melting temperature) such as Cu, the dislocation
density stored in the deformed metal is relatively high as discussed in previous
section (�gure 3.7). For such circumstance, DRX takes place at the steady state
under hot deformation conditions as schematically shown in �gure 3.4. The steady
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�ow stress for this case can be obtained by inserting equation 3.35 into equation
3.4:

� = ��

�
b _

van

�1=2
(3.40)

In order to apply the model to the situation of DRV+DRX (solving equation
3.40), 3 more terms (��Dgb0; Ugb; Vm; see equations 3.32 and 3.33), which are related
to the grain boundary mobility, need to be known. In the current calculations,
the values for � � Dgb0 = 9:44 � 10�15 m3�s�1 and Vm = 7:11 � 10�6 m3�mol�1
are obtained from literature [16][88]. Ugb (J�mol�1) in the current calculations is
determined by adjusting to experimental data and is assumed to take the form as

Ugb = Ugb0 ln
_0
_

(3.41)

where Ugb0 = 3:4�103 J�mol�1 and _0 = 4�108 s�1 are taken. For instance, when
the shear strain rate increases from 10�4 to 10�1 s�1, Ugb decreases from 98.7�103
to 75.2 �103 J�mol�1. These activation energy values are similar to those reported
in the literature [88].

FIGURE 3.9. Steady uniaxial stress vs temperature for pure polycrystalline Cu at four
di¤erent strain rates.

By solving equation 3.40, the steady �ow stresses of high purity (99.99999%)
polycrystalline Cu under hot compression are predicted as shown in �gure 3.9.
The model predictions are in good agreement with compression tests performed
by Gao and co-workers [39]. Figure 3.9 shows that the steady state stress increases
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with strain rate and decreases with temperature. The stress and strain rate in this
�gures are uniaxial stresses and uniaxial strain rate. The Taylor factorM for these
compression tests is assumed to be 3.06 [83].
In order to identify the relative contributions of DRV and DRX at the steady

state, three di¤erent calculations are made for _� = 0:2 s�1 as shown in �gure
3.10: (1) DRV only (i.e. term II vanishes in equation 3.36); (2) DRX only (i.e.
term I vanishes in equation 3.36); (3) DRV+DRX. It is shown that the curve of
DRX merges with the curve of DRV+DRX when the temperature is higher than
about 600 K. This implies that DRX is the dominant softening mechanism at this
temperature regime. In contrast, the curve of DRV joins the curve of DRV+DRX
when the temperature is lower than about 450 K, which indicates that DRV plays
a dominant role. At such low temperature, it is too di¢ cult to initiate DRX. In
the range between 450 and 600 K, both DRV and DRX are important. This is the
transitional regime.

FIGURE 3.10. Steady unixial stress vs temperature for pure polycrystalline Cu. Lines
are model predictions. Three regions are indicated: (1) DRV, (2) DRV+DRX and (3)
DRX. The experimental data are the same in �gure 3.9 for _� = 0:2 s�1.

It is interesting to note that the above observations are in full agreement with
the Zener-Hollomon criterion for the occurrence of DRX. The Zener-Hollomon
criterion combines the deformation temperature and strain rate into one Zener-
Hollomon parameter Z :

Z = _ exp

�
Qz
RT

�
(3.42)
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where QZ is the activation energy [68]. DRX mainly occurs under conditions of
low Z value, which corresponds to low strain rates or high temperatures [68]. For
a given strain rate, increasing the deformation temperature decreases the value of
Z. Therefore, for a given strain rate, the temperature needs to be high enough to
obtain a low Z value such that DRX can occur. Finally, for a given strain rate, it is
easier to initiate DRX at higher deformation temperature, which is in agreement
with the predictions of the current model (�gure 3.10).

3.4 Conclusions

A novel succinct physical model based on the theory of irreversible thermodynam-
ics is developed in this chapter to predict the average dislocation density and then
the �ow stress at the steady state of plastic deformation for pure FCC metals. The
dislocation density is found to be a function of shear strain rate and a velocity
term combing the climb velocity of dislocations and the grain boundary velocity,
i.e. � = _=(bvan):

The e¤ects of DRV and DRX are naturally incorporated into one single formula.
At low temperatures, the model predicts that the DRV is the dominant softening
mechanism, while at high temperatures, DRX plays the major role.
In contrast to the classical semi-empirical power-law model, the current model

can describe the creep of pure Al over a wide range of temperatures without the
need to introduce di¤erent creep mechanisms for di¤erent temperature regimes.



4

Modelling the Stress-strain Behaviour of
Single Crystals and (Ultra)�ne
Polycrystals

4.1 Introduction

As discussed in Chapter 3, the stress-strain curve of metals at a constant strain rate
and temperature can be divided into several work hardening stages. The steady
state has been described in Chapter 3 by an irreversible thermodynamics model.
This chapter is to extend this model to describe other work hardening stages (entire
stress-strain curve) in terms of the evolution of dislocation microstructures.
A large amount of experimental evidence (e.g. TEM [6][19][59] and x-ray dif-

fraction [69]) shows that the density and arrangement of dislocations change with
the progress of deformation. For instance, dislocation density increases with in-
creasing deformation in metals at a constant strain rate and temperature [52][92].
Concerning the arrangement of dislocations, it is often observed that, with in-
creasing deformation, dislocations are organized into high and low density regions
(dislocation cell/subgrain boundaries and interiors, respectively). [38][51][68].
A number of models have been developed to describe (or explain) the work

hardening of metals based on several types of dislocation densities. Nix and co-
workers [98] proposed a composite model with which the dislocation densities in
cell boundaries and interiors can be predicted. More recently, Nes and co-workers
[95][96][97] proposed a three parameter approach to model work hardening in terms
of the dislocation densities in the cell/subgrain boundary and interior, as well as
the cell/subgrain size. A similar three parameter model has been developed to
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describe the work hardening of metals and alloys by Gottstein and co-workers
[113]. It distinguishes three types of dislocations: mobile dislocations, immobile
dislocations in the cell interior and immobile dislocations at the cell boundary. All
these models have in common that some additional parameters to the dislocation
density are involved.
Besides the multiple parameter models, Kocks and Mecking [73] and Estrin and

Mecking [31] proposed a one parameter approach based on an average dislocation
density. This model successfully predicts the stress-strain curves by utilizing the
Taylor relationship between the �ow stress and the average dislocation density. One
of the advantages of the one parameter model is that the number of free parameters
is reduced, though it sacri�ces the heterogenic nature of the dislocation structures.
Despite the success of the parametric approaches, they lack a �rm thermo-

dynamic foundation. Adopting the one parameter concept (average dislocation
density), this chapter proposes models based on the theory of irreversible thermo-
dynamics to describe the entire plastic region of the stress-strain curves deformed
at a constant strain rate and temperature. Firstly, section 4.2 develops a model
for FCC single crystals deformed at a wide range of temperatures. Secondly, incor-
porating the grain size e¤ects on the development of dislocation microstructures,
section 4.3 extends the single crystal model to (ultra)�ne grained FCC and BCC
alloys. The predictions on ductility emphasize that the engineering applications of
ultra�ne grained (UFG) alloys are intrinsically limited by their low ductility.

4.2 Single crystals

4.2.1 Model

It is generally accepted that there are three irreversible processes taking place
during plastic deformation of metals [60][64][67]: (1) dislocation generation from
Frank-Read sources, (2) dislocation glide along their slip systems and (3) disloca-
tion annihilation due to edge dislocation climb and/or screw dislocation cross-slip,
depending on the loading conditions (temperature and strain rate) [98]. In the
present work, the dislocation annihilation due to the motion of subgrain bound-
aries or due to DRX is omitted from the analysis as the deformation conditions
considered (low deformation temperature and small strain) are not su¢ cient to
trigger those processes.
According to the theory of irreversible thermodynamics, all irreversible processes

produce entropy, which is related to the energy dissipation [107]. Therefore, during
a shear strain increment d, the entropy production in the metal bulk is expressed
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as [60][67][107]

diS =
dWge

T
+
dWgl

T
+
dWan

T
(4.1)

where dWge, dWgl and dWan are the dissipative energies due to processes of dislo-
cation generation, glide, and annihilation, respectively; T is the absolute temper-
ature. dWge is assumed to be proportional to d�+ [64][67]:

dWge = Ed�
+ (4.2)

where d�+ is the length of dislocations per unit volume generated during d and
E is the elastic energy of the dislocations per unit length.
dWgl is expressed as [64][67]

dWgl = �fbld�
+ (4.3)

where �f is the shear friction stress for dislocation gliding. It is assumed that �f =
� where � is the shear �ow stress which is expressed as [5][83]

� = �0 + ��b
p
� (4.4)

where �0 is the contribution of the lattice resistance and elements in solid solu-
tion; the term ��b

p
� accounts for the contribution due to existing dislocations.

� is a constant accounting for the interaction between dislocations, � is the shear
modulus, and b is the magnitude of Burgers vector. For pure FCC single crystals,
�0 can be neglected [5][81]. Referring to equation 4.3, l is the mean glide distance
of dislocations during d assumed to be equal to the average distance between
dislocations [64][67]:

l =
1
p
�
: (4.5)

Concerning the annihilation process during d, d�� dislocations are annihilated
due to edge dislocation climb and/or screw dislocation cross-slip depending on the
loading conditions, their elastic energies will be dissipated and released into the
surroundings. Therefore, dWan is expressed as [64]

dWan = Ed�
� (4.6)

and E is approximated by [68]:

E =
1

2
�b2: (4.7)

Combining equations 4.1-4.7, diS is rewritten as

diS = (1 + 2�)
�b2

2T
d�+ +

�b2

2T
d��: (4.8)
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The change of the average dislocation density during d is expressed as

d� = d�+ � d��: (4.9)

Inserting equation 4.9 into 4.8, the entropy generation takes the form:

diS = (1 + 2�)
�b2

2T
d�+ (2 + 2�)

�b2

2T
d��: (4.10)

The entropy �ux deS during d is related to the heat �ux between the deformed
metal and the environment [107]:

deS =
dQ

T
: (4.11)

According to the energy conservation law (dQ = dU � dW ), equation 4.11 can
be modi�ed as

deS =
dU � dW

T
(4.12)

where dU is the increase of the stored energy due to the dislocation density increase
during d and is expressed as [68]

dU =
1

2
�b2d�: (4.13)

dW is the mechanical work done into the metal by the external loading:

dW = �d (4.14)

Inserting equations 4.4, 4.13 and 4.14 into equation 4.12, deS is rewritten as

deS =
�b2

2T
d��

��b
p
�

T
d (4.15)

The total entropy change dS of the deformed metal during d is the sum of the
entropy generation and entropy �ux [107]:

dS = diS + deS (4.16)

Inserting equations 4.10 and 4.15 into 4.16, dS is rewritten as

dS = (1 + �)
�b2

T
d�+ (1 + �)

�b2

T
d�� �

��b
p
�

T
d (4.17)

Rewriting equation 4.17 provides

dS

d
= (1 + �)

�b2

T

d�

d
+ (1 + �)

�b2

T

d��

d
�
��b

p
�

T
(4.18)
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dS=d describes the rate of total entropy change in the deformed metal during plas-
tic deformation. Equation 4.18 relates the entropy to plastic deformation via the
development of the dislocation structure. Another way to link entropy to plastic
deformation may be made via the relation between the entropy and the �hardness
parameter ��(� ; _)�due to Hart [55], which is a function of stress and strain rate
and has the dimensions of stress. Nabarro [91] argued that the hardness parameter
and the entropy both measure the internal disorder of the deformed metal, and
shall therefore be related. Moreover, as discussed in Chapter 3, both work hard-
ening rate and entropy changing rate vanish at the steady state (d�=d = 0 and
dS=d = 0). Therefore, inspired by Nabarro�s concept and the properties at the
steady state, and taking the hardness parameter to be the work hardening rate
(d�=d), it is postulated that

dS

d
=
C

T

b

l

d�

d
(4.19)

where C is a temperature dependent proportionality constant.
Employing equation 4.4, the work hardening rate can now be expressed as

d�

d
=
��b

2
p
�

d�

d
(4.20)

Inserting equations 4.20 and 4.5 into equation 4.19, dS=d is rewritten as

dS

d
=
C��b2

2T

d�

d
(4.21)

Equating the right hand sides of equations 4.18 and 4.21 o¤ers

d�

d
=

2�

(2 + 2�� C�) b
p
�� 2 + 2�

2 + 2�� C�
d��

d
(4.22)

The annihilation of individual dislocations in FCC metals is a thermally acti-
vated process which can quantitatively be expressed as [64][73]

d��

dt
= v0 exp

�
�G

kT

�
� (4.23)

where t stands for time, v0 is the atomic vibration frequency (v0 = 1012 s�1[98]), k
is the Boltzmann constant and �G is the e¤ective activation energy. The present
work does not distinguish edge and screw dislocations due to the one parameter
approach. Therefore, dislocation annihilation in the present work is treated as the
combination of edge dislocation climb and screw dislocation cross-slip. The e¤ec-
tive activation energy in equation 4.23 accounts for the average of the activation
energies for both mechanisms. In order to obtain the precise value of �G at di¤er-
ent temperatures and strain rates, one needs to know the fraction of edge and screw
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dislocations annihilated during the deformation. This is a rather complex task and
not fully understood yet. Consequently, �G is treated as a �tting parameter in
the current model.
Equation 4.23 can be rewritten as

d��

d
=
v0
_
exp

�
�G

kT

�
� (4.24)

where _ is the shear strain rate. Inserting equation 4.24 into 4.22, the evolution of
the average dislocation density during plastic deformation is obtained:

d�

d
= (2 + 2�� C�)�1

266642�b p�| {z }
A

� (2 + 2�) v0
_
exp

�
�G

kT

�
�| {z }

B

37775 (4.25)

Equation 4.25 describes the dislocation evolution during plastic deformation. Term
A represents the generation of dislocations, whereas B stands for their annihilation.
This equation is similar to the classical one parameter model proposed by Kocks
and Mecking [73] and Estrin and Mecking [31]. By solving equation 4.25 the average
dislocation density can be found for the entire work hardening stages for a given
deformation temperature and strain rate. Then, employing the Taylor relation
(� = ��b

p
� ), the stress-strain curve in the plastic regime can be obtained. � is

reported to lie between 0.3 and 1.0 for FCC metals[54], and is taken to be 0.4 for
FCC metals in the application of this model [64][67]. This same value was used in
Chapter 3.

4.2.2 Application

The model is �rstly applied to pure Cu <111> single crystals under tension. The
<111> orientation is chosen as it undergoes multiple-slip during tensile and com-
pression testing in FCC metals, similar to polycrystalline specimens. Furthermore,
the <111> orientation is stable in both tension and compression and the texture
does not change much during deformation [84]. In equation 4.25 there are two para-
meters (C and �G) which need to be determined in order to predict the evolution
of dislocation density with imposed strain, and then the stress-strain curve. �G is
temperature and strain rate dependent; and reference values for it may be found
in the literature [135]. In the current model, C and �G are �tted to the experi-
mental stress-strain curves for several temperatures. Figure 4.1a shows the shear
stress-strain curve for 78, 295, 673 and 1123 K. The experimental data are taken
from Gottstein et al. [44][46]. The initial dislocation density ( = 0 ) is assumed to
be 1011 m�2. The magnitude of the Burgers vector for Cu is 2:56� 10�10 m [96].
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The shear modulus of Cu is temperature dependent and has been experimentally
determined as � = 4:74� exp

�
�3:97� 10�4T

�
� 10�4 MPa [84]. The values of C

and �G employed in the model for di¤erent temperatures are displayed in �gures
4.1b and 4.1c, respectively. It is interesting to note that C and �G change with
temperature linearly.
The model is also applied to pure Al <111> single crystals under tension. The

initial dislocation density before deformation is also assumed to be 1011 m�2. The
magnitude of the Burgers vector for Al is 2.86�10�10 m [96]. The shear modulus
of Al was experimentally found to be � = 29438:4�15:052T MPa [96]. Figure 4.2a
shows the shear stress-strain curves for four temperatures (4.2, 77, 200 and 273 K)
at a shear strain rate of 2.3�10�6 s�1. The experimental data are taken from the
literature [63] and are well predicted by the model. Figures 4.2b and 4.2c illustrate
the temperature dependence of C and �G, respectively. Similar to the Cu case,
they show linear dependence with temperature suggesting Cu and Al both have
similar work hardening and softening mechanisms. The e¤ect of stacking fault
energy variations between Cu and Al is incorporated in the e¤ective activation
energy.
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FIGURE 4.1. Cu <111> single crystal: (a) Shear stress versus shear strain at four tem-
peratures, dots being experimental data; (b) C values at di¤erent temperatures; (c) �G
at di¤erent temperatures.
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FIGURE 4.2. Al <111> single crystal: (a) Shear stress versus shear strain at four tem-
peratures; (b) C values at di¤erent temperatures; (c) �G at di¤erent temperatures.
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4.2.3 Discussion

It is interesting to explore the prediction of the present model for a limiting case
(i.e. the steady state of plastic deformation as discussed in Chapter 3). Assum-
ing the dislocation annihilation at the steady state of medium-high deformation
temperature is dominated by edge dislocation climb, due to the fact that most
of dislocations are stored in the subgrain boundaries, the dislocation annihilation
term d��=d can for this special case be expressed as (di¤erent to equation 4.24)
[2]

d��

d
=
2cjvc
_
� (4.26)

where cj is the number of dislocation jogs per unit length along the dislocation
lines and is proportional to the dislocation separation (cj =

p
� [96]) and vc is

the edge dislocation climb velocity along the dislocation line. This is the same as
equation 3.19 in Chapter 3. At the steady state, the dislocation density becomes
constant with increasing strain, which implies that d�=d = 0: Inserting equation
4.26 into equation 4.25 and considering d�=d = 0, the dislocation density at the
steady state predicted by the present model is reduced to the expression obtained
in Chapter 3 for the case of DRV being the only softening mechanism (equation
3.37).
The core equation proposed in this chapter (equation 4.19) assumes that, as

plastic deformation takes place, the system entropy changes proportionally to the
work hardening rate (d�=d). Such process may be expressed as dS / d� . An
increase in the stress (d�) required to produce plastic deformation is accompanied
by the generation, glide and annihilation of dislocations; each of these mechanisms
produces distortions in the crystal structure modifying its degree of order and
changing the system entropy. Referring to equation (4.19), the term b=l is a scaling
factor accounting for the average distance at which dislocation interactions take
place. The proportionality constant C is negative as the entropy of the deformed
metal decreases with imposed strain for constant temperature: while dislocation
generation, glide and annihilation increase the entropy, the heat �ux towards the
surroundings decreases it, dominating the entropy development in such irreversible
process. The linear relationship of C with temperature indicates that there is an
athermal component of dS=d given by the slope of the C�T curves (�gures 4.1b
and 4.2b). Additionally, there is a thermal component determined by C (T = 0).
The relative values of those components depend on the metallic system under
consideration (crystal structure and chemistry). The athermal entropy stems from
the tendency to have dislocations even in the limit of 0 K which, on application
of an external stress, undergo generation, glide and annihilation processes. The
magnitude of the thermal entropy depends on the value of C at T = 0; having
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C < 0 ensures that this component plays a role in the entropy development. It is
interesting to note that equation 4.25 displays a critical point at C = (2 + 2�)=�;
this corresponds to increasing or decreasing the dislocation density change towards
in�nity. Such situation requires a value of C � 5, demanding heat dissipation to
vanish (C > 0).
The e¤ective activation energy �G in the current model represents the average

contributions of edge dislocation climb and screw dislocation cross-slip, being the
former usually larger than the later. At high temperature, edge dislocation climb
dominates [98], hence, �G increases with temperature (�gures 4.1c and 4.2c).
Similar linear variations in the activation energy for dislocation annihilation have
been reported earlier [121][135].
It is interesting to compare the present model to the classical approach by Kocks

and Mecking [73] and Estrin and Mecking [31]. Such model describes the disloca-
tion density progress with strain as d�=d = k1

p
�� k2� where k1 was associated

with the athermal storage of dislocations, and k2 was associated with the dynamic
recovery, a thermally activated process which is a function of temperature and
strain rate. The current model has developed a qualitatively similar expression
(equation 4.25), but derived on a purely thermodynamics basis. It is worth not-
ing that, for wide temperature ranges, the predictions of the model presented here
(equation 4.25) describe the stress-strain curve more accurately than the approach
by Kocks and Mecking and by Estrin and Mecking. In such classical approach, at
low strains the temperature independent term becomes dominant, displaying sim-
ilar deformation behaviour irrespective of temperature.
A sensitivity analysis was performed to assess the in�uence of varying the para-

meters C, the initial dislocation density and �G. Variations of the order of �10%
in the value of C produced shifts of approximately �10% in the shear stress values
in �gures 4.1a and 4.2a. Modifying the initial dislocation densities for one order of
magnitude above or below the employed values altered slightly the onset of defor-
mation, but the shear stress asymptotically approached the experimental values.
�G variations, however, produce sharp e¤ects on the computed shear stresses; in
the case of Al <111> single crystals deformation at 273 K (�gure 4.2a), a variation
from 0.846 eV to 0.87 eV raises the shear stress value from 25 MPa to 42 MPa
at  = 0:5. In the current model the activation energy for dislocation annihilation
plays therefore the strongest role in the work hardening behaviour, especially at
large strains.
The model developed here for describing the work hardening behaviour of Al and

Cu single crystals has shown important potential for further applications. Never-
theless, a major limitation is its inability to capture grain size e¤ects. Dislocation-
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grain boundary interactions have a crucial e¤ect in the work hardening behaviour.
This issue is addressed in the next section.

4.3 (Ultra)�ne polycrystals

4.3.1 Model

In single phase polycrystalline metals, three factors determine the �ow stress [25]:
(1) the lattice friction stress (�0), (2) the dislocations in the grain interior (� in ,
isotropic hardening) and (3) long range back stress due to dislocation pile-up at the
grain boundary (� b, kinematic hardening). This can be mathematically expressed
as

� = �0 + � in + � b (4.27)

where � is the shear �ow stress. �0 is the deformation independent contribution of
the Peierls force and solid solution strengthening; � in is the obstacle stress caused
by short range dislocation-dislocation interactions when a mobile dislocation glides
through the grain interior, and is generally described by the Taylor relation

� in = ��b
p
�in (4.28)

where �in is the dislocation density in the grain interior. � b is the long range back
stress hampering the glide of mobile dislocations on a given slip plane. This back
stress is due to dislocations on a given slip plane piling up at a grain boundary
and may be expressed as [10][122]

� b =
�b

D
n (4.29)

where D is the (equiaxed) grain size and n is the number of dislocations that pile
up at the grain boundary on a given slip plane. In this formulation, it is assumed
that the long range back stress acting on the mobile dislocations active on a given
slip plane is due to dislocations piled up at the same slip plane. The contributions
of dislocations piled up at other slip planes are considered to be negligible.
In order to describe the evolution of shear �ow stress with shear strain (),

the progress of � in and � b must be described in terms of �in and n; respectively.
Sinclair et al. [122] and Bouaziz and Dirras [10] have postulated the evolution of
n to take the form

dn

d
=
�

b

�
1� n

n�

�
(4.30)

where � is the mean spacing between slip planes at the grain boundaries, the ratio
�=b is the number of dislocations per slip plane geometrically necessary to provide
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the deformation and n� is the maximum number of dislocations which can pile
up at the grain boundary on a given slip plane. When the number of dislocations
in the pile up exceeds n�, the stress acting on the head dislocation in the pile
up is large enough for dislocations to climb or cross slip onto another slip plane.
Integrating equation 4.30 and assuming n = 0 when  = 0, equation 4.29 can be
rewritten as

� b =
�b

D
n�
�
1� exp

�
� �

bn�


��
: (4.31)

Equation 4.31 now describes the evolution of the back stress with shear strain for
polycrystalline metals.
Similar to the single crystals, there are three irreversible processes occurring

in the grain interior during plastic deformation: (1) dislocation generation from
Frank-Read sources, (2) dislocation glide along their slip systems and (3) disloca-
tion annihilation due to edge dislocation climb and/or screw dislocation cross-slip,
depending on the loading conditions (temperature and strain rate) [64]. According
to the theory of irreversible thermodynamics, all irreversible processes produce
entropy [107], which itself is related to the energy dissipation. Therefore, during a
shear strain increment d , the entropy production in the grain interior is expressed
as [107]

diS =
dwge
T

+
dwgl
T

+
dwan
T

: (4.32)

where dwge, dwgl, and dwanare the dissipative energies due to dislocation gener-
ation, glide, and annihilation in the grain interior, respectively. T is the absolute
temperature. dwge = (1=2)�b2d�

+
in is assumed, where d�

+
in is the length of disloca-

tions per unit volume generated in the grain interior during a strain increase d:
dwgl is expressed as dwgl = (�blin)d�

+
in where lin is the mean glide distance as-

sumed to be equal to the average distance between dislocations in the grain interior
(lin = (�in)

�1=2). dwan is the energy dissipated when d�
�
in dislocations are annihi-

lated in the grain interior due to edge dislocation climb and/or screw dislocation
cross-slip depending on the loading conditions, expressed as dwan = (1=2)�b2d�

�
in.

Therefore, equation 4.32 can be rewritten as

diS =
1

2T

�
�b2 +

2�b
p
�in

�
d�+in +

�b2

2T
d��in: (4.33)

This formulation assumes that dislocations in the grain interior are the main con-
tributor to the system energetics. The change of the dislocation density d�in in
the grain interior during straining is expressed as

d�in = d�
+
in � d�

�
in: (4.34)
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Inserting equation 4.34 into 4.33, diS can be rewritten as

diS =
1

T

�
1

2
�b2 +

�b
p
�in

�
d�in +

1

T

�
�b2 +

�b
p
�in

�
d��in: (4.35)

Dislocation annihilation (dynamic recovery) is a thermally activated process, so
d��in can be expressed as [73]

d��in =
v0
_
exp

�
��G
kT

�
�ind (4.36)

where v0 is the atomic vibration frequency (v0 = 1012 s�1[98]), k is the Boltzmann
constant and �G is the e¤ective activation energy accounting for the average of
the activation energies for edge dislocation climb and screw dislocation cross slip,
and _ is the shear strain rate.
The entropy �ux deSin in the grain interior during d is related to the heat �ux

dQin which is released into the surroundings. Here we assume that all heat gener-
ated during the deformation is absorbed immediately by the surrounding environ-
ment (i.e. isothermal deformation takes place). deSin is expressed as [64][66][107]

deSin =
dQin
T

: (4.37)

According to the law of energy conservation (dQin = dUin � dWin), equation
4.37 can be rewritten as

deSin =
dUin � dWin

T
(4.38)

where dUin is the energy stored in the grain interior and dWin is the external work
done into the grain interior during d. They can be expressed as

dUin =
1

2
�b2d�in (4.39)

and
dWin = � ind: (4.40)

Inserting equations 4.28, 4.39 and 4.40 into equation 4.38, deSin can be rewritten
as

deSin =
1

T

�
1

2
�b2d�in � ��b

p
�ind

�
: (4.41)

The total entropy change of the grain interior (dSin) during d is the sum of the
entropy generation and entropy �ux [107]:

dSin = diSin + deSin: (4.42)
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Inserting equations 4.35, 4.36 and 4.41 into equation 4.42, dSin is rewritten as

dSin =
1

T

�
�b2 +

�b
p
�in

�
d�in

+
1

T

�
�b2 +

�b
p
�in

�
v0
_
exp

�
��G
kT

�
�ind �

1

T
��b

p
�in: (4.43)

Equation 4.43 relates the entropy change to the plastic deformation via the devel-
opment of the dislocation density. Similar to the case of single crystals (equation
4.19), entropy and plastic deformation are linked via a (material related) constant
C:

dSin =
C

T

b

lin
d� in (4.44)

Combing equations 4.28 and 4.44,

dSin =
C��b2

2T
d�in (4.45)

Inserting equation 4.27 into equation 4.43 and equating the right hand sides
of equations 4.43 and 4.45, the evolution of the dislocation density in the grain
interior can be obtained:

d�in
d

= k1
p
�in � k2�in (4.46)

where

k1 = �

�
b

�
1 + �+

�0
�b
p
�in

+
n

D
p
�in

� 1
2
C�

���1
(4.47)

and

k2 =

�
1 + �+ �0

�b
p
�in

+ n
D
p
�in

�
v0 exp

�
��G
kT

�
_
�
1 + �+ �0

�b
p
�in

+ n
D
p
�in

� 1
2C�

� (4.48)

The grain size e¤ect is incorporated in two ways: it in�uences the evolution of the
dislocation density in the grain interior (equations 4.46-4.48) and it builds up the
long range back stress, as demonstrated in equation 4.29. By solving the equation
4.46 with an assumption of an initial dislocation density �0 in the grain interior
(dislocation density before loading), the evolution of �in is obtained. Then, the
evolution of � in is obtained (equation 4.28).

4.3.2 Application

The present model is of a general nature derived from irreversible thermodynam-
ics. Therefore, it is in principle applicable to di¤erent metal systems such as BCC
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and FCC alloys. Two di¤erent alloys (ultra�ne and �ne grained interstitial free
(IF) steels (BCC) and aluminium alloys (AA1100, FCC)) are employed to test
the model predictions. The experimental data sets are obtained from the litera-
ture by Tsuji and co-workers [127]. The alloys were tested under tension at room
temperature (295K) and a uniaxial strain rate of _� = 8:3 � 10�4 s�1(i.e. shear
strain rate _ = M _� = 2:5 � 10�3 s�1, where M = 3:06 is the Taylor factor). The
samples were fabricated by an accumulative roll-bonding (ARB) process to achieve
ultra�ne grain size. The chemical compositions are shown in table 4.1 and table
4.2 for the IF steel and the Al alloy, respectively. Table 4.3 presents the physical
parameter values employed in the model. The parameters C and �G are the only
two �tting parameters, the rest of the values are obtained from the literature.

C Si Mn P S Ti B Sol. Al Fe
0.0031 <0.01 0.15 0.01 0.005 0.049 <0.0001 0.054 Bal.

TABLE 4.1. Chemical composition of the IF steel (wt %)

Si Fe Cu Mg Ti B V Ni Al
0.11 0.55 0.11 0.02 0.02 0.0007 0.011 0.003 Bal.

TABLE 4.2. Chemical composition of the AA1100 alloy (wt%)

� b �0 �0 �G � � M C n�

GPa nm MPa m�2 eV nm
Steel 80 0.25 18 1013 0.766 150 0.25 3.06 -100 4

[13] [13] [129] [68] [10] [25] [25] [10]
Al 25.5 0.284 1 1012 0.748 150 0.4 3.06 -88 5.5

[102] [102] [64] [68] [122] [64] [25] [64] [122]

TABLE 4.3. Parameter values used in the model

The true uniaxial stress (�) and strain (") measured in the tensile test are
expressed in terms of the shear stress and strain as

� =M� =M

�
�0 + ��b

p
�in +

�b

D
n�
�
1� exp

�
� �

bn�


���
(4.49)

and
� = =M: (4.50)

Figure 4.3a shows the experimental and modelled true uniaxial stress-strain
relation for IF steels of three di¤erent grain sizes tested in simple tension. The
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FIGURE 4.3. True uniaxial stress-strain curves with di¤erent grain sizes: a) IF steels and
b) Al 1100.

model describes the data for samples with 2 and 13 �m grain size rather accurately
but underestimates the stress curve for a grain size of 1.6 �m. The experimental
data for a nominal grain size of 1.6 �m are well �tted assuming a 1.3 �m grain
size. The slight discrepancy between both values may be attributed to uncertainties
in the experimental grain size measurements as well as in the model parameters
used. Furthermore, the morphology of ultra�ne grains is often slightly elongated
[127][128] while the model (equation 4.29) applies to equiaxed grains. Figure 4.3b
describes the true uniaxial stress-strain curves for Al alloys with grain sizes of 2
and 10 �m. The model predictions �t the experiments for Al alloys reasonably
well.
For tensile tests, it is well accepted that necking begins when the work hardening

rate approaches the �ow stress (Considère�s criterion) [27]:

d�

d�
= �: (4.51)

Combining the derivatives of equations 4.49 and 4.50, d�=d� is expressed as

d�
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=M2

�
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2
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��
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Inserting equations 4.49 and 4.52 into equation 4.51 o¤ers

M2
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�b

2
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�
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� �
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���
(4.53)

The only variable in equation 4.53 is the shear strain . By solving equation 4.53,
the uniform shear strain at which the necking begins is obtained for di¤erent grain
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sizes. The corresponding shear stress is then obtained via the shear stress-strain
relation (equation 4.27). Then, the corresponding uniaxial strain (true uniform
strain) and uniaxial stress (true tensile strength) are obtained via equations 4.50
and 4.49, respectively. The true uniaxial strain are shown in �gure 4.4a and 4.4b
for IF steels and Al alloys, respectively. The variation of the true tensile strength
(the true uniaxial stress when necking occurs) with grain size is shown in �gure
4.5a and 4.5b for IF steels and Al alloys, respectively.

FIGURE 4.4. True uniform strain variation with grain size: a) IF steels and b) AA1100.

FIGURE 4.5. True tensile strength variation with grain size: a) IF steels and b) AA1100

4.3.3 Parametric analysis and discussion

Figures 4.3 to 4.5 show that for the parameter values selected the model describes
the deformation behaviour of the ultra(�ne) grained IF steel and the Al alloy
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rather well over a range of grain sizes down to the submicron level. It is interesting
to analyse the parameter values used in some more detail. Referring to table 4.3,
the shear modulus and the magnitude of the Burgers vector have been obtained
from the literature [13][102]; the Taylor constant � in the range of 0.3 is found
ubiquitously [25]; � = 0:25 in the present case for IF steels and 0.4 for Al alloys
[64]; the Taylor factor of 3.06 has also been employed earlier [25] by assuming
a random grain orientation distribution; the friction stress value of 25 MPa has
been reported for low carbon steels [129], in the present work �0 = 18 MPa for
IF steels. For pure FCC metals, �0 is negligible [5][81] and here is assumed to be
1 MPa for commercial pure Al alloy AA1100. The parameters C and �G, which
have been introduced to describe plastic deformation in single crystals, deserve
special attention. The values for C (-100) and �G (0.766 eV) used for IF steels
have been obtained by �tting the model to the stress-strain curve for the 13 �m
grain size sample of IF steels. The value of C (-88) used for the Al alloy has been
employed for pure Al single crystals (�gure 4.2b). �G = 0:748 eV is obtained
from �tting the experimental data for the Al alloy. Similar to the single crystal
case, C is a physical constant relating the increase in dislocation density due to
the entropy development in a grain boundary free environment via equation 4.46.
A value of C = �100 for IF steels is to be compared to the C values for plastic
deformation of pure Cu and Al single crystals deformed at room temperature, -78
and -88, respectively (section 4.2.2). The �G values of 0.766 eV (IF steel) and
0.748 eV (AA1100) are to be compared to the �G values for pure Cu and Al
single crystals, �G = 0:761 and 0.781 eV respectively (section 4.2.2). Given the
big behavioural di¤erences between polycrystalline IF steels and the Al and Cu
single crystals, the modest di¤erences in C and �G values are encouraging.
In the model presented here, the parameters � and n� have been introduced for

the �rst time in the context of an irreversible thermodynamics model for describ-
ing plastic deformation. � = 150 nm and n� = 4 (IF steels) were �tted to the
experimental data of �gure 4.4a and 4.5a. Such a value for � is larger than the 16
nm mean spacing between slip planes employed by Bouaziz and Dirras in IF steels
[10]; and to those experimentally observed by Hansen (42 nm) [53]. However, the
values of n� = 4 (IF steels) and n� = 5:5 (AA1100) employed here are close to
those employed earlier for IF steels (n� = 3 [10]) and for pure Cu (n� = 6:7 [122]).
The extent to which the present model can be employed for optimising the

engineering properties of UFG steels is best appreciated from �gure 4.4. Four
regimes are observed: for grain sizes lower than 0.4 �m, the true uniform strain is
nearly constant; however, it sharply increases for grain sizes in the range of 0.4 to
1 �m. For grain sizes between 1 and 10 �m it increases slowly with grain size, and
approaches an asymptotic value at grain sizes larger than 10 �m. This behaviour
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results from the di¤erences in dislocation storage with strain for di¤erent grain
sizes. Employing the parameters used in �gures 4.3 to 4.5, �gure 4.6 shows the
variation of dislocation density for IF steels and Al alloys in the grain interior
with grain size. The �gure indicates that the ability for storing dislocations in the
grain interior is directly proportional to the true uniform strain behaviour, and
inversely proportional to the grain size. The ability to modify this behaviour lies in
the work hardening response of the material. This is illustrated in �gure 4.7, where
Considère�s criterion is met at the intersection points on � and d�=d� curves in the
strain domain. d�=d� is calculated by equation 4.52 for any given value of  which
is related to � via equation 4.50. In other words, for any given value of �, d�=d�

FIGURE 4.6. The evolution of the dislocation density in the grain interior: a) IF steels
and b) AA1100.

FIGURE 4.7. The evolution of the work hardening rate and �ow stress for di¤erent grain
sizes: a) IF steels and b) AA1100.

can be calculated by equations 4.52 and 4.50. As a result, d�=d� � � curve can
be plotted (�gure 4.7). It is interesting to notice that smaller grain sizes display
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a smaller work hardening capability at a given strain (�gure 4.7), allowing only a
very small uniform elongation at grain sizes lower than 0.4 �m, and approaching
a limiting value for it when grain sizes exceed 10 �m (�gure 4.4).
The low ductility limits the practical application of UFG alloys. Therefore, the

ability to increase the elongation of UFG alloys is of great technological impor-
tance. Using the model just presented such an increase may be achieved by in-
creasing the work hardening rate, which is determined by the rate at which new
dislocations are stored for a given strain increment. This may be achieved via
adding �ne precipitates in the grain interior to increase the dislocation storage
rate [104][124] or by �nding suitable alloying elements to increase the activation
energy (�G) for dislocation DRV so as to decrease the dislocation annihilation
rate. Figure 4.8 illustrates the in�uence of the activation energy on the true uni-
form strain for a grain size of 0.4 �m. According to the model prediction, the true
uniform strain for IF steels can be increased from 4:3% to 28:2% when the activa-
tion energy increases from 0.766 eV to 0.8 eV (�gure 4.8a). For AA1100 alloys, it
increases from 2:2% to 26:3% when the activation energy increases from 0.748 eV
to 0.78 eV (�gure 4.8b).

FIGURE 4.8. The evolution of the work hardening rate and �ow stress for di¤erent
activation energies: a) IF steels and b) AA1100. Grain size of 0.4 �m.

It is worth noting that the current model is dealing with the grain size larger
than 100 nm such that the volume fraction of grain interior is much larger than
that of grain boundary. Grain boundary sliding, which is an important plastic
deformation mechanism for nanocrystalline metals [118][125], is not considered in
this model.
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4.4 Conclusions

Assuming a proportionality relationship between the development of entropy and
work hardening in a metallic system undergoing plastic deformation, expressions
for describing the progress in average dislocation density were obtained for FCC
single crystals. The model was successfully applied to Cu and Al <111> sin-
gle crystals, reproducing accurately experimental observations for large ranges of
temperatures. The proportionality constant (C) relating entropy and hardening
was shown to be linearly dependent on temperature. The model predictions of
dislocation density showed to be most sensitive to the activation energy for dis-
location annihilation. At the steady state, the model is reduced to an expression
obtained in Chapter 3 for predicting the saturation stress of Al, Ag, Cu and Ni
single crystals.
Incorporating the grain size e¤ects via the back stress, the single crystal model is

extended to (ultra)�ne grained FCC and BCC alloys. The model recovers the ten-
sile strength and ductility patterns experimentally observed in (ultra)�ne grained
interstitial free steels and aluminium alloys over a wide range of grain sizes rather
accurately. It is shown that small changes in the activation energy for disloca-
tion DRV may produce dramatic improvements in the alloy ductility, especially at
submicron grain sizes.
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Modelling the Flow Stress under
Quasi-static and Adiabatic Deformation
Conditions

5.1 Introduction

In Chapter 4, a model has been developed to describe the stress-strain behaviour
of metals deformed at low strain rates (quasi-static deformation). This chapter is
to extend the model to account for high strain rate (adiabatic) deformation.
There are many engineering applications of metals related to high strain rate

deformation such as high speed machining, armour systems, high speed trans-
portation vehicles and spacecraft. In order to optimize the performance of metals
undergoing plastic deformation at such dynamic loading conditions, it is necessary
to understand its physical mechanism, which is di¤erent from the counterpart at
low strain rates. For instance, TEM micrographs show that the dislocation struc-
tures at a �xed imposed strain are substantially di¤erent between low strain rates
and high strain rates [58]. Moreover, when the strain rate exceeds � 103 s�1, many
investigators found experimentally that the �ow stress increases dramatically in
many metals and alloys such as copper [35], tantalum [70], aluminium [78][79] and
stainless steels [93]. Viscous drag e¤ects on dislocation movement are thought by
some researchers [36][94] as the main origin of the increase of �ow stress at such
high strain rate regime. However, Armstrong and co-workers [3] proposed that
such �ow stress increase is caused by the dislocation generation at the shock front,
not by a retarding e¤ect of dislocation drag.
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In order to understand the physical mechanism for such high strain rate deforma-
tion, a large number of physically based constitutive models involving dislocations
have been proposed such as the Zerilli-Armstrong model [137], the mechanical
threshold stress model [35], the model incorporating phonon drag e¤ects [93][94]
and the model proposed by Meyers and co-workers [86][87].
The present chapter is to understand and describe quantitatively the evolution

of the average dislocation density for both low and high strain rate deformation
in FCC metals. A uni�ed physical formulation for the evolution of the average
dislocation density is derived for both quasi-static and adiabatic deformation con-
ditions. The model in the current chapter is an extension of the one developed in
Chapter 4. The model in Chapter 4 only describes the dislocation evolution at low
strain rate regime at which dislocation velocity is low enough to ignore the viscous
e¤ects on the glide and accumulation of dislocations. At high strain rate regimes,
the dislocation evolution follows di¤erent patterns.
One of the fundamental assumptions in the model developed in Chapter 4 is that

all the heat generated during deformation will be immediately released into the
surroundings (i.e. isothermal deformation). However, for high strain rate conditions
(say strain rate larger than 102 s�1), the deformation is adiabatic because there is
not enough time to radiate heat into the environment. An extension of the model
is, therefore, required.

5.2 Model

5.2.1 Entropic analysis

During plastic deformation in metals, three irreversible processes are in general
taking place [60][64][67]: (1) dislocation generation, (2) dislocation annihilation
(DRV and/or DRX depending on the deformation conditions) and (3) disloca-
tion glide. In the current model, the conditions under which DRX occurs are not
considered. According to the theory of irreversible thermodynamics, the entropy
generation rate can be expressed as the sum of the products of generalised forces
and their corresponding �uxes in the irreversible processes [107]. Therefore, the
entropy generation rate due to the three irreversible processes is expressed as [107]

diS

dt
= J1X1| {z }

dislocation
generation

+ J2X2| {z }
dislocation
annihilation

+ J3X3| {z }
dislocation
glide

: (5.1)
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The general �ux J1 represents the dislocation generation rate expressed as

J1 =
d�+

dt
(5.2)

where d�+ is the length of dislocations per unit volume generated during a time
interval dt. The general force for dislocation generation or annihilation can be
expressed as

Xi =
E

T
(5.3)

where i = 1 for generation and i = 2 for annihilation. E is the potential energy of
the dislocation per unit length. T is the absolute temperature. J2 corresponds to
the dislocation annihilation rate expressed as

J2 =
d��

dt
(5.4)

where d�� is the length of dislocations per unit volume annihilated during a time
interval dt. J3 is the general �ux corresponding to dislocation glide expressed as

J3 = �mv (5.5)

where �m is the mobile dislocation density and v is the average velocity of mobile
dislocations. The relation between strain rate and mobile dislocation density is
expressed by the well known Orowan relationship as [49]

_ = �mvb (5.6)

where _ is the shear strain rate and b is the magnitude of the Burgers vector. X3
is the general force for dislocation glide expressed as

X3 =
�effb

T
(5.7)

where �eff is the e¤ective shear stress acting on the moving dislocations. �eff =
�� �f where �f is the friction stress for dislocation glide. In the framework of
classical mechanics, if the dislocation is moving at a constant velocity, i.e. no
acceleration, �eff = 0 [61]. However, the dislocation will experience acceleration
and deceleration during plastic deformation such that �eff 6= 0: Inserting equations
5.2-5.7 into equation 5.1 the entropy generation rate can be rewritten as

diS

dt
=
1

T

�
(� � �f )

:
 + E

d�+

dt
+ E

d��

dt

�
: (5.8)

An increase of the total dislocation density d� during the time interval dt is the
sum of the dislocation generation and annihilation:

d�

dt
=
d�+

dt
� d�

�

dt
: (5.9)
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Inserting equation 5.9 into equation 5.8, it can be rewritten as

diS

dt
=
1

T

�
(� � �f ) _ + E

d�

dt
+ 2E

d��

dt

�
: (5.10)

The entropy generation rate is proportional to the energy dissipation rate and
can therefore be expressed in another form [64][67][107]:

diS

dt
=
1

T

dWdiss

dt
(5.11)

where Wdiss is the dissipative energy transformed into heat during plastic defor-
mation. According to the energy conservation law, the dissipative energy can be
written as

dWdiss

dt
=
dWin

dt
� dUs
dt

(5.12)

where dWin is the input energy during the time interval dt by loading expressed
as

dWin = �d (5.13)

where  is the shear strain. dUs is the increase of stored energy due to the disloca-
tion density increase (the sum of generation and annihilation) during dt expressed
as

dUs = Ed�: (5.14)

Therefore, inserting equations 5.12-5.14 into equation 5.11, it can be rewritten
as

diS

dt
=
1

T

�
� _ � Ed�

dt

�
: (5.15)

Equations 5.10 and 5.15 are two di¤erent expressions to describe the entropy
generation. They should be equal. Therefore, equating the right hand side of equa-
tions 5.10 and 5.15 o¤ers the evolution of the average dislocation density:

d�

dt
=
�f _

2E
� d�

�

dt
: (5.16)

5.2.2 Dislocation annihilation

At high temperatures, the dislocation annihilation mechanism is mainly due to dis-
location climb caused by the di¤usion of vacancies along the dislocation line [2].
However, at low temperatures, the dislocation annihilation mechanism is mainly
due to the cross-slip of dislocations [109]. The current work deals with the defor-
mation of FCC metals at room temperature such that the annihilation mechanism
considered here is the cross-slip of dislocations. In FCC metals, the most common
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cross-slip mechanism is compact cross slip (i.e. Friedel-Escaig mechanism [9] shown
schematically in �gure 5.1: the cross-slip segment L immediately re-dissociates in
the cross-slip plane (e.g. (11�1) ) which is also a compact plane. More details about
the modelling of the cross-slip mechanism may be found in the review paper by
Puschl [109]. The dislocation annihilation process due to the dislocation cross-slip
can be expressed as [98]

d��

dt
= N2LvcsPcs (5.17)

where where N is the number of sites per unit volume where such cross-slip events
can occur and is approximately set as N = �=L. The factor 2 accounts for two
screw dislocation segments with opposite sign of Burgers vector which annihilate
simultaneously at one single annihilation event. vcs is the attempt frequency for
such cross-slip event and is taken to be vcs = (b=L) vD [98] where vD (10

13s�1) is
the Debye frequency. The cross-slip length L is related to its activation volume V
(�gure 5.1):

L �=
V

db
(5.18)

where d is the stacking fault width of screw dislocations, which is determined by
the stacking fault energy � [109] :

d =
�b2

16��
: (5.19)

FIGURE 5.1. Schematic illustration of the cross-slip mechanism (Friedel-Escaig model):
a segment L re-dissociates in the cross-slip plane (e.g. 111̄). L is the cross-slip length and
d is the stacking fault width.

The cross-slip length L and its attempt frequency vcs can respectively be rewrit-
ten as:

L =
16��V

�b3
(5.20)
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and

vcs =
�b4

16��V
v
D
: (5.21)

Pcs is the probability that the cross-slip attempt is successful and may be expressed
as [98]

Pcs = exp

�
��G
kT

�
(5.22)

where k is the Boltzmann constant and �G is the activation energy for the cross-
slip. Therefore, the dislocation annihilation rate (equation 5.17) can be rewritten
as

d��

dt
=

�b4

8��V
v
D
exp

�
��G
kT

�
� (5.23)

The activation energy for cross-slip e¤ectively increases with temperature but de-
creases with strain rate [73]; it may be expressed as

�G = AkT ln
c1vD
_

� kT

�b3
�V (5.24)

where A is a material related constant of the order of 1 and c1 is constant for a given
temperature. It is assumed here that c1vD = vcs: The temperature dependence of
c1 is demonstrated in Chapter 6. The term

�
kT=�b3

�
�V accounts for the reduction

in activation energy due to the applied stress; this is consistent with the well
known Friedel-Escaig model [9][109]. Incorporating c1vD = vcs and equation 5.21,
equation 5.24 is rewritten as

�G = AkT ln

�
�b4

16��V

vD
_

�
� kT

�b3
�V: (5.25)

Inserting equation 5.25 into equation 5.23 , it can be rewritten as

d��

dt
=

�b4

8��V
v
D
exp

�
�A ln

�
�b4

16��V

vD
_

�
+
�V

�b3

�
�: (5.26)

Referring to equation 5.16, the friction stress �f for pure FCC metals may be
expressed as

�f = ��b
p
�+ �d (5.27)

where the �rst term in the right hand side represents the athermal friction stress
due to other existing dislocations [49]. � is a constant accounting for the interac-
tions between dislocations and � is the shear modulus. �d is the friction stress due
to viscous drag e¤ects, which may be caused by phonon and electron scattering
[36][60]. At moderate temperatures, phonon e¤ects dominate over electron e¤ects
[60]. The contribution of electron e¤ects can only be seen at very low tempera-
tures (about 10 percent of Debye temperature) [60]. In the current work, such low
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temperature deformation is not considered so that electron e¤ects are neglected.
Therefore, �d is taken as [93]

�d = � c

�
1� exp

�
� _

_0

��
(5.28)

where � c is a material related constant which can be measured at a very high
strain rate. For instance, it is found that � c = 140 MPa for stainless steels [93].
_0 represents an e¤ective damping coe¢ cient a¤ecting the dislocation glide ( _0 =
�mb

2�y=B where �y is the yield stress at high temperature and B is the phonon
drag coe¢ cient [93]). In the present work _0 is a �tting parameter to be chosen
according to the experimental data. The physical explanation of �d is presented in
the literature [93]. Therefore, inserting equations 5.26, 5.27 and 5.28 into equation
5.16, substituting dt = d= _ , and approximating E = �b2=2 [68], the dislocation
evolution equation 5.16 can be rewritten as

d�

d
=
� c
�b2

�
1� exp

�
� _

_0

��
+
�

b

p
�� �b4

8��V
v
D
exp

�
�A ln

�
�b4

16��V

vD
_

�
+
�V

�b3

�
�:

(5.29)
The �rst term in the right hand side of the evolution equation 5.29 stands for the
dislocation generation caused by phonon drag e¤ects; the second term accounts
for dislocation generation due to existing dislocations, which serve as obstacles for
dislocation glide; the last term incorporates the e¤ects of DRV due to the cross-slip
of screw dislocations.

5.2.3 Stress-strain behaviour

By solving equation 5.29 and assuming an initial dislocation density �0 before
deformation, the average dislocation density can be obtained. Then, the shear
stress-strain behaviour can be predicted by utilizing the relationship between the
shear �ow stress and the average dislocation density [5][73][76]:

� = ��b
p
� (5.30)

where � is a constant describing the interactions between dislocations.
The quasi-static deformation is assumed to be isothermal, while for high strain

rate deformation (say strain rates larger than 102 s�1) it is assumed to be adi-
abatic. The temperature increase dT during the strain interval d for adiabatic
deformation is related to the dissipative energy dWdiss and is approximated as

dT =
dWdiss

m�CV
=
�d � Ed�
m�CV

(5.31)
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where m� is the mass density and CV is the heat capacity. Here it is assumed
that the heat �ow in the bulk is fast enough such that no temperature gradients
develop in the bulk. The temperature increase will decrease the shear modulus and
increase the cross-slip rate.

5.3 Application

FIGURE 5.2. Model predictions (solid lines) and experimental data (symbols) for pure
copper deformed at 295 K and at three strain rates 1.5�10�2, 8.5�103 and 6.4�105s�1

(two experimental data sets for the highest strain rate).

In �gure 5.2, the model predictions are compared to the experimental data in
oxygen free electronic (OFE) copper (99.99% Cu) with a well annealed equiaxed
grain structure and an average grain size of 40 �m deformed at 295 K at di¤erent
strain rates. The parameters used in the simulation are shown in table 5.1. Figure
5.2 shows that the model predictions are in good agreement with the experimental
data of Follansbee and Kocks [35] considering the results cover a wide range of
strain rates from 10�2 to 105 s�1. It is worth to note that the axes in �gure 5.2
are true normal stress � (� = M�) and normal strain " (" = =M) where M is
the Taylor factor.
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FIGURE 5.3. Flow stress and dislocation density as a function of strain rate at the strain
� = 0:15 for OFE copper deformed at 295 K.

m� (kg/m3) CV (J/(kg�K)) � (GPa) b (nm)
8940 [89] 386 [89] 47.7� exp

�
�3:97� 10�4T

�
[84] 0.256 [96]

� M �0 (m
�2) V (b3)

0.4 [67] 3.06 [68] 5�1012 [68] 300 [109]
� � (J�m�2) _0 � c (MPa) A

0.024 [73] 47�10�3[96] 5�105 10 0.98

TABLE 5.1. Parameter valus used in the model
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Figure 5.3 shows the �ow stress and average dislocation density at the strain
" = 0:15 for wide ranges of strain rates. The strain rate in �gure 5.3 is the normal
strain rate. It shows that there is a transitional strain rate (� 103 s�1) over which
the phonon drag e¤ects play a dominant role in dislocation accumulation (equation
5.29) resulting in an important raise in the average dislocation density and �ow
stress with strain rate.

5.4 Discussion

The phonon drag becomes important when the dislocation velocity goes beyond
the range 10�3Ct [60], where Ct is the shear wave velocity. For pure copper
Ct = 2:9�103 m�s�1 [22] . The velocity at which phonon drag becomes prominent
depends on the metallic system. In the present work, a critical dislocation speed of
10�2Ct is assumed. The corresponding strain rate for such dislocation velocity can
be calculated from _" = _=M = �mvb=M = �m(10

�2Ct)b=M: Assuming a mobile
dislocation density �m = 5 � 1011m�2 [36], _" is found to be �103s�1, con�rming
that the transitional strain rate for pure copper experimentally observed and used
in this work (�gure 5.3). Experimental observations con�rmed that the disloca-
tion generation at very high strain rates increases signi�cantly in shock-deformed
copper [87][90]. This transitional strain rate is also found experimentally in tanta-
lum [70], aluminium alloys [78][79] and Al-6XN stainless steel [93]. For aluminium
alloys deformed at strain rates ranging from 103 to 6 � 103 s�1, the average dis-
location density measured by TEM was also found to increase rapidly with strain
rate [78]. Such increase is comparable to the one predicted by the current model
for pure copper (�gure 5.3). Three dimensional dislocation dynamics (DD) sim-
ulations also reported that the dislocation density increases dramatically at high
strain rates for shock compression in copper single crystals [120].
A detailed analysis of the parameters employed in the model (table 5.1) is re-

quired. The physical parameters m�, CV , �, b, � and M and are taken directly
from the literature. The initial dislocation density �0 = 5�1012 m�2 is reasonable
for the annealed samples [68]. The activation volume V = 300b3 is the experimen-
tally measured value for pure Cu [109]. One may argue that the activation volume
may slightly change with the progress of deformation. However, as a �rst order
approximation, the present work assumes that the activation volume is constant
during deformation. Referring to equation 5.29, the value of � determines the rate
of dislocation generation due to existing dislocations. In the present work, � is set
as 0.024 which is close to the value used in the Kocks-Mecking model [73]. � c and
_0 are the parameters describing the dislocation movement at high strain rates
and related to phonon drag e¤ects. Both are �tted to the experimental data in the
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current work. � c = 10 MPa is one order magnitude lower than the one employed
for stainless steels [93]. Another �tting parameter related to the activation energy
is A; which determines the slope of the curve at low strain rates in �gure 5.3.
_0 a¤ects the transitional strain rate over which the dislocation density increases
dramatically (�gure 5.3). � c determines the magnitude of the dislocation density
at the high strain rate regime (�gure 5.3). In summary, all parameter values are
taken from literature except for � c, _0 and A; which are �tted.
For low stacking fault energy metals such as Cu, twinning may also contribute

to the plastic deformation at high strain rate [85][86][105]. However, as a �rst order
approximation, it is assumed here that the dislocation glide is the main mechanism
for plastic deformation and the contribution of twinning is neglected.
The current model predicts that the dislocation generation and �ow stress sat-

urate when the strain rate is larger than � 106 s�1 (�gure 5.3). This prediction
does not agree with some recent publications. For instance, Meyers and co-workers
[87] and Armstrong and co-workers [3] found that the �ow stress of pure Cu still
increases with strain rate when the strain rate is higher than � 107 s�1. Dis-
crete dislocation dynamics simulations [119] and experiments [87] also show that
the dislocation density can still increase even when it is higher than 1017 m�2.
However, in the present model, the dislocation density is almost constant when it
reaches a value of about 1:5� 1017 m�2: The origin of this discrepancy is due to
the assumption that the friction stress caused by the phonon drag saturates when
the strain rate is higher than a critical value (equation 5.28), an assumption which
may be relaxed in further research.
In the context of irreversible thermodynamics modelling of plasticity, the current

model has introduced a new dislocation generation mechanism: viscous drag ef-
fects on high speed movement of dislocations producing new dislocations (equation
5.29). Such mechanism may be related to the energy dissipated by the high speed
movement of dislocations. This amount of dissipative energy may be large enough
to create new dislocations in the neighbourhood of the moving dislocations. For
instance, molecular dynamics simulations have con�rmed that new dislocations
can be generated around a moving dislocation when its velocity approaches 70%
of the velocity of sound [74].
At low strain rates, the �rst term in the right hand side of equation 5.29 van-

ishes. Therefore, the current model reduces to an expression similar to the clas-
sical Kocks-Mecking model [73] at low strain rates. In other words, the current
irreversible thermodynamics model may provide a thermodynamics basis for the
Kocks-Mecking model. At high strain rates, it incorporates in a natural manner
the in�uence of phonon drag e¤ects on the accumulation of dislocations. The low
and high strain rate regimes are physically integrated into a single formulation.



72 Chapter 5 Modelling Quasi-static and Adiabatic Deformation

5.5 Conclusions

Based on the theory of irreversible thermodynamics, a physically based constitutive
model with a very limited, but yet physically rooted, number of parameters, has
been proposed to describe the evolution of the average dislocation density in copper
over a wide range of strain rates. It is found that there is a transitional strain
rate (� 103 s�1) beyond which the phonon drag e¤ects play a dominant role in
dislocation generation resulting in a signi�cant raise in the average dislocation
density and �ow stress. The model reduces to an expression similar to the classical
Kocks-Mecking model at low strain rates.
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Validation of the Irreversible
Thermodynamics Model for Steels under
Hot Rolling Conditions

6.1 Introduction

In order to optimize the hot rolling conditions (e.g. rolling temperature, speed
and forces) of various existing steel grades and design new ones, it is essential
to understand the physical mechanism controlling the �ow behaviour under such
deformation conditions [115]. Understanding hot working processes is also useful
for controlling and improving mechanical properties such as strength and ductility
of the �nal steel products. For instance, the strength and uniform elongation are
related to the grain size of the �nal products as discussed in Chapter 4. The grain
size can be manipulated by optimizing the thermomechanical rolling conditions [8].
Smaller ferrite grain size of the �nal steel products could be obtained by rolling
at lower temperatures in the austenite region [8].
To understand thermomechanical rolling processes, the key is the understanding

of the evolution of dislocation density and its distribution. In a conventional hot
rolling process, the steel is rolled in the austenite (FCC) region through all rolling
passes. As a result, the model developed in Chapter 5 can be applied to these rolling
conditions. This chapter discusses the validation of the model for steels deformed
in the austenite region under industrial hot rolling conditions. The predictions of
the model are also compared to those of an existing model used by the industry.
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6.2 Model

In Chapter 5, based on the theory of irreversible thermodynamics, it is derived a
uni�ed dislocation evolution formulation (equation 5.16) for pure FCC metals de-
formed at both low and high strain rates. This model is extended in this chapter in
order to take into account the e¤ects of solid solution and grain size and is applied
to steels under industrial hot rolling conditions (single FCC phase). Under such
deformation conditions, the friction stress �f in equation 5.16 may be expressed
as

�f = �0 + � b + ��b
p
� (6.1)

where �0 is the friction stress caused by the lattice incorporating the e¤ects of
elements dissolved in solid solutions. � b is the back stress generated by the dislo-
cations located at the grain boundary and is expressed as [122]

� b =
�b

D
n (6.2)

where D is the grain size and n is the number of dislocations per grain located
at the grain boundary. n may change with the progress of deformation and ap-
proaches a maximum value. For instance, it is demonstrated, in Chapter 4, that
the maximum value of n for ultra�ne grained IF steels deformed at room temper-
ature is 4. However, as a �rst order approximation, it is assumed here that n = 4
for the entire deformation process. The term ��b

p
� is the contribution of exist-

ing dislocations. Comparing to equation 5.27, the phonon drag e¤ect is ignored in
equation 6.1 since the strain rate considered in this chapter is not higher than 102

s�1:
Therefore, inserting equations 6.1 and 6.2 into equation 5.16 and approximating

E = �b2=2 [68], the dislocation evolution for steels (single FCC phase) deformed
at industrial hot rolling conditions is expressed as

d�

dt
=

�
�0 +

�b

D
n+ ��b

p
�

�
_

�b2
� d�

�

dt
: (6.3)

d��=dt represents the dislocation annihilation rate which may be caused by DRV
and DRX. depending on the deformation temperature and strain rate. For sim-
plicity, the conditions under which DRX occurs are not considered in the current
model. The only dislocation annihilation mechanism is assumed to be DRV. It is
considered that cross-slip is the main mechanism of DRV for the deformation con-
sidered here. Therefore, following the same arguments made in Chapter 5 (equation
5.17), the dislocation annihilation term d��=dt is expressed as

d��

dt
= N2LvcsPcs = 2

b

L
vD exp

�
��G
kT

�
�: (6.4)
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Inserting equation 5.24 and V = Ldb (see �gure 5.1) into equation 6.4, it can be
rewritten as

d��

dt
= 2

b

L
vD exp

�
�A ln c1vD

_
+
�Ld

�b2

�
�: (6.5)

Inserting equation 6.5 and substituting dt = d= _, equation 6.3 can be rewritten
as

d�

d
=
�0
�b2

+
n

Db
+
�

b

p
�� 2 b

L
vD exp

�
�A ln c1vD

_
+
�Ld

�b2

�
�: (6.6)

Equation 6.6 describes the evolution of the average dislocation density for the
plastic deformation of non-recrystallising single FCC steels at low to modest strain
rates.
By solving equation 6.6 with an initial dislocation density �0, the true stress-

strain relation can be obtained from the following equation [5][73][76]:

� =M� =M��b
p
�: (6.7)

6.3 Calibration of parameters

The model is applied to three groups of steels: interstitial free steels (4 grades),
low carbon steels (5 grades) and medium carbon steels (4 grades). The steel com-
positions are shown in table 6.1. All experimental data employed in this chapter
were supplied by ArcelorMittal and all stress-strain curves in this chapter are true
normal stress (� = M�) and normal strain (� = =M). The strain rate is the
normal strain rate (_� = _=M).
Some parameters used in the model are shown in table 6.2 which are the same

for all grades. The friction stress related parameter �0 and the activation energy
related parameter c1 are composition and temperature dependent. They are the
only two �tting parameters and are calibrated against the experimental data.
For simplicity, the current model does not distinguish the di¤erences between
substitutional elements, which implies that �0 and c1 are taken to depend on the
carbon content and the sum of all substitutional elements (

P
X).

Figure 6.1 shows the true stress-strain behaviour of 11 steel grades deformed
at 900 �C with a strain rate of 10 s�1. The experimental data of the other two
grades are not available for such temperature and strain rate. For all grades a very
good �t to the experimental curves is obtained over all the stress-strain curves.
The purpose of the �t in �gure 6.1 is to �nd the chemical composition dependence
of c1 and �0: These values for each steel grade are indicated in �gure 6.1. The
dependence of carbon content and

P
X on �0 and c1 are demonstrated in �gures



76 Chapter 6 Validation of the Irreversible Themodynamics Model for Steels

NAME C Mn Si Cr Ti Nb Al
P
X

DWI 0.002 0.208 0.004 0.017 0.000 0.000 0.010 0.239
IF IF Nb 0.002 0.123 0.005 0.019 0.015 0.016 0.027 0.205

IF HR390 0.004 0.900 0.134 0.019 0.060 0.000 0.024 1.137
E220BH 0.004 0.195 0.124 0.025 0.002 0.000 0.039 0.385
Soldur 355 0.052 0.627 0.255 0.023 0.068 0.052 0.028 1.053
DP 450 0.054 1.18 0.125 0.465 0.000 0.000 0.030 1.854

LC Soldur 420 0.055 0.362 0.013 0.025 0.001 0.055 0.035 0.491
Fer Blanc 0.067 0.415 0.010 0.020 0.000 0.000 0.034 0.479
Soldur 490 0.080 1.480 0.029 0.020 0.002 0.063 0.028 1.622
S355 0.165 1.38 0.008 0.023 0.001 0.001 0.024 1.437

MC TRIP800 0.185 1.660 1.605 0.033 0.003 0.001 0.039 3.341
ST52 0.21 1.440 0.220 0.018 0.001 0.002 0.032 1.713
C40 0.385 0.673 0.203 0.269 0.001 0.000 0.020 1.166

TABLE 6.1. Steel composition (wt%) of 3 groups of steels: interstial free steels (IF),
low carbon steels (LC) and medium carbon steels (MC).

P
X represents the sum of all

substitutional alloying elements

6.2 and 6.3, respectively. �0 increases with
P
X and carbon content. While c1

decreases with carbon content.
The temperature dependence of c1 is illustrated in �gure 6.4: c1 decreases with

temperature. Those values of c1 plotted in �gure 6.4 are obtained by �tting to
the experimental stress-strain curves shown in �gure 6.5. Using a linear regression
method, the parameters �0 (in MPa) and c1 are �tted as

�0 = (0:13 + 32:84� C wt%+ 2:48�
P
X) fexp [0:002 (300� T )]g (6.8)

and

c1 = 1:028� 0:335� C wt%� 3:41� 10�3 �
P
X � 6� 10�4T: (6.9)

� (MPa) � M b (nm) D (�m)
85115-34�T 0.25 3.06 [68] 0.258 50

� �0 (m
�2) A d (b) L (b)

0.01 [73] 1012 [68] 0.9 1 30

TABLE 6.2. Parameters used in the model
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FIGURE 6.1. True stress-strain curves for 11 steel grades at 900 �C and 10 s�1: Solid
lines are experimental observations and points are model predictions.
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FIGURE 6.2. �0 vs
P
X at 900 �C

FIGURE 6.3. c1 vs carbon content at 900 �C
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FIGURE 6.4. c1 vs temperature for 4 steel grades

FIGURE 6.5. Stress-strain curves for 4 di¤erent steel grades with di¤erent carbon content
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6.4 Comparison of the current model to experimental
data and industrial model

6.4.1 Comparison with experimental data

Employing the calibrated parameters presented in section 6.3, the model is applied
to 13 steel grades (�gure 6.6 to �gure 6.18). The �ow stresses increase with strain
rate and decrease with temperature. The temperature e¤ects are shown in the part
(a) of the �gures and the strain rate e¤ects are illustrated in the part (b).
As shown in these �gures, the predictions of the current model are, in general,

in good agreement with the experimental observations considering it covers such a
wide range of chemical compositions, temperatures and strain rates. However, it is
noted that the degree of accuracy for di¤erent steel grades may be di¤erent since all
substitutional elements are assumed to have the same e¤ect on the frictional stress
and activation energy ( equations 6.8 and 6.9). For instance, the model has a very
high accuracy for Sodur 490 (�gure 6.14) but is less accurate for TRIP800 (�gure
6.16), DP 450 (�gure 6.11) and C40 (�gure 6.18). The Si content in TRIP800 is
at least one order magnitude higher than all other grades. While the Cr content
in DP 450 and C40 are at least one order magnitude higher than all other grades
(table 6.1).

FIGURE 6.6. DWI stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 900 �C for 4 strain rates
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FIGURE 6.7. IFNb stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 920 �C for 4 strain rates

FIGURE 6.8. IFHR390 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 900 �C for 4 strain rates

FIGURE 6.9. E220BH stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 920 �C for 4 strain rates
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FIGURE 6.10. Soldur355 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 920 �C for 4 strain rates

FIGURE 6.11. DP450 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates

FIGURE 6.12. Soldur420 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 900 �C for 4 strain rates
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FIGURE 6.13. Fer Blanc stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 900 �C for 4 strain rates

FIGURE 6.14. Soldur490 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates

FIGURE 6.15. S355 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates
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FIGURE 6.16. TRIP800 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates

FIGURE 6.17. ST52 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates

FIGURE 6.18. C40 stress-strain curves: (a) at the strain rate of 10 s�1 for di¤erent
temperatures and (b) at 850 �C for 4 strain rates
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6.4.2 Comparison with the industrial model

This section compares the predictive capability of the current model to the model
employed by ArcelorMittal. The ArcelorMittal model employs 7 �tting parameters
(k0; f0, f1; �0; �va; _�0; Q) as shown in the following equations [11]:

d�

d�
=M

�
1

bD
+

1

k0b

p
�� (f0 � f1

p
�) �

�
(6.10)

and

� = (�0 +M��b
p
�)

�
1 +

kT

b3�va
arcsinh

�
_�

_�0
exp

�
Q

RT

���
: (6.11)

The average dislocation density is predicted by equation 6.10 and the �ow stress
is described by equation 6.11. The �tting parameters of the ArcelorMittal model
are �tted to the carbon content and most of the substitutional alloying elements.
For instance, the friction stress �0 is �tted as

�0 = �0(20
�
C)exp [0:0011 (300� T )] (6.12)

where �0(20
�
C) is the friction stress at 20

�
C and is �tted to chemical compositions

as

�0(20
�
C) = �00 +

NsX
i=1

�iXi (6.13)

where �00 is a constant. �i is the coe¢ cient for each alloying element. Ns is the
total number of alloying elements in the steels. Xi is the weight percentage of each
alloying element.
Figure 6.19 shows the comparisons of the predictive ability between the current

and ArcelorMittal models. The experimental and current model �ow stresses shown
in �gure 6.19(a) are obtained from the part (a) of �gures 6.6-6.18 at the strain
of 0.3; while the ones in �gure 6.19(b) are from the part (b) of �gures 6.6-6.18 at
the strain of 0.3. Figure 6.19(a) shows the temperature e¤ects and �gure 6.19(b)
shows the strain rate e¤ects. Though both models are in good agreement with
experimental data, the current model is slightly less accurate than ArcelorMittal
model. However, the current model only has two �tting parameters which are
adjusted to carbon content and the sum of all substitutional alloying elements,
while the ArcelorMittal model contains no less than 7 parameters.
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FIGURE 6.19. Comparison between the current model and ArcelorMittal model (a) tem-
perature e¤ects and (b) strain rate e¤ects
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6.5 Discussion

The core of the model in this chapter is the dislocation evolution formulation
(equation 6.6); this shows that the dislocation density may be increased due to
elements present in solid solution, grain size reductions and existing dislocations.
Compared to the model developed in Chapter 5 (equation 5.29), the current model
incorporates two new contributions to the dislocation multiplication rate: solid
solution and grain boundary e¤ects, and neglects the phonon drag mechanism due
to the modest strain rate deformation conditions. After introducing the two new
components, the alloying and grain size e¤ects can be incorporated, which allows
the current model to be applied to steels deformed under hot rolling conditions
(single FCC phase).
There are only two �tting parameters in the current model (�0 and c1). They

are assumed to depend on temperature and chemical composition (carbon content
and the sum of substitutional alloying elements). As demonstrated in equation 6.8,
the friction stress related parameter �0 increases with carbon content and

P
X.

To contrast, the activation energy related parameter c1 decreases with carbon
content and

P
X (equation 6.9), which implies that the activation energy for DRV

decreases with carbon content and
P
X. It has been reported in the literature that

increasing carbon content decreases the activation energy for DRV in steels due
to the increase of the iron di¤usivity [108].

P
X is about one order magnitude

less important than carbon in determining �0 and two magnitude less important
than carbon in determining c1 (equations 6.8 and 6.9, respectively). This implies
that both carbon and substitutional alloying elements are important in the friction
stress, but only carbon plays a dominant role in the activation energy for DRV.
Besides �0 and c1, there are also a few constants (see table 6.2) present in the

current model, which require further analysis. The stacking fault width d is related
to the stacking fault energy and can be calculated from equation 5.19. The stacking
fault energies for the steels considered here at such high temperature are very high
[1] resulting a very narrow stacking fault width. Therefore, it is reasonable to set
d = b: The activation length L is set as 30b which is similar the one for pure Cu
in Chapter 5 (� 50b calculated from equation 5.20). � and � are similar to the
values used in the Kocks-Mecking model [73]. �; b and D are obtained from an
internal report by ArcelorMittal [11]. 1012 m�2 is a reasonable value for the initial
dislocation density �0 at such a high temperature.
As shown in �gures 6.6-6.19, especially in �gure 6.19, the current model predicts

the temperature e¤ects better than the strain rate e¤ects. The reason is that the
temperature dependent parameter c1 is �tted to di¤erent chemical composition
(equation 6.9). But the parameter A which determines the strain rate dependence
of the activation energy (equation 5.24 and also see the discussion in Chapter 5)



88 Chapter 6 Validation of the Irreversible Themodynamics Model for Steels

is assumed to be the same for all steel grades. Therefore, the model may have a
better predictive capability in strain rate e¤ects if the parameter A changes with
chemical composition.
The predictive ability of the current model is compared to the model developed

in ArcelorMittal. It shows that both models have similar predictive capability. But
the current model is derived from the theory of irreversible thermodynamics, which
o¤ers it a solid thermodynamics foundation. Moreover, the current model only has
two �tting parameters which are related to the carbon content and the sum of all
substitutional alloying elements. The ArcelorMittal model has, however, 7 �tting
parameters related to chemical compositions. Moreover, the ArcelorMittal model
does not incorporate the strain rate e¤ect on the evolution of the dislocation den-
sity, while the current model does via the dislocation annihilation term (equation
6.5).
The model as used here only takes into account the DRV as the softening mech-

anism and neglects the DRX. Therefore, the �ow stresses predicted by the current
model should be higher than the experimental observations for the deformation
conditions under which DRX occurs. This is clearly shown in �gures 6.6(b) (0.1
s�1) and 6.13(b) (0.1 s�1).

6.6 Conclusions

The model developed in Chapter 5 is extended to incorporate the alloying and
grain boundary e¤ects on the dislocation multiplication rate during plastic defor-
mation. The extended model has only two �tting parameters related to the friction
stress and activation energy respectively, and is applied to three groups of steels
varying from very low carbon content to medium carbon content under industrial
hot rolling conditions. Notwithstanding its simplicity, the stress-strain curves pre-
dicted by the model show good agreements with experimental stress-strain curves,
provided DRX does not occur.



Summary

The main objective of this thesis is to provide an irreversible thermodynamics
framework to describe and predict the work hardening and stress-strain phenomena
occurring in single grained and polycrystalline metals. Models to quantitatively
describe these are presented. Especial emphasis is placed on the understanding
of the evolution of dislocations. The models are applied to pure metals and single
phase alloys with FCC or BCC structures over a wide range of temperatures, strain
rates and grain sizes.
As described in Chapter 1, the motion of dislocations and their various forms

of interactions are considered to constitute the only mechanisms inducing plastic
deformation. Other deformation mechanisms such as twinning, grain boundary
sliding and TRIP e¤ects are excluded in this thesis.
In Chapter 2 it is argued why and described how irreversible thermodynamics

can be employed to model plastic deformation in metals. A comparison between
equilibrium and irreversible thermodynamics is made: while the former describes
the properties of a system as a state of equilibrium is approached (e.g. phase dia-
grams), the later is able to describe the properties of a system at non-equilibrium
states, and can describe the evolution kinetics of such properties. The plastic defor-
mation of metals, being a non-equilibrium system, can be described by irreversible
thermodynamics. The key to employing irreversible thermodynamics is calculating
the entropy production, which is described in Chapter 2. Such calculations are per-
formed in terms of an average dislocation density, which can be subdivided in cell
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interior and wall sub-densities. Such an approach is contrasted to models describ-
ing the spatiotemporal distribution of dislocations employing discrete dislocation
dynamics simulations in two and three dimensions.
A �rst attempt to apply irreversible thermodynamics to plastic deformation is

performed by describing the steady state of plastic deformation in Chapter 3. The
approach is based on the assumption that the steady state of plastic deformation
is a stationary non-equilibrium state in the context of irreversible thermodynam-
ics. The average dislocation density is found to be a function of shear strain rate
and a velocity term combing the climb velocity of edge dislocations and the grain
boundary velocity. The model is successfully applied to three di¤erent metallurgi-
cal processes: (1) constant strain rate deformation with dynamic recovery, where
it is demonstrated for single crystals of Al, Ag, Cu and Ni that the average dislo-
cation density decreases with the stacking fault energy but increases with the self
di¤usion energy; (2) creep deformation with dynamic recovery, where the model
can reproduce the behaviour of coarse grained polycrystalline Al over a wide range
of temperatures without invoking transitions in creep mechanisms from dislocation
climb to pipe di¤usion, as the empirical power-law model dose; (3) constant strain
rate deformation with dynamic recovery and dynamic recrystallization. In this
case, the e¤ects of dynamic recovery and recrystallization on the average disloca-
tion density at the steady state are naturally incorporated into one single formula.
At low temperatures, the model predicts that the dynamic recovery is the domi-
nant softening mechanism, while at high temperatures, dynamic recrystallization
plays the major role. The model is validated for coarse grained polycrystalline Cu.
In Chapter 4, the model is extended to predict the evolution of the average

dislocation density for single crystals of Al and Cu. A proportionality relationship
between the development of entropy and the work hardening rate in a metallic
system undergoing plastic deformation is assumed as both depend on the inter-
nal disorder of the material. This assumption states that, under quasi-static and
isothermal deformation conditions, the entropy of metals undergoing deformation
decreases with deformation. This assumption is supported on the basis that the
entropy �ux (proportional to the heat �ux) from the metal to the environment
is larger than the entropy production, and that the deformed metal is in a more
ordered state than its original form due to the formation of dislocation structures
(e.g. cells) and/or the development of texture. Both the entropy �ux and the order-
ing are consistent with a decreasing entropy. This assumption leads to a descrip-
tion of the stress-strain behaviour of single crystals, and the resulting expressions
are qualitatively similar to those from the classical semi-phenomenological Kocks-
Mecking model. The predicted stress-strain curves for single crystalline Cu and Al
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are compared to experimental results over a wide range of temperatures and show
good agreement.
The model for single crystals is further extended in Chapter 4 incorporating

grain size e¤ects via the back stress. The average dislocation density in the grain
interior is predicted as a function of grain size. The model is applied to (ultra)�ne
grained interstitial free steels and Al alloys. For both systems, it is found that,
when the grain size is smaller than 0.4 �m, the dislocation density in the grain
interior increases very little during the deformation, which causes a loss in work
hardening and thereby very low uniform elongation. For grain sizes in the range of
0.4 to 1 �m, the evolution kinetics of the dislocation density in the grain interior
increases sharply with grain size, which results in a sharp increase in the work
hardening capability and therefore a sharp increase of the uniform elongation with
grain size. When the grain size is between 1 and 10 �m, the evolution kinetics
of the dislocation density in the grain interior increases slowly with grain size
and approaches an asymptotic value at the grain size larger than 10 �m. This
results in the uniform elongation to increase slowly with grain size and to approach
a constant value. The model illustrates that a way to improve the ductility of
ultra�ne grained alloys is to increase the dislocation density in the grain interior.
This can be achieved by increasing the activation energy of dynamic recovery.
According to the model predictions, for a grain size of 0.4 �m, the true uniform
strain for interstitial free steels can be increased from 4:3% to 28:2% when the
activation energy increases from 0.766 eV to 0.8 eV. For AA1100 alloys, it increases
from 2:2% to 26:3% when the activation energy increases from 0.748 eV to 0.78
eV. Therefore, �nding proper alloying elements to increase the activation energy
(which may be related to the melting temperature) could be a solution to improve
the ductility of the ultra�ne grained alloys, which will enhance their practical
engineering applications.
The approach developed in the �rst chapters is applicable to isothermal (low

strain rate) deformation conditions; it assumes that the entropy of the deformed
metal decreases with deformation. In Chapter 5 the irreversible thermodynamics
model is extended to cover high strain rate conditions. In such case, where the
strain rate is typically larger than 102 s�1, there is not enough time to radiate
heat into the environment, and the entropy �ux vanishes. The entropy production
rate is expressed as the sum of the products of generalised forces and the corre-
sponding �uxes of the irreversible processes. The evolution kinetics of the average
dislocation density is thus derived, showing that it increases dramatically when
the strain rate exceeds 103 s�1 causing the �ow stress to considerably increase.
That e¤ect has been experimentally observed in many metallic systems. It is ex-
plained by the model that the phonon drag e¤ect on the high speed movement
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of dislocations induces a signi�cant raise in the dislocation generation rate. Such
dislocation generation mechanism may be related to the energy dissipated by the
high speed movement of dislocations. This amount of dissipative energy may be
large enough to create new dislocations in the neighbourhood of the moving dislo-
cations. It is shown that at low strain rates, the term accounting for phonon drag
e¤ects vanishes and this model reduces to an expression similar to the classical
Kocks-Mecking model. The model predictions are in good agreement with the ex-
perimental stress-strain curves of polycrystalline Cu at strain rates ranging from
1:5� 10�2 to 6:4� 105 s�1.
The model developed in Chapter 5 is extended in Chapter 6 to combine the

e¤ects of grain size and alloying elements at low to moderate strain rate condi-
tions. The phonon drag e¤ects can be ignored at such deformation conditions. The
model is applied to 13 grades of three steel families (interstitial free, low carbon,
and medium carbon) under hot working conditions in the single austenitic state.
A comparison between the prediction capability of the current model and an in-
dustrial model is made, showing their accuracy to be similar. However, the current
model requires less �tting parameters while it incorporates strain rate e¤ects on
the evolution of dislocation density.



Samenvatting

Doel van dit proefschrift is de ontwikkeling van een nieuw model voor de beschrij-
ving en voorspelling van het verstevigingsgedrag en de kracht-rek kromme van me-
tallische één-kristallen en poly-kristallijne metalen op basis van concepten afkom-
stig uit de irreversibele thermodynamica. In deze dissertatie worden enige kwa-
litatieve modellen gepresenteerd, waarbij de nadruk ligt op het verklaren van de
ontwikkeling van de dislocatiedichtheid. De modellen zijn getoetst aan het gedrag
van zui-vere metalen en dat van één-fase legeringen met een kubisch vlakken ge-
centreerd (KVG) of kubisch ruimtelijk gecentreerd (KRG) kristalrooster, over een
groot temperatuurbereik, voor een breed scala van vervormingssnelheden en als
functie van de korrelgrootte.
Zoals beschreven in hoofdstuk 1, worden in dit proefschrift enkel dislocatiever-

plaatsingen en dislocatieinteracties bepalend gehouden voor het plastisch gedrag.
Andere vervormings-mechanismen zoals tweelingvorming, afschuiving langs de kor-
relgrenzen en �TRIP�e¤ecten zijn buiten beschouwing gelaten.
Hoofdstuk 2 beschrijft waarom en hoe irreversibele thermodynamica toegepast

kan worden in het modelleren van plastische deformatie van metalen. Er wordt een
vergelijking gemaakt tussen evenwichts- en irreversibele thermodynamica, waarbij
de eerstgenoemde een beschrijving geeft van de eigenschappen van een systeem in
evenwicht (leidend tot, bijvoorbeeld, de voorspelling van fase diagrammen). Irre-
versibele thermodynamica maakt het mogelijk de eigenschappen van een systeem
in een niet-evenwichtsconditie weer te geven en en het verloop van de kinetiek van
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de struktuurveranderingen te beschrijven. Plastische vervorming van metalen, wat
in essentie een successie van niet-evenwichtstoestanden is, kan daarom beschreven
worden via irreversibele thermodynamicaconcepten. De sleutel voor het toepassen
van irreversibele thermodynamica is het berekenen van de entropieproductie. De
berekeningen zijn uitgevoerd als functie van de gemiddelde dislocatiedichtheid,
welke onderverdeeld kan worden in de dislocatiedichtheid in het inwendige van een
cel en de dislocatiedichtheid in de rand van de cel. Hierbij onderscheidt dit model
zich van eerdere modellen die de distributie van de dislocaties in ruimte en tijd
beschrijven door het toepassen van discrete dislocatie dynamica simulaties in 2 en
3 dimensies.
Een eerste poging om irreversibele thermodynamica toe te passen op plastische

deformatie betreft de beschrijving van de �steady state� conditie van plastische
vervorming, welke te vinden is in hoofdstuk 3. De benadering is gebaseerd op de
aanname dat de �steady state�van plastische vervorming een stationaire instabiele
toestand is binnen de context van de irreversibele thermodynamica. De gemid-
delde dislocatiedichtheid is dan een functie van de afschuifsnelheid en een term
die een combinatie is van de snelheid waarmee randdislocaties kunnen klimmen
en de verplaatsingssnelheid van korrelgrenzen. Het model is succesvol toegepast
op drie verschillende metaalkundige processen: (1) voor vervorming met een con-
stante reksnelheid, waarbij dynamisch herstel optreedt, is aangetoond dat voor
één-kristallen van Al, Ag, Cu en Ni de gemiddelde dislocatiedichtheid afneemt met
de stapelfoutenergie, maar dat deze toeneemt met de activeringsenergie voor zelf-
di¤usie; (2) voor kruip, waarbij dynamisch herstel optreedt, is aangetoond dat de
theorie het gedrag van polykristallijn Al met een grote korrelgrootte over een groot
temperatuurinterval goed kan reproduceren, zonder dat hierbij een overgang in het
kruipmechanisme van het klimmen van dislocaties naar pijpdi¤usie verondersteld
moet worden, zoals nu nog het geval is in het proefondervindelijke machts-wet
model; (3) voor vervormingen bij een constante snelheid waarbij zowel dynamisch
herstel als dynamische rekristallisatie plaatsvinden. In dat geval worden de afzon-
derlijke e¤ecten van dynamisch herstel en dynamische rekristallisatie op de gemid-
delde dislocatiedichtheid tijdens de �steady state�automatisch beschreven binnen
een en dezelfde formule. Bij lage temperaturen voorspelt het model dat dynamisch
herstel het dominante ontstevigingsmechanisme is, terwijl bij hoge temperaturen
dynamische rekristallisatie het belangrijkste proces is. Het model is toegepast op
en gevalideerd voor grofkorrelig polykristallijn Cu.
In hoofdstuk 4 volgt een uitbreiding van het model waardoor het mogelijk wordt

om de gemiddelde dislocatiedichtheidsontwikkeling in één-kristallen van Al en Cu
tijdens de vervorming te voorspellen. Hierbij is aangenomen dat de verandering
van de entropie evenredig is met de hoeveelheid versteviging in een metallisch sys-
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teem, aangezien beide processen op een soortgelijke wijze afhangen van de mate
van interne wanorde in het materiaal. Dit houdt in dat, onder quasi-statische
en isotherme vervormings-condities, de entropie in een metaal afneemt bij toene-
mende deformatie. Deze aanname wordt gesteund door het feit dat de entropie-
stroom (welke evenredig is met de warmtestroom) van het metaal naar de omgeving
groter is dan de entropieproductie. Bovendien geldt dat het gedeformeerde metaal,
ten gevolge van de vorming van dislocatiestructuren (i.e. deformatiecellen) en/of
de vorming van texturen, zich in een meer geordende toestand bevindt dan in
de uitgangstoestand. Zowel de entropiestroom als de ordening van de structuur
is consistent met een afname van de entropie. Dankzij deze aannname kan het
kracht-rek gedrag van één-kristallen kwantitatief beschreven worden. De uitein-
delijke vergelijkingen zijn kwalitatief gezien gelijk aan de vergelijkingen uit het
klassieke, min-of-meer fenomenologische, Kocks-Mecking model. De voorspelde
kracht-rek krommes voor éénkristallijn Cu en Al komen over een uitgebreid tem-
peratuurgebied goed overeen met de experimentele resultaten.
Het model van hoofdstuk 4 is vervolgens verder uitgebreid om de e¤ecten van

korrelgrootte te beschrijven, gebruikmakend van het �back stress� concept. De
gemiddelde dislocatiedichtheid in het inwendige van de korrel kan nu voorspeld
worden als functie de deformatie en als functie van de korrelgrootte. Het model is
toegepast op ultra-�jnkorrelige IF (interstitieel vrije) staalsoorten en Aluminium
legeringen. Voor beide systemen is waargenomen dat bij korrelgroottes kleiner dan
0.4 �m de dislocatiedichtheid in het inwendige van de korrel marginaal toeneemt
tijdens de deformatie, hetgeen resulteert in een verdwijnen van de verstevinging
en als geval daarvan in een zeer kleine homogene verlenging. Voor korrelgroottes
tussen 0.4 en 1 �m, neemt het verloop van de dislocatiedichtheid in het inwendige
van de korrel sterk toe met toenemende korrelgrootte, hetgeen resulteert in een
sterke toename van de uniforme verlenging met toenemende korrelgrootte. Bij kor-
relgroottes tussen de 1 en 10 �m neemt de ontwikkeling van de dislocatiedichtheid
langzaam met de korrelgrootte toe, om te convergeren naar een asymptotische
waarde voor korrelgroottes groter dan 10 �m. Hierdoor neemt de homogenene
verlenging eerst langzaam toe om daarna te stabiliseren op een constante waarde.
Het model laat zien dat een mogelijke aanpak voor het verbeteren van de vervorm-
baarheid van ultra-�jnkorrelige legeringen gevonden kan worden door de maximale
dislocatiedichtheid in het inwendige van de korrels te laten stijgen. Dit kan bereikt
worden door de activeringsenergie voor dynamisch herstel te laten toenemen. Op
basis van de voorspellingen van dit model en uitgaande van een korrelgrootte
van 0.4 �m, kan de �ware�uniforme rek van IF staalsoorten stijgen van 4:3% naar
28:2% indien de activeringenergie voor herstel stijgt van 0:766 eV naar 0:8 eV. Voor
aluminium AA1100 legeringen neemt de uniforme rek toe van 2:2% naar 26:3%
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bij een toename van de activeringsenergie van 0:748 eV naar 0:78 eV. Legerings-
elementen welke resulteren in een verhoging van de activeringsenergie (welke zelf
mogelijk gerelateerd is aan de smelttemperatuur) bieden derhalve in potentie een
mogelijkheid voor het verbeteren van de vervormbaarheid van ultra-�jnkorrelige
legeringen resulterend in een verbeterde toepasbaarheid in technische applicaties.
De in de eerdere hoofdstukken ontwikkelde aanpak is toepasbaar voor defor-

maties bij lage reksnelheden en onder isotherme condities. In hoofdstuk 5 is het
irreversibele thermodynamica model verder uitgebreid naar hoge reksnelheden.
Onder deze condities, waarbij de reksnelheden hoger zijn dan 102 s�1, is er te
weinig tijd om warmte kwijt te raken aan de omgeving, waardoor er niet langer een
warmtestroom optreedt. De snelheid van entropieproductie wordt nu beschreven
in de som van producten van gegeneraliseerde krachten en bijbehorende debi-
eten van de irreversibele processen. Het verloop van de kinetiek van de gemid-
delde dislocatiedichtheid is onderzocht en deze laat een drastische toename zien
bij reksnelheden boven de 103 s�1 resulterend in aanzienlijke toename van de vloei-
spanning. Een dergelijk gedrag is voor diverse verschillende metallische systemen
experimenteel waargenomen. Met behulp van het model kan verklaard worden
dat fononinteractie e¤ecten bij hoge dislocatiesnelheden zorgen voor een signi�-
cante verhoging van de dislocatievermenigvuldigingssnelheid. Dit vermenigvuldi-
gingsmechanisme is mogelijk gerelateerd aan de energiedissipatie tijdens hoge snel-
heidsverplaatsingen van dislocaties. De hoeveelheid gedissipeerde energie is mo-
gelijk groot genoeg voor de vorming van nieuwe dislocaties in de nabijheid van de
bewegende dislocatie. Het is bewezen dat de bijdrage van de fononinteractieterm
bij lage reksnelheden verdwijnt, en dat het model vereenvoudigt tot een vergelij-
king die lijkt op die van het klassieke Kocks-Mecking model. De voorspellingen van
het model komen overeen met experimenteel bepaalde kracht-rek krommes voor
polykristallijn Cu over het reksnelheidsbereik van 1:5� 10�2 tot 6:4� 105 s�1.
Het model uit hoofdstuk 5 is verder uitgebreid in hoofdstuk 6 om de e¤ecten

van korrelgrootte en legeringselementen bij lage tot middelmatige reksnelheden
te combineren. Onder deze deformatiecondities kunnen de fononinteractiee¤ecten
verwaarloosd worden. Het model is toegepast op de warmvervorming in de austeni-
tische toestand van 13 verschillende staalsoorten uit drie staalklassen (IF, LC en
MC). Een vergelijking tussen de kwaliteit van de voorspellingen van het nieuwe
model en een model dat nu in de industrie gebruikt wordt, laat zien dat beide
modellen een zelfde nauwkeurigheid bereiken. Het nieuwe model maakt echter ge-
bruik van minder �tting parameters maar is wel in staat om rekening te houden
met de e¤ecten van de reksnelheid en is tevens in staat om het verloop van de
dislocatiedichtheid tijdens de vervorming te beschrijven.



Appendix A

A Statistical Mechanics Model for Grain
Deformation

A.1 Introduction

The main contents of this thesis deal with plastic deformation in metals by employ-
ing irreversible thermodynamics at a mesoscale level. Down to the atomic level,
Rivera Díaz del Castillo and Van der Zwaag [18] recently proposed a two dimen-
sional single grain model for describing the plastic deformation in metals based on
the equilibrium thermodynamics and statistical mechanics. The energetically most
favourable atomic con�guration after the plastic deformation is quanti�ed in the
model distinguishing atoms in the grain interior and at the grain boundary. The
details of the model are introduced next and some of its potential applications are
discussed. The limitations of the model are also demonstrated.

A.2 Model

Consider a two dimensional hexagonal grain (one {111} atomic plane of FCC
metals) isolated from its neighbouring microstructure (�gure A.1). The plastic
deformation process is described in terms of the displacement of rows of atoms.
As demonstrated in �gure A.1, when a stress �a is applied to the grain, the atoms
in rows 1, 2, ..., m=2 � 1 will be displaced successively towards the edges of the
grain, and/or redistributed into the bulk.
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FIGURE A.1. Schematic representation of the deformed grain. One atom row is displaced
by two mechanisms: (1) bond breaking atoms displaced to the edge of the grain and (2)
dislocation atoms redistributed into the grain bulk. There are m=2+1 atom rows in this
grain. In this representation, 1 bond breaking atom and 6 dislocation atoms forming two
dislocations are shown.

A.2.1 Bond breaking or dislocation production atoms

During the displacement of one atomic row consisting nr atoms (�gure A.1), nb
atoms (de�ned as bond breaking atoms) will be displaced towards the edges of the
grain and n? atoms (de�ned as dislocation atoms) will be redistributed into the
bulk (nr = nb + n?). If all n? atoms are displaced in one line in the bulk, it is
said that one �dislocation�is formed. If n? atoms are divided into nd lines, it is
said that nd �dislocation�are formed (e.g. 2 dislocations are schematically shown
in �gure A.1). In this ideal two dimensional model, the de�nition of dislocation
has to be rede�ned. It is not the same de�nition as the one used in real three
dimensional case in literature [60].
The �rst step towards a quantitative description of the possible atom arrange-

ments by deformation of the grain requires the calculation of the number of com-
binations 
1 by which n? atoms can be selected from a set of nr available atoms
composing the grain considered:


1 =
nr!

n?!(nr � n?)!
=

nr!

n?!(nr � n?)!
(A.1)
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A.2.2 Bond breaking and dislocation atom arrangements

The bond breaking atoms can be ordered by arranging them on the available sites
on the grain free interface. Say m=2 + 1 atom rows can be counted across the
direction where the grain is deformed (�gure A.1). After deformation of one atom
row there are m=2 rows and m positions (m=2 per side) where the atoms can be
arranged (�gure A.1). The arrangement of nb atoms in m positions is isomorphic
to the calculation of the number of ways of ordering nb distinguishable objects in
m distinguishable positions:


2 = nb!m! (A.2)

Similarly, each of the n? distinguishable atoms that form dislocations can be
ordered by a number of ways given by


3 = n?! (A.3)

A.2.3 Dislocation line arrangements in the grain interface and bulk

Say the n? dislocation atoms are decomposed into nd dislocations. The number of
possible dislocation line arrangements can be quanti�ed by calculating the number
of ways of placing nd dislocation lines end in Pd interface points. The possible
number of such arrangements is given by


4 = nd + Pd � 1 (A.4)

A dislocation can start in the bulk and end at the grain interface, having in
between a number of kinks present. This situation is shown schematically in �gure
A.2a, where the vectors d1; d2; d3; and d4 account for kinks of the dislocation
line, and produce c = 3 changes of direction. Thus the possibility of dislocation
line direction changes imposes another way of atom arrangement to be quanti�ed.
This is introduced by de�ning the envelope of a dislocation line as shown in �gure
A.2b. The envelope is characterised by an area termed �area of the envelope�(AE),
whereas the dislocation line will be able to extend itself only within the dashed
area shown in �gure A.2b and termed �area of interest�(AI).
Assuming that the dislocation �nishes not on a grain boundary point (�gure

A.2a) but at any point within the grain, for c direction changes in an FCC structure
at the referred orientation, the possibilities for direction change are 6 between
the dislocation end and the �rst change, 4 for the second change and so on until
reaching the start of the dislocation. Thus counting 6�4c�1 possibilities. However,
these are constrained by the area of interest of the dislocations, and the number
of ways a dislocation ending in point Pe shown in �gure A.2b can change direction
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FIGURE A.2. To describe how dislocation can be arranged by (a) dislocation direction
changes, which extend across (b) an area of interest termed AI

is approximated as


5 =

ndX
i=1

AIi
AE

� 6� 4c�1 = 6� 4c�1
AE

ndX
i=1

AIi (A.5)

It is noted that AIi changes with the interface point i where the dislocation is
assumed to end.

A.2.4 Entropy production

The number of ways the system can be ordered to produce one atom row defor-
mation is equal to the number of ways of ordering the bond breaking atoms plus
the number of ways of ordering the dislocation atoms. Thus the entropy increase
due to this deformation process is given by

S = k ln(
1
2 +
1
3
4
5) (A.6)

where k is the Boltzmann constant.
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A.2.5 Deformation energy

Along with an expression for entropy, the stored energy U of the system is to be
quanti�ed. This is an addition of the contributions of two elements: (1) the bond
breaking atoms (2) the dislocations induced in the microstructure. This can be
expressed as [18]

U = Ebnb| {z }
i

+

p
3

2
a�b2nd

�
1

2
+ 2c

�
| {z }

ii

(A.7)

where Eb is the average atomic bond energy, a is the lattice constant and � is the
shear modulus. Term i accounts for the contribution of bond breaking energy and
term ii is the contribution of the dislocations.

A.2.6 Geometrical simpli�cations

So far an equation for the system entropy and energy which depends on a great
number of geometrical variables have been presented. The problem is highly sim-
pli�ed by acknowledging the relationships existing between them. In equation A.2,
the number of planes m is given by equating the number of planes per side with
the number of planes counted in an FCC structure aligned in the [111] direction
and characterised by a lattice parameter a:

m

2
=

2r1

a
q

3
8

) m = 8

r
2

3

r1
a

(A.8)

Similarly, the total number of one row of atoms nr is given by

nr =
p
2
Ld
a

(A.9)

By counting the number of atoms in the interface, it can be seen that Pd in equation
A.4 can be expressed as

Pd =
2
p
2Ld
a

+

p
2

a

q
4r21 + (2r2 � Ld)2 (A.10)

The angle of deformation � in �gure A.1 is expressed as

� = tan�1
�

2r1
2r2 � L

�
(A.11)

Note that this angle has not been used so far in the previous formulae, but will be
included in the forthcoming theory.
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Finally, it is seen that the volume of the grain remains unchanged throughout
deformation. Therefore there is an additional relationship between the variables
that describe the grain shape through the known area A the grain:

A = (L+ 2r2) r1 (A.12)

In summary, the number of m planes and nr atoms can be calculated in terms of
the lattice parameter a and one of the geometrical parameters that describe the
grain.
Given that the original size of the grain is assumed to be known, A and the degree

of deformation r1 � �r1 are known; therefore, the geometrical parameters that
describe the grain (r1; r2; Ld; �)are reduced to only one by employing equations
A.10 to A.12.

A.2.7 Thermodynamical equations

In addition to the equations A.6 and A.7 for the system energy and the entropy,
respectively, the thermodynamical stability of the deformation process requires
energy conservation and the maximisation of entropy.
The energy conservation consideration comes from considering the nature of the

deformation process occurring. The energy spent on the deformation of a single
atomic row is given by

dU =
3

16
�aLdadr1 (A.13)

where �a is the stress required to deform a grain.
Finally, during displacing one row of atoms, stability of the deformation process

requires

dS = 0 (A.14)

A.2.8 Solution of the system

Four thermodynamic equations have been presented: A.6, A.7 A.13 and A.14.
The variables are n?, nd, U; S; �, c. Thus, apparently the system has multiple
solutions; however, the theory developed so far is for a single�grain scenario, a
non�physical situation. When the grains are assembled in a microstructure, an
additional geometrical parameter may be obtained through simultaneous solution
of the equations describing each grain, this will enable to determine �. For the
forthcoming calculations, a value of � = 60� will be assumed to remain constant
as deformation proceeds.
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During displacing one row of atoms, the di¤erential changes of energy is ex-
pressed as

dU = Eb(dnr � dn?) +
p
3

2
a�b2

�
1

2
+ 2c

�
dnd +

p
3

2
a�b22nddc

= �Ebdn? +
p
3

2
a�b2

�
1

2
+ 2c

�
dnd +

p
3

2
a�b22nddc (A.15)

by using equation A.7 and nb = nr � n? and acknowledging nr is a constant.
Equations A.13 and A.15 are equal, which o¤ers

Sr = �Erdn? +
�
1

2
+ 2c

�
dnd + 2nddc (A.16)

where

Sr =

p
3

8

�Lda

a�b2
dr1 (A.17)

Er =
2p
3

Eb
a�b2

(A.18)

are the ratios of the strain energy and dislocation energy, and the bond breaking
energy and dislocation energy, respectively.
Substituting equation A.6 in equation A.14 o¤ers

dS = 0 = ln (nr � n?) dn? + ln (nd + Pd � 1) dnd + ln 4 (A.19)

Equations A.16 and A.19 may be rearranged as a pair of simultaneous equations
as

�Erdn? +
�
1

2
+ 2c

�
dnd = Sr � 2nddc (A.20)

ln (nr � n?) dn? + ln (nd + Pd � 1) dnd = � ln 4 (A.21)

where the dislocation disorder dc is assumed to be a parameter dependent upon
the conditions under which the deformation is carried out, rendering thus just two
variables for the system: dn? and dnd: The solution of the system is given by

dn? =
1

dE
[(� ln(4)dc) (1=2 + 2c)� (Sr � 2nddc) ln (ndPd � 1)] (A.22)

dnd =
1

dE
[ln (nr � n?) (Sr � 2nddc)� Er ln(4)dc] (A.23)

where
dE = ln (nr � n?) (1=2 + 2c)� Er ln (nd + Pd � 1) (A.24)
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A.3 Application of the model

The model was applied to the hot deformation of steel in the austenitic condition
(single FCC phase). Thus, typical steel properties were employed as input: a =
b = 2� 10�10 m, � = 400 MPa, Er = 0:5; � = 83 GPa.
Equations A.22 and A.23 describe the evolution of the deformation process

in terms of the increase in the number of atoms going to dislocations and the
number of dislocations. Since the thermodynamic equations describe the most
energetically favourable changes in the thermodynamic variables, it is necessary
to describe the initial state of deformation in terms of: (1) the initial number of
atoms in the deformation process that contribute to the dislocation formation or
bond breaking processes, this parameter was normalised as n?=nr and will be
referred as the dislocation atom fraction, in which an initial value of 1 indicates
that the deformation starts by the formation of dislocations only; (2) the initial
dislocation density in the grain; (3) the number of direction changes per dislocation
c prior to deformation. Additionally, it is required to set a value for dc:
The model is �rst applied to a grain assumed to have an initial hexagonal shape,

and an initial dislocation density �0 = 5 � 1012 m�2. The dislocation density
is de�ned as nd=A: It is noted that the initial aspect ratio for such a grain is
approximately 1.15 due to the shape assumption.
Perhaps some of the most interesting predictions of this model are those shown

in �gure A.3, which displays the variation of the dislocation density with grain
aspect ratio, and indicates that small grain sizes of 10�7 m are characterised by
a dislocation density of three orders of magnitude larger than large grains of the
order of 10�4 m. Furthermore, this dislocation density approaches an asymptotic
value almost immediately after the deformation process starts with large grains of
10�5 and 10�4 m, whereas the 10�7 m grain keeps forming dislocations even at
a grain aspect ratio of 10, which implies a very big strain. Figure A.3 shows also
that as the dc value is increased from 0.005 to 0.1, the asymptotic value for the
selected grain sizes is lowered by about one order of magnitude, and is reached at
a faster pace with the increase of dc.

A.4 Limitations of the model

The objective of the proposed model is to describe the plastic deformation of
bulk FCC metals. However, the model is based on one atomic plane. In such
two dimensional model, the deformation may be induced by displacing one row
of atoms as described in the model. In contrast the plastic deformation in the
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FIGURE A.3. Dislocation density variation with grain aspect ratio for selected grain sizes
and dc = (a) 0.005, (b) 0.01, (c) 0.1. Value of grain size of 10�7, 10�6; 10�5; and 10�4 m
are represented by the thin solid and dotted lines, and the thick solid and dotted lines,
respectively.

real bulk metals is induced by the glide of linear defects (dislocations). These two
mechanisms are substantially di¤erent.
One �dislocation� in the model is de�ned as one extra row of atoms in the

interior of one atomic plane (�gure A.1). ignoring the change of the direction of
such extra row of atoms, the strain energy of such �dislocation�is approximatelyp
3a�b2=4. In this strain energy term, the number of atoms in the extra row is not

relevant. However, one would expect that more atoms in the extra row will cause
more distortion in the lattice, which will induce higher strain energy. For instance,
if the extra row contains 2 atoms, it could be seen as two point defects. If it has
10 atoms, it corresponds to 10 point defects. The strain energy of the 10 atoms
should be higher than the 2 atoms considered here.
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Furthermore, the model assumes that the entropy of the system is constant
during the deformation (dS = 0). However, if some �dislocation� are presented,
the entropy of the system changes due to the change of arrangement of the atoms.
In conclusion, the model proposed in this appendix might provide a new ap-

proach to describe the plastic deformation of FCC metals, but it requires further
development.
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