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ABSTRACT

An issue of utmost significance constitutes the maintenance of engineering systems exposed to
corrosive environments, e.g. coastal and marine environments, highly acidic environments, etc. The
most beneficial sequence of maintenance decisions, i.e. the one that corresponds to the minimum
maintenance cost, can be sought as the solution to an optimization problem. Owing to the high
complexity of this sequential decision optimization problem, traditional methods such as threshold-
based approaches, fail to arrive at an optimal strategy, while at the same time the commonly used
offline knowledge about the environment can not capture efficiently the stochastic way in which
an engineering system deteriorates. Over the last few years, Deep Reinforcement Learning (DRL)
has been proven a promising tool to tackle such problems, being often limited though by the
dimensionality curse and the implications caused by large state and action spaces, an issue which
leads to simplifications like their discretization. Bayesian principles and model updating are the most
widely used tools to model accurately systems with high uncertainty, by incorporating data acquired
through monitoring devices and thus improving the knowledge about the stochastic system.

This research proposes an integrated framework that aims to determine an optimal sequence
of maintenance decisions over the lifespan of deteriorating engineering systems, combining
the aforementioned core concepts of Deep Reinforcement Learning (DRL) and Bayesian Model
Updating (BMU). More specifically, it investigates different Deep Reinforcement Learning (DRL)
algorithms, namely Double Deep Q-Network (DDQN), Advantage Actor Critic (A2C), and Proximal
Policy Optimization (PPO), while the updating of the uncertain parameters is performed through
sampling, i.e. No-U-Turn Sampler (NUTS). All these tools will be first applied to elementary
problems for the sake of verification and validation, while the culmination of this research is the
application of the framework on a more realistic and complicated, multi-component structure. The
obtained results are compared with benchmark performances to properly showcase the efficiency
and the weaknesses of the tool.
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1 INTRODUCTION

1 Introduction

1.1 Motivation

An ever-important issue regarding civil infrastructure or in general engineering systems is their
deterioration over time. Deterioration is a serious concern since it often leads to the reduction of
structural capacity as well as the reliability and service life of a system. Many instances showcase
the importance of structural degradation, with structures located in coastal and marine environ-
ments being the most common cases, as well as structures subjected to cyclic loading, hence
fatigue. Typical examples of deteriorating systems constitute bridges [2], [3], [4], offshore plat-
forms [5], [6], [7], and wind turbines [8], [9], [10]. In particular, in cases of structural steel, it is
most likely that galvanic corrosion will occur due to the atmospheric exposure in a marine envi-
ronment, whereas the deterioration of reinforced concrete elements takes place in the form of
corrosion of the reinforcement and/or spalling of the concrete. Lastly, fatigue can also lead to signifi-
cant degradation of the structure, being responsible for the formation and the propagation of cracks.

However, these degradation processes are highly stochastic, and their prediction often requires a
probabilistic analysis, having first expressed quantitatively the uncertainties, which are involved
in these physical procedures. Therefore, the maintenance of a deteriorating system constitutes a
complex sequential decision-making problem under uncertainty, for which it is often intractable to
find closed-form solutions concerning the optimal actions that accomplish a plethora of life-cycle
objectives. Additionally, the existence of multiple components, their interaction, and their ability to
mitigate one another's failure, contribute to the enhancement of the uncertainty and the difficulty

to define an optimal sequence of actions that will fulfill long-term goals.

To define the actual degradation of a system, a common practice is to employ new information
derived from monitoring devices, to update the prior knowledge of a system's parameters. This
non-destructive damage assessment, i.e. incorporating observations based on Structural Health
Monitoring (SHM), can reflect the actual deterioration, leading to a decreased variability of the
system's current condition and structural capacity, hence to more realistic and accurate modeling
of it, allowing the decision-maker to proceed with more informed and rational decisions. The
majority of these updating techniques rely on Bayesian principles and the notion of Bayesian Model
Updating (BMU).

As far as the optimal maintenance policy is concerned, due to the significant amount of deterioration
states, possible maintenance actions, and the decision steps under consideration, analytical
solutions for determining the wanted optimal sequence of actions are more often than not
computationally heavy. The so-called curse of dimensionality has been alleviated with the use
of Reinforcement Learning (RL) techniques, which were able to provide approximate solutions
for optimal maintenance policies for engineering systems. Even further progress was achieved
when, in 2014, DeepMind patented an application of RL techniques to Deep Learning (DL), with
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the scope of playing Atari games better than human experts [11]. This new approach, namely Deep
Reinforcement Learning (DRL), overcame the limitations that traditional RL had, and was proved to
be a promising tool for finding near-optimal control policies.

1.2 Problem Statement

The scope of this thesis is the development of an integrated framework that will combine DRL
techniques with Bayesian Inference, with the former tackling the sequential decision optimization,
while the latter one would deal with the accurate modeling of the stochastic deterioration process.
The ultimate goal of this tool is to determine the optimal sequence of maintenance decisions that
result to the minimum cost throughout the service life of an engineering system. To elaborate further
on the interaction between the various elements that will be used in this framework, response
guantities of the system, that are contaminated with noise, will be fed into an Operational Modal
Analysis (OMA) procedure, in order to obtain modal characteristics (also including some uncertainty,
through additional noise). Furthermore, the transition of the system to its new state will be described
by a stochastic deterioration model, which will be constantly more accurate by incorporating
observations during each decision step. A generic schematic representation of the aforementioned
problem is depicted in Figure 1.

Figure 1Problem Statement - General Framework
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The necessarynputs are:

" Initial (prior) distribution for system parameters (e.g. stiffness, mass, deterioration parame-
ters, etc)

"~ Stochastic deterioration model over time

" Possible actions (e.g. do nothing, repair, replace, etc)

"~ Cost definition (e.g. action costs, risk of failure)

~ Noise interfering in observations' monitoring

~ Time window of interest

Theouput of the proposed framework will be the optimal sequence of actions, that minimize the
cost function, over the system's service life.

It should be mentioned, that such a coupling of these two core concepts, namely DRL and BMU,
has not been done yet in the existing research (as will be thoroughly presented in Chapter 2),
especially in the field of infrastructure maintenance, a fact that highlights the innovation of the
proposed framework. Nevertheless, owing to the limited assumptions and simplifications that will
be considered for the sake of accuracy, it is likely that considerable challenges and obstacles may
be posed regarding the computational costs.

1.3 Research Question

The research question can be formulated as follows:

How to develop an integrated framework that will efficiently couple Deep Reinforcement
Learning (DRL) algorithms and Bayesian Model Updating (BMU) when it comes to structural
systems' life cycle optimization, using vibration data/observations?

In order to efficiently reach the answer to the main research question, it is further broken down into
the following sub-questions:
~ How can this framework be applied in a simplified yet representative case (toy problem)?
~ Having produced sound results for the simple case, which DRL algorithm performs better?
"~ Due to the significant computational cost of BMU, how can it be integrated in a more time-
efficient way?
" Can this framework be scaled up to more complicated cases? (e.g. bigger action spaces,
complex multi-component structures, etc)
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1.4 Research Methodology

The research of the current problem can be structured in four main sections, as illustrated also in
Figure 2. The research framework constitutes the first part, including the motivation, the definition
of the problem statement and a clear formulation of the research question. The second part focuses
on the literature review, according to which the research objectives and questions might be refined.
Having laid the theoretical foundation, and built an informed picture of the existing research, the
tool development follows, as well as the formulation of the applications on which the proposed
tool will be tested. In the current project, two problems of different complexity will be addressed,
with the minor one acting also as a validation and verification test for the proposed framework.
The culmination of the aforementioned steps will be the evaluation of the results, accompanied
by the corresponding discussions and considerations about future developments, based on the
showcased strengths and weaknesses of the tool.
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Figure 2:Research Methodology flowchart
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The sheer amount of mathematical operations and algorithms that are required for the current
project, will be handled withPython programming language. A summary of the core libraries/packages
that will be needed, is displayed in Figure 3.

Figure 3:CorePython dependenciés

4 Apart from the Python libraries, that are widely used for similar projects, there will be use of other, custom ones, that
were available open-source, online [12], [13]
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1.5 Thesis Structure

In concluding this introductory chapter, the content of the following ones will be briefly described,
further elaborating along with the research methodology flowchart (Figure 2) on the structure of
the whole thesis. In the coming chapter, the literature review is introduced (Chapter 2), followed by
the description of the methodology of the proposed framework in a generic fashion (Chapter 3). A
simple toy problem is presented in the following chapter, where the aforementioned tool is applied
(Chapter 4). Then, the developed framework is further applied to a more complicated and realistic
case study (Chapter 5), leading to the final chapter, where the main conclusions are drawn, along
with a reflection on the advantages and disadvantages of the proposed method, as well as topics
for further discussion and future work (Chapter 6).



2 LITERATURE REVIEW

2 Literature Review

2.1 Markov Decision Process (MDP)

The problem of optimal stochastic control is usually handled using an MDP, which provides a
principled mathematical methodology that can address the uncertainties of planning optimum
inspection and maintenance strategies, including uncertain action outcomes and exact observations.
The theory behind MDPs, together with further concepts that will not be covered in the current
work, like Semi Markov Decision Processes (SMDPs), State Augmentation, etc, has been analyzed
in depth in many papers, e.g. [14]. However, a basic elaboration on MDPs and Partially Observable
Markov Decision Processes (POMDPSs) will be made, in order to build a foundation for the more
advanced concepts in the following sections.

The basic components of an MDP are the Environment and the Agent, while it can fully described
by the tuple:
hS,A,P,R,°i
where,
the finite set of states

the finite set of actions

the state probability matrix

0 T > W0

the reward function

° . adiscount factor for the future rewards

At each decision stegt, the decision-maker, i.e. the agent, observes the current stadg2 S, takes
an actiona; 2 A, receives a rewardr; (s;,a;) 2 R and moves to the next states;z; 2 S based on
the environment's transition dynamics. This procedure is displayed in Figure 4. According to the
so-called Markov property, the next states; 21, depends only on the current states;, and the
chosen action,a;, regardless from the preceding history of states and actions. The sequence of
actions followed by the agent, defines its policyy, that can be either deterministic or stochastic,
meaning that a policy can map states to actions or states to probability mass (or density) functions,
respectively.
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Figure 4: The agent-environment interaction in an MDP [15]

The ultimate goal of an optimal policy is to maximize the sum of the discounted rewards, i.e. the
total return, G;, of the chosen actions, which is given by the following formula:

X .
Gt AR(st,ar)A° R(staz, atan) A° *R(siaz ata2) A .. £ °'T'R(s ) 1)
i A
It should be noted that the total return is not deterministic, owing to the problem being stochastic.
Thus, accounting for all future state-action pairs, the action-value functio®"(s;, a;) is defined as
the expected returrPover both S and A sets (Equation 2).

Q"(st.at) AEs 4, [Gt | st.a] (2

It should be noted that the notation E corresponds to the expected value, i.e. the mean, while the
variables over which it is computed, are denoted as the subscripts.

DecomposingQ* into the immediate reward plus the discounted value of the successor state, leads
to the following recursive form:

o]

1/ A £o v, .
Q7(st,at) AR(st,at) AEsy;an ° Q7 (StAL,atAL) ] St at (3)

The state-value functionV (s,) is defined in a similar way, corresponding to the expected return
starting from state s; and following policy 4

V*(st) AEEq, [Gt ] (4)

Since the state-value function is stochastically defined for all possible actions of poliey it takes
the form:

V*(s;) AEa £Ql/“(st a)) ®)
. ,at
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For any MDP there exists an optimal policys that achieves the optimal state and action-state
value function. These are formulated through the Bellman Optimality Equation as follows:

#
X
V¥ (st) Amax R(sy,ar)A° P(stA1] St.at)V (StA) (6)
at2A
StA12S
Q%(st,ar) AR(st,ar)A° P(sta1] Stvat)rg?-xQ(stAlyatAl) (7)
StA12S tAl

The symbolP(¢ corresponds to the probability of a quantity; a notation that will be used for the
rest of the thesis.

When the optimal action-state value function is known, the optimal policy is known, thus the MDP
is solved. Since the Bellman Optimality Equation is non-linear, it is often solved using Dynamic
Programming (DP) (value iteration, policy iteration), or algorithms like Q-learning and SARSA (both
will be presented in Section 2.3).

A considerable disadvantage of using MDPs for a sequential decision problem is the curse of
dimensionality, as with an increase in the state-space, the computational cost grows exponentially.
Therefore, in the existing literature, there are mostly attempts that choose discrete deterioration
states instead of continuous, e.g. [16], [17].

2.2 Partially Observable Markov Decision Process (POMDP)

A significant aspect in the exploitation of the ever-increasing available observation data is the degree
of confidence the decision-maker has in the received input. This issue is undoubtedly connected with
uncertainties regarding various environmental and loading conditions, modelling errors, inefficient
measuring systems or inaccuracies in the information transmission network [18]. This is why, more
often than not, models based on MDPs are limited by the need of perfect observations, leading
to their extension to Partially Observable Markov Decision Processes (POMDPS), which take into
consideration the partial observability of the systems' information in order to approach the optimal
sequence of maintenance decisions based on uncertain structural data. In these cases, when the
states are not fully observable, at each decision step the agent gets a belief,over the states of the
system. Since the Markov property still holds, this probability distributions ov& is sufficient to
describe the history of actions and observations. Starting with an initial beliéf,, the agent takes

an action,a;, but instead of receiving the new state, gets an observatian 1 2 - , with which the
belief is updated, using Bayesian principles.

b(sta1) ZP(stA1]j OtA1,at,bt)
P(otA1] stA1,ar) X Psia 1b(s) ®)
_ StA1]) St.at)b(st
P(otA1]j bt,at) s2S ! t
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In a similar notion with MDPs and assuming that the beliefs are the states of this environment,
Equation 6 can be rewritten for POMDPs.
#
X X
V® (bt) £max b(st)R(st,a)A° P(ojb,a)V (brar) )
a;2A 52S 02-
POMDPs have been used in many cases for infrastructure maintenance in the existing literature
([19], [20]) often along with point-based algorithms ([21], [22], [23], [24], [25]) demonstrating that
they can model more efficiently complex decision problems outperforming heuristic-based policies.
However, they face limitations when it comes to the solution of large action- and state-spaces,
and even greater ones in the case of continuous state spaces. The most significant difficulty lays
on the updating of the belief, with Equation 8 (which corresponded to discrete spaces) taking the
following form:
Z
bYsta1) £P(sta1jOtA1)/ P(OtAL] StAs.ar) . P(stA1] st,at) b(st)dst (10)

Because the integral of Equation 10 can not be calculated in a closed form, many researchers
have attempted to use other mathematical ways that work around this issue ([26], [27], [28]). This
updating of the belief can be broken down into two steps, thdransition stepduring which the belief
propagates in time according to a predefined conditional probability distribution [24]:
4
b(sta1) £ . P(stA1]j st,at)b(st)dst (11)

and the estimation stepwith the belief now updating based on obtained evidence by means of
Bayes'rule:

bYsta1) ZP(stA1j 0tA1)/ P(OtA1]j StA1,at)b(sia1) (12)

These drawbacks and difficulties of POMDPs led to the need of developing an RL or DRL
methodology, capable of tackling them.

2.3 Reinforcement Learning (RL)

RL is often an advantageous technique to deal with sequential decision optimization, especially
when knowledge about the system is uncertain or unknown. Indeed in the existing literature there
are even examples that tackle optimal maintenance planning in the absence of a deterioration
model [29]. The agent interacts directly with the environment by taking actions and adjusts the
policy based on the information received back, aiming to identify the optimal one.

RL algorithms are divided into two main categories, model-based and model-free. In the former
group, e.g. DP (policy iteration, value iteration), the model must provide state transition probabilities
and expected rewards for every state-action pair in order to identify the optimal policy, whereas
algorithms in the latter category, such as Temporal Difference (TD) learning, SARSA, Q-learning,

11
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rely on real samples from the environment, which is a feature that makes them applicable in various
different cases. Both model-based and model-free approaches were tested along with Q-learning
in [30], for a problem of maintenance optimization, with the system's discrete state transitions
being defined through the assumed degradation model.

A second major distinction between RL algorithms, is the one among on-policy and off-policy. In
on-policy learning the Q(s,a) function is learned through actions of the current policyys while

in off-policy learning, it is learned while taking different/random actions. Namely, SARSA is an
on-policy algorithm, that updates the state-action value function as follows:

- i ¢
Qst.a) A Q(st,ar)A® R(si,ar)A° Q(star atar) i Qst ar) (13)

where a1 is the action taken according to policya

On the other hand, Q-learning is an off-policy learning algorithm, that updates the state-action
value function in the following way:
U 1
Q(st,ar) A Q(st,a) A® R(st,ar)A° max Q(siazaias)i Q(st,a) (14)

where a; 41 can be any of the possible actions.

In Q-learning, the value functionsQ for any state-action pair are stored in a table, and they are
updated by interacting with the environment, i.e. taking actions and receiving rewards. In order to
explore every possible action, hence, every unknown area of the Q-table, usuallyagreedy policy

is used, in order to balance out exploration and exploitation. More specifically, the agent will exploit
the already known Q-values, or explore, picking an action at random, based on the following rule:

8
<maxQ(st,at) with probability 1; 2

a; /£ a2A (15)
" randoma; 2 A with probability 2

In [31], a customized version of Q-learning is introduced, namelgdfe Q-learning that includes a
model-based safe exploration for near-optimal management of infrastructure, in order to decrease
the variance induced by choosing random actions (exploring).

However, there are two main limitations in the classic Q-learning approach, which are (1) the curse
of dimensionality when the state- and action-space are large, and (2) the inability of this algorithm
to visit all states, hence, to estimate the Q-values for the whole table.

2.4 Deep Reinforcement Learning (DRL)

To tackle the aforementioned limitations, the Q-function is approximated through a Deep Neural
Network (DNN). This way, the state-action value function is reparameterized, and is now expressed

12
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in terms of parametersy, in order to alleviate the computational cost and instabilities that large
state- and action-spaces cause.

2.4.1 Deep Q-Network (DQN)

The state,s; is given as an input to the DNN, and by using a suitable number of inner layers and
activation functions, it outputs the action-state value functionQ(s;,a; j 1), for everya; 2 A. The
parameters,y, i.e. the Q-network weights, are adjusted in every iteration of the agent's training in
order to minimize a sequence of loss functions that are given by the following equation:

h i

i . \&
L(W) AEs o (Yti Q(st.acH) (16)
with y; being the target for decision step,
Yt ABsy R(st,a) A maxQ(sias,acarj i ) s a 17)

In order to stabilize the learning process, tuples d@&;,a;,R(st,at), StA1) are being stored in a replay
buffer and are then used in batch training the Deep Q-Network (DQN) according to the following
gradient:
M il .
rul (W) AEs.a, Ri(st,ar)A° a?;%Q(stAl,atAlj )i Q(st,atju) ruQ(stacjp)  (18)

Each tuple of the experience replay is potentially used in many weight updates, which leads to the
use of non-consecutive uncorrelated samples, hence, to the reduction of the variance through the
updates. Additionally, as it is shown in Equations 17, 18, a target network is used, with parameters
pi . This target network takes the values of the original one with a delay, which contributes to the
stability of the training.

Various examples exist in the literature, using DOQN including different DNNs to approximate the
value functions. In the initial coupling of RL and DL by DeepMind [11], Convolutional Neural Networks
(CNNs) were used in order to decompose the Atari's screen into a rectangular grid that was fed into
the network. Similarly, a DRL framework for optimal maintenance, again with a CNN is developed
in [32]. Moreover, in both [33] and [34], Recurrent Neural Networks (RNNSs) are used for the policy
optimization while in a partially observable environment. Finally, an Artificial Neural Network (ANN)
is used in [35] in order to tackle the two-dimensional state-space limitation, existing in cases when
CNNs or RNNs were chosen instead. This approach was followed in [36], too, as well as in [37]
where an ANN was used both for the multi-component system's maintenance but also for the
creation of a surrogate model.

13
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2.4.2 Double Deep Q-Network (DDQN)

It is known that standard DQN suffers from an overestimation problem for the action values in
noisy environments, thus, an even more stable algorithm is DDQN that uses both the target and
the original network in the calculation ofy,, in particular:

- ¢
yt AR(s,a1)A° Q 'star, argmaxQ (Scaz atarj W) j i (19)

In [38] a DDQN is used for the maintenance planning of a stochastically deteriorating system,
accounting also for the dependency between its multiple components. DDQN is thoroughly
explained in [39].

2.4.3 Advantage Actor Critic (A2C)

Another common approach in both RL and DRL is to instead of interacting with value functions,
change directly the policy¥s In the case of DRL, when a DNN is used to approximatg the training
is done through the gradient:

x 5
r wJ(W) AEs, a t 0r ulog¥{ay j s, 1) Q(st, at) (20)

where J(u) is the objective function, i.e.

X
JWA  °'R(st,ar) (21)
t. 0

One way to reduce the variance and improve policy gradient methods is by subtracting a baseline
from the Q-function. This is why the advantage value is being introduced:

A(st,ar) AQ(st,ar)i V(st) (22)

corresponding to how much better a specific action is, compared to the average, general action at
the given state.

In order to compute all terms in Equation 20, the policy gradient requires also an estimation of a
value function. This issue led to the creation of the so-called Actor-Critic methods, which use a
value approximator (critic) to train the parameters of the policy approximator (actor). Two DNNs are
employed, one for each of the two approximators (actor-network, critic-network), with the latter
being used for the V-function estimation, since Equation 22 can be rewritten through the Bellman
equation as follows:

A(st,ar) £R(st,at) A° V (star)i V(st) (23)
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This leads to the Advantage Actor Critic (A2C) algorithm, which aims to the minimization of:

"X - ¢
r pJ(K) AEs a, r ylog¥4a; j st, ) 'Rist,a) A° V (stan)i V(st)
t, 0

3 5
FEEs, a, r ulog¥{a j st, ) A(st,at) (24)
t,0

2.4.4 Proximal Policy Optimization (PPO)

In order to avoid destructively large policy updates in policy gradient algorithms, the trust region
methods were developed. In particular, the Trust Region Policy Optimization (TRPO) algorithm,
aims to maximize the "surrogate" objective function, under the constraint that the Kullback Leibler
(KL) divergence between the old and new policy is less than a constant

Yp(at j st)

maximize i —— 25
" Yarga(@t ] St) t (23)
. £ £ . . bm

with B KL %, ,(¢jst), Yu(Cjs) - + (26)
or, using a penalty term instead of a constraint:
. _ #
maximize g u(adls) A _KL£1/ (¢jst), Ya (¢ )D 27)
1 Vige(acjs) b0

An improvement to TRPO is the PPO algorithm. Although, an in depth description of this method
is presented in [40], a brief reference to its main steps/equations will be also included here.

Denoting the probability ratio,

Ya(at ) st
rt(“);ELj_) (28)
Y (@t j st)
the TRPO "surrogate" objective becomes:
 Yp(ads)
LCP (), U A R [ (WA 29
WAR 3 ey AR IAL (29)

The superscripCP1 refers to conservative policy iteration, while the maximization of “P' would
cause large policy updates. Therefore, the objective needs to be adjusted so as to penalize policy
changes that mover (1) away from 1. Thus, the clipped surrogate objective is considered instead:

E .
LCHP () BB, min 't (WA, clip (e (1), 1 2,1/&2>At¢n (30)
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The term,clip (r: (1), 1i 2,1A2) A, modifies the surrogate objective by clipping the probability ratio,
not allowing it to move outside the interval[1; 2,1A2].

PPO is used to optimize the maintenance of renewable energy systems in [41].

2.4.5 Other Deep Reinforcement Learning (DRL) algorithms

Regarding different DRL algorithms, Deep Deterministic Policy Gradient (DDPG) is used in [42],
which is an actor-critic algorithm that enables the modeling of a continuous deterioration state-
space. Additionally, the development of a new algorithm, namely Deep Centralized Multi-agent
Actor Critic (DCMAC), is presented in [43] that aims for the optimal maintenance in multi-
component systems with high dimensional action- and state-spaces. Lastly, in order to address
challenges regarding stochastic optimal control, such as the curse of dimensionality in large spaces,
the curse of history, and the environment uncertainties/stochasticity, Deep Decentralized Multi-
agent Actor Critic (DDMAC) is introduced in [44].

2.5 Bayesian Model Updating (BMU)

As it has already been mentioned, in the current project, the problem of optimal stochastic control
will be combined with the notion of BMU. To be more precise, model updating constitutes an
inverse problem, meaning that, instead of knowing beforehand the exact parameters of a model to
calculate its response, observations of the system's behavior are used in order to update or calibrate
the unknown system properties. This technique can efficiently tackle the fact that many system
parameters are not deterministic, but stochastic. Additionally, in most cases the deterioration of
an existing structure can not be modeled accurately, with a Gamma process e.qg. like in [38], [43],
[45] (this type of deterioration will be covered in depth in Section 2.6) or generally a relationship
of the form D(t) Z£At® for the damage,D (t), over time, t, e.g. like in [46]. Therefore, an updating
procedure can be useful in defining its properties during its whole service life. An extensive review
on model updating about damage assessment, including BMU is presented in [47].

It should be mentioned that, a detailed and instructive example on how to account for a structure's
deterioration through BMU is presented in [46]. In that research, aiming to quantify the Value of
Information (Vol), periodic inspections are made, and the obtained observation are used in the
updating of the system's parameters as well as its structural reliability. A heuristic based approach
was followed regarding the life-cycle optimization.
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From a more technical standpoint, Bayesian Inference is performed using Bayes' Theorem, which,
assuming thatu are the parameters of interest and are the observations, takes the form:

P(1i D) /E—P(DFJ,(‘;))P W (31)
where,
vl : the vector of the parameters of interest
D . the vector of observations
P(w) . the prior distribution
P(Dju) : thelikelihood function of the parametersu

P(D) :  the evidence
P(ujD) : the posterior distribution ofp

Analyzing each factor involved in Equation 31.:

"~ Prior distribution

The prior distributionP(u) corresponds to the initial hypothesis about the system's parameters.
Itis an uninformed estimation of them, e.q. if only the upper and lower bounds are known, a
Uniform distribution among these bounds will be used.

Likelihood function

The likelihood function describes the degree of agreement between the observatioms
and the output/result of the actual model, computed deterministically using the existing
knowledge for parametersu

Evidence function

The evidence function acts as a normalizing constant in Bayes Theorem. This way the
integral of the posterior distribution sums up to 1. Because the evidence is independent
from parametersy, it does not affect the shape of the posterior distribution, hence, it can be
written:

P(uiD)/ P(Dju)P(W) (32)

Posterior distribution
The posterior distribution is the updated distribution of parameterg with the use of the
observed response data.

A challenge lays on the sampling of the posterior distribution, because it can not be expressed in a
closed form, but only implicitly, point-wise, using a MC approach. To overcome this obstacle, many
sampling methods have been developed, in order to approximatB(u j D). An in-depth overview of
three popular sampling methods, namely Markov Chain Monte Carlo (MCMC), Transitional Markov
Chain Monte Carlo (TMCMC) and Sequential Monte Carlo (SMC) is presented in [48]. Two of the
most well-known MCMC algorithms are Metropolis-Hastings and Gibbs sampling. However, they
often fail to converge to the posterior distribution, especially for continuous model parameters.
Therefore, more efficient algorithms have been developed and are widely used, such as Hamilto-
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nian Monte Carlo (HMC), and an even more advanced variation of it, No-U-Turn Sampler (NUTS).
NUTS tends to be significantly efficient, thanks to its stability and the fact that it does not need
hand-tuning of hyper-parameters by the user. A brief elaboration on NUTS is presented in Section
3.2, whereas an in-depth presentation of it, and its many variations, is included in [49].

Concluding, the stochastic nature of this problem, and the inability to know the exact value for
the parameters of interest at every decision step, comes to highlight the need of POMDP, where
the belief, b at everyt, will correspond to the posterior distribution, after having incorporated the
observationsD.

2.6 Deterioration Processes

As elaborated thoroughly in [50] and [51], the uncertainty associated with the evolution of degrada-
tion over time is an important consideration for the optimisation of maintenance. The commonly
used Random-Variable Degradation (RVD), where the rate of degradatfi® random, can not
capture the temporal variability of the degradation, which is why a Stochastic-Process Degradation
(SPD) model is usually adopted. An efficient modelling option would be the Brownian motion with

a drift. A stochastic process that has been applied successfully in a plethora of fields (e.g. exchange
value of shares, movement of small particles in fluids, etc), however in the current application fails
to perform due to the fact that it can alternately increase and decrease, which is not the case for
a structure's performance, which monotonically decreases. Therefore, more often than not, the
stochastic process chosen for the modelling of an engineering system's deterioration is the Gamma
process. It is a stochastic process with independent non-negative increments that have a gamma
distribution with identical scale parameter and time-dependent shape parameter. This choice has
been proven suitable to model gradual damage monotonically accumulating over time applicable
to a variety of problems e.g. wear, fatigue, corrosion, crack growth, erosion, consumption, creep,
swell, etc [50].

SFora degradation in the form ofAtB, linear parameteraA is known as the rate of degradation, whil@ is the non-linear
trend of the degradation law. UsuallyA reflects the variability in a large population of similar components.
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At every stept, the damaged follows a Gamma distribution with shapev(t) E 0 and scaleu E 0.
Mathematically, its Probability Density Function (PDF) is given by:

\"

Ga(d j v(t),u)ﬁE%dv(t)‘ Leud g, y(d) (33)

where,

Ia(d)A&1 for d2A
la(d)£0 for dYA

assuring positivity ofd, and,
Z 1
i (@& t%lelldt
tAD
The following properties hold for a Gamma process:

d(0) £0 with probability 1
d(¢)i d(t)» Ga(v(¢)i v(t),u) forall ¢Et, O
d(t) hasindependentincrements

Its first two statistical moments, i.e. the mean and the variance, are:

v(t)
u
v(t)

u2

i ¢
Ed(t) £
i ¢
Var d(t) A
Empirical studies show that the expected deterioration at time is proportional to a power law:

v(t)Act® with cEO0,bEO (34)
which, as already mentioned, is a simplified deterioration model employed in many projects in the

existing literature [46].

A typical arbitrary (in terms of shape and scale parameters) example of such a deterioration process
is plotted in Figure 5.
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Figure 5:Non stationary Gamma process describing the damage evolution over 70 years

2.7 Researchgap

Throughout the literature review, a plethora of obstacles and features that needed improvement
was noted, enriching the existing research gap and shaping the final research question and problem
formulation.

As a general observation, the majority of the examined papers, considers only discrete deterioration
states, owing to the computational complexity that is induced in continuous or large state-spaces.

This necessity for an efficient maintenance framework for large/continuous state spaces is high-
lighted in [17], [21].

What is more, a common assumption in many papers is full observability of the environment, and
consequently not accounting for measurement errors. This issue is being mentioned as a future
improvementin [17], [31] and [36]. Additionally, while the framework proposed in [33] considers
a POMDP, its efficiency is low when observability is low, emphasizing the need of an efficient
integration of Bayesian Inference.

One of the few cases when a large and continuous state space was considered, along with DQN, is
in [36]. However, the authors stressed out the need of including partial observability, in the sense

of noisy observations, as well as model updating.

Lastly, in many papers in which POMDPs were considered for stochastic optimal control, it was
pointed out that a more efficient algorithm needs to be used. To be more precise, in [23]itis
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mentioned that instead of point-based algorithms, a more advanced learning technique should be
used, making DRL the suitable choice. In [24], where Bayesian Networks and point-based solvers
are used, itis also stated that a DRL approach to solve Bayesian Updating is necessary. Lastly, in
[45], Hierarchical Coordinated Reinforcement Learning (HCRL) is proposed for the maintenance
of large-scale multi-component systems, however, it also refers to the development of a DRL
algorithm for maintenance as a future improvement.

2.8 Conclusions

Concluding this chapter, along with the introduction of various scientific fields, a thorough
investigation of the existing literature was presented. Through the findings and comments of other
researchers, the advantages and disadvantages of different algorithms were better understood,
while at the same time assisted to the choice of the necessary tools for the current project, which
will be presented in detail in the coming chapter (Chapter 3) as parts of the general methodology. A
significant finding of the literature review constitutes the definition of the existing gap, which was also
elaborated extensively, as it further compliments the objective of this thesis and its contribution.
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3 Methodology

3.1 General Framework

Conducting the literature review, it can be observed that, although Artificial Intelligence (Al), and
in particular DRL, has a huge potential regarding the life-cycle optimization and maintenance of
engineering systems, there are still considerable limitations. These limitations gave rise to the scope
of the current project, and subsequently justify its future contribution.

To be more precise, the goal of the considered framework is to couple Bayesian Inference with
DRL algorithms, aiming to find the optimal sequence of maintenance actions for a stochastically
deteriorating engineering system. The thought process, thus the motivation, behind the choice of
these two core concepts is illustrated in Figure 6.

Figure 6:Problem conceptual breakdown - Motivation for the selected tools

In order to explain better this workflow, each logical step is numbered and further elaborated:

(1) A key concept interfering with any engineering system's maintenance, is its deterioration. As
already stated, the way in which a system ages is not straightforward, since many uncertainties
are involved in the physical degradation processes. Therefore, an important sub-problem
constitutes the deterioration process modelling.

(2) An efficient way to tackle the underlying stochasticity in the deterioration processes is to
incorporate the ever-increasing available observed/measured data, in order to update the
knowledge about the system's parameters; a key element in the BMU concept.
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(3) As explained in Section 2.5, applying Bayes Theorem (Equation 31), can be cumbersome, due
to the inability to calculate the normalizing constant in the denominator, i.e. the so-called
evidenceP(D). This is the case especially in the inference of continuous variables, which
justifies the choice of a sampling algorithm to tackle this obstacle.

(4) Returning to the general problem, the maintenance of an engineering system constitutes a
sequential decision problem, since the sought strategy is defined by the optimal sequence of
maintenance actions.

(5) More often than not, POMDPs are utilized since they provide a principled mathematical
methodology for stochastic optimal control under uncertain action outcomes and observa-
tions [24].

(6) As elaborated in Chapter 2, the most efficient way to solve a POMDP, is DRL, since it can
handle multi-dimensionality, and even continuous state and action spaces, leading eventually
to the wanted optimal strategy.

(7) It should be mentioned that both BMU and POMDPs rely on the same principles, employing
Bayesian rules to update the system's parameters using observations in the former case, and
update the state probability distribution, i.e. the so-called belief, in the latter one.

The interaction between the different elements of the POMDP for the current framework, i.e. beliefs,
actions, rewards and observations, during each decision step, is depicted in Figure 7.

Figure 7:Graphical Model of the employed POMDP

Elaborating in each of the components displayed in Figure 7:

" by is the unknown deterioration state. To be in accordance with the theory presented in
Section 2.2, it represents the belief, meaning a probability distribution about the deterioration
of the system. On the contrary to the biggest part of the existing literature, where the
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deterioration space is discretized, in this project a continuous state-space is considered,
hence, the belief is a continuous probability distribution.

O is the observation that is obtained through a SHM system periodically, i.e. in every decision
step. This observation (possibly the acceleration at the location of the sensors) is fed into an
OMA scheme, in order to derive modal data, e.g. eigenfrequencies, eigenmodes, etc. It should
be mentioned, that the OMA step of this procedure will not be considered for the current
project, since more emphasis is going to be given on the DRL and BMU parts. Therefore, the
needed modal data will be generated directly, taking into account that they are contaminated
with noise.

A; is the maintenance action that is taken at the decision step, The action space is assumed
to be discrete.

R; is the reward received for taking the actiom\; when in state S;. As displayed in Sections
2.1 and 2.2, the expected return of the sum of these rewards, including also a discounting
factor ° for future rewards, is the quantity that needs to be maximized (Equation 1). In the
current project, the rewards correspond to the costs, thus, the goal is the minimization of the
rewards. At any given state, the reward/cost can be decomposed into two sub-costs, i.e. the
cost of the taken action and the cost associated with the risk of failure.

Ry AC /ECA‘ AC:risk (35)

The risk of failure cost is calculated as the product of the probability of failure times the failure
cost, i.e Cisk &P+ ¢Cr. An important matter constitutes the calculation of this probability for
every deterioration state.

by j O¢ is the updated deterioration state, having included the information of the observation
O:. This means that at every decision step, a Bayesian Inference is performed in order to
improve the knowledge, i.e. the probability distribution, about the deterioration parameters
of interest. The updating is executed using the NUTS method, which will be briefly introduced
in the coming section (Section 3.2).
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The proposed general framework is illustrated in more detail in Figure 8.

Figure 8:Proposed Framework

3.2 Sampling Algorithm

For the sake of completeness and transparency regarding the proposed framework, a brief walk-
through the sampling procedure used, is presented in this section. To be more precise, the chosen
sampling method is NUTS, which will be applied through the probabilistic programmirython
package ofPyMC32].

As already mentioned, in bayesian inference problems the posterior distribution is usually intractable.
The commonly used MCMC methods, approach the target distribution by drawing a series of
correlated samples. However, in complicated problems with many parameters, widely applicable
methods such as random-walk Metropolis and Gibbs sampling, could be computationally expen-
sive to achieve convergence, because of the random walks with which they explore the parameter
space. This is why, in applications with continuous model parameters HMC has been proven more
efficient, shifting from a problem of sampling to a problem of simulating Hamiltonian dynamics, as
elaborated in [53].

Nevertheless, in order to apply HMC there are two tuning parameters that the user needs to cali-

brate, i.e. the step sizé and the number of stepsL for which the simulated Hamiltonian system is
ran. Determining these parameters is usually a cumbersome and time-efficient task, that requires
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also some experience, which is the reason why HMC is not widely used. Nonetheless, it provides
the foundation for NUTS, which is a self-tuning algorithm that eliminates the need to choose the
problematic number-of-steps parameterL. At the same time, the version of NUTS which will be
used throughPyMCgincludes a dual averaging scheme, introduced in [54], which automatically
tunes the step size parametet, too.

As it exceeds the scope of the current research, more information about the exact mathematical
formulation of both HMC and NUTS, as well as the step by step algorithms, are presented in [49].
However, the main algorithms are presented briefly along with the core principles, as elaborated on
the aforementioned paper.

In HMC an auxialiary momentum variabley is introduced for the model variablegiy, which are
usually drawn independently from the standard normal distribution, leading to their joint density
being:

a

P(u,r)/ exp©L(u)i 0.5r or (36)

whereL is the logarithm of the joint density of the values of interestu, whiler ¢& denotes the inner
product between the momentum vectors.

Afictitious Hamiltonian system can be used instead of this augmented model, where each parameter
gains a physical meaning. In particulgx,corresponds to the particle’s position in thed -dimensional
spacey denotes its momentum, L is the negative potential energy function for the given position,
0.5r ¢r is the particle's kinetic energy and lastliog P(u,r) is the negative energy of the particle. The
evolution over time of this Hamiltonian system, is often simulated through the Stormer-Verlet
(leapfrog ) integrator, which is presented in Algorithm 1.

Algorithm 1:Stérmer-Verlet ( leapfrog ) integrator

1 Leapfrog (u,r,2):

> | SetfA rA@R2)r L
3 SetpA pAzf

a | SetfA FAER) T LR
s | returnp,f

Even thoughu andr are vectors, they are not underlined (which would be consistent with the thesis' notation) in order
to be in accordance with the original paper [49]
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3 METHODOLOGY

Having introduced the basic principles, the complete HMC algorithm is presented in Algorithm 2.

Algorithm 2: Hamiltonian Monte Carlo (HMC)

1 Givenu®,2,L,L,M form £1to M do

2 Sampler®» N (0,1) /7 1 denotes the identity matrix
3 Setpm A umil pA pmil A 0

4 fori £1to L do

5 | Setp,i A Leapfrog(i,F,2)

i~ ¢
: . N exp'L(f)j 0.5F ¢ O L~
6 With probability ® £min 1, i : ¢, sety™A L rmA; T
exp L(umil); 0.5r0¢r0

whereL is the number of steps, i.e. Leapfrog updates, arnd is the amount of drawn samples.



3 METHODOLOGY

As mentioned already, a crucial improvement on HMC is the self-tuning of the hyperparametees,
andL, which is being done by the NUTS algorithm. To determine when the amount of leapfrog
steps is sufficient, a recursive function is used, nameBuildtree which is presented in Algorithm 3.

Algorithm 3: BuildTre€ recursive function

1

10

11

12

13

14

15

16

17

18

19

20

BuildTree (u,r, u, v, j, 2, p°,rO):

if j A0 then
Base case - take one leapfrog step in the direction
Ah Leapfrog(u, r,v?2)
oA | u- exp L(uC) 0. Sr%ro

sOA | ugexp ¢maXAL(u%. 05r°¢r°
a0
return p%r% pl rO p° nC s% min 1,exp L(u% 0.5r% % L(u%A05r%¢® 1

else

Recursion - implicitly build the left and right subtrees
Wi pf rA 0n% 0@ nd A BuildTree(u, r,u, v, j i 1,2, 1% 10

if sSO/E1 then
if v/ jlthen
| Wi, u®n®s9@n A BuildTree(ui ,ri,u,v,ji 1,2,1°,r%
else
t..;&/&oooooooooo~ il A A i. 12 4,0 .0
iLiL A Y s @ ng A BuildTree(p™, r,u, v, ji 1,2, 0%, r%)

nOO
- i 0% 1,00
With prObablllty W@ setpuA

Set@& @°A@™ng A ngAnd
QA S @A e, ol (@ pi)er o
n%A nCAn00

return i, ri P rA 0 n%s% @0 ng

wherel [q is a boolean operator, returning. if the expression inside brackets is true, analif false.

"More information on the BuildTredunction, its input, output and intermediate steps, can be found in [49].
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3 METHODOLOGY

As far as the choice ot is concerned, the function used and the step by step procedure is presented
in Algorithm 4.

Algorithm 4: Heuristic for choosing an initial value of
1 FindReasonableEpsilon):

2 Initialize2 /&£1,r » N (0,1) // | denotes the identity matrix
s | Setp®r%A Leapfrog(u,r,?)
. IhP(uo,r(ﬁ o
4 aA 2 EOS5 1
P(Ou,% )
-~ iPMSr)e,
5 while ' “E2i2do
_P(ur)
6 2 A 282
7 L Setpulr9A Leapfrog(y,r,?)
8 return 2
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Moving towards the final algorithm which is followed by thePyMCpackage, Algorithm 6 of [49],
namely No-U-Turn Sampler (NUTS) with Dual Averaging, is presented in Algorithm 5 of the current
project.

Algorithm 5: No-U-Turn Sampler (NUTS) with Dual Averaging
1 Givenp®,+,L,M, M adapt
> Set?q AFindReasonableEpsilofy), * Alog(102¢), Zg A1, Ho A0, ° A0.05,to A£10, - A0.75
s form £1to M do

4 Sampler®» N (0,1)
£ © ) ag
5 Resampleu » Uniform  0,exp L (u™i %j 0.5r%¢r0)
s | Inititalizepw Apmi L pA Apmil ri A0 rA A0, A0, M ApMil n AL, s AL
7 while s=-do
8 Choose a directionv; » Uniform({ j 1,1})
0 if vj £ jlthen
10 | Wi, 1000 s @ ne A BuildTree(u i u, v, j,2m; 1, 1™ 1,10
1 else
12 | ii A A n0n0 s @ ne A BuildTree(u®, r, u, v, j,2m; 1, 1™ 1, r0)
13 if s°4E1 then
. N © n% i

14 With probability min 1,; ,setp™ A po
15 nA nAn°
16 sA SO (Wi p)ei 0l (U u)e”h, 0
17 jAjA1
5 | ifm. Ma@tthen

_ 3 1 Lo, ®¢
19 SetHm £ 1 Hmi 1A ——%i —

mpA mAty ~' ne
m _ _ . . _

20 Setlog2m A& | —Hm,logZm £Ami log2m A(1j mi )logZm;1
21 else
22 L Setzm ICEZ_M adapt

where+ is the desired average acceptance probability of the samples ani2daPtis the number of
iterations after which the adaption is stopped.
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3 METHODOLOGY

3.3 Deep Reinforcement Learning (DRL) algorithms

It has already been mentioned that in DRL the value function®,V as well as the policyv.are
approximated by a DNN, in order not only to capture efficiently their non-linear behaviour, but
also, achieve a reparameterization, and express them in terms of the network’s weights, so as to
decrease the computational cost and instabilities.

Anillustration of such networks is displayed in Figure 9. The input to the DNN is the state (or befigf

st, While the output layer includes the action-state value function for every possible action; 2 A,

in the case of DQN and DDQN. In a similar fashion for actor-critic algorithms like A2C and PPO, the
actor and the critic neural networks are illustrated in Figures 9b, 9c. The former takes as input the
state and yields as an output the probability to take each action given the stat&(a; j s), and the
later using the same input, i.e. the state, returns the corresponding value state functiof(s;).

(a) DQN/DDQN approximating the Q-function

(b) Actor neural network (c) Critic neural Network

Figure 9:Actor-critic DNN architecturés

8The useds; notation represents the belief vectorb along with any other input quantities (e.g. age) that together
compose the state, and are passed as input to the neural networks.
9The amount of inner layers and neurons depicted is for the sake of a more clear and explanatory representation
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3 METHODOLOGY

The DRL algorithms that will be considered in the current project are:

~ Double Deep Q-Network (DDQN)

"~ Advantage Actor Critic (A2C)

~ Proximal Policy Optimization (PPO)
The step-by-step procedure for all three of them, as found in literature, is described in the following
subsections and more specifically in Algorithms 6, 7, 8, respectively.

3.3.1 Double Deep Q-Network (DDQN)

Algorithm 6: Double Deep Q-Network (DDQN)

1 Initialize primary network weightgu
2 Initialize target network weightgui

s Initialize replay buffer

+ Settarget update timeT pgate

s for episodeA 1to M do

6 fort A 1to T do

7 Select actiona; according to2-greedy method

8 Collect rewardR(s;, a; ), observe next states; z1

9 Store tuple (s¢,at,R(st,at), stA1) in replay buffer

10 Sample batch of tuples(s;, aj,R(si ,ai), siA1) from replay buffer
1 if 5141 IS terminal statehen

12 | i AR(s )

13 else _ ¢

14 | i AR(st.a0A° Q' siar argmaxQ (sias, acas] W) W

15 Update parametersu according to:r ;L ()" P £|Q (si,ai jlu)i Vi ¢r uQ (s aj u)n
16 if Tupdatethen

17 ="
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3.3.2 Advantage Actor Critic (A2C)

Algorithm 7: Advantage Actor Critic (A2C)

1

2

w

10

11

12

Initialize policy parametersu
Initialize value function parametersu,
for Episode £0,1,2...do
fort A 1to T do
Perform a; according to policy¥{a; j s, )
L Collect rewardR(s, a; ), observe next states; 21

if terminals; then
L R 40

else
L R AV (st j Kv)// Bootstrap from last state

Update p according to:

"X , i , N
rud(W) AEs a, T plog¥4asjse, 1) R(st,a)A°V(stari )i V(stiky)
t. 0

Update p, according to:

£ ) i ) ) ¢a
M J(M) AEs o T V(Stil) R(st,at)A°V(starj k)i V(stiHy)
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3 METHODOLOGY

3.3.3 Proximal Policy Optimization (PPO)

Algorithm 8: Proximal Policy Optimization (PPO) [1]

1

2

Initialize policy parametersyg
Initialize value function parametersi
for k £0,1,2...do

Collect set of trajectoriesD A{¢i } by running policyYs A£Y4{) in the environment

Compute rewards-to-goR;

Compute advantage estimatesA; (using any method of advantage estimation) based
on the current value functionVz,

Update the policy by maximizing the PPO-Clip objective:

A
1 X X Yy(arjs)
— mn ——————
IDUT p, 1 Yay (at j st)

i ¢
A% (st,ar), g2, A% (s,ar)

Uk A1 AEArgmax
u

typically via stochastic gradient ascent with Adam
Fit the value function by regression on mean-squared error:

1

) _ i )
Ayal ARarg mjn VAa(st)i R

jijTg,ZDktAI)

typically via some gradient descent algorithm
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3 METHODOLOGY

3.4 Conclusions

Having elaborated on the selected algorithms of this project, an updated version of the conceptual
breakdown flowchart (Figure 6) is illustrated in Figure 10.

Figure 10:Problem conceptual breakdown - Motivation for the selected tools and algorithms

This flowchart acts both as a summary of the current chapter as well as the motivation and reasoning
behind the choice of the specific algorithms. It moves from the general problem to be tackled,

namely Engineering System Maintenance, to the most efficient tools existent for every sub-task,
i.e. NUTS, DDQN, A2C and PPO.
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4 VERIFICATION, VALIDATION AND BENCHMARKING

4 Verification, Validation and Benchmarking

4.1 Toy Problem

4.1.1 Problem Description

Now that the general framework of this project has been explained, a simple case, i.e. a "toy"
problem, is chosen in order to further elaborate on the proposed algorithm in a more streamlined
manner, but also to make a first assessment of its efficiency, drawbacks, and future issues that need
to be adjusted. Therefore, a SDOF oscilator is selected, with its stiffness being the deterioration
parameter. The mass of the oscilatom, is assumed to be deterministic and constant, while the
initial stiffness is denoted axy. The described system is illustrated in Figure 11.

Figure 11SDOF oscillator
The deterioration model employed is:

D(¢) AP (37)

where A, B, are random variables, responsible for the uncertainty in this model. In particular,
corresponds to the deterioration rate, while is related to the non-linearity effect in terms of a
power law in time. This is a standard model, described by the rate equation above, often employed
for an engineering system's deterioration, e.g. [46].

A clear distinction should be made between the decision stefy which is the running time variable

of the system's lifespan, and the deterioration ratg which describes the exposure time, or the age,
of the system, and subsequently the degree to which the corrosive environment affects it. In a
scenario where no maintenance action is performed during the time window of interest,and ¢,
coincide. However, as will be displayed in this section, the agent's actions can possibly reduce or
even reset the deterioration rate;, while the decision stept will keep increasing with unit step.

The stiffness at any given state is calculated as follows:

0 Ko

1A D(¢)ElA AcB

It is assumed that there is a monitoring system, whose noisy measurements are passed through an
OMA scheme, which subsequently outputs modal data, in this case, the eigenfrequenicy,The
eigenfrequency, as known from basic structural dynamics theory, is calculated, hence related to the
system's damage, through Equation 39.

K(e) £ (38)
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o<

Ke) # Ko Ko

m E m(lAD(g,))AE milAA¢B¢ (39)

Since A and B are stochastic," (¢) represents the aforementioned noisy measurement. After
passing it through the the OMA procedure, the yielded observation which is given to the agent can
be expressed as:

(&) A (¢)A" oma (40)

where" gma corresponds to the additional noise that is explicitly added during the OMA scheme.

For the case at hand, it is assumed that the additional noisgma follows a Gaussian distribution
with a zero mean and a standard deviation that is proportional to the noisy measurement.

"oma» N (0,20 (¢)) (41)

wherez2 is a coefficient describing the degree to which the OMA scheme contaminates the measure-
ment with noise.

Therefore, the observation during each decision step is generated based on the following Gaussian
distribution:

F(e)» N (&) 2c 0 (&) (42)

The choice for the possible actions that the agent can take is a significant modeling decision. Apart
from the "do nothing and the 'total replacemerit actions, there is the need of apartial repait’
one, too. The way in which the rest of the parameters will be affected due to such a repair can
vary depending on the materials of the structure, the type of repair, etc. Regarding the chosen
deterioration model, i.e.D (¢) £A B, there are three cases of partial repair that can be distinguished.

" Reduce only the caused damagp (¢), but the deterioration rate,¢, at which the environment
affects the structure, stays the same. This would mean that the slope of the(¢); ¢ curve

will stay the same, and a vertical shift of the right-half curve will be observed, as displayed
in Figure 12. This could be the case when restoring the damaged surrounding concrete of a
Reinforced Concrete (RC) component, but no action is taken for the corrosion of the rebar,
which will continue to develop.

Reduce the deterioration rate, meaning that the environment will continue to affect the
structure with a reduced intensity, but the existent damage that is already caused is not
affected. Geometrically, there will be a horizontal shift to the left in order for the damage to
continue developing in a less steep slope (Figure 13). For example, applying an epoxy painting
on a steel member without repairing the existent damage, will slow down the effect of the
corroding environment, but the damaged cross-section will remain as is.
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" A combination of the two cases above, which means that both the damage (¢) and the
deterioration rate,¢, are reduced. This action equals a move back along tbé;); ¢ curve
as illustrated in Figure 14. For example, removing/restoring the corroded parts of a steel
cross-section and applying a protective paint to protect it against the corroding environment.

Figure 12Repair by reducing the damage,)

Figure 13Repair by reducing the deterioration rate
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4 VERIFICATION, VALIDATION AND BENCHMARKING

Figure 14:Repair by reducing both the damage and the deterioration rate

Having described the various approaches for modelling a repair action, the one depicted in Figure
13 is chosen for the current application. Thus, the three possible actions are listed in Table 1.

Table 1:Action-space for toy problem

Index Action

0 do nothing
1 partial repair

2 total replace

Decrease the deteriora-
tion rate ¢, i.e. rewind by
two steps

Regarding the rewards, i.e. the costs of maintenance, a fixed amount is considered for the system's
total replace (action 2), and every other cost is expressed as relatively to this value. The correlation

between the costs is included in Table 2.
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Table 2: Rewards (costs) for the toy problem

Description Cost Value Factor

Total replacement Cgr  Cg units 1

Partial repair Cwm 0.5Cgr 0.5
Failure Ce 2Cgr 2
Risk of failure Crisk P Ck 2P¢

It can be observed that failure, which will cause a complete replacement of the component (system),
has a higher cost than the actual replacement as an action. This is the case because of the sudden
aspect of a structure failing, and the unpredicted consequences that this event might provoke
financially.

The input data used for this application, such as deterministic quantities, starting values, etc, are
gathered and displayed in Table 3.

Table 3: Toy problem input data

Quantity Value Units

Massm 10 [kg]
Initial stiffness,Kg 200 [N/m]
Replace costCgr 10000  [-]

Noise coefficient2;  10% [-]

4.1.2 Discrete case

Considering the stochastic parameters, B, as well as the damaged (¢) to be continuous vari-
ables, increases significantly the computational cost. This is why, in order to scale up gradually
the complexity in verifying the validity of the proposed methodology, a discrete version of the
described toy problem is being tackled first.

In particular, the following discrete values are accounted for:

h i
A/ 6ei 4 8ej 4 10ej 4 12ej 4 1l4dej 4
h i
BA14 16 18 2.0 2.2
h i
DAO 01 02 03 04 05 06 0.7 0.8 09 1.0
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It should be noted that just for demonstration purposes in the coming figures, smaller discrete
spaces will be used, particularly:

h i
AE A A
h i
BA B, B

h i
DAD; D, Dj3

In each iteration the agent does not know the exact value of the damage, so it forms a belief
i.e. a vector which contains the probabilities of all possible damage stat8sFor the smaller scale
representative discrete case, this vector has the form displayed in Figure 15.

Figure 15Belief vectoh for discrete case
The observation! (¢) in each decision step is generated as described already in Equation 42.

The main advantage of this simplification, compared to the continuous case, is the calculation of the
belief vector in a closed-form. This is achieved using the so-called transition mat®x as well as the
observation matrixQO. The former corresponds to the probability of shifting to a new state given the
previous state and the chosen action, while the latter reflects the probability of an eigenfrequency
I to be observed given the current state. In math notation, they are defined as follows:

P AP(sta1] st,at) (43)
O AP(o j st) (44)

wheres; a1 IS the next state,s; is the current state a; is the chosen action and; is the observation! .

The dependency of the transition probability to the chosen action is dropped, sincg is accounted
for by modifying the deterioration rate. Additionally, in order to describe all possible transitions, a
different transition matrix is considered for each deterioration ratg, i.e.P, /P(stA1 ] St).

. . P
10The sum of all elements in the belief vector should sum up to 1, i.e.bj /1.
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A typical example of a transition matrix for a random deterioration rate is depicted in Figure 16.

Figure 16:Transition matrixp, for discrete casé

To elaborate a bit further on the meaning of the entries in the transition matrix, the second row and
second column are examined, as displayed in Figure 17.

1¥he values included in both Figures 15, 16 are arbitrary, for illustration purposes.
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Figure 17 Transition matrixp,, for discrete case explanation

In the examined part, knowing that the parameters\,B have the valuesA; and B, respectively,
the damage state will beD,. This means that the agent can either shift from stat®; to D, or
remain to stateD, or in the case the prior damage has already reach&g, it can not go back in

a less damaged state, so it will remain d3. It is observed that only the3 by 3 sub-matrix that
corresponds to the sameA, B values both in the row and the column indexing is populated with
non-zero values, which is reasonable since the two parameters can not simultaneously be equal to
different values. Lastly, an important property of the transition matrix is that each row needs to
sum up to 1 (as noted also for the belief vector).

Having defined the necessary quantities, the belief vector can be found using Bayes Theorem,
applied in POMDPs, avoiding time consuming sampling procedures like MCMC or NUTS. For a
single entry ofb(stA1) it holds:

p(otA1jstAa1) X
b g— is)b 45
(StA1) 5 (0AL] D) S[ZSp(StAllst) (st) (45)

where the denominator is a normalizing constant, i.e. the so-called evidence in Bayes Theorem,
which is equal to:

X X
p(ota1jb) £ p(otAr)SstAa1)  P(StA1]st)b(st) (46)
StA12S $2S
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Equations 45, 46 can be generalized and rewritten in matrix notation:

o]

_£
L0 20 PT
o =

£ o (47)
OT(0ta1) ¢ PT ¢

As far as the DRL aspect is concerned, apart from the belief vectar, the exposure time of the
component, in other words the deterioration rate;, needs to be fed into the DNN, since the current
case constitutes a time dependent problem. A time parameter is a necessary input for the DNN in
order to define accurately the rate with which the system deteriorates at every given state, after
any maintenance action.

To be more precise, for DDQN, the belief vectob and the deterioration rate¢, are passed as input
to the DNN, and after a forward pass the network yields the action-state value function for each
action,Q(st,aj) fori A1,2,3, which is interpreted as the reward of taking a specific actian given a
states;. These three value functions constitute the knowledge based on which the agent will act, i.e.
if the agent chooses to exploit what it already knows, the action with the highes§i-value (as derived
from the DNN) will be chosen. A schematic representation of the described DNN architecture is
displayed in Figure 18.

Figure 18:DDQN DNN architecture for the discrete toy problem

When it comes to A2C and PPO, which are actor-critic algorithms, the same inpttand ¢, are
passed to two different networks, namely the Actor and the Critic network. A forward pass of the
former will yield directly the policy ¥4 (a; j st), i.e. the probability of choosing each actioa; when
being at states;, while the latter one returns the state value functiorv(s;), which corresponds to
the reward of being at the states; regardless from the chosen action. The aforementioned networks
are depicted in Figure 19.

The symbol™ in Equation 47 denotes the Hadamar product, i.e. an elementwise matrix multiplication.
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Figure 19:Actor-critic DNN architecture for the discrete toy problem

It should be noted that although three algorithms were initially chosen to be tested, namely DDQN,
A2C and PPO, only two of them actually performed adequately. In particular, A2C failed to yield
optimal solutions both for the discrete and the continuous variations of the toy problem. Therefore,
the necessary steps of the proposed framewaork regarding the remaining two algorithms are listed
in Algorithms 9 and 10 for DDQN and PPO respectively.
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To produce more compact and readable algorithms, several counting parameters are defined, which
are explained in Tables 4, 5, for DDQN and PPO respectively.

Table 4: Counters used for DDQN

Parameter Name Description

The amount of decision steps
T steps per episode considered for the maintenance
of the SDOF system

Every how many steps the parameters
Tupdate  target network update of the current neural network are

passed to the target one

The number of episodes employed
M number of episodes to train the DDQN agent. Each

episode consists ofl decision steps

Table 5: Counters used for PPO

Parameter Name Description

The amount of decision steps
T steps per episode  considered for the maintenance
of the SDOF system

The amount of decision steps
N steps per epoch employed for a single batch

training of the PPO agent

The number of epochs used to
M number of epochs  train the PPO agent in total. Each

epoch consists ofN decision steps
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Algorithm 9: Double Deep Q-Network (DDQN) - Discrete Toy Problem

[N

N

w

IS

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

Initialize primary network weightsu

Initialize target network weightsu

Initialize replay buffer

for episodeA 1to M do

st A reset environment/ ;A o, initialize belief vector b to zero damage
fort A 1to T do

A A1

Calculate the next bellzief vector according to

O(ota1)” PT o
0=

£ o // the transition matrix P depends on ¢
O (01a1) ¢ PT ¢ -
Choose Actionaccording té¢-greedy method
Generate random numberrand 2 [0, 1]
if rand G2 then
L Sample a random actiona; 2 A // Explore

else

a; AEargmaxQ(st,at) // Exploit
a2A

if a; is replacethen

L A0

else if a; is repair then

L ¢A max(ei 2,0)
CalculateP; for the belief vector b°

R(st,at) A Ca AP; C
Store tuple (s¢,at,R(st,at),stA1) in replay buffer/ s £b,¢i, siar £b%¢i
st A staL
Sample batch of tuples(s;,ai,R(si,a;), sia1) from replay buffer
if 541 is terminal statehen

| i AR(s @)
else ) ¢

| vt AR(st.a)A°Q 'stAL ArgmaxQ (Siaz. atas] W) W

£j ¢ a
Update parametersp according to:r L ()" P |Q (si,aiju)i yi ruQ(si,ajjp)

if Typdatethen
="
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Algorithm 10: Proximal Policy Optimization (PPO) - Discrete Toy Problem

[N

Initialize policy (actor) network weightgu
> Initialize value function (critic) network weights\
for episodeA 1to M do

w

4 st A reset environment/ ti o,¢A o, initialize belief vector b to zero damage
5 forn A 1to N do
6 tAtAL ¢A (A1l
7 Calculate the nExt beéief vector according to
O(ota1)~ PT e
8 QoﬁEh: £ _Qi /I the transition matrix P depends on ¢
O (ota1) ¢ PT ¢ B
9 Ya(ar jst) A Actor Net (s;) // forward pass of the actor network
10 Va(st) A Critic Net (s;) // forward pass of the critic network
1 a; A sample¥y(at j st)
12 if a; is replacethen
13 L (A0
14 elseif a; is repair then
15 t ¢A max(ei 2,0)
16 CalculateP; for the belief vector b°
17 R(st,at) A Ca AP; Cr ¢
18 Store tuple'st,at,l/ﬂ(atjst),VA(st),R(st,at) iNDy /I s &Ahb, i
19 St A StA1L/l siaEbC
20 if t Z£T orn &N then
21 if t ££T then
2 L VA(sia1)A 0
23 st A reset environment// tA o,¢A o, initialize belief vector b to zero damage
24 else
2 | Va(sta)A Critic Net(s;)
26 Returns; A R(st,at)A° Va(sta1)i VA(st)
27 AdvantagesA A £ A(°, Yta A AC, )T AL
28 Store+¢,A; in Dy
29 Train Agent(Dy)
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The function Train Agentis further elaborated in Algorithm 11.

Algorithm 11:Proximal Policy Optimization (PPO) agent training - Toy problem

1 Train Agent(Dy):
2 Update parametersA, using the Critic cost function:

X
LA E T Vas)i
tAL

3 Update parametersy, using the Actor loss function:

A A
X Yo (at j st o Yy (ar st

LCL'P(u)/E min M—H,)At (st,at),clip M
t/AL Y100 (Bt ] St) Y100 (Bt ] St)

1i ", 1A" A

via minibatch stochastic gradient ascent with Adam

4.1.3 Continuous case

Following the discrete case, the stochastic parametepsand B are now considered to be continuous
variables. The assumed prior distributions are displayed in Table 6.

Table 6: Parameters of the stochastic deterioration model

Parameter Distribution = Mean  Coefficient of Variation (CV)

A Lognormal 8.0Ej 03 0.5
B Normal 1.5 0.3
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Since the continuous case of the toy problem does not impose any simplification as far as the proposed framework is concerned, the
already presented flowchart (Figure 8) is now being updated and elaborated further, and is depicted in Figure 20.

Figure 20: Framework flowchart for the toy problem
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As displayed above, the parameters of interest that will be updated in every iteration are the
distributions of A, B, hence,P(A),P(B), which are used as priors for the Bayesian inference. These
distributions are used both to define the damage distributio (¢) £A¢B, and to create the noisy
measurement based on sampled, b values. The measurement will be further contaminated with
noise, as seen at the top part of the flowchart, while the damage distribution is used to compute
the model output:

Ko
m 1AD(¢)

I:H""CC<

Then, the observation, the model output and the prior distribution are passed to the NUTS algorithm
to yield the posterior distributions of A,B and subsequentlyD (¢). These posterior distributions,
P(AjO),P(B jO) are transformed into priors using a Kernel Density Estimation (KDE) scheme. The
updated damage distributionP(D (¢) j O) is used to calculate the risk of failure cost,i, which is
added to the stored total reward of the iteration, but it is also passed to the agent in order to choose
an action based on it. If the agent chooses to perform a maintenance action, this would result to
a modification of the deterioration rate while yielding also an additional action cost, which is
added as well to the stored total reward. Before proceeding to the next iteration, the deterioration
rate will be incremented by1. This loop is being ran foR0 decision steps, and the quantity that
needs to be optimized, i.e. minimized, is the total reward, thus the total maintenance cost.

A detailed description of the parameter updating procedure is presented in Algorithm 12.

Algorithm 12:Deterioration model parameters updating - Toy Problem

1 DeteriorationParametersUpdating( R A), P(B), mass,Kg,noise,T ):

2 D()A 0
3 (A0
4 fort A 1to T do
5 A (;é&l
- Ko

6 oA —mass(lAD((;)) /I mean !
7 Generate! ghsA N (! g,noise)
8 NUTS(RA),P(B),! ops):

[ Output: P(Aj! gps), P(Bj! obs), P(D (&)
9 Choose action,at /I as explained in the DRL algorithm
10 AdjustD (¢) distribution based ona;
1 Sample A,B from P(Aj! ops): P(Bj! ops)
12 D(¢)A AEB i/ will be used to calculate mean !
13 P(A),P(B) A P(Aj! ops),P(Bj! ops) // posteriors become priors through KDE

This algorithm focuses only on the Bayesian inference and the updating of the parameters. This is why the action part is
covered abstractly.
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The first term of the total cost during an iteration is the already mentioned risk of failure cost, which
is being computed as the product of the probability of failure times the cost of failureR¢ ¢Cqy;. The
probability of failure,P; in the current simplified application is considered equal to the number of
samples from the damage distribution that are located above the failure threshold, divided by the
total number of samples (Figure 21).

Figure 21Failure Probability calculatiot?

Moving to the DRL part of the framework, the need to select a discrete number of features that will
accurately describe each deterioration state has emerged, and subsequently will be fed into the
DNN. For this purpose, the statistical moments of th® (¢) distribution were chosen, namely, the
mean, the variance, the skewness and the kurtosis. As mentioned already for the discrete case, the
examined problem is time dependent, meaning that the deterioration rate; of the structure needs
also to be given as an input to the DNN. Regarding the neurons in the output layer, they correspond
to the action state value functions for the three different actions when using the DDQN algorithm.
The aforementioned characteristics of the DNN architecture are demonstrated in Figure 22.

12rhe curves (values and shape) illustrated in Figure 21 are arbitrary, for explanatory reasons.
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Figure 22:DDQN DNN architecture for the continuous toy problem

Accordingly, for actor-critic algorithms, hence, also actor and critic DNNs, the architecture is
displayed in Figure 23.
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Figure 23:Actor-critic DNN architecture for the continuous toy problem

It has already been mentioned that only two out of the three tried algorithms managed to produce
valuable results, with A2C being the one that under-delivered. Thus, the detailed procedure of
the proposed framework concerning DDQN and PPO about the continuous variation of the toy
problem, is presented in Algorithms 13 and 14 respectively. As with the discrete version of the
problem, the counters used in the coming algorithms are presented in Tables 4 and 5.
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Algorithm 13:Double Deep Q-Network (DDQN) - Continuous Toy Problem

1 Initialize primary network weightsu

2 Initialize target network weightsui

s Initialize replay buffer

« for episodeA 1to M do

st A reset environment/ ;A o, initialize A, B
fort A 1to T do

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

A A1
BMU for paramsA, B // procedure shown in Algorithm 12
Choose Actionaccording té¢-greedy method
Generate random numberand 2 [0,1]
if rand C2 then

t Sample a random actiona; 2 A 1/ Explore

else

a; AEargmaxQ(st,at) // Exploit
ai2A

if a; is replacethen
L (A0
else if a; is repair then
t ¢A max(ei 2,0)
CalculateP; for the D (¢) distribution
R(st,at) A Ca AP; Ce
Observe next states; 1 // the statistical moments of the D(¢) distribution
Store tuple (st,at,R(st, at), stA1) in replay buffer/ s & statmoments ¢
Sample batch of tuples(si,ai,R(si,a;), sia1) from replay buffer
if sia1isterminal statehen
| vi AR(s )
else ) ¢
| vt AR(st.a)A°Q 'staz,argmaxQ (StAL atAL] )T H
Update parametersp according to:r L ()" P £|Q (si,ai j Wi Vi ¢r uQ(si,aij p)D
if Typdate then
="

When resetting the deterioration rate, subsequentlyp (0) £0 deterministically, which means that all the statistical
moments of the damage distribution are zero.
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Algorithm 14: Proximal Policy Optimization (PPO) - Continuous Toy Problem

[N

Initialize policy (actor) network weightgu
> Initialize value function (critic) network weights\
for episodeA 1to M do

w

4 st A resetenvironment/ tAo, (Ao, intialize  AB

5 fornA 1to N do

6 tAtAL ¢A (A1l

7 BMU for params A, B // procedure shown in Algorithm 12

8 Ya(arjst) A Actor Net (s;)

0 Va(st) A Critic Net (s)

10 a; A sample from¥4(a; j st)

1 if a; is replacethen

12 t (A0

13 elseif a; is repair then

14 t ¢A max(¢i 2,0)

15 CalculateP; for the D(¢) distribution

16 R(st,at) A Ca, AP;Ce

17 Observe next states; a1 // the statistical moments of the D(¢) distribution
18 Store tuple IS[ ,ag, Yy(at j st), Valst), R(st, at) in Dy /1 s /£ stat.moments | ¢i
19 stA star

20 if t £T orn &N then

21 if t ££T then

22 L VAa(sta)A O

23 st A resetenvironment/ tAo, (Ao, intialize  AB
24 else

2 | Va(siar) A Critic Net(s;)

26 Returns#; A R(s;,at)A° VA(sta1)i Va(st)

27 AdvantagesA; A £ A(°, Yta A AC, )T AL

28 Store ¢, A; in Dy

29 Train Agent(Dy)

The Train Agentfunction is the one presented in Algorithm 11
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